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Abstract

Robust and Efficient Algorithms for Federated Learning and Distributed Computing
by

Amirhossein Reisizadehmobarakeh

Training a large-scale model over a massive data set is an extremely computation
and storage intensive task, e.g. training ResNet with hundreds of millions of parameters
over the data set ImageNet with millions of images. As a result, there has been signifi-
cant interest in developing distributed learning strategies that speed up the training of
learning models. Due to the growing computational power of the ecosystem of billions of
mobile and computing devices, many future distributed learning systems operate based
on storing data locally and pushing computation to the network edge. Unlike traditional
centralized machine learning environments, however, machine learning at the edge is
characterized by significant challenges including (1) scalability due to severe constraints
on communication bandwidth and other resources including storage and energy, (2) ro-
bustness to stragglers, and edge failures due to slow edge nodes, (3) models generalizing
to non-i.i.d. and heterogeneous data.

In this thesis, we focus on two important distributed learning frameworks: Federated
Learning and Distributed Computing, with a shared goal in mind: how to provably ad-
dress the critical challenges in such paradigms using novel techniques from distributed
optimization, statistical learning theory, probability theory, and communication and cod-
ing theory to advance the state-of-the-art in efficiency, resiliency, and scalability.

In the first part of the thesis, we devise three methods to mitigate communication cost,
straggler resiliency and robustness to heterogeneous data in federated learning paradigms.

Our main ideas are to employ model compression, adaptive device participation and dis-
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tributionally robust minimax optimization, respectively for such challenges. We charac-
terize provable improvements for the proposed algorithms in terms of convergence speed,
expected runtime, and generalization gaps.

Moving on to the second part, we consider important instances of distributed com-
puting frameworks such as distributed gradient aggregation, matrix-vector multiplication
and MapReduce-type computing tasks and propose several algorithms to mitigate the
aforementioned bottlenecks in these settings. The key idea in our designs is to introduce
redundant and coded computation in an elaborate fashion in order to benefit in commu-
nication cost and the total runtime. We also support our theoretical results in both parts

by significant improvements in numerical experiments.
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Chapter 1

Introduction

Human and industrial automation, powered by artificial intelligence (Al) and the growing
ecosystem of billions of computing devices with sensors connected through the network
edge, is shaping the future of our society. It also provides a platform to handle training of
large-scale machine learning models over massive data sets. Unlike traditional centralized
machine learning environments, however, machine learning at the edge is characterized by
significant challenges including (1) scalability due to severe constraints on communication
bandwidth and other resources including storage and energy, (2) robustness to stragglers,
and edge failures due to slow edge nodes, (3) models generalizing to non-i.i.d. and
heterogeneous data.

In this thesis, we focus on two important distributed learning frameworks: Federated

Learning and Distributed Computing, with a shared goal in mind:

How to provably address the critical challenges in such paradigms using novel tech-
niques from distributed optimization, statistical learning theory, probability theory,
and communication and coding theory to advance the state-of-the-art in efficiency,

resiliency, and scalability.
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Figure 1.1: Illustration of a Federated Learning (FL) architecture (Figure adapted from
[1]). A shared global is deployed to participating devices (A) where it’s trained locally
(A) and local models are aggregated (B) to provide an improved global model (C). This
procedure continues till reaching accurate enough models.

This thesis consists of two main parts. In Part I, we study federated learning frame-
works and elaborate on the aforementioned challenges therein. We propose our algorithms
to mitigate such bottlenecks and study their theoretical and experimental characteristics.
We shift our focus in Part II to distributed computing paradigms and lay out our designs
to address their critical bottlenecks. In each chapter, we provide our main theoretical

and numerical results and defer the details and proofs to corresponding appendices.

1.1 Algorithms for Federated Learning

In many large-scale machine learning applications, data is acquired and processed at
the edge nodes of the network such as mobile devices, users’ devices, and [oT sensors.
Federated Learning (FL) is a novel paradigm that aims to train a learning model at the
edge nodes as opposed to traditional distributed computing systems such as data centers.
As privacy becomes a selling point, federated learning is poised to grow in popularity

among both tech giants and industries where privacy protection is critical for personal
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data, like health care. To put it briefly, instead of bringing data all to one place for
training, federated learning is done by bringing the model to the data. This allows a
data owner to maintain the only copy of their information (See Figure 1.1). Forbes
magazine enumerates FL as one of the emerging areas in the next generation of Al and

highlights its future:

“Federated learning may one day play a central role in the development of any Al
application that involves sensitive data: from financial services to autonomous

vehicles, from government use cases to consumer products of all kinds.”

- Forbes, Oct. 12, 2020

In addition to its recent and surging attention gained in the academia, federated
learning is already being implemented in several high-tech companies such as Google.
In particular, Google has implemented a next-word prediction application (GBoard) via
federated learning which further emphasizes the practicality of such promising and novel

paradigm [1]. This powerful framework is yet prone to multiple critical challenges [2, 3].

(1) Expensive Communication: A federated network is potentially comprised of
millions of devices, e.g. smart phones, IoT devices. Training on such massive
network induces a dramatically heavy communication burden over the bandwidth-

limited network.

(2) System Heterogeneity: Federated devices admit a wide range of storage, com-
putational, and communication capabilities which exacerbate challenges such as

straggler latency (slow devices) and fault tolerance.

(3) Statistical Heterogeneity: The data stored at federated devices are far from

homogeneous statistical distributions and admit a variety of different distributions
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which makes it crucial for the federated methods to properly generalize to hetero-

geneous data distributions.

In Chapters 2—4, we respectively target these three critical challenges in FL frame-
works and in the following, we briefly describe our approaches to address them. In Chap-
ter 2, we propose to employ model compression in order to reduce the communication
load of the message passing over the network. Our FedPAQ design [4] incorporates local
model training and partial device participation as well, enabling communication-efficient
federated learning. In Chapter 3, we devise an adaptive node participation approach,
namely FLANP to mitigate the stragglers by gradually growing the size of participating de-
vices with respect to the statistical accuracy of the trained models [5]. Lastly, in Chapter
4, we tackle statistical heterogeneity challenge in FL. and propose a minimax approach to
make the trained model robust to worst-case distribution shifts [6]. For the case of affine
distribution shifts, we propose a gradient descent-ascent optimization routine, namely

FedRobust, and characterize its convergence and generalization implication.

1.1.1 Communication Efficiency in FL

In a federated learning architecture, a parameter server aims at finding a model
that performs well with respect to the data points that are available at different nodes
(users) of the network, while nodes exchange their local model with the server. However,
privacy and communication concerns do not allow moving the raw data between the
nodes and the server. Therefore, it is essential in federated learning to train globally
while the data remains local. In an abstract form, we consider a federated learning
framework where a network of n users are connected to a parameter server. Each user
i € [n]:={1,---,n} stores a set of m data samples drawn from distribution D; denoted
by §* = {2} = (x},}) : 1 < j <m}. Further, we define a loss function £(w;z) : W — R

4
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where /(w; z;) indicates how well the parameter model w € W performs with respect to
the sample z; We also define the expected risk for each node ¢ w.r.t its data distribution

D; as follows

fi(w) = E.p [l(w, 2)].

We focus on solving the following population risk minimization problem in order to find

the optimal model w* that minimizes the aggregate loss across the network:

ain £ (w) i= = 3 fi(w), (L)

where f;(w) denotes the local loss function corresponding to data samples on node .

The main goal in a federated network is to collaboratively learn a good model, in the
sense that that the n users of the network with the help of the parameter server exchange
iterative messages in order to reach a shared global model w close to the optimal model
w* which minimizes the overall loss function f(w) defined in (1.1).

In Chapter 2, our main goal is to develop FL algorithms that induce low communi-
cation complexity while training the accurate enough model. Communication bottleneck
is indeed one of the most critical challenges in scaling up FL methods [2,3,7]. To re-
duce the communication overhead in federated learning methods, we proposed FedPAQ, a
communication-efficient federated learning algorithm [4]. Our proposed method consists
of three main modules: (1) Quantized message-passing; (2) periodic averaging; and (3)
partial device participation. These features address the communications and scalability
challenges in federated learning. Next, we explain the main building blocks of our method
in more detail.

Quantized message-passing: Due to the communication bottleneck, it is critical

to reduce the size of the uploaded messages from the federated devices. Our proposal
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is to employ quantization operators on the transmitted massages. Depending on the
accuracy of the quantizer, the network communication overhead is reduced by exchanging
the quantized updates. More precisely, each node compresses its model update using a
stochastic quantizer Q(-) : W — W before uploading to the parameter server. We assume
the quantizer Q)(-) to be unbiased and variance bounded.

Periodic averaging: To incorporate all the available data samples on the nodes, any
training method should synchronize the intermediate models obtained at local devices.
One approach is to let the participating nodes synchronize their models through the
server in each iteration which results in communication contention over the network.
Instead, we let the devices conduct a number of local updates and synchronize through
the server periodically, imposing less communication rounds. For instance, each node
updates its own local model for 7 consecutive SGD iterations after which local models
are aggregated at the parameter server and the new global model is deployed back to the
devices for next round of local updates. This implies that the number of communication
rounds is slashed by 7 hence improving the bandwidth efficiency.

Partial node participation: In a typical federated network, only a few number of
devices are able to simultaneously upload their messages to the parameter server due to
limited bandwidth. Moreover, in practical federated environments, not all the devices
contribute in each round of the training. Our proposed FedPAQ method captures the
restrictions mentioned above and we assume that among the total of n devices, only r
nodes (r < n) are able to participate in each round.

We rigorously provide theoretical convergence guarantees for FedPAQ method ans
show that after T iterations, the suboptimality of the final model wy is of order El[||ws —
w*||?] < O(7%/T) for strongly convex loss functions. We also characterize the conver-
gence rate for nonconvex losses (e.g. neural network) and prove that after T' iterations

of FedPAQ, there exists an iteration ¢ with the average model of devices W; such that

6
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trained model

*
Wno

slow )

initial model

Wgno = W:Lo
slow
B BB #
slow

Figure 1.2: An overview of FLANP with N = 12 nodes. Training begins with ny = 3
participating nodes, doubling in each stage. The trained model in each stage is used as
the initial model for the next stage with double participants.

E[||V f(w,)|]?] < O(\/if + %). We also highlight the communication-computation trade-

off introduced by FedPAQ via numerical experiments.

1.1.2 Stragglers and System Heterogeneity in FL

As mentioned earlier, a practical federated learning framework consists of thousands
of devices with a wide range of computation, communication and storage characteristic
which we refer to as system heterogeneity. A primal system challenge arisen from such
device heterogeneity is that there are slower users or stragglers in the network which
cause unexpected delays in the training time [2,3]. To address system heterogeneity and
straggler resiliency challenge in federated learning paradigms, we propose an adaptive
node participation approach described as follows.

In Chapter 3, we propose FLANP, a straggler-resilient FL algorithm that incorporates
statistical characteristics of the clients’ data to adaptively select the clients in order to
speed up the learning procedure [5]. The key idea of this scheme is to start the model

training procedure with only a few clients which are the fastest among all the nodes.

7
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These participating clients continue to train their shared models while interacting with
the parameter server. Note that since the server waits only for the participating nodes,
it takes a short time for the participating (and fast) clients to promptly train a shared
model. This model is, however, not accurate as it is trained over only a fraction of
samples. We next double the number of participating clients and include the next fastest
subset of nonparticipating nodes in the training. Note that the model trained from the
previous stage can be a warm-start initialization for the current stage (Figure 1.2).

The proposed approach provably reduces the overall runtime required to achieve the
statistical accuracy of data of all nodes. We are able to show that this adaptive method
can provide up to O(In(Ns)) speedup compared to standard benchmarks which employ
all the N nodes during the training. Here, N and s respectively denote the total number
of available nodes and the number of data samples per node. Experimentally as well,

FLANP demonstrates speedup in wall-clock time compared to standard FL benchmarks.

1.1.3 Statistical Heterogeneity in FL

A critical and yet less-addressed challenge in scaling up the federated learning meth-
ods is their capability to learn from heterogeneous data. Most of the existing federated
methods are designed to handle homogeneous data; the case that the data distributions
among the devices are statistically homogeneous (i.e. i.i.d. data). Such frameworks are
shown to fail in generalizing to heterogeneous data distributions [8]. This challenge is
critical in making the federated learning methods practical as well, given that in practical
scenarios the data generated or stored at user devices are highly heterogeneous, such as
the photos taken by mobile devices.

In Chapter 4, we target the data heterogeneity challenge in federated learning frame-

works and propose a new federated learning scheme called FLRA, a Federated Learning
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device-dependent imperfections:
brightness, intensity, contrast ...

device i device j
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Figure 1.3: An overview of FLRA. Samples across the devices are transformations of i.i.d.
samples.

framework with Robustness to Affine distribution shifts. FLRA has a small communi-
cation overhead and a low computation complexity. The key insight in FLRA is model
the heterogeneity of training data in a device-dependent manner, according to which
the samples stored on the ith device x’ are shifted from a ground distribution by an
affine transformation x* — hi(x’) = A'x’ + §°. To further illustrate this point, consider
a federated image classification task where each mobile device maintains a collection of
images. The images taken by a camera are similarly distorted depending on the intensity,
contrast, blurring, brightness and other characteristics of the camera [9,10], while these
features vary across cameras (Figure 1.3). In addition to camera imperfections, such
unseen distributional shifts also originate from changes in the physical environment, e.g.
weather conditions [11].

We propose a novel minimax formulation that makes the learned model parameters
robust to worst-case affine transformations. To efficiently solve this minimax problem, we
proposed a robust federated learning routine named as FedRobust that enables the feder-

ated devices to individually learn their respective transformations A%, 6° while learning the
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global model and ensuring communication and computation efficiency. In addition, our
method provably ensures that when a new device with unseen data joins the federated
network, which is the case for federated mobile networks, the learned model properly
generalizes to the new device. Our numerical results also demonstrate significant im-
provements both in accuracy (up to 54%) and computation time (by 4x) compared to

well-known federated method FedAvg and adversarial projected gradient descent.

1.2 Algorithms for Distributed Computing

General distributed computing frameworks, such as MapReduce [12] and Spark [13],
along with the availability of large-scale commodity servers, such as Amazon EC2, have
made it possible to carry out large-scale data analytics at the production level. These
“virtualized data centers” enjoy an abundance of storage space and computing power,
and are cheaper to rent by the hour than maintaining dedicated data centers round the
year. However, these systems suffer from various forms of “system noise” which reduce
their efficiency: system failures, limited communication bandwidth, straggler nodes, etc.

A key distinction of this paradigm to federated learning is that the data is now
offloaded from a central server to the edge nodes for computation purpose. Therefore,
there exist coding opportunities in data allocation and communication strategy in order
to tackle the communication bottleneck at the master, as well as to provide straggler
resiliency. This is in contrast with federated learning where the local data cannot be
encoded or repeated in other edge nodes due to privacy constraints.

We focus on the problem where a user off-loads a machine learning task (e.g. learning
a face recognition model) via an access point of the edge cloud (See Figure 1.4). The
underlying edge framework then facilitates the computational task by utilizing the edge

data and carrying out the task over a large collection of edge devices. As illustrated in
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Figure 1.4: Illustration of a Distributed Computing (DC) framework. Here the mobile
device intends to implement a machine learning algorithm by leveraging the data set
available at the computing nodes. Three challenges need to be tackled — (1) Bandwidth,
(2) Stragglers, (3) Security and Privacy.

Figure 1.4, there are three major concerns with distributed computing:

(1) Communication bandwidth, which is severely constrained due to low through-

put and shared communication channels,

(2) Straggling nodes, arising out of node failures and re-transmission due to com-

munication link failures, and

(3) Security and Privacy, due to malicious nodes, non-centralized computation and

data sensitivities.

The current state-of-the-art approaches to mitigate the impact of system noise in

cloud computing environments involve creation of some form of “computation redun-

dancy”. For example, replicating the straggling task on another available node is a com-

mon approach to deal with stragglers [14,15]. However, there have been recent results

demonstrating that coding can play a transformational role for creating and exploiting

computation redundancy to effectively alleviate the impact of system noise.
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In Chapters 5-7, we target the communication bandwidth and straggler nodes chal-
lenges in distributed computing frameworks and propose our coded distributed computing
designs to mitigate such bottlenecks, enabling scalable DC methods. In Chapter 5, we
propose a coding framework for speeding up distributed matrix multiplication in hetero-
geneous clusters with straggling servers. In Chapter 6, we simultaneously consider the two
communication and straggler challenges in distributed gradient aggregation and present
our joint computation—communication design approach to mitigate them [16]. Lastly
in Chapter 7, we focus on large-scale graph processing paradigms and develop a cod-
ing scheme that systematically injects structured redundancy in the computation phase
to enable coded multicasting opportunities during message exchange between servers,

substantially reducing the communication load [17].

1.2.1 System Heterogeneity in Distributed Computing

Matrix multiplication is a fundamental component of many popular machine learning
algorithms such as logistic regression, reinforcement learning and gradient descent-based
algorithms. Implementations that speed up matrix multiplication would naturally speed
up the execution of a wide variety of popular algorithms. In Chapter 5, we focus on
general heterogeneous distributed computing clusters consisting of a variety of computing
machines with different computational capabilities. We propose a coding framework
for speeding up distributed matrix-vector multiplication in heterogeneous clusters with
straggling servers, named Heterogeneous Coded Matrix Multiplication (HCMM).

We consider the problem of matrix-vector multiplication, in which given a large matrix
A € R™™ with large r, we want to compute the output y = Ax for an input vector
x € R™. Due to limited computing power, the computation cannot be carried out at a

single server and a distributed implementation is required, i.e. horizontally split the large
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Figure 1.5: Master-worker setup of the computing clusters: The master node receives
the input vector x and broadcasts it to all the worker nodes. Upon receiving the input,
worker node ¢ starts computing the inner products of the input vector with the locally
assigned rows, i.e., y; = A;x, and unicasts the output vector y; to the master node upon
completing the computation. The results are aggregated at the master node until r inner
products are received and the desired output Ax is recovered.

matrix A = [Ay;---;A,] to smaller matrices A; and assign computing A;x to server
1. Figure 1.5 illustrates an uncoded implementation of distributed computing, in which
results from all the worker nodes are required to recover the final result.

We propose to design coded computation tasks for worker nodes and decode the com-
putation results at the master node. For matrix-vector multiplication tasks in particular,
local data blocks A; € R%*™ are matrices consisting of coded combinations of the rows
in A, for non-negative integers ¢;. To assign the computation tasks to each worker, we
use random linear combinations of the r rows of the matrix A, such that the master node
can recover the result Ax from any r inner products received from the worker nodes with
probability 1. We look for optimal load allocation £* = (¢7,--- ,£}) that minimizes the
expected waiting time at the master node in order to receive enough worker computations
and recover the final result y = Ax. While finding £* is computationally intractable, we
present an alternative formulation and show that the solution to the alternative formu-
lation — which we shall name HCMM — is tractable and provably asymptotically optimal.

Moreover, we consider a shifted-exponential computation time model for workers’ com-
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putation time and demonstrate that HCMM slashes the expected waiting time in uncoded

benchmarks by ©(log(n)).

1.2.2 Straggler and Communication Bottlenecks in Distributed

Gradient Aggregation

In Chapter 6, we consider a collaborative learning setting where a machine learning
model is trained over edge nodes of a network collaboratively. In particular, we consider a
machine learning task that involves fitting a model over a training data set by minimizing
a loss function. For a given labeled data set D = {x; € RP™ : j =1,---  d}, the goal is

to solve the following optimization problem:

miHZE(W;X) + AR(w), (1.2)

v x€D
where ¢(-) and R(-) respectively denote the loss and regularization functions, and the op-
timization problem is parameterized by A. One of the most popular ways of solving (1.2)
in distributed learning is to use the Gradient Descent algorithm that is based on finding

the gradient vector g = >___, V/(w®; x) over the data set D an for each iteration . At

x€D
scale, due to limited storage and computation capabilities of the computing nodes, gradi-
ent aggregation has to be carried out over distributed nodes. However, this parallelization
introduces two major bottlenecks: stragglers and communication bottleneck.

To address the straggler bottleneck, Gradient Coding [18] was recently proposed in
a master-worker topology with one master node and N distributed worker nodes. To
explain our preliminary results, we first overview Gradient Coding with the following

illustrative example. Consider a distributed learning problem with a master node and

N = 3 worker nodes. To make gradient aggregation robust to one straggler, the proposed
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Figure 1.6: Illustration of data allocation and communication strategy in Gradient Cod-
ing for N = 3 workers.

Gradient Coding algorithm partitions the data set D uniformly to {D;, Dy, D3} with
corresponding gradient vectors g, g2 and g3, and assigns two partitions to each worker
specified by the encoding coefficients as depicted in Figure 1.6. One can then design an
encoding scheme such that the total gradient can be recovered from the computation
results of any two workers. For example, if node 3 fails, the master node can aggregate
(decode) the gradient vector by forming the following: g = 2(3g; + g2) — (82 — 83).

While Gradient Coding is robust to stragglers and failures, in large-scale distributed
systems it suffers from a significant bandwidth bottleneck at the master, as multiple
workers concurrently send their computation results to the master, which yields com-
munication load of O(N). To alleviate this communication bottleneck, we propose to
develop a novel framework that achieves bandwidth efficiency and straggler toleration
simultaneously. Our key insight is to design a joint data allocation, communication
strategy, and encoding/decoding scheme that is robust to stragglers, alongside being
communication-efficient

As the communication topology design, we propose a tree structure for distributed
gradient aggregation. The advantage of having a tree communication topology is quite
straightforward to see: Suppose that the computing nodes form a symmetric tree such

that each parent has n children and there are a total of N = n+n?+- - -+n” worker nodes,
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(a) Tree topology. (b) Data allocation and coding in CR.

Figure 1.7: Hlustration of CodedReduce design for N = 12 worker nodes. (a) We design
the communication topology as a tree with L = 2 layers and n = 3 children noes per
parent. (b) Each node computes local gradients associated with the allocated data batch
and uploads a linear combination (with specified weight) to its parent node.

where the tree has L layers with the master node as the main root. Then, each parent
node has only n partial gradients to collect from its children, reducing the communication
load from O(N) to O(n) = O(NYF) as communication across different nodes can be
parallelized. However, this communication-efficiency does not come for free since one
wants to still design a straggler-resilient coding scheme for gradient aggregation. We next
explain our achievable coding scheme over the tree structure, namely as CodedReduce
(CR) through a simple example. Consider the tree topology for N = 12 workers (n = 3)
in Figure 1.7(a). The goal is to develop a data allocation and communication design such
that the gradient aggregation at master has a resiliency of 1 straggler per parent. Similar
to Gradient Coding, we partition D into D;, D,, D3; however, this time we assign them
to the three sub-trees, as illustrated in Figure 1.7(a).

Without loss of generality, we focus on sub-tree T'(1,1) with route (1,1). We note
that the master needs to receive 1g; + g» from (1,1) (left sub-tree in Figure 1.7(a). The
task allocation in this sub-tree is as follows: DT = {D; D,} is further partitioned into

five batches and assigned to the nodes as shown in Figure 1.7(b). The coding scheme is
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then cleverly designed such that from the computation results of any two children, node
(1,1) together with its own local gradient computation can recover %gl + go.

In a nutshell, CodedReduce parallelizes the communications over a tree topology lead-
ing to efficient bandwidth utilization, and carefully designs a redundant data set alloca-
tion and coding strategy at the nodes to make the proposed gradient aggregation scheme
robust to stragglers. In particular, we quantify the communication parallelization gain
and resiliency of the proposed CR scheme, and prove its optimality when the communi-

cation topology is a regular tree.

1.2.3 Bandwidth Bottleneck in Distributed Graph Analytics

Graphs are widely used to identify and incorporate the relationship patterns and
anomalies inherent in real-life datasets, prompting the development of various large-
scale distributed graph processing frameworks, such as Pregel [19], PowerGraph [20]
and GraphLab [21]. The underlying theme in these systems is the think like a vertex
approach [22] where the computation at each vertex requires only the data available in
the neighborhood of the vertex (Figure 7.1).

In these distributed graph processing systems, for carrying out the graph computation
for a given vertex at a particular server, the intermediate values corresponding to the
neighboring vertices whose files are not available at the server have to be communicated
from other servers. These distributed graph processing systems, therefore, require many
messages to be exchanged among servers during job execution resulting in communica-
tion bottleneck [23] which accounts for more than 50% of the overall execution time in
representative cases [24].

In Chapter 7, we target the communication bottleneck in distributed graph process-

ing and develop a new framework that leverages computation redundancy by computing
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File wy : {II$" P(1 — 1), P(1 — 2),P(1 — 5)}
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Figure 1.8: Illustrating the think like a verter paradigm prevalent in common parallel
graph computing frameworks. The computation associated with a vertex only depends on
its neighbors. In this example, we consider the PageRank computation over a graph with
six vertices. Using vertex 1 for representation, we illustrate the file and PageRank update
at each vertex. File w; contains the state (current PageRank I1§""") and the neighborhood
parameters (probabilities of transitioning to neighbors {P(1 — 1),P(1 — 2),P(1 — 5)}).
The PageRank update associated with vertex 1 is a function of only the neighborhood
files (specifically, of the PageRanks of neighboring vertices and the transition probabilities
from neighbors to vertex 1).

the intermediate values at multiple servers via redundant subgraph allocation [17]. The
redundancy in computation of intermediate values at multiple servers allows coded mul-
ticasting opportunities during exchange of messages between servers, thus reducing the
communication load. Our proposed framework comprises of a mathematical model for
MapReduce decomposition [12] of the graph computation task. The Map computation
for a vertex corresponds to computing the intermediate values for the vertices in its
neighborhood, while the Reduce computation for a vertex corresponds to combining the
intermediate values from the neighboring vertices to obtain the final result of graph com-
putation. Referring to the example in Figure 7.1, the Map and Reduce computations

associated with vertex 1 are as follows:

Map: T — {P(1 — 1), P(1 — 2)T50 P(1 — 5)T15 ),

Reduce: II7Y = v11 + v12 + V15,
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where vy ; = P(i — 1)II§"™" is the intermediate value obtained from the Map computation
of vertex i € N'(1).

In distributed graph based MapReduce, each server is allocated a subgraph for Map
computations and Reduce tasks for a subset of graph vertices, and the overall execution
takes place in three phases — Map, Shuffle, and Reduce. Our framework proposes to trade
redundant computations in the Map phase with communication load during the Shuffle
phase. The key idea is to leverage the graph structure and create coded messages during
the Shuffle phase that simultaneously satisfy the data demand of multiple computing
servers in the Reduce phase.

For two popular random graph models, Erdos-Rényi model and power law model, we
prove that our proposed coded scheme asymptotically achieves an inverse-linear trade-off
between computation load in the Map phase and average normalized communication load
in the Shuffle phase. Furthermore, for the Erdos-Rényi model, we develop an information-
theoretic converse for the average communication load given a computation load. We also
specialize our coded scheme and extend the achievability results to two additional random

graph models, random bi-partite model and stochastic block model.
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Algorithms for Federated Learning
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Chapter 2

Communication-Efficient Federated

Learning

Federated learning is a distributed framework according to which a model is trained over
a set of devices, while keeping data localized. This framework faces several systems-
oriented challenges which include (i) communication bottleneck since a large number of
devices upload their local updates to a parameter server, and (ii) scalability as the fed-
erated network consists of millions of devices. Due to these systems challenges as well
as issues related to statistical heterogeneity of data and privacy concerns, designing a
provably efficient federated learning method is of significant importance yet it remains
challenging. In this chapter, we present FedPAQ, a communication-efficient Federated
Learning method with Periodic Averaging and Quantization. FedPAQ relies on three key
features: (1) periodic averaging where models are updated locally at devices and only
periodically averaged at the server; (2) partial device participation where only a fraction
of devices participate in each round of the training; and (3) quantized message-passing
where the edge nodes quantize their updates before uploading to the parameter server.

These features address the communications and scalability challenges in federated learn-
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ing. We also show that FedPAQ achieves near-optimal theoretical guarantees for strongly
convex and non-convex loss functions and empirically demonstrate the communication-

computation tradeoff provided by our method.

2.1 Introduction

In many large-scale machine learning applications, data is acquired and processed at
the edge nodes of the network such as mobile devices, users’ devices, and IoT sensors.
Federated Learning is a novel paradigm that aims to train a statistical model at the
“edge” nodes as opposed to the traditional distributed computing systems such as data
centers [7,25]. The main objective of federated learning is to fit a model to data generated
from network devices without continuous transfer of the massive amount of collected data
from edge of the network to back-end servers for processing.

Federated learning has been deployed by major technology companies with the goal
of providing privacy-preserving services using users’ data [26]. Examples of such applica-
tions are learning from wearable devices [27], learning sentiment [28], and location-based
services [29]. While federated learning is a promising paradigm for such applications,
there are several challenges that remain to be resolved. In this chapter, we focus on
two significant challenges of federated learning, and propose a novel federated learning

algorithm that addresses the following two challenges:

(1) Communication bottleneck. Bandwidth is a major bottleneck in federated learn-
ing as a large number of devices attempt to communicate their local updates to a central
parameter server. Thus, for a communication-efficient federated learning algorithm, it is

crucial that such updates are sent in a compressed manner and infrequently.

(2) Scale. A federated network typically consists of thousands to millions of devices

that may be active, slow, or completely inactive during the training procedure. Thus, a
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proposed federated learning algorithm should be able to operate efficiently with partial
device participation or random sampling of devices.

The goal of this chapter is to develop a provably efficient federated learning algorithm
that addresses the above-mentioned systems challenges. More precisely, we consider the
task of training a model in a federated learning setup where we aim to find an accurate
model over a collection of n distributed nodes. In this setting, each node contains m in-
dependent and identically distributed samples from an unknown probability distribution
and a parameter server helps coordination between the nodes. We focus on solving the
population risk minimization problem for a federated architecture while addressing the
challenges mentioned above. In particular, we consider both strongly convex and non-
convex settings and provide guarantees on the performance of our proposed algorithm.

Contributions. In this chapter, we propose FedPAQ, a communication-efficient
Federated learning algorithm with Periodic Averaging and Quantization, which ad-
dresses federated learning systems’ bottlenecks. In particular, FedPAQ has three key

features that enable efficient federated learning implementation:

(1) FedPAQ allows the nodes of the network to run local training before synchronizing
with the parameter server. In particular, each node iteratively updates its local model
for a period of iterations using the stochastic gradient descent (SGD) method and then
uploads its model to the parameter server where all the received models are averaged pe-
riodically. By tuning the parameter which corresponds to the number of local iterations
before communicating to the server, periodic averaging results in slashing the number of

communication rounds and hence the total communication cost of the training process.

(2) FedPAQ captures the constraint on availability of active edge nodes by allowing a
partial node participation. That is, in each round of the method, only a fraction of the

total devices—which are the active ones—contribute to train the model. This procedure
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not only addresses the scalability challenge, but also leads to smaller communication load

compared to the case that all nodes participate in training the learning model.

(3) In FedPAQ, nodes only send a quantized version of their local information to the server
at each round of communication. As the training models are of large sizes, quantization
significantly helps reducing the communication overhead on the network.

Though these features have been proposed in the literature, to the best of our knowl-
edge, FedPAQ is the first federated learning algorithm that simultaneously incorporates
these features and provides theoretical convergence guarantees, while being communication-
efficient via periodic averaging, partial node participation and quantization.

In particular, we analyze our proposed FedPAQ method for two general class of loss
functions: strongly-convex and non-convex. For the strongly-convex setting, we show
that after T iterations the squared norm of the distance between the solution of our
method and the optimal solution is of O(1/T) in expectation. We also show that FedPAQ
approaches a first-order stationary point for non-convex losses at a rate of O(1/v/T).
This demonstrates that our method significantly improves the communication-efficiency
of federated learning while preserving the optimality and convergence guarantees of the
baseline methods. In addition, we would like to highlight that our theoretical analysis is
based on few relaxed and customary assumptions which yield more technical challenges
compared to the existing works with stronger assumptions and hence acquires novel
analytical techniques. More explanations will be provided in Section 2.4.

Related Work. The main premise of federated learning has been collective learn-
ing using a network of common devices such as phones and tablets. This framework
potentially allows for smarter models, lower latency, and less power consumption, all
while ensuring privacy. Successfully achieving these goals in practice requires addressing

key challenges of federated learning such as communication complexity, systems hetero-
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geneity, privacy, robustness, and heterogeneity of the users. Recently, many federated
methods have been considered in the literature which mostly aim at reducing the com-
munication cost. [30] proposed the FedAvg algorithm, where the global model is updated
by averaging local SGD updates. [31] proposed one-shot federated learning in which the
master node learns the model after a single round of communication.

Optimization methods for federated learning are naturally tied with tools from stochas-
tic and distributed optimization. Minibatch stochastic gradient descent distributed op-
timization methods have been largely studied in the literature without considering the
communication bottleneck. Addressing the communication bottleneck via quantization
and compression in distributed learning has recently gained considerable attention for
both master-worker [32-35] and masterless topologies [36-39]. Moreover, [39] reduces
the communication delay by decomposing the graph.

Local updates, as another approach to reduce the communication load in distributed
learning has been studied in the literature, where each learning node carries out multi-
ple local updates before sharing with the master or its neighboring nodes. [40] consid-
ered a master-worker topology and provides theoretical analysis for the convergence of
local-SGD method. [41] introduced a variant of local-SGD namely post-local-SGD which
demonstrates empirical improvements over local-SGD. [42] provided a general analysis of

such cooperative method for decentralized settings as well.

2.2 Federated Learning Setup

In this chapter, we focus on a federated architecture where a parameter server (or
server) aims at finding a model that performs well with respect to the data points that
are available at different nodes (users) of the network, while nodes exchange their local

information with the server. We further assume that the data points for all nodes in
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the network are generated from a common probability distribution. In particular, we

consider the following stochastic learning problem

min £ (w) i= = 3 fi(w), 1)

where the local objective function of each node i is defined as the expected loss of its

local sample distributions

fiw) = Eepi [((w, £)]. (2:2)

Here 7 : R? xR" — R is a stochastic loss function, w € RP? is the model vector, and £ € R*
is a random variable with unknown probability distribution P*’. Moreover, f : R — R
denotes the expected loss function also called population risk. In our considered federated
setting, each of the n distributed nodes generates a local loss function according to a
distribution P’ resulting in a local stochastic function f;(w) := E¢opi [((w,£)]. A special
case of this formulation is when each node ¢ maintains a collection of m samples from
distribution P* which we denote by D = {&,--- & } for i € [n]. This results in
the following empirical risk minimization problem over the collection of nm samples in
D=D'U..-UD™

min L(w) = min % > Uw,€), (2.3)

v =
We denote the optimal model w* as the solution to the expected risk minimization
problem in (4.1) and denote the minimum loss f* := miny, f(w) = f(w*) as the optimal
objective function value of the expected risk minimization problem in (4.1). In this
work, we focus on the case that the data over the n nodes is independent and identically
distributed (i.i.d.), which implies the local distributions are common.
As stated above, our goal is to minimize the expected loss f(w). However, due to

the fact that we do not have access to the underlying distribution P, there have been
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prior works that focus on minimizing the empirical risk L(w) which can be viewed as
an approximation of the expected loss f(w). The accuracy of this approximation is
determined by the number of samples nm. It has been shown that for convex losses ¢,
the population risk f is at most O(1/y/nm) distant from the empirical risk L, uniformly
and with high probability [43]. That is, sup, |f(w) — L(w)| < O(1/y/nm) with high
probability. This result implies that if each of the n nodes separately minimizes its local
empirical loss function, the expected deviation from the local solution and the solution to
the population risk minimization problem is of O(1/4/m) (note that each node has access
to m data samples). However, if the nodes manage to somehow share or synchronize their
solutions, then a more accurate solution can be achieved, that is a solution with accuracy
of order O(1/y/nm). Therefore, when all the mn available samples are leveraged, one
can obtain a solution w that satisfies E[L(W) — L(w*)] < O(1/y/nm). This also implies
that E[f(w) — miny, f(w)] < O(1//m).

For the case of non-convex loss function ¢, however, finding the solution to the ex-
pected risk minimization problem in (4.1) is hard. Even further, finding (or testing) a
local optimum is NP-hard in many cases [44]. Therefore, for non-convex losses we relax
our main goal and instead look for first-order optimal solutions (or stationary points) for
(4.1). That is, we aim to find a model w that satisfies HV f(w || < € for an arbitrarily
small approximation error €. [45] characterized the gap for the gradients of the two ex-
pected risk and empirical risk functions. That is, if the gradient of loss is sub-Gaussian,
then with high probability sup,, ||VL(w) — V f(w)|| < O(1/y/nm). This result further
implies that having all the nodes contribute in minimizing the empirical risk results in
better approximation for a first-order stationary point of the expected risk L. In sum-
mary, our goal in non-convex setting is to find w that satisfies HV f(w H < O(1/y/nm)
which also implies || VL(w)|| < O(1/y/nm).
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2.3 Proposed FedPAQ Method

In this section, we present our proposed communication-efficient federated learning
method called FedPAQ, which consists of three main modules: (1) periodic averaging, (2)

partial node participation, and (3) quantized message passing.

2.3.1 Periodic averaging

As explained in Section 2.2, to leverage from all the available data samples on the
nodes, any training method should incorporate synchronizing the intermediate models
obtained at local devices. One approach is to let the participating nodes synchronize their
models through the parameter server in each iteration of the training. This, however,
implies many rounds of communication between the federated nodes and the parameter
server which results in communication contention over the network. Instead, we let
the participating nodes conduct a number of local updates and synchronize through
the parameter server periodically. To be more specific, once nodes pull an updated
model from the server, they update the model locally by running 7 iterations of the SGD
method and then send proper information to the server for updating the aggregate model.
Indeed, this periodic averaging scheme reduces the rounds of communication between
server and the nodes and consequently the overall communication cost of training the
model. In particular, for the case that we plan to run 7T iterations of SGD at each node,
nodes need to communicate with the server K = T'/7 rounds, hence reducing the total
communication cost by a factor of 1/7.

Choosing a larger value of 7 indeed reduces the rounds of communication for a fixed
number of iterations 7. However, if our goal is to obtain a specific accuracy ¢, choosing a
very large value for 7 is not necessarily optimal as by increasing 7 the noise of the system

increases and the local models approach the local optimal solutions instead of the global
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optimal solution. Hence, we might end up running more iterations 7" to achieve a specific
accuracy € comparing to a case that 7 is small. Indeed, a crucial question that we need
to address is finding the optimal choice of 7 for minimizing the overall communication

cost of the process.

2.3.2 Partial node participation

In a federated network, often there is a large number of devices such as smart phones
communicating through a base station. On one hand, base stations have limited down-
load bandwidth and hence only a few of devices are able to simultaneously upload their
messages to the base station. Due to this limitation the messages sent from the devices
will be pipelined at the base station which results in a dramatically slow training. On
the other hand, having all of the devices participate through the whole training process
induces a large communication overhead on the network which is often costly. Moreover,
in practice not all the devices contribute in each round of the training. Indeed, there are
multiple factors that determine whether a device can participate in the training [1]: a
device should be available in the reachable range of the base station; a device should be
idle, plugged in and connected to a free wireless network during the training; etc.

Our proposed FedPAQ method captures the restrictions mentioned above. In partic-
ular, we assume that among the total of n devices, only r nodes (r < n) are available
in each round of the training. We can also assume that due to the availability criterion
described before, such available devices are randomly and uniformly distributed over the
network [46]. In summary, in each period k = 0,1,--- | K — 1 of the training algorithm,
the parameter server sends its current model wy, to all the » nodes in subset S, which

are distributed uniformly at random among the total n nodes, i.e., Pr[S] = 1/(7).
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2.3.3 Quantized message-passing

Another aspect of the communication bottleneck in federated learning is the limited
uplink bandwidth at the devices which makes the communication from devices to the
parameter server slow and expensive. Hence, it is critical to reduce the size of the up-
loaded messages from the federated devices [25]. Our proposal is to employ quantization
operators on the transmitted massages. Depending on the accuracy of the quantizer, the
network communication overhead is reduced by exchanging the quantized updates.

In the proposed FedPAQ, each node i € Sy obtains the model W,(:)T after running 7
local iterations of an optimization method (possibly SGD) on the most recent model wy,
that it has received form the server. Then each node i applies a quantizer operator Q(+)
on the difference between the received model and its updated model, i.e., w,(CZ)T — Wk,
and uploads the quantized vector Q(W](;)T — wy) to the parameter server. Once these
quantized vectors are sent to the server, it decodes the quantized signals and combines

them to come up with a new model wy .

Next, we describe a widely-used random quantizer.

Example 2.1 (Low-precision quantizer [32]) For any variable w € R?, the low pre-

cision quantizer QT : RP — RP is defined as below

Q;"(w) =|lwl| - sign(z,) - &(w, s), i € [p], (2.4)

where &;(w, s) is a random variable taking on value HTI with probability ‘Jf‘,—"’lus — [ and é

otherwise. Here, the tuning parameter s corresponds to the number of quantization levels

Lol

s? s

and 1 € [0,s) is an integer such that (= € |

[[wll
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2.3.4 Algorithm update

Now we use the building blocks developed in Sections 2.3.1-2.3.3 to precisely present
FedPAQ. Our proposed method consists of K periods, and during a period, each node
performs 7 local updates, which results in total number of T" = K iterations. In each
period £ = 0,--- , K — 1 of the algorithm, the parameter server picks » < n nodes
uniformly at random which we denote by Si. The parameter server then broadcasts its
current model w;, to all the nodes in S, and each node i € S, performs 7 local SGD
updates using its local dataset. To be more specific, let W,(;)t denote the model at node
1 at t-th iteration of the k-th period. At each local iteration t = 0,--- ,7 — 1, node 1

updates its local model according to the following rule:
Wit = Wit~ Vi (WSD ’ (2.5)

where the stochastic gradient v fi is computed using a random sample! picked from the
local dataset D°. Note that all the nodes begin with a common initialization w,(;;)o = Wy.
After 7 local updates, each node computes the overall update in that period, that is
W]E;Z)T — wy, and uploads a quantized update Q(W,(;)T — wy) to the parameter server. The
parameter server then aggregates the r received quantized local updates and computes

the next model according to

1 (%) )
2.6
W1 W’GJWE Q(W;w Wi ) (2.6)

1€Sy

and the procedure is repeated for K periods. The proposed method is formally summa-

rized in Algorithm 2.1.

'The method can be easily made compatible with using a mini-batch during each iteration.
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Algorithm 2.1: FedPAQ
for k=0,1,--- ,K —1do

server picks r nodes Sy uniformly at random

server sends wy, to nodes in S,

for node i € S, do

fort=0,1,--- ,7—1do
compute stochastic gradient V fi(w) = Vl(w,§) for a £ € P!
set Wiy ¢ Wiy — eV Fi(W)

end

send Q(W](;)T — wy,) to the server
end

server finds wy1 < Wy + % > ics, Q(W,(:)T — W)
end

2.4 Convergence Analysis

In this section, we present our theoretical results on the guarantees of the FedPAQ
method. We first consider the strongly convex setting and state the convergence guar-
antee of FedPAQ for such losses in Theorem 2.1. Then, in Theorem 2.2, we present the
overall complexity of our method for finding a first-order stationary point of the aggregate
objective function f, when the loss function ¢ is non-convex (All proofs are provided in
the supplementary material). Before that, we first mention three customary assumptions

required for both convex and non-convex settings.

Assumption 2.1 The random quantizer Q(-) is unbiased and its variance grows with

the squared of ly-norm of its argument, i.e.,

2
E[Qw)lw] =w, E[[Q(w) - w|[*lw] <glw|*, (2.7)
for some positive real constant q and any w € RP.
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Assumption 2.2 The loss functions f; are L-smooth with respect to w, i.e., for any

w,w' € RP, we have ||V fi(w) — V f;(w')|| < L||w — w'||.

Assumption 2.3 Stochastic gradients %fi(w) are unbiased and variance bounded, i.e.,

Ee[V fi(w)] = V fi(w) and E¢[||V fi(w) = V f(w)|]*] < o>

The conditions in Assumption 2.1 ensure that output of quantization is an unbiased
estimator of the input with a variance that is proportional to the norm-squared of the
input. This condition is satisfied with most common quantization schemes including
the low-precision quantizer introduced in Example 1. Assumption 2.2 implies that the
gradients of local functions V f; and the aggregated objective function V f are also L-
Lipschitz continuous. The conditions in Assumption 2.3 on the bias and variance of
stochastic gradients are also customary. Note that this is a much weaker assumption
compared to the one that uniformly bounds the expected norm of the stochastic gradient.
Challenges in analyzing the FedPAQ method.

Here, we highlight the main theoretical challenges in proving our main results. As
outlined in the description of the proposed method, in the k-th round of FedPAQ, each
participating node ¢ updates its local model for 7 iterations via SGD method in (2.5).
Let us focus on a case that we use a constant stepsize for the purpose of this discussion.
First consider the naive parallel SGD case which corresponds to 7 = 1. The updated

local model after 7 = 1 local update is
wi, = wily = V1 (wih). (2.8)

Note that W,% = wy, is the parameter server’s model sent to the nodes. Since we assume
the stochastic gradients are unbiased estimators of the gradient, it yields that the local

update W,(;)T — Wy, is an unbiased estimator of —nV f(wy) for every participating node.
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Hence, the aggregated updates at the server and the updated model wy,; can be simply
related to the current model w, as one step of parallel SGD. However, this is not the
case when the period length 7 is larger than 1. For instance, in the case that 7 = 2, the

local updated model after 7 = 2 iterations is
W/iZ)T =wy =V f; (wi) =V f; (W;C — )V f; (wk)> . (2.9)

Clearly, W](;Z_ — Wy, is not an unbiased estimator of —nV f(wy) or —nV f(wy, —nV f(wy)).
This demonstrates that the aggregated model at server cannot be treated as 7 iterations
of parallel SGD, since each local update contains a bias. Indeed, this bias gets prop-
agated when 7 gets larger. For our running example 7 = 2, the variance of the bias,
i.e. E||nV fi(wy —nV fi(wi,))||? is not uniformly bounded either (Assumption 2.3), which
makes the analysis even more challenging compared to the works with bounded gradient

assumption (e.g. [40,47]).

2.4.1 Strongly convex setting

Now we proceed to establish the convergence rate of the proposed FedPAQ method for
a federated setting with strongly convex and smooth loss function ¢. We first formally

state the strong convexity assumption.

Assumption 2.4 The loss functions f; are u-strongly convex, i.e., for any w,w’ € RP

we have that (Vf;(w) — Vfi(w'),w —w') > pllw — w'||°.

Theorem 2.1 (Strongly convex loss) Consider the sequence of iterates wy, at the pa-
rameter server generated according to the FedPAQ method outlined in Algorithm 2.1.

Suppose the conditions in Assumptions 2.1-2.4 are satisfied. Further, let us define the
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constant By as

q n—r
By =2L* -+ ———
! (n+r(n—1)

401+ q)) , (2.10)

where q is the quantization variance parameter defined in (2.7) and r is the number
of active nodes at each round of communication. If we set the stepsize in FedPAQ as

Mot = N = :‘T‘—:l, then for any k > ko where ko is the smallest integer satisfying

L (B 1 4
k‘024max{—,4<—1+1) = —"} (2.11)
W

) )
p? TpPT

the expected error El||wy, — w*||]? is bounded above by

-
kTt +1 kT +1 + 3(1{7’4—1)2’
(2.12)

where the constants in (2.12) are defined as

1602 —
Ci=—0 (1+2q+8(1+q)—”(” T)),
un r(n —

, — 16eL?c?

9

pn
_ 256eL20?

C:
3 i

(n—|—2q+8(1—|—q) (2.13)

N——

mn=r
r(n—1)
Proof: We defer the proof to Appendix A.1. [ |

Remark 2.1 Under the same conditions as in Theorem 2.1 and for a total number of

iterations T'= KT > ko we have the following convergence rate

Elwy — w*|? < 0(%) + 0(;—22) +o<¥) + O(TT_Zl). (2.14)

As expected, the fastest convergence rate is attained when the contributing nodes syn-
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chronize with the parameter server in each iteration, i.e. when ™ = 1. Theorem 2.1
however characterizes how large the period length T can be picked. In particular, any pick
of T = 0(\/7) ensures the convergence of the FedPAQ to the global optimal for strongly

convezx losses.

Remark 2.2 By setting 7 =1, ¢ =0 and r = n, Theorem 2.1 recovers the convergence
rate of vanilla parallel SGD, i.e., O(1/T) for strongly-convez losses. Our result is how-
ever more general since we remove the uniformly bounded assumption on the norm of
stochastic gradient. For T > 1, Theorem 2.1 does not recover the result in [40] due to our
weaker condition in Assumption 2.3. Nevertheless, the same rate O(1/T) is guaranteed

by FedPAQ for constant values of 7.

2.4.2 Non-convex setting
We now present the convergence result of FedPAQ for smooth non-convex losses.

Theorem 2.2 (Non-convex Losses) Consider the sequence of iterates wy at the pa-
rameter server generated according to the FedPAQ method outlined in Algorithm 2.1.
Suppose the conditions in Assumptions 2.1-2.3 are satisfied. Further, let us define the
constant By as

By ::%+M(1+q), (2.15)

r(n—1)
where q is the quantization variance parameter defined in (2.7) and r is the number of

active nodes at each round. If the total number of iterations T and the period length T

satisfy the following conditions,

T2>2

?

VBZ+08—B
T < 2+8 VT, (2.16)

and we set the stepsize as Ny = #T’ then the following first-order stationary condition
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holds
K-171-1

1 2 2L(f(wo) — f*) 1 T—1

= E(|Vf(w < + Ni—= + N. , 2.17

T k=0 t=0 ” f( kt)H ﬁ 1\/T ? T ( )
where the constants in (7.4) are defined as

o2 n(n—r) 2
=T (14 220 M= T
Proof: We defer the proof to Appendix A.2. [ |

Remark 2.3 The result in Theorem 2.2 implies the following order-wise rate

K—-171—
1

T :Eva(Wk,t)HQ <0 (%) Lo <7;1> |

k=0 t=

Clearly, the fastest convergence rate is achieved for the smallest possible period length,
i.e., T = 1. This however implies that the edge nodes communicate with the parameter
server in each iteration, i.e. T rounds of communications which is costly. On the other
hand, the conditions (2.16) in Theorem 2.2 allow the period length T to grow up to O(v/T)
which results in an overall convergence rate of O(1/ VT ) in reaching an stationary point.
This result shows that with only O(\/T) rounds of communication FedPAQ can still ensure

the convergence rate of O(1/v/T) for non-convex losses.

Remark 2.4 Theorem 2.2 recovers the convergence rate of the vanilla parallel SGD [4}7]
for mon-convex losses as a special case of T = 1, ¢ = 0 and r = n. Nevertheless, we
remove the uniformly bounded assumption on the norm of the stochastic gradient in our
theoretical analysis. We also recover the result in [42] when there is no quatization ¢ = 0

and we have a full device participation r = n.
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It is worth mentioning that for Theorems 2.1 and 2.2, one can use a batch of size m

for each local SGD update and the same results hold by changing "—: to ;—Qn

2.5 Numerical Results and Discussions

The proposed FedPAQ method reduces the communication load by employing three
modules: periodic averaging, partial node participation, and quantization. This commu-
nication reduction however comes with a cost in reducing the convergence accuracy and
hence requiring more iterations of the training, which we characterized in Theorems 2.1
and 2.2. In this section, we empirically study this communication-computation trade-off
and evaluate FedPAQ in comparison to other benchmarks. To evaluate the total cost of
a method, we first need to specifically model such cost. We consider the total training
time as the cost objective which consists of communication and computation time [48,49].
Consider T iterations of training with FedPAQ that consists of K = T'/7 rounds of com-
munication. In each round, r workers compute 7 iterations of SGD with batchsize B and
send a quantized vector of size p to the server.

Communication time. We fix a bandwidth BW and define the communication time in
each round as the total number of uploaded bits divided by BW. Total number of bits in
each round is 7 - |Q(p, s)|, where |Q(p, s)| denotes the number of bits required to encode
a quantized vector of dimension p according to a specific quantizer with s levels. In our
simulations, we use the low-precision quantizer described in Example 2.1 and assume it
takes pF bits to represent an unquantized vector of length p, where F is typically 32 bits.
Computation time. We consider the well-known shifted-exponential model for gradient
computation time [50]. In particular, we assume that for any node, computing the
gradients in a period with 7 iterations and using batchsize B takes a deterministic shift

7 - B - shift plus a random exponential time with mean value 7 - B - scale™!, where
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Figure 2.1: Training Loss vs. Training Time: Logistic Regression on MNIST (top).
Neural Network on CIFAR-10 (bottom).

shift and scale are respectively shift and scale parameters of the shifted-exponential
distribution. Total computation time of each round is then the largest local computation

time among the r contributing nodes. We also define a communication-computation ratio

Ceomn pF/BW
Comp ~ shift + 1/scale

as the communication time for a length-p-vector over the average computation time
for one gradient vector. This ratio captures the relative cost of communication and
computation, and since communication is a major bottleneck, we have Copn/ Ceomp > 1.
In the experiments, we use batchsize B = 10 and finely tune the stepsize’s coefficient.
Logistic Regression on MNIST: In Figure 2.1, the top four plots demonstrate
the training time for a regularized logistic regression problem over MNIST dataset (‘0’
and ‘8 digits) for 7" = 100 iterations. The network has n = 50 nodes each loaded with
200 samples. We set Ccomn/Ceomp = 100/1 to capture the communication bottleneck.
Among the three parameters quantization levels s, number of active nodes in each round

r, and period length 7, we fix two and vary the third one. First plot demonstrates the
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relative training loss for different quantization levels s € {1,5,10} and the case with no
quantization which corresponds to the FedAvg method [30]. The other two parameters
are fixed to (7,7) = (5,25). Each curve shows the training time versus the achieved
training loss for the aggregated model at the server for each round k = 1,--- T/7.
In the second plot, (s,7) = (1,5) are fixed. The third plot demonstrates the effect of
period length 7 in the communication-computation tradeoff. As demonstrated, after 7'/
rounds, smaller choices for 7 (e.g. 7 = 1,2) result in slower convergence while the larger
ones (e.g. 7 = 50) run faster though providing less accurate models. Here 7 = 10 is
the optimal choice. The last plot compares the training time of FedPAQ with two other
benchmarks FedAvg and QSGD. For both FedPAQ and FedAvg, we set 7 = 2 while FedPAQ
and QSGD use quantization with s = 1 level. All three methods use r = n = 50 nodes
in each round.

Neural Network training over CIFAR-10: We conduct another set of numerical
experiments to evaluate the performance of FedPAQ on non-convex and smooth objec-
tives. Here we train a neural network with four hidden layers consisting of n = 50 nodes
and more thatn 92K parameters, where we use 10K samples from CIFAR-10 dataset
with 10 labels. Since models are much larger than the previous setup, we increase the
communication-computation ratio to Ceopn/ Ceomp = 1000 /1 to better capture the commu-
nication bottleneck for large models. The bottom four plots in Figure 2.1 demonstrate
the training loss over time for 7' = 100 iterations. In the first plot, (7,7) = (2,25) are
fixed and we vary the quantization levels. The second plot shows the effect of r while
(s,7) = (1,2). The communication-computation tradeoff in terms of period length 7 is
demonstrated in the third plot, where picking 7 = 10 turns out to attain the fastest
convergence. Lastly, we compare FedPAQ with other benchmarks in the forth plot. Here,
we set (s,r,7) = (1,20,10) in FedPAQ, (r,7) = (20, 10) in FedAvg and (s,r,7) = (1,50, 1)

for QSGD.
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Additional numerical results: To further illustrate the practical performance of
the proposed FedPAQ method, here we provide more numerical results using different and
more complicated datasets and model parameters. The network settings, communication
and computation time models remain the same as those in Section 6.4. The following

figures demonstrate the training time corresponding to the following scenarios:

e Figure 2.2: Training time of a neural network with four hidden layers and more

than 248K parameters over 10K samples of the CIFAR-10 dataset with 10 labels.

e Figure 2.3: Training time of a neural network with one hidden layer over 10K

samples of the CIFAR-100 dataset with 100 labels.

e Figure 2.4: Training time of a neural network with one hidden layer over 10K

samples of the Fashion-MNIST dataset with 10 labels.

Here as well, in all of the above scenarios, the data samples are uniformly distributed
among n = 50 nodes. We also keep the communication-computation ratio and the
batchsize to be Ceomn/Ceomp = 1000/1 and B = 10 respectively, and finely tune the

stepsize for every training.
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Figure 2.2: Training Loss vs. Training Time: Neural Network on CIFAR-10 dataset with
248K parameters.
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Figure 2.3: Training Loss vs. Training Time: Neural Network on CIFAR-100 dataset.

eh=1—s=1 —r =10
—s=5 &
—s=10

—No Quantization (FedAvg)

—QSGD
——FedAvg
—FedPAQ

k=1

k=T/T

2
10" 10° 0! 10% 10° 10! 10° 10° 10 10% 10!
Training Time Training Time Training Time Training Time

Figure 2.4: Training Loss vs. Training Time: Neural Network on Fashion-MNIST
dataset.

2.6 Concluding Remarks

In this chapter, we addressed some of the communication and scalability challenges
of federated learning and proposed FedPAQ, a communication-efficient federated learning
method with provable performance guarantees. FedPAQ is based on three modules: (1)
periodic averaging in which each edge node performs local iterative updates; (2) partial
node participation which captures the random availability of the edge nodes; and (3)
quantization in which each model is quantized before being uploaded to the server. We
provided rigorous analysis for FedPAQ for two general classes of strongly-convex and
non-convex losses. We further provided numerical results evaluating the performance of

FedPAQ, and discussing the trade-off between communication and computation.
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Chapter 3

Straggler-Resilient Federated

Learning

Federated learning is prone to multiple system challenges including system heterogeneity
where clients have different computation and communication capabilities. Such hetero-
geneity in clients’ computation speeds has a negative effect on the scalability of federated
learning algorithms and causes significant slow-down in their runtime due to the existence
of stragglers. In this chapter, we propose a novel straggler-resilient federated learning
method that incorporates statistical characteristics of the clients’ data to adaptively select
the clients in order to speed up the learning procedure. The key idea of our algorithm
is to start the training procedure with faster nodes and gradually involve the slower
nodes in the model training once the statistical accuracy of the data corresponding to
the current participating nodes is reached. The proposed approach reduces the overall
runtime required to achieve the statistical accuracy of data of all nodes, as the solution
for each stage is close to the solution of the subsequent stage with more samples and
can be used as a warm-start. Our theoretical results characterize the speedup gain in

comparison to standard federated benchmarks for strongly convex objectives and i.i.d.
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samples (system heterogeneous and data homogeneous), and our numerical experiments
also demonstrate significant speedups in wall-clock time of our straggler-resilient method

compared to other federated learning benchmarks.

3.1 Introduction

Federated learning is a distributed framework whose objective is to train a model
using the data of many clients (nodes), while keeping each node’s data local. In contrast
with centralized learning, the federated learning architecture allows for preserving the
clients’ privacy as well as reducing the communication burden caused by transmitting
data to a cloud. Nevertheless, as we move towards deploying federated learning in prac-
tice, it is becoming apparent that several major challenges still remain and the existing
frameworks need to be rethought to address them. Important among these challenges is
system (device) heterogeneity due to existence of straggling nodes — slow nodes with low
computational capability — that significantly slow down the model training [3,25].

In this chapter, we focus on system heterogeneity in federated learning and we leverage
the interplay between statistical accuracy and system heterogeneity to design a straggler-
resilient federated learning method that carefully and adaptively selects a subset of avail-
able nodes in each round of training. Federated networks consist of thousands of devices
with a wide range of computational, communication, battery power, and storage charac-
teristics. Hence, deploying traditional federated learning algorithms such as FedAvg [51]
on such a highly heterogeneous cluster of devices results in significant and unexpected
delays due to existence of slow clients or stragglers. In most of such algorithms, all the
available clients participate in the model training —regardless of their computational ca-
pabilities. Consequently, in each communication round of such methods, the server has

to wait for the slowest node to complete its local updates and upload its local model
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which significantly slows down the training process.

In this chapter, we aim to mitigate the effect of stragglers in federated learning based
on an adaptive node participation approach in which clients are selected to participate in
different stages of training according to their computation speed. We call our straggler-
resilient scheme a Federated Learning method with Adaptive Node Participation or
FLANP. The key idea of this scheme is to start the model training procedure with only
a few clients which are the fastest among all the nodes. These participating clients
continue to train their shared models while interacting with the parameter server. Note
that since the server waits only for the participating nodes, it takes a short time for the
participating (and fast) clients to promptly train a shared model. This model is, however,
not accurate as it is trained over only a fraction of samples. We next increase the number
of participating clients and include the next fastest subset of nonparticipating nodes in
the training. Note that the model trained from the previous stage can be a warm-start
initialization for the current stage.

To discuss our main idea more precisely, consider a federated network of N available
nodes each storing s data samples and suppose that we start the learning procedure with
only m clients. Once we solve the empirical risk minimization (ERM) problem corre-
sponding to m X s samples of these nodes up to its statistical accuracy, we geometrically
increase the number of participating nodes to n = am where a > 1, by adding the next
n —m fastest clients in the network. By doing so, the new ERM problem that we aim to
solve contains the samples from the previous stage as well as the samples of the newly
participating nodes. Moreover, the solution for the ERM problem at the previous stage
(with m clients) could be used as a warm-start for the ERM problem at the current stage
with n = am nodes. This is due to the fact that all samples are drawn from a common
distribution, and as a result, the optimal solution of the ERM problem with fewer sam-

ples is not far from the optimal solution of the ERM problems with more samples, as
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long as the larger set contains the smaller set.

In the proposed FLANP algorithm, as time progresses, we gradually increase the num-
ber of participating clients until we reach the full training set and all clients are involved.
Note that in this procedure, the slower clients are only used towards the end of the learn-
ing process, where the model is already close to the optimal model of the aggregate loss.
Another essential observation is that since the model trained in previous rounds already
has a reasonable statistical accuracy and this model serves as the initial point of the next
round of the iterative algorithm, the slower nodes are only needed to contribute in the
final rounds of training, leading to a smaller wall-clock time. This is in contrast with
having all nodes participate in training from the beginning, which leads to computation
time of each round being determined by the slowest node. In this chapter, we formally
characterize the gain obtained by using the proposed adaptive node participation scheme
compared to the case that all available nodes contribute to training at each round. Next,
we state a summary of our main contributions:

e We present a straggler-resilient federated learning meta-algorithm that leverages the
interplay between statistical accuracy and device heterogeneity by adaptively activating
heterogeneous clients.

e We specify the proposed meta-algorithm with a federated learning subroutine and
present its optimization guarantees for strongly convex risks. Further, we characterize the
wall-clock time of the proposed straggler-resilient scheme and demonstrate analytically
that it achieves up to O(In(Ns)) speedup gain compared to standard benchmarks.

e Our numerical results show that our framework significantly improves the wall-
clock time compared to federated learning benchmarks —with either full or partial node
participation— for both convex and non-convex risks.

Related Work. System (device) heterogeneity challenge, which refers to the case

that clients have different computational, communication and storage characteristics, has
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been studied in the literature. Asynchronous methods have demonstrated improvements
in distributed data centers. However, such methods are less desirable in federated settings
as they rely on bounded staleness of slow clients [52,53]. The active sampling approach
is another direction in which the server aims for aggregating as many local updates as
possible within a predefined time span [54]. More recently, [55] proposed a normalized
averaging method to mitigate stragglers in federated systems and the objective inconsis-
tency due to mismatch in clients’ local updates. Deadline-based computation has also
been studied to mitigate stragglers in decentralized settings [49]. In a different yet related
direction, various federated algorithms have been studied to address the heterogeneity in
clients’ data distributions [6,8,56-59].

The idea of adaptive sample size training in which we solve a sequence of geometrically
increasing ERM problems has been used previously for solving large-scale ERM problems.
In particular, it has been shown that this scheme improves the overall computational cost
of both first-order [60,61] and second-order [62—-64] methods for achieving the statistical
accuracy of the full training set. In this chapter, we exploit this idea to develop FLANP
for a different setting to address the issue of device heterogeneity in federated learning.

As mentioned, FLANP is a general meta-algorithm that can be employed with any
federated learning subroutine studied in the literature [42,51,65-76]. In this chapter, we

showcase the gain obtained by combining FLANP with the FedGATE method [56].

3.2 Federated Learning Setup

In this section, we state our setup. Consider a federated architecture where N nodes
interact with a central server, and each node i € [N] = {1,---, N} has access to s
data samples denoted by {z%,--- ,z!}. These samples are drawn at the beginning of the

training process, and nodes cannot draw new samples during training. Further, define
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((,-) : R*x Z — R as a loss function where {(w,2!) indicates how well the model
w performs with respect to the sample z; Also, define the empirical loss of node 7
as L'(w) = £ 37 {(w,z}). Forany 1 < n < N, we denote by L,(w) the collective

empirical risk corresponding to samples of all nodes {1,--- ,n}, which is defined as

Lo(w) = % > Liw). (3.1)

L, (w) represents the average loss over the n x s samples stored at nodes {1,--- ,n}. We
let w’ denote the optimal minimizer of the loss L, (w), i.e., w; = argmin,, L,(w). We
assume that the samples z; are i.i.d. realizations of a random variable Z with probability
distribution P. The problem of finding a global model for the aggregate loss of all
available N nodes, which can be considered as the empirical risk minimization (ERM) in

(3.1) for n = N, i.e.,

m“i/nLN(W):%ZL"(W):%ZZE(W,%) (3.2)

is a surrogate for the expected risk minimization problem miny, L(w) = Ez p[¢(w, Z)].
Our ultimate goal is to find the optimal solution of the expected risk w* = arg min,, L(w);
however, since distribution P is unknown and we only have access to a finite number of
realizations of the random variable Z, i.e., {zi,--- 2/} we settle for solving prob-
lem (3.2).

Let us further clarify the data heterogeneity model used in our setting. Data samples
{28, 21}V are ii.d. (data homogeneous); however, the realized samples are fixed
through the learning process. More precisely, empirical risk functions L’ are realized

and fixed which yields that the local gradient directions VL' are not necessarily an

unbiased estimator for the aggregate loss gradient VLy. In other words, nodes do not
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have access to unbiased estimators of the expected loss and therefore federated learning
methods designed merely for i.i.d. data settings would not be useful here. This is indeed
a significant challenge in designing fast convergent optimization methods in such settings
which we will highlight in Section 3.3.

Statistical Accuracy. The difference of expected and empirical risks L, (w) — L(w)
is referred to as the estimation error and can be bounded by a function of the sample size.
In particular, since L, (w) captures ns samples, we assume that there exists a constant
Vs bounding the estimation error with high probability, sup,, |L,(W) — L(w)| < V.

The estimation error V,,s has been deeply studied in the statistical learning literature
[77,78]. In particular, it has been shown that for strongly convex functions the estimation
error is proportional to the inverse of sample size [79,80]. In this work, we also assume
that V,, = = for a constant c¢. Note that for the loss function L,, once we find a point
w that has an optimization error of V, i.e., L,(W) — L,(w}) < V4, there is no gain in
improving the optimization error as the overall error with respect to the expected risk L
would not improve. Hence, when we find a point w such that L,(W) — L,(w}) < V5,
we state that it has reached the statistical accuracy of L,,. Our goal is to find a solution
wy that is within the statistical accuracy of the ERM problem of the full training set
defined in (3.2).

System Heterogeneity Model. As mentioned earlier, federated clients attribute
a wide range of computational powers leading to significantly different processing times
for a fixed computing task such as gradient computation and local model update. To be
more specific, for each node i € [N], we let T; denote the (expected) time to compute one
local model update. The time for such update is mostly determined by the computation
time of a fixed batch-size stochastic gradient of the local empirical risk L;(w). Clearly,
larger T; corresponds to slower clients or stragglers. Without loss of generality, we assume

that the nodes are sorted from faster to slower, that is, 77 < --- < Ty with node 1 and
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N respectively identifying the fastest and slowest nodes in the network.

3.3 Adaptive Node Participation Approach

Several federated learning algorithms have been proposed to solve the ERM problem
in (3.2) such as FedAvg [51], FedProx [57], SCAFFOLD [8], DIANA [81], and FedGATE [56].
These methods consist of several rounds of local computations by the clients and com-
munication with the server. Alas, in all such approaches, all the available nodes in the
network —regardless of their computational capabilities— contribute to model learning
throughout the entire procedure. As explained earlier, federated clients operate in a
wide range of computational characteristics, and therefore, the server has to wait for the
slowest node in each communication round to complete its local computation task. All in
all, the slowest nodes determine the overall runtime of such federated algorithms which
causes significant slow-down.

In this section, we describe our proposed approach to mitigate stragglers in federated
learning, and lay out the intuition behind that. Our proposal, FLANP, is essentially a
meta-algorithm that can be specified with the choice of any particular federated learning
subroutine. The rest of the section focuses on a particular case of FLANP where the

federated learning subroutine is picked to be FedGATE proposed by [56].

3.3.1 FLANP: A Straggler-Resilient FL. Meta-Algorithm

Our proposal to address the device heterogeneity and mitigate the stragglers is as
follows.The server first solves the ERM problem corresponding to ng fastest nodes, where
ng is much smaller than the total number of available nodes N. To identify the ng fastest
nodes, the server first broadcasts a short hand-shake message to all nodes and waits for

the first ng nodes that respond. These ny nodes will participate in the training process
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Algorithm 3.1: FLANP
Initialize fast-to-slow nodes {1,--- , N}, n=ng participating nodes with initial

global model w,,,
while n < N do

while L, (w,) — L,(w}) > V,s do
nodes {1,--- ,n} are participating and update local models via
Federated_Solver
server aggregates local models from nodes {1,--- ,n} and updates global
model w,,
end
n < min{2n, N} % doubling the participants

end

in the first stage. Using Federated Solver which is a federated learning subroutine
of choice, e.g., FedAvg or FedGATE, the ny participating nodes proceed to minimize the
empirical risk corresponding to their data points, which we denote by L, (w) as defined
in (3.1). This continues until the ny nodes reach their corresponding statistical accuracy,
that is, they reach a global model wy, such that L,,(W,) — Ln, (W}, ) < V,s. Note that
at this stage the server has to wait only for the slowest client among the participating
ones, i.e., node ng, which is potentially much faster than the network’s slowest node V.

Per our discussion in Section 3.2, a more accurate solution than w,,, would not help
improving the optimality gap. Therefore, once statistical accuracy is achieved, the proce-
dure is terminated and we increase the number of participating nodes from ng to 2ng. To
select the 2ng fastest nodes, we repeat the hand-shaking communication protocol that we
discussed. Then, the selected nodes use Federated_Solver to find the minimizer of the
loss corresponding to 2ny participating nodes, while using the solution of the previous
stage w,,, as their starting point. Note that since the samples of nodes come from the
same distribution, we can show that the solutions of two successive stages with ny and
2ng participants are close to each other, as we discuss in Section 3.4.

Again, in this stage, the training process terminates when we find a point way,,
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within the statistical accuracy of the loss corresponding to 2ny participating nodes, i.e.,
Long(Wang) — Lon,(W5,) < Vanes. In the stage with 2ng participating nodes, the com-
putation delay is determined by the slowest participating node among 2ny nodes, which
is slower than the previous stage with ng participating nodes, but still faster than the
slowest node of the network. The procedure of geometrically increasing the number of
participating nodes continues till the set of participating nodes contains all the available
N nodes, and these nodes find the final global model wy within the statistical accu-
racy of the global loss function Ly(w). Algorithm 3.1 summarizes the straggler-resilient

meta-algorithm.

Remark 3.1 In our proposed scheme, clients’ computation speeds are not needed, and
the parameter server figures out the fastest n nodes only by following the presented hand-

shaking protocol.

From a high-level perspective, Algorithm 3.1 exploits faster nodes in the beginning
of the learning procedure to promptly reach a global model withing their statistical
accuracy. By doing so, the server avoids waiting for slower nodes to complete their local
updates; however, the optimality gap of such models are relatively large since only a
fraction of data samples have contributed in the global model. By gradually increasing
the number of participating nodes and activating slower nodes, the quality of the global
model improves while the synchronous computation slows down due to slower nodes. The
key point is that slower nodes join the learning process towards the end.

The criterion in Algorithm 3.1, that is L,(w,) — L,(w}) > V,,, verifies that the
current global model satisfies the statistical accuracy corresponding to n participating
nodes {1,---,n}. This condition, however, is not easy to check since the optimal so-

lution w; is unknown. A sufficient and computationally feasible criterion is to check if

|V Ly (wy,)||? < 21V, when £ is p-strongly convex.
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3.3.2 FLANP via FedGATE

As FLANP in Algorithm 3.1 is a general mechanism to mitigate stragglers in federated
settings, one needs to specify the inner optimization subroutine Federated_Solver to
quantify the speedup of the proposed approach. This subroutine could be any federated
learning algorithm, but here we focus on FedGATE [56], a federated learning algorithm
that employs gradient tracking variables to provide tight convergence guarantees for
nodes with heterogeneous data distributions.

Why FedGATE? We would like to reiterate that FLANP is a meta-procedure that can
be used for any federated learning solver other than FedGATE to make it resilient against
straggling nodes. Nevertheless, we use FedGATE as the subroutine since it can handle the
case that local gradients are not an unbiased estimator of the global loss gradient, which
is the case in our setting. Algorithm 3.2 demonstrates how adaptive node participation
in FLANP is adopted to mitigate straggler delays in FedGATE.

We begin the first stage of Algorithm 3.2 with activating the n = ny fastest nodes
{1,--- ,ne} and initialize them with global model w,,,. We also reset the gradient tracking
variables (51(0) to be zero for all participating nodes at the beginning of each stage. Vari-
ables 9; aim to correct the directions of local updates at node 7 by tracking the difference
of local gradients VL and global gradients V L,, such that directions d; closely follow the
correct global gradient direction. After 7, iterations of local updates at any participating
node in round r, accumulations of local gradients AET) are uploaded to the server where it
updates the global model w,, using two stepsizes 1,,v,. Note that the stepsizes 1, v, are
fixed throughout each stage with n participating nodes but vary for different stages as n
increases. After updating the global model w, at the end of each round, participating
nodes upload their local gradients VL!(w,) such that the server aggregates and com-

putes the global gradient VL, (w,) and checks whether ||VL,(w,)||* < 2uV,,. After R,
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Algorithm 3.2: FLANP via FedGATE
Initialize n = n, participating nodes, initial model w,,, initial gradient tracking

(550) = 0 for participating nodes i € {1,--- ,ng}
while n < N do

r=0 % reset round counter for each stage
for participating nodes i € {1,--- ,n} do
‘ 51-(0) =0 /» reset gradient tracking
end
while |V L, (w,)|]* > 2uV,s do
for participating nodes i € {1,--- ,n} do
WZ(O,T) —w,

forc=0,---,7,—1do

set d§”’ = %Li(wgc’r)) — 5§r)
(c+1,r) _

)

(er)

update w WZ(C’T) — Nyd;

end

send A = (w,, — w™") /. to server

update 5§T+1) = 5i(r) + %(Am — AM)

7

end

server broadcasts A = L 5™ | AET)
server broadcasts w,, + w,, — nn’ynA(’“)

participating nodes i € {1,--- ,n} upload gradients VL'(w,,) to server
rér+1

end

n < min{2n, N} % doubling the participants

end

rounds of communications, this condition is satisfied and the set of n participating nodes
reach the model w,, within their statistical accuracy. Therefore, we augment the set of
participating nodes (from faster to slower) from {1,--- n} to {1,---,2n} leading to a
new stage. The above procedure continues until the set of participating nodes contains

all N available nodes.
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3.4 Theoretical Results

In this section, we provide rigorous analysis for FLANP outlined in Algorithm 3.2,
which employs FedGATE as its subroutine. We first characterize optimization guarantees
of Algorithm 3.2. Using such results, we derive the expected runtime of our proposed

algorithm and the speedup gain it provides compared to naive methods.

3.4.1 Optimization Guarantees

Next, we analyze FLANP outlined in Algorithm 3.2, which employs FedGATE as its
subroutine. We first characterize optimization guarantees of Algorithm 3.2. Using such
results, we derive the expected runtime of our proposed algorithm and the speedup it
provides compared to naive methods.

Connection between two successive stages. As we discussed in Section 3.3.1, we
expect the solution of each stage with m participating nodes to be close to the solution of
the next stage with n nodes, where n > m, if the larger set of nodes contain the smaller
set. This is due to the fact that within each cluster, samples are drawn from the same
distribution. To formalize this claim, consider a subset of m participating nodes and a
model w within their statistical accuracy, i.e., Ly, (W) — Ly, (W) < V5. Next, we
show that the suboptimality error of w,, for the next loss with n nodes is small, when

the set of n nodes contains m nodes.

Proposition 3.1 Consider two subsets of nodes N, C N,, and assume that model w,y,
attains the statistical accuracy for the empirical risk associated with nodes in N,,, i.e.,

|V L (W) ||? < 2uV,s where the loss function € is pu-strongly convex. Then the subopti-

mality of Wy, for risk L, is w.h.p. bounded above by L,(Wp,)— L,(w}) < 2(n;m) (Vin—m)s+
Vms) + Vms-
Proof: We defer the proof to Appendix B.1. [ |
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Proposition 3.1 demonstrates that a model attaining the statistical accuracy for m
nodes can be used as an initial model for the ERM corresponding to a larger set with n
nodes. In particular, when the number of participating nodes is doubled, i.e., n = 2m,
then the initial sub-optimality error is bounded above by L,,(w,,) — L,(w}) < 3V,,s.

Next, we characterize the required communication and computation for solving each
subproblem. Specifically, consider the case that we are given a model w,,, which is within
the statistical accuracy of L,, corresponding to m fastest nodes in each cluster, and the
goal is to find a new model w,, that is within the statistical accuracy of L,, corresponding
to n fastest nodes of each cluster, where n = 2m. To analyze this procedure, we must
specify three parameters: the choice of stepsizes 1,, v,, the number of local updates 7, at
each participating node, and the number of communication rounds with the server R,,.
For these parameters we use index n, as they refer to the case that n nodes participate

in the training. Next, we state our main assumptions.

Assumption 3.1 The loss {(w, z) is u-strongly convex with respect to w, and the gradi-

ent Vwl(w, 2) is L-Lipschitz continuous. The condition number is defined as k = L/ p.

The conditions in Assumption 3.1 imply that the empirical risks L, (w) and local loss
functions L*(w) are u-strongly convex and have L-Lipschitz gradients. As we discussed
in Section 3.2, the gap between the expected and the empirical risks corresponding to ns
data samples can be bounded as |L,(w) — L(w)| < V.5, with high probability. Next, we

formalize this assumption.

Assumption 3.2 The approzimation error for the expected loss L(w) using ns samples
of n nodes in the empirical risk L,(w) is w.h.p. upper-bounded as supy, |L,(w)—L(w)|<
Vis, where Vs = O(1/ns). Moreover, we assume that the approximation error for gradi-

ents is upper-bounded by sup,, HVLn<W) — VL(W)H < Vs, w.h.p.
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We now turn our focus to the proposed Algorithm 3.2.

Theorem 3.1 Consider the federated ERM problem in (3.2) and suppose Assumptions
3.1 and 3.2 hold. Let the proposed FLANP in Algorithm 3.2 be initialized with the fastest
ng nodes in {1,--- ng} and the model w,,. Moreover, suppose the variance of stochastic
local gradients is bounded above by o2, i.e., B[|VLi(w) — VLi(w)|[?] < 0 for all nodes

1. At any stage of Algorithm 3.2 with n participating nodes, if for sufficiently small c,
NG

e L and each node runs 7, = 1.5s02/c local updates,

the stepsizes are n, = i Yo =
where ¢ captures the constant term in the statistical accuracy Vy,s = -=, then nodes reach
the statistical accuracy of L, after R, = 12kIn(6) rounds of communication (precise

characterization of oy, in the proof).

Proof: We defer the proof to Appendix B.2. [ |
The result in Theorem 3.1 guarantees that if we initialize Algorithm 3.2 with n, fastest
nodes and in each stage the participating nodes update their local models according
to Algorithm 3.2 for 7 = O(s) iterations and R = O(k) rounds, before doubling the
number of participating nodes, then at the end of the final stage in which all N nodes are
participating, we reach a model wy that attains the statistical accuracy of the empirical
risk Ly (w). Specifically, we have E[Ly(wy) — Ly(Wy)] < Vis. Note that to obtain the
best guarantee, 7,, and R,, are independent of number of participating nodes n, while the

stepsizes 7, and 7, change as the number of participating nodes increases.

3.4.2 Wall-Clock Time Analysis

We have thus far established the convergence properties of Algorithm 3.2. It is,
however, equally important to show that it provably mitigates stragglers in a federated

learning framework and hence speeds up the overall wall-clock time. In the following, we
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first characterize the running time of Algorithm 3.2 and then compare it with the one
for straggler-prone FedGATE benchmarks.

Let T} < --- < Ty denote the computation times of the N available nodes. We
also denote by Tiiae the average runtime of FLANP in Algorithm 3.2 to reach the over-
all statistical accuracy of the ERM problem corresponding to all nodes defined in (3.2).
As discussed before, at the stage of FLANP with n participating nodes, the slowest node
determines the computation time of that stage. More precisely, the computation time of
each iteration of FLANP with n participating node per cluster is 7,, = max{71y,--- ,T,}.
Since each stage consists of R communication rounds each with 7 local updates, the av-
erage run-time of each stage is R7T,,. Therefore, the overall wall-clock time of Algorithm
3.2 is on average Troawp = R7(Thy + Tong + -+ Ti) with R = 12k 1n(6) and 7 = 1.5s02/c
as characterized in Theorem 3.1.

This further demonstrates how the adaptive node participation approach incorporates
faster nodes in order to save in the overall wall-clock time. As Theorem 3.1 shows,
it suffices for each participating node in the straggler-resilient Algorithm 3.2 to run
R = O(k) rounds of local updates and 7 = O(s) iterations per round to reach the final
statistical accuracy. Therefore, the overall wall-clock time of Algorithm 3.2 is order-wise
Troap = O(k50H Ty + Tong + - -+ + Tw)).

To quantify the speedup gain provided by our proposed method, we need to char-
acterize the wall-clock time for the non-adaptive benchmark FedGATE. Note that in this

benchmark, all the N available nodes participate in the training from the beginning.

Proposition 3.2 The average runtime for the non-adaptive benchmark FedGATE to solve
the federated ERM problem (3.2) and to reach the statistical accuracy of all the samples
of the N nodes is Treagare = O(ks0?In(Ns)Ty) where Ty is the unit computation time

of the slowest node.
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Proof: We defer the proof to Appendix B.3. |

As expected, the result in Proposition 3.2 indicates that as all N nodes participate

in training since the beginning of the algorithm, the overall wall-clock time depends only
on the slowest node with computation time Ty = max{T},--- ,Ty}.

Thus far, we have characterized the order-wise expressions of the average wall-clock

time for FLANP and FedGATE methods as follows
TFLANP = O(:‘{SO'2 (Tno + T2n0 + e ‘I‘ TN)), TFedGATE = O(KJSOQ IH(NS)TN) (33)

To establish the speedup for the straggler-resilient method, we consider a random expo-
nential time model for clients computation times, which has been widely used to capture
the computation delay for distributed clusters [50,82]. We assume that nodes computa-
tion time are independent realizations of an exponential random variable and characterize

the speedup of the resilient Algorithm 3.2 compared to the benchmark FedGATE.

Theorem 3.2 Suppose the clients’ computation times are i.i.d. random variables drawn
from an exponential distribution with parameter \. That is, Ty, -+ ,Tn ~ exp(\). Then,

the speedup gain of the FLANP Algorithm 3.2 compared to the naive FedGATE method is

% =0 (1n<flv8>> |

Proof: 'We defer the proof to Appendix B.4. [ |

Theorem 3.2 establishes a O(In(N's)) speedup gain for FLANP compared to its non-
adaptive and straggler-prone benchmark FedGATE, when the clients’ computation times
are drawn from a random exponential time model.

We have so far considered device heterogeneous federated clients with potentially
well-spread computation speeds and demonstrated the speedup gain obtained by adap-
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tive node participation approach, particularly in Theorem 3.2. We would like to add
that our method provides provable speedups even for device homogeneous clients with
identical speeds, i.e., T} = --- = Ty. Comparing the expected runtimes in (3.3) yields
that FLANP in Algorithm 3.2 slashes the expected wall-clock time of FedGATE by a fac-
tor In(N's)/In(N). This observation demonstrates that the adaptive node participation
approach results in two different speedup gains: (i) leveraging faster nodes to speedup
the learning and (i7) adaptively increase the effective sample size by participating more

clients.

3.5 Numerical Experiments

We conduct various numerical experiments for convex and nonconvex risks and eval-
uate the performance of the proposed method versus other benchmarks.

Benchmarks. Bellow is a brief description for multiple federated learning benchmarks
that we use to compare with the proposed FLANP in Algorithm 3.2. Note that in all these
benchmarks all the available N nodes participate in the training process.

e FedAvg [51]. Nodes update their local model using a simple SGD rule for 7 local
iterations before uploading to the server.

e FedGATE [56]. This is the subroutine used in Algorithm 3.2. Here we consider it as
a benchmark running with all the available N nodes with model update rule similar to
the subroutine in Algorithm 3.2.

e FedNova [55]. In each round, each node i updates its local model for 7; iterations
where 7;s vary across the nodes. To mitigate the heterogeneity in 7;s, the server aggregates
normalized updates (w.r.t. 7;) from the clients and updates the global model.

We compare the performance of FLANP with such benchmarks in terms of communica-

tion rounds and wall-clock time. We examine FLANP against the benchmarks under both
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full and partial node participation scenarios and highlight its practicality. We consider
computation speeds that are uniformly distributed and exponentially distributed.

Uniform computation speeds.

Data and Network. We use three main datasets for different problems: MNIST
(60,000 training, 10,000 test samples), CIFAR10 (50,000 training, 10,000 test samples)
and synthetic (10,000 samples) datasets. To implement our algorithm, we employ a
federated network of N € {20, 50,100} heterogeneous clients and in order to model the
device heterogeneity, we realize and then fix the computation speed of each node 1, i.e.
T; from the interval [50, 500] uniformly at random.

Logistic Regression. We use the MNIST dataset to learn a multi-class logistic regres-
sion model. In a network of N = 50 nodes, each client stores s = 1200 samples from the
MNIST dataset. As demonstrated in Figure 3.1 (left), FLANP is slightly outperformed
by FedGATE at the initial rounds. This is however expected as FLANP starts with only
a fraction of nodes participating which leads to less accurate models. With respect to
wall-clock time however, FLANP outperforms both FedAvg and FedGATE benchmarks due

to the fact that the initial participating nodes are indeed the fastest ones. As Figure 3.1
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(right) shows, the adaptive node participation approach leads FLANP to speedup gains of
up to 2.1x compared to FedGATE.

Neural Network Training. We train a fully connected neural network with two hidden
layers with 128 and 64 neurons and compare with three other benchmarks including
FedNova which is stragglers-resilient. We conduct two sets of experiments over CIFAR10
and MNIST on a network of N = 20 clients, as demonstratd in Figures 3.2 and 3.3 where
FLANP accelerates the training by up to 3x compared to FedNova.

Random exponential computation speeds. We conduct another set of experi-
ments using the same setup described earlier. However, we here pick the clients’ com-
putation speed to be i.i.d. random exponential variables, i.e. consistent with Theorem
3.2. We train a fully connected neural network with two hidden layers with 128 and
64 neurons on MNIST and compare with benchmarks FedAvg, FedGATE and FedNova as
demonstrated in Figure 3.4.

Comparison with partial node participation methods. Thus far, we have
compared the FLANP method with federated benchmarks in which all of the available
nodes participate in training in every round. To demonstrate the resiliency of FLANP
to partial node participation methods, we consider two different scenarios. First, we
compare the wall-clock time of a neural network training of FLANP with partial node
participation FedGATE in which only k£ out of N = 50 nodes are randomly picked and

participate in each round. As demonstrated in Figure 3.5(a), FLANP is significantly faster
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than FedGATE with partial node participation. Second, we consider the case that the
k participating nodes are not randomly picked, but are the fastest clients. As shown
in Figure 3.5(b), although partial participation methods with % fastest nodes begin to
outperform FLANP, towards the end of the training, they suffer from higher training error
saturation as the data samples of only k nodes contribute in the learned model and hence
the final model is significantly inaccurate.

FLANP with other federated solvers. To illustrate the compatibility of FLANP with
solvers other than FedGATE, we train the neural network on MNIST and employ FedAvg
and FedNova as solvers of FLANP. As shown in Figure 3.6(a), FLANP is able to significantly
speedup all three solvers.

Lastly, we note that from the practical point of view, there are several heuristic
approaches to estimate the constant parameters u, ¢, Vs in Algorithm 3.2. We conducted
an experiment to learn a linear regression model with Gaussian synthetic data in which
none of the constants are assumed to be known. Rather, we heuristically tune the
threshold for each stage transition (i.e. doubling the nodes) by monitoring the norm of
the global gradient and successively halving the threshold. As shown in Figure 3.6(b),
the performance of such heuristic methods is indeed close to FLANP which highlights its

practicality.

3.6 Concluding Remarks

In this chapter, we targeted straggler and system heterogeneity challenge in federated
learning frameworks and proposed an adaptive node participation scheme to mitigate
slow nodes during the training, namely FLANP. In our proposal, the training begins with
only a handful of devices which are the fastest among the total NV available nodes in the

network. After the trained model on such devices reaches their corresponding statistical
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accuracy, FLANP doubles the number of participating nodes. We rigorously discussed
how such doubling procedure enables the trained model at the end of each stage to be
a proper warm-up initial model for the next stage. Doubling the participants continues
till all the N nodes are incorporated in the training. For strongly convex objectives,
we characterized the convergence guarantees of FLANP when combined with FedGATE as
the inner federated learning solver. We also established order-wise speedup gain of the
proposed adaptive methods compared to its non-adaptive counter method. Our numerical
experiments also demonstrate significant speedups in different convex and non-convex

scenarios, where we highlighted the practicality of the proposed method as well.
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Chapter 4

Distributionally-Robust Federated

Learning

In federated learning settings, the training data is often statistically heterogeneous and
manifests various distribution shifts across users, which degrades the performance of the
learnt model. The primary goal of this chapter is to develop a robust federated learning
algorithm that achieves satisfactory performance against distribution shifts in users’ sam-
ples. To achieve this goal, we first consider a structured affine distribution shift in users’
data that captures the device-dependent data heterogeneity in federated settings. This
perturbation model is applicable to various federated learning problems such as image
classification where the images undergo device-dependent imperfections, e.g. different
intensity, contrast, and brightness. To address affine distribution shifts across users, we
propose a Federated Learning framework Robust to Affine distribution shifts (FLRA)
that is robust against affine distribution shifts to the distribution of observed samples.
To solve the FLRA’s distributed minimax optimization problem, we propose a fast and
efficient optimization method and provide convergence and performance guarantees via

a gradient Descent Ascent (GDA) method. We further prove generalization error bounds
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for the learnt classifier to show proper generalization from empirical distribution of sam-
ples to the true underlying distribution. We perform several numerical experiments to
empirically support FLRA. We show that an affine distribution shift indeed suffices to
significantly decrease the performance of the learnt classifier in a new test user, and
our proposed algorithm achieves a significant gain in comparison to standard federated

learning and adversarial training methods.

4.1 Introduction

A typical federated learning setting consists of a network of hundreds to millions of
devices (nodes) which interact with each other through a a parameter server. Commu-
nicating messages over such a large-scale network can lead to major slow-downs due to
communication bandwidth bottlenecks [3,25]. In fact, the communication bottleneck is
one of the main grounds that distinguishes federated and standard distributed learning
paradigms. To reduce communication load in federated learning, one needs to depart
from the classical setting of distributed learning in which updated local models are com-
municated to the central server at each iteration, and communicate less frequently.

Another major challenge in federated learning is the statistical heterogeneity of train-
ing data [3,25]. As mentioned above, a federated setting involves many devices, each
generating or storing personal data such as images, text messages or emails. Each user’s
data samples can have a (slightly) different underlying distribution which is another key
distinction between federated learning and classical learning problems. Indeed, it has
been shown that standard federated methods such as FedAvg [30] which are designed
for i.i.d. data significantly suffer in statistical accuracy or even diverge if deployed over
non-i.i.d. samples [8]. Device-dependency of local data along with privacy concerns in

federated tasks does not allow learning the distribution of individual users and necessi-
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tates novel algorithmic approaches to learn a classifier robust to distribution shifts across
users. Specifically, statistical heterogeneity of training samples in federated learning can
be problematic for generalizing to the distribution of a test node unseen in training time.
We show through various numerical experiments that even a simple linear filter applied
to the test samples will suffice to significantly degrade the performance of a model learned
by FedAvg in standard image recognition tasks.

To address the aforementioned challenges, we propose a new federated learning scheme
called FLRA, a Federated Learning framework with Robustness to Affine distribution
shifts. FLRA has a small communication overhead and a low computation complexity.
The key insight in FLRA is model the heterogeneity of training data in a device-dependent
manner, according to which the samples stored on the ith device x* are shifted from a
ground distribution by an affine transformation x* — A%’ 4 §°. To further illustrate this
point, consider a federated image classification task where each mobile device maintains a
collection of images. The images taken by a camera are similarly distorted depending on
the intensity, contrast, blurring, brightness and other characteristics of the camera [9,10],
while these features vary across cameras. In addition to camera imperfections, such
unseen distributional shifts also originate from changes in the physical environment,
e.g. weather conditions [11]. Compared to the existing literature, our model provides
more robustness compared to the well-known adversarial training models x* — x' + ¢
with solely additive perturbations [83-85], i.e. A’ = I . Our perturbation model also
generalizes the universal adversarial training approach in which all the training samples
are distorted with an identical perturbation x* — x* + § [86].

Based on the above model, FLRA formulates the robust learning task as a minimax
robust optimization problem, which finds a global model w* that minimizes the total loss
induced by the worst-case local affine transformations (A%, §*). One approach to solve

this minimax problem is to employ techniques from adversarial training in which for
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each iteration and a given global model w, each node optimizes its own local adversarial
parameters (A%, 6") and a new model is obtained. This approach is however undesirable
in federated settings since it requires extensive computation resources at each device
as they need to fully solve the adversarial optimization problem at each iteration. To
tackle this challenge, one may propose to use standard distributed learning frameworks
in which each node updates its local adversarial parameters and shares with the server at
each iteration of the distributed algorithm to obtain the updated global model. This is
also in contrast with the availability of limited communication resources in federated set-
tings. The key contribution of our work is to develop a novel method called FedRobust,
which is a gradient descent ascent (GDA) algorithm to solve the minimax robust opti-
mization problem, can be efficiently implemented in a federated setting, and comes with
strong theoretical guarantees. While the FLRA minimax problem is in general non-convex
non-concave, we show that FedRobust which alternates between the perturbation and
parameter model variables will converge to a stationary point in the minimax objective
that satisfies the Polyak-Lojasiewicz (PL) condition. Our optimization guarantees can
also be extended to more general classes of non-convex non-concave distributed minimax
optimization problems.

As another major contribution of the chapter, we use the PAC-Bayes framework
[87,88] to prove a generalization error bound for FLRA’s learnt classifier. Our generaliza-
tion bound applies to multi-layer neural network classifiers and is based on the classifier’s
Lipschitzness and smoothness coefficients. The generalization bound together with our
optimization guarantees suggest controlling the neural network classifier’s complexity
through Lipschitz regularization methods. Regarding FLRA’s robustness properties, we
connect the minimax problem in FLRA to a distributionally robust optimization prob-
lem [89,90] where we use an optimal transport cost to measure the distance between

distributions. This connection reveals that the FLRA’S minimax objective provides a
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lower-bound for the objective of a distributionally robust problem. Finally, we discuss
the results of several numerical experiments to empirically support the proposed robust
federated learning method. Our experiments suggest a significant gain under affine dis-
tribution shifts compared to existing adversarial training algorithms. In addition, we
show that the trained classifier performs robustly against standard FGSM and PGD
adversarial attacks, and outperforms FedAvg.

Related work. As a practical on-device learning paradigm, federated learning has
recently gained significant attention in machine learning and optimization communities.
Since the introduction of FedAvg [30] as a communication-efficient federated learning
method, many works have developed federated methods under different settings with
optimization guarantees for a variety of loss functions [70,91]. Moreover, another line
of work has tackled the communication bottleneck in federated learning via compression
and sparsification methods [7,92,93]. [94-97] have focused on designing privacy-preserving
federated learning schemes. There have also been several recent works the study local-
SGD methods as a subroutine of federated algorithms and provide various convergence
results depending on the loss function class [38,40,74]. Making federated learning meth-
ods robust to non-i.i.d. data has also been the focus of several works [8,58,65].

Adversarially robust learning paradigms usually involve solving a minimax problem
of the form miny, max, f(w,1). As the theory of adversarially robust learning surges,
there has been thriving recent interests in solving the minimax problem for nonconvex
cases. Most recently, [18] provides nonasymptotic analysis for nonconvex-concave settings
and shows that the iterates of a simple Gradient Descent Ascent (GDA) efficiently find
the stationary points of the function ®(w) = max,, f(w, ). [98] establishes convergence
results for the nonconvex-nonconcave setting and under PL condition. This problem has

been studied in the context of game theory as well [99)].
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4.2 Federated Learning Scenario

Consider a federated learning setting with a network of n nodes (devices) connected
to a server node. We assume that for every 1 < ¢ < n the ith node has access to m
training samples in §* = {(x},y}) € R*xR: 1 < j < m}. For a given loss function ¢ and
function class F = {fw : w € W}, the classical federated learning problem is to fit the
best model w to the nm samples via solving the following empirical risk minimization

(ERM) problem:

1 - — o

B 222 C(S09)5).
As we discussed previously, the training data is statistically heterogeneous across the
devices. To capture the non-identically-distributed nature of data in federated learning,
we assume that the data points of each node have a local distribution shift from a common
distribution. To be more precise, we assume that each sample stored in node ¢ in S° is
distributed according to an affine transformation h? of a universal underlying distribution
Px y, i.e., transforming the features of a sample (x,y) ~ Pxy according to the following
affine function h(x) := A'x+6'. Here A’ € R and §* € R?, with d being the dimension
of input variable x, characterize the affine transformation A’ at node i. According to this
model, all samples stored at node 7 are affected with the same affine transformation while
other nodes j # ¢ may experience different transformations.

This structured model particularly supports the data heterogeneity in federated set-
tings. That is, the data generated and stored in each federated device is exposed to
identical yet device-dependent distortions while different devices undergo different dis-
tortions. As an applicable example that manifests the proposed perturbation model,

consider a federated image classification task over the images taken and maintained by
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mobile phone devices. Depending on the environment’s physical conditions and the cam-
era’s imperfections, the pictures taken by a particular camera undergo device-dependent
perturbations. According to the proposed model, such distribution shift is captured as
an affine transformation h'(x) = A'x + 0" on the samples maintained by node i. To
control the perturbation power, we consider bounded Frobenius and Euclidean norms
IA — I4||F < € and ||0]]2 < € enforcing the affine transformation to have a bounded
distance from the identity transformation.

Based on the model described above, our goal is to solve the following distributionally

robust federated learning problem:

n

o1
min 2 - Z (fw Aix o+ §7), yj> (4.1)
[[6°)1<e2

The minimax problem (4.1) can be interpreted as n + 1 coupled optimization problems.
First, in n inner local maximization problems and for a given global model w, each node
1 < i < n seeks a (feasible) affine transformation (A?, §°) which results in high losses via
solving max i i == > '~y £( fw(A'X} 4 6%),y5) over its m training samples in S°. Then, the
outer minimization problem finds a global model yielding the smallest value of cumulative
losses over the n nodes.

Solving the above minimax problem requires collaboration of distributed nodes via
the central server. In federated learning paradigms however, such nodes are entitled to
limited computation and communication resources. Such challenges particularly prevent
us from employing the standard techniques in adversarial training and distributed ERM.
More precisely, each iteration of adversarial training requires solving a maximization
problem at each local node which incurs extensive computational cost. On the other
hand, tackling the minimax problem (4.1) via iterations of standard distributed learning

demands frequent message-passing between the nodes and central server at each iteration,
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hence yielding massive communication load on the network. To account for such system
challenges, we constitute our goal to solve the robust minimax problem in (4.1) with
small computation and communication cost so that it can be feasibly and efficiently

implemented in a federated setting.

4.3 The Proposed FedRobust Algorithm

To guard against affine distribution shifts, we propose to change the original con-
strained maximization problem to the following worst-case loss at each node i, given a
Lagrange multiplier A >0:

max —Z <fw Alxl + 5l) ) — )\HAZ' _ IH% _ )\”(SzHg (4.2)

At §E

Here we use a norm-squared penalty requiring a bounded distance between the feasible
affine transformations and the identity mapping, and find the worst-case affine transfor-
mation that results in the maximum loss for the samples of node i. By averaging such
worst-case local losses over all the n nodes and minimizing w.r.t. model w, we reach the
following minimax optimization problem:

min  max ZZ (SwlAix + 87, 0) = AIAT = T3 = A3 (43)

WEW  (AL00)1L, 1 j=1
=1 j=

This formalizes our approach to tackling the robust federated learning problem, which
we call Federated Learning framework Robust to Affine distribution shift or FLRA in
short.

In order to solve FLRA in (4.3), we propose a gradient optimization method that

is computationally and communication-wise efficient, called FedRobust. The proposed
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Algorithm 4.1: FedRobust
IanIt: {W%) = Wo, A67 56}?:17 m,ne, T, T
for each iterationt =10,--- ;T — 1, node i computes do

Al = AL+ Vafi(wi, AL 6Y)
53“—4—1 = 53& + n2v5fi(wia Afﬁ 53&)

if t does not divide T then
Wi-l—l = let - nlvwfi(wia AL 5;)

else
node 7 uploads to server:

wi = mV f{(wi, A}, 6)

server sends to all nodes i:

n

Wi—i—l = %Z |:Wi - nlﬁwf](wiw/\g?é‘g)]

j=1

end

end
Output: wp = 15" wh

FedRobust algorithm is an iterative scheme that applies stochastic gradient descent ascent
(SGDA) updates for solving the minimax problem (4.3). As summarized in Algorithm
4.1, in each iteration ¢ of local updates, each node ¢ takes a (stochastic) gradient ascent
step and updates its affine transformation parameters (A%, §7). It also updates the local
classifier’s parameters w! via a gradient descent step. After 7 local iterations, local models
w! are uploaded to the server node where the global model is obtained by averaging
the local ones. The averaged model is then sent back to the nodes to begin the next
round of local iterations with this fresh initialization. Note that each node updates its
perturbation parameters only once in each iteration which yields light computation cost
as opposed to standard adversarial training methods. Moreover, periodic communication
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at every 7 iterations, reduces the communication load compared to standard distributed
optimization methods by a factor 7.

It is worth noting that the local affine transformation variables A, §° are coupled even
though they remain on their corresponding nodes and are not exchanged with the server.
This is due to the fact that the fresh model w is the average of the updated models from
all the nodes; hence, updating A%, §° for node ¢ will affect A7, 7 for other nodes j # i in
the following iterations. This is indeed a technical challenge that arises in proving the

optimization guarantees of FedRobust in Section 4.4.1.

4.4 Theoretical Guarantees:
Optimization, (Generalization and Robustness

In this section, we establish our main theoretical results. First, we characterize the
convergence of FedRobust in Algorithm 4.1. Next, we prove that the learned hypothesis
will properly generalize from training data to unseen test samples. Lastly, we demonstrate
that solving the FLRA’s minimax problem (4.3) results in a robust classifier to Wasserstein

shifts structured across the nodes.

4.4.1 Optimization guarantees

In this section, we establish our main convergence results and show that FedRobust
finds saddle points of the minimax problem in (4.2) for two classes of loss functions. We
first set a few notations as follows. We let matrix 2° = (A%, §") € R™ (@D denote the
joint transformation variables corresponding to node 7. The collection of n such variables

corresponding to the n nodes is denoted by the matrix ¥ = (p!;--- ;9p™). We can now
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rewrite the minimax problem (4.3) as follows:

1 — . :
minmax f(w, V) := min max — “(w, "), 4.4
tinmax f(w, ¥) == mi wl,---,wnn;f( ') (4.4)

where f and f’s denote the penalized global and local losses, respectively; that is, for

each node 1

m

) = — S0+ 8, 55) = A = TR = A2 (45)
j=1
We also define ®(w) = maxy f(w,¥) and ®* := min,, ®(w). Next, we state a few

customary assumptions on the data and loss functions. As we mentioned before, we
assume that data is heterogeneous (non-iid). There are several notions to quantify the
degree of heterogeneity in the data. Here, we use a notion called non-iid degree which is

defined as the variance of the local gradients with respect to the global gradient [100].

Assumption 4.1 (Bounded non-iid degree) We assume that when there are no per-

turbations, the variance of the local gradients with respect to the global gradient is bounded.

That is, there exists p; such that for ¥ = (I,0),¥ = (¢';--- ;2p") and all w,
IBS i i 2 _
=3 |Vl (W) = Vaf(w, )| < 45
i=1

Assumption 4.2 (Stochastic gradients) For each node i, the stochastic gradients

2

%Wfi and 611,]”' are unbiased and have variances bounded by o,

and o3, respectively.

That is, for all w,,
|| G fiw,8) - Vus )| <02 E[[usiw,w) - vusion )| <o

Assumption 4.3 (Lipschitz gradients) All local loss functions have Lipschitz gradi-
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ents. That s, for any node i, there exist constants Ly, Lo, Lo, and Loy such that for any

w, w1, " we have

|V fiw, ) = Vs (w'w0) | < Lflw = W],
|Vt w,w) = Vi w, )| < Lizflp = 9]
| Vs w.w) = Vo s w)| < Lafw—w|.

| Vi) = Vo (w, )

<Ly vl

We show the convergence of FedRobust for two classes of loss functions: PL-PL and
nonconvex-PL. Next, we briefly describe these classes and state the main results. The
celebrated work of Polyak [101] introduces a sufficient condition for an unconstrained
minimization problem min, ¢g(z) under which linear convergence rates can be established
using gradient methods. A function g(x) satisfies the Polyak-Lojasiewicz (PL) condition
if ¢* = min, g(z) exits and is bounded, and there exists a constant x4 > 0 such that
IVg(2)||* > 2u(g(z) — g*), Vo. Similarly, we can define two-sided PL condition for our

minimax objective function in (4.4) [98].

Assumption 4.4 (PL condition) The global function f satisfies the two-sided PL con-

dition, that is, there exist positive constants py and ps such that

() P O, )| 2 (w0, ) = i £ (v, ),

(i) %MHV\I,J‘(W, w2 > max f(w, ¥) — f(w, V).

In other words, Assumptions 4.4 states that the functions f(-, V) and — f(w, ) satisfy
the PL condition with constants, p; and ps, respectively. To measure the optimality gap

at iteration ¢, we define the potential function P, := a; + fb;, where a; = E[®(w;)] — ®*
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and b, == E[®(W;) — f(W;, ;)] and f§ is an arbitrary and positive constant. Note that
both a; and b, are non-negative and if P, approaches zero, it implies that (W, ¥;) is

approaching a minimax point.

Theorem 4.1 (PL-PL loss) Consider the iterates of FedRobust in Algorithm 4.1 and
let Assumptions 4.1, 4.3, and j.4 hold. Then for any iteration t > 0, the optimality gap

Po=a; + %bt satisfies the following:

1 ! L
P < (1 - —Mﬂh) Py + 32m— (1 — 1)*p?
2 21
L o2 L o2 n3 Loy
+8m—(r—1)(n+1)-2 +np—-2+ 202,
mM( )( ) n m/il n m 24 v

for maximization step-size my and minimization step-size 11 that satisfy the following

conditions:

2 2
HaTj2T > 1 4 g1

mliLy — LiLy’
. 80L(T — 1
m | L+ b N S
pam (1 — 5#17]1)

Here, we denote p* = 3p} +6L3,(e] + €3) where e and e, specify the bounds on the affine

1
< T 32ni(r — 1)°L3 < 1,

transformations h'(x) = A'x + 6*. We also use the following notations:

LisLyy -~ 3 o, 1 -~ 3 1 L%,
Ly =L L= —-mL{+ =nL L=-L —L + —=.
® 1+ Iy ' 1+2772 21 5 <I>+2 1+L2
Proof: We defer the proof to Appendix C.2. [ |

Special cases of this convergence result is consistent with similar ones already estab-
lished in the literature. In the particular case of (non-federated) distributed optimiza-

tion, i.e. 7 = 1, Theorem 4.1 recovers the convergence result in [98]. Moreover, putting
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€1,€2 — 0 reduces the problem to standard (non-robust) federated learning where our
result is also consistent with the prior work [70]. We also note that the conditions on
the stepsizes can be interpreted as linear conditions on 71,7, and is always feasible. For
instance, one can pick 7, = O(In(T")/T),n2 = O(In(T)/T) for running FedRobust for
T iterations, which yields that Pr < O(In(T)/T). Next, we relax the PL condition on
f(-, V) stated in Assumption 4.4 (i) and show that the iterates of the FedRobust method
find a stationary point of the minimax problem (4.4) when the objective function f(w, ¥)

only satisfies the PL condition with respect to ¥ and is nonconvex with respect to w.

Theorem 4.2 (Nonconvex-PL loss) Consider the iterates of FedRobust in Algorithm
4.1 and let Assumptions 4.1, 4.3, and 4.4 (ii) hold. Then, the iterates of FedRobust after

T iterations satisfy:

T-1
1 o 4Agp  4LE € ~ 2 9
—E E||VD < 64m L(T — 1

L [vemoll < 57+ g +omir =%

. 1
+ 16m L(T — l)n +

o2 2
o2 4+ 2m L2 + @Lgai,
n T

with L, L, Le, p* defined in Theorem /.1, €2 = e2+€2 and N = O(wy) — D*, if step-sizes

N1, M2 satisfy

1 mo_ psn’ 2 272 7 7 2

< —, — < =, 2ni(t—1)°L1 <1, m(L+40L(t—-1)") <1
Ly na — 8L,

Proof: 'We defer the proof to Appendix C.3. [ |

It is worth noting this theorem also recovers the existing results for distributed min-

imax optimization, i.e. 7 =1 [18] and standard federated learning for nonconvex objec-

tives, i.e. €1,e3 — 0 [74,93].
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4.4.2 Generalization guarantees

Following the margin-based generalization bounds developed in [88,102,103], we con-
sider the following margin-based error measure for analyzing the generalization error in

FLRA with general neural network classifiers:

£30o) = 2 30 (Fula O] - max fubeas (KOG 7). (40
i=1

Here, h!, denotes the worst-case affine transformation for node ¢ in the maximization
problem (4.2); Pr; denotes the probability measured by the underlying distribution of
node i, and fy(x)[j] denotes the output of the neural network’s last softmax layer for
label j. Note that for v = 0, the above definition reduces to the average misclassfication
rate under the distribution shifts, which we simply denote by £2¥(w). We also use
ﬁid"(w) to denote the above margin risk for the empirical distribution of samples, where
we replace the underlying Pr; with Pr; being the empirical probability evaluated for
the m samples of node i. The following theorem bounds the difference of the empirical
and underlying margin-based error measures in (4.6) for a general deep neural network

function.

Theorem 4.3 Consider an L-layer neural network with d neurons per layer. We assume
the activation function of the neural network o satisfies 0(0) = 0 and maxi{|o’(t)|, |o”(t)|}
< 1. Suppose the same Lipschitzness and smoothness condition holds for loss £, and
|1X]l2 < B. We assume the weights of the neural network are spectrally reqularized such
that for M > 0: & < (Hf:1 |wil|o)/? < M with || - ||, denoting the spectral norm.

Also, suppose that for n > 0, Lip(Vfy) = 3¢, H;Zl lwillo < M1 —n) holds where

Lip(V fw) upper-bounds the Lipschitz coefficient of the gradient V{(fw(x,y)). Then, for

79



Distributionally-Robust Federated Learning Chapter 4

every & > 0 with probability at least 1 — & the following holds for all feasible weights w:

ﬁadv(w) . ‘éj/dv(w)

o | | B (T, Ihwillo S i) + Llog “4500
- my?(A = (1+ B) Lip(V fw))?
Proof: We defer the proof to Appendix C.5. |

This theorem gives a non-asymptotic bound on the generalization risk of FLRA for
spectrally regularized neural nets with their smoothness constant bounded by A. Thus,
we can control the generalization performance by properly regularizing the Lipschitzness

and smoothness degrees of the neural net.

4.4.3 Distributional robustness

To analyze FLRA’s robustness properties, we draw a connection between FLRA and
distributionally robust optimization using optimal transport costs. Consider the optimal
transport cost W,(P, Q) for quadratic cost ¢(x,x’) = 1||x — x[|3 defined as W.(P, Q) =
minyen(pg) Ele(X, X')], where II(P, Q) denotes the set of all joint distributions on
(X, X’) with marginal distributions P, Q. In other words, W.(P, Q) measures the min-
imum expected cost for transporting samples between P and (). In order to define a
distributionally robust federated learning problem against affine distribution shifts, we

consider the following minimax problem:

mln — Z IIEE?Z{ {Epi [0(fw (AN X +6),Y)] — We(Px, Prixisi) }- (4.7)

In this distributionally robust learning problem, we include a penalty term controlling
the Wasserstein cost between the original distribution of node i denoted by P* and its
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perturbed version under an affine distribution shift, i.e., P¢, Note that here we use

X5t

the averaged Wasserstein cost = >°" | W.(Pg, P;

hixt s:) to measure the distribution shift

caused by the affine shifts (A%, 6°)"_,. The following theorem shows that this Wasserstein
cost can be upper-bounded by a norm-squared function of A and ¢ that appears in the

FLRA’s minimax problem.

Theorem 4.4 Consider the Wasserstein cost W.(Px, Pxxys) between the distributions

of X and its affine perturbation AX + §. Assuming ||E[XXT]||, < A, we have
WP, Paxs) < masci, TH[1A = 1] + 13]3]. (45)

Proof: We defer the proof to Appendix C.6. [ |
Substituting the Wasserstein cost in (4.7) with the upper-bound (4.8) results in
the FLRA’S minimax (4.3). As a result, if 237 [|A" — I||% +[6'[3] < £* holds for
the optimized A%, 6%’s, we will also have the averaged Wasserstein cost bounded by
Ly We(Pk, Phix,si) < €% Theorem 4.4, therefore, shows the FLRA’s minimax ap-

proach optimizes a lower-bound on the distributionally robust (4.7).

4.5 Numerical Results

We implemented FedRobust in the Tensorflow platform [104] and numerically eval-
uated the algorithm’s robustness performance against affine distribution shifts and ad-
versarial perturbations. We considered the standard MNIST [105] and CIFAR-10 [106]
datasets and used three standard neural network architectures in the literature: AlexNet
[107], Inception-Net [108], and a mini-ResNet [109].

In the experiments, we simulated a federated learning scenario with n = 10 nodes
where each node observes m = 5000 training samples. We manipulated the training
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Figure 4.1: Test accuracy under affine distribution shifts over CIFAR-10. Top: con-
straining [|d]| < 1 and changing maximum allowed ||A —I||r. Bottom: constraining
IA—1]|F <0.4 and changing maximum allowed |[|§]|5.

samples at each node via an affine distribution shift randomly generated according to
a Gaussian distribution. We also used 5000 test samples for which we did not apply
any random affine shift and instead considered the following two scenarios: (1) affine
distribution shifts by optimizing the inner maximization in (4.1) using projected gradient
descent (PGD); (2) fo-norm bounded adversarial PGD perturbations. We considered
three baselines: (1) FedAvg where the server node averages the updated parameters of
the local nodes after every gradient step; (2) distributed FGM training where the nodes
perform fast adversarial training [84] by optimizing a norm-bounded perturbation 5;
using one gradient step followed by projection onto an fo-norm ball; (3) distributed PGD
training where each node preforms PGD adversarial training [83] by applying 10 gradient

steps where each step is followed by a projection onto an f5-norm ball.
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Figure 4.2: Test accuracy under PGD over CIFAR-10. X-axis shows the maximum
allowed #y-norm for PGD.

4.5.1 FedRobust vs. FedAvg and adversarial training:

Affine distribution shifts

We tested the performance of the neural net classifiers trained by FedRobust, FedAvg,
distributed FGM, and distributed PGD under different levels of affine distribution shifts.
Figure 4.1 shows the accuracy performance over CIFAR-10 with AlexNet, Inception-
Net, and ResNet architectures. As demonstrated, FedRobust outperforms the baseline
methods in most of the experiments. The improvement over FedAvg can be as large
as 54%. Moreover, FedRobust improved over distributed FGM and PGD adversarial
training, which suggests adversarial perturbations may not be able to capture the com-
plexity of affine distribution shifts. FedRobust also results in 4x faster training compared
to distributed PGD. These improvements motivate FedRobust as a robust and efficient

federated learning method to protect against affine distribution shifts.

4.5.2 FedRobust vs. FedAvg and adversarial training:

Adversarial perturbations

Figure 4.2 summarizes our numerical results of FedRobust and other baselines over
CIFAR-10 where the plots show the test accuracy under different levels of ¢5-norm per-

turbations. While we motivated FedRobust as a federated learning scheme protecting
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Figure 4.3: Test accuracy under affine perturbations for n = 100 nodes over MNIST
data. X-axis shows the maximum allowed ||A — I||r (left) and ||0]]> (right) for affine
perturbations.

against affine distribution shifts, we empirically observed its robust performance against
adversarial perturbations as well. The achieved adversarial robustness in almost all
cases matches the robustness offered by distributed FGM and PGD adversarial training.
This observation can be explained by analyzing the generalization properties of these
algorithms. We note that FedRobust’s improved robustness is obtained over the test
samples. On the other hand, PGD consistently outperformed FedRobust on the training
samples, achieving a near perfect training accuracy. However, FedRobust generalized
better to the test samples and could overall outperform PGD on the test set. Also,
the similar performance of FGM and PGD can be explained via the random Gaussian
perturbations used for simulating the heterogeneity across clients and the results of [?]
indicating FGM initialized at random perturbations performs as well as PGD. These nu-
merical results indicate that affine distribution shifts can cover the distribution changes
caused by norm-bounded adversarial perturbations. In summary, our numerical experi-
ments demonstrate the efficiency and robustness of FedRobust against PGD adversarial
attacks. We defer more details of our experiments and the numerical results on MNIST
data to the Appendix.

Finally, we performed additional numerical experiments to analyze the effect of net-

work size n and minimization iteration count 7 on the robustness performance. Figure 4.3
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Figure 4.4: Test accuracy under affine perturbations for 7 = 5 minimization iteration
count over CIFAR-10 data. X-axis shows the maximum allowed |[|A —I||r (left) and ||d]|2
(right) for affine perturbations.

shows the results of our experiments for a larger network size of n = 100 AlexNet neural
network classifiers, each trained using m = 500 MNIST training data points. As demon-
strated in Figure 4.3’s plots, FedRobust still outperforms the standard and adversarial
training baselines over a wide range of affine perturbation parameters. To examine the
effect of parameter 7, i.e., minimization step count per training iteration, on our experi-
mental results, we performed the CIFAR-10 experiment with the AlexNet architecture for
7 = 5 as demonstrated in Figure 4.4. We observed that after increasing 7 to 5, the robust-
ness offered by FedRobust slightly decreased and was comparable to the performance of
our adversarial training baselines. While FedRobust still outperforms FedAvg by a clear
margin, the numerical results indicate the role of simultaneous min-max optimization
and proper selection of hyperparameters in the success of FedRobust.

We conclude this section by reiterating the practicality of the considered affine model.
As demonstrated in our experiments, the affine model considered in this chapter is partic-
ularly practical for image classification tasks in federated learning, where each camera’s
imperfections affect its pictures [11]. While this model provides significant robustness
compared to additive-only perturbation models (i.e. A = I), it lays out potential new
directions to study more complicated (non-affine) models such as neural network trans-

formations.
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4.5.3 Experimental Setup

In the experiments, we simulated a federated learning scenario with n = 10 nodes
where each node observes m = 5000 training samples. We also divided the extra 10,000
samples in each dataset to two validation and test sets containing 5000 samples each. For
CIFAR-10 samples, we applied the sandard normalization and scaled and linearly mapped
the pixel intensity values to interval [—1, 1]. We applied batch normalization [110] in order
to stabilize training and used the ADAM optimizer [111] with stepsize value 10~* and
default beta parameters 5; = 0.9 and [, = 0.99 to optimize the neural net’s parameters
for T'= 100 epochs (10000 iterations).

We did cross validation to choose A € {0.1,0.5,1,5,10,50} and chose the A-value

resulting in the closest additive penalty + 3" | [|[A” — I||3 + ||0%

2] to 10 percent of the

average sample norm, i.e. %23 [x¥|3) over the m = 5000 validation samples. To

L

perform GDA optimization, we applied two ascent steps per descent step with stepsize 5.

In order to simulate an affine distribution shift, we manipulated each 5(2 in the original

training dataset via an affine transformation chosen randomly at each node:
xi = (I + A%, + 5", (4.9)

Here, each A’ is a random matrix with i.i.d. Gaussian entries according to N(0, %2), and ¢
is a random Gaussian vector according to N'(0, 0%I;) where we set ¢ = 0.01. In test time,
we did not apply any random affine transformation to test samples and instead considered
the following three scenarios: (1) no perturbation, (2) adversarial affine distribution shift
obtained by optimizing the inner maximization in (4.1) using projected gradient descent,
3) adversarial perturbations designed by the projected gradient descent algorithm. We
used 100 projected gradient steps with stepsize 0.1.

We considered three baselines in the experiments: (1) FedAvg where the server node
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Figure 4.5: Trained networks’ test accuracy under affine distribution shifts in the MNIST
experiments. Top row: constraining ||d||s < 1 and changing maximum allowed ||A — I||,
bottom row: constraining ||[A — I||r < 0.6 and changing maximum allowed ||4]|2.

averages the updated parameters of the local nodes after every gradient step, (2) Dis-
tributed FGM training where the nodes perform fast adversarial training [84] by optimiz-
ing an /5-norm bounded perturbation 5;- using one gradient step followed by projection
onto the ball {&% : [|0}]|2 < €ggm}, and (3) Distributed PGD training where each node
preforms PGD adversarial training [83] similar to distributed FGM but uses 10 projected
gradient steps, each followed by projection onto {0? : [|0%]l2 < €pga}. We used the value
€rgm = €pgd = 0.05E[||x;||2] in the experiments. We observed training instability after
achieving perfect training accuracy for the baseline FedAvg algorithm, and hence per-
formed early stopping to avoid the instability in the FedAvg experiments. We did not

encounter the instability issue in FedRobust experiments.
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Figure 4.6: Trained networks’ test accuracy under PGD perturbations in the MNIST
experiments. X-axis shows the maximum allowed ¢s-norm for PGD perturbations.

4.5.4 Numerical Results for MNIST data

We repeated the CIFAR experiments in Figures 4.1 and 4.2 for the MNIST dataset.
Figure 4.5 shows the numerical results under affine distribution shifts. The figure’s top
row includes the plots for fixed maximum delta norm ||0|]> < 1 and different levels of
maximum allowed ||A — I||p, while in the bottom row we fix the maximum allowed
linear shift |A — I]|r < 0.6 and evaluate the test accuracy under different levels of
10]|2.  As shown in the plots, FedRobust results in the best performance in most of
the evaluations, which indicates the superior performance of FedRobust against affine
distribution shifts. Figure 4.6 shows the test accuracy of the trained networks under
different levels of adversarial PGD perturbations. The figure’s experiments again shows
that FedRobust can effectively shield against PGD adversarial attacks and achieve a

comparable performance to PGD and FGM adversarial training.

4.6 Concluding Remarks

We tackled data heterogeneity challenge in federated learning paradigms in this chap-
ter, and proposed FLRA, a federated learning scheme that is robust to affine distribution

shifts across the devices. Our proposal makes the trained model robust to worst-case
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affine transformations on the data samples by formulating the model training via a mini-
max optimization problem. Moreover, we proposed a GDA optimization routine, named
as FedRobust to solve the minimax problem while imposing light computation and com-
munication overheads. We established optimization and generalization characteristics of
the proposed design and demonstrated its practical implications and improvements over

existing federated and adversarial training methods.
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Chapter 5

Coded Computation over

Heterogeneous Clusters

In large-scale distributed computing clusters, such as Amazon EC2, there are several
types of “system noise” that can result in major degradation of performance: system
failures, bottlenecks due to limited communication bandwidth, latency due to straggler
nodes, etc. There have been recent results that demonstrate the impact of coding for
efficient utilization of computation and storage redundancy to alleviate the effect of strag-
glers and communication bottlenecks in homogeneous clusters. In this chapter, we focus
on general heterogeneous distributed computing clusters consisting of a variety of com-
puting machines with different capabilities. We propose a coding framework for speeding
up distributed computing in heterogeneous clusters by trading redundancy for reducing
the latency of computation. In particular, we propose Heterogeneous Coded Matrix
Multiplication (HCMM) algorithm for performing distributed matrix multiplication over
heterogeneous clusters that is provably asymptotically optimal for a broad class of pro-
cessing time distributions. Moreover, we show that HCMM is unboundedly faster than any

uncoded scheme that partitions the total work load among the workers. To demonstrate
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how the proposed HCMM scheme can be applied in practice, we provide results from numer-
ical studies and Amazon EC2 experiments comparing HCMM with three benchmark load
allocation schemes — Uniform Uncoded, Load-balanced Uncoded, and Uniform Coded. In
particular, in our numerical studies, HCMM achieves speedups of up to 73%, 56% and 42%
respectively over the three benchmark schemes mentioned above. Furthermore, we carry
out experiments over Amazon EC2 clusters and demonstrate how HCMM can be combined
with rateless codes with nearly linear decoding complexity. In particular, we show that
HCMM combined with the Luby transform (LT) codes can significantly reduce the overall
execution time. HCMM is found to be up to 61%, 46% and 36% faster than the aforemen-
tioned three benchmark schemes, respectively. Additionally, we provide a generalization
to the problem of optimal load allocation in heterogeneous settings, where we take into
account the monetary costs associated with distributed computing clusters. We argue
that HCMM is asymptotically optimal for budget-constrained scenarios as well. In particu-
lar, we characterize the minimum possible expected cost associated with a computation
task over a given cluster of machines. Furthermore, we develop a heuristic for HCMM load

allocation for the distributed implementation of budget-limited computation tasks.

5.1 Introduction

General distributed computing frameworks, such as MapReduce [12] and Spark [13],
along with the availability of large-scale commodity servers, such as Amazon EC2, have
made it possible to carry out large-scale data analytics at the production level. These
“virtualized data centers” enjoy an abundance of storage space and computing power,
and are cheaper to rent by the hour than maintaining dedicated data centers round the
year. However, these systems suffer from various forms of “system noise” which reduce

their efficiency: system failures, limited communication bandwidth, straggler nodes, etc.
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The current state-of-the-art approaches to mitigate the impact of system noise in
cloud computing environments involve creation of some form of “computation redun-
dancy”. For example, replicating the straggling task on another available node is a
common approach to deal with stragglers [14], while partial data replication is also used
to reduce the communication load in distributed computing [15]. However, there have
been recent results demonstrating that coding can play a transformational role for creat-
ing and exploiting computation redundancy to effectively alleviate the impact of system
noise. In particular, there have been two coding concepts proposed to deal with the
communication and straggler bottlenecks in distributed computing.

The first coding concept introduced in [112-114] enables an inverse-linear tradeoff
between computation load and communication load in distributed computing. This re-
sult implies that increasing the computation load by a factor of r (i.e. evaluating each
computation at r carefully chosen nodes) can create novel coding opportunities that re-
duce the required communication load for computing by the same factor . Hence, these
codes can be utilized to pool the underutilized computing resources at network edge to
slash the communication load of Fog computing [115]. Other related works tackling the
communication bottleneck in distributed computation include [116-120].

In the second coding concept introduced in [116], an inverse-linear tradeoff between
computation load and computation latency (i.e. the overall job response time) is estab-
lished for distributed matrix multiplication in homogeneous computing environments.
More specifically, this approach utilizes coding to effectively inject redundant computa-
tions to alleviate the effects of stragglers and speed up the computations. Hence, by
utilizing more computation resources, this can significantly speed up distributed com-
puting applications. A number of related works have been proposed recently to mitigate
stragglers in distributed computation. In [121], the authors propose the use of redun-

dant short dot products to speed up distributed computation of linear transforms. The
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work in [122] proposes coding schemes for mitigating stragglers in distributed batch
gradient computation. Coding schemes for high-dimensional matrix-matrix multiplica-
tion have been developed in [123-127]. Techniques for efficient straggler mitigation for
matrix-vector computation in distributed wireless settings have been developed in [128].
In [129], the potential of the multicore nature of computing machines is studied. In [130],
the authors propose an anytime approach to distributed computing, developing an ap-
proximate matrix multiplication scheme. The authors in [131] propose a novel encoding
scheme for achieving large sparsity in the encoded matrix. Work in [132] develops a
coding strategy for mitigating straggling decoders in cloud radio access network. Speed-
ing up the computation of linear transformations with unreliable components is studied
in [133]. Straggler mitigation through data encoding in distributed optimization is pro-
posed in [134]. A coded scheme based on LT codes is proposed in [135] for multiplying a
matrix by a set of vectors in a distributed computing environment. Addressing stragglers
has attracted a lot of attention in the queuing-based frameworks for large-scale compu-
tation as well [136,137]. These works utilize the technique of dynamically replicating the
tasks in a careful manner to minimize run-time.

We extend the problem of distributed matrix multiplication in homogeneous clusters
in [116] to heterogeneous environments. As discussed in [14], the computing environ-
ments in virtualized data centers are heterogeneous and algorithms based on homoge-
neous assumptions can result in significant performance reduction. In this paper, we
focus on general heterogeneous distributed computing clusters consisting of a variety of
computing machines with different capabilities. Specifically, we propose a coding frame-
work for speeding up distributed matrix multiplication in heterogeneous clusters with
straggling servers, named Heterogeneous Coded Matrix Multiplication (HCMM). Matrix
multiplication is a crucial computation module in many engineering and scientific disci-

plines. In particular, it is a fundamental component of many popular machine learning
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algorithms such as logistic regression, reinforcement learning and gradient descent-based
algorithms. Implementations that speed up matrix multiplication would naturally speed
up the execution of a wide variety of popular algorithms. Therefore, we envision HCMM
to play a fundamental role in speeding up big data analytics in virtualized data centers
by leveraging the wide range of computing capabilities provided by these heterogeneous
environments.

We now describe the main ideas behind HCMM, which results in asymptotically optimal
performance. In a coded implementation of distributed matrix-vector multiplication, each
worker node is assigned the task of computing inner products of the assigned coded rows
with the input vector, where the assigned coded rows are random linear combinations of
the rows of the original matrix. Computation time at each worker is a random variable,
which is first assumed to have shifted exponential distribution, and we later generalize
it to shifted Weibull distribution. The master node receives the results from the worker
nodes and aggregates them until it receives a decodable set of inner products and recovers
the matrix-vector multiplication. We are interested in finding the optimal load allocation
that minimizes the expected waiting time to complete this computation. However, due to
heterogeneity, finding the exact solution to the optimization problem seems intractable.

As the main contribution of the paper, we propose an alternative optimization that fo-
cuses on maximizing the expected number of returned computation results from the work-
ers. Apart from being computationally tractable, the alternative optimization asymp-
totically approximates the problem of finding the optimal computation load allocation.
Specifically, we develop the HCMM algorithm that is derived as a solution to the alterna-
tive formulation, and prove it is asymptotically optimal. Furthermore, we prove that
given a heterogeneous cluster of n workers, HCMM is ©(logn) times faster than uncoded
schemes under the shifted exponential distribution for run-time. We further generalize

the proposed HCMM algorithm to shifted Weibull model and provide similar unbounded
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gains over uncoded scenarios.

In addition to proving the asymptotic optimality of HCMM, we carry out numerical
studies and experiments over Amazon EC2 clusters to demonstrate how HCMM can be
used in practice. We compare HCMM with three benchmark schemes — Uniform Uncoded,
Load-balanced Uncoded, and Uniform Coded. In our numerical analysis, HCMM results in
significant speedups of up to 73%, 56% and 42% over the three aforementioned benchmark
schemes, respectively. In experiments using Amazon EC2 clusters, we use the Luby
transform (LT) codes for coding and demonstrate that HCMM combined with LT codes
significantly reduces the overall execution time in comparison to uncoded and coded
schemes. In particular, HCMM achieves gains of up to 61%, 46% and 36%, respectively over
Uniform Uncoded, Load-balanced Uncoded and Uniform Coded. Furthermore, the overall
computation load of HCMM is less than the one of Uniform Coded. Our results demonstrate
that HCMM combines the benefits of both Load-balanced Uncoded and Uniform Coded
schemes by achieving efficient load balancing along with minimal number of redundant
computations.

Furthermore, we consider the problem of load allocation under budget constraints,
considering an intuitive and convincing pricing model. In particular, we show that HCMM
is the (asymptotically) optimal load allocation in feasible budget-constrained scenarios
as well, and determine whether a budget-constrained computation task is feasible given a
cluster of machines. We then develop a heuristic algorithm to find the (sub)optimal load
allocations using the proposed HCMM scheme. The heuristic is based on the observation
that given a computation task and a set of machines, decreasing the number of fastest
machines participating in HCMM results in smaller average cost.

Notation. We denote by [n] the set {1,--- ,n} for any n € N. For non-negative
sequences g(n) and h(n), we denote g(n) = O(h(n)) if there exist constants ¢ > 0 and

ng € N such that g(n) < ¢ h(n) for all n > ng; and g(n) = O(h(n)) if g(n) = O(h(n))
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and h(n) = O(g(n)). Moreover, we write g(n) = o(h(n)) if lim, . g(n)/h(n) = 0.

5.2 Problem Formulation and Main Results

In this section, we describe our computation model, the network model and the
precise problem formulation. We then conclude with four theorems highlighting the

main contributions of the chapter.

5.2.1 Computation Model

We consider the problem of matrix-vector multiplication, in which given a matrix
A € R™™ for some positive integers r and m, we want to compute the output y = Ax
for an input vector x € R™. Due to limited computing power, the computation cannot
be carried out at a single server and a distributed implementation is required. As an
example, consider a matrix A with an even number of rows and two computing nodes.
The matrix can be divided into two equally tall matrices A; and A, and each will be
stored in a different worker node. The master node receives the input x and broadcasts it
to the two worker nodes. These nodes will then compute y; = A;x and y, = Asx locally
and return their results to the master node, which combines them to obtain the intended
outcome y = [y1;ys] = Ax. This example also illustrates an uncoded implementation of
distributed computing, in which results from all the worker nodes are required to recover
the final result.

We now present the formal definition of Coded Distributed Computation.

Definition 5.1 (Coded Distributed Computation) The coded distributed implemen-
tation of a computation task fa(-) is specified by:

n

e local data blocks (A;);_, and local computation tasks <fA()> ;
’ i=1
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e a decoding function that outputs fa(-) given the results from a decodable set of local

computations.

For matrix-vector multiplication tasks in particular, local data blocks A; € R%*™ are
matrices consisting of coded combinations of the rows in A, for non-negative integers
¢;. To assign the computation tasks to each worker, we use random linear combinations
of the r rows of the matrix A, such that the master node can recover the result Ax
from any r inner products received from the worker nodes with probability 1. As an
example, if worker i is assigned a matrix-vector multiplication with matrix size ¢; X m,
it will compute ¢; inner products of the assigned coded rows of A with x. The master
node shall wait for the first r inner products and will use them to decode the required
output. In order to ensure the recovery of the output from any r inner products received
from the workers, we pick the computation matrix assigned to worker 7 as A; = S;A,
where S; € R%*" is the coding matrix with i.i.d. A(0,1) entries. Worker i computes
A,x and returns the result to the master node. Upon receiving r inner products, the
aggregated results at the master will be in the form of z = S,y Ax, where S(,) € R™" is
the aggregated coding matrix, and it is full-rank with probability 1 [138]. Therefore, the

master node can recover Ax = S(_T%z with probability 1.%2

!Although we consider random linear coding in our theoretical analysis, other codes such as
Maximum-Distance Separable (MDS) codes and Luby transform (LT) codes are compatible with HCMM
as well, given a decodable set of results at the master. For example, in the MDS case, the entries in the
coding matrix {S;}? ; are drawn from a finite field. Specifically, one can encode the rows of A using an
(>i, ¢;,7) MDS code and assign ¢; coded rows to the worker node i. The output Ax can be recovered
from the inner products of any r coded rows with the input vector x. Furthermore, to implement the
ideas developed in this work, we use LT codes in our experiments over Amazon EC2 clusters.

’Instead of i.i.d. Gaussian, we could use any continuous distribution for the random entries, since
Schwartz-Zippel lemma ensures that such random matrix is full-rank with high probability
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5.2.2 Network Model

The network model is based on a master-worker setup illustrated in Fig. 5.1. The
master node receives an input x and broadcasts it to all the workers. Each worker
computes its assigned set of computations and unicasts the result to the master node.
The master node aggregates the results from the worker nodes until it receives a decodable

set of computations and recovers the output Ax.

Figure 5.1: Master-worker setup of the computing clusters: The master node receives
the input vector x and broadcasts it to all the worker nodes. Upon receiving the input,
worker node ¢ starts computing the inner products of the input vector with the locally
assigned rows, i.e., y; = A;x, and unicasts the output vector y; to the master node upon
completing the computation. The results are aggregated at the master node until » inner
products are received and the desired output Ax is recovered.

We denote by T; the random variable representing the task run-time at node ¢ and
assume that the run-times 77, - - - , T}, are mutually independent. We consider the distri-
bution of run-time random variables to be exponential, and later generalize it to Weibull
distribution. More specifically, we consider a 2-parameter shifted exponential distribu-
tion for the execution time of each worker, i.e., the CDF of execution time of worker node

1, T;, loaded with ¢; row vectors is as follows:

Pr[T; <] =1—¢ &%), (5.1)
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for t > a;l; and i € [n], where a; > 0 is the shift parameter and p; > 0 denotes the
straggling parameter associated with worker node i. The shifted exponential model for
computation time, which is the sum of a constant (deterministic) term and a variable
(stochastic) term, is motivated by the distribution model proposed by authors in [139] for
latency in querying data files from cloud storage systems. As demonstrated in [116] as
well as by our own experiments, exponential model provides a good fit for the distribution
of computation times over cloud computing environments such as Amazon EC2 clusters.
Moreover, these experiments confirm the assumption that as a first order approximation,
both shift and mean parameters of the shifted exponential distributions linearly scale
with the load size.

We further generalize the analysis to shifted Weibull distribution in Section 5.4, where
we consider a 3-parameter shifted Weibull distribution for the execution time of each
worker. That is, the CDF of task run-time at worker node 4, loaded with ¢; row vectors

is as follows:

PrT; < ] = 1 — ¢ (F-at))™ (5.2)

for t > a;¢; and i € [n], where a; > 0 denotes the shift parameter, p; > 0 is the straggling
parameter and «; > 0 represents the shape parameter associated with worker i. A similar

model has been considered in [140] as well.

5.2.3 Problem Formulation

We consider the problem of using a cluster of n worker nodes for distributedly com-
puting the matrix-vector multiplication Ax, where A is a size r X m matrix for positive
integers  and m. Let £ = (¢1,--- ,{,) be the load allocation vector where ¢; denotes the
number of rows assigned to worker node 7. Let Tcyp be the random variable denoting

the waiting time for receiving a decodable set of results, i.e. at least r inner products.
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We aim at finding the optimal load allocation vector that minimizes the average waiting

time by solving the following optimization problem:
Pmain : miniemize E[TCMP]- (53)

For a homogeneous cluster, to achieve a coded solution, one can divide A into k equal
size submatrices, and apply an (n, k) MDS code to these submatrices. The master node
can then obtain the final result from any k responses. In [116], the authors find the
optimal £ for minimizing the average running time for the shifted exponential run-time
model.

For heterogeneous clusters, however, assigning equal loads to servers is clearly not
optimal. Moreover, directly finding the optimal solution to Ppain is hard. In homogeneous
clusters, the problem of finding a sufficient number of inner products can be mapped to
the problem of finding the waiting time for a set of fastest responses, and thus closed
form expressions for the expected computation time can be found using order statistics
of i.i.d. run-times. However, this is not straight-forward in heterogeneous clusters, where
the load allocation is non-uniform. In Section 5.3, we present an alternative formulation
t0 Pain in (5.3), and show that the solution to the alternative formulation — which we
shall name HCMM — is tractable and provably asymptotically optimal.

Assumptions. From now onward, we consider the practically relevant regime where
the size of the problem scales linearly with the size of the network, while the computing
power and the storage capacity of each worker node remain constant. Specifically, we

assume r = O(n), a; = O(1), u; = O(1) and «; = O(1) for each worker i.
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5.2.4 Main Results

Having set the model and formulation of the problem, we now present the main con-
tributions of this chapter. The following theorem characterizes the asymptotic optimality

of HCMM for the shifted exponential run-time model.

Theorem 5.1 Let Tyeuy be the random wvariable denoting the finish time of the HCMM
algorithm and Topt be the random variable representing the finish time of the optimum
algorithm obtained by solving Ppa.im. Then, for shifted exponential run-times in (5.1)
with constant parameters a; = O(1) and u; = ©(1) for each worker ¢ € [n] and r = O(n),

we have llmn*)oo E[THCMM] = hmn*)OO E[TOPT].
Proof: 'We defer the proof to Appendix D.1. [ |

Remark 5.1 Theorem 5.1 demonstrates that our proposed HCMM algorithm is asymp-
totically optimal as the number of workers n approaches infinity. In other words, the
optimal computation load allocation problem Puain in (5.3) can be optimally solved using

the proposed HCMM algorithm as n gets large.

Remark 5.2 We note that Puyain in (5.3) is a hard combinatorial optimization problem
since it will require checking all load combinations to minimize the overall expected exe-
cution time. The key idea in Theorem 5.1 is to consider an alternative formulation to
(5.3) focusing on mazimizing the expected number of returned computation results from
the workers, i.e. maximizing the aggregate return. As we describe in Section 5.3, the
alternative optimization problem not only can be solved efficiently in a tractable way giv-
ing rise to HCMM algorithm, it also asymptotically approximates Puain and allows us to

establish Theorem 5.1.

Remark 5.3 While Theorem 5.1 theoretically characterizes the optimality of our pro-

posed scheme HCMM, we also demonstrate gains that one can get in practice. In particular,
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we carry out numerical studies and experiments over Amazon EC2 clusters that demon-
strate that HCMM can provide significant gains in a wide variety of computing scenarios.
In particular, we compare HCMM’s performance with three benchmark load allocation poli-
cies — Uniform Uncoded, Load-balanced Uncoded, and Uniform Coded. In numerical
studies, HCMM achieves speedups of up to 71% over Uniform Uncoded, up to 53% over
Load-balanced Uncoded, and up to 39% over Uniform Coded. In EC2 experiments, HCMM
combined with the Luby transform (LT) codes provides speedups of up to 61%, 46% and

36% over Uniform Uncoded, Load-balanced Uncoded and Uniform Coded, respectively.

Theorem 5.2 Let Tyc denote the completion time of the uncoded distributed matriz
multiplication algorithm. Then, for the shifted exponential run-times with constant pa-

rameters and r = O(n),
E[Tyc]
E[THCMM]

Proof: We defer the proof to Appendix D.2. [ |

= @(logn).

Remark 5.4 As Theorem 5.2 shows, our proposed HCMM guarantees an improvement of
@(log n) in expected erecution time over any uncoded scheme, including the one that
optimally allocates the workers’ loads. This result illustrates that by leveraging coded
computing, one achieves the same order-wise gain over heterogeneous clusters as over

homogeneous clusters [116].

Although Theorems 5.1 and 5.2 are based on the shifted exponential model (5.1) for
run-time random variables for the workers, our analyses are general and can be extended
to other models. The following two theorems generalize the results when the execution

time of each worker follows the Weibull distribution as described in (5.2).

Theorem 5.3 For the shifted Weibull distribution of run-times with constant parameters
a; = 0(1), p; = O(1) and a; = O(1) for each worker i € [n] and r = O(n), the proposed

HCMM algorithm is asymptotically optimal, i.e., lim, oo E[Tyeun] = lim,, 0 E[TopT].
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Theorem 5.4 Under the Weibull distribution for run-times with constant parameters
and r = ©(n), the proposed HCMM scheme unboundedly outperforms the uncoded scheme,

1.€.,
E[Tyc]

EThn] > @((log n)l/d)7

where & = max;e[, o 18 the largest shape parameter among the workers.

Remark 5.5 As stated in Theorem 5.4, HCMM provides an unbounded gain over any
uncoded scheme — including the optimal uncoded load allocation — under the Weibull
distribution for workers’ run-times. Furthermore, our numerical simulations demonstrate
speedups of up to 73%, 56% and 42% over Uniform Uncoded, Load-balanced Uncoded and

Uniform Coded, respectively.

In the following section, we describe our alternative formulation based on aggregate
return and describe our proposed HCMM algorithm that solves the alternative optimiza-

tion.

5.3 The Proposed HCMM Scheme

In this section, we prove Theorems 5.1 and 5.2 for the exponential model (5.1). In
particular, we start by describing the HCMM algorithm and show that it asymptotically
achieves the optimal performance, as stated in Theorem 5.1, and lastly conclude the
section by characterizing the gain of HCMM over uncoded scheme.

To derive HCMM, we start by reformulating Ppaim defined in (5.3) and show that the
alternative formulation can be efficiently solved, as opposed to solving Ppaim that needs
an exhaustive search over all possible load allocations. The solution to the alternative
problem gives rise to HCMM. We will further prove the optimality of HCMM and compare its

average run-time to uncoded schemes.
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5.3.1 Alternative Formulation of P,.;, via Maximal Aggregate

Return

Consider an n-tuple load allocation £ = (¢1,--- ,¢,) and let ¢t be a feasible time for
computation, i.e., t > mzax{a,» ¢;}. The number of equations received from worker i € [n]
at the master node till time ¢ is a random variable, X;(t) = ¢; 1{7,<s, where T; is the
random execution time for machine 4 that is assigned the load /; and 1, denotes the

indicator function. Then, the aggregate return at the master node at time ¢ is:
n
X(t) =Y Xi(t).
i=1

We propose the following two-step alternative formulation for Py, defined in (5.3).
First, for a fixed feasible time ¢, we maximize the aggregate return over different load

allocations, i.e., we solve
PU) 5 (t) = arg max E[X (1)]. (5.4)

Then, given the load allocation €*(t) = (¢;(t),- -+, £%(t)) obtained from P(llt), we find the

a.

smallest time ¢ such that with high probability, there is enough aggregate return by time

t at the master node, i.e., we solve

2 .
Pélt): minimize ¢

1
subject to  Pr [X*(t) <r] =0 (ﬁ) )

where X*(t) is the aggregate return at time ¢ for load allocation obtained from Péllt), that
is
X)) =Y X7(t) =) l(t) Lz
i=1 i=1
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From now onward, we denote the solution to 73;123 by t* and hence £€*(t*) denotes the
solution to the two-step alternative formulation in (5.4) and (A.19) which gives rise to

our proposed HCMM scheme described next.

5.3.2 Solving the Alternative Formulation

Considering the exponential distribution for workers’ run-times, we first proceed to
solve 77;13 in (5.4). The expected number of equations aggregated at the master node at

time ¢ is:
E[X(0)] =Y EX(0)] =Y 6 (1-¢ 5 0").

Since there is no constraint on load allocations, 73;113 can be decomposed to n decoupled

optimization problems, i.e.,

li(t) = arg mEaXE [Xa(8)], (5.5)

7

for all workers ¢ € [n]. The solution to (5.5) satisfies the following optimality condition:

a . —%(t—aili) ,LLZt .
SE[X(0) =1~ " <a» 1) =0,

which yields

() = Ai (5.6)

where \; = ©(1) is a constant independent of ¢ and is the positive solution to the following

equation:

e:“'i)\i — eaim<ﬂi)\i + 1)'
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Algorithm 5.1: Heterogeneous Coded Matrix Multiplication (HCMM)

Input: computation time parameters (a;, y1;) for each worker 7 *
Output: computation load assigned to each worker ¢
Procedure HCMM

t

solve Péllt) for any feasible ¢ obtain £f(t) = +

A
solve P;i) and obtain t*

return (;(t*) = & row vector computations for worker i
1

end

One can easily check that the condition ¢ > a;¢;(t) holds for all i as well. Moreover, we

denote by t* the solution to Péi). Now, we define the HCMM load allocation as
() = —, (5.7)

for all workers 7. In the following, we formally define the HCMM algorithm which is basically

the solution to Py.

Remark 5.6 We note that in order to implement any load allocation scheme, each
worker supposedly admits an integer number of rows as its associated computation load.
Howewver, the load allocation C;(t*) given by HCMM scheme in Algorithm 5.1 is a real num-
ber for any worker v and therefore one needs to round the result before proceeding with
experiments. In practical scenarios, ((t*) is fairly large, e.g. in the order of 100 row

vectors. Therefore, the effect of rounding the load allocations shall be insignificant.

We now provide an approximation to t* and show it asymptotically converges to t*.

The expected aggregate return at time ¢ for optimal loads obtained in (5.6) is

E[X*(t)] = ié;‘(t) (1 D (t‘“ief(”)> — Xn:Ai (1 - 64‘11.@“;;)) —1s, (5.8)

=1
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where

3

1 (1= %) . Hi
s:Z—(l—e“” Az'):Z:—:@(n),
i=1 i=1 L+ s

since p; = O(1) and A; = ©(1). Let 7* be the solution to the following equation when

solved for t:

E[X* ()] = () (1 _ e mmiTet “”) = (5.9)
i=1

In other words, 7* is the time for which there are exactly r inner products — on average
— aggregated at the master node, when the workers are loaded according to the loading

obtained in (5.6). Using (5.6), (A.6) and (A.34), we find that

.
*:—: 1
T =7 o(1),

oo T T

éi(T)—Ai vy 0(1). (5.10)

We now present the following lemma, showing that 7* converges to t* for large n.

Lemma 5.1 Let t* be the solution to the alternative formulation Pay in (5.4-A.19) and

T* be the solution to (A.34). Then,

Proof: We defer the proof to Appendix D.3. [ |

5.4 Generalization to the Shifted Weibull Model

In this section, we consider the shifted Weibull distribution for the workers’ exe-

cution times, which captures a broader class of run-time models than the exponential

3For the shifted Weibull distribution, parameters (a;, i, ;) are taken as inputs.
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distribution. We particularly generalize our proposed HCMM algorithm to the class of
shifted Weibull distributed run-times and prove Theorems 5.3 and 5.4. More specifically,
we argue that asymptotic optimality of HCMM is derived similar to the shifted exponen-
tial case and further show that HCMM provides unbounded gain over uncoded schemes,
asymptotically.

A random variable T" has Weibull distribution with shape parameter o > 0 and scale

parameter p > 0, denoted by T ~ W(«, u), if the CDF of T is of the following form:
Pr[T <t]=1—e®" ¢>0.

The expected value of the Weibull distribution is known to be E[T] = %F(l +1/a), where
I'(-) denotes the Gamma function.

As stated in Section 5.2.2, we consider a 3-parameter shifted Weibull distribution for
workers’ run-times defined in (5.2). The mean value of the worker i’s run-times is then
E[T;] = a4; + ;%F (1 +1/a;). Clearly, shifted exponential distribution is a special case
of the shifted Weibull model when a; = 1. By slight reparameterizations, this model
can be similarly applied to the HCMM algorithm proposed in Algorithm 5.1, meaning that
the main and alternative optimization problems defined in (5.3), (5.4) and (A.19) can be
similarly analyzed under the shifted Weibull model.

As in the exponential case, we begin by maximizing the expected aggregate return at

the master node (Péllt)) under the shifted Weibull distribution, which is given by

B[x(0] = Y B [x0] = St (1- e e,

The optimal load allocation that maximizes the individual expected aggregate returns at

each worker (and thus the total aggregate return) can be found by solving the following
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equation:
0 . 7<%(tfa¢€i)>ai ﬂiai@it t il o
%E (X)) =1—¢ \% 1+ 7 7o = 0. (5.11)

Solving (5.11) for ¢; yields £;(t) = & where the constant \; > a; is the positive solution
to

et Aima)™ — 1 g N (N — ag) L

Similar to Section 5.3, we can define s as follows,

. E [X*(t)]
t
B %Z £(0) (1 _ (e <fwf<”))m>
S (R

it (N — a;) !

pa 1+ Oél/llla’)\z()\l — ai)ai*

= O(n).

The last equality uses the fact that all the distribution parameters are constants. The

expected aggregate return with optimal loads, E [X *(t)}, equals to r at time t = 7.

*

Thus, 7" = £ = 0(1) and £;(77) = T = ;- = O(1).

SA; =

Proof: [Proof of Theorem 5.3] With the aforementioned reparametrizations of \;,
s and 7%, the HCMM algorithm defined in Algorithm 5.1 is identically applicable to the
Weibull model. Proof of the asymptotic optimality of HCMM under the Weibull distribution
follows the similar steps as in the proof for the exponential case in Appendix D.1 (unless
specifically justified, e.g. (D.5)). We avoid rewriting these steps for the purpose of

readability of the paper, but we note that the concentration inequalities used to establish
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the proof of Theorem 5.1 can be applied to a wide class of distributions including the
Weibull distribution. [ |
As an implication of Theorem 5.3, the induced expected execution time by HCMM algorithm
is asymptotically constant, that is E[Thcum] = ©(1); which was also the case for shifted
exponential distribution. To compare with the uncoded scenario, we start by the following

lemma which characterizes the extreme value of a sequence of Weibull random variables.

Lemma 5.2 Let {T;}°, be a sequence of i.i.d. W(a, ) random variables and T =

max;e(n 1; denote the mazimum of the first n variables. Then,
E(T;] > © ((logn)"/*).

Proof: Consider the sequence of maximums {77 }°,. From Markov’s inequality, we

have @ > Pr[T} > t,], for any ¢, > 0 and n € N. Pick ¢, = /%(log n) e Therefore,

t

E[T}]

n

1

IQZPI[T;Z
1

i(logn) /

(logn)l/a}
* 1 1/a
=1-Pr {Tn < —(logn) ]
i
=1- HPr
i=1
=1 (1-en)
1= (1-0)
n

1 l/oc:|
T, < —(1
, (logn)

Therefore,
. E[T;] . 1\" 1
m ( log n)
which implies E[T){] > © ((log n)l/o‘>. |

Now we complete the proof of Theorem 5.4.
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Proof: [Proof of Theorem 5.4] Recall that Tyc denotes the completion time of the op-
timum uncoded distributed matrix multiplication algorithm across n workers parametrized
by tuples {(a;, tti, @, )} ;. To bound the mean of Tyc, assume that every machine is re-
placed with a stochastically faster machine with parameters (a, fi, &) where a = min; a;,
i = max; u; and @ = max; «;, i.e., the expected run-time of the latter scenario is no
greater than that of the former one. For the new set of n identical machines, the optimal
loading is uniform, i.e., £% = Z. Let {T;}7_, denote the i.i.d. shifted Weibull run times

for new set of machines which have CDFs of the form

ol

~ — £ (t—ae* . Y
PriT; <t]=1-e (53 (t g)) =1- e_(“?(t—%»
for t > % The mean of computation time for the new set of machines is

E[Tyc] = Emax T} = < + Emax T},
i€[n) n i€[n]
where %Z =T, — %T are i.i.d. W(a, i) for all workers i € [n]. Using Lemma 5.2, we can

write

E[Tyc] > E[Tyc] > % +06 ((log n)l/d> =0 ((log n)l/é‘> :

Comparing the best uncoded scheme with the proposed coded algorithm demonstrates
that HCMM outperforms the best uncoded scheme by a factor of at least © ((log n)Y/ d),

ie.,

>0 ((log n)l/&) :
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5.5 Numerical Results

In this section, we present our results both from simulations as well as from exper-
iments over Amazon EC2 clusters. These results demonstrate how HCMM can provide

significant speedups in comparison to state-of-the-art load allocation schemes.

5.5.1 Numerical Analysis

We now present numerical results evaluating the performance of HCMM. We consider
both the shifted exponential model in (5.1) and the shifted Weibull model in (5.2) for
run-time distributions in our simulations, assuming the unit seconds per row (s/row) for a
and 1/p. The underlying computation task is to compute r = 10000 inner products using
a heterogeneous cluster of n = 100 workers, where different scenarios for heterogeneity
are considered. For each scenario under consideration, we implement the following load

allocation schemes*:

1. Uniform Uncoded: Each worker is assigned an equal number of rows, i.e., {; =

r/n for all workers 1.

2. Load-balanced Uncoded: Each worker is assigned a load which is inversely
proportional to its expected time for computing one inner product, i.e., for the
shifted exponential model, ¢; o p;/(a;p; + 1), while for the shifted Weibull model,

;o< pi/(aipi + T'(1 4 1/ay)) for all workers . Furthermore, we set Y . | £; = 7.

3. Uniform Coded: Equal number of coded rows are assigned to each worker. Re-
dundancy is numerically optimized for minimizing the average computation time

for receiving results of at least r inner products at the master node.

4For each scheme, the load number for each worker is approximated to the nearest larger integer
using the ceil() function. For the practical large load regime considered in simulations, this rounding
step has negligible impact on load allocation and on the overall results.
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Figure 5.2: Illustration of the performance gain of HCMM over the three benchmark schemes
for the exponential run-time model. Among the three scenarios, HCMM achieves a perfor-
mance improvement of up to 71% over Uniform Uncoded, up to 53% over Load-balanced
Uncoded, and up to 39% over Uniform Coded. Furthermore, the coding redundancy
> iy L;/r for the three scenarios is in the range of 1.41 — 1.46 for HCMM and in the range
of 2.3 — 2.8 for Uniform Coded. This demonstrates the efficient utilization of resources
by HCMM.

4. HCMM: Each worker is assigned the asymptotically optimal load allocation derived

in Section 5.3.2, i.e., ¢; = 7*/\; for each worker ¢ according to (5.7) and (5.10).

For simulations under the shifted exponential model, we consider the following three

scenarios:

e Scenario 1 (2-mode heterogeneity): (a;,p;) = (1,1) for 50 workers, and
(a;, pti) = (4,0.5) for the other 50 workers.

e Scenario 2 (3-mode heterogeneity): (a;, ;) = (1,0.5) for 25 workers, (a;, p;) =

(4,2) for 25 workers, and (a;, p;) = (12,0.25) for the remaining 50 workers.

e Scenario 3 (Random heterogeneity): For each worker i, parameters a; and p;
are sampled from the sets {1,4,12}, {0.5,2,0.25}, respectively and all uniformly at

random.
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Figure 5.3: Illustration of the performance gain of HCMM over the three benchmark schemes
for Weibull model for run-time. Among the three scenarios, HCMM achieves a perfor-
mance improvement of up to 73% over Uniform Uncoded, up to 56% over Load-balanced
Uncoded, and up to 42% over Uniform Coded. Furthermore, the coding redundancy
> i, Li/r for the three scenarios is in the range of 1.30 — 1.42 for HCMM and in the range
of 2.0 — 2.5 for Uniform Coded. This demonstrates the efficient utilization of resources
by HCMM.

The following three scenarios are considered for simulations under the shifted Weibull

distribution for run-times:

e Scenario 1 (2-mode heterogeneity): (a;, u;, ;) = (1,1, 1.2) for 50 workers, and
(ag, iy ;) = (4,0.5,0.8) for the other 50 workers.

e Scenario 2 (3-mode heterogeneity): (a;, u;, ;) = (1,0.5,0.9) for 25 workers,
(@i, piy o) = (4,2,1.2) for 25 workers, and (a;, p;, ;) = (12,0.25,1.5) for the re-

maining 50 workers.

e Scenario 3 (Random heterogeneity): For each worker i, parameters a;, u; and
«; are sampled from the sets {1,4, 12}, {0.5,2,0.25} and {0.9, 1.2, 1.5}, respectively

and all uniformly at random.

Figure 5.2 and 5.3 illustrate the performance comparison of the four schemes for the

two run-time models. We make the following conclusions from the results.
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e HCMM significantly outperforms the benchmark load allocation schemes. In partic-
ular, for the shifted exponential model, HCMM provides speedups of up to 71% over
Uniform Uncoded, up to 53% over Load-balanced Uncoded, and up to 39% over
Uniform Coded, among the three scenarios. When the machine run-time is assumed
to have a shifted Weibull distribution, among the three scenarios HCMM results in
gains of up to 73%, 56% and 42% over Uniform Uncoded, Load-balanced Uncoded,

and Uniform Coded respectively.

e The coding redundancy ., ¢;/r for Uniform Coded is higher in comparison to the
one for HCMM. In particular, for simulations under the shifted exponential model, the
coding redundancy for the three scenarios is in the range of 2.3 — 2.8 for Uniform
Coded and in the range of 1.41 — 1.46 for HCMM. For simulations under the shifted
Weibull distribution, the coding redundancy is in the range of 2.0 — 2.5 for Uniform
Coded, while for HCMM, it is in the range 1.30 — 1.42. This demonstrates that HCMM

leads to a better utilization of computing resources.

e Both Load-balanced Uncoded and Uniform Coded improve upon the performance
of Uniform Uncoded. In Load-balanced Uncoded scheme, assigning larger loads to
faster machines leads to better performance, while for Uniform Coded, repeated
computations lead to better performance as the master does not need to wait for
all the results. HCMM provides the best expected execution time among the four
schemes as it combines the gains of Load-balanced Uncoded and Uniform Coded
by employing efficient load balancing along with minimal number of redundant

computations.

Next, we present the results from our experiments over Amazon EC2 clusters. These

results show agreement with our numerical studies.
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5.5.2 Experiments using Amazon EC2 machines

We use Python with mpidpy package [141] to implement our developed HCMM scheme
over Amazon EC2 clusters. To emulate the straggler effects in large-scale systems [142],

° This is achieved by selecting some workers to be stragglers

we inject artificial delays.
at the beginning of experiments and slowing down each such worker by making it wait
for 3 times the amount of time it spends in computation before it sends its results to the
master. This is done using the sleep() function in time package. For each scenario, the
choice of stragglers is made by drawing a sample from the Bernoulli(0.5) distribution for
each worker, i.e., each worker is chosen to be a straggler with probability 0.5.

In line with our simulation studies, we compare the performance of HCMM with the
three benchmark load allocation schemes. For Load-balanced Uncoded, the number of
uncoded rows ¢; assigned to a worker ¢ is proportional to the number of virtual CPUs,
and the loads are normalized to have a sum equal to r. For the encoding and the decoding
steps for Uniform Coded as well as HCMM, we utilize the Luby transform (LT) codes with
peeling decoder which provides nearly linear decoding complexity [144]. Utilization of
LT codes for distributed computing is proposed in [145] as well. However, they perform
a homogeneous load allocation by assigning an equal number of rows of the encoded
data matrix to each worker and hence do not capture the heterogeneity of the computing
cluster in distributing the encoded data matrix. Towards this end, we relax our goal of
recovering all the inner products from any r of the coded inner products to recovering
all the inner products from any 7" = (1 + €) coded inner products with high probability.
Ideally, we would like to have € > 0 to be as small as possible. In our experiments, we keep

r = 10000, and based on the results in [145], we use the robust Soliton degree distribution

% Artificial delays are injected since stragglers are rarely observed in small clusters in Amazon EC2.
Though other emerging platforms such as federated learning, computation with deadline, mobile edge
computing, fog computing, etc., still suffer from stragglers where our ideas can be employed [143].
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Figure 5.4: Illustration of the performance gain of HCMM over the three benchmark
schemes. Among the three scenarios, HCMM achieves a performance improvement of up to
61% over Uniform Uncoded, up to 46% over Load-balanced Uncoded, and up to 36% over
Uniform Coded. Furthermore, the coding redundancy >, ¢;/r for the three scenarios is
approximately 1.4 for HCMM and in the range of 2.12 —2.26 for Uniform Coded. Therefore,
HCMM gives the best overall execution time among the four scenarios with minimal coding
overhead.

with (¢,d) = (0.03,0.1) and select € = 0.13, where ¢ is a tuning parameter and J is a
bound on the probability of failure of decoding from a certain number of received coded
inner products (see [145] for details). Therefore, for both HCMM and Uniform Coded, we
design the load allocation such that the master needs to wait only for 7/ = 11300 coded
inner products. The total computation time is equal to the waiting time for " = 11300
results plus the average time for decoding the » = 10000 inner products from the received
r’ = 11300 coded inner products.® For HCMM, we use the shifted exponential distribution
for estimating the computation model for each worker.

For performance comparison of the four schemes, we consider the following three

computing scenarios:

e Scenario 1: Each row has 500000 elements. We use a heterogeneous cluster of 11

machines — one master of instance type m4.xlarge, four workers of instance type

6The average time for decoding 7 = 10000 inner products from any (1 + €) coded inner products is
obtained using a m4.xlarge instance.
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r4.2xlarge, and six workers of instance type r4.xlarge.

e Scenario 2: Each row has 500000 elements. We use a heterogeneous cluster of
16 machines — one master of instance type m4.xlarge, six workers of instance type

r4.2xlarge, and nine workers of instance type r4.xlarge.

e Scenario 3: Each row has 1000000 elements. We use the same heterogeneous

cluster as in the previous scenario.

Figure 5.4 provides a performance comparison of HCMM with the benchmark load
allocation schemes for the three scenarios, where the decoding time is taken into account
as well. Figure 5.5 presents the typical cumulative distribution functions for the instances

used in the experiments. We make the following conclusions from the results:

e As demonstrated in Figure 5.5, the shifted exponential model is a good first order

fit for the run-times of the workers.

e HCMM achieves significant speedups over the benchmark load allocation policies. In
particular, HCMM combined with LT codes provides gains in the overall execution
time of up to 61% over Uniform Uncoded, up to 46% over Load-balanced Uncoded,

and up to 36% over Uniform Coded.

e As presented in Table 5.1, HCMM has significantly lower total computation load com-
pared to Uniform Coded. Hence, HCMM leads to efficient utilization of the comput-
ing resources, combining the benefits of both Load-balanced Uncoded and Uniform

Coded schemes.

These results demonstrate that HCMM can provide significant speedups in large-scale

computing environments.
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Figure 5.5: Typical empirical cumulative distribution functions for two instances used
in Scenario 3 of our experiments. The measurements were taken in the absence of any
manual delay. As demonstrated here, shifted exponential distribution is a good model
for the task execution time in EC2 machines.

Table 5.1: Total computation load (3", ¢;) of HCMM and Uniform Coded

Scenario | n | HCMM | Uniform Coded
1 10 | 11397 22600
2 15 | 11402 21201
3 15 | 11403 21201

5.6 Generalization to Computing Scenarios under Bud-
get Constraints

In this section, we consider the optimization problem in (5.3) under the shifted expo-
nential distribution with a monetary constraint for carrying out the overall computation.
Running computation tasks on a commodity server costs depending on several factors
including CPU, memory, ECU, storage, bandwidth, etc. Different cloud computing plat-
forms employ different pricing policies, and these need to be taken into account for de-
veloping efficient task allocation and execution algorithms [146-150]. For example, Table
5.2 summarizes the cost per hour of using Amazon EC2 clusters with different parame-

ters (at the time of writing this manuscript) [151]. In this section, we take into account
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Table 5.2: Amazon EC2 Pricing for Linux

machine | vCPU | ECU | Memory Iéltssf; o | price
(GiB) ( GB% (/Hour)

m3.medium 1 3 3.75 1x4 SSD | $0.077
m3.large 2 6.5 7.5 1x32 SSD | $0.154
m3.xlarge 4 13 15 2x40 SSD | $0.308
m3.2xlarge 8 26 30 2x80 SSD | $0.616

the monetary constraint in the optimization problem in (5.3) and provide a heuristic
algorithm towards finding the optimal load allocation under cost budget constraint.

We now present the precise problem formulation we are interested in. For a compu-
tation task and a given set of N machines, the goal is to minimize the expected run-time

while satisfying the budget constraint C', that is

Pmain—constrained : mini@mize E [TC M P]

N
subject to Zcﬂl{gi>0}E[TCMp] <C,

i=1
where ¢; represents the cost per time unit of using machine i € [N]. According to
the pricing polices provided by AWS, e.g. Table 5.2, a linear model for cost (versus
performance parameters) is intuitive and convincing. Considering the last two rows of
Table II for instance, doubling the parameters results in doubled cost. To be general,
we model the computation cost of a single machine as ¢ = ku” per unit of time, which
captures a convex dependency of the speed parameter u for constants v > 1 and x > 0.
We assume that there are K types of machines parameterized with {(ax, puz) }5_,, and
Ni, k € [K] of each type is available to run a distributed computation task, where N =

Z?Zl Ny, is the total number of available machines. We also assume that p; < --- < ug
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and ajp; = -+ = agpx = £ for a constant £.7 As we showed in Theorem 5.1, HCMM is
asymptotically optimal (i.e. optimal within a vanishing deviation) regarding the average
run-time. In this section, we also consider the asymptotic regime, i.e. for large enough
number of machines and hence HCMM attains the optimality per Ppai, in (5.3).

The following lemma states a useful observation regarding the solutions to the con-
strained problem Ppain-constrained @nd the minimum possible cost for carrying out a com-

putation task.

Lemma 5.3 HCMM is the (asymptotic) solution to the feasible Pmain-constrained- MoTeover,
given a computation task and a set of machines, decreasing the number of fastest (slowest)
machines in HCMM, results in smaller (greater) expected cost. And, the minimum (mazx-
imum) cost of HCMM is induced by running the task only on any number of the slowest

(fastest) machines.

Proof: 'We defer the proof to Appendix D.4. [ |
Lemma 5.3 implies that if the available budget C'is less than C,;, defined in (D.15),
then Prain-constrainea 1S infeasible and it is impossible to run the task on the given set of
machines while satisfying the budget constraint. Moreover, reducing one machine from
the available set of fastest machines along with HCMM results in a lower expected cost;
and reducing the number of participating slowest machines results in a larger expected
cost.
Now that HCMM asymptotically solves the feasible budget-constrained problem in
(5.12), i.e. for C' > Chu, finding the optimal number of machines of each type to use
in HCMM requires combinatorial search over all possible allocations. However, as Lemma

5.3 suggests, using faster machines induces a larger cost. Further, the computation time

"The latter assumption can be intuitively justified as follows. If a machine is ¢ times more powerful
than another machine, as the first order estimation, one can assume that both the shift (aj;) and the
straggling parameter (py) of the computation are ¢ times stronger.
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increases if we decrease the number of machines. This is the motivation behind our
heuristic algorithm for an efficient search to find the number of machines of each type to

include in HCMM, which we describe next.

Algorithm 5.2: Heuristic Search

Procedure Heuristic Search
(nla"' 7nK) — (Nla"' 7NK)
top

Run HCMM with (nq, -+ ,ng)
if cost(HCMM(ny,--- ,nk)) > C then
nj < n; — 1 where j = max{k : ny > 0}

goto top
else
| return (ny,--- ,ng)
end
end
end

First, Algorithm 5.2 runs HCMM algorithm using all machines, i.e., n, = N}, for each
k € [K]. Then, it calculates the corresponding cost according to (D.13). If the cost
is larger than C', it starts to decrease the number of available fastest machines, i.e.
ng < ng — 1, and runs HCMM again. While the cost is larger than C', the algorithm
keeps decreasing the number of used fast machines till nxg = 0. Then, the algorithm sets
nx = 0 and starts decreasing nx_; and so on, until a feasible cost is achieved. Thus, the
algorithm returns (Ny,---, Nj,nj11,0,---,0) which is the first tuple that satisfies the
cost constraint. Therefore, the search space complexity of the heuristic is O(Ny + -+ +
Ng) = O(N) which is more efficient than the exhaustive search where the complexity is

O(N; -+ Ng). The pseudo-code in Algorithm 5.2 summarizes the heuristic.

Example 5.1 In this example, we consider two different scenarios to demonstrate the

application of the proposed heuristic search algorithm. For the cost model, we assume

2

v =2and Kk = 1, i.e. ¢ = p°. Further, we consider the task of computing r = 100
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Figure 5.7: Expected time associated with every pair of (ny,ns); 0 < ny,ny < 10.
equations.

e Scenario 1: Two types of machines are available parameterized by (ai, p) =
(0.5,2) and (ag, u2) = (0.25,4), assuming 10 machines available of each type. Fur-
ther, the available budget is C' = 860. Using Lemma 5.3, the minimum and maxi-
mum induced costs are Chp = 629.2 and Chep = 1258.4. As C' > Cin, there exists
an HCMM load allocation which is asymptotically optimal per (5.12). Applying the
proposed heuristic search, it takes 9 iterations (see Fig. 5.6 and 5.7) to arrive at
the load allocation (ny,mn2) = (10,2) which corresponds to the expected cost 808.9

and average execution time E[Tyem] = 11.23.

e Scenario 2: Three types of machines are available which are parameterized by
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(a1, 1) = (1,1), (ag, u2) = (0.5,2) and (as, u3) = (0.125,8), assuming 10 machines
of each type available. Further, the available budget is C' = 475. Using Lemma
5.3, the minimum and mazimum induced costs for the task of computing r = 100
equations are Cpym = 314.6 and C,0p = 2516.8 respectively. It takes 15 iterations for
the proposed heuristic search algorithm to arrive at the tuple (n1,ne,n3) = (10,6, 0).

This corresponds to the expected cost 486.2 and the average time E[Tycun] = 14.3.

5.7 Concluding Remarks

In this chapter, we proposed a coding framework for distributed matrix-vector mul-
tiplication in heterogeneous cloud computing environments. In particular, we considered
two distributions for machines’ run-times, i.e. shifted exponential and shifted Weibull
and tackled the intractable problem of minimizing the average run-time of a computation
task over all possible load allocations by proposing a tractable alternative formulation.
The solution to the alternative problem established our proposed HCMM load allocation
scheme which we proved to be asymptotically optimal. We also demonstrated the speedup
of HCMM over three benchmark load allocation schemes and presented both the numeri-
cal and the experimental results. Experiments over Amazon EC2 clusters demonstrate
that HCMM combined with LT codes and peeling decoders can provide significant gains
in the average overall execution time. Moreover, we argued that HCMM is the asymptoti-
cally optimal allocation in budget-constrained scenarios as well, which led to providing a
heuristic search in order to find a (sub)optimal load-machine assignment for a given set

of machines while satisfying a pre-defined budget constraint.

125



Chapter 6

Robust and Efficient Gradient

Aggregation in Distributed Learning

We focus on the commonly used synchronous Gradient Descent paradigm for large-scale
distributed learning, for which there has been a growing interest to develop efficient and
robust gradient aggregation strategies that overcome two key system bottlenecks: com-
munication bandwidth and stragglers’ delays. In particular, Ring-AllReduce (RAR) design
has been proposed to avoid bandwidth bottleneck at any particular node by allowing each
worker to only communicate with its neighbors that are arranged in a logical ring. On
the other hand, Gradient Coding (GC) has been recently proposed to mitigate stragglers
in a master-worker topology by allowing carefully designed redundant allocation of the
data set to the workers. We propose a joint communication topology design and data set
allocation strategy, named CodedReduce (CR), that combines the best of both RAR and
GC. That is, it parallelizes the communications over a tree topology leading to efficient
bandwidth utilization, and carefully designs a redundant data set allocation and coding
strategy at the nodes to make the proposed gradient aggregation scheme robust to strag-
glers. In particular, we quantify the communication parallelization gain and resiliency of
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the proposed CR scheme, and prove its optimality when the communication topology is a
regular tree. Moreover, we characterize the expected run-time of CR and show order-wise
speedups compared to the benchmark schemes. Finally, we empirically evaluate the per-
formance of our proposed CR design over Amazon EC2 and demonstrate that it achieves

speedups of up to 27.2x and 7.0x, respectively over the benchmarks GC and RAR.

6.1 Introduction

Modern machine learning algorithms are now used in a wide variety of domains.
However, training a large-scale model over a massive data set is an extremely computation
and storage intensive task, e.g. training ResNet with more than 150 layers and hundreds
of millions of parameters over the data set ImageNet with more than 14 million images.
As a result, there has been significant interest in developing distributed learning strategies
that speed up the training of learning models (e.g., [104,152-157]).

In the commonly used Gradient Descent (GD) paradigm for learning, parallelization
can be achieved by arranging the machines in a master-worker setup. Through a series of
iterations, the master is responsible for updating the underlying model from the results
received from the workers, where they compute the partial gradients using their local data
batches and upload to the master at each iteration. For the master-worker setup, both
synchronous and asynchronous methods have been developed [152-157]. In synchronous
settings, all the workers wait for each other to complete the gradient computations,
while in asynchronous methods, the workers continue the training process after their
local gradient is computed. While synchronous approaches provide better generalization
behaviors than the asynchronous ones [154,158], they face major system bottlenecks due
to (1) bandwidth congestion at the master due to concurrent communications from the

workers to the master [159]; and (2) the delays caused by slow workers or stragglers that
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significantly increase the run-time [155].

gradient aggregation
g=g1 + +8g
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bandwidth efficiency
via parallelizing
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via redundancy

CodedReduce:
inter-cluster parallelization
intra-cluster redundancy

Figure 6.1: Hlustration of RAR, GC and CR: In RAR, workers communicate only with their
neighbors on a ring, which results in high bandwidth utilization; however, RAR is prone
to stragglers. GC is robust to stragglers by doing redundant computations at workers;
however, GC imposes bandwidth bottleneck at the master. CR achieves the benefits of
both worlds, providing high bandwidth efficiency along with straggler resiliency.

To alleviate the communication bottleneck in distributed learning, various bandwidth
efficient strategies have been proposed [160-162]. Particularly, Ring-AllReduce (RAR)
[159] strategy has been proposed by allowing each worker to only communicate with
its neighbors that are arranged in a logical ring. More precisely, the data set, D, is
uniformly distributed among N workers and each node combines and passes its partial
gradient along the ring such that at the end of the collective operation, each worker has

a copy of the full gradient g (Figure 6.1). Due to the master-less topology of RAR, it
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avoids bandwidth bottleneck at any particular node. Furthermore, as shown in [160],
RAR is provably bandwidth optimal and induces O(1) communication overhead that does
not depend on the number of distributed workers. As a result, RAR has recently become
a central component in distributed deep learning for model updating [163-165]. More
recent approaches to mitigate bandwidth bottleneck in distributed gradient aggregation
include compression and quantization of the gradients [166-168].

Despite being bandwidth efficient, AllReduce-type algorithms are inherently sensitive
to stragglers, which makes them prone to significant performance degradation and even
complete failure if any of the workers slows down. Straggler bottleneck becomes even
more significant as the cluster size increases [142,169].

One approach to mitigate stragglers in distributed computation is to introduce com-
putational redundancy via replication. [14] proposes to replicate the straggling task on
other available nodes. In [15], the authors propose a partial data replication for ro-
bustness. Other relevant replication based strategies have been proposed in [170-172].
Recently, coding theoretic approaches have also been proposed for straggler mitiga-
tion [121,123,128,134,173-175]. Specifically, Gradient Coding (GC) [176] has been pro-
posed to alleviate stragglers in distributed gradient aggregation in a master-worker topol-
ogy (Figure 6.1). In GC, the data set D is carefully and redundantly distributed among
the N workers where each worker computes a coded gradient from its local batch. The
master node waits for the results of any N — S workers and recovers the total gradient
g, where the design parameter .S denotes the maximum number of stragglers that can be
tolerated. Therefore, GC prevents the master from waiting for all the workers to finish
their computations, and it was shown to achieve significant speedups over the classical
uncoded master-worker setup [176].

However, as the cluser size gets large, GC suffers from significant network congestion at

the master. In particular, the communication overhead increases to O(NN), as the master
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needs to receive messages from O(N) workers. Thus, it is essential to design distributed
learning strategies that alleviate stragglers while imposing low communication overhead
across the cluster. Consequently, our goal in this chapter is to answer the following

fundamental question:

Can we achieve the communication parallelization of RAR and the straggler

toleration of GC simultaneously in distributed gradient aggregation?

We answer this question in the affirmative. As the main contribution of this chapter,
we propose a joint design of data allocation and communication strategy that is robust
to stragglers, alongside being bandwidth efficient. Specifically, we propose a scalable
and robust scheme for synchronous distributed gradient aggregation, called CodedReduce
(CR).

There are two key ideas behind CR. Firstly, we use a logical tree topology for commu-
nication consisting of a master node, L layers of workers, where each parent node has n
children nodes (Figure 6.1). In the proposed configuration, each node communicates only
with its parent node for downloading the updated model and uploading partial gradients.
As in the classical master-worker setup, the root node (master) recovers the full gradient
and updates the model. Except for the leaf nodes, each node receives enough number
of coded partial gradients from its children, combines them with its local and partial
gradient and uploads the result to its parent. This distributed communication strategy
alleviates the communication bottleneck at the nodes, as multiple parents can concur-
rently receive from their children. Secondly, the coding strategy utilized in CR provides
robustness to stragglers. Towards this end, we exploit ideas from GC and propose a data
allocation and communication strategy such that each node needs to only wait for any
n — s of its children to return their results.

The theoretical guarantees of the proposed CR scheme are two-fold. First, we char-
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Figure 6.2: Average iteration time for gradient aggregation in different schemes CR, RAR,
GC and UMW: Training a linear model is implemented on a cluster of N = 84 t2.micro
instances.

acterize the computation load introduced by the proposed CR and prove that for a fixed
straggler resiliency, CR achieves the optimal computation load (relative size of the as-
signed local data set to the total data set) among all the robust gradient aggregation
schemes over a fixed tree topology. Moreover, CR significantly improves upon GC in the
computation load of the workers. More precisely, to be robust to straggling/failure of
« fraction of the children, GC loads each worker with ~ « fraction of the total data set,
while CR assigns only ~ a* fraction of the total data set, which is a major improvement.
Secondly, we model the workers’ computation times as shifted exponential random vari-
ables and asymptotically characterize the average latency of CR, that is the expected time
to aggregate the gradient at the master node as the number of workers tends to infinity.
This analysis further demonstrates how CR alleviates the bandwidth efficiency and speeds
up the training process by parallelizing the communications via a tree.

In addition to provable theoretical guarantees, the proposed CR scheme offers substan-
tial improvements in practice. As a representative case, Figure 6.2 provides the gradient
aggregation time averaged over many gradient descent iterations implemented over Ama-
zon EC2 clusters. Compared to three benchmarks — classical Uncoded Master-Worker
(UMW), GC, RAR — the proposed CR scheme attains speedups of 22.5x, 6.4x and 4.3x,

respectively.
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6.2 Problem Setup and Background

In this section, we provide the problem setup followed by a brief background on RAR

and GC and their corresponding straggler resiliency and communication parallelization.

6.2.1 Problem Setting

Many machine learning tasks involve fitting a model over a training data set by
minimizing a loss function. For a given labeled data set D = {x; € RFt! : j =1,---  d},

the goal is to solve the following optimization problem:

w* = arg minZE (W;x) + AR(w), (6.1)

werr
where ¢(-) and R(-) respectively denote the loss and regularization functions, and the
optimization problem is parameterized by A. One of the most popular ways of solving
(6.1) in distributed learning is to use the Gradient Descent (GD) algorithm. More specif-
ically, under standard convexity assumptions, the following sequence of model updates

{w()}  converges to the optimal solution w*:
w ) = hp (W(t), g) : (6.2)

where hg(-) is a gradient-based optimizer depending on the regularizer R(-) and

g=> Wt (w@f); x> , (6.3)

xeD

denotes the gradient of the loss function evaluated at the model at iteration ¢ over the
data set D. Under certain assumptions, the iterations in (6.2) converge to a local opti-
mum in the non-convex case, as well. For instance, if all the saddle points of a smooth

132



Robust and Efficient Gradient Aggregation in Distributed Learning Chapter 6

non-convex objective are strict-saddle, then the iterations in (6.2) converge to a local
minimum [177]. The core component of the iterations defined in (6.2) is the computation
of the gradient vector g at each iteration. At scale, due to limited storage and computa-
tion capacity of the computing nodes, gradient aggregation task (6.3) has to be carried
out over distributed nodes. This parallelization, as we discussed earlier, introduces two
major bottlenecks: stragglers and bandwidth contention. The goal of the distributed
gradient aggregation scheme is to provide straggler resiliency as well as communication
parallelization. At a high level, straggler resiliency, «, refers to the fraction of the strag-
gling workers that the distributed aggregation scheme is robust to, and communication
parallelization gain, (8, quantifies the number of simultaneous communications in the
network by distributed nodes compared to only one simultaneous communication in a
single-node (master-worker) aggregation scheme.

Next, we discuss the data allocation and communication strategy of two synchronous
gradient aggregation schemes in distributed learning and their corresponding straggler

resiliency and communication parallelization gain.

6.2.2 Ring-AllReduce

In AllReduce-type aggregation schemes, the data set is uniformly distributed over
N worker nodes {Wy,--- Wy} which coordinate among themselves in a master-less
setting to aggregate their partial gradients and compute the aggregate gradient g at each
worker. Particularly in RAR, each worker W; partitions its local partial gradient into N
segments vy ;,- -+, Vy,. In the first round, W; transmits v;; to W;y,. Each worker then
adds up the received segment to the corresponding segment of its local gradient, i.e.,
W; obtains v;_1 ;-1 + v;_1,. In the second round, the reduced segment is forwarded to

the neighbor and added up to the corresponding segment. Proceeding similarly, at the
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end of N — 1 rounds, each worker has a unique segment of the full gradient, i.e., W; has
Vit11 + ... + Viyi n. After the reduce-scatter phase, the workers execute the collective
operation of AllGather where the full gradient g becomes available at each node. The
RAR operation for a cluster of three workers is illustrated in Figure 6.3.

It is clear that RAR cannot tolerate any straggling nodes since the communications
are carried out over a ring and each node requires its neighbor’s result to proceed in
the ring, i.e., the straggler resiliency for RAR is agpg = 0. However, the ring communica-
tion design in RAR alleviates the communication congestion at busy nodes, and achieves

communication parallelization gain fgpz = O(N) which is optimal [159].

Figure 6.3: Ilustration of communication strategy in RAR for N = 3 workers.

6.2.3 Gradient Coding

Gradient Coding (GC) [176] was recently proposed to provide straggler resiliency
in a master-worker topology with one master node and N distributed worker nodes
{Wy,--- Wy} as depicted in Figure 6.1. We start the description of GC with an illustra-

tive example.
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Example 6.1 (Gradient Coding) To make gradient aggregation over N = 3 workers
robust to any S = 1 straggler, GC partitions the data set to {Dy, Dy, D3} and assigns 2
partitions to each worker as depicted in Figure 6.4. Full gradient g = g1 + g2 + g3 can
be recovered from any N — S = 2 workers, e.g., the master recovers g from Wy and W

by combining their results as g = 2 (381 + 82) — (82 — 83).

Figure 6.4: Illustration of data allocation and communication strategy in GC for N = 3
workers.

In general, to be robust to any S € [N] = {1,---, N} stragglers, GC uniformly

partitions the data set D to {Dj,--- ,Di} (e.g. k = N) with corresponding partial

gradients gy, - - - , g and distributes them redundantly among the workers such that each
partition is placed in S + 1 workers, thus achieving a computation load of r¢¢ = %
Let matrix G = [g1,--- ,g1]" € R¥P denote the collection of partial gradients. Each

worker W; then computes its local partial gradients and sends b;G to the master, where
B = [by; - ;by] € RY** denotes the encoding matrix, i.e. non-zero elements in b,
specifies the partitions stored in worker W;. Upon receiving the results of any N — S
workers, the master recovers the total gradient g by linearly combining the received
results, that is g = a;BG where the row vector a; € R"¥ corresponds to a particular
set of S stragglers and A = [a;;--- ;ap| denotes the decoding matrix with F = (g)

distinct straggling scenarios. The GC algorithm designs encoding and decoding matrices

(B, A) such that, in the worst case, the full gradient g is recoverable from the results of
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Table 6.1: Communication parallelization gain and straggler resiliency of three designs
RAR, GC, and CR in a system with N nodes with computation load r, where CR has a tree
communication topology of L layers.

STRAGGLER COMMUNICATION
SCHEME RESILIENCY PARALLELIZATION GAIN

(@) (8)

RAR 0 O(N)
[ r o(1)
CR Py o (Nt

any N — S out of N workers, i.e. straggler resiliency agc = S/N is attained. Although GC
prevents the master to wait for all the workers to finish their computations, it requires
simultaneous communications from the workers that will cause congestion at the master
node, and lead to parallelization gain fgc = ©(1) for a constant resiliency.

Having reviewed RAR and GC strategies and their resiliency and parallelization proper-
ties, we now informally provide the guarantees of our proposed CR scheme in the following

remark.

Remark 6.1 CR arranges the available N workers via a tree configuration with L layers
of nodes and each parent having n children, i.e. N = n 4+ ---+n*. The proposed data
allocation and communication strategy in CR results in communication parallelization
gain B = O(N"VE) which approaches Ban = O(N) for large L. Moreover, given a
computation load 0 < r < 1, CR is robust to straggling of aen ~ r*/* fraction of the
children per any parent in the tree, while GC is robust to only age = r fraction of nodes
and RAR has no straggler resiliency. Therefore, CR achieves the best of RAR and GC,
simultaneously. Table 6.1 summarizes these results and Theorems 6.1 and 6.2 formally

characterize such guarantees.
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6.3 Proposed CodedReduce Scheme

In this section, we first present our proposed CodedReduce (CR) scheme by describing
data set allocation and communication strategy at the nodes followed by an illustrative
example. Then, we provide theoretical guarantees of CR and conclude the section with

optimality of CR.

6.3.1 Description of CR Scheme

Let us start with the proposed network configuration. CR arranges the communication
pattern among the nodes via a regular tree structure as defined below. An (n, L)-regular
tree graph T' consists of a master node and L layers of worker nodes. At any layer (except
for the lowest), each parent node is connected to n children nodes in the lower layer, i.e.
there is a total of N = n + --- 4+ n* nodes (See Figure 6.5). Each node of the tree is
identified with a pair (I,7), where [ € [L] and i € [n'] denote the corresponding layer and
the node’s index in that layer, respectively. Furthermore, T'(l,7) denotes the sub-tree

with the root node (I,1).

Figure 6.5: (n, L)-regular tree topology.

We next introduce a notation that eases the algorithm description. We associate a

real scalar b to all the data points in a generic data set D, denoting it by bD, and define
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the gradient over bD as gyp = bgp = b)  .p Vi(w®;x). As a building block of CR,
we define the sub-routine CompAlloc in which given a generic data set D, n workers
are carefully assigned with data partitions and combining coefficients such that the full
gradient over D is retrievable from the computation results of any n— s workers (Pseudo-
code in Appendix E.1).

CompAlloc: For specified n and s, GC (Algorithm 2 in [176]) constructs the encoding
matrix B = [by;---;b,] = [bix]. In CompAlloc, the input data set D is partitioned
to D = Uf_ D, and distributed among the n workers along with the corresponding
coefficients. That is, each worker i € [n] is assigned with D(i) = UF_,b;. D, which
specifies its local data set and corresponding combining coefficients. The parent of the
n workers is then able to recover the gradient over D, i.e. gp upon receiving the partial
coded gradients of any n — s workers and using the decoding matrix A designed by GC
(Algorithm 1 in [176]).

CodedReduce: CRisimplemented in two phases. It first allocates each worker with its local
computation task via CR.Allocate procedure. This specifies each worker with its local
data set and combining coefficients. Then, the communication strategy is determined by

CR.Execute.

CR.Allocate:

(1) Starting from the master, data set DT(19) is assigned to sub-tree T'(1,4) for

i € [n] via the allocation module CompAlloc (Figure 6.6).

(2) In layer I = 1, each worker (1,i), i € [n], picks regd data points from the
corresponding sub-tree’s data set DT (1) as its local data set D(1,4) and passes
the rest Dy = DT\ D(1,4) to its children and their sub-trees (Figure

6.6).
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(3)

(4)

Step (1) is repeated by using the module CompAlloc and treating Dr(i ;) as

the input data set to distribute it among the children of node (1,3).

Same procedure is applied till reaching the bottom layer (Figure 6.6). By
doing so, the data set D is redundantly distributed across the tree while all
the workers are equally loaded with regd data points, where in Theorem 6.1

we will show that r¢g is a self-derived pick for CR given in (6.5).

CR.Execute:

(1)

All the N nodes start their local partial coded gradient computations on the
current model w®), i.e. gp(,) for all nodes (,7). Note that gp(,) is a coded
gradient (i.e. a linear combination of partial gradients) since D(l,i) carries

combining coefficients along with its data points.

Starting from the leaf nodes, they send their partial coded gradient computa-

tion results (messages) m(; ;) = gp(L,;) up to their parents.

Upon receiving enough results from their children (any n— s of them), workers
in layer L — 1 recover a linear combination of their children’s messages via
proper row in the decoding matrix A, e.g., parent node (L — 1,1) recovers
from its children’s messages [mz 1y;- - ;M| via the proper decoding row
Af(L-1,1)-

Recovered partial gradient is added to the local partial coded gradient and is
uploaded to the parent, e.g. node (L — 1,1) uploads m;_y1) to its parent,
where

me,_11) = af(L—1,1)[m(L,1); s ;m(L,n)] + 8D(L-1,1)-

The same procedure is repeated till reaching the master node which is able to

aggregate the total gradient gp.
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Figure 6.6: Illustration of task allocation in CR.

The pseudo-code for CR is available in Appendix E.2.

6.3.2 An Example for CR

In this section, we provide a simple example to better illustrate the proposed CR

scheme.

Example 6.2 (CodedReduce) Consider a (3,2)-regular tree with N = 12 nodes and

s = 1 straggler per parent. From GC, we have the decoding and encoding matrices

0 1 2 1/2 1 0
A=|1 0 1|, B=]10 1 —-1{- (6.4)
2 -1 0 /2 0 1

Following CR’s description, we partition the data set of size d as D = {D1, Dy, D3}
and assign DT = 1Dy U D, to sub-tree T(1,1). Node (1,1) then picks repd = ++d
data points from DTV as D(1,1). To do so, DTV s partitioned to 5 sub-sets as
DT = pIAY G DI and node (1,1) picks the first two sub-sets, i.e. D(1,1) =

DlT(l’l) U DQT(l’l) and the rest Dpg 1) = Dg(l’l) U DZ(l’l) U D;;F(lv” 15 passed to layer 2.
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T(1,1) 1/4 1 T(1,1) 1/4
D(2,1)= Dy 1/2 D(2,2) = - D(2,3)= Dy 1/2

Figure 6.7: Illustration of data allocation and communication strategy in CR for a (3,2)—

regular tree.

Note that data points in D(1,1) carry on the linear combination coefficients associated
with DT = 1Dy U D,. Figure 6.7 demonstrates each node in sub-tree T(1,1) with
its allocated data set along with the encoding coefficients. Moving to layer 2, Dy 1y is
partitioned to 3 subsets and according to B in (6.4), the allocations to nodes (2,1), (2,2)

and (2,3) are as follows:

1
D(2,1) = 505" uD"Y,
D(2,2) =D; "M u (-1)Df Y,

1
D(2,3) = 503" DY,

Similarly for other sub-trees, each node now is allocated with a data set for which each

data point is associated with a scalar. For instance, node (2,1) uploads ms 1y = gp(2,1) =

38 ran + ghraw to its parent (1,1). Node (1,1) can recover from any 2 surviving
3 4

children, e.g. from (2,1) and (2,1) and using the first row in A, it uploads
m 1) = [2, —1,0][m 1); m20); M23)] + Epa1,1)
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= 2my 1) — M22) + &p(1,1)

1

= §gD1 + gp,

to the master. Similarly for other nodes, the master can recover the full gradient from
any two children, e.g. using the second row of decoding matriz A and surviving children

(1,1) and (1,3):

11,0, 1”m(1,1)§ ma 9); m(1,3)] = My 1) + M1 3)

1 1
= (égpl + g732> + <§gD1 + gm)

6.3.3 Theoretical Guarantees of CR

In this section, we formally present the theoretical guarantees of CR. We first charac-
terize the computation load induced by CR and demonstrate its significant improvement
over GC. Then, we consider the commonly-used shifted exponential run-time computation
distribution and a single-port communication model for workers and asymptotically char-
acterize the expected run-time of CR and conclude with a discussion on its communication
parallelization gain.

Computation Load Optimality: We show that for a fixed tree topology, the
proposed CR is optimal in the sense that it achieves the minimum per-node computation
load for a target resiliency. This optimality is established in two steps per Theorem 6.1:
(i) we first show the achievability by characterizing the computation load of CR; and (ii)

we establish a converse showing that CR’s computation load is as small as possible.

Theorem 6.1 For a fized (n, L)-regular tree, any gradient aggregation scheme robust to
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any s stragglers per any parent requires computation load r where

1
n n =
(st) -+ (511)

Proof: We the proof to Appendix E.3. |

T2 Tep =

(6.5)

Remark 6.2 While CR is a-resilient, i.e. robust to any s = an stragglers per any parent
node, it significantly improves the per-node computation (and storage) load compared to
an equivalent GC scheme with the same resiliency. In particular, GC loads each worker
with rec = % = % ~ « fraction of the data set, while CR considerably reduces it to
reg = 1/ Zle (#ﬂy ~ ol. For a = 0.5 as an instance, CR reduces the computation

load 7x by rearranging the nodes from 1 layer to 3 layers.

Remark 6.3 CR makes the distributed GD strategy a-resilient, that is any s = an strag-
glers per any parent node which sums up to a total of S = alN stragglers — the same as
the worst case number of stragglers in GC. It is clear than if the stragglers are picked ad-
versarially, for instance all the nodes in layer 1, then CR fails to recover the total gradient
at the master. However, our experiments over Amazon EC2 confirm that stragglers are
randomly distributed over the tree and not adversarially picked, which is aligned with the

random stragglers pattern considered in this paper.

Total Gradient Computation Complexity: To better characterize the advan-
tages of CR, we characterize its total gradient computation complexity in order to reach
the final parameter model with predefined accuracy. More precisely, we focus on learning
problems with strongly convex losses and let Ty denote the total number of iterations to
reach a final model w such that [[w—w*||? < €. Since in each iteration of CR the ezact gra-
dient on all the d data samples is computed (same as in GD), therefore Teg = O(log(1/e)).

In each iteration, each of the N worker nodes compute acg - d gradients, where according
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to Theorem 6.1, we have acy =~ o*. All in all, in order to reach an e-accurate model, the
CR method requires O(a® - N -log(1/¢) - d) gradient computations in total.

One simple and yet naive approach to mitigate stragglers is to update the model using
the gradient computation results of only a fraction («) of worker node (non-stragglers).
This approach can be treated as standard Stochastic Gradient Descent (SGD) which
requires Tsap = O(1/€) iterations in total to reach an e-accurate model. Since each of
the N worker nodes store d/N samples (i.e. no redundant data allocation), therefore
in each iteration, each node computes ad/N gradients. Putting all together, in order
to reach e-accurate model, SGD requires O(« - 1 /€ - d) gradient computations in total.
Comparing the two gradient computation complexities of CR and SGD, we observe that
although SGD slashes the complexity by a linear factor N, however, it suffer from two
exponential factors, that are growing ol to a and log(1/¢) to 1/e¢ which significantly
increase the total gradient computation complexities, as ol < « and log(1/¢) < 1/e.

Latency Performance: While we have derived the straggler resiliency of CR, the
ultimate goal of a distributed gradient aggregation scheme is to have small latency which
is partly attained by establishing higher communication parallelization.

Computation Time Model: We consider random computation time model for
workers with shifted exponential distribution which is used in several prior works [139,
178,179]. More precisely, for a worker W; with assigned data set of size d;, we model the

computation time as a random variable with a shifted exponential distribution as follows:

(t—ad;

Pr[T; <t]=1- e ) for t > ad;, (6.6)

where system parameters a = ©(1) and u = O(1) respectively denote the shift and the
exponential rate. We assume that 7;’s are independent.

Communication Time Model: To model the communication time and bandwidth
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bottleneck, we assume that each node is able to receive messages from only one other
node at a time, and the total available bandwidth is dedicated to the communicating
node. We also assume that communicating a partial gradient vector (of size p) from a
child to its parent takes a constant time ..

The following theorem asymptotically characterizes the expected run-time of CR which
we denote by Ttz. More precisely, we consider the regime of interest where the data set
size d and the number of layers L in the tree are fixed, while the number of children per

parent, i.e. n is approaching infinity with a constant straggler ratio a = s/n = ©(1).

Theorem 6.2 Considering the computation time model in (6.6) for workers, the expected

run-time of CR on an (n, L)-regular tree with resiliency o = ©(1) satisfies the followings:

d 1
E [Tt > T% log (a) + ared + (n(1 — @) —o(n) + L — 1) (1 — o(1)) te + o(1),
TCRd 1
E [Te) < e log - + aregd +n (1 — o(1)) Lt. + o(1) (6.7)
Proof: We the proof to Appendix E.4. [ |

Remark 6.4 Theorem 6.2 implies that the expected run-time of the proposed CR algo-
rithm breaks down into two terms: E[Te| = ©(1) + O(n), where the two terms ©(1) and
©(n) correspond to computation and communication times, respectively. As a special
case, it also implies that the average run-time for GC is E [Tgc] = ©(1) + O(N). This
clearly demonstrates that CR is indeed alleviating the bandwidth bottleneck and it improves
the communication parallelization gain from Bee = O(1) to Ber = O(N/n) = O(N-VE)

by parallelizing the communications over an L-layer tree structure.
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6.4 Numerical Results

In this section, we provide the results of our experiments conducted over Amazon EC2,
for which we used Python with mpidpy package. Our results demonstrate significant
speedups of CR over baseline approaches. We consider two sets of machine learning
experiments, one with a real data set, and another with an artificial data set. For
each machine learning setting, we consider two cluster configurations, one with N = 84
workers, and another with N = 156 workers, using t2.micro instance for master and
all workers. Furthermore, each experiment is run for 300 rounds. Next, we describe the

experiments in detail and provide the results.

6.4.1 Convex Optimization
Real Data Set

We consider the machine learning problem of logistic regression via gradient descent
(GD) over the real data set GISETTE [180]. The problem is to separate the often
confused digits ‘9’ and ‘4’. We use d = 6552 training samples, with model size p = 5001.
The following relative error rate is considered for model estimation:

[w® — w2

[w=D

(6.8)

Relative Error Rate =

where w(®) denotes the estimated model at iteration ¢. The following schemes are con-

sidered for data allocation and gradient aggregation:

(1) Uncoded Master-worker (UMW): This is the naive scheme in which the data set is
uniformly partitioned among the workers, and the master waits for results from all

the workers to aggregate the gradient.
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Figure 6.8: Convergence curves for relative error rate vs wall-clock time for logistic
regression over N = 84 workers. The straggler resiliency is « = 1/4. CR achieves a
speedup of up to 32.8x, 5.3x, 3.8x and 3.2x respectively over UMW, GC, RAR and SGD.

(2) Gradient Coding (GC): We implement GC as described in Section 6.2.3, with the

straggler parameter S = aN.

(3) Ring-AllReduce (RAR): The data set is uniformly partitioned over the workers and

the MPI function MPI_Allreduce() is used for gradient aggregation.

(4) Stochastic Gradient Descent (SGD): The data allocation is the same as UMW. However,
the master updates the model using the partial gradient obtained via aggregating
the results from results of only the first N — S children. Furthermore, as is typical
in SGD experiments, we used a learning rate of ¢;/(t 4+ ¢2) where ¢; and ¢y were

numerically optimized.

(5) CodedReduce (CR): We implement our proposed scheme as presented in Section 6.3

on a tree with (n, L) = (12,2), while the straggler parameter s = an.

Next, we plot the relative error rate defined in (6.8) as a function of wall-clock time
for our logistic regression experiments with N = 84 workers and N = 156 workers
respectively in Fig. 6.8 and Fig. 6.9. For N = 84, we consider a straggler-resiliency of
a = 1/4, while for N = 156, we consider three different values of o : 1/12,2/12 and 3/12.

We make the following observations from the plots:
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Figure 6.9: Convergence results for relative error rate vs wall-clock time for logistic
regression over N = 156 workers with different straggler resiliency «. (a) CR achieves
a speed up of up to 32.3x, 27.2x, 7.0x and 25.4x respectively over UMW, GC, RAR and
SGD. (b) CR achieves a speed up of up to 29.3x, 23.3x, 6.4x and 21.9x respectively over
UMW, GC, RAR and SGD. (c) CR achieves a speed up of up to 25.0x, 16.8%, 5.4x and 15.4x
respectively over UMW, GC, RAR and SGD.

e As demonstrated by Fig. 6.8 and 6.9, CR achieves significant speedups over the

baseline approaches. Specifically, for (N, «) = (84,1/4), CR is faster than UMW, GC,
RAR and SGD by 32.8x%, 5.3x, 3.8x and 3.2x respectively. For (N, «) = (156,1/12),
CR achieves speedups of 32.3x, 27.2x, 7.0x and 25.4x respectively over UMW, GC,
RAR and SGD. Similar speedups are obtained with (N, o) = (156,2/12) and (N, a) =

(156,3/12), as demonstrated by Fig. 6.9b and Fig. 6.9¢c respectively.

Although GC gains over UMW by avoiding stragglers, its performance is still bottle-
necked by bandwidth congestion, and the increase in computation load at each
worker by a factor of (S + 1) in comparison to UMW. The bottlenecks are reflected
in comparison with SGD, which has similar or better performance in comparison to

GC due to much less computation load per worker.

RAR significantly outperforms UMW as well as GC for N = 84 as well as N = 156 worker
settings. Although RAR achieves similar performance in comparison to SGD for N =
84 workers scenario, it ultimately beats all the schemes with the generic master-

worker topology when the cluster size is increased to N = 156. Our proposed CR
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Figure 6.10: Convergence curves for normalized error rate vs wall-clock time for linear
regression over N = 84 workers. The straggler resiliency is « = 1/4. CR achieves a
speedup of up to 24.1x, 4.6, 3.0x and 2.8x respectively over UMW, GC, RAR and SGD.

algorithm combines the best of GC and RAR by providing straggler robustness via

coding and alleviating bandwidth bottleneck via a tree topology.

Artificial Data Set

Next we solve a linear regression problem via GD over a synthetic data set with

parameters (d, p) = (7644,6500). We generate the data set using the following model:
x;(p+1)=x;(1:p) ' w,+ 2z, forjeld, (6.9)

where the true model w, and features x,(1 : p) = [x,(1);--- ;x;(p)] are drawn randomly
from N(0, I,) distribution and z; is a standard Gaussian noise. We consider the following

normalized error rate:

W — w. |

Normalized Error Rate = (6.10)

w2

In Fig. 6.10 and 6.11, we plot the normalized error rate defined in (6.10) as a function
of wall-clock time for N = 84 and N = 156 respectively. We consider similar configuration

and schemes as for the experiments with real data set. The following observations are
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Figure 6.11: Convergence results for normalized error rate vs wall-clock time for linear
regression over N = 156 workers with different straggler resiliency «. (a) CR achieves
a speed up of up to 31.7x, 22.0x, 5.2x and 20.7x respectively over UMW, GC, RAR and
SGD. (b) CR achieves a speed up of up to 27.1x, 18.1x, 4.4x and 16.8x respectively over
UMW, GC, RAR and SGD. (c) CR achieves a speed up of up to 22.2x, 13.7x, 3.6x and 13.0x
respectively over UMW, GC, RAR and SGD.

made with regard to the experiments:

e As in the previous case of logistic regression with real data set, CR achieves signifi-

cant speedups over baseline approaches for linear regression as well. Particularly, for
(N,a) = (84,1/4), CR achieves speedups of 24.1x, 4.6x, 3.0x and 2.8 over UMW,
GC, RAR and SGD respectively. When (N, a) = (156,1/12), CR achieves speedups of
31.7x, 22.0x, 5.2x and 20.7x in comparison to UMW, GC, RAR and SGD respectively.

Similar speedups are obtained for (N, «) = (156,2/12) and (N, ) = (156,3/12).

GC performs better than UMW by avoiding stragglers. However, its performance is
still bottlenecked by bandwidth congestion and the increase in computation load

at each worker by a factor of (S + 1) in comparison to UMW.

SGD achieves a gain in per iteration time over UMW and GC. However, it has higher

normalized error with respect to the true model.

Combined with the results of logistic regression, our experiments complement the

theoretical gains of CR that have been established earlier. As demonstrated by the
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Figure 6.12: Convergence curves for normalized error rate vs wall-clock time for linear
regression over N = 156 workers and (d,p) = (32760, 5000). The straggler resiliency is
a = 1/4 and the number of rounds is 50. CR achieves a speedup of up to 11.3x, 9.7x,
1.69x and 6.1x respectively over UMW, GC, RAR and SGD.

results, a tree-based topology is well-suited for bandwidth bottleneck alleviation
in large-scale commodity clusters. Furthermore, the data allocation and coding

strategy provide resiliency to stragglers.

Remark 6.5 Till now, we have considered small-scale datasets in our experiments, which
1s motivated by the fact that in edge based devices with non-dedicated resources, the
amount of memory available for computation shall be low. Nevertheless, our proposed
scheme CR can speedup general machine learning in cloud environments. To illustrate this
point, we have carried out another experiment with a larger dataset (d,p) = (32760, 500),
with (N,«) = (156,1/4). As illustrated by Fig. 6.12, CR outperforms the baseline ap-
proaches by considerable margins. Specifically, CR achieves a speedup of 11.3x,9.7x,1.69x

and 6.1x over UMW, GC, RAR and SGD respectively.

6.4.2 Neural Networks

We carry out simulations for evaluating the benefits of CR in distributed training
of neural networks with cross-entropy loss, which essentially involves non-convex and

non-smooth loss functions due to variety of non-linearities such as ReLUs. For this,
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Figure 6.13: Convergence curves for test accuracy vs wall-clock time for neural network
training over N = 156 workers. The neural network model has p ~ 120,000 parameters.
The straggler resiliency is & = 5/12 and the number of rounds is 2500. CR achieves a
speedup of up to 6.6x, 4.8x, 1.8x and 4.0x respectively over UMW, GC, RAR and SGD.

we consider the CIFAR10 dataset [181], which has 10 different categories of images.
CIFARI10 has 50000 images while the test dataset has 10000 images. We provide the
details of the neural network in Table 6.2. We use an initial step size of 0.02, and a
step decay of 0.7 at iterations 1300 and 2100. We use Glorot uniform initializer for
initializing the convolutional layer weights, while for fully connected layers, we use the
default initializer.

We consider a cluster of N = 156 servers, a resiliency of 5/12, and n = 12 children
per node for CR. We use a random subset of d = 49920 training images for training.
Accuracy is reported on test dataset. We use the Pytorch library for neural network
training. Furthermore, we use the computation and communication model as described
earlier, where we assume t. = 0.05 seconds, a = 5x107° seconds/data, and assume
ap = 1.

In Fig. 6.13, we plot the accuracy vs wall-clock time curves for the different ap-
proaches, where training is carried out for a total of 2500 iterations. Clearly, CR outper-
forms other approaches by significant margins. Particularly, CR achieves a speedup of up

to 6.6x, 4.8, 1.8x and 4.0x respectively over UMW, GC, RAR and SGD.
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Table 6.2: Details of the neural network architecture used in the simulations.

Sl. No. | Parameter | Shape Hyperparameters

1 Conv2d 3x16x3x3 | stride= 1, padding= (1, 1)
2 Conv2d 16x64x4x4 | stride= 1, padding= (0, 0)
3 Linear 64 %384 -

4 Linear 384x192 -

5) Linear 192x10 -

6.5 Concluding Remarks

To conclude, we discussed two critical bottlenecks in scaling up Gradient Descent-
based distributed learning frameworks: communication efficiency and stragglers’ delays.
We proposed CodedReduce (CR), that is a joint communication topology design and data
set allocation strategy. CR combines the best of two existing approaches—Ring-AllReduce
(RAR) and Gradient Coding (GC)-by leveraging communication parallelization of RAR
and straggler resiliency of GC. Theoretically, we characterized the computation load and
straggler resiliency of CR and its asymptotic expected run-time. Lastly, we empirically
demonstrated that our proposed CR design achieves speedups of up to 27.2x and 7.0x,
respectively over the GC and RAR.

Lastly, the tree structure proposed in this paper opens up new interesting directions
in order to further improve the resiliency of distributed gradient aggregation schemes.
For instance, given a fix set of available worker nodes, how can one find the optimal tree

(i.e. optimal depth and width) in order to minimize the expected run-time.
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Chapter 7

Coded Computing for Distributed

Graph Analytics

Many distributed computing systems have been developed recently for implementing
graph based algorithms such as PageRank over large-scale graph-structured datasets
such as social networks. Performance of these systems significantly suffers from commu-
nication bottleneck as a large number of messages are exchanged among servers at each
step of the computation. Motivated by graph based MapReduce, we propose a coded
computing framework that leverages computation redundancy to alleviate the commu-
nication bottleneck in distributed graph processing. As a key contribution of this work,
we develop a novel coding scheme that systematically injects structured redundancy in
the computation phase to enable coded multicasting opportunities during message ex-
change between servers, reducing the communication load substantially in large-scale
graph processing. For theoretical analysis, we consider random graph models, and fo-
cus on schemes in which subgraph allocation and Reduce allocation are only dependent
on vertex ID while the Shuffle design varies with graph connectivity. Specifically, we
prove that our proposed scheme enables an (asymptotically) inverse-linear trade-off be-
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tween computation load and average communication load for two popular random graph
models — Erdés-Rényi model, and power law model. Particularly, for a given computa-
tion load r, (i.e. when each graph vertex is carefully stored at r servers), the proposed
scheme slashes the average communication load by (nearly) a multiplicative factor of r.
Furthermore, for the Erdos-Rényi model, we prove that our proposed scheme is optimal
asymptotically as the graph size increases by providing an information-theoretic con-
verse. To illustrate the benefits of our scheme in practice, we implement PageRank over
Amazon EC2, using artificial as well as real-world datasets, demonstrating gains of up
to 50.8% in comparison to the conventional PageRank implementation. Additionally, we
specialize our coded scheme and extend our theoretical results to two other random graph
models — random bi-partite model, and stochastic block model. Our specialized schemes
asymptotically enable inverse-linear trade-offs between computation and communication
loads in distributed graph processing for these popular random graph models as well. We

complement the achievability results with converse bounds for both of these models.

7.1 Introduction

Graphs are widely used to identify and incorporate the relationship patterns and
anomalies inherent in real-life datasets. Their growing scale and importance have prompted
the development of various large-scale distributed graph processing frameworks, such as
Pregel [19], PowerGraph [20] and GraphLab [21]. The underlying theme in these systems
is the think like a vertexr approach [22] where the computation at each vertex requires
only the data available in the neighborhood of the vertex (see Fig. 7.1 for an illustrative
example). This approach significantly improves performance in comparison to general-
purpose distributed data processing systems (e.g., Dryad [182]), which do not leverage

the underlying structure of graphs.
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File wy : {II$" P(1 — 1), P(1 — 2),P(1 — 5)}

State Neighborhood
Parameters

PageRank Computation :
I = 52 gy BG = DI
_ 7

Intermediate
Values

Figure 7.1: Illustrating the think like a verter paradigm prevalent in common parallel
graph computing frameworks. The computation associated with a vertex only depends on
its neighbors. In this example, we consider the PageRank computation over a graph with
six vertices. Using vertex 1 for representation, we illustrate the file and PageRank update
at each vertex. File w; contains the state (current PageRank I1§""") and the neighborhood
parameters (probabilities of transitioning to neighbors {P(1 — 1),P(1 — 2),P(1 — 5)}).
The PageRank update associated with vertex 1 is a function of only the neighborhood
files (specifically, of the PageRanks of neighboring vertices and the transition probabilities
from neighbors to vertex 1).

In these distributed graph processing systems, different subgraphs are stored at dif-
ferent servers, where a subgraph refers to the set of files associated with a subset of
graph vertices. As a result of the distributed subgraph allocation, for carrying out the
graph computation for a given vertex at a particular server, the intermediate values corre-
sponding to the neighboring vertices whose files are not available at the server have to be
communicated from other servers. These distributed graph processing systems, therefore,
require many messages to be exchanged among servers during job execution. This results
in communication bottleneck in parallel computations over graphs [23], accounting for
more than 50% of the overall execution time in representative cases [24].

To alleviate the communication bottleneck in distributed graph processing, we develop
a new framework that leverages computation redundancy by computing the intermediate
values at multiple servers via redundant subgraph allocation. The redundancy in compu-
tation of intermediate values at multiple servers allows coded multicasting opportunities

during exchange of messages between servers, thus reducing the communication load.
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Our proposed framework comprises of a mathematical model for MapReduce decomposi-
tion [12] of the graph computation task. The Map computation for a vertex corresponds
to computing the intermediate values for the vertices in its neighborhood, while the Re-
duce computation for a vertex corresponds to combining the intermediate values from
the neighboring vertices to obtain the final result of graph computation. Referring to the
example in Fig. 7.1, the Map and Reduce computations associated with vertex 1 are as

follows:

. curr
Map: T — {v11,v21,051},

Reduce: IITY = v11 + v12 + V15,

where v;; = P(i — j)II{"™ is the intermediate value obtained from the Map computation
of vertex i € N(j).

In distributed graph based MapReduce, each server is allocated a subgraph for Map
computations and Reduce tasks for a subset of graph vertices, and the overall execution
takes place in three phases — Map, Shuffle, and Reduce. During Map phase, each server
computes the intermediate values associated with the files in the allocated subgraph.
During Shuffle phase, servers communicate with each other to exchange missing interme-
diate values that are needed for executing the allocated Reduce tasks. Finally, each server
carries out the Reduce computations allocated to it to obtain the final results, using the
intermediate values obtained locally during the Map phase and the missing intermediate
values obtained from other servers during the Shuffle phase. Using our mathematical
model of graph based MapReduce, our framework proposes to trade redundant computa-
tions in the Map phase with communication load during the Shuffle phase. The key idea
is to leverage the graph structure and create coded messages during the Shuffle phase

that simultaneously satisfy the data demand of multiple computing servers in the Reduce
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phase.

Our work is rooted in the recent development of a coding framework that establishes
an inverse-linear trade-off between computation and communication for general MapRe-
duce computations — Coded Distributed Computing (CDC) [113]. In the MapReduce
formulation considered in [113], there are n input files and the goal is to compute @
output functions, where each of the ) output functions depends on all of the n input
files. In CDC, each Map computation is carefully repeated at r servers. The injected
redundancy provides coded multicast opportunities in the Shuffle phase where servers ex-
change coded messages that are simultaneously useful for multiple servers. Each server
then decodes the received messages and executes the Reduce computations assigned to
it. Compared to uncoded Shuffle, where the required intermediate values are transmitted
without leveraging coded multicast, CDC slashes the communication load by r. How-
ever, in contrast to graph based MapReduce considered in our framework, CDC does not
incorporate the heterogeneity in the file requirements by the Reducers, as each Reducer

in CDC is assumed to need intermediate values corresponding to all input files.

[ Map

[ Shuffle
[ Decode| |
[ JReduce

Computation Load (r)
w

| | | |
0 0.5 1 1.5 2 2.5 3 3.5
Execution time (in s)

Figure 7.2: Demonstrating the impact of our proposed coded scheme in practice. We consider PageR-
ank implementation over a real-world dataset in an Amazon EC2 cluster consisting of 6 servers. In this
figure, we have illustrated the overall execution time as well as the times spent in different phases of
execution, as a function of computation load r (details of implementation are provided in Section ?7).
One can observe that the Shuffle phase is the major component of the overall execution time in conven-
tional PageRank implementation (computation load = 1), and our proposed coded scheme slashes the
overall execution time by shortening the Shuffle phase (i.e., reducing the communication load) at the
expense of increasing the Map phase (i.e. increasing the Map computations).
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Moving from the MapReduce framework in [113] to graph based MapReduce, the
key challenge is that the computation associated with each vertex highly depends on
the graph structure. In particular, graph computation at each vertex requires data only
from the neighboring vertices, while in the MapReduce framework in [113], each output
computation needs all the input files (which in graph based MapReduce shall correspond
to a complete graph). This asymmetry in the data requirements of the graph compu-
tations is the main challenge in developing efficient subgraph and Reduce computation
allocations and Shuffling schemes for graph based MapReduce. As a key component of
our proposed coding framework, we propose a coded scheme that creates coding oppor-
tunities for communicating messages across servers by Mapping the same graph vertex at
different servers, so that each coded transmission satisfies the data demand of multiple
servers. Within each multicast group, each server communicates a coded message which
is generated using careful alignment of the intermediate values that the server needs to
communicate to all the remaining members of the multicast group. Each server retrieves
the missing intermediate values required for its Reduce computations using the locally
available intermediate values from the Map phase and the coded messages received during
the Shuffle phase.

For characterization of the performance of our proposed coding framework for dis-
tributed graph analytics, we focus on random undirected graph models. In popular graph
processing frameworks such as Pregel [19], the graph partitioning for distributed process-
ing among a set of servers is solely based on vertex ID, such as using hash(ID) mod K,
where K is the number of servers. Therefore, in our problem formulation, for a given
computation load r and a random graph G = (V, £), we focus on subgraph and Reduce
computation allocations A(r) that are based only on vertex IDs and not on graph connec-
tivity. Here, V and & respectively denote the vertex set and edge set of G. Although the

Map and Reduce allocations are functions solely of vertex IDs, the Shuffle design needs to
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incorporate the graph connectivity of the graph realizations so that the communication
load is minimized. This motivates us to consider the characterization of the minimum
average normalized communication load L*(r), which is defined as follows:

L*(r) = Ag\f(r) Eg[La(r,G)],

where L4(r,G) denotes the minimum normalized communication load for a realization
G of G for a given subgraph and Reduce allocation tuple A € A(r). The normalization
is with respect to the total size of all the intermediate values corresponding to a fully
connected graph with same number of vertices. Further details are deferred to Section
7.2, where we describe our problem formulation in detail.

For two popular random graph models, Erdos-Rényi model and power law model, we
prove that our proposed coded scheme asymptotically achieves an inverse-linear trade-off
between computation load in the Map phase and average normalized communication load
in the Shuffle phase. Furthermore, for the Erdos-Rényi model, we develop an information-
theoretic converse for the average communication load given a computation load of r.
Using the asymptotic achievability result, we prove that the converse for the Erdos-Rényi
model is asymptotically tight, thus proving the asymptotic optimality of our proposed
coded scheme. Specifically, for a given computation load r, we show that the minimum

average normalized communication load is as follows:

where p is the edge probability in the Erdos-Rényi model of size n, and K denotes the
number of servers.

To illustrate the benefits of our proposed coded scheme in practice, we demonstrate
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via simulation results that even for the Erdos-Rényi model with finite n, our proposed
coded scheme achieves an average communication load which is within a small gap from
the information-theoretic lower bound. Furthermore, it provides a gain of (almost) r in
comparison to the baseline scheme with uncoded Shuffling. Additionally, we implement
the PageRank algorithm over Amazon EC2 servers using artificial as well as real-world
graphs, demonstrating how our proposed coded scheme can be applied in practice. Fig.
7.2 illustrates the results of our experiments over the conventional PageRank approach
(r = 1) for a social network webgraph Marker Cafe Dataset [183]. As demonstrated
in Fig. 7.2, our proposed coded scheme achieves a speedup of up to 43.4% over the
conventional PageRank implementation and a speedup of 25.5% over the single server
implementation. The details of the implementation are provided in Section ?7?.

We also specialize our coded scheme and extend the achievability results to two ad-
ditional random graph models, random bi-partite model and stochastic block model.
Specifically, we leverage the community structure in these models to adapt our proposed
scheme to these models. In the random bi-partite model, we observe that there are no
intra-cluster edges, due to which intermediate values for a particular Reducer in one
cluster only comes from Mappers in the other cluster. Therefore, we specialize our pro-
posed coded scheme from Section 7.4 for the random bi-partite model, partitioning the
available servers in proportion to the cluster sizes, so that there is maximum overlap
between Reducers corresponding to vertices in one cluster and Mappers corresponding
to vertices in other cluster. Similarly, for the stochastic block model, we specialize our
proposed coded scheme based on the observation that Reducers corresponding to vertices
in one cluster depend on the Mappers corresponding to the vertices within the cluster
with one probability (due to intra-cluster edges), and on the vertices in the other cluster
with another probability (due to cross-cluster edges).

For both the random bi-partite model and the stochastic block model, we provide
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converse bounds. For the random bi-partite model, we remove vertices (and the edges
corresponding to them) from the larger cluster so that the reduced graph has two clusters
of equal sizes. The reduced graph model thus has two sets of Mappers and Reducers,
which correspond to two different Erdos-Rényi models. Applying our converse bound for
the Erdos-Rényi model, we arrive at the converse of the random bi-partite model. For
the stochastic block model converse, the key idea is to randomly remove edges from the
graph such that a larger Erdos-Rényi graph is obtained, then utilize a coupling argument,
and finally use our information theoretic converse bound for the Erdos-Rényi model.
Therefore, the modified coded schemes for these models demonstrate that inverse-linear
trade-offs between computation and communication loads in distributed graph processing
exists for these graph models as well.

Related Work. A number of coding theoretic strategies have been recently pro-
posed to mitigate the bottlenecks in large scale distributed computing [113,173]. Several
generalizations to the Coded Distributed Computing (CDC) technique proposed in [113]
have been developed. The authors in [184] extend CDC to wireless scenarios. The
work in [185] extends CDC to multistage dataflows. An alternative trade-off between
communication and distributed computation has been explored in [120] for MapReduce
framework under predetermined storage constraints. Coding using resolvable designs has
been proposed in [186]. [118] extends CDC to heterogeneous computing environments.
The work in [187] proposes coding scheme for reducing communication load for com-
putations associated with linear aggregation of intermediate results in the final Reduce
stage. The key difference between our framework and each of these works is that general
MapReduce computations over graphs have heterogeneity in the data requirements for
the Reduce functions associated with the vertices. Other notable works that deal with
communication bottleneck in distributed computation include [119,188,189], where the

authors propose techniques to reduce communication load in data shuffling in distributed
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learning.

Notation. We denote by [n]| the set {1,2,...,n} for n € N. For non-negative
functions f and g of n, we denote f = O(g) if there are positive constants c;, ¢z and
no € N such that ¢; < f(n)/g(n) < ¢y for every n > ng, and f = o(g) if f(n)/g(n)
converges to 0 as n goes to infinity. We define f = w(g), if for any positive constant c,
there exists a constant ng € N such that f(n) > c¢- g(n) for every n > ny. To ease the
notation, we let 2 x Bern(p) denote a random variable that takes on the value 2 w.p. p

and 0 otherwise.

7.2 Problem Setting

We now describe the setting and formulate our distributed graph analytics problem.
In particular, we specify our computation model, distributed implementation model and

our problem formulation based on random graphs.

7.2.1 Computation Model

We consider an undirected graph G = (V, ) where V = [n] and € = {(¢,7) : 4,5 € V}
denote the set of graph vertices and the set of edges respectively. A binary file w; € Fyr of
size F' € N containing vertex state and neighborhood parameters is associated with each
graph vertex i € V. We denote by W = {w; : i € V} the set of files associated with all
vertices in the graph. The neighborhood of vertex i is denoted by N'(i) = {j € V : (j,1) €
£} and the set of files in the neighborhood of i is represented by Wiy = {w; : j € N (i)}.
In general, G can have self-loops, i.e., vertex i can be contained in A/ (7). Furthermore, a

graph computation is associated with each vertex ¢ € V as follows:

¢ Tl 5 By,
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where ¢;(-) is a function that maps the input files in Wy(;) to a length B binary stream
0; = ¢i(WN(i))-

The computation ¢;(-) can be represented as a MapReduce computation:

oiWhwy) = hil{gi5(w;) - wj € Waiy}), (7.1)

where the Map function g; j : For — For Maps file w; to a length 7" binary intermediate
value v;; = g;;(w;), Vi € N(j). The Reduce function h; : IF'%W — Fy5 Reduces the
intermediate values associated with the output function ¢;(+) into the final output value
0; = hi({vi; : 7 € N(i)}).

We illustrate our computation model using the graph presented in the previous sec-
tion. Figure 7.3(a) (left) illustrates the graph with n = 6 vertices, where each vertex is
associated with a file, while Figure 7.3(a) (right) illustrates the corresponding MapReduce
computations.

Common graph based algorithms can be expressed in the MapReduce computation
framework described above [190]. For brevity, we present two popular graph algorithms
and describe how they can be expressed in the proposed MapReduce computation frame-

work.

Example 7.1 (PageRank [191,192]) PageRank is a popular algorithm to measure the
importance of the vertices in a webgraph based on the underlying hyperlink structure. In
particular, the algorithm computes the likelihood that a random surfer would visit a page.

Mathematically, the rank of a vertex i satisfies the following relation:

(i) = (1—d) > T(j)Pr(j — i) +dﬁ,
JEN(D)

where (1—d) is referred to as the damping factor, I1(i) denotes the likelihood that the ran-
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(a) An example of a graph with 6 vertices, each of which has a file associated with it that
contains its state and neighborhood parameters (left). MapReduce decomposition of the graph
computations for the left graph (right).

Reduce 1iL2 34 5106
Allocation
[ ' \
oo 1) ] ] | Y] )R] ] | o ] ]
w: w: W w,
Allocation L 2] ws| [wa 1) |2 5, We Wws| W4 Ws| We
l Map lMap l Map
V1,1 V21 Vs V1,1 V2,1 Vs V2,3 V4,3
Intermediate V12 V32 Vg2 V12 V32 Vg2 V34 Usa Ve
Values
Available V2,3 V43 V1,5 V45 V15 Vs
V34 Us4a Uea V2,6 V4,6 V6,6 V2.6 V4,6 V6,6
Needed
for { V1,5 V2,6 V3,4 V43 Us1 vga
Reducers
Uncoded ) v
5,1 3,4 UVi5 v . V!
Shuffle 6,2 4,3 2,6
Coded ) v
5,1 3,4 V1,5 @ U ) v
Shuffle 1 &7 @ Ug,2 4,3 @ V2,6

L I L I |

(b) Tllustration of subgraph and Reduce allocations for the above graph with computation load
r =2 and K = 3 servers. Each server is allocated a subgraph of size 4 and 2 Reducers. After
the Map phase, each server needs to obtain the missing intermediate values that are needed
to compute the Reduce functions allocated to it. Due to redundant subgraph allocation, each
of the intermediate values missing at a server is available at both other servers. We illustrate
two Shuffling schemes. In the uncoded Shuffle, a missing intermediate value is obtained from
one of the other two servers, and each server is assigned the task of sending two intermediate
values, one for each of the other two servers. In coded Shuffle, each server sends a XOR of the
assigned intermediate values and sends only one coded message which is simultaneously useful
for the both other servers.

Figure 7.3: An illustrative example.
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dom surfer will arrive at vertex i, |V| is the total number of vertices in the webgraph, and
Pr(j — i) is the transition probability from vertex j to vertex i. The graph computation

can be carried out iteratively as follows:

1% (i) = (1 — d) Z I (5) Pr(j — i) + d|%|,
JEN(3)

where k and k — 1 are respectively the current and previous iterations and 11°(i) = ‘—‘1/| for
alli € V and k = 1,2,---. The number of iterations depends on the stopping criterion for
the algorithm. Usually, the algorithm is stopped when the change in the PageRank mass
of each wvertex is less than a pre-defined tolerance. The rank update at each vertexr can
be decomposed into Map and Reduce functions for each iteration k. For a given vertex
i and iteration k, let w¥ = {II*1())} U{P(i — j) : j € N(i)}, and gbf(Wff/(Z)) =(1-
d) > ieni) 1) Pr(j — i) + dﬁ. The Mapper g; ;(-) maps file w to the intermediate
values Uﬁj = giﬁj(wé‘?) = I1*1(j) Pr(j — i) for all neighboring vertices i € N(j). Using
the intermediate values from the Map computations, the Reducer h;(-) computes vertex

i’s updated rank as 11*(i) = h; ({vf; - j e N(i)}) = (1 — d) D jeN () vF s+ dﬁ.

Example 7.2 (Shortest path) Single-source shortest path is one of the most studied
problems in graph theory. The task here is to find the shortest path to each vertex i in
the graph from a source vertex s. A sub-problem for this task is to compute the distance
of each vertez i from the source vertezr s, where distance D(1) is the length of the shortest
path from s toi. This can be carried out iteratively in parallel. First, initialize D°(s) = 0
and D°(i) = +o00,Vi € V' \ {s}. Subsequently, each vertex i is updated as follows at each
iteration k:

DMi) = min {D*() +1(7.0) |

where t(j,1) is the weight of the edge (j,1). The algorithm is stopped when the change in
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the distance value for each vertex is within a pre-defined tolerance. The distance computa-
tion for each vertex at iteration k can be decomposed into Map and Reduce computations.
Particularly, for each vertex i and iteration k, let wF = {D*1(i)} U{t(i,7) : j € N(9)},
and qbf(Wj’\“/(Z)) = minjenu) (D*1(j) + t(j,7)). The Mapper g; ;(-) Maps the file w} to
the intermediate values vﬁfj = gi,j(w;?) = D*Y(j) + t(j,4) for all neighboring vertices
i € N(j). Using the intermediate values from the Map computations, the Reducer h;(-)

computes i’s updated distance value as D*(i) = h;({vF; : j € N(i)}) = minjen vf;.

7.2.2 Distributed Implementation

For distributing the graph processing task, we consider K servers that are connected
through a shared multicast network. Furthermore, at any given time, only one server
can multicast over the shared network. Additionally, we assume that a multicast takes
the same amount of time as a unicast. As described next, in order to distribute the
Map computation tasks among the servers, each server is allocated a subgraph which
is comprised of a subset of graph vertices and associated files that contain state and
neighborhood information of vertices.

Subgraph Allocation: Each server is assigned the Map computations in (7.1) as-
sociated with a subgraph, which consists of a subset of vertices and associated files
containing state and neighborhood information of the vertices. We denote the subgraph
that is allocated to each server k € [K] by My C V. Thus, server k will then store
all the files in My, and will be responsible for computing the Map functions on those
files. Note that each file should be Mapped by at least one server. Additionally, we
allow redundant computations, i.e., each file can be Mapped by more than one server.
The key idea in leveraging redundancy in the Map computation phase is to trade the

computational resources in order to reduce the communication load in the Shuffie phase.
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We define the computation load as follows.

Definition 7.1 (Computation Load) For a subgraph allocation, (My,- -+, M), the

computation load, r € [K]|, is defined as

K
T )

n
where | M| denotes the number of vertices in the subgraph My, for k € [K].

Remark 7.1 For a desired computation load r, each server is assigned a subgraph with

the same number of vertices, i.e. for each server k € [K], |[My| = 5.

To carry out the Reduce computation in (7.1) for all vertices, each server is assigned a
subset of Reduce functions as follows.

Reduce Allocation: A Reducer is associated with each vertex of the graph G as
represented in (7.1). We use Ry C V to denote the set of vertices whose Reduce computa-
tions are assigned to server k € [K|. The set of Reduce computations are partitioned into
K equal parts and each part is associated exclusively with one server, i.e., UK R;, =V
and R, N R, = ¢ for m,n € [K],m # n. Therefore, |Ry| = &, Vk € [K].

For the graph in Figure 7.3(a) (left) and a computation load of r = 2, we illustrate a
scheme for subgraph allocation and Reduce allocation in Figure 7.3(b). Here, each vertex
appears in exactly two subgraphs, i.e. Map computation associated with each vertex is
assigned to exactly two servers. The subgraph and Reduce allocations in Figure 7.3(b)
form key components of our proposed scheme in Section 7.4, in which for a computation
load of r, every unique set of r servers is allocated a unique batch of n/ (I: ) files for Map
computations.

For a given scheme with subgraph allocation and Reduce allocation tuple denoted by

A= (M,R), where M = (M, - ,Mg) and R = (R4, -+, Rk), the distributed graph
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processing proceeds in three phases as described next.

Map phase: Each server first Maps the files associated with the subgraph that
is allocated to it. More specifically, for each ¢ € My, server k computes a vector of
intermediate values corresponding to the vertices in N (i) that is g; = (v;; : j € N (7).
For the running example, we illustrate the intermediate values generated at each server
during the Map phase in Figure 7.3(b), where the color of an intermediate value denotes
the server that is allocated the task to execute the corresponding Reducer.

Shuffle phase: To be able to do the final Reduce computations, each server needs the
intermediate values corresponding to the neighbors of each vertex that it is responsible
for its Reduction. Servers exchange messages so that at the end of the Shuffle phase,
each server is able to recover its required set of intermediate values. More formally, the

Shuffle phase proceeds as follows. For each k € [K],

(i) server k creates a message Xy € Foer as a function of intermediate values computed
locally at that server during the Map phase, i.e. X = ¥ ({g; : © € My}), where ¢

is the length of the binary message Xy,
(ii) server k multicasts X}, to all the remaining servers,

(iii) server k recovers the missing intermediate values {v;; : i € Ry, j € N (i), 5 ¢ My}
using locally computed intermediate values {v;; : i € N(j),j € My} and received

messages { Xy : k' € [K]\ {k}}.
We define the normalized communication load of the Shuffle phase as follows.

Definition 7.2 (Normalized Communication Load) The normalized communication
load, denoted by L, is defined as the number of bits communicated by K servers during

the Shuffle phase, normalized by the mazimum possible total number of bits in the inter-
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mediate values associated with all the Reduce functions, i.e.

L= —Zszl &
n?T

For the running example in Figure 7.3(b), after the Map phase, each server obtains the
intermediate values corresponding to the files in its subgraph. The intermediate values
that are needed for computing the allocated Reduce functions but are not available
after the Map phase have also been highlighted. We illustrate an uncoded Shuflling
scheme in which each server is assigned the task of sending some of its locally available
intermediate values to other server over the shared multicast network. We highlight here
that each intermediate value missing at a server is available at two other servers. For
example, vs 1 and vg o are missing at server 3, and both of them are available at servers
1 and 2. In this uncoded Shuffle, exactly one of the two servers is uniquely assigned the
task to communicate the missing intermediate value to the server. For example, vs; is
multicasted by server 1 while vg 2 is multicasted by server 2. As a total of 6 intermediate
values are sent over the shared multicast network, the normalized communication load
of the uncoded Shuffle is L = .

The servers can instead send linear combinations of the intermediate values over
the multicast network. For example, server 1 multicasts vs; @ vs4. As vz is locally
available at server 2, server 2 can compute (vs; @ v34) @ v51 and obtain the missing
intermediate value vs 4. Similarly, server 3 can obtain the missing intermediate value vs ;.
This illustrates that by using coded Shuffle, in which each server sends a combination of
locally available intermediate values over the multicast network, the communication load
can be improved over the uncoded Shuffle. In this case specifically, the communication
load for the coded Shuffle is L = =2 which is factor of two (same as the computation

367

load r = 2) improvement over uncoded Shuffle. This forms the motivation behind our
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proposed scheme in Section 7.4.

Reduce phase: Using its locally computed intermediate values and the intermediate
values recovered from the messages received from other servers during the Shuffle phase,
server k € [K]| computes the Reduce functions in Ry, to calculate o; = h;({v;; : j € N'(i)})
for all i € Ry.

In Figure 7.3(b), each server has all the intermediate values that are needed to com-
pute the allocated Reduce functions. For example, for computing the Reduce function
associated with vertex 1, server 1 has intermediate values v;; and v; 2 available locally
from the Map phase and the intermediate value v; 5 obtained from server 2 in the Shuffle
phase. Therefore, each of the three servers can compute the Reduce functions allocated

to it.

7.2.3 Problem Formulation

As illustrated in Figure 7.3, the communication load during Shuffle phase depends on
subgraph allocation, Reduce allocation, and Shuffle strategy. For an allowed computation
load r, our broader goal is to minimize the communication load during Shuffle phase
through efficient schemes for allocation of subgraphs and Reducers to servers and for coded
Shuffling of intermediate values among the servers. We consider a random undirected
graph G = (V, ), where edges independently exist with probability Pr[(i, j) € &] for all
i,7 € V. Let A(r) be the set of all possible subgraph and Reduce allocations for a given
computation load r (as defined in the previous subsection). For a graph realization G
of G and an allocation A € A(r), a coded Shuffling scheme is feasible if each server can
compute all the Reduce functions assigned to it. We denote by L4(r, G) the minimum
(normalized) communication load (as defined in Definition 7.2) over all feasible Shuffling

coding schemes that enable each server to compute all the Reduce functions assigned to
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it.! Hence, for a given realization G of the random graph G, the minimum communication
load among all possible subgraph and Reduce allocations and feasible coded Shuffling
schemes is as follows:

Li(r) = Aérif(r) La(r,G). (7.2)

Remark 7.2 Partitioning of graphs in popular graph processing frameworks such as
Pregel [19] is solely based on the vertex ID and not on the vertex neighborhood density.
Furthermore, designing subgraph allocation, Reduce allocation and Shuffling schemes for
characterizing the minimum communication load in (7.2) is NP-hard in general. This
is because for the case of computation load v = 1, finding the minimum communication
load 1is equivalent to finding the minimum K-cut over the graph, which is NP-hard for
general graphs [193]. Additionally, existing heuristics for load balancing in distributed
graph processing involve additional steps such as migration of vertex files during graph
algorithm execution [194], which adds latency to the overall execution time. Hence, we
focus on the problem of finding the subgraph and Reduce allocation tuple A € A(r) that
minimizes the average normalized communication load across all graph realizations G of

g.

We formally define our problem as follows.

Problem: For a given random undirected graph G = (V,€) and a computation load
r € [K], our goal is to characterize the minimum average normalized communication
load, i.e.

L*(r) = Aér}\f(r) Eg[La(r,G)]. (7.3)

Remark 7.3 Forr > K, L*(r) is trivially 0 as each vertex can be mapped at each server,

!The uncoded Shuffling schemes are special cases of the coded Shuffling schemes and are thus included
in the set of all feasible coded Shuffling schemes under consideration.
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so all the intermediate values associated with the Reducers of any server is available at

the server.

Remark 7.4 As defined above, L*(r) essentially reveals a fundamental trade-off between

computation and communication in distributed graph processing.

Remark 7.5 In the above problem formulation, for a given subgraph and Reduce alloca-
tion tuple A € A(r), in order to minimize the average communication load, the Shuffle
scheme needs to take into consideration the connectivity of each realization G of G. As
we describe in Section 7.4, our proposed coded scheme utilizes careful alignment of inter-
mediate values for creating coded messages for multicast during the Shuffle phase, leading

to significant improvement in the average communication load.

Remark 7.6 Although the main focus of our problem formulation is on minimizing the
average communication load for random graph models, our proposed coded scheme in
Section 7./ is applicable to any real-world graph. As demonstrated in Section 7.7, our
proposed coded scheme can provide significant performance gains in practice. Specifically,
for implementing PageRank over the real-world social webgraph TheMarker Cafe [183],
our proposed scheme provides a gain of up to 43.4% in the overall execution time in

comparison to the conventional PageRank implementation.

In the next Section, we discuss our main results for four popular random graph

models.

7.3 Main Results

In this section, we present the main results of our work. Our first result is the
characterization of L*(r) (defined in (7.3)) for the Erdds-Rényi model that is defined

below.
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Erdos-Rényi Model: Denoted by ER(n,p), this model consists of graphs of size n
in which each edge exists with probability p € (0, 1], independently of other edges (Figure
7.5(a)).

Theorem 7.1 For the Erdos-Rényi model ER(n,p) with p = w(-5), we have

. L*(r) 1 r
i 0= 1)

Proof: 'We prove the achievability and the converse in Theorem 7.1 in Sections 7.4

and 7.5, respectively. [ |

Remark 7.7 Theorem 7.1 reveals an interesting inverse-linear trade-off between com-
putation and communication in distributed graph processing. Specifically, our proposed
coded scheme in Section 7.4 asymptotically gives a gain of r in the average normalized
communication load in comparison to the uncoded Shuffling scheme that as we discuss
later in Section 7.4, only achieves an average normalized communication load of p(1—%).
This trade-off can be used to leverage additional computing resources and capabilities to
alleviate the costly communication bottleneck. Moreover, we numerically demonstrate that
even for finite graphs, not only the proposed scheme significantly reduces the communica-
tion load in comparison to the uncoded scheme, but also has a small gap from the optimal
average normalized communication load (Figure 7.4). Finally, the assumption p = w(-)
implies the regime of interest in which the average number of edges in the graph is growing
with n. Otherwise, the problem would not be of interest since the communication load

would become negligible even without redundancy/coding in computation.

Remark 7.8 Achievability Theorem 7.1 is proved in Section 7.4, where we provide sub-
graph and Reduce allocations followed by the code design for Shuffling for our proposed
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Figure 7.4: Performance comparison of our proposed coded scheme with uncoded Shuffle
scheme and the proposed lower bound. The averages for the communication load for
the two schemes were obtained over graph realizations of the Erdos-Rényi model with
n =300, p=20.1 and K = 5.

scheme. The main idea is to leverage the coded multicast opportunities offered by the
injected redundancy and create coded messages which simultaneously satisfy the data de-
mand of multiple servers. Careful combination of available intermediate values during
the Shuffle phase benefits from the missing graph connections by aligning the intermedi-
ate values assigned to be communicated over the shared network. Conversely, Theorem
7.1 demonstrates that the asymptotic bandwidth gain r achieved by the proposed scheme
1s optimal and can not be improved. For the proof of converse provided in Section 7.5,
we use induction to deriwe information-theoretic lower bounds on the average normalized
communication load required by any subset of servers and then use the induction on the

set of all the K servers.

Our second result is the characterization of L*(r) for the power law model that is
defined below.

Power Law Model: Denoted by PL(n,~, p), this model consists of graphs of size
n in which degrees are i.i.d random variables drawn from a power law distribution with

exponent v and edge probabilities are p-proportional to product of the degrees of the two
175



Coded Computing for Distributed Graph Analytics Chapter 7

o °
°
o
@ o
° o
o @ o] [0
[} Q °
[ o 0 °
® )
Q7 0-¢ R
o
o hat o °
© ° ° % o
]
° ° o o
o % e
¥ ° [ ]
o
) o o @
o o <]
[} © °

(a) Erdés-Rényi model with n = 20. (b) Power law model with n = 40, v = 2.3
and 100 edges.

(c) Random bipartite model with n; = 6 (d) Stochastic block model with n; = 12
and ng = 4. and ny = 18.

Figure 7.5: Illustrative instances of the random graph models considered in the paper.
In Figure 7.5(a), each edge exists with a given probability p. In Figure 7.5(b), expected
degree of each vertex follows a power law distribution with exponent ~. In Figure 7.5(c),
each cross-edge exists with a given probability ¢. In Figure 7.5(d), each intra-cluster edge
exists with a given probability p and each cross-edge exists with a given probability gq.

end vertices (Figure 7.5(b)).

Theorem 7.2 For the power law model graph PL(n,~, p) with node degrees {dy,--- ,d,},

7>2andp:z:% we have

1di”
. nL*(r) 1 r
1 <-(1—-=).
e (=) ( K)
y—2

Proof: 'We prove the achievability in Theorem 7.2 in Section 7.6. |
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Remark 7.9 Theorem 7.2 demonstrates that an inverse-linear trade-off between compu-
tation load and communication load can also be achieved in the power law model. We
leverage our coded scheme proposed in Section 7.4 for the proof of Theorem 7.2 in Section

7.6.

Furthermore, we specialize our proposed coded scheme in Section 7.4 to develop
subgraph allocation and Reduce allocation schemes along with coded Shuffling schemes
for two other popular random graph models which are described below:

Random Bi-partite Model: Denoted by RB(nj,ns,q), this model consists of
graphs with two disjoint clusters of sizes n; and ns in which each inter-cluster edge exists
with probability ¢ € (0, 1], independently of other inter-cluster edges (Figure 7.5(c)). No
intra-cluster edge exists in this model.

Stochastic Block Model: Denoted by SBM(ny,ng,p,q), this model consists of
graphs with two disjoint clusters of sizes n; and ny such that each intra-cluster edge exists
with probability p and each inter-cluster edge exists with probability ¢,0 < ¢ < p < 1,
all independent of each other (Figure 7.5(d)).

The following theorems provide the achievability and converse results for RB and

SBM models.

Theorem 7.3 For the random bi-partite model RB(ny,ns,q) with n = ny + ne, ny =

O(n), no = O(n), [ny — no| = o(n) and q = w(5), we have

1 2r L*(r) 1 2r
—|1-——=) <l <—|1—-—=].
e (1=%) <=2 5 (%)

Proof: We defer the proof of the achievability and the converse in Theorem 7.3 to

Appendices F.3 and F.4, respectively. [ |

Remark 7.10 Theorem 7.3 characterizes the optimal average normalized communica-
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tion load within a factor of 4 for the random bi-partite model. We provide the proofs
for achievability and converse of Theorem 7.3 in Appendices and F.3 and F.J respec-
tively. For achievability, we observe that there are no intra-cluster edges in the random
bi-partite model, due to which intermediate values for a particular Reducer in one cluster
only comes from Mappers in the other cluster. Therefore, we specialize our proposed coded
scheme in Section 7.4 for the random bi-partite model, partitioning the available servers
in proportion to the cluster sizes. Therefore, there is maximum overlap between Reducers
corresponding to vertices in one cluster and Mappers corresponding to vertices in other
cluster. For proving the converse, we remove vertices (and the edges corresponding to
them) from the larger cluster so that the reduced graph has two clusters of equal sizes.
The reduced graph model thus has two sets of Mappers and Reducers, which correspond to
two different Erdos-Rényi models. Applying our lower bound for the Erdos-Rényi model

in Theorem 7.1, we arrive at the converse of the bi-partite model.

Theorem 7.4 For the stochastic block model SBM(ny,ns2,p,q) with n = ny + ny, ny =

O(n), no = 0O(n), and p = w(:5),q = w(35), we have

, L*(r) 1 r
(n1+n2)?

Moreover, the following converse inequality holds:

L) S 1 (1 _ 1) . (7.5)

Proof: We defer the proof of the achievability and the converse in Theorem 7.4 to

Appendices F.5 and F.6, respectively. [ |

Remark 7.11 Using (7.4) and (7.5), it can be easily verified that for the stochastic block

model, the converse is within a constant factor of achievability if p = ©(q). The achiev-
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ability and converse of Theorem 7.4 are proved in Appendices F.5 and F.6 respectively.
For achievability, we specialize our proposed coded scheme from Section 7.4 based on the
observation that in SBM, the Reducers corresponding to vertices in one cluster depend on
the Mappers corresponding to the vertices within the cluster with one probability (due to
intra-cluster edges), and on the vertices in the other cluster with another probability (due
to cross-cluster edges). For the converse, the key idea is to randomly remove edges from
the SBM model such that a larger ER model is obtained, then utilize a coupling argument,

and finally use our information theoretic converse bound in Theorem 7.1.

7.4 Proposed Scheme and Proof of Achievability of

Theorem 7.1

In this section, we first describe our proposed coded scheme for distributed graph
analytics, and then leverage it to prove the achievability for the Erdos-Rényi model in

Theorem 7.1.

7.4.1 Proposed Scheme

As described in our distributed graph processing framework in Section 7.2, a scheme
for distributed implementation of the graph computations consists of subgraph allocation,
Reduce allocation, and Shuffling algorithm. We next precisely describe our proposed
scheme for a given realization G of the underlying random graph G = (V, £).

Subgraph Allocation: The n files associated with the n vertices of GG are first
partitioned serially into ([f) batches By, Bs, . .. ,B(;:), where B; comprises of the files

associated with the vertices with IDs in the range {(j — 1)g+ 1,(j — 1)g + 2,...,Jg}.

Here, g = n/ ([: ) denotes the number of files in each batch. For our example with a graph
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of 6 vertices, 3 servers, and computation load 2 presented in Section 7.2, the 6 files are

partitioned into (%) = 3 batches each of size g = 2 as follows (see Figure 7.6(a)):

B, = {1,2},
By = {3,4},
B; = {5,6}.

Each of the (I: ) batches of files is associated with a unique set of r servers. Specifically,
let Fi,Fo,. .. ,f(}:) denote all possible combinations of the elements of {1,2,..., K}.
Then, each of the servers with indices in F; is allocated each of the files contained in
batch B;. Thus, server k € [K] Maps the vertices in B, if k € F;. Equivalently, B; C M
if k € F;. Therefore, we have the following for the subgraph allocation for server k:

Mk == U [(}f)}ke]—‘]BJ

jE

. . K—1 K . . .
As each server is present in ( 1) of the (r) unique combinations of servers, we have the

r—

following for each server k € [K]:

K—-1 K—-1\ n rn
= (5= (5 D)
In Figure 7.6(a), we illustrate the subgraph allocation for our running example. F; =
{1,2}, F» = {1,3} and F3 = {2,3}. Each of the two files in batch B; is assigned to
each of the servers in Fj, for j € {1,2,3}. Thus, server 1 is allocated files By U By =
{wy, wa, w3, wy}, server 2 is allocated files By U By = {wy, ws, ws, wg} and server 3 is
allocated By U Bs = {ws, wy, w5, we}. Thus, |[M;| = M| = |IM3| = 4.

Reduce Allocation: The n Reduce functions associated with the n graph vertices
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are disjointly and uniformly partitioned into K subsets and each subset is assigned ex-
clusively to one server. Specifically, for & € [K], |[Ri| = % and Ry, = {(k — 1) + 1, (k —
1)% +2,...,k%}. In our running example, Ry = {1,2}, R = {3,4} and R3 = {5,6}.

For notational convenience, we denote our proposed subgraph allocation and Reduce
allocation by Ac.

Coded Shuffle: As illustrated in Figure 7.3(b), the key idea in coded Shuffling is
to create coded combinations of locally available intermediate values so that the same
message can be useful for many servers simultaneously. Due to the subgraph and Reduce
allocation Ac described above, every set F; of r servers has a unique batch of files B;.
Thus, all the intermediate values corresponding to the Map computations associated
with the files in B; are available at every server in F; after the Map phase. With this
observation, consider without loss of generality the set of servers S = {1,2,...,r + 1}.
For each server k € S, let Z’g\ k) be the set of all intermediate values that are needed by

Reduce functions in k, and are available exclusively at each server k' € S\ {k}, i.e.
Zh iy = {vij 1 (4,4) € €,i € R, j € Nes\ iy M} (7.6)

We observe that after the Map phase, server 4+ 1 has Zg\{k} for k € {1,...,r}. Further-
more, server 1 has Zg\{k} for k € {2,...,r}, server 2 has Zg\{k} for k € {1,3,...,r}, and
so on. Therefore, server r + 1 can create a coded message by selecting one intermediate
value each from Zé\{k} for k € {1,...,r}, and taking a XOR of them. The coded message
is simultaneously useful for the servers {1,...,r} as each of them can XOR out its own
missing intermediate value as it has the remaining intermediate values associated with
the coded message. Similar arguments hold for the coded messages from other servers
within S.

In light of the above arguments, for each k£ € S, each intermediate value v; ; € Z’g\ o
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is evenly split into r segments vg’lj), cee UEE), each of size % bits. Each segment is associated

with a distinct server in S\ {k}, where the segment assignment is based on the order

B By B3
Subgraph ’UJ1J\ ’LU2J ’w3J w4J LUSJ wﬁj
Allocation ' /><><\
S3
Reduce 112 3104 516
Allocation

(a) Hlustrating the subgraph allocation and Reduce allocation Ac for the example graph with
6 vertices. The 6 files are partitioned into 3 batches and each batch is assigned to a unique
subset of 2 servers. The Reduce functions are partitioned into 3 sets, one set is assigned to each

server.

S1 needs Y15 V2,6 Uéll) ”élz)
/\ /\ & © S1 sends
2 3 D 3
o b g | vhe o) g3
So needs Vg4 Uy 3 v£21) Ué22)
/\ /\ @& ©® Ss sends
1 3 1 3 2 2
o o) of o} oy vl
S3 needs Us,1 Us,2 vfg v?i
/\ /\ & © Sg sends
1 D 1 2 3 3
vf]  vid 3 ves o} o)

(b) For the subgraph and Reduce allocations Ac in Figure 7.6(a), we illustrate our proposed
coded Shuffle scheme. For each intermediate value needed by a server, each of the remaining two
servers is assigned the task of communicating a segment which is one-half of the intermediate
value. The servers create a table of the segments that they are assigned to send, with each row
corresponding to the intermediate values required exclusively by one of the remaining servers.
Each server sends two coded messages, each of which is simultaneously useful for both the
remaining servers.

Figure 7.6: Hlustration of our proposed scheme.
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of the indices of the r servers S \ {k}. Therefore, Zg\ (ry 18 evenly partitioned to r sets,
which are denoted by Z";\ (15 for s € S\ {k}. Depending on the connectivity of G, the
number of intermediate values in Z§\ ) shall vary, and the maximum possible size of
Zé\{k} s g=gp = #%) Each server s € S creates an r x g table and fills that out
with segments which are associated with it. Each row of the table is filled from left by
the segments in one of the sets Zf.)f\{k}’s, where k € S\ {s} (see Figure 7.7). Then, server
s broadcasts the XOR of all the segments in each non-empty column of the table, where
for each non-empty column, the empty entries are zero padded. Clearly, there exist at
most g of such coded messages. The process is carried out similarly for every other subset
S C [K] of servers with |S| =7+ 1.

After the Shuffle phase, for each multicast group of r + 1 servers, all but one inter-
mediate values contributed in each coded message are locally available. Moreover, all
possible subsets of multicast servers have sent their corresponding messages. Therefore,
each server can recover all of the intermediate values associated with its assigned set of
Reduce functions using the received coded messages and the locally computed interme-
diate values. Thus, our proposed coded Shuffling scheme is feasible, i.e. for any given
graph, and subgraph and Reduce allocation Ac, our proposed Shuffling enables each

server to compute all the Reduce functions assigned to it.

Remark 7.12 The proposed scheme carefully aligns and combines the existing interme-
diate values to benefit from the coding opportunities. This resolves the issue posed by the
asymmetry in the data requirements of the Reducers which is one of the main challenges

in moving from the general MapReduce framework in [113] to graph analytics.

In Figure 7.6(b), every intermediate value in Zf’l 2y = {vs,1,v62} is split into r = 2
segments, each associated with a distinct server in {1,2}. This is done similarly for servers

1 and 2. Then, servers 1, 2, and 3 broadcast their coded messages X; = {v(l) @04 3V (1) 1D
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'082)}, X, = {’Ué21) a3 vfg, vé? e} vgg}, and X3 = {Ufg D v&), U:(fi &) vé?g}, respectively. All

three servers can recover their missing intermediate values. For instance, server 3 needs

vs1 to carry out the Reduce function associated with vertex 5. Since it has already

Mapped vertices 3 and 5, intermediate values vy 3 and vy 5 are available locally. Server
(1) (1) (1) (1)

(2) (2) '
3 can recover vs; and vs from vy @ vy3 and vy @ vy 5, respectively. As each server

sends 2 coded messages to other servers and each coded message is half the size of an

3

intermediate value, therefore, the overall normalized communication load is 3, which is

two times better than the normalized communication load for uncoded Shuffling.

7.4.2 Proof of Achievability of Theorem 7.1

We now analyze the performance of our proposed coded scheme in Section 7.4.1
for the Erdos-Rényi random graph model to prove the achievability of Theorem 7.1.
For our proposed subgraph and Reduce allocation Ac, we first compute the average
communication for uncoded Shuffle where no coding is utilized during the Shuffle phase.

Uncoded Shuffle: Given the subgraph and Reduce allocation Ac, consider a server
k € [K]. Due to symmetry, the total expected communication load is sum of the com-
munication loads of each server. Hence we can focus on finding the communication load
of server 1. Note that there are n/K Reducers assigned to server 1, and 72 Mappers as-
signed to server 1. Therefore, for each Reducer in server 1, the expected communication
required is (pn — p2)T. Summing over the expected communication loads for all the

Reducers in server 1 and appropriate normalization, the total expected communication

n

load for server 1is %(pn — p%)T. Summing over all the K servers, we get the average

normalized communication load for the uncoded Shuffle as follows:

n m

B = Blatlr 0 = (m =0 ) T =r (1- ).
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where Lflg(r, () denotes the normalized communication load for uncoded Shuffle for the
graph realization G of the Erdos-Rényi random graph model G.

We now apply our proposed coded Shuffie scheme and compute the induced average
communication load. Without loss of generality, we analyze our algorithm by a generic
argument for servers S = {1,--- ,r 4+ 1} which can be similarly applied for any other set
of servers § with |S| = 7+ 1, due to the symmetric structure induced by the graph model
and subgraph allocation and Reduce allocation Ac. Denote r + 1 servers as sy, , Sp11,
and consider the messages that s; is assigned to send within the multicast group S,
the coded messages that are sent by other servers within S are also created similarly.
As described in Section 7.4.1 and illustrated in Figure 7.7, server s; creates a table of
intermediate value segments for transmission. In this table, each row is filled from the
left, and for ¢ € [r], i’th row contains the allocated segments for the intermediate values in
the set Z;i\f{lsz,ﬂ}ﬁl. The number of segments in Z?\*{;H},sﬁ denoted by g;, depends on the
connectivity of the graph G and is upper bounded by g, the total number of intermediate
values in Z;i\f{lsiﬂ} for a completely connected graph. Server s; broadcasts at most gpax =
max (g1, go, - - -, §r) coded messages X1, .- , X9max zero padding the empty entries in the
non-empty columns. These coded messages are simultaneously and exclusively useful for
the servers sy, - -+, 8,,1. For each non-empty column j € [fmax], X7 is XOR of at most
r non-zero segments of size % bits, associated with server s;. More formally, for each

non-empty column j € [Gmax], we have the following:

T

X =P, (7.7)

=1

: g M
In (7.7), for i € [r] and j € [g;], we have used v,; ;

to denote the non-zero segment in
the table in 7’th row and j'th column, while for j € {¢; + 1,3 +2,...,3}, v((ll()l i) denotes
the zero padding segment.
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Let Bern(p) random variable E,; ;) indicate the existence of the edge a(i,7) € V x V,
ie. FEauy = 1, if a(i,j) € &, and E,; ;) = 0, otherwise. Clearly, for all vertices
i,j,t,u €V, Eq ;) is independent of Fy . if a(i,j) and a(t,u) do not represent the
same edge, and E,(; j) = Fqa,u), otherwise. For i € [r], the random variable P; is defined

as

g
Pi =) Eagij), (7.8)
j=1

i.e. each P; is sum of § possibly dependent Bern(p) random variables. Note that P;’s are
not independent in general. By careful alignment of present intermediate values (Figure
7.7), s1 broadcasts @ coded messages each of size % bits, where () = max;¢c|,) F;. Thus, the
total coded communication load sent from server s; exclusively for servers sy, -« , 5,41 iS

%Q bits. By similar arguments for other sets of servers, we can characterize the average

X! X2 X3 X9
I Il Il I
PREREN
P ”;181,1) ”&1()1,2) “;1()1,3) '/\ ”a1<)1,§) /'
N
5>} 5% 5> 5%
///-\\ ///-\\\ ///-\\
Py ”;1()2,1) '\ vfyl(gg) /' '\ '”;1()2,3) /' T '\ "’((wl()z.a) /I
N N N
® S¥ 5> S¥
® ® S¥ ®
PR ,7 0 TN
P “31(1«,1) véxl()'r',Z) '/\ "’Eyl()r,s) , e '/\ Uz(:yl()r,§) /'

Figure 7.7: Creating coded messages by aligning the associated intermediate value seg-
ments.
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normalized coded communication load of the proposed scheme as follows:

LS, = BglLS,(r.0)] = iK(K - 1)1@[@], (7.9)

rn2 T

where L%C (r,G) denotes the normalized communication load for the proposed coded
Shuffle for the graph realization G of the Erdos-Rényi random graph model G.

The following lemma asymptotically upper bounds E[Q)].

Lemma 7.1 For ER(n,p) graphs with p = w(#), we have

E[Q] < pg + o(pg).

Proof: We defer the proof to Appendix F.1. [ |

Putting (A.6) and Lemma 7.1 together, we have

hence the achievability claimed in Theorem 7.1 is proved. Finally, we note that as ex-
plained in the uncoded Shuffle algorithm, the average normalized uncoded communication
load of the proposed scheme is Eﬂg =p (1 — %) , which implies that our scheme achieves

an asymptotic gain of r.

Remark 7.13 As we next show in the proof of Lemma 7.1, the regime p = w(1/n?) is
essential in order to have pg = w(1l). As g = #i:) = O(n?) is a deterministic function
of n, the regime p = w(1/n?) is needed to get the achievability and asymptotic optimality
of Theorem 1.
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7.5 Converse for the Erdos-Rényi Model

In this section, we prove the asymptotic optimality of our proposed coded scheme for
the Erdés-Rényi model, by leveraging the techniques employed in [113]. More precisely,
we complete the proof of Theorem 7.1 by deriving the lower bound on the best average
communication load for the Erdés-Rényi model, that matches the achievability in (7.10).

Let G be an ER(n, p) random graph and consider a subgraph and Reduce allocation
A= (M,R) € A(r), where S8 |[My| = rn and |Ry| = #, for all k € [K]. We denote
the number of files that are Mapped at j vertices under Map assignment M, as aiw for

all j € [K]. The following lemma holds.

Lemma 7.2 Eg[L(r,G)] > pZJK:l EZLMKK—_]J

Proof: ~ We let intermediate values v;; be realizations of random variables V; ;,
uniformly distributed over For. For a random graph G = (V,€) and subsets Z, 7 CV =
[n], define VIgJ ={Vi;:(4,j) € £,i € I,j € J} as the set of present intermediate values
in graph G corresponding to Reducers in Z and Mappers in J. For a given allocation
A= (M,R) € A(r) and a subset of servers S C [K], we define Xg = {X} : k € S}
and Y§ = (Vgs’:, VgMS), where “” denotes all possible indices (which depend on both
allocation and graph realization). As described in Section 7.2.2, each coded message
is a function of the present intermediate values Mapped at the corresponding server.
Moreover, all the intermediate values required by the Reducers are decodable from the
locally available intermediate values and received messages at the corresponding server.
That is, H(Xk|Vng) =0 and H(ng7:|X[K], Vng) = 0 for all servers k € [K] and graphs
G. We denote the number of vertices that are exclusively Mapped by j servers in S as
a&f , that is

aly] = Z [(Mkesi M) \ (Upgs, Mir)|.

S1CS:[S1|=j
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We prove the following claim by induction in Appendix F.2.

Claim 7.1 For any subset S C [K],

IS|

g s S| —J
Eg [H(XS|Y c)} > pT ;1: g (7.10)
Proof: 'We defer the proof to Appendix F.2. [ |
Now, pick § = [K]. Then,
Eg|H(XslYE)| & o, K -
J
Eg|L > > E mr S
g[ A(r, g)} = n?T _pj:1 n K]
|

Proof of Converse for Theorem 7.1. First, we use the result in Claim E.1 and bound the

best average normalized communication load as follows:

K

K
0 2 e8] 23

j=1

where the infimum is over all subgraph and Reduce allocations A = (M, R) € A(r) for
which S5 | |[My| = rn and |Ry| = %, Vk € [K]. Additionally, for any Map allocation

with computation load r, we have the following equations:

K - K -
Zaiw =n, Zjaf\/, =rn. (7.11)
=1 j=1

Using convexity of KK—_]J in 7 and (7.11), the converse is proved as follows:

K . K -ng
K — K i 1
L*(r) > infp a—M—,jZinfp Z]_l‘]‘n =-p -2
A n A K .d) T K
i=1 J Ky i J=t
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7.6 Achievability for the Power Law Model

We consider a general model for random graphs where the expected degree sequence
d = (dy, -+ ,d,) is independently drawn from a power law distribution with exponent
v, i.e. Prld; = d] = ed™ for i € [n] and d > 1 and proper constant ¢ [195]. Given

the realization of the expected degrees d, for p = Z; and all ,j € [n], vertices i

im1 di
and j are connected with probability p; ; = Pr[(i, j) € €] = pd,d;, independently of other
edges. We now proceed to analyze the coded and uncoded communication loads averaged
over the random connections and random degrees induced by the subgraph and Reduce
allocation Ac proposed in Section 7.4.1.

Consider the allocation Ac = (M, R) and a subset of servers S C [K] of size |S| =
r + 1. According to the proposed scheme in Section 7.4.1, for every server s € S, servers

in S\ {s} form a table and construct coded messages using the intermediate values in

the sets Z&

s\(x) (defined in (7.6)) where k € S\ {s}. Therefore, r + 1 tables are formed

each constructing coded messages of size maxjes\ (s \Zg\ {k}\% bits. The total coded load
induced by the subset S (and exclusively for the use of servers in §) denoted by Lic (S)
is

1
C o k

L;.(S) = o > kglsgﬁ}lzsml-

seS

However, in uncoded scenarios, denoted by LYS(S) the total uncoded load induced by

subset S (and exclusively for the use of servers in S) is

1 S
LYES) = 5 3 12y

seS
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We have

|23\ (s3] =2 Z V(@) N (Nes\(ssMw)| = Z 1{(i,m) € £}, (7.12)

1E€ERs 1€ERs
meﬂkxes\{s}/\/(k/

where the random Bernoulli 1{(¢, m) € £} indicates the realization of the edge connecting

vertices ¢ and m, i.e. E[1{(i,m) € £}|d] = pd;d,,. We note that |R;| = n/K and

#i) Bernoulli summands in (7.12)

T

| Nives\fsy Mw| =n/ (If) Therefore, there are g =
in which every two summands are either independent or equal and independent of other
summands. More precisely, (7.12) can be decomposed to sum of all independent Bernoulli

random variables and sum of dependent ones as follows:

123\ = Z 1{(i,m) € &}

1€Rs
meﬂkfes\{s}/\/lk/

= Y Himeer+2 > 1{(i,m) € £},  (7.13)

JF1 or Fa or F3 ivmeRsm(mk’eS\{s}Mk’)
<m

where we denote the events

Fr={i € Ro \ Mwes\gsp M, m € Nes\ispMu' 1,
Fo={i € R, m € Npes\ (g M \ Ro},

Fy={i=m € RyN (Nwes\ (M)}

Note that with this decompostion, all the Bernoulli summands in both terms in (7.13)
are independent. Assume that the first and second terms in (7.13) contain § — 2.J and J
summands respectively.

According to Kolmogorov’s strong law of large numbers (Proposition 7.1 provided at the
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end of this section) and given that the second condition in the proposition is satisfied for

Bernoullis, we have
1{(i,m) € &} — E[pd;d,,] == 0,

DS

g—2J
9 JF1 or Fa or F3

and
1{(i,m) € £} — E[pdsd,,] == 0

S

LmERSﬂ(ﬂk/eS\{s}Mk/)
i<m

Therefore, size of the set Zg\ (s} converges almost surely, that is
g—2J 1
g S 1{(i,m) € &} — Elpdid,)

1 s s
(!ZS\{S}| - ]EUZS\{S}H> - g g—2J
F1 or Fa or F3

9
i,mERsﬂ(ﬂkles\{s}Mk/)
<m

1{(i,m) € £} — E[pd;d,,]

where
EUZE\{S}H = Z E[pdid] = E[pvol(Rs)vol(Mpes(spMw)].
i€Rs
mEﬂk/es\{s}Mk/
and vol(V) = >_ . d, for any subset of vertices V' C [n]. Moreover,
VOl(ﬁkleg\{s}Mk/) (714)

n 1 1
lim —E||Z5n|| = lim E 0 vol( R
s ZB{1Z5 ] = im B (o) voll )n/(f)
Each of the terms vol(R,), vol(Nyes\ (s} M) and inverse of p are summation of i.i.d power
— 21
= 1.

law random variables for which the expected value exists for v > 2 and E[d;]
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Therefore, by strong law of large numbers (Proposition 7.1) each term approaches its

average almost surely, that is for v > 2

1 a.s. 0= 1
n/KVOl(RS) — E[dl] = ﬁ,
1 a.s. Y — 1
1(Ny N == Eld] = ——.
n/(fr{) VO (ﬂk eS\{s}Mk ) [ 1] - 9

n = —.
P E[d] -1

Plugging into (7.14), we have lim,_, %E[[Zg\{s}|} = (%) . Therefore, 2|23, (| 22

(%) for any s € S and S C [K]. Putting all together, we have for v > 2,

. ucC _
lim nE[LYS(S)] = lim — ;E 1Z3\(]

1 n
i SR
() A 2 gl

~ 5oy (=)

Therefore, denoted by Lfl(c: the total uncoded communication load, we have

lim nE[LYS] = lim > E[LYS(S)]

n—oo n—oo
SCIK]

n|S|=r+1

-p(E)
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For the coded scheme, we have

lim nE[LA (S)] = lim —ZE [ max |Z§\{k}|}

n—00 n—oo N27 keS\{s}

. n(r + 1)
< lim T]E maX]ZS\{S}]

n—oo n<r

_ TZ;EI;) (Z:;) (7.15)

The last equality follows the fact that % maxses|Z3 (4] 25 O—:;), since 2|25, 4]

converges almost surely for any s € S. Plugging into (7.15), the expected coded load is
Jim nBILS] = lim e ) BILA(S

SCIK]
|S|=r+1

SQﬁL;%@:D
- 0-5) (=)
fm ML) PEIEG] 1 (1 — L) .

n—00 (%) ~ n—oo (3—:;) Tr K

which yields

Comparing the coded load with uncoded load proves the achievability of gain r for the

power law model.

Proposition 7.1 (Kolmogorov’s Strong Law of Large Numbers [196,197]) Let X3,

Xo, -+, Xp, -+ be a sequence of independent random variables with |E[X,]| < oo for

n>1. Then
U3 (%~ EIX) 50,
i=1

if one of the following conditions are satisfied:
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(1) X;’s are identically distributed,

(2) ¥n, var(X,) < oo and y ., % < o0.

7.7 Experiments over Amazon EC2 Clusters

In this section, we demonstrate the practical impact of our proposed coded scheme
via experiments over Amazon EC2 clusters. We first present our implementation choices
and experimental scenarios. Then, we discuss the results and provide some remarks.

Implementation codes are available at [198].

7.7.1 Implementation Details

We implement one iteration of the popular PageRank algorithm (Example 7.1), for
a real-world graph as well as artificially generated graphs. For real-world dataset, we
use TheMarker Cafe Dataset [183]. For generating artificial graph datasets, we use the
Erdos-Rényi model, where each edge in the graph is present with probability p. We

consider the following three scenarios:

e Scenario 1: We use a subgraph of size n = 69360 of TheMarker Cafe Dataset
[183]. The computing cluster consists of K = 6 servers and one master with

communication bandwidth of 100 Mbps at each server.

e Scenario 2: We generate a graph using the FErdoés-Rényi model with n = 12600
vertices and p = 0.3. The computing cluster consists of K = 10 servers and one

master with communication bandwidth of 100 Mbps at each server.

e Scenario 3: We generate a graph using the Erdos-Rényi model with n = 90090

vertices and p = 0.01. The computing cluster consists of K = 15 servers and one
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master with communication bandwidth of 100 Mbps at each server.

For each scenario, we carry out PageRank implementation for different values of
the computation load r. The case of r = 1 corresponds to the conventional PageRank
implementation, where each vertex i € V = [n] is stored at exactly one server and
My = Ry, for each server k € [K], i.e. the Map and Reduce tasks associated with any
vertex ¢ take place in the same server. For » > 1, we increase the computation load until
the overall execution time starts increasing.

We now describe our implementation choices. We use Python with mpi4py package.
In all of our experiments, master is of type rd.large and servers are of type m4.large.
For Scenario 2 and Scenario 3, we use a sample from the Erdos-Rényi model. This
process is carried out using a c4.8xlarge server instance. For each scenario, the graphs
are processed and subgraph allocation is done as a pre-processing step. For r = 1, the
graph is partitioned into smaller instances which have equal numbers of vertices. Each
such partition consists of two Python 1ists, one that consists of the vertices that will be
Mapped by the corresponding server, and the other one that consists of the neighborhood
information of each vertex to be Mapped. The position of the neighborhood tuple in
the neighborhood 1ist is same as the position of the corresponding vertex in the vertex
list, so that one can iterate over the two together during the Map stage. For r > 1, the
graph is divided into (I: ) batches, where each batch consists of equal numbers of vertices.
Then each batch is included in the subgraph of the corresponding set of r servers. This
way, we get a a computation load of r.

The overall execution consists of the following phases:

(1) Map: Without loss of generality, the rank for each vertex is initialized to % Each
server goes over its subgraph and Maps the rank associated with a vertex to in-
termediate values that are required by the neighboring vertices during the Reduce
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stage. Each intermediate value consists of key-value pair, where the key is an in-
teger storing the vertex ID, while the value is a real number storing the associated
value. Based on the vertex ID, the intermediate value is associated with the parti-
tion where the vertex is Reduced, which is obtained by hashing the vertex ID. For

each partition, a separate 1ist is created for storing keys and values.

Encode/Pack: In conventional PageRank, no encoding is done as the transfer
of intermediate values is done directly. For r > 1, coded multicast packets are
created using the proposed encoding scheme. Transmission data is serialized before

Shuffling.

Shuffle: At any time, only one server is allowed to use the network for transmission.
In conventional PageRank, each server unicasts its message to different servers,
while for » > 1, the communication takes place in multicast groups. For any
multicast group, each server takes its turn to broadcast its message to all the

remaining servers in the group.

Unpack/Decode: The messages received during the Shuffle phase are de-serialized.
For r > 1, each server decodes the coded packets received from other servers in ac-
cordance with the proposed coded scheme to recover the intermediate values. After
the decoding phase, all intermediate values that are needed for Reduce phase are

available at the servers.

Reduce: Each server goes over its set of vertices that it needs to Reduce and
updates the corresponding PageRank values. In conventional PageRank, for any
vertex ¢ € )V, the Map and Reduce operations associated with it are done at the
same server. Therefore, no further data transmission is needed to communicate

the updated ranks for the Map phase in next iteration. In the proposed coded
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Figure 7.8: Overall execution times for distributed PageRank implementation for different
computation load for the three scenarios.

scheme, message passing is done in order to transmit the updated PageRanks to

the Mappers.

Next, we discuss the results of our experiments.

7.7.2 Experimental Results

We now present the results from our experiments. The overall execution times for the

three scenarios have been presented in Figure 7.8.2 We make the following observations

from the results:

e As demonstrated in Figure 7.8(a), maximum gain for Scenario 1 is obtained with

a computation load of » = 5. Our proposed scheme achieves a speedup of 43.4%

2The Map time includes the time spent in Encode/Pack stage, while the Unpack stage is combined
with Reduce phase.
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over conventional PageRank implementation (r = 1) and a speedup of 25.5% over

the single server implementation (r = 6).

e For Scenarios 2 and 3, the optimal gain is obtained for r = 4, after which the
overall execution time increases due to saturation of gain in Shuffling time and
large Map time. As demonstrated by Figure 7.8(b) and Figure 7.8(c), our proposed
scheme achieves speedups of 50.8% and 41.8% for Scenarios 2 and 3 respectively,

in comparison to the conventional PageRank.

e As demonstrated by Figure 7.8, Shuffle phase dominates the overall execution time
in the naive implementation of PageRank. By increasing the computation load,
our proposed coded scheme leverages extra computing in the Map phase to slash

the Shuffle phase, thus speeding up the overall execution time.

e Theoretically, we demonstrated that by increasing the computation load by r, we
slash the expected communication load in Shuffle phase by nearly r. Here, we
empirically observe that due to large size of the graph model, we have a similar
trade-off between computation load and communication load for each sample of the

graph model as well.

e While the Map phase increases almost linearly with r, the overall gain begins to
saturate, since the Shuffle phase does not decrease linearly with . This is because
as we increase r, the overheads in multicast data transmissions increase and start to
dominate the overall Shuffling time. Furthermore, unicasting one packet is smaller

than the time for broadcasting the same packet to multiple servers [173].

Remark 7.14 The overall execution time can be approximated as follows:

TTotal(T) ~ TTMap + TShuﬁ‘le/T + TReduce7 (716)
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where Thrap, Tshume and Treuce are the Map, Shuffle and Reduce times for the naive
MapReduce implementation. For selecting the computation load for coded implementa-

tion, one heuristic [113] is to choose r that is the nearest integer to the minimizer r* of

T
p* — | Shuffle arg min Trouq (7).
TMap r

For instance, in Scenario 2, Ty, = 1.649, Topyme = 43.78 and r* = 5.15. As demon-

(7.16) where

strated by Figure 7.8(b), a computation load of r = 5 gives close to the optimal perfor-

mance attained at r = 4.

7.8 Concluding Remarks

We described a mathematical model for graph based MapReduce computations and
demonstrated how coding theoretic strategies can be employed to substantially reduce the
communication load in distributed graph analytics. Our results reveal that an inverse-
linear trade-off exists between computation load and communication load in distributed
graph processing. This trade-off can be used to leverage additional computing resources
and capabilities to alleviate the costly communication bottleneck in distributed graph
processing systems.

As a key contribution of this work, we developed a novel coding scheme that sys-
tematically injects structured redundancy in the computation phase to enable coded
multicasting opportunities during message exchange between servers, reducing the com-
munication load substantially in large-scale graph processing. For theoretical analysis,
we considered random graph models, and proved that our proposed scheme enables an
asymptotically inverse-linear trade-off between computation load and average normal-

ized communication load for two popular random graph models — Erdos-Rényi model,
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and power law model. Furthermore, for the Erdos-Rényi model, we provided proof for
a matching converse, showing the optimality of our proposed scheme. We also carried
out experiments over Amazon EC2 clusters to corroborate our claims using real-world
as well as artificial graphs, demonstrating speedups of up to 50.8% in the overall execu-
tion time of PageRank over the conventional approach. Additionally, we specialized our
coded scheme and extended our theoretical results to two other random graph models —
random bi-partite model, and stochastic block model. Our specialized schemes asymp-
totically enable inverse-linear trade-offs between computation and communication loads
in distributed graph processing for these popular random graph models as well. We
complemented the achievability results with converse bounds for both of these models.
Lastly, we note that we focused on subgraph allocation and Reduce allocation schemes
that are oblivious to graph realizations. Our motivation came from popular graph pro-
cessing frameworks such as Pregel [19], where partitioning of graphs is solely based on
the vertex ID and not on the vertex neighborhood density. Also, designing subgraph al-
location, Reduce allocation and Shuffling schemes for characterizing the minimum com-
munication load in (7.2) is NP-hard in general. It might, however, be an interesting
future direction to explore the development of coded schemes that allocate resources

after looking at the graph.
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Appendix A

Supplements to Chapter 2

A.1 Proof of Theorem 2.1

We first introduce some additional notations which will be used throughput the proofs.
Additional notations. For each period k =0,1,--- , K—1 and iterationt =0,1,--- , 7—

1 we denote

_ 1 (i) >
Wit = Wi + Z Q (W;m wi ),

1ESE
~ 1 i
Wiyl = Wi + ” Z Q (W;(f)f - Wk) )
1€[n]
1 (i)
Wi = — . Al
sz,t n Z Wk,t ( )

i€[n]

We begin the proof of Theorem 2.1 by noting a few key observations. Based on
the above notations and the assumptions we made earlier, the optimality gap of the
parameter server’s model at period k, i.e. E||wy1 — w*||2, can be decomposed as stated

in the following lemma.

Lemma A.1 Consider any periodk = 0,--- , K—1 and the sequences {Wg11, Wi+1, Wk.r }
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generated by the FedPAQ method in Algorithm 2.1. If Assumption 2.1 holds, then
. N ~ 2 _ 12
E||wii1 — w*|° = E||wi —Wk+1l|2—{—]EHWk+1 —wa” +E|| Wy, —w || . (A2)

where the expectation is with respect to all sources of randomness.

Proof: See Section A.1.1. [ |
In the following three lemmas, we characterize each of the terms in the right-hand

side (RHS) of (A.2).

Lemma A.2 Consider the sequence of local updates in the FedPAQ method in Algorithm
2.1 and let Assumptions 2.2, 2.3 and 2.4 hold. The optimality gap for the average model
at the end of period k, i.e. Wy ,, relates to that of the initial model of the k-th period wy,

as follows:

2 2
_ ) - . o o
E|[wrr —w[|" < (1 mmf) (1= i) Ellwye — w*||* + 7(7 = 1P LP— e + 7

+ 71 = 1) L*oeny, (A.3)
for the stepsize m, < min{45, 7=}
Proof: See Section A.1.2. [ |
Lemma A.3 For the proposed FedPAQ method in Algorithm 2.1 with stepsize n, <
min{ 5, LLT} and under Assumptions 2.1, 2.2, 2.3 and 2.4, we have

2 2
~ _ 2 q « g ag
E|[Wier = Wir || < 20 P LBl wi — W + 207° o + 2(r = )7L e, (Ad)

where W41 and Wy, are defined in (A.1).

Proof: See Section A.1.3. [ |
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Lemma A.4 For the proposed FedPAQ method in Algorithm 2.1 with stepsize n, <

min{ s, 7- LY and under Assumptions 2.1-2.4, we have

EHWkJrI _V/C’kJrlHQ

n—r

< —T(n — 1)8(1 + q){ﬂ[ﬁniEHWk — W*H2 n 7_20277]% (- 1)7_2L202€77;§}’ (A.5)

where r denotes the number of nodes contributing in each period of the FedPAQ method.

Proof: See Section A.1.4. [ |
Now that we have established the main building modules for proving Theorem 2.1,
let us proceed with the proof by putting together the results in Lemmas A.1-A.4. That

is,
*|2
Ellwiir — w|

. . g n-—r
<E|w — w*||? ((1 +nnp) (1 — pnw)” + 2L%7%n; (5 + m4(1 + Q)>)

2
nin—r
+ (1+2q+8(1+q) (( 1))) —7 nk+L2%eT(T—1)2n,§

+ (n +2g+8(1+ Q)Z((Z '8) L2—e(7 — 1) (A.6)

Let us set the following notations:

Op = E||jwy — W*H2 ,

Co=(1+nm2) (1 — ) +202722 (44 27" 41
o= (14 nm;) (1 — pme)” + 2077203 i — (1+q)),
o

16 n(n—r)\ o
=— (142 1 —_ | —
Ch M2< +2¢ + 8( +q)r(n_1)> —
1
0, = 6L20
pron
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256

_ 2
Cs = n (n +2q+8(1+ Q>M) 2Ze. (A7)

(n—1) n

Consider Cj, the coefficient of E|[w; — w*||* in (A.6). One can show that if the condition
in (2.11) in Theorem 2.1 is satisfied, then we have Cy < 1 — 2p7m;, (See Section A.1.6).
Therefore, for each period k > kg we have

1 ,LL2 N’2 /‘L4
5k+1 S (1 — 5/“—77’6) 5k + 1—6017'27]]3 + 1—6027'<7' — 1)277]% + %03@' — 1)7’%7:. (AS)

Now, we substitute the stepsize n, = :’T‘:l in (A.8) which yields

G T Gy T TE Gy o

(A.9)

2 1 (r—12 1 T—1 1
< - -
1 < (1 k+1/f>

In Lemma A.5, we show the convergence analysis of such sequence. In particular, we
take k; = 1/7, a = C1 4+ Cy(1 — 1)?/7 and b = C3(7 — 1) /7% in Lemma A.5 and conclude
for any k > kg that

(ko +1/7)? 1 (r—1)2 1 T—1 1

Gri/mz e PO T s T T E Gr e

5 < (A.10)

Finally, rearranging the terms in (A.10) yields the desired result in Theorem 2.1, that is

* (kT+1)2 * T (7_1)2 T 1
Ellwi —w'[* < Sy Bl — W+ O + O 4 G
(A.11)

A.1.1 Proof of Lemma A.1

Let Fj+ denote the history of all sources of randomness by the ¢-th iteration in period

k. The following expectation arguments are conditional on the history Fj, which we
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remove in our notations for simplicity. Since the random subset of nodes Sy is uniformly

picked from the set of all the nodes [n], we can write

1 ;
Es,Wry1 = Wi + Esk; Z Q (W;(g)T - Wk)

€Sk
1 i
|S|=r

1 1/n—1 i
=t gy (1) e (v - w)

r i€[n]
:wk—i-—ZQ(w,(c)T—wk)

i€[n]
— 1. (A.12)

Moreover, the quantizer Q(-) is unbiased according to Assumption 2.1, which yields

1 .
Eo Wit = Wi + — JEQ(W(”_W>

1€[n]
1 ,
_ - (@)
- n Z Wk7T
1€[n]
. (A.13)

Finally, since the two randomnesses induced by the quantization and random sampling

are independent, together with (A.12) and (A.13) we can conclude that:

w12

Ellwgy1 — W*HQ = IE3||Wk+1 — Wil + Wiyt — Wir + Wi — W

= E|wir1 — Wit |* + B[ Wep — %o |+ E|[Wer — w|T. (A14)
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A.1.2 Proof of Lemma A.2

According to update rule in Algorithm 2.1, local model at node ¢ for each iteration

t=0,---,7—1of period k=0,---, K — 1 can be written as follows:

Wi(ﬂi,zﬁ—i-l = Wl(czt kvfz (Wk t) ) (A.15)

where all the nodes start the period with the initial model W,(Ciz) = Wwyg. In parallel, let us

define another sequence of updates as follows:

Bri+1 = Bre — V[ (/Bkt) ; (A.16)

also starting with ;o = wy. The auxiliary sequence {fy} represents Gradient Descent
updates over the global loss function f while W,(;i captures the sequence of SGD updates
on each local node. However, both sequences are initialized with wj at the beginning
of each period k. To evaluate the deviation HW,M — W*H2, we link the two sequences.

In particular, let us define the following notations for each £k = 0,--- K — 1 and t =

0, ,7— L

ekt——ZVfl (wkt) VI (Bry) - (A.17)

i€[n]
One can easily observe that Ee,o = 0 as Wk0 Bro = Wy and Vfl is unbiased for Vf.
However, Ee,; # 0 for ¢ > 1. In other words, %Zie[n] \Y fz(wkzi) is not unbiased for

Vf(Brt). We also define e = ex o+ -+ +ex,—1 and g = V[ (Bro) + - + Vf(Brr-1)-

Now, the average model obtained at the end of period k£ can be written as

W= 3wl

i€[n]
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1 ~ . 1 ~ .
_ _ - : (Z)) a2 , ( () >
wim e | oSSV (W) e SV (i
i€ln] i€[n]

Therefore, the optimality gap for the averaged model can be written as

]EHW’WF —-w"

= Ellwi — g — wF — 20E (Wi — g — W, e) + 17E e[
< E||wg — g — W
+ el — e — W+ [Ee
+ n2E e

a2 1
= (1+n}) Ellwi — mige — w*|* + EHE%H2 +niElle]®,  (A.19)

where we used the inequality —2(a,b) < aflal|* + o ||b||* for any two vectors a, b
and scalar a > 0. In the following, we bound each of the three terms in the RHS of

A.19). First, consider the term ||wj, — npgr — W* ? and recall the auxiliary sequence
Ui

{Bk+} defined in (A.20). For every ¢t and k we have

1Beeer = || =|Bre = eV F(Brr) — w||°

= 18re = W*||” = 20 (B — WV (Brn)) + 2|V B ||

< (1= 2pmn + LPn}) || By — w* ’

< (1 — )| B — W] (A.20)

In the above derivations, we used the facts that f is pu-strongly convex and its gradient

is L-Lipschitz (Assumptions 2.2 and 2.4). The stepsize is also picked such that 7, < /5.
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Now, conditioned on the history Fj o and using (A.20) we have

2

*

Wi, — g — W =||Brr — W
<(1- Mnk)THﬁk,O — W*Hz

= (1 — )"l we — w™[|* (A.21)

Secondly, consider the term ||Ee||” in (A.19). By definition, we have Eej, = Eeg +-- -+
Eey.._1 and hence ||Ee||* < (1 — 1)H]Ee/y€71||2 +oee (T = 1)HEek17_1Hz. The first term

HEekJW can be bounded using Assumptions 2.2 and 2.3 as follows:

2
1 = i
HEek,1H2 = ZEVfi (W;(g)1> —Vf (Bra)
1€[n]
2
1 i
== > BV (wh)) = O (Bea)
i€[n]
1 (i) i
<33 ]EHVf (wih) = V7 (5)
en
Lo, ( 2
<-L ZE Wi — Bra
1€[n]
1 ; ’
=17 Z E (W,% — V[ <W;(;)0)> - (5k,0 —mVf (5ko)>
i€[n]
~ 2
= —L% Y E|[Vfi(wi) = VS (wi)|
i€[n]
< L*o’n;. (A.22)
In general, for eacht =1--- 7 — 1 we can write

2

Lo, (o
[BowaF = | - 89, (wf2) - 97 5k
1€[n]
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n
i€[n]
1 : 2
< o Eva <WI(cZ)t> -Vy (/Bkt>
i€[n]
1 i 2
< =123 E|wl) - | - (A.23)
i€[n]

2
. In the following, we will derive a recursive

Let us denote ag; == % Zie[n} ]EHW;(Q — Bt

bound on a;. That is,

1 i 2
Uy = — > EHWQ — Byt

i€[n]
:_ZE (w’ 77ka,< 7)—"'—77k6fi (Wl(glztl>>
1€[n]

2

- <5k,0 — V[ (Bro) — - —mVf (5kz,t—1))

2

B[V fi (W) = VF (Buo) + -+ Vi (W) = 9 (Bue)

i€[n]
2
<o+t S|V f (W) =V (Bia) + o+ V(W) 9 ()
i€[n]
<o+t S|V h (wh) - 9 (W) + 95 (i) - VF (8)
i€[n]

2

)

2

et VI (W) = VI (wis) + 9 (W) = 9 (Br)
(

vf w,i?l) VI (Ben) +--Vf (wg;l) — Vf (Brs)

1
<tifpo’ + i ) B
i€[n]

2 2

4+ (t— 1) L7 E:E

ze[n

WZ -1 Bktl

1
<tnio® + (t — 1)L277,%E E
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= tnpo”® + (t — 1) L°n; (arg + -+ + axg—1)

< Tnpo” + 7L (aky + -+ + axga) - (A.24)
Therefore, for the sequence {ay1,- - , a1} we have shown that
apt < ™io® + 7L} (am + -+ ak,t_l) , (A.25)

where a; 1 < o?nf. We can show by induction, that such sequence satisfies the following

inequality:

aps < TRo? (1 + TL2772)t_1 (A.26)
See Section A.1.5 for the detailed proof. Therefore, we have
[Eex||* < (7 — 1)||Eepa||” + - + (r — 1)||Eers ||
<(r=1)L*(ar+ -+ arq)
<7(r =1Ly (1 + TL2772)T . (A.27)
Now, we use the inequality 1 + x < e* and conclude that
|Bey||* < 7(7 — 1)2L2c>nie” Fk. (A.28)
Therefore, if 72L*n? < 1, we have
|Eex||> < 7(7 — 1)2L%c2en?. (A.29)
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Finally, we bound the third term in (A.19), that is E||e,||>. Using the definition, we know

that E||ekH2 < TEHek’OW + -+ TE||ek7T,1||2. Firstly, note that

2

Ellewol” = B - 3097 (W)~ VF (5ko)
i€[n]
2

—E||- 3 Vi () — Vi ()

i€[n]

2
<7 (A.30)

n .

Foreacht=1,--- ,7 — 1 we have

I, (o
Ellewe| = E| = >~ Vi (wil)) = V£ (B)
i€[n]
2
1 7 7 1 %
55 (wl) - 1 (wl2) 2 59 () - 7 5
o? 1 2
< — 4+ I%= EH -
= + n Z Wit 5kt
i€[n]
o2
T IRy, (A.31)
n
Summing over t = 0,1,--- ,7 — 1 results in the following

2 2
E||ek||2 < TEHek,OH + -+ TEHek,T—1H
o2
STQ—+TL2(CL1+"'+(I7—_1)
n
o? -
<P — + 7131 - 1)Ly} (1 + TL277]3)
n
o2
<12 — + 731 — 1)L*c%en;. (A.32)

n
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Now, we can put everything together and conclude Lemma A.2, as follows

1
B[|Wir —w*[|* = (1 ) Ellwic — megic = wII* + —[|Eex|* + niEl e
< (L) (1= )" Efwy, — w|?

0'2 g
+ 1212l e 4 222
(1 —1) e+ T

+ 7% (1 — 1) L*c?en}. (A.33)

A.1.3 Proof of Lemma A.3

According to the notations defined on (A.1), we can write

2

~ 1 i 1 i
E”Wk+1_wk,7“2:E Wk_f—EZQ(W](‘UZ'_Wk) _EZW’(%L
1€[n]

i€[n]
2

1 . )
:E_E: <(1)_ )_((Z)_ )
n Q Wk,‘r Wi Wk,T Wi

1€[n]
1 - 2
- S (Wi - w) - (w - w)
i€[n]

, (A.34)

1 i
Do

where, we used Assumption 2.1. In particular, the last equality above follows from the fact
that the random quatizer is unbiased and the quantizations are carried out independently
in each iteration and each worker. Moreover, the last inequality in (A.34) simply relates

. 2
the variance of the quantization to its argument. Next, we bound EHWS)T — wkH for
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each worker 7 € [n]. From the update rule in Algorithm 2.1 we have

wih = wi = (T8 (wih) o 91 (w0 )

= Wi — Nk <gk + e;@) , (A.35)
where we denote
e,(f) =V (W,%) —Vf (Bro) +--- + v/ (W,(i)f,1> —Vf (Brr-1) (A.36)

and gy = Vf(Bro) + -+ Vf(Brr—1) as defined before. Using these notations we have

2

Ellw® — w.ll’ = 2F (0
Wiy — Wi|| =L 8k + ey

12
< 20} lgel* + 207E e (A.37)
Let us first bound the first term in (A.37), i.e. ||gk|°. That is,
2 2 2
lgill” < 7|V (Bro)||” + -+ + 7|V (Bryr—1) |

(@) ~ *

€1 (i — w4 (L ) i~ w )

< 7L |lw — W (A.38)

where we used the smoothness of the loss function f (Assumption 2.2) and the result in

2
(A.20) to derive inequality (a). To bound the second term in (A.37), i.e. E‘ efj) , we

can employ our result in (A.32) for the special case n = 1. It yields that for n, < -1,

T

112
EHe,(;) <120 + 73 (1 — 1) L*c’en;. (A.39)
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Plugging (A.38) and (A.39) in (A.37) implies that
, 2
EHW](CZZ' - WkH <27 L*n2E||wy, — w*||° + 272072 4 2(1 — 1)72L%0%en;, (A.40)
which together with (A.34) concludes Lemma A.3:

2 2
E|| Wi — W,MH < 2— 2L%02E || wy, — w*||” + 2q7‘2%n2 + 2q(T — 1)7‘2[/2%677;: (A.41)

A.1.4 Proof of Lemma A.4

For each node i € [n] denote ZEJ)T = Q(w,(j)T —wy) and zy,, = %Zle[n] z,” Then,

N 1 -
Es, [|Wit1 — Wk+1||2 = Es, r Z Zl(cz,)r — Zg,r

1€S)
2
1
= ’)“_2E8k Z ﬂ{Z c Sk} ( — 75 .,-)
i€[n]
1 . 2
= r_2{ ZPrzESk 7\
i€[n]

ZPrz je Sk< — sz,z,(j)T Z,“> }
2753
or-l W _ o G) o
g r— ; (2, = Zr ) ~ 70 )

T oor ZHZ’”__

1€[n]
, (A.42)

1 A
REESANAL .
r(n—1) ( n) Zez[:] k,

n
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where we used the fact that HZ’” — Zr

+ Zz;,sj <Zk)7 - ZkT,Z,(C)T z ,T> = 0. Further

taking expectation with respect to the quantizer yields

g <2 Blaf [ + 2nmg | |

i€[n] i€[n]

2

(A.43)

In the above derivations, we used the fact that under Assumption 2.1 and for any w we
have IEHQ(W)H2 < (14 q)||w]||>. Therefore, (A.43) together with the equality derived in
(A.42) yields that

- 1 T
E||wiit — Wi |2 < e (1 - ﬁ) 4(1 +q) ]EHWh - wkH (A.44)

r(n N i€[n]

Finally, we substitute the bound in (A.40) into (A.44) and conclude Lemma A.4 as

follows:

n—r

= r(n—1)

E|[Wii1 — Wit || 8(1+¢q) {TsznQEHWk —w P+ 2 + (1 1>T2L20'2€?74} :

(A.45)

A.1.5 Proof of Equation (A.26)

Let us fix the period k& and for simplicity of the notations in this proof, let us take
ar = ap; and n = 1. We showed that a; < ™?c? + 7L*n?* (ay + -+ + a;_1) for every

t=2,---,7—1and also a; < n?c? For t =1, (A.26) holds. Assume that (A.26) holds
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also for {ay, -+ ,a;_1}. Now, for a; we have

a; < ™o + 1L (ay 4+ -+ aiy)

< rPo? + 7L §7‘7720'2 (1+ TL2772)i
i=0
2 2 2 2 0o (1+ TL2772)t—1 —1
=T1n°c”+T1n°c”-TL"n" - Sy
=1n’o” (1+ TLQnQ)tfl : (A.46)

as desired. Therefore, (A.26) holds for every t =1,--- , 7 — 1.

A.1.6 Discussion on stepsize 7

Here we show that for any & > kg we have Cy < 1 — % uTng, where ko satisfies the

condition in Theorem 2.1, that is

L (B 1 4
ko> dmaxd =4 2L 41), = 2L (A.47)
AN T pAT

First note that this condition on ky implies the following conditions on the stepsize

471
nk:#“forkaO:

1 Iz e
nkTSmln{z,m}, and nkgmm{L— —} (A.48)

Now consider the term (1 — ung)™ in Cp. We have

(1 — py)" = (1 - mm)f

T

< e—l“'ﬂk
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<1 — prm + 27003, (A.49)

where the first inequality follows from the assumption 7, < % and the second inequality

uses the fact that e <1+ x + 22 for x < 0. Therefore,

Co < (L+mnng) (1 — prmw + p*7%n) + Bt

=1 — prng + T°0(By + 1) + it (1 — proy, + p*7207) - (A.50)

Note that from the assumption 7, < % we have 0 < purn, < % < 1. This implies that

1 — prne + 720 < 1. Hence,

Co < 1— primy + 721 (By + %) + ngg. (A51)
Now from the condition 7,7 < m we have
2 2 2 1
T0i(Br 4 1) < Juti, (A.52)
and from 7 < ﬁ we have
9 1
g < JHT, (A.53)

sine 7 > 1. Plugging (A.52) and (A.53) in (A.51) yields that for any k& > ko we have

CO S 1-— %ILLT’I]]f
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A.1.7 Skipped lemmas and proofs

Lemma A.5 Let a non-negative sequence 0y satisfy the following

2 a b
G < [1— ) A.54
’“*1—( k+k1) k+(k:+k:1)2+(k+k1)4’ (A.54)

for every k > ko, where a, b, c, ki are positive reals and kq is a positive integer. Then for

every k > ko we have

(k0+k1>2 4 a 4 b
k+k  (E+k)?*

(A.55)

Proof: We prove by induction on k > ko. The claim in (A.55) is trivial for k = k.

Let (A.55) hold for s > ko, that is

ko + k1)? b

ds < :
s+ki o (s+kp)?

5= (8—|—I€1)

(A.56)

We can then write

s (1-—2 )5+ 4 0
= s+k) " sk (s+k)?

<<1— 2 ) otk )y 0 b L0 b
= stk )\ (s+k)2 ™ stk (s+k)2) " (s+k)? (st k)t

S+l€1—2 9 S—{—k’l—l (S+]€1—1)2
= —— (ko + k)"0, + b. A.57
(s +k1)? (o K1), (s + k1)? ¢ (s+ ki) ( )
Now, take s’ = s + k;. We have for s’ > 1 that
s —2 1 s'—1 1 (s — 1) 1
< < < . A.
s T (¢ +1)% s2 T 5 +1 st T (s +1)2 (A.58)

Plugging (A.58) in (A.57) yields that the claim in (A.55) holds for s 4+ 1 and hence for
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any k > k. [ |

A.2 Proof of Theorem 2.2

We begin the proof of Theorem 2.2 by noting the following property for any smooth

loss function.

Lemma A.6 Consider the sequences of updates {Wy.y1, Wg11, Wk -} generated by FedPAQ

method in Algorithm 2.1. If Assumptions 2.1 and 2.2 hold, then

L. o L. .
Ef(Wi1) < Ef(Wi,) + EEHwkﬂ _ wk,T||2 4 511«:”%+1 —wil?, (A.59)

for any period k =0,--- | K — 1.

Proof: See Section A.2.2. [ |

In the following three lemmas, we bound each of the three terms in the RHS of (A.59).

Lemma A.7 Let Assumptions 2.2 and 2.3 hold and consider the sequence of updates in

FedPAQ method with stepsize 1. Then, for every period k =0,--- , K — 1 we have

T—1

Ef(Wi.) <Ef(w) — %n S TE|V @)

2n  2n
0 i€[n]
L o? 2 -1
+n2§a T+t (n+1) (72 >L (A.60)
Proof: See Section A.2.3. [ |
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Lemma A.8 If Assumptions 2.1 and 2.3 hold, then for sequences {Wyi1, Wy .} defined
in (A.1) we have
T—1

o~ 2 1
E[[ @it = Wo||” < 070 + g5’ ZH >
1en) 1=

2

v/ (wih) (A.61)

Proof: See Section A.2.4. [ |

Lemma A.9 Under Assumptions 2.1 and 2.3, for the sequence of averages {Wyy1} de-

fined in (A.1) we have

2

v (wi)

T—1
1 T
El#,., — 2o~ (1--)401 2ry? 2
s —wmnl” < S (12 5) a4 ) o 4 325
(A.62)

Proof: See Section A.2.5. [ |
After establishing the main building modules in the above lemmas, we now proceed
to prove the convergence rate in Theorem 2.2. In particular, we combine the results in

Lemmas A.6-A.9 to derive the following recursive inequality on the expected function

value on the models updated at the parameter servers, i.e. {wy:k=1,--- K}:
1 T—1
_ 2
Ef(wii1) <Ef(wi) — §TIZEHVf(Wk,t)||
t=0
L (1t ra T (14 2027 (1 — 1)’
—n— 11— —qT +4———— T|n— T(T —
Ton n? r(n—1) o) 1
T—1 2
X Z ZEHVf (W,(;)t)
t=0 ig[n]
I 2 2, _ 2 _1
+ P51 +q) (‘% el o ;") + T (m o+ 1)7(72 li2 (a6
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For sufficiently small 7, such that

1~ Ly—1L (%q + 4%(1 + q)) i — 2L (1 — 1) > 0, (A.64)
we have
T—1
Ef(wis) < Ef(wi) — 20 3 B||V (%)
t=0
+ 7725(1 +q)7 (—2 + 40722 - :) P Lar 1)7(72_ Ji2 (ae)

In Section A.2.1 we show that if the stepsize is picked as 7 = 1/LvT and the T ans 7 satisfy
the condition (2.16) in Theorem 2.2, then (A.64) also holds. Now summing (A.65) over

k=0,---,K —1 and rearranging the terms yield that

K—17-1
n E”Vf Wkt

k=0 t=0

}—l
q

DN | —

Sf(Wo)—f*+K77

ho | t

2 2
- 1
(14 q)7 (2 +4U—”_:> +K173%(n+ I)MLQ,

(A.66)

or

1 K—-17-1 )
= 2 D B[V
k=0 t=0
2 — 2 - ’
<2 ‘;’27 7 np+g ((; +47Z_:> TP+ 1) - DL’ (A6T)

Picking the stepsize n = 1/LvT = 1/LvK7 results in the following convergence rate:
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2L(f(wo) — f*) o2 o*n—-r\ 1 o3 T—1
< \/T —|—(1—|—q) (?4_?%—1)%—1_?(”_‘_1) T (A68)

which completes the proof of Theorem 2.2.

A.2.1 Discussion on stepsize 7

Here, we consider the constraint on the stepsize derived in (A.64) and show that if n
is picked according to Theorem 2.2, then it also satisfies (A.64). First, let the stepsize

satisfy 1 — Ln > 0.1. Now, if the following holds

n—r

L (%q + 4m(1 + q)) ™+ 2L*(tn)* < 0.1, (A.69)

the condition in (A.64) also holds. It is straightforward to see when (A.69) holds. To do

so, consider the following quadratic inequality in terms of y = n7:

2L%y* + LByy — 0.1 <0, (A.70)
where
By= g+ 4" (144 (A.71)
2=t r(n—1) 0 '

We can solve the quadratic form in (A.70) for y = n7 which yields

2 _
VB +08- By (A7)

= AL

This implies that if the parameter 7 and the stepsize n satisfy (A.72) and n < 09/, then

the condition (A.64) is satisfied. In particular, for our pick of n = 1/Lv7, the condition
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n < 09/r holds if T > 2; and the constraint in (A.72) is equivalent to having

B2 S —B
F< 2+§8 2T (A73)

A.2.2 Proof of Lemma A.6

Recall that for any L-smooth function f and variables w, w’ we have
’ ’ ’ L 1112
f(w)§f(w)+<Vf(w),w—w>—|—§Hw—W|| . (A.74)
Therefore, we can write

f(Wig1) = f(Weg1 + Wi1 — Wi

N N N L N
< F(Wig1) + (VI (Whi1), Wi — Wigr) + §||Wk:+1 — Wil (A.75)

We take expectation of both sides of (A.75) and since Wy is unbiased for wy 1, that is

Es, Wii+1 = Wiyt (See (A.12)), it yields that
~ L. 9
Ef(Wit1) < Ef(Wirr) + SE[Wirr — wi 7 (A.76)
Moreover, Wy is also unbiased for Wy, ,, i.e. EqWi11 = Wy, (See (A.13)), and since f

is L-smooth, we can write

L

Ef(Wii) < Ef (Wir) + 5E[ Wi — Wi

, (A.77)

which together with (A.76) concludes the lemma.
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A.2.3 Proof of Lemma A.7

According to the update rule in Algorithm 2.1, for every t = 0,--- , 7 — 1 the average

model is

I e (o
Wk,t+1 = Wkﬂg — 775 Z Vfl (W,i;) . <A78)

i€[n]

Since f is L-smooth, we can write

J(Wia1) < f(Wre) =1 <Vf Wit), Z Vi ( kot >> 0 g % Z v/ <W](;1>

Zg[n] i€[n]
(A.79)
The inner product term above can be written in expectation as follows:
1 _ i
<Vf Fs), ZVfZ ( >> =~ 2K <Vf(wk,t),Vf (w,i}t>>
Ze[n] i€[n]
_ 1 N
= B[ Vi) + 3 EHV f (wi))
i€[n]
2
1 Z HW Wii) — VI <wkt> . (A.80)

lG [n]

where we used the identity 2(a, b) =||a||* 4|/b||* —|ja — b||* for any two vectors a, b. In
the following, we bound each of the three terms in the RHS of (A.80). Starting with the

third term, we use the smoothness assumption to write

2

2
< L?

. ()]
Wikt — Wiy

Hv i) =V f (wil) (A.81)
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Moreover, local models W,(fi and average model Wy, are respectively
R (6 Fiw) + V£ (w0) 4+ 4 O (W,g{;_l)) , (A.82)

and

Wit = Wiy — Z V fi(wg) Z Vfilw ( kol ) s % Z 6fj (Wl(c{z—l)

" je [n] " je [n] j€ln]

(A.83)

Therefore, the expected deviation of each local model form the average model can be

written as

— Ol
]EHWM — Wi}

<oE| - SV h )+ SV (W) o SV (wiL)

j€ln) jeln) jeln)

2] ) + 5 () -+ 5 ()|

2

<o [ 12 4| LS Vst + 23w (W) +-

j€(n] JE[n]

+ 21 <t02+HVf(wk)+Vf (w,i)1> +Vf

vi(wi)| +

oo 4+ ot <||v Fow)||” +HVf (wih)

2

< 2t ZHVfwk )|+ = Z

Je[n JE[n}

2

aE
)
e
<

+HVf wi)
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Summing (A.84) over all the workers i € [n] yields

— @1
Z EHWM — W

i€[n]

2

< 2te® + 2%t [ S| Vw) P+ Y Vf(Wkl) toot > O|VE (W) 1)
Jj€n] j€(n] Jj€(n]
2 ‘ 2
it [ Sgesolf + 3o (v e 5o (v
i€[n] i€[n] i€[n]
= 2n*ta*(n + 1)
+ At V(WD) e DV (W) (A.85)
Jj€ln] Jjeln] Jjeln]
Finally, summing (A.85) over ¢t = 0,--- ,7 — 1 results in the following:
T—1 92
5 5" Bl w!
t=0 i€[n]
7—1
<2Pci(n+1)) t
=0
7—1 2
) .
ar S [ el v () [+ e (wi)
t=0 j€ln) j€[n] Jj€ln]
—2 2
<o (n+ Dr(r — 1) <w i ) (A.86)
=0 i€[n]
Next, we bound the third term in (D.1). Using Assumption 2.3 we have
2 2
1 - ,
ol 5o (vt -l wr (i) - (wit) = ¥4 (wi)
nZVﬁ(wk’t E(-S"vi(w Zv]z w) - vs(w?
i€[n] i€[n] lE[n]
oy .o’
<-SE|vr(wi)| +Z A.87
33> vr (wi)| + 2 (A7
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Summing (A.87) over iterations t = 0,--- ,7 — 1 yields

2

T—1 2
L 1 nd i L O'2
t=0 i€[n] t=0 i€n]

Now we can sum (D.1) for ¢ = 0,--- ,7 — 1 and use the results in (A.86) and (A.88) to

conclude:

) < B~ 3o 3BT~ oS 3w ()

=0 ic[n]
1 T—1 -1 L ?
O LB vr ()| Z 5B 2 V1 (i)
t=0 ic[n) =0 i€[n]
1 T—1
<Ef(wi) = 50 E[ V(W)
=0
-1 (i - In- —L%(r 1)772) Ti > ]EHVf <w“>> 2
2n  2n n =0 1] ot
2 _
+n2§0 T+U3—(N+1)y[/2~ (A.89)

A.2.4 Proof of Lemma A.8
According to definitions in (A.1) and using Assumption 2.1 we have

2

. 1 i
E[[Wei1 = Wi |* < = > Bl wi) - w (A.90)

i€[n]

Using the model update in (A.82) and Assumption 2.3, we can write

‘ 2

= 8| i) = (i) o4 T () - 97 ()

EHW,” - WkH = leEHsz wy) + v, <wk 1) +.+ VS, (W;E;Z;)T_l)

2
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2

0|V F (wr) o+ VF (i)
T—1 ) 2
< n*o’r +n’r Z \%i (w,(;)t) (A.91)
=0
Summing (A.91) over all workers ¢ € [n] and using (A.90) yields
) 0_2 1 T—1 0 2
N — 2 2 i
E||Wk+1 — Wk’TH < el -+ ¢TIl Z Z Vf <W,€7t> , (A.92)

i€[n] t=0

as desired in Lemma A.S.

A.2.5 Proof of Lemma A.9

The steps to prove the bound in (A.44) for strongly convex losses in Lemma A.4
can also be applied for non-convex losses. That is, we can use (A.44) and together with

(A.91) conclude the following:

2

1 T i
B[, — 2ot (1-)un H ® _
Hwk+l Wk+1H = r(n _ 1) ( n) ( + q) Z Wk,T Wi

i€[n]

1 2

r— (1 - %) 41+ ) norn® + Py

1€[n]

IN

Vi (wi)

T—1
t=0

(A.93)
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Appendix B

Supplements to Chapter 3

B.1 Proof of Proposition 3.1

Let us present and prove the following lemma which includes the claim in Proposition

3.1

Lemma B.1 Consider two subsets of nodes N,, C N,, and assume that model w,, at-
tains the statistical accuracy for the empirical risk associated with nodes in N,,, that is,
IV Ly (W) || < 2uVins where the loss function ( is p-strongly convex. Then the subopti-
mality of Wy, for risk Ly, i.e., L,(Wy,) — L,(W}) is w.h.p. bounded above as follows:

2(n —m)

Ln(Wy) — Ly(wy,) < "

n

(‘/(n—m)s + Vms) + Vms' (Bl)

Moreover, norms of local and global gradients are upper-bounded w.h.p. as follows:

_ 2 2
VL w2 (P ) (VL V) (B.2)

(n—m)s
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and
IVL (W) |I? < 320 + 1) Vs + 3Vi. (B.3)

Proof: We begin the proof of Lemma B.1 by proving the inequality in (B.1). Let us

decompose the sub-otpimiality error L, (w,,)— L, (W) to four difference terms as follows:

Ln(Wi) = Ln(Wy,) = Ln(Win) = Lin(Win) + Lin(Wi) — Lin(W7,)

+ Lin(wy,) = Lin(wy,) 4 L (W) — L (wy,). (B.4)

From definition of local empirical risks in (3.1), the difference of local risks L,(w) and

L,,(w) for any w can be bounded w.h.p. as follows:

Ly(W) = Liy(W) <|Ln(W) = L (w)|

1 , 1 .
=l 2 DW= > Liw)
n i€N, m 1€ENm
1 ; n—m 1 ;
== ) Lw-——— L'w)
1ENL\Nm 1€ENm,

_nom n_lm S Li(w)—% S Li(w)

1€ENL \Nm 1€ENm

n—m 1 n—m|l

< > Liw)— L(w)| + — > Li(w) - L(w)
T N W N = v
< nom (Vv(nfm)s + Vms) ) (B5)

where the last inequality is implied from Assumption 3.2 when applied to empirical risks
L D NN Li(w) and L3\ Li(w) with (n —m)s and ms samples, respectfully.

We now proceed to bound the next term in (B.4), that is the optimality gap L,,(w,,) —
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L,,(w?*,). Using the strong convexity assumption in Assumption 3.1 and the condition

IV Ly (W)||* < 20V;,s assumed to hold in the statement of the lemma, we can write

20 Vins
20

Lin(Wp) — Lip(w?,) < %”Vl}m(wm)HQ < = Vs (B.6)

Next, the term L,,(w},)—L,,(w?) in (B.4) can be simply bounded as L,,(w},)—L,,(w}) <

0, since w;, is the minimizer of L,,(w). Finally, to bound L,,(w}) — L,(w}) in (B.4), we

use the result in (B.5) which holds for any w and here we pick w = w to conclude

n—m

— (Via-ms + Vins) - (B.7)

Putting the upper bounds for the four terms in (B.4) together proves inequality (B.1)
which is the same claim as in Proposition 3.1.

Next we prove inequality (B.2) by first noting the following:
IV L (W) |I” < 2| VLu(Win) = VLi(wi) ||+ 2||V L (w)|| (B.8)

The first term ||V L, (W) — V Ly, (W) || can be bounded as follows:

[V Ly (W) = VL (wy)]|| = % > VIi(w) - % > VIi(w)

€Ny i€Nm
1 i n—m 1 i
== > VILi(w)- c— ) VL{(w)
" N Ly v
n—m 1 i 1 i
= > VI(w)— =) VIi(w)
T T N W M N
_ 1 .
<=M Y VLi(w) - VL(w)
T N
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n —
+

m % Y VIi(w) - VL(w)
1ENm,

cn-m <V1/2 L V;f) . (B.9)

— n (n—m

n

In the last inequality above, we used Assumption 3.2 to upper-bound the approxima-
tion of empirical gradients for (n —m)s and ms samples. Together with (B.8) and the

assumption of the lemma, that is HVLm(wm) H2 < 2V, the claim in (B.2) is concluded:

_ 2 2
1V L () ||? 52(” nm) (vl/f +v;g2) + AV, (B.10)

(n—m)s

Finally, we prove the claim in inequality (B.3) by bounding node i’s local gradient

VLi(w,,) as follows:

Hvy‘(wm)H2 < 3HvU(wm) _ VL(wm)H2 +3]|V L (W) — VLW || + 3|V Lo (W) ||
< 3V, + 3Vis + 61Vims

= 3(2% + 1)Vps + 3V, (B.11)

where we used Assumption 3.2 to upper-bound the approximation error of empirical

gradients for node 7 with s samples and m nodes with ms samples.

B.2 Proof of Theorem 3.1

Consider a stage of Algorithm 3.2 running with n participating nodes. More precisely,
n nodes in {1,--- ,n} begin a sequence of local and global model updates according

to FedGATE initialized with w,, obtained from the previous stage (n = 2m). After R,
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communication rounds each with 7,, local updates, the final sub-optimality error is upper-

bounded as follows: (refer to Algorithm 2 and Theorem E.6 in [56] with no quantization)

BIL(w) = LWl < (1 ) (La(wa) = Lo(o)

57 2 21 - H i H2 2.2 2
+ 24k LTnnnn; VL (wp) +24/<L7n77n||VLn(wm)H

2 L 2
+ 24K2L2T37720'2 + 15/€L3T377121(nn7n)20-— + Enn*yng—, (B.12)
n n

where two stepsizes 1, ¥, satisfy the following conditions:

1024L4 nn2
M Tu L (11 7n) <1 & 302L%%<1.  (B.13)

1 — LY Tn ~ <
n77+i—u%%%+%M%ﬁP%

To satisfy the two conditions in (B.13), we can pick stepsizes 7,7, such that
20, L =1 &  302L%72 < 1. (B.14)
Now we use the result in Lemma B.1 and put n = 2m to conclude that

IV Lo (W) [* < 2020+ 1) Vi,

IV L (W) [* < 32 + 1) Vins + 3V (B.15)

Substituting the three inequalities (B.15) in the sub-optimality error (B.12) yields that

1 fin
BiLa(w) = LW <3 (1 3 ) Vo

+ 7263 Lr2n2 (20 + 1) Vi + V2) + 4820 + V)R L7202 Vi
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2722 3 2 3.3, 2 ,0° L o’
+ 24k Lm0 + 1L mm; (nyn)"— + 5 (B.16)
n n
We use the fact that 27,7,7,L = 1 and rearrange the terms in (B.16) and rewrite it as

follows:

E[Ln(w) — Lo(w})] <3 (1 - Gi)R Vo

+ 263 LT202 V4 24(3K% + 2) (21 + DK LT02 Vins
15 2 L 2
FURP LA 0 + kL + e (B.17)
4 n 2 n
To ensure that a model w = w,, attains the statistical accuracy of L,,(w), i.s. E[L,(w,)—

L,(w})] < Vi, it suffices to have each of the six terms in RHS of (B.17) less than or

equal to V,,s/6. That is,

1\ Vis
311—— Vms < )
( 6%) -6
VTLS
72%3[/73773‘@ < ,
6
V’VZS
24(3K% 4 2)(2u + DKLT2n2 Vs < o
24/{2L27377202 < Vgs,
15 o> v
iy § a 27 L Uns
g T = T
L o2 Vs
aininT < y B.18
5 S (B.18)

where n = 2m and V,,, = = for any n. One can check that the following picks for the

stepsizes 1, v, satisfies all the conditions in (B.13) and (B.18):

O

= T /T
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7 20, L ( )
where
1/3
o 1 NG NG Jno Jn
o, < min , ) ) )
12v/3kVEL 12+/2(3k2 +2)(2p + 1)KL \ 96K2L? V15ck L L\/30

(B.20)

Moreover, the first and the last conditions in (B.18) yield that the number of local updates

and the number of communication rounds for the stage with n participating nodes are

_ 3%
Tn - 2 c Y
R, = 12k1In(6). (B.21)

B.3 Proof of Proposition 3.2

In order to characterize the runtime of FedGATE, we first need to determine its two
major parameters 7 and R. More precisely, we run FedGATE algorithm with all the N
available nodes while initialized with arbitrary model w and look for 7, R after which the
global model w attains the statistical accuracy of Ly(w), i.e. E[Ly(W)—Ln(W)] < Vys.

We use the convergence guarantee of FedGATE [56] in (B.12) with n = N nodes, that is,

R
BlL(w) - Lu(wi)] < (1= gumr) (Ex(wo) = L(w)

N
+ 24/43L72772% ZHVU(WO) H2 + 24/11L7'2772HVLN(W0) H2
- 2 L o?

UK L2202 + 15k L3302 (ny)2 2 + Zpy B.22
+ 24r*L*m°n°0” + 15K Tﬁ(m)NJerN, (B.22)
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where the stepsizes 7, v satisfy the following conditions:

10 2 4L4 2
T L) <1 and 30p2L22 < 1. (B.23)

1-1L
T T+ 20p P L =

Note that the initial model wy is arbitrary and therefore the initial sub-optimality error
can be treated as a constant (and not scaling with N), that is, Ly (wq) — Ly(wy) = Ag
for a constant Ag = O(1). Similarly, we can assume that + SV |V L (wy) ||2 = Aj for a

constant Ay = O(1) which also yields that |V Ly (wo) H2 < Aj. We can therefore further

simplify (B.22) and write

1 R
E[Ly(w) — Ly(wy)] < <1 — gﬁ”]’ﬂ') Ao + 24k (K* + 1) LT°0* A,

o> L o*
+ 24K2LA P 0? + 15/£L37'37]2(77’)/)2W + NN (B.24)
We furthermore pick the parameters such that 2ny7L = 1 which further simplifies (B.24)

as follows:

K

1\
E[Ly(w) — Ly(wy)] < (1 — 6_> Ao + 24k(K* + 1) LT°0* A

15 2 L 2
+ 24K2 L2 30 + ZFGLTTIQUN + Env%. (B.25)

Now to ensure that E[Ly(W) — Ly(w})] < Vs holds for a model w in (B.25), it suffices

to satisfy the following inequalities:

1\" Vv
1—— ] A<
( 6&) 0= "5

Vs
24k(k* + 1) LT*n*Af < é)v :

ViNs
24/{2L27'277302 < TN’
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A N = 5°
L 02 st
o < B.26
SN S 5 (B.26)

with Vv, = ;. The following picks for the stepsizes satisfy the aforementioned conditions

V= o (B.27)
where
N\ 1/3 __ .
a < min ve Ns Ns Ns (B.28)
B k(K2 + DLAL \ 9652L? | 7 \/15kL" L/30 '

Moreover, the number of local updates and the number of communication rounds to reach

the final statistical accuracy are as follows:

50%s
T = ZT = O(S),
R =6k1n (5AONS> = O(kIn(Ns)). (B.29)
c

Now note that the expected runtime of each communication round of FedGATE is 71y
as the server has to wait for the slowest node that is node N with processing time Ty.
Therefore, the total expected wall-clock time of FedGATE to reach the final statistical

accuracy of all the samples of the N nodes in Ly(w) is

Treacare = RTTn = O(kso® In(Ns)Ty),

as claimed in Proposition 3.2.
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B.4 Proof of Theorem 3.2

Recall the result in Proposition 3.2 and the following discussion in (3.3). As discussed,

the average runtime for the proposed FLANP with FedGATE in Algorithm 3.2 is as follows:

_ 181n(6)

C

Triawp = ReLawp TrLawp Z T; Kso> (T + Tony +---+1Tn), (B.30)

1 =no, 2no, 4ng, -, N

where Reppp = 12x1n(6) and 7eoap = 1.550%/c per Theorem 3.1. Moreover, we showed

in Proposition 3.2 that the expected runtime for FedGATE is

- 15 5AgNs
]E[TFedGATE] = Rreacate Treacate IN = 2—0/%’0 ?In ( Z ) Ty. (B-31)

In the case that clients’ computation times 7;js are random, the expected runtimes are

_ 181In(6
E[TFLANP] = C( >K',SO'2 (E[Tno] + ]E[TQTL()] “+ -4 ]E[TN]) s
— 15 5A¢gN
E[Treacate] = -—ks0” In < . S) E[Ty]. (B.32)
2c c
Therefore, in order to derive the runtime gain %, we first characterize the ratio

E[T,,] + E[Ton,] + - - - + E[T]
E[TN] ’

(B.33)

where the clients runtimes 7; are i.i.d. with random exponential distribution exp(A) with
rate A\. Note that we assumed that the clients are sorted with respect to their processing
speeds from fastest to slowest. Here, since the computation times 7;s are random, we

first sort them as T(1;) < Ty < T3y < ---Tin). Without loss of generality and for
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simplification, let us take ng =1 and A = 1 and proceed to bound the ratio

E[Tw)] + E[T(o)] + E[T(y] + - - - + E[T{w)]
E[T(n)] '

(B.34)

We first provide the following facts about i.i.d. random exponential variables. If T} ~
exp(1l) are i.i.d. random variables from exponential distribution with mean value of 1,

then the order statistics T(;) have the following properties:

1 1
Ty ~ exp (N) ;o Ty — Ti-1) ~ exp (N——Hl) . (B.35)

Therefore, the expected value of client i’s computation speed T(;) can be written as

E[Tw] = E[Tw) — T + E[T(i-1) — Ti-2)] + - + E[T(2) — T(n)] + E[T(1)]
Lt Lt ]
N—itl N—-i+2 N—1'N

— Hy — Hy_;, (B.36)

forany 1 <n < N. In above, H, = 1+ % + % 4+ -—i—% denotes the nth harmonic number.
Now we use the bounds In(n)+~v < H,, < In(n+ 1)+~ for each n > 2 where v ~ 0.577 is
the Euler-Mascheroni constant. For further simplification, we assume that NV is a power

of 2, that is N = 2% for some integer K. Therefore, we can write

E[T(y)]) = Hy — Hy-1 <In(N + 1) — In(N — 1),
E[T(9)) = Hy — Hy o <In(N + 1) — In(N - 2),
E[T(4)] = Hy — Hy—4 <In(N + 1) — In(N — 4),

E[T()] = Hy — Hy_s < In(N + 1) — In(N —8),
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E[T(n/2)] = Hy — Hyjo <In(N + 1) — In(N/2),

Therefore, we can bound the numerator of the ratio in (B.34) as follows:

E[T) +E[T)] + E[Tw] + - + E[T(w)]

<(K+1)hn (2K+1) (( _1) <2K—2> <2K_4> <2K—1>>

<(K+1)In (2K ) + ~ K)In(2)
<(K+1) (Kln( )+ QLK>+7 (K? — K)In(2)
=K (2 In(2) + QLK) + 2% + (B.38)

Moreover, the denominator of the ratio in (B.34) can be bounded as follows:

E[T(v)] = Hy > In(N) + v = K In(2) + 7. (B.39)

Putting (B.38) and (B.39) together, we can bound the ratio in (B.34) as follows:

E[Tw)] +E[To] + E[Tw] +--- + E[Tn] _ K (2I(2) + 5%) + 51 +7

1
<24 —.
E[Tiw)] - Kn(2) +v - N

(B.40)

Now, we are able to precisely characterize the speedup gain of FLANP compared to

FedGATE according to the expressions in (B.32) and the ratio in (B.40) to conclude that

E[Trravp] 12In(6)  E[T(y)] + E[T)] + E[Tw)] + - - + E[T(w)]

E[TFedGATE] ~ 5ln (5¢71AN's) E[T(N)]
121n(6) 1
< 2+ —
~ 5In (5c71AgNs) ( * N)
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o) g

which completes the proof of Theorem 3.2.
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Appendix C

Supplements to Chapter 4

C.1 Preliminaries and Useful Lemmas

In this section, we provide preliminary and useful results in order to prove Theorems
4.1 and 4.2. For notational convenience, we use the following short-hand notations:

Now, we present a set of useful lemmas and observations which we will invoke to prove
the convergence results for both PL-PL and nonconvex-PL loss cases. The following
lemma establishes the Lipschitz gradient parameter for the global function given those

of the local objectives.

Lemma C.1 If the local functions f's have Lipschits gradients with parameters stated
in Assumption 4.3, then the global function f has also Lipschitz gradients as follows: for

any w,w', W, U it holds that

vaf(w, U) — wa(wl,\IJ)H < Lle — w"

Y

[V v, 0) = Va0 < 220 ]
/ @ W—W,
[Voftw, ¥) = Vafw, 0] < 2| I
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Notation Description

Pl = <A§ : 6;) maximization variables of node ¢ iteration ¢
U, — ( 1 _ n) concatenation of all nodes’” maximization
P Pt models at iteration ¢
1 )
Wi = — W, average model at iteration ¢
n
1€[n]
B — N\ optimality gap measure
a = E[2(w,)] - @ between ®(W;) and min,, ¢ (w)
— — optimality gap measure
by = E[@(W) — f(We, Uy)] P v eap

between f(Wy;, ¥;) and maxy f(W;, U)

average deviation of the local models
from the average model at iteration ¢

i€n
2
1 i i norm squared of
-k n 2[:] Ve f1(Wi, ¥;) local gradients w.r.t w at iteration ¢
en

_ 1 i norm squared of deviation in gradients w.r.t w
he = E||[VO(W,) = — 3 Vol (W}, 3)) , s

o of maxy f(W;, ¥) and local functions f*(wi,1?)
1€n

Table C.1: Table of notations.

[V f(w, 0) = Vo flw, 0], < 220~ ], (C.1)

Proof: We defer the proof to Section C.4.1. [ |

Recall the definition of the function ®(-), that is,

d(w) = mgxf(w ) maX Zf’ w, ")

- § fz Az 5@
.. wn Al 51 An 5’”

E[n]
(C.2)

Next lemma shows that ® has Lipschitz gradients and characterizes its parameter.

Lemma C.2 ( [99]) If Assumptions 4.3 and 4.4 (ii) hold, that is, the local objectives
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have Lipschitz gradients and — f(w,-) is po-PL, then we have

VO(w) = Vo f(w, ¥ (w)), (C.3)

where U*(w) € argmaxy f(w, V) for any w. Moreover, ® has Lipschitz gradients with

parameter Lo = Ly + —Lgflﬁjl )
Proof: 'We defer the proof to Section C.4.2. [ |

Next lemma shows the contraction of the sequence {E[®(W;)|};>o when running the
update rule of FedRobust method in Algorithm 4.1. Please refer to Table C.1 to recall

the definition of h; and g;.

Lemma C.3 If Assumptions 4.2 and 4.3 hold, then the iterates of FedRobust satisfy

the following contraction inequality for any iteration t > 0

0.2

oL
E[(D<Wt+l)] - IE[(I)( )] < __E”V(I) H + ht - 5 (1 - 771L<I>) gt + 771 ;ﬁ

(C.4)

Proof: We defer the proof to Section C.4.3. [ |

Next lemma further bounds h; w.r.t. the two sequences b; and e;.

Lemma C.4 If Assumptions 4.3 and j.4 (ii) hold, that is, the local objectives have

Lipschitz gradients and — f(w, ) is us-PL, then we have

4172
ht S 12 bt + 2L1€t (C5)
H2m
Proof: We defer the proof to Section C.4.4. [ |

Next lemma establishes a contraction bound on the sequence b;.
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Lemma C.5 If Assumptions 4.2, 4.3 and 4.4 (ii) hold, then the sequence of {b:}+>0
generated by the FedRobust iterations with ny < 1/Ly satisfies the following contraction

bound:

4L2 . 2
bt+1 S (1 — ,u2772n) (1 + m 12) bt + %]EHV(I)(WLL)‘F + % (Ll + LCD + 2772[131) gt

H2m
+ ( L? L2 77_% L L L2 i n—gL 2 C
miy + 12 21) €y + 9 ( 1+ La + 21y 21) - + 5 205 ( .6)

where Lo is the Lipschitz gradient parameter of the function ®(-) characterized in Lemma

C.2.

Proof: We defer the proof to Section C.4.5. [ |
Next lemma bounds e;, that is the average deviation of local parameter models from their

average.

Lemma C.6 If Assumptions 4.1, 4.2 and 4.3 hold and the step-size 1, satisfies 3203 (T —

1)212 < 1, then the sequence e, = £ 57

el ]EHW% _WtHQ is bounded as follows

2 t—1
g
e <1603 (r —1)%0* +4ni(r = D(n+ 1) +2003(r =1) > g (CT)

I=tc.+1

where t. denotes the index of the most recent server-worker communication, i.e. t. = m T

and we also denote p* = 3p7 + 6L3,(e] + €3).

Proof: We defer the proof to Section C.4.6. [ |

Next generic lemma is adopted form [70].

Lemma C.7 Assume that two non-negative sequences {P;}i>0 and {gi >0 salisfy the

following inequality for each iteration t > 0 and some constants 0 < T < 1, L > 0,
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B>0,and T > 0:
n t—1
Piy STP = (L=mL) g +mB Y, g +T, (C.8)

l=tc.+1

where t. = EJT Then, for each t > 0 we have

r

P, <T'P+ 7 (C.9)
if m satisfies the following condition
2B
L+ ————) <1 1
(4t i) < (€40
Proof: We defer the proof to Section C.4.7. [ |

Next lemma bounds the overall optimality gap b; averaged over T iterations.

Lemma C.8 If Assumptions 4.2, 4.3 and j.4 (ii) hold and the step-sizes satisfy the

8L12

conditions ny < 1/Ly and Z’— > , then the average of the sequence {b}l—' generated

from the FedRobust can be bounded as follows:

T—
4L2 2
Z G4t m Z]EHV(I) w,)|
— " 7 pugn? T 772 uznT
T—1 T—1
n 1 2y 1 L2 2 2y 1
+ ——— (L1 + Lo +2mL5,) = + ——— (mL{+n2L5) = e
772M2n< 1 ) 12 21)T;gt e (771 1T 72 21)T; t
1 o? L
LmL (Ly + Lo +2mL3) 22 4 =202, (C.11)
M2 H2m n Han

where Lg is the Lipschitz gradient parameter of the function ®(-) characterized in Lemma
C.2 and €1, €5 represent the radius of the affine perturbation balls, i.e. |A* —I|| < € and

16%]| < € for each node i € [n].
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Proof: 'We defer the proof to Section C.4.8. |

Next lemma bounds the averaged local model deviations e, over T' iterations.

Lemma C.9 If Assumptions 4.1, 4.2 and 4.3 hold and the step-size 0, satisfies 32n3 (T —

1)2L% < 1, then the average of the sequence e; overt =0,--- T —1 is bounded as follows
= o2
- > e <203 (T — 1) th + 1602 (1 — 1)%p* + 8ni (1 — 1)(n + n-. (C12)
t=0
Proof: 'We defer the proof to Section C.4.9. |

C.2 Proof of Theorem 4.1

Having established the key lemmas, now we proceed to prove Theorem 4.1 for any
B < 1/2. To show the convergence of the sequence P, = a; + [b;, we firstly need to
establish a contraction inequality on P, with respect to ;. We begin by the following

bound on the sequence a; = E[®(W,)] — ®* which is directly implied from Lemma C.3:

M 2 Le o3,
agiq < Ay — —]EHVCI) H + ht 2 (1 — 771L<1>) gt + 77177 (C13)

Using Lemma C.4 that shows h; < 4L2,b;/(uan) +2L3e;, the bound in (C.13) yields that

2

oL o
2h, —i—mLQet — % (1 —=mLe) g +771 2(1) ;L" (C.14)

212,
i1 < ap — —IE||V<I> OII* +m o

Next, we employ the result of Lemma C.5 which establishes a contraction bound on the

b, sequence. Putting together with (C.14) implies that

Piy1 = a1 + Bbiy
<a -2 (1-BE|vew)|’
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2

oL AL2
+ B8 ma—2 + (1= poman) | L+m—2 | | b
Buan Uom

- (% (1-mLs) — ﬁ%g (Ll + Lo + 2772[/31)) gt

+ (L3 + B (I3 +mld)) e

m; 2 O oy B o
+2 (ch + B (Ly+ Lo + 2772L21)> % 4 Ly Sod, (C.15)

We begin simplifying the above bound by first considering the first two terms in RHS of
(C.15). We can show that the function ®(-) is p;-PL [98], which implies that

E|[Vo(w,)||* > 2uE[@(W,)] — &* = 2uma;. (C.16)
Therefore, for any § < 1/2 we have
1
a; — % (1-B)E|Vo@w,)|” < (1 - 5““71> ar, (C.17)

which implies the coefficient of a; in (C.15) is bounded by 1— % p1m1- Next, the coefficient
of Bb; in (C.15) can be bounded as follows:

9L2 AL
M=+ (1 — pomon) <1 +m 12)

1
Buan Han

Ly L Znan 212 L3
—1-7 142 <M2772 21 — 4(1 = piamen) 21 )

HaTt 771L1L2 a 5[/1[/2 LiLy
(a) LyL
<1-m 142
H2m
(b) 1
<1l- BLQUIE (C.18)
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p3n2n

where (a) holds for our choice of § and assuming ;=== > 1+ (4 + %) LLFL22 (b) is
implies from the fact that
LiLy
L L
TM_2<1)( 2)21 (C.19)
aH1Th M1 H2m

Now that we have bounded the coefficients of a; and 8b; in (C.15), rearranging the terms

and using the assumption 7y < 1/Lsy simplifies the contraction on P; as follows

1 Ui 2 = 2136 va oLo , 5
P <|(1- SHI P, — 5 1—mLg)g:+ Lges + Mo, 75%, (C.20)

where we picked the following notations for convenient of the exposition

- R 12
Lg = (14 8)mL] + L3y, Lg=(1+pB)Le + BL1+ 25—;1- (C.21)
2

Next, we use Lemma C.6 which for 32n?(7 — 1)2L? < 1 provides an upper bound on e;

with respect to g;. We can write

1 T - —
Py < (1 — 5#1771) P, — 5 (1 - 771Lﬂ> g+ 20n; Lg(T — 1) Z

N o2 L L
+ 1607 Ls(T — 1)%0% + 42 Lg(m — 1) (n + 1)—“’ + 7‘*7‘” + 2

5 Boi. (C.22)

We have shown in Lemma C.7 that how a such contraction sequence converges. In
particular, let us pick the following notations and apply the result of Lemma C.7 to

contraction in (C.22)

L=1Lg,
1

T=1-— -
2#1771;

267



B =20Lg(r — 1),

~ o2 o2
T = 1602Ls(T — 1)%p® +4nils(t — 1)(n + 1)7 + 77%757“’ + nggﬁai. (C.23)
It implies that if the step-sizes satisfy the following condition

80Ls(T — 1)

m | Ls+ <1, (C.24)
N (1 - ‘,U1771)
then we have
1 : E,B 2 2
Pos\1=gmm) Po+ 32m—(17—1)%p
H1
L o2 Lgo2 2L
+8771—B(T—1)(n+1)—+771 00w o 22 g2 (C.25)
M1 M1 T p1

which concludes the proof of Theorem 4.1. Note to hold this result, in addition to

condition (C.24), we have assumed the following constraints on the step-sizes as well

2 2 L2
Ly <1, 32n2(r— 1212 <1 2B S 14 (44 2) 202 C.26
772 2 = 9 77]_ (T ) 1 = ) 7]1[/1[/2 - + + /8 L1L2 ( )

C.3 Proof of Theorem 4.2

We begin the proof by combining the results of Lemmas C.3 and C.4 which yields

that for every iteration t = 0,--- ,T — 1 we have

E[®(W,.1)] — EI8(W)] < —ZE[|[VOW)|* - T (1~ mLo) g,

2 L 2
bt + 771L e + 772 2<I> Un . (C27)

+m
Ham
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Summing up all the 7" inequalities in (C.27) for ¢t = 0,--- ,T—1 and dividing by T yields

the following

T—1
1 _ - 1
= (E[@(Wr)] - ®(Wo)) < 5 ZEHVCI) W) - 5 (1= mLs) 7 ;gt
2L2 L@U
12—th 771L1T et +77177. (C.28)

Next we use Lemmas C.8 and then Lemma C.9 to replace the terms = Zt 0 ", and

T Zt o € and rewrite the above bound in terms of % Zt o 9¢- It yields that

+ (Bla(wr)] - o(wy)) < -2 (1— 14L”L2> ZEHW wi)|

7721 (1—771 <L+4OLT—1 )) th

n m 8L2,L3 €2 + €2
ne pgn® T

+ 16m°L(T — 1)%p?

2 2 2
M 70w 4L75 » 5
— L= —=L C.29
+ 9 0 +7717]2M%n2 O ( )

where we adopt the following short-hand notations

-3 1 .3 1 L2
L= nlL? L2, L=ZLg+—-L+=2. C.30

Finally, we use the assumption m(L +40L(1 — 1)) < 1 to remove the term 4 T Zt 0 Gt

and apply "1 < “ 2 to simply the bound and conclude the proof:

1 = VNS 5 = e . )
— E||VO(w < + + 64mL(T —1
T; [vel mT * 3n? mT ML= 1)

- O con My
1
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C.4 Proof of Useful Lemmas

C.4.1 Proof of Lemma C.1

Proof of all four cases in the claim is simple. We derive the proof for the fourth one

as an instance. Recall definition of the global function f, that is

Z fi(w, "), (C.32)
1€[n
Therefore, the gradient of f with respect to ¥ is
aiwlf(w7 \I}) ) v’l!)fl (Wu ¢1>
Vef(w,U) = : = : : (C.33)
2w, V) Vo " (w9

We can then write for any w, ¥ = (g'; .- ;") W' = (4'";--- ;9" and using Assump-

tion 4.3 that

[ Vo (w.0) = Fuftw ¥) 5 = 5 3o () = Ty w7
1€[n]
2
L2 ZHwZ /i
1€[n]
:n—SH‘I’—‘I"HF- (C.34)

C.4.2 Proof of Lemma C.2

The detailed proof can be found in [99], Lemma A.5. Note that in our case, according

to Lemma C.1 the function f has Lipschitz gradients with constants Ly, L1a/v/n, La1 /\/1,
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Lo /n; implying the Lipschitz gradient parameter of the function ® to be

(L12/\/_)(L21/\/_) LmL%. (C.35)

Lo =1L
? r 2419 2ny

C.4.3 Proof of Lemma C.3

We invoke Lemma C.2 which shows that the gradient of the function ®(-) is Le-

Lipschitz. We can write

L
D(Wip1) — D(W,) < (VO(Wy), Wis1 — We) + 7¢|’Wt+1 —wi?

2

=M <V¢)(Wt>a % Z 6wfz(wz7,¢)z)> + UR L;) . Z VWfZ tﬂwbt) )

(C.36)

where we use the update rule of FedRobust and note that the difference of averaged
models can be written as W1 — Wi = —115 > icp Vw/i(wi, ). Moreover, since the
stochastic gradlents w [t are unbiased and variance-bounded by 2, we can take expec-

tation from both sides of (C.36) and further simplify it as follows

— — Ly 02,
E[®(Weer) — E[O(W)] < EHV(I) H +2 ht - E (1 —=mLas)g: + 7717@7'
(C.37)
In above, we used the inequality 2(a, b) = ||a]|*+||b||> — [|la—b]|? as well as the notations

for g; and h; as defined in Table C.1.
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C.4.4 Proof of Lemma C.4

We begin bounding h; by adding/subtracting the term V., f(W;, U;) and use the

inequality ||a + b||* < 2|a||? 4 2||b]|* to write

2

_ 1 G i i
he = E|Vo(W,) - >V f(wh )
i€[n]
2

< ZEHVCD(Wt) — V[ (Wi, \Ift)H2 + 2E|| Vo f (W, Uy) — % Z V[ (W}, ;)

i€[n]
(C.38)
The first term in RHS of (C.38) can be bounded as follows:
E||VO(W:) — Vo f (W1, U)||* = E|| Voo f (W, W* (W) — Vo f (W2, 0|
(a) [2
< #E”‘P*(Wt) - ‘I’t”QF
® 213,
< E|Dd(Wy) — f(w, U
= an [ (Wt) f(Wt, t)}
o) 213
© 252, (C.39)
Ham

In above and to derive (a), we employ the result of Lemma C.1 which shows that given
Assumption 4.3, the gradient function V,, f(w,-) is Li2/+/n Lipschitz. To derive (b), we
use Assumption 4.4 (ii) and lastly, (c¢) is implied from the definition of b;. The second
term in RHS of (C.38) can be bounded by noting that the local gradients V., f(-, %?)

are L,-Lipschitz, which we can write

2

B{[ V(W0 90) = - 3 V(w4

i€[n]
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vafl Wt;'(,bt vaf t?flpz)

ze[n] ze [n]

Z]EHWt Wy

ze[n

= L2e,. (C.40)

Finally, plugging (C.39) and (C.40) back in (C.38) implies the claim of the lemma, that
is
2

4L
ht S 12 bt + 2L%6t. (C41)
M2t

C.4.5 Proof of Lemma C.5

We begin the proof by noting the definition of b; and use the fact that the gradients

Vi f(w,-) are £2-Lipschitz (Refer to Lemma C.1). We can accordingly write

D(Wir1) = f(Wir1, Vig1) < O(Wip1) — [(Wer1, W) — (Vo f (Wern, Ue), Wipr — Wy)

Ly 2
— ||V — Wy C.42
20— (C.42)
In this work, we define the inner product for any two matrices A, B as follows
(A, B) = Tr(A"B). (C.43)

Note that according to the ascent update rule of FedRobust in Algorithm 4.1, we can

write

qjt-ﬁ-l — \Dt = 772515](‘, (044)
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where we adopt the following short-hand notation for the stochastic gradients at iteration

t with respect to the maximization variables 1! = (A%, 67)

Vol (wh ) Vaf'(wh ALSY Vsl (wh AL oY)
O f = : = : : : (C.45)
Vo (wp, 7 Vafm(wp, Az 6p) Vsfr(wr, A7, o)

We also denote the gradients by 0, f = E[ét f] where the expectation is with respect to
the randomness in stochastic gradients %w ft. According to Assumption 4.2, each of the
local stochastic gradients V,, fi(w!, 4!) are variance-bounded by o7, Therefore, we can
bound the variance of 9,f as E|d.f — O, f||% < noy,. Now, we can plug these back in

(C.42) which implies

— _ _ _ n _ L
D(Wir1) — Ef (Wer1, Uer1) < @(Wirt) — f(Wiegr, W) — 772§||V\11f(wt+1, \Ilt)”; + 77%7201%

2
_2(1 T]QLQ)H tf||2F ’

o 2n

n 1
+ 772§Hvlllf(wt+17 ;) — ﬁatf

(C.46)

where the expectation is with respect to the randomness of the stochastic gradients 9, f
while conditioning on all the randomness history. Now recall from Assumption 4.4 (ii)
that — f(Wis1, -) is po-PL implying that ||V f (We1, Uo) [ > 202(@(Wig1) — f (Werr, Tr)).
Moreover, assume that 7o < 1/Ls to remove the last term in (C.46). Putting altogether

implies that

- B o . L
©(Wer1) = Ef (Wert, Urpr) < (1= ponan) (@(Werr) — f(Wear, Ur)) + 17%72012#
2

1
+ 772gHquf(Wt+1, U,) — Eatf (C.A47)

F
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Next, we continue to bound the last term in RHS of (C.47). We can write

_ LR L e
HV\IJf(WtH,\I/t) — Eatf = EZHVQ/;]C (Wit1, ;) — Vo f' (Wi, ;) .
F 1€[n]
L o 12
< 2T v
i€[n]
212 o2 23, B
n221 ZH ¢~ Wel| + 21HWt+1_Wt||2, (C.48)
i€[n]

where the first inequality above uses Assumption 4.3 on Lipschitz continuity of local
gradients and the second inequality simply uses the inequality ||a+b||* < 2|/a]|* +2||b||?.
Next, let us bound the term ||[W;,; — W;||? in expectation as follows. Using the descent
update rule in Algorithm 4.1 and considering Assumption 4.2 on variance of the stochastic

gradients Vi, f* we can write

— — 1 > 7 i %
E|W.1 — Wil = n’E - > Vufi(wi )

i€[n]

1 Qf i g Ow
< E ﬁszf (W, ;) "‘77%7
i€[n]

2 2‘72
=1gt+ 7717107 (C'49)

where we use the short-hand notation of g, also listed in Table C.1. Plugging (C.49) back
in (C.48) and noting the notation ¢; = + Y~

n 2aicin] EHW,? — WtH2 implies that

2

< 212

9212 212, o2
2Ly, + nf—nm .

1
EHV\I;f(WtH, U,) — ﬁatf

et + 13 (C.50)

F

Before proceeding to bound more terms, let us recall what we have shown till this point.

We plug (C.50) back in (C.47), take the expectation with respect to all the sources of
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randomness and use the notation b, = E[®(W;) — f(W;, ¥;)] to conclude

b1 < (1= pamen)E [@(Wii1) — f(Wepr, ¥y)]
2
,L
+ L e+ nina L3 g0 + nine L3 =2 + 0 22 oy, (C.51)

To bound the term E [®(Wy1) — f(Wii1, U¢)], we can decompose it to the following

three terms:

D(Wii1) — f(Wip1, ¥y) = ©(Wy) — f(We, Uy) + f(We, Ut) — f(Wira, Ui) + (Wipa) — B(Wy).
(C.52)

Given the Lipschitz gradient assumption for the local functions in Assumption 4.3 and

using Lemma C.1 on Lipschitz gradient for the global function, we can write

L

F0 ) = f(Wer, W) < —(Vaof (W0, ). W = W)+ {[Wen = W|*, - (C.53)

where W41 — Wy = —11+ > i) Vo fi(wi apt). Taking expectation from both sides of
(C.53) implies that

(a)
E[f(We,0) = f(Werr, V)] < mE||Vwf (W, U,) — VO(W,) H2 + ﬁlEHV@(Wt)HQ

m L LlO'
+< +7712>9t+771 n

2 2
) 212, Ly o L1 02
< 12y E[|Vd( w
< 22 gl vow |+ (B 4G ) o
(C.54)

where in inequality (a) we use the inequality 2(a, b) <||a]|*+||b||* and also the result in

(C.49). To derive (b), we use Assumptions 4.3 and 4.4 (ii), result of Lemma C.1 and the
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notation b; = E[®(wW,) — f(W, ¥y)] to write

EHV(I)(Wt) - vwf(wta \Ijt)”Q = EHwa(Wta @*(Wt)) - wa<wt; \Ijt)HQ
Li
<

Lo (- w2
213,

H2m

213
= 2p, (C.55)

M2

<

E [®(W,) — f(W,, )]

We now have all the ingredients to conclude the claim of Lemma C.5. To do so, we
combine the result of Lemma C.3 which bounds the term E[® (W, ;)] — E[®(W;)], Lemma
C.4 that shows h; < 4L3,b,/(pan) + 2L3¢e;, and the bound (C.54); plug back in (C.52)

and then in (C.51) and conclude the claim of the lemma, that is

4L2 2
bt+1 S (]_ — [,LQT/QTL) (]_ + 771 M2;f> bt + %E}lv@(wt)uz ~|» % (Ll + LCI) + 2772.[/31) gt
772 0_2 7]2
+ (ML +meL3)) e + 51 (L1 + Lo + 2m2L3)) 7“’ + EZLQU;, (C.56)

C.4.6 Proof of Lemma C.6

To prove this lemma, we first need to establish an intermediate step, which is stated

in the following.

Proposition C.1 If Assumptions 4.1, 4.2 and 4.3 hold, then

t—1 t—1

2
e <16 (r —1)LT Y e+ 1001 (T — 1) Y g+ 8ni(r — 1)°p* + 4 (r — 1)(n + 1)%“’~
I=t.+1 l=tc.+1
(C.57)
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Proof: [Proof of Proposition C.1] Consider an iteration ¢ > 1 and let ¢, denote
the index of the most recent communication between the workers and the server, i.e.
t. = m 7. Therefore, all the workers share the same local minimization model at iteration
te+1,ie. w, ., =--- =W, =W 41. According to the update rule of FedRobust, we

can write for each node ¢ that

Wzltc+2 = Wzltc+1 - nlvwfl(wftcﬂv ¢’§C+1),

wi=wi_ | — Ve fi(wi_ ). (C.58)

Summing up all the equalities in (C.58) yields that
t—1

wi=wi g —m Y VS (wi ). (C.59)

I=t.+1

Therefore, the difference of the local models w! and their average W; can be written as

t—1 t—1
i o i T Fi(xt afyl = 1 T FI (] afyd
Wy =W =W 1= E V"Wl ) — | Wi — ﬁlg E E Vw7 (W], 9))
I=tc.+1 jE[n] I=tc+1

e DI EED DD DR LR ) B (C.60)

I=t.+1 JjE€[n] I=tc+1

This yields the following bound on each local deviation from the average E|w! — w;||*:

_ 2 N | =
E|wi-w| =nE|| 3 Vus Wi =3 > Vufwl )
I=tc+1 jeln] I=te+1
2 2
t—1 _ 1 t—1 " ' ‘
< 2 2 ) 4 ) 2 = J J J
<2PE|| Y V' (Whwd|| +200E|| = Y Ve (wle)
I=tc.+1 JE€[n] I=tc+1
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2 2

(a) = o !
< 2 E Z Vo f (W, 97)|| +2niE Z Z Voo 7 (W], 4])
I=t.+1 j€n] 1=
Ty T,

2
Tw (C.61)

+ 202 (t —t. — 1)(n + 1)7

where we used Assumption 4.2 to bound the variance of the stochastic gradients and

derive (a). The term Ty in (C.61) can simply be bounded as

2 2
1 = L =1 1 L
T, < - T (~xrd alyd < (4 —t — - G (xxrd alyd
VSB[ Y Ve W) S—te=1) 3 B[~ 3 Vi (w] 9)
JE[n] l=tc+1 I=t.+1 ]E[n]
(C.62)

Note that ¢. denotes the latest server-worker communication before iteration ¢, hence

t —t. < 7 where 7 is the duration of local updates in each round. Therefore, we have

2
t—1

(t—1) Z E —vaf] Wl,ft,bl) <(r—-1) Z g (C.63)

l=tc.+1 J€[n] I=tc+1

Now we proceed to bound the term 73 in (C.61) as follows:

2
t—1

> Vufi(wi )
I=t.+1
t 1
<(r-1) ]EvafZ Wla"pl)
I=te+1
t—1

<ir-1) Y Evafi(w;', W) — Vq.ufi(Wz,%bz")H2

I=t.+1

2

t—1
P 1) Y BV (W) — 3 V(944

I=tet1 jeln]
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2
t—1
1 o . 1 ) . .
+A(r=1) > B>Vl (Wi 9]) = — ) V(W) 9))
I=te+1 j€ln] JE€n]
2
-1 1 L
4 i - J J J .
+4(r 1>l;1E n;wa (wi, %) (C.64)
—lc Jeln

We can simply this bound by using Assumption 4.3 on Lipschitz gradients for the local

objectives f's and applying the notations for e; and g; to derive

f<ar-0n Y Bjwi-w| + - 1) 3 B[V ) - Vusenw)

I=t.+1 l=t.+1
t—1 t—1
+AT =1L Y atAr-1) > g (C.65)
I=tc+1 I=tc+1

We can plug (C.63) and (C.65) into (C.61) and take the average of the both sides over

1 =1,---,n. This implies that

t—1

t—1 2
e <1607 (1 — 1LY Y er+ 100 (T —1) > g+ 8ni(r —1)%0° +4ni(r — 1)(n + 1)%”~
l=t.+1 l=tc.+1
(C.66)

In above, we used the result of Proposition C.2 that given Assumption 4.1, bounds
the gradient diversity + 37, IV f (W, 9") = Vi f(W, U)[|* < p?, where p* = 3p} +
6L%,(e? + ¢2). We defer the proof this proposition to the end of this section. This
concludes the proof of Proposition C.1. |
Having set the required intermediate steps, we resume the proof of Lemma C.6. According

to Proposition C.1, we can write the term e; as follows

t—1 t—1
€¢ S Cl Z e + CQ Z g + 03 (067)
I=tc+1 I=t.+1
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where we use the following short-hand coefficients

Cy = 1602 (1 — 1)L?
Cy = 1002 (1 — 1)

2
Ow

Cy = 8ni(t — 1)*p* + dni(r — 1)(n+1)

n
We can then write this bound for every iteration in [t. + 1 : t], that is

eter1 =0

et+2 < Crep, 11+ Cogr 41 + Cs

et <Cy(err1+ - +e1) +Co (g1 + -+ gi—1) + Cs.

Summing all of the inequalities results in the following

-1 t—1 t—1
Z e < Ci(t—1) Z e+ Co(t — 1) Z g+ Cs(t —1).

I=to+1 I=te+1 I=te+1
We can further rearrange the terms above and write
t—1 t—1

CQT—]_ OgT-].)
< - -~ @
2. @ 1-Ci(r—1) 2.t 1-Ci(r—1)

I=tc+1 l te+1

(C.68)

(C.69)

(C.70)

(C.71)

Now, if we assume that Cj(7 — 1) < 1/2, then we get the following bound on Z';;tlcﬂ e

t—1 t—1

Z e <205(1 —1) Z g +2C3(t — 1)

l=t:.+1 l=tc.+1
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Plugging back in (C.90) and using the assumption C(7 — 1) < 1/2 yields that

t—1 t—1
€t S Cl 202(7' — 1) Z q + 203(7' — 1) -+ CQ Z g + 03
I=tc+1 I=t.+1
t—1
<20y Y g+ 2Cs, (C.73)

I=t.+1

which concludes the proof of Lemma C.6. Lastly, we present the following proposition

along with its proof which we used this result to prove Proposition C.1.

Proposition C.2 An immediate implication of Assumptions 4.1 and 4.3 is that for any

w, U, the diversity of the local gradients is bounded in the following sense

3|Vl ) — Vs || < 2 (©74)

i€[n]

where we denote p* = 3p7 + 6L, (€] + €3).

Proof: [Proof of Proposition C.2] The proof is simply implied from Assumptions 4.1

and 4.3 by writing

o [ Turion ) = Fustwe )| <303 Vs, A6 - Gusiw L0

i€[n] i€[n]

+35[Vufiw) — Vs (w)
i€n]

2

1
£33 [[Vaf(w, 1,0) = Vo (w, W)

i€[n]

< 3p7 + 6LT,(e] + €3). (C.75)
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C.4.7 Proof of Lemma C.7

[70] proves a similar claim for I' = 0. For completeness, we provide the proof for
general case when I' # 0. Let t. denote the index of the most recent communication
round, i.e. t. = EJ 7. We can write t = t. + r where 1 < r < 7. Starting from r = 1, we

can write

Pioyo < TP 41— % (1=mL) g1+ T

<TPh. 41 +T, (C.76)
where the last inequality holds if
mL < 1. (C.77)
We can continue for r = 2 as follows

P i3 < TP, 15— n (1 =mL) groso + 71 BG4 + T

2
(a) 2B
< TPy 41 — %T (1 —mL — mT) G +T(1L+T)
0,
<Y, +T(1+T) (C.78)

where (a) is due to the inequality P, 4o < TP, 11— B(1 —=nL)gi 41+ and (b) holds if

2B
or equivalently
2B
m (L + T) <1 (C.80)



We can continue the same argument up to r + 1 and write

Pioyrn <Y P T4+ T -+, (C.81)

if the step-size is as small as follows

2B
m (L + 3 (1+T+-+ TT—Q)) <1. (C.82)

Since 1 + T +---+ T2 <L ﬁ, then the following condition implies all the previous

ones on 7

m (L + %) . (C.83)

Moreover, since T < 1, then the strongest condition on 7 is (C.83) when we put the

largest possible value for r which is 7, yielding

m (L + #B_T)) : (C.84)

Lastly, we note that 1+ 7 +--- + T7! < 1= in (C.81), and the claim is concluded.

C.4.8 Proof of Lemma C.8

Recall the result of Lemma C.5 in which we showed that if 17, < 1/Ls, then the

following contraction bound on the sequence {b;};>o holds:

4L2 2
bt+1 S (1 — ,u2772n) (1 + m 1 if) bt + %EHV@(WQ’F —+ % (Ll + Lq> + 2772[1%1) Gt
2
2 2 i 2\ T 2
+ (?71[/1 + 772[/21) ey + ? (Ll + L@ + 27]2[/21) 7 + §L2U¢’ (C85)
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and consider the coefficient of b; in above. A simple calculation yields that if the step-sizes

. .. 8L2
satisfy the condition nﬂ% > Mz;g, then we have
2

AL, 1
(1 — pamam) [ 14+ m e <1- S Hamzn. (C.86)

Now, we denote v = 1— —,ugnzn and apply (C.85) to all iterations t = 0,--- , T — 1, which

yields that

212
bo < L 2 (d+6),
by < b + %EHV@( H +0 (L1 + Lo + 212L3,) go + (m L3 +n2L3,) €0
”21 (Ly + Lo + 20, L2) 7}:’ + %Lzai,
br_1 < ”be 2 + EHV(I) H + 0 (Ll + Lo + 21 L3)) gr—2 + (mL3 + m2L3,) er—s
2

Taking the average of the T" inequalities above yields that

T—
Z 2L el—l—e2 ZEHV(I) Wt

T pn
77 = =
21 (L1 + Lo + 2772[/21 Z g + 7]1L + 7]2L21) T €t
t=0 t=0
771 2 O—'%u 77% 2
+5 (L1 + Lo + 2n2L3;) ot Leoy, (C.88)

We can further divide both sides of (C.88) by 1 —~ and conclude




2
n 1 2y 1 L 2 2 2y 1

B (L Lo+ 2mL3) =Y it —— (ML +mLy) = e
> u2n( 17 S 2Th 21)Tt0 " g e (mLi + e 21)Tt0 ¢
2 1 o2 L

+ B (Ly o+ Lo+ 2L3) T2 =202 (C.89)
T2 p2m n Han

C.4.9 Proof of Lemma C.9

We begin by noting the result of Proposition C.1 in which we showed the following

bound on e;
t—1 t—1

e <Ci Y ea+C Y g+Cs (C.90)

I=t.+1 I=t.+1

where we defined the coefficients Cy, Cy, C3 in (C.68) and recall here for more convenient:

Cy = 1602 (1 — 1)L?
Cy = 1002 (1 — 1)
o

w (C.91)

Cy = 8ni (1 — 1)*p* + 4 (1 — 1)(n + 1)

Next, we apply this bound to each iteration t =0,--- ,T — 1 as follows

60:0

€1 =0

ea < Chie; + Cyg1 + Cs

e, <Ci(er+--+e—-1)+Co(gr+---+9gr—1)+Cs

\
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€ry1 = 0

ery2 < Crery + Cogrgr +Cs

€or < Cl (€T+1 + - 627’—1) + 02 (gT-‘rl Tt 927——1) + C3

er,;1 =0

er.yo < Cier i1+ Cogry1 + Cs (C.92)

er—1 < Ciler1+--+er—a)+Co(grs1+ -+ gr_a) + Cs,

\

where T, = \_%J 7 denote the index of the most recent communication between the workers

and the server before iteration 7. Summing the above inequalities yields that

T-1 T-1 T-1
e <Ci(r =1 e+ Co(r—1)> g+ CsT. (C.93)
t=0 t=0 t=0

Now if we assume that Cy(7 — 1) = 16n7(7 — 1)>L3 < 3, the the claim is concluded by

rearranging the terms in (C.93):

1 T-1 1 T—-1
?Zet < 20 (1 — 1)?th+203. (C.94)
t=0 t=0
C.5 Proof of Theorem 4.3
Fix a distribution P and consider
max E[0(fo(Ax +0))] — All6]13 — AJA — |7 (C.95)

A6
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Assuming a 1-Lipschitz loss ¢ with 1-Lipschitz gradient, based on [103]’s Lemma 7 the

above function’s gradient with respect to d has a Lipschitz constant bounded by

Lip(V fw) = Hl!wln ZHHWJHU

=1 j=1

Similarly, the expected loss’s derivative with respect to A will also be Lipschitz in the

spectral norm with a Lipschitz constant upper-bounded by

BLip(Vfw) = H [willo ZH Iw;llo-

=1 j=1

Given weights in w, we denote the optimal solution for 6 and A by dy, and Ay, respec-
tively. To apply the Pac-Bayes generalization analysis, we need to bound the change in
dw, Aw caused by perturbing w to w + u. Note that since A > (1 + B) Lip(V fy), the
maximization problem for optimizing A, dy is maximizing a strongly-concave objective

whose solutions will satisfy:

1
ow = XE[VK o fw(Awx + dw)],

Ay — 1= iE[(Vﬁ o fu(Awx + 64))XT]

Lip(fofw) _ Iy lIwills Lip(£o fuw) [T, Iwillo
PR < Mm e and pERE < gl

which are norm-bounded by , respec-

tively. Therefore, for a norm-bounded perturbation w where ||u;ll, < +[|w;]lo we can

write

[6wsu = Bully + 1Aw = Al
1 1
= H X]E[vg(fw-i-u(Aw-i-uX + 5W+u))] - XE[ve(fW(AWX + 5W))] Hz
+] %E[w(fwmmwwx + 0w ru))X ] = %E[vafw(AwX +ow) X,
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_ HlE VU fusu(AwsuX + i) = VO fu(AwX + 00))]],
BT ra(BsaX + 8uia) = T (A X+ )XY,
<| X]E[Vf( Fortu(Aw X + G 1)) = VE(far( Ay X + S 1))] |5
o i]E[Vé( For(AwsaX + i) — VO fur(AwX + Guia))]|
+ HlE [V fu(AwX + Sua) — VE(fu(AuX + 8u))]]
+ H— (VO fwraAwiaX + 0wia)) = VO fu(AwraX +0wra)) X
BT A X + 8usa)) = (X + )X,

o %E[(w( FoAwX + Guia)) — VO fu (A X + 50))X ||
(B+1)lip(¢o fuw)

< \ (H5W+u_6W”2+ HAW+u _AW”U)
2 T T il " gl
€ (HHWIHO)Z ||W|| +B(H||W]||U)Z ”WH 5
i=1 i=1 tile j=1 j=1 Jie

where the last inequality follows from Lemma 3 in [103]. As a result,

1w = Ol + [[ A = A,
A

d
HU’JHU
S A= (B+)1p(lo fw) {B“ H”Wz” z:: ‘WZ”U+BHII Wil Z }

||W]||U

Then, we can bound the change in the loss function caused by perturbing w at any

|x]|2 < B with any norm-bounded |lw;||, < 1|w;||,:

||fw+u(Aw+uX ‘I' 5w+u) - fw(AwX + 5w) HQ
é ||fw+u(Aw+uX + 6w+u) - fw(Aw+uX + 5w+u) H2
+ wa(AeruX + 5w+u> - fw(AwX + 6w+u)H2

-+ HfW(AwX + 5w+u) - fw(AWX + 5W)H2
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geB(gHwiH gllwz\lz (1+B)(H!|Wi\|a)

2

€ ”quU ||u]||0
- (B+1)L1p(Vfw)ZZ| +BH” Wil anjng

Now, for a fixed weight vector w we consider a multivariate Gaussian distribution () with

zero-mean and diagonal covaraince matrix for perturbation w where each entry w; has

Willo

standard deviation k; = ——=—=“—x with x chosen as
V Hifl Il

= — 7 . . (C.96)
8e’L 2dlog(4dL)B(Hi:1 ||WZ||0) (1 + A—(1+B)Lip (Y fw) > i1 Hj:l ||Wj||a)

Also, for any w which satisfies |[|w;llo — ||[Willo| < 7%||Wills, we have Lip(£ o fu) <

e"?X\(1 —n) < (1 —n/2)A. Therefore,

KL(PWJrUHQ)
: ||w H
< Z >
- L ~ 112 1 L i ~ 2
iz IWwill5) (1 + =7 it Lmr 1Wille) ™ L (w2
<O L2B2dl dL =1 A—(1+B)Lip(V fw) - J= I F
: ( ogldl) e 2 T
L 2
<O<L2Bleog(dL) (Hi:l “WZHa)(l + (1+B)L1p (V fw) Zz 1 HJ 1 ||WJ|| Z HWZH%)
B ok — [|wil[

Now we plug the above result into [103]’s Lemma 1, implying that given a fixed underlying

distribution P and any £ > 0 with probability at least 1 —¢ for any w satisfying |||w;||, —
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||w; |W;||, we have

lo] < 77|

B2L2dlog (LA (TTL, [[willo o0, Iile)? 4+ 1og

=1 w3

my?(A = (1+ B) Lip(V fw))?

Ly (w) — L2 (w) < O

(C.97)
Now we use a cover of size O(% log M) points where for any feasible ||w;||, we can find a
point a; in the cover such that |||w;||; — a;| < fra;. As a result, we can cover the space
of feasible w;’s with O((% log M))*L) number of points. This proves that for a fixed
underlying distribution for every & > 0, with probability at least & > 0 for any feasible

norm-bounded w we have

L3 (w) — L% (w)

B2L2dlog(LA)X (T2, [[wills YO0, 1202)? 4 L 10g mEestn)

=1 [[willz

<O my2(A — (1 + B) Lip(V{ o fy))?

(C.98)

To apply the result to the network of n nodes, we apply a union bound to have the bound
hold simultaneously for the distribution of every node, which proves for every £ > 0 with
probability at least 1 — ¢ the average worst-case loss of the nodes satisfies the following

margin-based bound:

L% (w) — L% (w)

B2L2dlog(LAA ([T, [wille oL, lE)? 4 Llog s o

<0 my2(A — (1 4+ B) Lip(V fw))?

Therefore, the proof is complete.
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C.6 Proof of Theorem 4.4

Define random vector U = AX + §. According to the definition of optimal transport

cost We(Px, Py) for quadratic ¢(x,u) = 3|/x —ulf3,

W.(Px, Py) := min E[Z X - Ulf3] (C.100)

1
PX,UEH(Px,PU) 5

where II(Px, Py) contains any joint distribution Px y with marginals Px, Py. One dis-

tribution in II(Px, Py) is the joint distribution of (X, AX + ¢§) implying that

1
We(Px, Pu) < SE[[[X = AX — 4]
1
= SE[I = )X 6]
(a)
< E[[I(7 = MXI[3] + (1013

CIr((1 — M) — A)TEXXT]) + ]2

©)

S AT((I =AM =2)") +[ld]3
@) 2 2

< A=Al + 1913

< max{\, 1} (|7 = All + [10][3)-

In the above, (a) holds since for every two vectors uy, uy we have |Ju; + us||3 = ||uy||3 +
|zl + 2uwy < 2(||[wy |3 + ||uzl3). (b) follows from the fact that E[||(I — A)X]3] =
E[Tr((I — A)XXT(I = A)T) = Tr((I — A)(I — A)TE[XXT]). (¢) holds because of the
theorem’s assumption implying that E[XX'] < M. Last, (d) holds because we have

Tr(AAT) = ||A||% for every A. Therefore, the proof is complete.
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Appendix D

Supplements to Chapter 5

D.1 Proof of Theorem 5.1

In this section, we prove the asymptotic optimality of HCMM as claimed in Theorem

(@)
—

Consider the HCMM load assignment in (5.7). Let the random variable Tyeuy denote
the finish time associated to this load allocation, i.e. the waiting time to receive at least
r inner products from the workers. Let T,,., be the random variable denoting the finish
time of all the workers for the HCMM load assignment.

First, we show that

]E[THCMM] S t* + 0(1)

Let us define two events & and &, as follows:

& = {Tmax > @(n)} and & = {THCMM > t*}
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Conditioning on these events, we can write

]E[THCMM] == E[THCMM|81] Pr[gl] + IE[Z—'I.I(_‘,MM|(€‘1C N 52] Pr[glc N 82]

+ ]E[THCMMlgIC N 826] Pr[glc N 520]. (D]_)
We can write the second term in RHS of (D.1) as follows:

E[THCMM’glc N 52] Pr[glc N (92]
= E[THCMM‘Tmax < @(n), Tyomm > t*] Pr[Tmax < @(n), Tuomm > t*]
< E[Tmax’Tmax < @(n), Tyonmm > t*] Pr[THCMM > t*]

2 om0 (%)

= o(1). (D.2)

To prove (a), we note that HCMM returns r inner products by time Tyeuy. Moreover, the

aggregate return is increasing in time. Therefore,

1
Pr[THCMM > t*] S PI'[X*( ) < 7”] 0 <—) .
n
Furthermore, we have
IE[T‘maxu—‘max S @( ) THCMM > t
! / / t1d Pr| < t1, Taom < t2]
= 1“ max > U1,
P [Tmax S @(n) THCMM > t t t2 t* l l HOMM = 2
O(n) @(n)
< dPr[Thax < t1, Thown < ¢
= Pr[Thax < O(n), Trom > t* /t /tQ_t* r| 1, LHCMM 2]
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Moreover, the third term in RHS of (D.1) can be written as

]E[THCMM|810 N 520] Pr[glc N 520]
= ]E[THCMM|Tmax < @(n)7THCMM < t*] Pr[Tmax < @(n)a Tyom < t*]

< IE[THCMM|Tmax < @(n), Thom < t*]

<t (D.3)

where proof of (b) is similar to proof of (a) in (D.2). Regarding the first term in RHS of
(D.1), we have

E[Tucun|E1] Pr[€1] = E[Tacum| Tmax > O (n)] Pr[Thax > ©(n)]

< E[Tmax|Tmax > ©(n)] Pr[Thax > O(n)]
= /Oo tfmax(t) dt

O(n)

() oo n—1
< / tnkje kt (1 — e’k1t> dt
O(n)

< / nkite *t dt
O(n)

g/oo %dt:o(l), (D.4)

O(n)

for some k; = O(1) and large enough n. To derive inequality (c¢), we find a stochastic
upper bound on T,,« by considering n i.i.d. copies of the worker run-times with largest
shift and smallest straggling parameters that are also ©(1), and use the PDF of the
maximum of n ii.d. exponential random variables. As we later use in the proof of

Theorem 5.3, one can similarly write for the shifted Weibull distribution:

[e.e]

E[Thou|&1] Pr[E)] < / b foman(f)

O(n)
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/ nk; koth? ekt (1 — e—klt’%)"_l dt

< / nky kytt2e Rt gt

for some constants k; and ky. Therefore, using (D.2), (D.3) and (D.4) (or (D.5) for the

A

IN

shifted Weibull model) in (D.1) we have

]E[THCMM] S t* + 0(1)

Let £Lopt = (YopT1,- - ,lopT,n) denote the optimal load allocation corresponding to
Prain in (5.3) and Xopr(+) represent the aggregate return under load allocation £opr.
Now we prove the following lower bound on the average completion time of the optimum
algorithm:

]E[TOPT] Z tr — O(l)
To this end, we show the following two inequalities,

(@) (e)
E[TOPT] > T — 51 > t — 52 51,

where 0; = © <1°gn”>, dy =0 <1°g”) and 7 is the solution to E[Xopr(7)] = . We have

— E[Xopt(T —01)] = iEOPTﬂ‘(PI‘[E <71]=-Pr[T; < 71— 51])

_ izleom ( Pr[T} < 76, + O (52))

= 0(né) + O (né}) = O(nd1),

296



where we used the fact that lopr; = ©(1)'. By McDiarmid’s inequality (see Appendix

for its description), we have

PI"[XOPT(T — (51) Z ’l“] = PY[XOPT(T - 51) - ]E[XOPT(T - 51)] 2 r— E[XOPT(T - (51)“

2(E[Xopr (T — 01)] —7)°
Z:L:l 6(2)PT,2‘

— o) — (%) :

which implies inequality (d). We proceed to prove (e) by showing the following two

<exp [ —

inequalities,

T>T7" (D.6)
> 1 — 0y, (D.7)

where 7* is obtained in (?7). Given the fact that HCMM maximizes the expected aggregate

return, we have

E[X"(8)] = E[Xopr(1)],

for every feasible ¢, which implies (D.6). Moreover, Lemma 5.1 proves (D.7). All in all,

we have

t* — 0(1) < IE[TOPT] < E[THCMM] <t + 0<]-)7

which yields lim,, o E[Tyom| = lim,, o E[Topt]| and the claim is concluded.

'We argue that the allocated loads in the optimum coded scheme are all ©(1). Without loss of
generality, suppose fopt1 > ©(1) which implies lim,,_,o, Pr[T7 < t] = 0 for any ¢t = O(1). We have
already implemented HCMM, a (sub-)optimal algorithm achieving computation time 7* = ©(1), therefore
the optimal scheme should have a better finishing time 7 < ©(1). Now assume the load of machine 1 is
replaced by fopt1 = O(1). Clearly, for any time ¢ = ©(1), the aggregate return for the new set of loads
is larger than the former one by any ©(1) time, almost surely. This is in contradiction to optimality
assumption.
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D.2 Proof of Theorem 5.2

This section provides the proof of Theorem 5.2 by comparing the performance of
HCMM to uncoded scheme. In an uncoded scheme, the redundancy factor is 1; thus, the
master node has to wait for the results from all the worker nodes in order to complete
the computation.

We start by characterizing the expected run-time of the best uncoded scheme. Par-
ticularly, we show that

E[Tuc] = ©(logn),

where Tyc denotes the completion time of the optimum uncoded distributed matrix

multiplication algorithm. To do so, we start by showing that
E[Tyc] > clogn,

for a constant ¢ independent of n. For a set of machines with parameters {(a;, pt;) }i,
let @ = min; a; and i = max; p;. Now, consider another set of n machines in which every
machine is replaced with a faster machine with parameters (a, 1). Since the computation
times of the new set of machines are i.i.d., one can show that the optimal load allocation

for these machines is uniform, i.e.,

e T

gl = ﬁ’
for every machine i € [n]. Let {T;}", represent the ii.d. shifted exponential random
variables denoting the execution times for the new set of machines where each machine

is loaded by ZZ‘ = L. Therefore, the CDF of the completion time of each new machine

can be written as

T _Zl.(t_&zi‘k) o ~”(t7&

Pr[T; <t]=1-—e¢

=%
|
—_
|
('U‘
=
3|
3=
~—
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for t > %T and the expected computation time can be written as

for all ¢ € [n]. Since the master needs to wait for all of the machines to return their

results, the total run-time is Tuc = maX;e|y] ﬁ Therefore,

. - ar rH
E[Tuc] = Elmax T} = & 4+ n

ic[n] n nii’

(D.8)

where H,, = 1+ % + % 4+ % is the sum of the harmonic series. We can further bound

(D.8) using the fact that

ar rH,

— > ar + Llog(n—i— 1) > clogn,
n nji n o nji

for a constant ¢ independent of n, since r = O(n), a = ©(1), and 1 = O(1) for all i € [n].

All in all, we have the following lower bound on the optimal uncoded scheme:
E[Tuc] > E[Tyc] > clogn. (D.9)

Now consider another set of n machines, where each machine is replaced with a slower
one with parameters (a, 1) for ¢ = max; a; and i = min; ;. By an argument similar to

the one employed the lower bound, we can write

E[Tuc] < % + nLﬂHn < Clogn, (D.10)
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for another constant C'. From (D.9) and (D.10), one can conclude that

Further, by Theorem 5.1 and Lemma 5.1, we find that

E[THCMM] = @(1)- (D-12)

Comparing (D.11) to (D.12) demonstrates that HCMM outperforms the best uncoded

scheme by a factor of ©(logn), i.e.,

E[Tyc]
E [THCMM]

= @(logn).

D.3 Proof of Lemma 5.1

Let us first state a useful inequality which we will use to prove Lemma 5.1.
McDiarmid’s Inequality: Let X1,--- , X, be independent random variables taking

values in X'. Further, let the function f : XY™ — R be L;-Lipschitz for all i € [n], that is

|f<x17... s Liyt v 7In)_f(x1’... 73:‘;:7... ,xn>|§L“

for any x1,--- ,z,, 2, € X and i € [n]. Then, for any € > 0,

YL

PrB[f(X0, o, Xo)] = f(Xa, o, X) > o] < exp (—%) .

Pr [f(Xl,..- X)) —E[f(Xy, -, X)) ZE] Sexp( 262 ) |

For each i, the aggregate return at time ¢ satisfies X;(¢t) € {0, ¢;}. Therefore, we can use
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McDiarmid’s inequality as follows:

Pr [X(t) —E[X(¢)] > e] < exp <_Z%+1€2) ,

Pr [E[X(8)] - X(£) > ] < exp <_Z%+1€2) ,

for any € > 0. Now, we proceed to the proof of Lemma 5.1.

/n

r — €] =o0(2). From McDiarmid’s inequality, we have

Let t = 7 + ¢ for some § = © <loﬂ> and € = §%. The claim is that Pr [X*(t) <

2(EX*()] —r+e)
2. ()

C2ts —r+ e)2>

Pr[X*(t) <r —e€| <exp

~P T
20252 + 26% + 4635
=exp | —
Pl o203 0

9 o) o (1),

In above, equality (g) follows from the fact that r = O(n), s = ©(n), \; = O(1),

§=06 (l‘i/gﬁ”), and therefore Y, A\? = ©(n) and s* = ©(n?). Moreover, if t* < 7, with a
positive probability there are less than r equations at the master node by time t* which

is a contradiction. Therefore,

D.4 Proof of Lemma 5.3

We first argue that if the budget-constrained problem defined in Pain-constrained 1S

feasible, then HCMM determines the asymptotically optimal load allocation. Consider a
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set of N machines and assume that M of them are assigned non-zero loads in the optimal
budget-constrained scheme. Now, one can run HCMM load allocation over the set of these
M machines and according to asymptotic optimality results, HCMM asymptotically attains
the optimal run-time while satisfying the budget constraint.

Now assume that nj number of type k& € [K| machine is used. Then, by assigning
the loads obtained from HCMM and the result of Theorem 5.1, the induced expected cost

(for large number of machines) can be written as

cost (HCMM(nl7 _ ,nK)) =7* Z NyC

K
K Z kl“bk

gl
= HT%gM, (D.13)

k=1 Ny

where z¢ = 1 4 A is the solution to the equation e*¢~¢~! = z, for all machine type
k € [K]. In another scenario, assume that we remove one machine of type K (the fastest
machine type) and run HCMM accordingly, i.e. ny of type k € [K — 1] and nx — 1 of type

K. The expected cost of this scenario can be written as follows:

o]+ (e — D
ZkK 11 e + (g — g

Zk 1 ”k:“k

k=1 "k Mk

cost (HCMM(ny, - -+ ,ng — 1)) = krae
< KTT¢

= cost (HCMM(ny, - -+ ,ng)), (D.14)

where inequality (f) can be easily verified given that u; < --- < ugx. We can iteratively
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apply the same argument and conclude that the minimum expected cost is achieved when

only the slowest machines are used, that is
C'min = cost (HCMM(nl, 0,--- ,O)) = /ﬁrxg,ufl, (D.15)

for any 1 < ny; < Nj. Similar to (D.14), one can show that reducing the number of

participating slowest machines increases the induced expected cost of HCMM, that is
cost (HCMM(ny — 1, -+ ,nk)) > cost (HCMM(ny, - - - ,nk)). (D.16)

Therefore, applying (D.16) iteratively shows that the maximum expected cost occurs

when only the fastest machines are employed, that is
Cnax = cost (HCMM(O, -0, nK)) = ergu}(_l,

for any 1 < ng < Ng.
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Appendix E

Supplements to Chapter 6

E.1 Pseudo-code for Computation Allocation Sub-

routine

Algorithm E.1: Computation Allocation (CompAlloc)
Input: dataset D, n workers, straggler toleration s, computation matrix
B =[by;---;b,] € R™**

Output: data set allocation {D(yy,--- , D, } for n workers

Procedure CompAlloc(D,B)
uniformly partition D = Uk_, D,
for worker i <~ 1 to n do

‘ Dy < UﬁzlmeK h Dy is assigned to worker W

end

end
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Algorithm E.2: CodedReduce
Input: dataset D, (n, L)-regular tree T, straggler toleration s (per parent),
model w(®)
Output: gradient gp = > .1 Vi(w®; x) aggregated at the master
Procedure CR.Allocate
GC generates B specified by n,s for [ < 1 to L do
for i < 1 ton'~! do
| {DTUnG=D+D .. DT} = CompAlloc(Drg-1,), B)
end
for i < 1 to n! do
pick reg - d data points of DT as D(1, 1)
DT(l,i) — DT(l’i) \D(l, 2)
end

end
end

Procedure CR.Execute
GC generates A from B

all the workers compute their local partial gradients gp ;)
for <~ L—1to1do

for i «— 1 ton' do
worker nodes ([,17):
receives (41 pn(i—1)41); *** ; M(41,04)] from its children
uploads my ;) = arq) [Mr1n6-1)11); i M+1,00)] + 8o, to its
parent
end
end
master node:
receives [m 1y;- -+ ;M) from its children
IeCcoVers g = a(o,1)[M(1,1); -+ ;M)

end

E.2 Pseudo-code for CodedReduce Scheme

E.3 Proof of Theorem 6.1

Achievability: According to the data allocation described in Algorithm E.2, to be
robust to any s straggling children of the master, the data set D is redundantly assigned

to sub-trees T'(1,1),--- ,T(1,n) such that each data point is placed in s + 1 sub-trees,
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which yields

: 1
DT — (SZ )d, Vi € [n]. (E.1)

Then, nodes in layer [ = 1 pick rerd data points as their corresponding data sets and

similarly distribute the remaining among their children which together with (E.1) yields

DT = (Szl) ((5‘£1> d—TcRd>
_ (5‘51) ((S‘;l> _rCR> d, Vien?.

By the same argument for each layer, we have

i s+1 s+1\"" s+1\" s+1
|DT(L7 )| — ( ) ( ( ) —_ ( ) TCR e TCR — TCR d,
n n n n

(E.2)

for all 7 € [n*]. Putting (E.2) together with |DT)| = red yields

1
n n =
(str) +--+ (510)

Optimality: In an a-resilient scheme, the master node is able to recover from any

Ter =

s = an straggling sub-trees T'(1,1),--- ,T(1,n). Therefore, each data point has to be

placed in at least s+ 1 of such sub-trees, which yields

|DT(1’1)‘ I ‘DT(L”)] > (s+1)d, (E.3)

where the equality is achieved only if each data point is assigned to only s+ 1 sub-trees.

Hence, we can assume the optimal scheme satisfies (E.3) with equality. Moving to the
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second layer, the following claim bounds the required redundancy assigned to sub-trees

T(2,1),---,T(2,n). Similar claim holds for any other group of the siblings in this layer.

Claim E.1 The following inequality holds:
IDTED| . 4 DT > (s 4 1) (|DT<171>| — rd) :

Proof: [Proof of Claim E.1] First, note that [DT0D \ D(1,1)] > [DTEY| — rd. If
the claim does not hold, then there exists data point x € DTV \ D(1, 1) such that x is
placed in at most s sub-trees rooting in the node (1, 1), e.g. 7'(2,1),--- ,T(2,s). Note that
besides sub-tree T'(1, 1), x is placed in only s more sub-trees, e.g. T'(1,2),--- ,T(1,s+1).
Now consider a straggling pattern where 7°(1,2),--- ,T(1,s+1) and T'(2,1),--- ,T(2, s)
fail to return their results. Therefore, x is missed at the master and fails the aggregation
recovery. |

By the same logic used in the above proof, Claim E.1 holds for any parent node and

its children, i.e. for any layer [ € [L] and i € [n'™1],
|DT(l,n(z’—1)+1)| NN |DT(l,m)| > (S + 1) (|DT(Z—1,i)’ . T‘d) . (E4)

Specifically applying (E.4) to layer L and noting that |DT"9| = |D(L,4)| = rd for any

() ) s
s+1

We can then use the above inequality and furthermore write (E.4) for layer L — 1 which

2
dl (=) + () +1]) > pre-2y)
s+1 s+1
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By deriving the above inequality recursively up to the master node, we get

L—1
d n 4oy n 1 ZS+1d,
s+1 s+1 n

which concludes the optimality in Theorem 6.1.

E.4 Proof of Theorem 6.2

Let us begin with the lower bound

T’CRd

E[Te] > 2% log (é) +argd + (n(1—a) — o(n) + L— 1) (1 — o(1)) t. + o(1).

Consider the group of siblings! placed in layer L whose result reaches their parent nodes
first. Let 7 denote the time at which the parent of such group is able to recover the partial
gradient from its fastest children’s computations, i.e. fastest n — s of them. We also
denote by T1,--- ,T, the partial gradient computation times for the siblings. According
to the random computation time model described in the paper and the computation load
of CR, each T} is shifted exponential with the shift parameter ad; = arcgd and the rate
parameter dﬁi = ﬁ. Since CR is robust to any s stragglers per parent, the partial gradient
computation time for any group of siblings is T(,,_s), i.e. the (n — s)th order statistics of
{T,---,T,}. In [128], authors consider coded computation scenarios in a master-worker
topology where the master only needs to wait for results of the first a fraction of the
workers. However, as in the scenario here, the limited bandwidth at the master only
allows for one transmission at the time. From the latency analysis in [128], we have the

following.

LA group of siblings refers to n nodes with the same parent.
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Lemma E.1 (Theorem 2, [128]) With probability 1 — o(1), we have
T>Tp+ (n(1—a)—on))t,. (E.5)
Now, conditioned on the event in (E.5) we can write

E [Te] > (E [Tinw] + (n (1= a) = o(n)) tc> (1-o(1)) + (IE [Tines] + Ltc> o(1)

>E [Tih-s] + (n(1 —a) —o(n) + L —1) (1 —o(1)) ¢,

(@) repd 1
> o log (a) + arcd + (n(1 — @) —o(n) + L —1) (1 — o(1)) t. + o(1),

where inequality (a) uses the fact that E [T{,_)] = % (H, — Hy) + arcgd and log(i) <
H, =1+ % +---+ % < log(i + 1) for any positive integer i.

To derive upper bound on E[T], that is

E [Tn] < ¢

log (é) + arerd +n (1 — o(1)) Lt. + o(1),

we prove the following concentration inequality on the computation time for any group

of siblings.

Lemma E.2 Let T,---,T, denote i.i.d. exponential random variables with constant
rate A = ©(1). Fore =© <n1—1/4> and constant o = 2, we have the following concentration

bound for the order statistics T, _):

R A e (E.6)

Proof: [Proof of Lemma E.2] Given i.i.d. exponentials T3, -+, T, ~ exp(\), we can

write the successive differences of order statistics as independent exponentials. That is,
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we have

Ty = Tin1) = En ~exp (A)

n—s

where E;’s are independent. Thus, T, _s) = > E;. We have the following for inde-

pendent exponentials £;’s and A = O(1):

s[ier] -2 o]

k
(A Y
n—i+1

1

for B = % = a—);l =0 (%) Moreover,

niE[Ef] = 2)\? (%+"’+(3+11)2>

=1

s N —S

<2\ =

C22(1—a) 1
o? n



According to Bersterin’s Lemma (See Lemma E.3), for e = © (#) we have

Pr [Tn_s —E T}, —s 25} <exp| —
(n—s) [ ( )] 2(2;:151[‘3[@2} —|—5B>

|
As described in Section 6.3.1, in the proposed CR scheme all the worker nodes start their
assigned partial gradient computations simultaneously; each parent waits for enough
number of children to receive their results; combines with its partial computation and
sends the result up to its parent. To upper bound the total aggregation time Tcg, one
can separate all the local computations from the communications. Let T¢o, denote the
time at which enough number of workers have executed their local gradient computations
and no more local computation is needed for the final gradient recovery. Moreover, we
assume that all the communications from children to parent are pipe-lined. Hence, we
have E [Tr] < E [Tcomp] + L(n — s)t.. To bound the computation time 7o, consider
the following event which keeps the local computation times for all the N/n groups of

siblings concentrated below their average deviated by ¢ = © <n1—1/4>

. gr gr
£ = {T(n_s) <E(TY

} + ¢ for all the N/n groups gr} :

where a group gr is a collection of n children with the same parent, i.e. there are N/n

groups in the (n, L)-regular tree. For a group gr, {T7",--- , 79"} denote the random
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run-times of the nodes in the group and 7 (gnr_s) represents its (n — s)’th order statistics.

Clearly,
E [Teomp|€1] < E [Tin-s)] + o(1). (E.7)

Now let T denote the computation time corresponding to the slowest group of siblings,

1.e.

T = max T (g;s).
over all N/n groups gr

Consider the following event:
& = {Tv > @(logn)} .
We can write
E [Tcomp|8f N Eﬂ < O(logn), (E.8)
and

E [Teompl€; 0 &) Pr (€] < E |T|E¢ N & Pr&)

=E T\f < @(logn)] Pr [f < O(logn)

<E T]
S E [Tmax]

TCRd

HN + aTCRd
=0 (logN)
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= LO (logn). (E.9)

In the above derivation, T}, denotes the largest computation time over all the N nodes.

Putting (E.8) and (E.9) together, we can write

E [Teomp|&f] = E [Teomp|Ef N E] Pr [Eo] + E [Teomp|Ef N E5] Pr (5]

< O (logn). (E.10)

Moreover, using union bound on the N/n groups of workers, we derive the following

inequality.

nL_1> e0(vn), (E.11)

[Teomp|€1] Pr[€1] + E [Teomp|Ef] Pr [Ef]
[T(nfs)] +e+0(logn)O (nL—1> o—e(vn)

d
- 7% (H, — H,) + aread + o(1).

Therefore,

E [Te] < E [Teomp] + Ln(1 — a)t,

d
_ T'cr (Hn _ Hs) + arCRd —+ Ln(l - Oé)tc + 0(1)
M
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T'cr d
2

<

log <$> + arcad +n (1 — o(1)) Lt. + o(1),

which completes the proof.

Lemma E.3 (Bernstein’s Inequality) Suppose Ei,--- , E,, are independent random

variables such that

E [|Ei|k] < _E[E2] B* 2k,

N | —

for some B >0 and everyi=1,--- ,m, k> 2. Then, fore >0,

m 2

= €
Pr E; — E[E]>¢e| <exp | —
EEx 2 (S0 B [57] +2)
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Appendix F

Supplements to Chapter 7

F.1 Proof of Lemma 7.1

Before proving Lemma 7.1, we first present the following lemma that will be used in

our proof.

Lemma F.1 For random variables {P;}I_, defined in (7.8), their moment generating

functions for s’ > 0 can be bounded by
E[e"] < (pe® +1—p)?%.

Proof: Consider a generic random variable of the form (7.8)

j=1

where E;’s are Bern(p) and possibly dependent. However, although FE;’s may not be
all independent, but dependency is restricted to pairs of E}’s. In other words, for all
1 < j < g, Ej is either independent of all Eg\ (;3, or is equal to £ for some £ € [g] \ {j}
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and independent of all Ej\ ;. By merging dependent pairs, we can write

where
(i) F}’s are independent,
(ii) g —2J of F}’s are Bern(p),
(iii) J of Fj’s are 2 x Bern(p),

for some integer 0 < J < L%J Now, we can bound the moment generating function of

P. For s >0,

—~

a

<

~

— (pezs/ +1 —p)g/g,

where inequality (@) is obtained using Lemma F.2 (proof available in Appendix F.6). W

We now complete the proof of Lemma 7.1. For any s’ > 0, we can write



< r(pezsl +1-— p)§/2,

where the last inequality follows from Lemma F.1. Taking logarithm from both sides

yields

1 /
E[Q] < 7 log(r) + % log(pe* + 1 —p). (F.1)

Let us substitute s = 2s" in (F.1). Then,
1 ~
E[Q] < - log(r*) + < log(pe” + 1 - p), (F2)
for any s > 0. Let p =1 — p and pick

log(r)
app

Sy = 2

We proceed with evaluation of the right hand side (RHS) of (F.2) at s = s,.. We first

recall the following Taylor series

2 28
log(l—i—x)zx—?—i—?—, fOI'QTE(—]_,l],

x2 28
Gm:1+$+?+§+, fOI‘l'ER.

Let « = p(e® — 1). It is easy to check that for p = w(-5), we have z — 0 and s, — 0 as
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n — oo. Therefore, for n — oo we can write

log(pe™ +1 — p) = log(z + 1)

2 $3
TRt
2(,8 2 3(,s 3
prle™—1)%  pile* —1)
— Sx 1 . —
p(e ) 5 + 3
3*2 3*3 p2 5*2 3*3 5
ploet Gt grte) =ttt
3 2 3
D S Sx 3
+3 (st 5 +)
= ps. + 52 + o(ps?).

Putting everything together, we have

EQ] < ~log(r?) + L log(pe™ +1— p)

* S*
; : ]
= —log(r?) + & (ps, + 52 + o(ps?))

1 _ . gpp .
== log(r?) + gp + =8+ +olgps.)

= gp+2+/gpplog(r) + o (x/ép) -

Recall that g = KT(L;) which is a deterministic function of n. Therefore, we choose

T

p = w(s5) to have gp = w(1) and thus /gpplog(r) = © (v/gp) = o(gp). Therefore,
E[Q] < pj + o{pf), as n - oo
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F.2 Proof of Claim E.1

(i) If S = {k}, for any k € [K] and graph G we have H(Xs|Y§.) > 0. Therefore,

1

n 1—1
Eg [H(XS|YS% } >0 Z =

(ii) Assume that claim (7.10) holds for all subsets of size Sy. For any subset S C [K]

of size Sy + 1, the following steps hold:

H(Xs|YE) =15 |ZH Xs, Xi|YE)
kesS
|5|Z (Xs| X5, Y& + H(X|YS)) (F.3)
keS
1
’ ZH X3|Xk,yg)+mH(X3|Y%). (F.4)
keS

where (F.4) follows from (F.3) using chain rule and conditional entropy relations.

Simplifying (F.4) and using |S| — 1 = Sy, we have the following:

H(Xs|YE) > = ZH Xs|VE,, . Y$). (F.5)
keS
Moreover,
H(Xs|Viy, Ys:) = HVR Vi Ys) + H(Xs|Viy,, VR, Ys0)- (F.6)

We can lower bound expected value of the first RHS term in (F.6) as follows

E <V7gk ‘VMk’YSgC)] :]Eg Z H(V{%}#’VY{%LMICUMSC)

VER
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=Eg | Y IN()| = IN(v) N (M UMs.)]

VER

n 5o
i, S\{k
AL

j 0

n 3.S\{k}
> oD TZ : (F.7)

Expected value of the second term in RHS of (F.6) can be lower bounded from the

induction assumption:

Eg H(XSW:,Q k’ng,:ayg)] = Eg [H(XS\{k}| S\{k})]

So
> pTZ §S\{ky SOJ_J (F.8)

Putting (F.5), (F.6), (F.7), and (F.8) together, we have

E[ (X3|Y§{)} ZgZEg[ (Xs|V aYsgc)]

:_;;Eg[ H(VE V5, Ve )]+Eg[ (Xs|Vﬁ4k7V7§k,zaY§)]
S

> ;OZ( pTZ zS\{k}+pTZ jS\{k};SOJ_]>
_ T anz 5:S\(k}

kGS
So+1

So+1—
_pTZ is 0+j J

(iii) Therefore, for any subset S C [K], claim (7.10) holds.
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F.3 Achievability for the Random Bi-partite Model

In this Section, we specialize our proposed scheme in Section 7.4 for the random bi-

partite model and prove the achievability of Theorem 7.3. Consider RB(n;,ns, q) graph

G = (ViUWE) with n = ny +ng, V1| = n1 = O(n), and |Vs| = ny = O(n) where

|n1 — na| = o(n). The prior knowledge of the bi-partite structure of the graph implies

that Reduction of vertices in V; depends only on the Mappers in V,. Therefore, the

two operations would better be assigned to the same set of servers. Inspired by that

argument, we describe subgraph and Reduce allocations as follows. We divide the total

K servers into two sets of K = "t K and Ky = 72K servers. Assume n; > ns.

()

(I11)

Mappers in V; and Reducers in V, are distributedly allocated to K; servers accord-
ing to the allocation scheme proposed in Section 7.4.1. Each of the K servers Maps
nig = ng vertices (in Vi) and Reduces 2 = 722 vertices (in V). Note that
although each server in K is loaded at its capacity with ns Mappers, these servers

n

% < + Reducers which implies more Reducers can be assigned to

are assigned 2

these servers.

Next we allocate the Mappers in V; to the other set of K5 servers similar to Mappers
in V;. According to our pick for K5 and the allocation scheme proposed in Section
7.4.1, each server in K is assigned with ny - = ng vertices (in Vs). To allocate the
n1 Reductions in V; to the K5 servers, we note that these servers can accommodate
at most Ky = my Reductions which is less than n;. To allocate all Reductions,

we use the remaining Reduction space in the K; servers. More precisely, we first

allocate ny out of the total ny Reductions in V] to the Ky servers.

Finally, we allocate the remaining n; — no vertices to the K; servers.

All in all, each of the K servers is now assigned with nr/K Mappers and n/K Reducers.
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We denote this allocation by A € A(r). Moreover, coded Shuffling applies the coded
scheme proposed in Section 7.4.1 for Reducing functions in phases (I) and (II) separately.
We also allow uncoded communications for enabling Reductions required in phase (III).

Now, we evaluate the communication load of each of the above phases. Let E%l,
E% denote the average normalized communication loads for phases (I) and (II); and
E%a denote the average normalized communication load regarding phase (III). From the

achievability result in Theorem 7.1, for ¢ = w(n—g), we have

and

As mentioned before, Reduction of the remaining n; —ns vertices in phase (III) is carried
out uncoded, which induces the average normalized communication load as follows:

n2(n1 - nz)

FUC3 _
LA =4 n2

Putting all together, the proposed achievable scheme has the total average normalized

communication load L ; as follows:

A A
1 nineo r 1 n2 r no(ny — ng)
N <1 - E) Toa 1 i, 2 + o(q)

Hence, the achievability claim of Theorem 7.3 can be concluded as follows:

L -
lim sup < limsup -2

*
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1 1 n3
glimsup—nm2 —— —i—limsup—@ j——

. na(ny — N2
+ lim sup Q
n2
n—oo

L), 9

F.4 Converse for the Random Bi-partite Model

Here we provide a lower bound on the optimal average communication load for the
random bi-partite model that is within a constant factor of the upper bounds and com-
plete the proof of Theorem 7.3. Consider G = (V; UV, £) and assume that ny > ny. To
derive a lower bound on L*(r), for every realization of RB(ny, ns, q) graph, we arbitrarily
remove n; — ny vertices in V; along with their corresponding edges. The new bi-partite
graph represents two random ER graphs with ny vertices. Consider Reducing the vertices
in one side of the new graph, e.g. V,. Clearly, this provides a lower bound on L*(r). Note
that now each Mapper can benefit from a redundancy factor of 2r. According to Theorem

2r

7.1, Reducing V; induces the (optimal) communication load of %q (1 — ?) + o(q) which

implies

Lx 1 n? 2 1 2
lim sup (r) > lim sup —q% (1 — %) +o0(q) = S (1 — %) . (F.10)

n—s00 q n—soo 2T

Hence, the proof of converse of Theorem 7.3 is complete. Furthermore, (F.9) and (F.10)
together asymptotically characterize the optimal average normalized communication load

L*(r) within a factor of 4.
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F.5 Achievability for the Stochastic Block Model

In this Section, we specialize our proposed scheme in Section 7.4 for the stochastic
block model and prove the achievability of Theorem 7.4. Consider an SBM(nq,ns, p, q)
graph G = VUV, E1UEUE;) with n = ni+ns, [Vi| = ny = O(n), and |Vs| = ny = O(n).
Edge subsets &1, & and &3 respectively represent intra-cluster edges among vertices in Vy,
intra-cluster edges among vertices in Vs, and inter-cluster edges between vertices in V;
and Vy. Let G = (V1,&1) and Gy = (Vs, &) be graphs induced by V; and Vy, respectively,
and denote the graph of inter-cluster connections by Gz = (V; U Vs, &3). Clearly, G; and
G, are ER(ny, p) and ER(ng, p) graphs, while G3 is RB(n1,ns, q¢) graph.

Subgraph and Reduce allocations are described as follows. Mappers in V; and Re-
ducers in V, are distributedly allocated to K servers according to the allocation scheme
proposed in Section 7.4. Similarly, Mappers in V, and Reducers in V; are distribut-
edly allocated to K servers according to the allocation scheme proposed in Section 7.4.
Therefore, each server Maps nyr/K vertices in V; and nor/K vertices in V,, inducing
the computation load r. Moreover, each server Reduces n;/K functions in V; and ny/K
functions in V,. We consider this allocation, denoted by A, for both uncoded and coded
Shuffling schemes. In uncoded scheme, Reducing each function in V; requires on average

pny intermediate values Mapped by vertices in V; due to intra-cluster connections which

introduces the average uncoded load I_J%CI =p (m-ﬁzzﬁ (1 — %) . Similarly, the average un-

coded load for Reducing V, due to intra-cluster connections is Eg‘cz =p " (1 — 1) .

(n1+n2)2 K
Moreover, inter-cluster connections induce an average load L%Q = q(fﬂ% (1 — %) .

In the coded scheme, we propose to employ coded Shuffling for the ER and RB
models in the regime of interest, that is p = w(n—g), qg = w(#) and p > ¢. Thus, the
overall communication load can be decomposed into three components. We first apply

the coded Shuffling scheme described in Section 7.4.1 to ER graph G; which induces the
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average normalized communication load

_ 1- 1 2 r
L& < Zuct =p—  (1—-—— )
F <L + o(p) L T + o(p)

Similarly, the same scheme applied to ER graph G, results in the average normalized

communication load

L% < EEQQ +o(p) = lpn—% 1- 2 )+ o(p).
A_T A T (7’L1+7’Lg)2 K

Finally, we employ the same scheme twice for the two ER models constituting the RB

graph G which induces the average normalized communication load

_ 1- 1 2nin r
L& < =LY 4 = g2 (1= =] +a(q).
A — r A O(q) Tq (nl n2)2 F: 0(Q)

Let us denote by E% and EEC the total average normalized communication loads of the

coded and uncoded schemes, respectively. Therefore,

L*(r) < [_’,C&
_7C, 72, 7C3
=[S+ LD+ IS
1 _ _ _
< ;( gc1+ch2+L%c3> +o(p)
1-
= ;Lgc—l—o(p)
2 2
pny + pns + 2qning ( r)
= 1——+o(p),

which concludes the proof of achievability of Theorem 7.4.
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F.6 Converse for the Stochastic Block Model

In this section, we provide the proof of the converse of Theorem 7.4. Consider an
SBM(nq,n2,p,q) graph G = (V; Uy, & U & U E;) with n = ny + ng, V1| = ny = O(n),
and |Vs| = ne = O(n). Our approach to derive a lower bound for the minimum average
communication load is to randomly remove edges from the two intra-cluster edges, i.e.
& and &. Moreover, edges are removed such that each of those clusters are then Erdos-
Renyi models with connectivity probability ¢ (reduced from p). This can be simply
verified by the following coupling-type argument. Let the Bernoulli random variable £,
denote the indicator of existence of a generic edge in an ER(n,p) graph, i.e. Pr[E, =
1] = 1 — p. Now, generate another Bernoulli E, by randomly removing edges from the

realized ER graph as follows:

¢

if B,=0 0

E, = 0 wop. 1-—
g 5 -1 p q/p

1 w.p. q/p.

Clearly, E, is Bernoulli(g) and the resulting graph has fewer number of edges compared
to the original one (with probability 1). By doing so for the two ER components of the
SBM graph, we have a larger ER graph of size n = n; 4+ ny with connectivity probability
q. Using the converse in Theorem 7.1, we have the following for average normalized

communication load for the stochastic block model:

Lemma F.2 For all p € [0,1] and s’ > 0, we have (pes/ +1-— p)2 <pe* +1—p.
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Proof: For given p € [0, 1], define f(s') = (pesl +1- p)2 - (pezsl +1—p). Clearly
f(0) = 0. Moreover,

f(s') = 2pp(e — e*') <0,

for s > 0. Therefore, f(s') <0 for all s > 0, concluding the claim of the lemma. [
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