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Abstract

Quantum Hierarchical Locally Recoverable Codes

by

Pranav Trivedi

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Venkatesan Guruswami, Chair

Quantum locally recoverable codes (QLRCs) have recently gained attention as a framework
for achieving efficient quantum storage with local recovery capabilities. Analogous to their
classical counterparts, QLRCs allow a lost qudit to be reconstructed using only a small subset
of other qudits, thereby reducing the resource and operational overhead in recovery. In this
work, we extend the study of QLRCs by considering (r, δ) QLRCs characterized by locality
parameter r and local distance δ ≥ 2. We present constructions of both random and explicit
(r, δ) QLRCs, including explicit families based on the quantum Tamo—Barg construction.
We also present an efficient decoding algorithm for these quantum Tamo–Barg codes.

Furthermore, we introduce quantum hierarchical locally recoverable codes (QHLRCs), which
extend local recovery to multiple hierarchical levels. For any integer h ≥ 2, we construct
both random and explicit h-level QHLRCs—the latter being h-level quantum Tamo—Barg
codes—and establish a Singleton-like bound for these codes using a CSS framework built from
dual-containing classical codes. These results advance the theoretical foundations of quantum
erasure recovery and contribute to the design of efficient quantum storage architectures.
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Chapter 1

Introduction

Erasure recovery plays a central role in maintaining data reliability in classical storage sys-
tems, particularly those that are distributed across multiple physical locations or devices.
In such systems, data loss can occur due to node failures, hardware errors, or network
disruptions. To mitigate these failures, erasure codes are widely employed, enabling the
reconstruction of lost data from the remaining intact portions. As the size and complexity
of distributed systems grow, so does the need for codes that can efficiently recover data with
minimal redundancy and computational overhead.

Extending these concepts to quantum systems is essential for developing robust quantum
memories—an indispensable component of large-scale quantum computing and quantum
communication networks. Quantum memories must not only preserve fragile quantum in-
formation over time but also allow recovery from physical qubit losses, known as erasures.
Consequently, understanding and adapting erasure recovery mechanisms to the quantum
setting is a foundational step toward fault-tolerant quantum information processing.

Classically, erasure recovery operates under the assumption that the location of erased
symbols is known to the decoder. This is a critical simplification: once the erased positions
are identified, the remaining symbols and parity constraints can be used to reconstruct the
missing information efficiently. The same principle applies to quantum erasure recovery,
where it is assumed that the locations of the lost qubits are known to the recovery oper-
ation. In both classical [5] and quantum [16, 17] contexts, it has been demonstrated that
erasures are inherently easier to recover than general errors, since the decoder does not need
to infer where errors have occurred. Furthermore, recent experiments have shown that de-
tected errors can be converted into erasures in certain physical implementations of quantum
hardware. This conversion has been demonstrated in neutral-atom systems [17, 37] and
superconducting qubit architectures [35], making erasure-based quantum recovery schemes
particularly practical and appealing.

In the classical regime, locally recoverable codes (LRCs), introduced in [15], have emerged
as a particularly effective solution for efficient erasure recovery. The central idea behind LRCs
is locality: each symbol of a codeword can be recovered by accessing only a small subset of
other symbols, rather than the entire codeword. Formally, an (n, k, r) LRC over the finite
field Fq encodes a message of k symbols into a codeword of length n such that each codeword
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symbol has a recovery set of at most r other symbols. The parameter r thus captures the
locality of the code, representing the size of the largest subset needed for recovery. Typically,
1 ≤ r ≤ k, and smaller r values indicate more efficient local recovery. Such local recovery is
critical in distributed storage for efficient repair of a failed server, which is highly common.
At the same time, we want the LRCs to have good (ideally near-optimal) distance, subject
to the locality constraints, so that we have fault-tolerance to a larger number of failures
(erasures) in the worst-case.

The notion of locality can be further generalized by introducing the (r, δ)-LRC [24], which
enhances fault tolerance within each recovery group. In an (r, δ)-LRC, each local group can
correct up to δ − 1 erasures, allowing the system to recover even when multiple erasures
occur within a single locality group. This generalization strikes a balance between local
redundancy and global robustness, providing a flexible framework for erasure recovery in
large-scale distributed storage systems.

Explicit constructions achieving optimal trade-offs between distance and locality have
been provided by Tamo and Barg [33], whose families of LRCs meet the Singleton-like
bound for local recoverability [15]. Ballentine, Barg, and Vladut [1] further demonstrated
that these constructions naturally extend to the hierarchical setting.

Building upon these classical developments, quantum locally recoverable codes (QLRCs)
were introduced by Golowich and Guruswami [14] to explore the notion of locality in the
context of quantum error correction. QLRCs are designed so that lost or corrupted qudits
can be recovered using only a small subset of other qudits, preserving the quantum analog
of locality.

Subsequent research has expanded on the theory of QLRCs, including [2, 8, 9, 10, 25, 26,
27, 31, 38]. In this work, we focus on the (r, δ)-QLRCs as defined in [10]. Our contributions
extend the random QLRC and (folded) quantum Tamo–Barg constructions introduced in [14]
to the general (r, δ) setting. The folded variant of the explicit constructions improves the
asymptotic rate and distance trade-off when compared to the unfolded explicit construction.
While proving that our constructions indeed give (r, δ) QLRCs, computing the dimension
and locality parameters for these codes was straightforward, but computing a bound on the
minimum distance (Theorem 4.12) of these codes required manipulating the more general
parameters of (r, δ). Subsequently, the distance proofs are more involved than in [14], but
the constructions in [14] still arise as a special case of our framework when δ = 2.

Analogous to their classical counterparts, we generalize QLRCs to quantum hierarchical
locally recoverable codes (QHLRCs), characterized by a hierarchy of locality and distance
parameters ((r1, δ1), . . . , (rh, δh)) for h ≥ 2. QHLRCs inherit the multi-tier recovery structure
of HLRCs, enabling both efficient local recovery and robust multi-erasure correction. We
propose a random construction of QHLRCs (Section 3.3), along with a Singleton-like bound
on their minimum distance, extending the trade-off relations known for classical codes to the
quantum domain. Furthermore, we present an explicit construction of quantum hierarchical
Tamo–Barg codes (Chapter 5), which naturally generalize the (r, δ)-Quantum Tamo–Barg
codes while introducing a hierarchical recovery structure. Finally, we also develop an efficient
decoding algorithm for the quantum Tamo–Barg codes.

This unified framework bridges the gap between locality-based code design in classical and
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quantum settings. By generalizing locality and hierarchical recovery to quantum codes, our
constructions introduce new techniques which will prove useful towards developing scalable,
efficient, and fault-tolerant quantum storage and computation systems capable of addressing
reliability challenges in quantum technologies. It should be noted that not all notions related
to classical locality extend to the quantum setting. One such notion is that of availability,
as shown in [14, Theorem 9]. Hence, hierarchy is the natural generalization of locality in the
quantum setting.

1.1 Contributions of the Dissertation

The main contributions of this dissertation are as follows.

1.1.1 Quantum Locally Recoverable Codes

QLRCs were previously defined only for δ = 2 in the work of Golowich–Guruswami [14]. We
generalize the definition to arbitrary δ ≥ 2, formalize the recovery guarantees, and show how
to impose (r, δ) locality constraints within the CSS framework. We give both randomized
and explicit constructions and discuss their optimality.

1.1.2 Quantum Hierarchical Locally Recoverable Codes

We define and construct the first quantum analogues of hierarchical LRCs, enabling multiple
layers of locality with nested repair groups. These constructions extend both the combina-
torial and operational intuition of classical HLRCs into the quantum setting. We provide
randomized constructions and explicit constructions based on evaluation polynomials and
analyze their optimality.

1.1.3 Folded Quantum Tamo–Barg codes.

We modify the explicit QLRC construction via a common technique known as folding and
derive new trade-offs for the rate and distance.

1.1.4 Decoding Quantum Tamo–Barg codes.

We present a polynomial-time decoding algorithm for quantum Tamo–Barg codes that cor-
rect arbitrary errors up to half the distance, which is optimal in the unique-decoding sense.

1.2 Organization of the Dissertation

Chapter 2 establishes background material: finite fields, polynomials, linear codes, distance
and rate, puncturing and shortening, classical LRCs and Tamo–Barg codes, and quantum
CSS codes. Chapter 3 introduces (r, δ) quantum LRCs, defines quantum hierarchical LRCs
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and constructs randomized QLRCs and QHLRCs. Chapters 4 and 5 present explicit con-
structions of QLRCs and QHLRCs, respectively, inspired by Tamo–Barg codes. Chapter 6
develops folded quantum Tamo–Barg codes which achieve better asymptotic rate-distance
trade-offs than the unfolded counterpart. Chapter 7 presents a polynomial time decoding
algorithm for the quantum Tamo–Barg codes that corrects errors up to half the distance of
the code.
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Chapter 2

Preliminaries

In this chapter we collect the background material needed for the rest of the dissertation.
We begin with basic notions from classical coding theory such as linear codes, rate, and
distance, and recall standard bounds and examples like Reed–Solomon codes. We then
discuss locally recoverable codes (LRCs) and the Tamo–Barg construction, since these are
the classical prototypes underlying our quantum locally recoverable code constructions. We
review stabilizer and CSS quantum codes, and the operations of puncturing and shortening
that will appear repeatedly in later chapters. Lastly, we present some material on field
theory, algebraic number theory, and uncertainty principles.

We fix some notation that will be used throughout the dissertation. Given a positive
integer t, [t] := {0, 1, . . . , t − 1}. We write Z, Q, and C for the integers, rational numbers,
and complex numbers, respectively. If p is a prime, we write Fp for the finite field with p
elements. We write Fq for the finite field where q = pm is a power of some prime p and
positive integer m. Let Fn

q denote the n-dimensional vector space over the field Fq. Let F∗
q

denote the set of nonzero elements of Fq. The set of m × n matrices with entries in Fq is
denoted by Fm×n

q . The entry in the ith row and jth column of a matrix A ∈ Fm×n
q is denoted

by Aij.

2.1 Classical codes and basic parameters

We begin by recalling the standard definition of a (classical) code and its basic parameters.

Definition 2.1. Let Σ be a finite alphabet. A code C of block length n over Σ is a subset
C ⊆ Σn. Elements of C are called codewords.

In this dissertation we will work only over finite fields, so the alphabet Σ will be Fq for
some prime power q.

Definition 2.2 (Linear code). A linear code C of block length n over Fq is a linear subspace
C ⊆ Fn

q .
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The dimension of C is k := dimFq C and the rate of C is R(C) = k/n. In many
applications, a codeword c ∈ C ⊆ Fn

q is transmitted over a noisy channel and the received
word y ∈ (Fq ∪ {?})n may differ from c. We distinguish between two types of corruptions.

• An error at position i occurs when the symbol ci is altered to an unknown value in Fq.

• An erasure at position i occurs when the symbol ci is lost entirely and its location is
known to the decoder; we denote erasures by the symbol ?.

The support of an error or erasure pattern is the set of corrupted coordinates. Errors are
adversarial in value, whereas erasures reveal their locations. For x, y ∈ Fn

q , the Hamming
distance between x and y is

dH(x, y) := |{i ∈ [n] : xi ̸= yi}|.

The Hamming weight of a vector x ∈ Fn
q is wH(x) := dH(x, 0).

Definition 2.3 (Minimum distance, relative distance). The minimum distance of a code
C ⊆ Fn

q is
d(C) := min

x,y∈C
x̸=y

dH(x, y) = min
0̸=x∈C

wH(x).

The relative distance is δ(C) := d(C)/n.

If C has block length n, dimension k, and minimum distance d, we say C is an [n, k, d]q
code (or simply [n, k, d] if the field size is understood).

The minimum distance of a code governs its error- and erasure-correcting capabilities.

Proposition 2.4. Let C ⊆ Fn
q be a code with minimum distance d.

1. C can uniquely correct up to ⌊(d− 1)/2⌋ errors.

2. C can uniquely correct up to d− 1 erasures.

3. More generally, C can uniquely correct any pattern of t errors and e erasures satisfying

2t+ e < d.

Proof sketch. If two distinct codewords differ in at least d positions, then they cannot both
agree with the received word outside a set of size 2t + e < d. In the erasure-only case,
uniqueness follows since at most one codeword can agree with the received symbols on
n− (d− 1) known positions. ■

Thus, the minimum distance quantifies the global resilience of a code against symbol
corruptions. In later sections, we will be interested not only in global correction guarantees,
but also in the ability to correct erasures using local subsets of coordinates, leading to the
notion of locally recoverable codes.
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The dual of linear code C is C⊥ = {c ∈ Fn
q | c · x = 0, ∀ x ∈ C}. In other words, it is the

orthogonal complement of C.
We will usually be interested in families of codes of growing block length. A family

C = {Cn} consists of codes Cn ⊆ Fn
q with n → ∞. The rate and relative distance of the

family are defined by

R(C) := lim inf
n→∞

logq |Cn|
n

, δ(C) := lim inf
n→∞

d(Cn)

n
.

We say that C is asymptotically good if R(C) > 0 and δ(C) > 0.

Example 1. One simple class of codes is the repetition code. For any positive integer r, the
r-repetition code maps Fk

q to Frk
q by repeating each vector component r times. This gives

a family of codes which is defined for any block length ni, a multiple of r. The rate of this
family of codes is 1/r and the relative distance is r/n. For a fixed r, as n→∞, the relative
distance tends to 0 so the code family is not asymptotically good. However, as we increase
r, the rate will decrease and the relative distance increases.

The repetition code exhibits one of the most fundamental phenomenons of error correcting
codes: the rate and distance tradeoff. A classical upper bound on the achievable tradeoff
between rate and distance is the Singleton bound.

Theorem 2.5 (Singleton bound). Let C be a q-ary code of block length n and minimum
distance d. Then

|C| ≤ qn−d+1.

In particular, if C is linear of dimension k, then k ≤ n− d+ 1, i.e.,

R(C) ≤ 1− δ(C) + 1

n
.

Proof sketch. Any two distinct codewords must disagree in at least d coordinates, so they
cannot agree on any fixed set of n − d + 1 coordinates. Thus each codeword is uniquely
determined by its first n− d+ 1 symbols, giving at most qn−d+1 codewords in total. ■

Codes that meet the Singleton bound with equality (i.e. with k = n − d + 1) are called
Maximum Distance Separable (MDS).

2.2 Polynomial evaluation and Reed–Solomon codes

Many of the codes we consider—both classical and quantum—are based on evaluation of
low-degree polynomials over finite fields. We briefly recall this perspective here.
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Evaluation codes

Let Fq[X] denote the polynomial ring in one variable X over the field Fq.

Definition 2.6 (Evaluation code). Fix a subset S ⊆ N and let

Fq[X]S =

{∑
i∈S

aiX
i | ai ∈ Fq

}
denote the |S|-dimensional subspace of Fq[X] consisting of polynomials with zero coefficients
for all monomials X i with i ̸∈ S. Define the polynomial evaluation map at a set E ⊆ Fq as

evE : Fq[X]S → F|E|
q

by ev(f) = (f(x))x∈E. The image of evE(Fq[X]S) is a linear code with alphabet size q, block
length |E|, and dimension |S|.

Note that for the code to be nontrivial, q and E must be large enough so that q ≥ |E| >
|S|. Some common choices for E are Fq or F∗

q. From now on if E is not specified, we assume
E = F∗

q

Perhaps the most well-known polynomial evaluation code is the Reed-Solomon code. Let
E = {α1, . . . , αn} be distinct points in Fq and let S = {0, . . . , k − 1}. The Reed-Solomon
code is the polynomial evaluation code C = evE(Fq[X]S). By definition, C has dimension k
and block length n over an alphabet of size q. We now show that Reed-Solomon codes are
MDS.

Lemma 2.7. Let C = evE(Fq[X]S) be the Reed-Solomon code as described above. Then C
is an [n, k, n− k + 1]q linear code.

Proof. Linearity and dimC = k are immediate. For distance, if 0 ̸= f ∈ Fq[X] with
deg f < k, then f has at most k− 1 zeros in Fq. Thus its evaluation vector can have at most
k−1 zeros among the n coordinates, so the Hamming weight is at least n−(k−1) = n−k+1.
This shows d(C) ≥ n− k + 1, and the Singleton bound implies equality. ■

These Reed-Solomon codes will serve as a conceptual starting point for Tamo–Barg codes
and their quantum analogues in later chapters.

Puncturing and shortening

Before describing Tamo–Barg codes, we introduce two standard operations on codes that
will be used throughout this dissertation: puncturing and shortening.

Definition 2.8 (Puncturing). Let C ⊆ Fn
q and let I ⊆ [n] be a set of coordinates. The

puncturing of C on I, denoted as πI(C) or C|I , is the code in F|I|
q obtained by restricting

each codeword to the coordinates in I:

C|I := {(ci)i∈I : c ∈ C}.
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Puncturing simply deletes coordinates but does not impose any additional linear con-
straints. Additionally, puncturing a code can only decrease the distance. In contrast, short-
ening first restricts to codewords that have zeros at certain coordinates and then punctures
them. Consequently, the shortening of a code can only increase the distance.

Definition 2.9 (Shortening). Let C ⊆ Fn
q and let I ⊆ [n]. The shortening of C on I,

denoted σI(C) or C
I , is defined by

CI := {(ci)i∈I : c ∈ C, cj = 0 for all j /∈ I} .

If C is linear, both πI(C) and σI(C) are linear. Furthermore, a well-known fact is
πI(C)

⊥ = σI(C
⊥) (see [21]) and by definition σI(C) ⊆ πI(C).

2.3 Locally recoverable codes and Tamo–Barg

construction

We now turn to locality. In many storage and communication systems one wishes not only
to correct a large number of errors globally, but also to repair individual erased symbols
by accessing only a small local subset of other symbols. This leads to the notion of locally
recoverable codes (LRCs).

Locality and (r, δ)-locality

The original notion of locality required that each coordinate can be recovered from at most
r other coordinates.

Definition 2.10. A code C ⊆ Fn
q has locality r if, for every coordinate i ∈ [n], there exists

a subset Ri ⊆ [n] such that i ∈ Ri and |Ri| ≤ r+1 and a recovery function ϕi : FRi\{i}
q → Fq

such that, for every codeword c ∈ C,

ci = ϕi

(
(cj)j∈Ri\{i}

)
.

The set Ri is called a repair set for coordinate i.

In the presence of multiple erasures within the same repair set, it is useful to have
several linearly independent local parity checks, each supported on a slightly larger set. This
motivates the (r, δ)-locality notion.

Definition 2.11. Let δ ≥ 2 be an integer. A linear code C ⊆ Fn
q has (r, δ)-locality if for

every coordinate i ∈ [n] there exists a subset Ri ⊆ [n] with i ∈ Ri and |Ri| ≤ r + δ − 1 such
that the punctured code C|Ri

has minimum distance at least δ. Equivalently, the restriction
C|Ri

can correct up to δ − 1 erasures within Ri.
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Thus each coordinate participates in a small local code of length at most r + δ − 1 and
distance at least δ. When δ = 2, this reduces to the original locality notion: each local group
provides a single parity check that can repair any single erasure in the group using at most
r other symbols.

We have a generalization of the Singleton bound for LRCs that we state without proof.

Theorem 2.12 ([23]). Let C be an [n, k, d] linear code with (r, δ) locality. The minimum
distance of C satisfies

d ≤ n− k + 1−
(⌈

k

r

⌉
− 1

)
(δ − 1).

We already saw that Reed-Solomon codes meet the Singleton bound. We will now present
a generalization of the Reed-Solomon codes which meets the Singleton-type bound for LRCs.

Tamo–Barg codes

Tamo–Barg (TB) codes ([33]) are polynomial evaluation codes with carefully chosen evalu-
ation sets and monomial sets ensuring (r, δ)-locality.

Construction 2.13. Suppose we are given a finite field Fq, a dimension parameter k, and
recovery parameters (r, δ). Assume r+ δ−1 | q−1 and r | k. Let Ω ⊆ F∗

q be a multiplicative
subgroup of size r + δ − 1. Let g(X) = Xr+δ−1 and note that g is constant on each coset of
Ω. Let

S =
δ−1⋃
j=1

(−j + (r + δ − 1)Z)

and

ℓ =

(
k

r
− 1

)
(r + δ − 1) + r.

Consider the evaluation codes A = ev(Fq[X][ℓ]) and B = ev(Fq[X][q−1]\S). Then the (r, δ)
Tamo–Barg code is defined to be C := A ∩B.

We now prove the dimension, distance, and locality properties of this code.

Theorem 2.14 ([33]). The (r, δ) Tamo–Barg code C from Construction 2.13 has block length
n = q − 1, dimension k, and distance

d = n− k + 1−
(
k

r
− 1

)
(δ − 1)

meeting the bound from Theorem 2.12. Lastly, it is an (r, δ) LRC as defined in Defini-
tion 2.11.
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Proof. The block length is n = q − 1 since we are evaluating at all points in F∗
q. For every

group of (r+δ−1) exponents, we exclude δ−1 exponents. Consequently, out of ℓ exponents,
we include (

k

r
− 1

)
r + r = k

exponents so the dimension of the code is k. Any polynomial that we evaluate has degree at
most ℓ− 1 so the corresponding codeword has weight at least

n− (ℓ− 1) = n−
(
k

r
− 1

)
(r + δ − 1)− r + 1 = n− k + 1−

(
k

r
− 1

)
(δ − 1).

Therefore, the distance of the (r, δ) TB code meets the Singleton-type bound for LRCs from
Theorem 2.12. Lastly, we show that it satisfies (r, δ)-locality. Suppose we have a codeword
c = ev(f) and the erased symbol is at x ∈ αΩ for some coset αΩ. Restricting f to the
coset αΩ is a polynomial with degree at most r − 1 and |αΩ \ {x}| = r + δ − 2 so f can be
reconstructed from any r values in αΩ \ {x}. Equivalently, f can be reconstructed from r
points inside αΩ when δ − 1 of them are erased. ■

Remark 2.15. This presentation of a Tamo–Barg code is not the most general. We evaluate
at all q − 1 points, but this can be relaxed to arbitrary n. Furthermore, the restriction of
r | k can also be dropped. For explicit details of these relaxations see [33]. Notice that if
r = k and δ = 2, then Construction 2.13 reduces to the Reed-Solomon code.

We can extend the structure of LRCs so that the punctured subcodes are themselves
LRCs. This gives a hierarchical structure to the code. An h-level Hierarchical Locally
Recoverable Code (HLRC) is defined as follows:

Definition 2.16 (((r1, δ1), . . . , (rh, δh))-HLRCs ([30])). An [n, k, d] code C has h-level hier-
archical locality with locality parameters (r1, δ1), . . . , (rh, δh) if, for every 1 ≤ i ≤ n, there
exists a set I ⊆ [n] of cardinality at most r1+ δ1− 1 such that i ∈ I and the punctured code
C|I satisfies the following:

• dim(C|I) ≤ r1,

• d(C|I) ≥ δ1,

• the punctured code C|I is a code with (h − 1)-level hierarchical locality having local
parameters (r2, δ2), . . . , (rh, δh).

2.4 Quantum stabilizer and CSS codes

We now present the necessary background on quantum mechanics, stabilizer formalism, and
the CSS construction which will be used to construct the quantum error correcting codes.
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Qudits and Pauli operators

Fix a prime power q = pm. A single q-level quantum system (a qudit) is modeled by the
Hilbert space H = Cq, with computational basis {|0⟩ , . . . , |q − 1⟩}. A general state of a
qudit is given by

|ψ⟩ =
q−1∑
i=0

αi |i⟩ , where αi ∈ C and

q−1∑
i=0

|αi|2 = 1

An n-qudit system is H⊗n = (Cq)⊗n.
Elements of the dual space H∗ are denoted by ⟨y| so the inner product of two vectors |x⟩

and |y⟩ reads ⟨x|y⟩ and linear operators M can be decomposed as

M = (Mi,j) =
∑
i,j

Mi,j |i⟩ ⟨j| .

Let ω = e2πi/p be the primitive p-th root of unity and tr : Fq → Fp be the trace map

defined by tr(z) =
∑m−1

i=0 zp
i
. Quantum errors are modeled by generalized Pauli operators.

For a, b ∈ Fq, one defines single-qudit operators Xa and Zb by

Xa =
∑
x∈Fq

|x+ a⟩ ⟨x| , Zb =
∑
x∈Fq

ωtr(bx) |x⟩ ⟨x|

The X-type errors are similar to classical errors where a symbol is changed. The Z-type
errors are phase change errors. We also have a quantum analogue of erasures where a qudit is
affected by a depolarizing channel and the state is erased. We will mostly focus on erasures,
but understanding X-type and Z-type errors is necessary for constructing quantum error
correcting codes. Now consider the set of unitary operators E = {XaZb : a, b ∈ Fq} which
we call the error basis. These q2 operators form an orthogonal basis with respect to the inner
product ⟨M,N⟩ = tr(M †N) where M † is the Hermitian conjugate of M . The set E gives
rise to a group P1 = {ωiXaZb : i ∈ [p], a, b ∈ Fq}. The group properties are straightforward
to verify and clearly |P| = pq2. The commutation relation is seen as follows:

ωtr(ab)XaZb(Xa)−1 = ωtr(ab)
∑
x∈Fq

|x+ a⟩ ⟨x|
∑
z∈Fq

ωtr(bz) |z⟩ ⟨z|
∑
y∈Fq

|y⟩ ⟨y + a|

= ωtr(ab)
∑
z∈Fq

ωtr(bz) |z + a⟩ ⟨z + a|

= ωtr(ab)
∑
z∈Fq

ωtr(b(z−a)) |z⟩ ⟨z|

= Zb.

which implies
ωtr(ab)XaZb = ZbXa. (2.1)
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Hence, any two elements commute up to a global phase.
For the n-qudit system we take the n-fold tensor product i.e. E⊗n and Pn := (P1)

⊗n. In
particular, now an n-qudit Pauli operator is of the form XaZb = ⊗n

i=1X
aiZbi for a, b ∈ Fn

q .
The support of a Pauli P = XaZb is defined as supp(XaZb) = {i : (ai, bi) ̸= (0, 0)} and the
Hamming weight of P is |P | = |supp(P )|. Equivalently, the weight is the number of tensor
factors that are not I. If a K-dimensional subspace Q of H⊗n can correct all errors in E⊗n of
weight no greater than t then Q is a quantum error correcting code with minimum distance
2t+ 1 and is denoted as ((n,K, 2t+ 1)).

Assume s | n. We denote (Ps)n
s
= Pn and interpret as the group of length n/s strings of

elements in Ps. This structure will naturally arise when we discuss folded codes in Chapter 6.

Stabilizer codes

We will now focus on a specific class of quantum error correcting codes known as stabilizer
codes. The group Pn has center ⟨ωI⟩ so the quotient group Pn := Pn/⟨ωI⟩ is isomorphic to
Fn
q × Fn

q
∼= F2n

q . A stabilizer group is a subgroup S ⊆ Pn which is abelian and contains no
nontrivial phases i.e. S ∩ ⟨ωI⟩ = {I}. Elements of S are called stabilizers. The code space
is the joint +1 eigenspace of all elements of S:

Q(S) := {|ψ⟩ ∈ (Cq)⊗n : P |ψ⟩ = |ψ⟩ for all P ∈ S}.

If S has n−k independent generators, the code encodes k logical qudits into n physical qudits
so dimQ(S) = k. What remains is to compute the distance of Q(S). Recall, the weight
of a Pauli operator is the number of qudits on which it acts nontrivially. The normalizer
(also the centralizer) of S is N(S) = {P ∈ Pn | PS = SP} so P ∈ N(S) if and only if it
commutes with every stabilizer. Elements of N(S) \ S are called logical operators. Given a
Pauli error E, we have three cases:

• If E ̸∈ N(S), then E anticommutes with at least one stabilizer so E is a detectable
error.

• If E ∈ S then E acts trivially on the codespace.

• If E ∈ N(S)\S, then E preserves the codespace, but acts nontrivially on the codespace
so E is an undetectable logical error.

Therefore, we define the minimum distance of a stabilizer code as

d = min{|E| : E ∈ N(S) \ S}.

The distance d is the largest integer such that every Pauli error of weight < d is either
detected by the stabilizers or a stabilizer itself. For a stabilizer code Q(S) which encodes k
logical qudits into n physical qudits and has distance d, we denote it as [[n, k, d]]q. We will
often omit q when the field is known.
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CSS codes from classical linear codes

The Calderbank–Shor–Steane (CSS) construction builds stabilizer codes from pairs of clas-
sical linear codes. Let CX , CZ ⊆ Fn

q be linear codes such that C⊥
Z ⊆ CX . Here C

⊥
Z is the dual

of CZ with respect to the standard Euclidean inner product on Fn
q . The associated stabilizer

group is
S = {XaZb : a ∈ C⊥

X , b ∈ C⊥
Z }.

Under the inclusion condition C⊥
Z ⊆ CX , these stabilizers commute, defining a valid stabilizer

code.

Definition 2.17 (CSS code). Given CX , CZ ⊆ Fn
q with C⊥

Z ⊆ CX , the CSS code Q is denoted

Q = CSS(CX , CZ).

The code encodes
k = dimCX + dimCZ − n

logical qudits into n physical qudits.

The dimension also follows from the stabilizer group as S has dimC⊥
X+dimC⊥

Z generators
so the dimension of Q is

dimQ = n− (dimC⊥
X + dimC⊥

Z ) = dimCX − dimC⊥
Z = dimCX + dimCZ − n.

The distance of a CSS code decomposes into X-type and Z-type distances. The X-type
logical operators correspond to CZ \ C⊥

X and the Z-type logical operators correspond to
CX \ C⊥

Z . Hence, the minimum distance is d = min(dX , dZ) where

dX = min{wt(v) : v ∈ CZ \ C⊥
X}, dZ = min{wt(v) : v ∈ CX \ C⊥

Z }.

A particularly simple and symmetric situation arises when CX = CZ = C. In this case
one must have C⊥ ⊆ C, so C is a dual containing code. Then

Q = CSS(C,C), k = dimC − dimC⊥ = 2 · dimC − n,

and the distance is
d = min{wH(v) : v ∈ C \ C⊥}.

All of the explicit quantum codes we construct in this dissertation are of the form CSS(C,C)
for carefully chosen classical codes C.

2.4.1 Puncturing CSS codes

As with classical codes, there is a puncturing operation associated to quantum codes. For
general stabilizer codes, puncturing is most naturally described as a shortening operation on
the stabilizer group. Let S ⊆ Pn be a stabilizer group. If

P = λP1 ⊗ · · · ⊗ Pn ∈ Pn,
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where each Pi is a single-qudit Pauli operator and λ is a phase, then for a subset I ⊆
{1, . . . , n} we write

P |I := λ
⊗
i∈I

Pi

whenever Pj = I for all j /∈ I. In other words, we only restrict P to I if P acts trivially
outside I.

The puncturing of the stabilizer group S to the coordinate set I is defined by

S|I := {P |I : P ∈ S, supp(P ) ⊆ I}.

Thus, one first keeps only those stabilizers which act trivially on the deleted coordinates,
and then restricts them to the remaining coordinates. Since S is abelian, S|I is also abelian.
Moreover, S|I contains no nontrivial phase: if P |I were a nontrivial phase, then P itself
would be a nontrivial phase in S, which is impossible. Hence S|I is again a valid stabilizer
group, now on |I| physical qudits. This is the stabilizer-code puncturing operation [18, 19].

For the constructions, we only need this operation for quantum CSS codes. Let

Q = CSS(CX , CZ)

be a CSS code, where C⊥
Z ⊆ CX . Its stabilizer group is

SQ = {XaZb : a ∈ C⊥
X , b ∈ C⊥

Z }.

We define the puncturing of Q to the coordinate set I ⊆ {1, . . . , n} by puncturing the
associated classical codes:

Q|I := CSS(CX |I , CZ |I).

Here C|I = πI(C) denotes the classical puncturing of C to the coordinates in I.

Lemma 2.18. Let Q = CSS(CX , CZ) be a quantum CSS code with C⊥
Z ⊆ CX . For any

subset I ⊆ {1, . . . , n}, the punctured code

Q|I := CSS(CX |I , CZ |I)

is again a well-defined quantum CSS code. Moreover, this definition agrees with the stabilizer-
code puncturing operation described above.

Proof. Let πI denote puncturing to the coordinate set I, so that C|I = πI(C). Let σI(C)
denote shortening to I, namely

σI(C) := {c|I : c ∈ C, cj = 0 for all j /∈ I}.

We use the standard duality relation between puncturing and shortening: (C|I)⊥ = σI(C
⊥).

First, we check the CSS orthogonality condition. Since C⊥
Z ⊆ CX , we have

(CZ |I)⊥ = σI(C
⊥
Z ) ⊆ σI(CX) ⊆ CX |I .
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and by duality, we obtain (CX |I)⊥ ⊆ CZ |I . Therefore CX |I and CZ |I satisfy the CSS orthog-
onality conditions, so CSS(CX |I , CZ |I) is a well-defined quantum CSS code.

It remains to compare this definition with stabilizer puncturing. The stabilizer group of
Q is

SQ = {XaZb : a ∈ C⊥
X , b ∈ C⊥

Z }.

Its stabilizer puncturing to I is

SQ|I = {(XaZb)|I : a ∈ C⊥
X , b ∈ C⊥

Z , aj = bj = 0 for all j /∈ I}.

Equivalently,
SQ|I = {Xa′Zb′ : a′ ∈ σI(C⊥

X), b
′ ∈ σI(C⊥

Z )}.

On the other hand, the stabilizer group of CSS(CX |I , CZ |I) is

{Xa′Zb′ : a′ ∈ (CX |I)⊥, b′ ∈ (CZ |I)⊥}.

Using (C|I)⊥ = σI(C
⊥), this becomes {Xa′Zb′ : a′ ∈ σI(C⊥

X), b
′ ∈ σI(C⊥

Z )}, which is exactly
SQ|I . Thus, puncturing the classical codes CX and CZ agrees with puncturing the associated
CSS stabilizer group. ■

2.5 Decoding algorithms

Here we recall a few results that are necessary to prove the efficiency of our decoding
algorithm, Algorithm 1. Given a Reed-Solomon code with block length q − 1 and rate
R = ℓ/(q − 1), there exists an efficient list decoding algorithm for the Reed-Solomon code
which can be summarized in the following statement.

Theorem 2.19 ([20]). The Reed-Solomon code with parameters q, ℓ has an e-list-decoding
algorithm that runs in time qO(1) for e = (q − 1)(1−

√
R).

Furthermore, it is well-known that to decode a CSS codeQ = CSS(CX , CZ) it is sufficient
to have classical decoders for CX , CZ .

Proposition 2.20 ([3, 32]). Let Q = CSS(CX , CZ) be a CSS code of block length n over Fs
q

of size |Fs
q|. Let e ≥ 0 be an integer such that each permutation (α, β) of (X,Z), there exists

a classical decoding algorithm Decα that takes as input a classical corrupted codeword c + b
for some c ∈ Cα and some corruption b ∈ (Fs

q)
n of Hamming weight |b| ≤ e, and outputs

some c′ ∈ Cα such that c′−c ∈ C⊥
β . Then Q has a decoding algorithm Dec that recovers from

errors of weight e, so Q has distance d ≥ 2e + 1. Furthermore, if each Decα has running
time Tα(n, a), thenDec has running time TX(n, a) + TZ(n, a) +O(n3polylog a).
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2.6 Field theory

Now we collect some standard field-theoretic notation and results used throughout the paper.
For more details, we refer the reader to [29].

Let K be a field. A field extension L/K is an inclusion of fields K ⊆ L. It is called finite
if L is finite-dimensional as a vector space over K. In this case, the degree of the extension
is [L : K] := dimK L.

A field extension L/K is called algebraic if every element of L is a root of a nonzero
polynomial with coefficients in K. An algebraic field extension L/K is called separable if
every element of L has separable minimal polynomial (i.e. coprime to its formal derivative)
over K. An algebraic field extension L/K is called normal if every irreducible polynomial
over K that has a root in L splits into linear factors over L. An algebraic field extension
which is both normal and separable is called Galois. We denote the Galois group of a Galois
extension L/K by Gal(L/K).

An algebraic closure of K is a field K containing K such that K is algebraic over K and
every nonconstant polynomial in K[X] has a root in K. Equivalently, every nonconstant
polynomial in K[X] splits into linear factors over K. Whenever an algebraic closure is
needed, we fix one and denote it by K.

Let L/K be a finite field extension. The field norm from L to K is the map

NL/K : L −→ K

defined as follows. For x ∈ L, let ms : L −→ L be the K-linear map given by multiplication
by x: y 7−→ xy. Then

NL/K(x) := detK(mx).

If L/K is separable, then the norm admits the equivalent description

NL/K(x) =
∏

σ:L↪→K

σ(x),

where the product is over all K-embeddings of L into a fixed algebraic closure K. Here a
K-embedding means an injective field homomorphism that restricts to the identity on K.
In particular, if L/K is Galois, then

NL/K(x) =
∏

σ∈Gal(L/K)

σ(x).

When K is perfect, every finite extension of K is separable, so the embedding formula for
the norm applies to all finite extensions of K.

For a positive integer n, an element ζ of a field is called an nth root of unity if ζn = 1. It
is called a primitive nth root of unity if n is the smallest positive integer such that ζn = 1,
or equivalently, if ζ has multiplicative order n.

The nth cyclotomic polynomial is the polynomial

Φn(X) :=
∏

1≤k≤n
gcd(k,n)=1

(
X − e2πik/n

)
∈ C[X].
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It is a standard fact that Φn(X) ∈ Z[X], and that Xn − 1 =
∏

d|nΦd(X). The degree of

Φn(X) is φ(n), where φ denotes Euler’s totient function. We write ζn for a fixed primitive
nth root of unity. Thus the roots of Φn(X) over C are precisely the primitive nth roots of
unity.

We end this section with a definition describing the set of subspaces of a vector space
and its size.

Definition 2.21. Let V be a finite-dimensional vector space over Fq, and let 0 ≤ k ≤
dimFq V . The Grassmannian of k-dimensional subspaces of V , denoted GrFq(k, V ), is the set

GrFq(k, V ) := {U ⊆ V : U is an Fq-linear subspace and dimFq U = k}.

When V = Fn
q , we also write GrFq(k, n) := GrFq(k,Fn

q ). Since Fq is finite, GrFq(k, V ) is a
finite set. If dimFq V = n, then

|GrFq(k, V )| =
(
n

k

)
q

:=
k−1∏
i=0

qn−i − 1

qk−i − 1
,

where
(
n
k

)
q
is the Gaussian binomial coefficient.

2.7 The resultant

In this section we recall the Sylvester matrix and the resultant of two univariate polynomials.
We also record the description of the resultant in terms of roots in an algebraic closure, its
interpretation as a field norm in the irreducible case, and a reduction-modulo-p criterion
that will be used later. For a more in-depth treatment, see [6, 12, 29]. We will use the
field-theoretic notation fixed in Section 2.6.

Let K be a field, and let

f(X) = amX
m + am−1X

m−1 + · · ·+ a0, g(X) = bnX
n + bn−1X

n−1 + · · ·+ b0

be nonzero polynomials in K[X] of degrees m and n, respectively.

Definition 2.22 (Sylvester matrix). The Sylvester matrix of f and g, denoted Syl(f, g), is
the (m + n)× (m + n) matrix obtained by writing n shifted copies of the coefficient vector
of f , followed by m shifted copies of the coefficient vector of g. Explicitly,

Syl(f, g) =



am am−1 · · · a0 0 · · · 0

0 am am−1 · · · a0
. . .

...
...

. . . . . . . . . . . . 0
0 · · · 0 am am−1 · · · a0

bn bn−1 · · · b0 0 · · · 0

0 bn bn−1 · · · b0
. . .

...
...

. . . . . . . . . . . . 0
0 · · · 0 bn bn−1 · · · b0


,
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where the first block consists of n rows and the second block consists of m rows.

Definition 2.23 (Resultant). The resultant of f and g is Res(f, g) := det Syl(f, g).

Since the entries of Syl(f, g) are polynomial expressions in the coefficients of f and g,
the resultant is itself a polynomial expression in those coefficients, with integer coefficients.
In particular, if f, g ∈ Z[X], then Res(f, g) ∈ Z.

Proposition 2.24 (Root formula for the resultant). Let K be a field. Let f, g ∈ K[X] be
nonzero polynomials of degrees m and n, respectively, and write

f(X) = am

m∏
i=1

(X − αi), g(X) = bn

n∏
j=1

(X − βj)

in K[X], where the roots are counted with multiplicity. Then

Res(f, g) = anmb
m
n

m∏
i=1

n∏
j=1

(αi − βj).

Equivalently,

Res(f, g) = anm

m∏
i=1

g(αi) = (−1)mnbmn

n∏
j=1

f(βj).

Proof. The equivalence of the displayed formulas follows from the fact that

g(αi) = bn

n∏
j=1

(αi − βj) and f(βj) = am

m∏
i=1

(βj − αi).

The agreement of these expressions with det Syl(f, g) is the standard determinantal formula
for the resultant. ■

The most important immediate consequence is the following.

Corollary 2.25. Let K be a field, and let f, g ∈ K[X] be nonzero polynomials. Then
Res(f, g) = 0 if and only if f and g have a common root in K. Equivalently, Res(f, g) = 0
if and only if f and g have a nonconstant common factor in K[X].

Proof. By Proposition 2.24,

Res(f, g) = anmb
m
n

m∏
i=1

n∏
j=1

(αi − βj).

Since am ̸= 0 and bn ̸= 0, this product vanishes if and only if αi = βj for some i, j, that is, if
and only if f and g share a root in K. The final equivalence is standard: two polynomials
in K[X] have a common root in K if and only if they have a nonconstant common factor in
K[X]. ■
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We next record the norm interpretation of the resultant in the irreducible case.

Proposition 2.26 (Resultant as a norm). Let K be a field, let f(X) = amX
m + · · ·+ a0 ∈

K[X], and g(X) ∈ K[X], and suppose that f is irreducible and separable over K. Let α be
a root of f in K. Then

Res(f, g) = adeg gm NK(α)/K (g(α)) .

In particular, if f is monic, then Res(f, g) = NK(α)/K (g(α)) .

Proof. Let m = deg f and n = deg g. Write

f(X) = am

m∏
i=1

(X − αi)

in K[X], where α1, . . . , αm are the roots of f . Since f is irreducible and separable, these
roots are distinct and are precisely the images of α under the K-embeddings σ : K(α) ↪→ K.
By Proposition 2.24,

Res(f, g) = anm

m∏
i=1

g(αi).

On the other hand, by the embedding formula for the norm,

NK(α)/K (g(α)) =
∏

σ:K(α)↪→K

σ (g(α)) =
∏

σ:K(α)↪→K

g (σ(α)) =
m∏
i=1

g(αi).

Combining the two formulas gives Res(f, g) = anmNK(α)/K (g(α)) . The second statement
follows by setting am = 1. ■

A particularly important special case is when f is a cyclotomic polynomial.

Corollary 2.27 (Cyclotomic norm formula). Let n ≥ 1, let Φn(X) ∈ Z[X] be the nth
cyclotomic polynomial, and let ζn ∈ C be a primitive nth root of unity. Then for every
A(X) ∈ Z[X],

Res(Φn(X), A(X)) = NQ(ζn)/Q (A(ζn)) .

Proof. The polynomial Φn(X) is monic and irreducible over Q, and ζn is one of its roots.
Hence the formula follows immediately from Proposition 2.26. ■

We will also need the following basic reduction criterion.

Proposition 2.28. Let f, g ∈ Z[X], and let p be a prime. If the reductions of f and g
modulo p have a common root in an algebraic closure of Fp, then p | Res(f, g).

Equivalently, if p ∤ Res(f, g), then the reductions of f and g modulo p have no common
root in an algebraic closure of Fp.
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Proof. Let f, g ∈ Fp[X] denote the reductions of f and g modulo p. Since the resultant is the
determinant of the Sylvester matrix, and the entries of the Sylvester matrix are coefficients of
the polynomials, reducing coefficients modulo p gives Res

(
f, g
)
≡ Res(f, g) (mod p). Indeed,

the Sylvester matrix of f and g is obtained by reducing the entries of the Sylvester matrix
of f and g modulo p, and determinants commute with reduction modulo p.

Now suppose that f and g have a common root in an algebraic closure of Fp. By Corol-
lary 2.25, this implies Res

(
f, g
)
= 0 in Fp. Therefore, Res(f, g) ≡ 0 (mod p), which is

equivalent to p dividing Res(f, g). The final statement is the contrapositive. ■

For later use, let us also note the following reformulation of Proposition 2.28. If f, g ∈
Z[X] and p ∤ Res(f, g), then the reductions of f and g modulo p are coprime in Fp[X]. In
particular, they cannot have a common root in any extension field of Fp.

2.8 Uncertainty principles

In this section, we recall an uncertainty principle for finite abelian groups. The first propo-
sition is due to Meshulam [28] for finite abelian groups of arbitrary order. Meshulam’s
composite-order uncertainty principle generalizes the sharper prime-order uncertainty prin-
ciple due to Tao [34]. We will also record a finite-field version of the composite-order uncer-
tainty principle, valid outside finitely many characteristics and derive an immediate corollary
for the finite-field version of the prime-order uncertainty principle.

Let n ≥ 2, let ζn ∈ C be a primitive nth root of unity, and let Ωn := {ζjn : j = 0, . . . , n−1}.
Given a nonzero polynomial

f(X) =
n−1∑
i=0

fiX
i ∈ C[X] with deg f < n,

we define
|f | := |{ i ∈ {0, . . . , n− 1} : fi ̸= 0 }|

and
|ev(f)|Ωn := |{ ξ ∈ Ωn : f(ξ) ̸= 0 }|.

Equivalently, if one identifies f with its coefficient vector in CZ/nZ, then |f | is the support
size of that vector and |ev(f)|Ωn is the support size of its discrete Fourier transform.

Proposition 2.29 (Meshulam[28]). Let 0 ̸= f(X) ∈ C[X] with deg f < n. Let d1 < d2 be
consecutive divisors of n such that d1 ≤ |f | ≤ d2. Then

|ev(f)|Ωn ≥
n

d1d2
(d1 + d2 − |f |) .

Equivalently, the number of roots of f in Ωn is at most

n− n

d1d2
(d1 + d2 − |f |) .
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Corollary 2.30. Fix n ≥ 2. Then there exists a nonzero integer Un such that the following
holds. If Fq is a finite field of characteristic p with p ∤ Un and n | (q− 1), then every nonzero
polynomial f(X) ∈ Fq[X] of degree < n satisfies

|ev(f)|Ωn ≥
n

d1d2
(d1 + d2 − |f |) ,

where d1 < d2 are the consecutive divisors of n such that d1 ≤ |f | ≤ d2. Equivalently, the
number of roots of f in Ωn ⊆ F∗

q is at most

n− n

d1d2
(d1 + d2 − |f |) .

Proof. For each k ∈ {1, . . . , n}, let un(k) denote the Meshulam lower bound

un(k) :=
n

d1d2
(d1 + d2 − k),

where d1 < d2 are the consecutive divisors of n such that d1 ≤ k ≤ d2.
Fix k, and let A,B ⊆ {0, . . . , n− 1} be such that |A| = k and |B| < un(k). Consider the

(n− |B|)× k matrix
VA,B(X) :=

(
Xab

)
a∈Bc, b∈A ,

where Bc = {0, . . . , n− 1} \B, and define VA,B(ζn) by specializing X = ζn.
We claim that VA,B(ζn) has full column rank k. Indeed, if not, then there would exist a

nonzero coefficient vector c = (cb)b∈A ∈ CA such that VA,B(ζn)c = 0. Defining

f(X) :=
∑
b∈A

cbX
b,

we would have |f | = |A| = k, and the equation VA,B(ζn)c = 0 implies f(ζan) = 0 for all
a ∈ Bc. Hence,

|ev(f)|Ωn ≤ |B| < un(k),

contradicting Proposition 2.29. Thus VA,B(ζn) has full column rank.
It follows that some k × k minor of VA,B(ζn) is nonzero. Choose one such minor and

denote the corresponding determinant polynomial by ∆A,B(X) ∈ Z[X]. Then ∆A,B(ζn) ̸= 0.
Since ζn is a root of Φn(X), it follows that ∆A,B(X) and Φn(X) have no common root over
C, and therefore

Res(∆A,B(X),Φn(X)) ̸= 0.

Now define
Un :=

∏
1≤k≤n

A,B⊆{0,...,n−1}
|A|=k, |B|<un(k)

Res(∆A,B(X),Φn(X)).

Since there are only finitely many pairs (A,B), this is a finite product of nonzero integers,
hence Un ̸= 0.
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Now let Fq be a finite field of characteristic p such that p ∤ Un and n | (q − 1), and let
ω ∈ F∗

q be a primitive nth root of unity. Suppose, for contradiction, that there exists a
nonzero polynomial

f(X) =
n−1∑
i=0

fiX
i ∈ Fq[X] with deg f < n

such that |ev(f)|Ωn < un(|f |). Let A := { i : fi ̸= 0 }, and B := { a ∈ {0, . . . , n−1} : f(ωa) ̸=
0 }. Then |A| = |f |, and by assumption

|B| = |ev(f)|Ωn < un(|f |) = un(|A|).

For every a ∈ Bc, we have ∑
b∈A

fbω
ab = 0.

Thus the coefficient vector (fb)b∈A ̸= 0 lies in the kernel of VA,B(ω), so VA,B(ω) does not have
full column rank. Therefore every |A| × |A| minor of VA,B(ω) vanishes, including the chosen
one: ∆A,B(ω) = 0.

Since ω is a primitive nth root of unity and p ∤ n, the reduction of Φn(X) modulo p
also vanishes at ω. Hence the reductions of ∆A,B(X) and Φn(X) have a common root in an
algebraic closure of Fp. By Proposition 2.28,

p | Res(∆A,B(X),Φn(X)).

But this resultant is one of the factors of Un, so this implies p | Un, contrary to hypothesis.
This contradiction proves the corollary. ■

Corollary 2.31. Fix a prime n. Then there exists a nonzero integer U ′
n such that the

following holds. If Fq is a finite field of characteristic p with p ∤ U ′
n and n | (q − 1), then

every nonzero polynomial f(X) ∈ Fq[X] of degree < n satisfies

|f |+ |ev(f)|Ωn ≥ n+ 1.

Equivalently,
|ev(f)|Ωn ≥ n+ 1− |f |,

and the number of roots of f in Ωn is at most |f | − 1.

Proof. When n is prime, the only divisors of n are 1 and n. Thus, Corollary 2.30 yields

|ev(f)|Ωn ≥
n

1 · n
(1 + n− |f |) = n+ 1− |f |,

which is equivalent to the stated inequality. One may take U ′
n = Un. ■
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Remark 2.32. The prime-order finite-field uncertainty principle in Corollary 2.31 is the finite
field version of the uncertainty principle proven by Tao [34]. It is also the same statement
used by Golowich and Guruswami in their paper [14, Proposition 66] on quantum locally
recoverable codes, where it is attributed to Goldstein–Guralnick–Isaacs [13].

This completes the preliminaries. In the next chapter we formally define quantum lo-
cally recoverable codes, extend the (r, δ) locality notion to the quantum setting, and give
randomized constructions achieving good rate–distance–locality trade-offs.
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Chapter 3

Quantum LRCs and HLRCs

We now define the quantum analogues of LRCs and HLRCs and present randomized con-
structions.

3.1 Definitions of QLRCs and QHLRCs

Before defining quantum locally recoverable codes, we recall what it means for a quantum
code to correct a set of erasures. Let E = {XaZb : a, b ∈ Fq} be the single-qudit Pauli
error basis introduced in Section 2.4. For a density matrix ρ on a single qudit, define the
completely depolarizing channel

τ(ρ) :=
1

q2

∑
E∈E

EρE†

where E† is the Hermitian dual of E. Thus τ applies each single-qudit Pauli error with
equal probability. For a set of coordinates I ⊆ {1, . . . , n}, let τ I denote the channel on
(Cq)⊗n which applies τ to the qudits in I and acts as the identity on the remaining qudits.
Equivalently,

τ I(ρ) =
1

q2|I|

∑
E∈E⊗n

supp(E)⊆I

EρE†.

Let Q ⊆ (Cq)⊗n be a quantum code. We say that Q corrects erasures at I if there exists
a trace-preserving quantum operation RQ,I such that

RQ,I ◦ τ I(|ϕ⟩ ⟨ϕ|) = |ϕ⟩ ⟨ϕ|

for all |ϕ⟩ ∈ Q.
Equivalently, Q corrects erasures at I if it can correct every Pauli error whose support is

contained in I, under the assumption that the decoder knows the erased set I. This is the
usual erasure model: the locations of the errors are known, but the errors themselves are
unknown.
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We now impose a locality constraint on the recovery operation. The idea is that erasures
on a set I should be recoverable by using only a small set of qudits J containing I.

Definition 3.1 ((I, J)-QLRC [10]). Let ∅ ̸= I ⊊ J ⊆ {1, . . . , n}. A quantum code Q ⊆
(Cq)⊗n is said to be an (I, J)-QLRC if there exists a trace-preserving quantum operation
RJ

Q,I , acting nontrivially only on the qudits indexed by J , such that

RJ
Q,I ◦ τ I(|ϕ⟩ ⟨ϕ|) = |ϕ⟩ ⟨ϕ|

for all |ϕ⟩ ∈ Q.

Thus, if Q is an (I, J)-QLRC, then erasures on the coordinates in I can be recovered
locally using only the qudits in J .

Definition 3.2 ((r, δ)-QLRC [10]). Let r, δ ≥ 2 be positive integers. A quantum error-
correcting code Q ⊆ (Cq)⊗n is an (r, δ)-QLRC if, for each coordinate i ∈ {1, . . . , n}, there
exists a set J ⊆ {1, . . . , n} containing i with

|J | ≤ r + δ − 1

such that, for every I ⊆ J with |I| ≤ δ − 1, the code Q is an (I, J)-QLRC.

In other words, every coordinate belongs to a local recovery set J of size at most r+δ−1,
and any erasure pattern of size at most δ− 1 inside J can be corrected using only the qudits
in J . This is the quantum analogue of classical (r, δ)-locality.

The following result relates this notion of quantum locality to classical locality for dual-
containing codes.

Theorem 3.3 ([10, Theorem 28]). Let C ⊆ Fn
q be a linear code. Assume that C⊥ ⊆ C

and δ ≤ d(C⊥), where d(C⊥) is the minimum distance of C⊥. Then Q = CSS(C,C) is an
(r, δ)-QLRC if and only if C is an (r, δ) classical LRC.

We now extend the established (r, δ)-QLRCs to a quantum hierarchical setting, analogous
to classical HLRCs. For simplicity, we first define 2-level QHLRCs.

Definition 3.4 (((r1, δ1), (r2, δ2))-QHLRC). Let r1, δ1, r2, δ2 ∈ Z+ such that r1 ≥ r2 and
δ1 ≥ δ2 ≥ 2. Let Q ⊆ (Cq)⊗n be a stabilizer quantum code. Fix two level locality parameters
(r1, δ1), (r2, δ2). We say Q is a ((r1, δ1), (r2, δ2))-QHLRC if:

1. For every i ∈ {1, . . . , n} there exists a recovery set J1(i) ⊆ {1, . . . , n} containing i
with |J1(i)| ≤ r1 + δ1 − 1 such that for all I1 ⊆ J1(i) with |I1| ≤ δ1 − 1, Q is an
(I1, J1(i))-QLRC. In other words, Q is an (r1, δ1)-QLRC.

2. The punctured code Q|J1(i) is itself an (r2, δ2)-QLRC.
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Using Definition 3.4, we make the following observation: let Q be a ((r1, δ1), (r2, δ2))-
QHLRC. Fix a coordinate i and an erasure pattern I containing i. Let J1(i) be the corre-
sponding recovery set. Let J2(i) be a recovery set that arises from Q|J1(i). If I ⊆ J2(i) and
|I| ≤ δ2− 1 then we can recover qudits corresponding to I using the qudits corresponding to
J2(i)\I. Otherwise, assuming |I| ≤ δ1−1 and I ⊆ J1(i), we can recover qudits corresponding
to I using the qudits corresponding to J1(i) \ I.

Additionally, it is not too difficult to generalize the previous definition to any number of
hierarchical levels.

Definition 3.5 (h-level QHLRC). Let 2 ≤ h ∈ Z+, and rl, δl ∈ Z+ for all l ∈ {1, . . . , h}.
Consider h level locality parameters (r1, δ1), . . . , (rh, δh) with

r1 ≥ · · · ≥ rh and δ1 ≥ · · · ≥ δh ≥ 2.

A stabilizer quantum code Q ⊆ (Cq)⊗n is said to be an h-level ((r1, δ1), . . . , (rh, δh))-QHLRC
if the following conditions are satisfied:

1. For every i ∈ {1, . . . , n} there exists a recovery set J1(i) ⊆ {1, . . . , n} containing i
with |J1(i)| ≤ r1 + δ1 − 1 such that for all I1 ⊆ J1(i) with |I1| ≤ δ1 − 1, Q is an
(I1, J1(i))-QLRC. In other words, Q is an (r1, δ1)-QLRC.

2. The punctured code Q|J1(i) is an (h− 1)-level ((r2, δ2), . . . , (rh, δh))-QHLRC.

Note that the second condition implies that, after suitably puncturing h − 1 times, the
resulting code is a 1-level (rh, δh)-QHLRC which is simply an (rh, δh)-QLRC.

We end this section by stating a Singleton-type bound for (r, δ) QLRCs.

Theorem 3.6. Let Q be a QLRC of block length n, dimension k, distance d with locality
parameters r, δ. Assume that for each coordinate i ∈ {1, . . . , n}, there exists a recovery set
J(i) containing i such that |J(i)| = r + δ − 1. Further assume that for all i, j ∈ {1, . . . , n}
either J(i) = J(j) or J(i) ∩ J(j) = ∅. Then

k ≤
(
1− 2

r + δ − 1

)
n− 2

(
d− 1−

⌈
d− 1

r + δ − 2

⌉)
.

Proof. Follows from [14, Theorem 36] by replacing r with r + δ − 1. ■

3.2 Random (r, δ)-QLRCs

In this section, we construct random (r, δ)-QLRCs. We begin with a lemma that we will use
repeatedly in the random constructions.
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Lemma 3.7. Let α1, . . . , αn ∈ Fq be distinct. For an integer t ≤ n, consider the t × n
Vandermonde matrix

Vt(α1, . . . , αn) =


1 1 · · · 1
α1 α2 · · · αn
...

...
. . .

...
αt−1
1 αt−1

2 · · · αt−1
n

 .
Then any t columns of Vt(α1, . . . , αn) are linearly independent.

Proof. Choose any t columns, say those indexed by j1, . . . , jt. The corresponding determinant
is

det
(
αa−1
jb

)
1≤a,b≤t

=
∏

1≤u<v≤t

(αjv − αju),

which is nonzero because the αi’s are distinct. ■

Construction 3.8 (Random (r, δ)-QLRC). We are given a block length N , locality param-
eter r, distance parameter δ ≤ r, and finite field Fq with q ≥ n := r + δ − 1. Assume that
m := N/n is an integer. Choose ℓ ∈ [N/2 − m(δ − 1)]. We define a random QLRC via a
CSS code Q = CSS(CX , CZ) which is sampled as follows. Initialize Gi to be the (δ − 1)× n
Vandermonde matrix

Gi =


1 1 · · · 1
αi,1 αi,2 · · · αi,n
...

...
. . .

...
αδ−2
i,1 αδ−2

i,2 · · · αδ−2
i,n


where for each i = 1, . . . ,m, every αi,j ∈ Fq is distinct for j = 1, . . . , n. Let HX be a block
diagonal matrix comprised of m matrices:

HX =


G1

G2

. . .

Gm

 .
Let βi,l =

∏
j ̸=l

1
αi,l−αi,j

for l = 1, . . . , n Let Hi be an r × n Vandermonde-like matrix

Hi =


1 1 · · · 1
αi,1 αi,2 · · · αi,n
...

...
. . .

...
αr−1
i,1 αr−1

i,2 · · · αr−1
i,n

 ·

βi,1

βi,2
. . .

βi,n


and let HZ be the block matrix

HZ =


(H1)δ−1

(H2)δ−1

. . .

(Hm)δ−1


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where (Hi)δ−1 means the first δ − 1 rows of Hi. We then add ℓ random rows to HX and HZ

subject to the orthogonality conditions, as follows:

1. for i = 1, . . . , ℓ:

- let v be a uniformly random vector sampled from row-span(HZ)
⊥ \ row-span(HX)

- append v to HX and rename the resulting matrix as HX i.e. HX =

[
HX

v

]
2. for i = 1, . . . , ℓ:

- let v be a uniformly random vector sampled from row-span(HX)
⊥ \ row-span(HZ)

- append v to HZ and rename the resulting matrix as HZ i.e. HZ =

[
HZ

v

]
We have sampled matrices HX , HZ ∈ F(m(δ−1)+ℓ)×N

q with orthogonal row spaces. Let CX =
kerHX , CZ = kerHZ are such that we obtain a well-defined CSS code Q = CSS(CX , CZ).

Lemma 3.9. For positive integers r ≥ δ, let n = r + δ − 1, and let α1, . . . , αn ∈ Fq be
distinct. For l = 1, . . . , n define

βl :=
n∏

j=1
j ̸=l

1

αl − αj

.

Let

G =


1 1 · · · 1
α1 α2 · · · αn
...

...
. . .

...
αδ−2
1 αδ−2

2 · · · αδ−2
n


and

H =


1 1 · · · 1
α1 α2 · · · αn
...

...
. . .

...
αr−1
1 αr−1

2 · · · αr−1
n



β1

β2
. . .

βn

 .
Then

GHT = 0.

Moreover, any δ − 1 columns of G are linearly independent, and any δ − 1 columns of the
first δ − 1 rows of H are linearly independent.

Proof. The column-independence statement for G follows from Lemma 3.7. The same state-
ment for the first δ − 1 rows of H follows from Lemma 3.7 after scaling each column by the
nonzero scalar βl.
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It remains to prove GHT = 0. The (a, b)-entry of GHT , where 0 ≤ a ≤ δ − 2 and
0 ≤ b ≤ r − 1, is

N∑
l=1

βlα
a+b
l .

Since
0 ≤ a+ b ≤ (δ − 2) + (r − 1) = r + δ − 3 = n− 2,

it is enough to prove that

n∑
l=1

βlα
m
l = 0 for 0 ≤ m ≤ n− 2.

This is the standard Lagrange interpolation identity. Indeed, let

Ll(X) =
n∏

j=1
j ̸=l

X − αj

αl − αj

be the l-th Lagrange basis polynomial. The leading coefficient of Ll(X) is βl. For 0 ≤
m ≤ n− 2, the polynomial Xm has degree < n− 1, so its Lagrange interpolation expansion
Xm =

∑n
l=1 α

m
l Ll(X) has zero coefficient of Xn−1 on the left-hand side. The coefficient of

Xn−1 on the right-hand side is
∑n

l=1 α
m
l βl. Therefore,

∑n
l=1 βlα

m
l = 0 for 0 ≤ m ≤ n − 2,

proving GHT = 0. ■

We now prove that Construction 3.8 has the desired properties of locality and good
distance.

Lemma 3.10. The random QLRC Q from Construction 3.8 is a QLRC of locality r and
dimension k = N − 2(m(δ − 1) + ℓ). Furthermore, each coordinate s ∈ {1, . . . , N} has
recovery set Js = {a(r+ δ− 1) + 1, . . . , a(r+ δ− 1) + r+ δ− 1} for a = ⌈s/(r+ δ− 1)⌉ − 1.

Proof. First consider the deterministic local rows before the ℓ random rows are added. The
matrix HX contains, on each local group Ja := {a(r+ δ−1)+1, . . . , a(r+ δ−1)+ r+ δ−1},
a copy of the (δ − 1)× (r + δ − 1) Vandermonde matrix Ga. Similarly, HZ contains, on the
same group, the first δ − 1 rows of the scaled Vandermonde matrix Ha.

By Lemma 3.7, any δ − 1 columns of Ga are linearly independent. Since the first δ − 1
rows of Ha are obtained from a Vandermonde matrix by nonzero column scalings, any δ−1 of
their columns are also linearly independent. Therefore, on every local group Ja, both the X-
and Z-local parity checks can recover any erasure pattern of size at most δ−1. Equivalently,
the punctured local X- and Z-classical codes have local distance at least δ.

The local X- and Z-row spaces are orthogonal by Lemma 3.9. Since distinct local groups
have disjoint supports, the deterministic local parts of HX and HZ are globally orthogonal.
The additional random rows are sampled from the orthogonal complement of the current op-
posite row span, so after every appended row the row spans ofHX andHZ remain orthogonal.
Hence C⊥

X = rowspan(HX) ⊆ CZ and the CSS code Q = CSS(CX , CZ) is well-defined.
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The local recovery sets are precisely the groups Ja. Thus Q is an (r, δ)-QLRC. Finally,
each of HX and HZ has m(δ − 1) + ℓ rows. The Vandermonde local rows are linearly
independent across disjoint supports, and the random rows are sampled outside the current
row span, so the rank of each matrix is m(δ − 1) + ℓ. Therefore dimCX = dimCZ =
N − (m(δ − 1) + ℓ), and the CSS dimension is

k = dimCX + dimCZ −N = N − 2(m(δ − 1) + ℓ).

The condition ℓ ∈ [N/2−m(δ − 1)] ensures this dimension is positive. ■

Now we bound the distance of the random (r, δ)-QLRCs that we constructed.

Proposition 3.11. For sufficiently large N , given any ρ, ϵ > 0, the distance d(Q) of a
random (r, δ)-QLRC Q from Construction 3.8 with parameters, N, r, δ, and N/2−m(δ−1) >
ℓ ≥ (H

(δ)
q (ρ) + 2ϵ)N (if one exists) over the alphabet Fq satisfies

Pr[d(Q) ≥ ρN ] > 1− 2q−ϵN , (3.1)

where for w = |y| ∈ FN
q \ {0},

H(δ)
q (ρ) = lim sup

N→∞

1

N
logq

(∑
w≤ρN

N (δ)(N,w)(q − 1)w

)
(3.2)

and

N (δ)(N,w) =

⌊w/δ⌋∑
s=1

(
m

s

) ∑
w1+···+ws=w

wi≥δ

s∏
i=1

(
r + δ − 1

wi

)
(3.3)

and the lim sup is taken over N divisible by r + δ − 1.

Proof. Fix a nonzero vector y ∈ FN
q . Let H

(i)
Z denote the matrix after the ith iteration of step

2 in Construction 3.8. If y ∈ CZ \C⊥
X then for 0 ≤ i ≤ ℓ− 1, y ∈ kerH

(i)
Z and y ∈ kerH

(i+1)
Z .

Since y ̸∈ C⊥
X , exactly 1/q-fraction of the vectors in CX are orthogonal to y. It follows if

y ∈ kerH
(i)
Z then less than 1/q-fraction of the vectors in CX \ row-span(H(i)

Z ) are orthogonal
to y. Formally,

Pr
[
y ∈ kerH

(i+1)
Z \ C⊥

X | y ∈ kerH
(i)
Z \ C

⊥
X

]
<

1

q
.

Hence,

Pr
[
y ∈ CZ \ C⊥

X

]
= Pr

[
y ̸∈ C⊥

X

]
· Pr
[
y ∈ kerH

(0)
Z | y ̸∈ C

⊥
X

]
·
ℓ−1∏
i=0

Pr
[
y ∈ kerH

(i+1)
Z \ C⊥

X | y ∈ kerH
(i)
Z \ C

⊥
X

]
< q−ℓ.
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We now explain why the union bound only needs to count supports appearing in N (δ)(N,w).
Let y ∈ CZ \ C⊥

X be a nonzero vector. Since y ∈ CZ = kerHZ , it satisfies all local Z-checks.
Consider any local group Ja. If 0 < | supp(y) ∩ Ja| < δ, then the restriction of the local
Z-check matrix to these nonzero coordinates has full column rank by Lemma 3.7. Hence
the only vector supported on those coordinates and satisfying the local checks is the zero
vector, a contradiction. Therefore every nonempty local block of supp(y) has size at least δ.
Thus the possible supports of y of weight w are counted by N (δ)(N,w). The same argument
applies to vectors in CX \ C⊥

Z .
Applying the union bound over all y ∈ FN

q such that |y| ≤ ρN gives

Pr
[
∃ y ∈ CZ \ C⊥

X , |y| ≤ ρN
]
< q−ℓ

∑
w≤ρN

N (δ)(N,w)(q − 1)w

≤ q−ℓq(H
(δ)
q (ρ)+ϵ)N

≤ q−ϵN

for sufficiently large N and by symmetry

Pr
[
∃ y ∈ CX \ C⊥

Z , |y| ≤ ρN
]
< q−ϵN .

Therefore,
Pr[d(Q) ≤ ρN ] < 2q−ϵN ,

as desired. ■

Remark 3.12. The proof of Proposition 40 from [14] works for Proposition 3.11, but gives a
weaker estimate because it over counts the number of low-weight codewords. It would require
ℓ more random rows to drive the union bound to zero so existence/distance threshold and
rate-vs-distance tradeoff will be worse.

3.3 Random ((r1, δ1), . . . , (rh, δh))-QHLRCs

Now we move on to constructing random h-level quantum hierarchical LRCs. The main
difference from the one-level construction is that the deterministic local X and Z checks
must be chosen recursively so that nested local checks remain mutually orthogonal.

3.3.1 Constructing a random QHLRC

Definition 3.13. Let J be a finite set of coordinates, let U ⊆ FJ
q be a row space, and let

a, s be positive integers. For E ⊆ J , define

FJ
q [E] = {x ∈ FJ

q | supp(x) ⊆ E}.

We say that U has the (a, s)-strong local MDS property on J if:
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1. for every E ⊆ J with |E| ≤ a, rank(U |E) = |E|;

2. for every E ⊆ J with |E| ≤ s, U ∩ FJ
q [E] = {0}.

Equivalently, the second condition says that the restriction map

πJ\E : U → FJ\E
q

is injective for every E ⊆ J with |E| ≤ s. It is also equivalent to rank(U⊥|E) = |E| for
|E| ≤ s.

Construction 3.14 (h-level QHLRC). Suppose we are given a block length N , locality
and distance parameters (r1, δ1), (r2, δ2), . . . , (rh, δh) such that r1 ≥ · · · ≥ rh and δ1 ≥
· · · ≥ δh ≥ 2, and a finite field Fq, with q sufficiently large. Let nl := rl + δl − 1 and
suppose δ1 ≤ nh/2. Further assume that ml := N/nl is an integer for l = 1, . . . , h and
nh | nh−1 | · · · | n1 | N .

We will set some notation for the construction. For a level-l block where b = 0, . . . ,ml−1,
write Jl,b := {bnl + 1, bnl + 2, . . . , (b + 1)nl}. Thus level-(l + 1) blocks refine level-l blocks.
We first construct deterministic local row spaces U loc, V loc ⊆ FN

q which will become the local
parts of HX and HZ .

Bottom level. For each level-h block Jh,b, choose nh distinct field elements αb,1, . . . , αb,nh
∈

Fq. Let Uh,b ⊆ FJh,b
q be the row space of the (δh − 1)× nh Vandermonde matrix

1 1 · · · 1
αb,1 αb,2 · · · αb,nh

...
...

. . .
...

αδh−2
b,1 αδh−2

b,2 · · · αδh−2
b,nh

 .
Let

ηb,t :=

nh∏
u=1
u̸=t

1

αb,t − αb,u

.

Let Vh,b ⊆ FJh,b
q be the row space of the scaled Vandermonde matrix

1 1 · · · 1
αb,1 αb,2 · · · αb,nh

...
...

. . .
...

αδh−2
b,1 αδh−2

b,2 · · · αδh−2
b,nh



ηb,1

ηb,2
. . .

ηb,nh

 .
By Lemma 3.9, the Vandermonde space generated by degrees 0, . . . , δh − 2 is orthogonal to
the full scaled dual Vandermonde space generated by degrees 0, . . . , rh − 1. Since Vh,b is
contained in this scaled dual space, we have Uh,b ⊥ Vh,b.
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Moreover, both Uh,b and Vh,b have the (δh− 1, δ1− 1)-strong local MDS property on Jh,b.
Indeed, the Vandermonde property gives

rank(Uh,b|E) = rank(Vh,b|E) = |E| (|E| ≤ δh − 1).

Also, each of Uh,b and Vh,b is a scaled generalized Reed–Solomon row space of dimension
δh − 1 and length nh, hence has minimum distance

nh − (δh − 1) + 1 = rh + 1 > δ1 − 1 ⇐⇒ nh > δ1 + δh − 3.

Since δh ≤ δ1 ≤ nh/2, we have nh ≥ 2δ1 > δ1 + δh − 3. Therefore neither row space has a
nonzero word supported on at most δ1 − 1 coordinates.

Higher levels. Suppose that for all levels u > l we have already constructed local X-
and Z-row spaces supported on level-u blocks, and that within each level-(l + 1) block the
accumulated X- and Z-spaces are orthogonal.

Fix a level-l block Jl,b. Let U>l,b be the sum of all previously constructed X-row spaces
supported inside Jl,b, and let V>l,b be the analogous sum of previously constructed Z-row
spaces. By induction, U>l,b ⊥ V>l,b.

Set ∆l := δl − δl+1. Choose a ∆l-dimensional subspace U+
l,b ⊆ V ⊥

>l,b such that

dim(U>l,b + U+
l,b) = dimU>l,b +∆l,

and such that U>l,b + U+
l,b has the (δl − 1, δ1 − 1)-strong local MDS property on Jl,b. Then

choose a ∆l-dimensional subspace V +
l,b ⊆ (U>l,b + U+

l,b)
⊥ such that

dim(V>l,b + V +
l,b) = dimV>l,b +∆l,

and such that V>l,b + V +
l,b has the (δl − 1, δ1 − 1)-strong local MDS property on Jl,b.

The existence of such U+
l,b, V

+
l,b follows from Theorem 3.20 which is proved at the end of

the section.
We perform an exhaustive search over the relevant finite Grassmannian (Definition 2.21)

which gives a deterministic finite procedure. Enumerate all U+
l,b ∈ GrFq(∆l, V

⊥
>l,b) and choose

one such that U+
l,b ∩ U>l,b = {0} and U+

l,b + U>l,b has the (δl − 1, δ1 − 1)-strong local MDS

property. Then enumerate all V +
l,b ∈ GrFq(∆l, (U>l,b + U+

l,b)
⊥) and choose one such that

V +
l,b ∩ V>l,b = {0} and V +

l,b + V>l,b has the (δl − 1, δ1 − 1)-strong local MDS property.

After performing this for every level-l block and every l = h − 1, . . . , 1, let U loc be the
span of all constructed X-local spaces and let V loc be the span of all constructed Z-local
spaces. These spaces are all constructed deterministically.

By construction, U loc ⊥ V loc. Let

M := mh(δh − 1) +
h−1∑
l=1

ml(δl − δl+1),
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then dimU loc = dimV loc = M. Choose bases of U loc and V loc, and use them as the initial
rows of HX and HZ , respectively.

Finally, choose an integer ℓ < N/2 −M. We then add ℓ random rows to HX and HZ

subject to the orthogonality conditions, as follows:

1. for i = 1, . . . , ℓ:

- let v be a uniformly random vector sampled from row-span(HZ)
⊥ \ row-span(HX)

- append v to HX and rename the resulting matrix as HX i.e. HX =

[
HX

v

]
2. for i = 1, . . . , ℓ:

- let v be a uniformly random vector sampled from row-span(HX)
⊥ \ row-span(HZ)

- append v to HZ and rename the resulting matrix as HZ i.e. HZ =

[
HZ

v

]
We have sampled matrices HX , HZ ∈ F(M+ℓ)×N

q with orthogonal row spaces. Let CX =
kerHX , CZ = kerHZ and obtain a well-defined CSS code Q = CSS(CX , CZ).

3.3.2 Dimension, locality, and distance

We will begin with computing the dimension and proving the locality properties of the
quantum HLRC Q.

Lemma 3.15. The random QHLRC Q from Construction 3.14 is a quantum HLRC of
hierarchical locality (r1, δ1), . . . , (rh, δh) and dimension k = N − 2(M + ℓ) where

M = mh(δh − 1) +
h−1∑
l=1

ml(δl − δl+1). (3.4)

Proof. Since r1, . . . , rh and δ1, . . . , δh are decreasing sequences, m1, . . . ,mh is a increasing
sequence. Therefore,

mh(δh − 1) +
h−1∑
l=1

ml(δl − δl+1) ≤ mh(δ1 − 1) (3.5)

and
mh(δ1 − 1) < N/2 ⇐⇒ δ1 − 1 < nh/2. (3.6)

The latter inequality is enforced in Construction 3.14. By construction, the deterministic
local X-row space has dimension

M = mh(δh − 1) +
h−1∑
l=1

ml(δl − δl+1),
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and the same is true for the deterministic local Z-row space. Each random global row
is chosen outside the current row span, so it increases rank by one. Hence, rankHX =
rankHZ =M + ℓ. Therefore, dimCX = dimCZ = N − (M + ℓ), and the CSS dimension is

k = dimCX + dimCZ −N = N − 2(M + ℓ).

It remains to prove hierarchical locality. Fix a level l block Jl,b. By construction, the
X-local row space supported in Jl,b has the δl − 1 local MDS property:

rank(U |E) = |E| for every E ⊆ Jl,b, |E| ≤ δl − 1.

Thus any δl − 1 erasures in Jl,b can be recovered using X-type local checks supported inside
Jl,b. The same statement holds for the Z-local row space.

Since nh | nh−1 | · · · | n1, each level-(l + 1) block is contained in a level-l block. There-
fore the punctured code on a level-l block inherits the lower-level repair structure from the
blocks contained inside it. Hence the code is an h-level QHLRC with locality parameters
((r1, δ1), . . . , (rh, δh)). ■

We now count the possible supports of logical operators compatible with the hierarchical
local checks. Define

Bh(z) =

nh∑
t=δh

(
nh

t

)
zt.

For l = h− 1, . . . , 1, define recursively

Bl(z) =

nl∑
t=δl

[zt] (1 +Bl+1(z))
nl/nl+1 zt.

Finally, define
N (δ)(N,w) = [zw](1 +B1(z))

N/n1 . (3.7)

When h = 1, (3.7) recovers (3.3):

N (δ1)(N,w) = [zw]

(
1 +

n1∑
t=δ1

(
n1

t

)
zt

)N/n1

=

⌊w/δ1⌋∑
s=1

(
m1

s

) ∑
w1+···+ws=w

wi≥δ1

s∏
i=1

(
n1

wi

)
.

Lemma 3.16. Let y ∈ CZ \ C⊥
X or y ∈ CX \ C⊥

Z . If y ̸= 0, then for every level-l block
Jl,b, either supp(y) ∩ Jl,b = ∅, or | supp(y) ∩ Jl,b| ≥ δl. Consequently, the number of possible
supports of such vectors of weight w is at most N (δ)(N,w).

Proof. We prove the statement for y ∈ CZ \C⊥
X ; the other case is identical. Since y ∈ CZ =

kerHZ , the vector y satisfies all deterministic local Z-checks.
Fix a level-l block Jl,b. Let E = supp(y) ∩ Jl,b and suppose 0 < |E| ≤ δl − 1. The local

Z-row space supported in Jl,b has the (δl − 1, δ1 − 1)-strong local MDS property, so

rank(V |E) = |E|.
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Thus, the only vector supported on E and satisfying all these local checks is the zero vector.
This contradicts the definition of E. Therefore every nonempty intersection with Jl,b has
size at least δl.

The recursive generating function counts exactly such supports. At the bottom level, a
nonempty level-h block must have weight at least δh, so its generating function is

Bh(z) =

nh∑
t=δh

(
nh

t

)
zt.

A level-l block consists of nl/nl+1 level-(l + 1) blocks. Each child block is either empty or
has a support counted by Bl+1(z). Hence the generating function before imposing the level-l
threshold is

(1 +Bl+1(z))
nl/nl+1 .

However, we only want the nonempty configurations which also meet the threshold of δl. For
l = 1, . . . , h− 1 define

Bl(z) =

nl∑
t=δl

[zt](1 +Bl+1(z))
nl

nl+1 · zt

where [zt]f(z) is the coefficient of zt in f(z). This recursively defines Bh−1, . . . , B1. At the
top level, the whole length N consists of N/n1 level-1 blocks, each either empty or counted
by B1(z). Therefore the number of admissible supports of weight w is

[zw](1 +B1(z))
N/n1 = N (δ)(N,w),

as desired. ■

We use the number of admissible supports to define an entropy-like function and give a
probabilistic argument for the distance bound.

Proposition 3.17. For all sufficiently large N , given any ρ, ϵ > 0, the distance d(Q) of
a random h-level QHLRC Q from Construction 3.14 with parameters N , (rl, δl)l=1,...,h, and

N/2−M > ℓ ≥ (H
(δ)
q (ρ) + 2ϵ)N (if one exists) over the alphabet Fq satisfies

Pr[d(Q) ≥ ρN ] > 1− 2q−ϵN . (3.8)

where

H(δ)
q (ρ) = lim sup

N→∞

1

N
logq

(∑
w≤ρN

N (δ)(N,w)(q − 1)w

)
. (3.9)

and the lim sup is taken over N divisible by n1.

Proof. Fix a nonzero vector y ∈ FN
q . Let H

(i)
Z denote the matrix after the ith iteration of

step 2 in Construction 3.14. If y ∈ CZ \ C⊥
X then for 0 ≤ i ≤ ℓ − 1, y ∈ kerH

(i)
Z and

y ∈ kerH
(i+1)
Z . Since y ̸∈ C⊥

X , exactly 1/q-fraction of the vectors in CX are orthogonal to y.
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It follows if y ∈ kerH
(i)
Z then less than 1/q-fraction of the vectors in CX \ row-span(H(i)

Z ) are
orthogonal to y. Formally,

Pr
[
y ∈ kerH

(i+1)
Z \ C⊥

X | y ∈ kerH
(i)
Z \ C

⊥
X

]
<

1

q
.

Hence,

Pr
[
y ∈ CZ \ C⊥

X

]
= Pr

[
y ̸∈ C⊥

X

]
· Pr
[
y ∈ kerH

(0)
Z | y ̸∈ C

⊥
X

]
·
ℓ−1∏
i=0

Pr
[
y ∈ kerH

(i+1)
Z \ C⊥

X | y ∈ kerH
(i)
Z \ C

⊥
X

]
< q−ℓ.

Now union bound over all possible supports of weight w ≤ ρN . By Lemma 3.16, any logical
vector of weight w has one of at most N (δ)(N,w) admissible supports. For each support of
size w, there are at most (q − 1)w nonzero vectors supported on it. Therefore, applying the
union bound over all y ∈ FN

q with weight, w at most ρN gives

Pr
[
∃ y ∈ CZ \ C⊥

X , |y| ≤ ρN
]
< q−ℓ

∑
w≤ρN

N (δ)(N,w)(q − 1)w

≤ q−ℓq(H
(δ)
q (ρ)+ϵ)N

≤ q−ϵN

for sufficiently large N and by symmetry

Pr
[
∃ y ∈ CX \ C⊥

Z , |y| ≤ ρN
]
< q−ϵN .

Therefore,
Pr[d(Q) ≤ ρN ] < 2q−ϵN ,

as desired. ■

Remark 3.18. In the hierarchical setting, for the most general setting, we are given locality
and distance parameters (r1, δ1), . . . , (rh, δh) such that r1 ≥ · · · ≥ rh ≥ 1 and δ1 ≥ · · · ≥
δh ≥ 2. We imposed the restriction nh | nh−1 | · · · | n1 | N so the groups nest. We want
each level to meaningfully correct additional erasures so if there is some 1 ≤ l ≤ h− 1 such
that δl = δl+1 then level l does not correct any more erasures that level l + 1. In the parity
check view, we would not be adding additional parity checks corresponding to level l because
δl − δl+1 = 0. Consequently, it is reasonable to assume δ1 > · · · > δh ≥ 2. Suppose there is
some 1 ≤ l ≤ h− 1 such that rl = rl+1. We have

rl + δl − 1 = rl+1 + δl+1 − 1 + (δl − δl+1)

and by the divisibility condition rl+1+ δl+1− 1 | rl + δl− 1 so rl+1+ δl+1− 1 | δl− δl+1 which
is a contradiction. Therefore, we may also assume r1 > · · · > rh.
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Lastly, we prove a Singleton-like bound for CSS codes constructed from a dual-containing
classical HLRC.

Proposition 3.19. Consider a classical h-level ((r1, δ1), . . . , (rh, δh))-HLRC C such that
C⊥ ⊆ C and d(C⊥) ≥ δ1. Then dimC = (N+k)/2 and Q = CSS(C,C) is an [[N, k,≥ d(C)]]
quantum h-level HLRC satisfying

k + 2d(C) ≤ N + 2− 2
h−1∑
l=1

(⌈
N + k

2rl

⌉
− 1

)
(δl − δl+1)− 2

(⌈
N + k

2rh

⌉
− 1

)
(δh − 1) (3.10)

When h = 1, this recovers the same bound as [10, Theorem 30].

Proof. Denote the parameters of C as [N, k′, d(C)]. By the classical HLRC Singleton-like
bound [30, Theorem 3.1] , we have

d(C) ≤ N − k′ + 1−
h−1∑
l=1

(⌈
k′

rl

⌉
− 1

)
(δl − δl+1)−

(⌈
k′

rh

⌉
− 1

)
(δh − 1). (3.11)

We know by the CSS construction that k = k′ + k′ − N so k′ = (N + k)/2. Plugging this
into the above bound, we have

d(C) ≤ N − N + k

2
+ 1−

h−1∑
l=1

(⌈
N + k

2rl

⌉
− 1

)
(δl − δl+1)−

(⌈
N + k

2rh

⌉
− 1

)
(δh − 1)

and upon rearranging we get

N + k

2
+ d(C) ≤ N + 1−

h−1∑
l=1

(⌈
N + k

2rl

⌉
− 1

)
(δl − δl+1)−

(⌈
N + k

2rh

⌉
− 1

)
(δh − 1)

k + 2d(C) ≤ N + 2− 2
h−1∑
l=1

(⌈
N + k

2rl

⌉
− 1

)
(δl − δl+1)− 2

(⌈
N + k

2rh

⌉
− 1

)
(δh − 1),

as desired. ■

3.3.3 Existence of subspaces

We now prove the existence of the desired U+
l,b, V

+
l,b used in Construction 3.14. The proof is

quite technical so we first present two inequalities and use them to justify the existence of
the desired subspaces.

Theorem 3.20. Let J be a level-l block of length nl, and set ∆l := δl − δl+1. Suppose that
inside J we have already constructed lower-level row spaces U>l, V>l ⊆ FJ

q such that

U>l ⊥ V>l and dimU>l = dimV>l.
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Further suppose both U>l and V>l have the (δl+1 − 1, δ1 − 1)-strong local MDS property on
every level-(l + 1) child block inside J . More specifically, suppose that J is partitioned into
level-(l + 1) child blocks

J =
⊔
i

Ji,

and that
U>l =

⊕
i

Ui, V>l =
⊕
i

Vi,

where Ui, Vi ⊆ FJi
q , extended by zero outside Ji, satisfy Ui ⊥ Vi and both Ui and Vi have the

(δl+1− 1, δ1− 1)-strong local MDS property on Ji. Assume q is sufficiently large. Then there
exists a ∆l-dimensional subspace U+

l ⊆ V ⊥
>l such that

dim(U>l + U+
l ) = dimU>l +∆l,

and U>l−1 := U>l + U+
l has the (δl − 1, δ1 − 1)-strong local MDS property on J .

After choosing such a U+
l , there exists a ∆l-dimensional subspace V +

l ⊆ (U>l + U+
l )

⊥

such that
dim(V>l + V +

l ) = dimV>l +∆l,

and V>l−1 := V>l+V
+
l has the (δl−1, δ1−1)-strong local MDS property on J . Consequently,

U>l−1 ⊥ V>l−1 and dimU>l−1 = dimV>l−1.

Proof. We first record two consequences of the inductive hypotheses.
Rank-Deficiency Bound: Let E ⊆ J such that |E| ≤ δl − 1. Decompose E among the
level-(l + 1) child blocks:

E =
⊔
i

Ei.

By the level-(l + 1) strong local MDS property,

rank(U>l|Ei
) ≥ min{|Ei|, δl+1 − 1}

which implies

rank(U>l|E) ≥
∑
i

min{|Ei|, δl+1 − 1}.

Hence,

|E| − rank(U>l|E) ≤
∑
i

(|Ei| − δl+1 + 1)+.

where y+ = max{y, 0}. If the right-hand side is nonzero, then∑
i

(|Ei| − δl+1 + 1)+ ≤ |E| − δl+1 + 1 ≤ δl − 1− δl+1 + 1 = ∆l.

If it is zero, the same inequality is immediate. Thus, |E| − rank(U>l|E) ≤ ∆l. The same
argument gives |E| − rank(V>l|E) ≤ ∆l.
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Dimension Margin Inequality: By hypothesis, D := dimU>l = dimV>l. Inside a level-l
block, the accumulated lower-level dimension is

D =
nl

nh

(δh − 1) +
h−1∑

u=l+1

nl

nu

(δu − δu+1)

and dividing by nl, we get

D

nl

=
δh − 1

nh

+
h−1∑

u=l+1

δu − δu+1

nu

≤ δl+1 − 1

nh

.

Thus,

nl − 2D ≥ nl

(
1− 2(δl+1 − 1)

nh

)
=
nl

nh

(nh − 2(δl+1 − 1)) . (3.12)

Decompose J among the level-(l + 1) child blocks:

J =
⊔
i

Ji,

then V>l decomposes as a direct sum over the Ji:

V>l =
⊕
i

Vi

where each Vi ⊆ FJi
q . By induction hypothesis, each Vi has the (δl+1 − 1, δ1 − 1)-strong local

MDS property on Ji. Hence, for every Ei ⊆ Ji, with |Ei| ≤ δ1−1, we have Vi∩FJ
q [Ei] = {0}.

Now take any subset E ⊆ J with |E| ≤ δ1 − 1 and write Ei = E ∩ Ji, then |Ei| ≤ δ1 − 1.
Suppose v ∈ V>l ∩ FJ

q [E]. We can decompose v =
∑

i vi for vi ∈ Vi. Since v is supported
inside E, each component is supported inside Ei. Thus,

vi ∈ Vi ∩ FJ
q [Ei],

but |Ei| ≤ δ1 − 1 so vi = 0. Hence, v = 0 and V>l ∩ FJ
q [E] = {0},

Recall by the hypotheses of the construction, nh | nl and δ1−1 < nh/2. For every E ⊆ J
with |E| ≤ δ1 − 1, let

πJ\E : FJ
q → FJ\E

q

be the coordinate projection. Since V>l ∩ FJ
q [E] = {0} for |E| ≤ δ1 − 1, we have

dim πJ\E(V
⊥
>l) = dimV ⊥

>l − dimker(πJ\E|V ⊥
>l
)

= nl −D − dim(V ⊥
>l ∩ FJ

q [E])

= nl −D − dimker(V>l|E)
= nl −D − |E|+ rank(V>l|E).
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Also, since U>l ∩ FJ
q [E] = {0},

dim πJ\E(U>l) = dimU>l − dimker(πJ\E|U>l
) = D − dim(U>l ∩ FJ

q [E]) = D.

Therefore,

dim πJ\E(V
⊥
>l)− dim πJ\E(U>l) = nl − 2D − |E|+ rank(V>l|E).

By the level-l + 1 strong local MDS property,

rank(V>l|E) ≥ min{|E|, δl+1 − 1}

so
|E| − rank(V>l|E) ≤ δ1 − 1− δl+1 + 1 = δ1 − δl+1

and
dim πJ\E(V

⊥
>l)− dim πJ\E(U>l) ≥ nl − 2D − δ1 + δl+1.

By (3.12),

nl − 2D ≥ nl

nh

(nh − 2(δl+1 − 1)) ≥ nh − 2(δl+1 − 1)

and

nh − 2(δl+1 − 1) = nh − 2(δ1 − 1) + 2(δ1 − δl+1) ≥ 2(δ1 − δl+1) ≥ δ1 + δl − 2δl+1

Consequently,
dim πJ\E(V

⊥
>l)− dim πJ\E(U>l) ≥ δl − δl+1 = ∆l.

The same argument, with U>l and V>l interchanged, gives

dim πJ\E(U
⊥
>l)− dim πJ\E(V>l) ≥ ∆l.

Existence: We prove the existence of U+
l ; the reasoning for V +

l is identical after U+
l has

been chosen. We choose U+
l from the Grassmannian GrFq(∆l, V

⊥
>l). Equivalently, after fixing

a basis of V ⊥
>l, we may parameterize an ordered ∆l-tuple of vectors in V ⊥

>l by a matrix of
variables

W ∈ F∆l×dimV ⊥
>l

q .

We impose three types of conditions.
First, we require U+

l ∩ U>l = {0}. This is equivalent to

dim(U>l + U+
l ) = dimU>l +∆l,

and is the nonvanishing of some (D +∆l) × (D +∆l) minor in the coordinates W . Such a
determinant polynomial is not identically zero because

dim(V ⊥
>l/U>l) = nl − 2D ≥ ∆l.



CHAPTER 3. QUANTUM LRCS AND HLRCS 43

Hence there exist w1, . . . , w∆l
∈ V ⊥

>l whose images are linearly independent modulo U>l.
For this choice, the matrix obtained by adjoining the wi’s to a fixed basis of U>l has rank
dimU>l+∆l. Therefore at least one full-rank minor of that matrix is nonzero at this choice,
and the corresponding minor polynomial is not identically zero.

Second, for every E ⊆ J with |E| ≤ δl − 1, we require

rank((U>l + U+
l )|E) = |E|.

The rank-deficiency bound proved above says that at most ∆l new directions are needed on
E. Since V>l has no nonzero word supported on E, the restriction (V ⊥

>l)|E has full rank |E|.
The vectors from V ⊥

>l can complete the rank of U>l|E. Hence, for each fixed E, at least one
|E| × |E| minor of the restricted matrix is a nonzero polynomial in the entries of W .

Third, for every E ⊆ J with |E| ≤ δ1 − 1, we require

(U>l + U+
l ) ∩ FJ

q [E] = {0}.

Equivalently, restriction to J \ E is injective on U>l + U+
l , i.e.

rank((U>l + U+
l )|J\E) = dim(U>l + U+

l ).

The dimension margin inequality above says that inside πJ\E(V
⊥
>l) there are at least ∆l di-

mensions available modulo πJ\E(U>l). Thus, the injectivity condition is also the nonvanishing
of a suitable maximal minor.

Thus all required conditions are finitely many polynomial nonvanishing conditions in the
entries of W . Let F (W ) be the product of one nonzero polynomial for each condition. Then
F is a nonzero polynomial. By the Schwartz–Zippel lemma,

Pr[F (W ) = 0] ≤ degF

q

where the probability is over random choices of entries ofW . Therefore, for q > degF , there
exists a choice of entries of W such that F (W ) ̸= 0. The span of the ∆l chosen vectors in
V ⊥
>l is the desired subspace U+

l .
Now set U>l−1 := U>l + U+

l . By construction, U>l−1 has the (δl − 1, δ1 − 1)-strong local
MDS property and dimU>l−1 = D + ∆l. We now choose V +

l from GrFq(∆l, U
⊥
>l−1). The

rank-deficiency bound for V>l was already proved:

|E| − rank(V>l|E) ≤ ∆l (|E| ≤ δl − 1).

Also, since U>l−1 has no nonzero word supported on a set of size at most δ1−1, the restriction
of U⊥

>l−1 to any such E has full rank. It remains to check the dimension margin inequality.
For |E| ≤ δ1 − 1, we have

dim πJ\E(U
⊥
>l−1) = dimU⊥

>l−1 − dimker(πJ\E|U⊥
>l−1

)

= nl −D −∆l − dim(U⊥
>l−1 ∩ FJ

q [E])
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= nl −D −∆l − dimker(U>l−1|E)
= nl −D −∆l − |E|+ rank(U>l−1|E)

and since V>l ∩ FJ
q [E] = {0}

dim πJ\E(U
⊥
>l−1)− dim πJ\E(V>l) = nl − (D +∆l)−D − |E|+ rank(U>l−1|E).

Since U>l−1 has the (δl − 1, δ1 − 1)-strong local MDS property, for every E ⊆ J with |E| ≤
δ1 − 1, we have

rank(U>l−1|E) ≥ min{|E|, δl − 1}

so
|E| − rank(U>l−1|E) ≤ δ1 − 1− (δl − 1) = δ1 − δl.

Therefore,
dim πJ\E(U

⊥
>l−1)− dim πJ\E(V>l) ≥ nl − 2D −∆l − (δ1 − δl).

Using
nl − 2D ≥ δ1 + δl − 2δl+1,

we get
nl − 2D −∆l − (δ1 − δl) ≥ δl − δl+1 = ∆l.

Thus, the same Schwartz–Zippel argument produces a subspace V +
l ⊆ U⊥

>l−1 such that
V +
l ∩ V>l = {0} and V>l−1 := V>l + V +

l has the (δl − 1, δ1 − 1)-strong local MDS property.
Finally, U+

l ⊆ V ⊥
>l and V

+
l ⊆ U⊥

>l−1 = (U>l + U+
l )

⊥, so by construction,

U>l−1 ⊥ V>l−1 and dimU>l−1 = dimV>l−1.

This proves the theorem. ■
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Chapter 4

Quantum Tamo–Barg Codes

We now use the intuition of the randomized constructions from Section 3.2 and Section 3.3
to give an explicit construction of a QLRC which builds upon classical Tamo–Barg codes.

Here we extend the quantum Tamo–Barg code definition in [14] to a (r, δ) quantum
Tamo–Barg (QTB) code. Our parameters are adjusted to match the convention of classical
(r, δ) Tamo–Barg code constructions presented in [33].

Definition 4.1 ((r, δ) quantum Tamo–Barg code). Let p be a prime number and m be a
positive integer, and q = pm. Given an integer δ ≥ 2, a locality parameter r ≥ δ such that
(r + δ − 1)|(q − 1), and an integer ℓ ∈ [q], the (r, δ) quantum Tamo–Barg code is defined to
be the CSS code Q = CSS(C,C) with C = ev(Fq[X]S), where

S = {i ∈ [ℓ] | i ̸≡ −j mod (r + δ − 1) for any j ∈ {1, . . . , δ − 1}}
∪ {i ∈ [q − 1] | i ≡ j mod (r + δ − 1) for some j ∈ {1, . . . , δ − 1}}.

In what follows, we will require this lemma [14, Lemma 54] which we restate without
proof. Consider classical codes AX , AZ , BX , BZ in Fn

q such that A⊥
X ⊆ AZ and B⊥

X ⊆ BZ .

Lemma 4.2. For CSS codes A = CSS(AX , AZ) and B = CSS(BX , BZ) of block length n
over Fq, there exists a CSS code Q = CSS(CX , CZ) given by

CX = (AX ∩BX) +B⊥
Z (4.1)

CZ = (AZ ∩BZ) +B⊥
X , (4.2)

so that
C⊥

X = (A⊥
X ∩BZ) +B⊥

X (4.3)

C⊥
Z = (A⊥

Z ∩BX) +B⊥
Z . (4.4)

Consider the following sets:

S+ =
δ−1⋃
j=1

(j + (r + δ − 1)Z),
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S− =
δ−1⋃
j=1

(−j + (r + δ − 1)Z).

Then
S = ([ℓ] ∩ ([q − 1] \ S−)) ∪ ([q − 1] ∩ S+) = ([ℓ] \ S−) ∪ ([q − 1] ∩ S+).

We construct the (r, δ) quantum Tamo–Barg codes as follows:

Lemma 4.3. For integers r ≥ δ ≥ 2 such that (r + δ − 1)|(q − 1), and ℓ ∈ [q], let

A = ev(Fq[X][ℓ]), (4.5)

B = ev(Fq[X][q−1]\S−). (4.6)

Then A ∩B is a (r, δ) TB code. Furthermore,

A⊥ = ev(Fq[X][q−ℓ]\{0}) and (4.7)

B⊥ = ev(Fq[X][q−1]∩S+) ⊆ B. (4.8)

If ℓ ≥ q/2, then A⊥ ⊆ A. Letting C = (A ∩ B) + B⊥, we obtain that CSS(C,C) is a QTB
code with

C⊥ = (A⊥ ∩B) +B⊥ = ev(Fq[X]T ) ⊆ C (4.9)

where
T = (([q − ℓ] \ {0}) ∩ ([q − 1] \ S−)) ∪ ([q − 1] ∩ S+). (4.10)

Proof. We first prove the equality in (4.7) by dimension counting. Notice that dimA = ℓ,
so dimA⊥ = q − 1 − ℓ. Since dim ev(Fq[X][q−ℓ]\{0}) = q − ℓ − 1, it suffices to prove
ev(Fq[X][q−ℓ]\{0}) ⊆ A⊥. To that end, by choosing a monomial basis for Fq[X][ℓ] and
Fq[X][q−ℓ]\{0}, it is sufficient to prove ev(X i) ·ev(Xs) = 0 for every i ∈ [ℓ] and s ∈ [q−ℓ]\{0}.
We have ev(X i) · ev(Xs) =

∑
α∈F∗

q
αi+s = 0 for i+ s ̸≡ 0 mod q − 1.

To see this last result, let ωq−1 be a generator for F∗
q. Then α = ωj

q−1 for some j.
Therefore,

∑
α∈F∗

q

αi+s =

q−1∑
j=1

ω
j(i+s)
q−1 =

q−1∑
j=1

(ω
(i+s)
q−1 )j =

(ωi+s
q−1)

q − ωi+s
q−1

ωi+s
q−1 − 1

=
ωi+s
q−1 − ωi+s

q−1

ωi+s
q−1 − 1

= 0

because i+ s ̸≡ 0 (mod q − 1) so the denominator is not zero.
Now we prove the equality in (4.8). It is straightforward to see that

dimB = q − 1− q − 1

r + δ − 1
(δ − 1)

then

dimB⊥ =
q − 1

r + δ − 1
(δ − 1).
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Notice, dim ev(Fq[X][q−1]∩S+) = dimB⊥ so it suffices to prove

ev(Fq[X][q−1]∩S+) ⊆ B⊥.

Choose a monomial basis for Fq[X][q−1]\S− and Fq[X][q−1]∩S+ . For all i ∈ [q − 1] \ S− and
s ∈ [q − 1] ∩ S+, we have ev(X i) · ev(Xs) =

∑
α∈F∗

q
αi+s = 0 for i+ s ̸≡ 0 mod q − 1.

The inclusion B⊥ ⊆ B follows from

δ ≤ r ⇐⇒ δ − 1 <
r + δ − 1

2
=⇒ S− ∩ S+ = ∅

and the remaining arguments follow immediately using Lemma 4.2. ■

We now compute the dimension of the (r, δ) quantum Tamo–Barg code defined in Defi-
nition 4.1.

Lemma 4.4. The (r, δ) quantum Tamo–Barg code Q = CSS(C,C) with parameters q, r, ℓ, δ
as defined in Definition 4.1 has dimension

k = 1 + |{q − ℓ ≤ i ≤ ℓ− 1 : i ̸∈ (S+ ∪ S−)}|

= 1 + (2ℓ− q)
(
1− 2(δ − 1)

r + δ − 1

)
+ ϵ

for some ϵ ∈ [−2(δ − 1), 2(δ − 1)].

Proof. Recall S ⊆ [q − 1] as defined in Definition 4.1, T ⊆ S as defined in Lemma 4.3 such
that C = ev(Fq[X]S) and C⊥ = ev(Fq[X]T ). Then, the dimension of Q can be computed as
follows:

dim(Q) = dim(C)− dim(C⊥)

= |S \ T |
= |{0} ∪ {q − ℓ ≤ i ≤ ℓ− 1 : i ̸∈ (S+ ∪ S−)}| .

which proves the first equality. For the second equality, we inspect

{q − ℓ ≤ i ≤ ℓ− 1 : i ̸∈ (S+ ∪ S−)}.

If (r + δ − 1) | (2ℓ− q) then this set has size exactly

(2ℓ− q)
(
1− 2(δ − 1)

r + δ − 1

)
because we exclude 2(δ − 1) elements in every block of (r + δ − 1). Note, this exclusion will
leave a nontrivial number of elements precisely because

2(δ − 1) < r + δ − 1 ⇐⇒ δ − 1 < r ⇐⇒ δ ≤ r.
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If (r + δ − 1) ∤ (2ℓ− q), we differ from

(2ℓ− q)
(
1− 2(δ − 1)

r + δ − 1

)
by at most 2(δ − 1) in absolute value and the second equality follows. ■

We need to show that the code, Q = CSS(C,C) defined in Definition 4.1 is an (r, δ)-
QLRC. By Theorem 3.3, it suffices to show that C⊥ contains low-weight parity checks whose
supports cover all q − 1 code components. As defined in Lemma 4.3, B⊥ ⊆ C⊥ so it suffices
to show that B⊥ contains low-weight parity checks. The result is summarized in Lemma 4.5.

Lemma 4.5. Consider the code B⊥ = ev(Fq[X][q−1]∩S+) as defined in Lemma 4.3. Let
Ωr+δ−1 = {x ∈ F∗

q : xr+δ−1 = 1} be the subgroup of (r + δ − 1)th roots of unity. Then a
function f : F∗

q → Fq lies in B
⊥ if and only if for every coset αΩr+δ−1 for some α ∈ F∗

q, there
exists a polynomial Pα(X) ∈ Fq[X] with degPα ≤ δ − 1 and no constant term such that

f(αω) = Pα(ω)

for all ω ∈ Ωr+δ−1.

Before we prove the lemma, we make some observations about the statement. Since Pα

has no constant term, Pα(0) = 0. An equivalent formulation would be to say that f lies in
B⊥ if and only if f is a piecewise polynomial in ω of degree ≤ δ − 1 on each coset αΩr+δ−1

and that polynomial has no constant term.

Proof. By dimension counting, it suffices to show the forward direction.
( =⇒ ) Let n := r + δ − 1. Fix f(X) =

∑
i∈[q−1] fiX

i with ev(f) ∈ B⊥. By definition, fi
for i ̸∈ [q − 1] ∩ S+ must be zero. Grouping terms by residues modulo n, we can write

f(X) =
δ−1∑
j=1

XjFj(X
n)

where Fj ∈ Fq[Y ] is a polynomial. Fix a coset αΩn. For any x ∈ αΩn, we can write x = αω
for some ω ∈ Ωn. Since ω

n = 1, we have

f(x) = f(αω) =
δ−1∑
j=1

(αω)jFj((αω)
n) =

δ−1∑
j=1

(αω)jFj(α
n) =

δ−1∑
j=1

(αjFj(α
n))ωj.

The final sum is a polynomial in ω of degree ≤ δ − 1 and no constant term. Therefore, we
can define Pα to be

Pα(X) =
δ−1∑
j=1

(αjFj(α
n))Xj

and it is clear that degPα ≤ δ − 1, Pα has no constant term, and f(αω) = Pα(ω) for all
ω ∈ Ωr+δ−1.

■
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Corollary 4.6. The (r, δ)-QTB code defined in Definition 4.1 is a QLRC with locality r
such that δ − 1 erasures are corrected by each local repair group.

Proof. By Theorem 3.3, it is sufficient to show that C is classically (r, δ)-locally recoverable.
Let n := r+ δ − 1 and fix αΩn. By Lemma 4.3, we know C⊥ ⊇ B⊥ = ev(Fq[X][q−1]∩S+) and
Lemma 4.5 implies that B⊥ contains the δ − 1 functions

fα,j(x) =

{
xj, x ∈ αΩn

0, x ̸∈ αΩn

for j = 1, . . . , δ − 1. These are linearly independent. Their restriction to αΩn forms a
(δ − 1)× n Vandermonde-type matrix

x1 x2 · · · xn
x21 x22 · · · x2n
...

...
. . .

...
xδ−1
1 xδ−1

2 · · · xδ−1
n

 .
Hence, any δ− 1 columns are linearly independent so d(C|αΩn) ≥ δ. Since |αΩn| = r+ δ− 1,
this shows C is an (r, δ)-LRC.

Additionally, since puncturing can only decrease the distance and C⊥ ⊆ C, we have the
following

d(C⊥) ≥ d(C) ≥ d(C|αΩn) ≥ δ.

Therefore, by Theorem 3.3, Q = CSS(C,C) is an (r, δ)-QLRC. ■

4.1 Non-vanishing theorem

It remains to compute a lower bound on the distance of the (r, δ)-QTB. For the distance
bound, we will need the following theorem on the number of roots of unity at which a par-
ticular polynomial vanishes. In order to prove this theorem, we rely on proving a particular
combinatorial fact on homogeneous symmetric polynomials (Lemma 4.17) which, to the best
of our knowledge, does not appear in the current literature and may be of independent
interest.

Theorem 4.7. Let r ≥ δ ≥ 3 and let n = r + δ − 1. Let ζ ∈ C be a primitive nth root of
unity. For each b ∈ {δ − 1, . . . , n− 1}, let

Qb(Y ) = Y b +
δ−2∑
t=0

vtY
t

be a polynomial satisfying Qb(ζ
t) = 0 for t = 0, . . . , δ − 2. Then Qb(ζ

s) ̸= 0 for any
s ∈ {δ − 1, . . . , n− 1}. In other words, Qb(ζ

s) = 0 ⇐⇒ s = 0, . . . , δ − 2.
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Proof. Fix s, b ∈ {δ − 1, . . . , n − 1}. Consider the δ × δ matrix Ms,b = (ζac)a∈R,c∈C where
R = {0, 1, . . . , δ − 2, s} and C = {0, 1, . . . , δ − 2, b}. More explicitly,

Ms,b =


ζ0·0 ζ0·1 · · · ζ0·(δ−2) ζ0·b

ζ1·0 ζ1·1 · · · ζ1·(δ−2) ζ1·b

...
...

. . .
...

...
ζs·0 ζs·1 · · · ζs·(δ−2) ζs·b

 .
Replacing the last column Y b, by Qb(Y ) = Y b +

∑δ−2
t=0 vtY

t does not change the deter-
minant because we are only performing column operations. By hypothesis, Qb(ζ

t) = 0
for t = 0, . . . , δ − 2. Hence, the last column is [0, . . . , 0, Qb(ζ

s)]T . Therefore, detMs,b =
det(ζa,c)0≤a,c≤δ−2 ·Qb(ζ

s).

Let x1 = ζ0, x2 = ζ1, . . . , xδ−1 = ζδ−2, xδ = ζs. Then,

Qb(ζ
s) =

detMs,b

det(ζa,b)0≤a,b≤δ−2

(4.11)

=

∣∣∣∣∣∣∣∣∣∣∣

xb1 xb2 · · · xbδ
xδ−2
1 xδ−2

2 · · · xδ−2
δ

...
...

. . .
...

x1 x2 · · · xδ
1 1 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
xδ−2
1 xδ−2

2 · · · xδ−2
δ−1

...
...

. . .
...

x1 x2 · · · xδ−1

1 1 · · · 1

∣∣∣∣∣∣∣∣∣

(4.12)

=

∣∣∣∣∣∣∣∣∣∣∣

xb1 xb2 · · · xbδ
xδ−2
1 xδ−2

2 · · · xδ−2
δ

...
...

. . .
...

x1 x2 · · · xδ
1 1 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

xδ−1
1 xδ−1

2 · · · xδ−1
δ

xδ−2
1 xδ−2

2 · · · xδ−2
δ

...
...

. . .
...

x1 x2 · · · xδ−1

1 1 · · · 1

∣∣∣∣∣∣∣∣∣∣∣

·

∣∣∣∣∣∣∣∣∣∣∣

xδ−1
1 xδ−1

2 · · · xδ−1
δ

xδ−2
1 xδ−2

2 · · · xδ−2
δ

...
...

. . .
...

x1 x2 · · · xδ−1

1 1 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
xδ−2
1 xδ−2

2 · · · xδ−2
δ−1

...
...

. . .
...

x1 x2 · · · xδ−1

1 1 · · · 1

∣∣∣∣∣∣∣∣∣

(4.13)

= sλ=(b−δ+1,0,...,0)(x1, . . . , xδ) ·
δ−2∏
t=0

(xδ − xt+1) (4.14)
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=

∣∣∣∣∣∣∣∣∣
hb−(δ−1) hb−(δ−2) · · · hb
h−1 h0 · · · hδ−2
...

...
. . .

...
h−(δ−1) h−(δ−2) · · · h0

∣∣∣∣∣∣∣∣∣ ·
δ−2∏
t=0

(xδ − xt+1) (4.15)

=

∣∣∣∣∣∣∣∣∣
hb−(δ−1) hb−(δ−2) · · · hb

0 1 · · · hδ−2
...

...
. . .

...
0 0 · · · 1

∣∣∣∣∣∣∣∣∣ ·
δ−2∏
t=0

(xδ − xt+1) (4.16)

= hb−δ+1(x1, . . . , xδ) ·
δ−2∏
t=0

(xδ − xt+1) (4.17)

= hb−δ+1(1, . . . , ζ
δ−2, ζs) ·

δ−2∏
t=0

(ζs − ζt). (4.18)

Here, sλ(x1, . . . , xδ) is the Schur polynomial over the partition λ and hb−δ+1 is the complete
homogeneous symmetric polynomial of degree b− δ+1. Equation (4.12) follows from (4.11)
because the determinant is unchanged under column swaps and transposition. The first
term in (4.14) follows from (4.13) by Jacobi’s bialternant formula for Schur polynomials
(also a special case of Weyl character formula)[4, 22] and the second term follows from
taking a quotient of two Vandermonde determinants. Equation (4.15) follows from (4.14)
by the Jacobi-Trudi formula [22, 36]. For s ∈ {δ − 1, . . . , n − 1}, ζs − ζt ̸= 0 for all
t = 0, . . . , δ − 2. Hence, Qb(ζ

s) ̸= 0 if and only if hb−δ+1(1, ζ, . . . , ζ
δ−2, ζs) ̸= 0 which follows

from Lemma 4.17. ■

Remark 4.8. Theorem 4.7 is not true in the case of δ = 2. Consider the following example.
Let δ = 2 then n = r + 1. We must choose b ∈ {1, . . . , r}. Qb(Y ) = Y b + v0 and Qb(1) = 0
so v0 = −1 and Qb(Y ) = Y b − 1. Now for s ∈ {1, . . . , r}, Qb(ζ

s) = 0 if ζsb = 1. Let r = 3 so
n = 4 and choose b = s = 2 then Q2(ζ

2) = ζ4 − 1 = 0.
Hence, if s is chosen such that n | sb, then ζs is a root. If δ = 2 and we strengthen the

hypothesis of Theorem 4.7 to choosing b such that gcd(b, r + 1) = 1, then the claim will
follow. For more details on where the proof particularly breaks see Remark 4.18.

Theorem 4.7 is over C, but we need results over finite fields so we present the following
reduction. In particular, the same result will hold over finite fields once we exclude finitely
many prime characteristics.

Corollary 4.9. Fix integers r ≥ δ ≥ 3, and set n = r + δ − 1. For each

m ∈ {0, . . . , r − 1} and s ∈ {δ − 1, . . . , n− 1},

define
Am,s(X) := hm(1, X,X

2, . . . , Xδ−2, Xs) ∈ Z[X].
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Let Φn(X) ∈ Z[X] denote the nth cyclotomic polynomial, and define

Mr,δ :=
r−1∏
m=0

n−1∏
s=δ−1

Res(Φn(X), Am,s(X)) ∈ Z.

ThenMr,δ ̸= 0. Consequently, if Fq is a finite field of characteristic p such that p ∤Mr,δ and
n | (q − 1), then for every primitive nth root of unity ω ∈ Fq, every b ∈ {δ − 1, . . . , n − 1},
and every s ∈ {δ − 1, . . . , n− 1}, the polynomial

Qb(Y ) = Y b +
δ−2∑
t=0

vtY
t

satisfying Qb(ω
t) = 0 for t = 0, . . . , δ − 2 also satisfies Qb(ω

s) ̸= 0. In particular, for fixed r
and δ, the conclusion of Theorem 4.7 holds over every finite field of characteristic outside a
finite set of primes.

Proof. Let ζ ∈ C be a primitive nth root of unity. By Lemma 4.17, for every

m ∈ {0, . . . , r − 1}, s ∈ {δ − 1, . . . , n− 1},

we have
Am,s(ζ) = hm(1, ζ, ζ

2, . . . , ζδ−2, ζs) ̸= 0.

Lemma 4.17 applies to every primitive n-th root η. Hence, Am,s(η) ̸= 0 for every root η of
Φn, so Am,s and Φn have no common root in C. Therefore, they are coprime in Q[X] and

Res(Φn(X), Am,s(X)) ̸= 0

for every such pair (m, s). ThusMr,δ ̸= 0.
Now let Fq be a finite field of characteristic p such that p ∤ Mr,δ and n | (q − 1), and let

ω ∈ Fq be a primitive nth root of unity. Fix

b ∈ {δ − 1, . . . , n− 1}, s ∈ {δ − 1, . . . , n− 1},

and let m = b− δ + 1. Suppose, for contradiction, Qb(ω
s) = 0.

By the same determinant/Jacobi–Trudi computation used in the proof of Theorem 4.7—
which is purely algebraic and therefore valid over any field containing a primitive nth root
of unity—we have

Qb(ω
s) = 0 =⇒ Am,s(ω) = 0,

because
δ−2∏
t=0

(ωs − ωt) ̸= 0

in any field containing a primitive n-th root of unity. Hence, Am,s(ω) = 0 ∈ Fq so ω is a root
of the reduction Am,s(X) ∈ Fp[X].
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We next show that ω is also a root of the reduction of Φn(X) modulo p. Since n | (q−1),
we have p ∤ n. Reducing the factorization

Xn − 1 =
∏
d|n

Φd(X)

modulo p, we obtain in Fp[X]

Xn − 1 =
∏
d|n

Φd(X).

Now ωn = 1, so ω is a root of Xn − 1. Moreover, because ω has exact multiplicative order
n, it is not a root of Xd − 1 for any proper divisor d | n. Since every root of Φd(X) is also
a root of Xd − 1, it follows that ω cannot be a root of Φd(X) for any proper divisor d < n.
Therefore, ω must be a root of Φn(X).

Thus, ω is a common root of the reductions modulo p of Am,s(X) and Φn(X). By
Proposition 2.28,

p | Res(Φn(X), Am,s(X)) .

But Res(Φn(X), Am,s(X)) is one of the factors ofMr,δ, so this forces p | Mr,δ, contrary to
hypothesis. Therefore, our assumption was false, and we conclude that

Qb(ω
s) ̸= 0 (s = δ − 1, . . . , n− 1).

This proves the corollary. ■

Remark 4.10. As noted in Remark 4.8, Theorem 4.7 does not hold for δ = 2 without the
additional hypothesis of gcd(b, r + 1) = 1. However, that additional assumption is all that
is necessary even in the finite field setting. More formally, if δ = 2, then Qb(Y ) = Y b − 1 so
its roots among the nth roots of unity are

ω0, ω
n

gcd(b,n) , ω
2n

gcd(b,n) , . . . , ω
(gcd(b,n)−1)n

gcd(b,n) .

There are exactly gcd(b, n) roots so we must impose gcd(b, r + 1) = 1.
Let b ∈ {1, . . . , n− 1}, s ∈ {1, . . . , n− 1}, and set m = b− 1. We claim, if gcd(b, n) = 1,

then
Res(Φn(X), hm(1, X

s)) = 1.

Since
hm(1, X

s) = 1 +Xs + · · ·+Xms = 1 +Xs + · · ·+X(b−1)s,

and Φn(X) is monic with roots ζan for a ∈ (Z/nZ)×, we have

Res(Φn(X), hm(1, X
s)) =

∏
a∈(Z/nZ)×

(
1 + ζasn + · · ·+ ζ(b−1)as

n

)
.

Because 1 ≤ s ≤ n− 1, we have ζasn ̸= 1, so

1 + ζasn + · · ·+ ζ(b−1)as
n =

1− ζasbn

1− ζasn
.
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Thus

Res(Φn(X), hm(1, X
s)) =

∏
a∈(Z/nZ)×(1− ζasbn )∏
a∈(Z/nZ)×(1− ζasn )

.

Since gcd(b, n) = 1, multiplication by b permutes (Z/nZ)×, so the numerator and denomi-
nator are equal. Therefore the resultant is 1 and it follows that Mr,2 = 1 so there are no
characteristics p which we need to exclude.

In [14], the authors chose r + 1 to be prime which is stronger than necessary because
with r + 1 prime, gcd(b, r + 1) = 1 is immediate.

We now give an example of a pair of values r, δ for which there exists a prime characteristic
p such that Qb(ω

s) = 0 for some b ∈ {δ − 1, . . . , n− 1} and some s ∈ {δ − 1, . . . , n− 1}.

Example 2. Let δ = 3 and r = 9. Then n = 11. Let q = 23 so n | (q − 1) and let ω = 2 be
the primitive 11th root of unity in Fq. Let b = 4 and s = 5.

By definition,
Q4(Y ) = Y 4 + v1Y + v0

and Q4(1) = Q4(ω) = 0. Solving for v1 and v0, we obtain Q4(Y ) = Y 4 + 8Y + 14. Now
substituting ω5 = 25 = 9, we get

Q4(9) = 94 + 72 + 14 = 812 + 17 = 122 + 17 = 161 = 0 ∈ F23.

Hence, for characteristic p = 23, there exists b ∈ {δ−1, . . . , n−1} and s ∈ {δ−1, . . . , n−1}
such that Qb(ω

s) = 0.
Now we show that 23 is the only such characteristic for these values of r and δ. We need

to compute M9,3. Since n = 11 is prime, Φ11(X) = X10 + X9 + · · · + 1 and Am,s(X) =
hm(1, X,X

s) so by Corollary 2.27,

Res(Φn(X), Am,s(X)) = NQ(ζn)/Q (Am,s(ζn)) .

Using SageMath, of the 81 pairs (m, s) with 0 ≤ m ≤ 8 and 2 ≤ s ≤ 10, 36 pairs had a
resultant of 23 and the remaining 45 pairs had a resultant of 1. The 36 pairs are (m, s) for

m ∈ {1, 2, 3, 5, 6, 7}, s ∈ {3, 4, 5, 7, 8, 9}.

We will compute
Res(Φ11(X), A2,5(X)) = NQ(ζ11)/Q (A2,5(ζ11))

to show the computation for one of the 81 pairs with the others proceeding similarly.
Let ζ = ζ11. Then

α = A2,5(ζ) = 1 + ζ + ζ2 + ζ5 + ζ6 + ζ10 ∈ Q(ζ)

and
Gal(Q(ζ)/Q) ∼= (Z/11Z)× = {1, . . . , 10}.
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For each a ∈ {1, . . . , 10}, the corresponding automorphism is σa : Q(ζ) → Q(ζ) where
σa(ζ) = ζa so the conjugates of α are exactly

αa := σa(α) = A2,5(ζ
a) = 1 + ζa + ζ2a + ζ5a + ζ6a + ζ10a.

Thus,

NQ(ζ11)/Q (A2,5(ζ11)) =
10∏
a=1

αa = 23.

One could also see this by computing the minimal polynomial of α,
∏10

a=1(X − αa), and
noting that the constant of this polynomial is exactly the norm.

4.2 Bound on the minimum distance of (r, δ)

Quantum Tamo–Barg codes

We begin with a small lemma whose properties we will use when proving a bound on the
minimum distance of the code.

Lemma 4.11. Let r ≥ δ ≥ 2, set n = r + δ − 1, and define

ψ(t) := (r − t)+ (n− (δ − 1)t)+ , y+ := max{y, 0}.

Then ψ is nonincreasing and convex on [0,∞).

Proof. Set

a := δ − 1, T := min
{
r,
n

a

}
.

Then ψ(t) > 0 precisely for 0 ≤ t < T , and on this interval

ψ(t) = (r − t)(n− at) = rn− (n+ ar)t+ at2.

Hence,
ψ′(t) = −(n+ ar) + 2at, ψ′′(t) = 2a > 0.

Thus, ψ′ is strictly increasing on [0, T ), so ψ is convex on [0, T ).
For t ≥ T , at least one of the two factors (r − t)+ and (n − at)+ is zero, so ψ(t) = 0.

Thus, ψ is constant on [T,∞), and its right derivative at T is ψ′
+(T ) = 0. We now check

that the derivative does not jump downward at T . The left derivative is

ψ′
−(T ) = −(n+ ar) + 2aT.

There are two cases. If T = r, then r ≤ n/a, equivalently ar ≤ n. Hence,

ψ′
−(T ) = ψ′

−(r) = −(n+ ar) + 2ar = ar − n ≤ 0.
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If T = n/a, then n/a ≤ r, equivalently n ≤ ar. Hence,

ψ′
−(T ) = ψ′

−

(n
a

)
= −(n+ ar) + 2n = n− ar ≤ 0.

Therefore, in both cases,
ψ′
−(T ) ≤ 0 = ψ′

+(T )

so the derivative is nondecreasing through the clipping point. Since ψ′ is increasing on [0, T )
and is equal to 0 on [T,∞), the derivative is nondecreasing on all of [0,∞). Therefore ψ is
convex on [0,∞).

We now show that ψ is nonincreasing. Since ψ′ is increasing on [0, T ) and ψ′
−(T ) ≤ 0, we

have ψ′(t) ≤ 0 for all 0 ≤ t < T . For t ≥ T , ψ(t) = 0 is constant. Hence ψ is nonincreasing
on [0,∞). ■

Theorem 4.12. Consider (r, δ)-QTB code Q = CSS(C,C) defined in Definition 4.1. If
δ ≥ 3, assume char(Fq) ∤Mr,δ or if δ = 2, assume r + 1 is prime. Then Q has distance at
least

q − 1

2

 1

δ − 1
+

r

r + δ − 1
−

√(
r

r + δ − 1
− 1

δ − 1

)2

+
4r

(δ − 1)(r + δ − 1)
· ℓ− 1

q − 1

 .

(4.19)

Proof. Fix an arbitrary ev(f(X)) ∈ C \ C⊥. Since C = ev(Fq[X]S) for

S = ([ℓ] \ S−) ∪ ([q − 1] ∩ S+)

we may write f(X) = g(X)+h(X) where g(X) ∈ Fq[X][ℓ]\(S−∪S+) and h(X) ∈ Fq[X][q−1]∩S+ .
By Lemma 4.5, h is piecewise of degree at most δ − 1. Since ev(h) ∈ C⊥ and ev(f) ̸∈ C⊥

we must have g ̸= 0.
Let n = r+ δ − 1. Choose integers Γi = {0, 1, . . . , δ − 2, i} that are distinct modulo n so

i ∈ {δ − 1, . . . , n− 1}. There are exactly r such Γis. Then for a fixed ω ∈ Ωn, we construct
the Vandermonde-type matrix

Vi =


1 1 1 · · · 1 1
1 ω ω2 · · · ωδ−2 ωi

...
...

...
. . .

...
...

1 ωδ−2 ω(δ−2)2 · · · ω(δ−2)(δ−2) ω(δ−2)i

 .
Clearly rank(Vi) = δ − 1 so there is a nontrivial vector vi = (vi,0, . . . , vi,δ−2, vi,δ−1) such that
Vivi = 0. If vi,δ−1 = 0, then the first δ−1 columns of Vi would be linearly dependent, but the
first δ− 1 columns of Vi form a Vandermonde matrix. Hence, vi,δ−1 ̸= 0 and by normalizing,
we may assume vi,δ−1 = 1. Consider the polynomial

Qi(Y ) = Y i +
δ−2∑
t=0

vi,tY
t.
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By construction, Qi(ω
γ) = 0 for γ = 0, . . . , δ − 2. Let αΩn ∈ F∗

q/Ωn. For a coset element
x ∈ αΩn,

ω−i(ωix)j +
δ−2∑
t=0

vi,tω
−t(ωtx)j = xj

(
ω(j−1)i +

δ−2∑
t=0

vi,tω
(j−1)t

)
= xjQi(ω

j−1) = 0

for j = 1, . . . , δ − 1. It follows, for all x ∈ F∗
q,

ω−ih(ωix) +
δ−2∑
t=0

vi,tω
−th(ωtx) = 0.

Define

g
(1)
i (X) = ω−ig(ωiX) +

δ−2∑
t=0

vi,tω
−tg(ωtX).

Note that deg g
(1)
i ≤ deg g ≤ ℓ − 1. Additionally, if x ∈ F∗

q, is such that f(ωγx) = 0 for all
γ ∈ Γi, then

0 = ω−if(ωix) +
δ−2∑
t=0

vi,tω
−tf(ωtx) = g

(1)
i (x) + ω−ih(ωix) +

δ−2∑
t=0

vi,tω
−th(ωtx) = g

(1)
i (x).

Hence, any x ∈ F∗
q such that f(ωγx) = 0 for all γ ∈ Γi, is a root of g

(1)
i (X).

We define

G(X) =
n−1∏

i=δ−1

g
(1)
i (X),

which has degree at most r(ℓ − 1). It remains to show that G ̸= 0 for which it suffices to

show that each g
(1)
i ̸= 0. Fix i ∈ {δ − 1, . . . , n− 1}. Writing g(X) =

∑
j∈[ℓ]\(S−∪S+) gjX

j, we
see that

g
(1)
i (X) =

∑
j∈[ℓ]\(S−∪S+)

gj

(
ω−i(ωiX)j +

δ−2∑
t=0

vi,tω
−t(ωtX)j

)

=
∑

j∈[ℓ]\(S−∪S+)

gj

(
ω(j−1)i +

δ−2∑
t=0

vi,tω
(j−1)t

)
Xj

=
∑

j∈[ℓ]\(S−∪S+)

gjQi(ω
j−1)Xj.

Since j ̸∈ S+, by Corollary 4.9 (and Remark 4.10 if δ = 2), Qi(ω
j−1) ̸= 0 so g

(1)
i (X) ̸= 0.

Since i was arbitrary, G ̸= 0.
We now bound the number of roots of G in terms of the number of roots of f . Fix a

coset A = αΩn and let |ev(f)|A denote the Hamming weight of the restriction of ev(f) to A.
Let

NA = |{x ∈ A | f(x) = f(ωx) = · · · = f(ωδ−2x) = 0}|
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so NA counts the number of starting points of a consecutive block of δ− 1 zeros. For a fixed
x ∈ A which is counted by NA, g

(1)
i (x) vanishes precisely when f(ωix) = 0. Each nonzero

position blocks at most δ − 1 possible starts of a (δ − 1)-zero block so

NA ≥ (n− (δ − 1)|ev(f)|A)+.

Now fix an x ∈ A counted by NA. Then

f(x) = f(ωx) = · · · = f(ωδ−2x) = 0.

For an allowed value i ∈ {δ − 1, . . . , n − 1}, the polynomial g
(1)
i vanishes at x whenever

f(ωix) = 0. Among the r allowed values of i, at least (r − |ev(f)|A)+ satisfy this condition,
since there are only |ev(f)|A nonzero positions in the coset A. Therefore the total root
multiplicity contribution from the coset A is at least

(r − |ev(f)|A)+NA ≥ (r − |ev(f)|A)+(n− (δ − 1)|ev(f)|A)+ = ψ(|ev(f)|A).

Summing over all cosets, we obtain

|{roots of G in F∗
q, counted with multiplicity}| ≥

∑
A∈F∗

q/Ωn

ψ(|ev(f)|A).

By the convexity of ψ as proven in Lemma 4.11, Jensen’s inequality gives∑
A∈F∗

q/Ωn

ψ(|ev(f)|A) ≥
q − 1

n
ψ

(
n|ev(f)|
q − 1

)
.

Since G is nonzero and degG ≤ r(ℓ− 1), we get

q − 1

n
ψ

(
n|ev(f)|
q − 1

)
≤ r(ℓ− 1) ⇐⇒ ψ

(
n|ev(f)|
q − 1

)
≤ rn

ℓ− 1

q − 1
.

By Lemma 4.11, the function ψ is nonincreasing on [0,∞). Moreover, on the interval where
ψ(t) > 0, it is given by

ψ(t) = (r − t)(n− (δ − 1)t).

Let y be the smaller solution of

(r − y)(n− (δ − 1)y) = rn
ℓ− 1

q − 1
.

Then ψ(t) > rn ℓ−1
q−1

for 0 ≤ t < y, while ψ(t) ≤ rn ℓ−1
q−1

for t ≥ y. Since

ψ

(
n|ev(f)|
q − 1

)
≤ rn

ℓ− 1

q − 1
,
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we conclude that
n|ev(f)|
q − 1

≥ y.

Let

λ :=
ℓ− 1

q − 1
.

Solving the quadratic in terms of y, substituting, and rearranging gives

|ev(f)| ≥ q − 1

n
·
n+ (δ − 1)r −

√
(n+ (δ − 1)r)2 − 4(δ − 1)rn

(
1− ℓ−1

q−1

)
2(δ − 1)

.

Simplifying, we obtain

|ev(f)| ≥ q − 1

2

 1

δ − 1
+
r

n
−

√(
r

n
− 1

δ − 1

)2

+
4r

(δ − 1)n
· ℓ− 1

q − 1


and substituting n = r + δ − 1 gives (4.19), as desired. ■

We make some important remarks regarding the relation of (4.19) to the bound presented
in [14, Theorem 62] and illustrate the necessity of Theorem 4.7 and Corollary 4.9.

Remark 4.13. Setting δ = 2 in (4.19) and shifting r + 1 to r recovers the exact bound
presented in [14, Theorem 62].

Remark 4.14. Since we require Corollary 4.9 and Remark 4.10 to hold for (r, δ), we must
first fix δ, then r, and then compute Mr,δ. After which we choose q, a prime power such
that (r + δ − 1) | (q − 1) and char(Fq) ∤ Mr,δ. There are finitely many characteristics to
exclude and, by Dirichlet’s theorem on arithmetic progressions [7], there are infinitely many
primes of the form p ≡ 1 (mod r + δ − 1). Hence, there are infinitely many prime powers q
such that (r + δ − 1) | (q − 1) and char(Fq) ∤Mr,δ. In particular, one may take q = p for
infinitely many such primes.

Remark 4.15. There is a shorter proof of Corollary 4.9 in the case that n = r+δ−1 is prime
and Corollary 2.31 holds over Fq. Indeed, for

Qb(Y ) = Y b +
δ−2∑
t=0

vtY
t,

we have |Qb| ≤ δ. Hence, by Corollary 2.31,

|ev(Qb)|Ωn ≥ n+ 1− δ = r,

so the number of roots of Qb in Ωn is at most n − r = δ − 1. Since Qb was constructed to
vanish at ωt for t = 0, . . . , δ − 2 it follows that these are its only roots in Ωn.
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However, this argument is insufficient for our purposes for two reasons. First, it requires
n to be prime, whereas Theorem 4.7 and Corollary 4.9 hold for arbitrary n = r + δ − 1,
outside finitely many characteristics. Second, the composite-order uncertainty principle from
Corollary 2.30 is generally too weak to recover the same conclusion. Indeed, if d1 < d2 are
the consecutive divisors of n such that d1 ≤ |Qb| ≤ d2, then it yields only

|ev(Qb)|Ωn ≥
n

d1d2
(d1 + d2 − |Qb|) ,

which in general does not imply that the number of roots of Qb in Ωn is at most δ − 1.
This distinction becomes especially important in the hierarchical setting. In order to

derive a distance bound which meaningfully utilizes each level, one would like to apply the
analogue of Corollary 4.9 at each level l, with nl = rl + δl − 1. Using Corollary 2.31 would,
therefore, force one to assume that each nl is prime, which is prohibitively restrictive. In
particular, once n1 is prime, the hierarchy necessarily collapses to one level. By contrast,
Corollary 4.9 avoids any primality assumption on the nl, and for this reason is better suited
to the hierarchical constructions developed later.

We obtain the asymptotic distance of (r, δ) QTBs as an immediate corollary of Theo-
rem 4.12:

Corollary 4.16. Given δ ≥ 2, for every r ≥ δ and every 0 < R < (r − δ + 1)/(r + δ − 1),
there exists an explicit family of QLRCs of locality (r, δ) and rate ≥ R, and relative distance
at least

1

2

(
1

δ − 1
+

r

r + δ − 1

−

√(
r

r + δ − 1
− 1

δ − 1

)2

+
2r

(δ − 1)(r + δ − 1)

(
1 +R

r + δ − 1

r − δ + 1

))
. (4.20)

Proof. By Lemma 4.4, the dimension of Q is

k = 1 + (2ℓ− q)
(
1− 2(δ − 1)

r + δ − 1

)
+ ϵ

for some ϵ ∈ [−2(δ − 1), 2(δ − 1)]. Let k = R(q − 1). Then

R(q − 1)− 1− ϵ
1− 2(δ−1)

r+δ−1

= 2ℓ− 2− q + 2 = 2(ℓ− 1)− (q − 2).

Dividing by (q − 1),

R− 1+ϵ
q−1

1− 2(δ−1)
r+δ−1

= 2

(
ℓ− 1

q − 1

)
− q − 2

q − 1
=⇒ ℓ− 1

q − 1
=

q−2
q−1

+
R− 1+ϵ

q−1

1− 2(δ−1)
r+δ−1

2
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and

ℓ− 1

q − 1
=

q−2
q−1

+
R− 1+ϵ

q−1

1− 2(δ−1)
r+δ−1

2

=
1

2
− 1

2(q − 1)

(
1 + (1 + ϵ)

r + δ − 1

r − δ + 1

)
+
R

2
· r + δ − 1

r − δ + 1
. (4.21)

Hence, the relative distance is at least

1

2

(
1

δ − 1
+

r

r + δ − 1

−

√(
r

r + δ − 1
− 1

δ − 1

)2

+
2r

(δ − 1)(r + δ − 1)
·
(
1 +R

r + δ − 1

r − δ + 1

))

as q →∞. ■

Note that for fixed δ ≥ 2, as r →∞, (4.20) tends to

1

2

1 +
1

δ − 1
−

√(
1− 1

δ − 1

)2

+
2(1 +R)

δ − 1

 =
1

2

 δ

δ − 1
−

√(
δ − 2

δ − 1

)2

+
2(1 +R)

δ − 1

 .

4.3 Non-vanishing of complete homogeneous

symmetric polynomial

In this section, we present the technical lemma used to conclude the non-vanishing of Qb in
Theorem 4.7.

Lemma 4.17. Let d ≥ 3 and let n ≥ 2d − 1. Let ζ ∈ C be a primitive nth root of unity
and write ht(x1, . . . , xd) for the complete homogeneous symmetric polynomial of degree t in
d variables. Then, for every 0 ≤ t ≤ n− d and d− 1 ≤ s ≤ n− 1, we have

ht(1, ζ, . . . , ζ
d−2, ζs) ̸= 0.

Proof. It suffices to prove the result for ζ = e2πi/n as any other primitive nth root of unity is
obtained from this one by a Galois automorphism of Q(ζ), and such automorphisms preserve
non-vanishing.

Set W = (1, ζ, . . . , ζδ−2) and fix s ∈ {d− 1, . . . , n− 1}. Define

Fs(T ) =
∑
j≥0

hj(W, ζ
s)T j.
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Using the generating function for complete homogeneous symmetric polynomials and the
identity

n−1∏
j=0

(1− ζjT ) = 1− T n,

we get

Fs(T ) =
1

(1− ζsT )
d−2∏
u=0

(1− ζuT )
=

n−1∏
u=d−1
u̸=s

(1− ζuT )

1− T n

The numerator has degree (n− 1)− (d− 2)− 1 = n−d < n. Hence, for every 0 ≤ j ≤ n−d,
the coefficient of T j is unaffected by the factor (1− T n)−1, and therefore

hj(W, ζ
s) = [T j]

n−1∏
u=d−1
u̸=s

(1− ζuT ).

Writing
n−1∏

u=d−1
u̸=s

(1− ζuT ) =
n−d∑
j=0

cj(s)T
j,

it follows that cj(s) = hj(W, ζ
s).

We next record a symmetry of the coefficients cj(s). Let Λs = (ζd−1, . . . , ζ̂s, . . . , ζn−1) be
the vector of length n − d comprised of the consecutive roots ζd−1, . . . , ζn−1, but excluding
ζs. Since ∏

λ∈Λs

(1− λT ) =
n−d∑
j=0

(−1)jej(Λs)T
j,

we have
cj(s) = (−1)jej(Λs)

where ej is the elementary symmetric polynomial. Because every λ ∈ Λs satisfies |λ| = 1,
we have λ−1 = λ, and hence

en−d−j(Λs) = en−d(Λs) ej(Λ
−1
s ) = en−d(Λs) ej(Λs).

Therefore
cn−d−j(s) = (−1)n−d−jen−d−j(Λs) = (−1)n−den−d(Λs) cj(s).

In particular,
cn−d−j(s) = 0 ⇐⇒ cj(s) = 0
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because

en−d(Λs) =
∏
λ∈Λs

λ =
n−1∏

u=d−1
u̸=s

ζu = ζ
∑n−1

u=d−1,u̸=s u ̸= 0.

Since cj(s) = hj(W, ζ
s), it follows that

hn−d−j(W, ζ
s) = 0 ⇐⇒ hj(W, ζ

s) = 0.

Thus, it suffices to prove that the polynomial ht(W, ζ
s) ̸= 0 for

0 ≤ t ≤
⌊
n− d
2

⌋
.

Fix such a t. If t = 0, then h0(W, ζ
s) = 1 so there is nothing to prove. Hence, assume

t ≥ 1 and consider the polynomial

ft(Y ) := ht(W,Y ) = ht(1, ζ, . . . , ζ
d−2, Y ).

By the defining recurrence for complete homogeneous symmetric polynomials,

ft(Y ) =
t∑

u=0

ht−u(W )Y u.

Additionally, by definition

hj(W ) = hj(1, . . . , ζ
d−2) =

∑
a0+···+ad−2=j

(1)a0(ζ)a1 · · · (ζd−2)ad−2 ,

but we can also interpret this combinatorially. We have d − 1 objects, labeled 0, . . . , d − 2
and we choose a0 copies of 0, a1 copies of 1, . . . , ad−2 copies of d− 2 so in total we have

j = a0 + a1 + · · ·+ ad−2

objects. Hence, we have j objects each of size at most d − 2 and this is the standard
interpretation of the Gaussian binomial(

j + d− 2

j

)
ζ

.

Now we can simplify the Gaussian binomial by substituting ζ = e2πi/n:(
j + d− 2

j

)
ζ

=

j∏
k=1

1− ζd−2+k

1− ζk

=

j∏
k=1

1− (e2πi/n)d−2+k

1− (e2πi/n)k
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= ζ
j(d−2)

2

j∏
k=1

sin
(

π(d−2+k)
n

)
sin
(
πk
n

)
= ζ

j(d−2)
2

∏d−2+j
k=d−1 sin

(
πk
n

)∏j
k=1 sin

(
πk
n

)
= ζ

j(d−2)
2

∏d−2+j
k=1 sin

(
πk
n

)∏j
k=1 sin

(
πk
n

)∏d−2
k=1 sin

(
πk
n

)
= ζ

j(d−2)
2

d−2∏
k=1

sin
(

π(j+k)
n

)
sin
(
πk
n

)
and get

hj(W ) = ζ
j(d−2)

2 ρj

for

ρj =
d−2∏
k=1

sin
(

π(j+k)
n

)
sin
(
πk
n

) .

The coefficient ρj > 0 because 0 ≤ j ≤ n− d and 1 ≤ j + k ≤ n− d+ d− 2 ≤ n− 2 so both
sine terms in each fraction are positive.

Substituting this expression into ft(Y ) gives

ft(Y ) =
t∑

u=0

ht−u(W )Y u =
m∑

u=0

ζ
(t−u)(d−2)

2 ρt−u Y
u = ζ

t(d−2)
2 ρt

m∑
u=0

ζ
−u(d−2)

2
ρt−u

ρt
Y u.

Let

Pt(z) :=
t∑

u=0

puz
u, pu :=

ρt−u

ρt

so
ft(Y ) = ζ

t(d−2)
2 ρtPt(ζ

− d−2
2 Y ).

Thus the zeros of ft(x) are exactly the zeros of Pt(z), rotated by the unit scalar ζ(d−2)/2.
We now show that the coefficients of Pt are strictly decreasing positive reals. Indeed,

ρj+1

ρj
=

sin
(

π(j+d−1)
n

)
sin
(

π(j+1)
n

)
by telescoping. If 0 ≤ j ≤ t− 1, then

2j + d ≤ 2t+ d− 2

and since t ≤ ⌊(n− d)/2⌋, we have

2t+ d− 2 ≤ n− 2 < n.
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Therefore,

0 <
(2j + d)π

2n
<
π

2
,

and using

sinA− sinB = 2 cos

(
A+B

2

)
sin

(
A−B

2

)
,

with

A =
π(j + d− 1)

n
, B =

π(j + 1)

n
,

we obtain

sin

(
π(j + d− 1)

n

)
− sin

(
π(j + 1)

n

)
= 2 cos

(
π(2j + d)

2n

)
sin

(
π(d− 2)

2n

)
> 0.

Hence, ρj+1 > ρj for 0 ≤ j ≤ t− 1. It follows that

ρt > ρt−1 > · · · > ρ0 > 0

and dividing by ρt, since pu = ρt−u/ρt, we obtain

1 = p0 > p1 > · · · > pt > 0.

Now apply the Eneström–Kakeya theorem [11, Theorem 4] to Pt(z). Since every pu is a
positive real and 1 = p0 > p1 > · · · > pt > 0, every zero z∗ of Pt satisfies

|z∗| ≥ min
0≤u≤t−1

pu
pu+1

= min
0≤u≤t−1

ρt−u

ρt−(u+1)

= min
1≤u≤t

ρu
ρu−1

> 1.

Thus every zero of Pt lies strictly outside the unit disk. Since

ft(Y ) = ζ
t(d−2)

2 ρtPt(ζ
− d−2

2 Y )

the same is true for ft(Y ): if z∗ is a zero of Pm, then ζ
(d−2)/2z∗ is a zero of fm and

|ζ(d−2)/2z∗| = |ζ|
d−2
2 |z∗| = |z∗| > 1.

Since |ζs| = 1, ζs cannot be a zero of fm. Hence

ht(W, ζ
s) = ft(ζ

s) ̸= 0

for 0 ≤ m ≤ ⌊(n− d)/2⌋ and d− 1 ≤ s ≤ n− 1. By the symmetry

hn−d−t(W, ζ
s) ̸= 0 ⇐⇒ ht(W, ζ

s) ̸= 0,

for 0 ≤ t ≤ ⌊(n − d)/2⌋, this extends to all 0 ≤ t ≤ n − d. Therefore, ht(W, ζ
s) ̸= 0 for

0 ≤ t ≤ n− d and d− 1 ≤ s ≤ n− 1. Since

hn−d+t(1, ζ, . . . , ζ
d−2, ζs) = ht(W, ζ

s)

we conclude hn−d+t(1, ζ, . . . , ζ
d−2, ζs) ̸= 0, as desired. ■
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Remark 4.18. Lemma 4.17 is not true if d = 2. Let d = 2 and suppose n = 6 and t = 2.
Then,

h2(1, ζ
s) = 1 + ζs + ζ2s =

ζ3s − 1

ζs − 1

and for s = 2, this quantity is zero.
The proof particularly breaks when we define ρj. For d = 2, all ρj = 1 so all pu = 1

and Pt(z) = 1 + z + · · · + zt. Since, all the coefficients of Pt are equal to 1, every root of
Pt has modulus 1 by Eneström-Kakeya. In our setting, all the roots of Pt are the nontrivial
(t+ 1)th roots of unity. Therefore, if s is chosen such that n | s(t+ 1), ζs is a root.

In the case of d = 2, if we strengthen the hypothesis of Lemma 4.17 to choosing t such
that gcd(t+ 1, n) = 1, then the claim will follow.
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Chapter 5

Hierarchical Quantum Tamo–Barg
Codes

We extend the work in Chapter 4 to the hierarchical setting by modifying the underlying
classical Tamo–Barg code and endowing it with hierarchical structure.

We now extend the (r, δ) quantum Tamo–Barg code to an h-level quantum hierarchical
LRC. Let rl, δl ∈ Z+ for l = 1, . . . , h. Consider the following sets

Sl,+ =

δl−1⋃
jl=1

(jl + (rl + δl − 1)Z)

Sl,− =

δl−1⋃
jl=1

(−jl + (rl + δl − 1)Z)

and define

S+ =
h⋃

l=1

Sl,+ and S− =
h⋃

l=1

Sl,−.

Definition 5.1 (h-level quantum Tamo–Barg code). Given a prime p and m ∈ Z+, let
q = pm. Given locality and distance parameters (rl, δl)l=1,...,h such that

r1 ≥ · · · ≥ rh ≥ δ1 ≥ · · · ≥ δh ≥ 2

and nh | nh−1 | · · · | n1 | (q − 1) where nl := rl + δl − 1, and an integer ℓ ∈ [q], the
h-level quantum Tamo–Barg code is defined to be the CSS code Q = CSS(C,C) with C =
ev(Fq[X]S) for

S = ([ℓ] ∩ ([q − 1] \ S−)) ∪ ([q − 1] ∩ S+). (5.1)

An immediate consequence from the definition of the sets Sl,+ and Sl,− and Definition 5.1
is the disjointness of the sets.



CHAPTER 5. HIERARCHICAL QUANTUM TAMO–BARG CODES 68

Lemma 5.2. Suppose we are given locality and distance parameters (rl, δl)l=1,...,h such that

r1 ≥ · · · ≥ rh ≥ δ1 ≥ · · · ≥ δh ≥ 2

and rl+1 + δl+1 − 1 | rl + δl − 1 for l = 1, . . . , h − 1 and r1 + δ1 − 1 | q − 1. Then for
1 ≤ u ≤ v ≤ h, Su,+ ∩ Sv,− = ∅ = Su,− ∩ Sv,+.

Proof. We break the proof into cases.

1. Suppose u = v. |Su,+| = |Su,−| = δu − 1. Since

2(δu − 1) < ru + δu − 1 ⇐⇒ δu − 1 < ru

is satisfied by hypothesis, Su,+ ∩ Su,− = ∅.

2. Suppose u < v. By hypothesis, ru ≥ rv ≥ δu ≥ δv and rv + δv − 1 | ru + δu − 1. Fix
s ∈ Sv,− so s ≡ −jv mod (rv+δv−1). For the sake of contradiction, suppose s ∈ Su,+.
Then s ≡ ju mod (ru+ δu− 1). Since rv + δv− 1 | ru+ δu− 1, s ≡ ju mod rv + δv− 1.
Hence, rv+ δv−1 | ju+ jv and ju+ jv ≥ 2 so ju+ jv is a nonzero multiple of rv+ δv−1.
However, ju + jv ≤ δu + δv − 2 and

δu + δv − 2 < rv + δv − 1 ⇐⇒ δu − 1 < rv ⇐⇒ δu ≤ rv

which is a contradiction.

Now fix s ∈ Sv,+ and suppose for the sake of contradiction that s ∈ Su,−. By similar
reasoning, s ≡ jv mod (rv+δv−1) and s ≡ −ju mod (rv+δv−1). Again rv+δv−1 |
ju + jv so we have a contradiction.

Thus, 1 ≤ u ≤ v ≤ h, Su,+ ∩ Sv,− = ∅ = Su,− ∩ Sv,+. ■

We now present the hierarchical analogue of Lemma 4.3. For l = 1, . . . , h, define

Bl := ev(Fq[X][q−1]\Sl,−), B⊥
l := ev(Fq[X][q−1]∩Sl,+).

Then

B =
h⋂

l=1

Bl = ev(Fq[X][q−1]\S−).

Moreover, since the dual of an intersection is the sum of the duals,

B⊥ =

(
h⋂

l=1

Bl

)⊥

=
h∑

l=1

B⊥
l .

Equivalently, because the spaces B⊥
l are monomial evaluation spaces,

B⊥ =
h∑

l=1

ev(Fq[X][q−1]∩Sl,+) = ev(Fq[X][q−1]∩S+).
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Lemma 5.3. For q, (rl, δl)l=1,...,h, and ℓ as defined in Definition 5.1 let

A = ev(Fq[X][ℓ]), (5.2)

B = ev(Fq[X][q−1]\S−). (5.3)

Then A ∩B is an h-level TB code. Furthermore,

A⊥ = ev(Fq[X][q−ℓ]\{0}) and (5.4)

B⊥ = ev(Fq[X][q−1]∩S+) ⊆ B. (5.5)

If ℓ ≥ q/2, then A⊥ ⊆ A. Letting C = (A∩B)+B⊥, we obtain that CSS(C,C) is an h-level
QTB code with

C⊥ = (A⊥ ∩B) +B⊥ = ev(Fq[X]T ) ⊆ C (5.6)

where
T = (([q − ℓ] \ {0}) ∩ ([q − 1] \ S−)) ∪ ([q − 1] ∩ S+). (5.7)

Proof. It suffices to show B⊥ ⊆ B because the remaining claims follow from Lemma 4.3. By
Lemma 5.2, we have Su,+ ∩ Sv,− = ∅ for all 1 ≤ u, v ≤ h. Hence S+ ∩ S− = ∅. Thus every
exponent in [q − 1] ∩ S+ lies in [q − 1] \ S−, and so

B⊥ = ev(Fq[X][q−1]∩S+) ⊆ ev(Fq[X][q−1]\S−) = B.

■

We now compute the dimension of the h-level quantum Tamo–Barg code defined in
Definition 5.1.

Lemma 5.4. The h-level quantum Tamo–Barg code Q = CSS(C,C) with parameters q, ℓ,
(rl, δl)l=1,...,h as defined in Definition 5.1 has dimension

k = 1 + |{q − ℓ ≤ i ≤ ℓ− 1 : i ̸∈ (S+ ∪ S−)}|

= 1 + (2ℓ− q)

(
1− 2

h−1∑
l=1

δl − δl+1

rl + δl − 1
− 2

δh − 1

rh + δh − 1

)
+ ϵ

for some

ϵ ∈

[
−2

h−1∑
l=1

(δl − δl+1)− 2(δh − 1), 2
h−1∑
l=1

(δl − δl+1) + 2(δh − 1)

]
.

Proof. We use a similar counting argument as in the proof of Lemma 4.4. Recall S ⊆ [q− 1]
as defined in Definition 5.1, T ⊆ S as defined in Lemma 5.3 such that C = ev(Fq[X]S) and
C⊥ = ev(Fq[X]T ). Then, dimension of Q can be computed as follows:

dim(Q) = dim(C)− dim(C⊥)

= |S \ T |
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= |{0} ∪ {q − ℓ ≤ i ≤ ℓ− 1 : i ̸∈ (S+ ∪ S−)}| .

which proves the first equality. For the second equality, we inspect

{q − ℓ ≤ i ≤ ℓ− 1 : i ̸∈ (S+ ∪ S−)}.

If (r1 + δ1 − 1) | (2ℓ− q) then this set has size exactly

(2ℓ− q)

(
1− 2

h−1∑
l=1

δl − δl+1

rl + δl − 1
− 2

δh − 1

rh + δh − 1

)

because we exclude 2(δh − 1) elements in every block of size (rh + δh − 1) and as we move
up the layers, we exclude another 2(δl − δl+1) elements in every block of size of (rl + δl − 1)
for l = 1, . . . , h− 1. Note, this exclusion will leave a nontrivial number of elements precisely
because

2(δh − 1) < rh + δh − 1 ⇐⇒ δh − 1 < rh ⇐⇒ δh ≤ rh

and

2(δl − δl+1) < rl + δl − 1 ⇐⇒ (δl − 1)− 2(δl+1 − 1) < rl ⇐⇒ δl ≤ rl + 2(δl+1 − 1)

which is satisfied by the assumption on (rl, δl)l=1,...,h. If (r1+ δ1−1) ∤ (2ℓ− q), we differ from

(2ℓ− q)

(
1− 2

h−1∑
l=1

δl − δl+1

rl + δl − 1
− 2

δh − 1

rh + δh − 1

)

by at most 2
∑h−1

l=1 (δl−δl+1)+2(δh−1) in absolute value and the second equality follows. ■

We give a small example to illustrate the sizes of [q − 1] ∩ S+ and [q − 1] ∩ S− which
appear in the proof of Lemma 5.4.

Example 3. Let q = 49 and let (21, 4), (10, 3), (5, 2) be the locality and distance parameters.
It is easy to see that

r1 ≥ r2 ≥ r3 ≥ δ1 ≥ δ2 ≥ δ3 ≥ 2

and

r3 + δ3 − 1 = 6

r2 + δ2 − 1 = 12

r1 + δ1 − 1 = 24

so the divisibility condition follows. Now we compute [q − 1] ∩ S+ and [q − 1] ∩ S−. The
constituent sets are

[q − 1] ∩ S1,− =
3⋃

j1=1

(−j1 + 24Z) = {21, 22, 23 , 45, 46, 47 }
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[q − 1] ∩ S1,+ =
3⋃

j1=1

(j1 + 24Z) = { 1 , 2, 3, 25 , 26, 27}

[q − 1] ∩ S2,− =
2⋃

j2=1

(−j2 + 12Z) = {10, 11 , 22, 23 , 34, 35 , 46, 47 }

[q − 1] ∩ S2,+ =
2⋃

j2=1

(j2 + 12Z) = { 1 , 2, 13 , 14, 25 , 26, 37 , 38}

[q − 1] ∩ S3,− =
1⋃

j3=1

(−j3 + 6Z) = {5, 11 , 17, 23 , 29, 35 , 41, 47 }

[q − 1] ∩ S3,+ =
1⋃

j3=1

(j3 + 6Z) = { 1 , 7, 13 , 19, 25 , 31, 37 , 43}

so

|[q − 1] ∩ S+| =

∣∣∣∣∣
3⋃

l=1

[q − 1] ∩ Sl,+

∣∣∣∣∣ = 2 + 4 + 8 =
48

24
(4− 3) +

48

12
(3− 2) +

48

6
(2− 1)

and an analogous statement holds for [q − 1] ∩ S−. Thus,

[q − 1] ∩ (S− ∪ S+) = 2

(
δ1 − δ2

r1 + δ1 − 1
+

δ2 − δ3
r2 + δ2 − 1

+
δ3 − 1

r3 + δ3 − 1

)
.

This example effectively showcases why in level l, we only contribute an extra (δl − δl+1)
elements per length rl + δl − 1 blocks as δl+1 − 1 of the δl − 1 elements have already been
accounted for from levels l + 1, . . . , h.

We now exhibit the hierarchical locality of the code Q = CSS(C,C) as defined in Defini-
tion 5.1 by stating and proving statement similar to Lemma 4.5 and Corollary 4.6.

Lemma 5.5. Let B⊥ = ev(Fq[X][q−1]∩S+) be as in Lemma 5.3. If f ∈ B⊥, then f can be
written as

f = f1 + · · ·+ fh, fl ∈ B⊥
l .

For each level l, each fl ∈ B⊥
l has the following local description: for every coset αΩnl

, there
exists a polynomial Pα,l(X) ∈ Fq[X] with

degPα,l ≤ δl − 1, Pα,l(0) = 0,

such that
fl(αω) = Pα,l(ω) for all ω ∈ Ωnl

.

The converse is also true.
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It follows immediately that each level l contributes at most δl−1 independent local parity
checks per level-l coset. Additionally, this lemma reduces to Lemma 4.5 when h = 1.

Proof. By dimension counting, it suffices to show the forward direction.
( =⇒ ) The equality

B⊥ =
h∑

l=1

B⊥
l

was shown in Lemma 5.3. Hence every f ∈ B⊥ can be written as f = f1 + · · · + fh with
fl ∈ B⊥

l .
The final statement is exactly the one-level description of B⊥

l from Lemma 4.5, applied
with parameters (rl, δl) and nl = rl + δl − 1. ■

Corollary 5.6. The h-level (rl, δl)l=1,...,h quantum Tamo–Barg code in Definition 5.1 is an
h-level ((r1, δ1), . . . , (rh, δh))-QHLRC.

Proof. Let Q = CSS(C,C) be the code from Definition 5.1, and for each l write nl :=
rl + δl − 1.

We prove by induction on l that for every level-(l − 1) repair group Al−1, the punctured
code Q|Al−1

is an (h− l+1)-level ((rl, δl), . . . , (rh, δh))-QHLRC. Here, for l = 1, we interpret
A0 = {1, . . . , q − 1} and Q|A0 = Q.

Base step: l = h. Fix a level-(h− 1) repair group Ah−1. Inside Ah−1, the level-h repair
groups are precisely the cosets Ah = αΩnh

⊆ Ah−1.
By Lemma 5.3, we have C⊥ ⊇ B⊥ = ev(Fq[X][q−1]∩S+), and by Lemma 5.5, for each

j = 1, . . . , δh − 1, the code B⊥
h ⊆ B⊥ contains the function

fα,h,j(x) =

{
xj, x ∈ Ah,

0, x /∈ Ah.

Restricting to the coordinates in Ah, these give δh − 1 checks in (C|Ah
)⊥. Writing Ah =

{x1, . . . , xnh
}, we obtain a Vandermonde-type matrix

HAh
=


x1 x2 · · · xnh

x21 x22 · · · x2nh
...

...
. . .

...

xδh−1
1 xδh−1

2 · · · xδh−1
nh

 .
After scaling the ith column by x−1

i , this becomes a Vandermonde matrix, so any δh − 1
columns are linearly independent. Hence, d(C|Ah

) ≥ δh and

d(C|⊥Ah−1
) ≥ d(C|Ah−1

) ≥ d((C|Ah−1
)|Ah

) = d(C|Ah
) ≥ δh.

Therefore, by Theorem 3.3, Q|Ah−1
= CSS(C|Ah−1

, C|Ah−1
) is an (rh, δh)-QLRC. This proves

the base case.
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Induction step. Assume 1 ≤ l < h, and assume that for every level-l repair group Al,
the punctured code Q|Al

is an (h− l)-level ((rl+1, δl+1), . . . , (rh, δh))-QHLRC.
Now fix a level-(l − 1) repair group Al−1. Inside Al−1, the level-l repair groups are the

cosets Al = αΩnl
⊆ Al−1. By Lemma 5.5, for each such Al and each j = 1, . . . , δl − 1, the

code B⊥
l ⊆ B⊥ ⊆ C⊥ contains the function

fα,l,j(x) =

{
xj, x ∈ Al,

0, x /∈ Al.

Restricting to Al, these give δl− 1 checks in (C|Al
)⊥. As in the base case, their parity-check

matrix is Vandermonde after column scaling, so any δl − 1 columns are linearly indepen-
dent and therefore d(C|Al

) ≥ δl. By the same reasoning as before d(C|⊥Al−1
) ≥ δl so by

Theorem 3.3, Q|Al−1
is an (rl, δl)-QLRC.

Moreover, by the induction hypothesis, for every such level-l repair group Al, the punc-
tured code Q|Al

is an (h − l)-level ((rl+1, δl+1), . . . , (rh, δh))-QHLRC. Therefore, Q|Al−1
sat-

isfies the two conditions of Definition 3.5 with top-level locality parameters (rl, δl). Hence,
Q|Al−1

is an (h− l + 1)-level ((rl, δl), . . . , (rh, δh))-QHLRC.
Finally, taking l = 1 and A0 = {1, . . . , q − 1}, we conclude that Q is indeed an h-level

((r1, δ1), . . . , (rh, δh))-QHLRC. ■

5.1 Bound on the minimum distance of hierarchical

Quantum Tamo–Barg codes

We finish our analysis of the quantum Tamo–Barg HLRC by proving a distance bound using
Theorem 4.12. For clarity, we will first derive a distance bound for the case h = 2. The
general h derivation will naturally follow, but the notation will become quite heavy. Recall
Lemma 4.11 whose properties we will use repeatedly in the distance proofs.

Lemma 4.11. Let r ≥ δ ≥ 2, set n = r + δ − 1, and define

ψ(t) := (r − t)+ (n− (δ − 1)t)+ , y+ := max{y, 0}.

Then ψ is nonincreasing and convex on [0,∞).

5.1.1 Two-level bound

Now we present the distance bound of the 2-level hierarchical QTB code. The proof proceeds
by iterating the one-level root-counting argument. At the bottom level, for each admissible
shift i2, we apply a Q-operator to f and obtain a transformed polynomial g

(2)
i2
. The Qb-

nonvanishing theorem guarantees that these transforms are nonzero on the nondual part of
f , while the defining vanishing of Qb forces g

(2)
i2

to vanish whenever f has a suitable block of
δ2 − 1 zeros in a bottom-level repair group together with one additional zero.
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We then apply the same idea at the top level. For each admissible top-level shift i1, we
apply a level-1 Q-operator to g

(2)
i2
, producing g

(1)
i1,i2

. Taking the product over all choices of i1
and i2 gives a nonzero polynomial G, whose degree is at most r1r2(ℓ − 1). Thus, an upper
bound on the number of roots of G comes from its degree.

The lower bound on the number of roots is obtained by counting zero incidences level by
level. Inside each bottom coset B, if wB is the weight of f on B, the bottom-level argument
contributes at least

ψ2(wB) = (r2 − wB)+ (n2 − (δ2 − 1)wB)+

zero incidences. Averaging these incidences over the bottom cosets inside a fixed top coset
gives an upper bound on the average weight of the transforms g

(2)
i2

on that top coset. The
top-level root-counting argument then contributes

ψ1(t) = (r1 − t)+ (n1 − (δ1 − 1)t)+

roots as a function of this averaged weight. Finally, Jensen’s inequality is used twice, once
across the choices of i2 and once across the top cosets, to express the resulting lower bound
only in terms of the total weight |ev(f)|. Comparing this lower bound with degG ≤ r1r2(ℓ−1)
yields the desired distance estimate.

Theorem 5.7 (Two-level hierarchical QTB distance bound). Let Q = CSS(C,C) be a two-
level hierarchical QTB code with parameters (r1, δ1), (r2, δ2) and set

n1 := r1 + δ1 − 1, n2 := r2 + δ2 − 1.

Assume n2 | n1 | (q− 1). Assume also that Corollary 4.9 holds at both levels; concretely, for
every level l = 1, 2, either δl ≥ 3 and char(Fq) ∤Mrl,δl , or δl = 2 and nl = rl + 1 is prime.

For l = 1, 2, define
ψl(t) := (rl − t)+ (nl − (δl − 1)t)+ .

Define

Θ2(t) :=
q − 1

n1

r2 ψ1

(
n1 −

n1

r2n2

ψ2(t)

)
, 0 ≤ t ≤ n2.

Let
τ2 := inf {t ∈ [0, n2] : Θ2(t) ≤ r1r2(ℓ− 1)} .

Then

d(Q) ≥ q − 1

n2

τ2.

Equivalently, every nonzero codeword ev(f) ∈ C \ C⊥ of weight

w := |ev(f)|

satisfies

r1r2(ℓ− 1) ≥ q − 1

n1

r2 ψ1

(
n1 −

n1

r2n2

ψ2

(
n2

q − 1
w

))
.
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Proof. Fix ev(f) ∈ C \ C⊥. We decompose

f = g + P1 + P2,

where g is supported outside S1,+ ∪ S2,+, P2 is supported on S2,+, and P1 is supported on
S1,+ \ S2,+. Since ev(f) /∈ C⊥, we have g ̸= 0.

For l = 1, 2, let
Il := {δl − 1, . . . , nl − 1}.

For each il ∈ Il, let

Q
(l)
il
(Y ) = Y il +

δl−2∑
t=0

v
(l)
il,t
Y t

be the corresponding Q-polynomial at level l. Let ωl be a primitive nlth root of unity. Define
the linear operator

L(l)
il
[p](X) := ω−il

l p(ωil
l X) +

δl−2∑
t=0

v
(l)
il,t
ω−t
l p(ωt

lX).

On monomials, this operator acts diagonally:

L(l)
il
[Xj] = Q

(l)
il
(ωj−1

l )Xj.

Define the level-2 transforms g
(2)
i2

:= L(2)
i2
[f ], i2 ∈ I2, and the level-1 transforms g

(1)
i1,i2

:=

L(1)
i1
[g

(2)
i2
], i1 ∈ I1, i2 ∈ I2. Finally define the aggregate polynomial

G(X) :=
∏
i2∈I2

∏
i1∈I1

g
(1)
i1,i2

(X).

We first show that G ̸= 0. The operator L(2)
i2

ensures that coefficient of every monomial
whose exponent lies in S2,+ is zero, so

g
(2)
i2

= L(2)
i2
[g] + L(2)

i2
[P1].

The two summands have disjoint supports. Since every exponent in the support of g does
not lie in S2,+, Corollary 4.9 at level 2 implies L(2)

i2
[g] ̸= 0. Hence g

(2)
i2
̸= 0.

Next, L(2)
i2
[P1] is still supported on S1,+ so applying the operator L(1)

i1
ensures that it is

zero. Therefore,
g
(1)
i1,i2

= L(1)
i1
L(2)

i2
[g].

Every exponent in the support of g avoids both S1,+ and S2,+. Thus, Corollary 4.9 at levels

1 and 2 imply g
(1)
i1,i2
̸= 0 so G ̸= 0.

Moreover, each operator preserves degree, so

deg g
(1)
i1,i2
≤ deg g ≤ ℓ− 1.
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Since |I1| = r1 and |I2| = r2, we have

degG ≤ r1r2(ℓ− 1).

We now lower bound the number of roots of G. Let A range over the cosets of Ωn1 in
F∗
q, and let B ⊂ A range over the cosets of Ωn2 contained in A. Write wB := |ev(f)|B. Fix a

bottom coset B and let

NB :=
∣∣{x ∈ B : f(x) = f(ω2x) = · · · = f(ωδ2−2

2 x) = 0
}∣∣ .

Each nonzero value of f on B can block at most δ2 − 1 such starting points, so

NB ≥ (n2 − (δ2 − 1)wB)+ .

For any such starting point x, the number of i2 ∈ I2 for which f(ωi2
2 x) = 0 is at least

(r2 − wB)+. For each such pair (x, i2), the definition of L(2)
i2

gives g
(2)
i2
(x) = 0. Therefore,∑

i2∈I2

|{x ∈ B : g
(2)
i2
(x) = 0}| ≥ ψ2(wB).

Summing over all bottom cosets B ⊂ A, we obtain∑
i2∈I2

|{x ∈ A : g
(2)
i2
(x) = 0}| ≥

∑
B⊂A

ψ2(wB).

Equivalently, if
w

(2)
A,i2

:= |ev(g(2)i2
)|A,

then ∑
i2∈I2

w
(2)
A,i2
≤ r2n1 −

∑
B⊂A

ψ2(wB).

Thus,
1

r2

∑
i2∈I2

w
(2)
A,i2
≤ n1 −

1

r2

∑
B⊂A

ψ2(wB). (5.8)

Now fix A and i2. Applying the same incidence count at level 1 to the family {g(1)i1,i2
}i1∈I1

gives ∑
i1∈I1

|{x ∈ A : g
(1)
i1,i2

(x) = 0}| ≥ ψ1(w
(2)
A,i2

).

Therefore, the root multiplicity contributed by A to G is at least∑
i2∈I2

ψ1(w
(2)
A,i2

).

By Lemma 4.11, ψ1 is convex, so Jensen’s inequality gives∑
i2∈I2

ψ1(w
(2)
A,i2

) ≥ r2ψ1

(
1

r2

∑
i2∈I2

w
(2)
A,i2

)
.
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Since ψ1 is nonincreasing, substituting (5.8) gives

∑
i2∈I2

ψ1(w
(2)
A,i2

) ≥ r2ψ1

(
n1 −

1

r2

∑
B⊂A

ψ2(wB)

)
.

Now sum over all top cosets A. The function

S 7−→ r2ψ1

(
n1 −

S

r2

)
is convex because we have composed ψ1, a convex function, with an affine function which
maps S 7→ n1−S/r2. It is also nondecreasing because as S increases, the argument n1−S/r2
decreases and ψ1 is nonincreasing. Hence Jensen’s inequality gives

|{roots of G}| ≥ q − 1

n1

r2ψ1

(
n1 −

1

r2
· n1

q − 1

∑
A

∑
B⊂A

ψ2(wB)

)
.

But, ∑
A

∑
B⊂A

ψ2(wB) =
∑
B

ψ2(wB),

where B now ranges over all bottom cosets in F∗
q. By Jensen’s inequality and the convexity

of ψ2, ∑
B

ψ2(wB) ≥
q − 1

n2

ψ2

(
n2

q − 1
|ev(f)|

)
.

Using that ψ1 is nonincreasing, we obtain

|{roots of G}| ≥ q − 1

n1

r2ψ1

(
n1 −

n1

r2n2

ψ2

(
n2

q − 1
|ev(f)|

))
.

Since G ̸= 0, its number of roots in F∗
q, counted with multiplicity, is at most its degree.

Therefore

r1r2(ℓ− 1) ≥ q − 1

n1

r2ψ1

(
n1 −

n1

r2n2

ψ2

(
n2

q − 1
|ev(f)|

))
.

This proves the displayed inequality.
Finally, Θ2(t) is nonincreasing in t. Hence the inequality

r1r2(ℓ− 1) ≥ Θ2

(
n2

q − 1
|ev(f)|

)
implies

|ev(f)| ≥ q − 1

n2

τ2.

Taking the minimum over all ev(f) ∈ C \ C⊥ proves the distance bound. ■
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5.1.2 h-level bound

We will extend the distance bound to the general h-level hierarchical QTB code by iterating
the same argument as in Theorem 5.7. We first present a lemma that will aid in the recursive
argument.

Lemma 5.8. For l = 1, . . . , h, set ψl(t) := (rl− t)+ (nl − (δl − 1)t)+ . Define Ψh(t) := ψh(t),
and for l = h− 1, h− 2, . . . , 1, define

Ψl(t) := ψl

(
nl −

nl

rl+1nl+1

Ψl+1(t)

)
.

Then each Ψl is convex and nonincreasing on [0, nh]. Consequently,

Θh(t) :=
q − 1

n1

(
h∏

l=2

rl

)
Ψ1(t)

is also convex and nonincreasing on [0, nh].
Moreover, for each level-l coset Bl, let wBl

:= |ev(f)|Bl
. Let Il = {δl − 1, . . . , nl − 1} and

let Rl(Bl) denote the total number of zero incidences contributed inside Bl as follows: for
each choice of lower-level indices

(il+1, . . . , ih) ∈ Il+1 × · · · × Ih,

apply the level-l incidence count to the family {g(l)il,...,ih
}il∈Il and sum over all choices of

(il+1, . . . , ih). Then

Rl(Bl) ≥

(
h∏

u=l+1

ru

)
Ψl

(
nh

nl

wBl

)
,

where the empty product is interpreted as 1.

Proof. We first prove the analytic claim. By Lemma 4.11, for each l, the function ψl(t) is
convex and nonincreasing on [0,∞). We show by downward induction that each Ψl is convex
and nonincreasing. The base case Ψh = ψh is immediate from Lemma 4.11.

Assume Ψl+1 is convex and nonincreasing. Define

Al(t) := nl −
nl

rl+1nl+1

Ψl+1(t).

Since Ψl+1 is convex and nonincreasing, the function Al is concave and nondecreasing. More-
over, 0 ≤ Ψl+1(t) ≤ rl+1nl+1 so 0 ≤ Al(t) ≤ nl. Hence, all inputs to ψl lie in the interval
where Lemma 4.11 applies. Because ψl is convex and nonincreasing, the composition rule
for convex functions implies that Ψl(t) = ψl(Al(t)) is convex. Also, since Al is nondecreas-
ing and ψl is nonincreasing, Ψl is nonincreasing. Indeed, if t1 ≤ t2 then Al(t1) ≤ Al(t2).
Applying ψl reverses the inequality:

Ψl(t1) = ψl(Al(t1)) ≥ ψl(Al(t2)) = Ψl(t2).
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This proves the induction. The same properties for Θh follow because Θh is a positive scalar
multiple of Ψ1.

We now prove the incidence bound by downward induction on l. For l = h, fix a bottom-
level coset Bh. The one-level incidence count at level h gives

Rh(Bh) ≥ ψh(wBh
) = Ψh(wBh

),

which is the desired statement because nh/nh = 1 and the product
∏h

u=h+1 ru is empty.
Assume now that the claim holds at level l+ 1, and fix a level-l coset Bl. Decompose Bl

into its level-(l + 1) child cosets:

Bl =

nl/nl+1⊔
a=1

Bl+1,a.

Set wa := |ev(f)|Bl+1,a
. Let Λl+1 := Il+1 × Il+2 × · · · × Ih so

|Λl+1| =
h∏

u=l+1

ru.

For i = (il+1, . . . , ih) ∈ Λl+1 and a child coset Bl+1,a, define

wg
i,a := |ev(g

(l+1)
il+1,...,ih

)|Bl+1,a
,

the number of nonzero positions of the transformed polynomial g
(l+1)
il+1,...,ih

on Bl+1,a.
By the induction hypothesis applied to the child coset Bl+1,a, the total number of zero

incidences in Bl+1,a, summed over all lower-level operator choices i ∈ Λl+1, is at least(
h∏

u=l+2

ru

)
Ψl+1

(
nh

nl+1

wa

)
.

Equivalently, ∑
i∈Λl+1

(
nl+1 − wg

i,a

)
≥

(
h∏

u=l+2

ru

)
Ψl+1

(
nh

nl+1

wa

)
.

Dividing by |Λl+1|, we get

1

|Λl+1|
∑

i∈Λl+1

wg
i,a ≤ nl+1 −

1

rl+1

Ψl+1

(
nh

nl+1

wa

)
.

Now define the total effective weight of g
(l+1)
il+1,...,ih

inside Bl by

wg
i := |ev(g

(l+1)
il+1,...,ih

)|Bl
=

nl/nl+1∑
a=1

wg
i,a.
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Averaging over i ∈ Λl+1, we obtain

1

|Λl+1|
∑

i∈Λl+1

wg
i =

nl/nl+1∑
a=1

1

|Λl+1|
∑

i∈Λl+1

wg
i,a

≤
nl/nl+1∑
a=1

(
nl+1 −

1

rl+1

Ψl+1

(
nh

nl+1

wa

))

= nl −
1

rl+1

nl/nl+1∑
a=1

Ψl+1

(
nh

nl+1

wa

)

= nl −
nl

rl+1nl+1

· 1

nl/nl+1

nl/nl+1∑
a=1

Ψl+1

(
nh

nl+1

wa

)
. (5.9)

For each fixed lower-level choice i, the level-l incidence count gives at least ψl(w
g
i ) zero

incidences inside Bl, summed over the rl choices of the level-l operator. Therefore,

Rl(Bl) ≥
∑

i∈Λl+1

ψl(w
g
i ).

Since ψl is convex, Jensen’s inequality gives

∑
i∈Λl+1

ψl(w
g
i ) ≥ |Λl+1|ψl

 1

|Λl+1|
∑

i∈Λl+1

wg
i

 .

And since ψl is nonincreasing, substituting the upper bound (5.9) gives:

Rl(Bl) ≥

(
h∏

u=l+1

ru

)
ψl

nl −
nl

rl+1nl+1

· 1

nl/nl+1

nl/nl+1∑
a=1

Ψl+1

(
nh

nl+1

wa

) .

Using the convexity of Ψl+1, Jensen’s inequality gives

1

nl/nl+1

nl/nl+1∑
a=1

Ψl+1

(
nh

nl+1

wa

)
≥ Ψl+1

 1

nl/nl+1

nl/nl+1∑
a=1

nh

nl+1

wa

 = Ψl+1

(
nh

nl

wBl

)
(5.10)

since
∑

awa = wBl
. Since ψl is nonincreasing, substituting (5.10) can only increase the

argument of ψl, we obtain

Rl(Bl) ≥

(
h∏

u=l+1

ru

)
ψl

(
nl −

nl

rl+1nl+1

Ψl+1

(
nh

nl

wBl

))
.

By the recursive definition of Ψl, this is

Rl(Bl) ≥

(
h∏

u=l+1

ru

)
Ψl

(
nh

nl

wBl

)
.

This completes the induction. ■
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Theorem 5.9 (h-level hierarchical QTB distance bound). Let Q = CSS(C,C) be an h-level
hierarchical QTB code with parameters (r1, δ1), . . . , (rh, δh), and set nl := rl + δl − 1 for
l = 1, . . . , h. Assume nh | nh−1 | · · · | n1 | (q − 1). Also, assume that Corollary 4.9 holds
at every level; concretely, for every l, either δl ≥ 3 and char(Fq) ∤ Mrl,δl , or δl = 2 and
nl = rl + 1 is prime.

For l = 1, . . . , h, define ψl(t) := (rl−t)+ (nl − (δl − 1)t)+ . Define functions Ψl : [0, nh]→
R≥0 recursively by Ψh(t) := ψh(t), and for l = h− 1, h− 2, . . . , 1,

Ψl(t) := ψl

(
nl −

nl

rl+1nl+1

Ψl+1(t)

)
.

Define

Θh(t) :=
q − 1

n1

(
h∏

l=2

rl

)
Ψ1(t).

Let

τh := inf

{
t ∈ [0, nh] : Θh(t) ≤

(
h∏

l=1

rl

)
(ℓ− 1)

}
.

Then

d(Q) ≥ q − 1

nh

τh.

Equivalently, every nonzero codeword ev(f) ∈ C \ C⊥ of weight w satisfies(
h∏

l=1

rl

)
(ℓ− 1) ≥ q − 1

n1

(
h∏

l=2

rl

)
Ψ1

(
nh

q − 1
w

)
.

Proof. The proof is an iteration of the two-level argument in Theorem 5.7. We give the
details needed to track the notation. Write

f = g + P1 + · · ·+ Ph,

where g is supported outside S+ =
⋃h

l=1 Sl,+, and Pl is supported on

Sl,+ \
h⋃

k=l+1

Sk,+

for l < h, while Ph is supported on Sh,+. Since ev(f) /∈ C⊥, we have g ̸= 0. For each level l,
set

Il := {δl − 1, . . . , nl − 1}.
For il ∈ Il, define the operator

L(l)
il
[p](X) := ω−il

l p(ωil
l X) +

δl−2∑
t=0

v
(l)
il,t
ω−t
l p(ωt

lX),
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so that
L(l)

il
[Xj] = Q

(l)
il
(ωj−1

l )Xj.

We recursively define transformed polynomials by ascending through the hierarchy. First,
for ih ∈ Ih, set

g
(h)
ih

:= L(h)
ih

[f ].

For l = h− 1, h− 2, . . . , 1, and for a tuple

(il, il+1, . . . , ih) ∈ Il × Il+1 × · · · × Ih,

define
g
(l)
il,il+1,...,ih

:= L(l)
il

[
g
(l+1)
il+1,...,ih

]
.

Finally, define

G(X) :=
∏
ih∈Ih

∏
ih−1∈Ih−1

· · ·
∏
i1∈I1

g
(1)
i1,...,ih

(X).

We first show that G ̸= 0. At each level l, the operator L(l)
il

annihilates the positive-
residue part. Since the operators act diagonally on monomials, the support of g remains
disjoint from all positive-residue supports throughout the iteration. After all levels have
been applied, we have

g
(1)
i1,...,ih

= L(1)
i1
L(2)

i2
· · · L(h)

ih
[g].

For every exponent j in the support of g, and for every level l, we have j /∈ Sl,+. Therefore,

Q
(l)
il
(ωj−1

l ) ̸= 0 by Corollary 4.9 at level l. Thus, every nonzero coefficient of g remains

nonzero after applying the product of diagonal operators so g
(1)
i1,...,ih

̸= 0 for every tuple
(i1, . . . , ih). This implies G ̸= 0. Moreover, each operator preserves degree, so

deg g(1)u1,...,uh
≤ deg g ≤ ℓ− 1.

Since |Il| = rl, we obtain

degG ≤

(
h∏

l=1

rl

)
(ℓ− 1).

We now count roots. By Lemma 5.8, applied to each level-1 coset B1, we have

|{roots of G}| ≥

(
h∏

l=2

rl

)∑
B1

Ψ1

(
nh

n1

|ev(f)|B1

)
.

Since Ψ1 is convex, Jensen’s inequality gives

∑
B1

Ψ1

(
nh

n1

|ev(f)|B1

)
≥ q − 1

n1

Ψ1

(
1

(q − 1)/n1

∑
B1

nh

n1

|ev(f)|B1

)
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and
1

(q − 1)/n1

∑
B1

nh

n1

|ev(f)|B1 =
nh

q − 1
|ev(f)|.

Thus,

|{roots of G}| ≥ q − 1

n1

(
h∏

l=2

rl

)
Ψ1

(
nh

q − 1
|ev(f)|

)
.

Since G ̸= 0, the number of roots of G, counted with multiplicity, is at most its degree.
Hence, (

h∏
l=1

rl

)
(ℓ− 1) ≥ q − 1

n1

(
h∏

l=2

rl

)
Ψ1

(
nh

q − 1
|ev(f)|

)
.

By construction, the function

Θh(t) :=
q − 1

n1

(
h∏

l=2

rl

)
Ψ1(t)

is nonincreasing in t. Therefore the preceding inequality implies

|ev(f)| ≥ q − 1

nh

τh.

Taking the minimum over all ev(f) ∈ C \ C⊥ proves the theorem. ■

Theorem 5.7 and Theorem 5.9 give implicit distance bounds which we now turn explicit
in the following corollary. The final expression will be similar to (4.19).

Corollary 5.10. Assume the hypotheses of Theorem 5.9. For each l = 1, . . . , h, set al :=
δl − 1. Define the clipped inverse function Invl : R→ [0, nl] by

Invl(θ) :=


0, θ ≥ rlnl,

Tl, θ ≤ 0,

nl + alrl −
√
(nl + alrl)2 − 4al(rlnl − θ)

2al
, 0 < θ < rlnl,

where

Tl := min

{
rl,
nl

al

}
.

Define y1, . . . , yh recursively by

y1 := Inv1

(
r1n1

ℓ− 1

q − 1

)
,

and, for l = 2, . . . , h, by

yl := Invl

(
rlnl

nl−1

(nl−1 − yl−1)

)
.



CHAPTER 5. HIERARCHICAL QUANTUM TAMO–BARG CODES 84

Then

d(Q) ≥ q − 1

nh

yh. (5.11)

Proof. Recall that
ψl(t) = (rl − t)+(nl − alt)+.

On the interval where ψl(t) > 0, we have

ψl(t) = (rl − t)(nl − alt) = rlnl − (nl + alrl)t+ alt
2.

Solving ψl(t) = θ for t gives

t =
nl + alrl −

√
(nl + alrl)2 − 4al(rlnl − θ)

2al
.

This is the smaller root, and it is the relevant one because ψl is nonincreasing on [0, nl].
With the clipping convention in the definition of Invj, we have

ψl(t) ≤ θ =⇒ t ≥ Invj(θ). (5.12)

By Theorem 5.9, every nonzero codeword of weight w satisfies(
h∏

l=1

rl

)
(ℓ− 1) ≥ q − 1

n1

(
h∏

l=2

rl

)
Ψ1

(
nh

q − 1
w

)
,

where
Ψh(t) = ψh(t),

and, for l = h− 1, . . . , 1,

Ψl(t) = ψl

(
nl −

nl

rl+1nl+1

Ψl+1(t)

)
.

Canceling the common factor
∏h

l=2 rl, we get

Ψ1

(
nh

q − 1
w

)
≤ r1n1

ℓ− 1

q − 1
.

Set
t0 :=

nh

q − 1
w.

Then

ψ1

(
n1 −

n1

r2n2

Ψ2(t0)

)
≤ r1n1

ℓ− 1

q − 1
.

By (5.12), this implies

n1 −
n1

r2n2

Ψ2(t0) ≥ y1.
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Equivalently,

Ψ2(t0) ≤
r2n2

n1

(n1 − y1).

Applying the same argument at level 2, we obtain

n2 −
n2

r3n3

Ψ3(t0) ≥ y2,

and hence
Ψ3(t0) ≤

r3n3

n2

(n2 − y2).

Continuing recursively, after level h− 1 we get

Ψh(t0) ≤
rhnh

nh−1

(nh−1 − yh−1).

Since Ψh(t0) = ψh(t0), another application of (5.12) gives t0 ≥ yh. Substituting back t0 =
nh

q−1
w, we obtain

w ≥ q − 1

nh

yh.

Taking the minimum over all nonzero codewords gives

d(Q) ≥ q − 1

nh

yh,

as desired. ■

For h = 2, we can unravel the bound in (5.11) to see that

d(Q) ≥ q − 1

n2

·
n2 + (δ2 − 1)r2 −

√
(n2 + (δ2 − 1)r2)2 − 4(δ2 − 1)r2n2

y1
n1

2(δ2 − 1)
(5.13)

where

y1 =

n1 + (δ1 − 1)r1 −
√

(n1 + (δ1 − 1)r1)2 − 4(δ1 − 1)r1n1

(
1− ℓ−1

q−1

)
2(δ1 − 1)

is the explicit bound for Theorem 5.7. Additionally, y1 is exactly the one-level bound in
Theorem 4.12.

Remark 5.11. In order to apply the distance bound Theorem 5.9, we need Corollary 4.9 to
hold at each level (and potentially Remark 4.10 at the bottom level). In particular, we must
first fix (rl, δl)l=1,...,h such that

r1 ≥ r2 ≥ · · · ≥ rh ≥ δ1 ≥ δ2 ≥ · · · ≥ δh ≥ 2



CHAPTER 5. HIERARCHICAL QUANTUM TAMO–BARG CODES 86

and nh | nh−1 | · · · | n1. Then we compute Mrl,δl for each l = 1, . . . , h and obtain the
following set of characteristics to exclude:

P =
h⋃

l=1

{p : p | Mrl,δl}.

Finally, we choose q, a prime power such that n1 | (q − 1) and char(Fq) ̸∈ P .
The recursive bound in Theorem 5.9 is a direct multilevel analogue of the one-level root-

counting proof. However, the hierarchy does not necessarily improve the distance when
compared to the one-level (r1, δ1) QTB code. Indeed, the explicit form in Corollary 5.10
gives

d(Q) ≥ q − 1

nh

yh,

whereas the top-level bound is

d(Q) ≥ q − 1

n1

y1.

We now explain why the recursive estimate cannot be expected to beat the top-level estimate.

Corollary 5.12. For l = 1, . . . , h, set al := δl − 1 and nl := rl + al. Recall that

ψl(t) = (rl − t)+(nl − alt)+.

The recursion defining yl says that, for l ≥ 2,

yl = Invl

(
rlnl

nl−1

(nl−1 − yl−1)

)
.

We claim that
yh
nh

≤ yh−1

nh−1

≤ · · · ≤ y1
n1

.

Proof. Set x = yl−1/nl−1 so we have yl = Invl (rlnl(1− x)) . We claim that yl/nl ≤ x. Since
Invl(θ) is the smallest threshold beyond which ψl(t) ≤ θ, it suffices to show

ψl(nlx) ≤ rlnl(1− x).

If one of the clipped factors in ψl(nlx) is zero, then this is immediate. Otherwise,

ψl(nlx) = (rl − nlx)(nl − alnlx).

Dividing by nl, it is enough to prove (rl−nlx)(1−alx) ≤ rl(1−x). Subtracting the left-hand
side from the right-hand side gives

rl(1− x)− (rl − nlx)(1− alx) = x (rl(al − 1) + nl − alnlx) .
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In the nonzero range of ψl(nlx), we have 1− alx > 0, and hence, alnlx < nl. Therefore,

rl(al − 1) + nl − alnlx ≥ 0.

Thus, ψl(nlx) ≤ rlnl(1 − x), and consequently yl/nl ≤ yl−1/nl−1. Iterating this inequality
gives

yh
nh

≤ yh−1

nh−1

≤ · · · ≤ y1
n1

.

■

The loss comes from two sources. First, at each level the proof averages zero incidences
using Jensen’s inequality, which discards information about how the zeros are distributed
among lower-level repair groups. Second, the aggregate polynomial obtained by multiplying
all transformed polynomials has degree(

h∏
l=1

rl

)
(ℓ− 1),

so each additional level increases the degree bound by a factor of rl. This degree growth
can overwhelm the extra zero incidences forced by the hierarchy. It remains an interesting
open problem to develop a multilevel distance proof which uses the reduced nondual support
[ℓ] \ (S+ ∪ S−) more efficiently.

We end this chapter with an example of a two-level hierarchical QTB code and its com-
puted dimension and distance.

Example 4. Consider the two-level QTB code with parameters (r1, δ1) = (9, 4) and (r2, δ2) =
(4, 3). Then n1 = 12 and n2 = 6 so n2 | n1. The bad-characteristic products from Corol-
lary 4.9 are

M4,3 = 28 and M9,4 = 2763441320374.

Thus the excluded characteristics are {2, 3, 13, 37}. The smallest prime power q satisfying
12 | (q − 1) and whose characteristic is not excluded is q = 25.

We compare the two-level hierarchical QTB code with the one-level QTB code having
top-level parameters (r, δ) = (9, 4), over the same field F25 and with the same value of ℓ.
The exact CSS distance was computed using the shortened-support criterion

d = min
{
|U | : dim(C ∩ FU

q ) > dim(C⊥ ∩ FU
q )
}
.
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The results for ℓ = 13, . . . , 24 are as follows:

ℓ k1lev d1lev khier dhier dbound
13 2 9 2 7 4
14 2 9 2 7 3
15 2 9 2 7 3
16 2 9 2 7 3
17 4 8 2 7 2
18 6 7 2 7 2
19 8 6 4 4 2
20 10 5 4 4 2
21 12 4 4 4 1
22 12 4 4 4 1
23 12 4 4 4 1
24 12 4 4 4 1

In this example, the two-level hierarchical code does not improve the true global distance
over a one-level code with the same top level parameters. It sometimes has the same distance,
but it is often worse. In the table dbound is the distance bound of the one-level (r1, δ1) QTB
code as in (4.19). Corollary 5.12 shows the h-level distance bound (5.11) is at best equal to
(4.19). However, the example codes do beat the proven bound so the bound is not tight.
This illustrates that hierarchy should be viewed primarily as improving the repair structure,
but not automatically improving the global minimum distance.
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Chapter 6

Folding Quantum Tamo–Barg Codes

6.1 Folded (r, δ) Quantum Tamo–Barg Codes

We now present a variant of the quantum Tamo–Barg (QTB) codes in Definition 4.1 by
using a folding operation. This code generalizes the folded quantum Tamo–Barg code which
appears in [14].

Definition 6.1 (Folded (r, δ) Quantum Tamo–Barg code). Let Q = CSS(C,C) be the QTB
code with parameters q, r, δ, ℓ. Given an additional folding parameter s | (q− 1)/(r+ δ− 1),
we define the folded Quantum Tamo–Barg (fQTB) code Q̃ to be the quantum code
with local dimension qs and block length (q − 1)/s obtained as follows. Fix a generator
ωq−1 ∈ F∗

q and for every i ∈ [(q − 1)/s], we block together s components at positions

Fωi·s
q−1

= {ωi·s
q−1, . . . , ω

i·s+s−1
q−1 } in Q into a single component of Q̃. Let C̃ denote the Fq-linear

codes obtained by folding C so that Q̃ = CSS(C̃, C̃).

For a given x = ωb
q−1 ∈ F∗

q, let Fx ∈ F̃∗
q be the unique element of F̃∗

q that contains x.
Formally,

Fx = {ω⌊b/s⌋·s+j
q−1 : j ∈ [s]}.

Folding a code by definition preserves the rate, so a fQTB has the same rate as the
associated unfolded QTB. We computed this rate in Lemma 4.4. We will now show that
fQTBs are also QLRCs. First, we need a small lemma.

Lemma 6.2. Assume s | (q− 1)/(r+ δ− 1). Let αΩr+δ−1 ⊆ F∗
q be a coset of Ωr+δ−1 and let

Fωi·s
q−1

be a block of positions as defined in Definition 6.1. Then |αΩr+δ−1 ∩Fωi·s
q−1
| ≤ 1 for all

i.

Proof. Fix i ∈ [(q − 1)/s] and let α = ωb
q−1 for some b ∈ Z. Then

αΩr+δ−1 =

{
ω
b+t· q−1

r+δ−1

q−1 : t ∈ [r + δ − 1]

}
.
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Suppose there exist t1 ̸= t2 such that

ω
b+t1· q−1

r+δ−1

q−1 , ω
b+t2· q−1

r+δ−1

q−1 ∈ Fωi·s
q−1
.

Then we must have

b+ t1 ·
q − 1

r + δ − 1
≡ i · s+ e1 mod (q− 1) and b+ t2 ·

q − 1

r + δ − 1
≡ i · s+ e2 mod (q− 1)

for some e1, e2 ∈ [s]. Subtracting, we obtain

(t1 − t2) ·
q − 1

r + δ − 1
≡ e1 − e2 mod (q − 1)

with e1 − e2 ∈ {−(s − 1), . . . , (s − 1)}. Since s | q−1
r+δ−1

, we get s | (e1 − e2) which is not
possible unless e1 = e2. Thus

(t1 − t2) ·
q − 1

r + δ − 1
≡ 0 mod (q − 1) =⇒ t1 − t2 ≡ 0 mod (r + δ − 1),

but we assumed t1 ̸= t2 and 0 ≤ t1, t2 < r + δ − 1. This is a contradiction. Hence, each
element of αΩr+δ−1 resides in a distinct folded block. ■

Corollary 6.3. Assume s | (q − 1)/(r + δ − 1). Let Q = CSS(C,C) be the QTB code
from Definition 4.1, and let Q̃ = CSS(C̃, C̃) be its folded version. Then Q̃ is a QLRC with
parameters (r, δ) i.e., every folded repair group has size r + δ − 1 and can correct δ − 1
erasures using only symbols inside the group.

Proof. By Theorem 3.3, it suffices to prove that C̃ is a classical LRC with parameters (r, δ).
Fix a coset αΩr+δ−1. Define the folded repair group

R̃α := {Fx : x ∈ αΩr+δ−1}.

By Lemma 6.2, the map x 7→ Fx is injective on αΩr+δ−1, so

|R̃α| = |αΩr+δ−1| = r + δ − 1.

Next, by Corollary 4.6 (applied to the unfolded code C), there exist δ−1 linearly indepen-
dent local parity checks in C⊥ supported on αΩr+δ−1. Each such check induces (by folding)
a parity check on C̃ supported on R̃α. Because the folding map is injective on αΩr+δ−1, these
induced checks remain linearly independent, and therefore correct up to δ−1 erasures within
R̃α using only symbols from R̃α. Thus C̃ is a classical LRC. Therefore Q̃ = CSS(C̃, C̃) is a
QLRC with the same locality parameters. ■

Lastly, we will prove a distance bound for the fQTB. A trivial bound follows from The-
orem 4.12:if we denote the distance of the fQTB as d̃, then d̃ ≥ d/s, but we will shortly
present a more involved proof for a stronger bound. Before we do so, we present a lemma
that we require in the proof.
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Lemma 6.4. For every v ∈ N, the determinant polynomial det ∈ Fq[(Yij)i,j∈[v]] has a root
of multiplicity v − t at every matrix (xij)i,j∈[v] of rank t.

Now we present a more involved argument than the unfolded distance proof that gives a
significant boost to the relative distance. This argument follows the structure of the proof
of [14, Theorem 63], but this proof has to deal with more general parameters.

Theorem 6.5. Let Q̃ be the code from Definition 6.1 with parameters q, r, δ, ℓ, s such that
r + δ − 1 is prime and the uncertainty principle in Corollary 2.31 holds for r + δ − 1 over
Fq. Then Q̃ has distance at least

d =
q − 1

s

(
1− ℓ− 1

q − 1
− ϵ
)

for

ϵ = max
1≤mf≤r+δ−1

min

{(
1− ℓ− 1

q − 1

)
mf − 1

r + δ − 1
, max
max{1,mf−(δ−1)}≤mg≤mf

δ − 1

mg

+
mg − 1

s

}
.

Proof. Fix an arbitrary f(x) =
∑

j∈[q−1] fjX
j ∈ Fq[X] such that ev(f(X)) ∈ C \ C⊥ with

associated folded codeword ẽv(f(X)) ∈ C̃ \ C̃⊥. Our goal is to show |ẽv(f)| ≥ d.
Since C = ev(Fq[X]S) for

S = ([ℓ] \ S−) ∪ ([q − 1] ∩ S+)

we may write f(X) = g(X) + h(X) where g(X) =
∑

j gjX
j ∈ Fq[X][ℓ]\(S−∪S+) and h(X) =∑

j hjX
j ∈ Fq[X][q−1]∩S+ .

Let Mf = {i ∈ [r+ δ−1] : ∃j ≡ i mod r+ δ−1 with fj ̸= 0} and mf = |Mf |. Similarly,
define Mg = {i ∈ [r+ δ− 1] : ∃j ≡ i mod r+ δ− 1 with gj ̸= 0} and mg = |Mg|. Note that

max{1,mf − (δ − 1)} ≤ mg ≤ mf ≤ r + δ − 1.

We show two upper bounds on |ẽv(f)| ≥ d; the first is tighter when mf is small and the
second is tighter when mg is large.

1. Using the uncertainty principle in Corollary 2.31, we will bound |ev(f)| and then apply
the fact |ẽv(f)| ≥ |ev(f)|/s. For every α ∈ F∗

q, on the restriction to inputs in the coset
αΩr+δ−1, f agrees with f (mod Xr+δ−1−αr+δ−1). Clearly, f (mod Xr+δ−1−αr+δ−1) is
a polynomial of degree < r+ δ− 1 whose coefficients are supported within Mf . There-
fore, |f (mod Xr+δ−1 − αr+δ−1)| ≤ mf and by Corollary 2.31, either ev(f)|αΩr+δ−1

= 0
or |ev(f)|αΩr+δ−1

≥ r + δ − 1 + 1−mf = r + δ −mf .

If Mf ⊆ {1, . . . , δ− 1}, then ev(f) ∈ C⊥ by Lemma 5.3. This contradicts the assump-
tion on ev(f) so there is some i ∈Mf \ {1, . . . , δ− 1}. Knowing this, ev(f)|αΩr+δ−1

= 0
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if and only if f (mod Xr+δ−1−αr+δ−1) = 0 which is only possible if the ith coefficient
of f (mod Xr+δ−1 − αr+δ−1): ∑

j∈[ q−1
r+δ−1

]

fi+(r+δ−1)j(α
r+δ−1)j

is zero. The polynomial ∑
j∈[ q−1

r+δ−1
]

fi+(r+δ−1)jY
j

has degree ≤ (ℓ − 1)/(r + δ − 1) because fi+(r+δ−1)j = 0 if i + (r + δ − 1)j ≥ ℓ by
definition of C. Therefore, it has ≤ (ℓ − 1)/(r + δ − 1) roots which implies there are
≤ (ℓ− 1)/(r + δ − 1) cosets αΩr+δ−1 for which ev(f)|αΩr+δ−1

= 0.

Hence,

|ev(f)| =
∑

αΩr+δ−1∈F∗
q/Ωr+δ−1

|ev(f)|αΩr+δ−1

≥
(

q − 1

r + δ − 1
− ℓ− 1

r + δ − 1

)
(r + δ − 1 + 1−mf )

= (q − 1)

(
1− ℓ− 1

q − 1

)(
1− mf − 1

r + δ − 1

)
.

Now, by definition,

|ẽv(f)| ≥ |ev(f)|
s

≥ q − 1

s

(
1− ℓ− 1

q − 1

)(
1− mf − 1

r + δ − 1

)
2. By Lemma 5.5, h is piecewise of degree at most δ−1. Since ev(h) ∈ C⊥ and ev(f) ̸∈ C⊥

we must have g ̸= 0.

Let det ∈ Fq[(Yi,j)i,j∈[v]] denote the determinant polynomial which takes as input a
v×v matrix of variables (Yi,j)i,j∈[v] over Fq and outputs the determinant of the matrix.
Define the matrices

A(X) = (ωi
r+δ−1ω

j
q−1X)i,j∈[mg ],

Ag(X) = (ω−i
r+δ−1g(ω

i
r+δ−1ω

j
q−1X))i,j∈[mg ],

Ah(X) = (ω−i
r+δ−1h(ω

i
r+δ−1ω

j
q−1X))i,j∈[mg ],

and Af (X) = (ω−i
r+δ−1f(ω

i
r+δ−1ω

j
q−1X))i,j∈[mg ]

and the polynomial G(X) = det(Ag(X)) ∈ Fq[X]. It follows that degG ≤ m · deg g ≤
m(ℓ − 1). Now we show that G(X) is a nonzero polynomial. We know g(X) =∑

α∈[ℓ]\(S−∪S+) gαX
α so

Ag(X) = (ω−i
r+δ−1g(ω

i
r+δ−1ω

j
q−1X))i,j∈[mg ]
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=
∑

α∈[ℓ]\(S−∪S+)

gαX
α(ω

(α−1)·i
r+δ−1 ω

α·j
q−1)i,j∈[mg ]

=
∑

α∈[ℓ]\(S−∪S+)

gαX
α


ω
(α−1)·0
r+δ−1

ω
(α−1)·1
r+δ−1
...

ω
(α−1)·(mg−1)
r+δ−1

 · [ωα·0
q−1 ωα·1

q−1 · · · ω
α·(mg−1)
q−1

]

=
∑
i∈Mg


ω
(i−1)·0
r+δ−1

ω
(i−1)·1
r+δ−1
...

ω
(i−1)·(mg−1)
r+δ−1

 · ∑
α∈[ℓ]\(S−∪S+)

α≡i mod (r+δ−1)

gαX
α
[
ωα·0
q−1 ωα·1

q−1 · · · ω
α·(m−1)
q−1

]
.

Ag(X) is an mg × mg matrix and G(X) = det(Ag(X)) so in order to show G(X) is
nonzero, it suffices to show that Ag(X) has full rank. It is then sufficient to show that
the set of vectors 


ω
(i−1)·0
r+δ−1

ω
(i−1)·1
r+δ−1
...

ω
(i−1)·(mg−1)
r+δ−1

 : i ∈Mg


and 

∑
α∈[ℓ]\(S−∪S+)

α≡i mod (r+δ−1)

gαX
α
[
ωα·0
q−1 ωα·1

q−1 · · · ω
α·(mg−1)
q−1

]
: i ∈Mg


are linearly independent over Fq[X]. The first set of vectors form the columns of an
mg×mg Vandermonde matrix which has full rank. If there is a nontrivial Fq[X] linear
dependency in the second set of the vectors then taking the highest-degree term of
the associated polynomials over X gives a nontrivial dependency among the vectors
[ωα·j

q−1]j∈[mg ] for mg distinct values of α. This forms another mg × mg Vandermonde
matrix. Therefore, both sets of vectors are linearly independent so G(X) is indeed
nonzero.

It remains to bound the number of roots of G(X). For a given x = ωb
q−1 ∈ F∗

q, recall

that Fx is the index of the folded component of C̃ that contains the component x of
C.

If b (mod s) ∈ {0, . . . , s−mg}, then because s | q−1
r+δ−1

it follows that for each i ∈ [mg],

{ωi
r+δ−1ω

j
q−1x : j ∈ [mg]} = {ω

b+j+i· q−1
r+δ−1

q−1 : j ∈ [mg]} ⊆ Fωi
r+δ−1x

.

The ith row of Af (x) consists of mg elements, all members of Fωi
r+δ−1x

, so the ith row

of Af (x) consists of mg out of the s components of ẽv(f)F
ωi
r+δ−1

x
.
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Let Zx = {i ∈ [mg] : ẽv(f)F
ωi
r+δ−1

x
= 0}. If b (mod s) ∈ {0, . . . , s−mg}, then for every

i ∈ Zx, by definition,

(0)j∈[mg ] = (ω−i
r+δ−1f(ω

i
r+δ−1ω

j
q−1x))j∈[mg ]

= (ω−i
r+δ−1g(ω

i
r+δ−1ω

j
q−1x))j∈[mg ] + (ω−i

r+δ−1h(ω
i
r+δ−1ω

j
q−1x))j∈[mg ]

so
(ω−i

r+δ−1g(ω
i
r+δ−1ω

j
q−1x))j∈[mg ] = (−ω−i

r+δ−1h(ω
i
r+δ−1ω

j
q−1x))j∈[mg ].

Fix j ∈ [mg] and consider the following column vector whose rows are restricted to Zx,

cj = (ω−i
r+δ−1h(ω

i
r+δ−1ω

j
q−1x))i∈Zx ∈ F|Zx|

q .

The points ωi
r+δ−1ω

j
q−1x, i ∈ Zx lie in the coset ωj

q−1xΩr+δ−1 because ωi
r+δ−1 ∈ Ωr+δ−1

for all i. By Lemma 4.5, on this coset, there exists a polynomial Pj,x(Y ) =
∑δ−1

t=1 pj,x,tY
t

such that degPj,x ≤ δ−1, Pj,x(0) = 0, and for every ω ∈ Ωr+δ−1, h(ω
j
q−1x·ω) = Pj,x(ω).

Therefore,

cj = (ω−i
r+δ−1Pj,x(ω

i
r+δ−1))i∈Zx =

δ−1∑
t=1

pj,x,t · (ω(t−1)·i
r+δ−1)i∈Zx

so cj lies in the span of the δ − 1 vectors (ω0·i
r+δ−1)i∈Zx , . . . , (ω

(δ−2)·i
r+δ−1 )i∈Zx . Since j was

arbitrary, this is true for every cj, j ∈ [mg]. Thus, the rank of

(−ω−i
r+δ−1h(ω

i
r+δ−1ω

j
q−1x))i∈Zx,j∈[mg ] = (ω−i

r+δ−1g(ω
i
r+δ−1ω

j
q−1x))i∈Zx,j∈[mg ]

is at most δ − 1. Since, [mg] = Zx ∪ ([mg] \ Zx), the span of rows in Ag(x) indexed
by [mg] \ Zx has dimension at most mg − |Zx| and the span of the rows in Ag(x)
indexed by Zx, as we just showed, has dimension at most δ− 1. Hence, rank(Ag(x)) ≤
mg − |Zx| + δ − 1. By Lemma 6.4, G(X) has a root of multiplicity ≥ |Zx| − δ + 1 at
X = x.

Summing over all x = ωb
q−1 ∈ F∗

q, it follows that the number of roots (with multiplicity)
of G(X) is at least ∑

b∈[q−1]
b mod s∈{0,...,s−mg}

(|Zωb
q−1| − δ + 1)

≥
∑
x∈F∗

q

(|Zx| − δ + 1)− (q − 1)

s
·mg · (mg − 1)

=
∑
x∈F∗

q

|Zx| − (q − 1)

(
mg(mg − 1)

s
+ δ − 1

)

= (q − 1− |ẽv(f)|s)mg − (q − 1)

(
mg(mg − 1)

s
+ δ − 1

)
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= (q − 1)mg

(
1− |ẽv(f)| · s

q − 1
− mg − 1

s
− δ − 1

mg

)
.

Since degG(X) ≤ mg(ℓ− 1), G(X) has at most mg(ℓ− 1) roots so

(q − 1)mg

(
1− |ẽv(f)| · s

q − 1
− mg − 1

s
− δ − 1

mg

)
≤ mg(ℓ− 1)

and rearranging gives

|ẽv(f)| ≥ q − 1

s

(
1− ℓ− 1

q − 1
− mg − 1

s
− δ − 1

mg

)
.

Combining the two bounds we obtain

d =
q − 1

s

(
1− ℓ− 1

q − 1
− ϵ
)

for

ϵ = max
1≤mf≤r+δ−1

min

{(
1− ℓ− 1

q − 1

)
mf − 1

r + δ − 1
, max
max{1,mf−(δ−1)}≤mg≤mf

δ − 1

mg

+
mg − 1

s

}
,

as desired.
■

Remark 6.6. The second case in the proof is a generalization of [14, Claim 68]. However, for
us arguing the rank drop was more involved because the rows of Ag(X) corresponding to Zx

were not all equal unlike in the proof of [14, Claim 68]. Instead, we looked at the columns
of Ag(X) restricted to Zx and showed that its column rank must be ≤ δ − 1 from which we
could claim the multiplicity of a root of G(X).

Remark 6.7. Since we require the uncertainty principle to hold for r+δ−1 over Fq, we must
first fix δ then r and let q be a prime power that lies outside the finite set of characteristics
where the uncertainty principle for r + δ − 1 does not hold.

6.1.1 Asymptotic distance bound

In order to obtain an asymptotic formulation of the distance, we desire to remove the mf

and mg dependency in the distance bound. To that end, we present a technical lemma that
will allow us to bound the ϵ in Theorem 6.5.

Lemma 6.8. Let

ϵ = max
1≤mf≤r+δ−1

min

{(
1− ℓ− 1

q − 1

)
mf − 1

r + δ − 1
, max

max{1,mf−(δ−1)}≤mg≤mf

(
δ − 1

mg

+
mg − 1

s

)}
.

Let n = r + δ − 1 and λ = 1− ℓ−1
q−1

. If s = cn2 for c ≥ 2, then

ϵ ≤ λ
δ − 2

n
+

(
1 +

1

c

)√
λ(δ − 1)

n
.



CHAPTER 6. FOLDING QUANTUM TAMO–BARG CODES 96

Proof. Let n := r + δ − 1 and λ := 1− ℓ−1
q−1

. Define

ϕ(m) :=
δ − 1

m
+
m− 1

s
.

Then

ϵ = max
1≤mf≤n

min

{
λ
mf − 1

n
, max

max{1,mf−(δ−1)}≤mg≤mf

ϕ(mg)

}
.

We first show that ϕ is nonincreasing on [1, n]. Indeed,

ϕ′(m) = −δ − 1

m2
+

1

s
.

Since s = cn2 with c ≥ 2, we have

s ≥ n2 ≥ n2

δ − 1
.

Thus
1

s
≤ δ − 1

n2
≤ δ − 1

m2
(1 ≤ m ≤ n),

and hence ϕ′(m) ≤ 0 on [1, n]. Therefore, for fixed mf , the maximum of ϕ(mg) is attained
at the left endpoint:

max
max{1,mf−(δ−1)}≤mg≤mf

ϕ(mg) = ϕ(max{1,mf − (δ − 1)}).

Hence

ϵ = max
1≤mf≤n

min

{
λ
mf − 1

n
, ϕ(max{1,mf − (δ − 1)})

}
.

We now split the maximum over mf into two ranges.

Small-support range: 1 ≤ mf < δ. In this range, mf − 1 ≤ δ − 2. Therefore

min

{
λ
mf − 1

n
, ϕ(max{1,mf − (δ − 1)})

}
≤ λ

mf − 1

n
≤ λ

δ − 2

n
.

Thus the contribution of all mf < δ is at most λ δ−2
n
.

Large-support range: δ ≤ mf ≤ n. In this range, mf − (δ − 1) = mf − δ + 1 ≥ 1.
Therefore, max{1,mf − (δ − 1)} = mf − δ + 1. Thus the large-support contribution is

max
δ≤mf≤n

min

{
λ
mf − 1

n
,

δ − 1

mf − δ + 1
+
mf − δ

s

}
.

Set u := mf − δ + 1. Then 1 ≤ u ≤ r, and mf − 1 = u+ δ − 2. Hence

λ
mf − 1

n
= λ

u+ δ − 2

n
= λ

δ − 2

n
+ λ

u

n
,
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while
δ − 1

mf − δ + 1
+
mf − δ

s
=
δ − 1

u
+
u− 1

s
.

Therefore the large-support contribution is at most

max
1≤u≤r

min

{
λ
δ − 2

n
+ λ

u

n
,
δ − 1

u
+
u− 1

s

}
.

Using
min{A+B,C} ≤ A+min{B,C},

with

A = λ
δ − 2

n
, B = λ

u

n
, C =

δ − 1

u
+
u− 1

s
,

we get

max
1≤u≤r

min

{
λ
δ − 2

n
+ λ

u

n
,
δ − 1

u
+
u− 1

s

}
≤ λ

δ − 2

n
+ max

1≤u≤r
min

{
λ
u

n
,
δ − 1

u
+
u− 1

s

}
.

Furthermore, (u− 1)/s < u/s, and enlarging the range from 1 ≤ u ≤ r to 1 ≤ u ≤ n gives

max
1≤u≤r

min

{
λ
u

n
,
δ − 1

u
+
u− 1

s

}
≤ max

1≤u≤n
min

{
λ
u

n
,
δ − 1

u
+
u

s

}
.

Combining the small-support and large-support ranges, we obtain

ϵ ≤ λ
δ − 2

n
+ max

1≤u≤n
min

{
λ
u

n
,
δ − 1

u
+
u

s

}
.

It remains to bound the final maximum. We split into two cases.

Case 1: λ ≤ 1
n
. By definition,

ϵ ≤ max
1≤mf≤n

λ
mf − 1

n
≤ λ.

Since δ ≥ 2, we have

λ ≤ 1

n
=⇒ λ ≤

√
λ

n
≤
√
λ(δ − 1)

n
.

Therefore

λ ≤ λ
δ − 2

n
+

(
1 +

1

c

)√
λ(δ − 1)

n
,

and the claim follows in this case.

Case 2: λ > 1
n
. Set

B(u) := λ
u

n
, B(u) :=

δ − 1

u
+
u

s
.
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Then B(u) is increasing. Also,

C ′(u) = −δ − 1

u2
+

1

s
≤ 0 (1 ≤ u ≤ n),

because s ≥ n2/(δ − 1). Hence C(u) is nonincreasing on [1, n].
The two curves B(u) and C(u) meet at the positive real number

u∗ =

√
δ − 1
λ
n
− 1

s

,

because the equation B(u) = C(u) is

λ
u

n
=
δ − 1

u
+
u

s
⇐⇒

(
λ

n
− 1

s

)
u2 = δ − 1.

Since B is increasing and C is nonincreasing, we have max1≤u≤nmin{B(u), C(u)} ≤ B(u∗).
Thus,

max
1≤u≤n

min

{
λ
u

n
,
δ − 1

u
+
u

s

}
≤ λ

u∗

n
.

Substituting the value of u∗, we obtain

λ
u∗

n
=
λ

n

√
δ − 1
λ
n
− 1

s

=

√
λ(δ − 1)

n
· 1√

1− n
λs

.

Since λ > 1/n, we have
n

λs
<
n2

s
=

1

c
.

Therefore

λ
u∗

n
≤
√
λ(δ − 1)

n
· 1√

1− 1
c

.

For c ≥ 2, we have 1/c ≤ 1/2, and

1√
1− x

≤ 1 + x (0 ≤ x ≤ 1/2).

Applying this with x = 1/c, we get

1√
1− 1

c

≤ 1 +
1

c
.

Hence

max
1≤u≤n

min

{
λ
u

n
,
δ − 1

u
+
u

s

}
≤
(
1 +

1

c

)√
λ(δ − 1)

n
.
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Combining this with the previous reduction, we obtain

ϵ ≤ λ
δ − 2

n
+

(
1 +

1

c

)√
λ(δ − 1)

n
,

as desired. ■

Now we get the following corollary for the asymptotic bound using Lemma 6.8.

Corollary 6.9. Let Q̃ be the folded QTB code from Theorem 6.5. If

s ≥ 2(r + δ − 1)2,

then Q̃ has distance at least

d ≥ q − 1

s

((
1− ℓ− 1

q − 1

)
r + 1

r + δ − 1
−
(
1 +

(r + δ − 1)2

s

)√
δ − 1

r + δ − 1

(
1− ℓ− 1

q − 1

))
.

Moreover, for every 0 < R < (r− δ+1)/(r+ δ−1), there exists an explicit family of QLRCs
of locality (r, δ), rate ≥ R, and relative distance at least(

1

2
− R

2
· r + δ − 1

r − δ + 1

)
r + 1

r + δ − 1
− 3

2

√
δ − 1

r + δ − 1

(
1

2
− R

2
· r + δ − 1

r − δ + 1

)
.

Proof. The first claim follows immediately from Lemma 6.8, since if s = c(r + δ − 1)2, then

1 +
1

c
= 1 +

(r + δ − 1)2

s
.

For the second claim, recall from (4.21) that

ℓ− 1

q − 1
=

1

2
− 1

2(q − 1)

(
1 + (1 + ϵ)

r + δ − 1

r − δ + 1

)
+
R

2
· r + δ − 1

r − δ + 1
.

Taking q →∞, we obtain

1− ℓ− 1

q − 1
=

1

2
− R

2
· r + δ − 1

r − δ + 1
.

Therefore the asymptotic relative distance is at least(
1− ℓ− 1

q − 1

)
r + 1

r + δ − 1
−
(
1 +

(r + δ − 1)2

s

)√
δ − 1

r + δ − 1

(
1− ℓ− 1

q − 1

)

=

(
1

2
− R

2
· r + δ − 1

r − δ + 1

)
r + 1

r + δ − 1
−
(
1 +

(r + δ − 1)2

s

)√
δ − 1

r + δ − 1

(
1

2
− R

2
· r + δ − 1

r − δ + 1

)
.

Since s ≥ 2(r + δ − 1)2, we have

1 +
(r + δ − 1)2

s
≤ 3

2
,

which yields the claimed bound. ■
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6.1.2 Composite-order distance relaxation

Using Corollary 2.30, we can relax the primality requirement on r + δ − 1 at the cost of a
slightly weaker bound. This will be particularly useful when we generalize the fQTB code
to its hierarchical analogue.

Corollary 6.10. Let Q̃ be the folded QTB code from Definition 6.1 with parameters q, r, δ, ℓ, s
and set n := r + δ − 1. Assume that n | (q − 1) and s | (q − 1)/n. Also assume that the
finite-field composite-order uncertainty principle from Corollary 2.30 holds for order n over
Fq.

For 1 ≤ m ≤ n, define

un(m) :=
n

d1d2
(d1 + d2 −m),

where d1 < d2 are consecutive divisors of n satisfying d1 ≤ m ≤ d2. Equivalently, un(m)
is Meshulam’s composite-order uncertainty lower bound for a polynomial with coefficient
support size at most m.

Let λ := 1− (ℓ− 1)/(q − 1). Then Q̃ has distance at least

d(Q̃) ≥ q − 1

s
(λ− ϵcomp) ,

where

ϵcomp = max
1≤mf≤n

min

{
λ

(
1− un(mf )

n

)
, max

max{1,mf−(δ−1)}≤mg≤mf

(
δ − 1

mg

+
mg − 1

s

)}
.

Proof. The proof is the same two-case argument as in Theorem 6.5, except that the prime-
order uncertainty principle, Corollary 2.31, is replaced by the composite-order uncertainty
principle, Corollary 2.30.

Fix ev(f) ∈ C \ C⊥ and write f = g + h where

g ∈ Fq[X][ℓ]\(S−∪S+), h ∈ Fq[X][q−1]∩S+ .

Let Mf = {i ∈ [r+ δ− 1] : ∃j ≡ i mod r+ δ− 1 with fj ̸= 0} and mf = |Mf | and similarly
define Mg and mg for g.

We first modify Case 1 of Theorem 6.5. For a coset αΩn ⊆ F∗
q, the restriction of f to

αΩn is represented by
f (mod Xn − αn),

a polynomial of degree < n whose coefficient support has size at most mf . Hence, by
the composite-order uncertainty principle, either ev(f)|αΩn = 0, or |ev(f)|αΩn ≥ un(mf ).
As in the proof of Theorem 6.5, since ev(f) /∈ C⊥, there is at least one residue class i ∈
Mf \ {1, . . . , δ − 1}. For this residue class, the coefficient of X i in f (mod Xn − αn) is a
polynomial in αn of degree at most (ℓ− 1)/n. Therefore this coefficient vanishes for at most
(ℓ − 1)/n cosets αΩn. Thus the number of cosets on which f does not vanish identically is
at least

q − 1

n
− ℓ− 1

n
=
q − 1

n

(
1− ℓ− 1

q − 1

)
=
q − 1

n
λ.
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Consequently,

|ev(f)| ≥ q − 1

n
λ · un(mf ).

Since folding can reduce Hamming weight by at most a factor of s, we get

|ẽv(f)| ≥ q − 1

s
λ
un(mf )

n
.

Equivalently, Case 1 gives

|ẽv(f)| ≥ q − 1

s

[
λ− λ

(
1− un(mf )

n

)]
.

Case 2, the determinant-polynomial argument in Theorem 6.5, is unchanged. It gives

|ẽv(f)| ≥ q − 1

s

(
λ− δ − 1

mg

− mg − 1

s

)
.

Thus for fixed mf , every codeword has folded weight at least

q − 1

s

(
λ−min

{
λ

(
1− un(mf )

n

)
, max

max{1,mf−(δ−1)}≤mg≤mf

(
δ − 1

mg

+
mg − 1

s

)})
.

Taking the worst case over 1 ≤ mf ≤ n gives the claimed expression for ϵcomp. ■

6.2 Folded Hierarchical Quantum Tamo–Barg Codes

We now fold the hierarchical quantum Tamo–Barg codes from Section 6.1. Let nl := rl+δl−1
for l = 1, . . . , h and assume nh | nh−1 | · · · | n1 | (q − 1). Let ωq−1 ∈ F∗

q be a generator.
We choose a folding parameter s | (q − 1)/n1. Since nl | n1 for every l, this also implies
s | (q − 1)/nl.

For i = 0, . . . , (q − 1)/s− 1, define the folded block

Fωis
q−1

:= {ωis
q−1, ω

is+1
q−1 , . . . , ω

is+s−1
q−1 }.

Equivalently, for x = ωb
q−1 ∈ F∗

q, let

Fx = {ω⌊b/s⌋s+j
q−1 : 0 ≤ j ≤ s− 1}.

Definition 6.11 (Folded Hierarchical Quantum Tamo–Barg code). Let Q = CSS(C,C)
be the h-level quantum Tamo–Barg code from Definition 5.1. The folded Hierarchical
Quantum Tamo–Barg (fHQTB) code is the CSS code Q̃ := CSS(C̃, C̃), where C̃ ⊆
(Fs

q)
(q−1)/s is obtained from C by grouping the coordinates indexed by each folded block

Fωis
q−1

into a single coordinate over the alphabet Fs
q.
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Folding preserves the rate, which we computed it in Lemma 5.4. We next check that the
folded code retains the hierarchical locality structure.

Lemma 6.12. Fix l ∈ {1, . . . , h}. Let αΩnl
be a coset of Ωnl

in F∗
q. Then every folded block

Fωis
q−1

intersects αΩnl
in at most one point.

Proof. Write
α = ωb

q−1, Ωnl
= ⟨ω(q−1)/nl

q−1 ⟩.

Thus

αΩnl
=

{
ω
b+t q−1

nl
q−1 : 0 ≤ t ≤ nl − 1

}
.

Suppose two distinct elements of this coset lie in the same folded block. Then for some
t1 ̸= t2 and some e1, e2 ∈ {0, . . . , s− 1},

b+ t1
q − 1

nl

≡ is+ e1 (mod q − 1),

and

b+ t2
q − 1

nl

≡ is+ e2 (mod q − 1).

Subtracting gives

(t1 − t2)
q − 1

nl

≡ e1 − e2 (mod q − 1).

Since s | (q − 1)/nl, the left-hand side is divisible by s. Hence e1 − e2 is divisible by s. But

−(s− 1) ≤ e1 − e2 ≤ s− 1,

so e1 = e2. Therefore

(t1 − t2)
q − 1

nl

≡ 0 (mod q − 1),

which implies
t1 ≡ t2 (mod nl).

Since 0 ≤ t1, t2 ≤ nl − 1, this forces t1 = t2, a contradiction. Thus the intersection has size
at most one. ■

Corollary 6.13. The folded h-level quantum Tamo–Barg code Q̃ from Definition 6.11 is an
h-level ((r1, δ1), . . . , (rh, δh))-QHLRC.

Proof. Let l ∈ {1, . . . , h}. For a coset αΩnl
, define the folded level-l repair group

R̃α,l := {Fx : x ∈ αΩnl
}.

By Lemma 6.12, the map x 7→ Fx is injective on αΩnl
. Therefore

|R̃α,l| = |αΩnl
| = nl = rl + δl − 1.



CHAPTER 6. FOLDING QUANTUM TAMO–BARG CODES 103

We now show that R̃α,l can correct δl − 1 erasures. Let the elements of αΩnl
be written

as
ω
b+t(q−1)/nl

q−1 , t = 0, . . . , nl − 1.

Because s | (q − 1)/nl, all these elements occur in folded blocks with the same internal
offset b mod s. More generally, for each internal offset e ∈ {0, . . . , s − 1}, the e-th scalar

components of the folded blocks in R̃α,l form a coset of Ωnl
.

By the unfolded hierarchical locality proved in Corollary 5.6, on each such coset there are
δl−1 independent local parity checks coming from C⊥, and any δl−1 erased scalar positions
in that coset can be recovered. Applying this scalar recovery independently to each of the s
internal offsets recovers all s components of any δl − 1 erased folded symbols in R̃α,l.

The nesting of the folded repair groups follows from the nesting Ωnh
⊆ · · · ⊆ Ωn1 and

the injectivity of the folding map on every level-l coset. Hence Q̃ is an ((r1, δ1), . . . , (rh, δh))
QHLRC. ■

We now prove a distance bound for folded hierarchical QTB codes. The proof is the
hierarchical analogue of the two-case argument for folded QTB codes. The first case uses the
composite-order uncertainty principle on top-level cosets, while the second case applies the
determinant-polynomial argument independently at each level of the hierarchy and retains
the strongest resulting bound.

For l = 1, . . . , h, set nl := rl + δl − 1, and assume nh | nh−1 | · · · | n1 | (q − 1). Let

S+ =
h⋃

l=1

Sl,+, S− =
h⋃

l=1

Sl,−.

For each level l, define the level-l positive residue set

Hl := {a ∈ [nl] : ∃e ∈ S+ such that e ≡ a (mod nl)}.

Equivalently,

Hl =
h⋃

u=1

{a ∈ [nl] : a ≡ ju (mod gcd(nl, nu)) for some 1 ≤ ju ≤ δu − 1} .

Since the nl’s form a divisibility chain, this set is easy to compute by reducing the hierarchical
positive-residue set S+ modulo nl. Set κl := |Hl|.

For 1 ≤ m ≤ n1, define

un1(m) :=
n1

d1d2
(d1 + d2 −m),

where d1 < d2 are consecutive divisors of n1 satisfying d1 ≤ m ≤ d2. This is the composite-
order uncertainty lower bound.
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Theorem 6.14 (Folded hierarchical QTB distance bound). Let Q̃ = CSS(C̃, C̃) be the
folded h-level QTB code from Definition 6.11. Assume that the finite-field composite-order
uncertainty principle from Corollary 2.30 holds for order n1 over Fq. Let

λ := 1− ℓ− 1

q − 1
.

For a nonzero codeword represented by f = g + P , define

Mf,1 := {a ∈ [n1] : ∃e ≡ a (mod n1) with fe ̸= 0},

and for each level l,

Mg,l := {a ∈ [nl] : ∃e ≡ a (mod nl) with ge ̸= 0}.

Write
mf,1 := |Mf,1|, mg,l := |Mg,l|.

Then every nonzero folded codeword satisfies

|ẽv(f)| ≥ q − 1

s

(
λ−min

{
λ

(
1− un1(mf,1)

n1

)
, min

1≤l≤h

(
κl
mg,l

+
mg,l − 1

s

)})
.

Consequently,

d(Q̃) ≥ q − 1

s
(λ− ϵhier) ,

where

ϵhier := max
feasible profiles

min

{
λ

(
1− un1(mf,1)

n1

)
, min

1≤l≤h

(
κl
mg,l

+
mg,l − 1

s

)}
.

Here “feasible profiles” means all tuples

(mf,1,mg,1, . . . ,mg,h)

arising from some nonzero f = g + P with ev(f) ∈ C \ C⊥ and

g ∈ Fq[X][ℓ]\(S−∪S+), P ∈ Fq[X][q−1]∩S+ .

Proof. Fix ẽv(f) ∈ C̃ \ C̃⊥, and let ev(f) ∈ C \C⊥ be the corresponding unfolded codeword.
Decompose

f(X) = g(X) + P (X),

where
g ∈ Fq[X][ℓ]\(S−∪S+), P ∈ Fq[X][q−1]∩S+ .

Since ev(P ) ∈ C⊥ and ev(f) /∈ C⊥, we have g ̸= 0. We prove two lower bounds for |ẽv(f)|.
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Case 1: the composite-order uncertainty bound. Consider a top-level coset αΩn1 ⊆
F∗
q. The restriction of f to this coset is represented by f (mod Xn1 − αn1), a polynomial of

degree < n1 with coefficient support size at mostmf,1. By Corollary 2.30, either ev(f)|αΩn1
=

0, or
|ev(f)|αΩn1

≥ un1(mf,1).

Next, we bound the number of top-level cosets on which f vanishes identically. Let

H1 = {a ∈ [n1] : ∃e ∈ S+ with e ≡ a (mod n1)}.

If Mf,1 ⊆ H1, then every exponent occurring in f lies in S+, because membership in H1

means that the entire congruence class modulo n1 is contained in S+. Hence ev(f) ∈ C⊥,
contradicting our assumption. Therefore there exists i ∈ Mf,1 \ H1. For this residue class,
the coefficient of X i in f (mod Xn1 − αn1) is∑

j

fi+n1j(α
n1)j.

Because i /∈ H1, no exponent congruent to i (mod n1) lies in S+. Thus these coefficients
come only from the [ℓ]-part of the code, and the above polynomial in αn1 has degree at
most(ℓ− 1)/n1. Consequently, it vanishes for at most (ℓ− 1)/n1 top-level cosets. Hence f is
nonzero on at least

q − 1

n1

− ℓ− 1

n1

=
q − 1

n1

λ

top-level cosets. Therefore,

|ev(f)| ≥ q − 1

n1

λun1(mf,1).

Since folding decreases Hamming weight by at most a factor of s,

|ẽv(f)| ≥ q − 1

s
λ
un1(mf,1)

n1

.

Equivalently,

|ẽv(f)| ≥ q − 1

s

[
λ− λ

(
1− un1(mf,1)

n1

)]
.

Case 2: determinant-polynomial bounds. We show that the determinant-polynomial
argument can be applied at every level l. Fix l ∈ {1, . . . , h}. Let ωl be a primitive nl-th root
of unity and let ωq−1 be a generator of F∗

q. Set ml := mg,l. Define

Ag,l(X) =
(
ω−i
l g(ω

i
lω

j
q−1X)

)
0≤i,j≤ml−1

,

and define Af,l(X) and AP,l similarly. Let Gl(X) := det(Ag,l(X)).
We first show that Gl(X) ̸= 0. Decompose g by residue classes modulo nl:

g(X) =
∑

a∈Mg,l

Xaga(X
nl).
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Then

Ag,l(X) =
∑

a∈Mg,l

(
ω
(a−1)i
l

)
0≤i≤ml−1

·

 ∑
e≡a (mod nl)

geX
e(ωej

q−1)0≤j≤ml−1

 .

The column vectors (
ω
(a−1)i
l

)
0≤i≤ml−1

, a ∈Mg,l,

form a Vandermonde matrix and are linearly independent. The corresponding row vectors
are also linearly independent over Fq[X]: a nontrivial relation would give, by taking the
highest-degree term in X, a nontrivial Vandermonde relation among

(ωej
q−1)0≤j≤ml−1

for distinct exponents e. Thus Ag,l(X) has full rank over Fq(X), and hence Gl(X) ̸= 0.
Moreover, degGl ≤ ml(ℓ− 1).

We now bound the number of roots of Gl. Fix x = ωb
q−1 ∈ F∗

q. If b mod s ∈ {0, . . . , s−ml},
then for each 0 ≤ i ≤ ml − 1, the points

ωi
lω

j
q−1x, j = 0, . . . ,ml − 1,

lie in the folded block Fωi
lx
. Define

Zx,l := {0 ≤ i ≤ ml − 1 : ẽv(f)F
ωi
l
x
= 0}.

For i ∈ Zx,l, the i-th row of
Af,l(x) := Ag,l(x) + AP,l(x)

is zero, where
AP,l(X) =

(
ω−i
l P (ω

i
lω

j
q−1X)

)
0≤i,j≤ml−1

.

Therefore, on the rows indexed by Zx,l,

Ag,l(x) = −AP,l(x).

We bound the rank of AP,l(x) restricted to the rows Zx,l. Fix a column j. The points

ωi
lω

j
q−1x, i ∈ Zx,l,

lie in the level-l coset ωj
q−1xΩnl

. Since the exponents of P lie in S+, their residues modulo nl

lie in Hl. Thus, on this coset, P is a linear combination of monomials ωa for a ∈ Hl where
ω ∈ Ωnl

. After the row scaling by ω−i
l , each column of the restricted matrix lies in the span

of the κl vectors
(ω

(a−1)i
l )i∈Zx,l

, a ∈ Hl.

Hence
rank

(
AP,l(x)|Zx,l, [ml]

)
≤ κl.
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It follows that
rankAg,l(x) ≤ ml − |Zx,l|+ κl.

By Lemma 6.4, Gl(X) has a root at X = x of multiplicity at least |Zx,l| − κl.
Summing over all x = ωb

q−1 ∈ F∗
q, and using the same folding-window count as in the

one-level folded proof, the total number of roots of Gl, counted with multiplicity, is at least

(q − 1)ml

(
1− |ẽv(f)| s

q − 1
− ml − 1

s
− κl
ml

)
.

Since Gl ̸= 0 and degGl ≤ ml(ℓ− 1), we obtain

(q − 1)ml

(
1− |ẽv(f)| s

q − 1
− ml − 1

s
− κl
ml

)
≤ ml(ℓ− 1).

Rearranging gives the level-l determinant bound

|ẽv(f)| ≥ q − 1

s

(
λ− κl

mg,l

− mg,l − 1

s

)
.

Since this holds for every level l = 1, . . . , h, we may keep the strongest of these determi-
nant bounds:

|ẽv(f)| ≥ q − 1

s

(
λ− min

1≤l≤h

[
κl
mg,l

+
mg,l − 1

s

])
.

Combining this with the uncertainty-case bound, we obtain

|ẽv(f)| ≥ q − 1

s

(
λ−min

{
λ

(
1− un1(mf,1)

n1

)
, min

1≤l≤h

(
κl
mg,l

+
mg,l − 1

s

)})
.

Finally, taking the worst case over all feasible profiles gives the stated lower bound. ■

Remark 6.15. When h = 1, we have H1 = {1, . . . , δ1 − 1}, so κ1 = δ1 − 1, and the theorem
recovers the composite-order folded QTB distance bound presented in Corollary 6.10. For
h > 1, each level l gives a valid determinant estimate, and the theorem keeps the best
one. This is a genuine multilevel generalization of the determinant case. Nevertheless, the
uncertainty case remains top-level because it is applied to restrictions of f on cosets of Ωn1 .
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Chapter 7

Decoding Quantum Tamo–Barg Codes

In this chapter, we present a classical decoding algorithm DecC to decode a (r, δ) Quantum
Tamo–Barg code Q = CSS(C,C) with parameters q, ℓ, r, δ as defined in Definition 4.1. Our
decoding algorithm DecC can efficiently correct up to e errors. The algorithm ListDecRS(q,ℓ)

used in Algorithm 1 decodes a Reed-Solomon code as stated in Theorem 2.19. Recall that

S± =
δ−1⋃
j=1

(±j + (r + δ − 1)Z)

and B⊥ = ev(Fq[X][q−1]∩S+) is the space of piecewise polynomials of degree at most δ − 1
and no constant term, as shown in Lemma 4.5. Let n := r + δ − 1. Define the sets
Γi = {0, . . . , δ − 2, i} for i ∈ {δ − 1, . . . , n − 1}. Also recall the polynomial Qi as used
in the proof of Theorem 4.12. The algorithm takes a corrupted codeword a as input and
outputs a closest codeword c′ ∈ C such that dis(c′ − a, C⊥) is less than e. The performance
of Algorithm 1 is summarized in Theorem 7.1.

Theorem 7.1. Let Q be the (r, δ) QTB code from Definition 4.1. If δ ≥ 3, assume char(Fq) ∤
Mr,δ or if δ = 2, assume r + 1 is prime. Then Q can be decoded from errors of weight < e
for

e =
q − 1

4

 1

δ − 1
+

r

r + δ − 1
−

√(
r

r + δ − 1
− 1

δ − 1

)2

+
4r

(δ − 1)(r + δ − 1)
· ℓ

q − 1


(7.1)

in (qO(δ) poly(r, q)) time.

Remark 7.2. The error bound e in Theorem 7.1 is slightly less than half the distance bound
in Theorem 4.12; one can see this by replacing ℓ with ℓ− 1 in the expression for e.

The following lemma helps prove that Algorithm 1 runs in polynomial-time. We show
that computing dis(ev(g)− a,B⊥) can be done efficiently. Let

⟨Y, . . . , Y δ−1⟩ =

{
P (Y ) | P (Y ) =

δ−1∑
j=1

yjY
j, yj ∈ Fq

}
.
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Algorithm 1: Classical decoding algorithm for a (r, δ) Quantum Tamo–Barg code
Q = CSS(C,C) with parameters q, ℓ, r, δ.

Input : Corrupted codeword a : F∗
q → Fq with dis(a, C) < e

Output: c′ ∈ C such that dis(c′ − a, C⊥) < e
Function DecC(a):
L ← ∅
for i ∈ {δ − 1, . . . , r + δ − 2} do

Fix ω ∈ Ωr+δ−1 and construct the Vandermonde matrix
Vi = [ω(j−1)γ]1≤j≤δ−1,γ∈Γi

and let vi = (vi,0, . . . , vi,δ−2, 1) be a nontrivial
vector such that Vivi = 0.
Define ai : F∗

q → Fq by ai(X) =
∑δ−2

t=0 vi,tω
−ta(ωtX) + ω−ia(ωiX)

Li ← ListDecRS(q,ℓ)(ai)
for gi(X) =

∑
j∈[ℓ] gi,jX

j ∈ Li do

if gi,j = 0 for every j ∈ S− ∪ S+ then

Add ev
(
g(X) :=

∑
j∈[ℓ]\(S−∪S+)Qi(ω

j−1)−1gi,jX
j
)
to L

return argminev(g)∈Ldis(ev(g)− a,B⊥)

Lemma 7.3. Let B⊥ = ev(Fq[X][q−1]∩S+) be as in Lemma 4.3. Given a function b : F∗
q → Fq,

the quantity dis(b, B⊥) can be computed by solving independent nearest-neighbor problems on
the cosets of Ωn, where n = r + δ − 1. More precisely,

dis(b, B⊥) =
∑
αΩn

(
n− max

P∈⟨Y,...,Y δ−1⟩
|{ω ∈ Ωn : b(αω) = P (ω)}|

)
.

In particular, by exhaustive search over the qδ−1 polynomials in ⟨Y, . . . , Y δ−1⟩, this can be
computed in time O

(
(q − 1)qδ−1δ

)
. Thus for fixed δ, the computation is polynomial in q.

Proof. By Lemma 4.5, a function lies in B⊥ if and only if, on every coset αΩn, it is represented
by a polynomial

Pα(Y ) ∈ ⟨Y, . . . , Y δ−1⟩.

Moreover, the choices of the polynomials Pα on distinct cosets are independent. Therefore
minimizing the Hamming distance to B⊥ separates over cosets:

dis(b, B⊥) =
∑
αΩn

min
P∈⟨Y,...,Y δ−1⟩

|{ω ∈ Ωn : b(αω) ̸= P (ω)}|.

For a fixed coset, this is equal to

n− max
P∈⟨Y,...,Y δ−1⟩

|{ω ∈ Ωn : b(αω) = P (ω)}|.

This proves the formula.
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For the runtime claim, the local space ⟨Y, . . . , Y δ−1⟩ has dimension δ − 1 over Fq, so it
contains qδ−1 polynomials. For each such polynomial, we can evaluate it on the n points
of Ωn and count agreements in time O(nδ). Since there are (q − 1)/n cosets, this gives the
stated runtime. ■

Proof of Theorem 7.1. Let Q = CSS(C,C) be the (r, δ) Quantum Tamo–Barg code with
parameters q, ℓ, r, δ. To show Algorithm 1 efficiently decodes Q, it is sufficient to show that
any input corrupted word a can be written as a = c+ b where c ∈ C and b : F∗

q → Fq is some
corruption of Hamming weight |b| < e, and outputs c′ ∈ C such that c′ − c ∈ C⊥.

Assume c = ev(f) is a codeword in C. Let n := r + δ − 1. Fix a coset αΩn ∈ F∗
q/Ωn.

Let Γi = {0, . . . , δ − 2, i} for i ∈ {δ − 1, . . . , r + δ − 2}. Construct the Vandermonde matrix
Vi = [ω(j−1)γ]1≤j≤δ−1,γ∈Γi

which has rank δ− 1 and let vi = (vi,0, . . . , vi,δ−2, 1) be a nontrivial
vector such that Vivi = 0.

For a given i ∈ {δ − 1, . . . , r + δ − 2}, we have

ai(x) =
δ−2∑
t=0

vi,tω
−ta(ωtx) + ω−ia(ωix)

equal to

ci(x) = fi(x) =
δ−2∑
t=0

vi,tω
−tf(ωtx) + ω−if(ωix)

at every point x for which ωγx ̸∈ supp(b) for all γ ∈ Γi. Within a given coset A := αΩn ∈
F∗
q/Ωn, the number of such points which are not in the support of b is ψ(|b|A) where

ψ(t) := (r − t)+(n− (δ − 1)t)+

as in Lemma 4.11. Indeed, let

NA := |{x ∈ A : x, ωx, . . . , ωδ−2x /∈ supp(b)}|.

Each error position in A can lie in at most δ−1 of the consecutive blocks {x, ωx, . . . , ωδ−2x},
so

NA ≥ (n− (δ − 1)|b|A)+.

For each such x, all |b|A errors lie among the remaining r possible positions indexed by
i ∈ {δ − 1, . . . , n − 1}. Hence at least (r − |b|A)+ choices of i remain valid. Therefore the
contribution of the coset A is at least

(r − |b|A)+(n− (δ − 1)|b|A)+ = ψ(|b|A).

The function ψ is convex on [0,∞). Hence Jensen’s inequality gives∑
A∈F∗

q/Ωn

ψ(|b|A) ≥
q − 1

n
ψ

(
n|b|
q − 1

)
.
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Since |b| < e, it follows that

ψ

(
n|b|
q − 1

)
≥ ψ

(
ne

q − 1

)
.

Therefore, ∑
A∈F∗

q/Ωn

ψ(|b|A) ≥
q − 1

n
ψ

(
ne

q − 1

)
.

We now justify that the argument of ψ remains in the nonzero decreasing range for the value
of e in (7.1). Set

η :=
1

δ − 1
, ξ :=

r

n
, µ :=

ℓ

q − 1
,

and
H(Y ) := η + ξ −

√
(ξ − η)2 + 4ηξY .

Then (7.1) says

e =
q − 1

4
H(µ).

Since H is decreasing in Y and 0 ≤ Y < 1, we have

H(µ) ≤ H(0) = η + ξ − |ξ − η| = 2min{η, ξ}.

Thus

e ≤ q − 1

2
min

{
1

δ − 1
,
r

n

}
.

Multiplying by n/(q − 1), we obtain

ne

q − 1
≤ 1

2
min

{n
a
, r
}
.

Therefore
ne

q − 1
< min

{n
a
, r
}
,

so ne
q−1

lies in the nonzero range of ψ. Therefore,

q − 1

n
ψ

(
ne

q − 1

)
=

(δ − 1)n

q − 1

(
r(q − 1)

n
− e
)2

− ((r − 1)(δ − 1)− r)
(
r(q − 1)

n
− e
)
.

Averaging over all i ∈ {δ − 1, . . . , r + δ − 2}, there must be some i such that

|{x ∈ F∗
q : ai(x) = fi(x)}|

≥ (δ − 1)n

r(q − 1)

(
r(q − 1)

n
− e
)2

− ((r − 1)(δ − 1)− r)
r

(
r(q − 1)

n
− e
)
. (7.2)

Recall that by Lemma 4.3, since C = ev(Fq[X]S) for

S = ([ℓ] \ S−) ∪ ([q − 1] ∩ S+)
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we may write f(X) = g(X)+h(X) where g(X) ∈ Fq[X][ℓ]\(S−∪S+) and h(X) ∈ Fq[X][q−1]∩S+ .
Define gi, hi analogously to fi so fi = gi + hi. Consider the polynomial

Qi(Y ) =
δ−2∑
t=0

vi,tY
t + Y i.

By construction, Qi(ω
γ) = 0 for γ = 0, . . . , δ − 2. For a coset element x ∈ αΩn,

δ−2∑
t=0

vi,tω
−t(ωtx)j + ω−i(ωix)j = xj

(
δ−2∑
t=0

vi,tω
(j−1)t + ω(j−1)i

)
= xjQi(ω

j−1) = 0

for j = 1, . . . , δ − 1. It follows that

hi(x) =
δ−2∑
t=0

vi,tω
−th(ωtx) + ω−ih(ωix) = 0

for all x ∈ F∗
q so fi = gi. Therefore, (7.2) is equivalent to

|{x ∈ F∗
q : ai(x) = gi(x)}|

≥ (δ − 1)n

r(q − 1)

(
r(q − 1)

n
− e
)2

− ((r − 1)(δ − 1)− r)
r

(
r(q − 1)

n
− e
)
. (7.3)

The coefficients of gi are given by

gi,j = Qi(ω
j−1)gj

so g and gi have coefficients of the same support by Corollary 4.9. In particular, deg gi =
deg g < ℓ so ev(gi) ∈ RS(q, ℓ) is a Reed-Solomon codeword. Therefore, (7.3) says ai =
ev(gi) + bi is a corrupted Reed-Solomon codeword with

|bi| = q − 1− |{x ∈ F∗
q : ai(x) = gi(x)}|

≤ q − 1− (δ − 1)n

r(q − 1)

(
r(q − 1)

n
− e
)2

− ((r − 1)(δ − 1)− r)
r

(
r(q − 1)

n
− e
)

= (q − 1)

(
1− (δ − 1)n

r

(
r

n
− e

q − 1

)2

+
((r − 1)(δ − 1)− r)

r

(
r

n
− e

q − 1

))

By Theorem 2.19, the output of running ListDecRS(q,ℓ)(ai) is a list containing ev(gi) as
long as

1− (δ − 1)n

r

(
r

n
− e

q − 1

)2

+
((r − 1)(δ − 1)− r)

r

(
r

n
− e

q − 1

)
< 1−

√
ℓ

q − 1



CHAPTER 7. DECODING QUANTUM TAMO–BARG CODES 113

which simplifies to needing

e <
q − 1

2

 1

δ − 1
+
r

n
−

√√√√( r
n
− 1

δ − 1

)2

+
4r

(δ − 1)n
·

√
ℓ

q − 1

 . (7.4)

Let

η =
1

δ − 1
, ξ =

r

n
, µ =

ℓ

q − 1
,

and
H(Y ) = η + ξ −

√
(ξ − η)2 + 4ηξY .

Substituting the variables, by the assumption of (7.1) on e, (7.4) holds if we can show that
H(µ) < 2H(

√
µ). Since 0 ≤ µ < 1, letting F (Y ) = 2H(Y ) − H(Y 2), it suffices to show

F (Y ) > 0 for 0 ≤ Y < 1. Differentiating,

F ′(Y ) = − 4ηξ√
(ξ − η)2 + 4ηξY

+
4ηξY√

(ξ − η)2 + 4ηξY 2

and F ′(Y ) < 0 is equivalent to

Y√
(ξ − η)2 + 4ηξY 2

<
1√

(ξ − η)2 + 4ηξY
⇐⇒ (1− Y 2)(ξ − η)2 + 4ηξY 2(1− Y ) > 0

which is true for 0 ≤ Y < 1. Hence, F is decreasing on [0, 1) and F (1) = 0 so F > 0 on
[0, 1).

Therefore, Li in Algorithm 1 will contain gi and after iteration i, L will contain ev(g). If
Algorithm 1 outputs ev(g′) ∈ L, then g′ ∈ Fq[X][ℓ]\(S−∪S+) and

dis(ev(g′)− a,B⊥) ≤ dis(ev(g)− a,B⊥) ≤ |ev(g + h)− a| = |ev(f)− a| = |b| < e.

Since B⊥ ⊆ C⊥, we have dis(ev(g) − a, C⊥) < e and dis(ev(g′) − a, C⊥) < e so dis(ev(g) −
ev(g′), C⊥) < 2e. By definition of e and Theorem 4.12, Q has distance minc∈C\C⊥ |c| ≥ 2e
so ev(g)− ev(g′) ∈ C⊥. Thus, DecC(a) outputs some ev(g′) ∈ ev(g) + C⊥, as desired.

The calls to ListDecRS(q,ℓ) run in qO(1) time. Lemma 7.3 implies the last line of Algorithm 1
runs in O(|L| · (q − 1)qδ−1δ) = (qO(δ) poly(r, q)) time. The rest of Algorithm 1 also runs in
(qO(δ) poly(r, q)) time so the entire decoding procedure takes (qO(δ) poly(r, q)) time. ■

Remark 7.4. The decoding algorithm in Algorithm 1 efficiently decodes (r, δ) Quantum
Tamo–Barg (QTB) codes. Moreover, extending Algorithm 1 similarly to [14, Algorithm
2], we can obtain a decoding algorithm for the folded quantum Tamo–Barg codes presented
in Section 6.1.
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Appendix A

Code Files

Below is the SageMath code used for the computations in Example 4. The first script is
to compute the resultant product and the second script is to compute the dimension and
distance.

1 # SageMath code for computing M_{r,delta}

2 # M_{r,delta} = product_{m=0}^{r-1} product_{s=delta -1}^{n-1}

3 # Res(A_{m,s}(X), Phi_n(X)),

4 # where A_{m,s}(X) = h_m(1, X, X^2, ..., X^{delta -2}, X^s).

5

6 def complete_homogeneous_specialization(m, exponents):

7 """

8 Return h_m(X^e for e in exponents) as a polynomial in ZZ[X].

9

10 The generating function is

11 sum_{m >= 0} h_m T^m = product_{e in exponents} 1/(1 - X^e T).

12

13 We compute the coefficient of T^m by dynamic programming.

14 """

15 R.<X> = PolynomialRing(ZZ)

16

17 # coeffs[j] will store the coefficient of T^j

18 coeffs = [R(0)] * (m + 1)

19 coeffs [0] = R(1)

20

21 for e in exponents:

22 new_coeffs = [R(0)] * (m + 1)

23

24 # multiply by 1 + X^e T + X^{2e} T^2 + ... + X^{me} T^m

25 for old_deg in range(m + 1):

26 if coeffs[old_deg] == 0:

27 continue

28 for add_deg in range(m - old_deg + 1):



APPENDIX A. CODE FILES 119

29 new_coeffs[old_deg + add_deg] += coeffs[old_deg] * X^(e * add_deg)

30

31 coeffs = new_coeffs

32

33 return coeffs[m]

34

35

36 def A_m_s_poly(r, delta , m, s):

37 """

38 Construct A_{m,s}(X) = h_m(1, X, ..., X^{delta -2}, X^s).

39 """

40 exponents = list(range(delta - 1)) + [s]

41 return complete_homogeneous_specialization(m, exponents)

42

43

44 def M_r_delta(r, delta , verbose=False):

45 """

46 Compute M_{r,delta} and return:

47 M_abs: absolute value of the product of resultants

48 factors: prime factorization of M_abs

49 data: list of ((m,s), resultant , factorization)

50 """

51 R.<X> = PolynomialRing(ZZ)

52

53 n = r + delta - 1

54 Phi = cyclotomic_polynomial(n, var=X)

55

56 M = ZZ(1)

57 data = []

58

59 for m in range(r):

60 for s in range(delta - 1, n):

61 A = A_m_s_poly(r, delta , m, s)

62 Res = A.resultant(Phi)

63 Res_abs = abs(ZZ(Res))

64

65 M *= Res_abs

66 data.append (((m, s), Res , factor(Res_abs)))

67

68 if verbose and Res_abs != 1:

69 print(f"(m,s)=({m},{s}), Res={Res}, factor ={ factor(Res_abs)}")

70

71 M_abs = abs(ZZ(M))

72 return M_abs , factor(M_abs), data

73
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74

75 # Compute the two examples:

76 M43 , fac43 , data43 = M_r_delta (4, 3, verbose=True)

77 print("M_{4,3} =", M43)

78 print("factor(M_{4 ,3}) =", fac43)

79 print("bad characteristics for (r,delta)=(4,3):", sorted ([p for p,

e in fac43 ]))

80

81 print ()

82

83 M94 , fac94 , data94 = M_r_delta (9, 4, verbose=True)

84 print("M_{9,4} =", M94)

85 print("factor(M_{9 ,4}) =", fac94)

86 print("bad characteristics for (r,delta)=(9,4):", sorted ([p for p,

e in fac94 ]))

Listing A.1: SageMath code for the resultant product computation

1 # SageMath code for

Example ~\ref{ex:two_level_qtb_vs_one_level_true_distance}

2

3 q = 25

4 F.<a> = GF(q)

5 gamma = F.multiplicative_generator ()

6 N = q - 1

7

8 # We use exponents in {0,...,q-2}.

9 # The coordinate ordering is gamma^0, gamma^1, ..., gamma ^{q-2}.

10

11 def plus_set(n, delta):

12 return {

13 e for e in range(N)

14 if any(e % n == j % n for j in range(1, delta))

15 }

16

17 def minus_set(n, delta):

18 return {

19 e for e in range(N)

20 if any(e % n == (-j) % n for j in range(1, delta))

21 }

22

23 def support_one_level(ell):

24 """

25 One -level QTB support sets with (r,delta)=(9,4), so n=12.

26 """

27 n1 , delta1 = 12, 4
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28 Splus = plus_set(n1, delta1)

29 Sminus = minus_set(n1, delta1)

30

31 S = (set(range(ell)) - Sminus) | Splus

32 T = ((set(range(q - ell)) - {0}) - Sminus) | Splus

33

34 return sorted(S), sorted(T)

35

36 def support_two_level(ell):

37 """

38 Two -level hierarchical QTB support sets with

39 (r_1 ,delta_1)=(9,4), n_1=12,

40 (r_2 ,delta_2)=(4,3), n_2=6.

41 """

42 n1 , delta1 = 12, 4

43 n2 , delta2 = 6, 3

44

45 Splus = plus_set(n1, delta1) | plus_set(n2, delta2)

46 Sminus = minus_set(n1, delta1) | minus_set(n2, delta2)

47

48 S = (set(range(ell)) - Sminus) | Splus

49 T = ((set(range(q - ell)) - {0}) - Sminus) | Splus

50

51 return sorted(S), sorted(T)

52

53 def eval_matrix(exponents):

54 """

55 Generator matrix for ev(F_q[X]^ exponents) evaluated on F_q^*.

56 Rows are exponent evaluation vectors.

57 """

58 return Matrix(F, [

59 [( gamma^k)^e for k in range(N)]

60 for e in exponents

61 ])

62

63 def css_distance(S, T, assume_cyclic=True):

64 """

65 Computes the exact CSS distance for CSS(C,C), where

66 C = ev(F_q[X]^S) and C^perp = ev(F_q[X]^T).

67

68 We use the shortened -support criterion:

69 d = min |U| such that

70 dim(C cap F_q^U) > dim(C^perp cap F_q^U).

71

72 Since C = (C^perp)^perp , a generator matrix for C^perp
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73 is a parity -check matrix for C. Thus

74 dim(C cap F_q^U) = |U| - rank(H_U),

75 where H is a generator matrix for C^perp.

76

77 Also

78 dim(C^perp cap F_q^U)

79 = dim(C^perp) - rank(G_{C^perp ,U^c}).

80

81 The code is cyclic , so when assume_cyclic=True we only search

82 supports U containing coordinate 0.

83 """

84 H = eval_matrix(T)

85 dim_D = H.rank()

86 coords = list(range(N))

87

88 for wt in range(1, N + 1):

89 if assume_cyclic:

90 iterator = Subsets(coords [1:], wt - 1)

91 else:

92 iterator = Subsets(coords , wt)

93

94 for tail in iterator:

95 if assume_cyclic:

96 U = set ([0]) | set(tail)

97 else:

98 U = set(tail)

99

100 U = sorted(U)

101 Uc = [i for i in coords if i not in U]

102

103 H_U = H.matrix_from_columns(U)

104 H_Uc = H.matrix_from_columns(Uc)

105

106 dim_C_shortened = wt - H_U.rank()

107 dim_D_shortened = dim_D - H_Uc.rank()

108

109 if dim_C_shortened > dim_D_shortened:

110 return wt, U

111

112 return None , None

113

114 print("ell | k_one | d_one | k_hier | d_hier")

115 print("--------------------------------------")

116

117 for ell in range (13, 25):
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118 S1, T1 = support_one_level(ell)

119 Sh, Th = support_two_level(ell)

120

121 k_one = len(S1) - len(T1)

122 k_hier = len(Sh) - len(Th)

123

124 d_one , U_one = css_distance(S1, T1)

125 d_hier , U_hier = css_distance(Sh, Th)

126

127 print(f"{ell:2d} | {k_one :5d} | {d_one :5d} | {k_hier :6d} |

{d_hier :6d}")

Listing A.2: SageMath code for the exact-distance computation
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