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Abstract
Quantum Hierarchical Locally Recoverable Codes
by
Pranav Trivedi
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Venkatesan Guruswami, Chair

Quantum locally recoverable codes (QLRCs) have recently gained attention as a framework
for achieving efficient quantum storage with local recovery capabilities. Analogous to their
classical counterparts, QLRCs allow a lost qudit to be reconstructed using only a small subset
of other qudits, thereby reducing the resource and operational overhead in recovery. In this
work, we extend the study of QLRCs by considering (r,d) QLRCs characterized by locality
parameter r and local distance § > 2. We present constructions of both random and explicit
(r,0) QLRCs, including explicit families based on the quantum Tamo—Barg construction.
We also present an efficient decoding algorithm for these quantum Tamo-Barg codes.

Furthermore, we introduce quantum hierarchical locally recoverable codes (QHLRCs), which
extend local recovery to multiple hierarchical levels. For any integer h > 2, we construct
both random and explicit h-level QHLRCs—the latter being h-level quantum Tamo—Barg
codes—and establish a Singleton-like bound for these codes using a CSS framework built from
dual-containing classical codes. These results advance the theoretical foundations of quantum
erasure recovery and contribute to the design of efficient quantum storage architectures.
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Chapter 1

Introduction

Erasure recovery plays a central role in maintaining data reliability in classical storage sys-
tems, particularly those that are distributed across multiple physical locations or devices.
In such systems, data loss can occur due to node failures, hardware errors, or network
disruptions. To mitigate these failures, erasure codes are widely employed, enabling the
reconstruction of lost data from the remaining intact portions. As the size and complexity
of distributed systems grow, so does the need for codes that can efficiently recover data with
minimal redundancy and computational overhead.

Extending these concepts to quantum systems is essential for developing robust quantum
memories—an indispensable component of large-scale quantum computing and quantum
communication networks. Quantum memories must not only preserve fragile quantum in-
formation over time but also allow recovery from physical qubit losses, known as erasures.
Consequently, understanding and adapting erasure recovery mechanisms to the quantum
setting is a foundational step toward fault-tolerant quantum information processing.

Classically, erasure recovery operates under the assumption that the location of erased
symbols is known to the decoder. This is a critical simplification: once the erased positions
are identified, the remaining symbols and parity constraints can be used to reconstruct the
missing information efficiently. The same principle applies to quantum erasure recovery,
where it is assumed that the locations of the lost qubits are known to the recovery oper-
ation. In both classical [5] and quantum [16, 17] contexts, it has been demonstrated that
erasures are inherently easier to recover than general errors, since the decoder does not need
to infer where errors have occurred. Furthermore, recent experiments have shown that de-
tected errors can be converted into erasures in certain physical implementations of quantum
hardware. This conversion has been demonstrated in neutral-atom systems [17, 37| and
superconducting qubit architectures [35], making erasure-based quantum recovery schemes
particularly practical and appealing.

In the classical regime, locally recoverable codes (LRCs), introduced in [15], have emerged
as a particularly effective solution for efficient erasure recovery. The central idea behind LRCs
is locality: each symbol of a codeword can be recovered by accessing only a small subset of
other symbols, rather than the entire codeword. Formally, an (n,k,r) LRC over the finite
field I, encodes a message of k£ symbols into a codeword of length n such that each codeword
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symbol has a recovery set of at most r other symbols. The parameter r thus captures the
locality of the code, representing the size of the largest subset needed for recovery. Typically,
1 <r <k, and smaller r values indicate more efficient local recovery. Such local recovery is
critical in distributed storage for efficient repair of a failed server, which is highly common.
At the same time, we want the LRCs to have good (ideally near-optimal) distance, subject
to the locality constraints, so that we have fault-tolerance to a larger number of failures
(erasures) in the worst-case.

The notion of locality can be further generalized by introducing the (r, §)-LRC [24], which
enhances fault tolerance within each recovery group. In an (r,§)-LRC, each local group can
correct up to & — 1 erasures, allowing the system to recover even when multiple erasures
occur within a single locality group. This generalization strikes a balance between local
redundancy and global robustness, providing a flexible framework for erasure recovery in
large-scale distributed storage systems.

Explicit constructions achieving optimal trade-offs between distance and locality have
been provided by Tamo and Barg [33], whose families of LRCs meet the Singleton-like
bound for local recoverability [15]. Ballentine, Barg, and Vladut [1] further demonstrated
that these constructions naturally extend to the hierarchical setting.

Building upon these classical developments, quantum locally recoverable codes (QLRCs)
were introduced by Golowich and Guruswami [14] to explore the notion of locality in the
context of quantum error correction. QLRCs are designed so that lost or corrupted qudits
can be recovered using only a small subset of other qudits, preserving the quantum analog
of locality.

Subsequent research has expanded on the theory of QLRCs, including [2, 8, 9, 10, 25, 26,
27, 31, 38]. In this work, we focus on the (r,§)-QLRCs as defined in [10]. Our contributions
extend the random QLRC and (folded) quantum Tamo-Barg constructions introduced in [14]
to the general (r,0) setting. The folded variant of the explicit constructions improves the
asymptotic rate and distance trade-off when compared to the unfolded explicit construction.
While proving that our constructions indeed give (r,0) QLRCs, computing the dimension
and locality parameters for these codes was straightforward, but computing a bound on the
minimum distance (Theorem 4.12) of these codes required manipulating the more general
parameters of (r,d). Subsequently, the distance proofs are more involved than in [14], but
the constructions in [14] still arise as a special case of our framework when § = 2.

Analogous to their classical counterparts, we generalize QLRCs to quantum hierarchical
locally recoverable codes (QHLRCs), characterized by a hierarchy of locality and distance
parameters ((r1,01), ..., (rp, 0)) for b > 2. QHLRCs inherit the multi-tier recovery structure
of HLRCs, enabling both efficient local recovery and robust multi-erasure correction. We
propose a random construction of QHLRCs (Section 3.3), along with a Singleton-like bound
on their minimum distance, extending the trade-off relations known for classical codes to the
quantum domain. Furthermore, we present an explicit construction of quantum hierarchical
Tamo-Barg codes (Chapter 5), which naturally generalize the (r,d)-Quantum Tamo-Barg
codes while introducing a hierarchical recovery structure. Finally, we also develop an efficient
decoding algorithm for the quantum Tamo—-Barg codes.

This unified framework bridges the gap between locality-based code design in classical and
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quantum settings. By generalizing locality and hierarchical recovery to quantum codes, our
constructions introduce new techniques which will prove useful towards developing scalable,
efficient, and fault-tolerant quantum storage and computation systems capable of addressing
reliability challenges in quantum technologies. It should be noted that not all notions related
to classical locality extend to the quantum setting. One such notion is that of availability,
as shown in [14, Theorem 9]. Hence, hierarchy is the natural generalization of locality in the
quantum setting.

1.1 Contributions of the Dissertation

The main contributions of this dissertation are as follows.

1.1.1 Quantum Locally Recoverable Codes

QLRCs were previously defined only for 6 = 2 in the work of Golowich-Guruswami [14]. We
generalize the definition to arbitrary § > 2, formalize the recovery guarantees, and show how
to impose (r,d) locality constraints within the CSS framework. We give both randomized
and explicit constructions and discuss their optimality.

1.1.2 Quantum Hierarchical Locally Recoverable Codes

We define and construct the first quantum analogues of hierarchical LRCs, enabling multiple
layers of locality with nested repair groups. These constructions extend both the combina-
torial and operational intuition of classical HLRCs into the quantum setting. We provide
randomized constructions and explicit constructions based on evaluation polynomials and
analyze their optimality.

1.1.3 Folded Quantum Tamo—Barg codes.

We modify the explicit QLRC construction via a common technique known as folding and
derive new trade-offs for the rate and distance.

1.1.4 Decoding Quantum Tamo—Barg codes.

We present a polynomial-time decoding algorithm for quantum Tamo—Barg codes that cor-
rect arbitrary errors up to half the distance, which is optimal in the unique-decoding sense.

1.2 Organization of the Dissertation

Chapter 2 establishes background material: finite fields, polynomials, linear codes, distance
and rate, puncturing and shortening, classical LRCs and Tamo—Barg codes, and quantum
CSS codes. Chapter 3 introduces (r,d) quantum LRCs, defines quantum hierarchical LRCs
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and constructs randomized QLRCs and QHLRCs. Chapters 4 and 5 present explicit con-
structions of QLRCs and QHLRCs, respectively, inspired by Tamo-Barg codes. Chapter 6
develops folded quantum Tamo-Barg codes which achieve better asymptotic rate-distance
trade-offs than the unfolded counterpart. Chapter 7 presents a polynomial time decoding
algorithm for the quantum Tamo—Barg codes that corrects errors up to half the distance of
the code.



Chapter 2

Preliminaries

In this chapter we collect the background material needed for the rest of the dissertation.
We begin with basic notions from classical coding theory such as linear codes, rate, and
distance, and recall standard bounds and examples like Reed—Solomon codes. We then
discuss locally recoverable codes (LRCs) and the Tamo-Barg construction, since these are
the classical prototypes underlying our quantum locally recoverable code constructions. We
review stabilizer and CSS quantum codes, and the operations of puncturing and shortening
that will appear repeatedly in later chapters. Lastly, we present some material on field
theory, algebraic number theory, and uncertainty principles.

We fix some notation that will be used throughout the dissertation. Given a positive
integer t, [t] := {0,1,...,t — 1}. We write Z, Q, and C for the integers, rational numbers,
and complex numbers, respectively. If p is a prime, we write F,, for the finite field with p
elements. We write F, for the finite field where ¢ = p™ is a power of some prime p and
positive integer m. Let Fy denote the n-dimensional vector space over the field F,. Let F
denote the set of nonzero elements of F,. The set of m x n matrices with entries in [F, is
denoted by F;**". The entry in the i row and j" column of a matrix A € F}"™" is denoted

2.1 Classical codes and basic parameters

We begin by recalling the standard definition of a (classical) code and its basic parameters.

Definition 2.1. Let X be a finite alphabet. A code C of block length n over ¥ is a subset
C C 3", Elements of C' are called codewords.

In this dissertation we will work only over finite fields, so the alphabet ¥ will be I, for
some prime power q.

Definition 2.2 (Linear code). A linear code C' of block length n over I, is a linear subspace
C CF.
="q
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The dimension of C is k := dimg, C' and the rate of C' is R(C) = k/n. In many
applications, a codeword ¢ € C' C Fy is transmitted over a noisy channel and the received
word y € (F, U {?})" may differ from ¢. We distinguish between two types of corruptions.

e An error at position ¢ occurs when the symbol ¢; is altered to an unknown value in F,.

e An erasure at position ¢ occurs when the symbol ¢; is lost entirely and its location is
known to the decoder; we denote erasures by the symbol ?.

The support of an error or erasure pattern is the set of corrupted coordinates. Errors are
adversarial in value, whereas erasures reveal their locations. For z,y € Fy, the Hamming
distance between x and y is

du(,y) =i € [n] - 2; # yi}].
The Hamming weight of a vector x € Fy; is wy () := du(x,0).

Definition 2.3 (Minimum distance, relative distance). The minimum distance of a code
CC [Fy is
d(C) := min d = mi .
(©) xrry%% w(wy) = min wy(z)
T7FY

The relative distance is 6(C) := d(C')/n.

If C has block length n, dimension k, and minimum distance d, we say C'is an [n, k, d,
code (or simply [n, k, d] if the field size is understood).
The minimum distance of a code governs its error- and erasure-correcting capabilities.

Proposition 2.4. Let C C Fy be a code with minimum distance d.
1. C can uniquely correct up to |(d —1)/2]| errors.
2. C can uniquely correct up to d — 1 erasures.

3. More generally, C' can uniquely correct any pattern of t errors and e erasures satisfying

2t + e < d.

Proof sketch. If two distinct codewords differ in at least d positions, then they cannot both
agree with the received word outside a set of size 2t + e < d. In the erasure-only case,
uniqueness follows since at most one codeword can agree with the received symbols on
n — (d — 1) known positions. |

Thus, the minimum distance quantifies the global resilience of a code against symbol
corruptions. In later sections, we will be interested not only in global correction guarantees,
but also in the ability to correct erasures using local subsets of coordinates, leading to the
notion of locally recoverable codes.
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The dual of linear code C'is C* = {c € F} | ¢- 2 = 0,Yz € C}. In other words, it is the
orthogonal complement of C'

We will usually be interested in families of codes of growing block length. A family
C = {C,} consists of codes C,, C Fy with n — co. The rate and relative distance of the
family are defined by

log, |C,, :
RC) = timinf 2219 50y =t W)

n—o0 n n—o0 n

We say that C is asymptotically good if R(C) > 0 and 6(C) > 0.

Example 1. One simple class of codes is the repetition code. For any positive integer r, the
r-repetition code maps IF’; to F;k by repeating each vector component r times. This gives
a family of codes which is defined for any block length n;, a multiple of r. The rate of this
family of codes is 1/r and the relative distance is r/n. For a fixed r, as n — oo, the relative
distance tends to 0 so the code family is not asymptotically good. However, as we increase
r, the rate will decrease and the relative distance increases.

The repetition code exhibits one of the most fundamental phenomenons of error correcting
codes: the rate and distance tradeoff. A classical upper bound on the achievable tradeoff
between rate and distance is the Singleton bound.

Theorem 2.5 (Singleton bound). Let C' be a g-ary code of block length n and minimum
distance d. Then
|O‘ < qn—d—i-l.

In particular, if C' is linear of dimension k, then k <n —d+1, i.e.,

1

R(C) < 1-46(C)+ —.

n
Proof sketch. Any two distinct codewords must disagree in at least d coordinates, so they
cannot agree on any fixed set of n — d + 1 coordinates. Thus each codeword is uniquely
determined by its first n — d 4+ 1 symbols, giving at most ¢" 4! codewords in total. [

Codes that meet the Singleton bound with equality (i.e. with £ = n — d + 1) are called
Maximum Distance Separable (MDS).

2.2 Polynomial evaluation and Reed—Solomon codes

Many of the codes we consider—both classical and quantum—are based on evaluation of
low-degree polynomials over finite fields. We briefly recall this perspective here.
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Evaluation codes
Let F,[X] denote the polynomial ring in one variable X over the field F,,.

Definition 2.6 (Evaluation code). Fix a subset S C N and let

F,[X]° = {ZaiXi | a; € Fq}

€S

denote the |S|-dimensional subspace of IF,[X] consisting of polynomials with zero coefficients
for all monomials X* with ¢ € S. Define the polynomial evaluation map at a set E C F, as

evy : F [X]° — IFLE‘

by ev(f) = (f(2))zer. The image of evg(F,[X]®) is a linear code with alphabet size g, block
length |E|, and dimension |S].

Note that for the code to be nontrivial, ¢ and F must be large enough so that ¢ > |E| >
S| Some common choices for £ are F, or F}. From now on if E is not specified, we assume
E =T,

Perhaps the most well-known polynomial evaluation code is the Reed-Solomon code. Let
E = {ay,...,a,} be distinct points in F, and let S = {0,...,k — 1}. The Reed-Solomon
code is the polynomial evaluation code C' = evg(F,[X]%). By definition, C' has dimension k
and block length n over an alphabet of size q. We now show that Reed-Solomon codes are

MDS.

Lemma 2.7. Let C = evp(F,[X]%) be the Reed-Solomon code as described above. Then C
is an [n, k,n — k + 1], linear code.

Proof. Linearity and dimC' = k are immediate. For distance, if 0 # f € F,[X] with
deg f < k, then f has at most £ —1 zeros in F,. Thus its evaluation vector can have at most
k—1 zeros among the n coordinates, so the Hamming weight is at least n—(k—1) = n—k+1.
This shows d(C') > n — k + 1, and the Singleton bound implies equality. [ |

These Reed-Solomon codes will serve as a conceptual starting point for Tamo-Barg codes
and their quantum analogues in later chapters.

Puncturing and shortening

Before describing Tamo—Barg codes, we introduce two standard operations on codes that
will be used throughout this dissertation: puncturing and shortening.

Definition 2.8 (Puncturing). Let C' C F and let I C [n] be a set of coordinates. The

puncturing of C' on I, denoted as m;(C) or C|y, is the code in IFL” obtained by restricting
each codeword to the coordinates in I:

Clr:=A{(¢i)ier : c € C}.
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Puncturing simply deletes coordinates but does not impose any additional linear con-
straints. Additionally, puncturing a code can only decrease the distance. In contrast, short-
ening first restricts to codewords that have zeros at certain coordinates and then punctures
them. Consequently, the shortening of a code can only increase the distance.

Definition 2.9 (Shortening). Let C' C Fy and let I C [n]. The shortening of C on I,
denoted o7(C) or C1, is defined by

Cl:={(¢;)ics :c€C, c;j=0forall j & I}.

If C is linear, both 7;(C) and o;(C) are linear. Furthermore, a well-known fact is

71(C)t = o7(CF) (see [21]) and by definition o;(C) C 7;(C).

2.3 Locally recoverable codes and Tamo—Barg
construction

We now turn to locality. In many storage and communication systems one wishes not only
to correct a large number of errors globally, but also to repair individual erased symbols
by accessing only a small local subset of other symbols. This leads to the notion of locally
recoverable codes (LRCs).

Locality and (r,d)-locality

The original notion of locality required that each coordinate can be recovered from at most
r other coordinates.

Definition 2.10. A code C' C Fy has locality r if, for every coordinate i € [n], there exists

a subset R; C [n] such that i € R; and |R;| < r+ 1 and a recovery function ¢; : Ffi\{i} — F,
such that, for every codeword ¢ € C,

ci = ¢ ((¢)jeriiiy) -
The set R; is called a repair set for coordinate 4.

In the presence of multiple erasures within the same repair set, it is useful to have
several linearly independent local parity checks, each supported on a slightly larger set. This
motivates the (r, d)-locality notion.

Definition 2.11. Let 0 > 2 be an integer. A linear code C' C F} has (r,d)-locality if for
every coordinate i € [n] there exists a subset R; C [n] with ¢ € R; and |R;| <7+ 6 — 1 such
that the punctured code C|g, has minimum distance at least 6. Equivalently, the restriction
C|g, can correct up to d — 1 erasures within R;.
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Thus each coordinate participates in a small local code of length at most » + § — 1 and
distance at least 6. When ¢ = 2, this reduces to the original locality notion: each local group
provides a single parity check that can repair any single erasure in the group using at most
r other symbols.

We have a generalization of the Singleton bound for LRCs that we state without proof.

Theorem 2.12 ([23]). Let C be an [n,k,d] linear code with (r,0) locality. The minimum

distance of C satisfies
sen e ([ 16

We already saw that Reed-Solomon codes meet the Singleton bound. We will now present
a generalization of the Reed-Solomon codes which meets the Singleton-type bound for LRCs.

Tamo—Barg codes

Tamo-Barg (TB) codes ([33]) are polynomial evaluation codes with carefully chosen evalu-
ation sets and monomial sets ensuring (r, d)-locality.

Construction 2.13. Suppose we are given a finite field F,, a dimension parameter £, and
recovery parameters (r,9). Assume r+d—1|¢g—1and r | k. Let Q C F; be a multiplicative
subgroup of size r +§ — 1. Let g(X) = X"~ and note that g is constant on each coset of
Q. Let

6—1
S=Jj+(r+5-1)z)
and
(= (é—l) (r4+6—1)+r.

Consider the evaluation codes A = ev(F,[X]¥) and B = ev(F,[X]l~\5). Then the (r,§)
Tamo—Barg code is defined to be C':= AN B.

We now prove the dimension, distance, and locality properties of this code.

Theorem 2.14 ([33]). The (r,6) Tamo—Barg code C' from Construction 2.13 has block length
n=q— 1, dimension k, and distance

d:n—k+1—(ﬁ—1)@_1)

r

meeting the bound from Theorem 2.12. Lastly, it is an (r,0) LRC as defined in Defini-
tion 2.11.
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Proof. The block length is n = ¢ — 1 since we are evaluating at all points in F}. For every
group of (r+d§—1) exponents, we exclude § — 1 exponents. Consequently, out of £ exponents,

we include "
(— = 1) r+r==k
,

exponents so the dimension of the code is k. Any polynomial that we evaluate has degree at
most £ — 1 so the corresponding codeword has weight at least

n—C—-1)=n-— (;—1) (r+6—1)—r+1l=n—-k+1- (;—1) (0—1).
Therefore, the distance of the (r,d) TB code meets the Singleton-type bound for LRCs from
Theorem 2.12. Lastly, we show that it satisfies (r, d)-locality. Suppose we have a codeword
¢ = ev(f) and the erased symbol is at * € af) for some coset af). Restricting f to the
coset af) is a polynomial with degree at most r — 1 and |aQ2\ {z}| =r 4+ — 2 so f can be
reconstructed from any r values in a2 \ {z}. Equivalently, f can be reconstructed from r
points inside af2 when § — 1 of them are erased. [ |

Remark 2.15. This presentation of a Tamo—Barg code is not the most general. We evaluate
at all ¢ — 1 points, but this can be relaxed to arbitrary n. Furthermore, the restriction of
r | k can also be dropped. For explicit details of these relaxations see [33]. Notice that if
r =k and 0 = 2, then Construction 2.13 reduces to the Reed-Solomon code.

We can extend the structure of LRCs so that the punctured subcodes are themselves
LRCs. This gives a hierarchical structure to the code. An h-level Hierarchical Locally
Recoverable Code (HLRC) is defined as follows:

Definition 2.16 (((r1,61),...,(rn,0,))-HLRCs ([30])). An [n, k,d] code C has h-level hier-
archical locality with locality parameters (r1,01), ..., (rp,d5) if, for every 1 < i < n, there
exists a set I C [n] of cardinality at most 71 +d; — 1 such that i € I and the punctured code
C|; satisfies the following:

[ d1m(C|1) S 1,
o d(C|;) > 4y,

e the punctured code C|; is a code with (h — 1)-level hierarchical locality having local
parameters (g, d2), ..., (ry, 0p).

2.4 Quantum stabilizer and CSS codes

We now present the necessary background on quantum mechanics, stabilizer formalism, and
the CSS construction which will be used to construct the quantum error correcting codes.
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Qudits and Pauli operators

Fix a prime power ¢ = p™. A single g-level quantum system (a qudit) is modeled by the
Hilbert space H = C%, with computational basis {|0),...,|¢ — 1)}. A general state of a
qudit is given by

q—1 g—1
- Z%‘ i), where a; € C and Z loy|> =
=0 i—0

An n-qudit system is H®" = (C9)®™.
Elements of the dual space H* are denoted by (y| so the inner product of two vectors |z)
and |y) reads (z|y) and linear operators M can be decomposed as

Z M |i)

Let w = e>™/P be the primitive p-th root of unity and tr : F, — F, be the trace map
defined by tr(z) = Z?jol 2P, Quantum errors are modeled by generalized Pauli operators.
For a,b € F,, one defines single-qudit operators X and Z° by

X = Z\x—l—a) (x], Zb = Zw”(bx”x} (x

z€F, z€F,

The X-type errors are similar to classical errors where a symbol is changed. The Z-type
errors are phase change errors. We also have a quantum analogue of erasures where a qudit is
affected by a depolarizing channel and the state is erased. We will mostly focus on erasures,
but understanding X-type and Z-type errors is necessary for constructing quantum error
correcting codes. Now consider the set of unitary operators & = {X*Z° : a,b € F,} which
we call the error basis. These ¢? operators form an orthogonal basis with respect to the inner
product (M, N) = tr(MTN) where M is the Hermitian conjugate of M. The set £ gives
rise to a group Py = {w'X*Z" : i € [p],a,b € F,}. The group properties are straightforward
to verify and clearly |P| = pg®. The commutation relation is seen as follows:

W X0 22X = 0 3 [ a) (2] 30 w0 [2) (2] 3 Jy) o+ o

€l z€lfy y€eF,

= t(ab) Z W) |2 4 a) (z +
z€Fy

_ wtr(ab) Z wtr(b(z—a)) |Z> <Z|

z€lFy

= 70

which implies
whra xazb — zbxe, (2.1)
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Hence, any two elements commute up to a global phase.

For the n-qudit system we take the n-fold tensor product i.e. £2™ and P, := (P1)®". In
particular, now an n-qudit Pauli operator is of the form X*Zb = @1, X% Zb for a,b € Fp.
The support of a Pauli P = X%Z° is defined as supp(X°Z°) = {i : (a;,b;) # (0,0)} and the
Hamming weight of P is |P| = |supp(P)|. Equivalently, the weight is the number of tensor
factors that are not . If a K-dimensional subspace Q of H®" can correct all errors in £%™ of
weight no greater than ¢ then Q is a quantum error correcting code with minimum distance
2t + 1 and is denoted as ((n, K, 2t + 1)).

Assume s | n. We denote (Ps)» = P, and interpret as the group of length n/s strings of
elements in P,. This structure will naturally arise when we discuss folded codes in Chapter 6.

Stabilizer codes

We will now focus on a specific class of quantum error correcting codes known as stabilizer
codes. The group P, has center (wI) so the quotient group P,, := P, /(wI) is isomorphic to
Fy x Fy = FZ”. A stabilizer group is a subgroup S C P, wh1ch is abelian and contains no
nontrivial phases i.e. SN (wl) = {I}. Elements of S are called stabilizers. The code space
is the joint +1 eigenspace of all elements of S:

Q(S) :== {|) € (CH®™: P|p) = |¢) for all P € S}.

If S has n—k independent generators, the code encodes k logical qudits into n physical qudits
so dim Q(S) = k. What remains is to compute the distance of Q(S). Recall, the weight
of a Pauli operator is the number of qudits on which it acts nontrivially. The normalizer
(also the centralizer) of S'is N(S) = {P € P, | PS = SP} so P € N(S) if and only if it
commutes with every stabilizer. Elements of N(S) \ S are called logical operators. Given a
Pauli error E, we have three cases:

o If £ ¢ N(S), then E anticommutes with at least one stabilizer so E is a detectable
error.

o If £ € S then F acts trivially on the codespace.

o If £ € N(S)\S, then E preserves the codespace, but acts nontrivially on the codespace
so I/ is an undetectable logical error.

Therefore, we define the minimum distance of a stabilizer code as
d=min{|E|: E € N(5)\ S}.

The distance d is the largest integer such that every Pauli error of weight < d is either
detected by the stabilizers or a stabilizer itself. For a stabilizer code Q(S) which encodes k
logical qudits into n physical qudits and has distance d, we denote it as [[n, k, d]],. We will
often omit ¢ when the field is known.
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CSS codes from classical linear codes

The Calderbank—Shor—Steane (CSS) construction builds stabilizer codes from pairs of clas-
sical linear codes. Let Cx,Cy C FZ be linear codes such that C’é C Cx. Here Cé is the dual
of C'z with respect to the standard Euclidean inner product on Fy. The associated stabilizer
group is

S={X"Z":a€Cx,bec Cx}.

Under the inclusion condition Cé C (C, these stabilizers commute, defining a valid stabilizer
code.

Definition 2.17 (CSS code). Given Cy,Cz C Fy with C% C Cy, the CSS code Q is denoted
Q = CSS(Cx, Cy).

The code encodes
k=dimCx +dimCyz; —n

logical qudits into n physical qudits.

The dimension also follows from the stabilizer group as S has dim Cx +dim C generators
so the dimension of Q is

dim @ = n — (dim C + dim C5) = dim Cx — dim C; = dim Cx + dim C — n.

The distance of a CSS code decomposes into X-type and Z-type distances. The X-type
logical operators correspond to Cz \ Cx and the Z-type logical operators correspond to
Cx \ C%. Hence, the minimum distance is d = min(dx, dz) where

dx = min{wt(v) : v € Oz \ Cx}, dz = min{wt(v) : v € Cx \ C5}.

A particularly simple and symmetric situation arises when Cx = Cz = C'. In this case
one must have C+ C C, so C' is a dual containing code. Then

Q=CSS(C,C), k=dimC —dimC* =2-dimC — n,

and the distance is
d = min{wy(v) :v e C\ C*+}.

All of the explicit quantum codes we construct in this dissertation are of the form CSS(C, C')
for carefully chosen classical codes C'

2.4.1 Puncturing CSS codes

As with classical codes, there is a puncturing operation associated to quantum codes. For
general stabilizer codes, puncturing is most naturally described as a shortening operation on
the stabilizer group. Let S C P,, be a stabilizer group. If

P=)\P®---®PF, €P,,



CHAPTER 2. PRELIMINARIES 15

where each P; is a single-qudit Pauli operator and X is a phase, then for a subset I C
{1,...,n} we write
Pl =X P

whenever P; = [ for all j ¢ I. In other words, we only restrict P to I if P acts trivially
outside I.
The puncturing of the stabilizer group S to the coordinate set [ is defined by

Slp:=A{P|;: P €S, supp(P) C I}.

Thus, one first keeps only those stabilizers which act trivially on the deleted coordinates,

and then restricts them to the remaining coordinates. Since S is abelian, S|; is also abelian.

Moreover, S|; contains no nontrivial phase: if P|; were a nontrivial phase, then P itself

would be a nontrivial phase in S, which is impossible. Hence S|; is again a valid stabilizer

group, now on |/| physical qudits. This is the stabilizer-code puncturing operation [18, 19].
For the constructions, we only need this operation for quantum CSS codes. Let

Q = CSS(Cx,Cy)
be a CSS code, where C C Cy. Its stabilizer group is
Sog={X"Z":a € Cx, be Cz}.

We define the puncturing of Q to the coordinate set I C {1,...,n} by puncturing the
associated classical codes:

Q|[ = CSS(O)(|[, CZl[).

Here C|; = m;(C) denotes the classical puncturing of C' to the coordinates in I.

Lemma 2.18. Let Q = CSS(Cx,Cy) be a quantum CSS code with C} C Cx. For any
subset I C {1,...,n}, the punctured code

Qlr := CSS(Cx|r, Czlr)

15 again a well-defined quantum CSS code. Moreover, this definition agrees with the stabilizer-
code puncturing operation described above.

Proof. Let 7 denote puncturing to the coordinate set I, so that C|; = 7;(C). Let o;(C)
denote shortening to 7, namely

or(C):={c|r:ceC, ¢;=0forall j¢ I}

We use the standard duality relation between puncturing and shortening: (C|;)* = o7(C+).
First, we check the CSS orthogonality condition. Since Cz C C'x, we have

(CZ|I)L = UI(C%) - UI(CX) C CX|I-
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and by duality, we obtain (Cx|;)* C Cy|;. Therefore Cx|; and Cy|; satisfy the CSS orthog-
onality conditions, so CSS(Cx|;,Cz|;) is a well-defined quantum CSS code.
It remains to compare this definition with stabilizer puncturing. The stabilizer group of
Q is
So={X"Z":a € Cx, be Cz}.

Its stabilizer puncturing to I is
Solr ={(X“Z"|1:a€Cx, beCF, aj=b;=0forall j & I}.

Equivalently,
Solr ={X"2" . d' € 0;(Cx), V' € 91(C3)}.

On the other hand, the stabilizer group of CSS(Cx|r, Cz|r) is
{Xa,Zb/ cd € (Ox‘])J—, b e (Oz‘[)l}.

Using (C|;)* = o7(C*), this becomes { X% Z" : a’ € 0;(C%), V' € 07(C%)}, which is exactly
Sglr. Thus, puncturing the classical codes C'x and Cz agrees with puncturing the associated
CSS stabilizer group. [ |

2.5 Decoding algorithms

Here we recall a few results that are necessary to prove the efficiency of our decoding
algorithm, Algorithm 1. Given a Reed-Solomon code with block length ¢ — 1 and rate
R = (/(q — 1), there exists an efficient list decoding algorithm for the Reed-Solomon code
which can be summarized in the following statement.

Theorem 2.19 ([20]). The Reed-Solomon code with parameters q,{ has an e-list-decoding
algorithm that runs in time ¢°Y for e = (¢ — 1)(1 — V/R).

Furthermore, it is well-known that to decode a CSS code Q@ = CSS(Cx, Cy) it is sufficient
to have classical decoders for C'x, Cy.

Proposition 2.20 ([3, 32]). Let Q@ = CSS(Cx,Cy) be a CSS code of block length n over I}
of size |F;|. Let e > 0 be an integer such that each permutation (o, 8) of (X, Z), there exists
a classical decoding algorithm Dec,, that takes as input a classical corrupted codeword ¢ + b
for some ¢ € C, and some corruption b € (F;)" of Hamming weight |b] < e, and outputs
some ¢ € Cy, such that ¢ —c € C’é. Then Q has a decoding algorithm Dec that recovers from
errors of weight e, so Q has distance d > 2e + 1. Furthermore, if each Dec, has running
time T, (n,a), thenDec has running time Tx(n,a) + Tz(n, a) + O(n3polylog a).
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2.6 Field theory

Now we collect some standard field-theoretic notation and results used throughout the paper.
For more details, we refer the reader to [29].

Let K be a field. A field extension L/K is an inclusion of fields K C L. It is called finite
if L is finite-dimensional as a vector space over K. In this case, the degree of the extension
is [L : K] := dimg L.

A field extension L/K is called algebraic if every element of L is a root of a nonzero
polynomial with coefficients in K. An algebraic field extension L/K is called separable if
every element of L has separable minimal polynomial (i.e. coprime to its formal derivative)
over K. An algebraic field extension L/K is called normal if every irreducible polynomial
over K that has a root in L splits into linear factors over L. An algebraic field extension
which is both normal and separable is called Galois. We denote the Galois group of a Galois
extension L/K by Gal(L/K).

An algebraic closure of K is a field K containing K such that K is algebraic over K and
every nonconstant polynomial in K[X] has a root in K. Equivalently, every nonconstant
polynomial in K[X] splits into linear factors over K. Whenever an algebraic closure is
needed, we fix one and denote it by K.

Let L/K be a finite field extension. The field norm from L to K is the map

NL/KIL—>K

defined as follows. For x € L, let mg : L — L be the K-linear map given by multiplication
by x: y — xy. Then
Ny (x) = detg(my).

If L/K is separable, then the norm admits the equivalent description

Npk(x) = H o(x),

o:L—>K

where the product is over all K-embeddings of L into a fixed algebraic closure K. Here a
K-embedding means an injective field homomorphism that restricts to the identity on K.
In particular, if L/K is Galois, then

Nyk@) =[] o).

o€Gal(L/K)

When K is perfect, every finite extension of K is separable, so the embedding formula for
the norm applies to all finite extensions of K.

For a positive integer n, an element ( of a field is called an nth root of unity if (" = 1. It
is called a primitive nth root of unity if n is the smallest positive integer such that (" =1,
or equivalently, if ( has multiplicative order n.

The nth cyclotomic polynomial is the polynomial

,(X):= [[ (X-em*")ecCX]

1<k<n
ged(k,n)=1
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It is a standard fact that ®,(X) € Z[X], and that X" — 1 = ][, ®a(X). The degree of
®,,(X) is p(n), where ¢ denotes Euler’s totient function. We write ¢, for a fixed primitive
nth root of unity. Thus the roots of ®,(X) over C are precisely the primitive nth roots of
unity.

We end this section with a definition describing the set of subspaces of a vector space
and its size.

Definition 2.21. Let V' be a finite-dimensional vector space over [y, and let 0 < £ <
dimg, V. The Grassmannian of k-dimensional subspaces of V', denoted G, (k, V), is the set

Grg,(k, V) :={U C V : U is an F,-linear subspace and dimp, U = k}.

When V' = Fy, we also write Gry, (k,n) := Grg, (k,Fy). Since F, is finite, Grg,(k, V) is a
finite set. If dimp, V' = n, then

!GrquV\—() Hq:;_ ,

”)q is the Gaussian binomial coefficient.

where ( .

2.7 The resultant

In this section we recall the Sylvester matrix and the resultant of two univariate polynomials.
We also record the description of the resultant in terms of roots in an algebraic closure, its
interpretation as a field norm in the irreducible case, and a reduction-modulo-p criterion
that will be used later. For a more in-depth treatment, see [6, 12, 29]. We will use the
field-theoretic notation fixed in Section 2.6.

Let K be a field, and let

F(X) = apmX™ 4+ Ay X+ + ag, g(X) = b X" + by X"+ by
be nonzero polynomials in K[X] of degrees m and n, respectively.

Definition 2.22 (Sylvester matrix). The Sylvester matriz of f and g, denoted Syl(f,g), is
the (m +n) x (m 4+ n) matrix obtained by writing n shifted copies of the coefficient vector
of f, followed by m shifted copies of the coefficient vector of g. Explicitly,

A, Qm—1 e ag 0 N 0

0 Qpm Qm—1 Qo

0 O Ay Am—1 Qg
Syl(f,g) = b b by 0 o |

0 bn bnfl bO

0 O bn bn—l bO
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where the first block consists of n rows and the second block consists of m rows.
Definition 2.23 (Resultant). The resultant of f and g is Res(f, g) := det Syl(f, g).

Since the entries of Syl(f,g) are polynomial expressions in the coefficients of f and g,
the resultant is itself a polynomial expression in those coefficients, with integer coefficients.
In particular, if f, g € Z[X], then Res(f,g) € Z.

Proposition 2.24 (Root formula for the resultant). Let K be a field. Let f,g € K[X] be
nonzero polynomials of degrees m and n, respectively, and write

FX) = am [ J(X = aa), =0, [[(X - 8)
i=1 j=1

in K[X], where the roots are counted with multiplicity. Then

Res(f,9) = apb | [ 1 [(i = 8))-

i=1 j=1
Equivalently,
Res(f,9) = ap, [ [ g(cs) = (=10 T] £(8))-
i=1 j=1

Proof. The equivalence of the displayed formulas follows from the fact that

n

g(e) = by [ (i = 8;) and  f(8)) —amH = o).
j=1

The agreement of these expressions with det Syl(f, ¢) is the standard determinantal formula
for the resultant. |

The most important immediate consequence is the following.

Corollary 2.25. Let K be a field, and let f,g € K|[X] be nonzero polynomials. Then
Res(f,g) = 0 if and only if f and g have a common root in K. Equivalently, Res(f,g) =0
if and only if f and g have a nonconstant common factor in K|[X].

Proof. By Proposition 2.24,

Res(f, g) H
15=1

1=

Since a, # 0 and b, # 0, this product vanishes if and only if a; = ; for some ¢, j, that is, if
and only if f and g share a root in K. The final equivalence is standard: two polynomials
in K[X] have a common root in K if and only if they have a nonconstant common factor in
K[X]. [
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We next record the norm interpretation of the resultant in the irreducible case.

Proposition 2.26 (Resultant as a norm). Let K be a field, let f(X) = anX™ + -+ ag €
K[X], and g(X) € K[X], and suppose that f is irreducible and separable over K. Let o be

a root of f in K. Then
Res(f, g) = ags®? Ni(ay/x (9()) -

In particular, if f is monic, then Res(f,9) = Nk)/k (9(a)).

Proof. Let m = deg f and n = degg. Write

m

F(X) = an ] (X — )

i=1

in K[X], where o, ...,a,, are the roots of f. Since f is irreducible and separable, these
roots are distinct and are precisely the images of o under the K-embeddings o : K(«) — K.
By Proposition 2.24,

Res(f,g) = ap, [ [ 9(c).

On the other hand, by the embedding formula for the norm,

Ni@yr (9(@) = I olen= 1] gl(@)=]]g@).
o:K(a)—K o:K(a)=K i=1

Combining the two formulas gives Res(f,g) = al, Nx()/x (9(c)). The second statement
follows by setting a,, = 1. [ |

A particularly important special case is when f is a cyclotomic polynomial.

Corollary 2.27 (Cyclotomic norm formula). Let n > 1, let ®,(X) € Z[X] be the nth
cyclotomic polynomial, and let (, € C be a primitive nth root of unity. Then for every
A(X) € Z[X],

Res(®,(X), A(X)) = No./a (AlG)) -

Proof. The polynomial ®,(X) is monic and irreducible over @, and (, is one of its roots.
Hence the formula follows immediately from Proposition 2.26. |

We will also need the following basic reduction criterion.

Proposition 2.28. Let f,g € Z[X], and let p be a prime. If the reductions of f and g
modulo p have a common root in an algebraic closure of F,, then p | Res(f,g).

Equivalently, if p 1 Res(f, g), then the reductions of f and g modulo p have no common
root in an algebraic closure of IF,,.
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Proof. Let f,G € [F,[X] denote the reductions of f and g modulo p. Since the resultant is the
determinant of the Sylvester matrix, and the entries of the Sylvester matrix are coefficients of
the polynomials, reducing coefficients modulo p gives Res (?, §) = Res(f,g) (mod p). Indeed,
the Sylvester matrix of f and g is obtained by reducing the entries of the Sylvester matrix
of f and g modulo p, and determinants commute with reduction modulo p.

Now suppose that f and g have a common root in an algebraic closure of F,. By Corol-
lary 2.25, this implies Res(?, g) = 0 in F,. Therefore, Res(f,¢g) = 0 (mod p), which is
equivalent to p dividing Res(f, g). The final statement is the contrapositive. [ |

For later use, let us also note the following reformulation of Proposition 2.28. If f,g €
Z[X] and p 1 Res(f, g), then the reductions of f and g modulo p are coprime in F,[X]. In
particular, they cannot have a common root in any extension field of IF,,.

2.8 Uncertainty principles

In this section, we recall an uncertainty principle for finite abelian groups. The first propo-
sition is due to Meshulam [28] for finite abelian groups of arbitrary order. Meshulam’s
composite-order uncertainty principle generalizes the sharper prime-order uncertainty prin-
ciple due to Tao [34]. We will also record a finite-field version of the composite-order uncer-
tainty principle, valid outside finitely many characteristics and derive an immediate corollary
for the finite-field version of the prime-order uncertainty principle.

Let n > 2, let ¢, € C be a primitive nth root of unity, and let Q,, := {¢? : j =0,...,n—1}.
Given a nonzero polynomial

n—1
fX)=> fX'eClX] with degf<n,

i=0
we define
[fl:=Hie{0,....,n=1}: fi #0}|
and
lev(f)la, = {&€Qn: f(§) #0}.
Equivalently, if one identifies f with its coefficient vector in C%/"%, then | f| is the support

size of that vector and |ev(f)|q, is the support size of its discrete Fourier transform.

Proposition 2.29 (Meshulam|[28]). Let 0 # f(X) € C[X]| with deg f < n. Let d; < dy be
consecutive divisors of n such that dy < |f| < dy. Then

ev(f)la, > ﬁ (d+do—|f]).

Equivalently, the number of roots of f in €2, is at most

n
n—m(d1+d2—|f\)-
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Corollary 2.30. Fix n > 2. Then there exists a nonzero integer U,, such that the following
holds. If F, is a finite field of characteristic p with p{U,, and n | (¢— 1), then every nonzero
polynomial f(X) € F,[X] of degree < n satisfies

lev(f)la, > _d (di +dy —|f]),
where di < dy are the consecutive divisors of n such that di < |f| < ds. Equivalently, the
number of roots of f in 2, CF; is at most

n— dd (di+dy —|f])-

Proof. For each k € {1,...,n}, let u,(k) denote the Meshulam lower bound

un(k): d1'+’d2 k)

dldg(

where d; < dy are the consecutive divisors of n such that d; < k < ds.
Fix k, and let A, B C {0,...,n — 1} be such that |A| = k and | B| < u,(k). Consider the
(n —|B|) x k matrix
Vap(X) = (X") cpe e

where B¢ ={0,...,n — 1} \ B, and define V4 5((,) by specializing X = (,.
We claim that V4 p((,) has full column rank k. Indeed, if not, then there would exist a
nonzero coefficient vector ¢ = (¢;)pea € C4 such that Vy p(¢,)c = 0. Defining

FX) =) aX,

beA

we would have |f| = |A| = k, and the equation V4 5(¢,)c = 0 implies f(¢?) = 0 for all
a € B¢. Hence,
lev(f)le, < [B] < un(k),

contradicting Proposition 2.29. Thus V4 5((,) has full column rank.

It follows that some k x k minor of V4 p5((,) is nonzero. Choose one such minor and
denote the corresponding determinant polynomial by A4 (X)) € Z[X]. Then Ay 5((,) # 0.
Since ¢, is a root of @, (X), it follows that A4 g(X) and ®,(X) have no common root over
C, and therefore

Res(Aa,5(X), Pn(X)) # 0.
Now define
U, = 11 Res(A 4 p(X), §,(X)).

1<k<n
A,BC{0,.,n—1
|Al=k, | Bl <un (k)
Since there are only finitely many pairs (A, B), this is a finite product of nonzero integers,
hence U,, # 0.
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Now let [, be a finite field of characteristic p such that p { U,, and n | (¢ — 1), and let
w € F, be a primitive nth root of unity. Suppose, for contradiction, that there exists a
nonzero polynomial

f(X):nZ_:fiXiqu[X] with deg f <n
i=0

such that |ev(f)|q, < u.(|f|). Let A:=={i: f; #0},and B:={a € {0,...,n—1} : f(w®*) #
0}. Then |A| = |f|, and by assumption

|1B| = lev(f)la, <un([f]) = un(|A]).

Z fbw“b = 0.

Thus the coefficient vector (fy)peca 7 0 lies in the kernel of V4 p(w), so V4 p(w) does not have
full column rank. Therefore every |A| x |A| minor of V4 p(w) vanishes, including the chosen
one: Ay p(w) =0.

Since w is a primitive nth root of unity and p t n, the reduction of ®,(X) modulo p
also vanishes at w. Hence the reductions of Ay (X)) and ®,,(X) have a common root in an
algebraic closure of F,,. By Proposition 2.28,

For every a € B¢, we have

p | Res(Aap(X), Pn(X)).

But this resultant is one of the factors of U,,, so this implies p | U, contrary to hypothesis.
This contradiction proves the corollary. [ |

Corollary 2.31. Fiz a prime n. Then there exists a nonzero integer U], such that the
following holds. If F, is a finite field of characteristic p with p 4 U), and n | (¢ — 1), then
every nonzero polynomial f(X) € Fy[X]| of degree < n satisfies

1+ lev(la, =n+1.
Equivalently,
lev(f)la, > n+1—|f],

and the number of roots of f in §, is at most |f| — 1.

Proof. When n is prime, the only divisors of n are 1 and n. Thus, Corollary 2.30 yields

n

lev(Pla, = —— A +n—|f) =n+1-]f],

1-n

which is equivalent to the stated inequality. One may take U/, = U,,. [ |
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Remark 2.32. The prime-order finite-field uncertainty principle in Corollary 2.31 is the finite
field version of the uncertainty principle proven by Tao [34]. It is also the same statement
used by Golowich and Guruswami in their paper [14, Proposition 66] on quantum locally
recoverable codes, where it is attributed to Goldstein-Guralnick-Isaacs [13].

This completes the preliminaries. In the next chapter we formally define quantum lo-
cally recoverable codes, extend the (r,d) locality notion to the quantum setting, and give
randomized constructions achieving good rate—distance—locality trade-offs.
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Chapter 3
Quantum LRCs and HLRCs

We now define the quantum analogues of LRCs and HLRCs and present randomized con-
structions.

3.1 Definitions of QLRCs and QHLRCs

Before defining quantum locally recoverable codes, we recall what it means for a quantum
code to correct a set of erasures. Let & = {X°Z° : a,b € F,} be the single-qudit Pauli
error basis introduced in Section 2.4. For a density matrix p on a single qudit, define the
completely depolarizing channel

1
T(p) == e Z EpE!

Ee&

where ET is the Hermitian dual of E. Thus 7 applies each single-qudit Pauli error with
equal probability. For a set of coordinates I C {1,...,n}, let 7/ denote the channel on
(C7)®™ which applies T to the qudits in I and acts as the identity on the remaining qudits.
Equivalently,
1
I _ T
T(p) = >, EpE"

e
Eeg’®n
supp(E)CI
Let @ C (C9)®" be a quantum code. We say that Q corrects erasures at I if there exists
a trace-preserving quantum operation Rg ; such that

Rar o7 (|0) (4]) = [9) (¢l

for all |¢) € Q.

Equivalently, Q corrects erasures at [ if it can correct every Pauli error whose support is
contained in [, under the assumption that the decoder knows the erased set I. This is the
usual erasure model: the locations of the errors are known, but the errors themselves are
unknown.



CHAPTER 3. QUANTUM LRCS AND HLRCS 26

We now impose a locality constraint on the recovery operation. The idea is that erasures
on a set I should be recoverable by using only a small set of qudits J containing I.

Definition 3.1 ((Z,J)-QLRC [10]). Let @ # 1 € J C {1,...,n}. A quantum code Q C
(C7)®™ is said to be an (I, J)-QLRC if there exists a trace-preserving quantum operation
R‘é 7, acting nontrivially only on the qudits indexed by J, such that

Rao7 (16) (d]) = [¢) (4l
for all |¢p) € Q.

Thus, if Q is an (7, JJ)-QLRC, then erasures on the coordinates in I can be recovered
locally using only the qudits in J.

Definition 3.2 ((r,0)-QLRC [10]). Let 7,6 > 2 be positive integers. A quantum error-
correcting code Q@ C (C?)®™ is an (r,0)-QLRC if, for each coordinate ¢ € {1,...,n}, there
exists a set J C {1,...,n} containing i with

|| <r+d—1
such that, for every I C J with |I| < — 1, the code Q is an (1, J)-QLRC.

In other words, every coordinate belongs to a local recovery set J of size at most r+4d—1,
and any erasure pattern of size at most  — 1 inside J can be corrected using only the qudits
in J. This is the quantum analogue of classical (r,§)-locality.

The following result relates this notion of quantum locality to classical locality for dual-
containing codes.

Theorem 3.3 ([10, Theorem 28]). Let C' C F! be a linear code. Assume that C+ C C
and § < d(CF), where d(C*) is the minimum distance of C*+. Then Q = CSS(C,C) is an
(r,0)-QLRC if and only if C is an (r,9) classical LRC.

We now extend the established (7, §)-QLRCs to a quantum hierarchical setting, analogous
to classical HLRCs. For simplicity, we first define 2-level QHLRCs.

Definition 3.4 (((r1,d1), (r2,92))-QHLRC). Let r1,d1,79,00 € Z* such that r; > ry and
01 > 09 > 2. Let @ C (C9)®" be a stabilizer quantum code. Fix two level locality parameters
(71,61), (19, 62). We say Qis a ((r1,61), (ro, d2))-QHLRC if:

1. For every i € {1,...,n} there exists a recovery set Ji(i) C {1,...,n} containing i
with |J1(7)] < r1 + d; — 1 such that for all I; C Jy(i) with [[;| < 6; — 1, Q is an
(11, J1(7))-QLRC. In other words, Q is an (ry, d1)-QLRC.

2. The punctured code Q|;, ;) is itself an (12, 62)-QLRC.
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Using Definition 3.4, we make the following observation: let Q be a ((r1,01), (rq,02))-
QHLRC. Fix a coordinate i and an erasure pattern I containing i. Let Ji(7) be the corre-
sponding recovery set. Let J5(i) be a recovery set that arises from Q| ). If I € Jy(i) and
|I| < d3 —1 then we can recover qudits corresponding to I using the qudits corresponding to
Jo(i)\ 1. Otherwise, assuming |/| < d;—1 and I C J,(i), we can recover qudits corresponding
to I using the qudits corresponding to Ji (i) \ I.

Additionally, it is not too difficult to generalize the previous definition to any number of
hierarchical levels.

Definition 3.5 (h-level QHLRC). Let 2 < h € Z", and 1,0, € Z* for all [ € {1,...,h}.
Consider h level locality parameters (r1,d1), ..., (7, d5) with

ry>--->r, and 0y >0 >0, > 2.

A stabilizer quantum code @ C (C?)®" is said to be an h-level ((r1,01), ..., (1, 0n))-QHLRC
if the following conditions are satisfied:

1. For every i € {1,...,n} there exists a recovery set Ji(i) C {1,...,n} containing i
with |[J1(7)] < r1 + 01 — 1 such that for all I; C Jy(¢) with [[;| < 6; — 1, Q is an
(I1, J1(7))-QLRC. In other words, Q is an (7, 07 )-QLRC.

2. The punctured code Q| ;) is an (h — 1)-level ((r2,d2), ..., (74, 05))-QHLRC.

Note that the second condition implies that, after suitably puncturing h — 1 times, the
resulting code is a 1-level (74, d,)-QHLRC which is simply an (74, d,)-QLRC.
We end this section by stating a Singleton-type bound for (r,d) QLRCs.

Theorem 3.6. Let Q be a QLRC of block length n, dimension k, distance d with locality
parameters r,d. Assume that for each coordinate i € {1,...,n}, there exists a recovery set
J (i) containing ¢ such that |J(i)| = r 4+ 6 — 1. Further assume that for all i,j € {1,...,n}
either J(i) = J(j) or J(i) N J(j) = 0. Then

2 d—1
<(1-—2 Yn—ofd—1-|2=21).
k—<1 r+5—1)” 2(d ! [r+(5—2—D

Proof. Follows from [14, Theorem 36] by replacing r with r + 6 — 1. [

3.2 Random (r,9)-QLRCs

In this section, we construct random (r, §)-QLRCs. We begin with a lemma that we will use
repeatedly in the random constructions.
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Lemma 3.7. Let ay,...,a, € F, be distinct. For an integer t < n, consider the t x n
Vandermonde matrix
1 1 1
(03] (67) (7%
Vilag,...,a,) = :
o™ aéﬁl at~t
Then any t columns of Vi(ay, ..., a,) are linearly independent.
Proof. Choose any t columns, say those indexed by j1, ..., j;. The corresponding determinant
is
-1 .
det (Oé?b )1§a,bgt - H (ajv - aju)?
1<u<v<t
which is nonzero because the «;’s are distinct. [ |

Construction 3.8 (Random (r,§)-QLRC). We are given a block length N, locality param-
eter 7, distance parameter § < r, and finite field F, with ¢ > n :=r 4+ — 1. Assume that
m := N/n is an integer. Choose ¢ € [N/2 —m(d — 1)]. We define a random QLRC via a
CSS code Q = CSS(Cx, Cyz) which is sampled as follows. Initialize G; to be the (§ — 1) x n

Vandermonde matrix

1 1 - 1
G — Qi1 Qi s OGp
5-2 s-2 5
Q1 Qo 0 Qg
where for each @ = 1,...,m, every o;; € F, is distinct for j = 1,...,n. Let Hx be a block
diagonal matrix comprised of m matrices:
Gy
Go
Hy =
Gm
Let 5;; = H#l m for{ =1,...,n Let H; be an r X n Vandermonde-like matrix
11 e 1] [Ba
Hi _ ai,l Ofi,Q e OK@',n . BZ',Q
ot apyt e ay)! Bim
and let H, be the block matrix
(H1)s-1
(Hz)s5-1

Hy =
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where (H;)s_1 means the first § — 1 rows of H;. We then add ¢ random rows to Hx and Hyz
subject to the orthogonality conditions, as follows:

1. fori=1,... ¢
- let v be a uniformly random vector sampled from row-span(Hz)* \ row-span(Hy)
H X]

- append v to Hx and rename the resulting matrix as Hy i.e. Hx = { ”

2. fori=1,...,¢

- let v be a uniformly random vector sampled from row-span(Hy)* \ row-span(H)

. . . H
- append v to Hz and rename the resulting matrix as Hz i.e. H; = [ UZ]
We have sampled matrices Hx, H; € Fgm(éfl)M)XN with orthogonal row spaces. Let C'y =

ker Hx, C'z = ker Hy are such that we obtain a well-defined CSS code Q = CSS(C'y, Cy).

Lemma 3.9. For positive integers r > 0, let n = r+ 06 — 1, and let aq,..., o, € F, be
distinct. Forl=1,...,n define

7=1
J#l
Let
1 1 1
(651 (%) (7%
G = .
oz‘ls_Q ozg'_2 ozf;z
and
1 1 1 B
Q Q Q, 151
I _ 1 2 ‘ 2
0/1"—1 0/2“—1 L O{:lil ﬁn
Then
GH' =0.

Moreover, any 0 — 1 columns of G are linearly independent, and any 6 — 1 columns of the
first 6 — 1 rows of H are linearly independent.

Proof. The column-independence statement for GG follows from Lemma 3.7. The same state-
ment for the first 6 — 1 rows of H follows from Lemma 3.7 after scaling each column by the
nonzero scalar ;.
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It remains to prove GHT = 0. The (a,b)-entry of GHT, where 0 < a < 6 — 2 and

0<b<r-—1,is
N
ZBZOJ?H’.
=1
Since
0<a+b<(0—-2)+(r—1)=r+d—-3=n-2,

it is enough to prove that
n
Zﬁla}”:O for0<m<n-—2.
=1

This is the standard Lagrange interpolation identity. Indeed, let

n

LZ(X):HX_%

ap —

j=1

i
be the [-th Lagrange basis polynomial. The leading coefficient of L;(X) is ;. For 0 <
m < n — 2, the polynomial X has degree < n — 1, so its Lagrange interpolation expansion
Xm =3 a"Li(X) has zero coefficient of X" ! on the left-hand side. The coefficient of
X! on the right-hand side is >, | &]"f;. Therefore, ' fiaj* = 0 for 0 < m < n — 2,
proving GHT = 0. |

We now prove that Construction 3.8 has the desired properties of locality and good
distance.

Lemma 3.10. The random QLRC Q from Construction 3.8 is a QLRC of locality r and
dimension k = N — 2(m(6 — 1) + {). Furthermore, each coordinate s € {1,...,N} has
recovery set Js ={a(r+0—1)+1,...,a(r+0—1)+r+0—1} fora=[s/(r+d—1)] — 1.

Proof. First consider the deterministic local rows before the ¢ random rows are added. The
matrix Hx contains, on each local group J, :={a(r+0—1)+1,...,a(r+0—1)+r+0—1},
a copy of the (6 — 1) x (r+ ¢ — 1) Vandermonde matrix G,. Similarly, Hz contains, on the
same group, the first 6 — 1 rows of the scaled Vandermonde matrix H,.

By Lemma 3.7, any 0 — 1 columns of G, are linearly independent. Since the first § — 1
rows of H, are obtained from a Vandermonde matrix by nonzero column scalings, any 6 —1 of
their columns are also linearly independent. Therefore, on every local group J,, both the X-
and Z-local parity checks can recover any erasure pattern of size at most § — 1. Equivalently,
the punctured local X- and Z-classical codes have local distance at least §.

The local X- and Z-row spaces are orthogonal by Lemma 3.9. Since distinct local groups
have disjoint supports, the deterministic local parts of Hy and Hy are globally orthogonal.
The additional random rows are sampled from the orthogonal complement of the current op-
posite row span, so after every appended row the row spans of Hx and Hz remain orthogonal.

Hence C5 = rowspan(Hy) C Cz and the CSS code Q = CSS(Cy, Cy) is well-defined.
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The local recovery sets are precisely the groups J,. Thus Q is an (r,)-QLRC. Finally,
each of Hx and Hz has m(§ — 1) + ¢ rows. The Vandermonde local rows are linearly
independent across disjoint supports, and the random rows are sampled outside the current
row span, so the rank of each matrix is m(é — 1) + ¢. Therefore dimCx = dimCy =
N — (m(6 — 1)+ ¢), and the CSS dimension is

k=dimCx +dimCy; — N =N —=2(m(6 — 1) + £).
The condition ¢ € [N/2 — m(é — 1)] ensures this dimension is positive. |
Now we bound the distance of the random (r,§)-QLRCs that we constructed.

Proposition 3.11. For sufficiently large N, given any p,e > 0, the distance d(Q) of a
random (r,0)-QLRC Q from Construction 3.8 with parameters, N,r,6, and N/2—m(§—1) >

> (H(g(s)(p) +2¢)N (if one exists) over the alphabet F, satisfies

Prid(Q) > pN] > 1 —2¢~7, (3.1)
where for w = |y| € F)'\ {0},
Hé‘s) (p) = limsup % log, ( Z N(‘s)(N, w)(q — 1)w) (3.2)
N—o0 w<pN

and

v -3 (") 2 T1(7) 53

s=1 w1+ Fws=w 1=1
w; >0

and the limsup is taken over N divisible by r + 6 — 1.

Proof. Fix a nonzero vector y € IF(]JV . Let H (ZZ ) denote the matrix after the ith iteration of step

2 in Construction 3.8. If y € Cz\ Cx then for 0 <i < /-1,y € ker H(Zi) and y € ker H(Ziﬂ).
Since y ¢ Cx, exactly 1/g-fraction of the vectors in Cy are orthogonal to y. It follows if

y € ker Hg) then less than 1/¢-fraction of the vectors in C'x \ row—span(Hg)) are orthogonal
to y. Formally,

‘ . 1
Pr[y € kerH(ZZH) \Cx |y € kerH(Zz) \ Cﬂ < -
q

Hence,
Prly € Oz \ Cx] = Pr[y & Cx] -Pr[y cker HY |y ¢ C;%]

-1
: HPr[y € kerH(ZiH) \Cx |y € kerH(Zi) \ Cﬂ
=0

< q_e.
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We now explain why the union bound only needs to count supports appearing in N/ (N, w).
Let y € Cz \ Cx be a nonzero vector. Since y € Cz = ker Hy, it satisfies all local Z-checks.
Consider any local group J,. If 0 < |supp(y) N J,| < 6, then the restriction of the local
Z-check matrix to these nonzero coordinates has full column rank by Lemma 3.7. Hence
the only vector supported on those coordinates and satisfying the local checks is the zero
vector, a contradiction. Therefore every nonempty local block of supp(y) has size at least 4.
Thus the possible supports of y of weight w are counted by N® (N, w). The same argument
applies to vectors in C'x \ Cz.
Applying the union bound over all y € F such that |y| < pN gives

Pr[3y € Cz\ Cx. |yl < pN] < g " Y NO(N,w)(g—1)"
w<pN

g (H (o) +e)N

q
q—eN

IN A

for sufficiently large N and by symmetry
Pr[3y € Cx \ C7.ly| < pN] < ¢ V.

Therefore,
Pr(d(Q) < pN] < 2¢™",
as desired. [

Remark 3.12. The proof of Proposition 40 from [14] works for Proposition 3.11, but gives a
weaker estimate because it over counts the number of low-weight codewords. It would require
¢ more random rows to drive the union bound to zero so existence/distance threshold and
rate-vs-distance tradeoff will be worse.

3.3 Random ((r1,d1),..., (s, ,))-QHLRCs

Now we move on to constructing random h-level quantum hierarchical LRCs. The main
difference from the one-level construction is that the deterministic local X and Z checks
must be chosen recursively so that nested local checks remain mutually orthogonal.

3.3.1 Constructing a random QHLRC

Definition 3.13. Let J be a finite set of coordinates, let U C qu be a row space, and let
a, s be positive integers. For £ C J, define

F;[E] = {z € F; | supp(z) C E}.

We say that U has the (a, s)-strong local MDS property on J if:
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1. for every £ C J with |E| < a, rank(U|g) = |E|;

2. for every E C J with |E| < s, UNF][E] = {0}.

Equivalently, the second condition says that the restriction map
mne U — IF;]]\E

is injective for every £ C J with |E| < s. It is also equivalent to rank(Ut|g) = |E| for
|E| <s.

Construction 3.14 (h-level QHLRC). Suppose we are given a block length N, locality

and distance parameters (r1,01), (r9,02), ..., (rp, d) such that vy > -+ > r, and & >
- > 0p > 2, and a finite field F,, with ¢ sufficiently large. Let n; := r 4+ 6, — 1 and
suppose d; < ny/2. Further assume that m; := N/n; is an integer for [ = 1,... h and
ny | np_1 |-+ n | N.
We will set some notation for the construction. For a level-l block where b =0,...,m;—1,

write Jpp := {bn; + 1,bn; +2,..., (b + 1)n;}. Thus level-(I 4 1) blocks refine level-I blocks.
We first construct deterministic local row spaces U, V1°¢ C IF]qV which will become the local
parts of Hy and H.

Bottom level. For each level-h block Jj, 5, choose ny, distinct field elements a1, ..., app, €
F,. Let Upy C th”’ be the row space of the (6, — 1) x n; Vandermonde matrix

1 1 - 1
Op1 Qpo  * Opp,
=2 6,2 5n—2
Qy 1 Q0 o Qg
Let
np 1
Mo =]
1 Qbt — Qb
u=
uF#t

Let Vi, C th”’ be the row space of the scaled Vandermonde matrix

1 1 e 1 M1
Qap 1 Qpa  * Qpp, M,2
5n—2 5n—2 5n—2

Q1 ) T gy Mo,n,

By Lemma 3.9, the Vandermonde space generated by degrees 0, ..., d, — 2 is orthogonal to
the full scaled dual Vandermonde space generated by degrees O,...,r, — 1. Since Vj; is
contained in this scaled dual space, we have Upj L V.
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Moreover, both Uy, and Vj,, have the (6, — 1, 6; — 1)-strong local MDS property on Jj, .
Indeed, the Vandermonde property gives

rank(Upp|p) = rank(Vy 4| p) = |E| (|E] <d6n—1).

Also, each of Uy, and Vj,, is a scaled generalized Reed-Solomon row space of dimension
0p — 1 and length ny, hence has minimum distance

nh—(éh—1)+1:rh+1>(51—1 e nh>(51+(5h—3.

Since 0, < 6 < ny/2, we have n;, > 201 > 61 + 6, — 3. Therefore neither row space has a
nonzero word supported on at most d; — 1 coordinates.

Higher levels. Suppose that for all levels © > [ we have already constructed local X-
and Z-row spaces supported on level-u blocks, and that within each level-(I 4+ 1) block the
accumulated X- and Z-spaces are orthogonal.

Fix a level-l block J;;. Let Us;p be the sum of all previously constructed X-row spaces
supported inside J;;, and let V5,;; be the analogous sum of previously constructed Z-row
spaces. By induction, Us;p L V5.

Set A; := &, — 0;4+1. Choose a A;-dimensional subspace Ufg) C V4, such that

dim(Usp + UZ%) =dimUs;p + A,

and such that Us;p + Uf;) has the (6; — 1,d; — 1)-strong local MDS property on J;;. Then
choose a Aj-dimensional subspace V;} € (Usp + Uph,)* such that

dim(V>l7b + Vl,—il;) = dim V>l,b + Ay,

and such that V5, + Vfg has the (6, — 1,6, — 1)-strong local MDS property on Jj .

The existence of such Ulﬁ), Vﬁb follows from Theorem 3.20 which is proved at the end of
the section.

We perform an exhaustive search over the relevant finite Grassmannian (Definition 2.21)
which gives a deterministic finite procedure. Enumerate all Ul; € Grr, (A, le,b) and choose
one such that U}, N Us;p = {0} and U, + Usyy has the (6 — 1,6, — 1)-strong local MDS
property. Then enumerate all Vi € Grg, (A, (Usiy 4 Uf)*") and choose one such that
Vﬁ,; NVs, = {0} and Vf; + V5 has the (6, — 1, 6; — 1)-strong local MDS property.

After performing this for every level-l block and every [ = h — 1,...,1, let U'° be the
span of all constructed X-local spaces and let V'° be the span of all constructed Z-local
spaces. These spaces are all constructed deterministically.

By construction, U'°¢ 1 V!¢, Let

h—1

M :=mp(6, — 1) + Zml(5z — 041),

=1
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then dim U'¢ = dim V' = M. Choose bases of U"¢ and V'°°, and use them as the initial
rows of Hx and Hz, respectively.

Finally, choose an integer ¢ < N/2 — M. We then add ¢ random rows to Hx and Hy
subject to the orthogonality conditions, as follows:
1. fore=1,...,¢:
- let v be a uniformly random vector sampled from row-span(Hz)* \ row-span(H )
H X]

- append v to Hx and rename the resulting matrix as Hy i.e. Hx = [ ”

2. fori=1,...,¢

- let v be a uniformly random vector sampled from row-span(Hy)* \ row-span(H)

: . . H
- append v to Hz and rename the resulting matrix as Hy i.e. Hy = [ UZ]
We have sampled matrices Hx, Hy € IF[(]M%)XN with orthogonal row spaces. Let Cx =

ker Hy, Cz = ker Hz and obtain a well-defined CSS code Q = CSS(Cx, Cy).

3.3.2 Dimension, locality, and distance

We will begin with computing the dimension and proving the locality properties of the
quantum HLRC Q.

Lemma 3.15. The random QHLRC Q from Construction 3.14 is a quantum HLRC of
hierarchical locality (r1,61),...,(rn,0p) and dimension k = N — 2(M + ¢) where

h—1
M = mp(0, — 1)+ > mu() — 6141). (3.4)
=1
Proof. Since ri,...,r, and dy,...,0, are decreasing sequences, myq, ..., my is a increasing
sequence. Therefore,
h—1
mu(0n — 1) + > (6 — 6141) < mp (6 — 1) (3.5)
=1
and
mp(dy —1) < N/2 <= § — 1 < ny/2. (3.6)

The latter inequality is enforced in Construction 3.14. By construction, the deterministic
local X-row space has dimension

h—1
M =mp(6, — 1) + Zml(5z — 0p41),
=1
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and the same is true for the deterministic local Z-row space. Each random global row
is chosen outside the current row span, so it increases rank by one. Hence, rank Hy =
rank Hy; = M + (. Therefore, dim Cxy = dimCz = N — (M + ¢), and the CSS dimension is

k=dimCx +dimCy; — N =N —2(M +¢).

It remains to prove hierarchical locality. Fix a level [ block J;;. By construction, the
X-local row space supported in J;; has the ¢; — 1 local MDS property:

rank(U|g) = |E| for every E C Jiy, |E| < — 1.

Thus any 0; — 1 erasures in J;;, can be recovered using X-type local checks supported inside
Jip- The same statement holds for the Z-local row space.

Since ny, | np—q | -+ | n1, each level-(I 4+ 1) block is contained in a level-l block. There-
fore the punctured code on a level-I block inherits the lower-level repair structure from the
blocks contained inside it. Hence the code is an h-level QHLRC with locality parameters

((r1,01)y .oy (Thy OR)). [

We now count the possible supports of logical operators compatible with the hierarchical

local checks. Define
Nh n
By(z) =Y ( t’l) 2.

t=6p
Forl=h—1,...,1, define recursively

ny

Bi(z) = Y [ (1 + Biya(2))/ ™1 2,

t:§l
Finally, define
NO(N,w) = [z"](1 + Bi(2))N™. (3.7)
When h =1, (3.7) recovers (3.3):

Njma w/é ]

NN, w) = [2] (1+§:<’?>zt> - <”S“> 3 H(Zl)

s=1 w1+ Fws=w =1
w;>61

Lemma 3.16. Let y € C; \ Cx ory € Cx \ Cz. If y # 0, then for every level-l block
Jip, either supp(y) N Jip = 0, or |supp(y) N Jip| > 6;. Consequently, the number of possible
supports of such vectors of weight w is at most N (N, w).

Proof. We prove the statement for y € Cz \ C's; the other case is identical. Since y € Cy =
ker H;, the vector y satisfies all deterministic local Z-checks.

Fix a level-l block J;,. Let E = supp(y) N J;, and suppose 0 < |E| < §, — 1. The local
Z-row space supported in J;; has the (§; — 1,0, — 1)-strong local MDS property, so

rank(V|g) = |E].
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Thus, the only vector supported on E and satisfying all these local checks is the zero vector.
This contradicts the definition of E. Therefore every nonempty intersection with J;; has
size at least 0;.

The recursive generating function counts exactly such supports. At the bottom level, a
nonempty level-h block must have weight at least dj, so its generating function is

Bu(z) = i (”th) 2.

t=5p,

A level-l block consists of n;/n;4; level-(I + 1) blocks. Each child block is either empty or
has a support counted by B;.1(z). Hence the generating function before imposing the level-
threshold is

(1 + By (z))m/m,

However, we only want the nonempty configurations which also meet the threshold of §;. For

l=1,...,h—1 define

ny n

Bi(z) = S [#1(1 + By ()i - 2

t=0;

where [2!]f(z) is the coefficient of 2 in f(z). This recursively defines By, 1, ..., B;. At the
top level, the whole length N consists of N/n; level-1 blocks, each either empty or counted
by Bj(z). Therefore the number of admissible supports of weight w is

[2¥](1 + Bl(z))N/"1 = N(‘s)(N, w),
as desired. [ |

We use the number of admissible supports to define an entropy-like function and give a
probabilistic argument for the distance bound.

Proposition 3.17. For all sufficiently large N, given any p,e > 0, the distance d(Q) of

a random h-level QHLRC Q from Construction 3.14 with parameters N, (r;,0;)i=1,...n, and
N/2 =M > (> (H (p) + 2¢)N (if one exists) over the alphabet [F, satisfies
Pr[d(Q) > pN] > 1 —2¢~. (3.8)
where
H;?(p) = limsup % log, (w;NN (N, w)(q - 1)w> : (3.9)

and the limsup is taken over N divisible by n;.

Proof. Fix a nonzero vector y € ]F(]]V . Let H g) denote the matrix after the ¢th iteration of
step 2 in Construction 3.14. If y € Cz \ Cx then for 0 < i < (-1, y € keng) and
y € ker H(ZZH). Since y ¢ Cx, exactly 1/g-fraction of the vectors in Cx are orthogonal to y.
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It follows if y € ker Hg) then less than 1/¢-fraction of the vectors in C'x \ row-span(H (ZZ))

orthogonal to y. Formally,

are

Pr[y € ker HITV\ C% | y € ker HY\ Cﬂ <=
q
Hence,

Prly € Cz\ O] = Prly & Cx] - Pr[y € ker B | y ¢ C5 ]
-1
-HPr[y € kerH(ZHl)\C}( |y € kerHS)\Cﬂ
=0

< q’é.

Now union bound over all possible supports of weight w < p/N. By Lemma 3.16, any logical
vector of weight w has one of at most A® (N, w) admissible supports. For each support of
size w, there are at most (¢ — 1) nonzero vectors supported on it. Therefore, applying the
union bound over all y € Fév with weight, w at most pN gives

Pr[3y e Cz\ Cx. |yl < pN] <q* Y NON, w)(g - 1)"
w<pN
g H () +ON

IN

q
qfeN

IA

for sufficiently large N and by symmetry
Pr[3y € Cx \ C7.ly| < pN] < ¢ V.

Therefore,
Pr(d(Q) < pN] < 2¢™",

as desired. [ |

Remark 3.18. In the hierarchical setting, for the most general setting, we are given locality
and distance parameters (r1,01),...,(rp,0,) such that r; > - >, > 1 and 6; > -+ >
dn > 2. We imposed the restriction ny, | np_1 | --+ | n1 | N so the groups nest. We want
each level to meaningfully correct additional erasures so if there is some 1 < < h — 1 such
that 0; = d;41 then level [ does not correct any more erasures that level [ + 1. In the parity
check view, we would not be adding additional parity checks corresponding to level [ because
0; — 0141 = 0. Consequently, it is reasonable to assume d; > --- > §, > 2. Suppose there is
some 1 <[ < h — 1 such that r, = r;.1. We have

ri40—1=7r41 4+ 641 — 14 (0 — 641)

and by the divisibility condition r; 1+ 0,41 —1 |7+ 0, — 1 s0 11+ 91 — 1| 6 — 041 which
is a contradiction. Therefore, we may also assume r; > --- > ry.
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Lastly, we prove a Singleton-like bound for CSS codes constructed from a dual-containing

classical HLRC.

Proposition 3.19. Consider a classical h-level ((r1,61),...,(r,0n))-HLRC C such that
C+ CCandd(Ct) > 6. ThendimC = (N+k)/2 and Q = CSS(C, C) is an [[N, k,> d(C)]]
quantum h-level HLRC' satisfying

h—1

k+2d(C) §N+2—22_: ({Nﬂﬂ —1) (5l—5l+1)—2qu+ﬂ —1) (6, —1) (3.10)

27 Tn

When h = 1, this recovers the same bound as [10, Theorem 30].

Proof. Denote the parameters of C' as [N, k', d(C)]. By the classical HLRC Singleton-like
bound [30, Theorem 3.1] , we have

h—1

dC)<N—K+1-) (ﬁﬂ — 1) (6, — 0141) — dﬂ - 1) (6, — 1). (3.11)

=1

We know by the CSS construction that k = k' + k' — N so k' = (N + k)/2. Plugging this
into the above bound, we have

d(C)gN—y%—l—z:([NJrk—‘ —1) (51—5l+1)—dN+ﬂ —1> (65 — 1)

27’h

and upon rearranging we get

() SN+ 1- > [NQ:Z ﬂ _ 1> (61 — S111) — GN?:ﬂ _ 1) (65 — 1)

b+20(C) S N+2-23 UNHﬂ —1) (51—5l+l)—2([N2+ﬂ —1) (6, — 1),

Tn

N+ k _1(
1

as desired. [ |

3.3.3 Existence of subspaces

We now prove the existence of the desired U, V; used in Construction 3.14. The proof is
quite technical so we first present two inequalities and use them to justify the existence of
the desired subspaces.

Theorem 3.20. Let J be a level-l block of length n;, and set A; := d; — d;11. Suppose that
mside J we have already constructed lower-level row spaces Uy, V<, C ]Fq‘] such that



CHAPTER 3. QUANTUM LRCS AND HLRCS 40

Further suppose both Us; and Vs, have the (0,11 — 1,81 — 1)-strong local MDS property on
every level-(1 + 1) child block inside J. More specifically, suppose that J is partitioned into
level-(1 4+ 1) child blocks

J=|]7

Ua=u. Va=EPWv,

where U;, V; C IF;;Z', extended by zero outside J;, satisfy U; L V; and both U; and V; have the
(0141 — 1,61 — 1)-strong local MDS property on J;. Assume q is sufficiently large. Then there
exists a A;-dimensional subspace Ufr C le such that

and that

dim(U>l + Ul+) = dim U>l + Al,

and Us;—y := Us; + U;" has the (6, — 1,01 — 1)-strong local MDS property on J.
After choosing such a U}t there exists a A-dimensional subspace V;* C (Us; + U")*
such that
dim(V>l + ‘/lJr) = dim V>l + Al,

and Voi—1 := Vo + Vit has the (6, — 1,6, — 1)-strong local MDS property on J. Consequently,
U>l_]_ J_ V>l_]_ and dlm U>l_]_ == dlm V>l_]_.

Proof. We first record two consequences of the inductive hypotheses.
Rank-Deficiency Bound: Let £ C J such that |E| < § — 1. Decompose E among the
level-({ + 1) child blocks:

E=| |E.

By the level-({ + 1) strong local MDS property,
rank(Us;|g,) > min{|E;|, 6,41 — 1}
which implies

rank(Us|p) > > min{|Ej[, 61 — 1}.

Hence,
|E| = rank(Usi|g) <> (|Ei| = 6141 + 1)

where y; = max{y, 0}. If the right-hand side is nonzero, then

(Bl =0+ 1) <|E =0+ 1< -1 8 +1=A,

)

If it is zero, the same inequality is immediate. Thus, |E| — rank(Us|g) < A;. The same
argument gives |E| — rank(Vs|g) < Ay
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Dimension Margin Inequality: By hypothesis, D := dim Us; = dim V5. Inside a level-/
block, the accumulated lower-level dimension is

h—1

n T
D=—(,—1 — (04, — 0y,
=0+ 3 L)
and dividing by n;, we get
D__%—l%_gféu—@ﬁl<@ﬂ—w
™ "h u=l+1 M a o
Thus,
2(6p41 — 1
m—zpzyu<y—ilﬂ——l>:flo%—szy—Dy (3.12)
np U

Decompose J among the level-({ 4+ 1) child blocks:
J=| |7
then V., decomposes as a direct sum over the J;:

V>l:@‘/;

where each V; C Fg By induction hypothesis, each V; has the (6,11 — 1,d; — 1)-strong local
MDS property on J;. Hence, for every E; C J;, with |E;] < & — 1, we have V;NF/[E;] = {0}.
Now take any subset £ C J with |E| < é; — 1 and write E; = E N J;, then |E;| < 6, — 1.
Suppose v € V5, N IF;]][E] We can decompose v = ). v; for v; € V. Since v is supported
inside F/, each component is supported inside F;. Thus,

v; € V; HIF;[EZ],

but |E;| < 81 — 1 so v; = 0. Hence, v = 0 and V5, NFJ[E] = {0},
Recall by the hypotheses of the construction, ny, | 7, and §; — 1 < ny /2. For every E C J
T\E : FqJ — ]FqJ\E

be the coordinate projection. Since V5 NFJ[E] = {0} for |E| < §; — 1, we have

dim 7 (V) = dim V3 — dim ker(WJ\E’v;l)
=n — D — dim(V5; NF)[E))
=n; — D — dimker(V5|g)
=n; — D — |E| + rank(V,|g).
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Also, since Us; NF}][E] = {0},
dim 7 5(Us)) = dim Uy, — dimker(7p\glv.,) = D — dim(Us; NFJ[E]) = D.
Therefore,
dim 7p p(VE) — dim 7w g(Us)) = my — 2D — |E| 4 rank(Va|p).
By the level-l + 1 strong local MDS property,

rank(Vs|g) > min{|E|, ;41 — 1}

SO
|E| - rank(V>l|E) S 51 —1- 5l+1 + 1= (51 - 5l+1
and
dlmﬂ'J\E(V;i) — dimﬂ'J\E(U>l) 2 n; — 2D — (51 -+ 5l+1-
By (3.12),
n
n — 2D > n—; (np — 2(8141 — 1)) = np — 2(Gp41 — 1)

and

np — 2(6l+1 — 1) = NnNp — 2((51 — 1) + 2((51 — (5l+1) Z 2(51 — 5l+1) Z (51 + (Sl — 2(5[+1
Consequently,

dlmﬂ'J\E<V>J'l) — dimWJ\E(U>l) > (Sl - (5l+1 = Al-

The same argument, with Us; and V5; interchanged, gives

dlmTFJ\E(Ui'l) — dimT('J\E(V>l) Z Al.

Existence: We prove the existence of U;"; the reasoning for V;* is identical after U;" has
been chosen. We choose U;" from the Grassmannian Grr, (A VZ4). Equivalently, after fixing
a basis of VJ;, we may parameterize an ordered A;-tuple of vectors in V2 by a matrix of

variables
Al xXdim V>J‘l

W e F,

We impose three types of conditions.
First, we require U;" N Us; = {0}. This is equivalent to

dim(U>l + Ul+) = dim U>l + Al,

and is the nonvanishing of some (D + A;) x (D + A;) minor in the coordinates W. Such a
determinant polynomial is not identically zero because

d1m(V>Ll/U>l) =n; — 2D Z Al.
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Hence there exist wy,...,wa, € le whose images are linearly independent modulo Us,.
For this choice, the matrix obtained by adjoining the w;’s to a fixed basis of Us; has rank
dim Us; + 4A;. Therefore at least one full-rank minor of that matrix is nonzero at this choice,
and the corresponding minor polynomial is not identically zero.

Second, for every E C J with |E| < §; — 1, we require

rank((Us; + Uy )|s) = |E].

The rank-deficiency bound proved above says that at most A; new directions are needed on

E. Since V-, has no nonzero word supported on F, the restriction (VZ)|g has full rank |E|.

The vectors from le can complete the rank of Us;|g. Hence, for each fixed E, at least one

|E| x |E| minor of the restricted matrix is a nonzero polynomial in the entries of .
Third, for every £ C J with |E| < §; — 1, we require

(Usi + U") NFJ[E] = {0}.
Equivalently, restriction to J \ E is injective on Us; + U;", i.e.
rank((Us; + U;")|ng) = dim(Us, + U}Y).

The dimension margin inequality above says that inside p(VZ) there are at least A, di-
mensions available modulo 7y g(Us,;). Thus, the injectivity condition is also the nonvanishing
of a suitable maximal minor.

Thus all required conditions are finitely many polynomial nonvanishing conditions in the
entries of W. Let F(W) be the product of one nonzero polynomial for each condition. Then
F' is a nonzero polynomial. By the Schwartz—Zippel lemma,

deg F’
q

Pr[F(W) = 0] <

where the probability is over random choices of entries of W. Therefore, for ¢ > deg F', there
exists a choice of entries of W such that F'(IW) # 0. The span of the A; chosen vectors in
VZ; is the desired subspace U;".

Now set Us;_q1 :=Us; + Ul+. By construction, Us;_; has the (6 — 1,; — 1)-strong local
MDS property and dimUs;—1 = D + A;. We now choose V;* from Grg, (A, U2, ;). The
rank-deficiency bound for V5, was already proved:

|E’ — rank(V>l\E) S Al (’El S (5[ — 1)

Also, since Us,;_; has no nonzero word supported on a set of size at most ; —1, the restriction
of UL, to any such E has full rank. It remains to check the dimension margin inequality.
For |E| < §; — 1, we have
. n . n .
dimmpg(Ug_;) = dimUg;_; — dim ker(WJ\E|U;_1)

=n — D — A — dim(U2,_, NFJ[E])
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=n, — D — A, — dimker(Us;—1|g)
=n—D— A, — |E| + rank(U>l,1]E)
and since V5, NF)[E] = {0}
dim 7 g(UL_,) — dim7pp(Var) = — (D + &) — D — |E| + rank(Us;-1| ).
Since Us,;_1 has the (§; — 1,9, — 1)-strong local MDS property, for every E C J with |E| <

01 — 1, we have
rank(Us;—1|g) > min{|E|,6, — 1}

SO
|E| —rank(Us; 1|g) <6 —1— (6, — 1) =6, — 4.
Therefore,
dimﬂ-J\E(Uil_l) —dim7ppg(Var) > — 2D — Ay — (61 — ).
Using
ng—2D > 61 + 6 — 20141,
we get

nl—2D—Al—((51—5l) 251—5l+1 :Al.
Thus, the same Schwartz—Zippel argument produces a subspace V;* C UZ,_; such that
VN Ve, ={0} and V5, := V5, + V;" has the (§, — 1,6, — 1)-strong local MDS property.
Finally, U;* C VZ and Vit C U2, = (Us; + U;")*, so by construction,
U>l,1 1 V>l,1 and dim U>l,1 = dim V>l,1.

This proves the theorem. [
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Chapter 4

Quantum Tamo—Barg Codes

We now use the intuition of the randomized constructions from Section 3.2 and Section 3.3
to give an explicit construction of a QLRC which builds upon classical Tamo—-Barg codes.

Here we extend the quantum Tamo-Barg code definition in [14] to a (r,d) quantum
Tamo-Barg (QTB) code. Our parameters are adjusted to match the convention of classical
(r,d) Tamo-Barg code constructions presented in [33].

Definition 4.1 ((r,d) quantum Tamo-Barg code). Let p be a prime number and m be a
positive integer, and ¢ = p™. Given an integer d > 2, a locality parameter » > § such that
(r+90—1)|(¢ — 1), and an integer ¢ € [g], the (r,d) quantum Tamo—Barg code is defined to
be the CSS code Q@ = CSS(C, C) with C' = ev(F,[X]®), where

S={iell]|i#—jmod (r+d—1)forany je{1,...,0 —1}}
U{ielg—1]|i=jmod (r+d—1) for some j € {1,...,0 —1}}.

In what follows, we will require this lemma [14, Lemma 54] which we restate without
proof. Consider classical codes Ax, Az, Bx, Bz in F} such that Ax C Az and By C By.

Lemma 4.2. For CSS codes A = CSS(Ax,Az) and B = CSS(Bx, Bz) of block length n
over F, there exists a CSS code Q = CSS(Cx,Cz) given by

Cx = (Ax N Bx) + B3 (4.1)
Cy = (AzN By) + By, (4.2)
so that
Cx = (Ax N By) + By (4.3)
Cy = (A7 N Bx) + By. (4.4)
Consider the following sets:
5—1

Sy =JG+ @ +5-12),

=1
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0—1

S_=J(=j+(r+d-1)2).

j=1

Then
S=(n(lg—1\S)U([g—1nSy) =\ S-)U(lg—1NSL).

We construct the (r,d) quantum Tamo-Barg codes as follows:

Lemma 4.3. For integers r > 0 > 2 such that (r +0 — 1)[(¢ — 1), and € € [q], let
A = ev(F,[X]), (4.5)

B = ev(F,[X]la~ 1), (4.6)
Then AN B is a (r,0) TB code. Furthermore,

At = ev(F,[X)le=IMOY) gnd (4.7)

Bt = ev(F,[X]l 105+ C B. (4.8)

If ¢ > q/2, then At C A. Letting C = (AN B) + B+, we obtain that CSS(C,C) is a QTB
code with
C+t=(A*NB)+ Bt =ev(F,[X]") CC (4.9)

where

T=((lg=a\{0p)n(lg =1\ 5-)) U (lg =1 nS5). (4.10)

Proof. We first prove the equality in (4.7) by dimension counting. Notice that dim A = ¢,
so dimAt = ¢ — 1 — £. Since dimev(F,[X]e=9\M%) = ¢ — ¢ — 1, it suffices to prove
ev(F,[X]la=4\M0) C AL+ To that end, by choosing a monomial basis for F,[X]¥ and
F,[X]la=MO} it is sufficient to prove ev(X?)-ev(X?) = 0 for every i € [{] and s € [¢—¢]\ {0}.
We have ev(X?) - ev(X?®) = D ek @t =0fori+s#0 modq—1.

To see this last result, let w,—; be a generator for ;. Then a = wf]_l for some j.
Therefore,
q—1 q—1 i+s\q _ , jits i+s _, its
its _ ji+s) _ ey W) —well Wit — Wit
a =) wety =) (W) = ' == =0
q q wz—‘rS -1 wz+s -1
aeF; j=1 j=1 q—1 q—1

because i + s Z 0 (mod g — 1) so the denominator is not zero.
Now we prove the equality in (4.8). It is straightforward to see that

. q—1
dmB=¢q—1———(0—1
o 1 r+5—1(5 )

then

-1
im Bt = —1 (5 1).
dim 7’—1—5—1(5 )
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Notice, dim ev(F,[X]4~1"%+) = dim B* so it suffices to prove
ev(F,[X =15y € B+,
Choose a monomial basis for F,[X]4=\5- and F,[X]le=1U"5+ For all i € [¢ — 1]\ S_ and
s€g—1]NS,, we have ev(X") -ev(X®) = e at* =0fori+s#0 mod ¢ — 1.
The inclusion B+ C B follows from
r+0—1

2
— S_ﬂS_A,_:@

0<r < 6—-1<

and the remaining arguments follow immediately using Lemma 4.2. |

We now compute the dimension of the (r,d) quantum Tamo—Barg code defined in Defi-
nition 4.1.

Lemma 4.4. The (r,0) quantum Tamo—Barg code @ = CSS(C, C) with parameters q,r,(,§
as defined in Definition 4.1 has dimension

k=1+{g—0<i<t-1:i¢(S,US)}

r+o—1
for some € € [—2(6 —1),2(6 — 1)].

Proof. Recall S C [q — 1] as defined in Definition 4.1, T'C S as defined in Lemma 4.3 such
that C' = ev(F,[X]®) and C* = ev(F,[X]T). Then, the dimension of Q can be computed as
follows:

dim(Q) = dim(C) — dim(C*)
=[S\ T
=0y ufg—0<i<l—1:i¢ (S US)}.

which proves the first equality. For the second equality, we inspect
{g—0<i<tl—-1:i¢g (S US)}.

If (r+0—1)|(2¢ — q) then this set has size exactly

o (1 20500

because we exclude 2(0 — 1) elements in every block of (r+ ¢ — 1). Note, this exclusion will
leave a nontrivial number of elements precisely because

20-1)<r+0—-1 <= d—-1<r <= 06<r.
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If (r+06—1)1 (20— q), we differ from
20 —1)
20 — l1——=
( 2 ( r+0— 1)
by at most 2(0 — 1) in absolute value and the second equality follows. [ |

We need to show that the code, Q@ = CSS(C,C) defined in Definition 4.1 is an (r,J)-
QLRC. By Theorem 3.3, it suffices to show that C* contains low-weight parity checks whose
supports cover all ¢ — 1 code components. As defined in Lemma 4.3, B+ C C* so it suffices
to show that B+ contains low-weight parity checks. The result is summarized in Lemma 4.5.

Lemma 4.5. Consider the code B+ = ev(F [X]l9"1U7%+) as defined in Lemma 4.5. Let
Qris—1 = {x € Fy - 2™t = 1} be the subgroup of (r 4+ & — 1)th roots of unity. Then a
Junction f: F, — ¥, lies in Bt if and only if for every coset af),5_1 for some o € [y, there
ezists a polynomial P,(X) € F,[X] with deg P, < § — 1 and no constant term such that

flaw) = Pa(w)
for all w e Qy51.

Before we prove the lemma, we make some observations about the statement. Since P,
has no constant term, P,(0) = 0. An equivalent formulation would be to say that f lies in
Bt if and only if f is a piecewise polynomial in w of degree < § — 1 on each coset af,,5_,
and that polynomial has no constant term.

Proof. By dimension counting, it suffices to show the forward direction.
(=) Let n:=r+0— 1 Fix f(X) =3,y iX* with ev(f) € B". By definition, f;
for i & [¢ — 1] N .S, must be zero. Grouping terms by residues modulo n, we can write

0—1
FX) = Y XIF (X7

where F; € F,[Y] is a polynomial. Fix a coset af),,. For any x € af),,, we can write v = aw
for some w € §2,,. Since W™ = 1, we have

S2]

F(o) = flow) = S (awl Fy((ow)™) = S (aw) Fy(a™) = 3 (0 Fy (™).

1

(52]
(=2}

J=1 J=1 J

The final sum is a polynomial in w of degree < § — 1 and no constant term. Therefore, we
can define P, to be

and it is clear that deg P, < § — 1, P, has no constant term, and f(aw) = P,(w) for all
w e Qr—l-(s—l'
|
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Corollary 4.6. The (r,6)-QTB code defined in Definition 4.1 is a QLRC with locality r
such that 6 — 1 erasures are corrected by each local repair group.

Proof. By Theorem 3.3, it is sufficient to show that C'is classically (r, §)-locally recoverable.
Let n:=7r+6 — 1 and fix af2,,. By Lemma 4.3, we know C* 2 B* = ev(F,[X]l~1U"5+) and
Lemma 4.5 implies that B+ contains the § — 1 functions

¥, x€af),
Jai(@) =
0, z¢afl,

for j = 1,...,0 — 1. These are linearly independent. Their restriction to af?, forms a
(0 — 1) x n Vandermonde-type matrix

:L'l xz « e . xn
2 2 2
xl xz P xn
61 _6-1 5—1

Ty Lo Ty

Hence, any 0 — 1 columns are linearly independent so d(Cl.gq, ) > d. Since |aQ,| =r+4d§—1,
this shows C' is an (r,d)-LRC.

Additionally, since puncturing can only decrease the distance and C*+ C C, we have the
following

d(C*) > d(C) > d(Clag,) > 6.
Therefore, by Theorem 3.3, Q@ = CSS(C, C) is an (r,§)-QLRC. [ |

4.1 Non-vanishing theorem

It remains to compute a lower bound on the distance of the (r,)-QTB. For the distance
bound, we will need the following theorem on the number of roots of unity at which a par-
ticular polynomial vanishes. In order to prove this theorem, we rely on proving a particular
combinatorial fact on homogeneous symmetric polynomials (Lemma 4.17) which, to the best
of our knowledge, does not appear in the current literature and may be of independent
interest.

Theorem 4.7. Letr > 6 >3 and let n =r+ 9 — 1. Let ( € C be a primitive nth root of
unity. For each b€ {0 —1,...,n—1}, let

0—2
Q(Y) =Y"+) uy!
t=0

be a polynomial satisfying Qu(C*) = 0 fort = 0,...,6 — 2. Then Qu(C%) # 0 for any
se{d—1,...,n—1}. In other words, y(¢*) =0 <= s=0,...,0 — 2.
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Proof. Fix s,b € {0 —1,...,n — 1}. Consider the 0 x § matrix M, = ((*“)acr,ccc Where
R={0,1,...,0 —2,s} and C ={0,1,...,d — 2,b}. More explicitly,

CO-O CO-l CO-(572) gO-b

1.0 11 .. ~1(6-2) ,Lb
Mgy = C. C. , C. g'

gsO Csl Cs-((:S72) CSb

Replacing the last column Y?, by Q,(Y) = Y° + Zf;g 1Y does not change the deter-
minant because we are only performing column operations. By hypothesis; Q,(¢*) = 0
for t = 0,...,6 — 2. Hence, the last column is [0,...,0,Qy(¢*)]". Therefore, det M, =

det((“’c)oga,cg,g : Qb(cs) :

Let 21 = (%20 = Y, .. ws-1 = (072, 25 = ¢°. Then,

s det Ms,b
Qu(C7) = Tvan (4.11)
et(¢ >0§a,b§6—2
xl{ xg - xg
l,({—Q xg—Q o zg—z
z1 T2 Zs
1 1 - 1
T 02 -2 . -2 (4.12)
1 T Ts_1
£ o) Ts—1
1 1 1
xl{ xg x’g x‘f’l a:g’l a:'g !
I Ta Ts T T2 T5-1
1 1 - 1 1 1 - 1 (4.13)
T -1 -1 o—1| [.0-2 .6-2 5—2 :
Ty Xy o Xy Ty Xy ot T
x‘f‘Q xg_Q xg_Q : :
: I T2 Ts—1
I T Ts—1 1 1 1
1 1 1
5—2
= S\=(b—6+1,0,...,0) (9517 e ,355) : (5176 - 513t+1) (4-14)

if
o
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hy—5-1y hp—@—2) -+ hy
h_4 ho o hso| 22
= , s = 2 (4.15)
: : S 0
h_-1) h_@—2 -+ ho
hy—5-1) hp—@-2) -+ hy
0 1 oo hso| 922
P B | (TR (4.16)
: : S 0
0 0 1
5—2
= hb75+1 (.Tl, . ,.135) . (l’g — xt+1) (417)
t=0
5—2
i = (N UNG N | [((SEYS) (4.18)
t=0
Here, sy(z1,...,x5) is the Schur polynomial over the partition A and hy_s41 is the complete

homogeneous symmetric polynomial of degree b — ¢ + 1. Equation (4.12) follows from (4.11)
because the determinant is unchanged under column swaps and transposition. The first
term in (4.14) follows from (4.13) by Jacobi’s bialternant formula for Schur polynomials
(also a special case of Weyl character formula)[4, 22] and the second term follows from
taking a quotient of two Vandermonde determinants. Equation (4.15) follows from (4.14)
by the Jacobi-Trudi formula [22, 36]. For s € {0 — 1,...,n — 1}, ¢* — (" # 0 for all
t=0,...,0 — 2. Hence, Qy(¢*) # 0 if and only if hy_s,1(1,¢, ..., °72,¢*) # 0 which follows
from Lemma 4.17. |

Remark 4.8. Theorem 4.7 is not true in the case of § = 2. Consider the following example.
Let § = 2 then n = r + 1. We must choose b € {1,...,r}. Qu(Y) =Y’ + vy and Q(1) =0
sovg=—1and Qy(Y)=Y"—1. Now for s € {1,...,7}, Qu(¢*) =0if ** = 1. Let r = 3 so0
n =4 and choose b = s = 2 then Q2(¢?) =¢*—1=0.

Hence, if s is chosen such that n | sb, then (*® is a root. If 6 = 2 and we strengthen the
hypothesis of Theorem 4.7 to choosing b such that ged(b,7 + 1) = 1, then the claim will
follow. For more details on where the proof particularly breaks see Remark 4.18.

Theorem 4.7 is over C, but we need results over finite fields so we present the following
reduction. In particular, the same result will hold over finite fields once we exclude finitely
many prime characteristics.

Corollary 4.9. Fix integersr > > 3, and set n =1r+ 9 — 1. For each
m e {0,...,r—1} and se{d—1,...,n—1},

define
Aps(X) i= (1, X, X2 ., X072 X%) € Z[X].
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Let @,(X) € Z][X] denote the nth cyclotomic polynomial, and define

r—1 n—1
M,s =[] [] Res(@n(X), Ao (X)) € Z.
m=0 s=§—1

Then M, 5 # 0. Consequently, if F, is a finite field of characteristic p such that p{ M, s and
n | (¢ — 1), then for every primitive nth root of unity w € F,, every b€ {6 —1,...,n — 1},
and every s € {0 — 1,...,n — 1}, the polynomial

6—2
Q(Y) =Y+ vy
t=0

satisfying Qp(w') =0 fort =0,...,d —2 also satisfies Qy(w®) # 0. In particular, for fived r
and 9, the conclusion of Theorem 4.7 holds over every finite field of characteristic outside a
finite set of primes.

Proof. Let ¢ € C be a primitive nth root of unity. By Lemma 4.17, for every
m € {0,...,r — 1}, se{d—1,...,n—1},

we have
Ans(Q) = hm(1,6,C30 .. 072 C) £ 0.

Lemma 4.17 applies to every primitive n-th root n. Hence, A,, s(n) # 0 for every root n of
®,,, so A,, s and ®,, have no common root in C. Therefore, they are coprime in Q[X] and

Res(®,(X), A, (X)) #0

for every such pair (m,s). Thus M, s # 0.
Now let F, be a finite field of characteristic p such that p{ M, s and n | (¢ — 1), and let
w € F,; be a primitive nth root of unity. Fix

be{d—1,...,n—1}, sef{d—1,...,n—1},

and let m = b — ¢ + 1. Suppose, for contradiction, Qp(w?®) = 0.
By the same determinant/Jacobi-Trudi computation used in the proof of Theorem 4.7—
which is purely algebraic and therefore valid over any field containing a primitive nth root

of unity—we have
QW) =0 = A, s(w) =0,

because
5—2

[ = #0

t=0

in any field containing a primitive n-th root of unity. Hence, A,, ;(w) =0 € F, so w is a root
of the reduction A,, ;(X) € F,[X].
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We next show that w is also a root of the reduction of ®,(X) modulo p. Since n | (¢—1),
we have p t n. Reducing the factorization

X" —1=]]®x)

dn

modulo p, we obtain in F,[X]
X" —1=]]®x).
din

Now w"™ = 1, so w is a root of X™ — 1. Moreover, because w has exact multiplicative order
n, it is not a root of X4 — 1 for any proper divisor d | n. Since every root of ®4(X) is also
a root of X? — 1, it follows that w cannot be a root of ®,4(X) for any proper divisor d < n.
Therefore, w must be a root of ®,(X).

Thus, w is a common root of the reductions modulo p of A4,,(X) and @,(X). By
Proposition 2.28,

p | Res(®,(X), Ap(X)).

But Res(®,,(X), A s(X)) is one of the factors of M, s, so this forces p | M, s, contrary to
hypothesis. Therefore, our assumption was false, and we conclude that

Qp(wW?) #0 (s=d—1,...,n—1).
This proves the corollary. [

Remark 4.10. As noted in Remark 4.8, Theorem 4.7 does not hold for § = 2 without the
additional hypothesis of ged(b,r + 1) = 1. However, that additional assumption is all that
is necessary even in the finite field setting. More formally, if § = 2, then Q,(Y) = Y? —1 so
its roots among the nth roots of unity are

0 n 2n (ged(b,n)—1)n
w , (w &ed(b,n) , ( &ed(b,n) Yoy w  gcd(bn)

There are exactly ged(b, n) roots so we must impose ged (b, r + 1) = 1.
Let be{l,....,n—1}, s€{l,...,n—1}, and set m = b — 1. We claim, if ged(b,n) = 1,
then
Res(®,(X), hy,(1, X%)) = 1.
Since
Pn(1, X*) =14+ XS4 X™ =14 X4 - 4 XD

and @, (X) is monic with roots (¢ for a € (Z/nZ)*, we have
Res(@n(X), hn(1L, X)) = [ (14 G070,
a€(Z/nZ)*
Because 1 < s <n—1, we have (?* # 1, so

- g

1 as L (b—1)as —__on
F 0 4 e
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Thus ,
1_[(16(2/712)>< (1 o Cgs )

HaE(Z/nZ)X (1 - Cﬂzs> .

Since ged(b,n) = 1, multiplication by b permutes (Z/nZ)*, so the numerator and denomi-
nator are equal. Therefore the resultant is 1 and it follows that M, s = 1 so there are no
characteristics p which we need to exclude.

In [14], the authors chose r + 1 to be prime which is stronger than necessary because
with 7 4+ 1 prime, ged(b, 7 + 1) = 1 is immediate.

Res(®,,(X), (1, X?)) =

We now give an example of a pair of values r, § for which there exists a prime characteristic
p such that Q(w®) =0 for some be {6 —1,...,n—1} and some s € {§ — 1,...,n — 1}.

Example 2. Let § =3 and r =9. Then n =11. Let ¢ =23 son | (¢ — 1) and let w = 2 be
the primitive 11th root of unity in F,. Let b =4 and s = 5.
By definition,
Qi(Y)=Y"+uvY + v
and Q4(1) = Q4(w) = 0. Solving for v; and vy, we obtain Q4(Y) = Y* + 8Y + 14. Now
substituting w® = 2% = 9, we get

Qs(9) =9"+72+14=81"+17=122 + 17 = 161 = 0 € Fys.

Hence, for characteristic p = 23, there existsb € {0—1,...,n—1}and s € {6 —1,...,n—1}
such that Q(w®) = 0.

Now we show that 23 is the only such characteristic for these values of r and 6. We need
to compute Mgz. Since n = 11 is prime, ®1;(X) = X0 + X% + ... + 1 and 4,,,(X) =
hm(1, X, X*) so by Corollary 2.27,

Res(®,(X), Ay s(X)) = No.) /e (Am.s(Ca)) -

Using SageMath, of the 81 pairs (m,s) with 0 < m < 8 and 2 < s < 10, 36 pairs had a
resultant of 23 and the remaining 45 pairs had a resultant of 1. The 36 pairs are (m, s) for

m € {1,2,3,5,6,7},  s€{3,4,5,7,8,9}.

We will compute
Res((Dll(X% A275(X)> = N@(Cll)/@ (A2,5<C11))

to show the computation for one of the 81 pairs with the others proceeding similarly.
Let ¢ = (41. Then

a=A5()=14C+C+C++¢0 e

and

Gal(Q(¢)/Q) = (Z/11Z)* = {1,...,10}.
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For each a € {1,...,10}, the corresponding automorphism is o, : Q(¢) — Q(¢) where
04(¢) = ¢ so the conjugates of « are exactly

= O'a(O./) — A?,E}(Ca) -1 + Ca + <=2a + C5a + CGa + ClOa.
Thus,

Noinyyo (A25(¢i1)) Ho‘a — 23.

One could also see this by computing the minimal polynomial of «, Hiozl(X — ), and
noting that the constant of this polynomial is exactly the norm.

4.2 Bound on the minimum distance of (r,0)
Quantum Tamo—Barg codes

We begin with a small lemma whose properties we will use when proving a bound on the
minimum distance of the code.

Lemma 4.11. Letr >0 > 2, set n=r+ 0 — 1, and define

V()= =)y (n=0=1t),,  yy:=max{y,0}.
Then 1 is nonincreasing and convez on [0, 00).

Proof. Set
a:=0—1, T::min{r,ﬁ}.
a

Then 9(t) > 0 precisely for 0 <t < T, and on this interval
Y(t) = (r —t)(n —at) = rn — (n+ ar)t + at*,

Hence,
P'(t) = —(n+ ar) + 2at, P (t) = 2a > 0.

Thus, ¢ is strictly increasing on [0,7"), so ¢ is convex on [0,T).

For t > T, at least one of the two factors (r —t), and (n — at); is zero, so ¥(t) = 0.
Thus, ¢ is constant on [T',00), and its right derivative at 7" is ¢/ (T") = 0. We now check
that the derivative does not jump downward at T'. The left derivative is

Y (T) = —(n+ar)+2aT.
There are two cases. If T'=r, then r < n/a, equivalently ar < n. Hence,

P (T) =" (r)=—(n+ar)+2ar=ar —n <0.
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If T'=n/a, then n/a < r, equivalently n < ar. Hence,

' (T) =" (ﬁ) =—(n+ar)+2n=n—ar <0.

a

Therefore, in both cases,
YL(T) <0 =4/ (T)

so the derivative is nondecreasing through the clipping point. Since ¢’ is increasing on [0, T)
and is equal to 0 on [T, 00), the derivative is nondecreasing on all of [0, 00). Therefore 1 is
convex on [0, 00).

We now show that ¢ is nonincreasing. Since ¢’ is increasing on [0,7") and ¢’ (T") < 0, we
have ¢/(t) <0 for all 0 <t <T. Fort > T, 1(t) = 0 is constant. Hence 1) is nonincreasing
on [0, c0). |

Theorem 4.12. Consider (r,6)-QTB code Q = CSS(C,C) defined in Definition 4.1. If
d > 3, assume char(F,) t M, s or if 6 = 2, assume r + 1 is prime. Then Q has distance at
least

qg—1 1 r r 1 \? 4r (-1
> \s=1 T rxe—1 (r+5—1_5—1> D1 ¢-1
(4.19)
Proof. Fix an arbitrary ev(f(X)) € C'\ C+. Since C = ev(F,[X]%) for
S=(0\5)U(jg—1]n5,)

we may write f(X) = g(X)+h(X) where g(X) € F,[X]E\S-U54) and h(X) € F,[X]la~ 105+,
By Lemma 4.5, h is piecewise of degree at most § — 1. Since ev(h) € C* and ev(f) ¢ C*
we must have g # 0.

Let n =r 40 — 1. Choose integers I'; = {0,1,...,d — 2,7} that are distinct modulo n so
ie{d—1,...,n—1}. There are exactly r such I';s. Then for a fixed w € ,,, we construct
the Vandermonde-type matrix

1 1 1 1 1
1 w w? oo w2 W
V= |
i w5—2 w(5;2)2 o w(a—é)(a—z) w(a;z)i
Clearly rank(V;) = § — 1 so there is a nontrivial vector v; = (v, - .., V;s-2,V;5—1) such that

Vivi = 0. If v; 5_1 = 0, then the first 6 — 1 columns of V; would be linearly dependent, but the
first 0 — 1 columns of V; form a Vandermonde matrix. Hence, v; 51 # 0 and by normalizing,
we may assume v; 51 = 1. Consider the polynomial

52
Qi(Y)=Y'+ ) uiY"
t=0
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By construction, @;(w?) = 0 for v = 0,...,d — 2. Let af2, € F;/Qn For a coset element
x € afly,,

5—2 -2
P+ S v ey = (“’(‘j_”i > vi,tw”‘”t) Q) =0
t=0 t=0
for j=1,...,0 — 1. It follows, for all x € IFZ,
5—2
wh(w'r) + Z viw th(w'z) = 0.
t=0
Define
5-2
gfl)(X) =w 'g(w'X)+ Z viw fg(w'X).
t=0

Note that deg ggl) < degg < ¢ — 1. Additionally, if x € F}, is such that f(w”z) = 0 for all
v e Fi, then

§5—2 6-2
0=w ' fw'e) + Y v flw'z) = g (@) + wTh(wa) + Y v h(w'e) = gi (2).
t=0 t=0

Hence, any = € F; such that f(w7z) = 0 for all v € T, is a root of gl.(l)(X).
We define )
¢(x) = [T o).
=51
which has degree at most 7(¢ — 1). It remains to show that G # 0 for which it suffices to

show that each gi(l) #0. Fixi € {6 —1,...,n—1}. Writing g(X) = > i\ (s_us.) g; X7, we
see that

-2
Xy = Y g (w-%w"X)f‘ + Zvi,tw-%th)j)
) t=0

JElON(S-US

0—2
= > (w(j_l)i + Zvi,tw“‘”t> X/

JEON(S-USy) =0
= ) g X

JEWN(S-USy)

Since j ¢ S., by Corollary 4.9 (and Remark 4.10 if § = 2), Q;(w’™') # 0 so g}l)(X) # 0.
Since ¢ was arbitrary, G # 0.

We now bound the number of roots of G in terms of the number of roots of f. Fix a
coset A = af),, and let |ev(f)|4 denote the Hamming weight of the restriction of ev(f) to A.
Let

Na={z €Al f@) = flwn) = = [(" ) =0}
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so N4 counts the number of startin% points of a consecutive block of § — 1 zeros. For a fixed
x € A which is counted by Ny, g(1 (x) vanishes precisely when f(w'r) = 0. Each nonzero

)

position blocks at most 6 — 1 possible starts of a (6 — 1)-zero block so
Na > (n— (6= Dlev(£)la)s-
Now fix an x € A counted by N4. Then
F(@) = flwn) = - = f(w2) = 0.

For an allowed value i € {0 — 1,...,n — 1}, the polynomial gi(l) vanishes at x whenever
f(wz) = 0. Among the r allowed values of 7, at least (r — |ev(f)|4)s satisfy this condition,
since there are only |ev(f)|4 nonzero positions in the coset A. Therefore the total root
multiplicity contribution from the coset A is at least

(r = lev(f)a)+ Na = (r = [ev(f)a)(n — (0 = Dev(f)]a) = ¢(lev(f)]a)-

Summing over all cosets, we obtain

[{roots of G in I, counted with multiplicity}| > Z v(lev(f)]a).
A€F: /0

By the convexity of 1 as proven in Lemma 4.11, Jensen’s inequality gives

> wllev(nl = Tt (ML),

A€EF3 /Qn @1

Since G is nonzero and deg G < r(¢ — 1), we get

a1, (n|eV(f)|

n qg—1

) <rl—1) — w(M) <mi=l

qg—1 qg—1

By Lemma 4.11, the function v is nonincreasing on [0, 00). Moreover, on the interval where
¥(t) > 0, it is given by
W(t) = (r—t)(n— (6 —1)1).
Let y be the smaller solution of
(-1
g—1

(r=y)(n—(0-1y)=rn

Then ¥ (t) > rnf;%l for 0 <t <y, while ¥(t) < rn% for t > y. Since

1
nlev(f)] (-1
¢< q—1 )qu—l’
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we conclude that

ev(f)l |
qg—1
Let /1
A= ——.
qg—1

Solving the quadratic in terms of y, substituting, and rearranging gives

g—1 ”“5—1)?"—\/<n+<5—1>r>2—4<6—1>m(1_g)

|6V(f)| > n ' 2(5_1)

Simplifying, we obtain

qg—1 1 r r 1 \? 4r (-1
>4 - |- .- _ o :
vz == =7 +% \/(n 5—1> TG =1

and substituting n = r 4§ — 1 gives (4.19), as desired. [ |

We make some important remarks regarding the relation of (4.19) to the bound presented
in [14, Theorem 62| and illustrate the necessity of Theorem 4.7 and Corollary 4.9.

Remark 4.13. Setting 6 = 2 in (4.19) and shifting r + 1 to r recovers the exact bound
presented in [14, Theorem 62].

Remark 4.14. Since we require Corollary 4.9 and Remark 4.10 to hold for (r,d), we must
first fix d, then r, and then compute M, ;. After which we choose ¢, a prime power such
that (r+0 — 1) | (¢ — 1) and char(F,) { M, 5. There are finitely many characteristics to
exclude and, by Dirichlet’s theorem on arithmetic progressions [7], there are infinitely many
primes of the form p =1 (mod r 4+ § — 1). Hence, there are infinitely many prime powers ¢
such that (r +0 — 1) | (¢ — 1) and char(F,) t M, . In particular, one may take ¢ = p for
infinitely many such primes.

Remark 4.15. There is a shorter proof of Corollary 4.9 in the case that n = r+ 6 — 1 is prime
and Corollary 2.31 holds over F,. Indeed, for

5—2
Q(Y) =Y+ 0",
=0
we have |Qp| < 4. Hence, by Corollary 2.31,
lev(@v)lo, 2n+1-06=r,

so the number of roots of @), in €2, is at most n —r = § — 1. Since ), was constructed to
vanish at w® for t =0,...,0 — 2 it follows that these are its only roots in €,.
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However, this argument is insufficient for our purposes for two reasons. First, it requires
n to be prime, whereas Theorem 4.7 and Corollary 4.9 hold for arbitrary n = r + 9 — 1,
outside finitely many characteristics. Second, the composite-order uncertainty principle from
Corollary 2.30 is generally too weak to recover the same conclusion. Indeed, if d; < dy are
the consecutive divisors of n such that d; < |Qp] < dy, then it yields only

eV(@)la, 2 57 (A +d2 — Qi)
102

which in general does not imply that the number of roots of @), in §2,, is at most § — 1.

This distinction becomes especially important in the hierarchical setting. In order to
derive a distance bound which meaningfully utilizes each level, one would like to apply the
analogue of Corollary 4.9 at each level [, with n; = r; 4+ ¢; — 1. Using Corollary 2.31 would,
therefore, force one to assume that each n; is prime, which is prohibitively restrictive. In
particular, once n; is prime, the hierarchy necessarily collapses to one level. By contrast,
Corollary 4.9 avoids any primality assumption on the n;, and for this reason is better suited
to the hierarchical constructions developed later.

We obtain the asymptotic distance of (r,d) QTBs as an immediate corollary of Theo-
rem 4.12:

Corollary 4.16. Given 6 > 2, for everyr > § and every 0 < R < (r—46+1)/(r+46 — 1),
there exists an explicit family of QLRCs of locality (r,0) and rate > R, and relative distance
at least

1 1 n T
2\6—-1 r+6-1

_\/(r+;—1_5i1)2+(5—1)(720:5—1) (1+R%)>' (4.20)

Proof. By Lemma 4.4, the dimension of Q is

k:1+(2€—q)(1—7?(f(5—__1)1)+6

for some € € [-2(d —1),2(0 — 1)]. Let k = R(q — 1). Then

R(g—1)—1—¢

2(0—1)
1 - r+6—1

—U—2—q+2=2(—1)—(q—2).

Dividing by (¢ — 1),

q=2
R_ﬁ _ (6_1) q—2 6—1_q—1+1_2<6_—1>

— S — r+6—1
i =) e T T




CHAPTER 4. QUANTUM TAMO-BARG CODES 61

and
1+€
q—2 T q—1
_+—_
(=1 o1
qg—1 2
1 1 r+0—1 R r4+0-1
= (14— ) 4.21
2 2(q—1)(+(+6)r—5+1) 2 r—o0+1 (421)

Hence, the relative distance is at least
1 1 n T
2\0—-1 r+0-1

"¢(r+;—1_5i1>{*®—¢x?}5—n'<1+R;%%i%)>

as ¢ — Q. [ |

Note that for fixed 6 > 2, as r — o0, (4.20) tends to
1 1 1 \> 201+R) 1 ¢ §—2\> 20 +R)
) ”m—\/(l—(s_l) T A m—\/((s_J S

4.3 Non-vanishing of complete homogeneous

symmetric polynomial

In this section, we present the technical lemma used to conclude the non-vanishing of @), in
Theorem 4.7.

Lemma 4.17. Let d > 3 and let n > 2d — 1. Let ¢ € C be a primitive nth root of unity
and write hy(zxq,...,xq) for the complete homogeneous symmetric polynomial of degree t in
d variables. Then, for every 0 <t<n-—d andd—1<s<n—1, we have

ht(17 C? ce 7Cd72a Cs> 7& 0.

Proof. Tt suffices to prove the result for ¢ = e*™/™ as any other primitive nth root of unity is

obtained from this one by a Galois automorphism of Q((¢), and such automorphisms preserve
non-vanishing.

Set W= (1,(,...,(° %) and fix s € {d —1,...,n — 1}. Define

F(T) = hj(W,¢")T7.

J=0
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Using the generating function for complete homogeneous symmetric polynomials and the
identity

n—1

[[a-¢r)=1-17",
§=0
we get
n—1
[T a-¢1)
1 s
P;(jv - d—2 - 1—-171Tn
(1—¢n) [ -¢T)

u=0

The numerator has degree (n—1) — (d—2) — 1 =n—d < n. Hence, for every 0 < 7 <n—d,
the coefficient of 77 is unaffected by the factor (1 — 7™)~!, and therefore

n—1
hi(W,¢) =[] [T (1 =¢7)
uiigl
Writing
n—1 n—d
IT a=¢'1)=> ci(a)7,
u=d—1 5=0

UF£S
it follows that c;(s) = h;(W,(?®).
We next record a symmetry of the coefficients ¢;(s). Let Ay = (¢*71,...,¢5,...,¢" 1) be

the vector of length n — d comprised of the consecutive roots (¢, ... (", but excluding
¢*. Since

QL

n—

[T 21) =3 (~17e;a0)77,

AEAs

[
Il
o

we have

cj(s) = (=1)e;(As)
where e; is the elementary symmetric polynomial. Because every A € A satisfies Al =1,
we have A™! = \, and hence

en—a—j(As) = en-a(As) 5 (ATT) = en—a(As) €5(As).

Therefore

Cnd—j(5) = (=1)" " enaj(As) = (=1)""en—a(As) ¢i(s).

In particular,
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because

en_a(A H/\_Hg_giudlu;es £ 0.

XEAS u=d—1
UF£S
Since ¢;(s) = h;(W, (?®), it follows that
hn,d,](W, CS) =0 «— hj(W, CS) =

Thus, it suffices to prove that the polynomial hy(W, (®) # 0 for

0<t< V_dJ.

2

Fix such a t. If ¢t = 0, then ho(W,(®) = 1 so there is nothing to prove. Hence, assume
t > 1 and consider the polynomial

fi(Y) = h(W,Y) = h(1,(,...,¢C72Y).

By the defining recurrence for complete homogeneous symmetric polynomials,

t
Y) = Z ht7u<W Y
u=0

Additionally, by definition

hi(W) = hy(Lo.... ¢ = ) (D)™(Q" - (¢,

ao+---+aqg—2=J

but we can also interpret this combinatorially. We have d — 1 objects, labeled 0,...,d — 2
and we choose ag copies of 0, a; copies of 1, ..., aq_o copies of d — 2 so in total we have

j:a0+a1—|—---+ad_2

objects. Hence, we have j objects each of size at most d — 2 and this is the standard
interpretation of the Gaussian binomial

<j+d—2)
J ¢

Now we can simplify the Gaussian binomial by substituting ( = e

jHd—2\  fpl-¢rrh
() e

k=1

2mi/n.

27rz/n)d 2+k

J
1—
H e27rz/n

k=1
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i sin <7r(d—n?+k) )

sin (2£)

n

i(d=2)
= 2

k=1
s [Ty sin (2F)
[Ti_, sin (%)
o) i1 sin (2F)
[Ty sin (5) [T sinm (5F)

d—2 sin (—”(j:k) )

j(d;2)
- : Tk
kel Sin (7)
and get o
d—
hi(W) =2 p;
for
d—2 sin (—”(j:k))
Pj = —
el Sin (7)

The coefficient p; > 0 because 0 < j<n—-dand 1 <j+k<n—d+d—2<n—2so both
sine terms in each fraction are positive.
Substituting this expression into f;(Y) gives

t m "

(tmu)(d-2) u _ 2 —u(d=2) Dty

L) = he )Y =3 ¢ Y =T Y Pr=u yru
u=0

u=0 u=0 Pt

Let

t
P(z) =Y pus" pa= P
u=0 Pt

SO
t(d—2)

d—2
i(Y)=( 2 pP((C2Y).
Thus the zeros of f,(x) are exactly the zeros of P;(z), rotated by the unit scalar ((¢=2)/2,
We now show that the coefficients of P, are strictly decreasing positive reals. Indeed,

Pj+1 Sm<7r(j+”d_1))
g+l

Pj sin (—W(jﬂ))

n

by telescoping. If 0 < 7 <t —1, then
29 +d<2+d—2
and since t < |(n — d)/2], we have

20+d—2<n-—-2<n.
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Therefore,
(2j+d)m «
0< on < 5
and using
sinA —sin B = 2008<A+B) sin(A — B) ,
2 2
with a1 -
A-mUrd=h TG+
n n
we obtain
sin (—W(] - 1)) — sin(—ﬂ(] i 1>) = 2cos (—W@] i d)) Sin(—ﬁ(d — 2)) > 0.
n n 2n 2n

Hence, pjy1 > pj for 0 < j <t — 1. It follows that
pr > pr—1 >+ > po >0
and dividing by py, since p, = pi_v/pi, We obtain
l=po>p >->p>0.

Now apply the Enestrom—Kakeya theorem [11, Theorem 4] to P,(z). Since every p, is a
positive real and 1 = pg > p; > -+ > p; > 0, every zero z* of P, satisfies

|z*| > min = min = min
0Susti—1 Pys1  OSUSt—1 Pp_(ui)  1Sust Py_i

Pt—u

> 1.

Thus every zero of P, lies strictly outside the unit disk. Since

t(d—2)

Y)=CT7 pP(C YY)

the same is true for f,(Y): if 2* is a zero of P,,, then ((4=2/22* is a zero of f,, and

DR = ¢ F " = 12" > 1.
Since |¢*| = 1, ¢* cannot be a zero of f,,. Hence
B(W,C*) = £i(C) # 0
for0<m < |(n—d)/2] and d—1<s <n— 1. By the symmetry
hn-at(W, (%) # 0 <= h(W, (%) # 0,

for 0 <t < |(n—d)/2], this extends to all 0 < ¢t < n — d. Therefore, hy(W,(*) # 0 for
0<t<n—-dandd—-—1<s<n-—1. Since

hn—d—i-t(]-a CJ s 7<d_27 CS) - ht(VVa CS)
we conclude h,_g.+(1,(,...,C42,¢%) # 0, as desired. |
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Remark 4.18. Lemma 4.17 is not true if d = 2. Let d = 2 and suppose n = 6 and t = 2.
Then,
b (1
ho(1, %) =1+ + 7 =—+
-1
and for s = 2, this quantity is zero.

The proof particularly breaks when we define p;. For d = 2, all p; = 1 so all p, =1
and P(z) =14 2z +---+ 2. Since, all the coefficients of P, are equal to 1, every root of
P, has modulus 1 by Enestrom-Kakeya. In our setting, all the roots of P, are the nontrivial
(t + 1)th roots of unity. Therefore, if s is chosen such that n | s(t + 1), ¢* is a root.

In the case of d = 2, if we strengthen the hypothesis of Lemma 4.17 to choosing t such
that ged(t + 1,n) = 1, then the claim will follow.
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Chapter 5

Hierarchical Quantum Tamo—Barg

Codes

We extend the work in Chapter 4 to the hierarchical setting by modifying the underlying
classical Tamo-Barg code and endowing it with hierarchical structure.

We now extend the (r,d) quantum Tamo—Barg code to an h-level quantum hierarchical
LRC. Let r;, 6, € Z* for [ = 1,..., h. Consider the following sets

6—1

Sy = JUi+ (i +6,-1)2)

Ji=1
5—1

S = (=i + (n+8-1)2)

Ji=1

and define

h h
Se=JS+ and S_=[]JS._.
=1

=1

Definition 5.1 (h-level quantum Tamo-Barg code). Given a prime p and m € Z%, let
g = p™. Given locality and distance parameters (r;, d;);=1.._» such that

.....

TLZ e 2 >0 > 20 > 2

and ny, | np_q1 | -+ | ny | (¢ — 1) where n; := r, 4+ 0, — 1, and an integer ¢ € [q¢], the
h-level quantum Tamo—Barg code is defined to be the CSS code Q@ = CSS(C,C) with C' =
ev(F,[X]7) for

S=n(g—1\S-))u(lg—1NS). (5.1)

An immediate consequence from the definition of the sets S;; and S; _ and Definition 5.1
is the disjointness of the sets.
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Lemma 5.2. Suppose we are given locality and distance parameters (ry, 0;)i=1...n such that

-----

TLZ e 2 >0 > 20 > 2

and iy + 01 — 1 | rp+6—1forl=1,...;0h—1 andry+ 61— 11| qg— 1. Then for
1<u<v<h, S;+NSy_-=0=5,_-NS,+.

Proof. We break the proof into cases.
1. Suppose u =v. |Sy+| = |Su—| =, — 1. Since
20, — 1) <1y + 6y —1 <= §,—1<r,
is satisfied by hypothesis, S, NS, = 0.

2. Suppose u < v. By hypothesis, r, > r, > 6, >, and r, + 9, — 1 | r, + §, — 1. Fix
s€S,_sos=—j, mod (r,+0d,—1). For the sake of contradiction, suppose s € S, ;.
Then s = j, mod (r,+9d,—1). Since r, +6,— 1| r,+3d,—1, s = j, mod r,+4, — 1.
Hence, r, + 6, — 1 | ju+J» and j, +j, > 2 80 j, + Ju is a nonzero multiple of r, + 4§, — 1.
However, j, + j, < 6, + 6, — 2 and

Oy +0, —2<7Ty+0,—1 < 6,—1<r, < 6, <1y

which is a contradiction.

Now fix s € S, ;+ and suppose for the sake of contradiction that s € S, _. By similar
reasoning, s = j, mod (r,+9,—1) and s = —j, mod (r,+9,—1). Again r,+d, —1 |
Ju + Jo SO we have a contradiction.

Thus, 1 <u<v<h, S:NS,_-=0=5,_NS,4. |
We now present the hierarchical analogue of Lemma 4.3. For [ = 1,..., h, define
By = ev(F[X] V) B = ev(F,[X]l 10504,
Then
h
B =B = ev(F,[X]s"1\%),
=1

Moreover, since the dual of an intersection is the sum of the duals,

h Lo
Bt = (ﬂ Bl> => Bl
=1 =1

Equivalently, because the spaces Bj- are monomial evaluation spaces,

h
B = 3 ev(B,[X]1050) = ev(F, [X]-105).

=1
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Lemma 5.3. For q,(r;,0;)i=1...n, and { as defined in De finition 5.1 let

-----

A = ev(F,[X]1), (5.2)
B = ev(F,[X]lah5-). (5.3)
Then AN B is an h-level TB code. Furthermore,
At = ev(F, [ X~ IMOy gnd (5.4)
Bt = ev(F, [ X109 C B. (5.5)

If € > q/2, then A+ C A. Letting C = (AN B)+ B*, we obtain that CSS(C, C) is an h-level
QTB code with
Ct = (AN B)+ Bt =ev(F[X]") CC (5.6)

where

T'=(([g—=a\{0) N (g =1\ S-)) U (lg = 1N S). (5.7)

Proof. It suffices to show B+ C B because the remaining claims follow from Lemma 4.3. By
Lemma 5.2, we have S, NS, - =0 for all 1 < u,v < h. Hence Sy NS_ = 0. Thus every
exponent in [¢ — 1] NS4 lies in [¢ — 1] \ S_, and so

Bt = ev(F,[X]6™105%) C ev(F,[X])l7N-) = B,
_

We now compute the dimension of the h-level quantum Tamo—Barg code defined in
Definition 5.1.

Lemma 5.4. The h-level quantum Tamo-Barg code Q = CSS(C, C) with parameters q, ¢,
(11,01)i=1,...n as defined in Definition 5.1 has dimension

k=1+{g—(<i<l—1:i¢g (S, US )}

B 0 — 141 op — 1
=1+ (20 q)<1 QZli_l 2rh+5h—1)+6

for some

h—1 h—1
€E [—2 Z((Sl — 5l+1> — 2(5h — 1), 22((55 — 5l+1) + 2<5h — 1)

=1 =1

Proof. We use a similar counting argument as in the proof of Lemma 4.4. Recall S C [¢—1]
as defined in Definition 5.1, T C S as defined in Lemma 5.3 such that C' = ev(F,[X]°) and
C*+ = ev(F,[X]"). Then, dimension of Q can be computed as follows:

dim(Q) = dim(C) — dim(C™+)
=[S\ T|
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={0}u{g—€<i<l—-1:ig(S,US )},
which proves the first equality. For the second equality, we inspect
{g—0<i<l—-1:i¢g (S US)}.

If (ry +01 — 1) | (20 — q) then this set has size exactly

because we exclude 2(d, — 1) elements in every block of size (r, + 0, — 1) and as we move
up the layers, we exclude another 2(§; — d;11) elements in every block of size of (r; + §, — 1)
forl =1,...,h—1. Note, this exclusion will leave a nontrivial number of elements precisely
because

2<5h—1)<7'h—|—5h—1 < 5h—1<7“h < 5h§rh

and
2((55 _5l+1> <T’l+6l—1 <~ (51 — 1) _2(5l+1 — 1) <71 < 51 < Tl+2(6l+1 — 1)

ne If (11401 —1) 1 (20 —q), we differ from

.....

h—1
0 — 0141 op —1
20 — 1—-2 -2
( q>< Zﬁ—l—él—l Th+5h—1>

by at most 2 Zlh;ll(él —0141) +2(6, — 1) in absolute value and the second equality follows. W

We give a small example to illustrate the sizes of [¢ — 1] NSy and [¢ — 1] N S_ which
appear in the proof of Lemma 5.4.

Example 3. Let ¢ = 49 and let (21,4), (10, 3), (5, 2) be the locality and distance parameters.
It is easy to see that
T1L > T > 13> 01 >0y > 03> 2

and

7”3+53—]_:6
ro+ 0y —1=12
7“1—|—51—1:24

so the divisibility condition follows. Now we compute [¢ — 1] NSy and [¢ — 1] N S_. The
constituent sets are

3

=118, = | (—j1 +242) = {21,22,[23], 45,46, [47]}

j1=1
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3

lg—1]n Sy = |J G +242) = {[1] 2,3,[25], 26,27}

[q—1NS,_ = (3(—42412Z){10J11,ggig§}34ﬁg5,ggigiﬁ
[q—1]NSy, = CJ (j2 + 122) = {[1] 2,[13], 14,[25] 26,[37], 38}
[q—1]NSs_ = tj(—434—6Z)::{5J11L17J23L29J35L41J47u
0= 1108, = U G + 62) = (27,130 10,35 91 [57]. 43

Js=1

SO

3

Uq—1 NS+

48 48 48

lg—1]NS,| = =2+4+8=_(41-3)+ (8- +2-1)

and an analogous statement holds for [¢ — 1] N S_. Thus,

01 — 0o 09 — 03 03 — 1
T1+51—1+T2+52—1+T3—|—(53—1)'

- 1n(s-us.) =2

This example effectively showcases why in level [, we only contribute an extra (6; — d;41)
elements per length r; + §; — 1 blocks as §;,1 — 1 of the §; — 1 elements have already been
accounted for from levels [ +1,..., h.

We now exhibit the hierarchical locality of the code @ = CSS(C, C') as defined in Defini-
tion 5.1 by stating and proving statement similar to Lemma 4.5 and Corollary 4.6.

Lemma 5.5. Let B+ = ev(F,[X]97U5%) be as in Lemma 5.3. If f € B+, then f can be
written as

f=hH++fn fi € B

For each level I, each f; € Bj- has the following local description: for every coset afy,,, there
ezists a polynomial P, (X) € F [X] with

deg Pa,l S (Sl — 1, Pa7l(0) = 0,

such that
filaw) = P, (w) for allw € Q,,.

The converse is also true.
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It follows immediately that each level [ contributes at most ; — 1 independent local parity
checks per level-l coset. Additionally, this lemma reduces to Lemma 4.5 when h = 1.

Proof. By dimension counting, it suffices to show the forward direction.
(=) The equality
h
B*=> "B
=1

was shown in Lemma 5.3. Hence every f € B+ can be written as f = f; + --- + f, with

fi € BZL
The final statement is exactly the one-level description of Bj* from Lemma 4.5, applied
with parameters (r,d;) and n; = r, + 0; — 1. [ |

Corollary 5.6. The h-level (r;, ;)=
h-level ((11,01),...,(rn, 6n))-QHLRC.

n quantum Tamo-Barg code in Definition 5.1 is an

.....

Proof. Let @ = CSS(C,C) be the code from Definition 5.1, and for each [ write n; :=
r;+ 51 — 1.

We prove by induction on [ that for every level-(I — 1) repair group A;_;, the punctured
code Q|a,_, is an (h— 1+ 1)-level ((r1,6;), ..., (rn, 0))-QHLRC. Here, for [ = 1, we interpret
A0:{177q_1} and Q’Ao = Q

Base step: | = h. Fix a level-(h — 1) repair group A;_;. Inside Aj_1, the level-h repair
groups are precisely the cosets A, = af),, C Aj_;.

By Lemma 5.3, we have C+ D Bt = ev(F,[X]l~1U"5+) and by Lemma 5.5, for each
j=1,...,0, — 1, the code Bj- C B* contains the function

¥, x € A,

Restricting to the coordinates in Ay, these give 8§, — 1 checks in (C|a,)*. Writing A;, =

{z1,..., 2, }, we obtain a Vandermonde-type matrix
€1 T9 P xnh
2 2 2
H ’xl ’IQ PR xnh
Ah - :
op—1 op—1 op—1
xl x2 e xnh

After scaling the ith column by z; ', this becomes a Vandermonde matrix, so any &, — 1
columns are linearly independent. Hence, d(C|4,) > d and

d(C[3,_,) 2 d(Cla,_,) 2 d((Cla,_,)|a,) = d(Cla,) = 0.

Therefore, by Theorem 3.3, Q|a, , = CSS(C|a,_,,C|a,_,) is an (7, 0,)-QLRC. This proves
the base case.
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Induction step. Assume 1 <[ < h, and assume that for every level-l repair group Aj,
the punctured code Q|y4, is an (h — I)-level ((ri11,0141), -, (rn, 05))-QHLRC.

Now fix a level-(I — 1) repair group A; ;. Inside A; 1, the level-l repair groups are the
cosets A; = af),, € A;_y. By Lemma 5.5, for each such A; and each j =1,...,, — 1, the
code B C B+ C C* contains the function

LL’j, x e Al,

Restricting to A;, these give § — 1 checks in (C|4,)*. As in the base case, their parity-check
matrix is Vandermonde after column scaling, so any ¢; — 1 columns are linearly indepen-
dent and therefore d(Cls,) > 6. By the same reasoning as before d(C|},_ ) > & so by
Theorem 3.3, Q|4,_, is an (7, 0;)-QLRC.

Moreover, by the induction hypothesis, for every such level-l repair group A;, the punc-
tured code Q|4, is an (h — I)-level ((7141,6141), - - - (71, 0))-QHLRC. Therefore, Q|4, , sat-
isfies the two conditions of Definition 3.5 with top-level locality parameters (7, ;). Hence,
OQla,_, isan (h— 1+ 1)-level ((r;,d;), ..., (4, 0n))-QHLRC.

Finally, taking [ = 1 and Ag = {1,...,¢ — 1}, we conclude that Q is indeed an h-level
((7“1,61),...,(rh,éh))—QHLRC. [ |

5.1 Bound on the minimum distance of hierarchical
Quantum Tamo—Barg codes

We finish our analysis of the quantum Tamo-Barg HLRC by proving a distance bound using
Theorem 4.12. For clarity, we will first derive a distance bound for the case h = 2. The
general h derivation will naturally follow, but the notation will become quite heavy. Recall
Lemma 4.11 whose properties we will use repeatedly in the distance proofs.

Lemma 4.11. Letr >0 > 2, set n=r+0 — 1, and define

G(t) = (r = (= (5= 1)t),,  ye == max{y,0}.

Then 1 is nonincreasing and convez on [0, 00).

5.1.1 Two-level bound

Now we present the distance bound of the 2-level hierarchical QTB code. The proof proceeds
by iterating the one-level root-counting argument. At the bottom level, for each admissible
shift 5, we apply a @Q-operator to f and obtain a transformed polynomial gg) . The Q-
nonvanishing theorem guarantees that these transforms are nonzero on the nondual part of
f, while the defining vanishing of @), forces gg) to vanish whenever f has a suitable block of
0 — 1 zeros in a bottom-level repair group together with one additional zero.
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We then apply the same idea at the top level. For each admissible top-level shift iy, we
apply a level-1 Q-operator to gg), producing gi(ll’)iQ. Taking the product over all choices of 7;
and iy gives a nonzero polynomial G, whose degree is at most ry73(¢ — 1). Thus, an upper
bound on the number of roots of G' comes from its degree.

The lower bound on the number of roots is obtained by counting zero incidences level by
level. Inside each bottom coset B, if wg is the weight of f on B, the bottom-level argument
contributes at least

Yo(wp) = (r2 — wp)y (n2 — (62 — Nwp) |
zero incidences. Averaging these incidences over the bottom cosets inside a fixed top coset

gives an upper bound on the average weight of the transforms gg) on that top coset. The
top-level root-counting argument then contributes

Yi(t) = (r1 —t)+ (m — (61— 1)t)

roots as a function of this averaged weight. Finally, Jensen’s inequality is used twice, once
across the choices of 75 and once across the top cosets, to express the resulting lower bound
only in terms of the total weight |ev(f)|. Comparing this lower bound with deg G < ryro(f—1)
yields the desired distance estimate.

Theorem 5.7 (Two-level hierarchical QTB distance bound). Let Q = CSS(C, C) be a two-
level hierarchical QTB code with parameters (r1,01), (12, 02) and set

n13:T1+61—1, TLQ::T2+62—1.

Assume ny | ny | (¢ —1). Assume also that Corollary 4.9 holds at both levels; concretely, for
every level | = 1,2, either 0; > 3 and char(F,) { M,, 5, or 6, =2 and n; = r; + 1 is prime.
Forl=1,2, define
Ui(t) = (r—t)4 (e — (6 — 1)t) .

Define

1 n

Os(t) := d T2 Y1 (nl — —11/12(t)> , 0<t<ns.

ny ToNo

Let
Ty :=inf {t € [0,n9] : Oz(t) < ryre(f —1)}.
Then .
d(Q) > 1 T2.
Ny

Equivalently, every nonzero codeword ev(f) € C'\ C* of weight

w = [ev(f)]

—1
7’17’2(5_1)2q o Yy (m— = wz( e w))
n 29 q—1

satisfies
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Proof. Fix ev(f) € C'\ C*+. We decompose
f=9+P+ b,

where ¢ is supported outside Sy 1 U Sy 4, P, is supported on Sy 4, and P is supported on
S14\ Sa.4. Since ev(f) ¢ C*, we have g # 0.
For [ =1,2, let
]l = {65—1,...,71,[—1}.

For each i; € I}, let
51—2
0 _ i )yt
Qil (Y)=Y"+ Z Uz'l,tY
t=0

be the corresponding ()-polynomial at level [. Let w; be a primitive n;th root of unity. Define
the linear operator

5,—2
LW [P](X) == w; "p(w'X) + Z vgll?twl’tp(wltX).

2
t=0

On monomials, this operator acts diagonally:

L1 = Qw0

U

(1)

11,82 °

Define the level-2 transforms gg) = L'g) [f], i2 € I, and the level-1 transforms g
E(l)[g@)], i1 € I, is € I5. Finally define the aggregate polynomial

Gx) = I I a0 ().

ig€l2 1€

We first show that G # 0. The operator Eg) ensures that coefficient of every monomial
whose exponent lies in S, 4 is zero, so

9 = £P0g) + L2[P).

The two summands have disjoint supports. Since every exponent in the support of g does
not lie in Sy 4, Corollary 4.9 at level 2 implies Eg) lg] # 0. Hence gg) # 0.

Next, Eg) [P] is still supported on S; ;+ so applying the operator ﬁl(-ll) ensures that it is
zero. Therefore,

1 1) 52
gi(l,)i2 - £§1)£52)[g]'

Every exponent in the support of g avoids both S; ;+ and Sy . Thus, Corollary 4.9 at levels
1 and 2 imply glgll’)i2 #0so G #0.

Moreover, each operator preserves degree, so

deggfll) <degg </l —1.

g2 —
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Since |I;| = 1 and |I3| = rg, we have
deg G < ryire(f —1).

We now lower bound the number of roots of G. Let A range over the cosets of €2, in
F;, and let B C A range over the cosets of €),,, contained in A. Write wp := [ev(f)|s. Fix a
bottom coset B and let

={zeB: f(z) = flwz) == w2 ) =0}.

Each nonzero value of f on B can block at most d, — 1 such starting points, so
NB 2 (TLQ - (52 - ]_)U)B)+ .

For any such starting point x, the number of i, € I for which f ( x) = 0 is at least

Wy
(ro —wp) 4. For each such pair (z,1i3), the definition of Ei gives gl ( ) = 0. Therefore,

> e B:gP(x) =0} > v(wp).

io€l2

Summing over all bottom cosets B C A, we obtain

Y HzeAd: gD =0} > ts(wp).

i9€lo BCA
Equivalently, if
wit), = lev(gh)la,
then
Z w1(42,)ig < rong — Z Po(wp).
i9€lo BCA
Thus,

EZwAmSnl——ng wg). (5.8)

ig€l2 BCcA

Now fix A and i5. Applying the same incidence count at level 1 to the family {glgll’)iz}ile n
gives

Z Hre A: g§37)i2(33) =0} = 1/}1<w1(42,)ig)'

1€l

Therefore, the root multiplicity contributed by A to G is at least
2
> diwd),).
ig€ly
By Lemma 4.11, ¢4 is convex, so Jensen’s inequality gives

Zl/) ,) = rath (: Z”@i%)-

io€ls io€ls
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Since 1) is nonincreasing, substituting (5.8) gives

Zw >7”2¢1<n1——2¢2’w3>-

i9€1o BCA
Now sum over all top cosets A. The function
S
S — 7"2'¢1 <n1 — —>
)

is convex because we have composed 11, a convex function, with an affine function which
maps S — ny —S/ry. It is also nondecreasing because as S increases, the argument n; —S/ry
decreases and 1 is nonincreasing. Hence Jensen’s inequality gives

7’21/11 (nl - — — 1 ) .
2 q A BCA

Z Z Yo(wp) = Z%(WB)»

A BCA

|{roots of G}| > 1

But,

where B now ranges over all bottom cosets in ;. By Jensen’s inequality and the convexity
Of w27
q—1 T2
5 a(um) = Tt (e
o qg—1
B
Using that 1 is nonincreasing, we obtain

Lt (= g (1) ).

Since G # 0, its number of roots in Fy, counted with multiplicity, is at most its degree.

Therefore .
— n n
a rotn <n1 - (125 ( 2 |ev(f)|>) :
1 ToN2 q—1

This proves the displayed inequality.
Finally, ©4(t) is nonincreasing in ¢. Hence the inequality

|{roots of G}| >4

Tl’f’g(g — 1) Z

rra(f—1) > @2( e \eV(f)!>

qg—1

implies
-1

ng

ev(f)] > L7,

Taking the minimum over all ev(f) € C'\ C* proves the distance bound. |
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5.1.2 h-level bound

We will extend the distance bound to the general h-level hierarchical QTB code by iterating
the same argument as in Theorem 5.7. We first present a lemma that will aid in the recursive
argument.

Lemma 5.8. Forl=1,... h, sety(t) = (r;—t); (n — (& — 1)t), . Define Wy,(t) := ¥n(t),
and forl=h—1,h—2,...,1, define

ny

Wy(t) ==y (nz - ‘1’z+1(t)) :

Ti41M41

Then each Uy is convex and nonincreasing on [0,ny]. Consequently,

h
(H r,> Uy (t)
1=2
is also convex and nonincreasing on [0, ny).
Moreover, for each level-l coset By, let wp, = |ev(f)|p,. Let I; = {6, —1,...,n;— 1} and
let Ry(B;) denote the total number of zero incidences contributed inside By as follows: for
each choice of lower-level indices

-1
@h(t) = qnl

(Grg1,--50n) € Dipa X oo o X I,

.....

Ri(By) > ( f[ ru) 7, (Z—?w&) ,

u=Il+1

(’il+1, c. ,’ih). Then

where the empty product is interpreted as 1.

Proof. We first prove the analytic claim. By Lemma 4.11, for each [, the function /;(¢) is
convex and nonincreasing on [0, 00). We show by downward induction that each ¥; is convex
and nonincreasing. The base case ¥, = ¢, is immediate from Lemma 4.11.

Assume W is convex and nonincreasing. Define

Since W, is convex and nonincreasing, the function A; is concave and nondecreasing. More-
over, 0 < W, 1(t) < rpanggr so 0 < Aj(t) < ny. Hence, all inputs to ¢; lie in the interval
where Lemma 4.11 applies. Because v; is convex and nonincreasing, the composition rule
for convex functions implies that W;(t) = ¢;(A;(t)) is convex. Also, since A, is nondecreas-
ing and 1; is nonincreasing, ¥, is nonincreasing. Indeed, if t; < ty then A;(t;) < A;(t2).
Applying 1); reverses the inequality:

Wi(t1) = vi(Ai(th)) = Di(Ai(ta)) = Ui(t2).
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This proves the induction. The same properties for ©,, follow because O, is a positive scalar
multiple of V.

We now prove the incidence bound by downward induction on [. For [ = h, fix a bottom-
level coset Bj. The one-level incidence count at level h gives

Rh(Bh) > th(th) = \Ijh(th)7

which is the desired statement because n,/n;, = 1 and the product HZ:h 41 Tu 18 empty.
Assume now that the claim holds at level [ + 1, and fix a level-l coset B;. Decompose B,
into its level-(I + 1) child cosets:

ny/nig1

|_| Bl+1,a-
a=1

Set Wy = |€V(f)|3l+1’a. Let Al+1 = Il—i—l X Il+2 X X Ih SO

h
A | = H Ty-
u=Il+1
For @ = (ij41,...,1n) € Ai41 and a child coset By 4, define
g . (I+1)
wi,a - ‘ev(gll+1, ,lh)lBl+1,a7

(1+1)

the number of nonzero positions of the transformed polynomial g; "~ ; on By

By the induction hypothesis applied to the child coset Bji;,, the total number of zero
incidences in Bj;;,, summed over all lower-level operator choices © € Aj44, is at least

h n
h
H Ty \Ijl+1 (n_wa> .
u=I[l+2 I+1

> (i —wi,) > ( 1 ru) i (:—hw) |

’iEAprl

Equivalently,

Dividing by |A;11], we get

1 Nnp
g ww >Ny — r—\Ile —Wq | .

|Al+1| i€hii I+1 Ni41

Now define the total effective weight of g(lJr . inside B; by

U415tk

ny /N1

l—‘rl
wf = Jev(gi) Z wj)
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Averaging over ¢ € A;; 1, we obtain

1 ny/nip1
w! = w
|Ars1] L |
1, e Ay iehri
nl/nl+1
1 np
< E np1 — T_\I]H-l —Wa
st 1+1 1+1
ny/np41
=N — — E ‘I]l+1 <_wa)
LE2E St Ti+1

n; 1 /g np
=n; — . Z ‘Ifl+1 n—wa . (59)

Ti41M41 nl/nl—i-l

For each fixed lower-level choice 4, the level-l incidence count gives at least 1;(w?) zero
incidences inside B;, summed over the 7; choices of the level-l operator. Therefore,

Ri(B) = ) t(w

’LGA1+1

Since v; is convex, Jensen’s inequality gives

1
9y > - g
E Yi(w]) > [Arya |t T § w;

1€ 41 1€A1 11

And since v; is nonincreasing, substituting the upper bound (5.9) gives:

h n 1 ny/ni1 n
! h
Ri(By) = ( 11 Tu> U | — : > Uy (n_wa>
1+1

TN ny/n
uit1 T /g

Using the convexity of ¥;,;, Jensen’s inequality gives

ny/nig1

1 /i np 1 np Ny
Z Vi (—wa> >V Z —w, | =Yy ( IUBZ) (5.10)
n

/Mg a1 N1 /Mg a1 T+t

since ) w, = wp,. Since v is nonincreasing, substituting (5.10) can only increase the
argument of v;, we obtain

h
n n
Rl(Bl) > ( H Tu) Py (nl - m\l}l-&-l (n_}llel)) .

u=l+1
By the recursive definition of ¥;, this is
L n
Ri(By) > 7 e .
)= <u£4[rlr ) l (nl sz)

This completes the induction. [ |
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Theorem 5.9 (h-level hierarchical QTB distance bound). Let Q = CSS(C, C) be an h-level
hierarchical QTB code with parameters (r1,01),...,(rn,0n), and set ny == 1+ 6, — 1 for
I =1,...,h. Assume ny | np—y | <=+ | n1 | (¢ — 1). Also, assume that Corollary 4.9 holds
at every level; concretely, for every l, either 6, > 3 and char(F,) { M,, s, or 6, = 2 and
ng =r;+ 1 is prime.

Forl=1,... h, define ¢(t) := (r;—t)4 (ny — (& — 1)t), . Define functions ¥; : [0, np] —
R recursively by V,,(t) := ¢¥p(t), and forl=h—1,h—2,...,1,

i(t) = (nz — T’Z+Z’lbl+1 ‘111+1(75)> :

Define

h

@Aﬂ:q;l<ﬂn>%@»

1=2

Let .
Th — inf {t < [O,Rh] . @h(t) S (HT’[) (£ — 1)} .
=1
Then q
d(Q) > qnh Th.

Equivalently, every nonzero codeword ev(f) € C'\ C* of weight w satisfies

(llim> (t—1)> q;l (gr,> v, <qT1w) .

Proof. The proof is an iteration of the two-level argument in Theorem 5.7. We give the
details needed to track the notation. Write

f=g+Pi+-+h,

where ¢ is supported outside S, = U?Zl Si+, and P, is supported on

h
St \ U Sk+

k=l+1

for | < h, while P, is supported on S, ;. Since ev(f) ¢ C*, we have g # 0. For each level [,
set
]l = {55—1,...,7’”—1}.

For 4; € I;, define the operator

)
LX) 1= w plef X) + Y vl Pl X),

t=0
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so that A ‘ _
LX) = QP (WX

U

We recursively define transformed polynomials by ascending through the hierarchy. First,
for i, € [h; set

(h h
Foril=h—1,h—2,...,1, and for a tuple

(G, 8141, - - -5 80) € Iy X iy X oo X I,
define @ @] ,0+1)
! A [ a1
gil:ilJrl ----- ih " ‘Cil |:gil+1 ----- ih] )
Finally, define
(1)
IIT IT Il
ih€lp th—1€1h—1 1€l

We first show that G # 0. At each level [, the operator £§f) annihilates the positive-
residue part. Since the operators act diagonally on monomials, the support of g remains
disjoint from all positive-residue supports throughout the iteration. After all levels have
been applied, we have

1 1 h)
9it) i = L0 LE - L1,
For every exponent j in the support of g, and for every level [, we have j ¢ S; ;. Therefore,
Q(Z)( ) # 0 by Corollary 4.9 at level [. Thus, every nonzero coefficient of g remains

nonzero after applying the product of diagonal operators so gl(1 77777 # 0 for every tuple

(1,...,13). This implies G # 0. Moreover, each operator preserves degree SO
degg) , <degg<(—1.

Since |I;| = r;, we obtain

deg G < (Hm) (0—1).

=1

We now count roots. By Lemma 5.8, applied to each level-1 coset B;, we have

[{roots of G}| > (H”) > (— ev( )\Bl).

Since W, is convex, Jensen’s inequality gives

-1 1 np
Z\Ifl <—|6V |Bl> Z Uy ((q— 0/ ;n_1|ev(f)|31>




CHAPTER 5. HIERARCHICAL QUANTUM TAMO-BARG CODES 83

and

1 np, "h
G 2y e = O

Thus,

|{roots of G}| > qn;ll <H 7“1) Uy <qqﬁll|ev(f)|) :

1=2
Since G # 0, the number of roots of GG, counted with multiplicity, is at most its degree.

Hence,
<l117“z) (t—=1)> qn—ll (}lﬁ) vy (qu‘ev(f)O :

By construction, the function

On(t) = qn‘l 1 (H) Uy (t)

1=2
is nonincreasing in t. Therefore the preceding inequality implies

qg—1

lev(f)] =

Th-

Taking the minimum over all ev(f) € C'\ C* proves the theorem. |

Theorem 5.7 and Theorem 5.9 give implicit distance bounds which we now turn explicit
in the following corollary. The final expression will be similar to (4.19).

Corollary 5.10. Assume the hypotheses of Theorem 5.9. For each | = 1,...,h, set a; :=
0, — 1. Define the clipped inverse function Inv; : R — [0,n;] by

0 0 > rmy,
IHVZ(Q) = j—‘la 0 S 07
n + ar — +/(n +2am)2 — day(rim — 0), 0 <0 <mrmn,
ay

where

. ny
Ty :=min< r;, — » .
aj

=
y1 = Invy | mimy )
qg—1

TIm
Y, = Inv; (f(n11 - 3/11)) .

-1

Define yy, ...,y recursively by

and, forl=2,... h, by
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Then

Proof. Recall that
¢l(t> = (7"[ - t>+<nl — alt)+.
On the interval where ;(t) > 0, we have

wl<t> = (7“[ - t) (nl — alt) =nrn; — (nl -+ am)t -+ alt2.

Solving i, (t) = 0 for t gives

n; + ar; — \/(nl + CL[TZ)Q - 4(11(7’lnl — 9)

t =
QCL[

84

(5.11)

This is the smaller root, and it is the relevant one because ¢ is nonincreasing on [0, n].

With the clipping convention in the definition of Inv;, we have
Pi(t) <6 — t > Inv;(0).

By Theorem 5.9, every nonzero codeword of weight w satisfies

) ) 2)

where

and, forl=h—1,...,1,

”l

Ui(t) = (nl - \I/,+1(t)) -

Ti+1M+1

Canceling the common factor Hflzz r;, we get

np -1
v <
1(q_1w>_7’1n1 1

Set

Then

n {—1
U (nl — —1\112(750)) < Tlnlq 1

T2l
By (5.12), this implies

n
ny — ——Uy(tg) > y1.
TraNg

(5.12)
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Equivalently,
Ton
Uy(ty) < ——(m1 — 41)-
ni

Applying the same argument at level 2, we obtain

n
ng — ——Ws(ty) > ya,
r3ng

and hence
rsns

W3(to) < n—2(n2 — 4a).

Continuing recursively, after level h — 1 we get

Since Wy (to) = ¥n(to), another application of (5.12) gives ty > yp,. Substituting back tq =
q”_—hlw, we obtain

np
Taking the minimum over all nonzero codewords gives

) =11,

np
as desired. [ |

For h = 2, we can unravel the bound in (5.11) to see that

q— 1 ng + ((52 — 1)7“2 — \/(712 + (52 — 1)’/“2)2 — 4(52 — 1)T27’L2y—1

d(Q) 2 N9 2(52 — 1) -

(5.13)

where

ny + (0 — 1)y — \/(nl + (01 = 1)r1)? = 4(01 — 1)rimy (1 - %)
1= 2(6, — 1)

is the explicit bound for Theorem 5.7. Additionally, y; is exactly the one-level bound in
Theorem 4.12.

Remark 5.11. In order to apply the distance bound Theorem 5.9, we need Corollary 4.9 to
hold at each level (and potentially Remark 4.10 at the bottom level). In particular, we must
first fix (7, 9;);=1... x such that

-----
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and ny, | np—1 | --- | n1. Then we compute M,, s for each | = 1,...,h and obtain the
following set of characteristics to exclude:

h
P=Jp:p| Mya}

=1

Finally, we choose ¢, a prime power such that n; | (¢ — 1) and char(F,) € P.

The recursive bound in Theorem 5.9 is a direct multilevel analogue of the one-level root-
counting proof. However, the hierarchy does not necessarily improve the distance when
compared to the one-level (r1,d;) QTB code. Indeed, the explicit form in Corollary 5.10
gives
qg—1

np

d(Q) >

Yh,

whereas the top-level bound is
q—1
n1

d(Q) > Y1-

We now explain why the recursive estimate cannot be expected to beat the top-level estimate.

Corollary 5.12. Forl=1,...,h, seta;:= 90, — 1 and n; :=r; + a;. Recall that
Yi(t) = (ri — )+ (i — ait) 4.
The recursion defining vy, says that, for | > 2,

riny
y = Inv; (n_(nl—l - yz-1)) :

We claim that

Y Y1 S"'§£~

Np~ Np—1 ny

Proof. Set x = y;_1/n;_1 so we have y; = Inv; (rn;(1 — x)) . We claim that y;/n; < z. Since
Inv;(0) is the smallest threshold beyond which v;(t) < 0, it suffices to show

@Dl(nlﬂf) S rml(l — [E)
If one of the clipped factors in ¢;(n;z) is zero, then this is immediate. Otherwise,
Yi(mx) = (rp — mz) (ng — anyx).

Dividing by ny, it is enough to prove (r; —nx)(1 —ax) < r;(1—x). Subtracting the left-hand
side from the right-hand side gives

r(l—az)— (rp—mz)(1—az)=x(r(aq—1)+n —amz).
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In the nonzero range of ¢;(n;z), we have 1 — a;z > 0, and hence, ajn;x < n;. Therefore,
ri(ag — 1) +ny — amz > 0.

Thus, ¥;(nyx) < rny(l — x), and consequently y;/n; < y;_1/m_1. Iterating this inequality
gives

Y  Yn—1 <...§£'

Np~ Np—1 ny

The loss comes from two sources. First, at each level the proof averages zero incidences
using Jensen’s inequality, which discards information about how the zeros are distributed
among lower-level repair groups. Second, the aggregate polynomial obtained by multiplying
all transformed polynomials has degree

(H) =

=1

so each additional level increases the degree bound by a factor of r;. This degree growth
can overwhelm the extra zero incidences forced by the hierarchy. It remains an interesting
open problem to develop a multilevel distance proof which uses the reduced nondual support
(0] \ (Sy U S_) more efficiently.

We end this chapter with an example of a two-level hierarchical QTB code and its com-
puted dimension and distance.

Example 4. Consider the two-level QTB code with parameters (r1,d1) = (9,4) and (13, d3) =
(4,3). Then ny = 12 and ny = 6 so ny | ny. The bad-characteristic products from Corol-
lary 4.9 are

Myz=2% and Mgy = 27031132037

Thus the excluded characteristics are {2,3,13,37}. The smallest prime power ¢ satisfying
12 | (¢ — 1) and whose characteristic is not excluded is ¢ = 25.

We compare the two-level hierarchical QTB code with the one-level QTB code having
top-level parameters (r,0) = (9,4), over the same field o5 and with the same value of ¢.
The exact CSS distance was computed using the shortened-support criterion

d = min {|U| : dim(C' NFY) > dim(C-NF)} .
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The results for £ = 13,...,24 are as follows:

14 kllev dllev khier dhier dbound
13| 2 9 2 7 4
141 2 9 2 7 3
15| 2 9 2 7 3
16| 2 9 2 7 3
17| 4 8 2 7 2
18] 6 7 2 7 2
191 8 6 4 4 2
20| 10 5 4 4 2
21| 12 4 4 4 1
221 12 4 4 4 1
23| 12 4 4 4 1
24| 12 4 4 4 1

In this example, the two-level hierarchical code does not improve the true global distance
over a one-level code with the same top level parameters. It sometimes has the same distance,
but it is often worse. In the table dpounq is the distance bound of the one-level (ry,d;) QTB
code as in (4.19). Corollary 5.12 shows the h-level distance bound (5.11) is at best equal to
(4.19). However, the example codes do beat the proven bound so the bound is not tight.
This illustrates that hierarchy should be viewed primarily as improving the repair structure,
but not automatically improving the global minimum distance.
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Chapter 6

Folding Quantum Tamo—Barg Codes

6.1 Folded (r,6) Quantum Tamo—Barg Codes

We now present a variant of the quantum Tamo-Barg (QTB) codes in Definition 4.1 by
using a folding operation. This code generalizes the folded quantum Tamo—Barg code which
appears in [14].

Definition 6.1 (Folded (r,§) Quantum Tamo-Barg code). Let @ = CSS(C, C') be the QTB
code with parameters ¢, r, d, {. Given an additional folding parameter s | (¢ —1)/(r+4d — 1),
we define the folded Quantum Tamo—Barg (fQTB) code O to be the quantum code
with local dimension ¢° and block length (¢ — 1)/s obtained as follows. Fix a generator
wg—1 € F; and for every i € [(¢ — 1)/s], we block together s components at positions

Flis = {wizy, ... ,wé’f{“l} in Q into a single component of Q. Let C' denote the F-linear
i

codes obtained by folding C' so that Q = CSS(C, C).

b

For a given x = wj

Formally,

1 €EF, let F, € IF“Z be the unique element of IF'; that contains x.
b/s|-s+j .
F, = {wé_/lj e8]}
Folding a code by definition preserves the rate, so a fQTB has the same rate as the

associated unfolded QTB. We computed this rate in Lemma 4.4. We will now show that
fQTBs are also QLRCs. First, we need a small lemma.

Lemma 6.2. Assume s | (¢—1)/(r+06—1). Let afd.y51 CF; be a coset of Q51 and let
Fw;‘}‘i‘l be a block of positions as defined in Definition 6.1. Then |af)..s_1 N chi'fl‘ <1 for all
1.

Proof. Fix i € [(¢—1)/s] and let @ = w?_, for some b € Z. Then

bt 9=

aQis 1 = {wa el ter+0— 1]} :
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Suppose there exist t; # t5 such that

bt +6 1 b+t 7+6 1
q—1 1 Wg—1

w EF

Then we must have

qg—1
r+d6—1

qg—1

b+t1-M—_1£z-s+el mod (¢—1) and b+ty-

=i-s+e mod (¢g—1)

for some ey, es € [s]. Subtracting, we obtain

qg—1

A

=e —ey mod (¢ —1)

with e; —es € {—(s —1),...,(s —1)}. Since s |
possible unless e; = ey. Thus

q—1 . .
1, we get s | (e1 — e2) which is not

-1
(tl_tQ)'r—(l]_(;—_lEO mod (¢—1) = t; —ta =0 mod (r+6—1),
but we assumed t; # t5 and 0 < t1,t5 < r + 6 — 1. This is a contradiction. Hence, each
element of af2,,s_1 resides in a distinct folded block. [ |

Corollary 6.3. Assume s | (¢ —1)/(r+ 06 —1). Let Q = CSS(C,C) be the QTB code
from Definition 4.1, and let Q = CSS(C, C) be its folded version. Then Q is a QLRC with
parameters (r,d) i.e., every folded repair group has size v + 0 — 1 and can correct § — 1
erasures using only symbols inside the group.

Proof. By Theorem 3.3, it suffices to prove that C' is a classical LRC with parameters (r,0).
Fix a coset af),,s_1. Define the folded repair group

= {F,:x€ad 51}
By Lemma 6.2, the map x — F is injective on af2,,s5_1, so
‘Ra| = ’OzQT+§_1| =r+ o — 1.

Next, by Corollary 4.6 (applied to the unfolded code C'), there exist §—1 linearly indepen-
dent local parity checks in C* supported on af),,s ;. Each such check induces (by folding)
a parity check on C supported on R,. Because the folding map is injective on af2, s 1, these
induced checks remain linearly independent, and therefore correct up to d —1 erasures within
R,, using only symbols from R,. Thus C is a classical LRC. Therefore Q = CSS(C’ C) is a
QLRC with the same locality parameters. |

Lastly, we will prove a distance bound for the fQTB. A trivial bound follows from The-
orem 4.12:if we denote the distance of the fQTB as d, then d > d/s, but we will shortly
present a more involved proof for a stronger bound. Before we do so, we present a lemma
that we require in the proof.
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Lemma 6.4. For every v € N, the determinant polynomial det € Fy[(Yi;)ijew)] has a root
of multiplicity v —t at every matriz (x;;); jep of rank t.

Now we present a more involved argument than the unfolded distance proof that gives a
significant boost to the relative distance. This argument follows the structure of the proof
of [14, Theorem 63|, but this proof has to deal with more general parameters.

Theorem 6.5. Let O be the code from Definition 6.1 with parameters q,r,98,0,s such that
r+0 — 1 s prime and the uncertainty principle in Corollary 2.31 holds for r +4 — 1 over
F,. Then Q has distance at least

for

€= max min{(l—g_l) mf_l max 5—1+mg—1}.

1<myp<r+d—1 q— 1) r-+ o — 1>max{1,mf—(6—1)}§mg§mf myg S

Proof. Fix an arbitrary f(z) = >,y f; X7 € F,[X] such that ev(f(X)) € C'\ C* with
associated folded codeword év(f(X)) € C'\ C*. Our goal is to show |&v(f)| > d.
Since C = ev(F,[X]) for

S=([0\S)U(lg—1]NSs)

we may write f(X) = g(X) 4 h(X) where g(X) = Y. g; X7 € Fo[X]\5-U5) and h(X) =
> hi X7 € Fy[X]la1nss,

Let My ={ie[r+6—1]:3j =14 mod r+J—1 with f; # 0} and my = |M/|. Similarly,
define My ={i € [r+6—1]:3j =i mod r+0 — 1 with g; # 0} and my, = |M,|. Note that

max{l,ms— (0 —1)} <my, <my<r+4—1.

We show two upper bounds on |ev(f)| > d; the first is tighter when m; is small and the
second is tighter when m, is large.

1. Using the uncertainty principle in Corollary 2.31, we will bound |ev(f)| and then apply
the fact |ev(f)| > |ev(f)|/s. For every a € %, on the restriction to inputs in the coset
afdys-1, f agrees with f (mod X"*0~1—q/*+9~1), Clearly, f (mod X"T0~1—q"*+071) s
a polynomial of degree < r+ ¢ — 1 whose coefficients are supported within M. There-
fore, | f (mod X"~ — "~ 1)| <m; and by Corollary 2.31, either ev(f)|an,,; ; =0
or [ev(f)lag. s =27 +0—14+1—=mp=1r+385—my.

If M; C{1,...,6 —1}, then ev(f) € C* by Lemma 5.3. This contradicts the assump-
tion on ev(f) so there is some i € My \ {1,...,d —1}. Knowing this, ev(f)|ag,,; , =0
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if and only if f (mod X"+°~! — q"+9~1) = 0 which is only possible if the ith coefficient
of f (mod X1 _ ar+671):

D farrsn(@ Y

. q—1
jeliis=l

Z fi+(7’+§—1)jYJ

jelz5=]
has degree < (¢ —1)/(r + 6 — 1) because fiito-1); = 0if i+ (r+0 —1)7 > £ by
definition of C. Therefore, it has < (¢ — 1)/(r + § — 1) roots which implies there are
< (—=1)/(r+9d—1) cosets a2, 5-1 for which ev(f)|aq,,s , = 0.

Hence,

is zero. The polynomial

lev(f)] = > lev(f)lae s

a5 1€F%/Qrys 1

qg—1 (—1
> — _ _
_(r—|—5—1 r+5_1>(r+5 14+1—my)

f—1 mf—l
=@-1(1—-—— l1———] .
(4 )( q—1)< r—|—5—1)
Now, by definition,

. lev(f)l o g—1 (-1 my— 1
vz === (“m)(“m)

2. By Lemma 5.5, h is piecewise of degree at most §—1. Since ev(h) € C+ and ev(f) ¢ C+
we must have g # 0.

Let det € Fy[(Y;;)ijep] denote the determinant polynomial which takes as input a
v X v matrix of variables (Y;’j)i’je[v] over [, and outputs the determinant of the matrix.
Define the matrices

A(X) ( 7Z~+6 lwq 1X>i,j€[mg]7

AQ(X) (wr+5 lg( r+5—1wé—1X))ivj€[mg]’

Ap(X) = (w51 M(w; Wro- 1Wg—1X))ijelmg)s
and A (X) (Wr+5 1f( Wris— 1W31 1X))i,j€[mg]

and the polynomial G(X) = det(A,(X)) € F,[X]. It follows that degG < m -degg <
m(¢ — 1). Now we show that G(X) is a nonzero polynomial. We know g(X) =

2 ac\(5_usy) JaX " 50

Ay(X) = (wr_j&flg(Wi+6—1wé—1X))i»J€[mg]
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o a—1)1 a-j
= Z gaX (w7(~+5—)1 wq—Jl)i»jG[mg]
a€l[f\(S-US+)

Iy
(a—1)-1
«a wr-{—é—l 0 1 a-(mg—1)
= Z gaX : -[w;{l wety et Wer ! }
a€lf\(S-US4) :
(a—1)-(mg—1)
W51 ’
(i—1)0 -
Wy 51
w(ifél)ll )
r+o— a a- a- (m—1
- : ' Z gaX [wqfol wqfll ngin }
€M, : ac[l]\(S-UsS
ol nmen | 2 e
r+6—1 -

A (X) is an m, X my matrix and G(X) = det(Ay(X)) so in order to show G(X) is
nonzero, it suffices to show that A,(X) has full rank. It is then sufficient to show that

the set of vectors '
(i—1)-0

r+d—1
=11
Tl e M,
(i=1)-(mg—1)
r+d6—1
and
. . (mg—1 ,
Z Ja X [wg‘_ol wg‘_ll w;‘_(In" )] 1 e M,

a€lf\(S-US+)

a=imod (r+6-1)
are linearly independent over F,[X]. The first set of vectors form the columns of an
mg X m, Vandermonde matrix which has full rank. If there is a nontrivial F,[X] linear
dependency in the second set of the vectors then taking the highest-degree term of
the associated polynomials over X gives a nontrivial dependency among the vectors
[wy ™ ]jeimy) for my distinct values of a.. This forms another my x m, Vandermonde
matrix. Therefore, both sets of vectors are linearly independent so G(X) is indeed
NONZETo.

It remains to bound the number of roots of G(X). For a given z = w_, € F}, recall
that F, is the index of the folded component of C' that contains the component z of

C.
If b (mod s) € {0,...,s—my}, then because s | Tjgil it follows that for each i € [m,],
i ; ) btj+i— =
{wrpsawgaz g €lmgly ={w, 0 ™ g e mgl} C Fi ) o

The ith row of A¢(z) consists of m, elements, all members of Fyi ;oS0 the 7th row
of A¢(z) consists of m, out of the s components of ev(f)p

‘*’;4-5—1”c
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Let Z, = {i € [my] : ev(f)F , =0}. If b (mod s) € {0,...,s—my}, then for every
“rys—1"
1 € Z,, by definition, "

(O)jE[mg] ( r+5 1f( r+6 1Wq 1x))]6[m9]

:( r+5—1g< r+d— 1wq lx))JG[mg] +( T+5—1h(w;{+5flwé—lx))j€[mg]

SO

(w;ﬁ’ié—lg(wiJr&flwgflx))jG[mg] = (_w;—id—lh(wi+6flwzflx))j€[m9]'

Fix j € [m,] and consider the following column vector whose rows are restricted to Z,,
» , ; 7
¢j = (W1 h(Wrps1Wy_17))iez, € F|q :

The points wr+5 1uﬂ 1%, 1 € Z, lie in the coset w 1xQT+5 1 because w,,+5 1 E QH(; 1
for all i. By Lemma 4.5, on this coset, there ex1sts a polynomial P; (V) = 30" p; .Y
such that deg P;, < d—1, P;,(0) =0, and for every w € €, 45_1, h(wj_lx W) = ij(w)
Therefore,

_ —1 7 (t—1)-%
C; = (Wr+5—1pj,x(wr+5 1))iez, = E Pjat r+§ I)ZEZZ

((5 2)-i

. . 0-i . .
so c; lies in the span of the § — 1 vectors (Wr+571)ieZza o (W )iez, - Since j was

arbitrary, this is true for every c;, j € [m,]. Thus, the rank of

(—W;ﬁ&qh(wﬁa—wé—ﬁ))z‘ezz,je[mg] = (wr_léflg(wi—ﬁ—(s—lw;—lx))iGZz,jE[mg]

is at most 0 — 1. Since, [m,] = Z, U ([my] \ Z,), the span of rows in A,(z) indexed
by [m,] \ Z, has dimension at most m, — |Z,| and the span of the rows in A,(x)
indexed by Z,, as we just showed, has dimension at most § — 1. Hence, rank(A4,(z)) <
mg — |Z;| +9 — 1. By Lemma 6.4, G(X) has a root of multiplicity > |Z,| —d + 1 at
X =u.

b

Summing over all 7 = w, 4

of G(X) is at least

€ I}, it follows that the number of roots (with multiplicity)

> (12 = 0+1)
belg—1]
b mod s€{0,...,s—mgy}

>3z -+ - D, )

z€FY

—Z|Z|—q—1( ( )+5—1)

xeF

=(@—1=lev(f)ls)my — (¢ - 1) (w Ho- 1)
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_|e~v(f)|~5_mg—1_(5—1)

q—1 s my

=(qg—1)m, (1
Since deg G(X) < my(¢ — 1), G(X) has at most my(¢ — 1) roots so
lev(f)]-s my—1 6—1
1 1— . . < 1
(a1, (1= e mt 22 <oy
and rearranging gives

ev(f) = =2 (1

S

for
. {—1 my — 1 0—1 mg — 1
€= max  min 1-— , max + ,
1<my<r+d6—1 q—1) r+ 0—1 max{l,m;—(6—1)}<mg<m; My S

as desired.

Remark 6.6. The second case in the proof is a generalization of [14, Claim 68]. However, for
us arguing the rank drop was more involved because the rows of A,(X) corresponding to Z,
were not all equal unlike in the proof of [14, Claim 68]. Instead, we looked at the columns
of A,(X) restricted to Z, and showed that its column rank must be < ¢ — 1 from which we
could claim the multiplicity of a root of G(X).

Remark 6.7. Since we require the uncertainty principle to hold for 46 — 1 over I, we must
first fix 0 then r and let ¢ be a prime power that lies outside the finite set of characteristics
where the uncertainty principle for r + 6 — 1 does not hold.

6.1.1 Asymptotic distance bound

In order to obtain an asymptotic formulation of the distance, we desire to remove the m;y
and m, dependency in the distance bound. To that end, we present a technical lemma that
will allow us to bound the € in Theorem 6.5.

Lemma 6.8. Let

. -1 my — 1 0—1 mg — 1
€= max  min 1-— , max + .
1<mp<r+6—1 ¢q—1)r+0—1" max{lmp—(6-1)}<mg<my \ My s

_ _ -1 _
Letn=r+d—1and A\=1- 7. If s = cen? for ¢ > 2, then

eg)\5_2+(1+1> M=)

n C n
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Proof Letn:=r+6—1and X\ :=1— =% Define

q—1
0—1 m-1
¢(m) := +
m s
Then .
€ = max min{)\mf — max gb(mg)}.
1<my<n n max{1l,m;—(6—1)}<mg<my
We first show that ¢ is nonincreasing on [1,7n]. Indeed,
o0—1 1
/ —_— — —_—
¢ (m) - mg + S'
Since s = cn? with ¢ > 2, we have
s>n?> "
- T -1

Thus
<

<

- — (I1<m <n),
and hence ¢'(m) < 0 on [1,n]. Therefore, for fixed m¢, the maximum of ¢(m,) is attained

at the left endpoint:

¢(mg) = d(max{l,ms — (5 — 1)}).

max
max{1l,my—(6—1)}<mg<my

Hence
m f— 1

- p(max{1,my — (5 - 1)})} .

We now split the maximum over m; into two ranges.

€= max min<{ \
1<mj<n

Small-support range: 1 < my; <. In this range, my — 1 < — 2. Therefore
my — 1 S )\5 - 2
n n

-1
min{)\mf , ¢(max{1,mf—((5—1)})} <A
n
Thus the contribution of all my < ¢ is at most A%.
Large-support range: 0 < my < n. In this range, my — (6 — 1) = my -6 +1 > 1.
Therefore, max{1,ms — (0 — 1)} = my — 0 + 1. Thus the large-support contribution is

. mf—l 5—1 mf—5
max min< A , + .
0<mys<n n mf—5+1 S

Set w:=my—0+1. Then 1 <wu <7, and my —1=wu+ 9 — 2. Hence

1 5—2  §5-2
AL B Vs el L S LY

n n n n

A
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while
6—1 mf—5_5—1+u—1

+
my—0+1 s U S

Therefore the large-support contribution is at most

-2 -1 -1
max min{)\(S—Jr)\g, 0 +u }

1<u<r n n u S
Using
min{A + B,C} < A+ min{B,C},
with 5—2 51 1
A=22"2 B=x%, ="t
n n u s
we get

1<u<r n n u S n 1<u<r n u

) u 60—1 wu—1 ) u 0—1 wu
max min ¢ A\—, + < max min { A—, +—7.
n n

1<u<lr U S T 1<u<n U S

Combining the small-support and large-support ranges, we obtain

-2 -1
eg)\(s + max min{)\g, 0 +ﬁ}
n

n 1<u<n u S

It remains to bound the final maximum. We split into two cases.
Case 1: A < % By definition,

WLf—l

<A\

e < max A
1<my<n n

Agz:wgﬁgﬂ/m,
n n n

ASA—‘S_2+<1+3) A0 -1)
n

Since 6 > 2, we have

Therefore

)

1 n
and the claim follows in this case.
Case 2: \ > % Set

-2 -1 -1 -2 —1
max min{)\(s +)\E, d + 4 } < )\5 + max min{)\g, 0 +

u—1

S

97

3

Furthermore, (u — 1)/s < u/s, and enlarging the range from 1 < wu <7 to 1 < wu < n gives
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Then B(u) is increasing. Also,

<0 (1 <u<n),

because s > n?/(6 — 1). Hence C(u) is nonincreasing on [1, n).
The two curves B(u) and C'(u) meet at the positive real number

because the equation B(u) = C(u) is

PRt WL PN (5—1)13:6—1.
n

u S n S

Since B is increasing and C' is nonincreasing, we have maxj<,<, min{B(u), C(u)} < B(u*).
Thus,

. u 0—1 u u*
max min q A—, + - < A—.
1<u<n n Uu S n

Substituting the value of u*, we obtain

WAool Ae-D
R B RS

Since A > 1/n, we have

Therefore

u
A— <
n

For ¢ > 2, we have 1/¢ < 1/2, and

Hence

max min{)\g, 5_1+E} < (1—1—1) M
n

1<u<n
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Combining this with the previous reduction, we obtain

-2 1 -1
GS)\éT—i-(l—l——) A )a

c n
as desired. [ |

Now we get the following corollary for the asymptotic bound using Lemma 6.8.
Corollary 6.9. Let Q be the folded QTB code from Theorem 6.5. If
s>2(r4+86—1)>

then Q has distance at least

q—1 (—1\ r+1 (r+4—1)2 d—1 (-1
> - - - .
= 5 ((1 q—l)'r’—i—é—l (1+ s r+d—1 ! g—1

Moreover, for every0 < R < (r—30+1)/(r+9—1), there exists an explicit family of QLRCs
of locality (r,9), rate > R, and relative distance at least

E_E r4+0—1 r+1 _§ 60—1 1_5 r+0—1
2 2 r—904+1/r+d6—-1 2\ r+0—-11\2 2 r—06+1)/)

Proof. The first claim follows immediately from Lemma 6.8, since if s = ¢(r + ¢ — 1), then

1 §—1)2
C

s
For the second claim, recall from (4.21) that
Ll S
g—1 2 2(¢-1)
Taking ¢ — oo, we obtain

. (-1 1 R r+46-1
g—1 2 2 r—6+1

Therefore the asymptotic relative distance is at least

— —1)2 — —
1_€ 1 r+1 1+(r+(5 1) d—1 1_€ 1
g—1)r+46—-1 S r4+06—1 qg—1

(1 R r+44d-1\ r+1 1+(r+5—1)2 -1 (1 R r+d-1
\2 2 r—041)r4+6-1 s r+6—1\2 2 r—6+1)

Since s > 2(r +d — 1)?, we have

which yields the claimed bound. [ |
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6.1.2 Composite-order distance relaxation

Using Corollary 2.30, we can relax the primality requirement on r + 9 — 1 at the cost of a
slightly weaker bound. This will be particularly useful when we generalize the fQTB code
to its hierarchical analogue.

Corollary 6.10. Let Q be the folded QTB code from Definition 6.1 with parameters q,r,8, ¢, s
and set n :=r+0 — 1. Assume thatn | (¢ — 1) and s | (¢ — 1)/n. Also assume that the
finite-field composite-order uncertainty principle from Corollary 2.30 holds for order n over

F,.
For 1 <m <n, define

un<m) : dl + d2 - m)a

on
= m(
where dy < dy are consecutive divisors of n satisfying di < m < dy. Equivalently, u,(m)
1s Meshulam’s composite-order uncertainty lower bound for a polynomial with coefficient

support size at most m. B
Let \:=1—({ —1)/(q—1). Then Q has distance at least

g—1
d(Q) > q S ()\ - Ecomp)a

where

€comp —  MMax min < A 1—% max 5—1+mg—1 .
p lfmfgn n ’ max{l,mff((sfl)}gmggmf mg S

Proof. The proof is the same two-case argument as in Theorem 6.5, except that the prime-
order uncertainty principle, Corollary 2.31, is replaced by the composite-order uncertainty
principle, Corollary 2.30.

Fix ev(f) € C\ C* and write f = g + h where

g € F [X] [@\(S—U&r)’ h € F,[X] lg=1nS+

Let My ={ie[r+0—1]:3j=¢ mod r+0—1 with f; # 0} and m; = | M| and similarly
define M, and m, for g.
We first modify Case 1 of Theorem 6.5. For a coset af2, C Fy, the restriction of f to

afl, is represented by
f (mod X" —a"),

a polynomial of degree < m whose coefficient support has size at most my. Hence, by
the composite-order uncertainty principle, either ev(f)|an, = 0, or |ev(f)|an, > un(my).
As in the proof of Theorem 6.5, since ev(f) ¢ CL, there is at least one residue class i €
M;\{1,...,0 — 1}. For this residue class, the coefficient of X* in f (mod X" — a") is a
polynomial in " of degree at most (¢ — 1)/n. Therefore this coefficient vanishes for at most
(¢ — 1)/n cosets afl,. Thus the number of cosets on which f does not vanish identically is

at least Lo . P .
n n n qg—1 n
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Consequently,
qg—1
ev(] > LA ().

Since folding can reduce Hamming weight by at most a factor of s, we get

Equivalently, Case 1 gives

|e~v<f>|z%[A—A(1—M)]

n

Case 2, the determinant-polynomial argument in Theorem 6.5, is unchanged. It gives

TR e B

S my S

Thus for fixed my, every codeword has folded weight at least

1 _1 _
g ()\—min{)\ (1—M) , max (5 +mg 1)}) :
S n max{1l,m;—(6—1)}<mg<my my S

Taking the worst case over 1 < m; < n gives the claimed expression for €.omp. [ |

6.2 Folded Hierarchical Quantum Tamo—Barg Codes

We now fold the hierarchical quantum Tamo—Barg codes from Section 6.1. Let n; := r4+90,—1

for I = 1,...,h and assume ny, [ npy | -+ [ n1 | (¢ —1). Let wy 1 € F; be a generator.
We choose a folding parameter s | (¢ — 1)/ny. Since n; | ny for every [, this also implies
s|(qg=1)/m.
Fori=0,...,(¢ —1)/s — 1, define the folded block
Fls = {wie Wit WY

Equivalently, for x = wg,l € F,, let
F = {9 0<j<s -1}

Definition 6.11 (Folded Hierarchical Quantum Tamo-Barg code). Let @ = CSS(C,C)
be the h-level quantum Tamo-Barg code from Definition 5.1. The folded Hierarchical
Quantum Tamo-Barg (fHQTB) code is the CSS code Q := CSS(C, ), where C' C
(Fg)(q_l)/ ® is obtained from C' by grouping the coordinates indexed by each folded block

Fis into a single coordinate over the alphabet Fy.
i
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Folding preserves the rate, which we computed it in Lemma 5.4. We next check that the
folded code retains the hierarchical locality structure.

Lemma 6.12. Fizl € {1,... ,h}. Let afdy,, be a coset of Q,, in F;. Then every folded block
Fwés_1 intersects afl,, in at most one point.

Proof. Write
(g=1)/m ).

a=w, 4, Q,, = <Wq—1

Thus
b+t
ain:{wq_l ! :Ogtgnl—l}.

Suppose two distinct elements of this coset lie in the same folded block. Then for some
t1 # to and some ey, 69 € {0,...,s5 — 1},

-1
b—l—t1q =is+e (modq—1),
ny
and
b+t2q =is+ey (modgqg—1).
ny
Subtracting gives
-1
(tl—tg)qn =€1 — € (modq—l)
l

Since s | (¢ — 1)/ny, the left-hand side is divisible by s. Hence e; — ey is divisible by s. But
—(s—1)<e;—ey<s—1,

S0 e; = e9. Therefore
qg—1

ty —t
(1 2) n

=0 (modgq—1),

which implies
t1 =ty (mod ny).

Since 0 < t1,ty < n; — 1, this forces t; = t,, a contradiction. Thus the intersection has size
at most one. |

Corollary 6.13. The folded h-level quantum Tamo—Barg code Q from Definition 6.11 is an
h-level ((11,01),...,(rn,0n))-QHLRC.

Proof. Let I € {1,...,h}. For a coset af2,,, define the folded level-/ repair group
Eml ={F,:x €aQd,}.
By Lemma 6.12, the map = — F} is injective on afl,,. Therefore

|-§oc,l| - |O[in| =N =" +5l — 1.
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We now show that }N%M can correct ; — 1 erasures. Let the elements of af2,, be written
as

wart((I*l)/nl t:0’7nl - 1

g—1 ;
Because s | (¢ — 1)/ny, all these elements occur in folded blocks with the same internal
offset b mod s. More generally, for each internal offset e € {0,...,s — 1}, the e-th scalar
components of the folded blocks in fza,l form a coset of €1,,.

By the unfolded hierarchical locality proved in Corollary 5.6, on each such coset there are
8, — 1 independent local parity checks coming from C+, and any &; — 1 erased scalar positions
in that coset can be recovered. Applying this scalar recovery independently to each of the s
internal offsets recovers all s components of any ¢; — 1 erased folded symbols in R, ;.

The nesting of the folded repair groups follows from the nesting €2, C --- C 2,,, and
the injectivity of the folding map on every level-I coset. Hence Q is an ((r1,01), ..., (rh, 1))
QHLRC. [ |

We now prove a distance bound for folded hierarchical QTB codes. The proof is the
hierarchical analogue of the two-case argument for folded QTB codes. The first case uses the
composite-order uncertainty principle on top-level cosets, while the second case applies the
determinant-polynomial argument independently at each level of the hierarchy and retains
the strongest resulting bound.

Forl=1,... h,set ny:=r;+ 6 — 1, and assume ny, | np_1 |-+ |n1 | (¢ —1). Let

h

h
Se=Ss  So=UJs-.
=1

=1

For each level [, define the level-l positive residue set
Hy:={a € [n]:3Je €S, such that e=a (mod n;)}.

Equivalently,

h
H) = U {a €[n]:a=j, (mod ged(ng,n,)) for some 1 < j, <4, —1}.

u=1
Since the n;’s form a divisibility chain, this set is easy to compute by reducing the hierarchical
positive-residue set S, modulo n;. Set k; := |H|.
For 1 < m < nq, define
(dl + dg - m),

n

T dydy

where d; < dy are consecutive divisors of n; satisfying d; < m < dy. This is the composite-
order uncertainty lower bound.
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Theorem 6.14 (Folded hierarchical QTB distance bound). Let @ = CSS(C,C) be the
folded h-level QTB code from Definition 6.11. Assume that the finite-field composite-order
uncertainty principle from Corollary 2.30 holds for order ny over F,. Let

For a nonzero codeword represented by f = g+ P, define
My :={a€[m]:3Fe=a (mod ny) with f. # 0},
and for each level [,
My, :={a€n]:3e=a (modn) with g. # 0}.

Write
myy = [Mg], My = |My,|.

Then every nonzero folded codeword satisfies

()| > =21 <>\ — min {)\ (1 - —“”l(mf’l)) , min ( SR L 1) }) .
S n1 1<ISh \ My S

Consequently,

where

. Up, (M1 . Ky mg; — 1
€hier = max mins A 1-— M , min + .
feasible profiles n 1<i<h Mg, S

Here “feasible profiles” means all tuples
(M1, Mg, Mgp)
arising from some nonzero f = g+ P with ev(f) € C'\ C* and
ge Fq[X][f}\(SfUSH’ P € F,[X] lg=1nS+

Proof. Fix év(f) € C\C*, and let ev(f) € C'\ C* be the corresponding unfolded codeword.
Decompose
f(X) = g(X) + P(X),

where
ge Fq{x][f}\(S—USH, Pe Fq[X][qfl}ﬂS+.

Since ev(P) € C* and ev(f) ¢ C*, we have g # 0. We prove two lower bounds for |ev(f)|.
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Case 1: the composite-order uncertainty bound. Consider a top-level coset af2,, C
;. The restriction of f to this coset is represented by f (mod X™ — a™), a polynomial of
degree < n; with coefficient support size at most my,;. By Corollary 2.30, either ev(f)|ag,, =
0, or

lev(f)lag,, = tn, (my1).

Next, we bound the number of top-level cosets on which f vanishes identically. Let
Hi={a€[n]:Jee S, withe=a (modny)}.

If My, C Hi, then every exponent occurring in f lies in S, because membership in H;
means that the entire congruence class modulo n; is contained in S,. Hence ev(f) € C+,
contradicting our assumption. Therefore there exists ¢ € My; \ H;. For this residue class,
the coefficient of X* in f (mod X™ — a™) is

3 foemsla™

Because ¢ ¢ Hj, no exponent congruent to ¢ (mod n;) lies in S;. Thus these coefficients
come only from the [¢]-part of the code, and the above polynomial in o™ has degree at
most(¢ — 1) /n;. Consequently, it vanishes for at most (¢ — 1)/n; top-level cosets. Hence f is
nonzero on at least

g—1 (-1 q—1

ni ni ni

A

top-level cosets. Therefore,
qg—1
ny

lev(f)l =

Since folding decreases Hamming weight by at most a factor of s,

Atp, (Mmg1).

_ 1 n
6v(f)] = Ly tmlmra)
S nq
Equivalently,
w1z 18 [ (1= e,
S ny

Case 2: determinant-polynomial bounds. We show that the determinant-polynomial
argument can be applied at every level [. Fix [ € {1,...,h}. Let w; be a primitive n;-th root
of unity and let w,_; be a generator of Fy. Set my := my;. Define

Ag,l(X> = (Wfig<wliwgle))ogi,jgml—l ’

and define Ay;(X) and Ap; similarly. Let G;(X) := det(A4,;(X)).
We first show that G;(X) # 0. Decompose g by residue classes modulo n;:

g(X) = > Xg(X™).

(LEMgJ
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Then
a—1)i e[, ej
Agi(X) = Z (wl( ) >0<'< . Z 9eX (Wi 1)ogimi—1
StsSmy—

a€Mgy e=a (mod n;)

The column vectors
(wl(a )l> , a € M,,,
0<i<m;—1

form a Vandermonde matrix and are linearly independent. The corresponding row vectors
are also linearly independent over F,[X]: a nontrivial relation would give, by taking the
highest-degree term in X, a nontrivial Vandermonde relation among

(Wi )o<i<m—1

for distinct exponents e. Thus Ag,;(X) has full rank over F,(X), and hence G;(X) # 0.
Moreover, deg G; < my (£ — 1).

We now bound the number of roots of GG;. Fix z = wg_l € F;. Ifbmod s € {0,...,s—my},
then for each 0 < i < m; — 1, the points

wfwg_lx, 73=0,...,m —1,
lie in the folded block Fw;-x. Define

wlx
For 7 € Z,, the i-th row of
AfJ(ZE) = Ag,l(x) + Ap,l(flf)
is zero, where A o
AP,l(X) = (wl_zp<wllwé—1X))Ogi’jgml,1 .

Therefore, on the rows indexed by Z,,
Ay () = —Apy(x).
We bound the rank of Ap;(z) restricted to the rows Z,;. Fix a column j. The points
wliwg_la:, 1€ Ly,

lie in the level-/ coset wg_lenl. Since the exponents of P lie in S, their residues modulo n,
lie in H;. Thus, on this coset, P is a linear combination of monomials w® for a € H; where
w € Q. After the row scaling by w;*, each column of the restricted matrix lies in the span
of the k; vectors A

(wl(a_l)l)z‘ezm,l, a € H.
Hence

rank (Apyl(.ﬁlf)‘zz’l’[ml}) < K.
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It follows that
rank A, (z) <my — |Zy,| + ki

By Lemma 6.4, G;(X) has a root at X =z of multiplicity at least |Z, ;| — &;.
Summing over all z = wgfl € F,, and using the same folding-window count as in the
one-level folded proof, the total number of roots of GG;, counted with multiplicity, is at least

_|e~v<f>|s_ml—1_ﬂ)_

qg—1 S my

(¢ — 1)y <1

Since G # 0 and deg G; < my({ — 1), we obtain

& ls mi-1 ok

(¢ —1)my (1 )gml(e—n.

qg—1 S my

Rearranging gives the level-l determinant bound

R i |

Mg S
Since this holds for every level [ = 1,..., h, we may keep the strongest of these determi-
nant bounds: . .
2 T (2 i [ ML),
S I<i<h | Mg S

Combining this with the uncertainty-case bound, we obtain

2 0 (3w (1 )y (2T,
° n 1<I<h \ ‘Mg s

Finally, taking the worst case over all feasible profiles gives the stated lower bound. [

Remark 6.15. When h = 1, we have H; = {1,...,d; — 1}, so k; = 0; — 1, and the theorem
recovers the composite-order folded QTB distance bound presented in Corollary 6.10. For
h > 1, each level [ gives a valid determinant estimate, and the theorem keeps the best
one. This is a genuine multilevel generalization of the determinant case. Nevertheless, the
uncertainty case remains top-level because it is applied to restrictions of f on cosets of 2,,,.
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Chapter 7

Decoding Quantum Tamo—Barg Codes

In this chapter, we present a classical decoding algorithm Decc to decode a (r,d) Quantum
Tamo—Barg code Q@ = CSS(C, C') with parameters ¢, ¢, 7,0 as defined in Definition 4.1. Our
decoding algorithm Dec¢ can efficiently correct up to e errors. The algorithm ListDecrsq,)
used in Algorithm 1 decodes a Reed-Solomon code as stated in Theorem 2.19. Recall that

5—1

Se=J&Eji+(r+6-1)7)

j=1
and Bt = ev(F,[X]l4"17%+) is the space of piecewise polynomials of degree at most § — 1
and no constant term, as shown in Lemma 4.5. Let n := r 4+ ¢ — 1. Define the sets
Iy =40,...,6 —2,i} fori € {§ —1,...,n — 1}. Also recall the polynomial @); as used
in the proof of Theorem 4.12. The algorithm takes a corrupted codeword a as input and

outputs a closest codeword ¢ € C such that dis(c’ — a, C*) is less than e. The performance
of Algorithm 1 is summarized in Theorem 7.1.

Theorem 7.1. Let Q be the (r,6) QTB code from Definition 4.1. If 6 > 3, assume char(F,) {
M, s orif 0 =2, assume r + 1 is prime. Then Q can be decoded from errors of weight < e

for

qg—1 1 r r 1 2 4r 12
e= + - - + :
4 b—1 r+4+0-1 r+6—1 6§6—-1 0—1D(r+d—-1) g—1

(7.1)

in (¢°® poly(r,q)) time.
Remark 7.2. The error bound e in Theorem 7.1 is slightly less than half the distance bound
in Theorem 4.12; one can see this by replacing ¢ with ¢ — 1 in the expression for e.

The following lemma helps prove that Algorithm 1 runs in polynomial-time. We show
that computing dis(ev(g) — a, B1) can be done efficiently. Let

(v,..., Yo = {P(Y) | P(Y) = iij', y; € Fq}.
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Algorithm 1: Classical decoding algorithm for a (r,d) Quantum Tamo-Barg code
Q = CSS(C, C) with parameters ¢, ¢, 7, 4.
Input : Corrupted codeword a : F; — F, with dis(a,C) < e
Output: ¢ € C such that dis(c —a,Ct) < e
Function Decq (a):
L0
forie{6—1,....,r+0—2} do
Fix w € Q,,5_1 and construct the Vandermonde matrix
V; = [w(j_l)’y]lgjg(;,lﬁe[‘i and let V; = (’ULQ, vy Ui 62, 1) be a nontrivial
vector such that Vv, = 0.
Define a; : F; — F, by a;(X) = S vwta(W X)) + wla(w X)
,Ci — ListDecRS(q,g)(ai)
for gz(X) = Zje[f] giJ‘Xj S ['z do
if g;; =0 for every j € S_U S, then

L Add ev <g(X) = Zje[f}\(S_US_;_) Qz(w]_l)_lgzijJ> to L

return argmin,, ) dis(ev(g) — a, B*)

Lemma 7.3. Let B+ = ev(F,[X]47175%) be as in Lemma 4.3. Given a function b : F; — B,
the quantity dis(b, B+) can be computed by solving independent nearest-neighbor problems on
the cosets of €),,, where n =1+ — 1. More precisely,

dis(b, BY) = OZQ: <n — P€<$%§6_1> Hw € Q, : blaw) = P(w)}|) :

In particular, by ezhaustive search over the ¢! polynomials in (Y,..., Y1) this can be
computed in time O ((q — 1)q5*15) . Thus for fixed §, the computation is polynomial in q.

Proof. By Lemma 4.5, a function lies in B if and only if, on every coset af,,, it is represented
by a polynomial
P(Y)e (Y, ..., Yot

Moreover, the choices of the polynomials P, on distinct cosets are independent. Therefore
minimizing the Hamming distance to B+ separates over cosets:

dis(h, B") =)~ min > {w € Q, : blaw) # P(w)}].

Pe(Y,..Yo-1
4 Pe(y..,

For a fixed coset, this is equal to

_ Q,:b =P .
no enax,  Hwe (aw) = P(w)}]

This proves the formula.



CHAPTER 7. DECODING QUANTUM TAMO-BARG CODES 110

For the runtime claim, the local space (Y,...,Y° ') has dimension § — 1 over F,, so it
contains ¢°~' polynomials. For each such polynomial, we can evaluate it on the n points
of 2, and count agreements in time O(nd). Since there are (¢ — 1)/n cosets, this gives the
stated runtime. [ |

Proof of Theorem 7.1. Let Q@ = CSS(C,C) be the (r,§) Quantum Tamo-Barg code with
parameters ¢, £, r, . To show Algorithm 1 efficiently decodes Q, it is sufficient to show that
any input corrupted word a can be written as a = ¢+ where ¢ € C'and b : F;, — F, is some
corruption of Hamming weight |b| < e, and outputs ¢ € C such that ¢ —c € C*.

Assume ¢ = ev(f) is a codeword in C. Let n := 17+ — 1. Fix a coset a2, € F;/€Q,.
Let I ={0,...,6 = 2,i} fori € {6 — 1,...,7r+ — 2}. Construct the Vandermonde matrix
Vi = [wYU=Y < jc5 1 4er, which has rank § — 1 and let v; = (vig, . .., V52, 1) be a nontrivial
vector such that Vjv; = 0.

For a giveni € {6 —1,...,r + 6 — 2}, we have

5—2
a;(x) = Z v w la(w'z) + wla(w'z)
t=0
equal to
52
ci(z) = filx) = Zviﬁtw_tf(wtx) +w ' f(w'T)
=0

at every point x for which wz & supp(b) for all v € T';. Within a given coset A := af),, €
F; /€2, the number of such points which are not in the support of b is ¢ (|b]a) where

U(t) = (r=t)e(n— (6 = 1)t)4
as in Lemma 4.11. Indeed, let
Ny=H{z € A:z,wa,... 02z ¢ supp(b)}|.

Each error position in A can lie in at most § — 1 of the consecutive blocks {z,wx, ..., w2z},
SO
Na > (n—=(0=1)[bla)+

For each such x, all |b|4 errors lie among the remaining r possible positions indexed by
i€{d—1,...,n—1}. Hence at least (r — |b|4)+ choices of ¢ remain valid. Therefore the
contribution of the coset A is at least

(r = [bla)+(n = (6 = D)[bla)+ = ©(|b]a).

The function % is convex on [0, 00). Hence Jensen’s inequality gives

> el > Ty ( "‘f'l) -

AEF; /Qn q
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(1) = ()

> w(lbla) = “’;W(q”_el)'

A€EF: /Qn

Since |b] < e, it follows that

Therefore,

We now justify that the argument of ¢ remains in the nonzero decreasing range for the value
of e in (7.1). Set

and

H(Y) =n+&— /(€ —n)?* + 40y
Then (7.1) says

e TH(,u).

Since H is decreasing in Y and 0 <Y < 1, we have

H(p) < H(0) =n+¢&—|€—n| =2min{n,&}.

qg—1 . 1 T
e< ——ming ——,— p.
2 0—1'n

Multiplying by n/(q — 1), we obtain

ne 1 . n
< —mm{—,r}.
qg—1— 2 a

ne . (n
< min {—, r} ,
qg—1 a
SO % lies in the nonzero range of . Therefore,

U (1) = (M) e (M),

Thus

Therefore

n qg—1 qg—1 n n
Averaging over all i € {§ — 1,...,7 + 0 — 2}, there must be some i such that
{z € F; s aiw) = fi(w))]
6= tn (rla=1) _6)2 Do (Ml ) g

~r(g—1) n r n
Recall that by Lemma 4.3, since C' = ev(F,[X]®) for

S=(a\S)u(lg—-1nsSy)
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we may write f(X) = g(X)+h(X) where g(X) € F,[X]E\S-U54) and h(X) € F,[X]la— 105+,
Define g;, h; analogously to f; so f; = ¢g; + h;. Consider the polynomial

6—2
Qi(Y) =) v Y 4+Y"

t=0

By construction, Q;(w?) =0 for vy =0,...,d — 2. For a coset element = € afl,,

5—2
Zv”w (W) +w (W)’ <ZU U )= U) =27Qi(W ) =0
=0

for y=1,...,0 — 1. It follows that

sz wth(wr) + wh(w'z) = 0
for all z € IF} so f; = g;. Therefore, (7.2) is equivalent to

H{z € F} 1 ai(r) = gi(v)}|
L (G=Dn <r(q -1 €>2 (=1 -1) 1) (T(q - e) , (7.3)

r(g—1) n r n

The coefficients of g; are given by

= Qi(w g,

so g and g; have coefficients of the same support by Corollary 4.9. In particular, degg; =
degg < £ so ev(g;) € RS(q,?) is a Reed-Solomon codeword. Therefore, (7.3) says a; =
ev(g;) + b; is a corrupted Reed-Solomon codeword with

b:] = ¢ =1 = {z € Fy : ai(x) = gi(2)}]

= ) RUELUEHEL FHES N

=(q-1) (1_@(g‘qi)Z*((T_l)(i_l)_r) (%—qf1)>

By Theorem 2.19, the output of running ListDecgg(q,e)(a;) is a list containing ev(g;) as
long as

1_@(1_ e >2+((r—1)(5—1)—7~)<3_ e )<1_ S

n qg—1 T n qg—1 qg—1
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which simplifies to needing

q—1 1 r r 1 \? 4r 14
— | —+ - - — . : 4
c=3 =1 7 (n 5—1>+(5—1)n q—1 (7.4)
Let
e
n= _17 _na ,u_q_1>
and

HY)=n+&—/(§—n)?+4ngY.

Substituting the variables, by the assumption of (7.1) on e, (7.4) holds if we can show that
H(p) < 2H(\/p). Since 0 < p < 1, letting F(Y) = 2H(Y) — H(Y?), it suffices to show
F(Y) >0 for 0 <Y < 1. Differentiating,

4ng n 4ngY
VE=n2+4ngY /(€ —n)? + 4neY?

FI(Y)=—

and F'(Y) < 0 is equivalent to

Y 1
<
VE=n?+4ngy? /(€ —n)? +angY
which is true for 0 <Y < 1. Hence, F' is decreasing on [0,1) and F(1) = 0 so F' > 0 on
0,1).

Therefore, £; in Algorithm 1 will contain g; and after iteration i, £ will contain ev(g). If
Algorithm 1 outputs ev(g’) € L, then ¢’ € F,[X]N\5-Y94) and

= (1-Y)(E—n)?+4eY3(1-Y) >0

dis(ev(g') — a, B*) < dis(ev(g) — a, BY) < |ev(g+ h) —a| = |ev(f) —a| = |b] < e.

Since B+ C C*, we have dis(ev(g) — a,Ct) < e and dis(ev(g’) — a,C*) < e so dis(ev(g) —
ev(g'),C*) < 2e. By definition of e and Theorem 4.12, Q has distance min co\ox |¢| > 2e
so ev(g) —ev(g') € C*+. Thus, Decc(a) outputs some ev(g') € ev(g) + C+, as desired.

The calls to ListDecgrsq,¢) run in ¢°M time. Lemma 7.3 implies the last line of Algorithm 1
runs in O(|£| - (¢ — 1)¢®10) = (¢°® poly(r, q)) time. The rest of Algorithm 1 also runs in
(¢°9 poly(r,q)) time so the entire decoding procedure takes (¢° poly(r, q)) time. [ |

Remark 7.4. The decoding algorithm in Algorithm 1 efficiently decodes (r,d) Quantum
Tamo-Barg (QTB) codes. Moreover, extending Algorithm 1 similarly to [14, Algorithm
2], we can obtain a decoding algorithm for the folded quantum Tamo—-Barg codes presented
in Section 6.1.
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Appendix A
Code Files

Below is the SageMath code used for the computations in Example 4. The first script is
to compute the resultant product and the second script is to compute the dimension and
distance.

# SageMath code for computing M_{r,delta}

# M_{r,delta} = product_{m=0}"{r-1} product_{s=delta-1}"{n-1}
# Res(A_{m,s}(X), Phi_n(X)),
# where A_{m,s}(X) = h_m(1, X, X°2, ..., X“{delta-2}, X s).

def complete_homogeneous_specialization(m, exponents):

Return h_m(X"e for e in exponents) as a polynomial in ZZ[X].

The generating function is
sum_{m >= 0} h_m T m = product_{e in exponents} 1/(1 - X"e T).

We compute the coefficient of T"m by dynamic programming.
nnn

R.<X> = PolynomialRing(ZZ)

# coeffs[j] will store the coefficient of T7j
coeffs = [R(0)] * (m + 1)
coeffs [0] = R(1)

for e in exponents:
new_coeffs = [R(0)] * (m + 1)

# multiply by 1 + X"e T + X°{2e} T2 + ... + X"{me} T"m
for old_deg in range(m + 1):
if coeffs[old_deg] == 0:

continue
for add_deg in range(m - old_deg + 1):
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new_coeffs[old_deg + add_deg] += coeffs[old_deg] * X" (e * add_deg)
coeffs = new_coeffs

return coeffs[m]

def A_m_s_poly(r, delta, m, s):

Construct A_{m,s}(X) = h_m(1, X, ..., X" {delta-2}, X"s).
exponents = list(range(delta - 1)) + [s]
return complete_homogeneous_specialization(m, exponents)

def M_r_delta(r, delta, verbose=False):

Compute M_{r,deltal} and return:

M_abs: absolute value of the product of resultants
factors: prime factorization of M_abs

data: list of ((m,s), resultant, factorization)

R.<X>

PolynomialRing (ZZ)

n =r + delta - 1

Phi = cyclotomic_polynomial(n, var=X)
M = ZZ (1)
data = []

for m in range(r):

for s in range(delta - 1, n):
A = A m_s_poly(r, delta, m, s)
Res = A.resultant (Phi)

Res_abs = abs(ZZ(Res))

M *x= Res_abs
data.append (((m, s), Res, factor(Res_abs)))

if verbose and Res_abs != 1:
print(£f"(m,s)=({m},{s}), Res={Res}, factor={factor(Res_abs)}")

M_abs = abs(ZZ(M))
return M_abs, factor(M_abs), data




~

i B B B BN B |
o (=20 -

©

81
82
83
84
85

86

24

26

27

APPENDIX A. CODE FILES 120

# Compute the two examples:

M43, fac43, data43 = M_r_delta(4, 3, verbose=True)

print ("M_{4,3} =", M43)

print("factor (M_{4,3}) =", fac43)

print ("bad characteristics for (r,delta)=(4,3):", sorted([p for p,
e in fac431))

print )

M94, fac94, data94 = M_r_delta(9, 4, verbose=True)

print ("M_{9,4} =", M94)

print ("factor (M_{9,4}) =", fac94)

print ("bad characteristics for (r,delta)=(9,4):", sorted([p for p,
e in fac94]1))

Listing A.1: SageMath code for the resultant product computation

# SageMath code for
Example“\ref{ex:two_level_qgqtb_vs_one_level_true_distancel

q = 25

F.<a> = GF(q)

gamma = F.multiplicative_generator ()

N=gq-1

# We use exponents in {0,...,q-27}.

# The coordinate ordering is gamma 0, gamma“1l, ..., gamma {q-2}.

def plus_set(n, delta):

return {

e for e in range (N)

if any(e % n == j % n for j in range(l, delta))
}

def minus_set(n, delta):

return {

e for e in range (N)

if any(e % n == (-j) % n for j in range(l, delta))
}

def support_one_level(ell):

One-level QTB support sets with (r,delta)=(9,4), so n=12.

nl, deltal = 12, 4
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Splus = plus_set(nl, deltal)
Sminus = minus_set(nl, deltal)

S
T

(set(range(ell)) - Sminus) | Splus
((set(range(q - ell)) - {0}) - Sminus) | Splus

return sorted(S), sorted(T)

def support_two_level(ell):

Two-level hierarchical (QTB support sets with
(r_1,delta_1)=(9,4), n_1=12,
(r_2,delta_2)=(4,3), n_2=6.

nmn

nl, deltal = 12, 4

n2, delta?2 6, 3

Splus = plus_set(nl, deltal) | plus_set(n2, delta2)
Sminus = minus_set(nl, deltal) | minus_set(n2, delta2)

S
T

(set(range(ell)) - Sminus) | Splus
((set(range(q - ell)) - {0}) - Sminus) | Splus

return sorted(S), sorted(T)

def eval_matrix(exponents):

nmnn

Generator matrix for ev(F_q[X] exponents) evaluated on F_q~*.
Rows are exponent evaluation vectors.

nmnn

return Matrix(F, [

[(gamma"k) e for k in range (N)]

for e in exponents

ID)

def css_distance(S, T, assume_cyclic=True):

Computes the exact CSS distance for CSS(C,C), where
C = ev(F_q[X]"S) and C"perp = ev(F_qlX]"T).

We use the shortened-support criterion:
d = min |U| such that

dim(C cap F_q"U) > dim(C perp cap F_q~U).

Since C = (C perp) perp, a generator matrix for C perp

121
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is a parity-check matrix for C. Thus
dim(C cap F_q~U) = |U| - rank(H_U),
where H is a generator matrix for C perp.

Also
dim (C"perp cap F_q~U)
= dim(C"perp) - rank(G_{C perp,U-c}).

The code is cyclic, so when assume_cyclic=True we only search

supports U containing coordinate O.
nmnn

H = eval_matrix(T)
dim_D = H.rank ()
coords = list(range(N))

for wt in range(l, N + 1):
if assume_cyclic:

iterator = Subsets(coords[1:], wt - 1)
else:
iterator = Subsets(coords, wt)

for tail in iterator:
if assume_cyclic:
U = set([0]) | set(tail)
else:
U = set(tail)

U = sorted (U)

Uc = [i for i in coords if i not in U]
H_ U = H.matrix_from_columns (U)
H_Uc = H.matrix_from_columns (Uc)

wt - H_U.rank ()
dim_D - H_Uc.rank ()

dim_C_shortened
dim_D_shortened

if dim_C_shortened > dim_D_shortened:
return wt, U

return None, None

print("ell | k_one | d_one | k_hier | d_hier")

print("-------------"-------————--—-——————————

for ell in range (13, 25):

122
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18| S1, Tl = support_one_level(ell)
19| Sh, Th support_two_level (ell)
120
121 k_one = len(S1) - 1len(T1)
22| k_hier = len(Sh) - len(Th)
123
124| d_one, U_one = css_distance(S1, T1)
125| d_hier, U_hier = css_distance(Sh, Th)
126
127 | print(£"{ell:2d} | {k_one:5d} | {d_one:5d} | {k_hier:6d4d} |
{d_hier:6d4d}")

Listing A.2: SageMath code for the exact-distance computation
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