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This paper introduces a semi-analytic numerical approach (SANA) for the rapid computation of the
transverse emittance of beams with finite energy spread in plasma wakefield accelerators in the blowout
regime. The SANA method is used to model the beam emittance evolution when injected into and
extracted from realistic plasma profiles. Results are compared to particle-in-cell simulations, establishing
the accuracy and efficiency of the procedure. In addition, it is demonstrated that the tapering of vacuum-
to-plasma and plasma-to-vacuum transitions is a viable method for the mitigation of emittance growth
of beams during their injection and extraction from and into plasma cells.

& 2016 Elsevier B.V. All rights reserved.
1. Introduction

Breakthroughs such as the demonstration of the energy dou-
bling of 42 GeV electrons within a distance of less than a meter [1]
established the credentials of plasma wakefield accelerators
(PWFA) [2,3] as a viable future compact and affordable alternative
to current conventional accelerators. In this plasma-based accel-
erator approach, a highly relativistic, high current drive beam,
traverses a plasma target and thereby excites a large amplitude
plasma wave. A witness beam, either externally injected or formed
from plasma electrons by means of an internal injection method, is
accelerated by virtue of the fields in the wake of the drive beam.

The increasing scientific interest in PWFAs eventually led to
advances such as the experimental acceleration of distinct electron
beams with high efficiency [4], and is primarily associated with
the remarkable capability of these accelerators to generate and
sustain extreme accelerating wakefields in excess of � 10 GV=m
during drive beam propagation in plasmas over meter-scale dis-
tances without substantial dephasing between drive and witness
beam. This feature renders PWFAs an attractive technology can-
didate for the compact generation of brilliant X-rays or even for
future compact and affordable particle colliders [5]. Besides the
demands for high beam energies, these applications entail strin-
gent requirements with regard to the beam quality. While a
number of numerical studies [6–11] indicated the potential of
PWFAs to generate high quality beams, one of the major
rling).
challenges constitutes the preservation of these qualities during
the witness beam extraction and transport to the interaction
region. In addition, the beams may have to be transported in
between successive plasma sections and re-injected without sig-
nificant quality deterioration in staged acceleration concepts, such
as proposed e.g. in [5].

As shown in previous works [12,13], the transverse phase space
emittance, which is a figure of merit for the transverse beam
quality, grows during the injection and propagation in a plasma
target if beams are not matched appropriately. In addition, the
phase space emittance of beams with finite energy spread and
significant divergence may increase dramatically during the
expansion in the vacuum downstream the plasma target [14,15].
The challenges to match beams into the plasma as well as to
extract them can be substantially mitigated and the quality dete-
rioration suppressed by the use of tapered vacuum-to-plasma and
plasma-to-vacuum transitions, respectively, as indicated by several
studies [13,16–19]. The rigorous investigation of the beam injec-
tion and extraction processes in PWFA typically involves the use of
particle-in-cell (PIC) simulations. However, for the realisation of
parameter scans e.g. for the optimisation of the beam parameters
or of the plasma density profile, such an approach is inappropri-
ately time consuming and computationally highly demanding.

This paper presents an alternative, computationally efficient
semi-analytic numerical approach (SANA) for the investigation of
the emittance evolution of beams with finite energy spread in
PWFAs. Such an approach allows for the rapid optimisation of
beam parameters and the longitudinal plasma profile in terms of
the beam quality transport. This method was outlined in [20] and
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is generalised in the present work to model beams with varying
energy and energy spread. Section 2 reviews the physical basis and
the moment procedure, and introduces the mathematical for-
mulation of the semi-analytic numerical approach. The procedure
is thereafter applied to a scenario in PWFA in Section 3. Results are
compared to those obtained from PIC simulations with the 3D
quasi-static code HiPACE [21] to establish the accuracy and effi-
ciency of the procedure. In addition, this physical showcase study
demonstrates the effectiveness of such realistic plasma profiles to
mitigate the emittance growth during the injection and propaga-
tion in the plasma target and during the extraction. The paper is
finalised with a summary and conclusion.
2. Mathematical model

2.1. Physical basis and moment procedure

The witness electron beam considered in the following pro-
pagates in positive z-direction in a plasma wakefield in the
blowout regime excited by a drive beam. The witness beam par-
ticles are highly relativistic in axial direction and non- to mildly
relativistic in the transverse direction i.e. pzCγ⪢1, where γ is the
Lorentz factor and pz is the axial momentum normalised to mec.
The beam particle phase space distribution function, which is in
the following assumed to be symmetric in x and px with respect to
zero, may therefore be characterised by f ¼ f ðx; px; ζ; γ; tÞ. Here, t is
the time normalised with respect to the inverse of a reference
plasma density ω�1

p;0 . The transverse particle offset coordinate x,
the propagation axis coordinate z and the co-moving coordinate
ζ ¼ z�t are normalised to k�1

p;0 ¼ c=ωp;0. The transverse momen-
tum, denoted by px is given in units of mec. The temporal evolution
of this particle distribution is prescribed by the Vlasov equation
[22] which, in a manner similar to that described in Ref. [20], can
be written to a good approximation as

ð∂tþpx=γ∂xþ∂px Fxþ∂γFzÞf ¼ 0 ð1Þ
where Fx and Fz are the transverse and longitudinal forces imposed
onto the beam particles, normalised to ωp;0 mec. The co-moving
position hereby is assumed invariant, which is a good approx-
imation for scenarios in PWFAwhere the slippage of witness beam
electrons with respect to the speed of light frame over the regar-
ded acceleration distance is typically negligible. Within the
blowout of plasma waves, the transverse force is a function of the
transverse coordinate and time Fx ¼ Fxðx; tÞ and the longitudinal
force is a function of the co-moving position and time Fz ¼ Fzðζ; tÞ
(compare e.g. [23]).

The aim is to compute the transverse phase space emittance

ϵ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
� �

p2x
� �� xpx

� �2q
ð2Þ

in an economical way. The averages …h i are defined by

Φðx;px; ζ; γÞ
� �ðtÞ ¼ 1

N

Z
dx
Z

dpx

Z
dζ
Z

dγ Φf ð3Þ

in terms the particle number density f. The particle number is
calculated via

N¼
Z

dx
Z

dpx

Z
dζ
Z

dγ; f : ð4Þ

While knowledge of f is essential for a complete picture of the
electron bunch in phase space, an analytic solution of (1) is gen-
erally not possible. Finding numerical approximations for the
distribution function f which satisfy the Vlasov equation e.g. by
means of direct Vlasov solvers (see, e.g. [24–26]) or by means of
PIC simulations (see, e.g. [27–29]) can be both computationally
demanding and time-consuming.
However, if only averages such as in (2) are required then, as
explained in [20], there is an alternative, computationally eco-
nomical procedure, which yields these quantities directly, without
the need to find the f first. Instead of solving for f in the Vlasov
equation, one can multiply the Vlasov equation with Φ and then
perform an integration by parts over the phase space variables,
yielding the general moment equation [20]

∂t Φ
� �¼ px=γ∂xΦ

� �þ Fx ∂pxΦ
� �þ Fz ∂γΦ

� �
: ð5Þ

As explained in [20] thismoment procedure [30] generally yields an
infinite chain of equations which, like for fluid models in config-
uration space, must be truncated via some Ansatz.

The transverse field within the blowout cavity depends linearly
on the transverse offset to the propagation axis, Fxðx; tÞ ¼ � k̂xðtÞx.
This allows us to express the equations for the phase space
moments of interest, here Φ¼ x2; xpx; p

2
x ; γ

� �
, as

∂t x2
� �¼ 2 xpx=γ

� � ð6Þ

∂t xpx
� �¼ p2x=γ

� �� k̂x x2
� � ð7Þ

∂t p2x
� �¼ �2k̂x xpx

� � ð8Þ

∂t γ
� �¼ Fzh i: ð9Þ

For mono-energetic beams, this set of equations is closed and may be
related to the well known beam envelope equations [31]. However,
the present paper goes beyond these envelope models, and investi-
gates the transverse dynamics of realistic beams with non-zero, vari-
able correlated or uncorrelated energy spread, and a variable energy.

2.2. Semi-analytical numerical approach

The following generalises the method introduced in [20] to solve
the more comprehensive set of Eqs. (6)–(9). The basis of this method
is the discretisation of the distribution function according to

f ðx; px; ζ; γ; tÞC
XM
k ¼ 1

Nkδðγ�γkðtÞÞδðζ�ζkÞ f kðx; px; tÞ ð10Þ

whereM is the number of mono-energetic subsets, Nk is the invariant
number of electrons in one subset, γkðtÞ is the time-dependent Lor-
entz factor of an energy subset and f kðx; pxÞ is the normalised subset
transverse phase space distribution function. It should be noted that
γ here is an Eulerian phase-space quantity while γkðtÞ is a Lagrangian
quantity. The discretised distribution function (10) allows for the
modelling of beams with correlated and uncorrelated energy spread.
The total particle number is in this context given by

N¼
XM
k ¼ 1

Nk: ð11Þ

The co-moving position of a subset is hereby assumed invariable in
compliance with the basic assumptions for the Vlasov equation (1).

The phase space quantities of interest for the study on the
quality evolution of beams are separable Φðx; px; ζ; γÞ ¼
Φtðx; pxÞ �Φlðζ; γÞ, and the according phase space averages can
thus be formed as follows:

Φðx; px; ζ; γÞ
� �¼ 1

N

Z
dxdpxdζdγΦðx; px; ζ; γÞf ðx; px; ζ; γ; tÞ

¼ 1
N

Z
dx dpxdζ dγΦtðx; pxÞΦlðζ; γÞf ðx; px; ζ; γ; tÞ

¼ 1
N

XM
k ¼ 1

Nk Φlðζ; γÞ
� �

k

Z
dx dpx Φtðx; pxÞf kðx; px; tÞ

¼ 1
N

XM
k ¼ 1

Nk Φlðζ; γÞ
� �

k � Φtðx; pxÞ
� �

k: ð12Þ
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Phase space averages may hence be expressed as a sum over the
product of longitudinal averages

Φlðζ; γÞ
� �

k ¼Φlðζk; γkÞ ð13Þ
and transverse averages

Φtðx; pxÞ
� �

k ¼
Z

dx
Z

dpxΦtðx; pxÞf kðx;px; tÞ ð14Þ

of elements of the discretised particle distribution function
f ðx; px; ζ; γ; tÞ. This allows for the formulation of the transverse
moment equations for a particle subset according to

∂t x2
� �

k ¼ 2 xpx
� �

k=γk ð15Þ

∂t xpx
� �

k ¼ p2x
� �

k=γk� k̂xðtÞ x2
� �

k ð16Þ

∂t p2x
� �

k ¼ �2k̂xðtÞ xpx
� �

k ð17Þ

∂tγk ¼ Fzðζk; tÞ: ð18Þ
This set of equations is closed and the phase space moments
Φðx; px; ζ; γÞ
� �

can now be formed according to Eq. (12) after the
numerical or analytical calculation of Eqs. (15)–(18).
3. Physical studies

The mathematical model described in Section 2 will now be
applied to the following scenario in PWFA. A drive beam propa-
gates into a plasma target and excites a plasma wave in the
blowout regime. Trailing to the drive beam, at a fixed distance is a
witness beam, which is accelerated by virtue of the longitudinal
plasma wakefield during the process. Both beams exit the plasma
target and subsequently propagate through vacuum downstream
of the plasma. The witness beam initially has a significant energy
spread. During the propagation in the plasma, electrons in the
beams perform betatron oscillations with frequency ωβ ¼ωp=

ffiffiffiffiffiffiffiffi
2γe

p
(cf. e.g. [32]). This frequency depends on the individual electron
energy γe as well as on the local plasma frequency
ωpðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πnðzÞe2=me

p
. Two longitudinal profiles for the plasma

target are considered in the following, a standard profile and a
tailored profile (see Fig. 1). The former represents a typical case for
plasma cells with vacuum-to-plasma and plasma-to-vacuum
interfaces rising and falling rapidly compared to the local beta-
tron wavelength λβC2πc=ωβ . The latter was shaped in order to
enable a release of the beam from the plasma cell to vacuum with
the betatron frequency changing quasi-adiabatically. Previous
works showed that plasma-to-vacuum transitions which are long
compared to the local betatron wavelength can significantly
mitigate the phase space emittance growth during the vacuum
propagation downstream of the plasma cell [33]. The tailored
profile was obtained from an OpenFOAM simulation based on a
realistic geometry for a plasma cell. The total length of the profiles,
shown in Fig. 1, is 80 mm for both cases. When limiting the profile
Fig. 1. Longitudinal plasma profiles used for the presented study.
by the drive beam energy depletion length, the tailored case in
principle allows for longer plasma target, resulting in a final
energy comparable to the one obtained in the standard profile. The
choice of targets with equal length in this study is to allow for a
better comparison of the emittance growth during the vacuum
drift downstream the plasma target. The flattop electron density in
both cases is n0 ¼ 1:176� 1017 cm�3.

Inherent with a change of the plasma frequency along the
propagation distance is the change of the normalised parameter

k̂xðzÞ ¼
d
dx

Ex�By
� �				

x ¼ 0
¼ω2

pðzÞ
2ω2

p;0

¼ nðzÞ
2n0

ð19Þ

in Eqs. (16) and (17), where Ex and By are normalised to the cold
nonrelativistic wavebreaking field E0 ¼ωp;0mec=e [34]. The nor-
malised force in longitudinal direction in the blowout regime may
be approximated with a linear function with respect to ζ as fol-
lows:

Fzðζ; zÞC
nðzÞ
n0

dEz
dζ

ζ�ζd�
ffiffiffiffiffiffiffiffiffi
n0

nðzÞ

r
db


 �
ð20Þ

¼ dEz
dζ

nðzÞ
n0

ζ�ζd
� ��

ffiffiffiffiffiffiffiffiffi
nðzÞ
n0

s
db

 !
ð21Þ

where dEz=dζ is the slope of the longitudinal field with respect to
the co-moving position, normalised to E0kp;0, with values ranging
up to 1/2. The co-moving position of the drive beam center is
denoted by ζd and db represents the normalised distance between
the center of the drive beam and the zero-crossing of the Ez curve.
In this example study all phase space subsets are assumed to be at
the same co-moving location. This means, although the presented
approach in principle allows us to take an initial energy chirp or
the temporal evolution of the energy chirp into account, this effect
is neglected in this study for simplicity. Therefore the mean energy
is varying while the absolute energy spread is kept constant. The
distance between the drive beam center and all witness beam
particles is set to ζw�ζd ¼ 3:5. The values for the normalised slope
of the longitudinal electric field dEz=dζ � 0:3 as well as the nor-
malised distance between drive beam center and zero-crossing of
the electric field db � 2:45 in this study are obtained from the PIC
simulations. The witness beam in this investigation has an initial
uncorrelated Gaussian energy spread, defined by

Nk ¼
1ffiffiffiffiffiffi

2π
p

σγ;0
exp � γkðt ¼ 0Þ�γ0

� �2
2σ2

γ;0

 !
ð22Þ

with the initial energy of the beam γ0 ¼ 2000 and the initial
relative energy spread σγ;0=γ ¼ 0:1. The number of subsets is set to
M¼50 for this study and all subsets are located at the same co-
moving position ζk � ζw8k. The initial transverse beam para-

meters at the position z0 ¼ �2 mm are chosen as
ffiffiffiffiffiffiffiffiffiffiffiffi
x2
� �

0

q
¼ 2 μm,

xpx
� �

0 ¼ 0 and ϵ0 ¼ 1 μm. The initial momentum spread in this

case can be calculated through
ffiffiffiffiffiffiffiffiffiffiffiffi
p2x
� �

0

q
¼ ϵ0=

ffiffiffiffiffiffiffiffiffiffiffiffi
x2
� �

0

q
.

The particle-in-cell simulations in this work are performed
with the 3D quasi-static PIC code HiPACE [21]. The beam para-
meters as well as the plasma profiles in the PIC simulations are
identical to the ones used above for the SANA model. The plasma
target starts at z1 ¼ 0 mm and end at z2 ¼ 80 mm. The numerical
simulation parameters are defined as follows. The simulation box
size is 12� 14� 14k�3

p;0 , the number of grid points 512� 256�
256 and the time step size is dt ¼ 3:0ω�1

p;0 . The drive beam was
initialised with 8 macro-particles per cell and the witness beam
with a total number of 105 macro-particles. For the plasma, 9
macro-particles per cell were used in the middle of the simulation
domain down to 1 macro-particle per cell at the simulation
domain boundaries.



Fig. 2. Evolution of beam envelope moment 〈x2〉 for the standard and tailored
longitudinal plasma profile, obtained from SANA and HiPACE. The line legend in
this figure applies to all following figures.

Fig. 3. Evolution of correlation moment 〈x � px〉 for the standard and tailored
longitudinal plasma profile, obtained from SANA and HiPACE.

Fig. 4. Evolution of momentum spread moment 〈p2x 〉 for the standard and tailored
longitudinal plasma profile, obtained from SANA and HiPACE.

Fig. 5. Evolution of the mean energy 〈γ〉 for the standard and tailored longitudinal
plasma profile, obtained from SANA and HiPACE.

Fig. 6. Emittance evolution for the standard and tailored longitudinal plasma
profile, obtained from SANA and HiPACE.
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The comparisons of the SANA studies and the results obtained
from the 3D PIC simulations for the two profiles are depicted in
Figs. 2–6. Values in the plots are given in Si units (in contrast to the
normalisation in Section 2). Fig. 2 shows the square of the rms
beam envelope x2

� �
. The beam envelopes oscillate during the

injection into the plasma wakefield stage according to Eq. (6) if not
matched (compare [13]). The various subsets oscillate at slightly
different frequencies according to (15) due to the varying energy.
This results in a decoherence of the oscillations of the different
subsets and thereby in a damping of the overall beam envelope in
Fig. 2 towards the matched values. The same effect results in the
damping of the oscillations for the correlation moment x � px

� �
curves in Fig. 3 and the momentum variance p2x

� �
curves in Fig. 4.

After full decoherence, the beam is at waist, with x � px
� �� 0 in

Fig. 3. During the propagation in the plasma target, x2
� �

decreases
adiabatically while p2x

� �
increases adiabatically due to the energy

gain of the beam. After traversing the plasma-to-vacuum transi-
tion, the beams expand freely in vacuum with x2

� �
increasing

approximately quadratically, x � px
� �

increasing approximately
linearly and p2x

� �
remaining constant (cf. [14]). It can be seen

qualitatively in Figs. 2–4 that the divergence of the beam exiting
the tailored profile is much smaller than the divergence exiting the
standard profile. The mean energy, shown in Fig. 5, decreases
shortly during the vacuum-to-plasma transition when the witness
beam is in the decelerating phase of the plasma wave. Subse-
quently the energy increases approximately at a constant rate
while the energy decreases slightly again during the plasma-to-
vacuum transition for the aforementioned reason. The energy gain
in the tailored profile is less than in the standard profile. As
described before, this stems from the fact that the tailored profile
is chosen shorter than in principle allowed by the drive beam
energy depletion length. This is to allow for a better comparison of
the emittance growth in the tailored and standard cases. The
emittance evolution, depicted in Fig. 6, shows the growth during
the injection owing to the betatron decoherence (compare [12,13])
and the growth after the beam exits the plasma targets during the
expansion in vacuum (compare [14,15]). It can be seen that the
emittance growth during the injection is reduced in the tailored
plasma profile and the growth rate during the vacuum drift is
significantly mitigated in this profile.

When comparing the results from the semi-analytical numer-
ical approach and from the 3D PIC simulations, the curves for the
relevant quantities in Figs. 2–6 show an excellent agreement for all
relevant quantities. Minor differences between SANA and PIC,
especially for the standard profile case, can be attributed to the
limited accuracy of the energy gain via Eq. (20). Dominating dif-
ferences in the energy evolution in Fig. 5 are related to the two
following effects taken into account in the PIC simulation but not
in the SANA results. Firstly, the resonance or non-resonance of the
wake excitation at different plasma densities, modelled in the PIC
method results in the differences of the SANA and PIC curves
during the slow transitions in the tailored profile. Secondly, and
more apparent is the phenomenon in the PIC simulation of PWFA
with the standard profile that the nonlinear wavelength of the
plasma wave reduces as the drive beam erodes towards the end of
the plasma target. This means that the witness beam is by then
placed at a plasma wave phase with more enhanced longitudinal
field, such that the energy gain increases. It should be noted that
the PIC simulations require on the order of � 103 CPU hours,
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whereas the computation by means of the SANA method requires
only on the order of � 10�2 CPU hours.
4. Summary and conclusion

This paper presents a semi-analytical numerical approach,
which models relevant phase space moments of beams in PWFA
much more efficiently than PIC simulations. Such an approach
allows for the rapid optimisation of beam parameters and the
longitudinal plasma profile in order to preserve the transverse
beam quality during the injection and extraction from and into the
plasma cell, respectively. The accuracy of the method is demon-
strated by comparison of results to those obtained from a PIC
simulation, showing excellent agreement. In addition, this work
indicates that the dramatic emittance growth during the beam
injection into the plasma target and beam expansion downstream
of the plasma target can significantly be reduced by tailoring of the
longitudinal plasma profile.
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