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Proposed Experiment to Realize and
Detect the Three Dimensional Wigner Lattice -

Richard Dalven

- Department of Physics
University of California, Berkeley, California 94720

ABSTRACT

This péﬁer suggestsvand discusses'possible experimental means
of realizing énd detecting the three dimensional Wigner electron
,la;tiCe..'It is concluded that véry-pure germanium, dqped with
anfimony, offers the possibility of obtaining extrinsic electron
densities 10w-éndugh to form the Wigner lattice. It is pfoposéd
ntha£ Brillquin scattéring of photons by ﬁhe LA and TA modes of
vibration.of‘thé lattice offers a method of expefimen;al'detectidn.'
.This is because thé Bfillouin scatteringvspeétrum of the electfon3v
vlattiée is';nticipated to include stfﬁctqre.not.fognd in the spec-

trum of the electron gas of the same‘density;
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I. .Introduction

The Wigner lattiéé flj is a body-centered cubic lattice of electrons
whose formation in a solid is predicted to occur af a sufficiehtiy low
value of the'electrén density. With the present availébility of very
pure semiconductors.with variable extrinsic electron densities, it is
ingeresting to consider the possibility of experiméntally realizing and
detecting the three-dimensional [ 2] Wigner lattice. .The aim of this
paper is the.suggestion and discussion of pbssible experiments for this
purpose. To the bésﬁ of the author's knowledge, this is the first péper
diSCUSsing the possible experimental realization and detection of the
three—dimensional Wigner lattice.

Considering an assembly of electrons in the preéence of a uniform

.backgrohnd of fixed positive cﬁarge, Wigﬁerv[l] argued that, as their
potenﬁial énergy became largé compared to their kinetic 'energy, the
electroﬁé_would becpﬁe localized in_spaée. This would make the kinetic
energy ineffectivg in opposing this spatial localization and lead to the
fdrmation'df a lattice of eleétrons. If n is the electron density in a
solid of dieléctric constant €, then the potential'eﬁergy V of inter-

action of the electrons is roughly
- 2
v (-e) /Ero

where ro'is the average distance between electrons. Making the Wigner-

Seitz approximation, (4nr3/3)= (1/n), the potential energy may be
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 expressed as

v ="<4n/3>1/3<e /eynt’3.

The average kinetic energy T of an electron may be taken as equal to

(3/5) of the Fermi energy EF; so

T 2 %EF (3h2/10m) (3n2n) 2/3,

where m is the free electron mass. ‘Then the ratio

m = 310730 )2/31(me2/nze>n‘l/3;

and (V/T) will become large at’ low values of the electron density n

Defining. an effective Bohr radius [ 3] a* by the relation

*
x= (nle/med),

where we are now considering electrons of effective mass m ,one obtains

ll

Cr

v _ % ; o\
(V/T) = C(x_/a)) s | | (1)

where. the constant C =.(10/9)(16/31r?')l/3 ,0}905.

The éxpressibn (L
shows that (V/T) increases as the dimensionless parémeter r increases,
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leading to the crystallization of the electron gas at sufficigntly
large values Qf s sﬁy larger than a critical value‘[4].of rS = r..

The ground state energy of the electron gas and lattiée_has been
thefsdﬁjéct‘of>a numbef of theoretical calculations [4—8]. The values
of r, obtained are generally between 14 and 20, leading §o the'expecta—
‘tion that the Wigner lattice will be stable at electron densitieé
corresponding to values of r, greater than about le La;ge values of
r  are favored by the low values of the electron density which can be
achieved in extrinsic semiconductors at 1ow temperatures. It_is thus
natural to consider shch semiconductors as potential "hosts" in which
to examine the possibility of,achieving and detecting the Wigner

electron lattice.
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'lii. PoSsibie Formation of the Lattice

' The semiconductor pfés;ﬁtly obtainable in the purést‘form is
germahiuﬁ,-ihiwhich net éarr{er'éonéentrationé of 10° to 1ot ém—B
may Be obtéined[Q]. The existence of‘germanium of such ﬁigh purity
éuggésts thafVeXtrinsic.eiectron éoncentrations low enough to produce
tﬁe Wigner latﬁice.may'be achievable. Uéing an éffeétive mass value[10]
m* = 0.12m féf‘elecﬁrons and a dielectric constant € = 16, equation (1)
may be used to calculate values of rs’as'a function of the electron

density n' in germanium. If a typical theoretical value of fc = 15 is

vchoseﬁ; it is found thét.rS is larger than 15 if thefelecpron density n
is less than 8.7.x 1014 cm_3. Considering antimony as a donor in ger—
manium (with-ah iOnizationAenergy Ed = 0.0096 eY[ll]), one may calculate
[12] the ele;tron concentration n as,é function of temperéture'for a |
given yélue [13] of the donor atom congentfation"Nd. If Nd = 1016 atoms
of antimopy per cm3, the electron density n is less than 3.5 x lO14

Cm-3 for teﬁpefatures below 16K. Such-gonditions aré readily achievable
in the vefy[puré germanium gvailable today; it thus appears that values
of is larger thaﬁ the calculated values of the critiéal val'uev.rC

may be obtained for'the'extfinsiq electron gas in antimony doped
‘germanium {14]. |
| We mnext- calculate some parameters of the electron gas at a low

density. Uéing a representative Valuevof the electron density -

n = _1014 cmﬁs, corresbonding to rs'='19.in germanium, the lattice con-
staﬁ; é of Fhe bce electrqh‘latticevis given by ﬁ =‘(2/a3), or

a'=2.7x 10—5 cﬁ._ It is well known [15] that the electron gas in a

semicondﬁctor'of simple band structufe [16] has a plasma oscillation
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(4ﬂne2/m*€). For germanium with

modé of frequency wp, where w2
n= 1014 electrons per cm3, m* = 0.12m, and € = 16, a value of

wp = 4,1 x 1011 secA‘—1 is obtained, corresponding to a F(k=0) plasmon
. 3 . .

energy hw = 0.269 x 10~ eV = 0.27 meV.
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III. Possible Light Scattering'EgBeriment to Detect the Lattice

‘Assuming that the Wigner lattice does form under the conditions
suggested, how might it be detected éxperimentally?‘ It is well-known
[17] that plasmons in the conduction electron gas in semiconductors have
been detectéd by light (Brillouin) scattering experiments. In.suchv
experiments, an incidént photon of'freQQenCy wo is inélastically
scattered.with'the creatioﬁ of a plasmon of frequencywwp and a
sgatte?ed>photon>of.frequéﬁcy Qs. The result is a frequency shift
Aw E‘(wo - Qé)_; wp for pure plasmdn.scattgring without plasmon-phonon
interactioﬁé [17j. For eXampie, such Brillouin scattering has been
observed [18] iﬁ n-type GaAs. 1In this case, the ébserved plasma.l
frequency w_ = 100 cm—l, corresponding to.a plasmbn-enérgy hwp = 1.2 meV,
at an electron concentration of about 1.16 x 1017 cm—3.

If the conduction eléctroﬁ gas in a semiconductor does érystallize
iﬁtq an eleétron-lattice,'it would be expected that transverse acoustic
[19i vibrations woul&.be possible'in addition to a longiﬁudinal aéoustié
branch. This'éxpectation'is borne out in thevcalculatiqn by Clark [20]
of the vibrational spectrum of an electron lattice in the presence of a
uniform background of positive éharge [21]. clark calculétes the
freéuencies of both 1ongitudinal'(LA) and transverse (TA) acoustic
modes és a function of wave vector for several direcﬁions of prop-
_agation in the Bcc électron lattice. The LA_mode is unusual in that
its frequenCy~ié not zero at tﬁe_zone center; fhis is-'due to the long
range of ‘the Coulomb potential. ,(This béhavior 6f'£he vibrational
spectrum is the same as that ob$etvea'for plasma oscillations in the

electron gaé‘[22].) The electron lattice thus.has vibrational modes
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whose phonon aspects may be thought of appfoximatély as longitudinal
and transverse "plasmons". The former are the analog of longitudinal'
plasma oscillations in the electron gas, but the latter should>be
something new.

_ Ciark'é‘fésult is.that,the frequencies w, énd w, of the LA.and

TA modes are.giVen by

wy = ANVIDON, w, = (1/v/5F)Atwp,

whefe mﬁ = (Annez/m*e)is the pl;sma frequency of the electron gaé
of dépsi;y n, étc. The quantities A2 and At are reduced frequencies
whose calculated values [20] at various speéial'pdinté [23]'of the
Brillogin Zone are giveﬁ in Table I. While the frequency of the zone
center LA mode is the same as the plasma frequency of thelelectron gas

of the samé density, the zone edge (points H and P) LA and TA modes of

the electron lattice are calculated to have frequencies of about 0.6 wp.

Table I. Vibrational Frequencies of the bcec Electron Lattice.

Special 'Point T(000) ‘H(100) ' P(111)
Ay 2.50 . 1.45. 1.45
At 0.0 o 1.45 1.45
(wl/wp) | 1.00 . 0.58 . 0.58

(@ /w) 0.0 0.8 0.58
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One may contrast the expected features of the Brillouin scatter-
ing [24] speétrum of ;he.eiectron lattice with those observed' in
Brillouiﬁ‘scattering_by plasmons:in the elctron gas. In the latter
case, the central feature of the spectrum is [18] a peak at the photon
frequency shift dw = wp due to scattering by the ﬁlasmons which are
the LA vibrational mode of the electron gas. For the eiectron crystal,
one would also expect to‘observe‘Briilouin scattering at a photon fre- -
quency shift Aw = wp due to the zone center LA vibrational mode whose
.calculated frequéncy is wp. However, it is also to be expected that
the additional vibrational modes possible due to tﬂe formation of
the'electrén lattice would result in new and additional features in the
Bfillouin scéttgring spectrum, and that these features would not be
present in thé equivalent spectrum for the electron gas. Of special
interest are the transverse vibrations of the electron lattice; these
'would'be expected to couple strongly to incidentvphotons. However,

for these TA mpdes, thé zone-center frequency is zero; so it is of
particular interest and. importance that, for the electron lattice,

6ne would expect Brillouin scattering by LA and‘TA:modes whoée wave
‘vectors are significantly different from zero.

The reason for this is the fact that the lattice constant a of the
electron lattice is very large compared to the values of the lattice
conétant found in most crystals. This results in the electron lattice
having é_mﬁch smaller Briliouin_Zone than those.usually encountered.

-3

' ’ . : 14
For an electron density n = 10" 'cm ~, the lattice constant a is
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approximately 2.7 x lO_Scm, so the Brillouin.Zone b¢ﬁndary (m/a)
is at a wave vector about equal to 105cm“1, a valué about three
orders of magnitude smaller than those found for‘thezzone boﬁndary of
a typical crystal. The conservation of wave vector in scattering by

lattice phonons requires that

for phonon creation, where ko’ Es’ and S-arevthe'wave vectors of the
incident photon, the scattered photon, and the emitted phonon, res-
pectively. - Since, on assuming little dispefsion of the refractive in-
dex of the medium, Ikol is‘approximately equal to Wks” conservation of

wave vector leads to the result [24] that
q = |ql = 2k _sin 6, (2)

where k0_=i|k0| and @ is the angle betv.JeenA_]S0 and ks' The physical
importance éf.equatioﬁ (2) for the present discussion is the fact‘that
,2ko is’the approximate magnitude of thé makimum pﬁonon wave véctor
allowed in‘Brillquin scattering. Since, for usual crystal lattices,
(ﬁ/a) is much larger than the wave vector ko of the incident photon,

~ Brillouin scaftering involves only phonons with émall Values of ¢ =0
: . \ _ :

near the zone center. However, for the electron lattice, (n/a) is

roughly equal to ko for visible ‘and near infrared photbns, so it is to be
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eXpected'that LA and TA vibrational modeé with"wave'Qectors-q of
magnitude equél‘to the zone edge véiues would take pa?t in the
Brillouin scattering process.

It appears reasqnable, thén, to conclude that the Brillouin
scattering.spectrum (i.e., intensity as a function of photoﬁ’frequency
shift Aw for a given scattering_direction 8) of the electron lattice
should show new features in addition to scattering by the LA (k = 0) mode
at Aw = mp found for the electron gas. Since both the LA and TA
Vibrations with wave vectors covering, approximately,.the whole
Brillouin'Zoﬁe would be expected to take part, spectral stchture at
values qf Aw smaller than wp is to be_anticjpated. The relative. ‘
_ intensities will depend, among other things, on the occupation numbers
of‘thé varioﬁé'phonon modes of the electron lattice and, hence, on
the-tempera§ure. It is also to‘be expected that u)2 and wt would,
through ;heir proportionality to wp, be directly propbrtional to the
square_féot'of the electron density n. -This behavior, which has been
observéd'[ZS] for Brillouin scattering by plasmons in the electron gas,
would serve tovidentify observed sca;te;ing peakshasvdue fo scattéring
.by v;brations of the electron 1attice."In'any event, it appears,
bésed on the-ideas presented ébove, reasonable tovexpeét?éignifiéant
qualitative differences between the Brillouin scattering spectrum due to
plasmons in phe electfon gaé and the feétures'anticipated for ﬁhe spec-
trum of the electron lattice. | | .

A calculation of the Fermi~Thomas steening‘iéngth
-1/2 |

A = (6nne2/€EF)

FT , where EF is the Fermi energy, for an electron
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density n = 1014cm in germanium yields a value of AFT = 200AR." Further,
one would expect to use an incident photon frequency wo for scattering

experiments such that

<
wp < (EG/h)

where. E. is the energy gap of the semiconductor in question. For

G
. . ‘ 11 -1 )
- the german;um_descrlbed above wp = 4.1 x 10" "sec and (EG/h) =

1.14 x 10Psec™. The corresponding wavelengths Ap-ﬁ (ch/wp) =
0.463 cm and AG = 2nc/(EG/h) = 1.654 x 10—4cm. The incident phqtoh
wavelength Ko'used_will then be such that it is lgss than kp and g%eater
than'AG, so it will then be true ;hat Ao > AFT; Thié means that the
electron gas at this density should exhibit collective (i.e., plasmou)
behavior, rather fhan single particle behavior, foplan incident wave-
length Ao in the Brillouin scattering experimenté suggested above.

| It is therefore reasonable to suggest that aﬁ experimental study
of Brillouin scattering in very pure germanium (doped with antimony)
would be a feaéonable méthod of searching for the Wigner lattice. A
series of sgch samples with varying valueé of the dénor atom density Nd
could be studigd at appropriate temperatures, yielding a series of
Brillouin scattering.spectfa at varying values of the eléctron density n
in a given temperature. A sgarch for the spectral features déscribed'

above would then pfobe the presence or absence of the electron lattice.
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"IV. . Stability of the Lattice

In order to investigate the poténtialistability of the Wigner
lattice in the temperatu;e range in question, ghc magnitude and sign
of the cohesive energy may be calculated. The cohesive enérgy AE,
per electron, of the lattige is the difference between the energy Eg
of the electron gaé per elec;ron and the energy ES of the crystal per
electron:

AE = (Eg - E).

A positive'value of AE will imply the stability of the lattice relative
to the gas for the value of the electron density n being considered.

The energy ES at T = 0 K, when the vibrations of the lattice have the -

average phonon occupation number <n> = 0, is given [4] by

. = -— ]’ .
E,. = [ (-3e /2ro) + (1/2)3 \wp],
and the energy Egmay be taken as (3/5) EF’ where EF is the Fermi

energy at the electron density n. The expression for ES may be

modified to
B = [(-3e°/2r) + (> + 1/2)/3 ho ]

to include the case of values of <n> not equal to zero.

- . 14
If we consider T = 16K, kBT = 1,38 x 10 3eV, and, for n = 10 .

cm 3, hw = 2.69 x lO—AeV, 50 kBT'> hwp, leading to the resuit tliat
P ) .

<> = (k. T/hw ) = 5.
B p
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1/3n-l/3 = 1.34 x 10--5 cm, one obtains

Using <n> = 5 and ro = (3/4m)
Es = ~2.16 x 10-14 ergs per electron, Eg = 0.624 x 10_16 ergs per
electron, and AE is found to be equal to 2.17 x 10_14 ergs per electron
or 1.36 x lO_2 eV.per electron. The cohesive energy is thus positive
and its value may be éompared to ﬁhe cohesive energy of solid ﬁeon
(melting point 24K) of 0.02 eV per atom given in Referencé 11, page 99.
We see also that (AE/hwp) = 50 and (AE/kBT) = 10, éhowing that the
cohesive energy per electron of the Wigner lattice is large, in this

~ temperature range, cdmpared to both k_T and the largest quantum hmp

B
of the vibrational spectrum of the lattice. It is therefore reasonable

to conclude that the electron lattice is, at least in principle, stable

in this temperature range.
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V. Other Possible Experiments

There are, of course,.other possible experiments to consider for
the detection of the electron lattice. Among fhese is a study of the
specific heaf CV as ' a function of electron density. It appears, how-
ever, that the Debye temperature‘[26] for the electron lattice is about
3000K, while that of the host germanium is 374K. The lattice specific
heat of the germanium would thus be a factor of about lO3 larger than
that of the electron crystal, making experimental Aetection_of the
latter difficult. One mighf consider oBserving the vanishing of
the term iﬁ YT in the speéific heat [27] as the electron gas crystallize&
Howver, a‘éalculation (by the author) of y for an electron gas of
density n ; lO]'l’r.'m-_3 leads to a value of Y =9 x 10_2 erg—deg—z.

Thg electroh gas specific heat YT is equal to 1.5 erg-deg_l at T = 16K,
compared to a lattice specific heat of 1.1 x lO5 érg—deg for germanium,
both values being for a volume of 1 cm3. It appears, therefore, that
experimentall& detecting the electron lattice using specific héat
measurements wbﬁld probably be difficult. Another type of possible
expgriment ﬁight invblve the scattering [28] of phonons by the conduction
electrons in a solid. One might anticipate that the ordered electron
‘lattice would scatter phonons ;gss than does the electron gas, and that
ﬁhis difference mighf be probed.with therﬁal conductivity_meésurements,
or perhapé with an experiment invol?ing the'scattering By'électrons of
monochromatic phononsvgenerated by the methods used.by Dines and

Narayanamurti [29].
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VI. Conclusion

In summary, it is proposed that conditions under which the ﬁhree
dimensional Wigner electron lattice is predicted to form may be achieved
in extrinsic germanium at low temperatures. Of several possible experi-
ments which might detect this lattice, it appearé that the most
feasible is the study of Brillouiq’scattering of photons by the LA and

TA modes of vibration of the electron lattice.
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