UCLA

UCLA Electronic Theses and Dissertations

Title
Unsupervised Methods on Structured Data

Permalink
btt_ps://escholarship.orq/uc/item/4vb9d4rd

Author
Vinas, Luciano

Publication Date
2025

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/4vb9d4rq
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA
Los Angeles

Unsupervised Methods on Structured Data

A dissertation submitted in partial satisfaction
of the requirements for the degree

Doctor of Philosophy in Statistics

by

Luciano Vinas

2025



© Copyright by
Luciano Vinas

2025



ABSTRACT OF THE DISSERTATION

Unsupervised Methods on Structured Data

by

Luciano Vinas
Doctor of Philosophy in Statistics
University of California, Los Angeles, 2025
Professor Arash A. Amini, Chair

Classical unsupervised algorithms, such as k-means and PCA, utilize a simple generative
model where the sampling distribution is determined by a collection of unobserved, latent
features. While this paradigm is powerful, it has the following consequence for applied
settings: any structured trend in the data must be explained by the latent features and the
assumptions therein. This requirement complicates the analysis of structured data sources,
such as images, videos, and networks, especially when the latent features of interest do not

govern every structured aspect of the data.

In this work, we consider scenarios where the latent features may be partially decou-
pled from the structure of the data. Under this new setting we develop new algorithmic

improvements and insights for the following problems:

e Tissue intensity recovery for contaminated MRIs, where each pixel intensity is deter-

mined by an underlying tissue type and a spatially varying gain field.

e Semi-supervised node classification with graph aggregated features, where nodes are

assumed to follow a community-based structure.
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CHAPTER 1

Introduction

The advent of unsupervised algorithms has a rich history which begins in the era of bio-inspired
designs for learning algorithms [Bar89]. As the field has progressed, these algorithms evolved
to the familiar techniques we know today, such as k-means, PCA, and matrix factorization
methods [HTFQ9]. In its most recent iteration, modern variations of unsupervised algorithms
utilize deep neural networks such as the autoencoder family [Ball2] and other generative

adversarial network (GAN) architectures [ZPI17].

Of particular interest to us is the original clustering algorithm, k-means [and58]. The
k-means algorithm, is particularly attractive given its relatively few assumptions and its
solid track record in empirical performance [AV07]. The classic k-means generative model
assumes responses {41, Yz, - - ., Yo} which are drawn from a mixture means plus some additive
noise. More formally, let {y1, o, . . ., pur} be a collection of means defined on R?. Then, given
knowledge of the latent label z; € [L], we obtain the following marginal distribution for y;
given z;,

Yi = [z + &4, (1.1)

where ¢; is a zero-mean, additive noise with common variance o2.

With the conditional model (L.1)), we abstract away specific forms for the underlying
mixture distribution and describe y; in terms of realized quantities z;. At the same time,
is a limited model as it constrains the responses to being elements of an unstructured point
cloud. As such, any structure found in {y;} ; must be modeled by the labels {z;}®; or,

alternatively, must be absorbed by the error terms {g;}?_;. This has the drawback of limiting



the scope of analysis as well as violating the assumptions of ((1.1)).

To address this, we introduce an auxiliary structural term S = (.5;;);; € R™™ which
captures pairwise dependencies between the samples 7,5 € [n]. This auxiliary structural
term S, which we refer to as the structure of the data, can be used to capture global-local
dependencies of the observed samples. For example, for samples with positional coordinates
x = (x;)I,, the structure can be encoded as

S; if i = 7,
Sij = (1.2)

s;—s; ifi# .
In other settings we may consider the structure random, depending conditionally on the latent
labels z = (z;)I, € [L]". For a community-based graph with community edge probabilities

B € [0, 1]%*L the structure can encoded as
Sij = Bern(B...,), (1.3)

where Bern(p) is the Bernoulli random variable parametrized by p € [0, 1].

With this, the original generative formulation of (|1.1)) can be modified as

Yi = (S, Zp) + & (1.4)

where Z € {0,1}"*L is a one-hot encoding of labels z = (z;)~, and ¢ : R x R**d — Rnxd

is a problem specific mixing function between the structure S € R™*™ and the broadcasted

means Zu € R™*%,

1.1 Organization

This paper is organized into two parts, with each part containing a self-contained problem
highlighting the benefits of pairwise structure modeling for unsupervised clustering algorithms.
Each part is motivated by an applied chapter of empirical results followed up by one or more

theoretical chapters that provide insight into the earlier shown empirical results.
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Part T visits the tissue recovery problem of contaminated MRIs and shows, how by
modeling tissues independently from the source contamination, we can achieve both empirical
improvements and novel recovery guarantees. Part II evaluates graph neural networks and
their graph convolutions in popular semi-supervised node classification (SSNC) settings. By
analyzing SSNC under the unsupervised lens of feature separation, we are able to obtain
novel insights into the role of neighbor aggregation and how it leads to a limiting central

limit theorem for the case of a fixed number of aggregations.

Material for each chapter is directly drawn from the following preprints and publications:

e Vinas L., Amini A. A., Fischer J., Sudhyadhom A. (2022). LapGM: A Multisequence

MR Bias Correction and Normalization Model.
e Vinas L, Amini A. A. (2023). Step and Smooth Decompositions as Topological Clustering.
e Vinas L, Amini A. A. (2024). Simple GNNs with Low Rank Non-parametric Aggregators.

e Vinas L, Amini A. A. (2024). Sharp Bounds for Poly-GNNs and the Effect of Network

Nozise.

The notation of each chapter is self-contained and potentially unrelated to the notation of

any subsequent chapter.



Part 1

Level Recovery on Contaminated Images



CHAPTER 2

LapGM: A Rapid Multisequence MR Bias Correction

and Normalization Model

2.1 Introduction

The maturation of machine learning methods has brought significant performance improve-
ments to previously difficult image analyses tasks such as image segmentation [REB15],
anomaly detection [DKB13|, and modality translation [YWB19]. That is not to say the gains
realized by these methods are not without their own set of difficulties. In practice, large
quantities of quality data are needed first before a performance ceiling is reached. Particularly
in the case of medical research, it has been showed that training on poor-quality datasets
leads to generalization issues such as out-of-distribution errors [JY.J20] and artifact generation
[LCN19, VSD21]. A poor-quality dataset may also come about from combining multiple
medical datasets into one. In these cases, the combination of images with different imaging
protocols may bring about discernible, non-biological factors in the final dataset. These

non-biological factors appear to degrade performance when left uncorrected for [DJN20].

To minimize such errors it is worthwhile to consider algorithmic alternatives which may
be improve existing datasets through data-cleaning. Ideally, this data-cleaning routine should
utilize domain-specific knowledge and be independent of any initial, training data composition.
Following this principle, we show how the unsupervised method of gradient-regularized
Gaussian mixtures can be used to correct for strong intensity spatial inhomogeneities as

found in multi-coil parallel magnetic resonance imaging (MRI) reconstructions.



MRI intensity inhomogeneities artifacts, also known as bias fields, are non-anatomical
intensity variations that vary slowly in the reconstructed image space [BMCO06]. We will refer
to the prominence of a bias field as a bias field’s strength. The strength of a bias field depends
both on patient geometry and radiofrequency (RF) receiver coils positioning in a magnetic
resonance (MR) scanner [ABW10]. The greatest bias field strengths tend to be closer to
the RF coils and decrease as distance away from the coil increases. Early coil technology
preferred transmit and receive coils that provided more homogeneous signals at the expense
of overall signal to noise (SNR). Current technology and preferences have moved towards
the higher SNR coils which tend to high channel counts and higher SNR. As these types of
coils will have high degrees of spatial signal heterogeneity, scanners will often include basic
methods to estimate the signal sensitivity map for each coil/channel. Completely correcting
for individual coil contributions at scan time can be difficult and any undercorrection may
lead to the appearance of bias fields. These artifacts are made more prominent in multi-coil
setups, where multiple coils interfere to produce stronger bias fields. It is common for scanner

corrected images to still have significant bias field effects.

For MR images with strong bias fields, we found that state-of-the-art bias corrections
[TAC10, DP14] would either under correct the bias field, leaving the image artifact intact,
or over correct the bias field, reducing tissue contrast in the image. Following the Bayesian
perspective of log-bias field generation suggested by W. Wells [WGK96], we highlight a class
of covariance matrices that satisfy the low-pass property sought by W. Wells while remaining
flexible enough to correct for strongly biased MR images. This class of matrices with sparse
inverses are customizable under different weight transformations which allows for efficient

and targeted correction on MR images.

Additionally, the fitted parameters of the Bayesian mixture model may be used to normalize
the MR signal intensities of a scan across a set of scans within and across individuals. By
combining debiasing and normalization in one step, our method decreases the possibility of

chaining post-processing artifacts in the MR data cleaning pipeline. The end impact of which



is a streamlined process that may make MR data more consistent and quantitative and may

have potential downstream advantages for machine learning as well.

2.2 Methods

Begin by considering an MR image that, due to incomplete coil sensitivity correction, has
been corrupted by a spatial, multiplicative gain field. This slow-varying multiplicative field
will be the bias field of our image. Our analysis will include the case that the MR scanner
in question may be able to perform multiple imaging sequences at once. In the case of
multiple sequences, we assume the bias field remains relatively constant between the different

sequences and image reconstruction effects.

More clearly, for an m sequence scan with n voxels per scan let X = [X3,..., X,,] € R™*"
be the matrix of log-intensity measurements corrupted by some additive log-bias field B € R™.
Let Z; € [K] be the tissue group label for voxel i. The multi-sequence, log-intensity vector

X; will be conditionally characterized by the multivariate normal

R™*™M gre unknown Gaussian

where 1,, is the m-dimensional ones vector and p € R™, 3 €
parameters. For simplicity, a basic categorical prior is assumed on Z; ~ Cat(7) where
tissue group k has independent proability m; of appearing. Additionally we will assume all
Gaussian parameters 6 = (7r, {u b5, {Ek}szl) are pulled from an improper uniform prior

distribution. Next incorporating knowledge that B varies slowly in space, we consider the

following Gaussian prior

B~ N(0,7L"),

where LT is the pseudo-inverse of the graph Laplacian associated with spatial structure of
our scan and parameter 77! is the regularization strength of the log-bias gradient penalty.

The precision matrix L will be explained in more detail at Section [2.2.2]
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Figure 2.1: Model diagram of LapGM and its use cases. Model assumes intensity distribution

follows a Gaussian mixture with additional spatial information determined by a bias field.
We will consider a posterior probability maximization for our model optimization
rgaBng(B [ {X ). (2.1)

In Appendix[A]we show how the minorization-maximization view of expectation-maximization

(EM) [WLI10] can be applied to (2.1)) by iteratively optimizing

Q(0,B]0", BY) := By, (21 x,0) [log po(B, X, Z)], (2.2)
with
(9(t+1), B(t+1)) = argmaxQ(@, B | oD, B(t)). (2.3)
0.B

Note that in the optimization’s current state, the parameters 8¢9 and Bt cannot be



optimized independently of each other. Instead we decouple the expectation step from

Gaussian and bias field estimation to produce the following couple closed-form updates:

e Expectation update

e Gaussian update

e Bias field update

™o (Xi| Zi = k, B)
Zf:l T Po (Xz | Z; = ¢, B)

+ _
Wy, =

K
1 _ ) -1
Bt = (—L + E 1,5, dlag(w.k)>

T
k=1

. (idiag(w.k)(X — ukﬂn)Tzl:l]lm).

k=1

(2.4)

(2.8)

Notation (-)* indicates a subsequent iteration parameter estimate given the current parameter

estimate (-). These block updates may be carried out in a randomly-permuted order [Nes12)

SLY20] for increased parameter exploration. The updates are derived using the first order

conditions of a concave objective. Derivations can be found in Appendix [B]

2.2.1 Connection to Previous Works

The Laplacian-regularized, Gaussian mixture can be softly understood in the general frame-

work of W. Wells [WGK96] where Gaussian prior

BNN(O,T@DB)
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uses a low-pass filter matrix ¢ g for its covariance. To understand this frameworks connection
to (2.452.8), note that the Laplacian matrix L picks out high frequency content, such as edges,
from areas of changing contrast. Under this frequency view, the inverse process L can be
seen as a low-pass transformation which degrade high frequency content with extraneous low
frequency content. As an added benefit, L can be understood as a proper inverse to signals

B with zero-mean.

This formulation, although exceedingly general, faced a combination of design and
computational issues. The first difficulty was to construct a matrix g which was positive-
semidefinite and shared similarities to a low-pass filter. The second difficulty grappled with

the computational cost of inverting
1 K
H = ;1&;1 + Z 1;(2;)_11% diag(wjﬂ),
k=1

which itself contained a matrix inverse 15".

The first issue could be addressed fairly generally by considering positive-definite kernel K
with fixed window 7" and expanding K to its Toeplitz matrix form g for image dimensions
[n]¢. This procedure would produce large but sparse covariance matrices with non-zero entries
on the order O(nT?). The downside to this approach is that there is no guaratee ¥," itself
will be sparse and in practice a dense inverse seems to be common. A dense 15" would make
H-inversion computationally intractable in an iterative EM method. This problem may be
partially solved by computing a convex program on g which produces approximate sparse
inverses 1&51 depending on some known sparseness value o [FHT07]. However it is not clear
how the forced sparseness of 1@51 with parameter o will affect the low-pass properties of @E B,

potentially compromising the effectiveness and validity of the low-pass prior.

In the original paper of W. Wells, this was circumvented by assuming H~! could be
approximated by a uniform filter matrix with kernel window of around 15 to 30 pixels. While
computationally tractable, this heuristic is not directly connected to any known covariance

matrix and, for its current setting, the large smoothing window could affect correction

10



effectiveness in the case of compact and prominent inhomogeneities.

By beginning with a penalty B" LB and working backward to a generative model, we
are able to avoid the inversion process L' — L, enforce sparsity for H, and maintain the

low-pass intuition for covariance matrix L.

2.2.2 Gradient Weighting Heuristic

It is common in multi-coil setups for bias intensity to increase towards the boundary of
the patient anatomy. In order to account for the spatial dependence in multi-coil bias
fields, consider the graph Laplacian of an undirected graph G = (V, E)) with non-negative
edge-weights W

—Wij, if i # j,

> kenbe() Wik, 14 =,

where Nbr(i) :={j € [n] : (i,j) € E or (j,i) € E}. A reasonable heurestic would be to more

Lz‘j —

sharply relax the gradient penalty as voxels approach the boundary of the patient’s anatomy.

One reasonable choice could be the inverse power function
holx,y,2) = (2° +9*)™%, with a >0,

with cylindrical symmetry about some z-axis. For efficiency, the Laplacian edge-weights are

constructed through a set of vertex evaluations
Wiy =1 > g} - h(V;) + 1{i < j} - h(Vi),

where V; is the spatial position of the ¢th voxel. For a d-dimension grid graph, distinct indices

i,j € [n]% are ordered as i > j if and only if there exists some k' € [d] such that
Yk > k/, 1 > jk and Vk < ]{3/, I = jk‘

This inequality evaluation can be modified independently from the rest of the Bayesian model.

11



2.3 Materials and Experiments

We compare LapGM to the industry-standard N4ITK (N4) debiasing method. All calculations
were run on a 64-core Linux machine equipped with a 3090 Nvidia GPU. The LapGM model
was run using the author provided CUDA-accelerated Python package lapgrrﬂ7 while N4 was
run using SimplelTK’s [LCI13] multi-threaded CPU implementation.

LapGM and N4 were compared using simulated and real-world data. Performance on
simualted data was evaluated using a 50-50 validation-testing split. During the validation
phase a total of 120 hyperparameter combinations were evaluated for both LapGM and
SimplelTK’s N4. As suggested by the original N4 authors, all images were downsampled
using a 2-factor downsample before running estimation. At inference all estimated bias fields

were then upsample to their original image dimensions.

Simulated data was generated using bias simulation software biasgen [VS522] in conjuction
with the noiseless, 0% RF non-uniformity BrainWeb dataset [CKK97]. A total of 10 bias
fields were generated for the simulated dataset. The bias simulation settings include a
sampling half-width of L = 12 per dimension and sampling rate of (0.5,1.75,1.75) in the
(W, wy, w,) Fourier space. For the sampling grid G, plane w, = 0 was omitted to produce

more pronounced bias fields.

For real-world data, MR patient scans were acquired on a Siemens 3T Vida with thorax
and pelvis body regions being scanned using a 32 channel posterior spine array. All scans were
acquired using a gradient-echo based VIBE Dixon dual echo sequence with lowest possible
repetition time (TR) and time to echo (TE) values. Image resolution was 2 x 2 X 2mm
isotropic and patient images were retrospectively included in this Insitutional Review Board

(IRB) approved study.

LCode available at https://github.com/lucianoAvinas/lapgm.
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Experiment Method Bias Debias | Runtime [s]
RMSE [1] | RMSE [1] | CPU | GPU
Line32 N4 0.1684 2334 623 —
Line32 LapGM 1-seq. | 0.1889 2564 64.1 | 7.96
Line32 LapGM 3-seq. | 0.0614 934.7 86.2 | 13.6
Rect3_Angn90 N4 0.0738 2791 605 —
Rect3_Angn90 LapGM 1-seq. | 0.0720 2680 53.7 | T7.78
Rect3_Angn90 LapGM 3-seq. 0.0236 930.5 86.2 | 14.7
Rect4 N4 0.0729 2798 481 —
Rect4 LapGM 1-seq. 0.0745 2624 84.3 | 7.76
Rect4 LapGM 3-seq. 0.0220 840.7 904 | 154
Rectb N4 0.0699 2975 546 —
Rect) LapGM 1-seq. 0.0687 2586 87.4 | 6.53
Rectb LapGM 3-seq. 0.0607 1166 104 | 13.7
Rect7 N4 0.0566 2508 600 —
Rect7 LapGM 1-seq. 0.0787 3223 71.1 | 7.99
Rect7 LapGM 3-seq. 0.0245 1046 90.5 | 16.2

Table 2.1: Debias test results on BrainWeb augmented data.

2.4 Results and Discussion

Let B¢, X€ be defined by the element-wise exponentiation

B{ := exp(B)

13

and X? = exp(X;).



Simulated data were evaluated using the following metrics:
1 o\ 2
Bias RMSE = (@ > (B - B) ) ,
ieQ

1/2
Debias RMSE = (ﬁ > (X¢/Bs - Xf/35)2> :
1€Q)

For notation B is the estimated bias field are § is the set of indices contained within the
tissue mask provided by BrainWeb. Simulated test results for N4 and LapGM can be seen in
Table 2,11

2.4.1 Simulated Data

Table shows comparable performance between N4 and LapGM in the single-sequence
setting and superior LapGM performance in the multi-sequence case. Large consistent
improvements can be found in the debias RMSE for LapGM 3-sequence. The metric with
the smallest improvement was tissue total variation. Fig. and have been provided to
better understand performance differences in these metrics. Table also shows that, for
the given testing environment, LapGM runs significantly faster that N4 with a near 80-fold

improvement in runtime for the GPU-accelerated case.

Fig. shows the debiasing result for the Line32 biased experiment. N4 and LapGM
show similar errors in the central tissue group of the BrainWeb phantom, with LapGM’s
errors closely following the contour of the central tissue group. At the boundary of the
phantom’s anatomy we see a clear difference between the errors of N4 and LapGM. Here N4
has trouble adapting to the spatial variations found in the simulated bias field. As mentioned
before, multi-channel RF configurations have the tendency to sharply increase bias at the
boundary of the patient’s anatomy. This is something we are able to account for when setting

up the graph Laplacian for LapGM.

Fig. [2.3]shows the recovered tissue distributions for N4 and LapGM. A few features we will

focus on in the recovered tissue distributions are: number of peaks recovered, width /location
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Figure 2.2: Debias error results on Line32 with N4 and LapGM 3-seq. algorithm. Second column of

LapGM Errors

this figure reveals LapGM’s tendency to increase contrast for certain dominant tissue groups.

of peaks, and recovery consistency. With these qualitative metrics we will be able to glean

more insight into how the N4 and LapGM methods work.

First is the number of peaks recovered. In this regard LapGM 3-seq. is able to consistently
identify major tissue groups between differently biased examples. Depending on the kind of
bias field, a correctly calibrated N4 may sometimes recover the major tissue groups. In the
1-sequence setting, LapGM does not have as much data to contrast different tissue groups.
As such, LapGM 1-seq. shows the tendency of overlapping certain tissue groups which are
similar in intensity.

For the width and location of peaks, LapGM 3-seq. shows the sharp recovery with each
peak being near its original location. N4’s performance depends on the number of peaks
recovered but in general shows a peaked recovery. Here LapGM 1-seq. is faced with the same

issue from before with peak width and location being off for the last two tissue groups.

Next is the topic of consistent recovery. To LapGM 1-seq.’s benefit this is a category it

performs fairly well in. LapGM 3-seq. performs similarly well and N4 has issues with consistent
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Figure 2.3: Probability density comparison between true tissue density and debiased tissue density

functions.

distribution recovery. Inconsistent distribution recovery has negative downstream impacts to
any supervised learning model. Modern machine learning methods can be remarkably good
at accounting for missing or corrupted information, as long as this missingness or corruption
is consistent between data samples. In the case of N4, inconsistent distribution recovery
could lead to contradictory training signals for supervised methods which rely on N4 for data

cleaning.

Lastly we identify the outlier on LapGM 3-seq. bias RMSE performance on testing data
Rect5. Rectb features five rectangular coils in a pentagon pattern arround the BrainWeb
phantom. The deviation in LapGM 3-seq.’s perfomance may be an issue of incomplete
convergence during the optimization process. In practice, incomplete optimization can be
evaluated by analyzing whether the final bias field estimate of LapGM is too smooth or
too rough. After identifying incomplete optimization can be corrected for by modifying the

regularization strength 7! for the example in question.
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Figure 2.4: Line profiles of the lower-left section of patient pelvic region. Line profile in red (top)
with corresponding intensity shown in blue (bottom). Top dotted line is placed on dotted peak and

the bottome dotted line is placed on the second peak next to the trough.

2.4.2 Patient Data

For our patient scan analysis we will focus on the debiasing results of a patient’s pelvic
between N4 and the single sequence LapGM model, in particular we will be focussing on
how image contrast can be balanced for improved bias correcting performance. Fig. [2.4
shows slice line profiles for the lower-left section of a patient scan. The full slice with its
bias comparison can be found in Fig. [2.5l The leftmost column of Fig. shows a compact
but bright bias peak at around the 25 pixels mark. At this point, N4 shows a rough 60%
reduction in bias while the LapGM single-sequence model shows an almost complete removal
of bias. The degree of bias correction for LapGM can be modified through the regularization
stength parameter 7!, Although stronger debiasing capabilities come at the cost of image
contrast, this setting of the LapGM single-sequence model is able to preserve meaningful
contrast. This can be verified by noting both N4 and LapGM share similar trough amplitudes

for the 35 pixel mark.

Fig. 2.5 gives a visual comparison on trade-off between bias removal and image contrast for
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Figure 2.5: Debias and bias field comparison of single sequence LapGM for varying regularizations

7 and gradient penalty weights hq(r, 2).

different 7 regularizations and edge-weight settings. With decaying gradients weights, LapGM
can fit for bias fields that are stonger along the extremity of the patient’s anatomy. Fig.
also shows that the rate at which regularization 7 trades contrast for bias correction may
depend on the chosen edge-weight function h,(r). As shown in sub-Fig. , practitioners

may choose to leave a weak underlying bias field for better image contast.

2.4.3 Normalization Comparisons

We will refer to any normalization scheme that utilizes the fitted Gaussian parameters
of LapGM as a LapGM-based normalization scheme. In its full generality, an involved
LapGM-based normalization scheme could incorporate both class posterior probabilities w
with Gaussian information #. That said, it is still possible to get good normalization results
with simple LapGM-based normalization schemes. In this section we analyze a LapGM-based

normalization called pu, normalization which is done by taking the largest fitted mean value

e = IR [i

and applying the appropriate scaling factor 5 which scales p, to some target intensity value

of choice. A visualization of the p, normalization process is shown in Fig.
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Figure 2.6: Visualization of the u, normalization technique with real patient data. After normaliza-

tion, the second peak of each patient distribution clusters around the target intensity of 1000.

The LapGM p, normalization was compared to the max normalization and Z-score
normalization techniques. These comparisons were done relative to a water-masked region-
of-interest (ROI) normalization baseline. The intensity distribution produced from each
normalization is shown in Fig. 2.7, A total of 10 LapGM-debiased patient scans were used for
the normalization comparison. To allow for meaningful comparisons between the techniques,

all three normalizations were peak-aligned to the baseline water mask ROI normalization.

Tissue total variations were computed for each of the peak-aligned distributions. The
LapGM p, normalization had a TV error of 9.52%, the max normalization had a TV error
of 14.0%, and the Z-score normalization had a TV error 21.7%. The Z-score normalization
featured a significant left tail which was not show in Fig. [2.7. This left tail contributed

Z-score’s larger TV error calculation.

One important qualitative difference between the recovered distributions of ., normaliza-
tion and the other normalization techniques, is the presence of bumps along the recovered
tissue distributions. Small bumps, like the ones visible along the max and Z-score normaliza-
tion distributions, are an indication of intensity scaling mismatch between different patients.
As shown by Fig. [2.6] each of the 10 patient distributions feature a prominent second peak.

Incorrect inter-patient scalings will cause these peaks to be misaligned and as a result form

19



—— Max Norm —— Zscore Norm

Water Mask Water Mask
0.0020 A 0.0020 A | 0.0020
0.0015{ | 0.0015 0.0015 ,\
|

> > > |
£ = £
2 \ z M z \
] o] o]
Q 0.0010 o o

1 \ 0.0010 A 0.0010
A /
v / ’
0.0005 - 0.0005 A / 0.0005
—— u+ Norm k
0.0000 A Water Mask - 0.0000 A - 0.0000

0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400 0 250 500 750 1000 1250 1500 1750
Intensity [1] Intensity [1] Intensity [1]

Figure 2.7: Combined tissue distributions of 10 patient scans using different normalization techniques.
The distributions produced from each normalization technique is peak-aligned with the tissue
distribution of a water mask ROI normalized distribution. Starting from the leftmost column the

tissue TV errors relative to the water mask ROI are 9.52%, 14.0%, and 21.7%.

small bumps along the recovered tissue distribution. Note that this may even be the case for
the small bump visible at the 800 intensity value for the water mask ROI distribution. As
each water mask ROI is calculated by hand, it is possible for slight errors to accrue in the

final aggregate tissue distribution.

This analysis was carried out on images where clear contours could be made for the
different water ROIs, however we note that similar peak recovery can achieved by applying

145 normalization to fat-dominant MR sequences as well.

2.5 Conclusion

In this paper, a multi-sequence debiasing algorithmic alternative to the common N4 debiasing
algorithm is proposed. We have shown superior performance in various metrics for the
multi-sequence case, as well as ease-of-use and interpretability in the single-sequence case.
Both methods were tested on a variety simulated bias field configurations specified by [VS22]

as well as real-world patient data. Implementations for LapGM and the bias generation can
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be found in the Python packages lapgm and biasgen respectively.

In this paper a normalization technique using the fitted Gaussian parameters of LapGM is
also proposed. This normalization is competitive with manual water mask ROI techniques and
superior to max normalization and Z-score normalization techniques. Only one of the many
possible LapGM-based normalization technique were analyzed. It may be possible to further

improve normalization performance by utilizing more of LapGM’s Gaussian parameters.

Future work could probe some theoretical properties of LapGM or attempt to explain
some of the distributional tendencies of LapGM. As Fig. showcases, N4 has a tendency
to produce tissue peaks which vary based on bias field, while LapGM, both in the single and
multi-sequence settings, seems to produce stable tissue distributions. Some other interesting
phenomena to explore include why debias methods in general struggle to disentangle peak
locations of high intensity tissue groups and under what conditions will multi-sequence

LapGM increase tissue contrast rather than decrease it.

Appendix

A Expectation-Maximization for MAP

Let X = {X;}",. We are interested in the maximum a posteriori probability (MAP) for
argmax py(B | X),
6,B

where € and B are conditionally independent from each other and an improper uniform prior
p(f) =1 is assumed on 6. As the argmax is invariant to scalings and monotonic transforms,
it is equivalent to consider the log joint probability
argmax log pg(X, B),
0,B

where normalization factor pg(X) has been dropped.
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A function f(1) is said to be minorized by g(z |¥®) at ¢ = ¢® if

g(¥[¥9) < f(@), Yo and g0 |") = f(0©).
For shorthand let X = {X;}" ;. The goal will be to show

9(0, B0V, BY) =Q(0,B|0", BD)
+ log pyn (X, B(t))

—Q(o", B |60, BO)
is a minorizing function of (4, B) + log ps(X, B) at (§®, B®)) where
Q(ev B | e(t)a B(t)) = ]Ep9<t) (Z|X,B(t))[logp9<zv X7 B)]

This can be done by introducing an auxilliary distribution ¢(Z) and decomposing the KL

divergence of ¢ and py

D(q||ps) = Ezwq[log a(2) )}

pe(Z| X, B

With some manipulation

D(q /|| ps) = log po(X, B) + E,[log q(Z) —log ps(Z, X, B)]
= log py(X, B) — E,[logpe(Z, X, B)]
+E,[log (¢(Z)pen (X, BY))]
— log pyn (X, BY).

Now set q(Z) = pyw (Z | X, BY) and rearrange

long(Xa B) = Q(07 B | g(t)’ B(t)) + lngQ(t) (X7B(t)>

_ Q(g(ﬂj B® | 9(073(1‘/)) + D(pyo) || s).
The non-negativity and equality properties of KL divergence

D(q||p) >0, Vg and D(q||p) =0, if p=gq,
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show that g(6, B|6"), B") is indeed a minorizing function of (¢, B) + logps(X, B) at
(01, B®). Lastly since g(6, B|6"), B") only has one term which depends on (6, B), the

maximization step may be simplified to
(Q(t“), B(Hl)) = argmaxg(@, B|oW, B(t))
6,B

= argmax Q (0, B |0, BW).
9.8

B MAP Coordinate Updates

With the shorthands a;, == X; — pup — B;1,, and wi = pyy (Zi =k|X,, Bi(t)), we expand the

following objective

K
1 1
—Q(@, B 0, B(t)) o< Zwik<§a;2glaik 5 log ’E;’

@
Il
—
e
Il
—

We will be interested in the optimization

; _ ® p®
ueuwm,%lew, Q(G, B|07, B )
SEER™XM: 50,

m€[0,1]: Zi{:l =1

Parameter 7, can be independently optimized as

The simplified objective

K
i _ _ 1
L=3 3L (aiTkEklaik ~log |Zk1|> +5-BTLB

can be optimized as an unconstrained problem

min E(M, 2_178)7
pER™, BER™
N termx 10
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where for i > 0 it is equivalent to optimize over the reparametrized Egl. The local optimality

conditions of £ are

oL - _

8_1% = Z — Wik Zklaik =0,
i=1

oL -

F = sz’k az’ka@-Tk — wipXy = 0,
k i=1

L = _— 1

8Bi = ; —wikllmEk ik + ;(LB)Z = 0.

This last condition can be rewritten in vector notation

K

oL 1
= E diag(w.) (X — el — 1,,B") "%, — =LB,
T
k=1

OB
where diag(w.) is a diagonal matrix with entries w;,. Parameter updates can be done in a
block-cooridinate fashion until convergence.

After sufficiently optimizing to a new set of parameters (¢, B'), w;, can be updated as

), Der (Xi | Z; = k, B')
Wik = K ; N
2521 T Po (Xz ’ Zi=1,B )
For practical applications, the authors have found that sequential updates of the form

(w— 60— B — w—...)yield quick and stable convergences.

As a final comment, we note that neither the original log-likelihood nor its expectation-step
surrogate is necessarily convex for all E,;l > 0. For the case of a standard Gaussian mixture,
it has been shown [JZB16] that overall performance is dependent on the quality of initial
estimate parameter. In practice, a K-means initialization step with a potential data transform

can help to avoid bad local minima.
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CHAPTER 3

Step and Smooth Decompositions as Topological

Clustering

1 Introduction

The prototypical recovery problem is nonparametric regression where we observe an unknown
function corrupted by additive white noise: y; = f*(z;)+¢;, fori =1, ..., n, where f* belongs
to some function class F and ¢; is the measurement noise. Important to the recovery is the
structure of F and how it can be leveraged to differentiate observations from noise. Examples
of previously explored structures in nonparametric regression include: smoothness [Tsy(09],
sparsity [Wai09, BRT09], homogeneity [KEW15], and piecewise simplicity [KKB09, [Tib14].
In each of these problems, there is a particular interest in uncovering the structure-specific
recovery conditions under which a finite-sample, data-estimate ]?eventually recovers the

optimal, data-generating f*.

Another flavor of recovery problems include decompositions of the form

yi = [*(xi) + 9" (z:) + &, (3.1)

where the recovery quantities of interest include both f* and g*. Naturally, this type of recovery
problem, with its multiple recoverable quantities, is more difficult than basic nonparametric
regression. Examples of such decompositions with provable recovery guarantees are rare but
some notable examples include the case of sparse plus low-rank matrix recovery [CSP09,

BRI6l [TV23] and compressed sensing in a pair of orthogonal bases [DK13].
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In this paper, we consider a nonparametric decomposition of the form where the
signal is a combination of continuous and step functions. We provide identifiability conditions
for the continuous and step functions f* and ¢* in terms of the modulus of continuity of f*
and the height between steps in ¢g*. Analysis of f* and ¢* will be sufficiently general, where
each function is considered to be a mapping from a metric space (X, d) to a normed vector

space (I, |- )-

In its simplest formulation, we consider f* to be real-valued and continuous, lying in
a Hilbert-norm R-ball of a reproducing kernel Hilbert space (RKHS). For this scenario, a
practical estimation algorithm is proposed with consistency guarantees given in terms of

spectral quantities related to the observed kernel matrix of the RKHS.

As in most regression analysis, we conduct our analysis under finite sampling constraints.
For g* which attains at most M unique values within a given sample, the composite observa-

tions will be re-expressed as
yi = f(z) + pie + e, fori=1,...,n (3.2)

where p* € RM is a vector of values referred to as the levels of g*, and 2 € [M] are labels
to the corresponding levels of g*. Our main goal is to recover the labels 2z} correctly, with
a secondary goal of recovering the levels p* and the continuous function f*. For our finite
sample setting, recovery of f* € F will be relaxed to finding an element of the equivalence

class
e ={feF: fla) = f(x:), Vi [n]}. (3.3)

This recovery condition may be refined to instead selecting a representative solution from [f*],,,
such as a minimum-norm solution. An approach of this sort will depend on the regularity

available in the function space F and will not be a topic of focus in our forthcoming analysis.
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1.1 Applications

To motivate the problem, let us give some concrete applications of the step and smooth

decomposition model ({3.2)).

Decompositions in Non-linear ICA

Non-linear independent component analysis (ICA) [HP99] provides a general framework
to describe signal mixing problems. In non-linear ICA, the mixed observation y = (s)
is generated using independent, latent sources s € R" and a non-linear, mixing function
¥ : R" — R™ In other ICA formulations [HST19], joint independence of s is relaxed to a

conditional independence given some auxiliary information u € R™. That is,
n
logp(slu) = gi(si,u)
i=1

for appropriately defined densities g;.
Decomposition (3.2]) can be understood in terms of a self-mixing, non-linear ICA problem.

In the simplest scenario, we may consider sources s; = (z;,u;) with auxiliary information

u; ~ Unif[0, 1) and mixing defined by
U(s;) = f(x;) + ,u:;(wi’ui) where ¢(z;,u;) = |u; - M| + 1. (3.4)

Generalizations to (3.4) may consider different cut-off functions ¢(x;, u;) which also incorporate
sample spatial information x; in their cut-offs.

In contrast to traditional ICA problems, the mixing function defined in (3.4]) is not
necessarily injective on R" for all choices of f* and ¢. This a recovery setting not covered
in recent non-linear ICA literature [HST19, [KKM20l [ZNZ22] and one we are interested in
exploring in this paper. In particular, when given partial information {(z;,v;)}:, which
properties of the data, if any at all, can help overcome the non-injectivity of a general f* and
fy?
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Composite Class Map Field Contrib.

-

Figure 3.1: Example of a prominent bias field modifying the BrainWeb [CKK97] phantom. Leftmost
image is the MRI of a synthetic brain which has been perturbed by a contaminant field. Middle
image is a tissue categorization for the synthetic brain. Rightmost image is the contaminant field in

ambient space (in absence of the synthetic brain).

Decompositions in Medical Image Correction

In magnetic resonance imaging (MRI), image quality can be affected by factors ranging
from radiofrequency coil setup to patient positioning and geometry [ABW10]. Dependent on
these factors, MRI images may be contaminated with a spatially smooth, multiplicative field,

known as the bias field. Figure [3.1]illustrates an example of a contaminated MRI image.

The MRI bias field problem admits the following multiplicative formulation [VPLOT],
y(@) = f*(x) - p(x), forzeX (3.5)

where f* is a positive smooth field on X, and p*(x) are, by convention, positive tissue
values at locations x € X. Given a fixed number of tissues classes M, process (3.5) can be

reformulated as (3.2)) under a log-transformation.

In supervised learning tasks, the visual inconsistencies caused by MRI bias fields present
significant challenges, as they prevent the acquisition of accurate ground truth signal infor-
mation from patient scans. This issue parallels the earlier discussed problem of non-linear
ICA, where, again, learning is hampered due to partial information and concerns regarding
injectivity.
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1.2 Prior Work

To the authors’ best knowledge, the closest work on the theory of continuous and step
decompositions is [KT14], where they provide a characterization of the set of viable functions
given an observed composite signal h*. The composite h* = f* - g* is assumed to be the
product of a positive continuous function f* and a positive step-wise function ¢g*. Assuming
knowledge of the tissue ratios {pux/pxr1 }os,", [KT14] have shown that one there are scalars

{ax}2L, such that the set
F={f: X >R:Vze X, f(z) € {ah"(z)}},}

contains a unique scalar multiple of f*. This result is then followed by a practical algorithm

which optimizes over a soft-label surrogate of F.

The theoretical result of [KT'14] is interesting since it dramatically reduces the search
space for a viable f, esp. when X is finite. What this result does not tell us is how to identify
f* in the set F , and whether f* is identifiable at all. This issue becomes readily apparent in
finite sample scenarios, where there may be multiple ways to construct observations hA* from
different smooth-and-step pairs (f,§). In short, the work of [KT14] does not address the
question of identifiability which is a focus of our work. Moreover, when no level information
is available, F itself is unknown. In this regime, attempts to approximate the set F would

ultimately be sensitive to initialization choice for scale parameters {ay }.

2 Identifiability Theory

We consider the problem of identifying components (f*, u*, 2*) from observations
yi = f*(z;) + ke, fori=1,...,n, (3.6)

where f* belongs to a class of smooth functions, from a metric space (X, d) to a normed

space (Y, || - ||). Specifically, we assume that f* € F,(X), the set of uniformly continuous
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functions with modulus of continuity w : [0, 00) — [0, 00), that is,
FoX)={f: X =Y |f(z) - f@@")] € w(d(z,2)), Vz,2’ € X}. (3.7)

For ease of presentation we will assume Y = (R, | -|). Proofs of the results for a general

normed space ) can be found in Appendix [A]

A model is identifiable if the ground-truth parameters (f*, u*, z*) can be unambiguously
recovered from observed samples {y; }; following (3.6)). For our recovery procedure we consider

solving the optimization

fE‘FW(X)’
RERM  ze[M]™

PN , 1 &
(F.2) = argmin —3 (y;i— s, — f(2))", (38)
i=1
as well as zero-mean version where a constraint is added ensuring that f is empirically zero-
mean, i.e., Z?:l f(z;) = 0. This zero-mean constraint addresses issues analogous to the scalar
multiple problem described by [KT14]. Note that, in our case, correctly recovering (u*, 2*)
will also recover [f*],, since f*(z;) = y; — put.. Then, by providing conditions under which (i3.8))

unambiguously recovers the sampled clusters {ul. };, we will have shown identifiability for

the step and smooth decomposition ({3.6]).

2.1 Topological Clustering

To motivate our forthcoming topological definitions, consider the following failure case for

step and smooth identifiability:

Example 1. Consider the two cluster case (M = 2) on X = (R%, || - ||2) and take w(t) = t,
that is, F,,(X) contains all 1-Lipschitz functions on X. Let f*(x) = 0 and pf = —pi = 1 with
linearly separable clusters C, = {i € [n]: zf = k}; that is, there exists unit-norm w € R?
and ¢, co € R such that

szcZ- < << wTa;j

for all i € C; and j € Cs.
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Consider the piecewise cluster-interpolating function f(z) = — min{max{w”x —c;,0},2}.
Clearly, f is 1-Lipschitz, that is f € F.(X). Now, if C; and C, are sufficiently separated so

that co —c; > 2 = pj — p3, then

f(i) + py = (@) +
for every i € [n]. That is, rather than two cluster, we can put all points in a single cluster
(Cluster 1) and explain the variation in y; entirely by the smooth function f, or we can put
the points in two clusters and explain the residual variation (which turns out to be zero in
this case) by the original f*. In other words, in this case the observations y; = f*(x;) + pi.

do not allow for an unambiguous recovery of (f*, u*, z*).

Example [1| shows that without a constraint on how far apart samples in the point cloud
{z;}"_, are placed, it is always possible to construct examples where one can interpolate
between different clusters using a smooth ]? Stated differently, the distance between samples,
compared to the difference in cluster levels u} for k& € [M], must be within the scale allowed
by the modulus of continuity w. It turns out the the proper way to measure the separation

of samples is through the connectivity of the p-neighbor graph, which we recall next:

Definition 1 (Neighbor Graph). The p-neighbor graph G,(X) of point cloud X = {z;} is

the graph with vertex set [n| and edge set
{(i,j) € n)*: i #j and d(w;,x;) < p}.

The p-neighbor graph captures some aspect of the topology of the point cloud. Paired
with the modulus of continuity w, this graph allows us to quantify long-range variation of a

particular f* € F,(X) via its local variations along the edges.

In this sense, every point cloud X has a minimum, necessary communication length
Pmin(X), such that all long-range variations in {d(x, ")}, 7ex can be bounded in terms of

local ones {d(x;, z;)} i jyee where G, . (X) = ([n], ). More formally:
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(a) p-neighbor connectivity graph (b) Cluster connectivity graph

Figure 3.2: A p-neighbor and cluster connectivity graph on UMAP-reduced features for four topics
from the “20 Newsgroups” classification dataset. Highlighted in gold in the left subfigure is an edge
with length equal to connectivity p min. Drawn in black in the right subfigure are the corresponding
cluster distance edges d(Cg,Cy). Cluster graph edges which are larger than 0 jq are drawn in dashed.

The final cluster graph Gy, (C) is a tree &, with a connecting hub at the blue colored clusterﬂ

Definition 2 (Connectivity). For a point cloud X, the connectivity is defined as

Pmin(X) :=inf{p > 0: G,(X) is connected }.

So far, we have defined a connectivity parameter, puy;,(X), such that deviations in f* can
be translated into traversals between neighboring nodes in X. Let us define a similar concept
for the deviations of the step component 10y Let C = {Ci}repm) be the set of M clusters
with Cr = {i € [n] : 2f = k}. For each pair of clusters, there is a corresponding notion of
cluster distance given by:

d(Ci,Cp) = min  d(z;,x;). (3.9)

1€Cy, j€Cy

LFor interactive 3D network representation: |https://github.com/lucianoAvinas/topological-clustering-
plots.
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Then, for an associated tolerance parameter § > 0, let us construct the d-neighbor graph

Gs(C) with vertex set C and edge set
{(Ck,Cg) ck 7é ¢ and d(ck,Cg) S 5}

Similar to the smooth case, there is a minimum necessary communication length 0y,
depending on both the point cloud X and the set of labels z*, such that all deviations of ,u’(",)

can be translated to traversals on G4(C).

Definition 3 (Label distance). The label distance for paired data (X, z*) is

S i(X, 2%) ==1inf{d > 0: G5(C) is connected }. (3.10)

When it is clear from context, we omit dependence on sample (X, z*) for the previously
defined topological quantities. An example of these quantities in real-world data is given

Figure [3.2

Finally, we also need the following simple condition on the labels:

Definition 4 (Label saturation). A label vector z* € [M]" saturates [M] if every label in

[M] is present in z* = (2§, ..., 2}), that is, for every ¢ € [M], there is i € [n], with 2] = .

This condition is needed to avoid the trivial case where some of the levels {u;} are
redundant (i.e. label k does not appear until some n > N). It is clearly necessary for the
identifiability of the levels and labels in the uncontaminated model. It is always possible to

redefine z* to be saturated by relabeling, and dropping redundant levels.

2.2 Identifiability Results

Our main result is the following cluster recovery guarantee:

Theorem 1 (Cluster recovery). Let X = {x;}, be a point cloud in a metric space (X,d)

and let {y;}1, follow model (3.6) with f* € F,(X) and z* € [M|" that saturates [M]. If the
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connectivity pumin of X satisfies

1 : * *
<")<pmin> < m I’?;é? |:U’k - /1%’7 (311)

then, the labels Z produced by (3.8) have zero misclassification error relative to z*.

Our next result is an error bound on the recovered levels pu:

Proposition 1 (Level recovery). Under the assumptions of Theorem let (fA, W, z) be the

solution of the zero-mean version of problem (3.8)). Then, we have

max |uz — ﬁk' S Q(M — 1) (JJ(5 lbl) + ‘% Z f*(xl) . (3.12)
=1

ke[M]

In essence, both Theorem (1| and Proposition [1| provide deviation bounds under specific
connectivity constraints. The quantities pyi, and 0 gauge the minimum jump distances
at which the induced graphs of {z;}", and {Cy}L, remain connected. The modulus w()
then translates these jumps in distances into equivalent jumps in levels, observed indirectly

through {y;};.

Theorem |1 says that perfect cluster recovery z = z* is attainable if this translated jump
is roughly below the minimum resolution of the true levels {y;}. Proposition [1| has a similar
theme but now in the context of level recovery where, unlike z* € [M]", the levels uj € R
lie on a continuum. This leads to a gradual reduction in error as outlined in Proposition

contrasting with the sharp recovery of discrete labels z; € [M] in Theorem [1]

The remainder term |1 3~ f*(z;)| in (3.12)) highlights the scalar-shift ambiguity inherent
in the components of model (3.6]), where for any scalar ¢ € R, it is possible to rewrite (3.6)) as

yi = (f*(2:) — ) + (uix + ).

i

As such, the two components are only identifiable up to a scalar shift. More generally,
problem (B.8) can be extended to include a constraint 1 3" | f(z;) = f* for some select
mean value f*, in which case Proposition |1/ holds with the remainder term L >, f*(z;) — f*|.
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As an immediate corollary to Proposition [I} one can show that, under mild regularity on the
sampling of (X, z*), the zero-mean recovery problem achieves asymptotic identifiability
of (u*, z*). As this corollary references multiple sets of samples, the notation (-)™ will be
used to differentiate parameters belonging to different sets of observations {y;};. We also
allow the number of observed levels M,, to grow with n. We say that a condition is eventually

satisfied if it holds for all n > N for some N € N.

Corollary 1. Consider a sequence of point clouds {X™}, with corresponding true labels
{2*™} and class levels p*™ € RMn. Let 5(5))1 be the label distance for (X, z*™). Assume
that the connectivity condition (3.11)) is eventually satisfied, and as n — oo,
n — 1 *
w(a(lbg) = o(M, "), n Z fr(@) = o(1).
zeX(n)

Then for any solution (]?(”), ™, Z2M) of the zero-mean version of problem (3.,

I “(n) _ )| _ g
Jim e = 7| = 0

According to Corollary , when {M,,} is bounded, a set of sufficient conditions for recovery

of both clusters and levels is:
Piin =0(1), 05y =0(1), and A, = min ™ — ;"] = Q(1),

i.e., minimum level gap is bounded below. When {M,, },, is unbounded, both the connectivity
Pmin and the label distance d ,,; must decrease more rapidly. For example, when the smooth

component is Lipschitz (i.e., w(t) = Lt), a set of sufficient conditions are
P = 0(Bn/My). 05} = 0(1/M,).

Note that, while Corollary [Tfis a deterministic result, it can be translated to a high probability

version given appropriate assumptions on the sampling distribution of (X, z).

The identifiability results of this section are intuitive and are described in terms of

easily understood topological quantities. It is worth emphasizing that, prior to our analysis,
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obtaining a perfect classification result similar to Theorem [1| is not immediately clear for
a general context. That is, irrespective of the placements of labels z* on the point cloud
X, and regardless of the dimension of the space carrying X, we have shown that one can
globally control z using only a scalar parameter of the point cloud, namely, the radius of

connectivity of its associated neighbor graphs G,(X).

3 Methods and Optimization

For practical estimation, we consider estimating functions f* € H lying in the Hilbert-norm
R-ball of an RKHS. The following example shows that this case can be treated as a special
case of (3.7) with a linear modulus w(t) = O(t).

Example 2. Consider the case where f* lies in RKHS H. The natural metric to consider on

X is the so-called kernel metric

dic(z,2') = | K(z,-) — K(2', )|z = VK(z,2) — 2K (z,2) + K (2!, 2'). (3.13)

Using the Cauchy—Schwarz inequality, it is straightforward to show the following Lipschitz

property: For any f € H, we have

() = F(@)] < 1 flle dic(, 2)

for all z,2’ € X. Letting w; denote a modulus of continuity of function f, the above shows
that one can take wy(t) = || f|jm - t for all f € H. If we further assume || f*||g < R for some

constant R, then w(t) = O(t).

AltMin Algorithm For our estimation procedure, we propose a blockwise coordinate

descent with alternating updates on (u, z) and f. More specfically, in each iteration, the
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current estimates (]?, I, z) are updated to the new ones (]?Jr, put,z%) by

n

~ 1 R

fr= argmm—Z(yz- — iz, — f(z)? + 7l f & (3.14)
fem N i—1

- 1L ~

(AT.2) = argmin  — > (g —prs, — [T (22))2 (3.15)

HERM | ze[M]" n i—1
with 7 and M being values to be determined through a cross-validation procedure.

For fixed _]?, optimization (3.15)) can be solved through a k-means procedure. For RKHS
H equipped with kernel £ : & x X — R, optimization (3.14)) has the following representer

solution

Fre =Y atk. ), &= (K +rl) - ZR)/Vi (3.16)

where K is the n x n kernel matrix with entries K;; = K(z;,x;)/n and 7 € {0,1}™L is the

one-hot encoding label matrix for previous label estimate Z.

3.1 One-step Analysis

In general, the interaction between updates (3.14) and (3.15)) may be quite complicated. In

this section we show a positive result: In the large sample limit, classification with ALTMIN

simplifies to classification with regular k-means on the uncontaminated (step) signal.

We consider observations {y;}; drawn from (3.1) with i.i.d. zero-mean noise ¢; of variance
0. As before, g* will be assumed to be a step signal with ¢g*(z;) = [ although the results
of this section hold for any ¢g* that is sufficiently outside the RKHS, as will be made precise
in Theorem [2| For our analysis, we consider a half-step of the ALTMIN algorithm, evaluating
performance after update . Our goal is to show the pointwise consistency of the KRR

-~

estimator f == (f(;)), that is

~

lim E. MSE(f£*, f) = 0, (3.17)

n—oo

where MSE(a, b) = |la — bl|3/n.
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Let K = VAVT be the eigenvalue decomposition of the kernel matrix where A =

diag(\;, @ € [n]), and define
)2
h(X\;T) := —<>‘+T)2, I, .= \/m =AA+TD)?

extending a scalar function to diagonal matrices in the natural way (i.e., by applying to
each diagonal entry.) We assume the eigenvalues are ordered as follows: A\; > Xy > -+ > A,,.
Consider the Fourier expansion of f* and ¢g* in the (empirical) eigen-basis of the kernel, that
is, f = (f;)) =VTf*and § = (%) = V'g*. Then

1 * r 1 * *
Bl f* = FIE = Eel(1 TV TV Tg" — Vel

< 2||(1 TOFI2+ 2HF "||2+—‘72 tr(I'2)
- n 17 - T r
=3, 27 gllo 0 T

2 e T2f2 2 02 A7
_z i z h(\i:T) 3% + — — 3.18
n;(Ai_I_T)Q-Fn; ( r)gz+n;<&+7)2 (3.18)
The first and the third terms are the bias and variance, respectively, for recovering f* in
classical kernel ridge regression (KRR). Both can be made to go to zero as n — oo for a
proper choice of 7 = 7, = 0(1). The middle term is new to our decomposition, and is the

filtering effect of KRR on the step component g*(-).

To expand on the filtering behavior of the middle term, we first establish a result on the

Hilbert norm of minimum-norm interpolants for functions which are not in the continuous

RKHS H, the proof of which can be found in Appendix [B]

Proposition 2. Let H be an RKHS of real-valued functions on the metric space X. Assume
that the RKHS has a continuous kernel K(-,-) and let {z;};>1 C X be dense in X. Consider
a function g* : X — R that is not in H. Let f, be the minimum H-norm interpolation of g*

based on {x;}1 |, that is,

fn€ argmin || f]m (3.19)
f€H7
f(zi)=g"(z:), Vi

Then, || follm — 0o as n — oco.
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It is well-known [Wail9, Section 12.5] that the minimum-norm interpolant (3.19)) can
be written as f, = \/Lﬁ S @ik (xi, ) where & = K~'g*/y/n and g* = (¢*(z1),..., 9" (xn)).
Here, we recall that the kernel matrix K;; = KC(x;, x;)/n is entrywise-normalized by n. It

follows that

n

17 = a7 Ka = (" Vi) K~ (g /v = - 3/ (320)

i=1
Proposition [2 then implies that if g* ¢ H and the sequence {x;}! ; becomes dense in X, the

Fourier coefficients of ¢* with respect to K, that is (g;), exhibit the following drift:
1=y
— E Gi [ Ni = 0. (3.21)
n
i=1

Figure[3.3]illustrates a pathological scenario in which the “density” requirement is violated.
Here, H is a Sobolev-2 RKHS on [0, 1], consisting of continuous functions, while ¢g* is a step
function with a discontinuity at 0.5; thus, ¢* ¢ H. The sequence {z;};>1 is deliberately
constructed to maintain a gap of size 0 around the discontinuity, resulting in a bounded
H-norm for the interpolant f,. However, as § — 0, the norm diverges, as demonstrated in
Figure (b), consistent with Proposition . This example is adversarially constructed; in
contrast, under i.i.d. sampling from a continuous distribution on [0, 1], the sequence {x;}; is

almost surely dense.

The sample-level, spectral drift of g* opens up the possibility of KRR effectively
filtering out contributions of ¢g* and making the middle term in (3.18) negligible. To see
this, note that since \; are decaying as a function of i, for the expression %ZLI G2/ to
grow without bound, most of the energy of g* (where “energy” is defined as = > | §7) must
be concentrated on the higher-index components, which correspond to smaller eigenvalues.
Multiplication by h(\;, 7) filters out components of g* associated with small eigenvalues;
equivalently it acts a a low-pass filter, filtering out higher index (i.e., higher frequency)

components.
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(a) RKHS interpolant with pathological sampling. (b) H-norm as distance to discontinuity decreases.

Figure 3.3: Sobolev-2 interpolants for step functions on [0, 1]. As sampled points {z;}; approach a

discontinuity of f, the corresponding interpolant f,, has Hilbert norm || - ||z going to infinity.

To make the above intuition more precise, consider the spectral survival function of g*:

n

Sy (t) == Z%Q 1\ > ). (3.22)

As t — oo, S(t) goes to zero, and the faster this decay, the more g* is concentrated on
higher-index components. That is, the tail behavior of Sy-(¢) is what determines how well
g* is filtered by KRR. Let r, = max{i € [n] : g? > 0} and let 3, be the largest 3 > 0 that

satisfies
Ar,
t

B
S, (t) < Hg*ugo-( ) . forallt> 0. (3.23)

Such a tail bound always exists, since the trivial case 3 = 0 reduces to ||g*/v/nl3 < |lg*||%-
The parameters of the tail bound are influenced by how much the higher-index components of

g contribute to the total norm (or energy). The tail bound works together with the spectral
filter h(A; 7) to give the following control for the middle term of (3.18):

Proposition 3. Consider KRR with reqularization parameter 1, and let &, == A, /T,. Then,
1 Zn 2 2 B
- h()‘uTn) g; 5 max{fn, gnn}v (324>
n
i=1
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where < denotes inequality up to universal constants.

We note that the best case scenario in Proposition [3]is obtained when r, = n and (3, > 2,

leading to the quickest possible decay of O(£2) = O((\,/7,)?) for the residual norm.

Next we consider the case where X is compact and K is continuous, that is, kernel K
is a Mercer kernel. Then, under the assumption that {z;} are i.i.d. draws, the sampling
operator associated with K converges compactly, almost surely, to an integral operator
Ty : L*(X) — L*(X) [LBB0S, Proposition 11-13]. This in turn implies that as long as
r, — 00, we will have ), — 0. Combined with Proposition [3] this lead to the following

consistency result for the one-step procedure:

Theorem 2. Consider a Mercer kernel and i.i.d. sample {x;};. Let the regularization
parameter T = 1, be chosen such that the first and third term in (3.18) go to zero and
& = o(1). Further suppose that liminfr,/n > 0 and liminf 5, > 0. Then,

~

lim E. MSE(f*, f) = 0.

n—oo

This MSE decay can be made explicit given the knowledge of the population eigenvalue
decay. For example, consider the Sobolev-ae RKHS, where \; < i72%. With some additional
knowledge of ¢* and its spectral tail decay [3,,, an upperbound on the MSE can be obtained
for the general misspecified case of . Rate calculations for the case of a Sobolev-a

RKHS are done in Appendix [B] the result of which we now present as a corollary:

Corollary 2. Suppose K(s,t) is the reproducing kernel for the Sobolev-ov inner product on

0, 1], namely,

(foh)e =) /0 FE ()P () da.

If g* satisfies spectral tail decay 3, then there is a selection of T, such that &, = n%, and

Es MSE(Tn) S nz_Tzfl(Bn/\Q).
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Figure 3.4: Experiment results for the 2-state, p-probability Markov chain. 10000 chains were
simulated for each p € {k/10}}%,. Shown in subfigures are median results with 95% probability

intervals shaded in the corresponding colors. In the case of p = 1, there is no shading.

Next, to provide intuition for the spectral tail decay (,,, we provide an example analyzing

the decay of the spectral survival function Sy«(t) in a general two-class signal.

Example 3. Consider step signal g* € {—1, 1}" generated from an n-length, 2-state Markov

chain with transition probability p. For estimation, we consider the following RKHS:
H'[0,1] = {f:[0,1] = R| fisabs. cts., ||0,f]lr2 < oo, f(0) =0}. (3.25)

This RKHS has kernel K(z,z") = min(z, 2’). In this example, we assume the data is sampled

at regularly spaced intervals with x; =i/n.

The RKHS H'[0, 1] organizes functions by roughness through the Hilbert-norm || f ||z =
|0:f|lz2. Hence, signals g* produced by chains with high transition probabilities are expected
to have a larger corresponding Hilbert-norm and, intuitively, a rapidly decaying spectral
survival function. This intuition is corroborated in Figure |3.4, where the survival function
Sg+(t) and residual norm L||T:gll3 = £ 377 h(\;;7,) g7 are plotted for various transition
probabilities. One observes that as the transition probability increases, the tail decay of the

survival function becomes sharper (Figure [3.4a)) and the norm decay steeper (Figure [3.4Db]).
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The kernel matrix K in this case has minimum eigenvalue )\, = (4n)~!. For the regu-
larization choice 7, = v/, shown in Figure , the quickest rate of decay guaranteed by
Proposition [3}-namely, O((A,/7,)?)—will be on the order of O(n~'). This rate is attained
in the log-log plot of Figure [3.4b[ where the curve associated with chain transition probability

= 1 shows a linear slope of —1.

Figure also provides evidence that the conditions of Theorem [2] are met for this
general signal class. The survival function plots in Figure show natural tail decays for all
probabilities p at n = 1000 and the stable linear decays of Figure [3.4D] show that the lim inf

conditions on r,/n and (3, are attainable for a general signal model.

Lastly, we provide a complete consistency result for the ALTMIN algorithm. More
precisely, given that the contamination error MSE( f*, f) goes to zero in e-expectation, the
ALTMIN returned clustering parameters (™, 2(™) converge to population parameters of

the uncontaminated k-means optimization. That is:

Theorem 3. Under the same assumptions of Theorem@ the minimizer sequence {fa™},
converge, in probability, to the minimizers of the population objective
L.(p) = knl[lj\l}] le — (g% (x) + )| P(dx x de). (3.26)
€

n

Likewise, the misclassification rate between estimated labels 2 and the nearest label assigne-

ment of {x;}I, to the minimizers of (3.26|) goes to zero in probability.

A more precise version of this theorem can be found in Appendix [D]

4 Experiments

We now provide experimental results on the performance of the ALTMIN algorithm. First,
we consider simulated data from an M-class data generating process on X = [0, 1] where

data X™ = {i/n}? is equispaced, cluster labels z* ~ Unif([M]) are uniformly distributed,
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Figure 3.5: Signal, field and composite observation simulated from (|3.27) for two and three classes.

and the step and smooth components follow

M+1
2 Y

3
pp =k — falx) = 1 sin(2mpx). (3.27)
The min kernel from Example |3| was chosen for estimation due to its sinusoidal eigenfunctions.

Given the equispaced data, the smallest radius p that guarantees the connectivity condition

of Theorem [ is

mindi (@, ;) = /(i D /n = 2ifn+ifn=n"'7%,
i#]

where the kernel-metric di(r,2") was defined in Example 2 The Hilbert-norm of f; can be
computed using inner product (f, g)m = fol O f () 0pg(x) dx. Evaluating this norm gives the

following worst-case bound on the modulus of continuity of f3,

§ 3v/2 -
w(ﬂ min) < ||fﬂ||H1 * P min < Tﬂ-ﬁ "n 1/2- (328>
Finally, a noisy recovery setting will be considered where i.i.d. noise ; ~ N(0,0?) is added
to mixed observations f7(z;) + .

In both recovery settings, sample size is grown in roughly exponential manner starting
from n = 25 to n = 3600. At each sample size n, a total of 100 datasets (X™ y) were
simulated. Accuracy and deviation results at each n were calculated using the mean score of

the 100 datasets.
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Figure 3.6: ALTMIN recovery results for a noiseless simulated setting. Worst-case theory bounds

are shown as dashed lines for each of the different settings.

4.1 Simulation Experiments

Four settings were considered for noiseless recovery: (M, ) € {(2,1),(2,2),(3,2),(3,3)}.
Cluster recovery and deviation results for the four settings can be found in Figure (3.6} For
each setting of the optimization problem (|3.8)), worst-case recovery bounds, shown dashed in
Figure [3.6] were calculated using Theorem [I] and Proposition [I, The ALTMIN algorithm stays
well within these worst-case bounds, demonstrating the effectiveness of the simple blockwise

updates for specific problem settings.

For noisy recovery, the setting with M = 8 = 3 was considered at noise levels o2 €
{0, 0.05, 0.1, 0.15}. Cluster recovery and deviation results for these four settings can be
found in Figure[3.7] In each of the noisy settings, ALTMIN approaches the Bayes error of

what is expected for a perfect classifier.

We note that the rate at which ALTMIN approaches Bayes error seems faster for the cases
where o2 is low. This may suggest that the ALTMIN algorithm is well-suited for smooth field,

cluster recovery problems which experience low amounts of background noise.
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Figure 3.7: ALTMIN recovery results for a noisy simulated setting. Bayes error rates for classification

are shown as dashed lines for the various noise levels.

4.2 MRI Decontamination

For application, we return to the motivating MRI bias field problem. This is a real-world
example where the magnitude of the inhomogeneity f* and the tissue intensity ¢g* are much
larger than the scale of the background noise 0 [ABW10]. As we have seen in Section

this is a type of problem which is a good candidate for the ALTMIN algorithm.

To make our experiment quantitative, we consider a 4-class, strongly-biased variant of
the BrainWeb [CKK97] phantom. The field estimation step (3.14]) is carried out using a
Python spline routine csaps [Pri23]. This routine uses an RKHS tensor product of univariate
smoothing splines to fit the multidimensional data. Relevant csaps smoothing parameters
were selected using a post-fitting process. In practice, smoothing parameters would be selected

using a validation set of data which corresponds to a specific coil cluster or MRI scanner.

For implementation, we consider modeling the bias field for both single sequence and
multi-sequence scans. In a multi-sequence scan, it is understood that the bias field does not
vary much between sequences [BMCOG]. For this reason, we consider the following general

p-sequence data model

y(@) = f(z) - p'(z), forzed

46



T1 Tissue Recovery |, — {3 vs lteration

0-907 \ — =l
> 0.85 c
€] o
® =
3 0.80 -E
< a
0.75
0.70~1— T T T T T T T T T T T
0 50 100 150 200 250 0 50 100 150 200 250
Iterations Iterations
(a) (Single) Accuracy vs. iteration (b) (Single) Deviation vs. iteration
All Sequence Tissue Recovery ||1" = fil]2 vs Iteration
1.0
— Iy ~full
— llu; —fell2
5.0 c — 5 = islle
8 S g - falla
4 ©
g 0.8 a;J
< a
0.7
T T T T T T T T T T T T T I777 T — 77I7
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
Iterations Iterations
(¢) (Multi) Accuracy vs. iteration (d) (Multi) Deviation vs. iteration

Figure 3.8: Cluster and level accuracy of the ALTMIN algorithm on the biased BrainWeb phantom.
Final accuracies for single and multi-sequence settings are 91.07% and 98.91% respectively. Level

deviations in the multi-sequence setting are calculated with respect to the vector 2-norm.

where levels p*(z) take value in R? and bias f*(z) is still a scalar function.

Bias field and tissue decomposition results for the single and multi-sequence setting can
be found in Figure [3.9] with the respective ALTMIN optimization results found in Figure |3.8
The presence of redundant sequencing data, albeit at different intensity scalings, seems to
significantly improve ALTMIN convergence as shown in Figures 3.8d} This also translate
to an improved performance, as many of the anomalous tissue patches seen in Figure no
longer occur in Figure [3.9b Additional experiments comparing ALTMIN to other medical
debiasing methods can be found in Appendix [C]
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Figure 3.9: ALTMIN decomposition for the biased BrainWeb dataset. Class maps of the single

sequence setting show anomalous tissue patches in areas where the field changes most rapidly.

5 Conclusion

In this paper, we defined the problem of composite signal decomposition for continuous
contaminants and step-wise signals. We outlined recovery conditions that leverage the local
and global topology of the data including: connectivity, minimum true level deviation, and
the degree of oscillation of the contaminant. These quantities are natural, and their roles in
recovery intuitively clear, allowing for a high-level understanding to be easily derived from

our theoretical finding.

Besides identifiability, we developed a practical algorithm ALTMIN for handling contami-
nants that reside within an RKHS. This algorithm can be viewed as an extension of both
kernel ridge regression (KRR) and k-means, with updates to each being performed alternately.
MSE bounds for the algorithm were provided in terms of the spectral properties of the data,

leading to a “one-step” consistency result in the large sample limit.

We evaluated ALTMIN empirically on both simulated and real-world data. In the case
of simulated data, ALTMIN operated well within the worst-case theory bounds outlined in

Section 2l When the data was further corrupted by noise, ALTMIN approached the best
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possible classification rates for the given data generating process. In the real-world study, we
conducted an MRI tissue recovery experiment, illustrating how tensor products of smoothing
splines can be employed to estimate contaminant MRI bias fields. Given redundant data
on the same bias field, ALTMIN significantly enhanced clustering performance and overall
optimization stability.

These empirical studies, alongside the identifiability theory of Section [2 suggest that
step and smooth decompositions are attainable within worst-case optimality guarantees.
Regarding application, the alternating optimization of ALTMIN appears well-suited for
data-dense tasks, especially when data is spatially uniform and low in noise. In this context,
decomposition problems akin to MRI multi-sequence recovery could be promising avenues for

further applications of the ALTMIN algorithm.

Appendix

A Identifiability Proofs

Any optimal candidate solution (]?, 1, z) to (3.8) which is fit to data {y;} generated from ((3.6])

must satisfy

~

[ (zi) + pie = fxy) + 11z, for alli € [n]. (3.29)
Since ]?— f* € Fau(X), we may instead analyze the discrepancy
g(x;) = poe — iz, foralli=1,...,n,

for g € F5,(X). In addition, we will assume that function g : X — Y takes values on a
normed vector space (Y, || -]|). As a result, the modulus of continuity w will be related to

the induced norm-metric as ||g(z) — g(2')|| < w(d(z,2")).
The following result is the main ingredient in the proof of Theorem [I}
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{(ug,vq)Y gy = {(i1,2), (i i5), (i6, i7) } with Q = 3.

(3

Theorem 4. Suppose for g € Fo,(X) we have g(x;) = pk. — iz, for alli € [n] where z* = (2})
and z = (z;) both belong to [M]™. Assume the following holds:

(a) || — pill = for all k # L.

(b) G,(X) is connected for some p with 2w(p) < /M.

Then for all i,j € [n] we have

Zi =72 = 2 =2 (3.30)

Proof. Start by considering the induction hypothesis that, for any path P C G,(X) of length
T, all element pairs ¢, j € P satisfy (3.30). The base case of T' = 0 holds trivially with i = j.

Throughout the proof, by the label of a node i, we mean its estimated label Z;. Consider
a general path P = {i;}; ' of length T + 1 inside G,(X). As both {i,}, and {i;}] ;' are
paths of length T, we only need to verify (3.30) for i; and ir, ;. Therefore, for our induction

step it is sufficient to show that z;, = Z;,.,, and z/| # 2; cannot simultaneously hold for

1T+1

the given assumptions (a) and (b).

For the sake of contradiction, assume z;, and 27, # z; . Under this assumption

= Zipgq

the induction hypothesis guarantees

Zi, 2y, forl<t<T+1. (3.31)
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Note that if this was not the case with
Zi, = Zi, = Zip,, forsomel <t <T+1,

then the condition zj, # z would have caused a contradiction at the earlier induction step
max{(T'+ 1) —t,t — 1}.
Next let R be the set of labels z;, on path P. Function ¢(r) will be the index of the last

node we see on the path from ¢; to i1, that has label r, that is,

= t: z;, =rh
o(r) é?ﬁ‘ﬁ]{ Zi, =1}

We construct an edge sequence {(ug, vq)}qul—where @ is determined by the construction—

recursively as follows: Let (uy,v) = (i1,42) and for ¢ = 2, ..., Q,

(uq,vq) = (ir,,0,41) where t,=d(Z,,_,).

The construction continues until tg = T, so that (ug,vg) = (ir,ir41). See Figure for a
concrete example. By construction, the labels of v,_; and u, are the same, while the labels

of vy_1 and v, are necessarily different. By this latter property, the labels of vq,...,v9_1 are
distinct elements of R. The added uniqueness condition of (3.31)) gives that the label of vg is

also distinct from vy, ...,vg_1, hence @ < |R|.

Using z,,_, = Zu,, we obtain the decomposition

Q
Bz =z = Y (liz, — iz,)- (3.32)
q=1
From the induction hypothesis, z,,_, = z,, implies Zy,_ = Zy, for 2 < ¢ < Q. This gives the
decomposition
Q
W, =G =Dl k) (3.33)
q=1

Moreover, since u, and v, are adjacent on the path, they satisfy d(z,,,x,,) < p, which by

assumption (b) implies

Iz, = 12y ) = Bz, = Bz, = l9(@u,) = g(@0,) || < /M. (3.34)
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By assumption, Eul = Zy,, hence the LHS of (3.32) is zero. Then, subtracting decomposition

(3-32) from (3.33) and using the triangle inequality, we get

Q
Iy, = niz;, | Z (1, = 12 ) = (A2, — )l < Q/M.

where the second inequality is by (3.34). If at the same time z;, # z;,.,, then pl. # pl. |
uq vQ

and by assumption (a), v < ||uf. — ul. ||. Hence,
v <Qy/M < [R|vy/M.

Since |R| < M, we arrive at a contradiction. This completes the induction step. Applying

our induction claim to the connected G,(X) completes the proof. O]

Theorem [ shows that Z is a refinement of z*. But since z has at most M classes and z*
has exactly M classes—due to being saturated by assumption—the classes of Z should, in

fact, coincide with those of z*. This proves Theorem

Let us now prove Proposition [} Under the assumptions of Theorem [I, we can relabel the

classes of (2, i) so that z = z*. Then, it follows from (3.29) that

Flas) = f*(x:) = pie — ez for all i € [n]. (3.35)

A.1 Proof of Proposition

For § > 0 1,1, the neighbor graph G4(C) is connected such that every k, ¢ € [M] has a series of
edges {(z;,, ;) }—, with d(xz;,,2;,) < 0 such that 2}, =k, 25 = and
o= A

Jt—1 2 Jt°

In particular, the condition z; # z;, ensures T' < M —1. Let 6 = § 3,; and with the shorthands

g = ]?— f*and Ay = pj — [, we have g(z;) = A, for all 7 € [n]. Then, the following
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inequality holds for all k, ¢ € [M],

T
1AL = Al < llg(s,) — glay,)l
t=1

S T- 2&)((5 lbl) S 2(M — 1) . w(6 1b1)~

Letting 7 = |Cx|/n be the proportion of class k, then

o3 o] = e S
i=1 /=1

M
< ZWHAk — Aql.
=1

Since f is assumed zero-mean, LI g(@)|l =2 328, f*(x4)||. Putting the pieces together,

using the triangle inequality and noting that ), 7, = 1 finishes the proof.

B Supplement to Section |3.1

B.1 Proof of Proposition

Since K(-,-) is continuous, all the functions in the RKHS are also continuous with respect to
the metric topology of X. Moreover, by the definition of the RKHS, the evaluation functional
0z, given by 6, f = f(x) for any f € H, is a continuous linear functional on H relative to

| - [|g for any x € X.

We prove the result by contradiction. Assume that || f, ||z does not converge to co. Then,
there is a subsequence of f, that is bounded in H. Without loss of generality, let us pass to
this subsequence for simplicity. Hence, we have || f,|lz < C for some C' > 0 and all n > 1.
Since H is a Hilbert space, the closed ball {f € H : || f|lg < C} is weakly compact. This
follows from Kakutani’s theorem: in a Banach space, the closed unit ball is weakly compact if
and only if the Banach space is reflexive. Thus, there is a subsequence { fnk }i>1 that weakly

converges to some f € H. In particular, d,f,, — d.f, that is f,, (z) — f(z) for all z € H.
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This implies that for any i > 1, f,, (7;) — f(z;), and since g*(z;) = fn, (2;), by the definition
of the interpolant, it follows that ¢*(z;) = f(x;) for all ¢ > 1.
Consider the case where ¢g* is continuous with respect to the metric topology of X'. Since

{z;}i>1 is a dense subset of the Hausdorff space (X, d) and since f is continuous, it follows

that ¢*(x) = f(x) for all z € X. But this is a contradiction since ¢g* ¢ H and f € H.

On the other hand, if ¢* is discontinuous at a point zy € X', we can find two subsequences
of {x;} converging to x¢, along which g* converges to two different values. But since f matches
g* on {x;}, it means that f converges to different values along those same subsequences. This

contradict continuity of f at xy. The proof is complete.

B.2 Proof of Proposition

Let X be the discrete random variable defined by
Ai, wp. G/ (nllg*[13%)
A = (3.36)
0, wp. 1—|[g*[3/(nllg*ll3)-
Further define ¢(\) = (1 4+ 7/A)~2, then

n

LT, 9; ‘
Lirgis = 32 %) < g 2 Blw )]
i=1
Define r and  as before. Function #(+) is non-negative and monotone on [0, c0) so

EWW=AwHWW>ﬂﬁ

P(A1)

= p(\) + /w ) Pr(X > ¢ 1(t))dt

<U() + /w i(:” (w%’”(t))ﬁdt (3.37)

Denote the last right-hand side integral as Z(/3). Integral Z(/3) is monotone decreasing with
Z(B) < Z(B) for 0 < B’ < B. Next, the inverse function 1)~ can be lower bounded as

_ T _
¢ l(t) = m > Tt1/2<]. — t) 1/2. (338)
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Restricting focus to g € [0,2) and applying (3.38)) to integral Z(5) yields
(A1)

7(8) < (A /) /w Ly

1
<O/ [P
0

(1 -5/2)T(1+5/2)
- ()\T/T)B D) )

Identity I'(z) = I'(1 + z) /2 can be used with 5 € [0,2) to get
I(1-p5/2)T(1+5/2) 2

< .

r'(2) —2-7
Lastly since (\) < (A\/7)? and Z(/3) is monotone decreasing in 3, we have
LI g3 < 2llg" 2 - max{ (0 /r% inf (A fr) (3.9)
n T 2 = [ee) T ) B'G[Oﬁ) 2 — B/ r . .

Let £ == \./7. For £ < 1, function h(z) = £*/(2 — z) achieves global minimum at
r* =2 — (log %)*1. This minimum is non-negative for ¢ < e~/2. That is, when 3 = 2,
we have 8" approaching 2 as A,/ approaches 0. More specifically, we obtain the following
simplification to (3.39))

1

1 >~ * —(log 1)~
~[I0. g3 < 4llg”|1% log(1/€) €057 (3.40)

B.3 Sobolev Kernel Rates

The Sobolev-ae RKHS on [0, 1] has kernel defined by inner product

(f,9)me = Z/ f®(z) ¢®(z) da.
k=070

This Mercer kernel has eigenvalue decay \; = i~2®. For the standard KRR problem, a
minimax optimal selection of the regularization parameter is given by 7, < n2at1. When
plugged into the MSE expression,

_ 1 2 f2 2 \2

MSE(r) = —Z% ) s (3.41)

n Ni+7)2  n — (A +7)2
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Figure 3.11: Residual norm decays 1||I';g[3, based on the optimal 7, selections, for different
Sobolev-a kernels. Slight numerical inaccuracies are shown in the norm decay of the Sobolev-2

kernel.

we obtain MSE(7,,) < n2t1 which decays to zero as n — oco. The resulting rate for &, = \,,/7,
is

42
& = =1 = o(1)

which satisfies the condition of Corollary 2] Tying back to Example [3, Figure [3.11] shows

norm decay plots for 2||I'-§||3, when using 7,, minimax selections on the different Sobolev-a

kernels.

Similar to the case of the min-kernel in Figure [3.4], as the signal g* becomes more rough,
i.e. p becomes larger, we see a quicker decay in filtered norm for the different Sobolev
examples. Furthermore, these contributions are filtered at a faster rate for Sobolev kernels
that are smoother, that is those with larger « values. This faster decay is not only intuitive

but expected from our earlier derived &, decay rate.
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BrainWeb 4-class BrainWeb 10-class

Method # Seqs.
Acc. [%] Max Dev. [1]  Acc. (%] Max Dev. [1]

1 73.62 821 x 107! 37.69  7.08 x 10°
K-MEANS

3 74.38 3.41 x 10° 44.21 1.19 x 10!

1 74.10 1.17 x 10° 40.14 6.01 x 109

N4ITK 4 K-MEANS

3 74.41 3.91 x 10° 48.22 1.11 x 10!

1 76.14  2.87 x 10° 50.16  2.47 x 10°
LAPGM

3 87.28  4.08 x 10° 78.38  4.19 x 10°

1 91.07 1.10 x 107! 56.27  4.49 x 10°
ALTMIN

3 98.91 3.67 x 1072 82.36  7.84 x 10°

Table 3.1: Clustering results for different debiasing methods for single and multi-sequence settings.

C Additional Experiments

We compare ALTMIN to other MRI debiasing techniques using the same biased phantom as
Section[£.2] For comparison, we consider a standard debiasing technique N4ITK [TACI0] and
a Bayesian modeling approach LAPGM [VS22]. Hyperparameters for all methods, including
ALTMIN, were selected using the same post-fitting process. Specific to N4ITK, bias estimates
were calculated on the T1-sequence information and clusterings were calculated using an

additional k-means estimation at the end of the debiasing procedure.

Performance of each method for the various recovery settings can be found in Table[3.1] In
each recovery setting, ALTMIN either meets or exceeds the classification and level accuracies
of the other tested methods. We highlight that, for all debias methods, recovery is significantly
more difficult in the 10-class setting. Methods which eventually scored well in this setting
were those which could effectively leverage multi-sequence information during debias and

clustering. This emphasizes the importance of replicated information for practical step and
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smooth recovery implementations.

D AltMin Consistency Through I'-Convergence Techniques

The ALTMIN algorithm is a blockwise optimization procedure that iteratively estimates
parameter intermediaries through kernel ridge regression (KRR) and k-means update steps.
Under the appropriate assumptions, each update step can be shown to be consistent with
respect to their own parameter subset. However, a question remains of whether ALTMIN can

achieve consistency in case of perturbed optimization steps.

In-sample consistency for the perturbed KRR step was already shown in Section for

samples with z-variates belonging to the set
B = {(xz)fil : liminf r, /n > 0 and liminf 3, > 0}. (3.42)
n—oo n—oo

When it is clear from context we will let B := B x R*>, since event B does not depend on noise

e. Let MSE,, : ((x;)2, (€:)52,) — MSE(f*, f) denote the n-sample loss for finite sequence

(xi,€:)P_,. Then, through Markov’s inequality

lim P({MSE,(z,&) > 6} NB) <6 " lim E(,.)[MSE,(z,¢) - 15(z)]
n—oo

n—oo

< 67" lim E,[E[MSE(f£*, f)] - 15(2)]

n—oo

<67 lim Eyle, ()]

n—oo

where e, (x) is an error term which is almost-surely bounded and tending to zero. Then by

dominated convergence theorem, for every ¢ > 0,

lim P({MSE,(z,£) > 6§} NB) =0 (3.43)

n—o0

Similarly, we will show that the ALTMIN clustering parameters, (u,z), converge to
population minima in probability. More rigorously, let L, : R® — R be the population

k-means clustering objective defined by

Lo(w) = [ min [ni— (g"(x) + ) Bldr x do). (3.44)
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The minima of L,, defined formally as the following set,

M={peR": L. ()= inf L.(u)} (3.45)

HGRJ\/I

each admit a nearest label partition V = (V)2 |, where

Vi = {u € R: argmin |, — u| = k} (3.46)
Le[M]

and a nearest label sequence z; = argmingc (g |fix — (97 (2:) + &;)| for data pairs (z;, &;).

Individual deviations from the minima set M C (R || -||) can be calculated by
Di = inf — A4
ist(p, M) = inf [lpe — K| (3.47)

and sample misclassification relative to a sequence Z can be calculated as

Miss, (2, 2) = % S 1z = 7} (3.48)

i=1

This brings us to the following consistency result for the ALTMIN clustering step:

Theorem 5. Let fn be the KRR estimate for (y;)"_, and let @, be a minimizer for

L,(p) =— min |py, + fr(z:) — yil?
i=1

with corresponding label estimates z,, € [M]". Suppose (x;,€;) P If all Wy are distinct

and (x;)72, € B, then the minimizer sequence {[t,}n converges in probability in the sense

lim P({ Dist(fi,, M) > 0)}NB) =0 for every 6 > 0.

n—oo

Furthermore, each converging subsequence m,, — @ € M has

lm  Missy,(Zm, zZ) — 0,

m—r00
where Z = (Z;)72, is the label sequence associated to @i and (x;,€;)52,.

That is to say, under event B, ALTMIN consistently recovers cluster and nearest label

estimates for the uncontaminated k-means clustering problem {g(x,) + €p}n.
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Elaborating on the convergence shown in Theorem [5 a deviation quantity A, € R

converges in probability for B if

lim P({A, >0} NB) =0 for every d > 0.

n—oo
Equivalently stated, every subsequence of {A,}, has a sub-subsquence {A,,},, such that

A,, — 0 almost-surely in B, that is,
P({ lim A, =0}nNB)=P(B).

Armed with these definitions, we begin by fixing any countable, subsequence index set
Z C N. For brevity, we simply refer to Z as an index set. Then, by (3.43]), there exists a
sub-index set Z' C 7 such that MSE,,(z,e) — 0 for m € Z’ and P-almost all (z;,£;)5°, € B.

Without loss of generality let Z' = Z = [n], it suffices to show

lim Dist(fy,, M) =0 for P-a.e. (x;,&;)52, € B. (3.49)

m—00

for m belonging to some sub-index set Z" C 7.

Our convergence result will be proven using techniques belonging to I'-convergence. To
this end, we begin with an overview ['-convergence and how it pertains to the k-means
objective and its minimizers. After this introduction, we show how the ALTMIN objective
maintains key properties of the k-means objective plus a bracketing from the negligible MSE,,
term. Lastly, we show how the empirical minimizers of the ALTMIN’s k-means update must

converge to population minimizers of the uncontaminated k-means objective.

D.1 Convergence of Empirical Minimizers

In this section, we cover the basics of ['-convergence and how it pertains to the convergence
of empirical minimizers. We refer the reader to [Bra02] for an overview of I'-convergence and

its applications.

For functionals F, : Y — R defined on a common metric space U, the I'-convergence of a

functional sequence {F},}, admits the following characterization:
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Definition 5. A sequence of functionals {F},}, is said to I'-converge to I'-limit F, if

F.(u) <liminf F,(u,) for every u,, — u,

n—oo

and there exists at least one u,, — u such that

limsup £, (u,) < Fi(u).

n—oo

To properly characterize the behavior of minimizers for { F,,},,, some additional regularity
is needed regarding the optimization behavior of F,. In particular, we will be interested in

functional sequences that are equi-mildly coercive.

Definition 6. A sequence of functionals {F,},, defined on a common metric space U is

equi-mildly coercive if there exists a non-empty, compact subset A C U such that

inf F,(u) = inf F,(u) for all n.
uel ucA

Equipped with these definitions, we can state the first result for convergence of minimizers.

Theorem 6 ([Bra02], Theorem 1.21). Let {F,}, be a sequence of equi-mildly coercive function-
als on metric space U with U'-limit F,. Then min,ey Fi(u) exists and equals lim,, o min, ey F,(u).
Furthermore, if the F,-minimizer sequence {uy,}, is precompact, then all subsequence limits

of {ty}n are minimizers in F,.

Bounded sequences are necessarily precompact for any metric space U over the reals.

A stronger version of the coercivity condition for F;, can be stated where, for some compact

A C U, the sequence {F),}, satisfies

inf F,(u) < inf F,(u) for all n.
ueA uel\A

Under this modified coercivity condition, the sequence of F,,-minimizers {u,}, is bounded

and, as such, must contain a convergent subsequence of minimizers for real-valued U.
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D.2 k-means Consistency

In this section, we present the k-means consistency result for a specific normed space
U = (R,|-|). Proofs for the following results and their subsequent generalizations can be

found in [TTJ15].

The k-means algorithm takes a sample (uy, ug, ..., u,) € R™ and optimizes for the closest

centers i == (fix), according to the distance based objective
L,(p) = — ' — w2 3.50
(W)= - 2 Jnin, bk — wal (3.50)
The population analog of (3.50)) is defined with respect to the probability law P under which

marginal u; is sampled, that is,

L.(p) = [ min | — ul3P(du). (3.51)

ke[M]
The k-means optimization (3.50]) is considered consistent if the sequence of empirical mini-

mizers { i, }, of {L,}, has a limit (or a subsequence limit) which minimizes (3.51)).

Going forward, sample outcomes will be denoted as w = (u;)$2;. Similarly, sample

quantities like (3.50]) which depend on w will be made more specific using the notation L.

The first result of [TTJ15] is a P-almost everywhere equivalence for the I'-limit of L,. For

the specific normed space U = (R, | - |), no additional assumptions are needed.

Theorem 7 ([TTJ15], Theorem 3.2). Let L,, and L, be defined as they are in (3.50)) and (3.51)).
Further let each u; be independently drawn from P. Then, for P-almost every w, L, is the

T-limit of {L{},.

The statement “P-almost every w” refers to the law induced by P for w, that is P> =
[, P

Equi-mild coercivity of objective for {L,}, can be shown if optimizing with fewer than
M distinct centers is suboptimal for the population objective L,. This can be guaranteed

with the following support assumption for P:
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Assumption 1. There exists M distinct points piy, pio, - . ., piar € U such that, for all R > 0,

in P : —u| < R}) > 0.
o, ({u: [ —ul < R})

In the case P is a mixture distribution, it suffices for IP to have at least M relative modes
(e.g. for M =2, a bimodal distributions with two distinct centers).
Next, provided by [T'TJ15], is a coercivity result for the k-means algorithm. In fact, this

claim is stronger than the usual equi-mild coercivity.

Proposition 4 ([ITJ15] Proposition 3.3). Under Assumption[]] and there exists a § > 0

such that, for P-almost every w, there is a R > 0 where

inf L& () < inf LW(u)—§ 3.52
lul<r " () T ul>r " () (8:52)

holds for all sufficiently large n.

Proposition 4| can also be extended to all €,-almost minimizers of LY [Lem03, Lemma

2.1].

Finally, by the I'-convergence theorem of minimizers (Theorem @, we achieve the following

consistency result for the k-means algorithm:

Corollary 3. Let {fi,}, be a sequence of minimizers for {L,},. Then, under Assumption [1]

any limit or subsequence limit of {fi, }n must be a minimizer for L., P-almost surely.

Under this result, it is valid for {f, }, to alternate between different empirical minimizers.

Corollary [3| stipulates that each of these empirical minimizers is also a minimizer for L,.

D.3 Cluster Consistency for Contaminated Objectives

Recall that a set of samples {y;}; C R is step-and-smooth on X if

yi = fz) +u = f(x:) + g(z) + &
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for continuous f and bounded g. For the KRR estimate fAn of f, the new perturbed

optimization of interest is
Lo(p) ==Y min |u + fulx) — yil2 (3.53)
= ke[M]

Define MSE") = LS () — f(xz)|2 where w; = (z;,¢;). It can be shown that the
perturbed objective (3.53)) follows a triangle inequality. More generally, consider minimization

over a general set A, then
i b, 112 < i b; N2
z;ggil ||a +0; + CZH > E;Igg}(ﬂa + IH + HCzH)
= > ((minla+ b)) + lle]))’
— a€A
= Z(ggg la+bil)* +2) " Jlell min fla + b + > leil?
i=1 i=1 i=1

LI 1/2 n 1/2\ 2
(S ()
i=1 =1

For the reverse-inequality, express b; = b, + ¢, and ¢; = —c to obtain

n 1/2 n 1/2 n 1/2
(X minlle+#7) < (Sminla-+ b +l?) "~ + (Xl
Specified to the loss in (3.53)), one can rewrite these inequalities in terms of the MSE and ({3.50))

(La()) " = (MSE,) "> < (L)' < (Ln(w))"? + (MSE,) ", Wu e RM.  (3.54)

This perturbation inequality is important as it is the key to inheriting both the I'-convergence

and the equi-mild coercivity properties from Lgf").

Recall that for sequences {a, },, and {b, },, where a,, is potentially divergent and lim,, b, = b,

the following limits hold with equality

liminf(a, + b,) = liminfa, +b and limsup(a, + b,) = limsupa,, + b. (3.55)

n—o0 n—o0 n—00 n—00

Equalities (3.55]) paired with Definition [5|yields the following proposition for I'-convergence.
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Proposition 5. Let Q) be the probability distribution given by transformation u = g(x) + €.
Suppose MSE;“) — 0. Then, for almost every w, objective L« ['-converges to

Lu(n) = / i e = ul? Q). (3.56)

Proof. Tt suffices to show that L{” and L{” have the same I'-limit whenever MSE®) — 0. The
pushforward distribution @ inherits coordinate-wise independence from P so, by Theorem [7]

the I-limit of LY equals (3.50) for almost every w.

We square-root transform L) and apply (3.54]) to obtain

T (W) e (w) 1/2\2
liminf L (“n)_(h,?_l)gf([’ (1)) ")

n
n—oo

> (liminf {(L$) (1)) = (MSE()"?})?

= (liminf (L&) () "* — Tim (MSE())"/?)?

n

n—00 n—oo
= liminf L) (p,,)
n—oo

where on the last line (3.55]) was used. Similarly for the recovery sequence inequality

lim sup Eﬁ;”(un) = (lim inf (z w>(#n>)1/2)2

n

n—00 N—00
< (timsup { (L5 (1)) 7 + (MSES?)"*})”
n—0o0
= limsup L) (pty).
n—o0

Reviewing Definition , we see that any I-limit of L) must also be a T-limit of L. O

Next, we show equi-mild coercivity (Definition @ for the perturbed objective En

Proposition 6. Suppose MSE®) — 0. If LY satisfies (B.52), then {Z%w)}n is a sequence of

equi-mild coercive objectives.

Proof. Tt suffices to show that the sequence of Z%")—minimizers, {Bn}n, are bounded for w

satisfying ([3.52]). Suppose, for the sake of contradiction, ||, | — oco. By the diverging nature
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of @, every R > 0 can be associated with a N € N such that, for all n > Ny,

L () = inf L (u).
llpell>R

Let R be defined as in Proposition 4| where, when paired with 6 > 0,

inf (L (p))"* < (inf LE() —5)"
inf (L22(w) ™ < ( inf LY(w) =)

Additionally by (3.54)),

. w) V2 e (T /2 (w))1/2
inf (Li(p)) ™ > inf (L) ()2 = (MSE[)

n

= inf (LW(u))/? — (MSE(“))1/2, for suff. large n.

Stringing both inequalities together and further upperbounding L by ([3.54) yields

inf (L(u)Y? < (inf L& () + (MSE®)"? —6)"* 4 (MSE®) "/,
luli>R >R

However, since MSE,(f) — 0, there exists Ny € N such that, for all n > Ny,

inf (L (Y2 < ( inf IO () — §/2)"?
”“H>R( Wip))'? < (”“H>R () —0/2)

which is a contradiction for all 6 > 0. This completes the proof. n

Combining Propositions [5] and [6] to apply Theorem [, we show that, for almost-every
w € B, the sequence {fi,}, minimizes L, in the limit. In particular, there exists a sub-index
set Z” C 7' such that @, - @ € M with m € Z”. This shows the desired claim ((3.49) for

any initial choice of index set Z C N.

D.4 Nearest Label Consistency from Cluster Convergence

The convergence of cluster centers {fi,, },, — [ guarantees a convergence in the nearest label
estimates {2, }., to limiting labels Z. These convergences are abundant in B in the sense that

every subsequence of {fi,}, has a further subsequence which converges to an element in M.
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Fix one such limiting center i € M and let {V;}L, be the Voronoi-partition on R
according to {fix }2L,. Refer to (3.46) for a definition of V. In the case when centers {fix }2L,
are distinct, each V}, can be expressed as the intersection of M half-spaces V,, = ﬂé\il Hyo()

where
Hyo(p) = {u € R (u— (g +pe)/2) - (1, — p1e) > 0}. (3.57)

By Assumption [I} any minimizer of L, must have M distinct values. As such, the map

{7}k — { Vi }r is well-defined for all minimizers of ([3.56]).

Let A denote the interior of a set A. To obtain nearest labels z according to m, we consider

the following routine:

1. If a point u; lies in the interior of a cell Vk then z; = k.

2. Otherwise Z; is selected arbitrarily from [M].

Note that the nearest labels z are not guaranteed to agree with the generating labels z*. This
is to be expected whenever (z,¢) — g*(x) + € is not injective over supp(P). In the case of
separable clusters, that is, when noise € is bounded and small relative to the levels of g*(x),

one indeed has, up to a label permutation, z; = 2} for all generated samples (z;,£;)32;.

The nearest center labeling routine can also be extended to any estimated centers fi,, € R™.
Let {Vi.m}x be the Voronoi partition of g and let 2, be the corresponding nearest labels.
Similar to the population case, partition {Vi ,,}4L, is well-defined whenever fi,,, — @ and m

is sufficiently large.

When calculating misclassification, we will avoid ambiguity by measuring misclassification
relative to the interior of different Voronoi cells. With this in mind, the misclassification (|3.48)|)

for nearest labels Zz,, and Z can be expressed as

Missy (Z, Z) = Y Chs (3.58)
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where

Ckg = Z Zlen uz . Ve U,Z) (359)

Py AL

and u; = g*(x;) + €; are sample coordinates with joint distribution Q.

Next, we present the following almost-sure misclassification convergence result for any

sequence of centers which satisfies p,,, — f.

Theorem 8. Let {Z,,},, and Z be defined as before. Suppose g*(x;) + &; = w; - Q and

W — . Then, for almost every (x;,€;)2, € B,

lim  Missy(Zm, Z) = 0.

m—00

Proof. Tt suffices to show Cy, — 0 for all £ # £. Recall that int( N; Ai) N, A, Applying

the interior intersection relation to the Voronoi cells Vy ,,, and Vy yields

M
Vim C n Hyo(Pm) € Hio(Bm) and Vi C ﬂ Hek ) C Hek(ﬁ)-
=1 k=1

And as a consequence,
1 m
Chre < — D Lt (1) ~ Lz iy ().
=1

To decouple from fi,, we define the following d-silhouette about i for half-spaces Hyy(-),

(@)= | Hulp). (3.60)

n—pl|<o

By the convergence of centers fi,, — [, one eventually has H, ee(fim) C H ¢, (@) for all k # ¢
and any fixed § > 0. Therefore,

1 m
Chre < — Z Ly (W) * Ly gy ()

| A

1 m
— Z L,y (W) = iy ()| - 1+ — > ity (ui)] - g, oy (1)
=1
= E Z |1Iflié(ﬁ) (ul 1sz (ul)‘ + 0,
=1
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where the last line follows from the fact Hy () N Hy(j2) = @. Going forward we will suppress

all dependence on f for half-space sets Hy, and HS,.

Next, note that Hy, C ﬁiz for all § > 0. Clearly by construction Hy, C I-O.Tig. So, for

u € Hy\ ijkz, consider an arbitrarily small perturbation € o< sgn(uy — ¢). Since u satisfies
(w = (Fik + 712) /2) - (Fir. — Fie) = 0,
one can shift 1 as © = 1 + € to obtain
(u — (1 + fe +2€)/2) - ( — Fe) = €+ (k. — Te) o< |fa, — Fel,

where the RHS is strictly positive whenever fix # [iy.

As such, we can combine indicators and have

S, Cee < i Z Lign ()
= Q(HY, \ Hy), (3.61)

where the last line holds by independence for almost every (u;)2;. By similar reasoning,
measure convergence (i3.61)) holds, simultaneously, the countable family of sets {H ,i; \ H, kg}:il

Let 6, be any positive real sequence with 6, — 0%, then, by continuity of measure,
lim Ckg S inf Q(ﬁ!i% \ Hkg)
m—oo p—0o0

= Q(ﬁ (ﬁiZZ\HM))

~o(( ) v )
= Q(e) =0.

To prove the empty set assertion, note the following contrapositive statement

UQHM - uQﬂﬁ]%}

p=1

69



Indeed, fix u and define the continuous function t,(u) = (u — (s + pe)/2) - (pur, — pie). 1If
u ¢ Hyy then t, () < 0 and, by continuity, there exists some €, > 0 such that

[ —fll < ew = tu(p) <O0.
e o5
Therefore, for every m satisfying ¢,, < €,, one has v & H}. [

As a last comment, we note that the proof of Theorem [§ can be straight-forwardly
extended for samples u; belonging to a general Hilbert space H. In the case where H is a

Banach space, modifications must be made to the half-space representation of V.
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Part 11

The Role of Neighbor Aggregation on Graphs
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CHAPTER 4

Simple GNNs with Low Rank Non-parametric

Aggregators

1 Introduction

The problem of semi-supervised node classification (SSNC) [See02, BNS06] has been a focal
point in graph-based classification for roughly 20 years. At the task’s inception, classical
methods such as label propagation [ZGL03] and kernel learning [BNS06] had seen moderate
success in predicting unobseved node labels. Now, in an era where computation is more

plentiful, modern approaches to the classification problem on graphs make use of the multilayer

Graph Neural Network (GNNs) [SGT09].

These networks, trained to predict node labels in SSNC, draw on both the individual

node features (X) and the broader network structure (A) to inform their prediction.

The fundamental premise of SSNC is that the network structure allows us to borrow
information from neighboring nodes for which we lack a response. This borrowing can
enhance the prediction of the unobserved responses (y) beyond what could be achieved with
a traditional regression solely on node features. Recently, there has been a wide breadth of
literature [VCCIS| [CPL21l [LHL22] which attempts to better leverage the network structure
of the graph using GNNs. This recent flurry of activity has led to the proposal of many

competing, and often intricate, architectures to solve the SSNC problem.

Our study of the leading GNN architectures and the benchmarks used to prove their

algorithmic effectiveness, has led us to believe that many of the design choices found in
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modern GNNs may be drastically simplified, or even removed completely, at little-to-no
cost to predictive performance. In our efforts to validate model performances, we revisit
traditional estimation techniques like non-parametric regression. These techniques happen to
be very effective for SSNC and highlight the importance of learnable feature aggregation in
SSNC problems.

To this end, we devise a flexible non-parametric learner for feature aggregation. This
learner generalizes the specific polynomial form used in spectral GNNs [DBV16], WZ22].
That is, given a singular value decomposition of the network graph A = UX V7, the non-
parametric learner f : R — R transforms the spectrum of A to produce a new aggregation

matrix

P, =Uf(Z)V"

where f is applied entry-wise across the diagonal of 3. This singular value extension to the
previous symmetric spectral approach of [WZ22] helps clear a directed graph hurdle faced by

previous spectral GNN techniques.

Our contributions are as follows:

1. Propose a nonparametric approach to learn f, hence a GNN aggregation operator, by
borrowing ideas from the theory of reproducing kernel Hilbert spaces (RKHS), thus
generalizing polynomial aggregation to a much broader class of spectral functions. By
controlling the underlying kernel, one can impose different regularity constraints on the

spectral filters.

2. Highlight the importance and sensitivity of nonparametric spectral reshaping and show
how it can be used to simpify model hyperparameters (e.g. dropout probabilities, model

depth, parameter-specific optimizers) at near-no-cost to SOTA performance.

3. Classification improvements of +5% and +20% compared to competing spectral methods
and other non-linear GNN baselines for the challenging benchmark datasets Chameleon

and Squirrel [RAS21].
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4. Outline common evaluation practices which have an outsized effect on model perfor-

mance.

By standardizing evaluation practices and simplifying modeling considerations, we aim to
disambiguate performance in the GNN model-space and hope to encourage more interpretable

models and heuristics for future SSNC problems.

2 GNN and SSNC Formalism

In our observation framework, we consider observing a, potentially noisy realization, of the
network with adjacency matrix A € R™" and node feature matrix X € R"*%. Specifically,
each node in the network i € [n] is associated with a feature vector x; and a label y; € [C] :=
{1,...,C}.

In SSNC, it is assumed that for a subset of nodes O C [n] the labels (y;);co are observed.
In this setting, both the adjacency matrix A and the feature matrix X are assumed to be
fully observed. The goal then is to correctly predict unobserved labels (y;);co- from the

previously stated knowns.

GNNs are designed layerwise, with non-linearity ¢* : R — R, weight matrix W* € Rde*de-1
and aggregation matrix P* € R™ " all depending on layer ¢ € [L]. Placed altogether, the

intermediate features of the GNN can be expressed as
Zf-i-l — QSE(PEZKWE) (41)

with ¢° applied element-wise, dy = d and Z' = X. In the case of a C-class classification
problem, it is common to extract row-wise “argmax”s of the final features Z% € R"*¢ using
differentiable argmax surrogates such as softmax. Choice of the aggregation matrix P* may
vary dramatically depending on architecture, but common choices include the adjacency matrix
A its transformed variants (e.g. normalized Laplacian), and other, learnable, attention-based

mechanisms [VCCI8§].
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2.1 Nonparametric Spectral Reshaping

In our proposed model, we consider the simplest variant of GNN: a one layer (L = 1), linear
GNN, that is ¢ = id, where special attention is paid to the propagation structure P. For
ease of exposition, we first consider the undirected case where the adjacency matrix A is
symmetric. Let M be a (symmetric) network matriz derived from A. Examples include
Me{A D-A A I—A) where A= D Y2AD1/2. Our approach is to consider a general
nonlinear deformation of M, namely, f(M) where f : R — R is a univariate function extended
to the space of symmetric matrices by the so-called functional calculus. More precisely, given

the eigendecomposition M = UAU? of the M matrix, where A = diag()\;,4 € [n]), one has
(M) =Uf(AU"

where f(A) = diag(f(\;),7 € [n]) is the natural extension of f to diagonal matrices. This
way of extending univariate functions to self-adjoint operators has a long history in operator
theory. Thus, our propagation operator is Py = f(M) and we propose to optimize a loss
over a general class of functions F:

= argmin 3 ¢(y (FM)XW),) + pen(f) (42)

fEF, WeRIXC (25

where pen(f) is some regularization penalty on f. Our main claim is that rather than assuming
a specific parametric form for f, one can allow f to range in a potentially infinite-dimensional

function space F.

Of particular interest to us is when F = H, a reproducing kernel Hilbert space (RKHS)
of functions, characterized by a kernel function I : R x R — R. In such a space, the Hilbert
norm || f||g measures irregularity of f. Then, as long as pen(f) is a monotonic function of the

Hilbert norm || f||m, by the so-called represented theorem [SHSO1], problem (4.2) reduces to

& = argmin » ((y;, (Pc(a) XW);) + pen(a), (4.3)
acR? W icO
where Py (a) := U(diag(Ka)) U7, (4.4)
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and K € R™" is the kernel matrix with entries K;; = K(\;, Aj). If pen(f) = w(]|f||m) for
monotonic function w : Ry — R, then pen(a) = w(a’ Ka). Given & one can explicitly

write down the solution f of the functional problem (4.2) as
FO) =2 6K N)
J

which is the learned spectral filter.

Practical considerations. We found slight improvements in performance when regularizing
with a” a rather than the Hilbert norm surrogate (o’ K ). This amounts to using pen(a) =
pala for some p > 0. When minimizing with GD type methods, this is equivalent to

introducing weight decay p, and is already built into SOTA solvers.

Additionally, we consider the possibility that edges in the network themselves have a

component of randomness associated with them (Section [2.2)).

This means that our initial spectral inputs A\, Ao, ..., \, are themselves noisy. It is
then natural to truncate the spectral decomposition of M to the top r eigenvalues (in
absolute values). Thus, if the eigenvalues are ordered as || > |[Xo| > -+ > |\,|, we
consider M = UAMWUT where A" = ()\;,i € [r]) and let the aggregation matrix be
f(M™) =Uf(A™)UT. Following through as before, the only changes to the algorithm is to
replace K in ([{f.4) with K™ = (IC(\;, A;));;—;. We also note that c, the learnable spectral
parameter, will be r-dimensional in this case. We treat the r € [n] as a hyperparameter and

study its effect in simulations. We refer to the case r < n as low-rank (LR) kernel model.

Directed/asymmetric case. All the above naturally extends to directed networks, where
M is not necessarily symmetric, by replacing the eigenvalue decomposition with the SVD:
M =UXVT where ¥ = diag(o;,i € [n]) collects the singular values of M. The aggregation
matrix in this case is P; = Uf(X)V7 and its finite-dimensional version is Pyg(a) =

U (diag(K o))V with the kernel matrix K = (K(03,05))},—; now based on singular values.
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Everything else follows similarly, including rank truncation, where we use ordered singular

values instead.

Multiple layers. We mainly focus on a single-layer model (with identity activation)
and empirically show that a single layer of this model is enough to achieve near SOTA
performance. However, it is straightforward to extend the model to multiple layers via the
general blueprint where each layer will have aggregation operator P* = f,(M) with f,

belonging to H.

2.2 Motivating General Spectral Learners

Implicit in all graph learning problems is the assumption that node features X are only
partially informative towards predicting y. To motivate why a spectral GNN of the form ([4.2),
with a general reshaping function f can improve prediction, let us consider perhaps the simplest
theoretical model of SSNC, the so-called Contextual Stochastic Block Model (CSBM) [DSM18§].
The idea is that the labels y are latent variables generating both A, via a C-class SBM:

P(A;; = 1|y) = By,,,, and the node features via a mixture model: x; |y; ~ N(py,,0°I).

In this case, the idealized version of A is E[A] which is a rank C' matrix with C' eigenvectors
that are indicator vectors of each of the C' classes I'y,...,I'c € {0,1}". Consequently, if
A =UAU?" is the EVD of A, one expects U,; ~ 1p, for j € [C], while U;; for j > C are
expected to be mostly noise. So an ideal aggregation operator is close to f(M) = U f(A)UT
where f is a step function that passes the A;, j € [C] through and zero out the rest. As the
experiment in Section show, this is mostly what happens when we train on CSBM,
albeit with more nuance. In finite samples, A is not exactly low-rank and lower eigenvectors
might still have information about y. This is what we observe in practice where the learned

f is a tapered thresholding operator, that gradually downweights lower frequencies.

The general low-rank behavior of the E[A] is not limited to SBMs and holds for more

realistic network models such as random dot product graph (RDPG) [YS07] where depending
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on the distribution of latent positions, more complex tapering might be optimal.

2.3 Complexity of Low Rank Spectral Learners

Scalability remains an issue for dense spectral methods. However in the case of low-rank
non-parametric aggregators, this issue can be addressed through the use of a low-rank spectral
approximation. By first selecting a rank parameter r for the non-parametric aggregator,
computation can be better budgeted ahead of time for a graph G = (V, E') through the use of
a low-rank SVD approximations. Specifically for PyTorch, a low-rank, random SVD routine

based on [HMTTI] is implemented in the function torch.svd lowrank.

Computation and error complexity for this routine can be found in section 6.2 of [HMTT1].
For a sparse adjacency matrix given by G and a number of total iterations ¢, this routine
has a time complexity of O(qr|E| + r?|V]) and an error complexity, in operator norm, of
(r|V])1/22a+g, 1. In total, we obtain a decomposition procedure which is: exponentially
exact with respect to ¢, at most quadratic in time with respect to r, at most linear in time

with respect to graph parameters |V| and |E)|.

In the forward pass of the non-parametric aggregator, a graph with d-dimensional node
features and ¢ classes will contribute a computational complexity of O(|V|c(d+1)). Addition-
ally, since the non-parametric aggregator is linear with respect to weights W and parameter
a, gradient computation in the backward pass can re-use intermediaries found in the forward

pass, potentially saving computation.

3 Experiments

In an effort to show the power of feature aggregation for SSNC problems, our modeling effects
will focus entirely on the aggregation matrix P. No modifications are made to the original
features X or the structure of the linear weight W. As such, in our experiments we do not

consider any model-specific augmentations such as dropout [SHK14], batchnorm [IS15], or
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per-parameter optimizers (i.e. different learning rates for different layers). The design of P

will have the following degrees of freedom:

e Matrix representation of network (M): We refer to any matrix M derived from
algebraic manipulations of the adjacency of a network A, to be a matriz representation

of the network. In particular we consider the following two representations:

— Adjacency: This is simply an identity transformation on A with M = A.

— Laplacian: This is M = D — A where D is the row-sum degree matrix of A.

e Spectral truncation factor (r): Given a truncation factor r, the spectral system
(U,A), resp. (U,X, VT) will be reduced to (U, A..), resp. (U.,,X.,, (V,.)T), where
the eigenvectors associated with the bottom n — r eigenvalue magnitudes are dropped.

In our experiments, spectral truncations from 0 to 95% in 5% intervals are considered.

e Choice of kernel (K): In ordering our RKHS we select among the following kernels:

— Identity: K;; = 1{i = j}

— Linear (Outer product): K(o;,0;) = 0,0,

— Compact Sobolev: K(o;,0;) = min(o;, 0;)

— Unbounded Sobolev: K(o;,0;) = exp(y|o; — 0jl)

— Gaussian Radial Basis: K(o;,0;) = exp(v|o; — ;]*)

Note, in the case of identity, the “kernel” does not generate a continuous RKHS. For

the last two kernels, the bandwidth parameter v € R, can be determined on validation.

Note that, the choice of matrix representation M matters here insofar that it determines

the “modes” or partitions of the network with its left and right eigenvectors (U, V).

For our optimizer, we use the standard Adam optimizer [KBI15] with weight decay. For
simplicity, both parameter a and weight matrix W share the same weight decay under

Adam.
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3.1 SSNC Benchmarks

Our methods are evaluated against common SSNC benchmarks. The Chameleon, Squirrel, and
Actor benchmarks contain directed networks, while the other benchmarks contain undirected
networks. More information on all benchmarks can be found in [PWC20]. All values are
recorded using the balanced splits defined in [CPL21]. Section || provides a comprehensive
analysis on the impact of splitting conventions. Although not covered in this paper, alternative

benchmarks for simple spectral models can be found in Zhu and Koniusz [ZK21].

The following linear and kernel models are considered for evaluation: LINEAR (X W),
AGGREGATED LINEAR (M X W), KERNEL (Pc X W), and LR KERNEL (P, X W). Model
hyperparameters such as learning rate, weight decay, the specific aggregator P will be deter-
mined for each dataset using the mean accuracies of the validation splits. For completeness,
we have also implemented a non-linear baseline which learns using only feature information
X. This model is a simple two-layer ReLU multi-layer perceptron MLP2 (¢(XW1)W?)

with hidden layer size determined on validation.

Our models and their results compared to other current SOTA methods can be found
in Table 4.1 We note that, for almost all of the larger graph benchmarks, our models
perform within uncertainty or better compared to SOTA. In particular for directed graphs
like Chameleon and Squirrel, we see gains in accuracy as high as 5% and 20% over other
SOTA methods. A point of emphasis here is the relative simplicity of our models compared
to the performance they attain. The absence of any post-model augmentations distinguishes
our approach from the implementations of other competing SOTA spectral methods like

JacoBiCoNv [WZ22].

A point of difficulty where the performance gap persists, is where the node response y
is overwhelming described by its node information X. Graphs with this property (Actor,
Cornell, Texas, and Wisconsin) can be identified by the negative performance gap between

LINEAR and AGGREGATED LINEAR as well as the SOTA-like performance of MLP2. Note
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Cora  CiteSeer PubMed Chameleon Squirrel Actor  Cornell Texas  Wisconsin

MLP2 77.8+16 T7.2+11 88.2+05 48.5+26  34.8+14 40.3+23 86.1+30 91.7+44 95.0x26
LINEAR 789+20 T76.2+12 85.8+04  48.1+32 349414 389+12 84.9+56 89.7+38 95.0+38
AGG. LINEAR 84.0+20 73.9+14 82.6+05 79.0+14  78.0+11 324+13 67.8+87 86.8+35 83.8+3:2
KERNEL 88.6+10 8l.1+10 89.4+08 78.7+11  76.0+12 32.2+18 83.3+59 88.2+26 921434
LR KERNEL — — — 79.4+14  T76.8+13 32.3+17 — — —

GPRGNN* 79.5+04 67.6+04 85.1+01  67.5+04 49.9+05 39.3+03 91.4+07 929+06 NA
SGC/ASGC* 73.9+25 70.2+10 79.1+10 72.3+09 59.0+10 36.5+08 86.8+36 86.2+3.1 NA
JACOBICONV* 89.0+05 80.8+08 89.6+04  74.2+10 55.8+06 40.7+10 92.3+28 92.8+20 NA
ACMII-GCN  89.0+07 81.8+10 90.7+05  684+14 54.5+21 41.8+12 95.9+18 95.1+20 96.6+24

Table 4.1: Performance: Mean test accuracy =+ std. dev. over 10 data splits. Models include our own
variations of “Linear” and “Aggregated Linear” GNNs, along with other state-of-the-art (SOTA)
GNNs. Dashed entry in for LR KERNEL signifies validated choice is the same as the full-rank
KERNEL. Performance is comparable between our simple GNNs and SOTA in some cases. Results for
GPRGNN, SGC/ASGC. JacoBICONV and ACMII-GCN are cited from [CPL21], [CM22], [WZ22],

and [LHL22| respectively. Entries marked with ‘*’ report 95% confidence intervals.

that, even without using any graph information, MLP2 is able to achieve SOTA within
uncertainty on almost all of the X-dominated, network datasets. Furthermore, for the cases
of Cornell, Texas, and Wisconsin, there is a possibility of running into sample size issues for
graph based methods. With the exception of Actor, these datasets are only 100-200 nodes
large (less than 1/10 the size of the other network benchmarks).

3.2 CSBM Experiment

To illustrate the effectiveness of nonparametric spectral learners, we performed an experiment
on simulated CSBM data. We consider C' = 3 classes and node features in R® (X €
R"*3) generated using make blobs function of scikit-learn package with cluster standard

deviation of 10. This leads to a hard classification problem for an oracle that only knows
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max params. n = 300 n=600 n=1200 n = 1500

X-ONLY ORACLE 0 64.3+£39 662+29 63.3+27 646+14
KERNEL 1512 75.0£35 86.6+33 945+1.2 97.3+£08
ACMII-GCN 102623 75.3£64 895+31 96.0+1.2 97.7+£0.8

Table 4.2: Simulation experiments on a three-class CSBM. Mean test accuracy and std. dev. of 10
runs are reported. X-ONLY ORACLE is the accuracy associated with oracle classification on solely X.
Maximum parameter counts for the two methods are also summarized. Relevant average degree A,

for the simulations are Agzgy = 1.83, Agog = 3.68, Aq900 = 7.58, and Aq500 = 9.44.

X, with optimal Bayes accuracy of roughly 0.63 (for large n). The SBM component has
connection probabilities By = 0.015 and By, = 0.02 for k£ # . We vary the number of nodes
n over 300,600, 1200, and 1500.

Table |4.2] summarizes the results for our nonparametric learner (KERNEL) and ACMII-
GCN as a competing SOTA. Also shown is the average degree of the resulting networks.
As n increases the CSBM model becomes more informative, which is reflected in increased
prediction accuracy. At the two ends of the SNR spectrum (n = 300 and n = 1500) the
performance of the KERNEL GNN and ACMII-GCN are very close, while there is a slight
advantage for ACMII-GCN in the middle (n = 600 and n = 1200), though the two methods

are still comparable due to the overlap of the wide uncertainty ranges.

What, however, is noteworthy is the significant effect of the spectral shaping in GNN
performance: the KERNEL GNN significantly improves the performance beyond the X-only
oracle with very few parameters and at very low graph SNRs; for example, at n = 300, where
the parameter count is 312 and the average degree is barely 2 (a very weak graph signal).
The simplicity of the KERNEL GNN allows us to exactly quantify the effect of nonparametric

spectral learning since this is the only operation performed outside of applying the learned
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Figure 4.1: Accuracy comparison of the KERNEL model for different graph representations A
and D — A. Shown above is the signed accuracy difference between the adjacency and Laplacian

representations. Best performing kernel was selected per dataset.

linear weights W.

3.3 Aggregation Ablation

To understand the impact of the degrees of freedom defined for the aggregation matrix in
section |3 we conduct an ablation study on the three hyperparameters: matrix representation

M, truncation factor r, and the choice of kernel .

Matrix Representation (M): For this experiment we keep spectral truncation fixed at
0% and choose the best kernel through validation splits. In other words, this experiment is
conducted using the full-rank KERNEL model with a best validated kernel fit to each dataset.

In the experiment, we explore affects of fixing either M = A or M = D — A.

Figure shows the accuracy change across datasets when using a Laplacian matrix
representation D — A rather than an adjacency matrix representation A. As shown by the
figure, directed graphs such as Chameleon and Squirrel show large benefits when using the
adjacency matrix representation. Otherwise there seems to be a slight but persistent benefit

in using the Laplacian representation for undirected datasets.
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Kernel Cora CiteSeer | PubMed | Chameleon | Squirrel Actor Cornell Texas Wisconsin

Identity 78827 |726£20|81.6+£0.9 | 69.7x£27 | 449£29|28.6+3.0|604+£81|762+43|71.6x£57

Sob. Cmpct. | 75.1£1.9 | 73.0+£1.4 | 885+04 | 41.4+22 |332+1.1[322+1.8|83.3+£59|88.6+40]|92.1+3.4

Linear 81.1£20|721+1.8|823+£1.0| 787£1.2 |76.0£1.2|31.6+£0.9 | 66.5£6.1 | 77.2+8.0 | 81.3+£4.8

Sob. Unbnd. | 88.8+£0.8 | 81.1+£1.0|89.2+20| 54.5+6.4 | 68.8+82|30.7£1.0|80.6+6.4|88.2+26|90.4=+5.6

Gauss. RBF [ 88.6+£1.0|80.3+£19|8944+08| 60.4+84 |71.3+44|304+£13|794+53|84.0+45| 8.8+4.7

Table 4.3: Impact of the kernel choice on the performance of the full-rank KERNEL model. Underlined

entries correspond to the model selected by validation.

Choice of Kernel (K): For this experiment we once again use the full-rank KERNEL
model. This time the matrix representation M is chosen through validation and the choice of
kernel is varied across datasets. Table 4.3| shows performance results for the various choices
of kernels. In Table [4.3] we see a complicated dependence between kernel choice and the
accuracy of node prediction. Although some results are within uncertainty, the dependence
between kernel regularity and SSNC performance is not immediately clear. In the case of the
Chameleon and Squirrel datasets, it is apparent that the wrong choice in kernel may lead to

significant performance degradations (up to ~30%).

Spectral Truncation Factor (r): For this experiment, both the matrix representation
and the choice of kernel have been selected based on best validation with truncation factor r
fixed for the extent of each sub-experiment. Figure demonstrates the effect of truncation
on performance and how it gradually degrades with the truncation percentage. The rate at
which performance degrades seems dependent on the dataset, but most benchmarks retain
~90% performance even after a 40% spectral truncation. In special cases like Squirrel and

Chameleon, performance can be seen to increase at larger truncation values.

Alleviating Kernel Dependent Performance: For this experiment, we explore the
affects of kernel choice for the LR KERNEL model. In particular, we focus on the performance

impact of kernel choice for the directed dataset benchmarks. Rather than reporting mean
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Performance vs Truncation

100 - Y§ 4’_§\

< NN
[e) . —
= 90+ — ==
G —
—
[
[l <
[} i
> 80 \
=
E —— Cora —— Chameleon Cornell N\ |
701 — Citeseer —— Squirrel — Texas
—— Pubmed —— Actor Wisconsin

0 10 20 30 40 50 60 70 80 90
Spectral Truncation [%]
Figure 4.2: LR KERNEL performance relative to the full-rank KERNEL for different truncation
factors r. Performance is seen to gradually decline on most datasets as the truncation factor r
decreases (that is truncation percentage increases). LR KERNEL performance can also be seen to
periodically increase above full-rank KERNEL performance for the datasets Chameleon (red) and

Squirrel (purple).

accuracies, Figure [4.3| shows the full violin plot of test split performances for each kernel-
dataset combination. We notice a homogenization of results, where the choice of kernel is
negligible to the overall SSNC performance. We stress however that this solution is partial,
as the same order of homogenization is not observed for the other undirected datasets.
Identifying relevant graph statistics which may describe this homogenization discrepancy is

something which is left to future work.

4 Changes in Evaluation Conventions

The convention of using citation networks [SNBO8] (Cora, Citeseer, Pubmed) in SSNC
benchmarks was popularized by the graph embedding work of [YCS16]. [YCSI16| defined the
“sparse” train-test split of the citation datasets and their node masks were made publicly
available. The sparse split fixed 20 nodes per class for training and 1000 nodes total for

testing. These values were held constant across citation datasets, meaning larger networks
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Figure 4.3: Performance homogenization achieved by LR KERNEL model on directed networks.
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Figure 4.4: Accuracy results and uncertainties on the citation datasets using different splits with
linear models XW and AXW . “Public” refers to the split introduced by [KW17]. Both “Sparse”

and “Public” are single splits, so one cannot associate uncertainty to them.

likes Pubmed were left with a relatively low label rate of ~5%.

Quickly following was the semi-supervised work of [KW17] and [VCC18]. These follow-up
papers defined a new “public” split where 500 previously unlabeled nodes in the sparse split
were now used for validation. In the respective code implementations of each paper, the

additional labels were used for early stopping criteria and to determine the final model

checkpoint.

Introduced later was the “dense” split by [PWC20], where train, validation, and test
were now fractions of the whole graph, set to 60%-20%-20% respectively. This paper also
popularized two new benchmark datasets, the WebKB dataset [CDE9§| (Cornell, Texas,
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Figure 4.5: Accuracy results on datasets introduced by [PWC20]. “Dense” refers to the original
split while “Balanced” refers to the split introduced by [CPL21]. Test results and uncertainties are

evaluated using models X W and AXW. Results shown are for method with best validation.

Wisconsin) and the Wikipedia animal page-page networks [RAS21] (Chameleon, Squirrel).

Most recently a “balanced” split was proposed by [CPL21]. This is a class-balanced split
where, for each class in a network, a 60%-20%-20% mask is made with then each class mask
being collected into a final, aggregate train-validation-test split. Both the balanced split and

the datasets tested in Section |3| are commonplace benchmarking practices for current SSNC

papers [LHL22, WZ22].

4.1 Comparing Split Performances

Provided in Figures are visualizations on the impacts of different evaluation techniques
on simple linear models (X W and AXW). To keep things comparable to the sparse split,
where no validation set exists, both the learning rate (107%) and the weight decay (0.0) were
set to be fixed for the Adam optimizer. Despite this lack of tuning, the best of these models,
per dataset, achieve roughly >85% relative performance when compared to SOTA SSNC
methods. The high-end of this performance can be seen in the Squirrel column of Figure [4.5]

where mean accuracy of the best linear model is 77.3%.
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New GNN architectures which make use of the recent, balanced split may also experience
an analogous performance bump relative to any older models tested before the split was
introduced. In the worst case, this may lead to an overstatement in new modeling contributions
and has the potential downside of muddying the signal of what makes for a successful and
efficient GNN architecture in SSNC experiments. For this reason, we believe it is important to
be clear on the impact of splitting conventions and how they contribute to recent performance

upticks in SSNC benchmarking.

5 Conclusions

We have shown how classically-inspired, non-parametric techniques can be used to match,
and sometimes exceed, previous spectral and non-linear GNN approaches. Our methods
make no use of post-model augmentations, such as dropout [SHK14] or batchnorm [IS15],

and allow for a clean theoretical analysis in future work.

Empirically, we explored and ablated pertinent hyperparameters to the spectral kernel
model and have shown the various dependences between parameters across different datasets.
On the aspect of low-rank kernel models, we have shown how spectral truncation can
homogenize response outcomes for different kernel choices. Additionally for low-rank models,
we have shown how performance decline is gradual with increases in spectral truncation,

pointing to practical speed-ups for non-parametric kernel implementations.

On the aspect of testing conventions, we looked at how evaluation has changed for SSNC
tasks since the first introduction of popular citation datasets [SNBOS|. We have shown how
the class-balanced split can produce improvements in performance outside of what is expected

by uncertainty.

In summary, non-parametric kernel aggregators provide a simple yet effective means of
recovering unobserved labels in SSNC tasks. As our implementations are free from post-

model augmentations, we expect future theoretical insights obtained for low rank kernel
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aggregators to be closely reproduced in experimental settings such as those seen in Section
Future work may further develop these insights, adding to the list of favorable properties for

non-parametric kernel aggregators.
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CHAPTER 5

Sharp Bounds for Poly-GNNs and the Effect of Graph

Noise

1 Introduction

Graph neural networks (GNNs), like other deep learning models, have been shown to be
best-in-class in empirical performance relative to standard kernel methods [YCS16, KW17].
Choices of architecture, non-linearity, and most importantly depth, are major determinants
of GNN performance. However, outside of an empirically-based selection, there is little in the
way of theoretical understanding as to why one choice of parameter may work better than

another.

A parameter of particular interest is the depth of the network. A central dogma of deep
learning is that deeper networks are better. They are easier to optimize and achieve better
performance than their shallow counterparts [KSH12]. However, in the case of graph machine
learning, this is not always the case. The phenomenon, known as GNN oversmoothing, is
well-documented [RBM23| and represents a departure from commonly held deep learning

beliefs.

In this paper, we study the theoretical implications of GNN depth in a common graph
learning task, namely, the semi-supervised node classification (SSNC). We consider community-
structured graphs where both the graph structure and the node features are allowed to be
noisy. In our study, we derive exact rates of misclassification and add nuance to the discussion

of GNN oversmoothing. Importantly, we show that there is a fundamental misclassification
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rate which is available to all GNNs with polynomial features. Furthermore, this rate is sharp

and invariant to network depth for sufficiently large graph inputs.

1.1 SSNC with GNNs

In the task of SSNC, one is given a graph, often in the form of an adjacency matrix
A € {0,1}™" and is asked to make predictions using a partially observed set of labels.
More formally, each node i has a feature vector z; € R? and a label y; € [L] := {1,...,L}
determining its class. We observe the graph, A, all the node features, collected in a matrix
X € R™4 where the ith row is #7, and a subset of the node labels y;, i € O C [n]. The goal

is to predict the unseen labels y;,7 € O°.

The prototypical GNN design is defined layer-wise where, for Z( = X, intermediate

feature Z*Y are expressed as
7D = o(AZOWO), (5.1)

Here, / =0,1,...,k — 1 denotes the layer index, ¢ : R — R is a non-linear function applied
elementwise, and W) g Ré*d-1 i the weight matrix for layer £. The rows of Z(©) ¢ R™*%
are the (latent) node representations produced by GNN at layer £. One hopes that, by adding
more layers and repeatedly aggregating over the graph, the final representation Z*) will be

more informative compared to the initial node features Z(® = X.

In practice, one may replace A with other graph aggregation operators P, such as the
Laplacian matrix (in all its variants), and even change the aggregation operator per layer
P® | such as in the case of graph attention networks [VCCIg]. Similarly, the nonlinearity

can be varied layerwise p); nonetheless we will focus on the form given in (5.1)).

Critically, recent empirical work [WZ22] have suggested that one can drop the nonlinearity
p, essentially replacing it with the identity function without noticeable change in performance
on various SSNC benchmarks. Taking ¢ to be the identity map, we can recursively unravel

the layers to obtain a simple form for Z*) = AFXW© ... /W k=1 Reparametrizing the
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product of weight matrices into a single weight matrix W, we obtain
Z0 = AR X W,

the basic polynomial (or rather monomial) GNN which is the object of study in this paper,
which we call the poly-GNN. Training a classifier for the poly-GNN amounts to first forming
the graph-aggregated features A*X and then training a linear classifier on the observed pairs

((AkX),-*, yi),z’ € O, where (+);, denotes the operator that extracts the ith row of a matrix.

Given this framing, our interest naturally lies in the predictive ability of graph-aggregated
features o) .= A*X € R™*? In this case, the pivotal quantity to explain performance is the
feature signal-to-noise ratio (SNR) for ¢*);

1 IE[4:] — El¢f")ll:

—— = min

- ,nn & k 1/2°
W i (13, 16— Elp)13)"

(5.2)

where ¢>§’“) is the ith row of ¢® viewed as a column vector. Specific to misclassification, a
feature SNR. (p)~! which increases with the sample size, n, is sufficient for the recovery of
node labels y. Additionally, the feature SNR parameterizes the misclassification error, and is

strictly more flexible than other related notions, such as linear separability.

1.2 CSBM and Noise Decompositions

A suitable theoretical model for SSNC and, by extension, for the aggregated features ¢,
is the contextual stochastic block model (CSBM) [DSM18]. The CSBM is an extension of
the stochastic block model (SBM) [HLL83] where latent labels y = (y;); determine both the

distribution of the random edge A;; and that of the node feature ;.

In particular, network data (A, X) is said to be CSBM-generated if, for some cluster

centers i1, ..., ur € R and a connectivity matrix B € R¥*L, the data follows
Z; ‘ Y; ~ Hyi + €iy and Al] ‘ Yi, y] ~ Bern(Byiyj)7

with zero-mean, sub-Gaussian noise vector ;. Originally, CSBM referred to the case where

By = p and By, = q for all k # ¢. We refer to this special case as (p, ¢)-CSBM.
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The CSBM allows us to give a simple intuition for why graph aggregation in a GNN
leads to better features for classification. Consider the matrix monomial AX, describing a
first-order neighbor aggregation on the features X. For X which is CSBM-generated (and
more generally for any X which contains additive noise), the first-order aggregation can be

decomposed as

(AX)L =D Ay, + Y Aes (5.3)
j j

Consider an ideal CSBM where By, = 0 for k # ¢ and By, > 0 for all k. For simplicity,
for this example, assume L = 2, py = 1, us = —1, and &; ~ N(0,1). Then, if node i is in
cluster 1, it will only be connected to nodes in cluster 1, hence the first term above is equal to
deg(i) u1 = deg(i) where deg(i) is the degree of node i. On the other hand the second term
is a sum of deg(i) independent zero mean variables, hence has standard deviation on the
order of y/deg(i). That is, the noise grows slower than the signal (v/deg(i) versus deg(i)),

improving the SNR after one round of aggregation.

The above observation is the principal idea familiar to statisticians that averaging reduces
noise. It also suggests that the left and right terms in are the signal and noise,
respectively. However, this description is deceiving in a general CSBM where By, > 0 for
k # (. In the general case, each A;; contains additional information about the generation

process, both signal and noise, hence the first term in ([5.3]) carries noise as well.

Noise Decomposition Suppose that cluster centers {u,} were known. Then, there is
an idealized aggregation operator E[A] that would maximally enhance the signal if it was
available in place of A, that is, >, E[A;;]u,, rather than 3 ; Ajjpu,, should be considered the
true signal. The price we pay in the signal for not knowing E[A] is >, (Ai; — E[A4;])p,, and

can be referred to as the graph noise A.

A mirror image of the above is obtained by examining feature E[A]z;, assuming we know

E[A]. Here the maximally enhanced version is obtained by replacing z; with the ideal center
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tty,- The associated cost of not knowing p,, is E[A]e; and will be referred to as aggregated

feature noise A® or just feature noise for short.

These noise terms hold more generally for a k-hop aggregated feature where

o) — Elp\"] = (A*X)], — E[(A*X)]]
= Z ((AM)i; — E[A"]5;) iy, + ZE[Ak]ijgj + Z ((A%)y; — E[AM;))e;

v

= ZA“ + A + ﬁw
J

For both E[A] and p,, unknown, an additional noise interaction A is introduced. This
additional term can be absorbed as a graph noise, where A;; = Aé‘j + Eij now acts on the

random centers x; = Hy; T Ej-

Walk Decomposition of Noise FEach (A*);; admits a linear decomposition Y- ), Au
which pass on to similar decompositions for A and A®. Here, w = (ig,ip41)¢ is a (directed)
walk of length &k on the complete graph on [n], and W, is the set of such walks. The notation
A, is shorthand for the product of edges along the walk, that is, A, = H?Zl Aigig,,- The
variance of walk product A, scales with the number of unique edges in w = (iz, ip41)e. Since
edge direction does not change the walk product, we can classify subgraphs of the complete
graph on [n] in terms of their contributions to noise terms A and A®. In this sense, it is
possible to collect walks N, C W, by the type a of their subgraph, and organize them
according to their total noise contribution. We will show that for the problem at hand, there

is a restricted set of walks, A,, which overwhelming contribute to the noise. This fact both

streamlines our analysis and allows for exceedingly tight approximations of the noise.

1.3 Paper Overview

In this paper we provide a sharp analysis of the feature SNR (p(k)) ~'. This requires providing

upper and lowerbounds for the signal as well as bounding and disentangling contributions
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from noise terms A and A°.

Technical Contributions In our analysis, we make the following technical contributions:

e Introduce novel tools from matrix perturbation theory to generalize previous spectral

structure arguments (i.e. circumventing Davis-Kahan).

e Define a higher-order notion of walks, walk sequences, which naturally arise from matrix

moments.

e Provide a complete characterizations of dominant walk structures N, for both graph

and feature noise under general sparsity conditions.

e Provide general concentrations from moments for heavy-tailed sub-Weibull [VGN20]

distributions.

e Provide a novel analysis connecting signal structure to a necessary lowerbound on graph

noise for community structured graphs.

In Section [2, we provide an overview of the main result, along with its various components
(separate signal and noise bounds), and a discussion of their implications. We also discuss
connections to previous work at the end of this section. Section || gives a self-contained
analysis of the signal component of the SNR, providing a streamlined treatment of the signal

component using standard matrix concentration results and a matrix mean value theorem.

Section {| provides a detailed walkthrough on the sources of the noise component of the
SNR. Here, we bring tools from random matrix theory to bear on the analysis of GNNs. This
section is by far the most technically involved, partly due to the use of general assumptions
(see Section [2), and partly due to the natural difficulty of deriving high-probability results
for collections of dependent quantities like (qbl(k))Z With that said, the payoff of our analysis
is clear, as we can provide SNR rates that are tight in the sample size n for any fixed or slow

growing GNN depth k.

95



Together, Sections 3| and |4 provide the high-level proof of the main results. We have
included the high-level argument in the main text since the proof provides more insights into
the behavior of GNNs than what is reflected in the statement of the main results. An example
is the subtle distinction between even and odd-layered GNNs in the effect of feature noise; see
the discussion on dominant walks in Section [4.1} Another example is the characterization of
the dominant walks for the graph noise in Section [4.5] We conclude the paper with discussion

in Section

Notation For a vector z = (z;) € R? we write ||z]|, = (32, |2:|?) Y for its ¢, norm. For
a matrix X € R we write [|A|,, = max,,<1 ||Az|, for its £,/¢, operator norm. The
l5/ly operator norm is simply written as [|A]. We write ||A|lmax = max; j|A;;|. For two
sequences {a,} and {b,}, we write a,, < b, or b, = a, if there is a universal constant C' > 0
such that a, < Cb,,. We write a,, < b, if a,, < b, and a,, = b,. These notations will be used
more generally, for any two expressions, to mean existence of the corresponding inequalities
up to universal constants. We write Z ~ SG(0) to denote a zero-mean sub-Gaussian random

variable Z with parameter o, that is, Ee’ < e*7*/2 hiolds for all A € R. The complete graph

on nodes [n] :={1,...,n} is denoted K,.

2 Main result

Let C;, = {j : y; = (} denote the set of indices corresponding to the (th class. Pick some

1 € Cy. Then, the ideal center of C; can be defined as

L
ﬁék) = Eg¢)" = ZE[Ak]ijMyj - Z Z E[A";j 0 (5.4)
j

0'=1j€Cp

By the community symmetry of CSBM, ﬁék) is independent of which node i € C; was picked.

As a consequence, the SNR in ([5.2]) simplifies to

. ~(k) _ ~(k
1 _ minggy ||u§)—m§/)||2 :minw (5.5)

k) k k 1/2 ]
(S lel ~ B D
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where
~ ~ = 1 1/2
S(0) = 7" =5l D= (5 e —El]13)"". (5.6)

Let us now summarize the assumptions we make. We start with the sparsity regime for

Pmax = MaX p;; = Hl}%x BM’: and Vp = NPmax-
0,J £

Parameter v,, captures the sparsity of the graph. More precisely, we assume

(A1) For every (¢ € [L], there is Z, C [L] with |Z,| > 1 such that

nByy > cp Vp, = Ig, (57)

nBM S CBI/}L_(S, 6/ ¢ .'Z:[, (58)

for some constants cg, Cp > 0 and § € (0, 0o].

On the first reading, one can take Z, = [L] for all ¢, so that is vacuous (we can take
d = oo in this case for subsequent results). This case corresponds to the most common setting
in the literature where one assumes the entries of B all grow at the same rate < v, /n, in
which case v, roughly corresponds to the average degree and is a measure of graph sparsity.
In particular, letting v, = o(n) leads to asymptotically sparse graphs. The general form of
assumption significantly relaxes the standard setting above, by only requiring at least
one entry of B in each row to grow at the rate similar to ppax = v,/n while the other entries

are allowed to decay to zero faster.
Tacking on the following assumption prohibits degenerate cases where edge probabilities
Dij — 1:
(A2) v, < (1—c¢,)nfore, €(0,1).
Let my = |C¢|/n and let m = (m,...,7L) be the vector collecting the class proportions of
the L-classes. We make the following assumption on class proportions:
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(A3) Lm; > ¢, and VL7, < Ch,

Assumption requires clusters Cy to be of similar order with 7, < 1/L.

Next, consider the matrix u whose /th column is the cluster mean for node features in

class ¢:

p= [, po, ..., pr) € R (5.9)

where py = Elx;] for y; = . We will need assumptions on the size of p and its interaction
with B. Consider the growth-normalized, k-aggregated population vectors

_ Bk

& =n (H : ny_) €, (5.10)

where IT := diag(w) € R¥*F is the diagonal matrix collecting class proportions. We assume
(M)l <Cuvd, (A5) €Y = €72 > eV

and, without loss of generality, take c¢ < 1. We refer to c¢ as the separation factor of the graph.
Note that Eék) are growth-normalized, since By < v, /n for £,¢' € [L] by Assumption |(A1)|

As a result, c¢ is free from scaling with n.

Assumption characterizes the growth of ;1 € R¥! to be d-dominant in operator
norm. Alternatively, it can be considered the definition of constant C,. Since we keep track
of all the constants in the result, even if C), depends on d and L, one can track its effect on
the final bound. On the first pass, however, it is helpful to think of C), as constant, which is
the case if, for example, the entries of p are of order 1, the number of classes L is kept fixed

and the dimension d grows.

Assumption is the key condition of the result. It is a constraint that prevents any
two population means from becoming indistinguishable after £ smoothings. For a simple
example where the condition is violated consider a balanced (p, ¢)-CSBM with p = ¢ (i.e.,
an Erdés-Rényi graph) with means 1 = [1, —1]. One should not be able to improve SNR by

graph aggregation in this case.
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2.1 Informal statement

Our main result shows that the SNR in k-hop aggregated features has strong invariance to

the depth k£ as n grows:

Theorem 9 (Informal). Let (A, X) be generated from an L-class CSBM satisfying
with v, 2 logn and sufficiently large n. Then, for any k > 1, with high probability,

~

Vm P < Cet (5.11)

for a constant C' independent of n and k. Furthermore, with probability bounded away from

zero,
Vi ) > cee (5.12)

for a constant ¢ > 0 independent of n and k.

A more precise statement of the result can be found in Section 2.2 (Theorem[13)). Theorem 9]
states that there is a fundamental rate of separation, /v, which is the same for any k-hop
feature, given that the sample size n is sufficiently large. That is, increasing k neither
improves nor degrades the rate of separation. Furthermore, any k-dependence in the SNR
must come from the composition of the separation factor c¢. In this way, we say that p) is
rate invariant to the poly-GNN depth k.

Another consequence of Theorem [J is that graph aggregation by GNN does indeed help,
compared to classifying solely based on node features X, precisely at the relative rate /v,
whenever v, grows with n.

Next, to illustrate the k-dependence found in ¢, consider a simple example where p is full
rank with o,(z) < v/d. More precisely, assume c,v/d < () < C,\/d. Set B :=1II(nB/v,),
and note that under our assumptions, cz < Ug(é) < Cj for constant cz and Cj that

potentially only depend on L. Then,

p = ~\\ k
Hf{gk) - S[E/IC)HQ Z Umin(,u) (Omin<B)) 2 C,ucké\/(_i
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and we can take ¢ = cﬂc%. Similarly for an upperbound one has
1657 = €72 < V21l | BY| < V24 C,.C.

We see that ¢ =< ¢® which, for pessimistic estimates ¢ < 1, has a deflationary effect on
the SNR. This potential deflationary effect between depth k and classification accuracy is
not surprising and matches the well-documented GNN oversmoothing found in the machine
learning community. Perhaps more interesting is the following facts which can be gleaned

from Theorem [Ok

1. Oversmoothing is a scale effect that does not influence the SNR rate.

2. The rate optimal choice for SNR is obtained at k£ = 1.

These insights increase our understanding of GNNs and can inform future network architecture

decisions for semi-supervised classification problems.

2.2 Formal statement

In order to state the precise version of Theorem [9] we first state a sequence of results on the
upper and lower bounds of the two components of the SNR (signal and noise). Each bound
requires a set of assumptions, with some more relaxed that the others. In fact, separating
the assumptions reveals that the noise upper bound holds beyond CSBM, in the so-called
general inhomogeneous Erdds-Rényi (IER) model. Given all the pieces, we then restate our

main result in Theorem [13]

In our analysis of p*) = D/(mingp S(¢,¢')), we individually characterize the growth of all
signal scales S(¢, (') = Hﬁgk) — ﬁgﬂ)HQ and the noise deviation D = (£ 3, o) — E[¢§’“)]\|§)1/2.

The high-level overview of the results are as follows:

1. The signal S(¢, (') grows precisely at the rate /¥ (Theorem .

2. The noise D grows precisely at the rate 12 (Theorems |11| and .
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Combining the two, the SNR grows at the precise rate /2 independent of k.

Signal bounds To control the signal, consider the growth condition

32LC:CF }

Cr cg

for some constant ¢, > 0, potentially different from ¢, in 7 and Cy = k2F(C +
V(c/e,)(k +1))* where ¢, C' > 0 are some universal constants (see Lemma |3)).

Theorem 10 (Signal bounds). Assume and growth condition (5.13). Then, for
0+,

Vp > max{c:j logn, (5.13)

%WEV,’: < S(,0) < VBdC,CkuE.

In addition to establishing a precise rate of v* for the signal growth, Theorem (10| shows
that both the scale of p and the cluster proportions m, affect the signal growth. These
considerations, in addition to the cluster connectivity, are also captured in the lowerbound
by the constant c.. Note that Theorem 10| implies the following bound on ¢ < \/3_QC’MC’7’f.

Similar bounds on c; with tighter universal constants can be obtained directly from the

definition [(A5)] Theorem [10]is proved in Section 3]

Noise bounds Let kg, = 4max{H Cio 1}, where C} is the universal constant in

Mm*Hoo’

Lemma @Fcontrolling moment growth of sub-Gaussian variables. Set kg = max,, Kom

and let
rn(€) == max {7‘ € 2N : 3(/@0rkek)r < u,ll_ﬁ}, (5.14)
for some € € (0,1). Let us also define constants
2
CBCYCrC
= e = 8032l + (8C10)"), ks = max{8 Cr0 [[pllmac}.  (5.15)

Consider the following growth conditions:

n

4C, L

in{— o0l > 5.16
mm{k\/ (4C,Jce)’ 8 V"} T CaCe (5.16)
min{(2k: —1)2n, y;} > W (5.17)
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Then we have the following control of the noise D:

Theorem 11 (Noise upper bound). Assume v, > ke**=1) and r,(¢) > 2. Then for all real
r € [2,m,(€)],
E[|D|"] < (ksV8dr vi=/2)".

Moreover for u > 8de,

P(D > HgVS_I/Q\/a)S exp(—% min {%de,rn(e)})

Theorem 12 (Noise lower bound). Assume|(A1)H(A3), |(A5), the growth conditions (5.16])—
(5.17)), and r,(€) > 4 as defined in (5.14). Then, for any n € (0,1),

2
]P’(Z_) > nmduf,f%m) > (1 —77)2&.
)

Theorems [I1] and [12] are proved in Section [, Combining these bounds we can state our

main result more precisely:

Theorem 13 (Main result). Assume|(A1) growths conditions (5.13)), (5.16]), and (5.17)),
and r,(¢) > 4 as defined in (5.14). Then, for any a > /2, with probability at least

1 — exp(—3 min{a?,r,(€)}), we have

Vi < Vea(22) (5.18)

Ce

Moreover, for any n € (0,1), with probability at least (1 — n)?k}/k2, we have

® > [T, VL 1

Proof of Theorem[13 Note that condition v, > ke2=1 of Theorem is automatically
implied by r,(¢) > 4. Take u = o*4de for o* > 2 in Theorem . Then, with probability
at least 1 — exp(—1 min{a? r,}), we have D < ksvh "?\/4de o. Combined with the lower
bound in Theorem we obtain with the same probability

) < kave 2 V/Ade o

= (Kr3/C eay_1/2
05\/EV’7§/2 ( 3/ 5)\/_ n
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which is the claimed upper bound. For the lower bound, it is enough to combine Theorem

with the lower bound in Theorem [10L |

A couple of comments are in order: For the upper bound to truly hold with high
probability, we must have r,(€) — oo as n — oco. This is the case when v, — co. In fact, one
can show that, roughly r,(¢) 2 logv,/(loglogv,); see Lemma . The noise upper bound
(Theorem holds beyond CSBM, in a general IER model with np;; < v,. On the other
hand, both the signal and noise lower bounds rely on the CSBM structure, as is evidenced by
their dependence on parameter c¢ (via k1 in the case of the noise lower bound). One needs
some form of structure for any lower bound to hold; this is clear in the case of the signal, but

more subtle in the case of noise. The signal upper bound also relies on the CSBM structure.

As mentioned earlier, the binary nature of adjacency matrix A allows noise D to be
described in terms of walks on the complete graph K,. As will be shown, walks which are
tree-like, specifically star-like and path-like, have the largest contribution to the noise. For
the aggregated feature noise (A® introduced in Section , the sparsity level v, influences
the dominant walk type and the rate of growth, with a subtle distinction between the even

and odd-layered GNNs; see Lemma [7] and the disscusion at the end of Section [4.1]

We suspect something similar may be true in the case of graph noise in general. As we
show in Section under structure guarantees like that of [(A5), the dominant walk type for
graph noise can be completely characterized. In the absence of such guarantees, the resulting

1/

dominant walk may change, and as a result, change ve % noise growth rate.

2.3 Previous Work

The work of Baranwal et al. [BFJ21] is the first to our knowledge to explore the separation
improvement in first-order aggregated features (i.e., k = 1) for CSBM data. Their results
were obtained for a (p, ¢)-CSBM with a v, 2 log® n sparsity assumption. For the aggregation,

a degree-normalized adjacency matrix with self-loops was used. In their paper, a /v,
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separation rate for the first-order aggregated features was recovered. This rate matches the
fundamental separation rate shown in our main result. Our setting is more general, as it
considers an L-class CSBM, relaxes the sparsity assumption to v, 2 logn and considers
k-aggregated features for all £ > 1. It is worth noting that the case k > 2 is technically much
more challenging than £ = 1 due to the dependence introduced by multi-hop aggregation.
Furthermore, by focusing on the fundamental information content of ¢*) and not necessarily
just its linear separability, we are able to streamline the signal analysis by using simpler tools

from matrix analysis [Bha97, BHI6]

A similar work by Wu et al. [WCW23] explores the oversmoothing effect in features
¢®) = Ak X assuming X are normally distributed. A key claim in their work is that ¢®*)
are exactly normal with distribution ¢* ~ Gauss(E[¢®)], Var(¢*))). The authors claim this
result follows from the linearity of the matrix A¥, however, this cannot be the case since
even ), Ajx; is, by definition, a (scaled) mixture of Gaussians. Nevertheless, under the
simplification that ¢*) ~ E[A]* X, the authors show that misclassification of GNNs can be
described in terms of a Z-score of a standard normal. As we shall see, the approximation
E[A*] ~ E[A]* is not a bad one, especially when considering the overall size of ||E[A*]]|.
However, the fact that A* is a matrix of dependent quantities complicates any high probability

results for ¢*).

Another work by Wei et al. [WY.J22] derives 1-hop MAP estimators, that is estimators
which are locally optimal for a given neighborhood, for the case of a (p, ¢)-CSBM with normally
distributed node covariates. The resulting estimator bears resemblance to a ReLU GNN
utilizing a first-order aggregation scheme. In their main result, sparsity and mean separation
are assumed to be v, > log?n and ||y — pe|| < logn/v/d respectively. Additionally, this
work has been recently extended by Baranwal et al. [BEJ23| to cover ¢-hop locally optimal
MAP estimators for CSBMs satisfying sparsity v, < 1. The O(1) sparsity constraint plays

an important role in this analysis, as the networks generated from the CSBM become locally

tree-like with high probability. This in turn makes the analysis more tractable for the fixed
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hop case.

Our work in this paper was partly inspired by the empirical findings we report in [VA24a]
where a simple single-layer GNN showed similar performance to more complicated state-of-
the-art architectures on SSNC benchmarks. Within this same class of simple GNNs, the

largest performance changes were observed when depth increased from £ =0 to k = 1.

On the topic of graph learning outside of GNNs, there is a locus of works which revolve
around enforcing a Laplacian regularization to the traditional supervised learning context.
This line of work traces its roots back to the manifold learning approach proposed by Belkin
et al. [BNS06]. Recent works consider modifying the data fidelity term [LLZ19] or providing
minimax rates for classes of non-parametric estimators with Laplacian regularization [GBT21],
GBT23]. In the context of multi-graph regression, there are related works [ZM22] which

consider regressing node-features with respect to multiple graph Laplacians.

3 Signal Analysis

In this section, we provide the analysis leading to the proof of Theorem [10| controlling the
signal component of the SNR. The analysis is broken into several lemmas; the proofs are

given in the text when short, otherwise deferred to the appendices.

We first introduce some notation. Let Z € {0,1}"*F be the cluster membership matrix

for y, that is, Z;; = 1{y; = j}, and consider
P:=7ZBZ". (5.20)

We note that E[A] = P — diag(P) where diag(P) denotes the diagonal matrix with the

same diagonal as P. We have subtracted diag(P), since we assume A; = 0 (no self-loops).

Rewriting ((5.4)),

i =" EBlAYy Ziepe = (nZ"B[AY) (5.21)
o g
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for any ¢ € Cy;. Here, we have used the symmetry of A and that p is a matrix with columns

fbe = fis¢. This implies that ﬁék) is also the average, over ¢ € Cy, of the RHS of ((5.21)), that is,
~(k ]IC
i = pz"EAN (5.22)
T
where 1¢, € {0,1}" denotes the indicator vector of cluster ¢, that is, (1¢,); = 1{i € C;}.

3.1 Signal Proxy Growth

In showing ||,H§k) - ,Egc)Hg = V¥, we first construct a proxy S(¢,¢) where S(¢,0) = v*.

Motivated by the approximation E[A]* ~ P* in (5.22)), let us write

1 _
¢M = 7" (ZBZT)F =5 = MP 1, (5.23)
Ty
where we have introduced
M = pZ" e R™™ and g, := l¢,/ne. (5.24)

Next we need the following identity which can be proved by induction on k (the proof is
omitted):

Lemma 1. ZT(ZBZ")*"'ZB = (ZTZB)* for any k > 1.
Using this lemma, each & ék) can be re-expressed into a simpler form

W = uZT(ZBZTY Zey 0y

=uZ"(ZBZ"Y1ZB - 72 Zeyny = (ZF ZB)*ey = u(11 - nB)*e,

where the third equality follows form Z7Ze,;/n, = ¢, and Lemma , and the final equality
from I1 = Z7Z/n. This allows for the following bracket bound for the growth of S(¢, ¢):

Lemma 2. Under assumptions [(A3)H(A5), cevVdvF < S,y < V2d C,Ck k.
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Proof. By the definition of v, and assumption |(A3)} we have

L 0B < [Hpllz - ([T 2B

< VL wax (- nB) plly < VE -l < o,

Using assumptions (A3)| and [(A4), we obtain

S(.) < Nl I1T-nB|* ee = exlls < V2d Cp(Crvm)*.
For a lowerbound, recalling definition (5.10f), we note the identity
g =vkg", (5.25)

which by assumption [(A5)| gives S(n, k) = v* HE,S’“) — ééf)y\z > ceV/d v, Altogether then, we
have,

ceVdvE < S(,0) < V2dC,Ck Uk
which is the desired result. O

3.2 Signal Proxy as Leading Order Approximation

It remains to show that S(£,¢) is indeed close to the signal deviation Hﬁ@’“) - ﬁéf“) ||l2. We

frequently use the following estimates:

Lemma 3. Under|(A3) and|(A4), |M| < Cu,vnd and ||1¢,|| < (L/cy)?n=1/2.

Proof. We have ||ZT|| = \/||ZTZ| = maxy /ny < /n, and the first claim follows from
IM|| < |lull|Z7]| and |(A4)l Moreover, |Lc,|ls = n;"* = (mn) V2 < (L/cy)/2n 12
by [(A3)] O

Using a Banach-valued variant to the mean-value theorem [Bha97], one has:

Lemma 4. |[E[A]F — P*|| < kv¥/n.
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Proof. Recall that E[A] = P — diag(P) where ||E[A]|| and | P|| are upper-bounded by
NPmax = Vo and || diag(P)|| < pmax = Vn/n. Then, the second statement of Lemma gives
the desired bound. O

Using the same Banach-valued mean-value theorem and and sharp concentrations on

|A — E[A]| [BHI6], we get the following concentration inequality for A* which is proved in
Appendix [A}
Lemma 5. Suppose that v, > ¢, logn > 1 for some constant c,, > 0. Then, for any integer

k > 1, the spectrum of A* concentrates as
E||A* — E[AJ|| < Cyvi™2,
where Cy = k28(C + +/(c¢/c,)(k + 1))* for some universal constants C > 1 and ¢ > 0.

Next fix £ and ¢, and let w := 1¢, — ¢, Using (5.24) and (5.23)),

i) — %) = ME[AMw and €M — ) = MPrw,

For ¢ # ', we have ||wl|s = \/||Iilc£||2 + || Ie, |I? < (2L/cx)/*n~/? by Lemma . Moreover,
IE[A"] — P*|| < |E[A*] — E[A]"]| + |E[A]" — P*|
< Cp Y2 4 (kvk n)
S QCk Vs_l/Q
where the second line uses Lemmas 4| and [5| and the last line uses Cyvn /> > k /n which is
satisfied since Cy > k and v, < n. We are now ready to prove Theorem [10]
Proof of Theorem[10. From our earlier results
~(k) _ ~(k ]
(17 = 5 llo = 56 £)] < 1M (B[AY] = PX)uw],
< ||M] - |E[A*] = PE] - fJwl
< CVnd - (20, vF7Y?) (2L ) cp) /2012

< V/8dL/cy C,Cy V712
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using Lemmas [3| and [4] in the third line. Under the growth condition condition (5.13) we
obtain 1 > ¢¢/2 > /8L/c,C, Crvn /? and

C ~ ~
SVdvy < " =l < V8AC.CEY;

which is the desired result. O

4 Noise Analysis

In this section, we develop probability bounds for the noise deviation

D= (3 Xl ~Eelflig) = (30 02)

7,m

where D;,, 1= gbl(frz — E[qﬁgg ], leading to the proofs of Theorems (11| and These probability
bounds will be obtained through a high-moment Markov bound, by analyzing the leading
term of the moments of E(D)" for r € 2N. For such r, the rth moment of the noise can be
upperbound as

r/2—1
E(D) d

Z ED! | (5.26)

where the right-hand side follows from Jensen inequality with expectation operator % sz

We further decompose the inner terms as

Dim = Z ((A%)ij — E[AM;) 2 jm + Z E[A*];j m

We will control the moments ED, . For r = 2, we have ED2,, = EA? + E(AS,,)? and, more

generally for » € 2N, by the convexity of z — 2",
D, <277 (AL, + (A%)")- (5.27)
Let us first control E(AS ).
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Walk w Graph G(w) kot

53152 51333545351 ° 2
w | 8 4
— 5 3—4
b —1
wy H—>1—-3—>1—-5—-3—=>5 \3 6 3

Figure 5.1: Walks and their corresponding graphs for n > 5.

4.1 Controlling Feature Noise

Recall that ¢;,, are independent zero-mean sub-Gaussian random variables with parameter
< 0; that is, €, ~ SG(0). Tt follows that A5, ~ SG((0® ", E[Ak]?j)l/Q). We can control
E[A*],; via a walk analysis which will be the common theme in Section . A more sophisticated

version of such analysis appears in Section where we control the graph noise.

Let us set up some notation and terminology. A k-walk on [n] is a walk of length k in the
complete graph with nodes [n]. We represent a k-walk, w, as an ordered tuple of directed

edges

w = ((i1,2), (2, i3), - -, (g, i) (5.28)

We also denote the above walk as i; — iy — -+ - — i, — ip41. For such a walk, we write G(w)
for the graph obtained by considering the nodes in w and all the undirected edges present
in w. We often denote the number of edges in G(w) by t, which is the number of unique
undirected edges in w. Figure [5.1| shows examples of walks and their corresponding graphs.
The reason for considering the “undirected” graph of a walk is the symmetry of A. The

undirected graph captures the truly independent entries of A that appear in the walk.

Let N(i,7) be the set of k-walks going from i to j with ¢ unique undirected edges.
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Representing w € N;(i,7) as in (5.28) with i1 =7 and i,y = j, we have
k k
E[A");; = Z Z E[HAQ,QH] (5.29)
t=1 weN;(i,j) (=1

Necessary to our argument is the following counting lemmas on the number of k-walks:
Lemma 6. [N;(i,j)| < (1-3)tk=1 for distinct i, j € [n].

The case i = j is more subtle. We partition N;(4,¢) into walks w whose undirected
graph G(w) has loops, M(z, i), and walks for which G(w) has no loops, M(z, i). As example,
consider w; and wy given in Figure and note that ws € J\/’t(z7 i) while wy € ./\u/}(z, i).

Lemma 7. We have |[N;(i,9)] < (77))t*' and

t

N, (3,49)| < C, (” ; 1) -t {kéz} 1{k € 2N, t < k/2} (5.30)

1 (2t
t+1\t

Bound (5.30) holds with equality when k = 2t. A further upper bound is

where Cy = ) is the Catalan number and {T} is the Stirling number of the second kind.

(i 0)] < (26%n)" ¢4/2 2, (5.31)

Note that these bounds imply that, for a given ¢ < k/2, the walks in [N;(,4)| have the
fastest growth in n, of order O(n'), compared to walks in the other two categories whose

growth is O(n'~1). These lemmas allows us to bound adjacency moments E[A*] elementwise:

Lemma 8. Assume v, > ke?*=Y | then
E[Ak]zj < 2pmaw7/§_1 + 27/2/2]].{2 = j, ke QN}

Proof. First, assume i # j. For w = ((i4, j,)) with ¢ unique edges, we have E[Hif:l Al <

pfnax = (Vn/n)t which gives

k k
. n 14—
By < SO <m0 () )
t=1

t=1
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Using (,",) < (en/(t — 1)), and (t/(t — 1))""* < e for t > 1, we have (,")) < e (en/t)""".

Plugging in and noting npmayx = vy, we obtain E[A*];; < epmax Sor_, (evn/t) 1571, Further

dividing both sides by (ev,)¥~! we have
E[4"], 3
W < €Pmax - (t/(evn))

Let p = k/(ev,). By assumption kef~1 < 1, so that p < e* < 1/2. Then, we have

o k—t k
pmal/kl_ Zp <e Zp < 2eFp < 2.

which is the desired result.

Next for E[A*];;, we have the following bounds

k k k)2
E[Ak]ﬂ < Z |M(172>|pfnax Z l i |pmax + Z |'/\/;5 l i |pmax
t=1 t=1 t=1

The first sum bounds exactly as above. The second sum is zero unless £ € 2N, which we

assume for the rest of the argument. Let ¢ = 2¢? and note that by (5.31]) of Lemma

k/2 k/2 k/2
S NG| < Zcun )2 = ()2 (o))
t=1 t=1 t=1
< ()2 p" < (e)? - 2p < 207
u=0

where p = (k/2)/(cvp), Y uey P < 2p since p < 1/2, and
k125 — (v/2e)F 2 2k 2
p=(V2e)'k/(4e*v,) < ek/(e“v,) <1
by assumption. The proof is complete. O

This style of walk argument will appear again and in more detail as we consider the
network noise components 4;,,. For the feature noise, we now need to translate the moment
bound in Lemma to a concentration bound. The following is well-known [Verl8| Proposition

2.5]:
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Lemma 9. If Z is sub-Gaussian with parameter o, then, E|Z|" < (Cyor'/?)" where C} is a

numerical constant.

The reverse is also true in the sense that a moment growth of the form above implies Z is
sub-Gaussian. This also follows from [Verl8| Proposition 2.5]. Alternatively, it follows from
the high-probability bound provided in Appendix B of the Supplementary Material [VA24D]
with 7 = 1/2. The bound in Lemma [§ gives (using v/a + b < v/a + v/b):

(ZE[Ak]gj)W < E[A"); + Vi max E[4"];

J

< 20F21{k € 2N} 4 2pl/2 k=172

max- - n

max

< 2(y,;’f/2+1/211{k: € ON} + pl/2 >y,’;—1/2 < 4k (5.32)

using v, > 1 and ppa, < 1. Applying Lemma [9] gives the following

E(AS,)" < (4C ovfi=12p12)" (5.33)

showing that A is sub-Gaussian with parameter < ovk '?. Later in Section M, we

combine this with the bound on A, to finish the proof of Theorem

On Dominant Walk Types A careful review of Lemma [§| reveals that, when v, > 1,
there are two dominant walk types in the feature noise: the simple cycles / path graphs of
length £ and the Dyck paths with k/2 edges. Out of all potential subgraphs constructed
from a k-walk, these are the two subgraphs which aggregate, or “amplify,” the feature noise

the most.

For a walk type to contribute the most in expectation, its subgraph must have many
configurations (for k& < n this roughly translates to maximizing the number of vertices in
a graph) and it must limit the number of unique edges t in its subgraph, otherwise any
particular subgraph realization is less likely to appear. These two conditions lead to path

and tree graphs to be the most natural contenders for subgraphs of a dominant walk type.
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The feature noise dominant walk type has potentially alternate behavior in k, in that,
for k even, it is determined by the sparsity boundary v, ~ n!/* (obtained by setting
TEAREN p}I{fX in ) This boundary is caused by the special nature of backtracking
walks that can only appear when k£ € 2N. Backtracking walks limit the number of unique
edges in their subgraphs at the cost of having fewer vertices. However, if the probability of
making an edge is low enough, that is v, is small enough, then theses backtracking walks
will be dominant with the largest category of the backtracking walks being the Dyck paths
Nija(iy ).

The previous argument, and much of our future analysis, hinges on the fact v, > 1. In
this case, subgraph multiplicity associated with increasing the number of edges ¢ can largely
be discounted. In this regime, additional vertices add a factor of approximately v, /t to the
noise where t < k by the nature of our walks. For v, ~ 1, it is no longer the case that
adding a vertex uniformly increases the contribution across different walk types. By similar
reasoning, one can see that the dominant walk type for v, < 1 would simply the edge graph

where ¢t = 1.

4.2 Graph Noise and Walk Sequences

It remains to bound the graph noise, A;,,, for which we rely on a high-order notion of walks,
walk sequences (or walk products), which, given the various independence properties of the

adjacency matrix A and the node features X, can be used to derive tight moment inequalities.

Let us revisit the k-walk w as in (5.28]). For such w, we write

k
Ay = H Ai£7i£+1 - H Ai£7il+1
/=1

{ie)io41}€w]

where [w] = {{i1, 42}, {ta, i3}, ..., {ik, ix+1}} is the set of unique undirected edges of w.
The second equality follows since A is a binary symmetric matrix, i.e., A;; € {0,1} and
A;; = Aj;. The number of unique undirected edges of w is the cardinality of set [w], denoted

as |[w]|. Occasionally, we will need the set of unique vertices found in w which we denote as
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Nodes

Walk w Unique Edges [w)]
[w]

5—>1—-2—-1—-3—>4—3

wq {{1,2},{1,3},{1,5},{3,4f},2,3,4,5}

—1—5

wy b—=>1—=-3—=>1=-5—-3—=5 {{1,3},{1,5},{3,5}} {1,3,5}

Figure 5.2: Walks and their unique undirected edges and nodes

[w] = {ie};=. Figure [5.2]illustrates [w] and [w] for the two walks introudced in Figure
Note that, [w] is the edge set of G(w), while [w] is its vertex set.

Let W = Wj(i) be the set of k-walks which start at ¢, that is,
W = Wi(i) = {w as in (5.28) with i; = i}.

With the above notation, we have > (AF)i; = > wew Aw. Let p: W — [n] be the projection
giving the last vertex of a walk, that is, for w as in , p(w) = ig41. Then
Bim = 3 (A = E[A]) (@yia)on
wew

Now, let w = (wy,wy,...,w,) be an ordered r-tuple of walks from W. The set of
such r-tuples is the r-fold Cartesian product W' = @._, W. We refer to elements of
W' as walk sequences. Let us also write (-)® for the coordinate projection of such r-tuples
where w® = w; for s € [r]. In the case of multiple coordinate projection with coordinates
S ={s1,52,...,8m} C [r], we preserve the tuple ordering of w such that the corresponding

projection w* satisfies

S .
§1 < 89 < o < 8y = W = (W, Weyy -, W, ).

The set of unique undirected edges and vertices in a walk sequence w can be computed as

W= ],  [w’]=Jw]

ses seS
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Walk Sequence w 11

w 11— 2— 33— 5 ‘

wy 11— 2— 4— 6 12

wy 1= 7= 911 14 13
wy 1— 7— 8—=10 ‘ ‘
wy; 1 —12— 13 = 15

ws 1 — 12 = 14 — 16

Figure 5.3: A walk sequence w with » = 6 components of length k& = 3 each, and its corresponding
undirected graph G(w). This walk sequence belongs to N, defined in (5.35) with r = 6,

t = |[w]| = 15 (number of unique edges) and v = |[w]| = 16 (number of unique vertices).

where, by convention, [w] := [w[!] and [w] = [w!"]. Similar to the case of a single walk, we
write G(w) for the undirected graph associated with the walk sequence w), that is, the graph
with vertex set [w] and edge set [w]. Figure [5.3shows an example of a walk sequence with

r = 6 components each of length k& = 3, together with its undirected graph G(w).

With these notations, we have
weWr” s=1

Finally, we write

T T

o1(w) = E| [T(Au — Eldw])],  02(w) = E[J ] @pcae)m] (5:34)

s=1 s=1
and o(w) := o1(w)ea(w). Note that we are suppressing the dependence of p(w) on ¢ and m
for simplicity. By independence of A and =,

E[A},]l= D o(w).

wewr
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For a walk sequence w € W, let us write Ay = []._; Aws and similarly A,s =[] cq Aws-

We have the following control of o(w):

Lemma 10. |o;(w)| < 2"E[A] < 27l and |os(w)] < (2max{C1om 2, || ttom|loc })"-

4.3 Leading Order Walk Decomposition

For the walk analysis, we are interested in walk types which contribute most to E[A? ]. To this
end, we make use of the partial centering found in the walk products ¢ (w). To accomplish
this, we partition walks w® within a walk sequence w according to their overlapped edges.
This partition approach is similar to the edge partitions introduced in [EKY13], where it was

necessary to control the moments of a related deviation term, %E[lﬁ](/l — E[A]) 1]

For every walk sequence w € W", we define a partition I'(w) on [r] by declaring s, s" € [r]
to be equivalent if and only if w* and w*’ share an undirected edge, that is, [w*] N [w*] # @.
Indexing the equivalences classes in I'(w) as I';(w) C [r], we have [r] = | | T'y(w). We will
refer to I'(w) as the [r]-partition of w. We say w € W' is non-overlapping if |I'j(w)| =1
for some ¢, otherwise, it is overlapping. We occasionally treat I'(w) as an ordered tuple,
by ordering the partition components I'j(w) according to their smallest element, as in the

example below:

Example 4. Walk sequence w in Figure is overlapping with [6]-partition I'(w) =
({1,2},{3,4},{5,6}), meaning that walks, e.g., w® and w* share at least an edge (in this
case {1,7}), while walks w® and w® share no edge, and so on. We can refer to the second
component of the partition which is I's(w) = {3,4}, since {3,4} has the second smallest

element among the three components.

Given the independence of A and X, we only need to consider overlapping w, for which

ILq(w)| > 2 for all g:
Lemma 11. g(w) = 0 if w is non-overlapping.
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Seen simply, Lemma [11]is stating that any walk w?® which does not overlap with any other
walks in the walk sequence w will factor out and evaluate to zero in our moment calculation

of E[A;,]. For overlapping walk sequences, we have the following control:

Lemma 12. Let I'(w) = {Fq}qul for some overlapping w. Then, Q < |r/2] and
[w']] < Tgl(k —1) +1, Vg€ [Q]
and hence |[w]| < rk — [r/2].

To quantify the growth of E[A] ], we partition overlapping walk sequences based on their

number of unique edges, ¢, and unique vertices, v:
Nepo ={weW : |[w]| =t¢, |[w]| =v, wis overlapping }, (5.35)
The following lemma bounds the size of N ,:

Lemma 13. We have [N ;.| < (v—1)"%("_}) and hence for b < t, SO N < B (en)P.

The overlapping and rooted nature of the walks w* give us a few consequences. Let
ty =1k —1/2). (5.36)

Then, by Lemma for r € 2N, we have N, ,, = @ for t > t,, that is, ¢, is the maximum
number of unique edges for an overlapping r-sequence of k-walks. The walk sequence in
Figure [5.3] for example, achieves this maximum since ¢ = ¢, = 6(3 — 1/2) = 15 in this case.
Additionally since each walk in the walk sequence w starts at i, the unique edges found in w

correspond to a connected graph, meaning N, ,, = @ for v >t + 1.

Consequently, the rth moment of A;,, can be decomposed as

te  t+1

E[AL]=Y ) > olw)=Th(r)+Th(r)

t=1 v=1 weN,1,0
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where

ts

()= Y olw),  Tm(r > ow)H{o#t +1}.  (5.37)
EMtv

WEN 1, (t241) t=1 v=1w

When 4, m and r are fixed, we often drop the dependence on them and simply write 7™ and

T'". For brevity, we also write

N, = Nr,t*,(t*-I—l)-

Terms T™ and T' can be upper-bounded using the moment contributions o(w) of walk
sequences w which have the largest number of unique vertices v. This leads to the following

key result, by combining Lemmas [10] and [I3}

Lemma 14. Let ko, = 4maX{H— 1} where C is the constant in Lemma@ and ko =
Max,, Kom- Lhen for any even r such that kfthet < % vi=¢ we have
Tin ()] < (V7 ([t loo)” v (5.38)
Tin (1) < (V7 [ ttmsloo)” - ™ (5.39)

Note that since ¢, < rk, the condition of Lemma |14] is satisfied for all » < r,(¢) as defined
in (5.14). We are now ready to prove the high-probability noise upperbound for D.

4.4 Proof of Theorem

Let r € 2N. Combining ({5.26]) and -, we have

- > 2 TH(E[AL,] +E(AS,)).
Bounding || ttmslloo < ||ft]|max, for the first term, we obtain

BIAL,] < T80+ TS0 < 207 [llnae) v = 207 st~ 2

using t, = rk — r/2. For the second term, (5.33|) gives

E(A:,)" < (46’10,/7“pmaxl/]’C 1/2)
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Let k5 = max{4C,0, ||ft]lmax}. Then, (E[A7] +E(AS,)) < 3(kgy/rvh /*). Tt follows that
—_, 3
E(D)" < §d7"/2(/~£3\/7_"1/§_1/2)’" < (kgV2drvF=1/2)r

using 3/2 < (v/2)" for all even r < r,. Applying Lemma 25 from Appendix B of the

Supplementary Material with K = Iﬁlgl/yli_l/Q, n =1/2, C = 4d, the result follows.

4.5 Characterizing N,

The rest of Section [4]is devoted to proving the noise lowerbound (Theorem [12). To obtain a
sharp lowerbound, we construct a sufficiently tight proxy T™ to T™ (Section , one that
satisfies (Section

|Thi _ fhi’ 5 Vf;—l.

That is, the discrepancy between Thi and TY is of a lower order than vt which we know is
the upper bound on 7" form . Then, we establish a lower bound on Thi of the order
vt (Section [4.8)), which by the (reverse) triangle inequality implies the same lower bound
on T™ up to constants, establishing that 7" is indeed tightly concentrated from above and

below around vf+. This proxy approach is similar to the one used in Section .

To execute the above plan, we first investigate the structure of walk sequences in N,.
We refer to the element of N, as mazimal walk sequences. Let G(w) = ([w], [w]) be the
undirected graph associated with the walk sequence w. The following result provides a
complete characterization of G(w) for walks sequences in N, as well as the associated [r]-
partition I'(w). An i-rooted tree, is a rooted tree with root node i. Complete graph on [r] is

denoted K,.

Lemma 15 (Structure of N,). Let w € N, and I'(w) = {Fq}?zl. Then, the following hold:
(a) T'(w) is a perfect matching on [n]. That is, |I'y| =2 for all q, hence Q = r/2.
(b) G(w) is an i-rooted tree.
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(c) G(w'),q € [Q] are i-rooted subtrees of G(w); they are vertex disjoint except at the

100t.

(d) For T, = {s,s'}, G(w") consists of two i-rooted subtrees G(w*) and G(w*) that share

the same first edge (i, js), but are otherwise disjoint.

Moreover, =, = {T'(w) : w € N.} is the set of all perfect matchings on K., hence |=,| =
(r — 1.

Let us introduce the following terminology: For the two subtrees G(w®) and G(w*') in
part (d) of Lemma , we refer to the disjoint parts of the w® and w*, after the initial
edge, as a matched pair of emanating branches. Thus G(w) can be described as follows: An
((r/2) + 1)-vertex star centered on ¢, which we refer to as the core star, to each of its r/2
leaves is attached a matched pair of emanating branches, each of length £ — 1, and mutually
disjoint except at their root. The non-matched emanating branches (i.e., those attached to

different leaves of the core star) are completely disjoint.

Fix w € N, and let I'(w) =T = (Fq)qul. Recall that, in general, I" forms a partition of
[r]. By Lemma [15](a), each T, is of the form {s, s’} for s # s'. Then, if (i, ;) and (i, j) are
the first edges of w® and w*, by Lemma (d), we will have j, = j» and that is the only
overlap among the two walks. Let us write j(I',) for this common endpoint (js = js) of the
first edge of the two walks w", u € T';. We also write j(I') € [n]? for the vector whose gth
coordinate is j(I';). We denote this ¢th coordinate with a superscript, that is, j9(I') = j(T',).
In short, §(I') collects endpoints of the edges of the core star of G(w), one for each matched

pair in . By Lemma [15, Q = r/2 hence j is r/2-dimensional.

Example 5. To illustrate, note that w in Figure |5.3|is a maximal walk sequence, belonging
to N, = Ng 1516 for r = 6 and k = 3. The core store is the subgraph on nodes {1,2,7,12}.
The matched pair of emanating branches attached to, say 7 are 7—8 — 10 and 7 —9 — 11,
which do not overlap. Similarly, the matched pair of emanating branches attached to 2 are

2—4—6and 2—3—06 and so on. As shown in Example 4] I'(w) =T == ({1,2}, {3, 4}, {5,6})
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Figure 5.4: The unlabeled graph G* that all G(w),w € N, are isomorphic to, for r = 6 and k = 4.

Its core star is colored red, while matched pairs of emanating branches are in black.

is indeed a perfect matching on Kg. We have j(I's) = j({5,6}) = 12 and 5(I') = (2,7, 12).
Similarly, 73(T') = 12, just the third coordinate of j(T').

As a consequence of Lemma , the graphs G(w),w € N, are all isomorphic to a single
unlabeled graph, which we denote as G*. This allows us to determine the size of N'* exactly
(see the proof of Lemma . Figure illustrates G* for the case r = 6 and k = 4, with
the core star colored in red. This is essentially the unlabeled version of the graph shown
in Figure 5.3} Every other graph G(w),w € N, can be obtained by assigning ¢, + 1 = 16
elements from [n] to the vertices of G* in Figure[5.4] and specifying a matching on K, to map
the paired branches to constituent walks w?® (i.e., which of the r walks in the sequence gets
assigned to each branch). This matching can be equivalently seen as a branch coloring on
the graph G(w), where branches of G are colored according to the order (w!, w?, ..., w")

in the walk sequence w. In this example, n > 16, but otherwise unspecified.

Factorizing p(w) Lemma [15(can be used to completely factorize p(w) for even r. Let

M = (:Uywi € [n]), (5.40)
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which we view as a d X n matrix and let M,, be its mth row, viewed as a column vector,
and M,,; = (i, )m be the ith coordinate of M,,. Note that this definition for M agrees with
definition ([5.24)) found in the signal analysis of Section

Corollary 4. Let w € N, I =T'(w) and j = j(I'). Then,

r/2
o(w) = [ e(w"™) (5.41)
q=1
which for w's = (vl v?),
2 k
o(w') = pija(1 — pija) H (Mmp(va) Hp(ua)é), (5.42)
a=1 =2

where (v), is the (th edge in walk v* and pey, = Piy, if (V) = (ie, Jo).

Corollary 4| has no dependence on ¢. Noise variance o appears in moments of E[egn] for
m > 1, which is only possible for endpoint intersections on w, that is p(w*) = p(w*) for

s # s'. The star shape of walks w € N, guarantee p(w®) # p(w*) for all s # &'

When viewed as a function of W7, we express the RHS of (5.42)) as ¢*(v) : W} — R where

2 k
0" (v) = pija(l — pija) H (Mmp(vo‘) Hp(va)g) (5.43)
=2

a=1
With some extra precaution, ¢* can be extended according to (5.41)) for inputs in W;. That
is for w € W} and for partition I € =,, not necessarily equal to I'(w), we have

r/2

0" (w;T) =[] o"(w"). (5.44)

q=1

Note that we have suppressed the dependence of o*(w;T") on i and m for simplicity.

4.6 Proxy for Th

From now on, let I be an element of =,, that is, a perfect matching on [r]. Let

NI, 3) ={w e N, D(w) =T, 5(I') = 5},
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the collection of walk sequences in N, that have the same matching of walks, and the same
elements of [n] \ {i} as the leaves of the core star. Let P[TH/K (iy be the set of all ordered
(r/2)-tuples of distinct elements from [n] \ {¢}. These represent all the possibilities for the

leaves of the core star. We have

No=1] L M), (5.45)
PSP

Consider the following collection of k-walk sequences of length r

Wi(T,3) = {(w",w? ..., w") such that for all ¢ € [r/2] and s € T,

w*® is a k-walk whose first edge is (4, 77)}. (5.46)

The walk sequences in Wy (T, §) are constructed almost similarly to those in N, (T, j) except
that the paired emanating branches attached to the core star are allowed to intersect. Now

let

) =>" > > o(uwl). (5.47)

FGET JE’P&/]Q\{,L} 'LUGW]:(FJ)
Note that replacing W (T, 5) in the inner sum above with N, (T, 7) would give us T" exactly.
In fact, since 7™ and Thi utilize the same tree decomposition, their summands, o(w) and

o*(w; I") respectively, can be upperbounded identical fashion:

Lemma 16. We have |0*(w;T)| < ||ftmsllo Pl for all w € WE(T, 3). The same bound
holds for |o(w)| for any w € N..

Proof. From (j5.44)), we have

/2 rk—r/2

_ r
- Hum*Hoopmax

0" (Wi D) < ([t (Dm0

which is the desired result. The second assertion follows from the first by noting that

p(w) = o*(w; T'(w)) for any w € N,. O
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The expression for T" can be further simplified. We have by definition ([5.44))

Yo o) => [[e@™) =D e @™

wEW}’;(F,j)

where the inner sum ranges over a pair of walks of the form w's = (v! v?) with v® =
(1,79) 00 for o = 1,2 where O denotes a walk concatenation, and each v* is a walk of length

k — 1 starting at 77, that is, v* € Wy_1(j9). Using (5.43) we obtain

2 k
Z o (w') =pije(1=pye) > 1 (Mmpwa) Hma)e>a
(=2

BL,B2EW,_1(§9) a=1
since v* and v® are identical after the first edge. The sum factorizes into two identical terms,
hence equal to

k 2
( D Mupa HPW) = (GBI M)
=2

vEW_1(49)

Putting the pieces together, we have

r/2
ST ot(wiD) = [ pige(1 — pige) (el BIAT 1M, (5.48)
w e W[ (T,j) q=1

showing that the inner sum in (5.47) does not depend on I'. This leads to the following

simplified expression

Th r/2
— 2
(r — 1 Z Hp”q plﬂq € ‘ZE[A]k 1Mm) . (549)
967’[2/12\{} =

4.7 Controlling |T™ — Thi|

We will show that the difference |7 — 7% is of lower order, hence 7™ will be a good surrogate

for T™ to analyze for the lower bound.

By our earlier walk construction we have N, (T',7) € Wi (T, 7). The difference is small

relative to the larger set:
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Lemma 17. Let N, (T, 7) be defined as above. Then, for alln > t, =r(k—1/2)

; 2
W)y
(Wi (T, 5] n

and consequently, Wi (T, 3) \ Nu(T, j)| < t2nt—/271,
We are now ready to show that [T% — T%| is of lower order:

Lemma 18. For any j € P[Z/K{i} andn >rk—r+1,
(T (r) = T ()] < (1 = DWE ||t Pra v

Proof. Let R(I,5) = Wr(L, ) \ N.(L, 7). Factorizing T" into a similar form as T

L ED NS YIS

weN, FGErjEfp[’"n/]Q\{i} weN(T,7)

where o(w) = o*(w;T) for w € N*(T',5) by Corollary ] By the inclusion N, (T, j) C
Wi (L, 3),

STM=) ). D dwD).

FE'—"I‘ /2 weR(
IE€PLN iy (L)

Then, we have

hi _ phip <=L pr2 | - *(ap-
[T = T < 5| 1Py |- max{ IR 5)] - max[* (i)
< (=D (777) 20" Pl

using Lemma [17] and Lemma With v,, = npnayx, the last bound is the claimed bound. [

4.8 Th Lowerbound

We prove a Thi lowerbound for the specific case of r = 2, for which t, = 2k — 1. We note

that this proof can be straightfowardly extended for the case of r € 2N.
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Let e; be the jth standard basis vector of R”, and for ¢ € [L], define
Ey= Y ejel. (5.50)
Jyi €L

Note that for any matrix H € R"*", we have |H E||% = Zj:yjezg | He,ll3.

Lemma 19. Assume ((A2) and suppose y; = (. Then we have

2k1

ZTM > cpe (@HME[A]’C*lEguF dc? "n )
n

Continuing, we have the supplementary lemma which lowerbounds the average Frobenius-

norm of ME[A]*~!E,:

Lemma 20. Assume|(A3){(A5) and min{n/k, v2/Cg} > 4AC,L/(crce). Then,

2
Uy, 3 crczd B
S I MEAF B > (5 ) v,
n 7 8L

Recall the definition of x; = (cpeycrcf)/(48L) in (B.15).
Proposition 7. Assume and growth condition (5.16)) on n. Then,

Z TP (2) > 3kyd v

Proof. By Lemma (19| for all i € [n] and ¢ € [L],

U, B TQLk 1
l{yl—é}ZT}” > 1y =0} - cpe, (EHMIE[A]’“ "B} — O )

Summing both sides over ¢ € [n] and ¢ € [L], and dividing by n,

2k1

ZThl > epe, (203wl MEA] B[} — dC27—).
1

Combining Lemmas [19] and 20| we note that if min{(n/k), (v3/Cp)} > 4C,L/(crce) and
crcz/(16L) > C%/n, then the result follows. These conditions on n can be combined
into (5.16]). O
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4.9 Proof of Theorem

We are now ready to prove the noise lowerbound.

Lemma 21. Assume growth conditions (5.16) and (5.17)), and r,, > 2. We have the following

lower bound

E(D)?* > kydv? 1.
Proof. Growth condition (5.17]) can be written as
2HIUHmax max{(Qk - 1)271’717 Vge} < K1, (551)

We apply the results with » = 2, and let ¢, = 2k — 1. We have

ZE Z(Th‘ (2) + Tim(2))

i,m

> %Z(i&i@) ~Th(2) - Th)| - 1T5(2)])

i,m

By Proposition , D Th (2) > 3kydvt*. From Lemma

zm m

DTm = Ty (2)] < 208 Pl ™

and from Lemma [14] for 2 < r,, we have
DT )] < A2 )1

By assumption, 2t2pna|lpll?utnt < k1 and 2||u|?..v.¢ < k1. Combining, we obtain

E(D)? > kydvt. which is the claimed bound. O

Recall the definition of ko = 8(32||p/|hax + (8C10)*) in (5.15).

Lemma 22. Under the assumptions of Lemma[21], further assume 1, > 4. Then,

(ED")" _ w2
4

ED k2
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Proof. We have the upper bound

B(D) < 52 Y (B(AL) +E(A5,)"

< 8d° max(E(A},) + E(A;,)")

i,m

By Lemma [14], we have for 4 < r,,

E(AL,) < @)+ 75 < 27| < 2Vl v

— n

and from ([5.33)),
E(AS,)! < (4Cy0vF12V/4)" = (8C o) w2,

With k, as defined above, we have E(D)* < kod?v2*~2. Combining with the lower bound in

Lemma [21] we get the result. ]

Proof of Theorem[13. Applying the Paley—Zygmund inequality to non-negative quantity D’

yields
=22
— — ED
P(D* > nED") > (1 - n)2( _4) .
ED
Using Lemma 21] on the LHS and Lemma [22) on the RHS, we have the result. O

5 Conclusion

In this work, we provide sharp bounds on the signal-to-noise ratio for graph-aggregated
features. We show that these features have a fundamental information rate which is invariant
to the overall depth of the network k. These are features which underpin many GNN
architectures and are the differentiator between GNNs and traditional feed-forward neural
networks. As such, the knowledge that a feature information limit exists and is attainable
for all networks with depth k£ > 1, is likely to influence future GNN architecture choices for

empirical studies.
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Our results are the first of their kind with respect to the generality of their assumptions.
We work with the common CSBM but make no assumptions on the connectivity structure and
allow for potentially disconnected clusters. Furthermore, our results bring to light how much
the signal and noise are intertwined for GNNs, that a separation in the features necessarily
comes with a scaling of the noise. Additionally, the upperbound portions of our noise bounds
hold for the general class of inhomogeneous Erdos-Rényi models. This is a family of generative
graph models which supersede CSBMs and include models like the random dot-product graph
(RDPG).

Our technical contributions provide a mix of results from matrix analysis and random
matrix theory. Results related to walks and their combinatorics, provide simple recipes to
extend our anylysis to other generative frameworks. Other results bring to light the interplay
between path-counting and edge probabilities, where certain subgraphs (mainly non-tree
subgraphs) are less likely to occur given that they contain fewer vertices than unique edges.
As we have shown, it is exactly this interplay which leads to the presence of dominant walk
types in the noise contribution. Lastly, the presence of dominant walk types allows for a clean
analysis since, to the leading order, this means the noise can be approximated by special

polynomial forms (refer to Section for more details).

Appendix

A Proofs For Signal Argument

We start with a lemma matrix monomial deviations.

Lemma 23. Let U,V € R™™™ then for any k € N,

IU* = VH < k22U = VI (JU = VIFE+ V] (5.52)
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Alternatively one can also derive
IU* = V| < B|U = V| (max{|U]], [VI)*~". (5.53)

Proof. Consider the matrix valued function f(U) = U*. By [Bha97, Theorem X.4.5] one has,
for matrix inputs U and V/,
IAU) = fMI < U=V sup [|0fwll
WeL(U,V)
where Z(U, V) = {nU + (1 —n)V : n € [0,1]} is the line segment between matrices U and V,

Ofw is the Fréchet derivative of f at W and ||0fw|| is the operator norm of the derivative

defined as

10fwll = sup [[0fw(H)|.

s
lH]=1
The Fréchet derivative of a matrix monomial can be straightforwardly computed as

k—1
Ofw(H) =Y W HWH
=0

By submultiplicativity of operator norm

k—1
sup [[0fw(H)| < Y sup [WHWF < kW,
=1 L

Next with W =nU + (1 —n)V

W = lIn(U = V) + VI[*!

< (U =VI+[vI)¥,
where we recall n € [0,1]. By convexity of z — z¥~1 on [0, 00),
(U = VI + VI <252(JU = VI VI

Stringing along the previous inequalities proves (5.52]). To obtain ((5.53)) simply bound [|[IV]|

131



as

W=t =t + (1 =)V |+
< @IUl+ @ =mpvips!
<yllU)F=t + @ =Vt

< (max{[|U]|, [[V][})*".

using the convexity of z — ¥~ in the third line. O

The final piece needed to prove Theorem is Lemma [5| (in Section which is a
concentration result for exponentiated random matrices with bounded sub-Gaussian entries.

The proof of this result follows.

A.1 Proof of Lemma

Recall that wlog pmax = vn/n. So ||E[A]|| < npmax = vn. Apply (5.52)) of Lemma 23| with
U = A and V = E[A4] to obtain

| 4% — B[4 < Cua (A5 + i A]). (5.54)

where C j, = k2¥72 and A := A — E[A].

Next consider a spectral concentration result from [BH16, Corollary 3.12; Remark 3.13]

where, for a random matrix U with independent sub-Gaussian entries, one has
P(|U]| > CF +t) < ne~t/<

for universal constants C' > 1 and ¢ > 0, with ¢ := max; />, E[U7] and 7. == max;; [|Usj|oo-

For U = A — E[A] these parameters become o < /v, and 7, < 1. Consider the event

N INEA
where Cy, = C'+ +/(c/cl,)(k + 1). Then, taking t = (Cyp — C'){/v, in (5.54), we have

]P)(gc) < ne_(kﬂ)”"/c:’ < ne—(k+1)logn < n—k‘
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Then, on the one hand,
E[|Af*Lec] < n*P(£°) <1< vi72)

On the other hand,

E[|A[1*1e] < C3prp? < Copr 2.
Putting the pieces together we have
B[l A" — B[AF| < Cop((1+ Chvk™2 4 7 (1 + Co)u?)

proving the result with constant, e.g., C = 4C’17kO§’k using Cy, > 1 and Cyy, > Cy .

B Concentration from Moments

We have the following concentration inequality from moments:

Lemma 24 (Sub-Weibull concentration). Let n > 0. Assume that for all r € 2N, we have
E[A]] < <K(Cm~)’7>r. (5.55)

Then,

IP’<|A| > K:B”) < exp(—zic() forx > 4nCle.

Lemma [24] follows from a more general statement for partial moment control:

Lemma 25. Let n > 0 and ro € 2N U {oo}. Assume that for all even integers r < rq, we
have

E|A] < (K((Jm)”)T. (5.56)
Then (5.56|) holds for all real r € [2,ro] with C' replaced with 2C. Moreover, if x > 4Cne

exp ( — 555), Jorx < 2Cnerg
IP’<|A] 2Kx”> < ( 20 ) Sexp(—min{%, 777’0}).
(—QWCTO)WO, forx > 2Cnery €

T
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Proof. Let us first establish the claim that (5.56)) holds for all real r € [2,ry] with C replaced
with 2C. If ry = 2 this is trivial. Otherwise for 7y > 4, we will use the log-convexity of L,
norms, (E|A[P)V/?. Fix r <7y — 2 and 6 € (0,1). Log-convexity implies

(]E|A’p)l/p < (E|A‘T)(1_9)/T(E|A|T+2)9/(T+2)
where p is given by % = 1%9 + #"2. Applying (5.56]) with both r and r 4 2, we obtain

(E[AP)Y? < [K(Crn)")' P [K(C(r +2)n)")

= K(Cr*=(r +2)n)".

We have r179(r +2)% = 2(r/2)(r/2 + 1) < 2(r/2)* %% < 2% < 2p, since r < p. This
gives (E|A[P)Y/? < K (2Cpn)" which is the desired bound.

Next, consider the tail bound. Let us redefine 2C' to be C for simplicity. By Markov

inequality, for all real r > 2,

P(|A] > u) < EIAI" _ (MY

ooun U

Using a change of variable u = Kz, we have

IP’(]A\ > Kx") < (@7—[”) =a'r"™ = exp(f(r))

where v = (Cn/z)" and f(r) = rloga + nrlogr. Let us now optimize over r. The function
f has first and second derivative f'(r) = loga +nlogr +mn and f”(r) = n/r > 0. Hence, f is
strictly convex on (0, 00) and achieves its global minimum at 7* = e~1~(ee®)/m = (1 /e)a =1/

If r > r* > 2, that is « < Cnery, then we achieve the first case tail bound

IP’(]A| > K:c”) < exp(— QLCe>

Otherwise if x > Cnery, one has ry < r*. In this case we use the next best value of r for our

probability upperbound exp(f(r)), that is r = ro. Altogether

p(1a] > ko) < exp (— &), forz < Cnerg
- | (my,

for x > Chnery.
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We note that the two bounds match at the boundary. We can summarize as

IP’(]A\ > Ka:") < max{e’x/(ce), (%)nm}
x

< exp ( — min{xz/(Ce), 777’0})

where we evaluated the second bound at x = Cnery. Replacing C' with 2C finishes the

proof. O

C Counting Lemmas

C.1 Proof of Lemma@

Let ¢,7 € [n] with i # j. We will over-enumerate the walks in N;(4, j), each of which contain,
at most, ¢t + 1 unique vertices. We construct a potential vertex set for a walk w in N;(i, j)
by first fixing {7, j} and selecting the remaining ¢t — 1 vertices from [n] \ {4, j}. There are

exactly (?*2) ways to do this. Next, starting from node i, each outgoing vertex forms an

-1
additional edge in our walk. As there can be no self-loops and the last outgoing vertex j is

tk*l

already determined, there are, at most, ways to select such edges. Altogether, there are,

n—

t_f) t*=1 ways to construct a walk in N;(i, j), which is the desired result.

at most, (

C.2 Proof of Lemma

The proof for the cardinality of /\O/;(Z, i) follows similarly to the case i # j (Lemma @) The
key realization is that any walk w € /\o/;(z, i) can have at most ¢ unique vertices. This is by
definition since the undirected graph G(w) = (V, E) is, one, connected (|V] < |E|+ 1) and,

two, not a tree (|V| # |E| + 1). So walk w € N;(i,7) must have at most ¢ unique vertices.

The rest of the proof is devoted to bounding |N;(i,7)|. For w € N;(i,), the edges of
G(w) must all be traversed an even number of times. We refer to a traversal that occurs

on an odd (resp. even) visits of an edge as positive (resp. negative) traversals. Given
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the backtracking nature of walks w € ./Vt(z, i), it is sufficient to keep track of positive edge
traversals to reconstruct w, and so a recipe for bounding |N; (i, )| is to list all viable G(w)

and count the possible positive edge traversals.

Recall that G(w) = (V, F) is loop-less and connected, hence a tree. The vertices V' have
a natural ordering on N that allows for an encoding of G(w) using the so-called “Balanced
parentheses sequence” or “Dyck word” representation of the tree. The unlabeled graphs of
these encodings, which we will call B(w), are precisely the (rooted) plane trees with ¢ + 1

vertices and their count is exactly the Catalan number:
B = {Bw): weN(i,i)}, |B]=C..

Next, since B(w) has the same number of edges as G(w), we can construct edge selections on
B(w) that correspond to edge traversals on G(w), modulo a choice of vertices V. Selecting

for the vertices V', where the root 7 is determined, gives an additional factor of (";1)

Lastly, we must perform an edge selection for each B(w), in particular we must select for
k/2 edges which will later be our positive traversals. An arbitrary selection of edges gives a
factor of Dy, = t!{kég} where {T} is the Stirling number of second kind. To see this note
that we arranging ¢t objects in m = k/2 slots where (a) each object must be used at least
once (to cover the tree), (b) objects can be used multiple times and (c) the order matters.
This is equivalent to the number of surjections from a set of m elements to a set of ¢ elements
which is given by t!{?}.

Certain edge selections on B(w) will translate to disconnected (i.e., invalid) walks on
G(w), yielding an overcount in the number of walks w € N (i,4) with undirected graph G(w).
An exception is when G(w) is a star. Here, any edge selection on B(w), with any vertex set
V', gives a valid sequence of positive edge traversals for the star-shaped G(w) with vertices V.
In other words, the two star graphs in B (corresponding to whether the root is a hub or a
spoke) are maximal in terms of the counts of valid walks they produce, hence the count in

this case provides an upper bound on the counts for all elements of 8.
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Combining all factors (encoding trees, vertex choice, maximality of stars) gives the desired

bound
. 1
il <G (") D

For (5.31), we note that C; < 1(2¢)’, and ¢! - S(k/2,t) < t*/> which says that the number of
surjections from [k/2] to [t] is at most the total number of functions. Moreover, (";') < (en/t)".

Combining, we get the second claimed upper bound, concluding the proof.

C.3 Proof of Lemma

Consider collapsing the walk sequence w € W’ to a single walk w. That is, for walk sequence

w = (((i},37). L € [H). s € [1]) let F(-) be the in-place tuple flattening such that
W = F(w) = (i3, j;), ¢ € [k], s € [r]).

The tuple flattening function F' is a reversible process for known r and k, meaning there is
an isomorphism defined by F' between ./C/}M ={F(w): we€ N} and N, ,. As such any
cardinality upperbound on ./\77"715,1, will hold for N, ;.

One way to count the walks of ./C/},m is to first choose v — 1 non-root nodes (for which

n—1

there are (v—l) options). After which rename the non-root nodes without loss of generality

to 1,...,(v — 1) and the rename the root node i to n. The walk w takes rk steps on
{1,...,v =1} U{n}. Since there are, at most, v — 1 options to choose from at each step, we

may over-enumerate the walks w € /\m,v and arrive at the simple upperbound

v—1

For the second assertion, we have

b—HN <b—H 1rk n—1 _ ’ rk n—1 <b7’k n <brk eny\?®
;| r’t’vl_;(v_ ) <v—1>_zv < v >_ Z(v)_ <?)

The proof is complete.

137



D Proofs for Noise Upperbound

D.1 Proof of Lemma

We have
‘Eﬁ(Aws - ‘ [ (| Aus | + | Aus )}
s=1
= [ZHMws [T ®ldu. ||
SC[r] s€S u€eSe
= 3 [Eldus] - T] Elduel] <27 E[4y)] (5.57)
Sclr] u€eSe

where the final inequality is by Lemma |28, Then, we have E[A,,] < pled by (6-62).

To control go(w), we note that for J = {p(w?) : s € [r]} C [n] and some integers a; > 1

with > . a; =r, we have

‘Eﬁf”pwsﬂm\ < E(f[ (o)l ) = E(T] I)nl) < maxEl(e)nl

jeJ
where the equality is by independence of z;,j € J, and the last step follows from Lemma

Combining with

E|(2)m|" < 277 (Eleim|” + |1y, )ml")

<2 (G Y+ iz,

where the last line used Lemma [0} the proof is complete.
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D.2 Proof of Lemma

With w overlapping we have for all ¢, |I';| > 2. Hence, 2Q) < 222:1 IT'y| = r and the upper

bound on () follows. Next fix ¢,

ITq|

[[o]"] < [[w']| + ) |[w’] \ [w']
<Ek4+ (T, =1k —1)=|Ty|(k—1)+ 1.

Then combining across partitions {I'y},,

Q

Q
[l = 3 Il < (D010l (k= 1)+ Q

g=1

=r(k—1)+Q <rk—[r/2]

using @ < [r/2].

D.3 Proof of Lemma
Throughout, we fix 4, m and r. We start with the bound for 7'°. To simplify the notation, let

From Lemma , for any w € N, +,, we have

[p(w)] = [o1(w)] - [o2(w)]
< (4max{Cror'/?, ||| }) Phnax

< (HO,mHMm*HOOrl/Z)TpfnaX < 67“ nginax (558)

where Ko | fms||co = 4 max{C10, || ftm«]| o } and kg = max,, Ko, by definition.

Let us first bound T%°. We have

te bi+1

Te=2 > 2. olw)

t=1 v=2 ’LUEN'r,t,'U
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where b; =t A (t, — 1). That is, the inner sum goes from v = 2 to v = ¢+ 1 unless ¢t = t* in

which goes it only goes to v = t*. Using ([5.58)),

Tlo bi+1

< Hozpmaxz"/\[:y

By Lemma I we have thﬂ Nt < by 2t b (en)’ since t, = rk — r/2. Using this bound

and ppax = Vy/n, we have

T
| < IiOtT/QZl/ n~ il (en)™.

Br
Multiplying and dividing by v+ and rearranging, then separating the term ¢ = ¢, from t < t,,
we have
’Tlo t*
By vk < Kptr/? Z bbbt
ron t=1
ta—1
— "{6 t:/2 [n—l(t* . l)et*—l + Z Vfl—t*tt*—tet}
te—1 -
</-@t7"/“*1[*1t—1 ( ) }
< -3 (L
t=1
By assumption x{ te'* < % ¢, which implies ) t. r/2H gt < % €. (The result holds under

this slightly weaker form). Let p = k" t. T/2e—t. v, ¢. Then, t, < gpyn, hence

te—1 ty—1

>) t<zpt* t<zp < 2.
t=1

using p < 1/2 since v, > 1 and ¢, > 1. We obtain

T 2 t 1, 2 2,-t -
Wﬁﬁgti/e*[t*n +3/’€0Tt r/ *I/n] Sljnﬁ
T n
where we have used k& £/ ety 1< % 1< % . This proves the claim upper bound

on T,

Next, we prove the bound for 7M. For all w € N,, the unlabeled graph associated with
the tree G(w) is the same, namely the G* graph described in Section and depicted in
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Figure for a given example. In other words, as w ranges over N,, G(w) ranges over all
possible labelings of the vertices of G* with ¢* distinct elements from [n] \ {i¢}. There are

|an*}\ {i}\ such labelings, hence
Nl = (= DU Py ] < (r =Dl

By Lemmal [I6], for every w € Ny, 4,41

|p(w)] < [lpmsll% * Prias-

Altogether, |T1| < (r — )M || ttms |7 (NPmax )=, which is the first claim. The double factorial

is connected to the Gamma function for odd valued inputs. In particular, (r — 1)!Il =

22 (r/2—1/2)! <17/

E Proofs for the Noise Lower bound

E.1 Proof of Lemma

For (a), each T" € Z, is generated by some overlapping w € N, ;. +1. The overlapping
nature of each walk in the walk sequence w enforces that |I';| > 2 for all ¢. The number of
equivalences classes, ), is maximized when each |I';| is minimized since, by construction,
I = {Fq}(?zl must satisfy | | o I'g = [r]. In the case r € 2N, @ = /2 s0 {Fq}le must
contain pairs of elements from [r] such that ', NIy = @ for ¢ # ¢ and |I',| = 2 for ¢ € [Q)].

This is a perfect matching on the vertex set [r].

For (b), we note that since each w® is a walk and the walks have common first element i,
the graph G(w) is connected. That is, G(w) is a connected graph with ¢, + 1 nodes and ¢,

edges, hence a tree. We designate 7 as its root.

For (c), the partition I'(w) guarantees that subgraphs G(w'?) and G(w"') cannot share
an edge for ¢, ¢ distinct. Furthermore by (b), if G(w') and G(w"«') share a vertex other

than the root 4, then an undirected cycle forms, contradicting the tree property of G(w).
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For (d), the proof is similar to (c). By the construction of partition I'(w), the walks w'«
must overlap at some edge. However, any overlap must occur on an outgoing edge from root
1. Otherwise, for any other edge overlap, an undirected cycle can be made to and from the

root 7, contradicting the inherited tree property of G(w'?).

E.2 Proof of Lemma

By Lemma , each w € N,(T',7) has root and branching nodes determined, that is, out
of t. + 1 nodes unique nodes, (r/2) + 1 nodes are determined. What is left is to select
t, —r/2 =71k —r nodes from [n] \ {4,5', 5%, ...,3"/?}. An ordered selection of nodes can be

used to determine walks w?® giving a cardinality of

rk—r

|N*(Fa.7)| = |7D[T:,L’§\_{:‘7j17j27._7j7-/2}| = H ((n —-1- T/2) -+ 1)

=1
For the cardinality of Wi (T, 7), what is left to determine is each W2 (j7). Although these

walks have no self-loops, they can overlap and repeat edges. So
r/2 r/2

W) = TTIWRATY G = [T Wea G2 = ((n — 1260y

q=1
As such, for n > rk —r/2,
. rk—r
(T, 24+0—1 k—r/2—1\rk-r kE—r/2—1
IVL( y.)|:H<1_r/+ )Z(l—r r/ ) 1 (k) 7/
IWi(T, 3)] n—1 n—1 n—1
using Bernoulli’s inequality. Using % < = for n > a, we have

rk—r/2—1 < (rk —r/2)?

(rk —r)

n—1 n

proving the first assertion. For the second claim, we have

Wi (L, ) \ N, 9)| = We(T, 3)| — INL(T', 5)
AT 4 V(T 5)]
= \Wk(F,J)\<1 - m)

k t2 2 k 1
rk—r * rk—r—

which is the desired result since rk —r =t, — /2.
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E.3 Proof of Lemma

Applying definition (5.47) of T2 (2),

r/2
i)=Y > Hpuq — pija) (eLE[A] T M,,)”
PE22 5P 11y 171
= pr pw ]E[A]kile)Q
J#i

using Z = {(1,2)} and P[ln]\{i} = [n] \ {¢}. Recall that y; = ¢. Then for any j with y; € Z,,
by assumptions (A2)l p;j > cpry, and 1 — prax > ¢, hence p;;(1 — p;;) > cpe, vy /n for

j#i:j €Ty Letting ¢; = cge,, we have

using the symmetry of A and invariance of a scalar to transpose. The inner sum over m is

equal to || M E[A]*Le;||3 since M7 is the mth row of M. Next, we note that
IME[A e, < [IM]- [EAF < VdCw,

Thus including the term j = 7 in the sum, we pay only a small price of || ME[A]*~te;||2, which

gives

ZTh‘ > et (30 IME[AP e} - O,

7y €L
Noting that the sum over j € [n] is the squared Frobenius norm of ME[A]*~! finishes the

proof.

E.4 Proof of Lemma

Let us write 1¢, = 1¢,/ne. Let

Y, = Z eje]T, Y, ::ZYg



for any £ C [L]. Recalling the definition of E; from [5.50, we have E, = Yz,. We note the

following identities: For any matrix H € R™*" and £ C [L]

1HY:: =Y IHYR,  [HYdE = ) 1Hell:

el Jiyi=t

Next, by the symmetry of the SBM:

Lemma 26. For any matriz H € R™", and any k € N, we have
L HEAPY = m | HE(AP L

As a consequence, for any L C [L],

1 _
| HE[A]Y,|[7 = > me |l HE[A]Le, |15
el

Proof. Expanding along the columns as above, the left-hand side is equal to

1 1 -
= 3 IHEAV ;| = — nol| HEIAI L, |}
l

Jiy;=

(5.59)

(5.60)

where the equality is by HE[A]fe; = HE[A]*1¢, for any j € Cy, a consequence of the
symmetry of SBM. The second claim follows by combining the first with identity (5.59)). The

proof is complete.

We also need the following intermediate lemma:

Lemma 27. Under|(A1),|(A3) and|(A]), we have

-1
Vn _ I/n _ L
|| MELAP By} > “ | MEAe, I} — dOR(L/er)Chr2 2.

Proof. We have

1M E[A]" Ye|p

IN

IN
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[]

IE[A)Y: - [ME[A] Eellp + (1 — E)E[A]Y:] - | ME[A]* .



For R € R™" we have ||R| < ||R|r < vVmn||R||max- Let Dy = UZ’eZg Cy. Then, (I —
E,)E[A] Y} is equal to E[A] on the submatrix indexed by D, x C;, and zero elsewhere. Hence

by [(A1)}

I(Z = Eo) E[A] Yellmax < Crry ™ /n,
and consequently, ||(1—FE,) E[A] Y| < /n-ny Cprl=0/n = Cp/mwl . Similarly |E[A] Y| <
VI Mg Pax = /T V. 1t follows that

IME[A]Yellp < v/mevnlME[A]* T Bl p + /7@ Cpry = | ME[A] |

Squaring both sides, using the inequality (a + b)? < 2(a® 4 b*), and multiplying by v, /mn,
we have

—1 2u,

1
IME[A]Yll7: < —=[ME[A]* Eoll + 2C5v, > - — | ME[A]" |7 (5.61)

Vn
T
By Lemma 26} —specifically, by (5.60) with Y, = I—we have

1 _
~ | ME[A]*H 5 = Y ml ME[AF e, 15 > dC2(L/ea)vit >,
¢
The inequality follows since for any ¢ € [L],

IME[AF e, |2 < [IM]] - [[E[A]* - [ Ie, |
< VAC,(L)er) k!

n

using bounds ||M|| < C,v/nd and ||1¢,||2 = (L/cx)/*n~/? from Lemma , and recalling that
by definition v, = NPmax, hence ||E[A]|| < v,,. Combining with (5.61)), and rearranging

-1
Vn

%HMIE[A]queH% > IMEA]FY;|[2 — dC2(L/cx)Chu2t1=2

2mm

Finally, by Lemma26] || ME[A]*Y,||% = m|| ME[A]*1¢,|3 establishing the desired result. [J

The proof now follows from Lemma [27 and assumption and |(A5)}
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Proof of Lemma[20. By Lemma [27]

Un _ V;l _ L
N wl MEAF T Bl > (S D mll M E[AP e, |3) — dC3(L/er) Chr2 7,
l l

Next, we replace E[A]* with P* on the LHS, since the price is negligible by Lemma . We

obtain

IM(E[A]* = P*)Ic,lla < [IM] - [[E[A]* — P*|| - || Ic, |l
< VAC,(Lfe)? kk n.

— 2

using ||E[A]* — P*|| < kv*/n from Lemma . and Using ||al|? > 1||b]|? — 2]ja — b]|?,
_ 1 _
IMEAPL | > ZIIM PMLe |3 —2(VdCu(L/en)/* k) witn 2,
Let Cy := 2C%(L/c,) and recall the definition of ¢ = MP¥1¢, from (5.23). Then,
Vp _ _ 1 k —92
- ;mHM]E[A]k ElE > yn1(§ ijmug,é 12— dCy v ((nfk) A (V) )Cy)) )

W.lo.g. assume 7y > my > ... > 7. Then

k k 1 k k
domliels = m Y0 NV = mgliel - 675
¢

e{1,2}

Recalling the identity (5.25)), namely £§k) =¥ f_ék), and invoking assumptions |(A3)| and |(A5)|,

(k) Cr 2 k
;WHQ Hg > Ecgd : ’/2 .
Putting the pieces together,

Vn k— k—1( Cn 5 -2 k—1 Cn
SIMEAE = v (Trdd = O ((n/k) A ()/Cp)) ') = v cld

using grcz > Cs((n/k) A (1/2/013))72 which is equivalent to (n/k) A (v3/Cg) > 4C,L/(cxce).

The proof is complete. O
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F Auxiliary Lemmas

Lemma 28. For (symmetric) binary A, we have, for any U,V C [r],
E[Ayv] - ] ElAw:] < E[Ayoov].
uel

Proof. Since the random variables A;; are binary, for every edge (¢,j) and a,b € N we have
(E[Af]])b < E[A;]. We have E[Ayu] = [ cpu E[A4e], using independence of A, e € [w"].
Similarly,

E[A,0] :E[H Awu] @E[ I1 Ae] 2 11 ElA (5.62)

uel e€lw?] e€lwY]

where (a) is by A2 = A, and (b) is by independence. This in turn implies that for any
uclr,

[[EAw]= [ E]< J] ElA] =E[Au]

uelU uel, eclw] e€lwY]

where the inequality is by (E[A4.])® < E[A.] and the final equality is by (5.62). We obtain

E[Auv] - [ ] ElAw:] < E[Ayv] - E[A,0]

= (II ®ad)- II Eiad

e€lw] e'elwV]

< ] EMd

where the final inequality again uses (E[A.])’ < E[A.]. Using [wY|U[w"] = [w"""] and (5.62)
finishes the proof. O

Lemma 29. For any collection of random variable {X;}icr and positive numbers {a;}ier

such that ), a; = a, we have

[IEX|") < maxE|X,|"

(2
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Proof. Let \; = a;/a so that ). \; = 1. By Jensen’s inequality

E|X; ai/Aiyhi,

“ < (ElX;

Then,

()

H(E|Xl|al) S ]i[(]ELXVZ|al/>\l)/\1 S maXE|Xi|ai/>\i

A < max |z O

where the last step uses the elementary inequality [], |

Lemma 30. Let r, = max{r € 2N : c(ar)" <t} for a,c > 1 and b > 0. Then,

blog v,

% log(abe) + loglog v,

Proof. To lowerbound r,,, evaluate the inequality (acr,)™ < 1°. Redefine a := ac. Let r € R
such that (ar)® = v%. Then, 7, < r. Recall that ye¥ = x has solution y = Wy(x), the

Lambert function. Let y = log(ar), so that ye¥ = log((ar)*) = ablog(v,). Then,

ar = 6Wo((szlog vn) _ ab IOg Un > ab log Vnp,
Wo(ablogv,) ~ log(ablogv,)
since Wy(x) < log(x). Simplifying and relating r to r,, completes the proof. ]
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CHAPTER 6

A CLT for Polynomial GNNs on Community-Based

Graphs

1 Introduction

Graph Neural Networks (GNNs) are now a key tool for machine learning on graphs. Their
success is largely due to the graph convolution operation—also known as message passing
or neighbor aggregation—where node features are updated by gathering information from
their graph neighbors |[GSR17, [KW17, [YCS16]. This process helps GNNs learn powerful
embeddings for tasks like node classification and regression. For graphs with community
structure, theory shows that even one aggregation step can improve feature separation between

classes by a factor of /v, where v, is the average node degree [BFJ21].

Analyzing deep GNNs with multiple aggregation layers (k > 1) is important but theoreti-
cally difficult. Unlike single aggregations, the resulting features, ¢, lose desirable properties
such as entry-wise independence. To study these multi-aggregated features, researchers
have used techniques like walk-based decompositions, which classify feature contributions
by underlying graph walk patterns [CSD25| [VA24b]. For community-based graphs, these
methods suggest that while feature cluster centers can separate at a rate of v/*, their standard
deviation often grows as yEm12,

This paper focuses on Polynomial GNNs (Poly-GNNs). In these models, features ¢(*) =

A*FX are created by applying the adjacency matrix A, k times to initial node features

X € R™4, without any non-linear functions in between. These features ¢*), when passed
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through a final linear layer W, produce classification scores. Poly-GNNs, despite their
simplicity, are not just theoretical ideas. They form the basis of, or are similar to, several
practical and effective GNNs like APPNP [KBG19], GPR-GNN [CPL21], and models using
Chebyshev or Jacobi polynomials [DBV16, WZ22]. Such models have achieved strong results,
sometimes state-of-the-art, on standard benchmarks [WZ22]. Therefore, understanding Poly-
GNN features offers valuable insights into multi-hop aggregation and the behavior of these

common GNN types.

1.1 Overview of Our Contributions

In this paper, we undertake a detailed asymptotic analysis of the embeddings generated by
k-layer Poly-GNNs on community-based graphs as the number of nodes n grows. To stabilize
these features, we consider two types of normalized embeddings: the degree-normalized
features g_bgk) = gbl(-k)/l/fj, and the centered and scaled features fl(k) = \/V_n(g_bz(k) - E[g_bgk)])
Here, v, is the average degree parameter which we assume tends to infinity. One of our main
results is a Central Limit Theorem (CLT) demonstrating that the empirical distribution

of ff ) converges in 1-Wasserstein distance to a centered mixture of multivariate Gaussian

distributions.

Building upon this, we further demonstrate that the joint empirical distribution of the
uncentered, degree-normalized features Efk) (which are directly used in downstream classifiers)
and their corresponding true labels z; also converges in the 1-Wasserstein distance. Specifically,
as n — oo and v, — 0o, this distribution approaches that of a random pair (Z,Y,,) where
Z ~ m (the limiting class proportions) and Y, conditioned on Z = ¢ follows a multivariate
Gaussian distribution N (e, 3s/vy,). A core contribution of our work is the precise analytical
characterization of these limiting class means pu, and class-conditional covariance matrices ¥y,

expressed in terms of the graph’s community structure and initial feature means.

This characterization has profound implications for understanding the training dynamics

of GNNs. We prove that training a linear classifier on these Poly-GNN features EE’“) using
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the standard cross-entropy (CE) loss converges to the equivalent optimization problem on
this limiting Gaussian mixture. This convergence holds uniformly for the loss function,
the gradient path during optimization, and the final learned classifier weights (under mild
conditions on weight norms), due to the Lipschitz nature of the CE loss and its gradients
with respect to the features. This result provides a strong theoretical basis for the behavior

observed when training linear classifiers on GNN embeddings.

Furthermore, our explicit forms for p, and ¥, reveal a clear and precise mechanism behind
the well-known phenomenon of GNN oversmoothing. The mean vectors p, involve terms of
the form (J*M)T, while the covariance matrices ¥, involve (J*1M)T, where J is a matrix
derived from the graph’s inter-community edge probabilities and class proportions, and M
represents the initial class feature means. As the GNN depth k increases, the repeated matrix
exponentiation J* (and J¥~1) acts like a power iteration. This causes both the class means
and the dominant eigen-directions of the class covariances to align with a low-dimensional
(often 1-D) subspace determined by the leading eigenvector(s) of J. Consequently, the feature
distributions for different classes, initially potentially well-separated in d dimensions, collapse
onto this common, typically 1-D, subspace. This results in a degenerate, poorly separated
Gaussian mixture, thereby degrading classification performance. Our analysis, thus, provides

a nuanced, quantitative view of oversmoothing in the sparse, large-graph limit.

Paper Structure The remainder of this paper is organized as follows. Section 2 introduces
the Poly-GNN framework, the community-based graph model, key notation, and the assump-
tions underlying our analysis. Section 3 presents our main Central Limit Theorems, formally
stating the convergence of Poly-GNN embeddings to specific Gaussian mixtures and outlining
the key steps of their proofs. Section 4 details the significant implications of these CLTs,
discussing the convergence of linear classification tasks performed on these embeddings and
providing a detailed analysis of how our results explain the GNN oversmoothing phenomenon.

Finally, Section 5 concludes the paper and summarizes our findings. Detailed proofs and
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auxiliary technical results are provided in the Appendices.

2 Preliminaries and Model Setup

In this section, we formally define the Polynomial GNN (Poly-GNN) architecture, introduce
the normalized features central to our analysis, describe the community-based graph model,
state our key assumptions, and briefly define the Wasserstein distance used to quantify

distributional convergence.

2.1 Poly-GNNs and Feature Definitions

We consider a simple yet powerful class of Graph Neural Networks known as Polynomial
GNNs (Poly-GNNs). Given an undirected graph with n nodes, represented by its adjacency
matrix A € {0,1}™", and initial node features X € R™4  a k-layer Poly-GNN computes

node embeddings, or features, ¢*) € R through k successive aggregations:
pF) = AFX. (6.1)

The i-th row of *), denoted gbgk) € R?, represents the embedding for node i after k layers of

aggregation.

For our asymptotic analysis, we work with normalized versions of these features. Let v, be
the average degree parameter of the graph, which we assume grows with n (see Assumption .

We define the degree-normalized features as:

k
%H_¢p
qbi L kO

]/Tl

i=1,...,n. (6.2)

—(k . . .
These features ¢§ ) are often the direct input to a downstream classifier.

To establish a stable limiting distribution under a Central Limit Theorem, we further

define the centered and scaled features:

&= vim

@m—E@%),i:L“qn (6.3)
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The empirical distribution of these features, P, := %Z?Zl 55(;@), where 0, is a point mass at

x, will be a primary object of study.

2.2 Community-Based Graph Model

We assume the graph and its node features are generated from a community-based model.
Let z = (z;), € [L]" be a vector of latent node labels, assigning each node i to one of L
communities or classes. The graph structure and initial feature distributions are conditional

on these labels.

Specifically, we adopt the Contextual Stochastic Block Model (CSBM) [DSM18]. The
adjacency matrix A is generated such that edges are conditionally independent given z, with
probabilities:

Aij ~ Bern(v, B,z /n) fori# j, and A; = 0, (6.4)
where B € [0, 1]2*F is a symmetric matrix of inter-community edge probability scalings. The

parameter v, /n represents the average edge density scale.

The initial node features X; € R? are assumed to be conditionally independent given z;.

Their expectations are determined by their class membership:
E[X; | zi ={] = M,., (6.5)

where M € RF*4 is a matrix whose (-th row, M,., is the mean feature vector for class /.
This can be written compactly as E[X]| = ZM, where Z € {0,1}"*F is the one-hot encoding

matrix of the labels z, i.e., Z; = 1{z; = (}.

We define 7 = (71, ..., 7)T as the vector of limiting class proportions (see Assumption .
Let IT = diag(m,...,7) be the diagonal matrix of these proportions. A key matrix in our

analysis is J € RY*E defined as:

J = BIL (6.6)

This matrix captures the interplay between inter-community connectivity B and class sizes

IL.
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2.3 Assumptions

Our theoretical results rely on the following assumptions:

Assumption 2 (Degree Growth). The average degree parameter v, — oo as n — oQ.
Moreover, the expected degree of any node i, Z#i UnB...,/n, is O(vy), and v, Bey /n < 1v,C/n

for some constant C' (i.e., p;j := E[A;j] S vn/n).

Assumption 3 (Sparse Graph). The graph is sparse, meaning v, = o(n).

This assumption simplifies the analysis by ensuring that noise from the graph’s randomness
dominates certain terms. While some results might extend to denser regimes, sparsity is

maintained for clarity.

Assumption 4 (Cluster Convergence). For each class { € [L], let Co = {i € [n] : z; = {} be
the set of nodes in class £. We assume there exist wy > 0 such that \/I/_n(ﬂ'g — |Cg|/n) =o(1),

and S0 = 1.

Assumption 5 (Feature Bounds). The initial node features X; are sub-gaussian. Specifically,
for any unit vector u € R4, (X; — E[X;])u ~ SG(c?) for some ® > 0 uniformly for all i,n.
Furthermore, their expected norms are uniformly bounded: limsup,,s; sup;e, El| Xil[2 < z.

for some finite x, > 0.

2.4 Wasserstein Distance

To measure the distance between probability distributions, we use the 1-Wasserstein distance,

denoted W1 (P, Q). For two probability measures P and Q on R?, the Kantorovich-Rubinstein

/ FdP —

where Lip(1) is the class of all 1-Lipschitz functions f : R? — R, i.e., functions satisfying

|f(z) = f(y)| < ||z —yl|2 for all z,y € RY. We also write Pf = [ fdP for the expectation of

duality provides a convenient definition:

Wi(P,Q) = sup (6.7)

f€Lip(1)
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f under P. Convergence in W; implies weak convergence and convergence of first moments.
Its connection to Lipschitz functions makes it particularly relevant for analyzing learning

algorithms with Lipschitz loss functions.

3 Asymptotic Distribution of Poly-GNN Embeddings

In this section, we present our main theoretical results concerning the asymptotic distribution
of Poly-GNN embeddings. We establish Central Limit Theorems (CLTSs) for both the degree-
normalized features af'“’ (jointly with their labels) and the centered-and-scaled features é‘i(k).
We then outline the key steps involved in proving these theorems, highlighting the key

intermediate lemmas and propositions.

3.1 Main Central Limit Theorems

Our first main result characterizes the joint limiting distribution of the true node labels z;
and the degree-normalized Poly-GNN features afk) These features are typically used for

downstream classification tasks.

Theorem 14 (CLT for Degree-Normalized Features and Labels). Let (A, X) be a community-
based graph satisfying Assumptions @ Let al(k) = gbgk) /U be the degree-normalized k-layer
Poly-GNN features. Define the limiting class means iy, € R? and class-conditional covariance

matrices ¥, € R>? gs:

pe == (J*M) ey, (6.8)

Yy = (J* M) diag(e] J)(JFTM), (6.9)

where e; is the (-th canonical unit vector in R*, J = BII, and M contains the initial

class feature means. Let ﬁ’%‘””t be the empirical distribution of pairs (zi,a(k)

%

)‘. E/D%Oint —
%Z?:l (5(% 50y Let GI°™ be the probability distribution of a random pair (Z,Y,) where

Z ~ Categorical(m,...,m) and, conditioned on Z = {, Y, ~ N(ug, 3¢/v,). Then, as
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E[Wﬁ(ﬁ#mﬁGfmﬂ}-+o. (6.10)

Furthermore, this convergence holds in the stronger class-conditional sense: for any R > 0,

} =0.  (6.11)

Theorem shows that for large n and v,, the features El(k) behave as if drawn from a

1 < _ L
n S F8) = 3w By vt LfelY )]

/=1 iEC@ /=1

lim E { sup

oo f1s--sfLELIp(R)

Gaussian mixture where each component ¢ is centered at p, and has a covariance ¥, /v, that

vanishes as v,, = 00.
Our second main result provides a CLT for the centered and scaled features £§k), showing

they converge to a stable (non-degenerate variance) Gaussian mixture.

Theorem 15 (CLT for Centered and Scaled Features). Under the same conditions as Theo-
rem|14), let fl(k) = \/V_n(g_bik) —E[g_bik)]) be the centered and scaled features. Let P, = =377 | 6&5'“)

be their empirical distribution. Let G be the centered Gaussian mixture distribution:

G =

Mh

e N (0, %), (6.12)
=1
where ¥y is defined in Eq. . Then, as n — o0:
E [W(P,,G)] — 0. (6.13)

Furthermore, this convergence also holds in the stronger class-conditional sense: for any

R >0,
} = 0. (6.14)

Theorem [15| establishes that after appropriate centering and scaling, the Poly-GNN features

lim E { sup

n—reo fi,- fLELID(R)

L L
% Z Z fo(e®) = Z Ty (0,5 [fe(Y)]
=1

{=1 i€Cy

converge to a mixture of Gaussians, each component having a non-vanishing covariance ;.
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3.2 Proof Outline and Key Steps

The proofs of Theorems [14] and [15| share a common foundation and proceed in several steps.
We outline the general strategy here, focusing on the convergence of P,, to G (Theorem .
The argument for Theorem [I4] builds on Theorem [I5 with adjustments for the non-zero means

and the ;! scaling in the covariance. The full proofs are provided in Appendix .

The overall strategy involves two main parts for establishing E[W;(P,, G)] — 0:

1. Show that the empirical measure P, concentrates around its expectation P, := E[P,],

ie., E[W;(P,,P,)] — 0.

2. Show that the expected empirical measure P,, converges to the target Gaussian mixture

G in W, distance, i.e., W,(P,,G) — 0.

The argument for class-conditional convergence (e.g., Eq. (6.11])) builds upon this by con-
sidering per-class empirical measures and leveraging the convergence of class proportions

|Cg| / n — Ty.
The key technical steps involve analyzing the moments of the features:

Step 1: Moment Analysis for General Graphs This step characterizes the behavior

of feature moments without yet imposing the full community structure, relying mainly on
Assumptions [2] 3] and [5]

(k)

e The centered, un-normalized features QSZ(-k) — E[¢,”’] are decomposed into two terms: A,

(due to graph randomness) and A; (due to initial feature randomness):

o — B[] = A+ A,. (6.15)

Normalizing appropriately, 51.(1“) = (AZ + Az) yE12,

e The term A; := Az / 1/7]:71/ ? is shown to be asymptotically negligible under our sparsity
assumption (see Proposition @ in Appendix . Thus, fi(k) is asymptotically equivalent to
A; = A, / vE~M% in terms of its contribution to moments (see Lemma |35/in Appendix .
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e The moments of A; 4 := (A;,0) for any unit vector § € R? are analyzed.

— Odd moments: E[A},] — 0 for odd r (this follows from the moment bounds in

Proposition , specifically the term 1/5/2_“9/2], which is vy /* for odd p=r).

— Even moments: E[A] ] — (r—1)I!-57, for even r, where &7 := || V;E[A/v,]F ' E[X]0]|3

(see Lemma [37] in Appendix [A.3]).

e The expected normalized mean E[g_bfk)] is shown to converge to a limit v; = el (E[A/v,])*E[X]

(see Lemma |33|in Appendix [A.2)).

Step 2: Specialization to Community-Based Graphs Here, the community structure

(Assumptions (4| and the CSBM formulation) is used to refine the limiting moments.

e The limiting mean ; for a node i € C; converges to p, = (J*M)Te, (as detailed in the

proof of Proposition [11|in Appendix , building on Lemma .

e The average of the per-node variances o2, over class ¢ converges to 75,0, where 3, is

defined in Eq. (this is part of the derivation in the proof of Proposition .

e Consequently, the r-th moment of the f-projection of P,,, m, (P, ) = 2 ZiE[(ffk), 0)],

T n

converges to m,(Gy) = Zle By n(0,675,0)[Y"] (see Proposition [11|in Appendix .

Since the Gaussian mixture Gy is determined by its moments, this establishes that @nﬂ ~ (3g.
Uniform integrability of moments (derived from the ¥, norm bounds in appendix , specifically
Lemma , applied to A,y via Proposition then promotes this weak convergence to
Wi(P,9,Gy) — 0. A discretization argument (Proposition from Appendix and
Proposition (16| (from Appendix @ extend this to W (P,,G) — 0.

Step 3: Concentration and Convergence of Empirical Measure. To show

E[W(P,,P,)] — 0, we rely on:
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e Control over the variance of empirical moments: Var(n™'Y " (A;0)") < n! (see

~J

Lemma in Appendix , which implies similar behavior for §Z(k) via Lemma .
This corresponds to condition (b) of Proposition [17]in Appendix [D]

e Tail control for (g}’“), 6): The features <§i(k), 6) are shown to be uniformly ¥, sub-Gaussian

for a growing 7, (see Lemma [31|in Appendix [A.1]). This corresponds to condition (a) of
Proposition [I7]

e Uniform integrability of moments of P, (the convergence shown in Proposition [11|implies
that for any fixed r, sup,, m, (P, ) is finite, which by Proposition |14 implies sup,, M,.(P,,)
is finite, e.g. M, (P,) needed for condition (c) of Proposition .

These conditions allow the application of Proposition|17| (from Appendix @, which establishes
the desired concentration E[W;(P,,P,)] — 0. The triangle inequality for W, then combines

these two main parts to yield the final convergence result.

4 Implications for Classification and GNN Oversmoothing

The Central Limit Theorems presented in Section [3| not only provide a fundamental under-
standing of the distributional properties of Poly-GNN embeddings but also have significant
practical implications. In this section, we explore two key consequences: first, how our results
explain the convergence of linear classifiers trained on these embeddings, and second, how

they offer a precise, quantitative mechanism for the GNN oversmoothing phenomenon.

4.1 Convergence of Linear Classification on Poly-GNN Features

In many node classification tasks, GNN embeddings are fed into a final linear layer (often
followed by a softmax activation) that is trained using a cross-entropy (CE) loss. Our results
provide a theoretical basis for understanding this training process in the asymptotic limit.

We focus on the degree-normalized features q_bgk), as these are the quantities typically used by
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the classifier.

Recall from Theorem |14{ that the joint empirical distribution of labels z; and features 5510
converges to that of (Z,Y,,), where Z ~ Categorical(n) and Y,, | Z = € ~ N(ug, ¥¢/vy). The

class means py and covariances >, are given by Egs. and , respectively.

Consider a linear classifier with weights W = (wy,...,w;)T € REF*? and biases b =
(by,...,br)T € RE. The empirical cross-entropy loss for a dataset of n nodes is:
exp(w{q_b(-k) + by)
Lomp(W, ) 1= —= ZZ 1{z = (}log — g . (6.16)
i=1 (=1 > exXp(wid; 4 by)

The corresponding limiting loss, based on the Gaussian mixture (GM) characterization from

Theorem is:

L T
exp(wy Y + by)
Lam(W,b) T Ey w10 6.17
am( ; 1 Y N (10,2 /vn) | 108 25:1 exp(TY + b) (6.17)

For any fixed set of weights (W,b) (e.g., within a ball ||(W,b)||r < R for some radius R), the

exp(w[ z+by)
e exp(wlz+by)

individual loss term for class ¢, CE,(x; W,b) = — log ST , is Lipschitz with respect
to the feature x. This Lipschitz property, combined with the 1-Wasserstein convergence
established in Theorem (14| (specifically, the class-conditional form Eq. (6.11)), leads to the

following key result:

Proposition 8 (Convergence of CE Loss and Gradients). Under the conditions of Theorem
for any fixed radius R > 0:

(a) The empirical CE loss converges uniformly to the limiting GM CE loss:

lim E
nreo [(Wb)lr<R

sup | S (W,0) — Laurl W, b>|] = 0. (6.18)

(b) The gradients of the empirical CE loss converge uniformly to the gradients of the limiting

GM CFE loss:
im E | sup ||V Lemp(W,0) — Vi Lau(W, b)HF] = 0. (6.19)
noo | |[(Wb)|[p<R
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Figure 6.1: Ten gradients steps of cross-entropy optimization problem for (A, X) drawn from
a 3-class CSBM. Shown on the right are gradient paths for samples drawn from empirical and

theoretical distributions for E(k).

Consequently, the sequence of parameters (W7, bs,,,) minimizing £epp(W, b) within the ball
converges in probability to the parameters (W, bey,) minimizing Lau(W, b) within the same

ball, assuming uniqueness of the minimizer for the limiting problem.

The proof of (b) relies on the fact that the gradients V,CE,(z; W, b) are also Lipschitz in
x for bounded (W, b). Proposition [§| formalizes the intuition that training a Poly-GNN with
CE loss is asymptotically equivalent to performing CE optimization directly on the identified
Gaussian mixture. This explains why gradient descent paths on the empirical loss track those

on the limiting GM loss, as illustrated in Figure |6.1]

The stationarity conditions for the limiting optimization problem Lqy(W,b) reveal a

moment-matching structure:

L

Totte = 3 TuBy s [¥ - DY WD), (6.20)
u=1
L

T =Y TuBy N5 o) oY W, ), (6.21)
u=1

for all ¢ € [L], where p,(Y'; W, ) is the softmax probability exp(w; Y +bs)/ 3, exp(w]Y +b;).
It is important to note that while the GNN training process converges to this CE solution on

the GM, this solution is not necessarily the Bayes optimal classifier for the Gaussian mixture
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Figure 6.2: Classifier comparison for data which is 2-dimensional CSBM. On the left is the theoretical
density of the 2-class CSBM. The two right plots are the estimated log-likelihood ratios for the
QDA and CE estimator respectively. The slight bend in the data is correctly captured by the QDA

estimator.

itself (which would be a Quadratic Discriminant Analysis, QDA, classifier). Figure
illustrates this, showing that even for large n where a(k) closely follows the GM, the linear
CE boundary can differ from the optimal QDA boundary.

4.2 A Precise Mechanism for GNN Oversmoothing

The phenomenon of oversmoothing, where the performance of GNNs degrades as the number
of layers k increases, is a well-documented empirical observation. Our explicit characterization

of the limiting class means p, and covariances >, provides a precise analytical explanation

for this behavior in Poly-GNNs.
Recall the expressions from Egs. and :
pe = (J*M)Tey,
Y = (JEFIM)T diag(ef J)(JFTM).
Consider the symmetric matrix Jy,,, = IIY/2BI1Y2 which is similar to J (since J = BIl =

Y2 ] nI1V2). Let Jym = QAQT be its eigendecomposition, with @ orthogonal and

A = diag(\y,...,Ar) containing the eigenvalues, ordered by magnitude |A;| > [Ao| > .. ..
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Then J* = II-Y2QA*QTTIY/2. If there is a dominant eigenvalue \; (i.e., |A;| > |\2|), then for
large k, the matrix A* ~ diag(\¥,0,...,0). This implies J* ~ A\¥(IT7'/2¢,)(¢7 TI'/?), where ¢
is the leading eigenvector of Jgyrm,. Let u; = I1-'/2q, (aright eigenvector of .J) and v! = ¢ TI'/?

(a left eigenvector of J). Then J* ~ Auyof.

Substituting this into the expressions for p, and ;:

e Class Means: iy ~ M\ (ujvf M)Te, = \(MTv,)(uTe,). This shows that for large k, all
mean vectors /iy become approximately proportional to the fixed vector M v, = MTII?¢;.
The specific proportionality constant (ule,) depends on the class ¢, but the direction is

shared.

e Class Covariances: Similarly, J*~1 &~ M~1y;07. Then By &~ A25 (M0, ) (scalar,) (vT M),
where scalar, = uf diag(e] J)u;. This indicates that ¥, (and thus X,/v,) becomes approx-

imately rank-one, with its dominant direction also aligned with M7Tv;.

This power iteration effect driven by J* and J*! is the core of the oversmoothing

mechanism:

1. Mean Collapse: The mean vectors u, for different classes tend to align along a
common direction MTTI/2¢;. While their magnitudes might differ (scaled by A¥(ule,)),
their angular separation diminishes. If the initial feature means M projected onto v,
do not maintain sufficient separation, or if ule, values are too similar across classes,

the means become indistinguishable.

2. Covariance Collapse and Alignment: The covariance matrices >, also become

rank-deficient and align their principal direction with the same direction as the means.

The net effect is that the L Gaussian components N (ug, X¢/v;,) of the feature distribution
—(k . . . s .
qbz(- ) effectively collapse onto a 1-dimensional subspace. Within this subspace, they become

a mixture of 1-D Gaussians. If the projected means are not well-separated relative to the
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Figure 6.3: Estimated kernel density plots of the aggregated features a(k) of a 2-class CSBM at

different features depths k. A feature collapse in the mean vectors and the class covariances is

visible by k =4 and k = 6.

projected variances along this single dimension, classification becomes extremely difficult,
regardless of the original dimensionality d or the initial separability of M. This phenomenon
is illustrated empirically in Figure [6.3] where increasing k leads to feature distributions that
are elongated along a common axis and overlap significantly. The parameter v,, helps shrink

the variances overall, but does not prevent this directional collapse induced by k.

This analysis provides a precise, quantifiable understanding of oversmoothing, directly
linking it to the spectral properties of the community interaction matrix J and the number

of GNN layers k.

5 Conclusion

We conducted a rigorous asymptotic analysis of k-layer Polynomial GNN (Poly-GNN) embed-
dings on large, sparse, community-based graphs, establishing Central Limit Theorems that
precisely characterize their limiting distributions. We showed that degree-normalized features
g_bgk), jointly with labels z;, converge in Wi-distance to a Gaussian mixture N (ug, X¢/v,,) per

class . We provided exact forms for puy = (J*M)%e, and 3y = (J¥1M)T diag(el J)(J*1 M),

determined by initial means M, layers k, and community interaction matrix J. Centered-
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and-scaled features @UQ) similarly converge to > mN (0, X).

These findings have key implications. First, training linear classifiers on aik) with cross-
entropy loss is asymptotically equivalent to optimizing on this limiting Gaussian mixture,
with uniform convergence of the loss, gradient path, and optimal weights. This theoretically
grounds the training behavior of GNN-based classifiers. Second, our explicit characterization
of py and ¥y offers a clear and nuanced understanding of the GNN oversmoothing phenomenon.
The repeated multiplication by the matrix J (to powers k and k — 1) acts as a power iteration,
causing both the mean vectors and the principal directions of the covariance matrices to align
with a low-dimensional (often 1-D) subspace dictated by the leading eigenvectors of J. As k
increases, this effect intensifies, leading to a collapse of the feature distributions of different
classes onto this common subspace. This results in a degenerate, poorly separated Gaussian
mixture, thereby diminishing the discriminative power of the GNN embeddings, irrespective
of the initial feature dimensionality. Future directions include extensions to non-linear GNNs

and different graph models.

Appendix

A Detailed Proofs of Main Theorems

This appendix provides the detailed proofs for Theorem [14] and Theorem (15| presented in
Section The general proof strategy follows the outline given in Section [3.2]

Before proceeding with the proofs, we establish some notation used throughout the
appendices. For a probability measure u on R? and a vector # € R¢, we denote by g
the O-projection (or f-section) of p. This is the pushforward measure of p under the map
x— (2,0) = 270. If X ~ u, then py is the distribution of the real-valued random variable
(X,0). For a measure v on R, its r-th moment is denoted by m,(v) = [2"dv(z). For a

measure 4 on R, its r-th absolute moment is M, (x) = [ ||z||3du(x). The empirical measure
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of a set of N points {Y;}¥ is % Zfil Jdy;. We denote the expectation of a random empirical
measure P, as P, defined by its action on test functions f: P,[f] = E[P,[f]]. We use Lip(R)
to denote the class of R-Lipschitz functions f : R — R. Other notation, if not standard,

will be defined as it appears.

The proofs presented herein for Theorem and its supporting propositions (such as
Proposition ultimately rely on the weaker version of Assumption , i.e., requiring only
|C¢|/n — 7, rather than the faster o(vy, Y ?) rate of convergence. While the faster rate was used
in some intermediate rate calculations (e.g., for Lemma [34] to establish a rate for v; — p,),
the final W; — 0 convergence results for Theorem [14] hold under the weaker condition, as
the dominant error terms vanish sufficiently fast or the vanishing variance of the target
distribution @nvg accommodates slower convergence of the mean. Theorem also holds

under this weaker assumption as the involved moments converge appropriately.

A.1 Proof of Theorem (15| (CLT for Centered and Scaled Features)

The proof of Theorem [15]largely follows the structure laid out in Section [3.2] First, we define

the key components of the features. Recall the definition of the centered and scaled features

from Eq. (6.3)):

0" %ﬁ)_¢W—EMW'

—ﬂ
k k k—1/2
Vn Vn Un /

& = v

The term ¢§k) — ]E[gb(k)] represents the deviation of the i-th node’s k-layer feature from its

7

expectation. This deviation can be decomposed as follows. Let ¢ be the n x d matrix of

all features.
¢ —E[p"] = A*X — E[A*X]
— A*X — E[A*]E[X] (since A and X are independent given z)
= (A" — E[A"))X + E[A"](X — E[X])

— A+ A (.22)
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Here, A = (A* — E[A¥])X captures the randomness from the graph structure A, and
A = E[A¥](X — E[X]) captures the randomness from the initial node features X (around
their means). Both A and A are n x d matrices. Let AZ and Al denote their i-th rows (viewed

as d x 1 column vectors for consistency with fi(k)).

We define the normalized versions:
A= N V2N = AR
With this notation, the centered and scaled feature for node ¢ is:
W = A+ A

For any projection vector 6 € S9!, we denote A; p = (A;,0) = AT0 and A;p = (A;,0) = AT6.

Now, we aim to show E[W;(P,,G)] — 0 where P, = £ 3" | (551@. This is achieved by
showing:

1. E[Wy(P,,P,)] — 0, where P, = E[P,,].

2. W1(P,,G) — 0.

Part 1: Concentration of P, around P,. This part relies on Proposition |17 (from
Appendix @) To apply Proposition , we need to verify its conditions for Y;,, = ¢ k),

)

(a) Uniform W, sub-Gaussianity of projections: For any § € S971, {(ﬁfk),9>}?:1 are
uniformly ¥, sub-Gaussian (see Appendix |C| for the definition):

Lemma 31. sup [|(¢", )|y, < C(o, ) for all 6 € 54

1€[n] ~

Proof. Combining Propositions @ and (10| (from Appendix [A.3]), we have

1EX 0w, < 1Aisllwr, + |Nisllwe,, S Ko+ oBin

where kg is a consntant only dependent on ¢ and z., and S, = o(1). The result

follows. O
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(b) Variance of empirical moments: We have the following result:

Lemma 32. lim,_, Var(n’l Zi(fi(k), 9)7) =0 forallr €N and 6 € S,

Proof. By Lemma , limy, o0 || Zi<§i(k), 0)" — L5 ATy||r2 = 0. Lemma (36| gives
Var(n=' Y7, A7,) S n~". The result follows from the inequality var(A) < 6[|A — BJ|7. +

3var(B) for any random variables A and B in L. O

(¢) Uniformly bounded first moment of P,: sup,s, Mi(P,) < co. This follows since by
Proposition [11] m; (P, 4) converge to m;(Gy), which is finite, for all § € S4~1. The

claims then follows from Proposition [T4]

With these conditions met, Proposition |17| (from Appendix @ implies E[W,(P,,P,)] — 0.

Part 2: Convergence of P, to G. Proposition (from Appendix shows
m,(Png) — m.(Gy) for all § and r. Since Gy is a mixture of Gaussians, it is determined
by its moments. This implies weak convergence P, 4 ~ Gy. The convergence of moments
also implies uniform integrability of all moments for {Fn,e}nzl- This, combined with weak
convergence, yields Wi (P, 9, Gg) — 0 for all § € S*! (e.g., by [AGS08, Proposition 7.1.5]).
To lift this to W, (P,,G) — 0, we use Proposition [16] (from Appendix @ Condition

for this proposition, sup,,~;(M1(P,) + Mi(G)) < oo, is satisfied because M;(IP,,) is uniformly
bounded (as argued in Part 1c) and M;(G) is finite.

The class-conditional convergence statement in Theorem [15|follows from a similar argument
by considering per-class empirical measures P, , and their expectations FM, and showing their
convergence to N (0,%,). See the proof of Proposition [12] (a restatement of the class-conditional

convergence) for details.

A.2 Proof of Theorem (CLT for Degree-Normalized Features and Labels)

The proof of Theorem closely mirrors that of Theorem [I5, with adjustments for the

non-zero means and the v, ! scaling in the covariance. Let P/ be the empirical measure of
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— (k)
(Zia (bz

convergence of expectations of Lipschitz functions f(z,z). The core argument involves

) and GZ°™™ be its target limit. The convergence in W; can be established by showing

showing that for i € Cy, 52(1@) behaves like a draw from N (pg, X¢/vy).

1. Mean Convergence: Lemma |33|establishes that E[E(k)] converges to a general limit ~;.

[

Lemma 33. Define limiting mean v; = el (E[A/v,])*E[X]. Assume Assumption[5 and

suppose v, > 1. Then,

—(k _
max [E[3"] — 77 [, < C(k) . vy

Under the specific community-based graph model, this general limit +; further simplifies

for nodes within a class C; to the class-specific mean iy, as stated in the following lemma.

Lemma 34. Under the conditions of Theorem [1]] (which include the CSBM structure
and Assumptions 23], with the strengthened Assumption[f)), let v = el (E[A/v,))"E[X]
be the 1 x d row vector defined in Lemma . For any node i € Cy, its limiting mean ~y]
converges to pl = ef J*M. More precisely,

maxsup || — g [l = (v, '/?).
Le[L) i€Cy

Proof. The expected adjacency matrix of an undirected, loop-less SBM is E[A] =
(Vn/n)(P — diag(P)), where P = ZBZ" and diag(P) contains the diagonal entries of P.
Thus, E[A/v,] = (P/n) — (diag(P)/n). The difference between (E[A/v,])* and (P/n)*
can be bounded. Since matrix exponentiation H — H* is locally Lipschitz for matrices
with bounded operator norm (which (P/n) and E[A/v,] are, as their entries are O(1/n)

and norms are O(1)), and

IE[A/vn] = P/nllop = ||diag(P)/nllop = maxn™ By = O(n™"), (-:23)

U'elL]
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it follows that ||(E[A/v,))* — (P/n)k|lop = O(n~1). Given E[X] = ZM has bounded row

norms (from Assumption [5)), we can write:

v = e (P/n)"E[X] + e (B[A/va))* — (P/n)")E[X]
=e; (P/n)*ZM +O(n™") - [l€] |lop | ELX][lop-

Since [|e] ||op = 1 and ||E[X]||op is bounded (e.g., by v/ L maxy || M, ||z < v/Lx,), the error
term is O(n™1). So,
v =el(P/n)*ZM + O(n™).

Now consider the main term e! (P/n)*ZM. For a node i € C;, we have e/ Z = el (where

e; € R, e, € RL).

el (P/n)*ZM = el (ZBZ" In)*ZM
= el Z(B(Z"Z/n))* M
= el (BI)*M (since Z7Z/n = diag(|C,|/n)", = II)

=¢ TJ*M,

where J = BII and II = diag(7, ..., 7) with T, = |C,|/n. We are given ul = eI J*M,
where J = BII. The difference is 7 (J* — J*)M.

From the Assumption , Ts = Ts + 0(Vn Y 2), which implies Il = II + E, where E, is
a diagonal matrix with entries 0(1/51/2). Thus, ||IT — op = 0o(vn L2 ). Then, J — J =
B(IL—11) = BE,.. S0, | = Jllop < [|Bllopll Enllop = O(1) - o %) = o). Using
the identity A* — B* = Z?;S AJ(A— B)B* 77 and since ||J]|op and ||J||OlD are O(1) (as
[Bllop and [[TI]|op are O(1)),

1T = T lop < k- max([| lops | Tlop)* ™" - 1] = Tllop = O(1) - 0, /%) = (/%)

TI,

Therefore,

leg (% = T*) M2 < Nlef lopllT* = T llopll M llop = 1 - 017, /%) - O(1) = o(w,/2).

n
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Combining the two error terms:
Y = el J*M + o(v; V%) + O(n7Y).

Since v, = o(n) (Assumption, n~! = o(v;!) which is also 0(1/{1/2). Thus, the dominant

error term is o(vy "/ ?). The bounds are uniform over i € C; and ¢ € [L] because the
operator norm bounds on B,II, M and the rate of convergence in Assumption [ are

uniform. O

2. Covariance Characterization: The deviation af’“) — ]E[qﬁﬁk)] / /Vn. The analysis
for fi(k) (specifically, the characterization of its moments leading to Proposition |L1]in
Appendix [A.4)) shows its asymptotic covariance, conditional on z; = ¢, is 3,. Thus, the

—(k)

covariance of afk) — Elg,

] (and asymptotically, of Ez(k) — pg for i € Cp) is Xy /v,.

3. Moment Matching and Concentration: Similar to Theorem [15], one shows that

(k)

the moments of (51 — ) (for i € Cy), when appropriately scaled, match those of

N(0,3%/vy,). Concentration arguments analogous to Part 1 of Theorem s proof apply.

Steps 2 and 3 above are rigorously formalized during the proof of the class-conditional

version of the statement (Eq. (6.11)) which is stated and proved as Proposition |13|in Ap-
pendix |A.4]).

A.3 Supporting Lemmas for Moment Analysis

We borrow the following two key results from [VA24b]:

Proposition 9. Suppose X; — E[X;] ~ SG(02) and v, > 1. Then, for Aig = (A;/vh~ vz 0):

|Aipllw,, S 0Brn where [, = (V;]‘““l)l/2 - 1{k is even} + (l/n/n)l/Z.

Proof. A component-wise version of the above (i.e. with 6 a coordinate basis vector) is proven

in [VA24bl Section 4.1]. The general case follows by a similar argument. Broadly, this follows
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from the fact that A; = E[A*)(X — E[X])/ vE71 is a linear transformation of sub-Gaussian
random vectors {X;. — E[X;,]}i. The rate B, is obtained through path counting on E[AF];;
for each j € [n]. O

Proposition 10. Let t. = rk — [r/2] and ko = 4max{C\o, .} for a distribution-dependent

constant Cy. Assume Assumption and suppose v, > 1. For e € [0,1], let

(€)== max{r € 2N : 3(xkorke®)” < v17c}. (.24)

n

Then, for A; g = ((AF — E[A*))X,0) and for all 1 < r,(0):

E|Aio|" < 2(v/rro) vy (.25)
As a consequence, for A; g = Ai,g/yﬁ_lm, we have || Aigllw,, < Ko

Proof. This result is proven in [VA24b]. The power v+ arises from counting dominant walk

structures contributing to the r-th moment. O]

Lemma 35. Assume Assumptions[d, [3, and[3 For any r € N:

0.

lim max
n—0o0 i€[n]

[GRADENG

L2<—

Proof. Using the decomposition (@(k), 0) = A, g+ Aiy, we have

" T
(€9 0y — A7, =3 ( )A:,;SA;:Q.

S
s=1

By Minkowski inequality (for Ly norm of sums):

S (0)ann]| <3 (1) 18wl
L2 s=1

s=1
By Holder inequality, with 1/p = (r — s)/r and 1/q = s/r,

A7 A|2, = EIAZ T AZ)) < (BAZ) /7 (EAZ)*/".

1y
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This is HAi,gHi(;*S) [ As |32, For n large enough so 2r < r,,, Proposition [10| (via Lemma
gives || A gl p2r S KoV2r. Proposition@ (via Lemma gives ||A;, S 0Bk nV2r. Take

n large enough so that g, < 1. Then, for s > 1, we have ﬁkn < Bim, hence ||A; o135 <

0% By, (2r)%. Since By, — 0 from Proposition [J] (as v, — 00,1, = o(n)), and all other terms
are bounded, the sum tends to 0. The convergence is uniform over ¢ as the bounds are

uniform. ]
Lemma 36. Under Assumption @ and @ For every i,i’ € [n], r € N and § € S,
COV( AN 9) < g M}

In particular, Var(n™ 37 | Al)) <n™t forr € N and 6 € S471.

The proof of Lemma |36 is quite involved, using combinatorics of walk sequences, and
appears in Appendix [F]
Lemma 37. Let r € 2N and 0 < e < 1. Assume Assumption and suppose v, > 1. If
r < r,(€), then

m?x [E[A],] — (r = D157 < C(r) 2} max{n~", v, }
1€

where 529 = |ViE[A/v,)FYE[X]0||% and V; = [diag((pﬂ(l —Di1)s - Pin(l — pm))/un} 12,

The proof of Lemma [37| appears in Appendix [F|and involves walk-based proxy term ﬁhi(r)

and careful counting of dominant vs non-dominant walk structures.

Lemma 38 (Odd Moment Control for A, ). Under Assumptions @ﬁ for any odd integer

r > 1 and any unit vector § € RY,

1 E 0.
Jim max [E[A,]| =

More specifically, E[A] ] = O(V{l/Q).

Proof. This follows from Proposition [I0] For an odd r, the moment bound for A;y is
BIAsl" S (Vimo) w7 = (rmo) v =
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A.4 Supporting Results for Specialization to Community-Based Graphs

Proposition 11. Under Assumptions |33,

nh_)rgon ZE (r—1) ”Zm ((J*'M6)" diag(e; J)(J"“_IMQ))T/2 - 1{r is even}.

=1
Stated differently, m,(Pp¢) — m,(Gy) where Gy = ZELZI N (0,073,0).
Proof. We proceed in steps:

Step 1: Approximate with moments of A;p. By Lemma (35| (specifically, ||(¢; (k) Oy —
Afyllzr — 0 since Ly convergence implies L;), we have ]E(fi(k), 0)" = E[A],] + o(1), where the

o(1) term is uniform over . Thus,

1 n 1 n
“NTEE® gy = ZNTE[AT 1
n; (&",0) n; [A7y] +0o(1)

Step 2: Handle odd moments. If r is an odd integer, by Lemma , E[A],] = o(1)

uniformly in ¢. Therefore, .
lim 2_Elag,) =0
This matches the proposition statement, as 1{r is even} = 0 for odd r.
Step 3: Handle even moments using o} ,. If  is an even integer, by Lemma ,
E[Afg] = (r =D -aiy + o(1),

uniformly in i. Here, 67y = |[ViE[A/1,,]*'"E[X]0]]3. So we need to analyze the limit of
%Z?:l(r SR Ui,@'
Step 4: Analyze 529 under the CSBM structure. We have

0o = (E[A/va] TE[X]0)"V(E[A/v,]" " E[X]0).

where V2 = v, 'diag((py;(1 — py))i=)) = v, 'diag(e] E[A])(1, — diag(e]E[A])). Since by

assumption v, = o(n), we have e E[A] = O(v,/n) = o(1) uniformly in 7. It follows that
V? = v, 'diag(e] E[A]) + o(1).

174



Moreover, as shown in the proof of Lemmal[34] (specifically Eq. (23)), E[A4/v,] = P/n+0(n™1),
where P = ZBZT. Substituting we get

o9 = ((P/n)*'E[X]0)" diag(e; P/n)((P/n)*E[X]0) + o(1).

Under the CSBM structure, we have E[X]0 = ZM#. Similar to the derivation in Lemma [34]s
proof:

(P/n)F'ZM6 = Z(BIF' MO = ZJ' M.
If node i € Cy, then el P/n = el (BZT /n). The term Zdiag(el P/n)Z becomes a diagonal

L x L matrix. For i € Cy:

(Zdiag(e] P/n)Z)q .y = Z (el'P/n);Z
= > (Py/n)= Y (B.y/n)
j€Cs,8=5' j€Cs,8=5'

= 1{s =5} (Bus|Cs|/n) = 1{s = &'} - BysTs.
So, ZTdiag(el P/n)Z = diag((Bys7s)k,) = diag(eeT:]vn). Therefore, for ¢ € Cy:
59 = (JE' MO) diag(e] J,) (JE M6) + o(1).

Let aze(jn) = (JF1MO) diag (el J,)(J*"1MF). This term is the same for all i € C; up to

o(1) errors.

Step 5: Averaging over i and taking limits. For even r:

DILAOREEE S WA
i=1
Cel
!
Z <| £|Z )

1€Cy

(r—1) ”ZW 7)) 4 o(1).

As n — oo, by Assumption , 7o — 1. Also, ||jn — J|lop — 0 (due to IT — TI). Since o79(:) is

a continuous function of its matrix argument (in terms of matrix entries or operator norm for
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fixed M, 0, B, eg, k), we have o24(J,) = 07o(J). Let o33 = (J*'MO)Tdiag(e] J)(J*~' M0).

The limit becomes:
7,_1”271_6 *2 r/2.

This is precisely the 7-th moment of Gy = >_,_, N (0, 0;3). Note that o;5 = 0750 where
Y = (J¥TM)Tdiag(el J)(J*1M). The proof is complete. O

Proposition 12 (Part of Theorem . Consider the setting of Proposition . Let
Gy = N(0,%) for £ € [L]. Then for any R > 0:

Z Z f(&™) — ZWEEYN(G@ [fe(Y)]‘} — 0.

f 1 i€Cy

E sup
fi,--,fL €Lip(R)

Proof. Let P, , = ﬁ Z’iECg ) £ be the class-conditional empirical measure for class £. Let
fe € Lip(R). We can assume fy(0) = 0 without loss of generality by considering fo(x) — f¢(0),
as this does not change the difference of expectations for centered measures and preserves

the Lipschitz constant. The term we want to show goes to zero is:

Cy|
A, = sup | e Py o[ fe] — Zﬂer fil

fi,--,fL€Lip(R) =

Using the triangle inequality:

C
A, < sup i £|

frofLELID(R) 5y

P e[ fo] = mePn o[ f]

+  sup Z 7P e[ fe] — TGl fe]

fiye fLELiD(R) Y

sup [Py o[ f]]
fo€Lip(R)

+ Zm sup  |Poelfe] — Gelfe]]

" fecLip(R)

The second term is Zle R - Wi(P, 4, Gy) by definition of W; (scaled by R). Let T}, and

T5, be the two terms.
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For T) ,,: Since f,(0) = 0 and f; € Lip(R), |Pus[fe]| < Pusllfe(z)]] < R-Pogllz]]]. So
5 k

Elsup;,crip(r) [Prelfll] < RER, [l|2]] = R P lll]l]. The term B, [l|]] = 2 Xice, BIIE -
From the proof of Theorem (specifically Part 1c, relying on uniform integrability of moments

of P,), suan[Hfi(k)H] is bounded for all 4. Thus, sup,, P, ¢[||z||] is bounded (as |C;| — o). By
, d _ m‘ — 0. Therefore, E[T} ,] — 0.

For Ty,: We need to show E[W; (P, ,,G;)] — 0 for each ¢. By the triangle inequality,

Assumption

Wi(Pps, Gp) < Wi(Poy, Pry) + Wi(P, 4, Gy). For the two terms on we have:

(a) E[W, (]Pn,g,ﬁn,g)] — 0: P, ¢ is an empirical measure of N, = |C;| variables {fz(k) 1€ Cy}.
Since Ny — oo (as my > 0), we can apply Proposition to this specific subset of
variables. The conditions for Proposition [17|are: (i) Uniform W, sub-Gaussianity of
(gf’“), g) for i € Cp: This holds from Lemma . (ii) Variance of their empirical moments
Var(N, ! > ices (f(k) ¢)") — 0 holds from the more general formulation of Lemma
where Cov(Af,, Api) < n~ W} (iii) sup,, M1 (P, ) < oo: This holds as shown for
T1.n. Thus, E[W, (P, P,)] — 0.

(b) Wi(P,s, G¢) — 0: We analyze the moments of P, , for a given 6 € S, m, (P, 19) =
ﬁ Ziecé]EKSi(k),Q)T]. From Steps 1, 2, 3 of the proof of Proposition , we know
that E[(fgk),ﬁ)ﬂ = E[A]y] + o(1). If r is odd, E[A},] = o(1) by Lemma . So
My (Prgg) = 0=m,(N(0,075,0)). If r is even, E[AT ;] = (r — 1)!! - 57, 4 o(1), where
the o(1) is uniform in 7. From Step 4 in the proof of Proposition [11] u, for any i € Cy,
G2y — 049 = 07%,0. Thus, for i € C;, E[(§; (k) ,0)] = (r — 1)(073)™/? - 1{r is even}.

This limit is uniform for all 7 € C,. Therefore,

mr(Fnee) |Cg| Z r— 1)”( *2)r/2 1{7’ . even}+0< ))

1€Cy

— (r—1)!l(o *2)”/2 1{r is even}.

This is m,(N(0,07%,0)). Since Ggg = N(0,07%,0) is determined by its moments, and

its moments are finite, @n%g ~» Gyg. The uniform integrability of moments for ﬁn,w is
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inherited from the global case (as seen in T}, argument, M, (ﬁnl) is bounded for any
p). This promotes weak convergence to Wy(P,, 20, Grp) — 0. Then, by Proposition
W1 (Pn,g, Gg) — 0.

Since E[W1(P, ¢, G,;)] — 0 for each ¢, and m, are constants, E[T,,] — 0. Combining
E[T),] — 0 and E[T5,,] — 0 completes the proof. O

Proposition 13 (Part of Theorem . Consider the settings of Proposition . Let @n! =

E sup — 0.
f1 ..... fL GLlp(R

Proof. Let IF’M be the class-conditional empirical measure for g_bik) for class ¢:

k)
n,€ |CZ| Z f

i€Cy

N(pe, X¢/vn). Then for any R > 0:

ZZfe NS By 5 (V)]

Z 1 i€Cy

Let Al be the term inside the overall expectation:

Z Gl Prelfe] - ZWGM fl-

sup @nem“ (:Tl/,n)

fe€Lip(R)

I?P;n,f[fﬁ] - @n,é[ff] (= T2,,n)‘

L
+ Z Ty Sup

=1 fe€Lip(R)

The second term is 25:1 m R - W, (ﬂjn,g, @M) We can assume f;(0) = 0 by replacing f,(z)
with fo(z) — f¢(0) and noting that [Py, /[f2(0)] — Gue[f(0)]] = | £2(0) — f.(0)| = 0.

Before bounding the two terms, we first show that

EHq_bEk) — ]2 = 0 uniformly for i € Cy. (.26)
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By Lemma |33/ and Lemma , E[Efk)] — pg for i € Cp. Next,

Var(@y") = Var(6® //im) = Su/vn + o),

uniformly over i € C,, by noting that the convergence in the proof of Proposition |11} is, in fact,
uniform over i € C; and 6 € S*!. Since E||5(k) — ]2 < E||$l(k) — E[g_bfk)]ﬂg + ||E[g_bz(k)] — pigl|2,
and the first term is bounded by (tr Var(gb ))1/2 O(ygm) = 0(1), and the second terms

is o(1) for i € Cy, the claim follows.

3 —(k)
For T, E[sup,crip) [Paelfell] < R-ERuflo]]] = R+ o Tice, BIIG ). By eq. (26),
E[Ha(k)ﬂ] converges to [|4|| which is bounded. Thus, sup, E[sup,, IP,..c[f]|] is bounded. Since

[l — 0 by AssumpthH L E[T7,] = 0.

For T ,,: We need to show E[W; (]ﬁn’g, Gp)] — 0 for cach £. Let f € Lip(R) with f(0) =
Let En’g = E[I’P;n’g]. We first analyze

Boilf] - Godlfll < 2 SEISEY) - Gnelf))
| | 1€Cy
where EM[ | = |Cg| > icc, ELf (¢ (k))] Using the decomposition for a single i € Cy:

Elf (@) = Gl fll SEIFG") = Fle)| +EIf (1) — Celf]]-

Let these two terms be A;, B;. (Note B; is actually independent of i for i € C;). Since
f € Lip(R):

e A, <R- E||$§k) — ]2 = O(Vﬁlﬂ) uniformly for i € Cy, by eq. 1)
e For B;, we have
Bi = [Eyn©sowlf (1e) = f(pe + Y| < R Eyonose w1V 2]

and EYNN (0,%¢/vn) |Y|| \/ Zg/Vn _1/2 SO B O( _1/2)

Thus, uniformly over i € C;, and f € Lip(R), we have E]f(al(k)) - @M[fﬂ = O(va''?). This
establishes W, (En’g, ((N}n,g) — 0.
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Now, for the concentration part E[WW/; (]:’E)n,g,ﬁmg)] — 0: We will verify the conditions of

Proposition [17| for the variables X;,, = ¢,

(i)

(i)

(k) for i € Cy:

Uniform ¥, sub-Gaussianity of <<_b§k), 6): Since El(k) = E[El(k)] +e®y /Vn, We have

v, < 1EB), 0w, + 1EP ) /om0l
— [EB,0] - 11w, + 15 /v/Pm, 0) v,

13" 0))|

the first term is bounded in the limit by C(ue, 8) where C' = limsup,,_, ||1||w,, is a
universal constant, and the second term is O(vy, Y 2) by Lemma , both uniformly over

1€Cpand 0 € Se-1,

and p, is bounded, and £Z»(k) /+/Vn has vanishing ¥ norm (as £i(k) has bounded ¥ norm),

@Ek), 0) will have bounded W, norm (dominated by (e, ¢) plus a small term).

(k) 0)"). Again, we use af'“) = E[E(k)]—k

[ ? 7

51 / /Vn- By an argument similar to Lemma , we obtain

Variance of empirical moments: Var(N, ZzECg<

1@, 0y — (E3%,6) IL2<Z()|| B3, 0)r5 - 1P /T Ol (20)

We have H(Eaf = = |<]E5§k), 0)|"~* since the quantity is deterministic. This is
uniformly bounded over i € C;, and § € S !, by eq. . Similarly, [[(¢*),6)]| 12
is uniformly bounded over i € C;, and 6 € S%!, by the argument in the proof of
Proposition (the convergence of the moments is uniform over i € Cy). It follows
that H< /\/I/_n, 0) |52 = O(v 78/2) O(V;lﬂ) for s > 1, uniformly over ¢ and 6. The
same then applies to LHS of eq. |) This in turn 1mphes |V D ice, (@ fk),é)’" —
Nt > ice, <E$£k),9)r||Lz = o(1). Now, Var(N,* > icc, <E¢i ,9>T) = 0 since this quan-
tity is deterministic. This implies (see the inequality in the proof of Lemma
Var(N, ZZeQ( (") ,0)") = o(1) which is the desired result.

sup,, M, (EM) < oo: This was shown for 77 ..
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Thus, by Proposition , E[W1 (P, Pps)] — 0.

Since E[W; (IAFV”n,g7 @M)] — 0 for each ¢, it follows that E[T} ] — 0. Combining E[77] ] — 0
and E[T; ] — 0 completes the proof. O

B Moment Characterization in W,

In the following {H,},>; and H are all (Borel) probability measures on R?.

Proposition 14. Assume that {H,},>1 is a sequence of (Borel) measures on R? such that

sup/ |07 2|"dH,, (7) < oo, for all§ € R%

n>1

Then, sup,,>, [ |lz||"dH,(x) < co.

Proof. Let {6y,...,0,,} be a 3-net of the unit sphere S“* = {§ € R* : |0 = 1}. We

have ||z| = supgega [072] < 2max;epm) |67 z]. It follows that [|z||” < 2" max;ep, |07 2" <
203" 107 x|", hence

sup/ |z||"dH,,(z) < QTZsup/ |07 2|" dH,, () < oo

n>1 i1 n>1

proving the result. [

C VU, sub-Gaussians

Definition 7 (¥, sub-Gaussian). Let r > 2 be a real number, and ¥, : [0,00) — [0, 00) be

defined by

[7/2] iL‘2j
U (x) =Y = (.28)
— !
J
The corresponding Orlicz (or Luxembourg) norm for a random variable X is:
| X ||o, = inf{K > 0: E[V,(|X]|/K)] <1}. (.29)
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Lemma 39 (Norm equivalence). Let X be a random variable and r > 2. The following holds:

(a) Norm implies moments: If || X||g, < K for some K >0, then
(E|X[P)Y? < C\K\/p  for all p € [2,2[r/2]]
where Cy > 0 is a universal constant.
(b) Moments imply norm: If (E|X|P)}/? < C\/p for some C >0 and for all p € [2,7], then
X[, < CoC
where Cy = 24/e.

Proof. Part (a) Assume || X ||y, < K. By definition, E[V,.(|X|/K)] <1

é |X|/K> <

For any integer jo € [1, |r/2]], let p = 2jo. Since all terms in the sum are non-negative:

B | | < Elw(X1/8)] < 1

So, E|X [P < KPjy! = KP(p/2)!. Taking the p-th root: (E|X|P)'/? < K((p/2)!)/?. Using the
inequality m! < ey/m(m/e)™ for m =p/2 > 1:

((P/2D)P < (e/pI2(p/2e)"*)'? = (ex/pJ2) 7 (p/2¢) > = (¢ p/2)1/p\/27;e

The term (e/p/2)!/? is bounded by a universal constant ¢ for p > 2. (It tends to 1 as p — 00).
Thus, (E|X[P)V/? < Kc/\/1/(2¢),/p for even integers p € [2,2[r/2]]. Now, let p € [2,2|r/2]]
be any real number. Let ¢ = 2[p/2]. Then ¢ is an even integer, p < ¢ <p+ 1< p+ 2, and
q < 2[(2]r/2])/2] = 2|r/2]. By Lyapunov’s inequality:

(EIX")P < (EIX]|)YT < Kd'V/1/(2e) /g
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Since ¢ < p+2and p > 2, we have ¢ < p+p = 2p. So /q < /2p = \/5\/]3 There-
fore, (E|X[P)Y/P < K¢'\/1/(2e)v/2/p = (¢'\/1/e)K/p. Setting C; = ¢y/1/e (a universal

constant) proves the first part.
Part (b) Assume (E|XP)'/? < C./p for p € [2,7]. We want to find k such that
E[W, ([ X|/k)] <1

lr/2] 2j
E[V,(|X]/k)] = Z Eﬁff}" ]

Let p = 2j. Since j € [1,|r/2]], p € [2,2|r/2]]. This range is contained in [2,7]. So we can
use the moment bound: E|X|P < (C/p)? = CPp»/%.

"'/QJ )
el 1) < 3 T
Using the bound (25)7/5! < (2e):
lr/2] ~oj i /2] j
C%(2e)’ 2eC?*\’
(1w < S S = S (%)
= =

This is a geometric series with ratio R = 2eC?/k?. If we choose k such that R < 1/2, the
sum is bounded by 37 (1/2)’ = 1. We need 2eC?/k? < 1/2, which means k* > 4eC?. Let
k = \/4eC = 2,/eC. With this choice of k, we have E[W¥, (] X|/k)] < 1. By the definition of
the norm, || X||g, < k = 2/eC. Setting Cy = 2/e proves the second part. O

Lemma 40 (Tail bound). Let Y be a random variable and r > 2. Suppose ||Y ||, < K for

some K > 0. Then there exists a universal constant co > 0 such that for all t > coK :

2

B(Y] 2 1) < exp(—eimin { 1. 1r/2]})

where ¢; = 1/(4C%e) and Cy is the universal constant from Lemma [39(a). The threshold
constant is co = 2C14/e.

Proof. The assumption ||Y|ly, < K implies (E|Y|)'/? < C1K/p for all p € [2,2|r/2]] by
Lemma [39(a). Let rj = 2|r/2]. This matches the condition (56) of [VA24b, Lemma 25|
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with A =Y, n=1/2, Kiepy = K, Clep, = 2C%, and 7y replaced by rj. Lemma 25 applies for
x> 4C1mne = 4(2C%)(1/2)e = 4C%e. Tt gives the tail bound:

i

P(Y] > Kx1/2) < exp ( — min{m, 777“6}) = exp ( — min{ﬁ, Lr/2j})

Let t = K22, so z = (t/K)?. The condition on = becomes t > K./4C? = 2C;/eK.
Substituting x in the bound yields:

(Y| ) < oxp ( —min { U5 (r72})

Setting ¢; = 1/(4C%e) and ¢y = 2C}+/e gives the desired result. O

D Results on Triangular Arrays

Proposition 15. Let u, = %ZLI dy,, be the empirical measure of real-valued random
variables Y; , for i € [n], and let fi,, = Ep,. Assume that for some sequence r, = w(1l), we

have

(a) {Yin}iy is uniformly ¥, sub-Gaussian, that is, there exists ¢ > 0 such that sup;cp, [|Yin|lw,, <

C.
(b) var(n=' 31 V) — 0 asn — oo for allr € N.
Then, E[Wl(,un,ﬂn)] — 0 asn — oo.

The full proof of this proposition will be deferred for a next section.

Lemma 41. Wi(n,,nm0,) < || — 0]|M1(n), for any probability measure n on R and
0,,05 € R

Proof. Let X ~ 7. Using the dual formulation of W for measures on R:
Wi(ne,,ms,) = ?UE’Ef(QlTX) - Ef(%TX)‘
S

< fcuEE\f(%TX) — f(0; X)| S EI0TX — 05 X| < |61 — 6| M (n).
S
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This completes the proof. n

Proposition 16. Let {{i,}n>1 and {n,}n>1 be random probability measures on R, Let

in = Eu, and 1, = En,. Assume that

sup (M (fi,) + Mi(1,)) < oo, (.30)

n>1

and E[Wl(umg, T]nyg)} — 0 as n — oo for every 0 € S¥1. Then, E[Wl(un,nn)] —0asn—

Q.

Proof. The map 6 — Wy (pin9, Mne) is Lipschitz with constant L,, := M;(,,) + M;(n,,). This is
shown in [BGI, and we reproduce the argument here for completeness. The triangle inequality

for Wy gives,

Wi (tnoys Mnoy) < Willno, s tnos) + Wity Mnos) + Wi(0noys oy )-

Rearranging yields

Wl (Mn,@l ) 77n,o91) - Wl(:unﬂz; nnﬂz) S Wl (Mn,@l ) /’I’TL,QQ) + Wl (T]TL,91 ) T]TL,@Q)
< |61 = 2| Mi(pn) + (161 — 62| Mi(n,)

where the second inequality follows from Lemma [41] Switching #; and 6, shows that the

inequality holds with the LHS replaced with its absolute value, proving Lipschitz continuity.

Let F,(6) = Wi(tng,mnp). By the result of [BG], there is a constant C(d) such that

Wi(n, ) < C(d) max F,(0).
fesd-1

Let 61,60s,...,0x be a e-net of S%7!, with N = N(¢) finite. For every § € S%7!, there is a 0,
such that F,(0) < Lpe + F(6;) < Lne + SO0, F,(6;). Tt follows that

E max F,(0) <E[L,] ¢+ Y E[F,(6)]

i=1
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Bounding E[L,] further by sup,,-, E[L,] and noting that E[L,] = M(fi,) + M:(7,), we have

E[Wi(ptn, m)] < C(d) {6 sup (M (fim) + M (7)) +ZEW1(un,e“nn,ei)}-

m>1
The sum goes to zero by assumption as n — oo, and the first term goes to zero taking € | 0

and using (|.30)). a

Proposition 17. Let p, = + 3% | by, be the empirical measure of vector-valued random
variables Y;,, € R? fori € [n], and let i, = Ep,,. Assume that for some sequence r,, = w(1)

and for any 6 € S471,

(a) {(0,Y:n)}0y is uniformly ¥V, sub-Gaussian, that is, there exists ((6) > 0, such that
supepy 10, Yim) v, < C(6).

(b) var(n=' 3" (0,Yi,)") = 0 as n — oo for all r € N.
(¢) sup,zy Mi(fin) < o0.

Then, E[Wl(,un,/ln)} — 0 asn — oo.

Proof. First, note that Eu, g = fing. By Proposition |15, and assumptions (a) and (b), we
have that E[Wl (Ln.0, ﬂn,e)} — 0 as n — oo for every § € S?1. Next, applying Proposition
with 7, = 1, and noting that v, = [i,,, the result follows. O]

E Proof of Proposition (15

Proof. Let us write Li = su M for the Lipschitz constant of f. Consider the
b Pazty ™ Ta—y]

set of functions
L={fR—=>R|Lip(f) <1,f(0)=0}, Lp={flp<sl|feL, B>0}
Let w,, := u, — [i,. By the dual characterization of W7, we have

Wl(ﬂna ,an) § sup ‘wnf‘
fec
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By breaking f = fljzj<p + flz>5, we have
Wl(,unaﬂn) < sup |wnf| -+ sup ’wn<f1|x\>B)| (31)
feLp fec

Fix ¢ € (0,1) and consider the second term first. For any integrable f, we have

‘wn(fl\be)’ < |Mn(f1\x|>B)’ + ’ﬂn(fllbe)‘

For f € £, we have |f(z)| = |f(z) — f(0)| < |z — 0|. Then, we have

|wn(f1|a:\>B)| < Nn(|m|1|x|>B) + ﬂn<|x|1|x\>3)

Taking the supremum over f € £ and then expectation, we have
Esup . Flios)| < 2inl(olliop) = ZE Yial1{[Yon] > BY).

Take n large enough so that
2

B
> 2( 2% Tt 1) (.33)
which we will verify at the end. Also, take B > By(() := ¢o( where ¢, is the constant in

Lemma [40] Then, by this lemma, we have P(|Y;,,| > B) < exp(—c;B?/¢?), and by Lemma [40]
we have E[Y;2 ] < 2C}¢?. Then, by Cauchy-Schwarz, we have

E(|Yiu[L{{Yiu| > BY) < \/EYinl2] - B(Yinl > B) < V20i( - exp(—eB*/2?).
Taking B > B;(() for B;1(¢) large enough, the RHS can be made < e, which gives

Esup |@,(flz>5)| < 2.
fec

Consider now the first term in (.31). Viewing L5 as a subspace of (Cy([—B, B]), || - [|s0),
by restricting to [—B, B], Lp is uniformly bounded and equicontinuous, hence by Arzela—
Ascoli, it is relatively compact in the sup-norm topology. This, in turn, implies Lg is totally

bounded. Then, there exists fi,..., fas € Lp that form an e-net for Lz in sup-norm, for
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some M = M(e, B) < oco. That is, for any f € Lp, there is f, such that ||f — fil|o < €,
hence

|wnf| S |wn(f - fé)l + ‘wn.ﬁ'

< l@allry - 1f = felloo + [@nfel < 26+ @ fil-

A

Taking supremum over f € Lg, we have

sup |wnf| < 2+ sup |wnf€|
feLp Le[M]

Take B > 3. By Lemma 43| each f, admits a (truncated) polynomial Q,(x) = 1{]z| <
B} -y cjen?, with m = 4[CyB/e] € 4N (can take Cy = 18) such that

Hff - Qf“oo <eg,
and |cj| <6B-3™77 =:qa; for all j > 0 and ¢ € [M]. We have
@ fel < ll@nllry - [[fe = Qelloo + |nQel-

It follows that

sup |wnf€| < 2e + sup |anél
Le[M] Le[M]

and we have

sup |an€‘ < sup ‘Z Cije wn X 1\x|<B)‘

Le[M] Le[M]
<32 (s lesl) - (@ Loz € 30 @0 L)
=0 e[ M] =0

We have
@ (27 La1<)| < [@n(@?)] + @ (@7 1o 5)]-
Then, for the second term, using (.32]), we have, for all j € [m],

|wn(xj1|a:|>B)| < Mn(lxj|1\x|>3) + I_LN(|$J‘|1\1:I>B)

< (2™ Vag> ) + fn (|2 [1ja)> ).
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Taking maximum over j € [m/|, followed by expectation, we have
E s @ (27 Lo 1) < 20 (2] Lap> ) = ZE Vi 1{[Yin| > B}).
Jjelm =1
Take n large enough so that

rn > 2m = 8[CyB/<], (-34)

which we will verify at the end. Then, by Lemma {40 we have E[|Y;,|*™] < (C1¢)*™(2m)™ =
(2C%¢*m)™. Then, by Cauchy-Schwarz, we have

E(|Yin " H{[Yinl > BY) < \/E[[Yinl2] - B(|Yin| > B)

< (202¢m)" - exp(—cB?/2¢?)

Using a; = 6B - 3™, we have ) " ja; < 9B -3™. It follows that
E[Z aj]wn(le‘zbg)@ < (Z aj> -E sup |@,(271,>5)|
=0 =0 j€[m]
< 9B -3™-2(207¢*m)™ - exp(—cB*/2¢?)

< 18exp (1og B + mlog(6C2¢C*m) — cB? /2(2)

< 18exp (log B +4[CyB/e] log (24012(2 I 023/51) —B? /242) .

Since B? grows faster than Blog B, the RHS can be made < € for B > By((,¢) for some

Bsy((, ¢) large enough. For this choice of B, we have

E sup |7, Q| < Za3E|wn(x])] +e
Le[M =0

m

1~y
§A ajvar<ﬁz;YZn>+s.

i
)

By assumption

max Va1r<l Z an> < s/(i a;) (.35)
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for sufficiently large n. This gives E supe(yy |@nQe| < 2. Putting the pieces together, we
have

E sup |w,f| < 2+ 2¢+ 2 = 6e.
felipg

All in all, taking B = max{3, By((), B1((), B2((,¢)}, and n large enough so that (.33)
and (.34]) are satisfied for the chosen B, and (.35)) holds, we obtain EW; (u,, fi,) < 8. The

proof is complete. O

Lemma 42. Let T}, be the kth Chebyshev polynomial, and let [Ty]; be the coefficient of x7 in
Ti(x). Then, |[Tx]o] <1 and

max |[Ti);] < (14 V2)F < 3%,

1<j<k

Proof. The first part is clear, since [Tx|o € {0, 1}. For the second part, from the recurrence

relation Ty4q () = 22Ty (z) — Ti—1(z), we have
|[Tesa]i| < 2/[Th] 2] + [[Thalsl-

Assuming the result holds as max;<j<x |[T}];| < ¢* for some constant ¢ and for all T;,,r < k,
we have |[Tyy1];] < 2+ + #~1. Then, if 2¢F + ¢#=1 < #+1] the result follows by induction.

But this holds for ¢ > 1 + v/2. The proof is complete. O]

Lemma 43 (Chebyshev—Jackson approximation). Let B > 3. Then, for any f : |[-B,B] — R
L-Lipschitz with f(0) = 0, there exists a polynomial P(x) = 377" c;z’, with m € 4N, such
that

18B )
sup |f(z) — P(z)| < —8 . el <6B-3"7 forall j > 0.
m

z € [-B,B]

Proof. Consider an L-Lipschitz function g on [—1, 1] with g(0) = 0. Then, for each m € 4N,

there is a polynomial of the form

Qm(r) = Z )‘k,mak(g)Tk<m)
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where Ay, are derived from a Jackson kernel, satisfying 0 < A\, < 1 and ax(g) are the

Chebyshev coefficients of g, such that

18L \/8/7L
sup [g(x) — Qm(x)] < —, |ar(9)] < / , k>1
z€[-1,1] m k

See Facts 3.2 and 3.3 in [BKM]. The Chebyshev coefficients are given by

2 [ g(@)Ti()
ak(g) - )4 m

and for k = 0, the same fomrula holds with 2/7 replaced with 1/7. For k = 0, using ¢(0) =0

de, k>1

— Y

so that |g(x)| < L|z| for all z € [-1,1], and Ty(z) = 1, we have

1 Y Lz 2L
lao(g)] < 2, = 2L

——dr = —.
T J_1V1—2? s
Thus a crude upper bound that works for all & > 0 is |ax(g)| < 2L.

Let akm = Aimax(g) and note that |ag,,| < 2L for all k& > 0, by the above discussion.

Rewriting Q. () = Y71 bja’, one has b; = Y ," . agm[Tk]; where [T}]; is the coefficient of
27 in Ty, (z). Tt follows that

<6L-3™

3-1 =

bl <) 203" <2r-3m) 3k <2L-3"

k=j k=j
for all 7 > 0.

If fis 1-Lipschitz on [—-B, B] with f(0) = 0, then g(x) = f(Bx) is B-Lipschitz on
[—1, 1] with g(0) = 0. Let @,, be the above polynomial for g, and let P(z) = Q,(z/B) =
doito(bi/B)x? =: 37 cjal. Then,

=0

m

3 .
lej| < 6B%; <6B-3"

assuming B > 3. We also have sup,¢_p p) |f(z) — P(z)| = sup,e_11) [9(7) — Qu ()] < 185
The proof is complete. n
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F Remaining proofs

F.1 Proof of Lemma

Let Wi(7) be the set of directed, length & walks starting at node i € [n]. We consider r-tuples
of walks called walk sequences where w € Wj (i) gives w = (w®)._, with w*® € Wy (i). We
define the last vertex projection p : Wy (i) — [n] and walk products Ays = [[s_, Aj,j, with
w?® = ((ir, Jo) )iy

Relating back to A, p, let

T

o(w) = E| [[(Aws ~ ElAu:))par

s=1
with z = X0. Then
E[A:(a] = Z o(w).

weW] (i)
Further let [w] and [w] be the set of unique edges and vertices, respectively, found on a
walk w. A walk sequence w is said to be overlapping if for every s € [r] there exists a distinct
s' € [r] such that [w?®] N [w*] # @. Walk sequence which are not overlapping have o(w) = 0.

For this reason we define the following walk sets
Noo(@) = {w € Wi(i) : w overlapping, |[w]| =¢, |[w]| = v} (-36)

where [w] = |J,_,[w?] and [w] = J,_, [w].
The walk sets {N,;, ()}, form a partition for Wi (i) with 2 <o <t+1and 1 <t <t,

where t, < rk — [r/2]. This gives the sum equivalence

te t+1
2 ew)=3 > > ew)
weW) (i) t=1 v=2 weN; (%)

which gives fine-grained control of p(w) for the specific walk sets N+, (i).
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To prove the result, start by expanding the variance of the r-empirical moment of ~,
Var (5 37 8%,) = 75 3 EIAL, A ) - EIALJELAG ) (31)
By the n~? scaling over 7,7’ € [n], it suffices to show
Cov(Afg, M) = E[A]GAL o] — E[ATJE[AG ] S 0”107,
for every 1,7 € [n].
Introduce the new notation for walk-sequence pairs (w, w)

o(w, ) = ]E{ ( ﬁ(Aws _ E[Aws])a:p(ws)> (ﬁ(Aﬁs — E[Aﬁs])xp(@s)) }

s=1 s=1

Then, the walk-linearized covariance expansion is
T T 1 v >
Cov(Afg Abs) = i > o(w, W) — o(w)o(W). (.38)
Vn (w,@B)EW () x Wy (i)
We are interested in the case o(w,w) does not factorize as o(w,w) = po(w)o(w). Collect

1

walk pairs under the concatenation notation w|w = (w',... , w",w',... , w") and define the

walk set

Moy = {(w, @) € WL(i)xWL(i') : w|w overlapping, |[w|@]| = ¢, |[w|@]| = v, |[[w]N[w]| > 0}.
(.39)

The last condition of (.39) filters out walk pairs (w, w) which factorize as o(w, w) = p(w)o(w).

Similarly, if w|w is not overlapping o(w,w) = 0 and, consequently, o(w)o(w) = 0.

Let’s start with the case i = . By the set construction in (.39)), M, ;. (7,7) C Naps,(i).
So |Myt.(2,7)| < |Nario(i)| and by the counting result [VA24b, Lemma 13]

Mosalis] < 0= 024" 1). (40)

A similar argument can be made when ¢ and i’ are distinct. By fixing ¢ and i/, we are left

selecting (Z:§> unique vertices with a walk selection factor of (v — 1)?"*. Altogether,

Moaalis)] < (0= 124" 23). (41)

193



For bounds on v and ¢, we note that w := w|w is an overlapping walk sequence, which by
the partition result [VA24Db, Lemma 12|, means it must have, at most, |[u]| < 2rk — r unique
edges. Similarly, the number of unique vertices bounds as |[u]| < |[u]| 4+ 1 since the discrete
graph ([u], [u]) associated with w is necessarily connected by the rooted nature of the walks

in the sequence u (walks must start at ¢ or ¢) and the last condition of (.39)).

Next, we consider the bound |o(w,w)| < 2 max{|o(w,w)], |o(w)e(w)|}. Introduce the
notation, o1(w) = E[[]\_,(Aws — E[Ay:])] and os(w) = E[[]._, Zpws)]. We analogously
define, g1 (w,w) = p;(w|w) and gs(w,w) = go(w|w). From [VA24b, Lemma 10],

o1 (w)or (W) < 27 (v, /) IR < 22 (1, /) and oy (w, )| < 2% (v, /m) 1)

and
|02(w) 02 (W)] < (2v/rRo)*  and  [oo(w, W)| < (2v/rro)*"

where £ is defined as in Proposition [0} Let ¢, = r(2k — 1) then

te t+1

S e= DD (AVrRe)™ - (Moo (i, 1) (v /n)". (.42)

t=1 v=2

COV(AZQ, Ap ) i

For the case i = 4/, cardinality and |M,.;,(¢,7)| < n*~t < n' by (40).

tye t+1
Cov (A7, Ay ) < T(% 5> (k) v,
t=1 v=2
v
~ V;(Qkfl)’

where the last line follows from the fact r and k are fixed relative to n. Similarly for the

off-diagonal case of @ # ¢/, |M,,(i,7)] < n"? < n'~! by (41)) and

ty t+1
ey D D (V) Mol /) S iy
t=1 v=2 n

Noting ¢, = r(2k — 1), this proofs the claim that Cov(A],, Af ) < n~ 07,
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F.2 Proof of Lemma

Shown in [VA24Dh] the dominant term in a walk-based for Az‘ﬁ is given by the proxy term

r/2
) =-1n" Y Hpm = pij,) (e, E[A]"TE[X]0)”

/2
Gede€Ppp iy T

where P[rn/]i (iy 1 the set of coordinate distinct (r/2)-tuples on [n] \ {i}. Specifically, it was

shown for r € 2N and v, sufficiently large
[E[AL] — v, AT S0t 4w

where € can be used to parameterize the separation of higher- and lower-order terms

A,y [VA24b| Lemma 14 and Lemma 18].

To obtain the limiting closed form, we utilize |[n]™/?\ P{Tﬁ wml <0 (r)n"/2~* and

r/2

5™ TIpnt - pi) (LEIAFEX (pr — ) (AP0
(je)e€ln]m/? ¢=1

= <<E{A]k-1E[X1e>T<um2><E[A]’f-1E[Xw>>’”/2.

For brevity, let f;(j) = (pij/Vn)(1 — pi;) (el E[A/v,]" 'E[X]0)*. Then, noting P/ [n]"/?

Y

[]\{}—

v, BTN (r) — (= DN |[VE[A] T ELX]0)3)

I

r/2 r/2
SiGL D DI | EEAED Dl | RG]
(Ge)e€PLY iy (e)e€ /2 =1

< (r—=1![n ]T/2 \ Pn]\{,}| (me[u]( fiG ))r/2

Let Wi_1(j) be the set of k — 1 walks on [n] starting at j. Then, with W?_,(j) = Wi_1(j) X
Wi—1(J)

£ = ol =p) S T (EEXOpe] [T /)

weW?_ | (j) s=1
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Recall that E|(X0);| < z. by assumption. Since |[Wy_1(j)| < |[n]*7!| = nF~1 and p;; /v, < 1/n
we have

f:(j) <a?/n foreveryi,j € [n].

Altogether, this yields the inequality
g AT — (r — DU VEAF LX) < COr)ain™

that, when pieced with a triangle inequality, produces the desired bound.

G Simulation Details for Figures

This appendix details the experimental setups for the figures presented in the main text and

introduces two supplementary figures for further illustration.

1. Figure 4] (Erd6s—Rényi Graph Behavior): This figure illustrates the convergence
to normality on an Erdés—Rényi graph. It demonstrates that the Central Limit Theorem
(CLT) becomes evident even for a modest number of nodes (e.g., n = 300) once the
average degree v, is moderately large (e.g., v, = 16). While larger n values would

increase histogram resolution, the characteristic normal shape is already apparent at

n = 300.

2. Figure |.5| (2-Class CSBM Validation): This figure showcases the strong agreement
between the theoretically predicted distribution and the empirical distribution of features

on a 2-class Contextual Stochastic Block Model (CSBM).

Specific parameters for these and all other figures are provided in the subsequent subsec-

tions.
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Figure .4: Comparison of £ distribution for k = 3 and a fixed, expected degree Erdés-Réyni
graph. As graph size increases, the overall histogram resolution may be increased but this does not
qualitatively change the shape of the histogram. That is, growing degree v,, — oo, is a necessary

condition for £*) to be Gaussian.

G.1 Detalils for Figure 6.1

The plots in Figure [6.1] were generated using a 3-class CSBM with n = 8192 nodes. Class
proportions were m; = 0.25, mo = 0.45, w3 = 0.30, average degree parameter was v, = /8192,

04 1 1
and the inter-community probability scaling matrix was B = (v,/n)-| 1 04 1 |. Initial
1 1 04

features X; where d = 2 dimensional and generated as X; ~ N(M,, ,,02L5) with 0% = 0.25
and Ml,* = [2,2]T, MQ’* = [—]_, —3]T, and Mg’* = [—1,0]T

Cross entropy training was run for a single linear classifier layer for 10 epochs with learning
rate 10 on the SGD optimization. Although small differences are expected at later time steps,

Figure [6.1] still shows good agreement between the empirical and theoretical gradient average.
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Distribution of Poly-GNN Features for 2-Class SBM

0.30 - B Empirical
—— Theoretical

~100 -75 -50 -25 0.0 2.5 5.0 75 100

gk
Figure .5: Empirical distribution of a two-class CSBM with exaggerated class proportions and edge
probabilities. Both mixture components are centered at zero with a visible difference between the

peak widths and heights of each component.

G.2 Details for Figure |6.2

The plots in Figure [6.2] were generated using a 2-class SBM with n = 32000 nodes. Class

proportions were m = 0.4, 13 = 0.6, average degree parameter was v, = 30, and the inter-

0.5
community probability scaling matrix was B = (v,/n) - . Initial features X;

1 05

were d = 2 dimensional drawn from mean vectors M, = [2,2]" and My, = [-1,-2]T.
Quadratic discriminant analysis was performed using the sample statistics of g_bz(k) with £ = 2.
Cross-entropy training consisted of single linear layer trained for 5000 epochs at learning rate

0.5 with a SGD optimizer

G.3 Details for Figure 6.3

The plots in Figure [6.3| were generated in the same setting as Section with the exception
of a higher average degree v, = 35. The plots show Kernel Density Estimates (KDEs) of
the El(k) features for k € {2,4,6}. The KDEs were computed using Gaussian kernels with
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bandwidth selected by Scott’s rule.

G.4 Detalils for Figure

The plots in Figure [.4] were simulated from a 1-class SBM, commonly referred to as an
Erdés—Réyni graph, with probability parameter p = v, /n. Depth k = 3 was used with
unit, univariate features X; = 1 for all i € [n]. A grid search was performed on graph sizes
n € {300, 3000, 30000} with expected degrees v, € {2,4,16}. These graph are very sparse,
yet they approach Gaussianity fairly quickly. Particularly, the plot associated with v, = 16

has nearly symmetrical tails and a bell curve shape.

G.5 Details for Figure

The plot of Figure [.5| was generated from a 2-class SBM with 32000 nodes. Class proportions

were m; = 0.9, 15 = 0.1, average degree parameter was v, = v/32000, and the inter-community

10 0.1
probability scaling matrix was B = (v,/n) - . Initial features X; were d = 1

0.1 10
dimensional and generated as X; ~ N(M,,,0?) for My = 1072, My = —1072 and 02 = 10~

For the plot of Figure [.5] we simulate 100 CSBM graphs each at 32000 nodes. From these
100 replicates, we obtain an estimate for E[¢(*)] with k = 3. The final figure is a 100 bin
histogram of the 3200000 empirical elements with a theoretical density given by our theory

drawn on top.
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