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ABSTRACT
By means of the linked-diagram expansion of the grand partition

function of a molecular gas in an electrostatic field, an expression for

the polarization P(R) of the gas is obtained. Spatial variation of the
external electric f;eld EO(E) requires an explicit treatment of long-range
cooperative interactions between "clusters" of molecules. For fields that
vary appreciably over microscopic dimensions, an integral relation is found
relating the polarization P(R) to the electric field E(R). For fields
varying negligibly over microscopic regions, an expression for the dielectric

constant K of the gas is obtained:

K-1 b P m
m=1

- This generalization of the Clausius-Mossotti formula involves the activity

2z and the temperature-dependent polarizability a'm of an m-molecule

linked cluster.
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I. INTRODUCTION
Statistical mechanics provides a method of calculating the properties
of a system in thermodynamic equilibrium from an evaluation of the partition
function. Recently diagrammatic techniques have been developed to enable one

P

to perform this evaluation for a many-body system.l-u In a previous papér,

which will be referred to as I, we applied the technique developed by
Glassgold, Heckrotte, and WatsonLL to the system of a gas of neutral molecules,
taking into account the structure of the molecules and the operatién of the
Pauli priﬁciple among all the electrons of the system; the nuclei in different
molecules were, however, treated as distinguishable, and the motion of the
molecular centers of mass was treated classically. The result of that paper

was the well-known Ursell-Mayer expansion,6 with the classical cluster

- integrals suitably generalized for molecular structure and the Pauli principle.

This generalization had previocusly been obtained by a different method by
Ono and Kilpatrick.7 |

The present papef applies the method of I to the system of a gas of
neutral moleculeé invan external electrostatic field.8 In con#rast to I, the
interaction of the molecules now has a long-range (dipole=dipole) contribution.

Response of the system to the field is characterized by the polarization, or

mean dipole density, of the gas. In Sec. II, after some preliminaries, we

This work was supported in part by the U. S. Atomic Energy Commission and
in part by the U. S. Air Force under Contract No. AF 49(638)-508, monitored
by the Air Force Office of Scientific Research, Air Research and Development
Cormand .
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relate the dipole density to the Hamiltonian (Eq. 2.19). In Sec. III the
polarization is then related to the grand partition function (Eq. 302),’and 3
contact is made with classical electrostatic theory. In this paper we consider
only the linear term in the relation between the external field and the

9

polarization; the,reqpired formulas are quoted from I at the end of Sec. III.

Evaluation proper begins_with a discussion of single—molecule graphs (see Fig. 1)

in Sec. IV, leading to the concept Qf polarizability. It is shown that polar

and nonpolar molecules can be treated in the same way. Section V then takes

up a particularly simple type of graph (called a simple chain; see Fig. 2), in

which each molecule hae Just two interactionso The Hugenholtz theorem

(Appendix A)Jis used to evaiuate the sum of all simple chains; we beiieve

_that the techniqpe employed should be useful also in other calculations.
Sectlon VI is devoted to an evaluation of the "cluster chains" (see

)Fig. 6), this type of graph separates short- and long-range interactions.

The result of the calculatlon is a series for the Clausius-Mossotti function

in poﬁers ofvthe ectivity (Eqs. 6.27 and 6.28). The coefficients of the

series are functions of the temperature and are the polarizabilifiee (Eq. 6.29)

of'muﬁolecele'linked clusters. Equation (6.34) is tﬁe corresponding

expansion in powers of the density,lo and involves alseo the‘zero—field cluster

' infegrals. Finally, it is shown that only cluster chains contribute appreciably

| to the partltion function, so that the approximation of keeping only such

‘graphs is a satisfactory one. | v

Ina subsequent paper we shall diseuss the explicit evaluation of the

m-molecule polarizabilities, and shall relate our results to those of previous

inVestigators,ll
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IT. MOLECUIAR DYNAMICS

We consider a gas of N neutral molecules,bof a single species,
contained in a volume 7/ + The only externalbfield acting bn the gasvis an
electrostatic field EO(E), due to fi%ed charge sources. When the gas is
removed, Eo(ﬁ) is the actual field; but in the presence of the gas, the
total field Eﬂg) includes also the field due to the polarization of the
molecules of the gas.,l2 We propose to evaluate the field E and the
polarization, using the "linked diagram" expansion of I.

As ih‘I, we use Boltzmann statistiés for the molecules, and number
them i =1,...,N. Let 'Ei be the position operstor of the‘center of mass
“of the ith molecule, and let £p be the position operator of the pth
particle (electron or nucleus) relative to the center of mass of the molecule.

The charge density operator of the ith molecule is fhus

. .
Z) a, 3 - zp) ) (2.1)

il

ei(gf

where qp is the charge of the pth particle. Because of the assumed

neutrality of the molecules, we have

[ &’ elr) = o. (2.2)

The Coulomb interaction energy of two molecules is

Vo= @ [P el @) | B D) - By rr) |7
" | (2.3)

and the total Coulomb interaction energy is

vint o os v, ' | (2.4)
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When the separation = R, - R, of two molecules is large

Ri s AT Ry

compared with molecular dimensions, the interaction energy (Eq. 2.3) reduces

to
Vij = Ej_.-{\-ij.gj R ' " (2-5)
where

R, = f a’r z ei(,z;) p— 21 q T (2.6)

is the electric dipole moment (operator) of the ith molecule, and

-1

2
VB Rij

_ -5
A( R.) 13 '55131513)313 ’

A NBli, mj

Il
Il
I

Vi
(2.7)
with I the unit dyadic.
The energy of interaction of the ith molecule with the external field
is

%o

v, = [ e (®) 4R, + D),  (2.8)

where ¢6 is the external potential: EO = - V’¢b ; the total external
interaction energy is

vt o sy . (2.9)

We shall suppose that the external field is macroscopic, in that EO is
effectively constant over any region whose dimensions are of the order of

the size of a molecule. Then, with Eq. (2.2), (2.8) reduces to
(R,) . : (2.10)

Let h, 'be the Hamiltonian of the isolated ith molecule. As

discussed in I, hi is an operator with respect to those electrons assigned
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to molecule i. It includes interactions among these electrons and with the
nuclei of i, but excludes their interactions with electrons and nuclei in
other molecules. The (properly antisymmetriied) eigenstates and eigenvalues

of h, are given by

i

h, | [(kie/éM) + el Ia ) | | (2.11)

i i )
Because hi is invariant under the parity operation, we may in case of

degeneracy choose the states I xi ) to be parity eigenstates. It follows

that the dipole operator has no diagonal elements:

'(xilgilxi)-—.o._ (2.12)

The total Hamiltonian is

H = K + V + vV, (2.13)

where

K — =z, h | (2.1k4)

is the Hamiltonian for noninteracting molecules. The eigenstates of K are
products of those of hi :

K|a) = B [A), (2.15)

where

lay = I I~ - (2.16)

Although H 1is invariant under electron interchange between molecules, K
is not, since it selects interactions according to the assignment of the

electrons to the molecules. Thus the states I A ) do not satisfy the

\
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:Pauli principle. In.I we have shown how to take the Pauli principle into

account when doing a perturbation calculation in _Vint.+ VeXt.

-Let us introduce the>dipole,density operator,
| ,13(,13) = I, p; o(R - &) - | | (2.17)
The external interaction can now be written as

vext [ &R B(R) - go(g) . - ~ (2.18)

Thus the dipole density can be expressed as a functional derivative of the

Hamiltonian:

B(R) = - 8H/®E (R) . | | (2.19)

k4



UCRL-9559

T -ll-

IITI. STATISTICAL MECHANICS
The properties of the gas in thermal equilibrium are derivable from

the grand partition function
=1 - :
36, 1, Vs BB = m(n) T Pl P, - (3.1)

vhere © — B-l is the temperature of the gas, pn is its chemical potential,
and ?// represents the volume of the particular vessel containing the gas.

We define the polarization as the statistical mean of the dipole density,

(2R = 3 g™ AN (7 [an/egy(p) |
= 85 In ?/ago_(g) . ' (3.2)
In terms of the thermodynamic potential 2= - @ /n %, this reads
2 = -/ a’R(E)R) - 5E(R) , (3.3)

where 6, u, and ﬁ%’ are held constant. In our subsequent discussion, we
shall drop the angular bracket notation on ( P ) and let it be understood.
We follow Brownl- in defining the macroscopic field E(R) as the sum

of the external field and that due to the macroscopic polarization:
3 .
E(R) = E,(R) - % [ aR' BR') %, |R-R ‘ (3.k)

As we have shown elsewhere,lu this field differs in general from the
statistical mean of the microscopic field; but it is_the appropriate
definition for the development of macroscopic electrostatics. Since the
integrand of the second'ferm is singular at R = R', let us exclude an
infinitesimal spheré about B from the ihtégration volume; this does not

change the value of the integral; We may then perform the operation V%
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on both the integrand and the limits of integration, and find

' _ ‘ yoU
ER) - E® -/ R ARER)-RE)-3xRE) - (3.5
The prime on the integral sign indicates that an infinitesimal sphere is to
be excluded. We now use the fact that gﬂg) varies only mecroscopically to
replacevthe infinitesimal sphere by one of finite but ﬁacroscdpicallj small

0
We see from Eq. (3.4) that E satisfies

radius R_. This is poséible because the angular integrafion of A vanishes.

VXxE = O - (3.6)
V'E = V-E - WV.E . (3.7)
13,1k

As usual we introduce the conventional definition of the displacement field

2

i

E + Lz P, : ' : (3.8)

whose sources are those of the external field

v . 2 = v o E'Q ° (5‘9)
The energy of the external sources is
_ 3 2 ' : _ ,
U, = [ aR E, R , (3.10)
and satisfies
sU. = ()t faRE -8E . S (3.11)
0 ~) ~0

Let us now use the theorem that for two fields A, B satisfying

VeA=0, VX B = 0, the spatial integral of their scalar product vanishes:

[aRAR) - BR) = 0. | (3.12)

3]

<G
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We can then write Eq. (3.11), with the help of (3.9), as

_ -1, .3 _ o
58U, = (k) " [aRD-BE,, : (3.13)

and add it to Egq. (3.3):

3(Q +Uo) =" (lm)'l f d5R.g * 8 E, . . S (3.14)

Using Egs. (3.12), (3.9), and (3.6), we then obtain the well-known relation for

the total free energy,
-1 3 .
8(2 +U)) = (k)" JARE -8R, (3.15)

where 6, u, and ﬁb/ are held constant.
It is evident that 2 must be an even functional of Eo(g). In this
paper we confine our attention to the lowest nonvanishing effects of EO’

those of second order. The polarization is then a linear functional of

E and Eq. (3.3) can be integrated to

e, w, ¥, B) = (e, u, V, 0) - 2/ PRER - E(R)

(3.16)

which we abbreviate as

o = o9 , @ | | (3.17)
with

(2) _ 1,33

% = -5 JaRER) - E(R) . (3.18)

The linked-diagram expansion of I enables us to evaluate Eq. (3.18)

and thus to find the linear relationship of g to As one expects, this

E,-
is of the form

PR - XE® , (5.19)
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if EO varies inappreciably ovef fhe.distancé RO. Because of oﬁr festriction
to linearity in Eq. (3.19), X 1is necessarily of zero order in - EO and is’
thus independent of position, depending only on temperature and chemical
potential. In a subsequent publication we plan to investigate nonlinear
effecfs, which will determine the spatial variation of X and of density,

as well as explicit modification of the form of (3.19).

In Eq. (3.35) of I, we showed that ‘n é% could be expressed as

n ? = z;f’__l F_, (3.20)
where
F — (m!)-l eBum L [ Tr exp(-B Hm)] (3.21) .

represents the contribution of ail m-molecule linked graphs; .The totél
Hamiltonién for the m molecules is Hm, the trace is over préperly
antisymmetrized states for all the electrons of the m ‘molecules, and the
operator Lm- selects the linked graphs, as explained in I.

As in Seec. IV of I, we shall treat the molecular center-of-mass

motion classically, obtaining

m

r, - 07 (PO {7 ™ e el -5 ™) 1
, | (3.22)

Here XA is the thermal wave length
A = (an/Me)l/2 , | | (3.23)

and Hm(§§m)) differs from ;e by omitting the center~of-mass kinetic

energy terms kiz/éM. Henceforth this omission will be implicitly understood
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also in K and h, of Egs. (2.11) and (2.14). Again we introduce the

activity

p——
P

2 — 7/ K7, | (3.24)

where

5, o Pe(M (3.25)

7T =
is the single-molecule internal partition function in the absence of a field,

and e(A) is the molecular energy defined by Eq. (2.11). We then have, in

the linear approximation,

B - o =2 857 Ppp(m), (3.26)

where

() _ (/7" m!) pm(z). {f Or™ o exp(-p Hm(gfm)) ] ,

m

(3.27)

and Lm(g) selects m-molecule linked graphs with two external interactions.
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IV, THE SINGLE-MOIECULE POILARIZABILITY
As an introduction to our study of m-molecule graphs, we consider
here the simple case m= 1, i.e., the single-molecule graph, shown in

Fig. 1. The contribution to the polarization (Eq. 3.26) is

= eor@prm , o (1)
with .
r, (8 - (g 1(?) {f &R, Tr expl-p HY(R)]| - (4.2)

The one-molecule Hamiltonian is

1 :

H (51) = hl + Vl(B‘l) 2 ()'"“5)
with

V(R = -py - Bo(Ry) - (%)

Following I, we introduce the Laplace transform,

r (2) .(z/'r) ! dBRl 1(2) {Tr.(an 1) aw ePV[w - Ii:L(Bl)]"l ’

1
(k.5)
1,7t :
and expand the factor ([w - H] in Vl , keeping only the term with two
factors of Vl :
Fl(2) = (z/7) [ d5Rl Tr. (2x i)”l [ aw e PV (w - hl)fl vl(w - hl)'lvl(x,r--}al)"l .

(4.6)

We note the identity

1 2 dw

-1 -1 1 1.4 - 1
Tr(w - By) TNV (0 - )T V(W - )T e - S (w = b)) lyl(w-hl) v, 0

(.7)
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substitute into Eq. (4.6), and integrate by parts to obtain

St

(4 8)
‘This expression differs from Eq. (4.6) by the extra factor (- 5 B) and one

less factor (w - h )

We substitute the explicit form of V, (Eq. %.4) and write this as

¢ (2) _

L 1opaf %R BR) - % - BS(R) (£.9)

where

Q= - 7"1 Tr (2n 1)"l [ aw PV (w - hl)"l ‘gl(,w - hl)"l ?’l

_(4.10)

is the molecular polarizability. From Eq. (h.i) the polafiZatidh is, to this

order,
B,(R) = zg -E(R) . - : © 0 (ka2)

In the low-density limit that the contribution of m > 1 may be neglected,

5

the activity 2z reduces” to the density n, and we have the elementary result

2R = ng BB . | o (ha2)

Let us express g in terms of molecular matrix elements and eigenvalues. « ¢

Introducing the eigenstates of h, in Eq. (4.10), we have

1

R G e e T D
X (n oy [a)ar Ipy () s

(4.13)
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We assume, for simplicity, that the states are nondegenerate; because of

Eq. (2.12), there are then only simple poles, yielding

g = -7 Z, (e - e)™! lexp(-pe) - exp(-8e)] (x | g, | M)A | 3y | )
(4.1ka)
I 5 ePe %, (et - e) "t | o, [ AR I ) .

(4.1%b)

Because of the isotropy of h,  and the hermiticity of pl , this becomes

1

a = ale) L, | . , (4.15)
with ,
al(e) = 27'1 Z, ePe L, (e’ - e)_l_l(K | Py, ' X')IQ
= 4t 5 e a(n) (4.16)
and
-1 | 2
a;(n) = 2%, (et =) (x| py, [A0] . (4.17)

Eguation (4.17) is the well-known formula for the polarizability of a system
in a given state, and (4.16) is its statistical mean.

The classical polarizability of a polar molecule may be obtained
from Eq. (L4.1ka) by assuming that (A | By ‘ AT) s nonvanishing only for
states differing in energy by an amount much less than the temperature. We

can then write

(e' - e)! [exp(-Be') - exp(-pe)] = = e
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so that Bq. (4.14a) becomes
-] wBe | . . |
y = 7e e (n | gy ESUSHPNIRY
- rte s el p [N
X .
= Bl 2 ) s
or
' 1 1., .2 ; _ 3 o
a,(6) = 3 spa = 3B (p ) , o (4.18)

the well-known classical formula. For further discussion of 2 s one can

15

refer to the treatise of Van Vleck.
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V. SIMPLE CHAINS
In this section we consider the contribution of a special class of
graphs, to be denoted as "simple chains." We define a simple chain as an
m-molecule linked graph (with two external interactions) in which each
molecule has two and only two interactions, and for which electron exchange
1s neglected. Figure 2 illustrates a simple chain for m = 3. Let Fmsc
(2)

denote the contributions of simple chains to Fm(a)° (Note that Fls?EEEFl

Then Fmsc is given by Eq. (3.27), with Lm(z) replaced by Lms", which
selects all simple chains.

The m molecules of the chain may be ordered in _% (m!) different
ways, for m > 1. (The factor % arises from the fact that & given chain
order from left to right is not different from the same order from right to
left.) Hence we may set Lmsc = % (m!?) Lmosc’ where the latter operator

selects chains whose molecules are ordered 1l,¢+++,m from left to right. Thus

Eqg. (3.27) becomes
P = (/™1 { ] aR® 1w expl-p ™1 . (5.1)

We follow the method of I in developing the perturbation expension

for Eq. (5.1):

expl-8 B(E™)] = (20.1)7 [ awe™(w - B(x™)17T, (5.2)

L {w - )y - g - AL SRR AU i

\ (5.3)
In this expression - is the sum of the internal Hamiltonians of the m
molecules, and the V's represent the set of (m + 1) different interactions

of the molecules in the simple chain: V v \') "‘°’Vﬁ-1;n 5-Vm » The

1’ 12’ 23
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sum is over the (m + 1)! different "chronological orders" of these interactions.
We speak of the lowest interaction on the graph as being the “"earliest," and
place it on the right in Eq. (5.3). For example, the term of Eg. (5.3)

representing Fig. 2 has the V's 1n the order Vl’ v v v from left

23’ 3’ 12

to right in Eq. (5.3), or from top to bottom or "latest" to "earliest" in Fig. 2.
For a given term (or graph) of Eq. (5.3), we perform a partial sum over

graphs differing from it only by a cyclic permutation of the V's. Such a graph

is shown in Fig. 3. With Zc representing the sum over cyclic permutations,

we have

Tr £ (W - K=t vu(w K™t VooV (W - K’“)'l'

S AU I AR AT b

aw
(5.4)
analogous to Eq. (4.7). We then insert Egs. (5.2) and (5.3) into (5.2), use

(5.4), and integrate by parts:

- -BW ., -1
| F_°% = - % B(z/)" [ 2R 1e(ex )70 [ awe™ 3 p Voo V(W - K')™,

(5.5)

where the primed summation is over noncyclic permutations of the V's.
Because of the trace operation, each term of the summand may be

cyclically permuted so that Vl stands on the left, as in Fig. 3. The

2

expression then becomes

Fmsc = - % é(z/v)m / a2r(m) 1. vy o(2x . Zp(W - Km)"lvu--ovo(W-Km)'l,

(5.6)

with the sum over all permutations of the V's exclusive of Vle'

{
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Fig, 3,
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The summand now represents an unlinked graph, between different
initial and final states (see Fig. h), and so is subject to the Hugenholtz

theorem (Appendix). By Eq. (A.l), we have

(ex 1)™1 [ aw &P z"P(w -kt vu...va(w -kt

= (e 1) S aw e P - L 'lv ooV (W - KT

(w-n )—l .

X (2x 1) [ aw e PY(w - hl)'l v 1

1

(5.7)

The first factor on the right side has a particular order of V's exclusive
' of V), and V,, while the left side has the same order of these V's, but
1 . 7
sums over all positions of V, among them. In Eg. (5.6) one must still

sum over all permutations of these V's

P o Lp(ap)™ [ R o vyp(ex 1) J awe™™

X oW - K*H)” v-nv S - K =4
X (2xn i)'lf dwe-ﬁw(w - hl)‘-l vl(w - hl)'l . (5.8)
The contribution. of FmSc to the polarization is (see Eq. 3.26).
*®(R) = e5 F Sc/s (R) . (5.9)

. sc _
Now E, appears in F_ only through vm(;gm ) and V1(51) (see Eq. 2.10).
Since 'Vl appears eéxplicitly in expression (5.8), we may perform the
differentiation of (5.9) with respect to Vl only, and multiply by 2 to

(take"account of Vﬁ:
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(8 B,)(ex 07 fa el

¢R) = (zA)" 7 aZRr(®1) p, V(R

é"d

(2 1) [ aw e (w -0 py(w - n)h

(5.10)

where [...] represents the expression in brackets of Eq. (5.8).

(m-1) ), the eigenstates of h, and

If we introduce | A, ) and | A 1

gL respectively, we majy write :this as

7R = (z/n) = p(A, n) QR Ay A (5.11)
| MM

with

gl(x'l: hl) = (ex i)-l J aw e-Bw(W - e‘l)-l(h'l | Py I 2‘;L)(W - el)-l

=y LRy [aery - el)'l [exp(-Be';) - exp(-Be;)],
(5.12)

and

Qm(;!;; A x'l) — (z/7)m'l ‘f d5R(m‘l) E ' (?»17*2 |v12(5, ge) |>~'l7~'2>

A(m-1) 4 (m-1)

x (20 1)™Y [ aw e-ﬁw(A'(m-l) | Z5l...] I A(m'l))

- (z/7.)”"l S aZg(m=1) (n | pp(10-1) (2n i)™t [ aw & F¥

A=-1\-1 -1.=1
t - LY - ! A
x =5 V(R R ) v, v (W K57 Ia )

(5.13)
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Note that in this last expression V haé been pléced uﬂder the summation

12
sign, and accordingly noncyclic permutations of the V's actlng on the last
(m-1) molecules are to be taken. Figure 5 illustrates a term of Eq. (5.13),
corresponding to Fig. 3.

We notice that Eq. (5.13) is analogous in form to (5.6). Hence we
perform the set of operations analogous to those that led to Eq. (508) and

ultimately to (5.11). We find then

&

- X KQ}"Q .
x (e, - éz)_l [expt-p e',) - eXP(-B.eQ)] Qm-i(ge;.he’ A1)

(5.14)

Let us now sum Eq. (5.11) over all m to obtain the simple-chain approximation

to the polarization:

sC — @ sc
PP(R) = z B (R) = (z/r) z pl(xl,h)a( s M)
w1 MM
(5.15)
where, from Eq. (5.14),
URs My M) = mfl Q(Rs M» NY) (5.16)

= QB Ay, A1)+ (2A) [ R 2, (MAS IV (R, B V)
2" 2

x (et = o)) Mexp(-Be',) - exp(-Bey)] QE's Ay A'y)

(5.17)
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From Egs. (5.11), (4.11), and (4.13), we see that Q is

QR A, A1) = -'<"xl|g,l’l }il}vgd(g,)'. R R

To solve the integral equation (5.17) for Q, let us divide the domain

of integration inte two parts,

I ,E-R;"II>IR0’

T IR-R" | <R, ,

where R is'large compared with molecular dimensions, but sufficiently small

0

macroscopically so that EO may be considered constant over the distance R

In domain I we may approximate Vi, by Eq. (2.5):

0

V(B R') = p; AR R +py ‘ (5.19)
while in domain II we may set

AR Ms M) = QR My, ML), | (5.20)

' since Q varies as slowly as E. . Eguation (5.17) now reads

~0

QRs Ay M) = = gl e [BR) - e

- (/) [ PR AR, B T QAR MM, BV pohy)]
. | AN,

+ (zf) = Q(E;ké,h'z)(e'z - t’:a)"l [exp(-pe’,) - exp(-Be,)]
MM ,

x (MM, ]S d3R{ v
, II- (5.21)
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The second term in the first square bracket of (5.21) is, by Eq. (5.15),
sc
- J. &R AR, ") - B°(R") . (5.22)

We proceed to the evaluation of the integral over domain II; by Eq. (2.3), it

is
11 a’Rs V(B R = [ a’r' f&r [adrt e(pe(z') R=R +r - -1
SR CIVEEIENCREACD Txg g
= % TP P - (5.23)

Equation (5.21) thus becomes, with the help of (5.15),
<N $ = - Y .
QR Mpr') = = O Ty ) - [By(R)

- Jp &R AR R - BB - 212 ]

~

(5.24)
or with Eq. (3.5),
R Mty == L gy [ - B R) (5.25)
We substitute into (5.16) and obtain, with the help of Eq. (L4.1%4),
P°(R) = zg - ER - (5.26)

In the simple-chain approximation, the susceptibility, defined by Eq. (3.19),

is thus

X = zQ s (5.27)
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and the dielectric constant
K — 1 + khgX . » (5.28)
is
K¢ - 1 + za, . ' ' ' (5.29)

1

It would be better to refer to the simple-chain summation not as an
approximation, but as an introduction to the calculation of the next section.
We shall see there that the assumption‘of only one interaction between two
distant molecules is a good approximation; but is is clear that for two
'-molecules which are close together this is a poor approximation. A simple
model due to Kirkwoodl6 allows a consideréble improvement. We reduce RO to
molecular size, continue to use Eq. (5.19) in domain I, and drop the
integ;ation over domain II by invokihg the hard-sphere model for the
molecules, to prévent overlap. The last term of Eq. (5.24) is thus dropped,

and (5.26) becomes

PR = gy - B® + L P®). (5.30)

If we now set z = n (low density), we obtain the Clausius-Mossotti formulsa,

K-1 _ Mt o . (5.31)
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VI. THE CLUSTER~-CHAIN EXPANSION

In this section we define the type of graph called a "cluster chain,”
and calculate the contribution of all cluster chains to the polarization. We
then show that under certéin conditions all other graphs make a negligible
contribution, so that the cluster-chain approximation is a satisfactory one.

.For any graph of m molecules, we hold the positions of the molecular
centers of mass fixed. If the distance between two interacting molecules is
is small macroscopically, but large microscopically),

less than R. (where R

0 0
the molecules are said to belong to the same cluster. Any interaction between
two molecules in different. clusters must therefore be over a distance greater

than RO. Note that two noninteracting molecules in different clusters may be

nearer than R_, and that two molecules in the same cluster may be farther

O’
apart than RO. A cluster chain is now defined as a graph for which the
topology of the interactions between clusters 1s analogous to that of a
simple chain. We may number the clusters & = I, II,¢**,M, so that © and
5 + 1 have one and only one interaction, and I and M each interact once
with the external field. See Fig. 6 for a three-cluster chain an;logous to
the simple chain of Fig. 3.

Consider an m<molecule M-cluster chain, with me molecules in
cluster ©. Let us aésign the molecules to the numbered clusters, and
multiply by m!/’f& msl , the number of such assignments. Then holding M’
fixed, we sum over all values of m8 from one to infinity (thus summing over m).
In this process we count each graph twice (as with siméle chains), therefore we
must correct with a factor % . Equations (3.26) and (3.27) can thus be
replaced by
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® .
MR - 2 ® (6.1)
M1 | , - - )
Mr) - 68FM/6 E(B) - o  (6.2)
(m )
™o % mﬂa deR(m) LS oy exp(-p Hm(-'l},(m))] .
m _ | | .
- (6.3)
. (m) S
In expression (6.3), we have m = Ty my, and L selects cluster chains

b
characterized by the set {ms}. -
The m~molecule Hamiltonian Hm for an M-cluster.chain may be written
as

R R (6.1)

where

XM -z By (6.5)

is the Sum of the cluster Hamiltonians HB’ and

v oy M;;l v + v | (6.6)
I 8=1 5,5+1 M
includes the intercluster interactions V5 S+1 and the external interactilons
2
VI and VM. Thus the external interaction VI is
I _
ot P om &) (6.
and the intercluster interaction VI IT is
I II |
wm o BOD gy MR R (6.5

since Rjk > RO if molecules Jj and k interact. The cluster Hamiltonian

Hy 1includes the internal Hamiltonians of the g molecules and the intracluster
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interactions of tﬁese molecules. .The trace in Eé; (6;5)'16 to 5e ﬁékéh over
properly antisymmetrized cluster states, but eléctron exchange between clusters
may be neglected because of their separation.17 Tﬂé integr;tioﬁ oﬁér'molecular
positions in (6 3) is subject ‘to the restnctions of the deflnitlon.

The development of Eq. (6 3) is now completely analogous to that of

Eq. (5.1). We may thus immediately write down the analogue of Eq. (5.8):

Mo _1lp d%(m) (v
5 P {m - Ha N f Rk

x [(2x 1)"Y [ awe™® £ (W - K_(M"‘l))"l .vu-uva(w - K(M“l))'l ]
. P A

x (2n i)-l [ aw e P (w - HI)hl VI(W - HI)-l o
| o (6.9)

To find the polarization (Eq. 6.2), we differentiate only with respect to the

E, in V. (see Eq. 6.7) and multiply by 2:'
M (m) (ms)-
P(R) = ; 7 fd o Ir
Hams
B al
x { (ex 1)° fdwe (W—HI) Zp, 8(R Ei)(w-H)
. i~
2 Zop, - Al )+ g [eoe] L (6.10)
2 2 . AR .8 ’ LY ) o . .lO
L Rt B

We have used Eq. (6.8) for >Vi T’ and the éymbdll {eeo] for the square-
bracketed gquantity in Eg. (6,9), _ -
Let us extract from Eq. (6.10) the quantities referring to cluster I,

performing the integration over all molecular positions except those of
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molecules i and J.. For i = j we have (setting mIEEE m here)

E(l): 5 ;m n [a3R® D) 1 or(er 1)) fav P -8y (w-E) Y,
m=1 7 m! ' ‘

(6.11)

since the m terms in the sum over i are equivalent. For i # 3 we have

8P )= 151 ;lmm! mm - 1) f a2 L owe (20 1)
x [ dw e PV (w - Hm)nl Py (w - Hm)”l D, - (6.12)

The spatial integration is subject to the restrictions on molecular positions

implied in the definition of a cluster.

The polarization (Eq. 6.10) is thus

r) - &R 8E R - ; adg(m) L(ms)
- {m }‘7 Ik m,
IT , |
x ﬁ AR, Bk) " T {p, [...] } o, (6.13)
where
p® &) = gV e -5) + gP® B - (6.14)

(mg)
In Eq. (6.13), the quantities m, ms, L 8" refer to the (M - 1)-cluster

chain exclusive of the first cluster.

An expression for g&fl is obtainable_from the analogue of Eq. (5.6) ‘

if VII is chosen to stand outside the. sum. We then have
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EM-—]_(B) _ s ::vzm_ f de(m) (mB) Tr{ Z 5(5 - E:k)[...] }o.

{mg} v m mt

: (6.15)
Upon comparing this with Eq. (6.13), we find

B'R) = fRUB(R B - SR ARG RD CETRD . (6.6)
For M = 1, on the other hand, we easily obtain

pPl(R) = - [ ar (R R') « E(R') (6.17)

~ ! T - ﬁ * NO ~ ° » ° 7
We thus find, for the sum of all cluster chains (Eq. 6.1),

B(R) = - Ja’R' B(R, R')-[E,(R") - J&R" A(R, R")-R(R")] - | (6.18)

From the clusterechain definition, the integration over . R" excludes a sphere
of radius R, about B! (see Eq. 6.10 for the original appearance of 4).

Hence,. by Eq. (3.5), this relation is

B(R) = - [a’R' B(R, R')-[E(R') + (&)1 - (6.19)

S
‘A
b )

Equations (3.5) and (6.19) provide coupled integral equations from which the
polarization - P(R) and the electric field E(R) may be determined from the
external field gd(g). When the fiéid vary élowly over microscopic dimensions,
these equations. may be simplifiéd. Let us assﬁme that the density is
sufficiently low (and hence the activity also) -that the sum-over m -in

Egs. (6.11) and (6.12) can be truncated at a finite . m. From the cluster
definition, Q(B,) R') is then defined only for |R - B'| less than some

finite multiple of R, thus restricting the R' integration in Eq. (6.19).

(0]

We choose RO so small that E (and therefore g) are effectively comstant

over the R' integration, and obtain
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Lt
RBR) = 4-[E®R + 5ERB I,
where
A= -f R B(R, B .
Since A 1is a constant tensor, it must be scalar:
A= AL,
where
‘ 1
\- A= -3 splaRpR R,
so0 that
b
ER) = A[ER) + 5 BRI,

This is of the form of (Eq. 3.19), with

If we introduce the dielectric constant X ,
K— 1 + LhxXx,

we find that % 1 A equals the Clausius-Mossotti expression:

-
= A .

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

Referring to Egs. (6.21), (6.14), (6.11), and (6.12),Vwe see that

&

1
™M
N

2Q

where ’ '

(6.28)
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g =- =2~ [ R pme(ee )7 [ aw e PY(w - Hm)"lg(m)(W~Hm)'lg(m);

(6.29)

is the (temperature-dependent) polarizability of an m-molecule linked cluster;
p(m) is the total dipole moment of the clustér,l To 6btain an expansioh in
- powers of the mean molecular density n=—— N/}, we use Eq. (3.42) of paper I,
m
n = Z mz b, : (6.30)
m .
m=1 : :

where bm is the cluster integral defined by Eq. (3.39) of I, and bl = 1.
As stated above, for consistency X should be evaluated in the zero-field

limit; hence in Eq. (6.30) both 2z and b~ refer to the zero-field case, or

r = 0 in the notation of Sec. V of I. Iet us solve Eq. (6.30) for z(n):

z = nae 2 b, ne 4+ e , | : (6.31)

and substitute into Eq. (6.28). We then find

A= = ot g : (6.32)
~ A
m=1
with gh_::: g'l , the singleamolecule polarizaﬁility of Sec. IV,
e Qs 2b, @ » , (6.33)

and so forth. Since the g}m ‘and gm_ are all scalar tensors, we may write

qu (6027) as ‘ . b
K-1 _ & -
K3 - 3 7 mfl n a (6.34)
= % ﬂ(n_al + n2 a2 + -0-) . (6'55)
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The Clausius-Mossotti function is thus expressed as a power series
in density;lo the first term of the series yields the conventional Clausius-
Mossotti formula, while the @ term gives the first correction to it. 1In

a subsequent paper we shall discuss the evaluation of o from Egs. (6.33)

2
and (6.29), and shall relate it to the work of previous investigators.ll

We must now inquire into the validityvof the cluster-chain approximation.
It is clear from the result (Eq. 6.34) that it is a low-density approximation,
and can be valid only if the series (6.34) converges. We therefore do not
expect it to be valid for a condensed state.

Let us now consider the contribution of a graph, such as shown in
"Fig. T, which is not a cluster chain. Let us first select the set of clusters
I, IT, III, whose successive linkages (with the external field and with one
another) are those of a chain, except that successive clusters may be multiply

linked. Each additional linkage (VI in this case) introduces an additional

II
factor of the order of '
< Viop >/AE , . (6.36)
where < VI T > 1is a matrix element of the order of
<p.><p. /R, )> O (6.37)
Py Pry T TII/ ° .

with < Py >, < pII > representing dipole moment matrix elements, RI 1T
the separation of the molecules undergoing the additional interaction, and

AE a typical energy difference., Since the polarizability al is of the

order of < p >2/AJE, and since R must be greater than R., the

I1IT o’

.additional factor '(6.36) = 1is of the order of
f

a /RS . (6.38)
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Thus, in order to neglect a graph having multiple linkage, it is necessary

to choose R. sufficiently large that (6.38) is very small. Since «a. is

0 1
typically of the order of a molecular volumé,l8 this should in genéral be
possible if the field EO does not vary significantly over molecular h
dimensions.,

The other clusters IV, V, VI are connected to the chain I-IT-TII
either by one linkage (IV) or by two or more(iv, VI). In the latter case,
the number of linkages exéeeds the number of additional clusters, thus
introducing a number of factors (6.36) equal to the excess. The argument
above then makes the relative contfibution negiigible. In the former case,
the single linkage couples the cluster(s) concerned through its mean dipole

moment in the absence of a field; by the isotropy of the cluster Hamiltonian,

such a graph then vanishes.
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APPENDIX
We wish to prove the Hugenholtz theorem in a form suitable for use
in Section V. Consider two uncoupled systems, 1 and 2, with the respective

Hamiltonians
H = K + V for =1, 2 .

The total Hamiltonian is

with K = Zb Kd s and VvV = Za Vd .

Because the two systems do not interact, their Hamiltonians commute, and we

have

or .
) "'l R "BW . _l . _l _Bwa ' "1
(2n 1) [ aw e™P'(w - B)" = [L (2x 1)™ [ aw e Hw, -E)T .
(A.1)

We expand (wd - Ha)-l as in paper I, and consider a particular
graph for each «, corresponding to a single term in the expansion. Such
a graph is characterized by the order in which the component terms (interactions)
of Wa appear. For each graph of 1 and 2, there are a number'of (unlinked)
graphs 6f the composite system, in which the order of interactions is
maintained within each part o, but with different order of the Vd interéctions
relative to the VB interactions. The corresponding terms jn the expansion

of Eq. (A.l) express this relation algebraically.
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FIGURE CAPTIONS

The single-molecule graph.

A simple chain for m = 3,

A simple chain differing from that of Fig. 2 by a»cyclic permutation of

the interactions.

The simple chajin of Fig., 3, unlinked by the removal of
The simple chain of Fig. 3, less molecule 1.

A cluster chain analogous to the simple chain of Fig. 3.

A graph which is not a cluster chain.
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