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MULTIPLE SOLUTIONS OF
SECOND ORDER HAMILTONIAN SYSTEMS

GABRIELE BONANNO, ROBERTO LIVREA AND MARTIN SCHECHTER

ABSTRACT. The existence and the multiplicity of periodic solutions for a pa-
rameter dependent second order Hamiltonian system are established via link-
ing theorems. A monotonicity trick is adopted in order to prove the existence
of an open interval of parameters for which the problem under consideration
admits at least two non trivial qualified solutions.

1. INTRODUCTION

The study of the existence and the multiplicity of solutions for second order
Hamiltonian systems of type
(1.1) —ii(t) = VF(t,u(t)),
has been widely investigated in these latest years, see [1]-[6], [9]-[12], [15], [18]-[23],
[25]-[27], [29]-(31], [33]-[52].

Because of its variational structure, the florid minimax methods for critical point
theory, particularly with its linking theorems (see [24, 28, 32, 33, 34]) represents a
fruitful tool in order to approach problem (1.1).

Recently, in [35], the following system

—i(t) = B(t)u(t) + VV (¢, u(t)),
has been studied, where

(1.2) u(t) = (ua(t), -, un(t))

is amap from I := [0, T] to R” such that each component u;(t) is a periodic function
in H! with period T, and the function V (t,x) = V (¢, 21, -+ ,x,) is continuous from
R™! to R with

(1.3) VV(t,z) =V, V(t,x) = (0V/dxy, - ,0V/dx,) € C(R"T R™).

For each x € R", the function V' (¢, ) is periodic in ¢ with period T.

By assuming that the elements of the symmetric matrix B(t) are to be real-valued
functions b (t) = bx;(t) and that

(B1) each component of B(t) is an integrable function on I, i.e., for each j and
k, b (t) € LY(1I),
it was possible to exploit the property that there is an extension of the operator
Dou = —ii(t) — B(t)u(t)
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having a discrete, countable spectrum consisting of isolated eigenvalues of finite
multiplicity with a finite lower bound —L

—00 < =L < X< A< <. ...< A<
(ctf. [31)).

Here, inspired by the arguments adopted in [35], we consider the following prob-

lem

—i(t) + B(t)u = uVV(t,u),
(1.4)

w(T) = u(0) = w(T) — i(0) = 0,
where B is a symmetric matrix valued function satisfying an elliptic condition (see
next assumption (Bs)) and p is a positive real parameter. In particular, first we
simply require a suitable behaviour of the potential V'(¢,-) near zero in order to
establish the existence of positive interval of parameters for which problem (1.4)
admits at least one qualified non trivial solution (see Theorem 3.1). Then, assum-
ing in addition that V'(¢,-) satisfies different conditions at infinity, a second non
trivial solution is assured (see Theorems 3.2 — 3.4). The multiplicity results are
obtained combining a linking theorem for functionals depending on a parameter
with a monotonicity trick.

2. VARIATIONAL SETTING AND PRELIMINARY RESULTS

In the sequel we will assume the following conditions on the matrix valued func-
tion B

(B2) B(t) = (bij(t)) is a symmetric matriz with b;; € L>(I).

(B3) There exists a positive function v € L (I) such that

B(t)a - > ~(t)]e]*
for every x € R™ and a.e. tin I.
Thus
V(B2 < B(t)z -z < A(t)]«/?,

for every t € I and = € R™, where A(t) € L>°(I). Following the notation of [30],

let H3. be the Sobolev space of functions u € L?(I,R") having a weak derivative
w € L*(I,R™). Tt is well known that H}, endowed with the norm

1/2

[l g, == </O Ju(t)|” dt+/0 Ju(t)[? dt) ;

is a Hilbert space, compactly embedded in C°(I,R") and C$° C Hj..
Because of the previous conditions, it is possible to introduce on H the following
inner product

(Du,v) / B(t v(t) dt—l—/oTu(t) -o(t) dt,

for every u,v € H}.. The norm induced by (Du,v) is

u)l/? (/ B(t )dt+/0T|u(t)2 dt)

1/2
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In fact, we have

Lemma 2.1. d(-)'/? is a norm on H}. There is a constant co > 0 such that

|22, < cod(w), =€ H}.

Remark 2.1. For an explicit estimate of the constant ¢y we refer to [12, 21, 30].

A solution of problem (1.4) is any function ug € C*(I,R") such that g is
absolutely continuous, and satisfies

—tig + B(t)up = pVV (t,up) a.e. in I,
and
uo(T) — UO(O) = UO(T) — ’LL()(O) =0.
It follows that, if we put A = 1/u, a critical point of the functional

Ga(u) :)\d(u)—2/IV(t,u)dt, 0<A<oo

is a solution of (1.4) where the system takes the form
(2.1) ADu(t) = VV (t,u(t))

We introduced the parameter A to make use of the monotonicity trick. This requires
us to work in an interval of the parameter A, and it allows us to obtain solutions
under very weak hypotheses. However, we obtain solutions only for almost every
value of the parameter. We can then obtain solutions for all values of the parameter
by introducing appropriate mild assumptions.

In proving the theorems, we shall make use of the following results of linking.
Let E be a reflexive Banach space with norm || - ||. The set ® of mappings I'(t) €
C(FE x [0,1], E) is to have following properties:

a): for each t € [0,1),T() is a homeomorphism of E onto itself and I'(¢)~! is
continuous on F x [0,1)

b): T'(0) =1

c): for each T'(t) € ® there is a ug € E such that I'(1)u = ug for all u € E
and I'(t)u — ug as t — 1 uniformly on bounded subsets of E.

d): For each tg € [0,1) and each bounded set A C E we have

sup {[[D(t)ull + [T~ ()ull} < oo
0<t<tq
u€EA

A subset A of E links a subset B of E if AN B = ¢ and, for each I'(t) € @, there
is a t € (0,1] such that T'(t)AN B # ¢.

Define
Or(u) = \I(u) — T(u), A€ A,
where Z, J € C'(E,R) map bounded sets to bounded sets and A is an open interval
contained in (0, +00). Assume one of the following alternatives holds.

(Hy) Z(u) > 0 for all w € E and Z(u) + | T (u)| = o0 as |Ju|| — 0.

(Hz) Z(u) <0 for all w € E and |Z(u)| + | T (u)] = oo as ||ul| = oo.
Moreover assume that
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(H3) There are sets A, B such that A links B and

ag :=sup Gy < bg :=inf Gy
A B

for each A € A. a()) := infreo SUp o< <1 Ga(T(s)u) is finite for each A € A.
ue

Theorem 2.1. Assume that (Hy)( or (Hz)) and (Hg) hold. Then for almost all
A € A there exists a bounded sequence ui(\) € E such that

1G5 (ui)|l = 0, Gal(ug) = a(N) as k — oco.

For a proof, cf. [34].

3. STATEMENT OF THE THEOREMS
Theorem 3.1. Assume

(1) There are a function b(t) € L*(I) and positive constants m and 0 < 2 such
that

2V (t,x) < bt)|z|?, |z| <m, z € R™
(2) There is a constant M > Ko = com?~2||b||y such that

(3.1) liminf?/V(t,cga)/czHgng > MM,
I

c—0
where ¢ is an eigenfunction of D corresponding to the first eigenvalue Ag.
Then the system (2.1) has a nontrivial solution uy satisfying
d(uy) < m?/co, Galuy) <0
for each A € (Ko, M).

Theorem 3.2. Assume that hypotheses (1) and (2) of Theorem 3.1 are satisfied
in addition to

(3.2) lim inf 2 / V(t, e)/Pgl2 > M.
I

CcC— 00
Then the system (2.1) has two nontrivial solutions uy,vy satisfying
d(ux) <m?/co, Ga(ux) <0, Gxr(vy) >0
for almost all X € (Ko, M).

Theorem 3.3. Assume that hypotheses (1) and (2) of Theorem 3.1 are satisfied.
Moreover,

(3) The function V is such that
(3.3) V(t,z)/|z)* = oo, as|z| = oo,

uniformly with respect to t.
(4) There is a function W (t) € L*(I) such that

(3.4) 2V (t,x) — 2V (t,rx) + (r* — 1)z -V, V(t, )
<W({), tel, xeR" rel01].
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Then the system (2.1) has two nontrivial solutions uy,vy satisfying
d(ux) <m?/co, Gx(ux) <0, Gx(vy) >0
for each A € (Ko, M).

Theorem 3.4. The conclusions of Theorem 3.3 hold if we replace Hypothesis (3.4)
with:
There are a constant C and a function W (t) € L'(I) such that

H(t,0z) <C(H(t,z)+ W(t), 0<60<1,tel, xeR",

where
H(t,z) =V, V(t,x) z—2V(t,z).

4. PROOFS OF THE THEOREMS

Before giving the proofs, we shall prove a few lemmas.

Lemma 4.1. If (3.4) holds, then

(4.1) /I[QV(t,u) —2V(t,ru) + (12 = Du -V, V(t,u)] <C, wue Hjrel01],

where the constant C does not depend on u,r.

Proof. This follows from (3.4) if we take u = x. O

Lemma 4.2. If u satisfies G\ (u) = 0 for some X > 0, then there is a constant C
independent of u, \,r such that

(4.2) Gi(ru) — Gy(u) < C
for all r € [0, 1].
Proof. From G (u) = 0 one has that
(G- 9)/2=\Du.g) ~ [ g+ VuV(tu) =0
I
for every g € H:. Take
g=(1- Tz)u.
Then we have
Ga(ru) — Ga(u) =A(r? — 1)(Du, )

+ /[QV(t,u) — 2V (t,ru)] dt

- /[QV(t,u) SOVt ru) + (7 — )u- VaV (¢ )] dt
<c

by Lemma 4.1. O
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Proof of Theorem 3.1. Fix X € (Ko, M), put 72 = m?/cy and define
B, ={uc H}:du) <r?}, 0B, ={uc H}:du)=r?}.
We claim that

(4.3) uelrg]f% Gx(u) > 0.

Indeed, let 6 > 0 be such that Ky < Ko+ < A < M, then for every u € IB,. one
has

Ga(u) > Md(u) — /b(t)|u(t)\6 > Am?/co — m9|\b||1 > om?/co,
I
and (4.3) holds. On the other hand, from (3.1), fixed e € (0, Mg — 2 [, V(t,cp)/c*||¢]13),
there exists & > 0 such that
2 [ Vit.co)/ el > Mo+ 2
I

for every |c| < &. Hence, for ¢ sufficiently small one has cp € B,., as well as
Galer) = llel3M0 =2 [ Vit.co)/ el

< 2|l plB(MAo — 2 / V(t,e0) /| o]2)
< —|p|2 <.

For each X let p(A) = infg, Gy. Then —oo < p(A) < 0. There is a minimizing
sequence (ur) C B, such that Gy(ur) — p(A). Consequently, there is a renamed
subsequence such that ux — u € H and uy, — u € L>(I). Thus

Ad(ug) = p(A) + 2/IV(t,u) dt.

Also Ad(u) < liminf Ad(ug) = p(X) +2 [, V(t,u) dt, namely Gy(u) < p(A) < 0 and
u ¢ 0B,.. Hence, u is in the mterlor of B, and we have G} (u) = 0. O

Proof of Theorem 3.2. First observe that, if we define

I(u) = d(u /Vtu

for every u € H% one has that Gy = G. Hence, taking in mind that Z(u) > 0 for
all w € HL, it is clear that (Hy) holds. Moreover, as in the proof of Theorem 3.1,
take r2 = m?/co. Then

v(A) = (%Iéf Gr>0, Xe (Ko, M).
By hypothesis, there are c¢;, ¢y such that ¢;p € B, and cop ¢ B, with Gy (c;0) <

0, i =1,2. The set A = (c1, o) links B = 0B, (cf.,e.g., [33]). Applying Theorem
2.1, for almost every A we obtain a bounded sequence (yx) C H% such that

Galye) = a(h) = inf  sup  GA(T(s)u) > b(N), Gh(ye) = 0.

Fe®p<s<1, ueA

Since the sequence is bounded, there is a renamed subsequence such that y, — y €
H and yx — y € L>(I). Since G} (yx) — 0, we have

ykv /vv 4 yk: — 0.



MULTIPLE SOLUTIONS OF HAMILTONIAN SYSTEMS 7

In the limit this gives G'\(y) = 0. We also have Md(yx) — [; VV (t,y)y = )\d( )
Consequently, we have Gx(yr) = Ad(yr) — 2 [; V(t,yx) — Md(y) — 2 [, V( =
G (y) showing that G (y) = a(\) > v(A) > 0. The proof is completed taklng u>\ as
already assured by Theorem 3.1 and vy = y. O

5. THE REMAINING PROOFS

Proof of Theorem 3.3. Note that (3.3) implies (3.2). By Theorem 3.2, for a.e. A €
(Ko, M), there exists uy such that G4 (ux) =0, Gx(ux) =a(X) > v(A) > 0. Let
A satisfy Kg < A < M. Choose A\, — A\, A, > X such that there exists u,, satisfying
G (un) =0, Gx,(un) =a(A,) > v(A,) > 0.
Therefore,
2V (t,uy)
o d(un)
Now we prove that {u, } is bounded in H. If wnll 2 — o0, let @y, = Uy /A2 (uy,).
Then d(u,,) = 1 and there is a renamed subsequence such that @, — @ weakly in
H1, strongly in L>(I) and a.e. in I. Let Qo C I be the set where @ # 0. Then
[un (t)] = oo for t € Q. If Q had positive measure, then, observing that (3.3) and
the continuity of V' assure the existence of 8 € R such that

Vt,z) > p

for every (t,z) € I x R, we would have

2V (t, un 2V (t, up) 2V (t, up)
M > / M at :/ 7’+/ — > dt
a,  d(un) no, d(un)

2V (t,un), 2
2/ Lz)\un|2dt+/ 5
Qo |un| I\Qo d(un)

At this point, we obtain a contradiction passing to the liminf and applylng the
Fatou lemma, since from (3.3) it is clear that for every ¢t € Qo, 2‘|/ut ;é" |t |? — +o00
as n — oo. This shows that & = 0 a.e. in I. Hence, @, — 0 in L°°(I). For any

s > 0 and h,, = stu,, we have

dt < M.

(5.1) /V(t, hy) dt — /V(t, 0)dt
I I
Take r,, = s/d"/?(u,) — 0. By Lemma 4.2
(5.2) Gy, (rnup) — Gy, (un) < C.
Hence,
(5.3) Gy, (8Un) < C+ Gy, (un) = C+a(r,) <C+a(M).
But

Gy, (8in) = A5 (D, i) — Z/V(t Sty
I

> 32)\dun 2/Vtsun
I

— \s?

by (5.1). This implies
Gy, (st,) = 00 ass— oo,
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contrary to (5.3).
This contradiction shows that [un|[z; < C. Then there is a renamed subse-

quence such that u, — u weakly in H}, strongly in L>(I) and a.e. in I. It now
follows that for the bounded renamed subsequence,

Gh(n) =0, Gi(u) = lim a(A,) > v(A).

We can now follow the proof of Theorem 3.2 to obtain the desired solution. (I

Proof of Theorem 3.4. We follow the proof of Theorem 3.3 until we conclude that
tn, — 0 in L*(I) as a consequence of the fact that we assume that [|un[|z1 — oo.
We define 6,, € [0,1] by

G, (Onun) = Jmax, G, (Oun).

For any ¢ > 0 and h,, = cu,,, we have
/V(t,hn)dt — /V(t, 0)dt <O0.
I I

Thus, for every fixed ¢ > 0, if n is large enough one has that 0 < ¢/d"/?(u,) < 1
and

G (Otin) > G (c/dM2 (1)) = Gix. (cin) = A And(iin) — 2 / Vit hy) dt,
I
so that
liminf G, (Onun) > 2N,

n—roo
namely, lim Gy, (0,u,) = co. If there is a renamed subsequence such that 6, =1
n—oo

for every n, then
(5.4) G, (uy) — 0.

If 0 <6, <1 for all n, then we have (G’An(é’nun),enun) = 0. Indeed, defined
h(0) = Ga, (Qu,) for every 6 € [0, 1], one has

d /
25h(0) = (GA, (Bun), un)

Hence, if 6, = 0 then (G (0nun),0nun) = 0- 4 h(0) = 0. Otherwise, if 0 <
0, < 1, being h(0,) = maxgejo,1) h(#), one has

’ _ . _
G\, (Onun), Onuy) = 0, —deh(ﬁn) =0.
['herefore,

/ H(t, 0, uy) dt = / (VV(t,Hnun)ann - 2V(t,9nun)) dt
I I
1
= G>\n (6‘nun) - §(Gl)\n (enun)7 enun)

= G, (Ohu,) = 0.
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By hypothesis,
G)\n, (un) = /H(ta un)
I

2/IH(t,Hnun)dt/C—/IW(t)dtﬁoo.

Thus, (5.4) holds in any case. But
G, (un) = a(Xy,) < a(M) < 0.
This contradiction shows that |lu,| gy < C. It now follows that for a renamed

subsequence,
G)\(un) = 0, Gx(up) — Jim a(An) > v(N).

We can now follow the proof of Theorem 3.2 to obtain the desired solution. ([l

6. SOME EXAMPLES

Here we show that the assumptions required in the main theorems are naturally
satisfied in many simple and meaningful cases.

For simplicity, in the following, we suppose that n =1, I = [0, 7] and B(¢) =1
for all t € I while a, 3 € L*(I) are two positive functions. A direct computation
shows that the eigenvalues of D, with periodic boundary conditions, are

N o= 4%+ 1.
Hence, A\g = 1 and the corresponding eigenfunctions are constants.

Example 6.1. Put
V(t,x) = a(t)]z’
for every t € I, x € R, with 1 < 6 < 2. Then all the assumptions of Theorem 3.1

are satisfied. Indeed, condition (1) holds with b(t) = 2a(t) and for every m > 0.
Moreover, if ¢(t) = k for every t € I, with k € R\ {0}, one has ||p||3 = k*r and

2 / Vi(t,e0) /ol = [bll]ckl2/x,

showing that is (2), i.e., that liminf._o2 [; V(t, cp)/c?[¢]3 = +oc.
Finally, observe that in this case the interval of the parameter \ for which the
conclusions of Theorem 3.1 hold is (0, +00).

Example 6.2. Let g : R — R be a positive and continuously differentiable function
such that

L = lim g(x) > com

r—r00

and
29(1) +¢'(1) = 29(—-1) — ¢'(-1) = 0,
where 1 < 0 < 2. Put
e il <1
F(z) = { 22g(7) if |z > 1.

Then, the function
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for every t € I, x € R satisfies all the assumptions of Theorem 3.2. Indeed, arguing
as in the previous example, we see that conditions (1) and (2) hold with m = 1.
Moreover, for |c| large enough one has

Q/IV(t,CsD)/C2|\<PI\3 = 2allrg(ck)/m.

Hence,

c—00

liminf2/IV(t,c<p)/02||<p||§ =2||a|1L/7 > 2||allico = Ko
and condition (3.2) holds.
Example 6.3. Assume that «, § € L*°(I) and put
V(t,z) = a(®)lxl” + B(t)]e]"

forevery t € I, x € R with 1 < 8 < 2 < 7. Then all the assumptions of Theorem
3.3 are satisfied. Indeed, condition (1) holds with b(¢) = 2(a(t) + B(t) and m = 1.
Moreover, if ¢(t) = k for every t € I, with k € R\ {0}, one has

2/IV(t’C<p)/62||s0||§ = 2([lall1lckl”=2 + [|Bll1lckl™2) /7.

Hence
11m1nf2/V t,cp) /| ell3 = +oo
and (2) is verified. It is an easy matter to verify that condition (3) holds. Finally,
if
Vo(t,x) =2V (t,z) — 2V (t,rz) + (r* — Da - V,V(t, x)
for every t € I, x € R and r € [0, 1], then, exploiting the choice of § and 7 and

observing that 2 — 7 + 772 — 2r™ < 0, we see that there exists C' > 0 independent
from ¢, z and r, such that

Vet,z) = 2a(t)|z]?(1 — %) +28(t)|z|"(1 —r7)
+(r? = D]e(t)0]x|” + B(t)7|2|7]

a(t)|z|’(2 - 0 + 6r% — 21%)

+8()|x|"(2— T+ Tr? — 2rT) < C,

namely (3.4) holds.

We conclude with a further example that points out how Theorem 3.3 applies
to functions that do not satisfy the well known Ambrosetti-Rabinowitz condition.

Example 6.4. Let o € L°>°(I) and put
V(t,z) = a(t)|z|® In® |z|
for all t € I and = € R (with the meaning V' (¢,0) = 0). Since
qlpli% |22~ In? || = 0

for every 0 < 6 < 2, it is clear that condition (1) holds with b(t) = a(t) and m
small enough. Moreover, if as usual p(t) = k for t € I and k € R\ 0, one has

11m1nf2/V t,cp)/c||pll3 = 11m1nf2||04H11n |ck|/m = 400,
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that is (2) is verified. It is simple to check that (3) holds. Finally, if V. is defined
as in the previous example, for r € (0,1] one has

Vi (t,z)

2a(t)[z|? [In® [z — r? In® [rz| + (r* — 1)(In® |z| + In |z])]
= 2o(t)|z|* [-r* In?r — 272 Inrn|z| +72In|z| — In |z|]

2o(t) |’ In |z| [r* — 1 —2r°In7].

A

Since r2 — 1 —2r2Inr < 0 for every r € [0, 1], there exists C' > 0 independent from
t, x and r such that

Vp(t,z) < C.

For r = 0 one has

Vo(t,z) = —2a(t)|z|* In|z|.

Thus, in any case, (3.4) holds.
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