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STYLES O F THINKING t  FROM ALGEBRA WORD 
PROBLEMS T O PROGRAMMD4G 

VU.  PROCEDURALTTY' 

Kate Ehriieh 
Ellio t  Solows y 
Valeri e Abbot t 

Department of Compater Science 
Yal e UniTersit j 
P.O.  Bo x 215 8 

N ew Haven ,  Connecticu t  0052 0 

1.  ABSTRACT 
Algeb n wor d problen u ar e ofte n sorprisingl y har d fo r 

colleg e stadent a t o solTe .  Howerer ,  mor e stndent a ar e abl e t o 
solr e thes e problem s coneetl j  whe n aske d t o writ e a  compate r 
program ,  tha n whe n aske d t o writ e a n equation .  W e har e als o 
foon d tha t  programmers ,  wit h th e sam e leve l  o f  mat h 
experienc e a s non-programmers ,  d o consistentl y bette r  o n th e 
algebr a wor d problems ,  afte r  onl y on e semeste r  o f  a n 
introdactor y programmin g class .  W e arga e tha t  som e o f  th e 
difTicnlt y associate d wit h th e algebr a wor d problem s ca n b e 
trace d t o misconception s aboa t  wha t  th e algebrai c expressio n 
represents .  Student s ofte n appea r  t o us e a n algebrai c 
expressio n a s i f  i t  wer e a  stati c descriptio n rathe r  tha n a s 
denotin g a n activ e operatio n bein g performe d b y on e numbe r  t o 
get  anothe r  nnmber .  Althoug h programmer s m a y b e equall y 
pron e t o suc h misconceptions ,  i t  seem s tha t  experienc e wit h 
programmin g help s the m t o overcom e thes e misconceptions ,  b y 
encouragin g the m t o develo p a  mor e active ,  procedura l  vie w o f 
th e problem . 

2.  INTRODUCTION 
I n recen t  work ,  Clemen t  an d Lockhea d [Clement ,  Loehhead , 

and Monk ,  1080 ]  hav e demonstrate d tha t  ther e i s a  clas s o f 
apparentl y simpl e algebr a wor d problem s tha t  studen U find 
ver y difTicul t  U> solv e correctly .  A  typica l  proble m i s show n a s 
Exampl e 1  i n Tabl e M . 

W h en Clemen t  e t  a l  gav e thi s proble m t o a  gron p o f 
engineerin g studen U the y foun d tha t  onl y 0 3 % o f  th e grou p 
gav e th e correc t  respons e o f  S  ̂  OP .  Th e mos t  c o m m o n wron g 
answer  was :  O S ̂  P ,  th e reversa l  o f  th e cotree t  answer .  I n 
anothe r  problem ,  als o show n i n Tabl e 2-1 ,  i n whic h ther e ar e 
tw o integrals ,  onl y 2 7 % o f  th e clas s wer e abl e t o produc e a 
correc t  answer .  Thes e findings  ar e ver y robust  an d hav e bee n 
replicate d ! n a  numbe r  o f  studie s (e.g .  Solowa y e t  al ,  1982 ; 
Clemen t  e t  al ,  1980 ;  ,  Kaput ,  197 9 ) . 

Clemen t  an d hi s colleague s (Solowa y e t  al. ,  1982 ,  Clement , 
Loehhead ,  an d Monk ,  I980| .  carrie d ou t  videotape d interview s 
wit h som e o f  thes e student s t o tr y an d find  th e sourc e o f  th e 
error s The y identifie d tw o principa l  kind s o f  strategie s tha t 
student s wer e usin g t o solv e th e problems .  Som e student s use d 
a syntactic ,  wor d orde r  matchin g strategy ,  i n whic h th e orde r 
of  ke y words ,  suc h a s  'student '  an d 'professor *  an d th e 
number s fro m th e proble m description ,  wer e mappe d directl y 
ont o th e orde r  o f  symbo b appearin g i n th e equation .  Paig e an d 
Simo n (Paig e an d Simon ,  19e0 |  hav e als o argue d fo r  th e 
weaknesse s inheron t  i n thi s kin d o f  direc t  trmnalstio n strategy . 

Anothe r  strateg y tha t  student s adopte d ca n b e characterise d 
as 'stati c comparison' .  Fo r  instance ,  on e studen t  describe d th e 
equatio n i n th e followin g manne r 

There' s si x time s a s man y stndeati ,  whic h meaa s it' s  si x 
student s t o on e professo r  an d thi s (point s t o SS )  i s si x time s 
as man y student s a s ther e ar e professo n (point s t o IP) . 

'Thi s wor k « u mpportc d b y tb t  Nationa l  Scienc e Foundation ,  unde r  NS F 
Grant  IST-81-I4M0 . 

What' s wron g wit h thes e strategies f  Thei r  mai n proble m i s 
tha t  student s see m t o hav e a  static ,  descriptiv e vie w o f  algebra . 
For  instance ,  student s w h o espous e th e strateg y denote d a s 
'stati c comparison '  see m t o wan t  th e algebrai c expressio n t o 
represen t  directl y th e relativ e site s o f  th e object s i n th e 
problem .  I n s o doing ,  the y trea t  th e variable s suc h a s S  an d P 
as standin g fo r  'students *  o r  "professois "  rathe r  tha n fo r  th e 
nuTFibe r  o f  student s o r  th e numie r  o f  profeasora .  But ,  algebr a 
does no t  functio n a s a  descriptio n i n th e sam e wa y a s Englis h 
provide s descriptions .  Th e correc t  equation ,  S  ̂  O P doe s no t 
describ e th e size s o f  th e groups ,  rathe r  i t  denote s a n equivalenc e 
relatio n tha t  woul d obtai n i f  on e o f  th e groups ,  th e professors , 
wer e mad e si x time s larger .  I n thi s way ,  th e algebrai c 
expressio n represent s a n activ e operatio n tha t  i s  performe d o n 
on e numbe r  t o obtai n anothe r  number . 

3.  IMPAC T O F PROGRAMMING: 
PROCEDURALITY 
I f  th e correc t  conceptio n o f  algebr a i s a n active ,  procedura l 

one ,  the n puttin g student s i n a n environmen t  tha t  encourage s 
the m t o adop t  a  mor e procedura l  approac h shoul d hel p the m t o 
generat e correc t  solution s t o th e algeb n wor d problems . 
Programmin g i s suc h a n environment .  Indeed ,  Paper t  (Papert , 
1971 ]  ha s claime d fo r  som e tim e tha t  learnin g t o progra m ca n 
enhanc e proble m solvin g skills . 

I n previou s researc h (Clemen t  et .  aL ,  1980 ,  Solowa y e t  al. , 
1982] ,  w e foun d tha t  significantl y mor a student s coul d solv e th e 
problem s correctl y whe n th e proble m wa s presente d i n th e 
contex t  o f  writin g a  compute r  progra m tha n i a th e contex t  o f 
an equation .  W e hav e als o conducte d videoUpe d interview s 
wit h som e o f  th e student s w h o wer e unabl e t o writ e th e 
equatio n [Solowa y e t  al. ,  1982] .  I n severa l  cases ,  w e foun d tha t 
th e sam e studen t  wa s abl e t o solv e th e proble m i n th e contex t 
of  a  compute r  progra m bu t  no t  i n th e contex t  o f  a n equation . 
eve n whe n ther e wer e onl y a  fe w minute s separatin g th e tw o 
solutions .  Thes e result s suppor t  th e clai m tha t  i t  a  easie r  t o 
writ e a  progra m t o solv e a  certai n clas s o f  problem s tha t  t o 
writ e a n equation . 
4.  PROGRAMS V S EQUATIONS!  TH E 

CONTRIBUTION O F PROCEDURAL 
WORDING 
I n th e stud y reporte d I n [Solowa y e t  al. ,  1982) ,  th e 

instruction s fo r  th e tw o version s o f  th e proble m ar e worde d a 
littl e differently .  I n particular ,  th e instruction s fo r  th e progra m 
versio n ar e themselve s mor e procedura l  tha n th e instruction s 
fo r  th e equatio n version .  Thus ,  i t  m a y b e tha t  th e critica l 
facto r  i n th e stud y wa s th e wordin g o f  th e instruction s rathe r 
tha n an y differenc e betwee n writin g a n equatio n o r  a  program . 
I f  th e wordin g wa s th e critica l  factor ,  however ,  ther e shoul d b e 
a differenc e betwee n th e tw o kind s o f  wordin g fo r  non -
programmer s a s wel l  a s programmers . 

I n th e ne w stud y w e use d thre e version s o f  th e algebr a wor d 
problem ;  thes e ar e show n i n Tabl e 4-1 .  Th e equatio n an d th e 
progra m versio n ar e th e one s use d i n th e previou s study ;  th e 125 



functio n •ersio a i s new .  W e n n thi i  stud y wit h student s wh o 
had D O prognmmin g experienc e a s wel l  a s wit h student s wh o 
had take n a t  leas t  on e programmin g course .  Th e programme n 
receire d al l  thre e Tersions ,  whil e th e non-programmer s wer e 
gire n th e equatio n an d th e functio n Tersion s o f  th e problem . 
Each studen t  sa w onl y on e rersio n o f  th e problem . 

Th e data ,  whic h ar e show n i n Tabl e 4-2 ,  sho w tha t  th e 
procedura l  wordin g o f  th e instruction s ha d n o effec t  o n 
accurac y fo r  th e non-programmers .  Th e programmers ,  o n th e 
othe r  hand ,  di d writ e mor e correc t  equation s whe n gire n th e 
procedura l  instruction s tha n whe n give n th e original ,  equatio n 
version .  A s i n th e previou s study ,  ther e wa s als o a  significan t 
improvemen t  fo r  writin g program s ove r  writin g equation s wit h 
non-procedura l  instructions .  Th e result s sho w tha t  th e 
procedura l  wordin g o f  th e instruction s onl y improve s 
peiformaae e i f  student s hav e ha d programmin g experience . 
O ne implicatio n o f  thes e result *  i s  tha i  proeedora l  wardin g 
alon e i s no t  sufficien t  t o induc e peopl e t o adop t  a  mor s activ e 
rie w o f  algebra ;  peopl e nee d experienc e i n a  procedura l  domai n 
suc h a s progiumming . 

6.  TRANSFER EFFECTS F R O M 
PROGRAMMING T O ALGEBRA 
Th e result s o f  th e previou s stud y sugges t  tha t  i t  i s 

experienc e wit h programmin g rathe r  tha n th e preeeduralit y o f 
th e instruction s tha t  i s  critical .  I n th e nex t  stud y w e examine d 
more directl y whethe r  programmer s d o bette r  o n th e algebr a 
wor d problem s tha n non-programmers ,  whe n th e problem s ar e 
presente d i n th e standar d non^proeedura i  context . 

We constructe d a  larg e diagnosti c '«s t  containin g 1 7 algebr a 

EXAMPLE 1 

Givc a th e foUowia g statemeat : 

'There an six times as maay aUdcats as ynltmon at this 
Uaivenitr * 

WriU aa eqaatin to repieatat the above statement. Use S 
fo r  th e aambe r  o f  stadeat t  sa d P  fo r  th e aambs r  o f 
profaMon . 

•  Result :  0 3 % correc t 

•  Typica l  wron g answe r  O S «  P 

EXAMPLE 2 

Gire a th e foUowia f  statemeat : 

'At  Miady's restaaraat, for every foar people who order 
cheesecake ,  ther e ar e Rv e peopl e wh o orde r  stnideL ' 

WriU aa eqaatioa to repreaeat the above statemcat. Use C 
fo r  th e nambe r  o f  cheesecake s ordere d aa d S  fo r  th e aombe t 
of  stradd s ordered . 

•  Result :  2 7 % correc t 

•  Typica l  wron g answe r  4 C — 5 S 

Tab l e 3-1 : 
EXAMPLES OF ALGEBRA WORD PROBLEMS 

PROBLEM 

'At Mindt't rtttaurant, far even low ptoplt mho orim 
ekeuteak t  tktr t  ar t  Ji m peopi *  vk o orit r  ttmid .  • 

1.  E Q U A T I O N 

Write a mathematical equation to represent the above 
statemeat . 

2.  PROGRAM 

Write a computer pragram which eaa be esad to calealato 
th e aambe r  o f  cheesecake s ordere d whe n npplia d wit h th e 
namber  o f  stmdsl i  ordered . 

3.  F U N C T I O N 

Write a mathematical fvnctioa which eaa be used to 
caieolat e th e aambe r  o f  cheesecake s ordere d whe n sapplie d 
wit h th e aambe r  o f  stnidei s ordered . 

Tab l e 4-1 : 
E X A M P L ES O F W O R D I NG 

word problems as well a* filler items. The test was 
administere d t o 2 8 peopl e wit h n o programmin g experienc e an d 
32 peopl e wh o ha d jus t  complete d a  semeste r  o f  a n 
introductor y programmin g course .  Th e group *  wer e equate d 
fo r  leve l  o f  mat h experienc e an d i n man y othe r  respect s ha d 
simila r  academi c background* .  Man y o f  th e peopl e takin g th e 
programmin g cours e ha d major s i n non-scientifi c  subject *  suc h 
as Histor y o r  Englbh ,  whil e som e o f  th e non-programmer s ha d 
major s i n fields  suc h a *  psycholog y whic h include s som e mat h 
experienc e i s th e for m o f  statistics . 

Al l  th e problem s wer e presente d i n a  non-programmin g 
contex t  an d non e o f  th e problem s ha d procedura l  wording . 
Over  th e 1 7 problems ,  th e non-programmer *  go t  a n averag e o f 
04.5 % o f  th e problem *  correc t  whil e th e ptogrammet *  go t  a n 
averag e o f  7 5 % o f  th e problem *  correct .  Thi s difretene e 
betwee n th e group *  wa *  significan t  ( t  — 4.7 ,  p  <  0.0006) . 
Althoug h th e averag e performanc e betwee n th e tw o group * 
differe d b y onl y 1 0 % ,  th e significanc e o f  th e differenc e reflee u 
a smal l  bu t  consisten t  improvemen t  ove r  al l  th e problem s fo r 
th e programmin g group . 

I t  ma y b e argued ,  tha t  althoug h w e controlle d fo r  leve l  o f 
mat h experience ,  an d academi c background ,  th e programmin g 
grou p a s a  whol e wer e smarte r  tha n th e non-programmen .  I f 
thi s i s th e ease ,  w e shoul d expec t  t o find  a  fairl y constan t  rat e 
of  improvemen t  ove r  al l  th e problems .  However ,  th e dat a d o 
not  suppor t  tha t  argument .  Som e sens e o f  th e kin d o f 
advantag e conferre d b y programmin g experienc e ca n b e 
illustrate d b y examinin g on e se t  o f  problem s tha t  wer e include d 
i n th e test . 

Ther e ar e thre e mai n form s i n whic h th e solutio n equatio n 
ca n b e expressed .  I t  ca n b e expresse d a s a  multipl e ,  e.g .  5 C — 
4S;  a s a  ratio ,  e.g .  C/ S • •  4/5 ;  o r  wit h a  singl e variabl e o n on e 
side ,  e.g .  C  — 4/ 5 S .  Th e wron g solution s ar e mos t  ofte n 
expresse d i n th e for m o f  a  multiple ,  th e rati o i s th e for m 
student s see m mos t  familia r  with ,  an d th e thir d for m i s th e on e 
appropriat e t o th e equatio n writte n i n a  compute r  program . 
We include d i n th e test ,  a  se t  o f  problem s i n whic h peopl e wer e 
give n solutio n fragment s i n eac h o f  thes e thre e forms . 

Th e percen t  correc t  completion s fo r  th e tw o group s o f 
subject s ar e show n i n Tabl e 5-1 .  W h e n w e compare d 
performanc e o n eac h versio n o f  th e proble m acroe s th e tw o 
groups ,  w e foun d tha t  ther e wa s n o reliabl e differenc e betwee n 

126 



N O N - P R O G R A M M E RS 

FUNaiON EQUATION 

CORRECT 82 73 

INCORRECT 40 49 

Equation «s Function: N.S. 

PROGRAMMERS 

FUNCTION EQUATION PROGRAM 

CORRECT 71 48 77 

INCORRECT 32 63 22 

a.  CONCLUSIONS 
Ther e ar e a  numbe r  o f  reason s wh y prognnunin g ma j 

enhanc e certai n proble m aolTin g abilities .  Thes e reason s rang e 
fro m th e explicitnes s require d b j  th e sjmta x o f  programmin g 
languages ,  throug h t o th e practic e o f  'debugging '  an d numbe r 
cheekin g tha t  i s  encourage d i n programming .  Howerer , 
perhap s th e mai n benefi t  o f  programmin g i s tha t  i t  proride s th e 
studen t  wit h a  mode l  o f  a n actir e input/outpu t  transformatio n 
whic h function s a s a  metapho r  o f  change .  I t  seem s clea r  tha t 
peopl e shoul d b e encourage d t o derelo p sldU s tha t  hel p the m t o 
construc t  thes e kind s o f  models .  Th e result s o f  th e studie s w e 
reported ,  sugges t  tha t  thes e skill s  ar e bes t  derelope d i n th e 
contex t  o f  learnin g t o program . 

Re fe re n 

Equstio n y s Function :  p  <  0.0 1 
Equatio n » s Progrta :  p  <  0.00 1 
Functio n « s Prograa :  N.S . 

T»bl « <t.3 i 
The numbe r  o f  peopl e grre a eac h proble m 
typ e wh o produce d a  correc t  an d iaeome t 

solutio n 

(•uitipis ) 
? C  =  ?  S 

(ratio ) 
? C 

NON-PROC 

36S 

PROC 

SOS 

68S 78$ 
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(singl e Isttsr ) 
? 

C =  -  S 
T 

361 59S 

T a b U S-l i  EQUATION FRAGMENT: 
Percen t  correc t  response s fo r 

each solutio n typ e 

the programmers and the non-programmen except on the 
fragmen t  tha t  ha d th e for m o f  a  singl e lette r  o n th e lef t  han d 
sid e (x ^  — 3.3S ,  p  <  .10) .  Thes e da U mitigat e agains t  claim s 
tha t  th e programmer s ma y har e don e bette r  becaus e the y wer e 
smarter .  Moreover ,  th e dat a sugges t  tha t  experienc e wit h 
programmin g confer s quit e specifi c  proble m solvin g skill s t o 
othe r  domain s suc h a s algebr a wor d problems . 
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