
Lawrence Berkeley National Laboratory
Recent Work

Title
NUCLEON-NUCLEON INTERACTION

Permalink
https://escholarship.org/uc/item/4wg358xm

Author
Christian, Richard S.

Publication Date
1950-12-22

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/4wg358xm
https://escholarship.org
http://www.cdlib.org/


: ' ..... 

UCRL 1011 
Cy 2 

UNIVERSITY OF 

CALIFORNIA 

TWO-WEEK LOAN COPY 

This is a library Circulating Copy 
which may be borrowed for two weeks. 
For a personal retention copy, call 
Tech. Info. Dioision, Ext. 5545 

BERKELEY. CALIFORNIA 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



UCRL 1011 

Nucleon-Nucleon Interaction 

By 

Richard Stuart Christian 
B.s. (Illinois Institute of Technology) 1947 

DISSERTATION 

Submitted in partial satisfaction of the requirements for the degree of 

DOCTOR OF PHILOSOpHY 

in 

Physics 

in. the 

GRADUATE. DIVISION 

of the 

UNIVERSITY OF- CALIFORNIA 

Approved: 

0 • • • • • • 0 • 0 ••••ooeoeeoe•o 

•••••·•••••o•o••••••••••••• 

•••••~ooo•ooooe•eeoeoooooo 

Committee in Charge 

Deposited in the University Library. 0 • • 0 o o e o • o • o 0 • 0 0 • • 0 0 

Date Librarian 

l \ 



-2-

INTRODUCTION 

The purpose ot the present paper is to ascertain it it is 

possible to determine a phenomenological description ot the nucleon­

nucleon interaction in te~e ot a potential. A further atm is to 

determine with what uniqueness this potential can be deter.mined 
.- . 

from the present expertments, particularly those at high energies. 

Tbe program will be to assume a number ot potential modele· so 

•dju~ted that the.y fit the low energy region .and attempt to correlate 

the high energr scattering with the various features of each model • 

. It is well known that the experimental results in the 

low energy region can be described br an interaction potential; how-

ever, for sutticiently high energies relativistic corrections mar 
. '. 

be expected to be ot major tmportance, Detailed scattering calcu­

lations, using a tield theorr, show that the use ot relativistic 

momenta corresponds to calculating the kinematical aspects rela­

tivistically, but·that·the drn&mic~l corrections depend on the 

·specitic theory emplored, Scattering deduced trom a field theorr1 

has, in general, ·relattvietic corrections proportional to (v/c)2
J 

' 2 . 
tor example, .at 90 Mev (v/c) is O.OS while aPJ:IroximateJ.rlO percent 

corrections are found' by appl:l.c&tion ot the-Moller method to t~e 

scalt.r and vector meson theories2• Theae correcti.ons do not have 

1 L, Roaenteld, Nuclear Forces (Interscience Publ:l.ahers, Inc., New 
'York), Vol 2, p. 311 tt. It might appear at first ai,ht that 
corrections due to spin orbit coupling are ot order v c. Actually, 
in a field ~heorr calculation corrections whiCh .introduce· this . 
coupling include also a gradient of the pot~ntial (e.g., ~~e Thp~f 
te~ tor the hldrogen atom) which in scatterini producia an 
additio~l.tactor ot v/c. . . . 2 " . I • • . . < . 

· · H •''!Sft7der a~ R. E~· Marshak, Phr~·· .R,.v. :zi, 1253 (1947). 
l • 
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any noticeable similarity (even as to sign) between the various 

field theories. Consequently, we shall attempt to fit the data 

disregarding any relativistic correction. We may occassionally 

recall, howev·er, that an absolute choice should not be made between 
. . . . . . . . .. . . .. 2 

potentials each of which fits the experimental data to order (v/c) • 

This paper shall be divided into three sections. In the 

first and second section we sh~ll consider the neutron-proton and 

the proton-proton system, respectively. In the third section we 

shall summarize the apparent similarities and differences inthe 

two interactions and consider the need for further experimental 

and theoretical work as well as mention possibilities for deter-

mining the neutron-neutron interaction. 

SECTION I - THE NEUTRON-PROTON INTERACTION 
:} 

I. :Qualitative:Discussion 

The experimental results of the low .energy.region 

(including some derived· quantities) are sUIIlliiB.rized in Table I. 

None of these experiments give informati'on concerning the explici~ 

radial dependence of the forces or of the forces in other thanS-

states,:and,'in fa.ct even the ranges are determined only approx-

imately •. In the triplet state there is a further uncertainty in 

the relative central and ·tensor ranges. This·latter uncertainty 

would be removed considerably if it were assumed that the magnetic 

moment gave a measure of the n~.state admixture due. to tensor forces 0 

Unfo'rtunately, becau's~· of unc~rtain relat.ivistic correctio~s3 this 
: t.·. ·,·: 

.3 R. ~. Sachs, Phys. Rev. ~' 9),. .,(1947); 1{ .. Pritnakoff,; Phys. Rev. 
ll, 118. (1947h G. ·Breit and: J .. BJ,.och, :Phys. Rev. 'E, 135 (1947). . ... ,· . ·. .· .. ~ '. . ' . '. 



I 

t'· 

.. ~~ 

.,.., 

' 

<-t' . 

'" 

~4= 

.forms an unreliable restriction. The depths.o.f the various 

p<:>tentials ~ L e.~ sing;tet and triplet central and triplet. tensor~ 

are~ however~ accurately determined .for any specified combination 

. o.f ranges. 

The high energy experiments consist-of angular measure= 

ments at 28~ 40, 90 and 280 Mev and total cross sections at all· 

these energies and at some intermediate energies. The experimental 

distributions are shown graphically in Figs •. 1 and 2. · The total 

. cross sections are tabulated in Table II. 

We propose to fit the data at 40 and 90 Mev first and. 

then ascertain i.f the model or models determined will .fit the .' 

remaining data. The reason for·this choice is primarily because 

this was the first. data available and it is still the most complete 

and experimentally reliable data. The expansion· (in Legendre_ 

polynomials, Pn(e) for the 90-Mev distribution.is 

a- [ 1 = o.l4P1(e) + o.68P2(a) + o.o2P3(e) 

-r o.11~4ce)] ~ 

with an estimated error of jt 0.1 for the coefficients of P1(6) 

through ~4(e). The most noteworthy result is the near synunetry 

about 90°. We have therefore assumed that the 40-Mev angular 

distribution, which has been determined only in the range 60°~ 

180°,· is symmetrical about 90° with the consequent expansion 

with an estimated error of X 0.1 for the P2(e) and P4(e) coefficients • 
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The experimental total cross sections are tabulated in Table II. 

The low values for the total cross sections appear to be further 

corroboration of the lack of odd harmonics in scattering. 

A unique analysis into phase shifts of the experimental 

angular distribution is impossible due to the presence of the 

mixture of singlet and triplet states as well as the complication 

of the tensor force. Nevertheless, on the simplifying assumption 

of scattering with no spin dependence, the 90-Mev angular distri-

bution may be analyzed to give the order of magnitude of the phase 

shifts. The results of this are: S wave, 53° ±. 5°;·P wave, -1° 

± o D 5o± o 1 ; · wave, 1 • Since the P and D phase shifts are so 

small, we may conclude that at 90 Mev the S scattering accounts 

for about 90 percent of the total scattering cross section. The 

high energy cross sections, therefore, determine the S scattering 

fairly- unambiguously. The potentials usually.considered show 

sig~ficant differences in S scattering above 30-40 Mev when 

adjusted to have the same low energy properties. The comparison 

then of the S wave cross sections provides one method of determining 

the potential shape. 

The angular distribution at a particular energy yields 

information primarily concerning the exchange character of the 

forces. For example, theories such as the 11 charged11 or 11neutra111 

which predict large scattering in odd states may be immediately 

discarded as unacceptable. The low values of the high energy cross 

sections also favor theories without large scattering in odd states. 

Finally, comparison of angular distributions at two or 

more high energies enables one to distinguish shape features of the 

------

t'\ 
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various potentials. This final comparison is a critical test of 

the potential shape· since, while it is possible with any shape, 

by a proper choice of range, to fit the angular distribution at 

90 Mev and the low energy data simultaneously, it will not, in 

general, be possible to also fit the 40-Mev angular distribution. 

II. Computational· Methods. 

Various approximate methods were employed to avoid the 

many tedious numerical integrations required for a comprehensive 

investigation of the effect of the many parameters. These are 

principally concerned with the integration of the radial equations 

to ·yield phase shifts or eigenvalues. · F.or a· derivation of the 

radial equations and the scatt.ering amplitude with the. inclusion 

of tensor.forces see Appendix l • 

Most ·.of the calculations were ;done by· iteration of trial 

functions in the integral form of the equations. In ~r~er that 

this procedure might converge rapidly, it was ·necessary to have 

good initial trial functions, especially in the case of potentials 

with a deep hole at the origin. Suitable trial functions were 

provided by the WKB approximation (explicitly using one~third order 

Bessel functions as the asymptotic representations)4. This approx­

imation has been further extended to the ease of coupled equations 

as follows. 

Let the differential equations to be solved bet 

u'i+ A(x)u +' B(x)w "" 0 ... 

w" + C(x)wT· B(x)u .., 0 • ... 

4 
Rc. E. Langer, Phys. Rev. ,a, 969. (1937) 0 
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The desired representationof the solution is then 

u :: cos n o 

w = sin n o 

Where 

tan n :: 

.! . 
(515 1 )

2 z I (5) 1 .3 

.! 
(515') 2 z I (5) 

1 .3 

. ~ .!J.! 
(A _ C) 2 + 4B2_j 2 2 , 

I 2 
with x1 being a turning point of (5± ) o The+ and ""' signs 

·correspond to.two independent representationso 
I 

The Z s are .Bessel 

functions of order one=third. The usual phase integral condition 

for the bound state is replaced by the simil~r condition, 

where x1 and x2 are th~ turning points and 5n is a root of 

= 0 ·• 

These representations have been found to yield close approximations 

to the wave functions at all energies, the 5 wave phase shifts 

being, in general, in error by less than five degrees, and the 

wave functions exhibiting the correct general behavior. When applied 

to the bound state, the phase integral condition yields potential 

depths that are within 10 percent of the correct value. 



The bound deuteron state was numerically iterated using 

the variation-iteration5 method, using as a trial function the 

approximate WKB functions above. Three iterations yielded an 

eigenvalue and wave functions with an accuracy of about one per-

cent. The accuracy was essentially limited by the numerical 

methods used (interVals corresponding to one- to two-tenths of the 

effective range were used). 

3 3 For the s1~ n
1 

scattering state, the appropriate 

WKB functions fUrnished trial functions for the coupled integral 

system · _, 

u : A sin kx + M/ h2 i G0 (lex, kx') 

QICI 

w : Bg2 (kx) + M/ h
2 ..f G2 (kx, kx') 

0 

where A = 1, B : 0 corresponds to the choice of the positive sign 
v 2 

in (S+ .) and 

5 

-·-· .. 

N ~· Svartholm, The binding energies of the light.est atomic · · 
nuclei, University of Lund (thesis Phys. Inst. 86 pp. (1945)) • 

. J. Schwinger, Phys. Rev. 'll_, 742(A) (1947), and hectographed · 
"Notes on nuclear theory, 11 Harvard (1947). 
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CO() 

A = M s· 
h~ 

3/2 - J coskx1 [Vc(x1)u(x')+ 2 __ 1)Vt(x1 )w(x'_) _ dx' , 

0 

B : 1 corresponds to the negative sign. Further, 

G
0 

(kx, kx') ::: (1/k) sin kx L cos kx~ 

where x < means the lesser of x and x' , and· g2(kx) and 

g_2(kx) are the regular and irregular spherical Bessel functions 

of order 5/2. 

The potential has been written in the form 

The iteration of the integral equations above was carried out 

numerically with the normalization of the trial functions so 

chosen that the iterated functions matched the trial functions in 

the region where the kernel of the integral system is largest. 

Three iterations for the S dominant mode (i.e., with A = 1, B = 0) 

and one for the D dominant mode yielded phase shifts with an 

accuracy of about two percent. 

S phase shifts for the singlet state, and for the-triplet 

state without tensor forces, are most quickly determined by: straight-

forward numerical integration. For oth~r uncoupled state~ such as 
j' ' •'-

the 3n2 state the phase -shift was calculated usirm the va~iational 

procedure with the component of the plane wave as a trial 

., 
'i 
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function. The phase shift in the 3n3 + 3F 3 state was computed 

using the same procedure as for· the 3s1 + 3o1 state •' One 

iteration yielded an accuracy of two percent. · 

The Born approximation-was used to effect the inclusion 

of the angular momentuin st~tes for R ~ '4 in the scattering sum. 

The sum was, ·in general, done by actually summing the individual 

terms for J ~ 3, using calculated phase shifts, and adding the 

Born cross section from which these states had been suitably sub-

tracted (See Appendix 1~ .• · The angular ·distributions so deriv_ed are 

accurate within two to five .percent. 

III. Central Forces 

We shall consider iri this section the results of scatter-

ing from a model which consists only of central forces since, as 

will be seen later, it is possible to make a state-by-state 

comparison of the scattering from a central force model and from 

one which includes tensor forces. 

The details of low energy scattering will not.be treated 

here, but, rather, the reader is referred to the review of Blatt 
6 ' 

and Jackson • One result of their work is that in the expansion 

(the notation is explained in Table I) 

o o o ·o o ·o 

the shape dependent coefficient, T, is sufficiently small that 

below 6 Mev it can be neglected, and, in interpretingthe,experiments, 

6 
J. M. Blatt, Phys. Rev. 1Ji, 92 (1948); J. M. Blatt and J. D~ Jackson, 
Phys. Rev. 'lfl, 18 (1949)~ 
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the shape independent approximation may be used. The effective 

range in the triplet state is determined, therefore, by the 

approximate relation 

Substituting the experimental values from Table I, we obtain 

3r = 1.68 :t 0.10 x lo-13 em. 

Figure 3 is a plot of effective range versus intrinsic range for 

the triplet state of the various potentials. 

The singlet effective range is not determined with as 

much precision. The determination from_the total scattering 

cross section is best done in the region from 0 to 2 Mev, where 

the triplet scatterif.lg is smallest, (see Fig. 4). It may also 

be determined from the capture cross section, (see Table I). 

To simplify the analysis of the high energy data, it is 

convenient (and reasonable) to assume exact symmetry of scattering 
' 0 

about 90 • This means that the potential is assumed to be zero 

in odd parity states.; The experimental results are actually 

compatible with a small repulsive potential in,odd states, but 

this shall be considered as a small perturbati?n which will not 

essentially alter any of the following conclusions. The factor 
i', 

~(1 1'" Px) will, therefore, be included as a fa,Ctor in the 

potential and will have·as one consequence that the total cross 

section computed for any radial dependence will be the minimum 

possible over any other choice of exchange dependence. The main 

\,! 

":'\ e, 

i/ 
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effect of any admissible·· odd wave phase shifts is the inter:rerence 

with the largeS wave phase shift; ·which is in evidence only in 

the angular distribution, and its actual effect on the total cross 

section.is negligible. 

In order to compare different potential shapes'·· the 

effective range has been taken as a common parameter. For example, 

we have plotted . (Fig. ·5) ·the S wave phase shift at 90 Mev· for the 

various potentials versus the effective range. This device insures 

similar low energy behavior_for the same abscissa. 

In Fig. 6 are plots at 90 Mev; for the various potentials; 

·of the total cross section· and of 411 times the differential cross 

section for scattering at 90° and 1S0° as functions of the effective 

range on the assumption of no odd parity interaction. For the· 

plots of complete total cross section~ i.e.~ the sum of triplet 

'and singlet scattering, it is necessary to inake some choice of a 

singlet range corresponding to a particular triplet range. The 

low energy region implies only loose restrictions on the singlet 

range; we· may, therefore~' choose the singlet range so that the 

single_t and triplet intrinsic ranges are equaL · The results for 

the complete cross sections are also _shown in Fig. 6. Fr'om these 

plots it is possible to make further limitations on the allowable 

triplet ranges by a comparison with the experimental values of 

~ (1S0°·)/cr(90°) • 

. With the Yukawa or exponential potential, a range 

adjusted for the 90-Mev ratio predicts· a 40-Mev ratio within the 

experimental limits. However, with the square well potential, 
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the range required at 40 Mev is considerably larger than that 

required at 90 ~ev. This difference in behavior results 

primarily from the more rapid decrease in ~(90°) with energy 

increase for the "cut-off" potential than for the "long-tailed"' 

potentials. This, ·in turn, can be interpreted in· terms of the 
. ' 0 

destructive interference between the S and D waves .at 90 • In 

detail, the S wave phase shift decreases more rapidly. (as a 

function of energy) for the cut-off potentials (Fig. 7). Further 

the D wave phase shift is nearly a linearly increasing function 

of energy for the. long-tailed potentials, while the increase 

with energy is much more rapid for the cut-off potentials (Fig. 8). 

For potentials which have a "deep hole" at the origin 

(e.g., the Yukawa and exponential), the long-tail is necessary to 

give a sufficiently long effective range. · However, as the energy 

increases the contributions to the S wave phase shift come from 

regions closer to the origin, and, consequently, at high energies 

the deep hole (and, therefore, long-tailed) potentials yield 

larger phase shifts than the cut-off potentials (e.g., the square 

well or Gauss potentials). These remarks are further illustrated 

by reference to Figs. 5 and 7. 

While it is impossible to define the limits of the 

singlet effective range with any accuracy, for 

the best fits for the angular distribution are obtained with the 

=13 
singlet effective range, between 2.5- 3o0 x 10 .em. 

em, 

The' complete angular distribution is shown in Figs. 9 and 

10, ;for the Yukawa and exponential potentials with ranges chosen 

such that they are both good fits of the angular distribution at 

.... 
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90 Mev. From this the superiority of the Yukawa angUlar distri­

bution·at 40,Mev is apparent. The total cross sections, however, 

are in much better agreementwith the exponential potential. 

The only partial waves contributing appreciably to the 

cross sections are the S and D waves, consequently, the angular 

distribution can be expanded in terms of Legendre polynomials·· 

P
0

, P2, arid P
4

• The coefficient of P
0 

is identical with the total 

cross section, that of P2 arises primarily from the interference 

between the S and D states, and that of P4 arises primarily from 

the combinations of the various D states. These coefficients 

. allow a rapid comparison of theor,y and experiment and are therefore 

tabulated in Table III for all model~ mentioned explicitly. 

If we consider the Yukawa and exponential potentials of 

Figs. 9 and 10, we see that the only discrepanc~ ~th the 

experimental values of the coefficients occurs in the magnitude 

of the P4 coefficient which is perhaps a factor of two to three 

too large. This is manifested in the angular distribution by a 

theoretical prediction that is somewhat too flat in the region 

abou-t;. 90°. · 

Figure 9 and Table III show the effect of 

small repulsive potential in the odd parity states. 

modification may be expressed by a potential factor, (1- aT aPx). 

The best fit for thistype of exchange interaction is a= 0.55± 

0.05. 

.The large odd state potentials in the singlet state 

required by the. symmetrical theory produces far too much exchang~ 

scattering for any potentials with a tail and a range compatible 
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with low energy scattering. For cut-off potentials such as. the 
. 0 

square well, the observed ratio c:J (1B0°) / c::r( 90 ) may be; fit ted 

at 90 Mev with a range of 1.7 ~ l.B x 10-13 em; however, at 40.Mev, 

a fit to Ci(lB0°)/cr(90°) would require a range longer than 

-13 
2.0 x 10 em. Furthermore, in these latter cases the shape of 

the predicted angular distribution is not similar to the experi­

mental results for small angle scattering. The symmetrical theory 

can, therefore, be ruled out for central forces •. 

IV. Tensor Forces 

A. The Bound State and Low Energy Scattering 

The.existence of the deuteron quadrupole moment requires 

the inclusion of a tensor potential in the neutron-proton inter-

action. We consider first the case where the radial dependence 

is chosen the same for both the central and tensor potentials. 

The extreme cases of long-tailed and cut-off potentials are exempli-

fied by the Yukawa and square well, respectively. Calculations of 

the quadrupole moment have been made for these potentials as a 

function of range and tensor depth with the central depth adjusted 

to give the correct binding energy. The results are presented 

graphically in Figs. 11-13 •. 

7 The calculations of Rarita and Schwinger have shown 

that at least for the choice of a square potential, there is only 

slight modification of the low energy scattering properties upon 

the introduction of tensor forces. Such behavior can be expected 

for more general potential shapes with ranges shorter than the 

7 W. Rarita and J. Schwingyr, Phys.' Rev • .2.9.; 436 (1941). 
' 

I~ 
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deuteron radius since th.e S wave component is determined primarily 
. 8 

from the boundary conditions at the origin and asymptotically • 

We can put these arguments on a quantitative basis by 

the consideration of an "equivalent central potential," "W(r)". 

For the potential V(r) = V c (r) t" "t s12 V t (r), the equivalent 

central potential for the S wave is 

where R(r) is the ratio of the D wave to the S wave. R(r) will be, 

in general, a slowly varying function of the energy· (at least in 

the region where the potential is large). Its form may then be 

estimated from considerations of the bound state solutions. It is 

found then that R(r) is zero at the origin, increases to a maximum 

value (about 0.2 or 0.3) somewhere between the maximum of the S 

wave radial function and the tensor force range, and decreases a 

symptotically to a small value (somewhere under 0.1). Then if we 

consider the ratio of the equivalent potential "V ( r)" to the· 

central potential V c (r) ( th~ latter adjusted to give binding by 

itself), we would find the ratio to be less than unity at the 

origin, greater than unity in the neighborhood of the range, and 

aga~n less than unity asymptotically. Thus the equivalent potential 

will be shallower at the origin and asymptotically, and will be 

9.~eeper in the neighborhood of the tensor range. 

This can be further illustrated in terms of the WKB 

approximation. In this approximation, R(r) is independent of energy 

8 w. Hefner and R. Peierls, Proc. Roy. Soc. 181, 43 (1942). 
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and decreases asymptotically to zero. The equivalent potential in 

this approximation is 

Since the centrifugal potential is usually large compared to the · 

_tensor potential, this may be simplified to 

11V11 - V + 4 (1frV)
2 

= c 3 t ' 

which is clearly in agreement with the preceding remarks. 

The analysis of the low energy scattering is again 

conveniently carried out in terms of the expansion of the phase 

9 shift in powers of the energy • Since the shape~independent 

-13 
a~proximation is valid for Yukawa ranges less than 1.4 x 10 em 

and for all square well ranges considered, the effective range is 

essentially determined from the triplet scattering length. (The 

explicit value of the shape-dependent coefficient as well as the 

effective ranges are shown in Table IV for a number of cases.) 

We have chosen, therefore, in order to relate the scattering 

characteristics of a potential with its ability to produce a 

quadrupole moment, to plot l/1fversus the scattering.length 

(Fig. 14) with the range indicated parametrically along the curves. 

From this plot we can conclude that with the accepted value of the 

scattering length~ the proportion of tensor potential must be quite 

large, the actual amount being lower for the long-tailed potential. 

9 
R. Christian, Phys. Rev. 12, 1675 (1949). 

0 
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The low energy constants for the case in which the tensor 

force range is increased relative to the central force range are 

given in Table IV and Fig. 15. From the equivalent potential we 

see that the main effect is to increase the long-tailed character 

· of the potential. This is evident by the decrease in the percentage 

D state and by the increase in the shape-dependent coefficient. 

B. High Energy Scattering.{40 and 90 Mev) 

We will attempt in the next paragraphs to gain a 

qualitative understanding of the relation between central and 

tensor scattering. ,Then we will consider the result of various 

models, the calculations being carried out by the methods previously 

described. 

As in the case of central forces we must adjust the 

ranges so that only the S and D part~al waves contribute to the 

cross section. We would then expect that if the tensor force were 

a weak effect we could add the tensor scattering which would be 

present in Born approximation. Actually, as we have seen, the 

tensor force is far from weak a:nd the approximation can only be 

expected to give the·general trend. The characteristic peaking 

of the Born approximation cross section around 45 and 135° (the 

exact angle depending upon the m~del, r~nge, and energy with a 

maximum occurring roughly where 2kR sin 6/2~1) is, in fact, the 

type of correction needed to explain the discrepancy between ·the 
. ' . . ' 

shapes of the experimental curves and the central force curves 

shoWn in Figs. 9 and 10, i.e., such a correction could convert the 

U-shaped central force'curves into the more V=shaped exper;l.mental 

curves. 
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For a somewhat more detailed comparison we will. again use 

the WKB approximation to approximate the equivalent central potentials, 
J 

"Vt , 11 for each of the states L and J; with the resUlt 

II 3 II v . 
'2 

' 

, 

roJ V = !± '6Vt + L 62)2 
( 7f rV ·) 

2 
= 6 

~ c 7 14 r7 t 7 

In the approximation where we neglect the asymptotic 
' 

amplitude of the coupled mode, as above, in the evaluation of the 

phase shifts there will be no difference between states of different 

magnetic quantum number j m
5 

; however, the WKB approximation yields 

(j 

'.' 

;,: 



angular distributions which agree with the results of a more accurate 

calculation within 10 to 20 percento 

As can be expected on the basis of the "equivalent potentials", 

there is only a small difference in the total scattering from the 3s
1 

state. Further, we can summarize the behavior.of the·various D. 

states in the folloWing: (3n1) Increasing the tensor depth (Leo, 7[ ) 

decreases the equivalent potential and for strong tensor forces the 

resulting potential will be strongly repulsiveo (3n2) Increasing -~ 

·increases the potential depth to such an extent that· for of>_; l, the 

depth is three to four times as deep as the depth on·the central 

force modeL (3n
3) ·The potential decreases for increasing 1) such 

that for· o Z 1 the potential will be just barely repulsive. 

(Approximately the same effects can be achieved by increasing the 

tensor range instead of the depth.) 

To illustrate these remarks we will consider the high 

energy scatterihg from two ext'reme examples (calculated exactly):· 
-

(l):The central and tensor depth are approximately equal with the 

-13 
square well radial dependence of range 2.7 x 10 em, (2) the tensor 

depth accounts for practically all the binding with a Yukawa 

d'ependence and range of lo2 X 10~13 cmo Iri Table v we have 

summarized the contribution of each state to the total cross 

section and indicated the sign of the phase shift (i.e.,. the average · 

~ver ms). The results of the central force model with the same 

range and radial dependences are included for comparison. 

Utilizing this comparison.between the tensor and central 

force models we can conclude that the potential must be long-tailed 

in order to maintain the relatively large scattering in the D state 
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at 40Mev without excessively large scattering in the D state at 

90 Mev. Cut~off (e.g., sqriare and Gauss) potentials where the 

tensor force has nearly the same range as the central forces are, 

therefore, unsuitable •. An addition of a long shallow tail 

(5 = 6 x 10=13 em) to the square wellis req~ired in the central 

force case to fit with the 40= and 90~Mev scattering and would, 

therefore., also be required for tensor forces. Potentials. formed 

by the addition of such long=tails would seem to be indistinguish-

able from naturally long-tailed potentials such as the exponential 

or the Yukawa potential. 

The results of using the Yukawa and exponentialradial 

dependences (see Figs. 16=18) indicate that the addition of tensor 

forces causes only relatively small changes in the scattering. 

The best fits of ·the angular distribution require slightly longer 

ranges than for the purely tensor model •. A detailed .comparison, 

using the Legendre coefficients, shows that the P4 (e) component is 

reduced in the tensor model. It is this decrease which allows 

considerably better. fits of the angular distribution and is there-

fore evidence for the presence of tensor forces in scattering. The 

total cross section is increased, however, approximately 10 percent 

with the addition of tensor forces so that the agreement with the 

experimental value of the total cross section is poorer. 

The same situation holds for the tensor model as for the 

central model regarding the intercomparison of the Yukawa and 

exponential potentials. That is, the Yukawa potential fits the 

angular distributions a-£ both 40 and 90 Mev noticeably better,-

however the total cross section is 20 to 30 percent too high. The 

~ 

' 
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total cross section with the exponential potential is only 10 to 15 

percent too high. Since the long~tail, which is necessary to fit the 

angular distribution, forces the potentials considered here to have 

a deep hole also and' consequently high cross section, it would seem 

that an-essentially more complicated radial dependence would be 

necessary to fit the experimental results more closely. 

The exchange character found necessary for the central 

force model_is also valid, in the main, for the tensor force model 

(see Table III). As an example of spin dependent exchange dependence 

we have considered the case when the central force has a ~(1 + Px) 
:,. 

exchange dependence and the tensor force exchange dependence was of 

the form (1 = a + aPx). This does not produce as large asymmetries 

in the angular distribution as when (l - a + aPx) is taken as a 

factor of both the central and tensor potential. The restriction 

on the-magnitude of a now arises mainly from the increase in the 

· total· cross section. These limits are estimated to be a ::: Oo6 ± 0.1. 

~he principal change in the high energy scattering with 

increase ih tensor range, is according to the WKB arguments, similar 

to an increase in the long-tailed character of the potential. The 

high energy scattering results are shown ~n Fig. 19 for the cases 

listed in Table IV. There is an increase in scattering from the 

higher states which may be interpreted as the increase in the long_;, 

tailed character or alternatively as showing that the characteristic 

·Born approximation tensor peaking is displaced to smaller angles. 
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V. Additional N=P Experiment 

The angular distribution has been measured at 27.2 and 280 

Mev (see Figs. 1 and 20). Total cross sections have been measured. at 

various energies extending from 20 to 270 Mev (see Table II). 

The comparison of the 27.2 Mev data with the Yukawa tensor 

model is shown in Fig. 20. From this we see that again as at 40 Mev 

the predicted angular distribution is somewhat flatter than the 

experimental data. The accuracy of the experiment is not sufficient, 

however~ to definitely exclude this model. It may be noted by 

ref·erence to Fig. 6 that the exponential radial form would predict 

an even more isotropic distribution and can therefore probably be 

eliminated. The cross section predicted for the Yukawa model is 

0.344 bar:ns as compared with the experimental value of 0.36 ± 0.03 

barns. 

The comparison of the 280 Mev data with the Yukawa tensor 

model is shown in Fig. 17. The agreement is very good, which would 

not have been the case if the exponential model (or any of the 

purely central force models) had been used. A striking confirmation 

of the general properties of the Yukawa model is thus found from 

the high energy data. 

Next we wish to note that all of the models seriously 

considered (because of the smallness of the odd statepotentials) 

predict nearly isotropic distribution at 14 Mev in agreement with 
10 

the recent experiments of Barschall and Taschek who find isotropy 

within their statistical accuracy of six percent. 

10 
H. H. Barschall and R. F. Taschek 2 Phys. Rev. 75, 1819 (1949). 
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SECTION II = THE PROTON~PROTON INTERACTION 

I. Introduction 

In this section ~e will be concerned with the protori-
. ' . 11 j 12 . 13 

proton scattering data at 32 Mev and 340 Mev • The success 

that was obtained in the n-p system would seem to be sufficient 

grounds for expecting that p-p scattering would likewise be 

interpretable by means of static potentials. In fact we might 

be tempted to predict the p=p nuclear potential from our knowledge 

of the n-p potential as determined by the high energy scattering. 

This prediction could be made either on the hypothesis that the 

nuclear potential is charge independent (i.e., depends only upon 

· whether the two particles are in a singlet or triplet spin state)» 

or in terms of an attempt to·explain the saturation of nuclear 

forces. 

If we were to follow the first assumption (the so= 

called charge symmetry hypothesis) there would l:)e no free parameters 

entering the p-p theory~ since the results of the n=p experiments 

are quite definite. For both singlet and triplet states these 

experiments show that there are no (or very small) odd parity 

forces. Therefore on the basis of charge symmetry one might expect 

that the n~p and p-p scattering would be quite similar. This is 

in obvious disagreement with the experimental results as is seen 

in Fig. 21. 

11 
W. K. H • Panof sky and F • Fil1ntore, Phys • Rev. 'J.1 9 57 ( 19 50) • 

12 
Cork, Johnston and Richman, Phys. Rev. J.:t., 71 (1950). 

i3 
0. Chamberlain and C. Wiegand, Phys. Rev. 79, 81 (1950). - . 
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In order to better understand the prediction of t-he charge 

symmetric theory we must consider in more detail the fundamental 

differences between n=p and p=p scattering. Firstly, for 32-Mev 

protons the Coulomb repulsion is dominant in the scattering at 

angles less than 20°. Between 20° and 40° or 50° the angular varia-

tion is governed by the nuclear=Coulomb interference termso The 

remaining region around 90° is virtually the same as for simple 

nuclear scattering. Secondly~ ·the p=p·system, being composed of 

identical particles obeying the exclusion principle, has fewer 

states than the n=p ~stem. Specifically only even parity singlet 

states and odd parity triplet states can be present. Thus scattering~ 

occurs only in 1s ~ 3p ~ 1D ~ 3F, • • • • states, and the charge symmetric 

theory predicts the virtual absence of triplet scattering. The n=p 

system~ on the contrary9 has scattering from both singlet and 

triplet even parity states so that a direct comparison must be 

justified. In order to learn what part of the complete n-p 

scattering is singlet scattering we must recall that in order to 

lead to the low total n=p cross section the singlet range must be 
. =13 

greater than 2 x 10 em. This gives an angular distribution for 

the singlet cross section that has an even higher ratio of 

<r\180°)/01\90°) than the complete scattering from both states, 

making a direct comparison of the relative angular variation of 

the complete n=p and p=p cross sections possible in the region 
0 0 

from 50 to 90 • Thus the 32=Mev p=p result's show that the Gharge 

symmetry hypothesis is untenable. 

Alternatively we could attempt to predict the p=p scattering 

by directing our attention to the phenomenon of the saturation of 

• 
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nuclear forces. The n-p experiments rule out the possibility of 

n=p repulsive forces of anything like the magnitude required to 

explain saturation. The low energy experiments show that the 

singlet. p=p forces are attractiveq Thus the only remaining way for 

the p=p forces to lead to saturation would be the existence of 

strong repulsive forces in the triplet state. $ince :the triplet 

scattering amplitude is antisynnnetric, the scattering from a central 
0 

triplet potential is zero at 90 • Hence such repulsive forces would 

lead to an angular cross section rising even more rapidly on either 
0 

side of 90 than that predicted by the charge symmetric theory and 

are conclusively excluded by the data. 

Thus both the hypothesis of the charge independence of 

nuclear forces and the possibility of strong repulsive forces in 

the triplet _p=p state such as seem to be required for the s~turation 

of nuclear forces are already disal~owed by the p=p scattering at 

32Mev. The340-Mev scatter:i,.ng is even more strikingly anomalous 

(see.Fig. 21). The experiments indicate a nearly spherically 
0 0 

symmetric distribution over the range from 41 to 90 having an 

absolute magnitude that is twice the maximum possible for S wave 

scattering alone. Since the n=p scattering at 280 Mev was in good 

agreement with a non-relativistic potential model it ~s difficult 

to accept.this as a relativistic effect. Again both charge symmetry 

and repulsive triplet forces would lead· to scattering strongly 
.. ' . 0 0 

peaked at 0 and 180 and an order of magnitude lower in value at 

90° than the observed p=p cross section~ and are conclusively dis= 

proved. This scattering is superficially similar to classical hard 

sphere scattering. However~ since the wave-length of 340 Mev protons 
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is only three or four times shorter than the range of the attractive 

region that must surround and include such a sphere in. order to 

explain the low energy results, the sphere cannot be made large enough ~ 

to give classical hard sphere scattering at this energy. This point 

is discussed in more detail below. 

In spite of the surprising divergence of the observed 

p=p scattering from that which had been expected previous to the 

experiments~ it has proved possible to reconcile all the existing 

data with the scattering predicted from a static nuclear potential. 

This· model consists of a shallow singret~ pot·ential and a highly 

singular triplet tensor potential. The main section of this paper is 

concerned with jtistifying this model. 

In vie~ of the apparently fundamental differences between 

the expected and. the observed p=p scatteringJ and the various 

complicating factors in the analysis of the data, we have devoted 

the first part of .this sect:ion to a more or less qualitative 

discussion of p=p scattering. Ih this section we will give typical 

results for various potential models but will not discuss which 

·radial dependence is to be preferred. Rather we wish to emphasize the 

salient features in the analysis in order to furnish a basis for 

understanding the calculations which follow in Part III. 

II. Qualitative Discussion 

It has been shown by many authors that the experiments 

. 14 below 14 Mev are compatiable with S wave scatter1ng alone. and 

14 Yost, Wheeler and Breit~ Phys. Rev. 49, 174 (1936)o Breit~ 
Condon and Present~ Phys. Rev. 50, 825 (1936). Breit, Thaxton 
and Eisenbud, Phys. Rev • .22,, 1018 (1939). Hoisington, Share· 
and Breit, Phys. Rev. 2£, 884 (1939). H. M. Thaxton and L. E. 
Hoisington, Phys. Rev. 2£~ 1194 (1939). 

·) 
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that these experiffients have determined only the· scatteringlength 

and effective range15 • This indicates that no one of the radial 

forms usually ass\.uned. is to be preferred. · It need hardly be 

emphasized that the low energy experiirients g'ive little information 
' ' 

concerning the interactions in states of higher angular momentum 

(especially the P state) other than putting upper liiriits on the 

magnitudes of the interactions in these states. 

The n-p experiments at 40 Mev have shown that there is 

scattering in the D state and little scattering in the P state, 

and that the magnitudes of these interactions could be determined. 

It was therefore expected that since the range of forces for the 

p=p system is comparable, the scattering would.likewise occur pri­

marily in the S:; · P and D states. 

It was observed immediately, as has been pointed·out in 

11 12 ' ' . 
the experimental papers ' , that the data were 1n good ·agree-

ment with that predicted by S wave scattering alone. This is·in 

definite disagreement with the scattering predicted by the usual 

potential models. The reason is that the S state interaction 

COlrtpletely specifies the entire singlet interaction, and in 

particular the effective range is so long that the D wave predicted 

at this energy is incompatible with the experl!nental results. (It 

would o:t course be possible to choose a potential that would give 

only ·s scattering at 32 Mev, but .the effective range of such a 

15 ' I 

J. Schwinger~.Phys_. Rev. g, 742A (1947). J. M. Blatt and J.D. 
Jackson, Phys. Rev. 1£~ 18 (1949), Rev. Mod. Phys. 22, 77 (1950). 
H. A. Bethe, Phys. Revo 76~ 38 (1949). 
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potential would then be much too short to fit the low ener~ region.) 

If we consider in detail the predictions of the usual 

models we find that even for the most cut-off potential (the square 

well) the D phase shift is already too large (0.77°), and as is to 

be. expected the more long=tailed Yukawa potential has an even larger 
. b 

D phase shift (1.4 ). The adverse effect of such D phase shifts 

on the angular distribution can be readily seen by reference to the 

second panel of Fig. 22. The origin of this effect is destructive 

interference between S- and D-wave scattering in the region around 
0 

90 .• This interference term is proportional to sin8 S sin 0 0 

cos (5 S - 8 0)P2• (P2(cos 9) ::: i cos2 9 = ~.) · The usual models 

predict positive values for 6.
5 

and 50 , so that this term has 

a minimum at 90° as is observed in the n=p scattering but. not in 

the p-p case. (Figure 22 also demonstrates that the Coulomb 

scattering has little effect in the region from 50° to 90° and hence 

cannot alter this conclusion.) 

The central triplet scattering amplitude being anti= 

symmetric leads to a cross section that is zero at 90°, and since 

there is no interference with the singlet state it can only aqd to 

the rise away from 90°. Therefore scattering in this state will 

increase the discrepancy between the predictions made from the 

central force model and the experiments. Alternatively we can see 

this directly from the fact that the P scattering is proportional 
2 2 2 

to sin 6 cos 6 ,. showing that the cos e term must have a 
p 

positive coefficient. These effects are illustrated in the third 

panel of Fig. 22. 
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In order to explain the 32~Mev data, we· require a model 

that would predict· esseritiallyspherically symnetric scattering 

in the absence of the Cotilomb field. We have already seerithat 

central force scattering predict~d by monatonically decreasing ' 

potential models of the usualradial form is in qualitative dis-­

agreement With'experiment. Conceivably a more complicated radial 

dependence, such as· a repulsive lip on a square well, could lead 

to' negligible D phase shifts at 32 Mev. · Attempts to build such 

models have been unsuccessful because they have effective ranges 

too short to fit the low erj.ergy dat'a. In view of the straight­

forward interpretation of the n-p scattering and the·inherent 

difficulty of using such·a model to fit the 350-Mev data, it did 

no·t ·appear profitable to pursue such models any further. 

The remaining alternative, within the framework o'f the 

potential picture, is the possibility that the D wave is masked 

. by the scattering from tensor forces in the. triplet state. A · 

favorable result is predicted by the use of the Born approximation 

'to compute the scattering (see Fig. 23L (The Born approximation . 

is valid for the P waves since.the centrifugal barrier reduces the 

effect of the nuclear potential to a small perturbation.) The · 

'scattering computed this 'way is peaked at 90° and hence can add to 
' 0 ' ' ' ' 
the singlet cross section, which dips at 90 , to give an almost 

flat nuclear cross section. When the Coulomb effects are included 

the resulting angular distribution is quite similar to s wave 

scatterl:ng (see Fig. 24). Thus a proper choice of range and depth 

for the tensor potential cari lead to agreement with the experiments. 
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(An alterria.tive way of understanding why the scattering can have a 

0 finite value at 90 -even though it takes_ place_ in odd states. is 

that the tensor force brings abou~ a change in angular momentum9 

and tesseral harmonics other than the Legendre polynomials _enter 

int~ the scattering amplitude. We can then see that the presence 

of Yl
1(a, ¢), :: ei¢ sine in addition to Yl

0
(e, ¢) =cos 9 leads 

to terms with a sin2 e symmetry which when added to the cos2 6 

symmetry terms in the singlet scattering could lead to a flat nuclear 

cross section.) 

The 340-Mev data will first be analyzed independently of 

the 32-Mev data. _The two models so derived will then be compared 

and reconciled. In order to further emphasize the anomalous nature 

of the high energy scattering, we note that if we assumed (arbi­

trarily) that there were no interactions in other than S states 

the predicted cross section would be spherically symmetric but 

ten or more times too ·small. (Recall that even the maximum possible 

S wave cross section is only one-half the measured value.) The 

Coulomb scattering falls to the value of the nuclear cross section 

0 0 
between 6 and 7 so that Coulomb effects_will be unimportant 

0 beyond about 12 and have been neglected in our analysis. 

To analyze the situation in.somewhat more detail we shall 

first consider the scattering that would result from the singlet 

state (since in this state the potential is completely specified 

by the assumption of a pa~ticular radial form). At 350 Mev the 

Born approximation is valid for central scattering and predicts 

the strong forward maximum illustrated in Fig. 25. Alternativel;y-

we may view the problem in terms of a partial wave deco~position. 

(;) 
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Only the even Legendre polynomials comprise the scattering amplitude. 

The even polynomial~ are all·l at"Oq and 180° ·and alternate in sign 

Scattering by the usual monatonic· potentia.lniodels predicts that 

all phase shifts will have the same sign~ so that 'there is con~ 
0 . 

strtictive interference at 0 and'l80° and-destructive interference 
0 . . 

at 90 ~ giving a characteristic peaking of the angular distribution. 

In order to obtain a flat cro·ss section it would be. 

necessary to require that the sine of the phase shifts of even 

parity alternate in sign with increasing ~s resulting in a singlet 
. - . 0 

cross section peaked at 90 • · Then if this cross section were added 

to the central triplet cross section (which is-always zero at 90°) 

a flat· cross section would result. It does not appear possible~ 

however, to find a singlet·potential·that will fit the scattering 

in the low energy region while at the same time predicting the 

required alternation in sign of the high energy phase shifts. 

Before turning to tensor models we will first consider 

the so=called hard sphere scattering. To give this type of scatter­

ing phase shifts from high angular momentum states must be involved 

some of which must be greaterthan'l80° in ord,er to change the 

signs of the sines. One can estimate by reference to Fig. 7 of 
. 16 

· Mott an9- Mas-sey that in order to give agreement with the experi= 

ments the phase shifts must be-large forangular momentum states 

up to · f:: 20. At this ·wave-=length .of 'o.5 x lO=lJ em it might 

16 
N. F. Mott and H. S. W. Massey 3 THE THEORY OF ATOMIC COLLISIONSs 
(OXford University Press, Londons second edition) pp. 38=40~ 
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appear that a repulsiv~ core in the central potential would give 

this result. An attempt was made ,using ~orse potentials to find 

a model that would predict hard sphere .. scattering at 340 Mev •. 

These potentials consisted of a repulsive core surrounded by an 

attractive region adjusted to give the correct scattering behavior 

at low energies. It is found that even in the limiting case where 

the repulsive core becomes infinitely high, the low energy experi­

-13 
ments require the radius of the core to be so short (1.2 x ;tO em) 

that at 340 Mev only the lowest angular momentum states are involved 

in the scattering (for ..R > 6, 
0 

814 0.1 ) • It therefore appears 

that the effective range of the potential well will limit the 

radius of any potential to such an extent that hard sphere scatter-

ing cannot result. Alternatively we may note that even if.we do 

riot fit the low energy scattering, the absolute value of the cross 

section predicted by hard sphere scattering would be much too 

large. This can easily be seen by noting that the experimental 

value is 2 A 2 
per steradian while that predicted by hard sphere 

2 
scatterint must be of the order of 2(20~) since the extent of 

the hard core must be approximately 20/l. 

Again we must appeal to the tensor force in order to 

obtain agreement with the experimental data.· In fact, if we recall 

that at 32 Mev we needed to add a triplet cross section th~t was 

peaked around 90° in order to mask the minimum in the singlet 

scattering we see that the situa,tion at 350 Mev is very similar. 

We can again use the tensor force to obtain agreement~ for in Born 

approximation scattering depends only on the combination kR where 

k is.the wave number and R the range of the potential. That is~ 

~,~· 
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to produce the same scattering at a higher energy·we need.only 

contract the range by a factorthat is the square root of the 

energy ratio, and adjust the depth to give·the desired absolute 

magnitude to the scattering. 

We therefore have indications of a tensor potential at 

both .32 and 350 Mev~ and need only show that-the requirements for-

the two cases are compatible. As the energy changes different· 

regions of the potential will play the more dominant role. For 

·example~ at 32 Mev the potential region at distances of the order 

of 3 to 4 x 10=13 'cni i.s most important while at 340 Mev the 

potential region at distances·of the order of 1 x 10=
13 

-cmhas 

become important. By adjusting the range and depth of a tensor 

potential of any given radial form the predictions may be made 

to fit the 32 Mev experimental data. However 9 at 340 Mev the P 

wave protons are able to explore the potential into conside~ably 

shorter distances and it is necessary to have a strong interaction 

in this -region in ordert'o explain·the very high 340~Mev-cross 

section. The tensor scattering calculated for a singular potential 

in Borl'l approximation as illustrated in-Figc. 23 illustrates these 

remarks. From the foregbing· curves we can also see that an 

appreciable fraction of the 32=Mev scattering must be explained in 

' terms of tensor forces if-we wish to obtain agreement with the 

high energy data. These curves further show that the tensor 

potential would probably have little effect below 10 Mev as the 

scattering amounts t.o less than one percent of the total scattering. 
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III" Calculations 

A •. Methods 

The singlet scattering from a potential of given radial 

form depending on two parameters is completely specified by the 

scattering length and effective range, which are determined by the 

scattering below 10 Mev. The general method of determining these 

parameters for a given radial dependence is discussed in detail 
. 15 

by Blatt and Jackson • The S scattering due to the nuclear po-

tential alone at higher energies was calculated by direct numerical 

integration of the radial wave equation giving the.s phase shift. 

The true S phase shift (in the presence of the Coulomb field) was 

then obtained by treating the Coulomb field as a perturbation 
. 17 

according to the method of Chew and Goldberger • The corrections 

amounted. to approximately one degree or less., The D phase shift 

was calculated in Born approximation considering only the nuclear 
.. 

forces. (This method was checked by numerical integration in the 

case of the Yukawa potential, corrected for the Coulomb field as 

above. The results at 32 Mevg lo33° for the Born approximation, 

1.45° for the exact nuclear calculation~ 1.40° with the Coulomb 

correction were. assumed to be a satisfactory checko) Higher waves 

than the D were found to be negligible at 32 Mev. 

As was shown in part II, it was not necessary to cal-

culate any odd parity phase shifts due to central forces, but the 
' ' 

tensor scattering was required. This was 

exact values of the complex phase shifts, 

calculated with the 
Jms 
~ , which enter into 

17. 
G. F. Chew and M. L. Goldberger, Phys. Rev. 12, 1637 (1949)~ 
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the tensor scatter'ing. The result was in good agreement with that 

predicted by the Born approximation. There is a slight·tendency 
~-,{ 

for the Born approximation to predict som-ewhat larger angular 

variations than are found in the more exact calculations. This ·can 

readily be understood in terms of the higher approximations of the 

Born approximation for 'then the scattering amplitude entering into 

each successive iteration (or each successive collision)•is less 

well collimated than that ·entering.the previous iteration, due to 

the scattering that occurs. A further· small difference between 

the exact and the Born calculations. occurs in the absolute magnitude, 

a ten.sor force taken with a positive sign (i.e.,· same sign as for 

the deuteron) always has less scattering in the exact.calculation 

while the tensor force taken with a negative·signalways hasinore 

scattering·.·· ·A comparison between the exact predictions using the 

two signs and with the result of the Born approximation is afforded 

by reference to Ji'igs. 26 and 27. 

The phase ·shifts arising from the coupled states entering 

the exact calculat~ons.were carried out by iteration (in the manner 

described inSection I, Part II) after they had been. cast in the 

form of coupled integral equations. In the case of the uncoupled 

states any of the methods usually applicable .to central scattering 

may be used. We found that the integral variational expression 

was sufficiently accurate when the· proper component of the plane 
' ' . 

wave was used as a trial function. · 

From the relatively small differences shown in Figs. 26 

and 27, we decided it was unnecessary to carry out the exact 

calculations for the nuclear part of the scattering. This is 
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particularly so because we are able to offset any difference in 

absolute magnitude by choosing a slightly altered tensor _depth 

(which will be determined only: very roughly anyway from the present 

data). One difficulty with use of the Born approximation is tha~ 

the interference term (see Appendix 2, for a derivation of this 

term) between the nuclear and Coulomb scattering identically vanishes, 

while the exact calculations at 32 Mev show that the P wa~e component 

of the nuclear scattering interferes appreciably with the.Coulomb 

scattering. We had therefore to compute two uncoupled phase shifts~ 
00 1:1: . 3 3 

6
1 

and Sl , and also iterate the coupled P 
2 
+ F 

2 
state·:, The 

iteration process is rather tedious and as the magnitudes of the 

phase shifts, we used the WKB approximation to obtain these phase 

shifts. We shall consider this approximation in more detaiJ:·below: 

If the two independent solutions of the coupled equations have the 

asymptotic form 

·where L ::; Jl. or 2J - 1 depending upon which is the dominant state, 

then the nuclear phase shift may be easily shown to be given by 

. . J J 
where now L :: 2J = 1 only, and we have set ai( :: ~L :::: 1. In the case 

. 3 . . . 
of the P2+ 3F2 state we have found that the Born approximation yields 
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all quantities in this expression with the exception of & · ~·with 

11 
. ·. . . . : . 

sufficient accuracy. This we have computed by using the "equivalent 

central potential" in WKB approximation and then applying the Born 
I ' 

2 
approximation to this potential to obtain the phase shift. 6

11 
is 

then the sum of two terms one of which is identical with that pre-

dieted by the Born approximation applied directly to the coupled 

equations and the other is of the nature of a correction term~ and 

·has the value 

~2 
11 

oQ . . . . . 

(0.864)/kr ~[xvt(x)]2 ~2 
(kRx) dx, 

0. 

where we have written the tensor potential~ 

and 

·This procedure applied to the exponential -and Yukawa radial 

dependences yields the coefficients of the interference terJI1s ~thin 
. . 

a few percent the coefficients determined from an exact calculation. 

For the 340=Mev scattering the Coulomb scatter_ing was 

neglected and the singlet scattering was computed in B.orn 

. approximationo 

B. Results 

The singlet cross sections for the square~ exponential~ 

and Yukawa models are shown in Fig. 28_. In each case the range and 

depth have been chosen to agree with Blatt and Jacksonv s low energy 
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analysiso (The range and depth of the Yukawa potential and square 

well were determined independently by Chew and Goldberger before 

the results of Blatt and Jackson were available to us and agree 

within their-assigned limits of error.) These parameters, together 

with the·s and D phase shifts at 20 and 32 Mev, are collected in 

Table I. Clearly there are significant differences in the angular 

distributions predicted by the various models. However, the 

magnitude of the D phase shift is always large enough to yield a 

curve that has a characteristically different shape than the experi­

mental results in the region from 50° to 90° and too low in absolute 

value at 90°. The principal reason for this is the presence of a 

P2 coefficient in the nuclear scattering arising from the inter­

ference between the S and the D waves. 

The addition of a central P wave does not change the 

cross section at 90° as can be seen in Fig. 29 where we have 

indicated the effect of adding positive and negative P phase shifts 

to the scattering predicted by the Yukawa model (which comes closest 

to fitting the 90° point). Clearly these curves do not agree with 

the experimental results, primarily because the nuclear·cross section 

adds in the region from 50° to 90° (where the Coulomb interference 

can be neglected). 

It is seen from Table VI that the D phase shift increases 

as the potential becomes more long-tailed. Since the D phase shift 

is too large even for the square potential we are forced to turn to 

more complicated radial forms if we wish to account for the 32=Mev 

scattering by central interactions alone. Such a potential might 

be expected to be repulsive at long distances and attractive at 
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short distances. Accordingly SO;llle .attempts were.made to annul the 

D wave by adding. a repulsiv:e lip to the square r.relL , They met. with 

.little success, and -having regard .to the ~nherent difficultie~ 

implicit in such an approach when,applied to attempt an exple1r1~tion 

of tQe 340~Mev results, this approach.was abandoned • 

. As discussed:in Part II, .the .. effect_ of adding tensor force 

· in the pureiy nuclear scatte.ring is to produce a lll:ore nearly spher-

· ically symmetric. angular distribution. . The depth of the tensor .. 
I • ' • ... I 

· potential and hence the amplitude of the. scatt.ering may be considered 

arpitrary, and must eventually be chosen to-give agreemen~ with the 

experimental data. In Fig. 30 we have shown the result of adding 

the tensor scattering to the singlet state scattering. Clearl~, 

if the ·same radial dependence is assumed to hold for. both singlet . . - . '. . . . . 
1: 

and triplet state~,. apprqximate ag;reement maype obtained for the 

~xponential potential with de_pth Vt :::±.50 Mev. If we drop the 

restriction that the singlet and triplet potentials have the same 

radial dependence, it is clear that we can obtain better agreem~nt, 

especially with_the photographic data, by using the combination of 

square well for the singlet potential and Yukawa for the triplet 

(see Fig. 31, curve I). (This combination utilizes a square well 

with the constants previously' found forthe.singlet state and a 

tensor Yukawa well of range 1.25 x 10'""13 em and Vt :::·±22 Mev.) 

This model gives ail anglilar distribution essentially 

· similar to S wave scattering at energies below ·~2 Mev.;· This is 

. illustrated in Fig~· 31 where the distribution 'due to this model 

at 32 and 20'Mev is compared' to s wave scattering, Clearly a 
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precise measurement would be needed even at 20 Mev in order to 

distingUish between this distribution and S wave scatteringj although 

it could be distingUished from singlet scattering that included the 

D wave. Further, it has been found that the cross section at 90° for 

this model differs by at most three percent from that due to the 

partialS wave from a Yukawa potential below 32 Mev. Below 20 Mev 

th~ Yukawa singlet scattering at 90° (including the D ~ave) differs 

by at most 1~ percent from the cross section predicted by this model. 

As was remarked in Part II tensor scattering at 32 Mev is 

only able to explore the ta::U of the· potential, and consequently 

there is little u:irl.queziess to the radial form which can be established 

from the 32-Mev data. To illustrate this we may consider the Born 

approximation. In this approximation the triplet differential cross 

section (considering only the nuclear part) is proportional to 

where 

K :::: 2k sin 9/2 • 

Plots proportional to C(@) are shown in Fig. 32 as a 

function of 0:. (2kR sin (8/2~ wh~re ..._ has been adjusted such that 

each model predicts almost the same scattering at 32 Mev. (Recall 

that the Yukawa potential with R :: 1.2~_ x 10=13 em gg.ve a good fit 

to the data when combined with a shallow singlet potential.) From 

these plots we find th.at the following ranges, are practically 

equivalent with respect to the 32 Mev scattering: R = 3.8 x lo-13cm 

_.. 
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(square)~ R ::: LO x 10=13 em· (exponential) 1 R::: L25 x 10 =l3 em 

(Yukawa), R :;: 2.0 x lo=l3 cin2 (exp (..;.rjR)/(r/R) 2) 0 

• In the plots of C(8) we have chosen the scale of the 

ahsciss a such thatoG(2kR sin 8/2) ::;:: 1 for 9 ~-90° with a k 

corresponding to 32 Mev 0 For other angles we move up and dowri 

the abscissa according to_sin 9/2 (eogo, to obtain the value for 

C(l80°) at 32Mev read the ordinate for .an abscissa 
1 
2 .2 )o The 

90° point at other energies can be readily located as-it is given 

at an abscissa which is the square root of the ratio of that 

energy to 32 Mevo Thus to obtain the value of C(90°) at 350 Mev·· 
1. 

read the ordinate at an abscissa of (350/32) 2 ~ 3o30o 

As the·· energy increases a large difference in the 

scattering occurs between the various modelso We shall first 

adjust'the range and depth of the tensor potential to fit the 

data at 32 Mev~ then examine the predictions of the various models 

at 340 Mevo From the predictions of the singlet cross section at 
. 0 .. 

90 it seems reasonable to-allow approximately one=third of the 

nuclear scattering at 32 Mev to be of tensor o:rigino This fixes 

the depths of the tensor potentials for a given rangeo The 

requirement that the tensor scattering at 32 Mev have sufficient 

angular variation to mask the singlet D wave sets limits on the 

range of the potentials. 

The 340-Mev cross section is comparable with the fraction 

of the 32-Mev cross section attributed to tensor scattering9 The 

square, exponential and Yukawa potentials all give too little 

scattering at 340 Mev (especially around 9d').; Shorter ranges for 

these forms would give better agreement, but these ranges are 
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incompatible with the 32-Mev data. Comparison between the radial 

forms indicates that a potential more singular than the Yukawa.might 

give agreement. It was found that a tensor potential of the form·· · 

exp (-r/R)/(r/R) 2 with R ~ L6 x 10=l3 em and Vt = ± 18 Mev gives 

a good fit to both the 32- and the 340-Mev data (see Figs.. 31 and 

33)o 

In order to indicate the essential fe~tures of the 

singular model~ we again examine the curves in .Fig. 32. Clearly a 

square well of range 4 x 10=l3 em gives scattering of the correct 

form to fit the.32 Mev data~ while a square well of range l x 10-l3 

em gives 340-Mev scattering approximating to that predicted by the 

singular modeL By combining the shallow long range square well 

with a deep short range square well. (which will not be explored by 

32 Mev P wave protons) scattering approximating to that predicted 

by the singular model can be obtained. Thus a strong tensor inter­

action at distances less than 1 x 10=13 em is indicated by the 340-

Mev data, while the 32-Mev data gives evidence of interaction at 

greater distances (i.e.~ of a ntail11 in the terminology of potential 

models). 
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SECTION !II - S~~y AND CONCLUSION 

I. . Summary of N-P Results 

A. Exchange Character 

1£ the potenti~l ha$ apptoxinia.teiY the same radial d(3pendence 

in all states (i.e •. , even arid odd parity; singlet and tripiet, central 

and tensor) and the range is chosen within liinits set by the low arid 

high energy scattering, we conclude that for a good fit, we,must have 

a. = 0.55 ± 0.05 in. the space exchange operator (1 - a+ aPx). · More 

generaliy, allowing for a. different exchange. character in singlet and 

triplet states, the depths of the odd parity potential, Vodd , must 

satisfy the approximate relation 

In ~he case when the only odd.force is: a tensor force the effect on 

the angular distribution is not as pronounced as in the central force 

case' .because of a partial cancelation of s-p interference terms~ 

The limitation on the strength arises now from a. rapid increase in 

total cross section (for numerical results see Table III). 

B o - Radial Dependence 

· The (! + !Px) potentials, when compared for equal effective 

ranges differ by at most a factor of two in the total cross sections 

or in the ratio cr (180°) / o-( 90°) at 40 Mev and 90 Mev o These 

differences may be correlated with general shape features and even 

these two energies are quite adequate to dist.ingtiish among the 

potential shapes. We find that: 
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. . . ' . 
1. A long..:.tailed potential is necessary to explain the 

large scattering from the higher angular momentum states at 40Mev 

without violently affecting the 90-Mev scattering. On this basis 
. .. .• . . 

the square and Gauss potentials are'unacceptable while the exponential 

and Yukawa wells are allowable. The Yu:ka:wa potential is the only 

potential that has a sufficiently long tail to also be compatible 

with the 27.2 Mev and 280 Mev angular distributiotis. 

- 2. The Yukawa potential predicts total cross sections 

that agree with the experimental results at energies below 30 Mev 

and at 280 Mev but are 2Q to 30 percent too high in the 40 to 90 Mev 

range. This is_because of the singular nature of the Yukawa potential 

which is required at low energies to balance the tail and give the 

correct effective range. The exponential which as a smaller tail and 

is consequently less singular predicts cross sections 10 to .20 per-

cent lower. The best fit for these potentials (assuming the same 

radial de.pendence in singlet and triplet state and for central and 

tensor force) is 

R = 1.35 x lo-13 em. 

3vc .= 25.3 Mev 

3v 
t = 48.2 Mev (Yukawa) 

lvc = 39.27 Mev, 

; 

and 
R - 0. 75 X 10-l3 em. -
3v. :: 69 Mev. c 

3vt = 128 Mev (exponential) 

lv ::: 98.6 Mev. c 

~ 
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(For calculations involving the n-p interaction in which it is 

desired to neglect the tensor interaction a Yukawa range of 

Ll8 x l0-13 em With, 3vc .... 67.9 Mev and lye= 46.7 Mev, may be· 

used.) 

3. The shape of the angular distribution about 90° is 

evidence ~f a tensor force (in the even tripiet states) in scattering. 

Here, l't:i.. th a ( ~ + ~P x> dependence, a purely central force yields 

a flattel- distribution than an interaction including tensor force. 

The latter distribution agrees significantly better With experiment. 

C •. Singlet.Range 

The iow energy scattering and photo-disintegration 

phenomena indicate a si~let effective rarige between 2 x 10~l3 
.. · . -13 . 

and 3 x 10 em. The total cross sections at 40 and 90 Mev as 

well as the angular distribution imply a singlet range greater 

than 2 x lo-13 em. 

D. Triplet Range 

The triplet effective range in the shape independent 

approximation is determined from the binding energy and the zero 

energy scattering to be 1.68 x 10-13 em. 'With the long tail 

that is necessary to fit the high energy scattering the shape 

independent approximation is not valid and we must fit directly the 

binding energy and triplet scattering length. This yields somewhat 

lower values for the effective range (see Table IV). The deter-

mination of the range from the high energy scattering depends upon 

the explicit model used and is compatible With the low energy 

limits ohly in the case of the long tailed potentials .• 
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E. Tensor Force Range 

The tensor·force range may be increased relative. to·the 

central range by asmuch as a factor of two without. adversely affecting 

'~~ither the low or high energy results. 

II o Summary of P-P Results 

The 32-Mev data can be fitted by two combinations of central 

and tensor force. Both have the radial dependence singular for the 

tensor potential and shallow and cut off for the central potential. 

The best fit is with a square well of range 2.6 x 10=13 em and 

Vt exp(-r/R)/(r/R) radial dependence (with R = i~25 x 10-13 em and 

Vt = )± 23 Mev) or with a more singular potential Vt exp(-r/R)/(r/R)
2 

(with R = 1.6 x 10-l3 em and Vt ::: 118 Mev) •. These combinations 

give better fits to the photographic data than to the counter data. 

To fit the 340-Mev data we have shown that a very singular 
2 

tensor force must be used, such as Vt exp(-r/R)/(r/R) • The 

essential feature is that there must be a strong interaction in 
. -13 

regions less than 0.5 x 10 em. 

The best fit of the combined data is therefore obtained 

by using the singular potential so adjusted ~hat approximateiy one-

third of the nuclear scattering at 32 Mev is accountable to tensor 

scattering. 

The present data is not sufficiently extensive to permit 

exploration of more. than the salient features of each model. The 

radial forms are, of course, only partially specified. 



III. Conclusions 

We have shown that it is possible to fit with a fair 

a.ppt-oximation all the present n~p and p-p data by means of a charge 

dependent potential model with monotonous radial dependences. 

Quite apart ·from the potential model assumed, a casual 

comparison of the p-p data at 32 Mev with the n-p data at 40 Mev 

and, especially a comparison of the 340 Mev p-p data with the 

280 Mev n-p data seems to indicate that the nuclear scattering is 

charge dependent. This comparison however does not furnish a proof, 

for it is possible that the difference in the n--p and p-;.p behavior 

could be accounted for by the various n~p states that do not occur 

in p-p system because of the exclusion principle~ Therefore in 

order to examine the possibility for charge independence we must 

compare the explicit models. 

The most -outstanding difference between the two models· 

is that the JFP requires an odd tensor interaction to·e.xplairi the 

340 Mev.scattering while the n-p system shows none or oilly a weak 

interaction in the odd parity states. To put this on a quantitative 

basis we note from Fig. 23 that the tensor scattering adds about 

4 mb/steradian to the p .... p cross section at energies between 32 and 

340 Mev so that the same forces present in odd triplet n-p states 

would increase the total n-p cross section by nearly 1/4(4~(4 mb) 

or 12 mb. However the measured n-p cross section at 90 Mev is 75 mb 

with less than 10 percent uncertainty while the lowest value pre­

dicted by a tensor model with only even parity states is 87.mb,.so 

that an additional 12 mb is hard to tolerate. · A similar situation 
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exists at 40 and 90 Mev. Alternatively, a Yukawa tensor potential 

. -13 of ramge 1.35 x 10 em must be 17.4 Mev deep .to fit the 32 Mev 

data, while the maximum allowable depth of the n-p tensor potential 

for the same states is 9 Mev (see .Table. III and Fi~. 12). 

In order to have charge independence one of the first 

requirements is to fii1d an n-p model which decreases the even parity 

total cross section. This requirement may be shown in the·case of 

central forces to be incompatible with the requirement that the 

potential have a long-tail in order to explain the energy variation 

of the angular distribution. To.show this we recall that the 

effective range is determined from the-formula, 
Q/1:1 

r:: 2J[< i t 1)
2 

- u
2
(x)] dx 

. 0 . . ' 

where a is the scattering length and u(x) is the zero energy 

solution normalized so that for large x, u(x) behaves like ( ~ .,.. 1). 

The integrand then differs from zero only inside the range of 

nuclear forces-and is positive everywhere since the range.of nuclear 

forces is smaller than the scattering length and the potential is 

attractive. It is therefore clear that if the potential has a long-

tail, then it must also have a strong attractive region at short 

distances in order to give a sufficiently short effective range. 

This.strong attractive region however leads to large s-wave cross 

sections at high energies. It follows from the above effective 

range a:rgument that if a repulsive core is added even less of a 
cJ 

tail can be tolerated so that a fi~ of the n-p dat~ can not be 

attained by this means .• 
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The addition of tensor_ .. forces having the same radial 

' dependence as the central force was shown in Section I to increase 

the ·total cross sectiono We must~ consequently, examine the ... 

possibility of using different radial. dependences !or the central 

and tensor forces. Consider explicitly the case where the central. 

force. has a repulsive core combined with a tensor force having a 

long tail. The quadrupole moment can-then be achieved by a 

relatively weak tensor force. There will then be only a small 

modification of the scattering behavior of the 
3s

1 
+ 3o

1
. state. 

(i.e., the state that is predominantly an S-state) compared with 

that of the central force. The higher states particularly the 

D-states~ will however be affected more strongly-by the tensor 

force because of its long range and may be able to account for 

experimental angular distributions. Detailed -calculations with 

-such a model are needed to ascertain to what extent the n=p total 

cross section may be lowered and still retain the correct angular 

distribution. 

Additional evidence for such a_ model may be cited: 

(1) The calculation of the binding energy of the three particle 

systems using the known n-p and p-p interaction with tensor forces 

and postulating charge independence and the absence of many body 

forces lead to binding energies-. that are. too small. The correct 

binding energy is attained however when a purely central force is 

assUmed for the n-p and p-p interaction leading one to believe that 

the tensor force does not bind as effectively in three particle 

systems. A long range tensor force accounts for little of the 
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binding in the n-p system and hence leads to ~etter values for the 
lB 

binding energy in the three particle system (2) A model using 

the combination of a repulsive core for the central p-p interaction 

ahd a long tailed tensor force has been found by Jastrow19 to fit the 

p-p data. He has also given an explanation of the energy variation of 

the cross sections for scattering of neutrons on heavier nuclei using 

the repulsive core central interaction
20 

• 

. A more direct knowledge of the charge independence of 

nuclear forces would be possible if the n-n interaction were known. 

There are several experimental results which support the hypothesis 

of charge independence. These are: ·. (1) the binding energy of mirror 

nuclei differs only by an amount attributable to Coulomb forces; 

(2) the excess of the number of neutrons over the number of protons 

in heavy nuclei is again accountable by Coulomb forces; and (3) the 

21 large degree of similarity in n=d and p-d scattering at 3 Mev and 

lB 
R. Pea.se and H. Feshbach, Phys. Rev. 7B~ 322 (1950); E. Gerjuoy 
and J. Schwinger, Phys. Rev. 61, 13B TI 942) • 

19 -
R. Jastrow, Phys. Rev. 79, 3B9 (1950). 

20 
R. Jastrow, BulL Am. Phys. Soc. ~' No. 5, 37 (1950). · 

21 
Compare experimental results by S. L. Martin, E. H. S. Burhop, 
C. B. Alcock and R. L. F. Boyd, Proc. Phys. Soc.,2l, BB4 (1950); 
Hamouda, J. Halter and P. Scherrer, Phys. Rev. 79, 539 (1950); 
J. F. Darby and J. B. Swan, Aust. J. Sci. Res. A. _!, lB (194B); 
J. H. Coon and H. H. Barschall, Phys. Rev. 70, 592 (1946); all of 
whom used incident neutrons energiesof approximately 3 Mev with 
the experimental results of R. Sherr, J. M. Blair, H. R. Kratz, 
C. L. Bailey and R. F. Taschek, Phys. Rev. 72, 662 (1947); for 
p-d scattering with incident protons of 1.51 to 3.53 Mev. 
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22 
at 5 Mev , . irt the· angular region where interference with Coulomb 

scattering is negiigible. Unfortunately the.direct comparis9n of 

the n-d and p-d scattering ttata over this range cannot be completely 

justified. for tlie addition. of C~mlomb forces. also, affects the 
23 . 

nuclear phase shifts. (by amounts up to 20%). Theoretical lt<{ork ort 

the n_.d and p-d scattering both at .low and high energies.assuming 

the known n-p and p-p interactions should yield considerable 

information on the n=n interaction. The analysis would be consider-

ably simplified if the n-p and p-p interaction were central or 

predominantly central. This would be the case at iow energies if 

the long range tensor force model could be used. 

We have thus found that potential models can be found 

which independently explain the n-p and p=p scattering but when 

taken together they form a complicated model of nuclear forces. 

Additional theoretical work is necessary to determine if·the n-p 

and p-p scattering can be accounted for by a simplified charge 

independent nuclear model. 

22 

23 

Compare experimental results by F. A. Rodgers, H. A. Leiterand 
P. G. Kruger, Phys. Rev. 78, 656 {1950); J. C. Allred and L. 
Rosen, Phys. Rev. 79, 727(1950); K. B. Mather, H. J. Karr and 
R. 0. Bondelid, Phys. Rev. 78, 292 (1950) all of whom used 
approximately 10 Mev deuterons on protons (equivalent to 5 Mev 
protons on deuterons) with the experimental results of E. Wautuch, 
Phys. Rev. 1.1, 729 (1950) for incident neutron of energy 4.5 and 
5 • 5 Mev on deuterons. 

J. L. Gammel, Phys. Rev. 78, 321 (1950). 
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Finally, we,must take notice of the fact that no large 

repulsive forces have shown up in either the n-p or the p-p system 

of suffiCient magnitude to account for nuclear saturation if 

saturation is to be predicted from two body forces. In both cases 

they would have been very easily detected in the scattering 

independent ·of the potential mode assumed. 
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APPENDIX I 

For a scattering proqlem involving. two particles, the . 

. · Schroedinger equation is.· 

A llJ 2M' (_E. I.-:-. V) w = 0 ' .. T +. 112·· T 
(1) 

where V has the form · 

M1 is the reduced mass and E1 the energy- in the_cente:r of mass system. 
Px: is the Majorana apace exchange operator •. s12 the tensor operator. 
A, B and C are radial functions with no singularities except possibly 
a ·first order pole at r =: 0 and vanish faster than l/r aa r __,.~ , 
so that a parametric :range, ro; may be defined~ 

Since s12 vanishes for the singlet state the analYsis is the same as 

for central forces and we may concern ourselves with only the trip~et 
• o • I • ' 

state. (In ~hich case we may as well take ~ = O, and make a corre~ 
sponding new defination of A(r).) 

- ' . ': 

The wave function of a triplet state of given J, m and 

parity satisfying the boundary condition at the origin may be written 

as 

(2) 

The index r::/.... is as yet undefined and expresses the fact 
J 

that ~he boundary condition· at the· origin (U/,~o(. (0).:: 0 ) does not 
. Jm 

completely deterniine the wave function. We apticipate tha:t the if · 
representing a phys'ical state will be particular linear combination 

/ 

l 
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Jm 
of the <fo{., defined by (2)·. 

The f~ are compounded from the triplet spin functions and the angular 
functio~$ (spherical harmonics) by recognizing that the individual 
function~ each are a ba13is for representq.tion of the rotation group, 
and.reducing the produc~ functions. That is, representations of the 
rotation operator PR in the angular-funqtion and triplet spin function 
space are 

. . R 
PR~ (e, ¢) =· ~)f D~, -1 

(R) y)J., (e, ¢) and 

I . , I 
Pa xj.). (ms) = ~_.«' ~~~ (R) ,X)', (ms) 

respectively. Hence the' basis function for representation of the 
operator Pa in the various (21.+ 1), (2 .f.+ 3) and (2 t - 1) 
dimensional product spaces is obtained by the unitary transformation 

f _ · . P-=m+l fJ -~ · l(ms) 
fJm(e, ¢, m5 ) = ·~ SJ . . Y)e, ¢) /( Wigner notation 

LJ ,fl., m-jA. t. . . m-,t< 
p. :m-1 

Jm p.~+-1 11 / . _J. I . . 
FJ. (e,¢) = L; (s, x. > m,m-,4 s,.-e,?t)· Y (e,¢) X· Ashkin-Wu notation 

n..m-1 · m m-,4 (Phys. Rev. 12., 
r 973 (1948)). 

The various elements of the matrices sf are given in the ta~le below. 

i{ 
~-1 

.. lfl 

-1=-------- 0 ----------------------------..:!:.~-----. -·----
- ,_.(1.--14-)-(1-TP-) /(£ -JI.-1) (Q -,M) 

1. {2.t+l) -r- 2 J. {2,Qt-l) 

-i .R. CR. +- 1 ) 

I <1ttl) r!:t-At 1) 
7/( +lH.e+l) 

1Hi.-A 
(fl.+l) 

---~--------------------------------·-------.:.__ __ _ 



The represehtation of the tensor operator 
space is 

sl2 in .the .spin...,angular. 

XI 
I 

J-1 ,J J+l 

J;.;.l _2(J-1) 0 • ;-{J(J+l~ 
2J+l -f .2J+l 

J 0 +2 0 

J+l 3-/J(J-i-1)· 0 ·= 2(J+2) 
2J -f- 1 2J+ 1 

Th~ result of substituting (2) in (1) is 

(i 2 
- /(~~1) tit- {1 (x)) U~.<: (x) : 0 

dx x · 

(3) 

. . 

where weha;e introduced the'diinensionless quantities, x:: r/~0 and 
J 

X = r 
0 

• The Of11Y non-vanishing V 6 1 are 
~ . ~, 

J 
V J+l,J-1 (x) = 

J-1 
(l-ata(-) ) 

2 
• 2M! r 0 [ A(x) = 2_tJ-l) -~G(x)] 

ii2 2J+l 

J+l 2 
(1-a+a(=) ) • 2M'ro 

't2 
[A(x) - 2(J+l) TC(xU 

2J-t-l• 

· (4a) 

(4b) 

(4c) 

J J Jtl 2 
V (x) = V (x) = (l-ata(-) ) • zM'ro 
J-l,Jtl J+l,J-1. 1i2 ' 

[6-/J(J+ 1) 0 c(x)] 
' -2J+-l 

(4d) 



We notice from (3) and (4) that in the case J = 1 we have .a. second 

order differential equation and in the cases J :.(±1 we have 

coupled second order syste~s. In the first. case we may evidently 

take ot;. = L = .R. •.. In the other cases we get- two solutions which are 

regular at the origin so we specify these ;iS.being solutions to the 

integral equations 

UJ (x) 
J-l,L 

J 
UJt-l,fx) 

J 

'oa ·'. 
J ~ .• J J 

= AJ-l,L gJ-l ( ~ x) + )GJ-l (x:x
1 

)(V J-l,Jf.t') U J-l,fx') 

0 

J J + JJ (x') U (x') ) dx 1 

J-l,J+l . J+l~L . 

~ J 

= A ;tl ,L g Jt-l( I( x) + J (l J+l (x:x 1 )(V:~~l ,J+l.xl )U J-J, ,£x 1 ) 

\_ /!) 

J . . J ,+ V · (x') U · (;x:') ) dx' 
· J+l,~+-1 .. J+l,!. 

(5) 

where A J :t 1 ,L are arbitrary constants, and where we have let c;.o(o = L 

(and hB:s the values J-1 or J+l), and 

where x 
4 

means the lesser of x and x' and gJ(/~ x) and g _/ '1\ x) 

are the regular and irregular spheric~l Bessel functions of order 

J + ~ , normalized to sines and cosines at infinity. The asymptotic 

behavior of (5) is then of the form 

J X 'J ·. . J 
~L (x) ~ a_e1 sin ( ~ x- £r + ~~L ) , (6) 



where fb~ example, 

_C)IJ .. · , .. 

J 
tan6 = 

J-l,J-1 
-~ 1 ·fo. t.ro~ s· (VJ - ·(x)· UJ (x) · J -~ J-l,J-1 J-l,J-1 . . 

A
. _1i k . . 

. . () - . . 
J-l,J-1 . . ... 

J J + V · {x) U (x) )g ('K x)dx, 
Jtl,J-,1 .. J+l,J-1 J-1 

and similar relations for the remaining quantities may easily be found. 

The solutions are further subject to the Wronskain condition 

J J I J I J 'J J 
u (U • ) - (U ) u + u (U . ) I 

.· J-l,J-1 J-l,J-tl J-l,J-1 J-l,J+l J+l,J-1 Jt-l,J+-1 

J i J 
- (UJ.rl,J..;l) · U J+l,Jt-1 = D. 

(7) 

which when evaluated for x ...-+oa yields the relation, 

J . . J J ' J J J 
a,eL s~nc&Rt ..; ~£L) - ~fsin(& ~L = &LR) = 

(S) 

J J 
and we have chosen aJf .- aLL -. 1.~ 

This condition results from the orthogonality of the solutions, for on 
multiplying the differential equations for . U(L ahd · U ~~L hj'Uj;{ 
and Uf•R respectively, integrating and subtracting the same quantities 

. with the indices I. and L interchanged we are led to the result 

J J I J I J J J 1 

U (UJ +) - (UJ-l,J-l) U +u (U. ) J-1 J-1 -l,J 1 J-l,J+l J~l,J-1 J+i,J~l 
·' 

J . I J 
- (U J+l,J-l) . U Jfol,Jf-l ::: constant, 

which when evaluated at the origin gives the constant equal to. zero. 
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We will continue setting up the scattering problem. The . 

wave function r ms' representing a given . ms . state in the incident 

plane wave, can be expanded on the form · 

(9) 

·<' Jm J f. 
- 1 ~ · b U (r) f 
- kr J ,f.,L m L fL Jm · 

(9') 

which is asymptotically 

(10) 

At great distances from the scattering center UJ can be resolved 
f IDs 

into the incident plane wave and an outgoing spherical wave 

originating at the scatterer 

(10 1 ) 

where e and ¢ are the co-latitude and azimuth of the direction of 

scattering, "it•, with respect to any fixed plane passing through the 

.spin axis. The·expansion of a plane .wave into normalized spherical 

harmonics is given by 

. (11) 

(11') 

Expanding in terms of the spin-angular functions the product 

r• 



.~k . ..., I 
~. or )/ 

e. /(, ms 
r 1 
·~­-kr 

(12 1 ) 

Writing U{,_ in the fo:rm (10) by adding and subtracting the left artd 
(Ds . 

right hand sides of (12 1 ) we find 

IJ). r~ i~.? y' + <: fi: ~~ J . ( kr- ~ +S~1 ) 
/ ms __, e . . /( llls . .ttt::J J/ m l L -L a_eL s~n . kr. . . 

(13) 

Expanging the term in the curly bracket of (13) we.have 

::r 
J. • • • • J -- e ikr fe' bJm a~~ (.; ) - R.ei 0LJ-
( 2ikr. Lf. L ;~.L "" 

-ikr 

[2 bJm 
L L 

e 
2ikr· 

Ill . ] 
s J ,o,m . 

. . e.l 21. 
- 8 ~ 4fr(2L+l) s (i) .... 

nuns . J ,O,m • 

For out-go:j;ng spherical waves the coefficient of 
-ikr 

e 
~ 

must vanish 



for each .R. ' we have th~n( Jll.. :: ms and the following system f~r the. 
. . Jm .. . . 

determination of the unknown coefficients bL 

= 
·--.R..t. J. 
s J 0 (i) 

' '~s • 
(14) 

The result of solving for is 

.J i s;J Jt 
~ e . SJ . . , wh_en L_ : J, · 

,O,ms 

Jm 
b s 

J-1 

~ J-1 (. 
-~ i . i2J-l 

when L : J-1, and 

J-1,1 ; =i -,;, J "S.f/ 
S e 

J ,o,ms. 

iiJl' . J+l ..J J+l,l 
- D ~. ( 1 2J+ 3 S 

J,O,ms 

when L = J+l, whereD is the. determinant, .. 

We can now write (13) in the form 

.. ~15a) 

(15c) 



-62-

where we have introduced the abbreviations, 

;r 
2i s~~ · 

- e ' 

In calculations it is convenient to note 

2(J+ 1) + 1 

.2(J -1) f-1 

J+l,l 
5Jot 
J-1,1 

5Jot 

If we write (17) in the forms 

and 

, and 

2(J-l) + 1 

2(J+l) + 1 

(17) 

(lSa) 

(lSb) 

= - IJ 
1m 

(10 1 ) 

(19) 

the matrix elements S a are identical with those 'defined by 
ms ms 

Ashkin and Wu and have the explicit form, 

(20) 



The differential pross ~ection is found by averaging the square 

modulus of F m over the ¥is. of the initial wave 1 ·giving the result 1 . s 

_ -x* JJ'm · 
( 

R n. ,~ 
~(e1¢).3U (e1¢)t~1 , , 

(21) 

where ., 
. ~~s ~~s 

c~~!ms = * ( e2io~f )* (e2i~!~; ) 0 (22) 

Writing Eq. (21) explicitly in terms of the Legendre polyrlomials we 

/' 
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The total cross section 'for an unpolarized beam is found 

by'integrating Eq. (21) over solid angle, with the result,· 

3. j: ''t + ~ :J.~'+ e.t.a t t'ld 
VII ' . 2 ~,, 3 II + 2 :.Z,t, 

In actual calculations we use approximate methods for 

(24) 

determining the phase shifts that enter into Eq. '(22). We have 

discussed in the text (See Section I, Part 2, Computational Methods.) 

the solution of Eq. (5) for the lowest states. We wish here to discuss 

the addition of all the higher states in Born approximation. 

The Born approximation can be made directly on the three 

dimensional integral equation corresponding to the differential Eq. (1) 

without the necessity for expanding in spherical harn1onics. Thus we 

have 

.where 

"'+ 
vm -JA m(r) 

s r-' s 

~ 
dr, 

(25) 

(25') 



and the co-latitude arid azimuth of 1 with respect.to the spin 

axis is denoted by . oL and 
1
/3 o Performing the integrations , 

indicated in Eqo (25) we have 

(B)F $ y' ( 
ms = /.!. fl. ms -jA f (1-a). F(K) + aF(L) (26) 

[(1-a) !2(~ ~ ~,O)C(K) 

+ aY2(~, 1/') C(L) ] J 
where co 

F(K) 
2w S sin kr A( ~0 ) r dr = ii2K 

j 

~ 

C(K) ... 2M' s g2 (kr) C( ~ ) r dr, - t~ 0 

0 

K ::.:: 2k sin e/2 j 

L = 2k cos ej2 

Explicitly for the Yukawa potential; A( %) = C( F) = V0(e~/r~j(r/r0)), 
0 0 we have 

F(K) 
br

0 
= ' 1 + (Kr

0
)
2 

br
0 

2 
C(K) (3 -

(Kr
0

) 
= _2_ tan-l(Kr ) ) = 

(Kro)2 1 + (Kr0 )
2 Kr0 

0 

:: br0 ( ~(Kr0 ) 2 - ~(Kr0 ) 4 + ~(Kr0 ) 6 = ) 0 

2M'r 2 
where b = 0 it2. 



-ss ... _ 

Expl~t~J~Y for the ecponential potential, A(r/r0 ) = C(r/r0 ) ~ 
V0 e o) , we have . _ 

F(K) 

C(K) 

2M 
.. I·-. 2 

where b = r 0 V 
t2 0 

The differential cross section in Born approximation is 

: 81-a) F(K)t aF(L)] 
2+ si [(l-a)

2
C(K)t a2C(L) - (J-a)a C(K)C(L~ 

(27) 

To show the relationship with the phase shift analysis we may 

calculate the RHS of Eq. (25) using Eq. (12) with the result 

(29) 

Comparing Eq. (29) with Eq._ (17) we see that if we make the approximation 

\f. 
2iS """'S 

e t- 1 
2i 
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which is valid for small _phq.se shifts. then ,We may. ].dentify the . 

expression for Born phase shifts as 

L/ 
(8J 8 J"..,.,...s- <"' S JOms 

J -LJSU 
. JOms 

The result given by Eq. (30) is seen to be identical with that 

resulting from taking 6nly the. firs't.term in the perturbation 
.· . . J . 

approximation of Eq. (25) (with AlL =· bt 1) and consistai'l.tly 

retaining only terms linear in the potential in the"evaluat~on of 

Eq. (17). 

We rriay clearly write the expression for the differential 

cross section, Eq. (21); 

(31) 

The second term on the RHS of Eq. (31) may be written as 

[ Jms Jm 1J· ~ r . (1-a) Q.l (K)C (K) t aQR s(L)C(L)j 

(32) 

where 
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Writing Eq. (32) somewhat more explicitly we have 

1 " 2Re~ (B)F (F _(fJJ F )] -
-~m m5 ms m5 -3 s 

.L 1(1-a)F(K)+ aF(L~ f (ll
1
• +- 2 tl

1*- )P
0

(e) 
3k L' ~ o ~ 

f (Ao;'+ 3J:1
1
t. + 3Lf,tt 2A:" )P1 (e) 

(33) 

. 10 1\.•t . ...2-± .~ 3-J: j . .J- (2~,1, +£-l.1, + 5D.t. + 3b.2- + 4b~ )P2 (e)+ .. , 

+.L [<1-a)C(K)f aC(L)] f (-J1.0 + £1t + J..Ait.:. 2. b:~.t +Jf'!:.)p (e) 
3k l 0 . () 2 :2, 2 ~ .~ 0 
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The third term in Eq·· • (3i), namely··.· 1 <:! . ·· \- F . =' (BJF .\ 2 
-Lim m m ' 3 s s s 

can be written out exactly the same as Eq_ •. {2r)··and Eq. (23), replacing 

, JJ'm cJJ'ms b A s h (.,.1(1 Y LJ.f/1 w ere 

We sum-only over those terms in the second and third terms of 

Eq. (31) for which we have evaiuated th~ exact phase shifts. Th_e 
. \ 

resulting angular distribution will then contain the Born approximation 

shifts for all the remaining partial waves. 

~ ., ·.; 

··' 

,., .' 

., 
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APPEND!X !I 

The triplet cross section is given by 

(lA) 

where 

R = a/ii (exp C:..ialn sin2(e/2)] .... 
· · sin2(G/2) · · 

eXp(_:ialn cos2(e/2)] )a 
cos2(e/2) . 

. \ 

a = e2/hv 

CJi"' d'0 = tan-1 (ra;j R.) + ta.n""l (a/ t - 1) + a o • + tan ... l a 

Yj..~(e 1,0) are ihe nennalized tesseral harmonics and OtJms are the custo­

mary (complex) phase shifts that occur in tensor scattering (defined here 

in the presence of the. Coul6mb field) o 

In. Eqo (lA) the term involving IR1 2 is just the usual triplet 

Coulomb scattering and the te:r'ms LlJ.N~ *:N~ are the J.lsual nuclear scat­

tering. The remaining terms represent the interference between nuclear 

and Coulcmb scattering~ 

In our calculations of the tensor scattering the ·Coulomb modifi-

cation of the nuclear phase shift was neglected as the expected order of 

magnitude of this modification was very small compared to the P phase 

shifts. Further the nuclear .. coulamb interference terms were calculated 

only for the P wave part of the nuclear scatteringo These terms can then 



be written 

fsin a1:--~- sin h J 
[ ·s2· · · . 02 J 

X( . .!__ s~n2 ~ oo .. 1 ··i ·2 ~ 1:i: 1 "·.·· 2:t: · I .A' 20). 
9 ... u1 +· 3 s n o 1 - 6 ~1 . = 9 1 . 

.. 9P1 (cos 9) 

2k2. [
cos ctl ~ cos ~1 l 
. s2 . -c2 J. 

x(~ sino 1°0 cos o1 °
0 + ! sin o1

1
;t 

lt. 
cos 81 

where· 
' 

al ... a in s2 + 2(cr1 - o-0) 

c2 
-

~1 == a Qn + 2(o-l = o-0) 

s2 "" sin2 e/2 

c2 "" cos2 e/2 
. Jms 

Re [exp (2icS Jms) lJ . AfL . "" = 
. . . . . -i ·'·. ~ . 

B.t,Jms "" Im ~xp (218 t Jms )] 
' 

·.i. 

1 2_ ± 1 20) +-B1 +-B · 6 9 1 IJ 

, .. 

Equation (2A) reduces to· the expression'give:i:t by Breit;.,: Kittel, and 

Thaxton,!) Phys., Rev.,~~ 2~5 (1940),~~ when the coupling between the 3P2 

and·°F2 scattering is neglected., 

. ,· 

. (2A) 

f::. 

.. 
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. Table I 

Derived Quantities 

Quantity 

singlet scattering length 

radius of deuteron. 

trip let.. scattering length 

triplet effective range 
(shape indo approxo) 

. 
singlet effective range 

electric qua!U"upole moment 

percent D-stat13 

Notat:j.on Magnitude 

·.· / ... 

Q 

3o9 percent 

.Source (~ith error) 

em ortho-para scatter:in~(a~i:Oo03 x 10-13 em) 
crystal-scattering(bJ('tOo05 x lo-13 em) 

zero-energy cross sectio~(c}(tOo06 x lo-13 -cm) 

_ ___ liquid mirror reflection(d) (!oo02 x 10•13 em) 

liquid-mirror reflection(io .. 03 x 10""13 em) 

ortho-para scattering (~ .. 09 x lo-13 em) 

crystal scattering (iol5 x 10-13 em) 

zero energy cross section (i:;o03 x lo-13-cJri.) 

from 3a (±Oo08 x 10-13 em) 

from rd (Z0o03 X 10-13 em) 

scattering between 0 and 6 Mev 

photomagnetic disintegration of deuteron(£) 

directly determined(g) 

magnetic dipole moment 9 neglecting 
relativistic effects 

(a)sutton9 Hf11lp .Anderson 9 Bridge 9 DeWire 8 Lavatelli 11 Long 11 Snyder, and Williams 9 Physo Revo.72gl147 (1947) .. 
(1J-~Shull 9 Wollan, Morton 9 and David~on 11 Phys .. Rey. 73 9 _ 842 (1948).. . · 

t(c~Wo Bo -J~nes_.o_--Jro.o -Phys .. Rev .. 74 9 364 rl948)~ Melkopian 11 Rainwater 9 and H~vens 9 Physo Revo 75, 1295 (1949)o 
d Hughes • Bu,rgy 9 .and Ringo 9 Phys o Rev .. · 79 9 22 7 (1950).. - . 
e R~ Eo Beli'arid Lo u: Elliott:; Phys .. Reiv~ 74, 1552- (1948h Wo Eo Stephens 9 Revo Modo Phys .. 19 9 19 (19~7)~ 

W .. Eo _stephens 9 Physo Rev .. 76 9 181 {19491T. Tollestrup, Jenk:insg Fow1er 9 and Lauritsen 11 Phys .. Rev .. 75 11 

(£)1947 _(1949).. -... · -- - 647 (-1950.)o -
( )Ho Ao Bethe and Co Longmire 11 Phys.. Rev"' 77 9 

· g Ao Nordsieck 9 Physo_Rev., 58 9 310 (1940).,-
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·Table II 

High energy total cross sections., The error in the mean energy 
arises from uncertainties in detectpr efficiency. neutron beam 
distribution, and variation of cross se~tion wit~ energy., The 
"averagew sin2 <5 8 is determined by subtracting the contributions 
of the higher partial waves as. derived from· the angular di stri bu= 
tion on the basis of no spin dependence in scatteri~g., . 

Mean Total cross section 
e;nergy with statistical Det.ection Aver~ge 

Mev -error lo=24 em. method· sin 68 
.. 

O.,ll(a) 41 ~ 4 0.,174 + 0.,010 Proton recoils 0.,67 + 
~ 

40 ± 4 0.,202 + 0.007 c12(n;2n)c11 0.,76 + O.,ll(b) 

83 ± 7 0.,083 ± 0.004 c12(nl)2n)c11 o.,·66 to., 08 ( 0 ) 

90 ± 3 0.,079 ± 0.,00'7 Proton recoils 0.,68 + o.,o8Ca) -
95 :t 5 0.,073 + 0&002 Bi ~fission 0.,66 + o.,o6(d) = = 

156 :t 3 .. 0 .. 0462:1:: 0 .. 0012 Proton recoils(e) 

160 ± 15 0.,.0512± 000026 Bi fission(!') 

240 + 15 0~0410! 0.,0041 Bi . fission(!'} = 

270 ± 15. 0.038 :t 0.,0015 Bi fission(!') 

280 :1:: 15 
+ ... 

0 .. 033 = ~ .. 0030 Proton recoils(g) 

~(a) Hadley.~~ Kelly» Leith. Segre.., Wiegand• and York"' Phys., Rev., ~"' · 
351 (1949).. 

-rcb} R.,H., Hildebrand and C., E., Leith"' Phys., Rev., '76» 587 (1949)$ also 
private communication .. 

. /(c) Cook
9 

McMillan.~> Peterson 8 and Sewel1 8 Phys., Rev., 72, 1264 (1947).,. 

V (d) J., DeJuren and N., Knable.., Phys., Rev., 77"' 606 (1950)., 

(.e) 
Taylor 8 Pickavance, Cassels,~~ andRandle, to be published a~ a 
letter to the Editors of "Nature.," 

(~ . . . 
J., DeJuren and B., J., ¥oyer, Phys., Rev., 11 in press., 

(g) 
~elly,p Leith 8 Segre.., 

vA.~~~ 
t>R 7.J S9"7 

and Wiegand,p Phys., Rev., ~a 96 (1950)., 



Mod~l- ' 90 Mev 40 Mev 
' 

Exchange - Range Radial cr cr 
' (lo-26 ~ ~ (lo-26 

i1 

Dependence (10-13 Deperrl- al a2 a3 a4 a2 
em): ence 0' cm2) . ··· cm2 j 

. 

(l+P"x)/2 1.18 y 0 9.0 0 .77 0 .39 3.25 3.25 23.1 .15 

ti+PX)/2 
.·· 

1.18 y 5.6 9.9 a .75 0 .04 2.91 2.91 - -
{l.+PX)/2 

.>• ' 1.35 y 0 9.3 0 .98 o· .57 4.6 4.6 22.9 .21 
i 

{l+P.x)/2 1.35 y 1.9 10.2 0 .78 0 \ .14 3.20. 3.20 23.1 .24 
. . .. 

1.9 
l 

{.37+.63Px)s12 1 .. 35 y 10.7 c..20 0 70 .12 .12 3.04 2.95 - -
{~ 2#.76Pxls1! 1,.35 y 1.9 12.0 =.35 .66 .24 .06 2.61 2.46 - -
o45 + ,.55-Px lo35 .Y 1 .. 9 10.3 =.16 .78 -.02 .15 3.52 2.84 - -
.4 + ... 6 Px 1.35 y 1.,.9 10.4 -.32 .77 =o05 .16 3.78 2.48 - -
(l+P~)/2 0,.7 E 0 7.9 ·o:. .99 0 .39 4.00 4,.00 21.5 .17 

;;45 +- oP5 Px 0.7 E c 7.9 ""o10 .99 -.07 • 39 4.33 3.69 -· "" 

.4 .f .6 Px 0 .. 7 E 0 8.o I -.20 loOO - • .16 .41 4.68 3.39 - ~ ,. 
(1+Px)j2· 0.75 E 1.8 8.7 0 . .,92. 0 .03 3.8 3o8 21.7 .18 

-(al ·"2)(Tr'2)/3 
... 

2.,0 s 0 7.1 -.86' 1-.;13 -.34 .12 9.57 lo59 21.3 o11 

=<~. az)(1]_ ori)/3 1.8 s 0 7.4 -.61 .63 . -.19 .05 3.50 1.30 22.2 .04 
. 

EXPERIMENTAL VALUE ~.9± 1.0 -.14±.]0 
..,.. 

.68-.10 .o2-±.1o .u±.1o + 3.6 -.6 3.0-%1.,0 ]9.¢2.0 .26t.1o 

* The exchange dependence for the central force is (1+Px}/2. 

Table III 

:fl_igh -ene~gy ·scattering behavior of various models. .In the above range 
.(R).is the same in singlet and triplet. st~tes. For all cases where 0' F 0" 
·-:ci:~is-·adjusted.·to Q == 2.73 x 1Q=27 cm2. c:r is the total cross secticm., the 
differential cross section being 4'1rcf(6) = ($' 0 L an Pn caL where ao = lo 

o--(180) 
o-(90} 

1.26 
co 

1.45 

1.46 

-
-
-
... 

1.30 .. -
-

1.33 

1.42: 

1.14 

1 •. sst.2o 



Central 
(lo-13 

1.,18 

1.,18 

1.,18 

1.18 

1.,18 

1.,35 

1.,35 

-

Table IV 

Properties o£ Selected Yuka~a Potentials 

range Tensor ran~e r WD 
;3p 3r 3r 

(lo-13 em (lo=l3cm) (lo-13cm) ~1o-39 ctR) em) 

1.,18 5.,6 5.,3 1.,56 1.,48 . .,3 

1.,69 0.,8 3;,2 1 o'il 1.,49 1.,0 

1.,98 0.,5 2.,8 1.,76 . 1.,50 1.,2 

3.,91 0.,16 1., 7' 1.,90 1.,45 2.,1 

II'· tensor force) 1.,67 1.,54 .,6 ~No - = 

1.,35 1.,91 4.,2 1., 71 1.,58 .,55 

~No tensor force) - - 1.85 1.,63 ·. .. 96 

In the above 3p is the ef.fective range as determined by 
using the deuteron wave function., 3T$ the shape dependent 
coefficient$ has been determined from the approximate 
relation 3r = !(3r )2(3p - 3r) $ and c·hecked by neglecting 

in the exact e~pr~ssion for 3T all terms invoiving the 
coupled D state~ 9l All the above potentials gave a value of 
0.,28 (within 2 percent) f'or the ratio of the cross sections 
for photomagnetic to photoelectric disintegrations of'the 

"'deuteron for the 2.,76 Mev NaY-ray using a value of 2.,23 M'ev 
as the binding energy of the deuteron., [For experimental 
values see W., M., Woodward and I.,--Halpern6 _Phys., Rev., 16 6 107 
(1949)~ E., Meiners 9 Phys.,Rev., ~$ 259 (1949)J -

------:----- --.-.... 

3a. 
lo-J.3cm 

5.,22 
,, 

5.,29 

5.,30 

5.,35 

5.,29 

5.,32 

5.,39 
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I 

.. 

Table v 

Comparison of Contributions of Vanous States to Total Cross Section 

.. 
Square well: Yukawa 

State Tensor.forces ·Central forces Te:risor for~es Centr8.1 Forces ( . .;;26 cm2) (lo:26 om2) (1()""26 crii2) 10· (lo .. 26 em ) 

3~ 
•·· 

3;.25+ 2.95+ a.a2~ 9~5a+ 

3· 
D1 .0.35- 0.95+ o.55- 0.;14+ 

3 6;;87+ · .. ·· + 
1.82+ 0.,24+ D 1.58 

2 
' 

3 
D3 6/12'" 2;;21+ 0.14.;; '6.33+ 
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Table VI 

Singlet. phase sM,fts at 20 and 32 Mev for various radial 
·· ~orins ·adjusted to f':i. t. the low energy seatterlngo · 

Phase shift 
32 Mev 20 Mev 

' Model 've R . s: ri .. s* D 
; 

rv r<R 
2o615 xlo=l3 V (r/:R)... e 13.,273 Mev em 41.,99° o .. 770° 48.,5° 0.,26° 

.. c )o r>R ,._ 

V
0

{r/R) .... v0 e-r/R 108.,27 Mev. o.,7088xlo-13 em 47.,54°1~20° 

V e=r/R 
49 .. 350 Mev lol417xlo-13 1.,40° .·54 .. 2° 0.,7° V 0 (r/R)"" c ... em 51.,150 

r/R 

* Interpolated 

. 

.,. 
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Fig. 1 

Fig. 2 

Fig. 3 

Fig. 4 

Figures 

Experimental angular distribution. The circles are the 
counter data [see Hadley a Kelly a Leith., Segre 8 Wiegand., 
and York, Phys. Rev. 75.~~ 351 (1949}-a.nd Kel.ly., J.eith-
Segre., and Wiegand, Phys.Rev. 79.~~ 96 (1950)~]~- Thehori·­
zontal liries at 90 Mev are the result of the cloud chamber 
measurements. [See Brueck:rler .P Hartsough, Hayward, and Powell, 
Phys., Rev. 75, 555 (1'949).] The crosses .at 90 Mev covering · 
the angular-range from 25° to 74° were determined by a photo~ 
graphic plate technique. [R. Wallace, Phys. Rev. 9 in press.] 
The triangle at 90 Mev covering the angular range from 130° 
to 180° were determined by scintillation counter technique. 
[R. H. Fox., Phys. Rev.,., in pressJ ·The no:nnalization chosen 
agrees with the total cross section as given in Table II. 
The dashed line represents the best fit as determined from 
the expansion in Legendre polynomials., [See Table III'J 

(Energy) x(total cross section) vs. energy. The full curve 
indicates the general characteristics o£-a potential model 
having a singular behavior at the origin such as. Yukawa 
radial dependenc~. · 

The triplet effective range. for the Yukawa (Y) 1 exponential 
(E) a and the square well ,(S) potentials;, The _intrinsic 
range is 2.,12 R, 3.,54 R, anQ. R for the three potentials in 
the order named above. R is the usual parametric range that 
occurs in the radial dependence" i.e.,, exp( ~r/R)/(r/R), Elllp (r;R) for 
the Yukawa and exponential potentials and a constant potential 
extending a distance R for the square well potential. 

Low energy triplet scattering on the assumption of a 3.0 x lo-13 

em singlet effective range. This plot yields 5.,51 :t 0.16 x lo-13 
Clll. and 1.,98 :t 0.,26 x lo~I3 em.· for the triplet scattering length 
and effective range, respectively. The experimental points 
[open circles, (Bailey, Bennett, Berg-st:ralh, Nuckolls, Richards, 
and Williams, Phys.Rev.,· 70,583 (1946)),solid circles (Pro­
fessor J., H., Williams haskindly communicated to us more recent 
values of the experiments of Lampi, Freier, and Wi,llia.m.s, 
Phys., Rev., 76., 188 (1949)~ Further experiments a11e still in 
progress.,)jare from the data of t}le Minnesota gr:oup., 

Triplet S wave scattering at 90 Mev.,· 

Central f~rce scattering at 40 and 90 Mev. The first column 
gives the triplet scattering; the second, the singlet scat~ 
teringB and the third, the complete scattering (assuming 
equal intrinsic ranges)., The first row is for the square 
well; the second, for the exponen1!ial; end the third., for 
theYukawa potential .. In each·figure _the upper set of three 
curves is for 40 Mev~ the lower., for 90 Mev. For each set of 
three curves the uppermost is 4n•o-(l800)$ the middle curve is 



Fig., 8 

.Fig., 9 

Fig., 10 

Fig., 11 

. Fig., 13 

. -~79-

the total cross section; and the lower is 4noo{90°)., (Illus­
trated in the first figure by A8 B8 and C8 respectively.,) In 
all cases'the exchange dependence is assumed to be 
+-(1 + !_);x;) [thereforeJI o-(1800) "" cr(O<>)] • .. and the. depths are 
chosen to fit the deuteron and the zero energy scattering., 

S_wave scattering phase Shift illustrated for a triplet 
effective range of 1.,.65 x 10~13 em and a s.inglet effective 
range· of 3.,0 x 1Q~l3 em., . Y. E. and S refer to the Yukawa. 
exponentiali and square well central potentials 9 respectively., 
The experimental points below 25 Mev are from the· data . of W., 
Sleator 8 Jr.,.!) Phys., Rev., 72 11 207 (194'7).~~ and R.,. Sherr, Phys., 
Rev., 68 9 240 (1945) (above40 Mev8 .see Table II).,. 

D., wave scattering.,. The quantity plotted is the sine of the 
D wave ~hase shift for the sitlglet and triplet Yukawa (labeled 
ly and ~y) and for the singlet and triplet square well potentials 
{labeled is and 3s)., _ 

Scattering at 40 and 90 Mev from an exponential potential~ 
exp(=r/R)~ (R ~ 00 7 x 10=13 ~for both singlet and triplet 
states) without tensor force., The solid lines are for a 
(1 + Px)/2 exchange dependence; the dotted curVes illustrate 
the effect of' increasing the amount of exchange forces.ll · The 
total cross sections for this potential are 2lo7 x 10=~6 cm2 
and 7.,9 x 10=26 am~ at 40 and 90 Mev9 respectively., The 
experimental points (see.Fig., 1) have been normalized to fit 
the theoretical angular distribution., 

Scattering from the Yukawa potential ~xp(=r/R)/(r/R) at 40 
and 90 Mev for a range R "" 1.,35 x lo-13 -em fo:r poth_ singlet 
and triplet states without tensor force., · The total cross 
sections are 22.,9 and 9.,3 x 10=26 cm2 .at 40 and 90 Mev 
respectively .. 

Qu~drupole moment for the square well., The binding energy 
used is 2.,23 Mev.~~ and the tensor and central ranges 8 R, are 
equal., b is the customary dimensionless well depth 9 equal 
to MV cR2/ii., · . 

Quadrupole moril.~p.t for the .. Yukawa vrell., . (The results for. 
R "" 1 .,185 x 10 13 em are J.n agreement WJ.. th those from more 
precise calculations communicated to the author by H., 
Feshbach .. ) The binding energy used is 2.,183 Mev,. and the 
tensor and central ranges. R• are equal~ b is the customary 
dimensionless well depth, equal to MV cR /il., The curve for 
R = 1.,120 x 10=13 em~> shown as ~shed.~~ i13 extrapolated., 

Ratio of central well depth to tensor well depth for quadrupole 
moment equal to 2,..73 x lo=27 cm2., The binding energy fitted 
for the Yukawa (Y) case is 2.183 Mev and for the square well 
(s) case is 2.,23 Mev., 

.. 

( 

I 

·' 
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Fig. 14 Low e~ergy scattering with tensor forces for the Yukawa (Y) 
. and the square well (S) potentials. The range!) R 9 , is indi­
cated (in units of lo-~3 em) parametrically along the curves. 
(Depths are adjusted to fit the binding energy and the quadru­
pole moment of the deuteron.) 

Fig. 15 Variation of deuteron fitting parameters for increase of 
tensor range. The interaction is that of the Yukawa well 
for which the central range is lo.l85 x lo~l3 em. Wn is the 
percentage of D state; b is the dimensionless central well 
depth equal to .MV 0 R2/ii; 'Y'b is the tensor well depth~ . The 
binding energy fitted is 2.183 Mev., , 

Fig. 16 Effect of increasing the tensor depth {at 90 Mev) with con­
stant binding energy illustrated for a Yukawa potential 
(R = 1.18 x lQ-13 em). ·Curve I& 'Y' ~ 0 9 triplet cross section 
8 9.9 x lo=26 cm2. Curve II& 'Y' = o.s. triplet cross section 
= 9 0 6 x lo=2~6om2~ Curve III& 'Y' = 6 9 triplet cross section. 
= 11.1 x 10- em~. 

Fig. 11 Scattering from the Yukawa potential (R "" 1.35 x lo-13 em) 
at 40 9 90 9 and 280 Mev with inclusion of tensor force~~. The 
total cross sections are 23.1 x lo-26 cm2 9 9.8 x lo=2o cm2 
and 3.7 x lo-26 cm2. 

F:i,g. 18 Scattering from the exponential potential {R"" 0.75 x lo-13 om) 
at 40 and 90 Mev with inclusion of tensor force. The total 
cross sections are 21.7 x lo-26 cm2 at 40 Mev and a. 7 x 10""26 
cm2 at 90 Mev. 

Fig. 19 Effect of increasing the tensor range (at 90 Mev) with con­
stant binding energy and. quadrupole moment· ill:ustrated for a 
Yukawa potential {central range = 1.18 x lo~13cm). Curve I: 

Fig. 20 

Tensor range = 1.18 x lo=l3 em, complete cross s~ction "' 9.9 
x lo-26 cm2. Curve Ilg Tensor range "" 1.69 x 10 13 em, com­
plete cross section "" 10.5 x lo-26 cm2.. Curve III& Tensor 
range = 3.91 x lo-13 cm9 complete cross section= 10.7 x lo-26 
cm2., 

The 27 .. 2 Mev angular distribution. [See Brolley, Coon. and 
Fowler, Phys., Rev .. 79 9 227 (1950).,] The solid line is the 
theoretical. predictiOn of the Yukawa tensor model. 

Fig. 21 Comparison of n=p and p-p scattering data. 

Fig. 22 Effects of s, D, and P waves on 32 Mev scattering. The upper 
set of curves give the nuclear scattering. The lower set 
include the effects of Coulomb forces. 

Fig. 23 Tensor scattering from a singular potential at various 
energies. The energies in Mev are given parametrically on 
the curves. 



Fig~ 25 

Effect of adding tensor scattering to the singlet scattering 
at 32 Mev., A .. Nuclear scattering., B., Scattelt"ing including 
the effects of Coulomb forces., The tensor scattering is 
that from a poential of exponential. radiai dependence 
(R = 0 .. 7~ x 10~13 cm9 Vt = t 50 Mev)., 

Singlet scattering at 3·50 Mev as predicted for a "Qotentiai 
having Yukawa rad~al dependence R ~ 1.,1416 x lo-13 am and 
(II) for a square well potential R ... 2.,615 x: 1Q=l3 em., 

Comparison of exact and Born calculations for tensor force 
scatte~ing at 32 Mev from a potential of Yukawa radial de~ 
pendence (R = 1.,25 x lo=l3 em)., 

Comparison of exact and Born calculations for tensor force 
scattering at 350 Mev from a potential of Yukawa radial de= 
pendence (R = 1 .. 25 x lo=l3 em)., 

Singlet scattering at 32 Mev from potentials with various 
·.radial forms adjusted. to fit the low energy scattering., Data 
taken from reference 11 (29.,4 Mev) and 12 (31.,8 Mev)., 

Fig., 29 P wave scattering added to the singlet scattering predicted by 
the Yukawa potential at 32 Mev., 

Fig., 30 Total scattering at 32 Mev by singlet and triplet tensor 
potentials of the same radial formo (The singlet potentials 

Fig., 31 

. have range and depth adjusted to fit the low energy scattering) .. 
A., Square., B. Exponential.. C., Yukawa., Data taken from 
reference 12 (31.,8Mev)., 

Best fit at 32 Mev:compared to S wave and singlet scattering 
at 32 and 20 Mev., I .. Singlet square well R.., 2.,615 xlo-13 
em and depth 13a273 Mev; triplet tensor.Yukawa potential 
R = 1.,2'5 x 10=1" em and Vt = 23 Mev (or S12Vt exp(-r/R)/(r/R) 2 

with R "" 1.,6 x 10=13 em and Vt "" 18 Mev).; n .. S wave scattering 
III., Singlet scattering from Yukawa potential R ~ 1.,1417 x lo-13 
em and V0 "" 49.,350 Mev; no tensor fbrces., 

\ 

Fig., 32 Born tensor scattering amplitude for various potentials., 
The abscissa scale has been adjusted so that all potentials 
Wi.:n give the same angular distribution at 32 Mev as the • 
Yukawa potentia1with R ·= 1 .. 25 ~ 10=13 em for a suitable 
choice of depth~ ' 

Fig., 33 Complete cross section at 350 Mev for various ten'sor models 
adjusted to fit the 32 Mev data.. The legend shows the tensor 
model used.. Data taken from reference 13., 
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