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ABSTRACT OF THE DISSERTATION

Dynamical Methods for the Sarnak and Chowla Conjectures

by

Redmond McNamara
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2021

Professor Terence Tao, Chair

This thesis concerns the Liouville function, the prime number theorem, the Erdés discrepancy
problem and related topics. We prove the logarithmic Sarnak conjecture for sequences of
subquadratic word growth. In particular, we show that the Liouville function has at least
quadratically many sign patterns. We deduce this theorem from a variant which bounds
the correlations between multiplicative functions and sequences with subquadratically many
words which occur with positive logarithmic density. This allows us to actually prove that
our multiplicative functions do not locally correlate with sequences of subquadratic word
growth. We also prove a conditional result which shows that if the x — 1-Fourier uniformity
conjecture holds then the Liouville function does not correlate with sequences with O(n'~¢)
many words of length n where ¢ = k(xk+1)/2. We prove a variant of the 1-Fourier uniformity
conjecture where the frequencies are restricted to any set of box dimension < 1. We give
a new proof of the prime number theorem. We show how this proof can be interpreted in
a dynamical setting. Along the way we give a new and improved version of the entropy
decrement argument. We give a quantitative version of the Erdds discrepancy problem. In

particular, we show that for any N and any sequence f of plus and minus ones, for some
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n < N and d < exp(N) that | >, f(id)| > (loglog N)wsa—o),
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CHAPTER 1

Introduction

Arguably the oldest known algorithm for finding primes is the sieve of Eratosthenes, first
recorded by Nicomachus in the second century A.D. but attributed to the third century B.C.
mathematician. Up to cosmetic modifications, the algorithm works as follows. Let x be a
natural number. Then write a list of all the numbers between z and 2x. Cross off all the
multiples of 2, then all the multiples of 3, then all the multiples of 5 and so on. What remains
after everything else has been crossed off (say up to multiples of v/2z) are the primes. This
naturally gives a way to count primes. The number of primes between x and 2z is x minus
the number of numbers divisible by 2, minus the number of numbers divisible by 3 minus the
number of numbers divisible by 5 and so on. Except now we have twice subtracted off the
number of numbers divisible by 6 because we subtracted them off once when we subtracted
off the multiples of 2 and once when we subtracted off the multiples of 3. Similarly with 10,
15 et cetera. So we add on all the multiples of 6, all the multiples of 10, all the multiples of
15 and so on. But now again we have over counted the multiples of 30. Altogether, we get

the formula

4 of primes between « and 2z = — ( # of #s divisible by 2 ) . ( 4 of #s divisible by 3 )

# of #s divisible by 5 ) ...
+ ( # of #s divisible by 6 ) + ( # of #s divisible by 10 )

+ | # of #s divisible by 15 ) I

AN TN TN /N /N

# of #s divisible by 30 ) ...



or to rewrite this using variables

# of primes between = and 2z = Z + ( # of #s divisible by d )
d<+2z

d squarefree

How do you know whether you are supposed to add or subtract the multiples of d? The
coefficient of the ( # of #s divisible by d ) is precisely (—1)# of prime factorsof d  Thig jg the
Liouville function

)\(d) — (_1)# of prime factors of d

Y

and its central role in the sieve of Eratosthenes is the first of its many important roles in
number theory. Another hint that the Liouville function might be an important function in
the study of the primes is the identity

(29 _ )
T aw

where ( is the famous Riemann zeta function defined by

) =3

neN

i)

Therefore the famous zeros of the zeta function correspond to poles of the Dirichlet series for
A. Yet another hint that the Liouville function might be central to analytic number theory

is given by the convolution formula
A= Axlogx ¢
where ¢(d?) = A(d) if d is squarefree and 0 otherwise i.e. ¢(d?) = u(d) and A is the von
Mangoldt function, which acts sort of like the normalized indicator function of the primes.
All of this perhaps makes the following fact less surprising: the prime number theorem,

T

which states that the number of primes less than x is s

(1 + error) where the error term

goes to 0 as = tends to infinity, is equivalent to the fact that

lim E,<yA(n) =0,

n—00



where by definition

Baenf(n) = 5 3 f(n).

n<N

There are many interesting ways of thinking about this theorem, which in turn lead to their

own interesting generalizations.

First, we can think of

lim E,<yA(n) =0

n—oo

as telling us that A(n) = +1 roughly 50% of the time and A(n) = —1 roughly 50% of the
time. One might naturally then ask what about (A(n), A(n+1))? Is that (+1,+1), (+1, —1),
(—1,+1) and (—1, —1) with equal probability as well? What about (A(n), A(n+1), A(n+2))?
It turns out that the answer to this question is still unknown and would represent major
progress in analytic number theory. In fact, this is a famous conjecture. To state it precisely,
define a word of length k of a sequence f as a string of k consecutive values of f i.e. €is a

word of f if there exists n such that
for all ¢ < k. Then Chowla’s conjecture states

Conjecture (Chowla). All 2% possible words of length k of the Liouville function occur with
equal probability.

This is open. In fact, we do not even know whether all 2 possible words of length k
occur at all. Previously [Hil86a] showed that all 8 words of length 3 occur infinitely often.
[IMRT'16| showed all 8 words of length 3 occur with positive density. [Taol6b| proved that
all 4 words of length 2 occur with equal probability if one uses logarithmic weights rather
than the normal uniform weights. (We will define logarithmic weights later on). [TT17b]
proved that all 16 sign patterns of length 4 occur with positive density using an argument
communicated to them by Matoméki and Sawin. |[TT17b| showed that all 8 words of length

3 occur with equal probability again using logarithmic weights. |[TT17b| also showed the
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number of words of length k is at least 2k + 8 for k > 4. [FH18b] showed that the number

of words is super linear. In this thesis (see Chapter [2)), based on work in [McN18], we show

Theorem. There is a constant ¢ such that at least ck? many words of length k occur with

positive upper logarithmic density.

Since [McN18] was published, it was proved in [MRT"| that actually super polynomially

many words occur, but not necessarily with positive density.
Another way to generalize

lim E,<yA(n) =0
n—oo -

is to ask about multiple correlations. Is it true that

lim E,<«yA(n)A(n+1) =07

n—o0

What about the more general question

n—oo

where none of the h;’s are equal? Clearly this would follow from the Chowla conjecture as

stated earlier. But actually, it is equivalent, since
1
Probability A(n +1i) =¢; for all i < k = :I:?IE()\(TL +1)—€) - (AMn+k)—e)

for any possible word € of length k. (Expanding out the product and applying to each
term completes the proof). For all k£ > 1, this is again open. However, Terence Tao proved
an exciting averaged version of in the case k = 2. In particular, define the logarithmic
average of a function f over a set A by the formula,

L, ) = (Z 1) >

a€A a€cA

Then Tao proved



Theorem ([Taol6b|). For all h # 0
HImE,<yA(n)A(n+h) =0
Inspired by this proof and the proof of [TT17b|, I managed to give a new proof of the

prime number theorem which will be given in Chapter |3 Tao then used [Taol6b] to resolve a

longstanding and important problem in combinatorics called the Erés discrepancy problem.

Theorem ([Taol6a)]). For any function f from N to {£1},

> f(id)

i<n

sup = +00.
dn

One could try to generalize these results in further by asking for a quantitative version:
how quickly does E,<yA(n) go to 07 how quickly does ]EiféN)\(n))\(n + h) go to 07 how
quickly does sup,, |ZZ§n f (zd)‘ go to infinity? The first and second questions turn out to
be extremely important. For instance, the famous Riemann hypothesis is equivalent to the
fact that

EncnA(n)] < C.N-HF.

The twin primes conjecture would probably follow from an estimate of the form
|En<nA(an + b)A(en + d)| < Calog™* N

for all a,b,c and d < N. (See [SS] for an exciting result showing that the twin primes
conjecture is true using this strategy over function fields). [HR21] also made significant

progress on this second question recently, showing essentially that
|ES§N)\(n)>\(n +h)| < C|h| - (loglog N) "z,
Using their result, I was able to give something of an answer to the third question.

Theorem. Let f be a function from N to {£1}. Then

sup
n<N,d<eN

3 f(id)| = (loglog N)mi o).

i<n

ot



The proof of this theorem is contained in Chapter

Another way to think about

n—oo

is that it is saying A does not correlate with the constant function 1. (We will say two
sequences a and b correlate if Ea(n)b(n) does not tend to 0). Then one could ask what
other sequences does A not correlate with? what does that tell us about the prime numbers?
These turn out to be very fruitful questions. For example, the fact that A\ does not correlate

with periodic functions i.e. for any periodic function f
N—o0 -

is equivalent to Dirichlet’s theorem and the prime number theorem in arithmetic progressions
which says that 25% of primes have 1 as their last digit, 25% of primes end in a 3, 25% of
primes end in a 7 and 25% of primes end in a 9 and the same thing happens in every other
base. Using the discrete Fourier transform, we see that this is equivalent to saying that for
any rational angle a

lim E,<ye"™A(n) = 0.
N—o0 -

One could try to generalize this further: does the previous estimate hold when « is any
(possible irrational) real number? The answer is yes. This is a theorem of Davenport which
can be implicitly found already as the key ingredient in Vinogradov’s proof that any large odd
number can be written as the sum of three primes. Green and Tao proved a version where
the function n — na is replaced by an arbitrary polynomial in n. This was an ingredient in
their proof of the Hardy-Littlewood conjecture in the case where one has at least two degrees
of freedom. For instance, this lets them show that the number of arithmetic progressions in

the primes of length d with starting point and jump size < N is

for some positive constant Cy independent of N. In particular, this implies the Green-Tao

theorem. This motivated Sarnak to propose the following conjecture:
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Conjecture. Let b a sequence with zero entropy. Then b does not correlate with X i.e.
711151\[ E,<nb(n)A(n) = 0.

The condition that b has zero entropy is a bit technical. Perhaps the most illuminating
thing one can say in a few lines is that it is implied by the following condition: if the number
of words of length & in b is less than (1-+¢)* for all ¢ > 0 and all k sufficiently large depending
on ¢ then b has zero entropy. The zero entropy condition is actually a quantitative version of
the previous condition: for instance if a word shows up with probability zero, then it does not
count toward the entropy. However, it will do no harm if the unacquainted reader chooses
to think of the zero entropy condition as being essentially equivalent to subexponential word

growth. Tao also introduced a logarithmically averaged version of Sarnak’s conjecture.

Conjecture. Let b a sequence with zero entropy. Then b does not correlate with X i.e.

lim B¢ b(n)A(n) = 0.

n<N

The reader may chose to think of the word growth rate as a measure of the complexity
of the sequence b. Sarnak’s conjecture claims that for any sequence with subexponential
complexity that sequence does not correlate with A. So what is the best complexity rate we
know how to prove Sarnak’s conjecture for? [FH18b| showed the logarithimically averaged
Sarnak conjecture holds for any sequence of linear complexity i.e. any sequence where the
number of words of length & is bounded by C' - k for some constant k. Later in Chapter [2]

we will show that

Theorem. Let b a sequence with subquadratic complexity i.e. the number of words of length
k is smaller than ck?® for any € > 0 for some k sufficiently large depending on . Then b
does not correlate with X i.e.

lim E)% \b(n)A(n) = 0.

n<N



In [Taol7a], Tao showed that the logarithmically averaged Sarnak and Chowla conjectures
are equivalent. He did this by introducing a third conjecture which both the logarithmically

averaged Sarnak and Chowla conjectures are equivalent to.

Conjecture. Let G be a k-step nilpotent Lie group, I a cocompact subgroup, F' a continuous
function on G/T and x a point in G/T". Then

lim hmsupEn<N sup |En<y F(g")A(n + )| = 0.

H—=o00 N_o0 geqG

The definition of a k-step nilpotent Lie group will be given later but it is not too important
for the moment. For the moment, it suffices to know that when k = 1, this reduces to the

conjecture

Conjecture.

lim limsup En<N sup |[Ep<pe(ah)A(n+ h)| = 0.

H—o00o N_yo0 a€l0,1]

This is still open but some exciting recent progress has been made in [MRT20] and
[MRT ™| handling the case when H is a small power of N. Another way to make progress on
this conjecture is by proving the conjecture when we restrict our frequencies to lie in some

subset C' of the interval i.e.

lim lim sup EI°® nEN sup |En<me(ah)A(n+ h)| = 0. (1.2)
eC

H—oo N_oo

In Chapter , we prove this for every subset C' of the interval of box dimension < 1. (If we
knew this for all sets of box dimension 1 that would imply the conjecture). This theorem is

only theorem I know of the form ([1.2)) for any infinite set C.

We remark that Chapters [2| and [3| are based upon |[McN18| and [McN20| respectively
with very few changes. As such, these chapters more or less read independently. Although
the introductory material may be slightly repetitive, we hope that the reader still finds it

enjoyable. In contrast, Chapter [4| is original work first appearing in this thesis.



CHAPTER 2

Sarnak’s Conjecture for Sequences of Almost

Quadratic Word Growth

2.1 Introduction to Chapter 1

The prime number theorem states that

lim EnSNA(TL> = ]_,

N—oo

where A(n) = logp if n is a power of a prime p and 0 otherwise is the von Mangoldt function.
(We refer the reader to Section for an explanation of the E notation). This is equivalent
to the estimate

lim E,<yA(n) =0,

N—00
where \(n) = (—1)# of prime factors of n i the Tjouville function. Dirichlet’s theorem on prime
numbers in arithmetic progressions morally follows from the estimate
lim EHSN]INET‘ mod d)\(n) = 07

N—oo

for any d and r. Taking linear combinations, we find that for any periodic function f,
lim E,<yf(n)A(n) = 0.
N—o0 -

Equivalently, for any function F: S' — C and any rational angle a,

N—oo -



The analogous estimate when « is irrational and F' is a continuous function was proved by
Vinogradov and was a key ingredient in his proof that any sufficiently large odd number is

the sum of three primes. Green and Tao proved that
lim E,<nF(g"I)A(n) = 0.
N—oo -

where G is a nilpotent Lie group, g is an element of G, I' is a cocompact lattice and F' is a
continuous function F': G/I" — C. A version of this statement was a key ingredient in their
proof with Tamar Ziegler that counts the solutions to almost any system of linear equations

over the primes. This motivates the following conjecture, due to Sarnak:

Conjecture 2.1.1 (Sarnak, see [Sarl2] ). For any topological dynamical system (X,T) with

zero entropy, any continuous function F': X — C and any point x in X,
lim E,«nF(T"x)A\(n) = 0.
N—o00 -

Tao introduced the following variant,

Conjecture 2.1.2 (Logarithmically Averaged Sarnak Conjecture). For any topological dy-
namical system (X, T) with zero entropy, any continuous function F': X — C and any point
xn X,

lim E% F(T"x)A\(n) = 0.

N—oo

Many instances of Sarnak’s conjecture have been proven. We give a few examples but
stress that this is an incomplete list: [Boul3a], [BSZ13|, [Boul3b|, [DK15|, [EAKL16|, [EAK-
PLAIR17], [FJ1§], [HLSY17|, [LS15], [MMR14], [Mill7], [Pecl8]|, [Veel7], [Wanl7].

Definition 2.1.3. A word € of length k is an element of C*. Let k be a natural number,
let e € CF and let b: N — C. We say that € occurs as a word of b if there exists a natural
number n such that b(n+h) = €, for allh < k. We say that € occurs with (upper) logarithmic
density 6 € R if

. log
limsupE. 2y L, —p(nth) for atih <k = O-
N—o0 -

10



In this chapter, when we refer to log-density we mean upper logarithmic density. A word €
whose entries are all £1 s called a sign pattern. We say that b has subquadratic word growth
if b takes finitely many possible values and the number of words of length k that occur with

positive upper logarithmic density is o(k?).

Then a particular case of Sarnak’s conjecture predicts that for any bounded sequence
b: N — C with subexponential word growth that

lim Engb(n))\(n) =0.

N—oo

Because A correlates with itself, this in particular implies that the number of sign patterns
of X of length k is exponential in k. [FHI18b| proved the special case where b has linear word

growth. In this chapter, we prove the following special case:

Theorem 2.1.4. Let b be a bounded sequence with subquadratic word growth. Then

lim E% b(n)A(n) = 0.

N—oo

Previously [Hil86a] showed that all 8 sign patterns of length 3 occur infinitely often.
[IMRT'16] showed all 8 sign patterns of length 3 occur with positive density. [TT17b] proved
that all 16 sign patterns of length 4 occur with positive density using an argument commu-
nicated to them by Matoméki and Sawin. [TT17b| also showed the number of sign patterns
of length k is at least 2k + 8 for k¥ > 4. |[FH18b| showed that the number of sign patterns
is super linear. In particular, Theorem implies that A does not have subquadratically

many sign patterns. We actually prove something slightly stronger.

Theorem 2.1.5. There is a constant § > 0 such that X\ has at least 6k*> many sign patterns
of length k.

[Taol7a] showed that the log Sarnak conjecture is equivalent to the following Fourier

uniformity conjecture for every natural number .

11



Conjecture 2.1.6 (t-Fourier uniformity). Let G be a nilpotent Lie group of step t, I a

cocompact lattice and F: G/T' — C a continuous function. Then

lim hm ]EIT(;EN sup |En<zA(n + h)F(g"T)| = 0.

[Taol7a] also showed that this is equivalent to the log-Chowla conjecture for every ¢.

Conjecture 2.1.7 (Logarithmic Chowla Conjecture). For every natural numbert and every

distinct natural numbers hq, ..., hy, we have
Jim EEE A+ h) -+ A + ) =0,

A function a: N — C is said to be unpretentious, nonpretentious or strongly aperiodic if
there exists a function ¢ from N to N such that, for all natural numbers A, for all Dirichlet
characters x of period at most A we have, for all natural numbers N sufficiently large and

for all real numbers |t| < AN we have

Z 1 — Re(a(p)x(p)p™™) > ¢(A),

p<N p

and ¢(A) — oo as A — 0o. The main goal of this chapter is to prove the following theorems.

Theorem 2.1.8. Let a: N — S be an unpretentious completely multiplicative function
taking values in the unit circle. Let b: N — C be a finite-valued 1-bounded function. Suppose
further that for any 6 > 0 there are infinitely many k such that the number of words of b of
length k that occur with positive upper logarithmic density is at most 6k*. Then

hm ‘E:SENQ (n)b(n)| = 0.

We also obtain a conditional version of this result.

k+1

Theorem 2.1.9. Let k be a natural number. Set t = ( 5

). Let a: N — S be an unpre-
tentious completely multiplicative function taking values in the unit circle so that the local

k — 1-Fourier uniformity conjecture holds for a. Let b: N — C be a finite-valued 1-bounded

12



function. Suppose further that for some ¢ > 0 there are infinitely many k such that the
number of words of b of length k that occur with positive upper logarithmic density is at most
k'=¢. Then

lim ‘EfiNa (n)b(n)| = 0.

N—oo

We note that this result matches the numerology in [Saw20] and may be almost the
best possible result one can obtain with purely dynamical methods. We also note that
even the 1—Fourier uniformity conjecture is still unknown and so this theorem currently has
no unconditional content. We also obtain a version of the theorem where b need not take
only finitely many values and we only have information about the number of “approximate”

words.

Definition 2.1.10. We say a sequence b has at most h words of length k up to € rounding
if there exists a set % of words of length k such that for all n € N there is an € in 3 such
that |b(n + j) — €;| < e for all j <k and the cardinality of ¥ is at most h. We say b has at
most h words of length k that occur with positive logarithmic density up to € rounding if we

only require |b(n + j) — €;| < € for a set of n of lower logarithmic density 1.

Theorem 2.1.11. Let ¢ > 0 and € > 0. Then if € is sufficiently small depending on ¢ then
the following holds: Let a: N — S' be an unpretentious completely multiplicative function
taking values in the unit circle. Let b: N — C be a 1-bounded function with entropy zero.
Suppose further that for every 6 > 0 there are infinitely many k such that the number of
words of b of length k that occur with positive logarithmic density up to € rounding is at most
0k. Then

lim sup ‘ESEN(I( )b(n)| < c.

N—o0 o

In fact, this works for any € satisfying ¢ > 2e.

We list a few new applications of this theorem.

Proof of Theorem [2.1.5. Apply Theorem toa=b= A\ O

13



Theorem 2.1.12. If S is a finite set of sequences of subquadratic word growth and a is an

unpretentious completely multiplicative function taking values in the unit circle then

lim lim ]EISEN sup |En<ga(n + h)p(h)| = 0.

H—o00 N—oo eSS

Remark 2.1.13. We remark that since the set S is finite, it is enough to show that any one
function does not locally correlate with a. However, we also remark that it is generally harder
to show that a does not locally correlate with b than it is to show that a does not correlate
with b. For Theorem[2.1.19, we need to use that Theorem [2.1.§ allows us to handle the case
where b may have many words which occur with 0 log-density but still only subquadratically
many words which occur with positive log-density. Theorem in the linear word growth
case seems to follow implicitly from |GLALR19].

Proof. For convenience, we will assume that 0 is in S. Let ¢ > 0. We aim to show that
lim sup lim sup ]En<N sup |En<ma(n+ h)p(h)| = O(e).
H—oo N-—oo peS
Suppose not. We will now use an argument of |[Taol7a] (see Section 5 of that paper) to
show that a must be correlate with a “ticker tape” function. We define S, to be the set
of sequences of the form ¢'(n) = e(a)p(n) where ¢ is an element of S and « is a rational
number with denominator O(g). By the pigeonhole principle, for any ¢ in S and any natural

numbers H and n in N there exists o a rational number with denominator O(e) such that

Re([EE0(h)a(n + )| — ERye(a)o(h)a(n + b)) = O().
Therefore, we may assume for the sake of contradiction that for some ¢,, i in S,

lim sup lim sup Re (EfENEhSHa(n + h)(bn,H(h)) > €.
H—oco N—oo -

By a diagonalization argument, we may find a sequence H; and N; of natural numbers both

tending to infinity and functions ¢,,; = ¢, g, such that N;;;1 > N; > H; and

lim Re (]EfiNiEhSHia(n + h)qﬁn,l-(h)) > e

1—00

14



Since the functions ¢ in S. and a are bounded, for ¢ sufficiently large there exists a set A;
of natural numbers of lower logarithmic density > ¢ in the interval [1, N;] such that for n in
A,
Re (Ehggia(n + h)(bm-(h)) > €.
By a greedy algorithm, we can select a subset B; of A; of upper logarithmic density at least
in [1, V;] that is at least H; separated (meaning distinct points of B; differ by at least

£
H;
H;). Now define the “ticker tape” function 1 as follows:

Y(n+h) = dni(h),
for all n in B; between N;_; and N; and h < H,. If m is not of the form n + h for n in B;
between N;_; and N; and h < H; then we set ¢)(m) = 0. Thus,

lim sup Re (EféNa(n)w(nD > g%,

N—o0

Now we aim to show that 1 has subquadratically many words of length £ that occur with
positive upper logarithmic density. Let k£ be a natural number and let € be a word of length
k which occurs in v with positive upper logarithmic density. Consider the set C' of natural
numbers m such that m is within £ of an element n of B; or B; + H; for some 7. Then since
elements of B; are at least H; separated, the upper logarithmic density of C' in [N;_q, V;] is
at most ?{—’j which clearly tends to 0 as i tends to infinity. Since N; > N;_;, we may assume
that the log-density of [1, N;_1] in the interval [1, V;] is also o(1). Thus, C' has log-density 0.
Therefore, if € occurs with positive log-density then (¢)(n + h))F_, = € for a positive density
set of n not in C'. Since S; has only finitely many members, we get that there exists ¢ in S,
such that for a positive upper logarithmic density set of n, ¥)(n + h) = ¢(n + h) = €, for all
h < k. Thus, ¥ has subquadratic word growth and a does not correlate with v by Theorem
[2.1.8) which gives a contradiction. O

Theorem 2.1.14. Let C be a subset of [0, 1] of upper box dimension < 1. Then if a is an

unpretentious completely multiplicative function taking values in the unit circle

lim lim B9, sup|Es<ga(n + h)e(ha)| = 0.

H—o00 N—oo = aeC
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Remark 2.1.15. In particular, this implies that if C' is the middle thirds Cantor set then

lim lim EX2, sup |Ey<ga(n + h)e(ha)| = 0.

H—o00 N—oo - aeC

Of course, the result also applies to a large family of other fractals. The author does not
know of any results in the literature where this is established for any infinite set. He does not

know of any proof for any set of positive box dimension which does not use Theorem |2.1.11].

Proof. Suppose the upper box dimension of C C S'is < d < 1. Let € > 0. As in the proof
of Theorem [2.1.12] we assume that

lim sup lim sup E\  sup |Ex<ga(n + h)e(ha)| > e,
- aelC

H—oco N—ooxo

and derive a contradiction. As before, there is a ticker tape function 1: N — C such that

lim sup Re <]Elrf§NIEh§Ha(n + h)zb(h)) > 2

N—oo

of the following form: there exists sequences of natural numbers N; and H; tending to infinity
with N1 > N; > H;, a sequence of H;-separated sets B;, and )(n + h) = e(8,)e(a,h)
for some rational f3,, of denominator at most O(e), some «,, in C' and for all n in some set
B; N [N;_1,N;] and h < H;. We set )(m) = 0 for all natural numbers m not of this form.
As before, for any natural number k, the natural numbers m that are within k& of a number

n in B; or B; + H; has log-density 0.

Let k be a natural number sufficiently large depending on C' and . Let ¢’ = 2. Then
because C has upper box dimension < d there exists a collection of at most (g)d intervals
of length % covering C'. If two points on the circle o and o differ by at most % then by the
triangle inequality, for all h < k, we have that |e(ha) — e(ha/)| < &’. Therefore, the number
of sign patterns of 1 that occur with positive log-density up to &’ rounding is sublinear. In
particular, for any 0 > 0, there are fewer than 0k many sign patterns that occur with positive

log-density up to €2 rounding. By Theorem [2.1.11] we get a contradiction. O]
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On the surface, this argument appears to be very close to the t-Fourier uniformity con-
jecture, which Tao introduced in [Taol7a] and proved was equivalent to the log-Chowla and
log-Sarnak conjectures. (For recent significant progress on the Fourier uniformity conjecture,
see [MRT18]). If you wanted to prove the Fourier uniformity conjecture in the case d = 1,
namely that

lim lim sup EE’EN sup |Ep<ma(n + h)e(ha)| = 0,

H—oo N oo = aeR

the ticker tape functions that you would need A to be orthogonal to have ~ =1k many sign
patterns of length £ up to € rounding. Thus, one might hope that a simple argument could
adjust the constants in Theorem and thereby prove the Fourier uniformity conjecture.
However, there is a major theoretical obstacle to further progress. [FH18b| introduced the
dynamical system (S! x St dz,T,B) where T(c,3) = (o, af3). [Saw20| showed that this
dynamical system with some additional structure is a dynamical model for the Liouville
function (a notion which we will precisely define later). This is an obstruction to solving
the Fourier uniformity conjecture purely with dynamical methods and without any new
input from number theory. [Saw20| further showed that there are dynamical models for the
Liouville function which have only polynomially many sign patterns. Explicitly, consider
the following function a which behaves almost like a multiplicative function: we partition
the natural numbers into intervals with the length of the intervals slowly tending to infinity.

For instance, we could split all the numbers between 10" and 101"

into blocks of length
~ n. Then on each interval I we pick a random phase o in S! uniformly and indepently.
Then we set a to be the function obtained by rounding the function which sends n — e(a;n)
for n in /. In formulas, we set a(n) = 2Ige e(a;n)>0 — 1 for n in I. We remark that the
dynamical model for this sequence is isomorphic to the product of the dynamical system
introduced by [FH18b] with Z (again, we defer the precise definition until later). Clearly, &

is not multiplicative. However, it is “statistically” multiplicative in the sense that, with high

probability, for any sign pattern € of length k, for any m and for large N

log ~ Tlog
E, 2nla, =, for an h<k = B 2ymLpnla, =, for all h<k-
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This function clearly does not satisfy the 1-Fourier uniformity conjecture and [Saw20] showed
that it has quadratically many sign patterns that occur with positive upper logarithmic
density even though it does satisfy the a version of [MRT'15]. If we had used a random x — 1-
degree polynomial instead of a random linear polynomial, we would get a function which is
again statistically multiplicative but which fails the x — 1-Fourier uniformity conjecture and
[Saw20| showed that it has < 1("3%) many sign patterns of length k. However, the author
is unaware of any “dynamical” techiniques that distinguish these statistically multiplicative

functions from the Liouville function. This is made precise with Definition [2.1.18]

We give one last application.

Theorem 2.1.16. Again, suppose that a is an unpretentious completely multiplicative func-
tion taking values in the unit circle. There is a set C' C [0, 1] of Hausdorff dimension 1 such
that

lim lim sup E'°8 nEN Sup [En<ma(n + h)e(ha)| =
eC

H—oo N oo

Proof. The main idea is to combine Theorem [2.1.14] with a diagonalization argument. For a
disjoint collection of intervals J = {J} and a natural number n we define D, (J) to be the

/]

set of intervals obtained by taking each J, removing a ball of diameter “* around the center

of the interval J, taking the two remaining intervals, then taking the union over all J in 7.

We construct C' inductively as follows. Start with any interval I and set Jo = {I}.

Assume inductively that we have constructed J,_1 Then we apply D,, again and again. Let

Cn = MNmeN UJEDmJn—l J.

logn—1

e We know by Theorem [2.1.14] that there exists a natural

Since C,, has box dimension

number H,, such that if H > H,, then

S

lim sup /% N sup |En<ma(n + h)e(ha)| <
eC

N—o0

Then define
jn = DZHnjn—l-
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We set
C =Np>2Ujeyg, J.
—log 2
log(%-4)

Hausdorff dimension is precisely 1. Now we verify that C' has the desired property. For each

Clearly, the Hausdorff dimension of C' is at least

for every m and therefore the

natural number m, by enlarging the set we are maximizing over, we have that
lim sup lim sup E\% . sup [Ep<ga(n + h)e(ha)|
H—oco N—ooo - aeC n

SlimsupEX%, sup  |[Encp,,a(n + h)e(ha)).
N—oo T aedJeTm

Since every element o € J € J,, is in D™H» (7. ) there exists 8 = 3, depending on «
such that ( is in C,, and the distance from « to f is no more than Hm;m Therefore, for all
h < H,,, ah is within % of Sh. Thus,
. log 1
SlimsupE 2y sup |Ep<p, a(n+ h)e(hB)| + —.
N—oo ~ BeChm - m
However, by our choice of H,,, we have
<1
~m
Since m was arbitrary, we obtain the desired result. O]

Remark 2.1.17. We have stated our main theorems in the case that a is completely mul-
tiplicative and takes values in the unit circle. We remark that these assumptions can be
weakened to include all multiplicative functions taking values in the unit disk. The reduction
from multiplicative functions taking values in the unit disk to multiplicative functions taking
values in the unit circle is essentially due to Tao (see [Taol6b|, Proposition 2.1). The re-
duction from multiplicative functions to completely multiplicative functions (say both taking
values in the unit circle) is carried out in section[2.5, The argument is rather short and was
essentially communicated to me by Tao. However, it may be more broadly known and I make

no claim of originality.
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We now sketch an outline of an argument that is morally very similar to the main argu-
ment in this chapter. However, for the moment we will work in a more concrete setting. To
make this argument rigorous, it is much easier to pass to the dynamical context. Suppose
that b is a sequence with quadratic word growth rate and that

lim sup \E%N)\(n)b(n)\ > c> 0.

N—oo

Then we can fix a natural number k& and average over translates,

lim sup [E % yEp<xA(n + h)b(n + h)| > c.

N—oo

Fix a large natural number P with N > P > k. Because )\ also has a multiplicative
symmetry, we can average over dilates

lim sup |ES§NEP/2<p§thSk)\(pn + ph)b(n + h)| > C.

N—o0

Moving the absolute values inside and crudely replacing b by the worst word of length &, we
get

lim sup ]EfiN sup Epjocp<p|En<iA(pn + ph)ey| > ¢,
€

N—oo

where the supremum is taken over all words e of b. Tao’s entropy decrement argument,
introduced in [Taol6b], allows us to replace pn by n.

lim sup E}%N sup Epjocp<p|En<iA(n 4 ph)ey| > c.

N—o0

Now if X\ behaves randomly, then we already know that A is orthogonal to b. Therefore, if A
correlates with b it must have some structure. Morally, [FH18b| says we can break up A into
a structured part and a random part, and that all the correlation comes from the structured
part. [HKO5] proves that the structured part must take the form of a nilsequence. For the
purposes of this sketch, we will focus on the case that there exists «,, and (,, irrational such
that

lim sup EféN sup Ep/2<p§p|Eh§ke(ozn(ph)2 + Buph)en| > c.

N—oo
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By Holder’s inequality,

lim sup EEN sup Epjocp<p|Encre(an(ph)® + Baph)en|* > .

N—o0

By the pigeonhole principle, since there are only 6k? many sign patterns, there is a sign

pattern € such that,

lim sup EféNEp/kpgp|Eh§ke(an(ph)2 + Baph)en|* > 07 k2

N—oo

Expanding everything out and using that ¢ < %

. lo . . . . . . . . _
lim sup % v [Epjocp< pEjepgse(omp? (57 + J3 — 5 — 43) + Bap(jr + J2 — Js — ja))| > 2672,

N—oo

When j? + j2 — j2 — j3 # 0 or ji + j2 — js — ju # 0 then for P large, by the circle method
pra<p<pe(omp” (i + 3 = J3 — Ji) + Bap(1 + J2 — Js — ja)) = 0.

The analogue of the circle method for more general nilpotent Lie groups was introduced in
|[GT12a], [GT10] and [GTZ12]. The analogue of the step where we conclude that the sums
of powers is 0 for more general nilpotent Lie groups is an argument of [Fral7]. Thus the only
contribution is from the terms where j? + j2 — j2 — j2 = 0 and j; + j» — js — ja = 0. But
it is easily seen from Newton’s identities for symmetric polynomials that this only happens

for the 2k? “diagonal” terms. Thus, we get
2k™% > 2k

which of course provides a contradiction. For the proof of Theorem we need to not

only use the theory of symmetric polynomials but also use |[BDG16].

2.1.1 Background and notation

Suppose a(n) is a 1-bounded, unpretentious multiplicative function with |a(n)| = 1 for all

n. Let b(n) a sequence where only o(k?) or O(k'~¢) many sign patterns occur with positive
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log-density. The usual construction of a Furstenberg system (see [FKO82|) for (a, b) proceeds
as follows: consider the point (a,b) in the space of pairs of sequences. Then apply a random
shift to this deterministic variable, (T™a,T™b). This gives a random variable in the space of
pairs of sequences. The distribution of this random variable is then a shift invariant measure
on the space of pairs of sequences. Furthermore, if f is the function on the space of pairs of
sequences that evaluates the first sequence at 1 and f’ is the function which evaluates the

second sequence at 1 then
f(T"a, T™) f'(T"a, T™b) = a(n + 1)b(n + 1),

which is the sequence whose average value we care about. Therefore, if the average of

a(n)b(n) is greater than ¢ in absolute value then

’/f-f’

as well. Of course, it does not really make sense to take a random natural number. Instead,

> c,

one must shift by a random natural number in a large but finite interval whose length tends
to infinity, then find a subsequence of the random variables that converges in distribution.

This corresponds to taking a weak-x limit of the corresponding measures.

However, we take a slightly modified approach. The reason is that the function a has
some additional symmetry, namely a(nm) = a(n)a(m). As such, the probability that some
word occurs i.e., that a(n + h) = ¢, for h = 1,... k and for n randomly chosen between 1
and N is the same as the probability that a(pn + ph) = a(p) - €, for h = 1,... k and for
n chosen randomly between 1 and N. That’s the same as p times the probability that for
a randomly chosen n between 1 and pN one has a(n + ph) = a(p) - €, for h =1,... k and
p divides n. Just flipping everything around, the probability that a random n between 1
and pN satisfies a(n + ph) = a(p) - €, and is divisible by p is Il? times the probability that
a random n between 1 and N satisfies a(n + h) = €,. We want our dynamical system to
capture this symmetry. There are two difficulties which arise when we want to translate

this symmetry to our dynamical system. The first is that the interval keeps changing: the
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distribution of T™a might be very different on the intervals from 1 to N and from 1 to p/N so
when we take a weak limit along a subsequence of intervals, the distribution T"a for shifts
in one interval might approximate our invariant measure while shifts along the other interval

might not. The fix for this problem is to use log-averaging. After we weight each natural

number n by %, the probability that a random n will be between N and pN is ~ lfgg]’\’, which
tends to 0 as NV tends to infinity. Therefore, the distribution of 7T"a for a random n between
1 and N is very close to the distribution of T"a for a random n between 1 and p/N as long as
we choose n randomly using logarithmic weights. The other problem is that our dynamical

system does not have a good notion of “being divisible” by a number. To remedy this, we

make use of the profinite completion of the integers
z=1]2.
P

where p is always restricted to be a prime and Z, is the p-adic integers Z, = lim, Z/p*Z
i.e. the inverse limit of Z/p*Z for all k. For each natural number n, we get an element of
Z by reducing n mod p* for every prime p and every natural number k. Then to build our
dynamical system, we take the space of triples consisting of two sequences and a profinite
integer and for a logarithmically randomly chosen integer n we consider the random variable
(T"™a,n,T"b) in this space. The distribution of this random variable is a shift invariant
measure. Furthermore, we have the following symmetry: let Y = m and X =
(SY)N x Z. Define the function
M: X =7,

by projecting onto the 7 coordinate in X ,
M: (a,r) — .

Define the function
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by “zooming in” by a factor of p and multiplying by a(p) on the first factor and dividing by
p on the second,

L: (a(n),r) = (a(p)a(pn),r/p),

where r/p is the unique element of Z such that p - (r/p) = r. Then if v is our invariant
measure on X X Y and g is its first marginal then I, pushes forward p restricted to M _l(pi)

to ]lj w. Formally, we make the following definition:

Definition 2.1.18. Let (X, u,T) be a dynamical system, let f: X — C be a measurable
function, let M : X — 7. be a measurable function and for each m let I,,: M‘l(mi) — X

be a measurable function. We say (X, u, T, f, M, I,,) is a dynamical model for a if,

e MoT =M++1 almost everywhere.
e [,0T™="Tol, almost everywhere in M‘l(mi).

e [, pushes forward the measure p restricted to M_l(mz) to %u. Symbolically, for any

function ¢ in L'(u) we have

[ otantan) = [ 1,y In(o)nldo)

e fol,=a(m)-f almost everywhere in M‘l(mz).

e For allm and n, I, = I, o I,, almost everywhere in M‘l(ng).
We also ask for the following property that [Saw20] does not impose.

e For any natural number m and any measurable subset A of C™,

ple € X: (f(T'),. .., f(T™5)) € A} <
d°¢{n < N: (a(n+1),...,a(n+m)) € A},
where d°® denotes upper logarithmic density. We remark that we can also fix a Banach

limit p — lim extending the usual limit functional and require that equality holds in the
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previous equation holds for any limit taken with respect to that Banach limit. For more

details, see [TaolTh|.

Let (X x Y,v,T) be a joining of two dynamical systems X and Y. Suppose that p is the
first marginal and (X, u, T, f, M, I,,) is a dynamical model for a. Let f' be a measurable
function on X XY which is Y measurable. We say (X x Y, v, T, f, f', M, I,,) is a joining
of a dynamical model of a with b if we also have that, for any natural number m and any

measurable subset A of C™,

v{(z,y) € X xY: (f/(T'y),.... ['(T™y)) € A} <

d°¢{n < N: (b(n+1),...,b(n+m)) € A}

where d°% denotes upper logarithmic density. We could also require that the joint statistics

of (f, [') agree with the joint statistics of (a,b) but this is not necessary for our argument.

Remark 2.1.19. The preceding definition was used first in [Taol7b] and generalized in
[Saw20].

We abuse notation and denote all transformations by the letter T. We also remark that

for the proof of Theorems [2.1.8] and [2.1.9| that f’ only takes finitely many values.

We now specify some notation used in the main argument:

e We fix an unpretentious 1-bounded multiplicative function a. (For the definition of
unpretentious, see [MRT15]; we will only really use that a is unpretentious in Theorem
; we remark that the Liouville function is unpretentious). We fix constants ¢t € N,
¢ >0andd > 0. We fix a 1-bounded function b with at most o(k?) or k~¢ many words
of length k£ occurring with positive upper logarithmic density for all £ € K where K is

some fixed infinite set. We suppose that

lim sup [E° ya(n)b(n)| > c.
N—o00 -
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We fix n > 0 such that

lim sup |Ef§Na(n)b(n)| > c+ .

N—o0

We use the following theorem of [FH18a].

Theorem 2.2.8 (|[F'H18a] Theorem 1.5). There exists a joining of a dynamical model
for a with b, (X x Y, T,v, f, f', M, I,,) satisfying

fa,y)f(z, y)v(dady)| > c+n,

XxY

and if p is the first marginal then the ergodic components (X, u,, T) are isomorphic to

products of Bernoulli systems with the Host-Kra factor of (X, u,, T).

Because the statement here is slightly different than Theorem 1.5 in [FH18a|, we will
go through the details in section 2.4, We fix such a system. We will always denote
by w the first marginal of v. We also fix ergodic decompositions v = fQ V,dw and
W= fQ todw. We define the words of length & of f’' to be those words e of length
k such that the set of (z,y) such that f/(T"x,T"y) = ¢, for all h < k has positive
measure. We note that the set of words of f’ is a subset of the set of words of b that
occur with positive upper log density: after all, if f/(T"xz, T"y) = €, then by definition

of a joining of a dynamical model a with b,

0 <p{(z,y) € X xY: f/(T"y) = ¢, for all h < k}

<d"“#{n € N: b(n + h) = ¢, for all h < k},
where d°¢ denotes upper logarithmic density.

G will always refer to a nilpotent Lie group. G, will always refer to the s step in
the lower central series. I' will always refer to a cocompact lattice in (G, meaning that
Gs/T's is compact for every s. g,0 and 7 will always refer to group elements. B will
always refer to the Borel sigma algebra. We will fix a particular G, I and g following

Corollary [2.2.20, For more on this see [GT12b].
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e For a nonempty, finite set A and ¢: A — C, we denote E,c4¢(n) = # Y onea @(n).

For A C N, we denote
ES§A¢(”) =

1 Z ¢(n) _
D nea % nea

This notation is due to Frantzikinakis (see [Fral7]). We always restrict p to be prime.
By definition a nilsystem is a dynamical system (G/T", dx, T, B) where G is a nilpotent
Lie group, I' is a cocompact subgroup, dz is Haar measure, there exists g such that
T(x) = gr and B is the Borel sigma algebra. A nilsequence is a sequence of the
form F(¢g"T") where G is a nilpotent Lie group, I' is a cocompact lattice in G, g is an
element in G and and F': G/T" — C is a continuous function. Suppose G is an s-step
nilpotent Lie group so that G is an abelian group and G,/I's is a compact abelian
group. Then a nilcharacter @ is a function G/I" — C such that there exists a character
£: G, /Ty — St called the frequency of ® such that, for all z in G/T" and u in G, we
have ®(ux) = {(ul's)®(z). We will abuse notation and identify ¢ with the function
on G, that maps u — £(ul'y). We say ¢ is nontrivial if there exists u in G such that

&(u) # 1. We say & is nontrivial on the identity component if we can find a u in the

identity component of G such that £(u) # 1.

e For Theorem [2.2.14] we will adopt conventions from the theory of Shannon entropy.
In particular, H(z) will denote the Shannon entropy of x and I(z,y) will denote the

mutual information between x and y. For more details, see [Taol6b].

e We will always denote by Z the smallest sigma algebra on X generated by the union

of the sigma algebras corresponding each of the Host-Kra factors. We will denote
B={(z,y) € X xY: f/(T"y) is eventually periodic as a function of n}.

Since whether (x,y) is in B depends only y, we will abuse notation and also use

B={yeY: f'/(T"y) is eventually periodic as a function of n}.

e For a complex numbers z, a set A and a real number w we say z = O(w) and z Sy w

if there exists a constant C' depending on A but not z and w such that |z| < Cw. If
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there are more subscripts we mean that the constant may depend on more parameters.
For instance, by <. x we mean that the implied constant can depend on A, u and

K.
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2.2 Main Argument

In this section, we prove Theorem [2.1.8] and Theorem In Section [2.3 we explain how
to adapt the proof to handle Theorem [2.1.11]

We remark that much of the notation, including X, Y, u, v, f, f',a, and b was defined in
Subsection R.1.11

We start off with a theorem by [MRT15|, relying on work in [MR16]. This is a special

case of our theorem, so it is no surprise that we need this result.

Theorem 2.2.1 ([MRT15| Theorem 1.7; see also [MR16|). Let a be a bounded, non-pretentious
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multiplicative function. Let 0 be a periodic sequence. Then

lim lim sup E 2 N |En<ma(n + h)0(h)| = 0.

H—oo N oo

This theorem says that a does not locally correlate with periodic functions. Eventually,
we plan to use a local argument. In particular, our argument will only work for those points
where [’ does not behave locally like a periodic function. Therefore, we need to exclude any
contribution to the integral coming from points where f’ behaves like a periodic function.

That is the content of the following corollary.

Corollary 2.2.2. Let B = {(z,y) € XxY: f/(T"™y) is eventually periodic as a function of n}.
Then

/ f(x v(dzdy) = 0.

Proof. In this proof, we introduce some notation which will not be used in the rest of the

chapter. Because T preserves v and because B is T-invariant, we can average over shifts:

[ @) wtdsdy) = Jim [ Buen ST (T (o)
— 00 B

We know [’ takes only finitely many values. There are only countably many different periodic
sequences taking values in a finite alphabet. Therefore, it suffices to prove that if By is the

set of points (x,y) on which f/(Thy) is eventually equal to the periodic function @ that

0= lim Enen f(T"2) f/(T"y)v(dzdy).

H—o0 By

Let € > 0. By Theorem [2.2.1} for H sufficiently large

e >> limsup B8 nEN sup |Ep<ga(n + h)0(h + 7). (2.1)

N—o00
We claim that, translating this to the dynamical world using the definition of a dynamical

model for a,
v{(z,y) : limsup [Epcpy f(T"2)0(h)| > e} < e.
H—o00
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After all, by Chebyshev’s inequality, for any H such that holds,
d°e{n € N : sup [Ep<ga(n + h)0(h+ j)| > e} < €2,
jeN
where d'°® denotes upper logarithmic density. Fix such an H for the moment and fix a
natural number H' > H. In fact, more is true. Let S be the subset of the natural numbers

such that n is in S if and only if there exists a natural number H' > H,, > H such that
[En<m,a(n +h)0(h)| = .

Let S” denote the union of all the intervals [n + 1,n + H,| for n in S. We claim there
is a subcollection Z of these intervals which covers S’ and such that each natural number
is contained in at most two intervals in Z. This is a somewhat standard covering lemma,
but we include the details for the interested reader. For instance, consider the following
construction. Let Zy denote the empty set. Then assuming we have constructed Z, for some
natural number ¢, let m denote the smallest natural number in S’ not contained in the union
of the intervals in Z,. (If no such m exists, then just set Z,;; = Z;y). Let n be a natural
number maximizing n+ H, subject to the constraints that n is in S and m is in [n+1, n+ H,).
Such an n exists because m is in S’. Then let Zy1y =Z, U{[n+ 1,n + H,]}. Now we check
that Z = UZ, has the desired property. First, for any m in S, m is clearly contained in the
union of the intervals in Z,,. Thus, Z covers S’. Second, suppose that m in S’ is contained
in Iy, I, and I3 with I, chosen before I, ; for £ = 1,2. Suppose that Z,, is the first set of
the form Z, where I; is contained in Zy,. Then the union of the intervals in Z,, contains m.
Thus, there exists m’ in S” such that I, = [n 4+ 1,n + H,| was chosen to maximize n + H,
subject to the constraint that m’ is in I5. Since we assumed m was contained in I, we have
that n < m. Now let I3 = [n' + 1,n’ + H,/]. Since I3 also contains m, n’ is also less than m
which is in turn less than m’. But I, maximized n + H,, over all intervals containing m’ and
if n’ + H,, were larger than n + H,, which is larger than m’, then I3 would contained m’ as
well. Thus n’ + H,» < n+ H, and therefore any point contained in I3 is already contained in

the union of the intervals in Z,,. Therefore, I3 should not have been selected for Z,, which
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leads to a contradiction. Thus, every natural number is covered at most twice by the union
of the intervals in Z. If
|En<m,a(n+ h)0(h)| Z ¢

~Y

then
En<n, |Ep<ga(n +h+h)0(h+ k)| = .

Therefore, for at least € - H,, many points n + b’ in the interval [n + 1,n + H,],

sup [Ep<ga(n +h+ h)0(h + )| Z €.
jeN

However, we know that

d8{n € N : sup |Ep<ga(n + h)0(h + j)| > e} < &%,
jeN

and that each such natural number is contained in at most two intervals of the form [n +
I,n+ H,] in Z. We conclude that, by Chebyshev’s inequality, the logarithmic density of S’

is at most €. Therefore, the logarithmic density of S is at most €. This precisely means

d°e{n € N : sup |En<za(n+h)0(h)| >c} <e.
LE[H,H']

The condition sup¢(y gy [Encra(n+h)0(h)| > € depends measurably on (a(n+1),...,a(n+
H')) so by definition of a dynamical model for a,
v{(z,y) + sup [Bucpf(T")0(h)] > e} <.
Le[H,H']

Since this is true for all H', we get that
v{(z,y) : sup [Eper f(T"2)0(h)| > e} <e.
L>H
Since this is true for all € > 0, for all (z,y) outside a set of measure 0, we have

lim En<gf(T"z)0(h) = 0.
H—oo -
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For (x,y) € By, we know that f/'(T"y) = 6(h) for h sufficiently large so for (z,y) € By outside
a set of measure 0, we know En<pyf(Thz)f'(T"y) — 0. By the dominated convergence
theorem, we have

0= lim [ Epcuf(T"x)f'(T"y)v(dxdy)

H—oo B

as desired. O

We will also need the following result later. It states that f does not correlate locally

with periodic functions.

Corollary 2.2.3. Let p = fQ Lodw be an ergodic decomposition of p. For almost every w,
for all 1-bounded function ¢p: X — C such that, for p, almost every x, ¢(T"z) is periodic

i h we have

/X F(2)6(2)1(d) = 0.

Proof. Let d be a natural number. Then we claim that,

lim lim E9°8, sup |[Ey<ga(n + h)0(h)| =0,

H—o00 N—o0 = pesy

where Sy is the set of d!-periodic, 1-bounded functions. Since the supremum is over a finite
set, this directly follows from Theorem [2.2.1] Let € > 0. For H sufficiently large,
lim sup B2, sup [Ep<pa(n + h)0(h)| < £°.
N—o0 T 0eSy
Therefore, as in the proof of Proposition [2.2.2
v{(z,y) : limsup sup [En<g f(T"2)0(h)| > e} < e.
H—oo 0€Sy
Since this is true for all €, we get that
/ lim sup sup [Epep f(T"2)0(h) [j(dz) = 0.
X H—oo 0€S,
Therefore, there exists 2, C €2 of full measure such that for w in €24, we have

/ lim sup sup [Ep<z f(T"2)0(h)| o (dz) = 0.
b

H—oo 0€Sy
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Now let w be an element of Q4 for all d and let ¢ be a 1-bounded function such that ¢(T"x)

is periodic in h for p,-almost every x. Suppose that there exists € > 0 such that

‘/f ) feo d:r)‘

Then by translation invariance, we know

limsup/ ]EhSHf(Th:z:M(Thx)uw(d:c)’ >
X

H—oo

Let X4 be the set of all points z such that ¢(7"z) is periodic with period at most d. Note

by assumption that p,(UXy) = 1. Then by dominated convergence, there exists d such that

/ lim sup [En< s £(T"2)6(T"2) | (d) > 5e.
Xq

H—oo
Since ¢(T"z) is d! periodic for every z in X, this integral is bounded by
/ lim sup sup |[En<z f(T"2)0(h)]| . (dz),
X H—ooo 6€5y

which gives a contradiction. O

For the proof of Theorem [2.1.9] we also need an upgraded version of Corollary under

the assumption that the k — 1-Fourier uniformity conjecture holds.

Proposition 2.2.4. Suppose that the k—1-Fourier uniformity conjecture holds i.e., for every
nilpotent Lie group G of step < k, every cocompact lattice I' and every continuous function
F:G/'-C
lim lim supIE sug |E<ma(n + h)F(g"T)| = 0.
ge

H—oo N oo

Then for almost every w, we have the following property: for every nilpotent Lie group G
of step < K, every cocompact lattice T, every continuous function F': G/T' — C and every
function ¢ on X such that for p, almost every x there exists x’ in G/I" and g in G we have

¢(Thz) = F(g"a') for all h in N we have that
| @tmtin) = o.
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Proof. In the proof of this proposition, we will introduce some notation which will not be used
in the rest of the chapter. By, for instance, [HK18, Chapter 10, Theorem 28] there are only
countably many pairs (G,T") up to isomorphism of G/T". Thus, we can fix a sequence (G;, I';)
of nilpotent Lie groups of step < x and cocompact lattices such that, for any nilpotent Lie
group G of step < k and for any cocompact lattice I' there exists a natural number ¢ and a
Lie group isomorphism ¢ : G; — G such that ¢(I';) = I'. By Stone-Weierstass, there exists
a countable, uniformly dense subset of the continuous functions on G;/T;. Fix such a subset

and call it F;. We are assuming the x — 1-Fourier uniformity conjecture:
lim limsupE% \ sup |Ep<ga(n + h)F(g"Ty)| = 0,
H—=o00 N0 - geG; -

for all 7 and all F' a continuous function on G/I". By [Fral7, Section 4.5, Step 4] we also get

that, for all 7 and F' as before,

lim lim sup E:;)EN sup |Ep<pa(n + h)F(ghx)\ = 0.
H—00 N oo = geG/- -
zeG; /T

Fix a natural number ¢ for the moment and a function F' in F;. For each ¢ > 0 there exists

H. such that

limsup B sup |Enp<p.a(n+ h)F(g"z)| < €.
N—o0 B g9€G;
xEGi/Fi
Therefore, by Chebyshev’s inequality,
d°e{n € N: sup |Ep<g.a(n+h)F(¢"z)| >} < €
G;
where d'°¢ denotes the upper logarithmic density. Note that
sup |Ep<pg.a(n+h)F(g"z)|
9€G;
z€G;/T;
depends measurably on (a(n+1),...,a(n+ H.)). Thus, there exists some set A in CH¢ such

that

sup |Ep<m.a(n+h)F(g"x)| > ¢
9€G;
xEGi/Fi
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if and only if (a(n +1),...,a(n+ H.)) are in A. Therefore, we know that
d°¢{n e N: (a(n+1),...,a(n+ H,)) € A} < &%
By the definition of a dynamical model for a,
p{r’ € X (f(T'2)),..., f(TH2')) € A} < &2
Unpacking definitions, we get

pfa' € X: sup (B, f(T"2)F(g"x)] > e} < €2
G,

We call this set

{o' e X: sup |Epem f(T"2")F(g"z)| > €} = S..
G;

Remember that S. implicitly depends on ¢ and F'. By the definition of the ergodic decom-

position, we have that
(5 = [ lS.)a

Therefore, by another application of Chebyshev’s inequality, we find that
Hw € Q: pu,(S.) <e}|>1-—e.

We call this set K. = {w € Q: p,(S:) < e}. Of course K. depends on ¢ and F. Define

Qe =1 UK

meNr>m

and define,

O =) Qur

ieN FeF

= 1 and therefore || = 1.

Since |K.| > 1 — ¢, we know that for any m, we have ‘U K.

r>m
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Now we check that € has the desired properties. Thus, fix w in €, ¢ a measurable
function on X, G a nilpotent Lie group of step < x, I' a cocompact lattice and F’ a function
on G/T. Suppose that for u,, almost every z in X, there exists 2’ in G//I" such that ¢(T"z) =

F'(g"a') for some g in G. Fix ¢ > 0. We aim to show

) po(d)| S € ([[F]] L + 1)

Fix ¢ in the natural numbers such that (G,T") is isomorphic to (G;,T;). Fix ¥: G; — G an
isomorphism such that ¢(I';) = I'. Fix F' in F; such that ||[F oy — F'||f~ < ¢e. Then w is in
(Y so w is in €; p and therefore there exists r > % such that w is in K1. Therefore, for some
H=H,

pofr’ € X1 sup [Bupenf(T"2)F(g"x)| > e} <e.

9€G;
z€G;/T;

By the triangle inequality,

po{r' € X: sup |]Eh§Hf(Thx’)F’(ghx)| > 2} <e.
G
x!é%/f‘

Next, we use that ¢ locally looks like F”:
polr € X |Bpep f(T"2)p(T"2")| > 2} < e.
Bounding the exceptional points by the L* norm, we get that:

/X Bpert f(T"0)S(T"2)| po(d) < & (F| |z + 1).

By the triangle inequality,

/XEhSHf<T%>¢<Thx>uw<dx> S (1F]|pe +1).
By translation invariance,
[ r@sin)| s e (1Pl + 1),
This completes the proof. O
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Proposition 2.2.5. Let (X, u,T) be a (topologically) compact, invertible, not necessarily
ergodic dynamical system. Let pu = fQ todw be an ergodic decomposition. Recall that, for
each w, the Host-Kra factor Z, is defined up to sets of u,-measure 0. For each w, fix such
a Host-Kra factor. For instance, one could use any definition of the Host-Kra factor and
then add all sets of p,-measure 0 to obtain the complete Host-Kra factor. Then there exists
a sigma algebra Z on X such that, for any measurable set A, A is Z measurable if and only
if there exists a full measure subset Q' C Q such that for all w in Q', A is Z,, measurable.
This implies that a function f in L*(u) is Z measurable if and only if there exists a full

measure subset Q' C Q such that [ is Z, measurable for every w in .

Proof. Let Z be the set of measurable subsets of X such that there exists a full measure set
Q4 C Q such that for all w in Q4, A is Z, measurable. For each such set, fix such an 4.
Let Ay, As, As, ... be a countable list of sets in Z. Consider
O =),
ieN

Because €)' is the intersection of countably many full measure sets, it has full measure. Let
w be an element of 2. Then for every natural number i, A; is Z, measurable. Because Z,, is
a sigma algebra, that implies the countable intersection and countable union of the sets A;
are also Z, measurable. Thus the intersection NA; and union UA; are both Z, measurable
for a full measure subset €' C Q and thus, by definition of Z, Z is closed under countable
unions and intersections. If A isin Z, then A is in Z, for every w in 4. Since Z, is a sigma
algebra, the complement A€ is also in Z,, for every w in 24. By definition of Z, we conclude

that Z is closed under complements. Obviously X and () are in Z so Z is a sigma algebra.

Lastly, we check that a function f in L*(u) is Z measurable if and only if it is Z,
measurable for a full measure set of w. First, suppose there exists a full measure subset
Q' C Q such that, for w in ', f is Z, measurable. Let A be a measurable subset of C. Then
since f is Z, measurable for any w in €', f~}(A) is in Z, for any w in €. Therefore, by

definition of Z, f~1(A) is in Z so f is Z measurable.
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Now suppose f is Z measurable. We approximate f by simple functions f;. For instance,
we can take fi(x) = k-27"if f(z) is between k-27% and (k + 1) -27¢ for any natural number
k. Then f; — f in L'(u) and also in L'(u,) for any w by the dominated convergence
theorem. For each 7, the function f; has only finitely many distinct level sets. Because f is
Z measurable, the level sets of f; are Z measurable. Therefore, there exists a full measure
subset 2; C Q) such that f; is Z,, measurable for all w in €2;. Let

O =%
ieN
Then since ' is the intersection of sets of full measure, €' has full measure. For each w in
V', fi is Z, measurable for all natural numbers i. But f; — f in L'(u,) so the limit f is

also Z, measurable for all w in . O

Definition 2.2.6. By Proposition there exists a sigma algebra Z such that a L>(u)
function f is Z measurable if and only if it is Z, measurable for almost every w in 2. We

fix such a sigma algebra and call it the Host-Kra sigma algebra for (X, u,T).

Proposition 2.2.7. Let f be a function in L>(u). Then there exists a set Q) of full measure
in 0 such that for w in €,
E*[f|12] = E*[f]Z.],

Mo almost everywhere.

Proof. First, we need the following quick ergodic theoretic fact. The space X can be essen-
tially partitioned into pieces where each piece carries all the mass of an ergodic component.

More precisely, there exists a map w’': X — Q such that

/Q/Xéb(l")llw(d:v)dw:/Q/qu(z)]lw:wl(xww(dz)dw

for any integrable ¢. For instance, in the usual construction of an ergodic decomposition,

one can take {2 to be the set of atoms of X with respect to the invariant sigma algebra Z.
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Then let [ 4(2')pp(de’) = E[¢|Z](z) where z is any point in the atom [z]. In this case the

map w’ just sends = to the atom containing x.

By Proposition there is a set g of full measure such that E#[f|Z] is Z, measurable

for every w in 5. We also ask that for w in €2y that

[l oo (u) < N f 1120w

which holds for a full measure set of w. Fix such an 5. Since X is compact, there exists
a countable uniformly dense subset of the space of continuous functions. Fix such a subset
and fix an order on that subset fi, fo, f3, f4,.... Again by Proposition there exists a
full measure subset ; of € such that for w in €2, the function E*[f;|Z] is Z, measurable.

Let

=)

i>0
Since each €2; has full measure and there are only countably many choices of 7, we conclude

that €2 has full measure. Now let w be an element of ' and suppose for the sake of

contradiction that
E*[f|Z] # EF[f|Z.],

meaning equality does not hold up to sets of p, measure 0. The conditional expectation is

uniquely defined by two properties, namely that E#«[f|Z,] is Z, measurable and that

[ Bzl @@t = [ sl

for any Z, measurable function ¢ in L>(u,,). If E#[f|Z] satisfies the same properties then
E*[f|Z] equals E#«[f|Z,] u,-almost everywhere. We know since w is in €2’ which is contained
in Q that E*[f|Z] is 2, measurable. Therefore, there exists ¢ in L*(u,) which is Z,

measurable such that

| B2 # [ o),
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By subtracting off the appropriate multiple of EX[f|Z], we may assume that ¢ is fi,-
orthogonal to E#[f|Z]. Multiplying by a scalar we may assume that (f, ¢)12(,.) is a positive

real number greater than 1.

For each w in Q' such that E#[f| Z] # Et<[f|Z,,], we showed there exists ¢ a Z, measurable
function such that (E*[f|Z],¢)r2(.,) = 0 and (¢, f)r2(u,) > 1. Let ¢ be such a function.
Suppose for the moment that ||¢||re(.,) < C. Since fi, fa, f3,... are dense in L?(u,), for
any ¢ and for any power p < oo we can find an ¢ such that ||¢ — fi||1r(.,) < €. This implies,

by Cauchy-Schwarz, that
(E*[fI1Z], fi) L2(ue) < €llfllLos(u (2.2)
and

(&, [i)r2(u,) > 1 — €. (2.3)

We also need a quantitative way of saying that f; is close to being Z, measurable. One
option is to use the Host-Kra norms defined for an ergodic system in [HKO05| section 3.5.
Let |||¢]||r.w denote the k™ Host-Kra norm. The key feature of the Host-Kra norms is that
a function ¢ is Z, measurable if and only if |||¢|||x.. = 0 for all k& (see [HKO05] Lemma 4.3).
We claim that |||¢|||.w is a measurable function of w. After all, by definition |||¢H|ikw is the
integral of some fixed function on X2°, namely (z1,...,2) — ¢(x1) ... d(zor) with respect
to some measure (namely 1 defined in [HKO05| section 3.1) which depends measurably on

w. Thus, we can find also f; with

[ filllkw < 2e, (2.4)

for all £ < % Since we also know that

& o (uy < C

for some constant C' then also by the triangle inequality,

1 fillLp(uy) < C +e. (2.5)
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Fix a constant C. Now we define a function i: Q x Ryy — NU{oo} as follows: Let i(w,¢)
be the first index such that all four inequalities - are satisfied with p = % if such an 7
exists and +oo otherwise. Note that ¢ implicitly depends on C. Let E denote the set of w
such that i(w, €) is finite for all . In particular, if E*[f|Z] # E*~[f|Z,] then w is in this set
for some choice of C. Thus, we may assume for the sake of contradiction that the measure
of E is positive. Let
bla) = fiwe) () we EW(zr)=w

0 otherwise

Since, for all 1 < p < %

ey = / el gy < C 4 2,
Q

we can take an LP(u) weak-* limit (which is the same as a weak limit in this case) ¥, — ¢
for some subsequence of epsilons tending to 0. By a diagonalization argument, we can ensure
that this weak-* limit exists for all 1 < p < co. By [2.4] we conclude that ¢ is Z, measurable
for each w in F. If w is not in E, then v = 0 on a set of p,, full measure so 1 is measurable

with respect to Z, for a full measure set of w in  so by definition v is Z measurable.

Futhermore, by
(D, V) r2(u) =1

so we conclude that
<¢7¢>L2(p) > |E|
by integrating in w. On the other hand, by
(E"[f|Z],¥) r2(u) = 0.
This contradicts the definition of E#[f|Z]. Thus,

E*[f12] = B*[f] 2]

for almost every w in 2. O
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A crucial input is the following theorem of [FH18a]. This theorem says that if a correlates
with b then it does so for some algebraic reason. In particular, any correlation between f

and f’ is due solely to some locally algebraic structure in f.

Theorem 2.2.8 ([FH18a] Theorem 1.5; see also section[2.4)). Let u be the first marginal of v
corresponding to the factor X. Then the ergodic components (X, p,,,T) of u are isomorphic
to the product of a Bernoulli system with the Host-Kra factor of (X, p,, T ).

To use this theorem, we need the following result, which essentially appears in [FH18b|:

Lemma 2.2.9 ([FH18b|; see the proof of Lemma 6.2). Suppose that (X, u,, T) = (W, dw, T') x
(Z,dz,T) where W is a Bernoulli system, Z is a zero entropy system and p,, is the first
marginal of v,,. Then for any function ¢: X — C and any function v: Y — C we have

@W@%me=/ B (6 2) ()4 (y) s (ddy)

XxY XxY

where E"[p|Z] denotes the conditional expectation of ¢ with respect to the measure v, and

the sigma algebra of Z-measurable functions.

Proof. By density, it suffices to consider the case ¢(w, z) = ¢w (w)dz(z). Because any joining
of the Bernoulli system W and the zero entropy system Z x Y is trivial i.e. is equipped with

the product measure, we can break up the the integral

/ dw (w) oz (2)Y (y)v, (dwdzdy) = / Pw (w)v, (dwdzdy) - ¢z(2) 1 (y) v (dwdzdy)
WXZxY w ZxXY

=AwaM@wwuwmm-

]

We also need the following result, which says that conditional expectation is essentially

local.
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Corollary 2.2.10. Let X, Y, v, f, f', ¢ and n be as in Subsection 2.1.1. Let B be as in

Corollary[2.2.3. Then
>c+n.

| BraT'®112)- /v

Proof. Recall that

(@) f’(y)V(dwdy)‘ S,

XxXY

By Corollary [2.2.2 we have that

[ ) f’(y)V(dxdy)‘ >ctn

Since B¢ is T invariant and v is T invariant, we can average over shifts

/c Ehgkf(Thx) . f’(Thy)l/(dxdy)‘ > 4.

Next, we disintegrate the measure v,

‘ / / B f (T"2) - ['(T"y)v(dwdy)de

>c+n.

Notice, for each h, f'(T"y)1,¢p is a function on Y. By Theorem [2.2.8] (X, 1, T is isomor-
phic to a product of a Bernoulli factor with the Host-Kra factor for almost every w. Since

the Host-Kra factor has entropy zero, the hypotheses of Lemma [2.2.9 are satsified. Thus, by

Lemma [2.2.9]

‘ | [ Brabiiz)1e) - 5 (@ ytdsdnis] > o+
By Proposition [2.2.7]
‘ / / En<iBX[f| Z2)(T"x) - f(T"y) v, (dzdy)dw| > ¢ + 1.
Q c

By definition of the ergodic decomposition,

[ Evam 20 £ ey > b
This completes the proof. O
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Now we forget everything about the joining of X and Y and reduce to the worst case

scenario, where we choose the worst possible y in Y for each x in X.

Corollary 2.2.11. Let X, Y, v, u, f, f', ¢ and n be as in Subsection|2.1.1 Let Z be as in
Definition . Let B be as in Corollary . Since whether (x,y) € B only depends on

y, we abuse notation and write y € B to mean (x,y) € B for some x. Then,

[ s B 11210 "0) - £ (T |tdn) > e+,
X y¢B

where the supremum is an essential supremum taken with respect to the second marginal of

V.

We will need the following lemma, which states that conditioning with respect to a con-

ditional measure is essentially the same as conditioning with respect to the original measure.

Lemma 2.2.12. Let A be a positive measure set in Z and denote pa(S) = p(S|A). Then
for any measurable function f,

EA[f12] = E*[f] 2],

a almost everywhere i.e. for p-almost every point in A.

Proof. Let C' be another set in Z. Then

/C EX[f] 2] ()ua(d) = / LB f12) (@) ()

cna H(A)
Since A is in Z, we know that AN C'is in Z. By definition of conditional expectation, this

is

1
=) oy T
= fra(dz).
CNA

This is the defining property of E#4[f|Z]. Since conditional expectation is well defined up

to sets of measure 0, we obtain the result. O
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The system X possesses an extra symmetry that most dynamical systems do not have,
a dilation symmetry. In fact, it possesses a whole family of dilation symmetries. It is not
obvious which dilation makes the problem easiest. Therefore, instead of choosing a particular

dilation, we use a random dilation.

Proposition 2.2.13. Let P be any natural number. Then

EP/2<p§P/ PLyr12y () sgp ’Ehngu[f’ZKTphm) - f(T"y) |p(dz) > ¢+,
X yEB

where p is always restricted to be prime.

Proof. By Corollary [2.2.11| we have

/ sup [Bcs B4 20T ) - (T de) > ¢+ .

y¢B

Now we use that [, pushes forward p1 M1y o 1 for every p and average in p.
Epjo<p<p /X PLy1(2) sup ‘Ehng“[f |Z(T" 1) - f/(Thy)‘u(dfC) > c+.
Because I, o T"(z) = T" o I () for almost every z in M~"(pZ) we have that,
Brrscyer | Plaogaysup [BraB [112)0,17"2) - £ (T ude) > o 0.
Next we use the standard fact that
E'[f|12] 0 I, = E"[f o |, (2)],

I, pi-almost everywhere, where I,y is the pushforward of p. Since I, = 117 1, we can replace
L.p by p. Note that I, defines a factor map between (M_l(pz),p,u, T?) and (X, u, T). Since
Host-Kra factors are functorial, the Host-Kra factor for (M _1(pz, pu, T?)) factors onto the
Host-Kra factor for (X, u,T). Thus, I;*(Z) is contained in the Host-Kra factor of some
dynamical system and thus corresponds to an inverse limit of nilsystems. This is all we
actually need for our purposes. However, for the sake of avoiding notation, we also prove

that
Ly BY[f © L1, (2)] = 141,z 0(p) B[ f| 2].
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That fol, = a(p)f follows from the definition of I,. If Z;(TP) denotes the i Host-Kra factor
for TP and Z;(T) denotes the i Host-Kra factor for 7', then any T? invariant subset of the
cube X?' is an element of the Konecker factor i.e. the first Host-Kra factor for (X 2T k)
(where pll is the measure on the cube defined in section 3 of [HKO05]). Since the Host-Kra
factor of an ergodic system is the smallest sigma algebra generating the invariant factor on
the cube, we conclude that Z;(T?) C Z41(T)so I,'(Z2) C ZNM~(pZ). In fact, as in section
2.4] the Host-Kra factor for X is a joining of the Host-Kra factor on the space of sequences
DZ and Z. On the second factor, I, acts by division by p. On the first factor, I,,0T? =T o1,
and so on each ergodic component of the first factor, I, acts by multiplication by p up to a
possible translation. Multiplication by p is a local isomorphism of any nilmanifold that does
not contain p torsion. However, by Corollary 2.2.3] f is already orthogonal to all p torsion.
Thus,

ILM’I(pz)E#[f © IP|I;1(Z)] - lel(pz)a(p)]E“[ﬂZ}
Combined with Lemma [2.2.12| and the fact that M~ (pZ) is T? invariant and therefore an

element of Z we get,

IEP/2<19<P/ PﬂMfl(pZ) S;E ‘]Ehng”a(p) [f|Z](Tphx) : f/(Thy)‘N(dl’) >c+n.
X Yy

Recall that |a(p)| = 1 for all p. Thus, a(p) merely gets absorbed into the absolute value.

Erpcozr | Pz sup [Er® 12102) - /(T |uda) > o 1.
X Y

2.2.1 The Entropy Decrement Argument

Next, we use the entropy decrement method to replace pl,, . @) by its average, 1. This is
essentially due to Tao but because our statement is slightly different we reproduce the argu-
ment. For the definitions of entropy, conditional entropy, mutual information and conditional

mutual information see [Taol6b].

46



Let 2’ be a random variable distributed according to p and fix a natural number P.
From this, we get the following two random variables. Set Xp = (x1,...,2(+1)p) Where
z; = EX[f|Z](T?2') and set Yp in [pj2cpcp Z/PZ by Yp = (M(2') mod p)pja<p<p. De-
note Yp mod p = y, so that Yp = (y,)p/2<p<p. Note that Yp is uniformly distributed in
[1p/2<p<p Z/PZ and that the distribution of Xp is the same as the distribution of T'Xp for
any i because p is translation invariant. Technically, if E#[f|Z] takes infinitely many values
then we will have to round E*[f| Z](T ") so that each x; takes values in a finite set but this
slightly annoying detail may be delayed for the moment. We want to study the following
integral:

Erpacpcr | Plas-iyy sup [y 2)(T7) - /()| ()
X Y

By translation invariance, this is equal to
EP/2<ZJ§PEZ'SP/ PT Ny 12 S;{lp ‘EhSkE“mZ](TthJJ) . f/(Thy)’M(d«T)
X y¢B

Notice that this is the expected value of some function of Xp and Yp. In particular, we are

interested in
E (]EP/2<p§PfP,p(XPa yp>)

where fp,: C*+DP 5 7,/pZ — C is defined by the formula

frp(Xp,yp) = Eicp ply,—; sup ’Ehgkxhpﬂf(Ty)‘-
Define
fr(Xp,Yp) = Epppcp<r frp(Xpyp).
Thus, we are interested in
Efp(Xp,Yp).

We would like to say that Xp and Yp are very close to independent for some large choice of
P. Let Wp be a random variable with the same distribution as Yp but which is independent

of Xp. We would like to say that

Elfp(Xp,Yp)] = E[fp(Xp, Wp)].
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A property like this actually holds in a more general setting, which we take the liberty of

stating now.

Theorem 2.2.14 (|Taol6b] Section 3; see also [Mor18|,[TT17b] Lemma 3.4 and Proposition
3.5 and [TT17a] Section 4). Let A be a finite set and let C' be a natural number. For each
power of two P, let Xp = (x1,...,xcp) be a sequence of random variables with x; taking
values in A and let Yp be a random variable that is uniformly distributed in HP/2<p§P Z7/pZ.
We write Yp = (yp) pj2<p<p where y, = Yp mod p. We further assume that for different
values of P, the random variables Yp are jointly independent meaning (yp)p<p is uniformly
distributed in [ [, p Z/pZ for all powers of two P. Suppose that, for any natural numbers i
and m such that i + m < C'P we have that the distribution of (x1,...,xy) is equal to the
distribution of (Tiy1, ..., Titm). Furthermore, suppose that for any P and any element b in

Hpgp Z./pZ and any S a measurable subset of C™,

P((z1,. . 2m) €S| (Wp)p<p =b) =P((@it1,- -, Tiym) €S | (Yp)p<p = b +1).

For each p with P/2 < p < P, let fp, be a 1-bounded function AY x Z/pZ — C and let
fp(Xp,Yp) = Epjacp<rfrp(Xp,yp). Let Wp be a random variable with the same distribution
as Yp but which is independent of Xp. Then

liminf E[|fp(Xp, Yp) = fp(Xp, Wp)[] = 0.

Proof. Fix alarge power of two P and ¢ > 0. By replacing fp,(a,b) by fp,(a,b)— fpy(a, Wp)
we may assume that fp,(a, Wp) = 0 for all a. To prove the theorem, first we need a very
good understanding of the case when Xp and Yp are independent. In that case, even if we
know the exact value of Xp, fp is still a sum of independent random variables fp,(a, Wp)
and therefore exhibits concentration. This is formalized in Hoeffding’s inequality, which says

that large collections of independent random variables exhibit concentration.

Lemma 2.2.15 (Hoeffding’s Inequality). Suppose Zi, ..., Z, are independent random vari-
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ables taking values in [—2,2]. Then

P(|Zv+ -+ Zy —E[Z1+ -+ Z,]| > t) < exp(—nt?/16).

Let a be an element of A“C. We apply Hoeffding’s inequality to the random variables

fpp(a,Yp). (We remind the reader that there are roughly 21;; 5 many such terms, by the
prime number theorem).
P(lfo(a, We)| > ) < expl——s) 2:6)
a g) < exp(— . .
PG, W =P 010g P

Next, we aim to show that if Yp is not necessarily independent of Xp but nearly independent

of Yp, we still can obtain a good bound. To do this, we use a Pinsker-type inequality.

Lemma 2.2.16. [[TT17a] Lemma 3.4] Let Y be a random variable taking values in a finite
set, let W be a uniformly distributed random variable on the same set and let E be a set.

Then

HW)—-H(Y)+log2

P(Y € E) < —
(Y€)= log P(W € E)

Let a be an element of A°F. Let E be the set of b in [1p/2<p<p Z/PZ such that | fp(a,b)| >

e. By [2.6] we know
e?pP

P(Wp € E) < eXP(—40 log P

).
Applying Lemma [2.2.16{ to P( - | Xp = a), we find

(H(Wp) — H(Yp|Xp = a) + log 2)401og P

P(|f(a,Yp)| > elXp=a) < - =P

Note that
ZP(XP = CL)(H(WP) — H(YP|XP == (l)) == H(Wp) - H(Yp’Xp) = I(XP,YP),

where the last equality follows since H(Wp) = H(Yp) since the two random variables have

the same distribution. Therefore, summing over a, we get

I(Xp,Yp) + log2)40log P
e2p '

B(1f (Xp, V)] > &) < —
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If

eP
I(Xp, Yp) <
(Xp, P)Nlogp

then
P(|f(Xp,Yp)| >¢) Se.

This would complete the proof. Let Y<p/o = (yp)p<p/2. Fix 0’ an element of Hpgp/2 7] pZ.

Then we may repeat the previous argument with P( - [Y<p/, = ') to conclude:

(L(Xp,Yp|Y<py2) + log 2)401og P

P(f(Xp, Yr)| > €) < - e

and therefore if
e3P
log P

I(Xp,Yp|Y<ppa) S

then
P([f(Xp,Yp)| >¢) Se

and therefore

Elf(Xp, Yp)| S e

Let Py be a power of two. We will try to show that there exists P > P, such that
Elf(Xp, Yp)| S e

This would complete the proof. Suppose not. Then

e3P

I(Xp,YplY. _
(Xp, Yp| gP/2)>>10gP7

for all P > F,. By definition of mutual information,
H(Xp|Y<p) = H(XP|Y§P/2) — I(Xp, YP|Y§P/2)

where Y<p = (yp)p<p. By assumption, we have a lower bound for the mutual information

e3P
log P

< H(Xp|Y<p/2) —
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By subadditivity of entropy,

e3P
< H(Xppo|Y<p2) + H(zcp/211:- - s 2op|Y<py2) — log P (2.7)
where Xp/o = (21,...,2cps2). Since (21, ..., xcp/2) has the same distribution as (21, ..., zcp/2),

for any set S in C°/? and for any V' in [L<pZ/PZ
]P)((l‘l, ce ,l'cp/g) € S|Y§p/2 = b/) = P((ﬁcp/2+1, ce ,[Ecp) S S|Y§p/2 = b/ + CP/Q)

Since the entropy of a random variable only depends on its distribution, we conclude that,

for all &/
H(zq,...,xcpp|Y<pp =b) = H(xcptt, ..., top|Y<pp = b + CP/2)
Since Y<p/s is uniformly distributed, for all o/,
P(Ypjo =0') =P(Yp, =V +CP/2).
Therefore, summing in b,

H(zy, ... xcppl|Y<rp/2) (2.8)

= ZP(YP/Q = b/)H(LCl, e ,ZL'CP/Q‘YSP/Q = b/)
b/

:Z]P)(YP/Q - b/ + CP/2)H(Z)§'CP/2+1, . ,$0P|Y§p/2 = b/ + CP/2)

b/

=H(zcpjo+1, - - - 7$CP|Y§P/2).

Applying 2.8 to .7

e3P

H(Xpl|Y. < 2H(Xp|Y- -
(Xp[Y<p) < 2H(Xpp|Y<p)2) oz P
We just obtained an upper bound for H(Xp|Y<p). We can apply the same argument to

obtain an upper bound for H(Xp/|Y<p/2).

eP/2 &P
log P/2  log P

< 4H(Xpja|Y<pa) — 2
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where Xp/o = (21,...,2¢cp/a) and where Y<p/q = (yp)p<p/a. Applying this argument induc-

tively, if P = 2™ . F, then

S 2m (H(XPO|Y<P0) - €i %) . (29)

j=1

However, > 1. p/p, + ~ loglog P so for large P

P
ey 7“ > CPylog |A] > H(Xp,|Y<p,).

j=1
Combining this with [2.7]
H(Xp,Yep) <0

which is impossible.

Applying the Theorem [2.2.14] to our situation yields,

Corollary 2.2.17. Let X, Y, u, f, f', M, IL,, ¢ and n be as in Subsection |2.1.1, Let Z be
as in Definition[2.2.6. Let B be as in Corollary[2.2.2. We have

limsup Epacyer | sup|[EraiBf12)(T70) - /(T (do) > ¢
X y¢B

P—oo

Proof. Recall that, for all natural numbers P,
EP/2<p<P/Xp]lM—1(pZ) 225 ‘EhSkE“[ﬁZ](T’”%) : f’(Thy)‘u(d:B) >c+1.
By translation invariance, for all natural numbers P,
Ep/a<p<pEi<p /Xp]lMl(pZH) zgg ‘Ehng“[ﬂZ] (TP Fig) - f’(Thy)‘,u(da:) >c+.

Let 2’ be a random variable with distribution p. Fix € > 0 small. We will ask that ¢ < 10-7.

Let ¢ be a measurable function on X which uniformly approximates E¥|[f|Z] i.e.

o —E*[fIZ][|~ <e.
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For instance, ¢(z) could be obtained by rounding E*[f|Z](z) to the closest element of 5 -Z[d].
By the triangle inequality
Ep/2<p<pEi<p/ Py (i1 sgg Ep<iBr (TP ig) - f’(Thy)‘,u(dZE) >c+n—¢.

X y
For each natural number P, let Xp = (z1,...,2¢cp) where z; = ¢(T"z’) and where C = k+1.
Let Yp = (yp) pja<p<p Where y, = M(2') mod p. For each natural number P, let

fep(Xp,yp) = Eicp ply,— Sgg ’Ehgkxhp—&-if(Ty)‘-

Yy
Define
fp(Xp,Yp) = Epjacp<rfrp(Xpyp).

Unpacking definitions, for every natural number P,
Efp(Xp, Yp) > c+ n—ce.

Now we check the hypotheses of Theorem [2.2.14. Because ¢ takes only finitely many values,
x; takes values in a finite set. For all natural numbers P, since the distribution of (y,),<p
is a +1 invariant measure on [[ _pZ/pZ, it must be the uniform distribution. Since y is

translation invariant, for any natural numbers ¢ and m and any subset £ of X™
P(T2,..., T™2") € E) =P(T"a',..., T""™2) € E).

Applying this to the preimage under (¢, ..., ¢) of an arbitrary subset S of C™ reveals that
the distribution of (z1,...,x,,) is the same as the distribution of (z;41, ..., %;1.,). Similarly,
if b is an element in HpS pZ/pZ if E is the preimage under (¢, ..., ¢) of an arbitrary set S

intersected with the set of points 2 in X such that M(z) = b mod [[ pp then we conclude

P((21, ... 2m) €S| (Wplpp = b) = P((Tig1, -+ Tixm) €S | (Yp)p<p = b+ 1)
For each natural number P and each prime P/2 < p < P, for at most two values of i < P

is it true that y, = ¢ mod p. Therefore, at most two terms in the sum

Ei<p pl,,—;sup En<knptif(Ty)
y¢B
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are nonzero. Therefore fp, is bounded by 2. Let Wp be a random variable with the same

distribution as Yp. Then by Theorem [2.2.14]
liminf E[|fp(Xp, Yp) — fp(Xp, Wp)[] = 0.
Since, for any natural number P,
Efp(Xp,Yp) >c+n—c.

We conclude that

limsup Efp(Xp, Wp) > c+n—ec.

P—oo

Unpacking definitions, this proves

lim sup EP/2<p<PEi<P/ sup |En<p(T"" ') - f’(Thy)‘M(df) >c+n—e
P—oo X y¢B

By the triangle inequality

lim sup EP/2<p§pEi§P/ sup |En<iEB*[f| Z])(TP" ) - f’(Thy)’,u(dx) >c+n—2e.
P—oo X y¢B

Since £ was arbitrary

lim sup EP/2<p<PEi<P/ sup |Ep< B [f|Z)(T"" ') - f’(Thy)‘M(dl") > c.
P—oo X y¢B

By translation invariance

thUpEp/2<p§P/ sup [Ep< B [f|Z)(TP"x) - f’(Thy)‘,u(dx) > c.
b

P—oo y¢B

This completes the proof. O

2.2.2 Nilsystems and Algebraic Structure

Now we want to use [HK05| to show that E#[f|Z] has some local algebraic structure. This

algebraic structure makes E#[f|Z] much easier to understand than f.
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Proposition 2.2.18. Let w be an element of €2 such that
lim sup EP/2<p§p/ sup (En<iB*[f|Z)(TP"z) - f/(T"y) | o (dz) > c.
P—oo X y¢B
Then for almost all such choices for w, there exists a collection of nilsystems (G(7)/I'(4), dx, g(3), B),
1-bounded functions F; and factor maps ¢;: X — G(j)/I'(j) so that F; is a nilcharacter on
G(7)/T(j) with frequency nontrivial on the identity component and such that, after identify-
ing F; with a function on X, we have that ) F; = F satisfies ||F||o <1 and
thllpEp/2<pSP/ sup (Ep<i F(TP"2) - f'(T"y)
X

P—oo y¢B

o (dx) > c.
Proof. We are given that

lim sup EP/2<p§P/ sup (En<iB*[f|Z)(TP"z) - f/(T"y) | o (dz) > c.
b

P—oo y¢B

Recall that by Lemma [2.2.7] we know that

lim supEp/2<pSp/ sup [En<i B  [fIZ,)(TP"z) - f/(T"y) | o (dz) > c.
b

P—oo y¢€B

By [HKO05] Theorem 10.1, (X, 1, T, Z) is isomorphic to an inverse limit of nilsystems. There-
fore, there exists (G/T',dz, g, B) a nilsystem, 1»: X — G/I" a factor map such that

limsup Epjacpep / sup | BB [flo 7 (B)|(T™"x) - f/(T"y)|p(dz) > c.
X

P—oco y¢B

We denote F = E#<[f|y~1(B)]. By a Fourier decomposition, we may write F' as a sum of
nilcharacters, F' = Zg F¢. For each &, either ¢ is nontrivial on the identity component of
G/T or ¢ is trivial on the identity component. If £ is trivial on the identity component and
the step s of GG is > 1, then £ is actually trivial on G,. That is because, for any ¢ in G, the
multiplication by o map o: G/I" — G/I is continuous so it takes components to components.
Let o, : components of G — components of G be the induced map on components and let 7
be any other element of G. Then if o and 7 are in the same component of G then for any o’
in GG, multiplication by ¢’ on the right is also continuous, so oo’ is in the same component

as 70’ so 0, = T,. We return to the general case where o and 7 are not necessarily in the
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same component. Also note that, for any element v in I', (y0). = [V, 0]s0.7 = [, 0]40%.
Pick n, m, v and 7/ such that ¢"v is in the same component as o and ¢+’ is in the same
component as 7. Thus [0, 7], = [¢"7, ¢V ]« = m[g", ¢™]« where 7 is an element of higher
order. Of course [¢", g™| = e and by induction we get that [0, 7], is the identity and therefore
[0, 7]y is in the identity component for some . Therefore, if s > 1, the function F; descends
to a function on (G/Gs)/(I'/Ts). By induction, we can almost prove the theorem, namely
we can find a collect of nilsystems (G(j)/I'(j),dx, g(j), B) and functions F; and factor maps
i X — G(j)/T'(j) so that Fj is a nilcharacter on G(j)/I'(j) with frequency nontrivial on
the identity component or G(j) is abelian and such that, after identifying F; with a function
on X, we have that > F; = F satisfies ||F||o <1 and

lim sup]Ep/2<p§p/ sup |En<i F(TP"2) - f'(T"y)| o (d) > c.
P—xo X y¢B

It remains to observe that the case of a locally constant function on an abelian group cannot
occur by Corollary as follows: we can think of the FJs as all functions on the group G
with some additional equivariance properties; by construction the different F}’s have different
frequencies so if F). is a locally constant function on an abelian group and thus is locally

periodic, meaning F,(T"x) is a periodic function of h. Then by Corollary [2.2.3}
O:/ f - Fru(dz).
X
Since F, is v ~'(B) measurable,

:/ F - E.dz.
G/T

Since all the Fj’s have different frequencies, they are all orthogonal to each other.

:/ F, - F.dx.
G/T

]

Remark 2.2.19. Note that if we also know the k — 1-Fourier uniformity conjecture then
the step of all nilpotent Lie groups is > Kk by Proposition (plugging in F, = ¢ in the

statement of that proposition,).
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Corollary 2.2.20. There exists a natural number L independent of k, a nilpotent Lie group
G of step s, a cocompact subgroup I', an ergodic element g in G and a nilcharacter ® with
nontrivial frequency even when restricted to the identity component,
c
limsuplimsupEp/2<p<p/ sup |En<i®(g”"z) - f/(T"y)|dx > —,
ke P—soo = Jx y¢B L

where IC as defined in Subsection [2.1.1] is an infinite set such that for k in IC, the number of
words of length k of f" is o(k?) if t =2 or O(k'™°) if t # 2 for some «.

Proof. By Corollary [2.2.17]

hHlSU.pEP/2<p§p/ sup [En< B [f|Z)(TP"x) - f’(Thy)‘,u(dx) > c
X

P—oo y¢B

Thus, for a positive measure set of w,

thUPEP/2<p<P/ Sgg ‘EhSkEM[ﬂZ](Tph@ - f(Thy)
Xy

P—o0

py,(dz) > ¢

By Proposition [2.2.18] we know that for almost every w,

e (dx) > ¢

kex P—oo X y¢B

lim sup lim sup Ep/2<p§p/ sup ’Ehgk Z Fj(Tphx) . f’(Thy)
J

where F} is as in Proposition [2.2.18] Fix such an w.

Since the sum - F; converges in L*(y,), there exists a natural number L independent

of k such that |[ > .. Fj — >, Fjl[r2(u,) < §- By the triangle inequality
=7

limsuplimsupEp/2<p<p/ sup‘thZF (TP"z) - f1(T"y) |, (da)

kel P—oo

po(dx) > ¢

ZF (T™"x) - f'(T"y)

J>*

+/ sup Ep<i
X y¢B

The second term is bounded by

,Uw<dx>7

JAE

i~>L
2

7>
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using that g, is shift invariant and f’ is 1-bounded. By Cauchy-Schwarz, this term is
bounded by || ZJS% Fy =32 Fillz2u,) < 5- Thus by the triangle inequality.

lim sup lim sup ]Ep/2<p<P/ sup ’Ehgk Z Fi(TP"z) - f'(T"y) |y, (dx) >
<L

kek P—oo X y¢B

c
5
By the pigeonhole principle, there exists some F} such that

&
W(dz) > =
G

lim sup thUpEp/2<pSP/ sup ]EhSij(Tphx) - fI(Thy)
ke P—oo X y¢B

Renaming everything gives the conclusion. We remark that the corollary just stated that
such an L, G, I', g and ® exist and therefore the statement of the corollary allows L to
depend on G, I' and all the other data that comes from w. The remainder of the argument
essentially takes place inside a single ergodic component and so how the constants vary from

component to component is not important for our purposes. O

For the remainder of the proof, we fix G, I', g and ®. We let ¢g = £. For the next few
pages, we fix an integer k in K such that

thUp]Ep/2<pSP/ sup Ehgkq)(gphx) . f’(Thy)‘d:c > Cp.
P—oo X y¢B

We will later send k to infinity. The following lemma does two things: First, it uses Holder’s
inequality to raise the exponent of ‘Ehgkcb(gphx) - f1(Thy) ‘ We want this term raised to an
even power because we want to expand out the product and get rid of the absolute values
which are less “algebraic” and therefore harder to understand directly using the theory of
nilpotent Lie groups. We also want this even power to be larger the more oscillatory our
function ® is. This is because the more ® oscillates, the more cancellation we expect in
larger and larger products. The larger the power we use, the smaller the fraction of terms
which do not exhibit cancellation is. Second, we use the pigeonhole principle. This lemma
and the following lemma are where we make essential use of our bound on the word growth

rate of b.
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Lemma 2.2.21. Recall that b had at most k'=¢ words of length k occuring with positive upper
logarithmic density for k in IKC or b has o(k?) many words of length k that occur with positive
upper logarithmic density if t = 2. Fiz 6 a constant that is small even when compared to cq.

Then for each k in IC there is a word € = (€1, ..., €;) of length k such that

ot
dr > k™",

lim sup Ep/2<p§p/ ‘Ehgkq)(gphx) - €p
b'e

P—o0

fort # 2 and when t = 2, we have

limSUpEp/2<p§P/ ‘Eh<k<b g° x) €n dx>5 lp—t 2t.

P—oo

Proof. We know that

limsup]Ep/kpgp/ sup |En<i®(g"z) - f’(Thy)‘dx > .

P—oo X y¢B
By Holder’s inequality, we have
NE:
thHp]Ep/2<p§P/ sup |Ep<;®(g""x) - f/(T y)‘ dx > cg'.

P—oo X y¢B

Because each term is nonnegative, we can replace the essential sup by a sum over words that

occur with positive log-density.

2
E lim sup Ep/2<p§p/ ‘Ehgkq)(gphx) cep| dw >l
. P—o0 X

We assumed that the number of words occuring with positive logarithmic density and there-
fore the number of terms in the sum is at most dk' when ¢ = 2 or k'~ when ¢ # 2. By the

pigeonhole principle, when ¢ = 2 there is a word such that

2t
limSUpEp/2<p§P/ ‘Ehgkq)(gphx) cen| dv > 6k
X

P—oo

and similarly for ¢ # 2, we have

limsupEp/2<p<p/ ‘Eh<k(1> g x) €h —tte,. 2t

P—oo

which completes the proof. O

29



We need a slightly different estimate for the abelian case. The key to the next lemma
is the idea that if e(ah) correlates with €, for b < k then e(ah) also must correlate with
translates of € of size ~ k. Thus, in the abelian case, the previous lemma is rather lossy.

When we replace the sup by a sum, we should gain an extra power of k.

Lemma 2.2.22. Fort =2, for all k in IC, there is a word € such that

22
. ht
hmsup/ Ep/ocp<psup ‘Ehgkq)(gp x) - €p dx
P—oo X LeN
22 22
w {co k

>
9 6

Jék
Proof. Again, we know that

lim sup]Ep/2<p<p/ sup |Ep<,p®(g"z) - f’(Thy)’dx > Cp.
P—xo X y¢B

Again, by Holder’s inequality

2% -2
thU_pEp/2<p§P/ sup Ehgkq)(gphx) - f(TMy) dx > cg' 2.
X

P—oo y¢€B

Again we want to replace F'(T"y) by a sum over words. Let P be a number satisfying
g Yy) by

22 -
dr > c5 ~.

EP/2<p<P/ sup |En<,®(g""z) - f/(T"y)
X y¢B

Let A be the set of z such that

2t—2 20(2)75—2
>
3

Ep/a<p<p SZBE ’Ehgk@(gphx) - f1(Ty)
Yy

C2t72

Therefore, the measure of A is at least . We want to show that for p-almost every z in

A, there are at least {C%:kj many distinct words of f’ such that

20-2  2t2
0
>
3

Epjacp<p supsup [Ep< ®(¢" ) - f/(T"y)
(eN ygB

Let y be an element of B¢ such that the words of f/(T"y) are words of Y and such that

2t—2 cht—Q

Eni®(g™a) - f(TMy)| > 3

Ep/a<p<p

60



Denote by €(m) the word of length k whose h'" entry is e(m), = f/(T™*"y). If the words
e(m) are distinct form =1,..., LCQ%J then by the triangle inequality

., 2t—2
T - e(m)n

Ep/2<p<p sup ’Ehgk‘b(g
y¢B

22
=Epj2<p<p

Enai (g7 - f(T7my)

We note that all but 2mk many terms in the average are the same if we replace ®(gP"Pmz) -

fI(ThPmy) with ®(gPha) - f/(Thy). Thus

o o 22 2m
>Epjocp<p|Erci®(g™x) - f/(T"y) T
2-2  2t2
>Epjacper|Enar®(g”z) - f/(T"y) — 03
2t—2
Suppose for a moment that instead the words €(m) are not distinct for m =1,..., {OTICJ .
Then there exist a minimum j such that €(1),...,€(j) are not distinct. Fix such a j for the

remainder of Section 2.2, Thus, there exists some 1 < d < j such that €(j) = €(j — d). We
claim that €(j —d) is d-periodic: that’s because €(j —d);, = €(j)n = €(j —d)p+q. Furthermore,
ife(j—d—1); =€(j —1); thensince e(j —d — 1), = €(j — d)p—1 = €(j)n_1 = €(j — 1), for
all h > 1, we clearly have ¢(j —d — 1) = €(j — 1) and j is not minimal. For the rest of the
proof, let r be the minimum number such that » > j — d and €(r) is not d periodic. For
y not in B, we can find such an r because f'(T"y) is not eventually periodic. Since e(r) is
not d periodic but e(r — 1) is d periodic and is equal to €(q) for some ¢ between j — d and
j — 1, we have that €(r)x # €(r)k—a but €(r), = €(r)n_q for all other h < k. We claim that
o' %k

the words 1,...,j—land r,...,r + {OTJ — 7+ 1 are all distinct. The reason is that for

all m between 1 and j — d, we have that e(m);, = €(j — d)ptm—j+a for all A > m — j+d and

02t72k

precisely no larger range of h and for all m between r and r + L b J — 7+ 1 we have that

e(m)n, = €(j — d)pym—r for all 1 < h <k —m + r and precisely no larger range of h. For m
between j — d and j — 1, €(m) is d periodic but because j was the minimal natural number
such that €(1),...,€(y) are not distinct, we have that the e(m) for m between j —d and j —1

2t—2
are still distinct. For m between 1 and j — d and m’ between r and r + LCO 5 kJ —j+d we
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have that the intervals h > m—j4d and h < k—m+7r meet so the previous argument shows

that e(m) # e(m’). A similar triangle inequality computation shows that for m between r
2t—2

and r + L%J — j 4+ 1 we still have

2t—2

Ep/ocp<p Sgup En<k® (g x) - e(m)s
eN

2t—2
=Ep/ocp<p b;ull\? En<x®(g""x) - f/(T" )
S

22 2m -7+ 1)
k

2>Epja<p<rp SéuII\I) Ep<x®(g? ) - f1(TH1y)
€

Next, we use that e(r — 1) = ¢(q) for some ¢ between j —d and j — 1.

22 om —r+1)

>Epjocp<p SZUII\\? ‘Ehgkq)(gpm%) - (T y) - 2
S

2t—2 Cgt—Q
3

2t—2
0
6

Ehgkq)(gphx) : fl(Thy)

>Epjocp<p

This proves the claim that for z in A there are at least L kJ many distinct words € of f’
such that

0 -2 g

PR e, > =5

Epja<p<psup ’Ehﬁkq)(g
¢eN

Summing over words we get that for almost every z in A,

2t—2
Z EP/2<p§P SeuNp ‘Ehgkq)(gph—i-ﬁx) - €
€

€ a word of f’

. 22 ‘Cgth
6 3

2
0

t—2
3

Next, we use that u(A) >

2t—2
/ Z supEp/ocp<p Ehskq)(ng%) " €h

€ a word of f’ ¢eN

22 | 2t—2 2t—2
s {co kJ G

3 6 3

Sending P to infinity and using the pigeonhole principle, we deduce that for some word e,

2t—2
Ehgkq)(gph+€$) * €p dx

lim sup / sup Ep/ocp<p
P—oo X ¢eN

2%-2 | 242
@ {CO k

>
9 6

Jsi
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Remark 2.2.23. For G abelian and therefore ® a character, we have

2%—2
lim sup/ Ep/a<p<psup ’]Ehgkq)(gph+2x) € dx
P—o0 X LeEN
2%—2
=lim sup/ Epjocper |Encs®(g”"z) - €|  da
P—oo X

Therefore, by choosing ¢ sufficiently small, in the abelian case, we get

lim sup lim sup]Ep/2<pSp/ |Eh§keh®(gph:c)|2d$ > kL
ke P—oo X

The next theorem contradicts the previous two lemmas and proves Theorem [2.1.8 In its
proof, we rely heavily on [BDG16|, [Fral7], [GT10], [GT12a] and |[GTZ12].

Theorem 2.2.24. Recall that, after Corollary [2.2.20, we fixed a nilpotent Lie group G, a
cocompact lattice I', a nilcharacter ® with with nontrivial frequency on the identity component
§ and an element g which acts ergodically on G/I', such that ||®||r = 1. Recall that the

Kk+1

step s of G is at least k where t = ( 5 ) Let € be a sequence of words implicitly depending

onk. Lete > 0. Then

lim sup lim sup/ EP/2<p<P|Eh<k€h(I)(gphx)‘Qtdx )
kex P—oo JX - -

If t =2 then we do not need the epsilon loss and instead get the estimate

lim sup lim sup/ EP/2<p§P|]Eh§k€hq)(gph$)|2tdl' K< O
ke P—oo X

This contradicts Lemmas [2.2.21| and [2.2.22] as follows. When G is abelian and thus ¢ = 2,

Lemma [2.2.22| states that there is a word € of length &k such that

2t—2
lim sup/ Ep/2<p<p sup ‘Eh<kq)(gph+£x) - € dx
X T (eN B

P—oo

2t—2 2t—2
0 o k|1
> - 0k
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for any § we choose so long as k is chosen from the set K of natural numbers such that f
has fewer than dk* many words of length k. Thus, picking § small, (in particular, smaller
than say C;1100c), we find that

2t

-2
lim sup/ Ep/2<p§p‘Eh§k<I>(gphx) *€p dr > k‘_tcl,
X

P—o0

contradicting Theorem [2.2.24L (Note that we have replaced |E,<p®(g”"*)es| by the same
expression without the shift in ¢ as in Remark [2.2.23)). Similarly, if the group is not abelian,
Lemma [2.2.21] states that there exists a word e of length k such that

2t
lim sup EP/2<p§p/ ‘Ehgkq)(gphx) cep| dr > kTt
X

P—oo

for t # 2 and when ¢t = 2, we have

2t
lim sup Ep/2<p<p/ ‘Ehsk(b(gphx) . eh’ dr > 6kt
X

P—oo

When ¢ = 2, again by picking § small, this time smaller than C;'c3’, proves that

2
de > C,k™,

lim sup EP/2<pSP/ ‘Ehgkq)(gphx) “€p
b'e

P—oo

again contadicting Theorem [2.2.24] Finally, when ¢ # 2,

2t
lim sup IEP/z<p<P/ ‘Ehgkq)(gphf) cep| dv > kTG
X

P—oo

contradicts

lim sup lim sup/ EP/2<p<P|Eh<k€h(I)(gphx)‘2tdl, Kt =0,
kex P—oo JX - -

from Theorem [2.2.24]

Thus, the rest of this section will be devoted to showing that Theorem [2.2.24] is true.

Suppose not and for the moment fix k£ in K such that

2t
thUpEp/2<p§p/ ’Ehnghq)(gth?) dx > kitJrS.
X

P—o0
The first Step is to replace averages over primes by uniform averages over natural numbers.

To do this, we need the machinery of Green-Tao |[GT12a] |[GT10] and Green-Tao-Ziegler
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[GTZ12]. By the triangle inequality, we may replace averages over primes by averages

weighted by the von Mangoldt function.

2t
limsupEp/anp/ A(n)‘Ehgkeh(I)(gpha:) dr > k™',
X

P—oo

We denote ¢, (m) = ®(g™z). We expand:

limSUPEP/2<n§P/ A(n)E jepere sz (ngy) - - - - - Y (n]i1)-
X

P—oo

E(njtﬂ) e ‘%(njgt)dl' > k_t+5,

where ¢; is a phase given by the formula e; =€, - - €, - €,,, - - €,

We say J € [k]* is diagonal if #{m < t: j,, = h} = #{m > t: j,, = h} for all h < k.

We say J solves the Vinogradov mean value problem if, for all m between 1 and s, we have
JI”++J§”=J§11++J§Z

Every diagonal J also solves Vinogradov’s mean value problem. We rely on the following
Theorem due to Bourgain, Demeter and Guth which says that those account for “most”

solutions, up to a constant.

Theorem 2.2.25 ([BDG16] Theorem 1.1). For all € and s there exists a constant Cs . such

that the number of solutions to the Vinogradov mean value problem is less than Cs k™ where

r< (3.

We will show that if J does not solve Vinogradov’s mean value problem then J does not
contribute to the sum. Thus, fix J which does not solve Vinogradov’s mean value theorem

and suppose that

limsup [Ep/scnsr /X Ao (nfs) - - o (nde) - a(njess) - - - - - D (mjor)

P—o0

2 1.

~k,s,c

We denote

Ve (n) = ¢u(njn) - -+ Ya(nje) - Ya(njesr) - - - Ya(nja).
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Fix a subsequence such that

Zk,s,c 17

EP/Q@SP/ A(n)\I/x(n)dx‘ = lim sup Ep/2<n§p/ A(n)¥,(n)dz
X X

P—oo

i
where [ is some infinite subset of the natural numbers and where the implied constant may
depend on ¥,. Fix a large number W a product of many small primes. We will later choose
exactly how large W must be. We pass to a subsequence where the following limit exists for

each b < W,

lim

Pel’ ’

EP/2<Wn§P/ A(Wn + b)\I’x<Wﬂ + b)dl’
X

where I’ is an infinite subset of I. We may do this by a diagonalization argument. By the

triangle inequality,

Zk,s,c 17

]EP/2<Wn+b§P / A(Wn + b)\Ifm(Wn + b)di[)

X

Epew }}én],
where the implied constant does not depend on W. Note that because b < W, we miss at
most one term by changing the bounds of the sum from P/2 < Wn+b < P to P/2 < Wn <
P. Since W is much smaller than P, this is an acceptable error. Note that if b is not coprime
to W, then
lim Ep/ocpn<p /X A(Wn + b))V, (Wn+ b)dx =0,

per’
because Wn + b is never prime. By the pigeonhole principle, there exists b < W such that

lim
pPer

AWn + )W, (Wn + b)dz| Zp.e 1,

Epo<wn<p / L

x e(W)
where again the implied constant does not depend on W and where ¢(W) is Euler’s torient
function, the function which counts the number of residue classes mod W that are coprime
to W. Denote %A(Wﬂ +b) = Apw. Then we can write our expression as a sum of two
terms

lim
pPer

Ep/2<Wn<p/ Ab,W(n)\I/x(Wn + b)dl’
X

= lim
pPel

Epscwner / (Ao () — D, (W + b) + U, (Wn + b)dz
X
To handle the first term, we need the following theorems of Green-Tao and Green-Tao-Ziegler.
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Theorem 2.2.26 (|GT10] Proposition 11.2). Let G/T" be a degree s filtered nilmanifold, and
let M > 0. Suppose that F(g"x)>2, is a bounded nilsequence on G /T" with Lipschitz constant

at most M, where F' is a function on G/T', g is an element of G and x is a point in G/T.

Let e € (0,1) and P a large natural number. Then we may decompose
F(g"r) = Fi(n) + F(n),

where Fy: N — [=1,1] is a sequence with Lipschitz constant Oprecyr(1) and obeying the dual

norm bound

|||

UsHl[P/2<Wn<P]* = OM,E,G/F(1)7

while Fy: N — R obeys the uniform bound

1F2fleo <&

Note that the bound || F}|

vs+1 N} = Opme,r(1) is uniform in the element g. We also need
the following theorem of Green-Tao-Ziegler. The proof of this theorem is spread out over
|GTZ12|, [GT10] and |GT12a], making it somewhat hard to give a specific theorem number.
Essentially, if the Gowers norm were big then the Inverse Conjecture for the Gowers Norms
would imply that the Mobius function correlates with a nilsequence which it does not by the
Mobius-Nilsequence Conjecture. In |[GT10], Theorem 7.2 states the theorem follows from the
Mobius-Nilsequence Conjecture and the Inverse Conjecture for the Gowers Norms. The first
of these conjectures is an immediate consequence of Theorem 1.1 in [GT12a]. The second of

these conjectures is Theorem 1.3 in [GTZ12].

Theorem 2.2.27 ([GTZ12]; see also |[GT12a] and [GT10]). With all the notation as before,

[ A — 1

UsH[P/2<Wn<P] = OW o0 (1).

Thus, our nilsequence ¥, can be written as a sum ¥, = F;+ F, where F; and F; implicitly

depend on z and enjoy the following properties. F5 is uniformly small so

lim sup ]Ep/2<Wn§p<Ab7w(n) — 1)F1(W7”l —+ b)|
Pel’
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can be estimated by simply moving the absolute values inside. The remaining term is

bounded in dual norm so

(Ao = 1)(n) - Fi(n) < [|[Apw — 1]

ustipj2<wn<p] - || F1||ust11p/2<wn<p)*

which tends to 0. For a similar argument, see the proof of Proposition 10.2 in [GT10]. It
may also be possible to circumvent the use of [GTZ12| by using Theorem 7.1 in [GT12a].
Putting this together, we get that

lim sup = oW o0o(1).

Pel’

EP/2<Wn§P/ (Apw(n) — 1)V, (Wn + b)dx
X

As such for W sufficiently large, by the triangle inequality

lim inf

>
pPel’ Rhse 1

EP/2<Wn§P/ U, (Wn +b)dr

X

So far we exploited cancellation in the Ay (n) —1 term and simply boundedness in the ¥, (n)
term. Next, we will try to exploit cancellation in ¥, to obtain a contradiction. To exploit
this cancellation we interpret the average as an integral over a complicated nilmanifold, then
use the fact that the frequency of ® is nontrivial on the identity component of G/T" and
therefore nontrivial on every component of G/T'. Let G* = G x - -+ x G be the product of G
with itself 2t many times and let g = (g7, g"W72 ... g"72) be the element of G* whose ("
coordinate is ¢""7¢. For any o in G let Ao = (o,...,0) be the element of G* whose entries

are all o and let G be the set of all the elements of the form Ao. Define

G = (g, Ga,T' x---xT),
the closure of the group generated by g, Ga and I'? inside G*. Our sequence ¥, is a
nilsequence on G /T'?*. Consider the sequence of “empirical” measures on G* /T,

pp = Eppawnep(g™ 0, gWOR) (A da),

where A,dz is the Haar measure on Ga/(I'* N Ga) and where * denotes the pushforward.

By construction, if =: G* /T?" — C is defined by

t 2t
E(zr,. . m) = [[ @) [] @),
j=1 j=t+1
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then
\le(Wn—kb)d:c:/ = pp(ds).

G2t/r2t

]EP/2<W7L§P /

X

By the Banach-Alaoglu theorem, there is a further subsequence along which the empirical
measures converge weakly,

lim P A
AP P

where I” is an infinite subset of I’. Note that, by summation by parts, pp is almost invariant

by g in the following sense:

w
g.pp = pp+ 0 (F)

Therefore p is actually g invariant. Since p is an average of G'a invariant measures, p is a also
G invariant. Of course p is also I'* invariant because I'* acts trivially on G* /T'*. Since
stabilizers of measures are closed, p is invariant under G. By the classification of invariant
measures, we know that p is actually (a translate of ) Haar measure on some nilmanifold X.

Next we need the following result essentially due to Frantzikinakis [Fral7].

Lemma 2.2.28 ([Fral7]; see section 5.7 and especially the proof of Proposition 5.7). With

all the notation as before, for any u € G, and m < s, we have (u™70)™)2L € G.

We include the proof for completeness and because our result differs very slightly from

the way it was stated in |Fral7].

Proof. We split Lemma [2.2.28| into three claims:

Claim 2.2.29. Let m and ¢ be natural numbers. If g s in G, and g and g3 are in G,

then there exists 0 in Gp,4r11 Such that

91, 92] - (91, 93] = [91, 92 - 93] - 0.

Moreover, o depends continuously on g1, ga and gz. In fact, this holds for any nilpotent Lie

group, not just G.
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Claim 2.2.30. For any m between 1 and s and any element 7 in G,, and in the identity

component (which is automatic for m > 1), there exists an element o in (G,,11)* such that

Claim 2.2.31. For any natural number r between 1 and s and any natural number m between

1 and r and for any 7 in G, there exists an element o in (G,41)* such that

(FWi"M2 L5 e G

We remark that taking 7 = v in Claim [2.2.31] gives Lemma [2.2.28§]

Proof of Claim |2.2.29. The proof is simply a computation. For any g, ¢g» and g3 as above

(91, 92) - (g1, 93] =919297 95 '[91. 93]
=019291 *[91, 93)95 * mod G i
=01929591 95 95" mod Gy

:[9179293] mod Gm+r+1

]

Proof of Claim[2.2.30., We prove Claim by induction on m. First, suppose m = 1.
Consider the torus Z = G/G5I'. Let 7 be the projection map 7: G — Z. Then since g
acts ergodically on G/I', we know m(g) is an ergodic element in Z. Therefore, for any 7(7)
in G/G3, note that 7(7) is in the orbit of m(g). By the definition of G, (7(g""%))2, is an
element of 7%(G). Thus, for any 7 in G, (7(77¢))Z | is an element of 7%(G) so by definition
of the quotient
(Tl o€ G
for some o in G3t.

Next, assume by induction that Claim [2.2.30| holds for m. We will try to prove the claim

for m+1. We begin with the case where 7 is the commutator of two elements of the following
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form. Suppose that there exists g; in G and g5 in G,, such that [g;, g2] = 7. By assumption,

there exists o) in G2' and 0y in G* 741 such that

(7772, - 01, € G and (g sz)m)%il -0y € G.

Since G is a group, we conclude that the commutator is in G.
(977 - 00, (957 )Ly - 02] € G

Using Claim [2.2.29 repeatedly, this is

2t

(lg0 02" 20 € G,
for some o in G2 ,.

Finally, we note that commutators generate GG,,,+1 so it suffices to show that if 7 and 7

are elements of G, that satisfy Claim [2.2.30] then so does their product. After all, if
G (sz)mﬂ)%t .o, € G and ( Wje)m+1)§t:1 09 €G,
where o7 and o5 are in G2, then

W m+1
7 Jje) )2t

(Wig)™H1 2t
1"71'(7'2 )e=1'02

(7|

—(#! Wae)m“)% L (T§sz)m+l)§il o
=((ry72) "N, o
(

ymt1yot /
(Wie) ) Lo,

T

where o and o’ are in G2 ,. This completes the proof of Claim [2.2.30| [

Proof of Claim |2.2.51. First, if m = r then we are done by Claim [2.2.30L Thus, we will

assume m < r.

Second, we check that if 71 and 7, are in G, and satisfy Claim [2.2.31| then so does their

product. By assumption, we may write

(rVITN2 o€ G,

)
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where o; is an element of (G,,1)* and i = 1,2. Then the product is given by

W)™ W)™
({0 e (o
W)™ W)™ 1 (Wi
=" (@B o o (L)
Then we use that Tl(ng)m . 72(Wj£)m = (1172)"3)™ up to higher order terms.

=((r1m2) "™ mod (Gryr)™.

Therefore, it suffices to prove Claim [2.2.31| in the case that 7 = [g1, g2] where ¢y is in G,,
and g, is in G,_,, because such commutators generate GG, as a group up to higher order

corrections.

By Claim [2.2.30} there exists o in (G,,11)* such that
W)™
(91" )7y o € G

We also know, because G contains diagonal elements, that (g2)7., is an element of G. We

conclude that

Wiig)™
(") - o ()] € G
By Claim [2.2.29] this is given by
(T(Wje)m)gtzl .o’ € G,
for some ¢’ in G,;. O

This completes the proof of Lemma [2.2.28 by plugging in r = s. O

Since the frequency & of @ is nontrivial on the identity component, there exists an element
u in the identity component of Gy such that QLM log £(u) is irrational. Fix such a u. Now
since J does not solve Vinogradov’s mean value problem there exists m < s such that
A g =g — - — Jo # 0. Fix such an m. Then the map G, — G, given by

ym cen ;M __ym —_—e— ym m . . . .
v s U T = =W hag image both open and closed so w is in the image. For more
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details, see [Fral7]. Fix a v such that v + u. Then by Lemma [2.2.28, (v(W79)™)2 ¢ G. As

such

| =@ ptdo) = [ =) plie)

/55 dz)

This gives a contradiction. We conclude that the terms which do not solve Vinogradov’s

mean value problem do not contribute to our sum.

For every 2t-tuple ji, ..., jor in [k]*, we have that for all p
’@(gpjla:) . (I)(gpjtx) 5(910]15-&-1 ) _____ $(gpj2tl.)‘ <1,

simply using a trivial L* bound. For every 2¢-tuple which does not solve Vinogradov’s mean
value problem we have
limsuplimsupIEp/2<p<p/ (I)(gpjlx) ceee q)(gpjtx) 5( Pt+1 T)--- .6(gpj2tl.) =0.
keK  P—oo - JX
Therefore, the average is bounded by the fraction of terms which solve Vinogradov’s mean

value problem. There are no more than C, k'™ such solutions by Bourgain-Demeter-Guth

(Theorem [2.2.25)). Thus

thUpthUpEp/2<p§p/ |Ep<ren®(gP"x)|?de - k' =0,
kek P—oo

in the case t # 2 and
lim sup lim sup Ep/2<p<p/ |Eh§keh¢(g”hx}|2td$ k<O,
ke P—oo b's
in the case t = 2. After all, since diagonal solutions are the only solutions to Vinogradov’s
mean value problem in the case of two variables and one equation i.e. j; = js, there is no ¢
loss when ¢ = 2. Thus, we obtain Theorem and in turn Theorem and Theorem
2.1.91
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2.3 Proof of Theorem [2.1.11]

The proof of Theorem [2.1.11] is essentially the proof of Theorem [2.1.8] with a few minor

simplifications. As before suppose not. Then as before, we can find a joining such that

> C.

f(@) f'(y)v(dedy)

X XY

As before, we can apply [FH18a] such that

/X YE#[ﬂZ](x)f/(y)V(dxdy)‘ > c.

Unlike before, we do not need to restrict the integral to B. As before, we can average over

translates
| BB 21 (T i dady) >
XXY

As before, we can take an essential supremum over y

/X sup (B B4 [f| Z)(T"2) f/(T") | u(d) > c.

yey

As before, we can apply the entropy decrement argument, for some P > k, we have

Epjseper /X sup [Erei B2 (£ Z)(T72) f/(T") u(dz) > c.

yey

We can use the Cauchy-Schwarz inequality

Epsepcr / sup [Enei BX [ Z)(TP2) £/ (TPy) Pulde) > &
X

yey
This time, would like to replace f’ by a sum over words of length & up to € rounding. In the
no-rounding case, we knew that words of f’ were words of b. We double check that a similar
result holds for words up to constant rounding. In particular, fix k such that there are at
most 0k words of length k£ that occur with positive log density up to € rounding. Thus, we
can fix a set X of words of length & such that #X < dk and for all n outside a set of 0 log
density there exists an € in ¥ such that |b(n+h) —e€,| < e. Translating this to the dynamical
setting,

v{(x,y): there exists e in ¥ such that |f(T"y) — e,| < e} = 0.
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Therefore, we can replace f’ by a sum over words as before.
> Epjacper / [Enci B[/ Z)(TP"0)en Pu(de) > ¢ — 2.
c X

Notice that this time, when we replace f'(T"y) by a word, we incur an error of . Now
the rest of the argument runs exactly the same as before. In fact, after pigeonholing, any

dependence on b completely drops out of the argument.

2.4 Frantzikinakis-Host and dynamical models

[Taol7b| shows that there is a joining (Xo x Y, v, T, f, f', M, I;,) of a dynamical model for
a with b where X, = D% x 7 is the space of sequences in the unit disk with the product
topology, T is the shift map on D? and +1 on Z f is the evaluation at 0 map, M is projection
onto the second factor and I, ((x(n))nez,7) = ((a(m)z(mn))nez, ~) whenever 7 is in mZ.
Call pg the pushforward of vy onto Xy. Of course, X, factors onto D% by projection onto the
first factor. Call p the pushforward of v onto DZ. [FH18a] (Proposition 4.2 in that paper)
showed that (DZ, T, p) is a factor of a system (X, g, T) where X = (D%)Z, T is the shift map

and there exists a natural number d so that if P, is the set of primes which are 1 mod d then

K K
[ 1L Bt = Jin B [T B@ap)
j=-K Jj=-K

where K is any natural number, the functions F; are any bounded measurable functions
depending only on the 0" coordinate and by [FH18a] the limit always exists. We fix such a
d. By [FH18a| (see Theorem 4.5 in that paper), each ergodic component of X is isomorphic
to a product of a Bernoulli system with an inverse limit of nilsystems. Thus, we get a joining
of X with X over their common factor D%. Call this joining (X, 1, T). We also get a joining
of Xo x Y and X over their common factor X, which we call (X x Y, v, T). Explicitly, this
joining is defined as follows. A point in (X x Y, v, T) can be thought of as a triple of points
(1,9, y) with z7 in X and (72,7) in Xo x Y. Since Xy = D% x 2, we have that xo = (x3,7)

for some 3 in D% and r in Z. The measure is supported on triples where 7(x;) = x5 so we
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will often forget z; and simply write a point in X X Y as a triple (x,r,y) with z in X, rin
7 and y in Y. The measure is given explicitly by the following formula: if K is a natural
number, F; are bounded measurable functions on D% depending only on the 0" coordinate,

¢ is a bounded measurable function on Z and 1 is a bounded measurable function on Y then

/X y H Fi(T7x) - ¢(r) - ¥ (y)v(dwdrdy)

K
= Jim Byeri [ T B0 0(r) - wl(dadrdy).

oxXY j=—K

We will proceed to check that X x Y has all the desired properties. We define M : X — 7
by taking an element (z,r) with z in X and 7 in Z to r. Let z be an element of X.
We will write = (x,)nez for a sequence of elements z,, in D% and write x,(k) € D
for the k™ element of the sequence x,. Let tm((x(k))rez) = a(m)(x(mk))wez We define
Ii(2,7) = (tm((Znm)nez), ). Explicitly

In(z,7) = ((Wﬂjnm(lﬂ?’L)kEZ)nEZa %)

whenever r is in mZ. We define f: X x Y — C by the formula f(z,r,y) = x0(0). This
is just the pullback of f: Xy x Y — C under the factor map X x Y — Xy x Y. We
define f': X x Y — C by pulling back f': Xg x Y — C under the same factor map i.e.

f'(z,r,y) =y. Now we check
o M(T(z,r))=MTz,r+1)=r+1=M(z,r)+1

e We have

Lo T™(x,r) = ((a(m)l‘nm+m(k7m>kez>”ez’ : ;an)
— (@@ s ez, = 1)
T ((mg;nm(km)kez)nez’ %)

=T o I, (x,r).
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for any m and whenever r is in mZ.

e Let K be a natural number and Fj: X — C be a sequence of bounded measurable
functions depending only on 0. Let ¢ be a function which is measurable with respect

to Z. Then for any m,

[ e @oltna) - T BT L)

j=—K

N—

K
. r mi
= lim EpGIF’dO[N]/ ﬂTEngb (E) . | | Fj o Lm(Tp ]:I;)uo(dxdr),
00 Xo =K

by definition of ;. Next, we use that ¢,, o TP"™ = T" o (,,.

N—o0

= lim Epepdm[]v]/ TEmZgb( ) H Fj; 0 T 0 1, () pro(dadr).
Xo

Because X is a dynamical model for a, it possesses a dilation symmetry,

= lim Epepdﬂ[N]/ —o(r H Fi(T" ) po(dadr).

N—oo
-K

Finally, we apply the definition of i one more time,
1 K
= [ —¢(x)- Fy(T72)p(dz).
| o I sroptas)

e For any natural number m and any r in mZ, we have

F(In(,)) = £((@) 2w (F)seznez: = )) = alm)ao(0) = alm) f(z 7).

e (learly, for any natural numbers m and h,

r

IIn(2,7) = (@) Zum (km)scz)nes. L

) = Lnda(z.7),
for any r in hmZ.

e Since f and [’ are pulled back from Xy x Y, the “statistics” of f: X x Y — C will be

the same as the statistics of f: Xy x Y — C and similarly for f’.
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Therefore, (X x Y, v, T, f, f', I,, M) is a joining of a dynamical model for a with b.

Let (X, p,, T') be an ergodic component of (X, i, T') which joins the corresponding ergodic
component (X, ., T) of (X, p, T) with Z. Note that Z is already an ergodic inverse limit of
nilsystems: after all it is an inverse limit of the ergodic systems of the form Z/mZ and the
inverse limit of ergodic systems is ergodic. By [FH18a], there is a Bernoulli system (W, dw, T')
and an inverse limit of nilsystems (Zo, dz, T) such that (X, p,, T) = (W, dw, T) x (Zy,dz, T).
Therefore (X, p1,,, T') is isomorphic to (W x Zy x 7.1, T) where ' is some mystery measure
and where T' is just the product transformation. We can think of this system as a joining of
(W x Zy, dw x dz, T) with (Z, dz, T) or we can think of this system as a joining of (W, dw, T')
with (Zy % Z,¢ ,T) where ( is some unknown measure given by pushing forward g’ onto
Zy X Z. N ext, we claim that any ergodic joining of two inverse limits of nilsystems is in fact
isomorphic to an inverse limit of nilsystems. After all, if Z; and Z, are two nilsystems and
(¢ is an ergodic invariant measure on Z; X Zs, then ( is a translate of Haar measure on some
closed subgroup by measure classification for nilsystems. Thus (Z; x Z3,(,T) = (Z3,dz,T)
for some nilsystem Z3. Taking inverse limits, (Zy x 2, ¢, T) is isomorphic to an inverse limit of
nilsystems (Z, dz,T). Because (Z,dz,T') is an inverse limit of nilsystems, it has zero entropy
so the only possible joining of (Z,dz,T) with the Bernoulli system (W, dw,T) is the trivial
joining i.e. u is the product measure dw x dz. Lastly, we claim that Z is isomorphic to the
Host-Kra factor of (X, u,,T'). Since the Host-Kra factor Z(X) is isomorphic to an inverse
limit of nilsystems, it has zero entropy, so any factor map from W x Z to Z(X) where W
is Bernoulli necessarily factors through Z. Thus Z factors onto Z(X). Of course, since X
factors onto Z, the Host-Kra factor for X factors onto the Host-Kra factor for Z. Implicitly
in [HK05| and explicitly, for instance, in [HK18| chapter 12, for any nilsystem (Z;,dz, T) the
Host-Kra factor of Z; is Z;. Thus, taking inverse limits gives that the Host-Kra factor of Z
is Z so Z(X) = Z. This completes the proof.
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2.5 Reduction to the completely multiplicative case

We have stated our main theorems in the case that a is completely multiplicative. In this
section, we show that these assumptions can be weakened to include all multiplicative func-
tions. For example, we will show that Theorem holds in this generality. The same
argument works for Theorem and Theorem (although in this last case, the way
that ¢ depends on e gets worse). The argument here will be entirely formal, using nothing
of the proof of Theorem [2.1.8 and only the result. However, we remark that the interested
reader could check that the proof we give can be adapted to the more general case of mul-
tiplicative functions. The main difference is that now the dynamical model for a does not

satisfy the identity that the push forward of p restricted to M *1(m2) is % 1 but instead we

1

incur a - error i.e. for all ¢ in satisfying ||¢[|z~(, < 1 we have

1
[ oantin) = [ ey ayolintenutan) +0 ()
X X m
This introduces an error term of size O (%) in Corollary which tends to 0 as P tends
to infinity.

However, here we proceed just using the statement of Theorem [2.1.8, Famously, we can

write

pn) = A (55) ),

d?|n

where A is Liouville function and g is the Mobius function which agree with the Liouville

function on squarefree numbers and vanishes on numbers which are not squarefree. Of course,

() -
but we write it this way to suggest that the convolution identity
p=A%¢
where ¢(d?) = p(d) may be generalized. In fact, for any multiplicative function a taking

values on the unit circle, we may write
a = ay * Qo
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where a; is some completely multiplicative function taking values on the unit circle and as

is a (possibly unbounded) multiplicative function supported on numbers of the form d* for

some natural numbers d and k& with & > 2. To prove this is possible, it suffices to check it is

possible on prime powers since both sides are multiplicative. For any prime p, we define

and so
ai (p)

We also want,

so we choose

Iteratively, we may define

ai(p) = a(p)

~az(1) +ai(1) - az(p) = a(p) - 1+ 1-0 = a(p).

a(p?) =a1(p?) - 1+ 1 - az(p?)

as(p*) =a(p®) — a1 (p?)

=a(p®) — a(p)*.

ax(p*) =a(p*) = Y a(p*)aa(p')

0<i<k

=a(p*) — > a(p)*aa(p).

0<i<k

Since whether a is unpretentious or not depends only on the behavior of a at primes, clearly

if a is unpretentious then so is a;.

Informally, the probability that a random number is divisible by d is roughly é. Thus,

the expected number of times that any number of the form d* for k > 2 divides a random

natural number is at most

PP

d>2 k>2
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which is summable. Thus the tails

and

tend to zero as C' tends to infinity. Let S be the set of natural numbers n for which d*
divides n for d,k > 2 implies d, k < C'. The previous analysis says most numbers are in S.
Fix a function b as in the statement of Theorem [2.1.8] that is a bounded function such that
for any § > 0 there are infinitely many & such that the number of words of b of length k that
occur with positive upper logarithmic density is at most dk?. Our goal will be to show that
for N large,

[EX% ya(n)b(n)|

is small, say less than a constant times some small positive number . If C' is sufficiently
large depending on e but still very small compared to N, we may modify a on the set of

numbers outside S. In particular, a is given by the formula

a(n) :Zal (%) as(?)

£n

For most numbers, this is the same as
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That formula works as long as n is not divisible by a number of the form d* where either

d or k is greater than C'. In that exceptional case when n is divisble by a number of the

form d* with d or k greater than C, we can write n as 7 - j where i is not divisible by any

number greater than C¢ and is as large as possible given that constraint. We conclude that

if ¢ < CY and ¢|n then ¢|i. Thus, expanding the definitions and using multiplicativity,
@) ali) =nli) 3 an (7) ealt)

2)i
<cc

_ fzic o <%) as (0)

-3 0 (2)e0

ln
<cc

We conclude that the formula

> (1)t

Ln

is bounded and agrees with a(n) all but at most

)B) IS P P

d>C k>2 d>2 k>C

of the time. Thus, it suffices to show

EyZy D ar(m)ay(t)b(n)
Gt

is small. By changing variables and applying Fubini,

= Z a2(€)]EIT?Lg§N/Za1(m)b(m€) .
1<ce

Fix a natural number ¢. Notice that every word of length k of the function m +— b(m/)

embeds in a word of b of length k- ¢. Thus, it is easy to check that m — b(m/f) still satisfies
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the conditions of Theorem [2.1.8, Therefore, as N tends to infinity, the previous expression

tends to 0.
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CHAPTER 3

A Dynamical Proof of the Prime Number Theorem

3.1 Introduction to Chapter 2

The prime number theorem states that

N

N)=(1 (1)) ——=,

w(N) = (Lt oy (D)o

where 7(N) denotes the number of primes of size at most N. In some sense, the result was
first publicly conjectured by Legendre in 1798 who suggested that

N
N) =
m(N) Alog N + B + on_oo(1)’

for some constants A and B. Legendre specifically conjectured A = 1 and B = —1.08366.
Gauss conjectured the same formula and stated he was not sure what the constant B might
turn out to be. Gauss’ conjecture was based on millions of painstaking calculations first
obtained in 1792 and 1793 which were never published but nonetheless predate Legendre’s
work on the subject. It is worth noting that later in his 1849 letter to Encke Gauss conjec-
tured that w(N) ~ Li(/V), which in particular implies the correct values for A and B. The
first major breakthrough on the problem was due to Chebyshev who showed that

e+ oxmne(1) < TEVL0EY

S C + ON—)oo(l)

for some explicit constants ¢ and C' with ¢ > 0. There is a long history of improvements to
these explicit constants for which we refer to Goldstein |Gol73| and Goldfeld [Gol04]. The
prime number theorem was important motivation for Riemann’s seminal work on the zeta

function.
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The first proofs of the prime number theorem were given independently by Hadamard
and de la Vallée Poussin in 1896. The key step in their proof is a difficult argument showing
that the Riemann zeta function does not have a zero on the line Re(z) = 1. Their proof was
later substantially simplified by many mathematicians. In 1930, Wiener found a “Fourier
analytic” proof of the prime number theorem. In 1949, Erdés [Erd49] and Selberg [Sel50]
discovered an elementary proof of the prime number theorem, where here elementary is used
in the technical sense that the proof involves no complex analysis and does not necessarily
mean that the proof is easy reading. The bitter battle over credit for this result is the subject
of an informative note by Goldfeld |Gol04]. Other proofs are due to Daboussi [Dab89] and
Hildebrand [Hil86b|. In a blog post from 2014, Tao proves the prime number theorem using
the theory of Banach algebras [Taoc|. A published version of this theorem can be found in
a book by Einsiedler and Ward [EW17]. In an unpublished book from 2014, Granville and
Soundarajan prove the prime number theorem using pretentious methods (see, for instance,
[GHS19]). A note by Zagier [Zag97|] from 1997 contains perhaps the quickest proof of the
prime number theorem using a tauberian argument in the spirit of the Erdos-Selberg proof
combined with complex analysis in the form of Cauchy’s theorem. Zagier attributes this

proof to Newman.

The goal of this note is to present a new proof of the prime number theorem. Florian
Richter and 1 discovered similar proofs concurrently and independently. His proof can be
found in [Ric|. Terence Tao wrote up a version of this argument on his blog following personal

communication from the author which can be found in [Taoa].

The proof proceeds as follows. To prove the prime number theorem, it suffices to prove

that

NZA ) =1+ o(1),

n<N

where A(n) is the von Mangoldt function which is log p if n is a power of a prime p and 0

otherwise. The reader may think of A as the normalized indicator function of the primes.
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The von Mangoldt function is related to the Mobius function via the formula
A = p*log,

where the Mébius function p(n) is 0 if n has a repeated factor, —1 if n has an odd num-
ber of distinct prime factors, +1 if n has an even number of distinct prime factors. This
formula, sometimes called the Mobius inversion formula, encodes the fundamental theorem
of arithmetic. Thus, there is a dictionary between properties of the von Mangoldt function
A and the Mo6bius function p. Landau observed that cancellation in the Mobius function is
equivalent to the prime number theorem i.e. the prime number theorem is equivalent to the

statement

5 5 ) = o).

n<N
This is what we actually try to prove._

The next observation is that, if one wants to compute a sum, it suffices to sample only a
small number of terms. Typically (for instance for an i.i.d. randomly chosen sequence) the
average value

1
N Z a(n)

n<N

is approximately the same as the average over only the even terms

However, for certain sequences, like a = (—1,+1,—1,+1,...), the averages do not agree.
Still for this sequence, if we instead sample every third point or every fifth point or every
p" point for any other prime then the averages are approximately equal. It turns out, this
is a rather general phenomenon: for any sequence, for most primes p, the average of the

sequence is the same as the average along only those numbers divisible by p.

Applying this to the Mobius function, for each N, for most primes p

% > un) = % > u(n)plyp,.

n<N n<N
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For the purposes of this introduction, we will “cheat” and pretend that this equation is true
for any prime p. By changing variables
1 P
D Py = 5 > (pn).
n<N n<N/p
But pu(pn) = —p(n) for most numbers n since p is multiplicative. Combining the last two

equations gives

L SO 4 STl

n<N n<N/p

The plan is to use this identity three times. Suppose we can find primes p;, p, and p such
that % ~ 1. Then by applying the previous identity
1 p
T2 nm = D un)
n<N n<N/p

and also

But since % ~ 1, we know that

B2 umx Y pi).

n<N/pip2 n<N/p

Putting everything together we conclude that

D IOEEES I

n<N n<

=z

which implies

This implies the prime number theorem.
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Thus, the main difficulty in the proof is finding primes p, p; and py lying outside some
exceptional set for which % ~ 1. We give a quick sketch of the argument. The Selberg
symmetry formula (Theorem roughly tells us that, even if we do not know how many
primes there are at a certain scale (say in the interval from z to z(1+¢)) and we do not know
how many semiprimes (products of two primes) there are at that scale, the weighted sum
of the number of primes and semiprimes is as we would expect. In particular, if there are

no semiprimes between x and z(1 + ¢) there are twice as many primes as one would expect

x
logx

(meaning 2 - € many primes). Let x be a large number. If there are both primes and
semiprimes between x and x(1 + £) then we can find p, p1 and p, such that 222 ~ 1+ O(e)
and we are done. Thus, assume that there are either only primes or only semiprimes in the
interval [z, z(1 + ¢)]. For the sake of our exposition, we will assume there are only primes
between x and z(14¢). By the Selberg symmetry formula, there are twice as many primes in
this interval as expected. Now if there is a semiprime p;ps in the interval [z(1+¢), z(1+¢)?]
then picking any prime p in the interval [x,z(1 + ¢)] we conclude that there exists p, p; and
p2 such that 22 ~ 14 O(e). Thus, either we win (and the prime number theorem is true) or
there are again twice as many primes in the interval [x(1+¢), z(1+¢)?] as one would expect.
Running this argument again shows that there are again only primes and no semiprimes in
the interval [z(1 + €)%, z(1 + €)3]. Tterating this argument using the connectedness of the
interval, we find large intervals [x,100z] where there are twice as many primes as predicted
by the prime number theorem. But this contradicts Chebyshev’s theorem: Chebyshev’s

theorem gives a lower bound on the number of primes, which in turn gives a lower bound

on the number of semiprimes; alternately, we remark that one could use Erdos’s version of

T

7 and because
ogx

Chebyshev’s theorem that the number of primes less than x is at most log 4

log 4 < 2 this gives a contradiction. This completes the proof.
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3.1.1 A comment on notation

Throughout this chapter, we will use asymptotic notation. Since number theory, dynamics
and analysis sometime use different conventions, we take a moment here to fix notation. We

will write
z = O(y)
to mean that there exists a constant C such that

7| < Cy.
When we adorn these symbols with subscripts, the subscripts specify which variables the

constants are allowed to depend on. Thus

= 0xpY)

means that there exists a constant C' which is allowed to depend on A and B such that

|z[ < Cy.
We write
r=y+0(z)
to mean that
r—y=0(2)

We also adopt little o notation:

means that

Occasionally, when the variable with respect to which the limit is being taken is clear from

context, we may simply write
z = o(y).
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As before, we write

=Y+ 0p0o(2)
to mean
T — Y = Opyoo(2).
If the expression x depends on more than one variables, say n, m and k, we may use subscripts

to make explicit that the rate of convergence implicit in the little o notation is allowed to

depend on more variables. Thus,

T = On—oo,m,k (y)

means that % tends to zero with n at a rate which may depend on m and k.

3.1.2 Acknowledgments
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on an earlier draft. I would also like to thank Tim Austin, Will Baker, Bjorn Bringmann,
Asgar Jamneshan, Gyu Eun Lee, Adam Lott, Clark Lyons, Bar Roytman, Chris Shriver and

Will Swartworth for helpful conversations.

3.2 Proof of the prime number theorem

From number theory, we will use Mertens’ Theorem, in particular the version which states,

1 1
Z—:loglogx+M+O( )
D log =

p<w

for some constant M; we will also use Chebyshev’s Theorem, the Selberg Symmetry Formula,

Landau’s formulation of the prime number theorem (i.e. that the prime number theorem is
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equivalent to Yy (1) = onoo(IN)) and a slightly modified version of the Turdn-Kubilius

inequality which we will prove using the following Bombieri-Haldsz-Montgomery inequality.

Proposition 3.2.1 (Bombieri-Haldsz-Montgomery inequality [Bom71]). Let w; be a sequence

of nonnegative real numbers. Let u and v; be vectors in a Hilbert space. Then

> wil(w, vi) P < Jul - (SUPZU}J’K%%’H) :
i=1 =1
Proof. By duality, there exists ¢; such that

n
Z wi|ci|2 =1
=1

and

Z w;|(u, v;)|? = <Z w;c;(u, U1>>

and therefore by conjugate bilinearity of the inner product

n 2
=\ u, E wiEivi .
i=1

By Cauchy-Schwarz, this is at most

2
<Jull*

n
E W;C;V;
i=1

By the pythagorean theorem this is given by

n n
=|ul? Y Y wiwjeie; (vi, ;).
i=1 j=1
The geometric mean is dominated by the arithmetic mean.
n n 1
<Iful]? Zzwiw@(!cil + les[)[{vi, v5) |-
i=1 j=1

By symmetry this is
n n
=[[ull> Y wilel® Y wyl (v, v
i=1 j=1
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Because everything is nonnegative, we may replace the inner term with a supremum

n n
<Iul? Y wilel®sup Y wyl(on, v)]
i=1 ko=
Using that Y~ w;|c;|> = 1 completes the proof. O

The next proposition applies the previous proposition in order to show that, for any
bounded sequence, the average of the sequence is the same as the average over the p** terms

in the sequence for most prime p.

Proposition 3.2.2 (Turdan-Kubilius [Kub64]). Let S denote a set of primes less than some
natural number P. Let N be a natural number which is at least P3. Let f be a 1-bounded

function from N to C. Then

S LS rm - piy)

" —0(1).
peS p n<N

Proof. We will apply Proposition [3.2.1f our Hilbert space is L? on the space of function
on the integers {1,..., N} equipped with normalized counting measure; set w, = %; set

vy, = (n+—1—pl,,) and u = f; thus, by Proposition m

2

peES p N n<N
1
<5 2 Ifn) supz Z — Ly ) (1= glgp)| -
n<N qES n<N

Since f is 1-bounded, we may bound the L? norm of f by 1. Thus,

< supz Z — plpn) (1 — qlgpm)| - (3.1)
pGS n<N
For primes p and ¢,
1
N (1= pLyp)(1 = qlgn)
n<N
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can be expanded into a signed sum of four terms

1
N Z L = plpin — qlgjn + pglppnLgjn-

n<N

When p # ¢, we claim that each term is 1 4+ O (%) The trickiest term is the last term
! 1,,1
v gqu plnLgpn-
When p # ¢, we have that
LpnLgin = Lpgjn-

Of course, for any natural number m,
. N
# of n < N such that m divides n = — + O(1),
m

where the O(1) term comes from the fact that m need not perfectly divide N. Thus,

1 1 1
- Lyplon=pg( —+0 (=),
szq e pq<pq+ (N))

n<N
which is 1 4+ O <PW2> as claimed. A similar argument handles the three other terms. Alto-
gether, we conclude that

¥ 2=t - a1 =0 (5 ).

n<N
when p # ¢. Inserting this bound into [3.1] and remembering that there are at most P terms
in the sum over ¢ in .S, we find

Zl

p

2

3 )1 - ply)

peS n<N
<sup Y+ % > (1= pLya)(1 = qly)
pGS qu q ’I’LSN
1)1 P
<sup — |— L = plpin)(1 = plyp +O(_)
pes P N;< o) 2 N
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Expanding out the product, the main term is

1
N Z pz]lp‘n .

n<N

1
sup —
peS P

By the same trick as before, we may replace the average of 1,, by % plus a small error

dominated by the main term. Cancelling factors of p as appropriate, we are left with

Of course, all the smaller terms can be bounded by the triangle inequality. This completes

the proof. O

Note that,

3 DML

peS n<N peS

For instance, if S is the set of all primes less than P, Euler proved that

1
DL
pSPp
as P tends to infinity. In fact, Mertens’ theorem states that this sum is approximately
loglog P. Thus, Proposition represents a real improvement over the trivial bound.
Therefore, for S, P, N and f as in the statement of Proposition [3.2.2

2

3 )1 - p1y)

n<N
is small for “most” primes. This shows that most primes are “good” in the sense that
1 1
¥ 2o f) = 5 D f(mplyp
n<N n<N

This notion is captured in the following definition.

Definition 3.2.3. Let ¢ be a positive real number, let P be a natural number which is

sufficiently large depending on € and let N be a natural number sufficiently large depending
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on P. Denote by {(N) the quantity

Denote by S(N) the set of primes p < P such that

S| ) = 3wy > =

n<N n<N

Then we say a prime p is good if

1 1
o) Z Eﬂ-pES(n) <e.

n<N

Otherwise, we say p is bad.

From Proposition [3.2.2] we obtain the following corollary.

Corollary 3.2.4. Let € be a positive real number, let P be a natural number which is suf-

ficiently large depending on € and let N be a natural number sufficiently large depending on

P. Then the set of bad primes is small in the sense that

1 -3

p bad <P

Proof. By Proposition [3.2.2) for each n sufficiently large,
1 -2
D —Lygsm = O(e™?).
p<r P
Summing in n gives,
1 1 1 -
Do 2 Lesey = O(7%) + oo p(1).

S plN) =

We remark that for N sufficiently large depending on P, this second error term may be

absorbed into the first term. By definition, the set of bad primes is the set of primes such

that

1 1
) > —Apgsm) 2 €

n<N
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But then by Chebyshev’s inequality (i.e. not his theorem on counting primes),

Z 1 O(e7).

p bad <P p
as desired. O

Next, we turn to the Selberg symmetry formula. To state Selberg’s symmetry formula,

we need to introduce the following function. Let Ay =log-A + A *x A i.e.
n
Az(n) = log(n)A(n) + ; AdA (%),

where the von Mangoldt function A(n) when log p is n is a power of a prime p and 0 otherwise.
Thus, we remark that A, is supported on prime powers and products of two prime powers.
It is not too hard to show that Ay is “mostly” supported on primes and semiprimes. Recall
that the prime number theorem is the statement that

% D T A(n) =1+ onon(1)

n<N

and thus
% 3" A(n)logn = log(N)(1 + ox—oe(1)):

n<N
We are now ready to state the Selberg symmetry formula.
Theorem 3.2.5 (Selberg symmetry formula). The average of the second von Mangoldt func-

tion defined above is

% 3" As(n) = 21og N(1 + oxrec(1)):

n<N
We will refer the reader to, for instance, [Taoc] section 1 for the proof. The next propo-

sition says that, at each scale, there are either many primes or many semiprimes.

Proposition 3.2.6. Let € > 0 be a sufficiently small number. Suppose that kg is sufficiently
large depending on € and let I, denote the interval [(1 + €)%, (1 + €)*™]. Then for every
k 2 kO;

11
>z

pEl) p
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or

1 1
E > =
p1p2€l) pip2
pi>exp(ek)

Proof. This follows from the Selberg symmetry formula (Theorem [3.2.5)): after all, by the

Selberg symmetry formula, for kg sufficiently large, for all k£ > ky,

=Y As(n) =2log(1+e)k(1+ O(e%)).

n<(1+e)k
The same holds for k£ replaced by k + 1.

1

T+ S Ag(n) =2log(1+ ) (1+ O()).

<(1+4g)k+1

Taking differences, and using that klog(1 +¢) = (k + 1)log(1 + £)(1 + O(g?)), for k > ko

sufficiently large, we find that

1+5k§jA2 =2log(1 +€)*(1+ O(z)). (3.2)

nely
We aim to show that prime powers do not contribute very much to this sum. Notice that,
if a prime power contributes to the sum, then the corresponding prime must be at most the

k+1

square root of (1 4 ¢) and there is at most one power of any prime in the interval I

(because € < 1). Also, notice that Ay(p®) < 2A(p*) logp®. Thus, we bound

1
1+5 Z A(n logn—m Z log plog p*

n=p®,a>1 n=p®,a>1
nG]k nely
1
<— log plog(1 + ¢)* .
< AT > gplog(1+¢)

p<(14e) 402
Now the number of primes less than (1 + ) +1)/2 is certainly less than (1 4 &)*+1/2 5o

1

(k+1)/2 (k+1)/2 k+1
§—5(1+5)"5<1+8) log(1 +¢) log(1+4¢)"".

:Ok—>oo,5<1) .
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For instance, by choosing ky large depending on ¢, we can make this quantity
=0(e)

Similarly for products of a natural number m and a prime power,

1 1
_— A(p)A < 1 1
Sat o) ) (p)A(m) S itor > ogplogm
n=p*m,a>1 n=p*m,a>1
nely nely
1
Sm E log p E E A(m).
p<(1+e)(k+1)/2 1<a<log,(1+¢)k mp*Ely

Now the inner most sum is bounded by Chebyshev’s inequality. We simplify slightly using
the factor of m out front.

<C Z log p Z ia

p<(1+¢e)(k+1)/2 1<a<log,(1+e)*

log p
<y
p<(14e)(k+1)/2

—0(1).

Finally, we claim that when one of the prime factors of a semiprime is less than exp(e3k)

then that semiprime does not contribute very much to the sum. Indeed,

1 €
_— A(p1)A = — 1 1 .
o > Ap)Ap) (EL > logpilogps
p1p2€l) p1p2€l)
p1<exp(e3k) p1<exp(e®k)
Now we use that p; is at most exp(e3k) and p, is at most (1 + ).
<; Z 3k - log(1 + &)
“e(l+e)k '
p1p2€l)
plgexp(ag’k)

Summing over scales,

1 3 k+1

m<ke3 m<logp;1<m—1
pip2€l}
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The number of terms in the inner sum is can be estimated using Chebyshev’s theorem. The

outersum has roughly ke® many terms. Thus, for some constant C,

1 exp(e®k) (1 +¢e)kt!
<C———r -k log(l + &) . 2 -
T e(l+e)k eklog(l+e) © ek log(l + e)k+l
Simplifying, this is
=0(e%k)

=0(e - log(1 4 &)).

Altogether, we find that we can restrict to primes and semiprimes where neither factor

is too small.

1
_— A =2log(1 (14 0(e)).
ror L M =2kl 94+ 0fe)
n:POYnkiplm
p;>exp(edk)

(14 0(g)), so

For any two numbers n and m in [, % = #

-

1 2(n) - k
€ g o =2log(1 +¢)"(1 + O(¢)).
nely
n=p or n=p1p2
pi>exp(e3k)

By the pigeonhole principle, either

1Y 2 510514 o414 0)

pEl} p

or

e Y. MZlog(l—i—g)k(l—kO(&‘)).

p1p2€l} p1p2

pi>exp(e3k)

In the first case, moving the ¢ and logp ~ log(1 + ¢)* terms to the other side

S ist (1+00)

= p “klog(l+e¢)
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Taylor explanding the logarithm gives

>—-(1+0(¢)),

| =

as desired. In the second case,

1
et —k?log?(1 + ) >1og(1 + &)*(1 + O(e)).
> —klogt(1+2) 2log(1+ £ (1+ O()

p1p2€ly
pi>exp(e’k)

Rearranging terms gives

v C  140()).

>
pioen, PPz klog(1 +¢€)

p;>exp(e3k)

Taylor expanding the logarithm again completes the proof. O

Next, we show that we can actually find two nearby scales where both inequalities from

Proposition hold. The key idea is to use the connectedness of the interval.

Proposition 3.2.7. Let € > 0 be a number sufficiently small. Suppose that kg is sufficiently
large depending on € and let Iy, denote the interval (14 €)* to (14 &)**. Then there ewists
k and k' such that |k — K'| < 1 with k and k' in [ko, e + ko] and such that
1 1
PO
pEly p
and
1 1
> ek
pip2 2K

p1p2€lL,
p;>exp(e3k’)

Proof. Suppose not. Then by Proposition [3.2.6], for each k in [kq, e72 + ko] either

or

p1p2€l}
pi>exp(e3k)
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If both hold for some k, then by choosing k = £/, we could conclude that Proposition [3.2.7]

holds. Thus, we will assume that exactly one of

or

p1p2€ly
pi>exp(e3k)

hold for any choice of k. Whichever holds for kg must also hold for kg + 1 since otherwise

we may choose k = kg and k' = kg + 1. Inductively, we may assume that for every k in

ko, &2 + ko] either

1 1
Z]_,<ﬂ

pEl}
or
> om<a
pip2€l P1p2 2k
p;>exp(edk)

Summing in k£, we eventually obtain a contradiction with Mertens’ theorem: either

2.

(1+e)*0 <p<(14e)ko+e?

11 » 1
5 <1 (log(ko +e7%) —logko + O (k;_0>> (3.3)

or

> > < % ' (10g(ko +e7%) —logko + O (ki[))) : (3.4)

kelko,e~24ko] pip2€l) P1p2
p;>exp(e3k)
We remark that a Taylor expansion could simplify

1 1
—2

Note that Mertens’ theorem implies that

1 1
Z—zloglogm+M+O( >,
P log

p<w
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for some constant M. Taking differences,

1 -
Z = = loglog(1 + )%= —loglog(1 + )" + O (

(1+e)k0 <p< (14e)kote"?

1
kolog(1 + 8))

1
=1 -2y -1 - ).
og(ko +e7%) —log(ko) + O (ko a1 T 5))

But [3.3|says that the sum on the left is 2 times smaller than that which gives a contradiction.
O

In the next proposition, we show that this implies there are nearby primes and semiprimes

which are good.

Proposition 3.2.8. Let ¢ > 0. Let P be a natural number which is sufficiently large de-
pending on €. Let N be a natural number which is sufficiently large depending on P. Then

there exists pi, ps and p such that

D2 _ 1 10
p

with p1, pa and p good in the sense of Definition meaning p1,p2 and p are not in S(n)
for “most” n < N (see Deﬁm’tionfor details). Furthermore, we can require that py, pa

and p are all greater than %

Proof. By Proposition [3.2.7] it suffices to show that, for some kj sufficiently large depending

on ¢ with the property that (1 + ¢)%+” < P | we have

2.

pel(14e)k0,(14¢) > +ho]

1
10k

< (3.5)

SRR

p bad
and that
1 1
< 3.6
Z . Dpip2 ~ 10kg (39)
pip2€[(1+e)§,(14e)s “Tro]
p1 bad

3 -3
p§ <p2<pji

102



After all, once we have shown this, we can argue as follows: by Proposition there exists
an interval of the form k and ¥ in [ko, ko + 2] with |k — k| <1 for which

D

pe[(1+e),(1+e)*+1]

>

=N
| =

and

1 1
Z P1p2 = PR
p1p2€l,
pi>exp(e3k’)

where I}, = [(1 + ¢)*, (1 + £)*"] and similarly for I;;. By

> 1oo

PE[(1+2)*,(1+e) ] b

p good
and by
1
> L.
pipa€ly pPip2
p;>exp(e3k’)
p1,p2 good

Now any good p in I and any good pp, in [ suffices to prove the result.
Now, for the sake of contradiction, suppose first that

2.

pe[(14e)k,(142)s *+ko]
p bad

1
> —.
— 10k

=

Summing in kg < loglog P, for P large enough we get that

1 1
E - > %logloglogP
p<log N
p bad

which contradicts Corollary Second, suppose that
1 1
S
10kq

g pip2
p1p2€[(14e)§,(1+€)s ~TFo]
p1 bad

3 -3
pf <p2<pi
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Summing in ky < loglog P gives, for P large enough

1 1
Z _> —Olog log log P.

-2
pip2<log N Prp2
p1 bad
3 -3
p] <p2<pg

For each py, by Mertens’ theorem,
1
Z — < —10loge.
3 _3 P2
Py <p2<p%
By Corollary [3.2.4] this implies

Z 10 (7% logel)

p1p2<log N P1p2
p1 bad

3 -3
pT <p2<pi

which yields a contradiction since for P large enough, % logloglog P > 73| log ¢|. O

Finally, we show this implies the prime number theorem.

Theorem 3.2.9. The prime number theorem holds, i.e.

% D T A(n) =1+ onon(1)

n<N

Proof. Let € be a positive real number, let P be a natural number which is sufficiently
large depending on ¢ and let N be a natural number sufficiently large depending on P. By

Proposition m, there exist primes p;, po and p all good and greater than % such that

By definition of a good prime,

% D un) = Y p(n)ply| > ¢,

n<M n<M
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for at most a small set of M (exactly how small will be spelled out shortly). In particular,

let S(M) denote the set of primes such that

> pu(n) = p(n)ply,

n<M n<M

1

i > €.

Then by definition of a good prime,

1 1
w > 27 Imesanpesanlpesan = O(€).
M<N

Thus, we may conclude that

1 11

WMSNMM = O(e).

Z p(n) — Z 1(n)pLppn

n<M n<M

Since p(np) = —p(n) for most n (including all but those O(+) = O(e) fraction of n which

1
p

are not divisible by p), we conclude that

T 3|7 )+ 1y 3 )| = 0G).

M<N n<M n<M/p

Similarly, since p; is good,

K(—}V) Z % %Zu(n)ij—]\; Z p(n)| = O(e).

n<M n<M/p1

By change of variables,

T}m;ﬁ BOY um+ B S | =0 +o ((ER).

n<M/p1 n<M/p1p2

By the triangle inequality and since N is much larger than py,

T T 2 kB S )| = 0c)

n<M/p n<M /p1p2

But since B2 =14 O(e),



and therefore, again using that p is good,

) o

This is an averaged version on the equation we want. We want that

%Zu(n) =

n<N

37 3l

n<M

for all NV sufficiently large. Thus, we just need to prove

Lemma 3.2.10. Let € > 0, let N be sufficiently large depending on € and suppose that

ZMMZM

n<M

Then

To prove this we use the identity

- log = —px A

Summing both sides up to N gives

S~ i togn = 3~ Y (5) A

n<N n<N d|n

Now by switching the order of summation

==Y Ad) | D un)

d<N n<N/d

If it were not for the factor of A(d), this would be exactly what we want. Each ) _,, pu(n)
for an integer M occurs in this sum the number of times that L%J = M where || denotes
the floor which is proportional to Z%;. The factor of A(d) can be removed using the Brun-

Titchmarsh inequality as follows. First, we break up the sum into different scales

- > > MDY um)

ac(l4e)N  d<N n<N/d
a<d<(l+4e)a
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For all d between a and (1 + ¢)a, the sums >, _\/, u(n) all give roughly the same value.

Therefore

ag(1+e)N d<N
a<d<(1+€)a

+ol Y > A(d)

N
ocpgprosictio gtz )

Y Y )
n<N/a

First, we focus on the error term.

ol > > Aa

N N
a6651<-i]-\?) a<d<(l+¢e)a ) §n§ 7

0| X 5 voll-a)

ac (1+5)N a<d<(l4e)a
a<N

Ne
=0 Z Z A(d)a(l +¢)

ac (1+5)N a<d<(l4¢)a
a<N

By the Brun-Titchmarsh inequality

Ne
=0 Z eaa(1+€)

a€(1+e)N
a<N

=0 Z Ne?

a€(1+e)N
a<N

=0 (Ne*log, .. N)

=0 (eNlog N)
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where the last step involves Taylor expanding log(1 + €) near ¢ = 0. Next, we turn our
attention to the main term. We begin by pulling out the sum over p(n) which no longer

depends on d.

- Y a3 e

ac(1+e)N d<N n<N/a
a<d<(14¢€)a

— Y (|| X s

ae(1+e)N \n<N/a d<N
a<d<(l4e)a

By the Brun-Titchmarsh inequality, this is bounded in absolute value by

< Y Y un)] - (10ea).

a€(1+e)N [n<N/a
a<N
Earlier, we replaced a sum indexed by n < N/d by a sum indexed by n < N/a, showing

these two sums were close up to an error of size O(eN log N). Undoing this process, we find

=10> | Y u(n)|+ O(eNlog N).

d<N |n<N/d

Now we let M = ﬁ. The number of values of d such that L%J is the number of values of d

such that M < ¥ < M +1 and therefore -2~ < d < . The number of such d’s is bounded

M+1
by 37 — M]Yi-l = (M+1) Thus
<10 N O(eNlog N
S ZW ZM(”)+ (eNlog V).
M<N n<M

But we already showed that this sum is bounded by
=0(eN((N))
=0(eNlogN).

Thus,
Z p(n)log(n) = O(eN log N).

n<N
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Since logn = log N(14+O(¢)) for n between e:-2~ and N and ¢ sufficiently small we conclude

log N
that
Z pu(n) = O(eN).
n<N
But this classically implies the prime number theorem. O

3.3 In what ways is this a dynamical proof?

To begin the argument, we showed that for all N, for most p i.e. all p outside a bad set

where

1
ZI_?SCE

p bad

we have that

> u(n) =Y p(n)plym + O(e).

n<N n<N

We did this using an L? orthogonality argument (Propositions [3.2.1/and [3.2.2)). Alternately,

we can argue using a variant of Tao’s entropy decrement argument (the first version of
this argument appeared in [Taol6b|; a different version of the entropy decrement argument
appeared in [TT17b] and [TT17a]; the version presented here is somewhat different from
what appeared in those papers). Let n be a random integer less than N. Let x; = p(n + 1)
and let y, = n mod p. In probability and dynamics, a stochastic process is a sequence of

random variables (...,& 2,& 1,0, &1, &, .. .) such that

P((&15--- &) € A) =P((&14m, - - - Ghim) € A)

for any set A and for any m. In our setting (...,x_»,X_1,Xo,X1,Xs,...) iS approximately

stationary in the sense that
P((x1,...x;) € A) = P((X14m, - - - Xpm) € A)

where the two terms differ by some small error which is on_e0m(1). A stationary process

is the same as a random variable in a measure preserving system where ;. is the transfor-
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mation applied to &. A key invariant of a stationary process is thus the Kolmogorov-Sinai

entropy:
A(E) = lim ~H(&, ... &)
where
H(&, ..., &)
is the Shannon entropy of (&, ...,&,). This limit exists because

i<n

by the chain rule for entropy, which is equal to

= S H(Eolor . i)

i<n
by stationarity. This is a Caesard average of a decreasing sequence which is therefore de-
creasing. Since entropy is nonnegative, we can conclude that the limit exists. In our case,

because (...,X_1,Xq, X1,...) is almost stationary, we can conclude that
1
EH(Xh e ,Xn)

is almost decreasing in the sense that, for m > n,

1 1
CH(Xy, .. %) < —H(Xq,. .. %, (1),
m (Xh y X ) = (Xl X )+0N—> s ( )

The same is true for the relative entropy

1
ﬁH(Xl, XY V)

for any fixed set of primes py, ..., px.

We define the mutual information between two random variables x and y as

I(x;y) = H(x) — H(x]y)
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and more generally the conditional mutual information
I(x;y|2) = H(x|Z) — H(x]y, Z).

We assume for the rest of the explanation that all random variables take only finitely many
values. Mutual information measures how close two random variables are to independent.

Two random variables x and y are independent if and only if
I(x;y) = 0.

Intuitively, we think of x and y as close to independent if the mutual information is
small. The crux of the entropy decrement argument is that we can find primes p such that
(X1,...,Xp) is close to independent of y,. The argument is as follows. Let p; < py < ... < py

be a sequence of primes. Consider the relative entropy

1
p—kH(Xl,...,xpk|yp1, . ,ypk)
1 1
=—H(X1,. . X [Ypyo o Ypry) — —L(X1, X Yo Yo Y )
Pk Pk

and because the relative entropy is almost decreasing

1
H(xy,... ,xpk71|yp1, oY) p—kl(xl, . 7ka;ka|Yp17 s Ype,) T o(1).

_pk:—l

Inductively, we find

1
<H(x;) — Z —j(xb . ,ij;ypj\ypl, . ,ypjil) +o(1)

Gk i

We conclude that the set of bad primes p; for which

](Xl,...,ij;ypj|yp1,...,ypj71) >c

satisfies

1
Z — <& 'H(x1) + o(1) < oo.
p; bad Pj
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Thus, for most primes,
I(xy,... ,xpj;yp]_|yp1, o ,ypj_l) < €.

In a slight abuse of terminology, we say such primes are good. Although this definition is ap-
parently different from Definition |3.2.3] we will show that this notion of good meaning small

mutual information essentially implies the “random sampling” version defined in Definition

B.2.3

Intuitively, if p is good then xy, ..., x, and y, are nearly independent. This is formalized

by Pinsker’s inequality. Pinsker’s inequality states that

drv(x,y) < D(x|[y)"/?

where dry is the total variation distance and D is the Kullback-Leibler divergence. For our
purposes, the important thing about the Kullback-Liebler divergence is that if y’ is a random

variable with the same distribution as y which is independent of x then
D((x,y)l|(x,y")) = I(x;y).
Therefore, we conclude that
drv((x,¥), (x,¥) < I(x;y)"*.
Similarly, there is a relative version
drv((x,y, 2), (x,y', 2)) < I(x;y]2)"?,

where now y’ has the same distribution as y but is relatively independent of x over Z

meaning that
Pxe Ajye B|Z=c¢)=Pxe€ AlZ=0c)P(y € B|Z =¢).
Thus, for bounded function F,

EF(x,y,Z) = EF(x,y, Z2) + O(I(x;y)"/?),
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where again y’ is relatively independent of x over Z and E denotes the expectation. In our

case, for a good prime p where

[(X17 s >Xp?Yp’(yq)q<p) <é

we note that

EF(x1,...,%p,y,) = EF(x1,...%,,y,) + O(e'/?).

for any bounded function F' where y;, is relatively independent of (xi,...,x,) over (y,)q<p-
Since y, and (y,)4<p are already very nearly independent by the Chinese remainder theorem
(and in fact if NV is a multiple of the product of primes less than p, then y, and (y,),<, are

genuinely independent) we can conclude that

EF(X1,...,%p,y,) = EF(xi,...%x,,y,) + O(e'/?),

where now y;, is genuinely independent of (x,...,x,). For example, if we want to evaluate
1
N Z p(n)
n<N

we could interpret this as

EF(xo)

where F'(x) = z. Alternately, we can average

¥ 2l 3 ),

n<N i<p
which is
EF(x1,...,Xp)
where now F(z1,...,x,) = %Zigp z;. Now let y;, as before be independent of (xi,...,%;)

and uniformly distributed among residue classes mod p. Then this is also

EF(X1,...,%p,¥,)
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where

1
F(zy,...,2p,y,) = ];Z Tiply,—;.

i<p
As we noted, for p a good prime, this is approximately,

EF(xy,...,%p,y,) R EF(x1,...,%X,,Y,)

and unpacking definitions this is
1 1 .
EF(x1,...,Xp,Y,) =% Z - Z p(n +9)ply=—1 mod p-
n<N p i<p
Undoing the averaging in ¢ gives

p
N Z p(n) Lpjn-

n<N
Thus, the analogue of Corollary can be proved using the entropy decrement argument,

which can be interpreted in the dynamical setting.

The rest of the proof can also be translated to the dynamical setting. The Furstenberg
system corresponding to the Mobius function can be constructed as follows. The underlying
space is the set of functions from Z to {—1,0,1}. We construct a random variable on this
space. Consider a random shift of the Mobius function. Formally, let n be a uniformly
chosen random integer between 1 and N and let Xy denote the function p (say extended
by 0 to the left) shifted by n i.e. Xy (i) = p(i +n). Since the underlying space of functions
from Z to {—1,0,1} is compact, there is a subsequence of (X )y which converges weakly to
a random variable X. Since the distribution of each random variable X is “approximately”
shift invariant, the distribution of the limit X is actually shift invariant. Thus, we obtain a
shift invariant measure v on the space of functions from Z to {—1,0,1} with the property

that if f is the “evaluation at zero” map

f((an)TLGZ) = Qo
then

/ f(@)(dz) = Ef(X)
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is a subsequential limit of terms of the form
1
N Z p(n).
n<N
Thus, we can encode questions about the average of i or more generally shifts like p(n)u(n+

1) in a dynamical way.

In order to take advantage of the fact that p is multiplicative, we need to impose extra
structure on the dynamical systems we associate to p. This extra structure is implicit in
[TT17b] and [TT17a] and is explicitly described first in [Taol7b|. See also [Saw20] and
[McN1§|. One key feature of multiplicative functions is that they are statistically multiplica-

tive in the sense that for any €;,...,¢; in {—1,0, 1},
%#{n < N: p(n+ pi) = ¢ for all i and p|n}
1
:%#{n < N/p: u(n+1i) = —¢; for all i} + O (—) .
D

(This holds simply by changing variables and using that p is multiplicative). For N in some

subsequence, we can think of the right hand side as
%#{n < N/p: p(n + pi) = ¢ for all i} ~ v{z: f(T%z) = ¢}.

We would like a way of encoding this identity in our dynamical system. One solution is to
use logarithmic averaging. Now let n denote a random integer between 1 and N which is
not uniformly distributed but which is logarithmically distributed meaning the probability
that n = m is proportional to = for m < N. Let Xy(i) = p(n + i) be a random translate
of the M6bius function. Consider the pair (Xy,n) in the space of pairs of functions from
Z to {—1,0,1} and profinite integers. This product space is compact so there is a weak
limit (X,y) where X is a functions from Z to {—1,0,1} and y is a profinite integer. Let
T(z,y) = (n+— x(n+ 1),y +1). Let p be the distribution of (X,y) which is a T-invariant
measure on our space. Consider the map I, on pairs of functions and profinite integers which

are 0 mod p which dilates the function by p, multiplies the function by —1 and divides the
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profinite integer by p i.e.
I(z,y) = (n = —x(pn), y/p).
For a point (z,y) in our space, let M denote the projection onto the second factor
M(z,y) =y.
Let f be the “evaluation of the function at 0” function i.e.
fz,y) = x(0).

Then the dynamical system has the following properties, where x is always a function from

Z to {—1,0,1}, p and ¢ are primes and y is a profinite integer:
1. For all p, for all x and y such that M(z,y) = 0 mod p,
L(T%(x,y)) = T(Ip(z,y)).
2. For all p and ¢, for all x and y where M (z,y) is 0 mod pq, we have
L(Ig(x,y)) = I4(Lp(x, y)).
3. For all p, and for all measurable functions on our space ¢,

/¢(9€, y)p(dzdy) = /p]lM(m,y):O mod p@(Lp(x, y))p(dzdy) + O <}%> .

4. For all p and for all x and y such that M(z,y) = 0 mod p we have that

A tuple (X, p, T, f, M, (I,),) where (X, p,T) is a measure preserving system and satisfying
(1) through (4) is a called a dynamical model for p. Translating our argument over to the

dynamical context, there exists some p such that

/f(l’, y)p<d$dy) ~ /f(l‘, y) : p]lM(a:,y):O mod p>
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with an error term which we may make arbitrarily small by increasing p. On the other hand,

/f(xvy) . p]lM(x,y)z() mod p — / _f(Ip(xay)) : pﬂM(m,y):O mod p

= —/f(x,y)-
[=0

In [Taol7b|, Tao constructs a dynamical model where

1 1
[ 7= 2 e

<N

We conclude that

for any dynamical model for p.

i.e. using logarithmic averaging and the Furstenberg correspondence principle. However
using either Corollary or a version of the entropy decrement argument, we can argue
as follows. Let py denote the distribution of (Xy,n) in the space of pairs of functions
Z — {—1,0,1} and profinite integers and where n is a uniformly distributed random integer

between 1 and N and Xy (i) = p(n + ¢). For any € in S and ¢, define €,p, by

/ﬁ@wammmmzfmeawmwmw

Choose ey so that
-1
1 1
Vmp = (Z ﬁ) Z N<€N)*,0N7
n<m N<m

satisfies

Y

% > u(n)

n<N

n<m N<M

i.e. ey is the sign of Y _\ p(n). Using a version of Corollary or the entropy decrement
argument, one can prove that for most p (except for a set of logarithmic size at most a

constant depending on ¢),

logp
([p)*(pﬂM:O mod p Vm) ~ VUnm + O (8 + logm> .

By the argument from before (see the proof of Theorem [3.2.9)), this is enough to conclude

the prime number theorem.
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CHAPTER 4

A Quantitative Erdos Discrepancy Theorem

4.1 Introduction to Chapter 3

Does there exist a sequence f: N — {£1} such that

> flid)

1<n

sup < 00?

d,n

This was apparently one of Paul Erdds’ favorite problems, mentioned, for instance, in [Erd57]
and |Erd90]. He proposed the problem in the 1930s and offered a $500 prize to any mathe-
matician who could solve it. In 2015, it was solved by Terence Tao in [Taol6a]. The purpose

of this chapter is to show the following quantitative version of Tao’s theorem.

Theorem 4.1.1. For any sequence f taking values in the unit sphere of a Hilbert space, for

all natural numbers N,

S (loglog ]\7)48%1
~ 1 ‘
(loglogloglog N)* (logloglogloglog N)

sup
n<N
—1
d<e(log log N)242 .N

> f(id)

i<n

We begin with a review of Tao’s proof. Tao’s proof uses an idea from the [Pol] which shows
that it suffices to settle the Erdos discrepancy problem in the case of a random multiplicative
function. Tao then splits up his multiplicative functions into two cases: a random case and

a structured case.

First, let us talk about the random case. If f is a random string of independent plus or
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minus ones, then expanding the square shows

E|Y f)] =E ) f(m)f(ns).

n<N n; <N

By interchanging the sum and the expectation,

= > Ef(n)f(n2).

Now if ny # ng then f(ny) and f(ny) are independent. Thus the only contribution comes

from the N different terms where n; = ny. We conclud that

E|Y f(n)

n<N

2
=N.

This implies that much of the time, the sum |Zn<N f(n ’ is at least > N2. For this
argument to work, we needed that f(ni) and f(ns) were uncorrelated even when n; and
no. However, this is too much to ask of most multiplicative functions. After all, if this kind
of logic worked for A we could use it to imply the Riemann hypothesis. However, Tao in
[Taol6b] was able to show that for a large class of unstructured multiplicative functions g
that g(n) and g(n + h) were in some sense uncorrelated for small A. Running this same style

of argument

- E g(n+hy)g(n + hy). (4.1)

E Zg(n—l—h)

h<H

2

hi<
:Z gn+ hy)g(n+ hs).
hi<H

~ H -+ small error.

As long as H tends to infinity, this style of argument shows that E ‘Zhg g 9(n+ h)‘2 tends

to infinity as well.

If our multiplicative function ¢ is not random and unstructured, then it must have some

algebraic structure. For Tao, that means g pretends to be an algebraic multiplicative function
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namely a Dirichlet character times n® for some t which is not too big. For instance, let x3
denote the multiplicative function for which ys(n) = 1 if n is 1 mod 3, x3(n) = —1 when
n = —1 mod 3, and x3(n) = 0 when n = 0 mod 3. Then x3 is almost a counter example
to the Erdds discrepancy problem. After all, the partial sums of 3 are all either 0 or 1
and since ys is multiplicative, summing over multiples of d changes nothing about the size
of the partial sums (in absolute value). The reason xj3 is not a counter example is that x3
is sometimes 0, so it does not fulfill the hypotheses of the Erdés discrepancy problem. To
remedy this, one can define
X(3n) = x3(n)

for any n which is not divisible by 3 and any natural number a. Now y always takes values
+1. However, it is not too hard to see that for any natural number &

> 1) = k.

i<3k4-3k—14...43+1

Thus the partial sums

lim sup
N—=oo < N

> x()

<n

do tend to infinity; they just do so slowly at a rate of ~ logs; N. Note the differences
between the random case and the structured case. In the structured case, there were clearly
correlations between g(n) and g(n + h) even when h was small which meant we could not
apply the techniques that worked in the random setting. However, there were advantages to
being in the structured case. For example, we could explicitly describe for which values of n
was

> x()

i<n

big. Since the two cases have different advantages and disadvantages and since some tech-
niques which work in one case do not work in the other, it makes sense to split our proof

into cases: when ¢ is random and when g is structured.

In order to split into cases, we have to have a way to decide if ¢ is close to a structured,

algebraic multiplicative function like y(n)n® for some Dirichlet character x. Thus, we need
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a way of deciding if two multiplicative functions are close. Note that for any prime p, the
fraction of numbers divisible by p is roughly %. This means that if P is a set of primes and

Z%<€

peP

then average number of divisors of a number in the set P is €. In particular, if g and f are
multiplicative functions which differ only on the set P then they agree on all but ¢ share of
all natural numbers. Even if g and f agree on all but a set of primes P for which

1
Z];’Vl

peEP

I claim that we should think of g and f as being “close”. After all, since this is a convergent
sum, it means the tails are eventually less than £, which means that once we restrict our
attention to some specific residue class say b mod W then for those n which are b mod W

at most ¢ fraction of the terms fail to satisfy

g(n) = const - f(n)

for some constant independent of n. This motivates the following notion of distance.

]D)(f,g;N)2 _ Z 1 —Re i(”)g(m

Here the distance between f(p)g(p) and 1 is weighted according to which fraction of numbers

are divisible by by p and therefore “care” about the difference. When
D(g, n"x(n); N)

is small for some [t| < N and x a Dirichlet character of small modulus, say < logloglog N,
then we will say that g is pretentious. Otherwise, we will say that g is nonpretentious. This
terminology might seem a little funny but it is standard in the field. In the case that our
function g is pretentious, we will try to use structured methods to understand g. In the case

where ¢ is nonpretentious, we will use “random” methods to understand g.

Our proof of Theorem is similar to Tao’s proof in [Taol6al, adding in quantitative
details as we go along. The proof of Theorem is based on the following five results.
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Lemma 4.2.1. Let M and N be natural numbers and let pq,...,p, be the primes less than
N. Let f be a function taking values on the unit sphere in some Hilbert space H. Let A be
a real number. Suppose that, for all N' < N,

1
Mr Z Z f o Tn)

b1, br<M | [n<N?

2
< A%

Then there exists a random multiplicative function ge (meaning for each & a point in a
probability space there exists a multiplicative function ge) such that

Zgg(n)QS/P—f-O(ﬁ).

E
¢ M
n<N’

Lemma 4.3.1. Suppose that for some function g taking values in the unit circle and for

natural numbers H and N, for all 1 < |h| < H, we have

logN 2H

Then
S E B H + 10‘
-2 log N

Zg(n—i—h)

h<H

1 1
log N Z n

n<N

Corollary 4.3.5. Suppose g is a completely multiplicative function taking values on the unit

circle. Let N be a sufficiently large natural number. Suppose further that

Lo Re (g)x (™) | p

p

inf
[t|<10N
q<log20 HP= <N

Then for all h < logi log N,

> g(n)g(n+h)

n<N

S (% 41087 10gN) - N,

Corollary 4.4.3. Suppose that g is a multiplicative function, x and X' are characters of
modulus q and ¢ respectively and t and t' are real numbers such that log |t —t'| +log qq’ lies

between 0 and log"* N. Then either

[NIE
[NIE

(loglog N)? < q¢'D(g, n"x(n); N) or (loglog N)? < q¢'D(g,n™ X/ (n); N).
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Lemma 4.4.4. Suppose that g is a multiplicative function satisfying, for some H, N, A > 1,
X, ¢, t and B that

2
Z Z‘ngH/g(”"‘m)‘ §A2HlogN

n1+c
H'~H neN
and
1— ~ —it
3 Re g(p)x(p)p <B
p<N p
where x 1s a primitive, non-principal Dirichlet character mod q and ¢ = @. Then for any
k,
log H 1
min | k — 1, 08 e BN .~ Error < A?
log q 401oglogq

where the error term smaller than the main term as long as

~
=
IA
|~
=
e

1 1
B2 ~ 6(10glogN)?

co

elﬂqk IOg qke
4. H* < 2F,
5. N and H are sufficiently large i.e. larger than some constant.

N 1
In particular, for g < (logloglogN)2O, t] < @elogz’ Nk = (MY, logH = 3k

1
2loglogloglog N 4

_ 60
and B = o5 - logloglog N + loglogloglogloglog N we get that

logﬁ log N

< A?
80e20 log% log log log N log? log log log log N

Now we show how to use these five results to conclude Theorem Suppose that

> f(id)

i<n

sup < A.

n<N
1

1o T 10g N

For the sake of contradiction we may assume A is a small multiple of
(loglog V) e

(loglog log log N)i (logloglogloglog N)

N
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By squaring both sides, we find

> fld)| < A%

1<n

sup
n<N

d<elog 242 log N-N

By Lemma [4.2.1]

2

E¢ < A%

> ge(n)

n<N’
for all N < N. Taking differences, we find that for any H < N and any n < N — H,

2
E¢ Z ge(n+h)| < A%
h<H
Now summing in n gives
2
‘Eh<H ge(n + h)}
E = S A? ’ :
> - < A%log N (4.2)
n<N’
for all N/ < N and similarly
‘Zh<Hg§ n—i—h)l 1
E S AlogN'+0 ( —— ). 4.3

n<N’

The error term can be absorbed into the main term because we assumed that A was not too
small. In particular we can assume that (4.2]) holds when N = N and H = (loglog N )i
and when N’ = gNe(logN and H = (loglog N')1 and (4.3) holds when N’ = N and H =

exp (%). By the pigeonhole principle, there exists at least one multiplicative

function for which all three hold, possibly after worsening the implicit constant by % Fix such
a g. If g is nonpretentious then Lemma and Corollary [4.3.5| will provide a contradiction:
after all, if

1 —Re g(p)x(p)p~™ _ 60
> " Jogloglog N
> 1 , 515 08 loglog +O(1)
pSloglNe(logN)j

for all characters y of modulus < logloglog N then by Corollary [4.3.5] for all h < log4 log N,

S gn)gln + k)| S (loglog N)T - N;

1
1 (log N)?2

n< log N
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then by Lemma [4.3.1
A? > (loglogN)ﬁ .

A similar thing happens for N. Thus there exists ¢, ' y and y’ such that

—it

1 —Re g(p)x(p)p 60
> 2 Jogloglog N + O(1
> » Z 5pp 108 loglog N 4+ O(1)

1
2

1 log N
pglogNe<Og )

and
—it!

. /
3 Lo Be g 80y g tog v + 0(1).
) 242
p<N

1
By Corollary |4.4.3) |t — ¢/| < 1. In particular, we may conclude that [t'| < log#]\,e(logj\[)2 +

1. Replacing x’ with a primitive character (by possibly reducing the modulus if neces-
sary) only changes the value of x/(p) for primes p dividing ¢, of which there are at most
loglogloglog N. The sum of the reciprocals of the primes up to loglogloglog N is at most
log log loglogloglog N by Mertens’ theorem. Thus, the hypotheses for Lemma [4.4.4] are

satisfied and we conclude that

logﬁ log N < g2

80¢20log? log log log N log?log logloglog N —

4.2 Multiplicative Fourier Reduction

The goal of this section is to prove the following lemma, which we need to reduce the proof

of the Erdds discrepancy problem to the multiplicative case.

Lemma 4.2.1. Let M and N be natural numbers and let py,...,p, be the primes less than
N. Let f be a function taking values on the unit sphere in some Hilbert space H. Let A be
a real number. Suppose that, for all N' < N,

1
MT Z

by br <M

> pln)

n<N’
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Then there exists a random multiplicative function ge (meaning for each & a point in a

probability space there exists a multiplicative function ge) such that

> geln)

n<N’

2

§N+O(ﬁ).

E¢ i

Proof. We begin with a quick overview of the general strategy. Completely multiplicative

functions on the interval [1, N] are functions which satisfy

a1+b1 ar+b
g(pl ..... prr i

We can think about a multiplicative function as a homomorphism from (N, x) to (C, x).
However, (N, x) is not a group since there is no inverse operation. Our goal is to use Fourier
analysis so we want to artificially introduce inverses. Thus, we want to think of multiplicative

functions as associated to functions
G: (Z/Mz2)" — C

under the identification
Gay,...,a.) =g(pl - -pr).

With this language, the condition that g is multiplicative corresponds to the condition that

G is a homomorphism now from ((Z/MZ)",+) to (N, x) i.e.
G(a1 + bl, ey Gy + br) == G(al, N 7ar>G<b1a Ce 7br)-

Thus, with this new language, multiplicative functions correspond to group characters.
Fourier analysis lets us write any function as a weighted sum of characters. Therefore,
we hope to write our function as a weighted sum of multiplicative functions. We are given
an L? condition on our original function f. The other good reason to use Fourier analysis in
this situation is that L? conditions on a function transform to L? conditions on the Fourier
transform. Analytic number theory gives us many tools to recast the same problem in many

different languages (e.g. Dirichlet characters, Dirichlet series, Mobius inverse, all different
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kinds of Laplace transforms, etc.). However, we hope that the use of a “multiplicative Fourier
transform” in this context makes sense for the reasons stated above: we want to write our
function as a sum of multiplicative functions which correspond to characters in this setting
and we have an L? estimate which works well with the Fourier transform. To this end, we

begin by rewriting

2
1
D Mo pi)|| < A
0<by,eobr <M —1 | [n< N/
in terms of a product of primes
2
1
o D S Pttt < A2 (4.4)
0<by,....,bp<M—1 p‘lll ..... P2 <N’

As promised, we want to think about f as a function on (Z/MZ)". Therefore, we define

F: N — H by the formula

F(alw"var):f(p(fl""'pgT)>

whenever 0 < aq,...,a, < M — 1. Therefore
F(al + blu ceey Qp + br) = f(lﬁﬁbl e p?TerT)v

unless a; + b; > M for some ¢ i.e. unless there is some “wrap around”. Our next goal is to
show that this wrap around does not happen very often. Note that if p;* < N’ < N then
a; = O(log N). Therefore, for only O(log N) many choices of b; < M — 11is a; +b; > M or

log N
M

) percent of the time for each i. Therefore,

logN)

put another way this only happens O (

1
Mr

-<#ofbl,...,brSM—lsuchthatai+bi2Mf0rsomez'):O<T i

which is O (
we find

%) by Chebyshev’s theorem or the prime number theorem. Going back to (4.4]),

2

1 ) N
G > > Fla+by,...a+0b) §A+O(M)

0<by,...,br <M—1 p(fl ..... pT <N’
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The Fourier transform allows us to rewrite F' as a sum of characters,

Flay,...,a0) = > F(&e(Gar+ - +&ay),

61 ~~~~~ grSM

where e(z) = e?™®  We will also use the notation & - a = &a; + - - - + &.a, in which case we

have

Flay,....ar) = > F(&e(§-a).

Explicitly, this is achieved by the formula

1r > F(by,... b)e(=¢ D).

M
bi,..., b’V‘SM

F(&) =
By Plancherel, the Fourier transform of any function & satisfies

) H(i(&,...,&) \2=]\} > @by, bl

E1ynr <M b, br <M

We apply this identity with

O(by,....0)= > Flag+by,....a,+0,).

Plugging this in yields

> |[FeEn )

E1yeens &r<M

2 N
< A? —
tewo(l),

with ® as above. Of course translation Fourier transforms to modulation; if 7, F' denotes the

translate 7,F'(b) = F(a + b) then

TF(€) =15 > F(bi+ar,....b+a,)e(—¢ - b)
b1y, br <M
e Y F(b b bt a)e(—€ (0t B)elé -a)
b1, br <M
=F(§)e(§ - a),
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where the last step just involves a change of variables replacing a+0b with b. Also, the Fourier

transform is linear. Therefore, we get
2

Yoo lFE.6) DY eag) sﬁw(%).

£1 ----- g’rSM lell ..... pgTSN/

We notice that ]3(51, ...,&) does not depend on a and so we may factor

> e o)

£1,&r <M pylepT <N

For each frequency ¢, define the completely multiplicative function g¢ by the formula

9e(pi) = e(&)-

With this definition,

Yo ela- =) gln).

pyleprt <N n<N’

‘ 2

We claim that this is actually a weighted average of sums of multiplicative functions. By

Therefore,

> geln)

n<N’

> |FE e

&1y ET‘SM

<A*+ 0 (%) : (4.5)

Plancherel again,

> Hﬁ(ﬁa--->€r) \2=A} D[P AT S|

fl ----- érSM b1,..., brSM

Now recall that f and therefore F' takes values on the unit sphere by assumption.
=1.

So (4.5) tells us that the weighted average of sums of the form

> geln)

n<N’

is at most §A2+O(%). m
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4.3 The Nonpretentious Case

We begin with a lemma which shows that the Erés discrepancy problem can be solved when

g does not have local correlations. This is the rigorous, quantitative analogue of the analysis

preformed in (4.1)).

Lemma 4.3.1. Suppose that for some function g taking values in the unit circle and for

natural numbers H and N, for all 1 < |h| < H, we have

1 3 gln)gn+h) _ 1 (4.6)

log N — n 2
Then )
1 1 H H+10
— h)| > — — 4.7
log]\/Z Zg(n—l— )| = 2 log N (47)
n<N ' |h<H

Proof. We expand the square

logNZ Z (n+h)

n<N h<H

:%Zl > gln+hi)g(n+ hy).

n<N hi,ho<H

Changing variables and shifting the sum by h; gives

H
(logN Z Z g(n+hy = hl)) B log N’

<N hi,ho<H

When h; = hy we get H different terms all of size 1.

logN Z n logN

There are at most H? many remaining terms each of which can be bounded by (4.6]), for a

total error of

1 H
# of terms - size of each term = H? - SH- 9
Putting everything together gives (4.7)). m

130



We just showed that we could settle the Erdds discrepancy problem if we could control
local correlations. The following result was explicitly used in [HR21| to control correlations
of A(n)A\(n + 1) with a good error term and they mention that this result can be used to

control local correlations more generally.

Theorem 4.3.2. Let N, H and Hy be real numbers. Let P be a set of primes between H
and H with Hy < H and logs H - log*log H < Hy. Set

1

peEP

(NI

and suppose £ > e and log H < (loiN)

. Let f and g be 1 bounded functions from N to C.
Then

S22 XS s+ o) = 30 30 S swgtn-+op)| <

n~N o=%1 peP n~N o=*x1 peP
pln

§-

Now we apply Theorem to the graph where we connect two numbers n and m if
n+h-p=m.

Corollary 4.3.3. Let h be a natural number. Let N, H and Hy be real numbers. Let P be
a set of primes between Hy and H with Hy < H and log§ H -log*log H < Hy which does not

contain h. Set

1

peEP

N|=

and suppose £ > e and log H < <IO§ > . Let f and g be 1 bounded functions from N to

C. Then

==

| 1 h
N7 2o 2 D fmglntaph) =3 > ng(n)g(nﬂfph) SN

n~N o==%x1 peP n~N o==*x1 peP
pln
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One can deduce Corollary from Theorem 4.3.2]in one of two more or less equivalent
ways. Firstly, for each residue class a mod h, define f,(n) = f(h-n + a) and similarly
ga(n) = g(h-n+ a). Now by the triangle inequality we can bound

N,i” ZZZ]’ g(n + oph) — ZZZ —f(n)g(n + oph)

n~N o=%£1 peP n~N o=%1 pGP
pin

1
N7 >

a mod h

> DY fn)gn + oph)

n~N  o=x1peP
n=a mod h pln

— Z ZZ —f(n)g(n + oph)|.

n~N o=+l peP
n=a mod h

By changing variables, we can write this as

:ﬁ Z Z Z Zf(h-n+a)g(h-n+a+aph)

a mod h nw% o==x1peP
pln

—Z ZZ —f(h-n+a)g(h-n+a+ oph)|.

o~ 1}\[ o==+1 pEP

By definition of f, and g, this is

:@ ST DYDY fa(n)ga(n + oph) — Z ZZ —fa(n)ga(n +oph)|.

a mod h nw% o=%1 peP a—il pEP
pln

We are now in a position to apply Theorem for each a:

1 h
< -
S XL U VE
This completes the first possible proof.

The second proof is not so different: one can simply argue that the graph on the natural

numbers that one gets by connecting n of size ~ N with n + h - p is isomorphic to h disjoint

132



copies (one for every residue class) of the graph one gets by connecting every n of size ~ %
with n+p. One can then deduce the appropriate bound on the eigenvalues just using abstract
graph theory which Matomaki and Helfgott in turn use to deduce Theorem |4.3.2]in the first

place.

In order to use Corollary to understand local correlations, we need the following
theorem. (We remark to the reader that the approach given here also works to circumvent

the use of the circle method explicitly in [Taol6b|, resulting in a somewhat easier proof).

Theorem 4.3.4 ([MRT15], Theorem 5.1). Let N and H be natural numbers with H < log N.

Suppose that g1 and go be 1-bounded functions from N to C. Suppose g1 is multiplicative and

1-R —it
f Z e (9(p)x(p)p~™) > B
[t|<10N P
¢<log2 g PN

Suppose finally that H < e'%%B . Then there exists a set S such that

Z 1< (6_6% N lolgloilH) N,
ngsS 08
n<N

and such that
< {50 N.

D

h<H

> qin)ga(n+h)

n<N

We remark that the original result in [MRT'15] is stated with e~ but a cursory glance
at the proof of Theorem 5.1 in that paper shows that all that was need was that 80 >
3-20. There are probably other improvements to the exponent one could find going carefully
through [MRT15], but we stick with this for now. Finally, we can combine Theorem [4.3.4]
with Corollary to control local correlations.

Corollary 4.3.5. Suppose g is a completely multiplicative function taking values on the unit

circle. Let N be a sufficiently large natural number. Suppose further that

1 — —it
f Z Re (g(p)x(p)p™™) B
[t|<10N P
qSlogQOHPSN
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Then for all h < logi log N,

S g(n)g(n+ h)

n<N

< (6—% +logT log N) "N,

Proof. By multiplicativity and since ¢ takes values on the unit circle, for any prime p,
E % yg(n)g(n + h)
=E.% v g(pn)g(pn + ph).
By changing variables, this is
=E% vpLyng(n)g(n + ph).

By the almost dilation invariance of logarithmic averages this is

—_ [logp
=E% DLy h) + O .
This holds for any prime p. We want to average over some set of primes described in the set
up of Corollary 4.3.3] Thus, let H = log® N and H, = exp(log% H). Let P be the set of all

primes between Hy and H. Then

—_— loglog N
Elog o5 )

peEP

Now we can apply Corollary to the previous sum to conclude that

ZEE’EPN g(n)g(n +ph)+ O <log7Tl logN) :

peP
where here we have used the fact that h < logi log N and Mertens’ thereom. Now we are
summing over all primes between Hy and H. By the prime number theorem, the primes

have density at least > ﬁ in that interval. But by Theorem , outside a small set S,
one has a power savings of size ~ H 50 . Thus, by Theorem m,

=0 (e_% + log_T1 log N) .

This completes our treatment of the nonpretentious case.
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4.4 The Pretentious Case

Now we turn to the pretentious or structured case. Our first goal is to prove that if the
Erdés discrepancy problem fails at multiple different scales and therefore (by the previous
section) g pretends to be a function of the form x(n)n® at many different scales, we can use

that information to lower ¢. We begin with a lemma which can be found on [Taob.

Lemma 4.4.1 (|Taob] Proposition 19). Suppose that N is a natural number and t is a real

number such that log |t| lies between 0 and log"* N. Then
D(1,n"; N)? ~ loglog N
Next, we use Lemma to show that 1 is not too close to x(n)n® unless t is small.

Corollary 4.4.2. Suppose that x is a Dirichlet character of modulus q, N is a natural

number and t is a real number such that log |t| + log q lies between 0 and log"* N. Then

loglog N < ¢*D(1,n"x(n); N)? (4.8)
Proof. By the pretentious triangle inequality,

D(1%, (n"x(n))% N) < gD(L,n"x(n); N).
Squaring both sides gives
D(1%, (n"x(n))% N)* < ¢°D(1, 0" x(n); N)*.
The right hand side is now just as in (4.8). Now the left hand side is
D(1,n""; N)

to which we apply Lemma 4.4.1] which finishes the proof. O]

Finally, we use Corollary to show that if g is close to both x(n)n® and x/(n)n®

then ¢t and t' are close together.
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Corollary 4.4.3. Suppose that g is a multiplicative function, x and x' are characters of
modulus q and ¢ respectively and t and t' are real numbers such that log |t —t'| +log qq’ lies

between 0 and log"* N. Then either

SIS
NI

(loglog N)? < q¢'D(g,n"x(n); N) or (loglog N)? < q¢'D(g,n™ X/ (n); N).

Proof. By the pretentious triangle inequality,
D(g,n"x(n); N) +D(g, 0™ ¥/ (n); N) > D(1, x(n)x’'(n)n"*~"); N).
Applying Corollary finishes the proof. O

Now we arrive at the hardest part of the proof. We have to show that pretentious

multiplicative functions actually do satisfy the Erdds discrepancy problem.

Lemma 4.4.4. Suppose that g is a multiplicative function satisfying, for some H, N, A > 1,
X, ¢, t and B that

S [ Emsrr 90+ m)| < AHlog N (4.9)

n1+c
H'~H neN

and
it

Z 1 — Re g(p)X(p)p

<B 4.10
p (4.10)

p<N

where x 15 a primitive, non-principal Dirichlet character mod q and ¢ = 101

N Then for any
k,

log H 1
min | k — 1, o8 e Brror < A%
log q 40log log q

where the error term smaller than the main term as long as

1|t < &= N#2
9, leN ~ 9

3. eloqk loqueB% < e(loglogN)%'

136



5. N and H are sufficiently large i.e. larger than some constant.
20 5 log log N 2
In particular, for ¢ < (logloglog N)™, |t| < @elog? N | = (m) ,log H = 1k

and B = % -logloglog N + loglogloglogloglog N we get that

logﬁ log N

< A?
80e20 log% log log log N log? log log log log N

Proof. Define x to be the completely multiplicative function such that x(d) = d for (d,q) =1

and Y(p) = g(p)p~* for p|q. Set h(n) = x(n)n""g(n) i.e. define h such that

) = X(n)n"h(n).

=
3

(It is perhaps worth remarking that with this definition h(p) = 1 for p dividing ¢). Now
plugging this into (4.9)) yields
J(n 4+ m)itg(n +m)h(n +m)|?
3 3 Bl t Xt mh 0l ey
n C

H'~H neN

By Taylor expansion

ety =n i () 10 (%))

Since m < H' < 2H, we can see that

](n +m)" g (n +m)h(n +m) — n"g(n +m)h(n + m)} < QHT;M +0 (Tf) .

Plugging this into (4.11]), we get

S X(n A+ m)h(n+m)|?
Z Z| <H' X |

—~ < A*Hlog N + E, (4.12)

H'~H neN

where

>min(1,2H - 1 + 0 (L))

4H
El - Z Z nltc

H'~H neN

nl—i—c

neN
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We remark that so long as [¢t| < %N 1/H? thenby splitting up the sum we find

8H? || H5t?
S et X 1040 (1)
n<NH? n>N H?

By the integral test this is at most,
<SH®-log N + 16H'[t| N~ + O (H°*N "7 )

which is no larger than A2H log N for N large enough.

Next, we say that a residue class a mod ¢* is good if a + m is not divisible by p* for
any m < 2H and for any p dividing ¢. For any residue class b mod ¢* and for any natural

number n = b mod ¢* we check that
X(b) = x(n).

To see this, set d = (n,q*). By the Euclidean algorithm, we also have d = (b,¢*). If p
divides ¢ then if p/ is the highest power of p dividing n, because n = b mod ¢* and p* does
not divide bm we conclude that j < k. Since p* divides ¢*, we conclude that p’/ divides d by
definition of the greatest common divisor. Thus, since j was the highest power of p dividing

n, p does not divide %. Since p was an arbitrary prime dividing ¢, we conclude that % is

coprime to ¢q. Thus by multiplicativity

n

) =x(d) - % () (4.13)
Since % is coprime to g, by definition of Y,

n

=) (3)-

Since x is a Dirichlet character, it is ¢ periodic so this none other than
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Since the right hand side no longer depends on n, this yields
().
By definition of a good residue class, for any m < 2H and for any n = a mod ¢*,
xX(n+m)=x(a+m). (4.14)

Returning for (4.12)), because the summand is nonnegative, we may restrict our sum to

only good residue classes

Z Z Z > e X(ntzl) (n+m) < A*HlogN + E;.
H'~H a good n=a mod gF "

Applying (4.14) yields
> % b 2
Z Z Z } s X(a £ )M m)‘ < A’Hlog N + Ej.

n1+c

H'~H a good n=a mod ¢*

By Cauchy Schwartz

2

< Xla+m)h(n+m
Sy |y e min (415

H'~H a good |n=a mod ¢*

S ety X(n + m)h(n +m)|” 1
< Z Z Z | <X nite | ' Z nlte

H'~H a good \ n=a mod ¢* n=a mod g¢*

log N
< (HA?log N + Ey) - ( . 10) |

Set

and

Ey=10- (HA?log N + Ey) .

Then plugging this notation into (4.15)) gives

2

, X(a+m)h(n + ’

nlte qk

H'~H a good |n=a mod ¢*
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It is worth remarking that if b{;‘—kN > 20 then

so it is appropriate to think of F5 as a small error term. By applying Fubini to (4.16[), we

obtain
2

DD xla+m) Y fin +m) SHﬁb§N+EHJﬁ (4.17)

n1+c
H'~H a good |m<H' n=a mod ¢k

We turn our attention to the sum

h(n +m)
Z ln:a mod ¢k " T ..

n1+c
neN

for some (momentarily) fixed choice of @ and m. By a change of variables, this is
= Z ]]-n:a—‘rm mod ¢ * 7 Ni1ic°
— +c
bt (n—m)
By Taylor expansion,
h(n)
= Z (ﬂn:a—i-m mod ¢~ ° nlte + Tl) . (418)
n>m
for some r; of size at most
2
m m
Summing over n yields

}:vﬂ§1+o(%).

n>m

S  hn)
n=a+m mod ¢* nlte

n<m

also contribute no more than 1 + log:’;—,flo to the total sum. Therefore, (4.18) equals

h(n
= (Z :H-n:a+m mod ¢k * %) + rll (419)

The first m terms,

neN
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for some 1} satisfying

1 10 1
|ﬁ|§2+%+o(—).
q m

Now if a + m is coprime to ¢ then by the theory of the Fourier transform applied to the

group (Z/q"7Z)*, we can write
1 LIV > (n)
n=a+m mod ¢F — Xo Cx1 = X1\
+ q go(q’“) — X1

where Y is the principal character, ¢ is Euler’s totient function, the sum is over non-principal

characters x; and the c,, are coefficients with the property that

, 1

by Bessel’s inequality. If a + m is not coprime to ¢, say if d = (a + m, ¢*) then by change of

variables, (4.19) redues to

h(d) h(n)
dlte Z :H'n:a’"Tm mod % ’ nlte’

neN

Now the function

_at+tm
n="gq

mod %
can similarly be written as a weighted sum of Dirichlet characters. This motivates our study

of sums of the form

% —h(rgffc(") . (4.21)

Using the usual Euler product trick, which applies because we have a sum of completely

multiplicative functions, we may write (4.21]) as a product
h h ?
1 (1 L) ( ) (p) ) L )
p p
p
which, by the geometric series formula yields

=11 (1 - %) - (4.22)
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Multiplying and dividing by L(x1, 1+ ¢) gives

=L(xi, 1+ [] (1 - %)_1 (1 - ’;11(2) . (4.23)

p

This step makes sense because h pretends to be the function 1 so L(x1, 1+ ¢) should be kind
of like the main term in (4.22)) and in analysis it is often profitable to to subtract off, or in

this case divide off the main term and then try to bound the remainder. it is classical that
|L(x1,14 ¢)| <logq® + 10.

Thus (4.23)) is in absolute value at most

I1 (1 - —h(@fc(p))l (1 . f;l(fc)) ‘ . (4.24)

p

<log ¢"

Applying the definition of the logarithm to (4.24]), we get

hp)a@)\ ™ (; _ xap)
[Lexp (10% (1 - e ) T
which by the log rules simplifies to
h
exp (Z log (Xll(fc)) — log (1 — M)) ' : (4.25)
> p p
By Taylor’s theorem, (4.25)) is at most

< log* exp (Z X = 1) - (1= h(p)) m) (426

1+4c
> p

=log q]C

=log qk

for some
1
’T2| <5 Z -
p
p
The sum of the reciprocals of the squares of the primes is clearly some finite absolute constant

less than %2, so (4.26)) is at most

< e°log ¢* exp (Z H_l—w> (4.27)

» p
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where we have also used that x;(p) is a unit or 0 which is therefore absorbed by the absolute
values. Since h(p) takes values on the unit circle and because, for any z near 1, (1—Re z)% ~

Im z essentially because 1 — cos# does not vanish to 2°¢ order, we have

N

[1—h(p)] <2-(1—Re h(p))=.
Plugging this into (4.27)) is at most
1 —Re h(p
e’ log ¢* exp (22( p1+c( ) >
P

By Cauchy Schwarz and Mertens’ theorem,

1
9 k
<e’logq exp | 2 <E p1+c>

p

[N

[V

1—Reh :
(Z T% . (4.28)

p

The sum over the reciprocals of the primes is bounded by Mertens’ theorem by loglog N + 1
for N large enough which means (4.28) is bounded by

1

1—Reh(p) )\’
<e'%log ¢* exp [ 2(loglog N)% (Z —e(m> : (4.29)

1+4c
- p

We can replace the sum

14c
> p

by a sum over only those primes less than N

Z 1 —Re h(p)
o pl—i-c

at a cost of at most

1 10
Z 14c S
P log N

by the integral test. By assumption (4.10)),

Zl—Reh(p) < B

1+c
p<N p
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Thus, (4.29) is bounded by

10
log N

N|=

< e'%log ¢" exp (2(log log N)2 (B + )

)

10
log N

Altogether, this says

h
3 A _ 10106 o exp (2<log log V)

n1+C

N|=
[SIE

(B +

) > (4.30)

neN

for any non-principal character y; of modulus dividing ¢*.

Alternatively, we can lower bound the similar sum where y; is replaced by a principal

character o of modulus d dividing ¢*:

3 —Xo(gl)i () (4.31)

neN

Again by the Euler product trick we used in transforming (4.21)) to (4.22), we find (4.31)) is

equal to
=TT (= xom)hpp'™) " (4.32)

Recall that xo(p) = 0 for p divding d and xo(p) = 1 for p not dividing d by definition of a
principal character. Thus, we may rewrite (4.32)) as

h(p)\ ™
ptd
Define the singular series & by the formula
e=]] (1 -
p

Using this definition, we may rewrite (4.33)) as

6-1‘[(1—?%).

pld

)1 . (4.34)

h(p)
p1+c

Note that h(p) = 1 for p dividing ¢ by definition of h so this simplifies to

Rl (1 - pfﬂ) - (4.35)

neN pld
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Next, we lower bound |&|. To get a lower bound on |S|, we attempt to upper bound

‘ e
&

We remark that this analysis will be similar to the argument (4.21)). By the Euler product

I(-5) (-5%)

p

expansion, this is

Applying the definition of the logarithm yields

exp <Z log (1 - Zl(f)) —log (1 - p}ﬂ)) | .

By Taylor expanding the logarithms just as in (4.26), we find

exp (Z 1;—1@) ' . (4.36)

p

<e’

Now comes the crucial difference from how we bounded (4.21)): since there is no absolute

Re

value on 1— h(p), we can simply note that |e?| = e®¢ () for any complex number z. Applying

this to (4.36) yields
1 — Re h(p)
_.9 2 :
=€ exXp ( T) .

p

As before, we can crudely bound the sum over p > N to conclude that for NV large enough

1 —Re h(p
geloexp (Z T()> )

p<N

By assumption (4.10]), this is bounded by
<eB+10.
Since ((1 + ¢) > log N — 10,
16| > e P (log N — 10). (4.37)
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Plugging (|4.37) into (4.35), we find
Z Xo(n)h(n) —~B-10 H 1

neN pld

1 1 1
—~+0 .

Plugging this into (4.38)) produces

By Taylor expansion,

Xo(n)h(n) B 1
ZT > e P 0log N - 10) - [ | 1—5 +73. (4.39)
neN pld
for some r3 satisfying
lrs| = O (e_Bq) .

Recall that ¢, Euler’s totient function, is a multiplicative and ¢(p) = p — 1. Thus, we may

simplify the product over prime divisors of d as

(-5) -T15%

pld pld
— H b
oa ¢P)
d
= (4.40)
p(d)
Plugging (4.40) into (4.39) gives
Xo(n)h(n) —B-10 d

By plugging (4.41)), (4.30) and the simple bound (4.20)) into (4.17) we find
2
> 2| 2 Xatm)

log? N log? N
o—2B-20108 IV 10108
H'~H a good |m<H'

/
@2k e tE + B+ By

where

N|=

) + r3> . 6_3_10@]‘[

oo

E; = (elo log ¢* exp (2(10g log N)%B

ST
=

+¢" (2610 log ¢* exp ((log log N)2B
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Note that for E5 to be smaller than the main term it suffices to ask that

)

=

g log ¢ exp(QB%) < exp ((log log N)

We conclude that
2
< BT A% G + B, (4.42)

2. 2

H'~H a good

Z (a+m)

m;<H'

where
By + By + Ej 2B,
log® N

Now if ¢ = 1 then y = 1 and we obtain the bound

Ey =

H3 S 623+20HA2 + E4
or
1
((HQ o E4) X 6728720)2 < A.

In the rest of the argument we turn out attention to the case ¢ # 1. Returning to (4.42) and

expanding the square, we find

S S Y a+mi)R(atmg) < EPFPHANE + By,

H'~H a good m;<H'

Setting d; = (a + m;, ¢*), which since a is good is also (a + m;, ¢*~1) yields

Y Y Xla+m)x(atme) < PPPHA + By (4.43)
H'~H a good m;<H'
di=(a+m;,q*)

As in (4.13)), we can rewrite x(a+m;) as x(d;)x (‘”Z’“) and as before y (45%) = x (5.
Plugging this into (4.43]) produces
N a+m a-+m
S % s () ()
1 2

H'~H a good m;<H'
di=(at+m;,q*)

S 623+20HA2qk + E4.
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Pulling out the sum in d; gives

BRCINCAD DD DIED DINRY Ce BY Coe) BT

d;|gh—1 H'~H a good m;<H'
di=(a+m;,q*)

S 623+20HA2qk + E4.

Right now, our sum over residue classes mod ¢” is restricted to only those good residue
classes. Now we wish to add in all those “bad” residue classes a for which there exists
m < 2H such that a + m is divisible by p* for some p dividing ¢. For each prime p, there Z—Z
residue classes which are divisible by p* and therefore there are at most 2H Z_: many residue
classes a such that there exists m < 2H such that a 4+ m is divisible by p*. Therefore, the

number of bad residue classes is at most

¢* 2\"
2H - Z §2H¥ (ﬁ>
plg neN

k
q
SZOHg.

Therefore, we can bound

YYY Y iy Y

dilgb—1 H'~H a bad  m;<H’ digh-1  m<H'
di=(a+m;,q*) di=(a+m;,q")

qk

4
<20H oTE

where in the last step we used that for each (mq,ms) there is at most one choice of (dy, ds)

satisfying d; = (a + m;, ¢*). Plugging this into (4.44]) yields

< =i a+my a+my
BRCANCID DD VD SR iy N Ay
dilgk=1 H'~H a mod gk m;<H’ 1 2
di:(a-l—mi,qk)

S 62B+20H2A2qk + E4 + E5

where

k
4 4
Es <20H" - %
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We remark that this is smaller than the main term if H* < 2% ie. log H < k. We also
remark that unless ‘”dml is coprime to ¢ that y (‘”"“) is zero so instead of summing over
those m; such that (a+m;, ¢*) = d; we can instead sum over all m; such that d;|a + m; after
all, the only time y (“+m1> contributes to the sum for any choice of d;|a + m; is when

atm;
d

is coprime to ¢ which implies (a + m;, ¢*) = d;. Thus

ST Y Y Y () ()

di|gk—1 H'~H g mod ¢* m;<H'
d; |a+mI

< 2B AYK + By + Es.

Momentarily fix some choice dy,ds, H',m; and my. We will try to show that if d; # ds

Y X (a’zlml) X <“J;2m2) — 0. (4.46)

a mod ¢*
di|a+mi

then

By the theory of the Fourier transform applied to the group (Z/qZ,+), we can write
_ £
X(TL) - Z C§€ — Ny,
§<q 1
and since x is primitive, we claim the ¢; are zero unless ¢ is a unit in (Z/qZ, x) (see, for

instance, Theorem 4.16 of |[Evel3| or equation 3.9 and the remarks after equation 3.12 in

[IKO04]). Therefore, by substitution,

a-+m; & a+m;
]ldila"!‘mi "X < d- > = ]ldila-&-mi : ZC§€ (— . T > .

§<q 4

Thinking of a as the “variable” and m; and d; as constants, we could also write

a+ m; 5
La;jatm; - X ( d; ) = Lajjatm, - ch’mi’die (q7 . a) 7

§<q

by the rules for exponents where

§ m;
Cem:,d —Ce-€| —— .
57 ’Lvd’L f q dz



In particular, we still have that ¢, 4, = 0 unless (¢,§) = 1. Thus, if d; and d are different
then 1g, jgqm, - X <“J;%> and 1g,ja4ms* X (%) can be written as sums of additive characters
with different frequencies. Since ¢* is a multiple of both gd; and gds, we conclude that ([4.46))

holds.

Naively combining (4.46]) and (4.45)), we find that

IRCHTD IS MBI E e N ELy
dlgk—1 H'~H q mod ¢* CflrlzliH’

S €2B+20HA2qk +E4 + E5-

Now we cancel the x(d) and x(d) and write the innermost sum as a square.

2

Z Z Z Z X(ai—zm) < 2BIOF A2F 4 B, + B,

d|gh—1 H'~H a mod ¢k |m<H'
dla+m

Since the summand is now nonnegative, we may restrict our attention those values of d for

which d is less than %

2

Z Z Z Z X(a%c—lm) < 2BINF A2k 4 B, + B, (4.47)

d|¢gk—1 H'~H q mod ¢* |/m<H’
H dlm
< |

Fix, for the moment, some value of d < % diving ¢"*~!, some a mod ¢* and some value of H’

between H and 2H. Then usually the sums

Y x (a J;m> (4.48)

and

S x (azm) (4.49)

m<H'+d
dla+m

differ by a complex number on the unit circle because there is precisely one m between H’

and H' + d such that d|a +m and for that value of m, we know that x (“*Tm) will appear in
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the second sum but not the first. Occasionally, x (“Zm) is not a unit length complex number

but that happens only when (q, “J;m) # 1. Classically (for instance see [RS62] Theorem 15),

we can bound

q
> —.
wla) 2 10loglog g

k
Therefore, for each H'and d, for at least m many values of a, (4.48) and (4.49) do
differ by a unit length complex number. By the triangle inequality, if 2z and w are complex
numbers,

2] + |w| = [z —w].
Squaring both sides, one finds that
2] + [w]? > |z — w]*.

Therefore, if (4.48]) and (4.49) do differ by a unit complex number,

2 2
a+m a+m
> 1.
S | 2 ()] =
m<H' m<H'+d
dla+m dla+m
Plugging everything in to (4.47)),
k H
Z q— ——d §€23+20HA2qk+E4+E5-
10loglog q 2
dlg*~!
d<4

Since there are at least min (k —1,log, %) many valid choices for d, this simplifies to

log H 1
min (k—1,~22 ). 200, g gl < A
log ¢ 401loglog q
where
EA’L =F,- q—kH—le—2B—20 Eé — Fs - q—kH—1€—2B—20
log 4 1
and Fg = 8= . e ———
log q 40loglog q
As long as H > 1, the main term dominates the Eg error term. O

This completes the proof of Theorem [4.1.1]
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