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ABSTRACT OF THE THESIS

Potential Bounds for Confidence Radii in Bandits and Reinforcement Learning

by

Zhenyu He
Master of Science in Statistics
University of California, Los Angeles, 2026
Professor Ying Nian Wu, Chair

Many regret analyses for bandit and reinforcement learning (RL) algorithms contain
two steps. The first is to establish confidence bounds for unknown reward functions. The
second is a deterministic accounting step that bounds the cumulative contribution of the
resulting confidence radii. This thesis develops a unified framework for this second step. The
framework treats both full sums over all rounds and selected-subsequence sums, as well as
both unclipped and clipped sums. The results are stated in a general reproducing kernel
Hilbert space (RKHS) setting and then specialized to finite-dimensional weighted linear

designs.
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Chapter 1

Introduction

In bandits and reinforcement learning (RL), regret measures the performance loss from not
always selecting the optimal action, and is widely used as a key measure of learning efficiency.
There is a common two-step method of regret analysis. The first step is to establish high-
probability confidence events. The second step is to upper-bound the cumulative uncertainty
terms, such as the sums of the resulting confidence radii, for a fixed confidence event. This
thesis abstracts this second step and develops a mathematical framework for this summation
problem.

A classical example is the elliptical-potential lemma in the analysis of OFUL, an algorithm
for linear bandits, by Abbasi-Yadkori et al. [1]. In this setting, the sequence of actions is
given and represented by feature vectors z, € R?. OFUL maintains the regularized design

matrix

Vi :)\I+szxz

s<t

before round t. The uncertainty of every selected action is measured by the self-normalized

radius

.



The elliptical-potential lemma bounds cumulative uncertainty terms such as

L 2
S min{1, fa]2 )
t=1

by a log-determinant ratio.

The same type of potential argument also appears beyond finite-dimensional linear
models. In kernelized bandits and Gaussian process bandit optimization, the unknown reward
function is assumed to belong to, or be modeled through, a reproducing kernel Hilbert space
(RKHS). In the RKHS setting, each action z, is represented by the feature map ¢(z,). The
uncertainty radius is defined through an RKHS design operator, while the resulting potential
is represented through the Gram matrix. In the analyses of GP-UCB and related kernelized
bandit algorithms, the accumulated uncertainty is controlled through log-determinants of
Gram matrices and related complexity measures, such as information gain [6, 7, 4].

The uncertainty terms are summed along the same sequence that updates the design
object in the examples above. However, in some refined analyses, the uncertainty terms
are summed over a selected subsequence. One motivating example is the gap-dependent
analysis of LSVI-UCB++, where weighted regression matrices are updated from all observed
episodes, while certain bonus sums are taken only over selected episodes [5, 8]. Abstractly, if
J ={m < <1,} CI[T] denotes the selected subsequence, the quantity of interest may

take the form

B SRS prrs

s<T;

imin{C’,ﬁHxTi
i—1

The summation only ranges over the selected indices 7;, but each V. contains all updates
before 7;. Thus, the selection of the subsequence only affects the sum of uncertainty terms,
but not the design matrix.

The truncation reflects the fact that a regret or bonus contribution is often bounded
by a fixed scale C, even when the corresponding confidence radius is large. While the
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elliptical-potential lemma is stated for squared radii, regret decompositions often involve
linear confidence widths. For this reason, both squared potential sums and linear sums are
discussed in this thesis.

The examples above lead to the same mathematical task: given a design object that is
updated over time, bound sums of self-normalized radii such as [¢(z)|,, ,. The goal of the
thesis is to provide bounding techniques that can be used whenever a regret analysis involves
this kind of summation.

This thesis starts from the most general setting considered here: selected-subsequence
potential bounds in an RKHS. This setting covers two common special cases. First, the full-
sequence case is obtained by taking the selected set to be [T']. Second, the finite-dimensional
linear setting is recovered by taking the RKHS to be R? with feature map ¢(x) = . After
establishing the RKHS selected-subsequence bound, the thesis studies additional assumptions
that lead to more explicit bounds on various types of summation. These results provide
reusable tools for the deterministic step in regret analyses, rather than new regret bounds for
a specific algorithm.

The rest of the thesis is organized as follows. Chapter 2 presents the results in the general
RKHS settings. Chapter 3 specializes these results to finite-dimensional cases for weighted
linear designs and gives more explicit bounds under additional conditions. Chapter 4 discusses

applications of our framework to analysis of several bandit and RL algorithms.



Chapter 2

Potential Bounds in RKHSs

This chapter sets up the main mathematical problem in a general RKHS framework, without
referring to any specific algorithm. Since the bounds are taken along a selected subsequence,
we introduce a surrogate design S; that only uses the selected past updates. Although the
RKHS feature space may be infinite-dimensional, the selected surrogate design changes only
through the selected feature vectors. Hence, the relevant information increments lie in the
finite-dimensional span generated by these vectors. This allows the normalized surrogate
radii to be controlled by an information-gain potential written in terms of the selected Gram
matrix. Using this reduction, we prove the main theorem bounding the summation of the

uncertainty terms of interest, together with several related consequences.

2.1 Setup

Let X be an input domain, k£ : X x X' — R be a symmetric positive semidefinite kernel, and
JH be the associated reproducing kernel Hilbert space (RKHS) with canonical feature map
¢: X — H [2, 3], so that



For u,v € J{, write u ® v for the rank-one operator

(u@v)f:@,f}%u, feH.

FixT' > 1, a sequence z, ...,z € X, positive scale parameters ¢y, ..., ¢, and a regularization

parameter A > 0. Define the full design operator by

V=M + ) qléx) ®@b(x,), t=1,.,T+1 (2.1)

s<t

Let

T = (T s Tp), 1<m<--<T,<T,

be a selected subsequence of [T]. The full-history design uses every observation before time ¢.

In contrast, the selected surrogate design uses only the previously selected observations:

S; =My + Y a: bz, )®d(z,), i=1..,m+1 (2:2)

J<i

Since V., S; = A4, the inverses are bounded self-adjoint operators. Define

2 = (¢(x,), Vi élw,,)) 7= (o(x,), S 0a,)) (23)

H’ H

Here r; is measured using the full-history design, while 7, is measured using the selected

surrogate design. We normalize and clip the surrogate leverage by setting
u; = q; 77, v; = min{1,u,}. (2.4)
For the selected subsequence, define the Gram matrix and the diagonal scale matrix by

[K]]ab = k(ﬂ?.,.a, m-rb)v QJ = diag(qu, ’qu)' (25)



With these matrices, define the selected information-gain potential

Iy = logdet (I, + A'Q, " K,Q;"?). (2.6)

2.2 Selected Surrogate Design

The quantity r; is measured with the full-history design V..., which contains all updates before
time 7;. To obtain a determinant telescope along the selected subsequence, we instead use
the surrogate design .S;, which only keeps the previously selected updates. The next lemma

relates these two designs and shows that the surrogate radius 7, upper bounds the full-history

radius r;.
Lemma 2.1. For each i =1,...,m,
S, 2 V..
Consequently,
VoSt o <F

Proof. The difference between the full design at time 7, and the selected surrogate design

before the i-th selected point consists exactly of the unselected updates before 7;:

Ve, =S = a'dle) @ dlz,) = Y q;'dlx,) @ d(x,)

t<T; Jj<i
= Z a4 o(xy) ® play).
t<T;:
tE{Ty T}

Each summand is positive semidefinite, since for any f € J,

(f: (D(z) ® () f) 5 = [(D(2)), ) 4 [ 2 0.

Thus V.. —5; = 0, and hence S; X V_ .



Let
=282V, -8)s;"* 0.

Then
V, =812 (I +0)S}".

Since C = 0, we have (I, + C)~! < I,,. Hence

Vil =87 L+ 0) s < s

Evaluating both sides at ¢(z, ) gives r? < 72, and therefore r; < 7,. O

The next identity is the reason for introducing the surrogate design. Although H may be
infinite-dimensional, the surrogate sequence is generated only by the selected feature vectors.

Hence its determinant potential can be evaluated on their finite-dimensional span.

Lemma 2.2. With u; and I'; defined in (2.4) and (2.6),

Ty = log(l+u,). (2.7)
i=1
Proof. Set
; :q;il/2gz5(mn), E = span{ty,...,¥,, } C K.

For ¢ =0, ..., m, define the operator on F

A =Sinlp = ()\I}[ + Z%’ ®¢j> :

Jj=1 E

Then

Ay = Mg, A=A 1+, @Y.



The rank-one determinant update on E gives

Since both E and E* are invariant under S;, the inverse of ;| is the restriction of S;* to

E. Therefore

<¢17Az_—11¢z>ﬂ = <¢z7 Si_ll/}l)}( = qT_il <¢<xﬂ>’sl_l¢(mﬂ>>

Thus,
detp(4;) = detp(A; 1)1+ w,).

Multiplying over ¢ = 1,...,m gives
detp(A\7'A4,,) = [J(1 +u,).
i=1

Now define ¥ : R™ — FE by

Then

A, =M+, U0 =Q, 2 K,Q," .

By Sylvester’s determinant identity,

detp(A1A4,,) = det (I, + X1Q, K, Q,'?).

Combining this identity with (2.8) and taking logarithms yields

r,= Zlog(l + ;).
=1



2.3 Potential Bounds

We now record a few consequences of Lemma 2.2. We first obtain a bound on the clipped

quantities v; = min{1, u; }.

Lemma 2.3. For v; = min{1l,u,},

>, 10g2. (2.9)

=1

Proof. Use the elementary inequality

log(1 4 u)

min{l,u} < log 2

, u > 0.

Applying this inequality to u, and summing over 7, then using Lemma 2.2, gives

— _ J
;UZ - ;mln{Lui} < ﬁ;log(l—i_uz) - 10g2

]

When the surrogate leverage is uniformly bounded, the same potential also controls the

untruncated sum.

Lemma 2.4. Assume that 0 < u; < U for each i, where U > 0. Then

Z u; < 1—+U)F (2.10)

=1

Proof. For 0 < u < U, the elementary inequality

U
< —log(1
u < g1+ 1) og(1l+ u)

9



holds. Applying it to u,; and using Lemma 2.2 gives

< U
—_— log(1 — I,
Zuz 1+U Zog (L) = log(1+U) 7

1=

O

A uniform bound on u, follows, for example, from bounded kernel values and a positive

lower bound on the selected scales.

Corollary 2.5. Assume that for eachi=1,...,m, k(x )< L? and 7, = Gmin > 0. Let

7'77'

L2
U
)‘qmin
If U > 0, then
m m U
—172 — < — T 2.11
;qu T”L ;ul — log(]_ + U) J ( )
If, in addition, q; < Guax for each i =1,...,m, then
u“ U
;12 < QmaX—FJ' (212)
; log(1+U)

x )H; = Aflk(:z:n,:z:,_) <

L2
Thus u; = ¢, '77 < L?/(Agyn) = U. Apply Lemma 2.4. If ¢, < gy, then 77 = ¢, u; <

u,;, which gives (2.12). O

QmaX

The same potential also bounds the number of selected indices with large radii.

Lemma 2.6. For a > 0,

#{i QT/T'ZG}<

—_— 2.13
~ log(1 +a?)’ (2.13)
10



If ;. < Guax for cach i =1,...,m, then

FJ
(14 a%/Guax)

#{i:r,>a} < Iog (2.14)

Proof. The event q;il/ QT“Z- > a is exactly the event u; > a?. Hence each counted index

contributes at least log(1 + a?) to 221 log(1 + u;). By Lemma 2.2,

Zlog(l +u;) =Ty,
i=1

and therefore

For the count involving the full-history radii, Lemma 2.1 gives r; < 7,. If r, > a, then

7, > a, and hence

u;, = q;l’l’:g > a2/qﬂ, > a2/qmax'

Similarly, each such index contributes at least log(1+4a?/q,,.,) to 'y, which proves (2.14). [

2.4 Main Theorem and Bounds on the Selected Poten-
tial

In related regret analyses, cumulative effects of uncertainty usually appear in terms of the
actual full-history radii r;, may be weighted by deterministic coefficients attached to the
selected indices, and are often clipped at a fixed scale. Our goal is to bound this cumulative
quantity by the selected potential I';, which leads to the main theorem of this chapter. We
then further upper bound I'; by the standard maximum information gain.

For the main theorem, we use the scale condition

Gy, < B + K1y

11



In Chapter 4, we will see that natural choices of B; and x give useful bounds for the concrete

algorithms considered there.

Theorem 2.7. Assume that for all i =1,...,m, there are nonnegative numbers B, and a
constant k > 0 such that

q;, < B; + kry, i=1,..,m. (2.15)

Let ¢; > 0 and n; > 0. Define

Dmax = lrgnzag}fn G maX{17 /‘“7@} (216)

Then
mind1.n.r. )} < Zmaxp 7 22 2.17
;szln{ ,77@7"1}_ 10g2 7+¢10g2;cznz i ( )

Proof. By Lemma 2.1, r; < 7,. The condition (2.15) therefore implies
q;, < B; + KT (2.18)

Using 72 = qr,u;, We get

K3

Solving this quadratic inequality in the nonnegative variable 7, gives

. ku; +/Kk?u? 4+ 4By,
r; < 5

< ku,; + +/Bu,. (2.20)

We now prove a pointwise bound. If u, < 1, then v; = u,, and

C; min{l, 771'7“1'} < cmiry < ey
< ¢ RN 0; + ¢/ Bivg < D v+ e/ By

12



If u; > 1, then v; =1, and
c;min{1,n;r;} < ¢; < Dy v; < Dyt + ¢/ By

Both cases give

¢; min{1, mr;} < Dy v; + ¢/ Bivg. (2.21)
Summing (2.21) over ¢ yields

m m m
Z ¢; min{1, m;7;} < Doy Z v; + Z i/ Biv;. (2.22)

1=1 =1 =1

The second term is bounded by Cauchy-Schwarz Inequality:
Z e/ Bivg = Z(Cim\/ B;)\/v;
i—1 i=1

< J <§: 61'2771'2Bi> <§: Ui)- (2.23)

Finally apply Lemma 2.3, namely Z:ll v, <T';/log2, to (2.22) and (2.23). This proves
(2.17). O

The theorem above leaves the bound in terms of I';. Next, we further bound I'; in terms

of maximum information gain. For n > 0, define

1

Yom (b, X)) = 5 sup logdet (I, + 7 K (21, ..y 2p,)) s (2.24)
21502 €EX
where K(zq,...,2,,) = [l{:(za,zb)]gszl.

A lower bound on the selected scales is enough to compare I'; with this quantity.

Corollary 2.8. If q. > Gy, > 0 for every i =1,...,m, then

T, < 2ypdmin(k, ). (2.25)

13



Proof. Since Q7' < ¢ 1 T

m?

1/2 ~_ 1/2
Kj/ leK]/ = qmanJ

Using Sylvester’s determinant identity,

I'; =logdet (I +A1Q; K Q_1/2>
= logdet (I, + A\ K}*Q; K,*)
<logdet (I, + (Aqmin) " K7)

< 2ymlmn (6, X).

The last inequality follows from (2.24) with n = Aq,,;,, applied to the selected points. O

Thus, whenever the selected scales have a positive lower bound ¢, ;,, the main theorem
reduces the remaining complexity control to known bounds on 7?,‘1 min (k. X). For standard

kernels, such bounds can be found, for example, in Srinivas et al. [6, Theorem 5.

14



Chapter 3

Potential Bounds in

Finite-Dimensional Linear Spaces

The previous chapter gives potential bounds for general RKHS feature maps. This chapter
specializes the feature space to a finite-dimensional linear space, such as R?, under which
the same bounds apply directly. In this finite-dimensional setting, the selected potential also
admits an explicit trace-based upper bound. Such finite-dimensional linear feature models
are the standard setting for regret analyses in linear bandits and linear Markov Decision

Processes (MDPs).

3.1 Finite-Dimensional Linear Setup

We specialize the RKHS setting of Chapter 2 to the finite-dimensional linear case. Throughout
this chapter, we identify the feature space with R?, use the canonical linear feature map

¢(x) = x, and take the associated kernel to be

Under this specialization, the RKHS design operators become ordinary d x d matrices.

15



Let d > 1, let oy,...,z0 € R?, qq,...,q7 > 0, and A > 0. The full finite-dimensional

design becomes

Vi =My+ ) q;lwal (3.1)
s<t
For a selected subsequence J = (14, ..., 7,,), define the selected surrogate design
S; =M+ . lw, ] . (3.2)
j<i

The corresponding full-history radius, selected surrogate radius, and selected leverage are

r;=al Ve, m=al S e, u; = ¢, 7. (3.3)
Let
d .
Xg=[z; sz, | €RYM, Qy = diag(q, s, 4, )-

The selected potential can be written in Gram form as
T, =logdet (I, + A 'Q, ' *X] X,Q,"?) . (3.4)
By Sylvester’s determinant identity, the same quantity also has the d-dimensional form
I, =logdet (I, + \'X,Q7'X)). (3.5)

Therefore, the results of Chapter 2 apply directly in this finite-dimensional linear setting.

In particular,

16



3.2 Selected Potential Bounds

The following bounds are direct applications of Theorem 2.7 and Corollary 2.5 under the

finite-dimensional linear specialization in this chapter.

Corollary 3.1. Assume that for alli=1,....m

q4,, < B; + kry, B; >0, k> 0. (3.6)

(3

For nonnegative c¢; and n;, define

Dmax = 12122}5’1 G max{l, K’r]i}'
Then
mindl.p.pr.} < Zmaxp —J 202, 3.7
i:Zlczmln{ 77727%}— 10g2 J+Qlog2izzlcznz 1 ( )

Corollary 3.2. Assume that HxT , <L and q; > ¢yn >0 foralli=1,...,m. Let

L2
- Aqmin'
If U > 0, then
< U
; log(1+U)

If, in addition, q, < Q. for alli=1,...,m, then

m

Tg-1 < I — .
ZmTiSz xri —qmaxlog(1+(7> J (3 9)

=1

3.3 Bounding the Selected Potential by Trace

As in Chapter 2, the selected potential I'; can be bounded through the information-gain

quantity. In finite-dimensional linear settings, we can also give a direct trace-based upper
17



bound through its log-determinant representation. Under standard boundedness conditions
on the selected feature norms and scales, this trace bound further yields a coarser explicit

bound, which is useful in regret analyses for linear bandit and linear MDP algorithms.

Proposition 3.3. For every selected subsequence 7,

‘xﬂ'

z> . (3.10)

1 m
r, <dl 1+ — -1

IfoTiH2 < L and q;, = Gy, > 0 for alli=1,...,m, then

mL?
', <dl 1 . 3.11
7= °g< +Adqmm> (3.11)

Proof. Let
A - A_lXjQ‘;lX; t 0.

By (3.5), I'y = logdet(I; + A). Let aq,...,a; > 0 be the eigenvalues of A. Then

d
det(l; + A) = H(l +a;).

J=1

By the arithmetic-geometric mean inequality,

SHN
=
S
<.
~_
4

H(1+aj) < <1+

j=1
Taking logarithms gives

logdet(I; + A) < dlog (1 + M) :

Finally,
2

’xTz‘

tr(A) = A tr(X,Q7' X)) = A1) ¢! -
=1

18



2
This proves (3.10). The bound (3.11) follows by substituting HxTuz < L? and q;il <q . O

min*

19



Chapter 4

Potential Bounds in Existing Regret

Analyses

This chapter connects the potential bounds developed in the previous chapters with the
summation arguments that appear in existing regret analyses for bandit and RL algorithms.
The goal is not to reprove the full regret bounds of these algorithms, but to isolate the
common step of controlling cumulative confidence radii. We illustrate this connection through

several examples, including OFUL, WeightedOFUL+-, LSVI-UCB++, and GP-UCB.

4.1 OFUL

We begin with OFUL, a stochastic linear bandit algorithm proposed by Abbasi-Yadkori et al.

[1]. Given a sequence of actions 1, ...,z € R?, define

_ 2
V., =X, + szxz, by = %Tvt 'z, = ”xt”V;l .

s<t

A key step in their analysis is obtaining bounds on a clipped sum, given by Lemma 11 of

Abbasi-Yadkori et al. [1].

20



T
, det(Vpy)

min{1,/¢,} < 2log —— 122, 4.1

> minf1, 1} < 2log " (4.)

Further, if [lz,[, < L for all ¢, then

T 2
> min{1,4,} < 2dlog (1 + 2) . (4.2)
£ A

In the notation of Chapter 3, this problem is exactly the unweighted full-sequence case,
with ¢, =1 and J = (1,...,T). Combining Lemma 2.3 with Proposition 3.3 recovers (4.1)
and (4.2), with a slightly sharper coefficient.

Proposition 4.1.

T
, 1 det(Vp,q)

g min{1,/¢,} < log oo, (4.3)

— K log 2 det(V7)

Further, if |z, < L for all't, then

T 2
d TL
in{l < 1 1+—]. .
tg_l min{1,¢,} < Iog 2 og ( + d ) (4.4)

Proof. Take J = (1,...,T) and ¢, = 1, Lemma 2.3 gives

T
Zmin{l,ft} <T'p/log2,
=1

and by (3.5),

T

3 det(Vr,q)

F[T] = logdet (Id + )\ 1 El wtx;r> = log W;j;,
t—=

which proves (4.3). The explicit bound (4.4) follows from Proposition 3.3 with ¢, ;, = 1 and
m =T. [l

21



4.2 WeightedOFUL+

We next consider WeightedOF UL+, a weighted variant of OFUL for heterogeneous linear
bandits [9]. Let {z,}X , C R? be the action sequence. Now the design matrix is updated

with adaptive weights

T
Zy = My, Zpy1 =2+ k k’
k
where
1/2
ak—max{ak, o,y |zl }, o, >0, a >0, v > 0.

The goal is to upper bound a weighted clipped sum Z;il min {1, ,BA,C ||£L'kHZ71 }, with nonneg-
- k
ative weights Bk

Assuming [z;[l, < A and ¢ = log (1 + KA 2> , Lemma 4.4 of Zhou and Gu [9] gives

K K
Zmin{l,ﬂk ”m’f”Z;1} < 2dL+2£61[3% 5k72db+2¢ Z (02 + a?). (4.5)
k=1

k=1

The following proposition gives a sharper corresponding bound using our results.

Proposition 4.2. Under the setting above,

~ di &
1 } 4 1,42 } 52 2). (4.6
me{ Bl ) < oy mae {19 ma 3, NlOgQZl 2ot +a?).  (16)

Proof. Set
= O, Tk = ||%||ZE1 .
Since
o, = max{oy, a,'yr,i/g},
we have

22



Applying Corollary 3.1 to the full sequence J = [K| with

_ _ 9 _ 2 2 2
Ck_]-7 nk:_ﬂku Bk_gk+a7

X
I
2

gives

K
1 } _x 1,2 max 3 } 32( 2), (4.
me{ Bi g, max{ ¥ ifé%ﬁk +¢log Z popta?). (47

Moreover, because g, > o? and |lzi[, < A, Proposition 3.3 gives

K A?

Substituting this bound into (4.7) proves (4.6). O

Compared with (4.5), Proposition 4.2 gives a somewhat sharper bound under the same
normalization. The first two terms in (4.5) are combined into one maximum term, and the

coeflicients are also improved.

4.3 LSVI-UCB++

The next example is LSVI-UCB++-, an optimism-based algorithm for linear MDPs. He
et al. [5] show that LSVI-UCB++ achieves the nearly minimax worst-case regret bound
5(d\/ H3K). Later, Zhang et al. [8] establish a gap-dependent bound for the same algorithm.

For a fixed minimum suboptimality gap A, ;, > 0, their regret bound has only polylogarithmic

min
dependence on K.

The worst-case analysis of He et al. [5] controls bonus and potential terms over the full
sequence of episodes, in the same spirit as the full-sequence weighted estimate discussed in

Section 4.2. In contrast, the gap-dependent analysis of Zhang et al. [8] requires bounds on

partial sums of bonuses over selected episodes. We focus on this selected-sequence potential

23



estimate and compare it with Lemma 5.3 of Zhang et al. [§].
We now formulate the selected-sequence setting. Fix a stage h and suppress the stage

index. Let {z,}2£, C R? be the feature sequence, and let the full-history design matrices be

.’IZ‘.TL'
Zy=My  Zpn =2+ 5t
k

where

_ 1/2
oy, = max {0y, o,y /% }

Here A, a, 7 >0, 0, 2 0, and ||z,[, < A. Let
J={n<mn<-<7,}C[K]

be a selected subsequence of episodes. The selected-sequence sum considered below is

)
zz} }

imin{C’,ﬁHle
i=1

where C, 5 > 0.

Under this setting, Lemma 5.3 of Zhang et al. [8] gives the following bound

ij min {c, 5\\%\\21} < 2Cdu + 26372 de + 25% de i(aﬁi +a?), (4.8)
=1 Ti =1

where ¢ = log(1 + K A?/(d\a?)).
This bound can be viewed as the selected-subsequence counterpart of (4.5). Similarly,

applying our selected-subsequence bound yields the following sharper estimate

> min{C,

} < ? max{C, 72} + BQ in: o2 +a?). (4.9)

=
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4.4 GP-UCB

We finally turn to the Gaussian Process Upper Confidence Bound (GP-UCB) algorithm as
an example in the RKHS setting. Srinivas et al. [6] analyze this algorithm and bound its
cumulative regret in terms of the maximum information gain. Their probabilistic analysis
provides confidence bounds for the unknown function. After these bounds are established,
the core of the deterministic step is to control sums of posterior variances and their clipped
variants by information gain.

Let k be the kernel and let # be its RKHS, with feature map ¢(x) = k(x,-). Let A >0
be the noise variance in the GP posterior. For a realized sequence of chosen points z, ..., xp,

define
Vo= My + Y dlz,) @d(x,), i =(d(z,),V; dx,)),, -

s<t

The posterior variance satisfies

o 4 () = Arf.

Thus the normalized leverage score is
u =17 = Alop ().
For the realized design Ap = (zq,...,xp), let

KT = [k(xsa mt)]z—;tzla

and the information gain

1
I(Ya,ifa,) = 5 logdet (Ip+ AN1Ky). (4.10)
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For T > 1, define the maximum information gain

= max I(yu; .
YT AJALT (Yaifa)

To recover corresponding estimates in Srinivas et al. [6], we give an information-gain

identity, and control sums of normalized posterior variances u, = A\"'o? |(z,) and their

clipped variants by information gain; see Lemmas 5.3, 5.4, and 7.1 of Srinivas et al. [6].

Proposition 4.3. For the quantities defined above,

T
Zlog(l +uy) =21(ya,; fa,)-
=1

Moreover, for any o > 0,

T

S min fug, 0} € 20y
— log(1+ «)

Further, if k(z,x) <1 for all x € X, then

Proof. With ¢, =1 and J = (1,...,T), Lemma 2.2 gives
T
Z log(1 + u,) = logdet (Ip+ AN 1 K7).
t=1

Combining it with (4.10) proves (4.11).
For any u > 0,

min{u, a} log(1 + u).

< a
~ log(1 + )
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(4.12)

(4.13)



Applying this inequality to u, and summing over ¢, then using (4.11) gives

T
o} 2a 2c¢
S mi < — S logl+u) = — 1 "
2 min{u,, a} < og(1 1 a) 2= og(1+ u,) log(1 + ) (Yaps fa,) < oa(1 T a)ﬂy

Now assume k(z,z) < 1. Since V, = M, we have V,7! < A\7'1,.. Hence
2 2 _
0 <uy = ¢,y AT gl < A7

V 1

Applying Lemma 2.4 with U = A~! gives

€ ey Do) = e ) €
0] Uu P l—— L ——
S gl r ) 1+)\ gl +u) " log(1+ A1) WArar) = 10T
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