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ON THE PENETRATION EFFECT
IN ELECTRIC DIPOLE INTERNAL CQNVERSION

Gustav Kramer and Sven Gosta Nilsson

Lawrence Radiation Laboratory
University of California
Berkeley, California

October 2, 1961

- ABSTRACT

Nuclear-structure-dependent contributions to-the intérnalfconversion
process are considered in conjunction with highly retarded électric dipole
transitions. Formulas for a theory of anomalous internal.conversion for
electric traqsitions are given. These formulas are appiied‘to explain the
strong El1 %nomélies for L cohyersion found experimentally by Asaro, Stephéns,
Hollander, and.Perlman.u

| Two different types of anomalous matrix elements occur; one associated
with the nuclear ‘charge, the othér with the nuclear éurrent. It turns out that
the contribution associated with charge is negligiblé. In the current terms
we distinguish two parts, the convection current and the épin current, which
are éssociated with different selection rules and generally both importanti

From.the empirical data of the LI and L__ anomaly the signvof the ratio of

1T
nuclear matrix elements which gives the dominant contribution to the anomalous
conversion amplitude is deduced.

The anomalous nuclear matrix elements are evaluated for the single-

particle model. Effects of pair correlation are discussed. The agreement

with experiments is satisfactory.
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| ON THE PENETRATION EFFECT
IN ELECTRIC DIPOLE INTERNAL CONVERSION*
. :Gustav KramerT and Sven.Gosta Nilsson*
‘Lawrence;RadiationvLabofatory'
University of California

Berkeley, California

.®ctbﬁer_g,1196l

| infroduction
The occurrence of so-called anomalous ihternal conversion can now
. be used as a means of exploring details of nuclear structure. Deviations
from .the point-nucleus'internal-conversion cdefficients (ICC)l can. occur
because of two effects. Thé first effect we might label as stafic. Theré
the finite radial extension of the céntral-chérge distributioh>changeé the
electron wave functions outside the nucleus felativevtOvthe point-charge
.éase. A saﬁisfactory account of this effect has changed thé assumed values
Qf the theoretical ICC-by appreciable amounts.g’5
The other effect is sometimes referred fo as dynamical'and.is
connected with the penetration of thevelectron.wave function .inside the
nuclear surface, and is also thus present for all finite nuclei. However,
it - is generally a small effect because of ﬁhe small probability of the elec-

.trons being, inside the small nuclear volume. This penetration,usually gives

, This work was performed under the auspices of the U. S. Atomic Energy
o Commission. :

On leave of absence from the University of Heidelberg (Germany).

»e, .

On .leave of absence from the Univefsity of Lund (Sweden).

o
5
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N

rise to additional nuclear matrix elements not present in. the y-decay. bMore
specifically, the anomaiy,caused by the penetration depends on the ratio of
the nuclear matrix element aue to penetratioh tQ the normal'y-ray matrix
elemeﬁt. It is clear that the effect should be noticeable only. if the normal
nuclear matrix element ié.small,,i.e. the corresponding'y—trénsition:hindered.
Obviously the probability for: the electLonyto be inside -the nucieus.is strongly
increased with increasing Z and A. The strongest anomalies are found for El
transitions, and — as expected.in line with what is said above — they occur .
_in the actinide regionlL where the.volume factor for penetration.is most favor--
able and where<fhe'y-hindrance factors for E1 transitions aré partiéularly-
large: We limit ourselves from section 2 on.to considering only anomalous
'ICC of E1 transitions. B |
- An .increase in the valués of the ICC by a'féctor of up to 20 is

encountered by Aéaro, Stephens, Hollander and»Per_lman;lL The data have been
analyzed and. discussed with:some qualitative success (as to selection rules)
in papers by Nilsson and-RasmuSsen;5’6

A reinvestigation of these anomalies appears to be called for as

7

Greene and Rose and Church anerenesef8 have pointed dut the possiblé.or
even pfobable importance of a penetration term neglected in refs. 5 and 6:in
view of an 6ccurring cancellation in the anomaly terms that would. otherwise

9 but not

‘be dominant. Such extra-terms‘weré also derived earlier:by Kramer
further explored. for specific cases. |

We give here a neQ derivatioﬁ of éll the penetration ferms, employing
a formulation close to that of refs. 5 and 6. The result is the occurrence

of anomalous matrix elements of two different types, one associated with

charge, the other with current.
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We evaluate the electron matrix elemenﬁs inside‘thé nucleus for both
these contributions. It fhen,turns out that usually the contribution aséociated
with;charge is negligible, owing to the mentioned cancellation effects occurring
for the éombination (ff‘ + gg') of the radial electron wave functions inside

the nucleus. In such a case-it is possible to relate the L

T anomalytto the

LII anomaly -independently of any knowledge of the nuclear matrix elements.
From an analysis based on the electron wave functions it also becomes clear

‘why any possible anomaly of the L coefficient must be smaller than that of

11T

LI and LII by sgveral orders of magnitqde.

The next step in any quantitative analysis must be an evdluation of
the rétio of the nuclear matrix elements involved. The matrix element.
occurfing,in the - denominator of the anomaly term is a conspicuously small .
number in. the cases considered, i.e., the hindrance factors are large. It
is.obviously;véry difficult to calculate this.quantity ?ith enough reliability
(in view of its smallness relative to:its unhindered value) on the basis Qf
any presently developed nuclear model. Thus even fhe sign of the calculated
quantity appears uncertain. On . the other-hand,_thé absolute value may be
considered as given empirically from the y-ray lifetime of the transitions.

We have nevertheless attempted to calculate the El matrix elements
.theoretically. Although the order of magnitude of hindrance is in fough
agreement with the experimental values, there is generally né gquantitative
agfeement. |

We believe, however, that the anomolous matrix elements, which are
much less or- in one case not at all inhibited, can be. calculated with somewhat
better reliability.

Because the major part of the penetration effect comes‘ffom the. con-

tribution of the nuclear current, the form of which.is not completely known
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theoretically, we are forced to limit ourselves to applying a specific )
nuclear model not only for the calculation of the nuclear wave functions

. ‘ - : * -
but thus also for the specification of the electromagnetic current. .

£

*
It is well known that for the gamma-transition matrix elements this
‘ambiguity can be removed. (Refs. 10 and 11.) :
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1. Derivation of the Internal Conversion Anomélj’Terms
In order to facilitate a comparison with ref. 5 we adopt the formula-
tion of the first paper of ref. 9 based oﬁ an éxpansion of-the electromagnetic
field into multipole components.
' Using perturbation theory ahd>wdfkingbi£ the.Coqlémb géuge for the
pho%oﬁs, one gah defive the folléwingLexpreésion for £he_electric cdh&efslbn

amplitﬁdef(éee ref. 9):

g B e, W
!
where
Ues (L,M,n)tlhnjf __dk
i 00 Yy (W+ig)2-k? .
r % NSRS * - ' )
X i f’wf 3; ) E;M‘(gn) Yy o f¢f EZ.A;M(re)¢idTe}. (2)
and .
' : enee | '
U (C) [ f¢f TE;?E—I wi ¢i,d7h @Te . | ‘ (3)

e
The.contribution from the transversal photons is represented by €gq. (2); The
direct Coulomb interaCtion (scalar and longitudinal photons in the Lorentz

Sauge) is respon51ble for uhe amplltude U (C) ziven by eq. (3).

In the Coulomb gauge the electric multipoles are defined asAl2
P T (& rig(x )) K 7 3 (k) ‘ o ()
Ay = - v (er)) + P g (k) | Yy '

. . . ._) 3
A more familiar expression:for ALM is

K)LM - N, = curl (Fx 9) VEJ-L('kr) R .

t
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The normalization constant is given as.
= (/2 1 ()12 (6)
and jL
-9

. - -
excitation energy, jn and je the nucleon and electron current operators.

is the spherical Bessel function. -Furthermore, W denotes the nuclear *

| F;nally‘wf; %i} and ¢f; and ¢i afg ﬁhe yayﬁbfuhctions of thg nucleu;»qnd the,
electrons in. the final and initial stateé; respectively. With the specific
purpose to avoid nbnexistehtbintegrals in the k’integration, it is convénient
first to- ‘exploit the continuity equation for the nucleon and électron currents,
brespectively. This amounts to replacing j : i;- S(r), where S(r) is an

: - v -
arbitrary function of r and where Jj stands for alternatively the nucleon

or electron current, by the commutatorl“l

=

. As(f) = ei’[Ho, s(z)1. - N - (7

S
J

The quantity Ho.is the nuclear and electronic Hamiltonian, respectively, in
the absence of the electromagneficffield.
Solely by the use of eq. (7) we arrivé at the following expression

for U(L’M)f. - (In the following we omit the indices f, i, and n in U:)
2 . a da_ -
U(1M) = NL ‘/ﬂ 5 k2 w ¢ (-iw a;; r JL LM)(lW r reJL+k'Je reJL)YLM
2 5> - _% - - 4 2 . . .
+_,<% 3p" Tntim /) de (2kdre rotk r;) I m .¢3'¢i dr, dTn" (8) )

The next step, the integration over k (the momentum of the photon

field);'is disucssed in some detail in the Appendix, and gives as .a result ‘
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R (o]
c2 %l & o Y
U(LM)‘:NL Em{of ( vp drn I'n-{r LI - ) LM a7
o«
X f (1Wp i | re)-hLYLM&T (92)

The functions‘F(rﬁ) and G(rn)'contain integrals over the charge and current

of the electron.: .They are

: ¢ ' N~ n N
[a P d 2 7.7y
O R R THCTR AT RN
- oNXTn- Y o : : :
S L ‘ (9b)
N e <& p e T n
(I Tn JL(Wrnbuf (ine T TV Je»'re)hL(wre)YLM ar,
N /0 ) e
and
Ty . :
/ ' (2.4 2
G(rn) = hL(Wr )df J (v =3 r_+ W r )JL(Wr )YLM dr
) £ T @ e 6 g )Y (5¢)
T Jp,\Wr f g \% o Tt r, hL r Yoy dTe. 9c

0 ‘ e

Here hL is the spherical Hgnkel function of the fifst kind. * For convenience
we have used the same symbols for tﬂe transition charge and transition currents
of the nucleon and electron as for the corfeépbnding operatorg used earlier.

It can be shown'quiteﬁeasily;that_formula (9a) togethervwith;(9b)-and

(9c)'agrees with the formula for the electric conversion derived in ref. 9.
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The exﬁréséion for.GCrn) above can be transformed into & more con-
venient form by a partial integration, the use of the continuity equation, N
and Gauss‘s theorem. One obtains, €.Zey for the first part of G(r n)

containing the current,
“n
2 4
] VT

e Y dTe
0

e 9L M
r

’ n
‘ a |
- 1wof Pear_ Ye UL i 97

d : .
Sy oyoY. ] a0
dre e L "IM re—rn e (lO)
By such a prdéedure‘(9)'can be brought into +the more compact : form

U - ) Al J ) ar, - bme"é(hL) oTe

* Ofmq:(hL)‘Ofl,q g_g(jL) ar dTn-Of“Qfl(JL)Ofn Qe(;hL). arg ot

r~ 7
®2 = % L 2,2 .
) fW 'JnrnYLM vw_L f J?' reYLM=dQ%J r “Tn dTn }5

e
(11)
after some substitution based on -the identity |
S | :
EIRIC AL L oy A
and the adoption Oﬁ.the”fQilowing‘definition‘fo?.QK(JL)Wlth A=1 or e’
. R , .
. e a 2 P2y,
%.(4,) = (g ar, o W53 )3, (W )Yy, (12)

The same definition is used for Qx(hL)’ with.jL”replaced byh.T in (12).
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‘In. eq (11) we distinguish penetration,terms of basically different

character, some associated with the nuclear current, others ‘with .the nuclear

- charge. In ref 5 only the- terms of the latter: type have been cons1dered

Thls Was because -in the expression for the electric multlpole deflned by

eq. (4) only the gradlent term was~reta1ned.for the.nucleon-photon,lnter-‘
action,,whereae,both,terms~Were.kept for~thevelectron¥photon/interaction.
Afterithe k"integration was performed,"the larger part‘of the terms origin- -
ating‘from.the»second term of eq. (H) are small, of order Wr, compared.with
terms stemming from'the gradient part of'K;M. They can thus be neglected

as anticipated. However, because of the complicated nature of the k

;integration,ﬁan additional surface term. originating from the:second part

of eq. (L) emerges, as can be seen from eq. (11). This — the last term

in eq. (11) — is the current term mentioned. In addition, because a

particular cancellation occurs for the penetration terms associated with

.charge, the current term.is not oniy nonnegligible but in. fact dominant

(see the discussion below in sections 3 and k4).
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2. PFurther Reduction of the Electron Integrals
The ahgular intégration over the eleéﬁron wave function is identical
to ﬁhat‘occufring in the normal internal conversion problem, hence we leave

: angular
out all detalls of thls After thls/lntecratlon the amplltude takes the form

s 23 >
u(M) = S N LM.{ J(-iw P, e - W 35 rn) ar

X fr[(fkfk,+ g & d) Frt (fkgka-gKfK,) Wr] by (Wr) rCar
0
+ [ (-wip ) Yo ale ) - o (13)

+1f W‘ Jn n LM B

0
where the functions 0(r) and B(r) are defined in terms of the radial wave

\ - - : : : - , o
functions of the electron in the initial and final state. We write

: a(r) = £ (r) ;vgl(r), - | (13a)

B(r) = £,(r) + gz(r)‘+ h(r). S "(l3b)

Thén £he functioné £15 &, fz; gz;ﬁ;ndvh are defined as | o
£ (2) = Se ) Tle) - e 100, (130)

g ( F ) 9 (0) - Sx(ray) B (), (13a)

£,(r) = b T(r) - g T (x), ' (13¢)

be) =(1/i0)2 N, 5 -5 2 ,) (138)

where Ij and Jj stand for radial integrals of the electron radial wave

functions,
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| r 2 oy da ,
e - f ot (S L g ) gy, ()

r . 2( ( : )w .. ( .)
s = f e g g gy G

and Ih(r), J (r) are defined in the same way as Ij(r), Jj(r), provided the

h
Bessel function jL is replaced by the Hankel function in (lBh) and (l3j).

The first term in eq. (13) can easily be transformed.by avpartial
integration into the form originally employed for calculation of the normal
conversion coefficients (see.refs. 1, 2 anav9).

In eq. (13) OLM is a factor common to both normal and’gnomalous terms
and contains all the gecmetrical factors resulting from the angular integra- .
tion. . |

The functions f_ and g are the "small" and "large" components of
the electron wave functions as defined, e.g., in ref. 12. The quantity k,.
conveniently representing both the £ and j quantum numbers of the electrons,
is used in the conventiorial definition (see, é.g., ref. 12).

We determine the quantities a(r) and B(r) in the form of anvexpansion
in powers of (r/R) from the Dirac equation for a homogeneous isotropic charge-
distribution inside the nucleus. Those'solutiéns are Titted to the solutions
outside the nuclear surface which have been determined by numerical calculations.
In the bound-electroh states we have used the recent calcqlations by Cohen13
(Hartree-Fock), and for the continuum wave functions those tabulated by
R.ei’czllL (Thomas—Fermi). |

Retaining the three lowest powers in r/R in B(r), we may write

B(r) =/ Ay + o, (e/R) + a G/ v ol ()

The coefficients do, dz, du are giveh in table 1 for'thevspecific

empirical cases considered. A similar expansion for a(r) can be found. However,
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it turns out that the expansion coefficients in a(r) are smaller than those
of B(r)_by nearly two orders of magnitude. This point is discussed in more

detail in section k4.

3. Analy51s of the Emplrlcal Data Conclus1ons Independent
S - of Nuclear Models

The experimental:cases considefed are all taken fran the article by
Asero, Stephens, Hollander, and Perlman (ref. 4). We have selected such’
cases for which the empirical data are most complete. We have furthermore
confined ourselves to nuclei for which the deformed coupling scheme anpears

"to be well established. .
Of the cases exhibited in table 2 the most conspilcious ones are Pa23l

243

and Pa233l For Am only the L. conversion appears anomalous compared with

I
the value givén by Sliv and Band, which lies" just barely outside the ex-
perimental 1imits of errof, whereas the LI ICC ‘given by Rose falls within

these limits. This is therefore probably not an anomalous case at all. It

is also associated with a felaﬁively small hindranCe'factor‘(see the last

» 'column of Table 2, where the hlndrance factor is defined in accordance with

ref. M). The Am 43 case is included in this discussion to verify that the
' theofetical'éaléuiEtionS"cén verifly. the absence of anomaly in this case.
One may observe that as a'general'trend the degree of anomaly-increases with
the hindfance factor. |

A feature common to all the anomalous cases listed is that the LIII
‘value is never anomaleﬁs.

Instead of trying to_compafe directly‘the measured anomalous ICC's
with those calculated from theory (of course such a calculafion involves

the evaiuation of nuclear matrix elements),'we found it edvantageous to
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extract the anomaly of the ICC's in terms of an anomaly amplitude d. Inithe next
-paragraph we shall attempt to calgulate'these A's on the basis of a specific
huclear-model.- For electric dipole L, and LIi conversion the following electron

transitions occur:

1) sy OPy

‘LI :
N RU VRSV -
| L A 1)
L 3) P1/z 7 %1/2 . |
‘1T |
k) Py/p Y% )

bThe contributionlto the anomalj from the second and foﬁrﬁh transitiéns
1s‘eﬁt1rely negllclble, as the approprlate expansion coeff1c1ents‘d of
eq. (lh) are smaller by several orders of magnltude than those of the flrsfv
and_thlrd tran51tion.v This is connected_w1th the large cenfrlfugal‘barrler

of the larger total angular momenta in the final electron states in cases

2 and k.
We wrlte the LI and LI ICC's as
aL‘*:ﬂal +‘a2, , ' _ : D (16)
I
a =a o, | o (17)
II - , et o

where the index notation is in accordance with (15). ‘Then, in line with the

discussion above, Q. and & are assumed to contain all the anomaly. -We then

1 3
define the quantities ﬁi and ﬁi by the relations
I 11
1 2
= A
o 1
1 2
., == | R. + 4 .
T R (19)

TII-
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Here R, and R, are the normal conversion amplitudes which have been calculated

1 3
15

* o
earlier by Sliv and Band. ~ . The facter 1/6 is = geometrical factor. .

The guantities @ andiOn are then;identified'with.the measured ICC's as
o T LI ’ '
given in table 2. From these AI and At are calcualted on the basis of
II

eqs. (16) through (19). Inside the approximations in section 2 -the quantities

4 and A are purely real. As R. and R_ are also almost purely real — the
LI LII 1 3 :

imaginary part is smaller than the real pért by an order of magnitude or more —
the normal and anomalous components interfere strongly. Thié is one reason
why the anomalous conversidﬁ is seen evenzfor moderately hindered transitions. .
In this conﬁection we should also point oﬁt that Rl and,R3'hgve the same

sign and are of comparable magnitude (Rl/R3 ~ 3). According to the theory
gi&en'ih sections ; ahdlé the'anomaly amplitudéé Ail and ALII are approximately
equal to ﬁhe produét of the expansién céeffiéient do,'as éefined inkéq.'(lh),
and a éértain ratio of nuclear matrix elements, which latter enters in both
the Li aﬁd LII:anoﬁaly.amplitude. As thé coefficiénts do hévelbpposite sighs
in the two éaseé; it ié obvious thét the intéfféféncevOf the hormél and |
anomalous amplitudes (see (18) and (19) ) is constructive in one case and
destructive in another. If aLI and aLIi arevéadéd; a Eoﬁsidéraﬁié fraction

of the interference terms cancels. The occurrence of such an effect is
suggested by fig. 7 in ref. k4.

The fesults for &  and A are collected in table 3 (the indices

Ly b11

1, 2 refer to the first and second solution of eys (18) and (19) ). Under
the condition that the .lowest-order term.in (14) 15 déminant] which means

that only one nuclear matrix element enters the anomaly_amplitudes, then

* ' . }
A table of the quantities Rl’ R_, az, and OLLL was kindly supplied to us by
Professor L. A. Sliv and Professor I. M. Band.
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because d has opp051te 51gns in the LI and LI cases (see table 1) also

must have opp051te 31gns On the basis of this fact we have been

A and. A
LI . LII’
able to palr off two sets of solutions from the four values of Ai and. AL

- ST - IT
As is assumed above, we have the approx1mate relatlons

A _ .

’ a_ (LI) N | (20)
1

JANIR ~ . ‘ . »
L ® a, (Lpp) Mos o (21)

. Where Ko is a ratio of nuclear matrix elements. From (20) and (21) we oObtain

) | ALI'/ ’ALII ~od (L) /a) (). | (22)
As the ratiovon the right side of (22) is known and tabulated in table 3,
we can rule out one of the‘iwo sets ef solutions fof,the-pajl'@ﬁ!, ﬁill);in
most of the cases. The result of such a eomparison is presented in the
last four columns of table 3. By application of the relation (20) or (21)
the sign of xo is then determined; »The sign'of ko could also be tested

experimentally in a direct way by angular correlation measurements.

Here the question arises whether egqs. (20) and (21) are sufficiently

~accurate to validate such a determination of the sign of ho. In ﬁhe case

that the nuclear matrix elemenﬁ of the higher powers in r/R are nonnegligible,

(20) and (21) have to be replaced by the -equations

ho ® gy (Bp)hp 4 (B hy, o (23)

ﬁiix ~od (LIi) R (L ) Ny * du L ) N, (24)
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where xz and ku contaln matrix elements w1th two and four additional powers

" in r/R Even if K and k are of the same order of magnltude as KO eq. (22)

. 2 -k
\‘stlll holds Wlth very good accuracy, as d /d and d /d are approx1mately '

e

equal for LI and LI It is clear that the analy51s may be more compllcated )

if Kz or Au is con81derably larger than k .

The evaluation of B(r) as defined in section 2 for LIII conversion

leads to an expansion, of the following form, similar to egs. (23) and (2&):

)N, + 4

e d () N o (25)

One may‘ﬁcte that ko does not occur in (25). From the fact'that‘bif depends
: : 11T
on the same ratios of nuclear matrix elements as A(LI) and A(LH) and from

the Smallness of dz( ) and dh( III) — see table 1 — it follows that
TAN is very much smaller than & and &

Ligg 77 Lp o Do

IIT"

* -
The detailed calculation of these matrix elements for a particular nuclear T
model bears out this contention in all the cases considered in this paper.
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L. Calculation of Nuclear Matrix Elements
In this section we discuss the.calculation of the ratio of nuclear
matrix elements A entering into egs. (23) and (24). |
We may write
- s+2

N = 5/2 (l/MaR2) 2

R A (BL)/N(EL) - (26)

with only s values equal to O, 2, and 4 considered.

The quaﬁtity N(E1) is the normal ﬁltranSitibn matrix element, more

1m

~ specifically the matrix element of p(hﬂ/})l/zY . There and in the'following

the radial operator in the nuclear matrix elements have been expréssed in terms

of the dimensibnlesé quéntity p;v(Man/er. 'The'magnitﬁde bf this métfix

_element may be détermihed empirically,from thé‘kndwn El life time 1/T through

the formula

2

T(E1) = (8mf9) - (4@)? C Mo (uﬂ:/B)N(El)2 e pp
~ 2Q37 x 1015 (E/Mev)” W(E1)Z - esff‘;‘ 4 (27

where the second line in eq. (27) is accurate only for elements with A = 240

and Corr is the effective charge equal to-ﬂe for a proton and - %63 for a

neutron.

T o o A
The Aé(El),arevthe matrix elements of the operator ij;.?n(hﬂ/5)l/2Ylm§52

(s = 0, 2, 4) in units of e pp-

. In this‘calculation_wg assume for_the,nucleon cﬁrrent_the following

expression

fe > cc - sc B | , | 4(28)

wherevggcc is the convection part of the current:

ELCC = (en/EMi).(?; §a ¢€f— (i%v¢;) w{). . _ '_ (28a)
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and jnsc is the so-called spin current:
Y — . s . . /.‘}
_ In M My <Z’lxwf % %ﬁf (28b) )

In (28b) Ky is the magnetic moment of”the nucleon. The métrix elemeﬁfs of the -
éurrent.were evaluated using for e, in the ponvection current fhe effective

.charge and for.un in the spin current effective values of B = 2 for protons

and By o= —1/2 for neutrons. These values of K account in an apprqxi@atg way

for ﬁhe effects of the spin polarization.

Of course, the expression in eq. (28) for the nucleon current is not-
complgte‘even forta single-particle model if a spin-orbit force is included.l7
However, the'contribution to the nucleon current resulting from the spin-orbit
force is pgrpendiqular to:f; and thqs does nqt contribute'toJSZ‘?n, Which is

' *
the quantity of interest here.

. : . ' . -ﬁCC A s+2
In a single-particle oscillator model the matrix element of j ' I'T
can be expressed.in terms of matrix elements involving only powers of r. In

this model, therefore, one has

o | 43T /R )

-5 {'(N.'—N) @l (/R (o)

s+3
* (l/(2M®)[‘ (£41) - f(z+1)] (el (r/R)s,”lle}, (29)

~ - for s = 0, 2, L.
In formula (29) N and f refer to the .total number of nodes in the osc111ator
wave function and angular momentum £ respectlvely, and ® is the characterlstlc »

oscillator energy.
From this formula we may estimate the order of magnitude of the con-

tribution of the convection current terms compared with the charge terms The

*
'The same holds true for the contribution from an T T force.
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structure of the terms connected with the charge is (N'g' ] (r/R)S+5 Nz). The
ratio of express1on (29) to this matrlx element’ is then of the order of w R, which

is approximately 0.3. It should be emphasized that it is the oscillator shell

' spacing energy g>that enters, and not the spacing between the initial and final

~

nuclear states W,8 which is usually much smaller than . Although the‘nuclear
matrix elemegts due to the current are.smaller.than those due to the charge by
the factor uR, the contribution of the latter can be neglected owing fo the small-
neéss: of the corresponding coeff1c1ents d (For a deflnltlon of d see section
2.) As.can be seen from egs. (13), (153), (13c), and QBh) the combination

(fkfk* + g gK,) of radial electron wave function enters into these d, coeffi-
i

cients. The corresponding factor for the current term is (f, g,,- gK.fK,) accord-

ing té’eqs. (13), (13b), and (13g). The first combinaﬁion of electron amplitudes
is small inside-the nucleus cdmpared with the second by a magnitude of the’order
of mR (where m is the electron mass)6 which is small of the order of 10_2.» Addi-
tional geometrical factorsialso favor the current:terms bysa.factor of: 10 or more.
One may note that the asymptotic selection rules of the convection cur-
rent and charge matrix elements are identical. Thus, provided the sbin current
contribﬁtion is minor, the qualitative analysis of ref. 5 is valid also for the

current terms.

Tt can be shown that the spin current contribution can be written in the

form . ‘
i:]:’c B (%)SJ& v, 4T = e My ﬁ/; c'—)n . L @YH LU ' (30)
. The m=0 and m=1 components of the operatof involved in this term are
proportlonal to (c l 1 c_ and (]5 7 ll + 0+ Ylé)’ respectively. It

is apparent that these terms are associated with different selection rules —

for instance spin flip is allowed — than the terms contributed.by the convec-
tioh current. TIn Table 7 the selection rules for the "asymptotic" single-
particle wave functions are given corresponding fo the two cases s=0 and s=2

in eq. (30).
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Basically the spin current term is smaller than the leading'convection

. w_(s+3) ,
: : . ' 4 . 1 L
current term by a factor MR- R which:.is of the order 3 However, because

the spih current term has different selection rules, it may be very iﬁportant &~
in cases.where,the spin cu;rent contribution is unhindered but theleonvection
efefm hindered. In the cases treated here the epin curreht matrix elements

for s=0 axe almays clas31f1ed as hlndered why its effect in the cases presently
;treated are less important. However for =2 most of the spin current matrix
elements are uﬁhindered.  All‘fhe six experimehtai examples considered refer

to nuclei for which the deformed‘coupling scheme»is well established. The

wave functions can be written as

1l

>l/2

-%I,H{ : ((21+1 ) /167

[0+ 0Pl
- ((21+l)/l67T l 2%&'1 + ( ) Ir-T/2ey KBDI,I K]

(31)
where XK‘is*the intrinsic nuclear wave functionvand iBMK describes the rotation
of the nucleus as a whole. The nueclear matrix elements of interest can be

‘given in terms of the intrinsic wave function, X+ For-instance, for N(E1)

we have

N(E1, 'IK - I'K') = .<I 1 KK -K| I K><><K,l(-u7.r/5)l/2 leK,_K[><K> +

E O O X S O [CE /DR S A 5
(52)

ﬁleq,(ﬁo'&e.eﬁkctxjéﬂe Coriolis interaction is nesglected. However, the:
inclusion of this effect gives rise to a coupling between bands with angular
momentum components K and K+l to lowest order in perturbation theory. The

generalization of (%1) and (32) to' include such Coriolis admixtures is obvious.
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A

For the examples of anomalous ICC considered, single-particle states

_involved are listed in.table 4. The states are identified in that table by

“their asymptotic quantum numbers [NnZAK]. The table also lists the coefficients

of Coriolis admixtures that we have eﬁpléyedvin our- evaluation of the nuélear
matrix. elements.

The detailed wave functions of ref.. 19 were employed in the calculations
of N(E1) and As(El) for s =0, 2. The results are exhibited in table 5.

The.separate'contributions of the convection current and the spin cur-
rent are denoted Ascc and Aésc,,respectively. The contribution of the amplitude
As'tovxs for s > b are very much reduced by the proportionélity factor (l/Wwf?Fﬁ%
- ‘We see from.table 5 that the experiméntal ystransition matrix elements

{

are reduced relative to the unhindered single particle value, which is normally

5-

This general feature of

" a large.inhibition is borne out by the detailed calculations of N(E1); the

results are listed -as theo.eeff in. table 5. (In the asymptotic limit all these

matrix elements vanish.) Nevertheless in.individual cases there are discrepan-

cies of the order of 10 in both directions. This indicates that the model

" employed is not capable of predicting these very small matrix elements with

any reliability, not even as to their signs. The smallness of these matrix

elements makes it plausible that any neglected effects such as higher con-

. figuration mixing could decisively influence their value and might tend to
! . .

" increase -them generélly. On the other hand the effects of pair correlation

give rise to an inhibition factor (uu'-vv') which becomes particularly small

and may even vanish when the initial -and final single-particle states lie on

opposite sides of the Fermi surface. This effect might in same case be res-

_ponsible for a change of sign in N(E1).
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.Regarding the_anomaloﬁs matrix elements Adcp and AQCC, we notice that
the three: first cases'listedfin‘tabie'5 are always smaller by a factor of almost
~lOfthanhthe'fourth,0ne; which latter is classified as unhindered by .the asymp-
totic selection rules.” The first three are hindered by the same rules. The
- two last ones are ferbidden-by;the:K- selection rule.  They show, however, very
;lafge impurities ‘in K, as may be found by-inspection of tablevh.* The dominant
K- admikturetis also associaﬁéd.with an.unhindered transition. This explains
the intermediate.values of A € ahdrA2cc~in,these:last two cases. The nuclear

0

matrix elements of o - & - iKYIM) c:oi'res'ponding’ovo‘S.c are all small because

of the intrinsic hindrance already discussed. Their relative importance is much

increased by the additional factor —— u .
) : eff v
In order ' to obtain the anomaly amplitudes A, we calculate Xo and AQ in

accordance with eq. (26). . For. comparison we use both the empirical and the

“theoretical values for N(El). In the former case we list A @nd A, in columns

.2 and. b of table 6 (denoted hg and kZ). The signs of these two guantities are

erbitrafiiy,CHOSen.so that N°*P is negative for all the six cases. The - com-

'pleteiyvtheoretical values kt‘and A; are exhibited in columns 3 and 5 of table 6.

0

We have not calculated A because it would make a negligible contribution to A,

eveniif/it'wererf'the same order -of magnitude as A. or A., owing to.the small-

0 2
ness of duj(éee.tablevl). ‘The final results for ALI and Ai - can be found in~

columns 8 and 12. These results have to be compared with the values of. £L
and'éi " (éolumns 9 and 13) obtained directly from an analysis of the experi-

mental data by'the procedure described in section 3.

‘ The semltheoretlcal values of AL and Ai ;o a + xe d2 are in
fair agreement w1th the experimental A's as to thelr magnitudes — the signs
are arbitrary. — In all cases, except.Pu259-the theoretical values are below

Some of these amplitudes of the K- impurities have been calculated by
Dr. F. S. Stephens, Jr. We are grateful for his permission to use his values
in advance of publication.

.
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. the experimental ones. The exceptional Pu
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259 case is discusséd separately

“below. The last two transitions are K-fofbidden, and all the other transitions

are hindered  in the asymptotic quantum numbers, hence small admixtures of

configurations neglected here that give unhindered matrix elements may increase

-the theoretical values and impfove the agreement. We further note that a. less

-, - .
strong I°-force in the proton potential (p= 0.45 vs. p= 0.70 for the protons)
generally, increases the nuclear matrix element by‘approximately'BO%.

The Pu259 transition corresponds to-an anomalous matrix element which

'is unhindered. . For this case, therefore, the theoretical estimate should be

most reliable. The observed deviation with experiments being of the order of

L40%, can largely be accounted for in.terms of pair correlation effects. As

‘pointed. out earlier pair correlations modify the usual El transition matrix

element N(El) in the quasi-particle approximation by the factor (uu' - vv').

However:  the anomalous matrix elements As(El) are instead modified by a factor -

- (uu' +-vv'). The value of this latter factor is usually very close to 1 as

-the single-particle states-invblved_lie close to the Fermi surface. We have
. /"‘( °

239

an exception.in Pu , where the transition takes place between, two rather

highly excitéd.states separated from the Fermi surface by éingle-particle

-energies of the order of half the gap energy. The initial state corresponds

\

<

~to a hole state in a pure single-particle description, and the final state

-is a.single-particle excitation in this picture. Therefore in such & pure

single-particle model the transition is forbidden due to-the fact that a change

of two particles would be required for the transition. In the pair correlation

model such a.transition is no ‘longer forbidden because of the smearing of the

pairs near the Fermi surface which is quantitatively reflected in the factors
(uu' - vv') for N(E1l) and (uu' + vv') for AS(El). This- latter factor is

estimated to be of the order of 0.7 for Pu259 in the quasi-particle model.
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This accounts for a reduction by 30% of the semitheoretical A-value of Pu259

because the factor (uu' - vv'), associated with N(E1), is taken care of by

the use of an experimental value for N(E1l). One may expect a further, though A
21,22

not very significant; reduction'factor frombblocking effects.

We observe that the Ai and.AL ~as obtained from .the analysis of the

v I 1T

experimental data contain some additional informatiqn so far not exploited.
The experimental A's can be used to determine the relative sign betweén the
anomalous matrix eleﬁents and N(El); In our aﬁalysis this sign is given by
~the sign of xz exhibited in column 3 of table 6. This sign should be equal
 to’the sign of ALII (coiﬁmn 13 of table 6). However, as mentioned earlier
we cannot expect to predict the sign of N(E1l) reliably due to the large
hindrance of the single-particle matrix elements and‘furthermore.duebto the
occurrence of thé factor (wu' - vv') in.the quasi-particle description.

In summary wé-may,conclude-that the over-all order of discrepancy as
to the general magnitude of the effect encountered in an aﬁtempted quantitat;ve
discussion in ref. 5 is now removed owing to:the larger-magnifude of thezcufrent
coﬁtribution. |
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APPENDIX

- Before we integrate over k in eq. (8) we notice that the following -

L

identities hold:
d_ J. = krj - L3 - C (A1)
ar - YL L-1 L% S LT
- f=2gd .2 . Sy e v o L(L¥) = o
LG e G e e
The following three integrals have to be evaluated:
TS = ofo Ak e I{Er r j .. (kr: )3 ” :(kr );Lej (kr_)J .(kr ) |
B § o P W?_ 2\ ne‘l-1l """ n'"L-1""e’ LY nt LY et
- L krnqL;__l(krn)jL(kre)-LJL(kr,{)kre JL_-l(kre)>, | - (a3)
I, = 7 P kr_J (kr‘j- L3 (kr. ) k2j (xr ) | ‘(Ah)
2 o wﬁ_ke ni-1'"n’ ““L‘n LY e’’
I, - j»dk —€L- K2; &krk)  e 3 (kr )-Li (ke )YV Y,
RS-~ A elL-14Te/ "M, e ™
L(L+) = . | |
- oen
@ | 1 1/ ¥ o
: “.Using the identity ;ﬁ—gﬁ =5(—==5+1) . ~ (a6)

W.\W -k
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for the three last terms in (A3), we can write, for the integral Iy

(f“

© 3 (e )3 G )
" mnjL-l(krn)jL(h‘e)"L‘jL(krn)mejL-l(kré'D

a + ;—2- [ ax sz’L(‘krn)jL(kre)-lizrnjL_l('kfn)jL(kre)-LJL(er)kreJ'L(h'eD
o .

(A7)

One observes that the integrals as defined by (A43), (A4), and (A5)
exist.®? With the help of the identity (A6) all three integrals can be evaluated

easily if we apply the formulas given in ref. 25:

jL(Wr)hL(Wr‘) for ¢' > r
W ,y - (A8)
hL(Wr)jL(wr'j for r >

3 s 1
w@ Jo (k)i (k') By _ _Am

0 Woak=

_ jp 1 ()b (') for r' 3w
o2k SEUE oy -~ (49)
hL_l(Wr’)j'L(Wr‘) for r > r'

2 dpa (=il 5

it

0 Wo-k”

<«
. . 1 :
J )i fe)as = 5 o S (a10)

and
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r
-1
- : | =TT r*>r o
3 : : 1 . .
[Rip ()i Gy =5 )5 - (a11)
0 e |_l_ | N
) or®
' _LO‘ r>r'
Thén the résults for I‘l" 12, _a.ndI;ar'e
. . da -
poom L) & T ) A reli)
1 - 2 iw ‘l ’ ‘ o >
la v ad
& T ) & el (i)
g (A12)
T L ' |
. n for rg 2,
_.l_T'lL]'.r*'l) ».L+l
2 2 BT € ’
e CU B
r'L+l for r“>brg?é
n
— Wr j_(Wr.) hL(Wr ) forr’>r
i n
I =3 n BOLOF ¢ N ,  (a13)

k1]
' [ Lancll
- EE
=
o
m———\
R R
o

N hL(Wrn) JL(WI‘e) for I_‘YL> Te

e

. JL(W_rn) Va?e-re +Wor hy (Wr )Yy, for ) 21,

. e

d 2\ . : ;
h?L("}Trln)G7 I Te + w re> JL(Wre)YLM for no % )

(A1k)
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We remember now that the direct Coulomb interaction’ can be expanded in

multipoles as follows:

= =
ro-r - ]
n r‘e_ L’.M

b Ty (8108

for re> T

* It is then apparent that the cogxtribﬁtion oif the second tiei'm in (Alz) is equal

to the negative of the direct Coulomb interaction term defingéd by eq. (3).

p)
eq. (92), and the direct Coulomb term of eq. (1) is exactly canceled.

If we insert the results for the integrals I;, I,, I, into (8) we obtain
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‘LEGENDS TO TABLES
Table 1. ‘Expansion coefficients of B(r). The numbers 1, 2, ..., 6 in the first |
Cn column refer to the'specific El transitions considered in this paper, and
.vthe§ may be ideﬁtifiéd with the help of table 2. ‘The numbers in parenthésis
in the last two colvmns correspond té powers of 10. Thus, the g coéf-

ficiénts of'LIII are on thelaverage smaller than those of.LI and LII

by & factor of almost 107°.

Table 2. List of some empirically known anomalous El transitions.. The El
transitions coﬁsidered in this paper are identified in‘the first five
. columns. Columns E and 5 give the single-particle state aséignments as
IK7 [N n, Al Columns 6 through 8 are taken from ref. 4. The denomina-
tors contain the theoretical conversion coefficients of ref! 2, with those
af fef, 3 given in parenthesis; The hiﬁdrance factor h expressed in units
’of 166 is given i;'the last column; it is taken from ref. 4 (sée also

ref.‘6).

Téble 5:' Analysié of the experimental data in terms of the anomaly amplitudes
v»A . The two sets of pairs of A(LI) and.A(LII), of opposite.relative sign,
are-dééignatgd as Aﬂl)~andda(2). The two numbers given in each column
corrésﬁoﬁd to the limits of error of the empirical data as quoted by
ref. M..'Thé empifical A.rgtios for the two sélutions are compared to

[ _the theoretical values dO(LI)/dO(LII). The sign of A, &s concluded

from this comparison, is exhibited in the last column.
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Tablevh. The assumed K impurities of the initial and final states of the
El transitions considered. (For a discussion of state assigﬁmenﬁs see
ref. L and ref. 23.) The table lists .the émpiitudes of the different
components of single-particle:states, labeled [N.nZ'A.K]. The-casesv

oly)

denoted by a have been obtained by F. Stephens from a detailed
analysis of the empirical spectra. The other numbers, which are probably
somewhat more uncértain, have been‘calculated by a simple lowest-order

perturbation treatment of the Coriolis interaction.

as defined by eq. (27) and

Table 5. Gamma-transition amplitudes N - Corr
anomalous conversion amplitudes Agc, A;C, and Azc and AZC, the first

two corresponding . to' the convection current and the last two ones to the
spin current. Note that thé numhers -in parenthesis in columns 4 and 5

denote powers of 10.

Table 6. Comparison of the results of the calculations with the anomaly

amplitudes AFXP, obtained from the analysis of the experimental data in

terms of the normal conversion amplitides, as given by ref. 157 The

2
as defined in the main text. The superscript t denotes that both N and

quantities xo and A\. are ratios .of nuclear conversion matrix elements.

Ai have been taken.from theory. In the semitheoretical case, 1abeied

by s, the experimental value of N - e rp given by the El ~y-ray lifetime,

has been employed instead of the calculated one. The quantities do and
2 II

d2 refer to LI conversion, do' and d_.' to L_. conversion; they are listed

in.table 1.

Table 7. Selection rules for the spin curreﬁt matfix.elements for s = 0 and

s = 2 in terms of the "asymptotic" quantum numbers .

R 1]
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" Table 5.

. 1 ol 26 2.52 (-3) 0.778 (-3)  0.08kk '0.562':0;155_ 0.118

: 2 Npoo | 60 2.81 (-3) V-01911 (Q5)‘ 0.138  0.964 0.0255 -1.86
3 AszB_, 8k 13.8 (-3) -0.91k (-3)  -0.148 . 1.0k ou005§2 2.22
b 7 106 1.01 (-3) -32.7  (-3) H 0.703 5.66 -0.226 -3.21
5 pa®t gk 0.928(:3) 227 (-3)  o.iok  1.56 =0.157 -2.16
6 paf?’ o 86 1.32 (=3). 22.8 (-3)  0.hkok 1.56 -0.156 -2.35
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used 1in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.





