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NOTES ON QUADRUPOLE FOCUSING
Edwin M. McMillan

Radiation Laboratory
University of California
Berkeley, California

February 9, 1956

A. General Considerations

’ 1. Consider two planes perpendicular to the axis of the systern, with
coordinates x and y in these planes lying along the principal directions of
the quadrupoles. Let X, and xl' be the x displacement and slope of an orbit
at the first plane, while X, and xz' are the corresponding quantities at the
second plane. Then the most general linear relations between these guantities

are
- 9
xz = axl + b:x:1 s

X2

- H
= ¢cx, -ﬂ-dx1 o

This pair of equations can be represented by the matrix (a b) .c
¢ d

Z. In all matrices encountered in this application, the determinant
ad - bc = 1. This fact can be used either to simplify the calculations, or
as a check on calculations made without specifically using this fact,

3. If the orbit goes in succession t;i'nrough two regions for which the
matrices are known, the matrix for the whole system is the product of the
individual matrices. The matrix for the region traversed first appears at
the right in the product.

4. 1If all elements of a region with matrix (2, b, ¢, d) are phyeically
inverted along the axis, as if by reflection in a plane midway between the
planes described in {(A. 1} the matrix representing the new situation is:

(’ d by, A-coroliary of this is that if a region has a plaune of symmetry.
VS a B
them a = d.
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5. ¥ a region with matrix (a. b, ¢, d} is followed by the same regiou

inverted as in {A. 4), the resultant matrix is

ad + be ‘ 2db
2ac ad 4 be o

(Note that ad + bc = 2ad - 1 = 2 bc + 1.}
6. Matrices for the y direction are obtained from those for the x direction

by simply changing the sign of the mégnetic field gradient throughout.

7. Signiiicance of vanishing matrix elements: From the eguaticns in
{A.l), it is apparent that if the coefficient a = 0, parallel rays incident at
the left are focused to a point at the second plane; if d = 0, a point source
at the first plane gives a parallel beam at the right; if b = 0, a point source
at the first plane gives a point focus at the second; if ¢ = §, an incident

parallel beam gives an emergent parallel beam.

B. Analogy with Geometrical Optics
8. The matrix for a field-free region of length L is

(a7)

9. The matrix for a thin lens of focal length f is

10
-1/f /.

10. Make the following combination: Field-free region of length Ly»
followed by region of matrix (a b ¢ d), followed by field-free region of length

Lzo The reculting matrix is

a + CL‘Z b ¢ aLl + dLZ + cLle
c d+cL1 .
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If this combinztion is to give a peint-to-point focus, then according to (1.7}
the upper right element must vanish. Using (A.2). we can write this condition

in the lorm
2
L, +d/c) (L, + a/c) = 1/c”.
A plot of I‘l against Lz is thus a hyperbole. This can also he writien

1 . 1
L, ¥ @ - T/c L, F@E-T/c

-Cy

which has the form of the standard lens formula, if -1/c is taken for the
focal length and (d - 1}/c, (a - 1)/c are taken for the distances of the
principzl planes inward from the ends of the lens. Note that if the coefficientse

a, b, ¢, d given for the thin lens in (B. 9) are substituted into this, it gives
1/1:..1 + I/Lz = 1/f,

it Ly and L, satisfy the corditions given above, the linear magnification is

equal to the upper left element in the matrix, a + CLZ" The ratio of angular

spreads is the reciprocal of this. These are negative if the image is inverted.
11, If 1..1 = LZ = L in the above,

L = 1 a+d ,\/au +]
c

linear magmfxca?.xon """Ti - (—-—i—-—) 1.

{The general solution has 2 a & sign in front of the square roots, but since
the + zign is to be chosen in most practical cases, it is written this way to

avoid confusion. )

C. Basic Quadrupoie Formulas

12, Let p be the radius of curvature of the particle in the field at a

distance r from the axis, and let £ be the length of the region considered.
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Define

Then the matrix for a focusing section is

cos @ % sin ¢
'% sin ¢ cos ¢> .

For a2 defocusing section, replace ¢ by i¢ to get
£ _.
cosh ¢ 3 sinh ¢

%— sinhk ¢ cosh ¢ / .

13. A focusing section of strength ¢ followed by a defocusing section

of strength $y0 both having the same length 2, has the matrix

t

. . | S 1 c oy
cos 4)1 cosh ¢2 -%—;» sin ¢, sinh q>2 £ (:5-1— ein ¢, cosh ¢Z +¢2 cos ¢, sink ‘
- (-¢ . sin¢, coshd, +$,cos ¢, sinh ¢,) cos¢ cosh ¢ +__¢z sin¢, sinh ¢
T 1 1 2 "2 1 2 1 2 & 1 A

The corresponding matrix for the y-direction is derived from this by replacire;

¢ by i¢. This combination will be called a symmeirical doublet if ¢y = ¢Z°

A useful approximation is obtained by letting ¢y =¢ (1 +a), $y = ¢ {1 -~ a),
and expanding to order q>z the coefficients of terms of order o, Then, for

a << 1 and ¢ not too large, the above matrix is represented approximately

by

cos cosh ¢ -sinpsinhé -4 ¢za % {sinp cosh$+cos dsinh¢

%’-(-sin¢cosh¢+cos¢sinh¢-4¢a) cos ¢cosh¢+sin¢sinh¢-4gbza /
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This ie exact if a = 0, A still further approximation can be gbtainod by
expanding the functions in all terms. If this is carried out to two orderc
above the leading term, taking account cf the fact that in the cases wz z2re

. e . 4
intereried in e is of order ¢ ., we get

1 - o2 24
2% (1,2, 1+ o2
3 3 @ /o

(Note that in these approximate formulas the relation ad - bc = 1 muost not
be used to compute elements given to higher order than the others.)

14. A symmetrical triplet is produced by placing in series a doublet
and a reversed doublet of equal strength. Using (A.5) and the last form

given in (C. 13), we get

1 41
4 o° 1 2.1 .4
) 7 ("3‘@ 4’-§-¢ -ZG) 1 °

The more accurate matrix {exact for g = 0) appears in its simplest form whex

functions of double angles are used:

cos Z¢cosh2¢-16¢za %(sinh2¢+sinz¢ccsh2¢ \
gi (sinh2¢ ~sin2dcoshZ$-8¢a) cosZ¢coshZ¢~16¢zu )

These matirices apply to the case with the focusing section at the ends;

the change ¢ -» {¢ takes one to the case with the focusing section iv the

middle,
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D, A4pplications

n 21l cases given below, it will be required that the foci coincide for
x and v displacements. In practice. astigmatic arrangements may socme-
times be waated, but this is a good starting point for examining the propertizs
of quadrupole lenses. Arrangements for producing a parallel beam and fer
focusing between points at equal distances from the lens will be considered
in some detail, and comparisons made between the doublet and triplet lensec,
The comparisons will pregsumably hold in more general cases where ae focal
distances are unequal.

15, Production of parallel beam from a point source. Refer te the

formulas in (B, 10} and note that a parallel beam on the right implies
Lz = oco. This leads to
Ll = -d/c.
With the source at the distance I, the ratio of the width of the outgoing
beam to the angular spread of the incident beam is -1/¢. If the source is
displaced laterzally by a unit distance, the outgoing beam is deflected by an
angle c. This displacement has a further effect, since the principzi plancs
are not necessarily at the ends of the lens section; this is 2 lateral dieplacoman
of the ceutral ray {the ray passing through the center of the lens enﬁr&nce} by
an amount a - 1/d at the lens exit,

16, Use of symmetrical triplets for parallel beam from 2 poiat source,

Start with the approximate matrix given in (C. 14), and set ixp the condition that
d/c is unchanged when ¢ is changed to i®. This leads to the requirement

a = % ¢46

With thic requirement satisfied, the matrix ie very simple, and is the same for

both x and y directions:
1 ‘ 4 4

£
.,44,“/3;; i .
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The lewgih Ly is equal 32/4 (i)ﬂ and the coefficient ~1/c for zompuiire iz
ratios of deflections and angles Has the same value.

Hovr nood 2n approximation is this? We can compare with * ~l.:r cai-
culations made using the second form given in {C.13). At =0 3 redics
agreemoent is within the accuracy of & 6-inch slide rule; at 9§ = 0.2 udiza
the a2pproximation gives o = 0,022, Ll = 5.8 £, while the betier caleulctiou
gives @ = 0,016, L, = 4.3 2. The coeificient «1/c 'is equal to 7.4 T ard DY -
a - 1/d is equal to -1.1 and 0.6, for the cases with the focusing rfaztion in thn
end and the middle, respectively. If ¢ = 7/4, the approximetior. is rathzx o
an exact calculation shows that the foci coincidz at the edge of the luns fo~
a =0, with -i/c equal to 2.8 f and 1.3 2,

17, Use of doublets for parallel beam from a point source. IUsinp “a=

last form in {C. 13), we find that the condition for coinciding foci iz agein h..
a= ¢4/6, The matrix is then

&

1-4 2 ¢

-2 ¢*/3 0 (1 54D 1+ 4% .

The length L, =3 £/2 ¢4q The coefficientsz ~1/c differ for the = znd ¥y
directions, but their product is equal to L, to the order for -vhicn ihis
calculation is good,

A better calculation for ¢ = 0.6 radian gives better agrecment thon
with the tripl_et; LR comes out to be 3% below the approximate vaiuce, whils
the coefficients -1/c¢ are both correct to within 4%. At ¢ = w/¢ the
approximate value is still rather good; the correct values are given bzlow.

fellowed by the approximate ones in parentheses:

2 = 0.056 {0.064); L, =3.77{3.9 4); -1/c = 2.62 and 8.2f {2.4£ and '0.1().

1
lor cas:s with the focusing section in the 2nds and in the middie, respeoetiv.ly.

18, ¥ocusing botween peoints at zqual distances from a symuacirical

~73l2t,  This gituation can bz thought of 2s two equal doublate br.eic Lo hack

2 et

2 aving A oscint sources nutsids and o warallel beam ai the poiat »f coatreh,



~9- UCHKL.-33253

Thercfore the results of {D.17) can be used directly in this case. Thoe linzar
magnuification = -1,
19. Focusing hetween points at equal distances from a symmetrical

doublet. Symmetry considerations show that ¢ should be zero in this case,

and tha! the foci will automatically coincide for the x and y displacements.

To find the focal distance, use (B.11) and the first form in (C 13), giving

cos ¢ cosh ¢ + si.nZ [ sinh& ¢+ 1

8
L= K 5in ¢ cosh ¢ - cos ¢ sinh ¢ ?

or approximately L = 3£/ 43;40 To6 this approximation, the linear magrification
is -{1 + 4)2) when the focusing section is toward the source, and -{1 - «;;23
when it is away from the source; the ratios of angular spreads are the re-
ciproczls of these.

20. Angular aperture. This is the angle of 2 ray from the source that
just touches the boundary of the usable region in the magnetic field. Let the
radius of this boundary be r; then the angular aperture for a source distance
1...1 can be written as (r/LI) times some function of ¢. In all the cases
discussed above, the product of the two functions of ¢ for the x and y direction..

is equal to 1 = ¢Z in an approximation good to this order in ¢. More exact

values can be computed without too much trouble, arnd some numerical examples °

will be given later,
21, Comparison of triplet and doublet., Collecting formulas given

earlier, te the simplest approximation, we have the following:
¢ =2 [ofrp ,
L, ~ke/e* =k % %122,
Product of x and y aangular apertures,

~ (/u® (1 - 6B ~ 18l P ety (1 - 2P e
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The numerical coefficient is k = 3/4 for production of 2 parallel beam by
a triplat, 3/2 for the same case with a double:, and twice these values for
the couc of point-to-point focusing at equal distances by a triplei 2nd¢ doublet,
respectively. The compariscn of doublet to triplet can now be made under
several sets of assumed circumstances. The ratios of quantitiés in the doublet
and triplet arrangements do not depend on whether one is considering point-
to-parallel or point-to-point focusing, to this approximation.

(a) Same total length and diameter of quadrupole magnet, same focal

distance. Let the product of the angular apertures = A, Then
doublet ¢ doublet _
p triplet & ¢ triplet 2.

A doublet 1 -2 ¢»LZ__
Atriplet 1-¢ A
t

Thus the triplet takes twice as great a2 magnetic field as the doublet, while the
doublet has a smaller azperture. In case ¢t is large enough that the aperture
difference is important, and if the available field is great cnough to achieve the
triplet cage, the triplet is better; however, the latter may not prevail in
practice,

(pb) Same diameter and field strength of magnet, same focal distance,

tetal length of doublet 1/3 ¢4 ~ ,1/3
total Jenght of triplet (1/4) T 2 ’

Ay 1. 22/3,2
< :

©

t 1-¢,°

Again the triplet gives 2 larger aperture, but the triplet requires a magnet
1.59 times as long as the doublet,
{c) Same diameter, total length, and {ield strength of magnet.

--!:::"' :“ 1/4&‘ '$t— -~Z}'

~ -~ ~. -
i R o PR

- R
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The ionblet bas a larger aperture thaa thz triplet by a factor of 16 vase O,
is sran’l; however, if (bﬁ- becomes too large, the triplet will cve_fvally hevs
the larger aperture. The formula given here makes the apertures xqucl ot
¢t = 0.49 radian, ¢ P 0.98 radian, but the approximations us2d become
rather bad for such large values of ¢.
22, Better calculation for {(D.2lc) Let M = total length of magaet, A

few values computed using the second form in {C. 13} and exact formulas for

the orbit amplitudes are:

S
M Lg M
R ®a & | R <‘i-‘>z Ay ('i% Ag | Aglhy

rp

1,57 w/8 a/4 | 15.3 | ¢.2 0.0036; 0.032 [ 8.7
3.14 | =n/4 w/2 0.92 | 0.32 0,50 { 1.02 2.04
4.70 3u/8 3w/4 0.133 | 0.002} 7.0 2.9 0.41

This shows that the doublet has a larger aperture than the triplet at lenst up to
¢t = 0.79, ¢d = 1,57, in the case wherc both doublet and triplet have the same
total length and the same field strength., For larger values of ¢ the focal
point comes uncomfortably close to the magnet for some uses,

The conclusion is that in many applications {particularly where equality
of the x and y magnifications is not important) the doublet will do a better
job than the triplet arrangement.

£3. Effect of Gaps. Gaps between focusing and defocusing sections tend

to increase the stremgth of quadrupole arrangements. As an illustretion,
cousider the case of a symmetrical doublet with a field-free gap of length
G between the two sections, The matrix elements {for the case with the

focusing section at the left} are:

a = cos ¢ cosh ¢ - sin ¢ einh ¢ -71"-?; sin ¢ cosh ¢,

“-’2— {sin ¢ cosh ¢ + cos ¢ sinh ¢ + -%2- cos ¢ cosl} ),
c =z% {- sin $ cosh ¢ + cos d sinh ¢ = 3%?— sin ¢ sinh ¢).
d::cos@coshx}-?-sin(psinho‘p%%g'— cos ¢ sivh ¢ ,
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» nmerical czlculation i 2% G- <4fo=é.6. cizo cof point-

£ mimerical czlculation with i 0] p
to-point focus, gives the following result: The focal disianer .. 72 2 3 cf
that {or the corresponding case with G = ¢, while the aportere [ ig increucod

by 2 fz.ctor of 3.6.





