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EVAPORATION'OF NEUTRONS FROM THE EXCITED URANIUM NUCLEUS
| ) karran Heckrotte

Radiation Laboratory, Department of Physics
University of California, Berkeley, California
" December 18, 1953

! of . \
ABSTRACT

The standard nucleaf evaporation théory is applied to phé a;cite%
‘uranium nucleus to deiefmine,ﬁhe nnmbéf,gnd kind of nucleons emitted
and their energy distribution, For excitation emergies of about 100 Mev
and less charged pértic;e emission can be neglected. The geutron spectrum ,
is obtained by uqing the Monte Carlo method. Simple analytical expressions
for the neutron énéfgy distribution and the mean number of avaporatéd
neutrbns‘whiéh fit these resulta Afé given, The results of the calculation

‘are compared with the measured neutron spectrum from the 190 Mev deutsron
bombardment of uranium.

The role of fission at these exc;tation energies is considered
qualitatively in the light of several high energy experiments. The
experiments indicate that’ neutrons are emitted before the fissioning
nucleus actually'seggratss into fragments. This auggests two possible
hypotheses on the relation of the fission probability to that of the

&
neutron emission probability, which are discussed briefly.
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EVAPQﬁNTION OF NEUTRONS FROM THE EXCITED URANIUM NUCLEUS

Warren Heckropte

I. Introduction . .
A nuclear reaction can be divided into two egsentially independent
phasas.A The first phase is the interaction of the incident ﬁarticle (proton,
neutron; deuteron, etc.) with the nueleus. This can lead to tﬁe immediate
absorption of the incident particle; or for sufficiently high energies the
incidan§ nuclebh‘canApréduce a number of high energy nucleons through av
series of individual nnélabn-nucleoé collisions. In either case the
nucleus willibe left wi@h ; certain excit;tion energy. ghe second pﬁ#se is
the dégradatioﬁ of this excitaiioh enérgy through the emission of nucleons.
This phase cag be considered as independent of the first phase, That is,
the mode of decay of the excited nucleﬁa bears no relationship to theimode
of?excitation axcept in s: far as-genéral conservation thébrems;hold.
This concept is based on the aséumption that the Jnergy which is transferred
- 4o the nucleus is quickly spread throngy the mucleus as a whole; and that
the nnéleus will go through many perioés of motion before enough energy
is again localized on a given particlé for it to escape. Because this
period of time before which a pérticle wiil be emitted occupies many *
nucdiear periods, it is assumed that any phase relationships which might
have existed initially d;é¥averaged out. Thus the nucleus "forgets" how
}t was excited. . %A o |
The purpose ér this paper is to investigate this second phase as
it applies to uranium, for.; given excitation energy we will calculate

the numbar and kind of nucleons emitted and their energy distribution.

"
4
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To do this we wiil'make‘nse'of the existing theory of the emission or
_avaporationiot mucleons from an excited nucleus. In addition, we will

- consider in a qualitative sense the possible relation between fission

and the evaporation process.-

'

11, Evaporation Theory

The purp;se of thié aéction is to skeéetch briefly tﬁs theory of

nuclear evaporationl. o

'Fér very low axéitatibn Qnargiesﬁor £he nucleus, the nucleus
possesses rather well deﬁned energy levels vhi:ch deea.y:by ¥ -ray
aﬁisaién. For high excitation energies, however, the levela beccme very
eloaely spaced with large widths and decay principally by particle gmiséion.
m FPor this region of c1oee1yvepaced levels the basic approach is to use ;
statiaiiqél coné%gérationa; One assumes the existencs of the gverage.
"vuluea of certain quantities over am#ll‘enefgy intervals., It 15
aaaumad that these quantitiea will be smoothly varying functions of the
i energy. This can bo axpected 1f the energy 1nterval for averaging
‘can be taken mnch_emaller than the axq;tation energy; which yill §§ 8o
for a suffieienbl& denaé disﬁ%ibufion éf levels. For the heavy nuclei
this would cor;espond to an excitation eﬁargy of about 8 Mev above the
 gr§und state (or ﬁo‘an,inpident neutron of about 2 or 3 Mev).

“‘The pért;nont quantity'which describes the evaporation process
is the prbbqbility per unit time that the nucleus A, with gicitation
energy E,, emite a nucleér particle with kinetic eneigy'hatweaq T
and T +dT, leaving the residual mcleus with energy Ep = E - T - B,
 where B is the binding energy of the emitted particls to mucleus A.

]
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 This prbbability can be expressed as »a function of the reverse process
-~ : \ .
by means of the principle of detailed balance, Application of this leads

to the fo).loﬁing squation for the probability of _emi_ssionl
wETde : . E.')'T'd'r. (1
(1) dT= o (6, T) -&S-M ) (1)

v

P(E)dE represent.a the number of eatcited levéls of a nucleus in the

energy 1nterve.i dE for: én excita.tion energy E. The factor

where m 1is the mass and s is the spin of the emitted particle,

S (E,, T) ‘is the cross section for the invei-ee process; that is, the
cross section for the absorpbion of the same nucleon with energy T by *
the nucleus B with exeitat:lén energy - EB to yield nucleus A with
excitation energy B, = Ey+ BT, ‘For By of the order of the
bindmg energy or more, a.ad for T in the usnal range of a'few Hov,

O (By, T) may be uken to be the nuclear cross section -‘WR It is
this simplifying tact.wt_x;ch makes the evaporation theory so useful. For
the case of charged particles, the factor T is replaced by (T - V), where
V is the potantial barrier and - T>V. |

_ Having Eq. (1), the problem is to relate QO (E) to the apecific

nuclear propert.ies. To do this one must construct a apeciric naclear
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mode.l' and calculate P (B). ngéver, one can proceed several steps further
before spscializing. | |

The functions § and ¥ are introduced which are defined by the

i

equations |
| S(E)= gmp(e) . @a
1 - 23S o ‘
_v".as o - (2b)

A £

In analogy with thermodynamics, S 1is identified with the entropy and

‘t‘ with temperature of the nuclsus. In terms of . S, Eq. (1) becomes
WIELT)AT = 70 axp [~ SalEa) + S (ER)]TT. (3

SB can be expanded about (EA - 13:) 11;3 powers of T, Negiecting higher
powers of T than the first, and utiliszing Bq. (2b), Bq. (3) becomes

U(f.,-r) iT= yo uo» [- Sa (En)+ Ss(Ea~B)] 24 p [-T/'c&_a} TdT,
(43)

The enefgy spectrum given by Eq. (4a) thus exhibits the simple form

{ v y

Tapl-T/T 8 TOT C4b)

where, it. is to be ncted, the temperat.ura 1s that of the residual

nuéleua for an axcitat.ion energy (EA B)

o t

[
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It remains nmt to adapt a speci fie nucl‘ear model which will relate

]

S, v, and E. The most usual model to adopt for the present purposes

' ,’is .t.hat of the degonerat.e Fami gasifor the nucleus. The nucleus is regarded

asvbeing made up of a coilectioh of independent particles moving in a
potential: well, which represents the a&erage effect of all nucleons upon

one another., The colleetion of particles {s taken to be completely degenerate

--the nucleus is at tunperature ‘t: = 0 in the ground st.ate. For an

'_excibat.ion energy B, t.-.he relation between E and "U 4is given by

kM

C ' - y
E'="T.rAtz’_ _A-.!«tz

SRt - (5)

I

where A 4is the number of nuclear particles and /uo 48 the Fermi energy

of the distribution. For the ground state, M= 20 to 30 Hev, which
yields ’

S (1)

5
i {

4

Substituting Eq. (6) into Eq. (1) ylelds,

. i.

W) dT= 7o axp |- Sal€a)+ As,(sﬂ—ﬁ-ﬂ' JTar
| B VA
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Because of the radical in the eﬁponqnt » Eq. ‘(7) is rather troublesome
‘to' handle; o on ihé other ixand Eqs (h) 48 comparatively ei.mble. For
T(EA - B) greater than about 8 or 10 Kav, Eq. (4) 45 an aceeptable
approximation to the energy dietri,bution, Accordingly Eq. (4) will be
used for the energy distribution where S and T are given by Egs. (5)
~and (6). Expormantélly’!vﬁ is found that the shape of the energy .
spectrum of emitted neutrona is of the form indicated by Eq. (&) foi'
excitation energies of about 20 uav(B : . ¢ - .

The average kinetic energy of emission, T, is eaaily evaluated

from Bq. (4) and ia given by ' ’ .

T E 2TE ' B | (3)
) o Epp | ~ |

’Fof the case of cﬁargéq particles, thil..s»ia replaced by T -2+ V,

| It is éppgrent.'fx‘dm Bas. (5) and (6) that the constant A is
a fuizdamanta.l parameter in the ‘theory. Although the value of _/\- has
been calcnlat.ed' theoret.ically*, if. is better for purposes of application
- to regard it as an empix;it.-;al' pé.ramet.er to be fixed by experiment, if
'poaleible. Thie, cannot, however, be done in an unambiguous way. It is
fmmd, for 1nstance, from the st.udy of the onery spectrum of neutrons
from varieua rxuc1013 that, although the shape is given by Eq. (h), the

value of ,JL - obtained does not show the simple variation in A~ 4

% ; .
2
A more detailed calculationk shows that _A depends on the neutron

excess ‘and several other ﬁarameters . t.ho‘ugh the.s does not change the

: S S
-variation with A to any extent. Also, a variation in the level density
from even-even to even-odd nuclei would be expected for low excitation

energles,
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that. the theory indicat.es. On the vot-.her hand, a study of t.ﬁe density of
‘miclear levels just above the neutron thresholds does seenm to show that
./\.;2 is roughly sproportional to A. However, the numarical value of
t«hia const.ant for the heavy nuclei from both atudiea is roughly in agree~
ment wit-h the. valne indicated bearlier, and the detailed mlysia of high
energy nuclear stare" for nuclei ot A about 100 yields a value of J\-z
of about the value caloulated, 8ince there is no unambignous choice and
the calculated value does not disagree too violently with any of the data,’

the value of ,A. will be taken to be givon by

4 ' - = A‘ " : ‘ ':v (9)

for tha heavy nuclet. _

- It has been 1ndicated in the previous dieéuasion how the theory
w8 to be modified for the case of charged particles. The height of the
potential 'baxrr'ier for protons is given by

. L3
Ve 2 . - - (10)

. .
However » there is mme tunneling thmugh the barrier when the ,
' encrgy of t.be eharged particlea 1s less ‘than this (T < V). This effect
can be takan into account approxlmata].y by defining an effective ‘
patential barrier which will be lower than that given by Eq. (10).

6
Letting the effective barrier be V ’ then it can be shown that
v\ - BV o - (119

where
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0.7 for protons

0.77 for deutercns : o
1.66 for a%pha particles ‘ s
0.8 forH e

1.6 for Hed.

N R

. Another effect of importance is the variation in height of the potential
- barrier with excitqbion\energyf;hich is cauéed.ﬁ§ the diétortidn 1n;tho
nuclear shape vith_increasing excitgﬁion energyg. For iarge excitatiéh'
enefgioe, this incfeaaea the pfobability.of charged particie.emiasieh’
}and ehifts the anergy'apectra of charged particles to=1o§er énergias.
The effect seens to be marked for excitation cnergiea ag low as 200 Mev(&
' However, we will be concerned mainly with 1oubr axcitation energies and

will neglect &his effect.

XII. Relative Probabilities of Neutron Emiasion Chagged Particle Emiseion,

and Fission.

1 }’ In this section thé relative proyability of the various procesaeg
>whiéh_a highiy’axoitéd ﬁeavy nuqleus, such as 0238$ can undergo will be
' estigated. ' These processes are}neutron emission, charged particle emission,
and fisaion. fE§aporation theory pruvidéa good estimates of the r@lative
partiéle emission rates; there is, ﬁoQQVer, no adequate theory of the
‘highvénergy tieéion p?aceaa uhich'provi&es'reliable estiﬁatea of the rate
of riéﬁion. Acéordingly,'onl& a qualitative description of the.high
| energy fission auggested}byéthe avnilabié (and rather limiged) data will
be mado, Thia will at lhaéi establish a working hypothesis.

et -
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. (A) Particle Emission
" The relative rates of neutron emission to charged particle emission

will bo considered first. This will be done by a straight~forward

application of the evapération theory and without regard to ahy poaaib}e

modifications which. the fission process may imply. - |
The probability of emiseion of a given kind of particle from an

excited nucleus is given by h ' \
’ | €EA-B _
jg- = g \A’(EA)T) dT (IZ}

P

.. . B P
*

traneition probability (in,energy units)

-3
n

v' effective potential barrier~ for neutrons v 0

Using %q. (9), this becomes

- Le i‘*f;—-@-m = Salead + Su(@)),
® 5 | )
y = EA""‘B'V,~

The ratio of emission probabilities for two particiea x and y is

r‘ﬁ Zx Gx | » ‘/z (/2 - | i
e e (D 71 _ . -
? Ty, %5 Gy stp [ (6% 6,*)] i4)

¥
]

where anyjdiftérencé bet&een,Jﬁ_Bx' and ;JA,By has been neglected.

£
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Xparficle x i,é a nentrén'arﬁ particle y a charged particle, then, because
of the coulomb barrier, it will generally bs true that B > 1. R may be’
less than gnihy’if the binding enérgy of the charéed particle is sﬁfriciently

less than the binding engfgy of the neutron, or if there exists large
variations'in‘the iével density 1n neighboring uuelei.. This latter effect
has been negleeted here, but c¢an play a role in nuclear reactions for
nuclei of 1ntermediate masaa. S £ " ' .

| - For values or A and\ Z 1n é;e ragion of the heavy nuclei, tha

ratio of neutron emigsion tq ‘that of charged particles ie ganerally much

~ greater than nnity for not too high excitation energies. As 4 :Secomau
umaller'ror‘a given Z ard a given.excitation»energy, the charged particle |

fﬁmisaion‘raté becomes more févorable since the binding energy of the
noutron'will»bc-increasing, while that of the charged particles will be

| decreasing. This is ehown in Pig. 1, when the ratio of neutron width to

~ proton width for £he nuclei U 238. and’ 6228 is plotted as a function of

. cxeitation anergy. The ratios for other charged particles are comparable,

" For 0238 it can ba coneluded that for not too high excitation

eneréies,fcharged particle emission can reascnably_be neglected . An
emaminstion 6! ﬁhe binding energies of particles in uranium, shows that

the effective binding energy (binding energy plus coulomb barrier height)

P ‘ _
It should be noted though that reactions involving the emission of

. charged particles may oceur with a mucp larger cross section than

. %

would be indicated from the above considerations by virtue of "some
other mechaniam than the formatiop‘or a.compound nngleua; e.g5., direct

knock-ons, pickup reactions, stripping reactions, etc. X
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g{ p}btoné a@a alpha@pagticleq is approaching ;hat of neutrons for

A 2 222-224. This 15 about 15 neutrons less than natural uranium. The
aﬁerageibinding energy of neuﬁrons in this region is about 6.5 Mev aﬁd the
'avérége"kinstic enérgy carried out byra neutron (Eq. (8)) is about 3 or
- L, Mev for excitation energieb~6f the order of 100 Mev. Thus, if the \
excitation energy 1s 15 x (6.5 3.5) = 150 Hev or more, charged particle
 emission would start to play an important role. A reasonable criterion
| on the excitation ener§y$for neglecting charged particle emiséion is 100 Mev.
This corresponds to th;-ééiasion of agout ten neutrons, and an estimate
éﬁ-the b&sie of Bq, (14) ehows that gbout 96% of the time ten neutrons
vwill be amitted-—the cthar hﬁ of the time, one or more charged particles
will be emitted 1n the 5equenee.

These consideratione auggaat that at considerably higher enerfiies

. (and still ignoring fisaion) ‘that the excitation energy is degraded first
4byjthe_emissipn of a,se;;ence of neutrons followed by a ssquence of protons
_aﬁd neutrons in about equal nnmber and alpha particles. However, the
uncertainties in the fisaion proeess and the nature of the coulomb barrier‘

at high axcitation energies prevent any. definite conclusion,

B) 'Fiésion ; . ﬂ'v | ot
o 'The aboﬁe coﬁsiderations have'ignoréd the fission process and it
will be attempted hefe'bo'éiaté its poésible relationship to particle
emission for high exeitation energies (10 to 100 Mev).
' The tisaion width acconding to Bohr and Wheelerg, is given by
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S « ' k '
: Le)dE'
r“z \ .fL;‘e? (ji éf) — :,(35;)

,there'v E 1is the excitation energy, E, the fission three;hold, énd p* is
the density of levels at the critical configuration (saddle point in thc
potential energy surface) laading to fission. Assuming that the form of
e .18 the same as P (Eqs. (Za) and (6)) .

T‘;' ~ —I—(i—f-‘l* [_/L ( e"z- (5-€q" )] ~(1ea)

AT

[N
+

‘“ 8

and the ratio~ (f¥ I‘ﬂn)’ is givan by \

i

_ | T(E-Es) U [.A ((E-Ff),/i (E-~B ).lz ¥
h anhzre TI(E-B) ’
- (o b)
Ll o~ 6,1
% B XX

-y
ALY
:

Thie. fuziet-ion, for mc:‘st. values of the parameters B and Ey, shows
a fairly rapid change with energy. This caﬁ be compared with the
available data which is cont;med , on the whole, to excitation enex'giea

238
less than 12 Mev. The photo ipduced fission in U 23 shows a fiesion
e T
' v
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'width which is essentially constant for excitation energies from 8 to

(10

11 Mev =~ . The value of (F{; /[‘n) is about 0.30. Eq. (16v), on

the other hand, shows a change in value from 2.5 to 0.9 for this energy
range where "Ef z5.3 (10 and B, = 5.9. This constancy of the ratio
| (P&l ro\‘ seems £o hold for other nuclei also. An examination
of the neutron induced fisshion. cross sect;lonsu for many of the »x_'xuclei

in this ,region.shova that they are fairly constant in this energy r’egibn.

Since the absorption or interaction cross section is about TI (K +X)”-

‘in.thia regio'n and thus almost constant, this implies that (rf‘I R‘)

also constant, The values of (f{ , Vn) vary considerably among the

nuclei. This variation is not reproduced by Eq. (16). The principal

* point to be made here' is that Eq. (16) does hot serve as an adeguat.a
description of the fission rate. This may follow from an assortment of

reasons in proceeding from Eq. (15) to.Bq. (16)-+such as an inadequate

repfesbntation §f~ P *, or even of \ ? . at these energies or

possibly from a variation of. Ef with axcitatioﬁ energy. This serves

to illustrate the'iéck of a reliéble estimate'iﬁ such eimpl;iterma of the

fission rate at {hese ér%higher energies.

" Since above this medium energy range, the dependence of the ratio

QFCI'F“) ‘ can\only be surmised, this will be done on the light

of several high energy. experiﬁknts, which, though by no means cohclusive,

do suggest possible modelé. | | | |
The excitation functions of the reactions Th232 (p, Fn)

(}dln x heutroné)oﬁt) in the energy range 30 to 300 Me;“ha;e been

investigated by Meinke, Wick éhdeeaborglz. They have found that the

*
LI
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shape of the excjtation functions can be unde;atood in terms of‘the
_ eveyoration theory, if it is assumed that the ratio of.fissicn'width to
ngntrbn width 1s either a constant or'avslowly varying function of the
'enefgy.in the energy iegion freom about 30 to 100 Mev. About the
magnitude of the ratio.nothing definite can be concluded from their
results, | | .
| .Douthett13 has &éasured the range of fissién fragments from the
3h0 Mev proton bombardment of uranium, He finds that the fission fragment
ranges are aboué 5} shorter than the ranges from the thermal neutron
fission. He shows that this shortening of the range is consistent with
the assumption that (1) about twenty neutrons or (2) about four protons
or (3) about ten neutrona and two protons were emitted before the fission
took place. The meah’excitation energy of the uranium nucleus under
340 Mev proton bambardhsnt is about 100 Mev(lh. Thus, on the basis of
the evaporation theory and the known binding energles, statement (3) is to
be preferred.

From these experimental results it could be conjectured that ?he
ratio ( f}/“n) errgaseg quite rapidly from the medium energy value
and stays small at higher'énergies. The usual evaporatioﬁ theory could
vbe~applied then without c;nsideration of fiséion at excitation énergies
above 25 or 30 Hev.l

Thia is;ngt the only possibility that one can suggest which is
consistent with the above (1imited) data. Suppose that [ e o Th
the higher excitation energies. The quantity (fi/['y) 1is a measure of
the time it takes for the nucleus to reach the critical configuration
which ;hen'ieads to thé actual separation. Now the time between reaching

this critical-qeparation and the time of the actual separation may be
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#ach longer thanrt;e tiﬁé giveh by Cﬁ/!‘ ). This, for instance, is the
main assumption in the statistical treatment of fission at low excitation
energiasls.' 1f thia holda more or less true, then, since r‘ Pf ’
neutrons would be evaporated dnring this period (i e., before the actual
separation).” This mechanism is cunsistent with the above experimental
dgtat ' ‘

‘The third possibility which exists is ttmt v P \"n , and that
on the whole, most of the neutrons ére emitted after the actual separation
by the fissionvfragments. However, this possibility is in contradict%pn
to Douthett's conclusions and‘we shall assume that this presents no
etfective competition. It*ghould be nqtéd howsver that the usual fission
neutrons agsociated with 16@ energy fission are not being referred to,
since they are indeed emitted by the fragments. In that case there is
hbt gufficient axocitation enérgy in the original ;ucleus to emit the
neutrons,

In the subsequent ggléﬁlations to be made, the usual evaporation
the?ny will be applied-to?the émission of neutpons from the .excited nucleus.
If the assumption that fission doeé not compete effectively with neutron
emission above 25 or 30 Mev; the evapofation theory will serve as an
adequate description above thié excitation enérgy. Below this energy,
one encounters the same uricertainties as with the second possibility
sketched above. In this case one expects thé fission process to have
some effect on the evaporation proc@hs.vllf;for instance, the time during
which the separation is taking place is long compared to Cﬁ/‘“é) » the
principal effect Qoulh be to change the effective excitation energy by

the amount necessary to achieve the distortion of the nucleus--this

would lead to a somewhat smaller nﬁclear temperature, and might reduce the
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- mean number of evaporated nucleons before the actual separation. It would
alsolundoubtedly increase the possibility of charge particle emission.
"However, the actual circumstances are undoubtedly more complicated, and

it can only be hoped they do not affect the simpler phéory too markpdly.

IV, 'Diétribution in &umber and Energy of Neutrons Evaporated from 0238

“for Excitation Ene_gies of 100 and 50 Mev.

¥ ) |

(A) Monte Carlo Solution

The distribution in number of evaporated neutrons and their energy
distribution for a given initial excitation energy will now be calculated.
Instead of an analytical treatment of the problem, the calculation will be
"done using the Monte Carlo method of solution. We will eonfine our .

-attention to excitation ene:gies of 50 and 100 Mev so that charged
‘particle em#ésion can reasbn;bly be neglected. |

In the Monte carlo method fo; this problem one follows the sequence
of neutron evaporatioh'in de?ail. For a given excitation energy, the
energy that the first neutron carries off is determined directly fron the
probability distribution of emisaion'energies (Eq. (4)) by a choice of a

.. random number. This" enérgy is noted. Then for the residual nucleus, the
excitation energy is E'a B -T where T 43 the kinetic energy carried off,
Then the kinetic energy of the second neutroniis determined as before.

One continues in thisqu;ﬁion step by step until the excitation energy 1s
Vinsufficient to smit another neutron (E < B). This whole process is then
repeated as many tiﬁba-éa:;eoessary to obtain good atatiétics on the
distribution in humbef and energy of the emitted neutrons.

This mode of calculation will now be discussed in detail. The

energy distribution for neutrons evaporated from a nucleus with excitation
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enérgy E is given by . ’ .
Take T/ ] 4T

i

uhere' T is the neutron energy and is the temperature corresponding
to the excitation energy (E - B). For lérge enough excitation energies,

the normalized form of this equation is

Pir)dT - % %f‘[—T/T] % | (‘"7 

*

which can be written as

. PWAK = % axpi-x] ax
e e (18)

The probability that x lies between xq and x; 5 1is

’ Kl
L S S M@_.(:'X:l d %
SRR 1] ‘

Dividing the totgl'rdhge of x into increments.x1 - X, X5 = xl, x3 - X,
sees xi+l - ii’ eeey one can associate a Py with each increment of x.

_ We say then that the probability of having %pe value of x equai to‘
R | . X - .

.i'i" 'b,= xi +2xi§1 13 Pi .

"y
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At fhi; stage a correspondence between the.integefs 1, 2, 3,
vaes hk, ..;,-N and the ;1'5 is ma&e‘in the following manner;'.St&rting'
with ;o: one associatesmtheAfirst ngy integers with i;, where n, is
chosen to be proportional to P,. The next ny integers are assoéiated ﬁ
with Py, where n, is proportional to P;, and so on. For the particular
casé at haﬁd, we chose the smallest value of X, to be 0.1, and.the smallest
anit of probébility to be 0;1.‘ This is consistent with liﬁiting ourselves ’
to the first 100 integers (N = 100). The correspondence ﬁetween thes?
integers and the X{'s is given in Table I. |

Tha next step in the procedure is to construct a nomogranh

relating to x and T to the excitation energy E. Since

X= "'/'t:
Amm . o ;3 )Vz‘
T~ & (F-B

t

this is'egsily accomﬁliaheg and the nomograph is given ip Fig. 2. Thus,

if one knows x and E, T is found by laying & straight-edge across the

figure for a given x and E which #en selects_the proper T. |
In constructing the namggraph we have taken the average value of

- B which is givan by 6 3 Mev in this regionlé. A is defined by

4

A _ A _ 233

o eae I

. 4 /0 /0 L

where we choose A = 233>ab repressenting the average value of A,
With the correspondence between the x3'8 and the integers established

and the nomogréph prepared, the neutron spectrum can be solved for. We
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will start with the initial excitation energy 100 Mev. ¥e now aelect from

the group of integers one of them in a_xandom;fashionl7, This will ‘

correspond to a certain x. For this x aﬁﬁ E = 100, we determine Tl from .
the nomograph. This is the energy with which ‘the first neutron is foiled
bft. This is noted The excitation energy for the residual nucleus is
now E « B - Ty, ‘We select another nmumber in a random fashion which gives
us another x, For this x and the.exc;tation energy E - B - Ty, we can

determine T,. - This noted, and the excitation energy of the residual

 nucleus is E - 2B - Tl - T2. We then proceed until the excitation energy:

is too small to boil off another neutron. We will have obtained then
the number of neutrons boiled off by this nucleus and the energy of each
neutron. This whole process is.then repeated fof another nucleus with

%

100 Mev excitation and 80 on,. It was found necessary to repeat the

_ process about 200 times to obtain adequate statistics.

Fig. 3 gives the distribution in number of neutrons evaporated for
excitation energies of 50 and 100 Mev. The mean numbers evaporated are
5.7 and 10, 6, respectively The variance, (;2 -'?12.)5 , of these numbers
is compagftively amall, this results, of course,fbeéause most of the

excitation energy is carried off as binding energy, rather than kinetic

:qnérgy."An analytical'expression for the mean value will be obtained

later. PFig. 4 gives the distribution in kine@ic energy of the neutrons

for éxcitation energies of 50 and 100 Mev. These curves represent a

s . _ .
least équafe £it to the data. In Fig. 5 the neutron energy spectra of
Fig. 4 have been plotted as a function of x = T/ta , where ‘U, ie

L
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the initial temperature. The twé curves ére essentially the same, which
suggeéts that the neutron energy spectrum can be represented As a function
of_'x = T/tb in this energy region. This §oint will be consid;red later.

In.Fig, 6, the neutron energy spoétrum resulting from the 190 Mev
dquteron bcmbardment of uranium(ls-;s~plct€ed along with the calculated
neutron apectrumlfor 100 ¥ev axcitatioﬂ;- The normalization is somewhat
arbitraiy and can only be regarded.as approximate. The two match fairly
well; howévér, this cannot be regarded as particularly éignificadt. The
experimsntél situation is quite complicated since there is a éoﬁsiderable
spread in excitation enorgi;a'and there is undoubtedly more than one type
of initial exdited nucleus due to knéék-ons. In addition the expgrimental
chrve'naturaily includes some fission neutroda; thét is, neutrons from
fragmanta. 'Thé high peak of the experimental curve around one to two Mev
may‘be due to these fiagion‘neutrons, or the sharp peak may be caused By
the possible double-peaked nature of the di;tribution of initial excitation
energy transferred to the nucleus by the_dauteron19.

It should be noted that the simplicity of this treatment was made
possiblebby two factors. The first is that the energy distribution of
evaporated neutrohsvcould*bé.wri}ten as a function of (T/®,) and secondly,

.that the form of WEo-did not varyvfroﬁ nﬁcleus to nugléus in the evaporation .
chain (an'aver&ge‘A‘énd B was taken). These two factors made it possible

to set up the ﬁrobability distribution énd the nomogréph for all nuclei.

If this‘had,/gggn tﬁe‘qase the prbbiam could still have been aol€éd by

. the Monte Carlo method, of course, but not with the same dispatch,

ES
t



UCRL~2184 Rev.

-23-

Tﬁe method c@uld now b? extended to take into account charged
particlé émission. It is 6n1y necessary to establish at each point in
the sequence what type of pérticle is emitted. This s done by calculating
the emission probabilities (Eq. 16) and then deciding by a choice of .
random nnmbera'what'tyﬁe of particle is émitted at each step, Except for '

this modification the procedure is the same as before.

s
b

(B) Approximate Analytical Solution™ oy

i ' 1

The Honténgrlo solution yields a full solution £o thq evaporation
?roblem at any given energy. PFrom the data that is obtainedEQQer
gemz;am, type of distribution can be extracted. However it is possible
to obtain in a simple way anq}ytical expressions for the mean number of
neutrons évaﬁorgped at a given energy, and the mean vglue and variance
of the neutron energy spectrum, which are the most pertinent quantities,
This will be dona and ihevresults compared,to‘tho Monte Carlo solution,

The aver;ge change in eXéitétion energy of the nucleus when a

neutron is evaporated is given by

dE _ - |
Free AT+ B ()
ané since o
E = Azt‘ = ATt
-y AT
df ~
v 9)7—% (z0)

e

B
P

where the variation in A of ﬁﬁe coefficient of Q:z'has been neglected.

i W

¥ 3 . » ,
A much more extensive treatment of this nature has been given by

"LéCouteurzo. The more limited results obtained in this section are

derived in a more direct fashion however.
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This simplifies the results without effecting the results appreciably

1.

Combining Eq (19) and (zo),

d A= ","\Tdfl . | (z1)
ZT+ P |

, - )
The solution to Eq. (21) is

Ao_ As g"v\‘ = E:__P [ (‘ﬂ") + (2-%’)’ }'

|z
where  f “4s the mean number of evaporated neutrons and To= (E B/A) is

the initial temperature.

]
A somewhat better result is obtained 1f the coefficient (E - B)
- is replaced by (B, - B/2) which cotresponds to normalizing n to 1/2 at

Eo B rather t.han zero as dx:ve. We have then

* £

— Eo — B/Z | T | ' 2 To '\~ o
we B () g (] o
For A = 233/10 and B = 6.3 Mev, the average number of neutrons
evaporated is given in the following table. The average number for

E = 200 Mév is not to:be taken too sericusly since charged particle

v
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emission would compete favorably for this energy. The values obtained

- _B ' i
50 5.7
100 10.6

© 150 15.1

2

200 19.

agree with the Monte Carlo calculation.

..

From Eq. (22) the mean energy or the amitted neutrons can be

“obtained. The mean kinetic energy carried off per nucleon is

J— - \ - >
T =B 2 » ‘ -1 i .
sf. "”%dﬁggf)'r‘f' ' |

s . \

This may be reduced to _ .

al
0
RS
o
|
Oin

W), G

where only the two 1eading terms have been retained.
To determine the mean square kinetic energy, we introduce the |

function J, which is given by ?

Tz TEAT+r T4t Ta (z4)
; .

| , _ .
where 'Ti ' is the mean square kinetic energy of the i'th evaporated

nucleon. Then
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éh?ﬁx = 3}\ w-\ 4‘:%?E'

or

AW
Since Ay\s A€ ad AE = Z)ATd4dT

The solution of Eq. (26) is

o v

6 .

RS S RPE YU ORE 10 DRSS

%

£

1
The average mean square kinetic energy per particle is given by

! -
o
A

., Tz ...J—.'_“. b:t_-_; - 7"1:" (28)

i ST .
 This may beasily veg-ified from Eq. (4).
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The variance , O, of T is given by S o

SR —_ d /200
G'z(T) :( Tz_' -rt.ﬂ 't‘: '5/!" _/“i‘s: (%Z—')j'

-3

" Assuming the following Poisson like distributfon for T,

~

—
.!‘.. -t
EACED
g T

PE)dT = == b4 ~TT/s*]dT
and letting T = 3‘!_ Te and o= "‘.§L Ta 5

the disfribution for T becomes

CP(MdT = X" agpl2x] 4,
T R

t
B
&
Ld

. ’ 1
‘where X.::'T'/1:°
' This bears out the result of the Monte Carlo caleulation that the
" neutron énefgy spectrum could be represented as a function of ﬁjfthgin
that.energy region. ’ | ﬂ ‘
Eq. (29) is plotted in Ffg. 5. ‘Although the agreément with the

v #
Monte Carlo calculation is not too satisfactory for x <1 , Eq. (26)

The statieticswaré not Quite sufficient to render the shape of the

Monte Carlo curVthéo accurately in this region where it changes
rather rapidly with energy. BSome of the discrepancy may be due to this.
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can be regarded as an adequate representation of the energy spectrum of

. the evaporated neutrons. It is to be noted that the spectrum does not
refer to any spécifié'nucleue, but depends solely on the temperature .

1

V. Conclusion

A highly excited uraniuﬁ nucleus can undergo neutron emiésion,
charged particle emission, and fission., Good estimates of the particle
emiséipn rﬁ%gs‘are provided by the usual nuélear evap§}ation theor&. For
exbitatioh energies of abou£ 100 Mev and less, charged particle emission
is greatly inhibited by the coulemb barrier, so that principally nautrons

J
are emitted. On the other hand, the fission process at high excitation

végeréies presents dn e;santially unsolvéd problem.  The present experimentai
datqésuggests ﬂ;o possible alternatives for the role of fission. The A
first of these aeaume? tha£ the‘fission becomes-neg}igiblé for energiles,
vaboie 25 or 30 Me§ eoﬁpaxed with neutron emission. The second assuﬁes
that although the fission competes effectively ;ith neutron emission at
high enérgies,vthe exciﬁation energy of the nucleue is degraded by a
sequence of evaporation neutrons during the time between the-criﬁical
confiéuration leading to fission gpd the‘actualeeparatioﬁ'of th? nucleus
‘into.fragménté. This latter circumg%anee would undoubtedly have an effect
on the evaporation prccesa—-this has not been considered though. The
"principal poiht in either case is that the neutrons are apparently emitted
before the. separation.

It should‘be noted that in either case the probability that the
uranium nucleus of 100 Mev ekcitation has fissioned in very close to
unity. Either because of the increase of 2 /A from the evaporation of

the neutrons or because of the chance to fission at each step in the

evaporation sequence.
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The -evaporation process for suffieiently high energies involves a
sequence of emitted particles, which can be treated most neturally by
the Honte Carlo meohoa of solution. For the heavy nuclei where ohsrged
particle emission is small. or negligible, the calculation becomes |
vparticulamky simple.' The most pertinent resulte obtained were the

'dietribution in nuaber of neu&rons emitted and their energy dietribution
for~exo1tation_energies of 50 and 100 Mev. In addition, simple formulae
for the mean number of neﬁtrons emitted,'and the energy distriouiion
were obtained, which agréed with the Monte Carlo results.

The only qnantitative'reeult which would offer some chance 6f
evalueting the calculg@}on by comparison with experiment is that of the
neutron energy’spectrum; ‘The only data availeble however islthe spectrum
feeulting from the 190 Mev deuteron bombardment of uranium. As was
pointed out there are too many uncertainties in this Spectrum to make a
significant comparison. The spectrum resulting from the proton bombardment
in the 50 - 100 Mev’ range yould probably enable a more valid comparison.

With reepect to the role of fission, it is possible that the '

_angular correlation of the neutrons with the fission fragmenxs would

“yleld further information on when the neutrons are evaporated Also a
study of the c¢ross section of tho spallation products and the fission
cross section resulting from the bombardment with protons of 100 Mev or:
aomewhat less energy might throw some light on' the competition between
fiseion and neutron evaporation. The advantage of limiting the proton
energy to th;e value is that tbé spread in initial exoitation energy wili

_be_iess than' for higher energy protons.
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W .  FIGURE CAPTION .

8

38 and 0228 plotted as a function

L 4
of excitation energy.

Nomograph i'elating x, T, and E where x = T/"c'o a.ndv.t‘, = 2(E - B)

é/.A.-

The probability distributions in the number of ev;porated neutrons

for excitation energies 50 and 100 Mev.

The éiéiribution in kinstic energy of the evaporated neutrons

C Y
from uranium for 50 and 100 Mev excitation energies. The curves

are least square fits to the results of the'Honte.Carlo‘calcula&ion.

The histbéram for the result of the 50 Mev calculation is also

shown, Thgfareas under the curves are proportional to the total

4,

number'6f particles emitted.

1 ¢

The distribution of the evaporated neutrons as a function of

x = T/, where T 1is the kinetic energy of the neutrons and

R T .
T is the initial nuclear temperature., All three curves are

normalized to ugity.

4

A éompariaon of the measur@d_neuﬁron energy spectrum from the

238

190 Mev deuteron bombardment of U~ and the calculated neutron

energy distribution for 100 Mev excitation energy.

A



. Correspondence between set of integers Njand X
established by the
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S

TABLE I

probability distribution, Eq. (18).
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N X

N X N X N X
Vo b
1 0. 26- 0.9. . 5 1.7 76 2.7
2 » 27 1.1 £.52 . K
3 0.3 28 53 78 2.9
L - 29 54 - 79
5 30 55 1.9 80
6 ' 31 56 81 3.1
7 0.5 32 57 82
8 33 58 _ 83
9 3L 59 | 8, 3.3
10 35 1.3 0 .21 85
12 37 oy 62 87
13 0.7 8. 63 88 3.7
DT ' 39 : bl . . 89
15 40 ‘ 65 2.3 90 3.9
16 41 s 66 4 91
17 h2 1.5. | 67 92 4.2
w3 . 68 93 by
19 Y o 69 94 L.6
21 L6 Wt : 96 5.0
22 W7 I 72 97 5.4
23 L8 73 98 5.8
25 50 100 8.0
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