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EVAPOBATION OF NEUTRONS FR(»f THE EXCITED URANIUM NUCLEUS 
'· 

karren Heckrotte 

Radia'tion Laboratory-, Department or Physics 
University of .Cal.Uornia, Berkeley, California 

., . ~ ~-"' ~ 
.I• 

, , December 18, 1953 ... 

ABSTRACT 

The standard nuclear evaporation theory ia applied to the excitecl 
. ~· 

uranium nucleus ~ d.ete~ne . the number. and kind or nucleons emitted 

and their enerai distribution. For excitation energies or about 100 Mev 
' . . 

and less charged particle emission can be neglected. The neutron spectrum 

is obtained by using the Monte Carlo method. Simple analytical expressions 

tor the neutron ~nergy distribution and the mean number of evaporated 

neutrons which fit these results are given. The results ot the calculation 

are compared ~th the measured ne~ron spectrum from the 190 Mev deuteron 

bombardment of uranium. 
, I 

The role of fission at these excitation energies is considered 
' . 
' qualitatively in the light of several high energy experiments. The 

experiments indicate thati neutrons are emitted before the tissioning 

nucleus actually septrates into fragments.. This suggests two possible 

hypotheses on the relation.of the fission probability to that ot the 

" . 
neutron emission probability, which are discussed briefly • 

. , 

• 

I~ 
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EVAPORATION OF NEUTRONS FROM THE EXCITED URANIUM NUCLEUS 

Warren Heckrotte . . 

I. Introduction 

A nuclear reaction can be divided into two essentiallY independent 

phases. The first phase is the interaction of the incident particle (proton, 

neutron~ deuteron, etc.) with the nucleus. This can lead to the immediate 
. . . 

absorption of the incident Particle; or for sufficiently high energies the 

incident nucleon. can produce a number of high energy nucleons through a ... . ' 

series of individual nucleon-nucleon oolli~ions. In either case the , 
nucleus will be lflft with a certain excitation energy. The second phase is . . . 

the degradation of this excitation energy through the emission ot nucleons. 

This phase can be considered as independent of the .first phase. That· is, 

the mode of dec~ of the excite~ nucleus bears no relationship to the mOde 
:.. ~ 

of excitation except in so tar as general conservation theorems .hold. 
I 

This concept is based on the assumption that the energy which is transferred 
l 

to the nucleus is quickl.7 spread through the nucleus as a whole; and that 
' 

the nucleus will go through man)r periods of motion before enough energy 

is again localized on a given particle for it to escape. Because this 

period of time before which 9: particle will be emitted occupies many ! 

nuclear periods, it is assumed that any_ phase relationships which might 
, ... -

have existed initially are ~averaged out. Thus the nucleus "forgets" how 
. 
it was excited. . . 

The purpose or thi~ ~aper is to investiga~e this second phase as 
1 . 

it applies to uranium. For & given excitation energy we will calculate 

the number and kirwi' or nucleons emitted and their energy distribution. 
<• .. ~ 

n' 

,,. 
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To do this we will make·use of the existing -theory of the emission or 

evaporation' ot nucleons from an excited nucl~so In addition, we will 

consider in a qualita~ive senee the possible relation between fission 

and the eV&J?Ora-tion process o ,. 

II. Evapgration Theort 
' 

The pl.U"J)oae of this section is to sketch brietly the theo17 of 
. 1 'J 

nuclear evaporation • 
• 

For very lotr excitation energi.es.,ot the nucleus, the nucleus 

posoessee rather well defined energy levels which decay. by r -ray 
. . 

emission. For high excitation energies, however, the levels· beoQIJle very 
.. 

closely spaced. with large widths andctecay principally by particle .Us~ion. 
• I . • 

For this region of closelY spaced levels the basic approach is to use 

statistical considerations• One assumes the existence of the average 
. ~ -

values ot certain quantities over sma.ll'energy intervals. It is _ 
I· 

assumed that these quantities will be s~oothly vaeying functions_ ot the 

en~rg. · Thi~ can ~e eXpected i/ tlle e~erg i~erval for av,raging 

can be taken much smaller than the excitation energy; which will be so 
' . . ~ . ' . . 

tor a sufficiently dense distribution ot levels. For the heav,r nuclei 

this vould correspond to an excitation energy of about 8 Mev above the 

-g~und state (or to an in~ident neutron of about: 2 or 3 Mev) • 

The pertinent quantity whic_h de.soribea the evaporation process 
~ , . 

is the pro~bility per unit time that the nucleus A~ with excitation 

eriergy EA, emit.e. a nuclear ~rti_cle with kinetic energy betwee~ '1' 

ancl T + dT, -leaving the residual nucleus with energy Es = EA - T - B, 

where B is· the binding energy ot the emitted particle to· nucleus A. 
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This probability can be expressed as a tunction or the reverse process 
- I 

by means ot the principle o~ detailed balance. Application or this leads 
. . . 1 

to the following equation for the PVOba.bility ot emission 

~(1) 

p (E)dE represents tb.e ~ber of excited levf/Jla of a nucleus in the 
. ., 

eriergy intet"Yal. dE ~o~··lt.n excitation energy E. The factor 

., 
.: ~ .,, .... 

of' ~ . 
;._,.J ' . . 

y:· : ,(2s + l)m 
'.~ 2 .· .3 
a! lT' 1l 

where m is the mass and s is. the spin of the emitted particle. 

cs-(EA, T) is the cross section for the inverse process; that is, the 

cross section for the absorption ot the s~ nucleon with energy T by . . .· /.' . " ' 

the nucleus B with excitation energ . Es to yield nu~leua A with 
,, . ' ' ' 

excitation energy EA = E8· + B + T. · For ~ ot the order of the · 

binding energy or more, a.nd .for T .. in the usual range of a 'tew Mev, . 
' ' . 2 

O"'(BA, T) ·may. be ta~en to be the nuclear cross section = 1TR • It is 
I 

this simplitying tact. which makes the evaporation theory eo usetul. For 

the case. ot charged particlee1
, the factor T is replaced by (T - V), where ,. 

V is the potential barrier and T > '! • . ~ ' . . .. . 

. Ha.~ing Eq •. (1), the problem is to relate ~ (E) to the specific 
,; 

nuclear propet-t.ies. To do this one must construct a apecitic nuclear 

J 

• • 
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. .. 
model ancl caioulat.e p (E). HO'fever, one can ;prdceed several steps further 

before specializing. 

The functions S and ~ are introduced which are defined by the 

equations 

. ·. 
S{&) = 
J__ 
-~-

~r<!1 
as• 
~ ae 

.. 

In analoB7 with tbermo4ynamica, S ia identified with the entrop,y and 

t with temperature ot the nucleus. In terms or , s, Eq. (1) becomes 

SB can be expanded about (EA. - B) 1~ powers of T. Neglecting higher 

powers ot T than the first, and utilizing Eq. (2b), Eq. (3) becomes 
- ... 

W(f,.;r) ~T= Ttr UtJ (- s,. {EA) + S&(fA-'B)) J4 f [-T/-cf"A-&] Tell._ 
(4a) 

The energy spectrum 81ven by" Eq. (4f,) thus' e~ibits the simple form 

'· I' ' 

(4 b) 

where, it 1a to be noted,. the temperature is that of the residual . ~ . . 
• . . . . . (1 

nu~leus tor.an excitat~on energy (EA- B) • .... . 
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. I\ resnailie now. to ado.pt a specl.tic nuc~-ear model whicb will relate 
I 

S, "t' , and I. The m.ost usual model to adopt for the present purposes 

is . th~t ot t.he degenerate Fermi gasltor the nucleus. The nucleus is regarded 

as being made up ot a collection ot independent particles moving in a 

potential· well, which represents the average ettect of all nucleons upon 
' 

one another. Tbe collection ot particles is taken to be completely degenerate 

-the nucleus is at ;~rature '1: · : 0 in the ground state. For an 
. ·! . 2 
excitation energ E, ·\he relation between E and -t is given by 

' ' ) . 

... 
E o:z. '1T A 1: z. ::. 

. ·~ J.J.o . 
, -~. /-~ 

,-1-A 
~0 

, 

) 

(G) 

where A · is the number ot nuclear particles and~ 
0 

is the Fe:nni energy

or the dietributiem. For the ground state, )4 
0 

: 20 to 30 Mev 1 which 

7ields 

Fram Eq.·(2b); and using Eq.'(5) 1 

liD) 

Substituting Eq. (6) illto Eq. (1) ;ri.elde, 

• ' I . ' •• ,' -. . ' •I'L 
W(T) d.T= ..,.~~If.[- SA(SA)+....A. 8 .(EA-'»-I) ]TdT 

(7) 

J 

• • 
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• • ; . 
Because of the radical in· the expon~nt, E<l• (7) is rather troublesome 

to handle·; on the other hand Eq~ (4) is comparatively ei.m'Ple. For' 
' 

(11 - B) greater than ~bout~ or 10 Mev, Eq. (4) is an a~oeptable 
' I 

approximation to the (energ distribution. Accordingly Eq~ (4) will be 

used tor the energ distribution where S and 't are given by Eqs.- (5) 

and (6). lxperimentall~/ rt. is tound that the shape ot 'the energ. 

spactnnn of ;emitted neutrons is ot· the tonn indicated by Eq. (4) for 
. (3 ' 

excitation· energies ot al)out 20 Mev • 
• 

The average kinetic energy ot emission~ T , is easily' evaluated 

trom Eq. (4) and is given by 

T : 2~E 
··' . A-B 

(8) 

For .the case of charge~ particles, this is replaced by T = 2 At"+ V. 

It is appardnt from Eqs. {5) and (6) that the constant ./\... is 

' a t'undamental parameter in the theory. Although the value ot .../\... has 
* . . .. 

~en calculated theoretically' , it is better tor purposes ot application 

to regard. it as an em.p~ical parameter to be fixed b;y experiment, it 

possible. This, cannot, however, be done in an unambiguous wa,-. It is 
c· i · 

tourtd, tor instance, tram the study ot the energy spectrum of neutrons 

_from various nucle1
3 that, although the shape is given by Eq. (4), the 

. 2 . 
value of ...A.. · obtained does not show the simple variation in '.·A'Y ~. 

* A more detai_led calculation 4 shol!,fl. that .-A.. 
2 

depends on the neutron 

' excees'a.nd several other parameters, though thrs does not change the 
. ' 

· variattion with A to azw extent. Also, a variation in the level density .., . .. . . ' 

from even-even to even-odd nuciei would be expected tor low ~citation 

energies • 

• 

~· . 
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that. the theoJ7 indicates. On the other hand, a study ot the density ot 

DUclear leYele j~t 1

&bove the neutron thresbold5 does seem to show that 
' 2 . 

..A. - is roughly r~pr<)J)ortional. to A. However, the numerical value ot 

this constant for the he&'f)" nuclei from both s't,udies is roughly in agree-
i • 

ment with tbel value indicated ·earlier; and the cletaUed analysis ot high 

ene~gy nbolear ~t11ri• tor nucl~i· or A about 100 yields a value of ... A} 
of about the value calculated. Since there ie no unambiguous choice and 

the ~culated value doe" not (tieagree too violently With any of ~he data, 
2 

the value ot A wru be taken to be given b.Y 
• 2 

.A.. • A --- (9) 
'4 10 

. ' 

It . has been indicated in the previous ·discussion how the theoey 
1 

188 t.o be. modified ro·r the caee of charged particles. The height of the 

potential barrier for protons is given b~ 

I 

(10) 
. ·, ·I 

• 
Hoveyer, there is •ome tunneling through the barrier when the 

hl . ~ 

f. 

. ~ ' . .( . 
energy of the charged particles is less than this (T i. V). This effect 

can be taken into account approximAtelY b.Y defining an effective 

potential barrier which vi~ be lower than that given b.1 Eq. (~0). 

' 6 Letting the effective barrier be V , then it can be shown that . . ' 

V
1 

- IV - (119 

where 



t 

K : 0.7 
• 0.17 
= 1.66 
• 0.8 
= 1.6 

tor protons 
tor deuterons 
for :!pha particles 
to~ H . 
for He3. 
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. Anot.her effect of importance is the variation in height of ti\e potential 

· - barrier with exci~tion .energy ,~ich is caused b, the distortion in ·the 

nuclear shape with increasing exci~tion eneru7 • For large excitation · 

energies, tl:ds increases the probabUity of charged particle emission: 

and shifts the ene1"87 spectra of charged particles to lower energies. 
. ' 

The effect seems to be marked .tor ·exc.itation energies as low ae 200 Mev(4. . . .... . 

. . . 
Honver, we will be concerned mainl.Y with )..owt.r excitation energies and 

. . . . i , . 

wUl neglect _this ~Gffect .• 

· III. Relative Probabilities ot Neutron Emission, Chme4 Particle Emission, 
I . 

and. Fission. 

~ In tbie section tbl relative probability of the various processes 
. . . . . 238· 

which a highly _excited heavy nucleus, such as U ~ C4ft undergo will be 
• I 

estimated. These processes are neutron emission, charged particle emission, 
. ' . 

and fission •. :Evaporation theoey provides good estimates ot the relative 

particle emission rates; there ia, however, no adequate theory of the 

high energy fission p~ocess which provides'relia~le estimates ot the ~te 

of fission. Accordingly, onlJr a qualitative description ot the high 

energr fission suggeetad;t;y1 the avaUab;l.e (and rather limited) data will 

be made. Thi~ will at lea A establish a working h7P0thesie. 

·' .,.. 
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· (A) · P$rticle Emission 

· · The relative rates of neutron emission to charged particle emission 

will be considered. first. This will be done by a st~ight-torward 

application ot the evaporation theory and without regard to any possib~e 

modifications which-the fission process maT implY. 

The probability of emission of a given kind ot particle from an 

·excited nucleus is given.by '. 

£""- "& 

\ W(e- ,.,T) d T 
V' 

.... .. 
r = transition probability (inj1energy units) 

v' ~ 'effective potential barrier; tor neutrons v' = o. 

Using ~· (9), this ·becomes 

The ratio of emission probabilities for two particles x and 7 is 

rx ~ G~ 
f;:.-~~ ~ G~ 

,, 
I 

. [ I '/z. f/2; J 
#_p ~ ( 6" - """ ) 

where ~~ difference bet.1teen .A Bx · and :A By has been neglected. 

" " 

. 
" ~-~o 

"'. . ~. : 
~ 14 

i-

,. 

. 
(t 3) 

(l4) 
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• 
1t pa.r(icle x ~s a neutron· and particle y a charged part.icle, then, because 

of the coulomb barrier, it will generally be ·true that R > 1. R ~lf ber · . 
lees than unity it the binding energy of the charged particle is sufficiently . . 

less th~ the bindin& energy of the neutron, or if there exists large 

variations in the level density 1n neighboring nuclei. This latter effect 
i 

has been neglected here, but can play a role in nuclear reactions for 
• 8 

nuclei or i~te~diate mass ~ 
..... 

For values ot A and., Z in the region of the heavy nuclei, the 
." 

ratio ot neutron emission to ·that of charged particles is gmeralzy much 

greater than unity for not too high excitation energies. As A .: becomes 

smaller for a giv~n Z and a given excitation energy, the charged particle 
. . 

emission rate becomes more favorable since the binding energy of the 

neutron wiJ.l be· 'incree.eing, while that or the charged pa.~ieles will be 
\ 

decreasing. This is shown in Fig. 1, when the ratio or neutron wi.dt.h to 
L, 238 ~ . 228 .• 

proton width for fihe nuclei U and U is plotted as a .function ot 

excitation energy. The ratios for other charged particles are comparable. 
\ 2la . . . . 

For U it can be COI)cluded that for not too high excitation 
. I . . . * 

energies, ·charged particle emission can reasonably. be neglected • An 

COO)mina.tion ot the binding energies of particles in uranium, shows that 

the effective b1nd!ng energy (binding energy plus coul~b barrier height) 

* It should be noted though that reactions involving the emission of . . ... .. . 

' . ' . 
~. charged particles may occur with a mucp l<arger cross section than 

. . . I . , 

would be. indi~:!).ted t;rom the ,above conside~tione by· virtue ot ~some 

other mechanism tba.n the formation or· a compound riucleue; e.g., direct 

knock-one, pickup reactions, stripping reactions, etc. 



i' . 
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• 

UCRL-2184 Rev. 

-~ 

qt protons and alph~particle~ is approaching that of' neutrons for ,. 

A ':!! 222-2,64. This ifl about 15 neutrons less t~ natural uranium. The 
' ' 

average binding energy of neu\rons in this region is about 6.5.Msv and the 

average.kinetic energy carried out b,y.-a neutron (Eq. (8)) is about 3' or 

4 Mev for excitation energies or the order of 100 Mev. Thus, it the 

excitation ener§ is lS x (6.5 + 3.5) = 150 Mev or more, charged particle 
<:. 

emission would start to play an important role. A reasonable crl terlon 

on the excitation energy. tor neglectirig charged particle emission is 100 Mev. 
~;-· r ; 14 

This corresponds to the ~ssion of about ten neutrons, and an estimate 

on the baeis_or Eq! (14) shows that about 96~ ot the tim~ ten neutrons 

will be emitted--the ot,her.A% ot the time, one or more charged particles 
' ' 1 . .. \ . 

will be emitted 1n the eequence. 

These consideratio.ns.:~$uggest that at considerably' higher enexilies 
. . ... ':. ... ; 

(and still ignoring fisa~on) ·that . the excitation energy is~. degraded first 
~· . 

b;y the emission of a. sequence or neutrons followed by a sequence or protons 

and neutrons in about equal number and alpha particles. However, the 

uncertainties in the fission process and the nature or the coulomb barrier 

at high excitation e}lergi;e~ prev~t an;y~efinite conclusion. 

(B) ·Fission , .. 
· 'l'he above considerations have 1gnoreld the tission process and it 

will be attempted here to 'state its possible relationship to particle 
~ 'I 

emission tor high excitation energies (10 to 100 Mev). 

The .fission width according to Bohr and Wheeler9 
1 is gi•en by 

.. 

I• 



1 

.. 
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'JI.... -17·='" 

. ). r* ( E !_ fi) ~ r 1 

Et .. · ·-
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(as) 

* · where E is _t.he excitation energy 1 Et the fission threshold, ~md (' ~ ia 

the density of level~ at the critical contiguratlon. (saddie point in the 

potential energ aurta:ce) leadiag to fission. Assuming that the form ot 
...... 

* . f .... is the same as ~ (Eqs. (2a) ana (6)).[) . 
. I 

' . .. 

(Ito a) 

'-

and the ratio~ ( rf 1 r~} is given b7 

1:(f·t•)' .cu.pf~ ( (E-~~) ~~ {F-!B )
1'- )] 

~~~-~)-~.~ ~ J 

u~ b) 

J~ • ' . ' , 
This· function, for most values or the parameters BandEr, shows 

a fairly rapid change with. ett~rgy. This can be coptpared with the 
' I' i ' 

available data which is cont~~~ on the whole, to excitation energies 
. ... ' 238 . 

lese than l2 Mev. Tile photo i:ilduced fission in U shows a fission 

~ ,\ + 

,, ,.. 

:::j, .. ~ 
, ·~ 
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width which is essentially constant for excitation energies from 8 to 

11 M~v(lO. · The value of ( rf j r~) is about 0.30. Eq. (16b), on 

the other hand, shows ~ change in value from 2.5 to 0.9 for this energy 

' .· ·. (10 -range where Er = 5.3 . and u.: ·= 5.9. This constancy of the ratio 

( rf J, ff\) seems to hold tor other nuclei also. An examination 
• 11 .• 

of the neutron induced fission cross sections for ma07 of the nuclei 

in this .region shows that they are fairly constant in this energy region. 

Since the absorption or interaction cro,ss section is about n- (''ft t- X r~ 

in this region and thus almost constant, this implies that (rt'l n,) is 

also constant. The values of vary considerably among the 

nuclei. Tnis variation is not reproduced by Eq. ( 16) • The principal 

point to be_made here is that Eq. (16) does bot serve as an adesuate 

description of the iission ~ate. This may follow fro~ an assortment of 

•' reasons in proceeding from Eq. (15) to.Eq. (l6)~sueh as an inadequate , 
. * representation of r J or even of ' ~ at these energies or 

possibly from a variation· of Er with excitation energy. This serves 

to illustrate the lack of a reliable estimate in such simple terms of the 

fiss.ion rate at !hese ~r higher energies. 

Since above this medi':UJl energy range, the dependence of the ratio 
I 

can only be surmised, this will be done on the light 

of several high energy. experiDients, which, though by no means conclusive, 

do suggest possible models. 

The exeitation !unctions of the reactions Th
232 

(p, xn) 

(x:n .. :x neutron~)out) in the energy range 30 to 300 M~ .,ha:e been 
. . 12 

investigated by- Meinke, Wick ~nd Seaborg • They have found that the 

~. 
I 

·' 
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shape of the excttation functions can be understood in terms of the 

evaporation theor.y, if it is assumed tha~ the ratio of fission width to ... 
neutrOn width is ~itber a constant or a slowly varying function of the 

energy in the energy region tr~m about 30 to 100 Mev. About the 

magnitude of the r~tio nothing definite can be concluded from their 

results. 
lJ . 

Douthett has measured the range of fission fragments from the 

340 Mev proton ~mbardment of uranium. He finds that the fission fragment 
,t.... ' ~ ,., 

ranges are about 5~ shorter than the ranges from the thermal neutron 
I 

fission. ~e shows that this shortening of the range is consistent With 

the assumption that .(1) about twenty neutrons_or (2) about four protons 
' ., 

or (3) about ten neutrons and two protons were emitted before the fission 

-$ook place. The mearf+excitation energy- of the uranium nucleus under 
·.· \ . (14 

340 Mev proton bombardment is about 100 Mev • Thus, on the basis of 
' . 

I r' 

the evaporation theor.y and the known binding energies, ·statement (3) is to 

be preferred. 

From these experimental results it could be conjectured that the 
! 

ratio ( rr/ r n> ~e~rease~ quite ~apidly from. the medium energy value 

and stays small at higher'energies. The usual evaporation theory could 

be applied then without consideration of fission at excitation energies 

above 25 or 30 Mev. 

This is~not the only possibility that one can _suggest *hich is .. 
' consistent with the above (limited) data. Suppose that· p f ~ f n at 

the higher excitation energies. The quantity (fi/rf> is a measure ot 

the time it .takes for the nucleus -.to reach the critical configuration . ·, .. 

which then le<?-ds to the actual separation. Now the time between reaching 

this critical ~eparation and the time ot the actual separation may be 

J 
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i\Uch longer than the time given by (fi/ r r>. This, for instance, is the 

main assumption in the statistical treatment of fission at low excitation 
. 15 . .· . ' . 

energies • If this holds more or less true, then, since r n !!! r f ,. 
' . 

neutrons would be evaporat:ed during this period (i.e., before the actual 

separation).~ This mechanism is consistent with the above experimental 

data. 

·The third possibility wh~ch exists is that r· f ~ r n , and that 

on the whole, most of the neutrons are emitted after the actual separation 

by the fission fragments. Howev,er, this possibility is in contradict~on 

to Douthett's conclusions and we shall assume that this presents no 

effective competition. It.•,should be noted however that the usual fission 
~ ... 

neutrons associated with 1~ energy fission are not being referred to, 

since they are indeed emitted by the fragments. In that case there is 

not sufficient excitation en~rgy in the original nucleus to emit the 

neutrons. 

In the subsequent ~~loulations to be made, the usual evaporation 
' 

theory will be applied to>'the emission of neutrons from the .excited nucleus. 

If the assumption that fission does not compete effectively with neutron 

emission above 25 or 30 Mev, the evaporation theory will serve as an 

adequate description above this excitation energy. Below this energy, 

one encounters the same uncertain,t1es as with the second possibility 

sketched above. In this case one expects the fission proc·ess to have 
' ' 

some e.fteot on the evaporation proc.ss. If, for instance, the time during 

which the separation is taking place is long compared to (fi/rn> , the 

principal effect would be to change the effective excitation energy by 

the amoun~ necessary to achieve the distortion of the nucleus--this 

would lead to a somewhat smaller nuclear temperature, and might reduce the 
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mean number of evaporated nucleons before the actual separation. It would 

also undoubtedly increase the possibility of charge _particle emission. 

·However, the actual circumstances are undoubtedly- more complicated, and 

it can only be hoped they do not affect the simpler theo;cy too markedly. . . . 

IV. 

.. 
(A) 

Distribution in Number and Energy of Neutrons Evaporated from ~38 

~ 

·for Excitation Energies· of 100 an4 50 Mev . 

Monte Carlo Solution. 
• • 

. I' 
I 

The distribution in number of evaporated neutrons and the~r energy 

distribution for a ~iven initial excitation energy will now be calculated. 

Instead of an analytical treatment of the probl,em, the .·calculation will be 
. I 

~done ueil_lg the Monte Carlo method ~f solution. We will confine our . 
I 

attention to excitation energies of 50 and 100 Mev so that charged 

p_arti~le emission can reasonably be neglected. 
f 

In· the Monte carlo method for this problem one follows the sequence 

of neutron evaporation in detail. For a given excitation energy, the 
. i 

energy that the first neutron carries off is determined directly f~om the 

probability dietribut.ion of emission energies (Eq. (4)) by a. choice of a 

random number. This ·energy is noted. Then for the residual nucleus, the 

"' excitation ener~ is E'- B ~ T where Tis. the kinetic energy carried off. 

Then the kinetic energy of the second neutron ie determined as before. 
!. 

Qne continues in this ·r~shion step by step untU the excitation energy is 

\lnsutticient to emit anot~er neutron (E <B). This whole process is then 
't >; 

repeated as IDall1' t1.zies,; as' necessary to obtain good statistics on the 
' 

distribution in numbet~and energy o! the emitted neutrons. 

This mode of calculation will now be discussed in detail. The 

energy distribution for neutrons evaporated tram a. nucleus with excitation 
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energy E is given by 

where T is the neutron energy and. is the temperature corresponding 

to the excitation energy (E - B). For large enough excitation energies, 

the normalized form of this equation is 

(l~l) 

'· 

which can be wri~ten as 

'1-. ~ f t- X 1 t1 )( 

~= T/~ 
(18) 

The pr.obability that x lies between xi and x1~1 is 

li.+' 

'Pt = ) "' M-f l-x] d,. 
) .. ' l''-

Dividing the tot9:1 ra~e of x into increments ;_ - x
0

, x 2 - XJ_• x
3 

- x2, 

••• , xi+l- x1 , ••• , one can associate a Pi with each increment of x. 

We say then that th~ piopbability of having t!'e value of x equal to 
.. ~ -. 

- ·.- ~ + ~ .. 1 ~ .. r 2 
. ' 
•' ,.. 

·-· 
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At this stage a correspondence between the integers 1, 2, 3, 
-••• , ~~ ••• , N and the :Jet 1 s is made in the following manner. Starting 

- -with Xo 1 one associates~the ftrst nq integers with x0 , where n0 is 
,. 

chosen to be proportional to P0 • The next n1 int~gers are associated 

with Pv where n1 is proportiof\81 to P11 and so on. For the particular 

case. at hand, l(e chose the smallest val:-Ue of xi to be 0.1, and the smallest 

unit of probability to be 0.1. This is consistent with limiting ourselves 

to the first 100 integers (N = 100). The .correspondence between these 

integers and the xi's is given in Table I. 

The next step in the procedure is. to construct a nomograph 
: .. . ~ 

relating to x and T to the excitation energy E. Since 

and 

\~ 
I 

. )C.: Tj~ 

2. \ ) '/1-:x: (E-B 
.. ~ 

.. ' ., 

' 
f ,,, 

l· 

this is easily accomplished and the nomograph is given in Fig. 2. Thus, 

it one knows x and Ei T is found by laying a straight-edge across the 

figure for a given x and E which bn se.~ects_ the proper T. 

In constructing the nomograph we have ta~en the average value of . . . :' 16 
B which is given by 6.3 Mev in this region • _A- is defined by 

A 
- !!' 
/0 

where we choose A = 233, as representing the average value of A. 

With the correspondenee between the xi'~ and the integers established 

and the nomograph prepared, the neutron spectrum can ·be solved for. We 
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will start with the initial excitation energy 100 Mev. We now select from 

the group of integers one ot them 1n a :random; fashion
17• This will • 

correspond to a certain x. • For this x and E = 100, we determine T1 from 

the nomograph. This is the energy w1 th which" the first neutron is foiled 
' ' . 

ott.· This is noted. The excitation energy for the residual nucleus is 

now E - B - T1 • We select another number in a rand~m fashion which ii.ves 

us another x. For this x and the .excitation energy E - B - T1, we can 

determine T2• · This noted, and the· excitation energy of the residual 

_nucleus is E - 2B ... T~ - T 2 • We then proceed until the excitation energy· 

is too small to boil ott another neutron. We will have obtained then 

the number of neutrons boiled oft by this nucleus and the energy of each 

neutron. This whole process is .. then repeated for another nucleus with 

100 Mev excitation and so on. It was found necessary to repeat the 

process about 200 times to obtain adequate statistics. 

Fig. 3 gives the distribution in number of neutrons evaporated for 

excitation energies of 50 arid ·100 Mev. The mean numbers evaporated are 

t2 .-2 i 5.7 and 10.6, respectively._ The va~anoe, {n - n ) , ot these numbers 

is comparatively small; this results, of course, 1'because most oJ the 
~. 

excitation energy is carried ott as binding energy, rather than kinetic 
' '· . -

energy. An analytical expression for the mean value will be obtained 

later. Fig. 4 gives the distribution in kinetic energy of the neutrons 

for excitation energies ot 50 and 100 Mev. These curves represent a 
' . 

least equate fit to the data. _In Fig. ~ the neutron energy spectra of 
.,. 

Fig. 4 have been plotted as a function qf x : T}t-
0 

, where ~ . e is 
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the ini_tial ·temperature. The two curves are essential.l1 the same, which 

suggests that the neutron energy spe.ctrum can be represented as a function 
I 

of x = Tft-
0 

in this energy region. This point will be considered later. 

In Fig, 6, the neutron energy spectrum resulting from thp 190 Mev 
• 

deuteron bombardment ot uranium(18 ·is plotted along with the calculated 

neutron spectrum for 100· Mev excitation; The norm.a.;l.ization is somewhat 

arbitrary and can only be regarded as approximate. The two match fairly 

well; however, this cannot be regarded as particularly' significant. The 

expertmental situation is quite complicated since there ie a considerable 

spread 1n excitation energies and there is undoubtedly more than one type 

of initial exdited nucleus due to knock-one. In addition the experimental 

curve naturally includes some fission neutrons; that is, neutrons. from 

fragments. The high peak of' the experimental curve around one to two Mev . 
may be due to these fission neutrons, or the sharp peak may, be caused by 

the possible double-peaked nature of the distribution of initial excitation 

energy transferred to the nucleus by the deuteronl9. 

It should be noted that the simplicity of thi~ treatment was made 

possible by two factors. The first is that the energy distribution of 

evapbrated neutrons could" be wrirten as a function or (T/~) and secondly, 
-· . 

that the form ot 't'0 did not vary froxtl nucleus to nu~leus in the evaporation 

' . 
chain (an· average A and B was taken). These two factors made it possible 

to .set up the probability distribution and the nomograph for all nuclei. 
not · . 1 

If this had /been the case the problem could still have been solved by 

~the Monte Carlo metho~, of course, but not with the same dispatch • 

.... 

l 
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The method could now be extended to take into account charged 

particle emission. It is only necessary to establ~sh at eacn point in . 

the sequence what type of particle is emitted. This is done by calculating 

the emission probabilities (Eq. 16) and then deciding b.r a choice of _ 

random numbers what t7])e of particle is emitted at each step. Except for 

this modification the procedure is the ~Same as before. 

(B) Approximate Anal.ytical Solution* 

~ The Monte Carlb solution yields a full solution to the evaporation 

problem at any given energy. From the data that is obtained every 

pertinent type or distribution can be extracted. ·However it is possible 

to o~n in a simple ~ ~ical expressions for the mean number of 
~ . 

neutrons evaporqted at a given energy, and the mean value and variance 
- I 

of the neutron energy spectrum, ·wh~ch are the most pertinent quantities. 

This wiil be done and the results compared tto the Monte Ca.rlo solution. 

The average change in excitation energy of the nucleus when a 

neutron is evaporated is given by 

(t9) 

and since 

~ 
dA 

:,, 
-.. 
l~ ·: 

'. 

) ('20} 

- ~ 
where the variation in A of the coefficient of 1: has been neglected. 

. . ' , .. 
* 

A much more extensive treatment of this nature has been given by 

- . 20 
LeCouteur • The more limited results obtained in this section are 

derived in a more direct fashion however. 
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ThiS' s'implities the results without effecting the results appreciably. 

Combining Eq. (19) and (20), 

d A= 

J 

The solution to Eq. (21) is 

• 
"· 

(~ J) 

•Ia 
where ii . is the mean number of evaporated neutrons and "t0 ~ (f.-8/,\) is 

the' initial temperature. 

A somewhat better result is obtained if the coefficient (E0 - B) 
. . " 

is replaced by (E0 - B/2) which correspon4_s to normalizing n to 1/2 at 

E0 = B rather than zero. as Sx>ve. We h~ve then 

For ·A = 233/10 and B : 6.3 ~ev~ the average number ot neutrons 

evaporated is·given in the following table. The average number for 

E::: 200M~ is not to• be taken too seriously since charged particle 
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emission would compete favo!"abl.y' for this en,rgy. The values obtained 

E 
50 

100 
150 
200 

ii 
5. 7 

10.6 
15.1 
19.2 

agree' with the Monte Carlo~ calculation. 
-... l: , 

From Eq. (22) the mean energy of the emitted neutrons can be 

· obtained. The mean kinetic energy carried ott per nucl~on is 

-T= 
.. 

This may be reduced to 

- (;l3) 

'. ,. . . 
where only the two leadin€; terms have been retained. 

~J 

' To determ~ne the mean square kinetic energy, we introduce the 

function Jn which is given by 
\ 
' -~· :' \,1. .,. Tz." ..... 'ii" + . t" T T.-a. (z4) 

·T."1. where fi. · is the mean square kinetic energy of the 1 'th evaporated 

nucleon. Then 

t. 
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-A 'T\1\ -:; J"~- J""'~ .. , :. T~ 

or . * 
.b.!~ T~ ·=- .\o -c-...C?o-t>-E) 
AY\ 

Since and 

J'= 

The solution of Eq. (26) is 

... 

\ 

.The average mean square kinetic energy per particle is given by . . 

'1. J T = --~ ~ b ~ t l - _b.. ( 2. -c-o ) J • 
2. · IS" 13 

This may beEBsi~ verified from Eq. (4). 
~ 

,·· 

. 
·:·. J() 

(z 8) 
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The variance J t:1'", of 'l' is given by1' 

, -

• Assuming the following Poisson like distribut~on for T, 

P(• )ur = 

and letting . and 
) 

the distribution for T becomes 

) 

'where 

This bears out the result of the Monte Carlo calculation that the 

neutron energy spectrum could be represented a.s a function of T/r:a _,in 

that energy region. · 

Eq. (29) is plotted in Fig. 5. Although the agreement with the 

* Monte Carlo calculation is not too satisfactory for x < l , Eq. (26) 

* The statisticswer~ not quite sufficient to render the shape of the 
• 

Monte Carlo CUM'& too accurately in this region where it changes 

rather rapidly with energy. Some of the discrepancy may be due to this. 
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can be regarded as an adequate representation of the energy spectrum ot 

the evaporated neutrons. It is to be noted that the spectrum does not 
' 

refer to any specific nucleus, but depends solelY on the temperature 

V. Conclusion 

A highly excited urani~ nucleus can undergo neutron emission, 

charged particle emission, and fission. Good estimates of the particle . ... 
·I 

emissi~n rat~s .are provided b,y the us~l nuclear evaporation theor,y. For 

axcit~tion ene~gies of about 100 Mev and lese, charged particle emission 

is greatly inhibited by the c9ulomb barrier, so that principal~ neutrons 
J 

a.re·amitted. On the .other hand, the fission process at high excitation 

energies presents ~ essentially unsolved problem •. The :Present experimental 

data, suggests t.wo possib~e alternatives for the role of .fission. The 

first of these assumes that the fission becomes negligible for energies. 

above 25 or JO Mev comp~ed with neutron emission. The second assumes 

that although· the fission competes effectively with neutron emission at 

high energies, the excitation energy of the nucleus is degraded by a 

sequence of evaporation n~trons during the time between the critical 

configuration leading to fission an:! the. actual. separation of the nucleus 
.• . 

into .fragments. This latter circumstance wuld undoubtedl.y have an effect 

on the evaporation process--this has not· .been considered though. The 

principal poibt in either case is that the neutrons are apparently emitted 

before the.separation. 

It should be noted that in either case the probability that the 

uranium nucleus of 100 Mev axcitation has fissioned in very close to 
. . . ' . 2 

unity. Either ~ecause of the increase of Z /A from the evaporation of 

the neutrons or because of the c~ance to fission at eacp step in the 

evaporation sequence. 



UCRL-2184 Rev. 

~. 

The·ev.aporation process for sufficiently. high energies involves a 

sequence ot emit. ted particles, which can be treated most naturally by 

the Monte Carlo method o! solution. For the heavy nuclei where cha:rged 

particle emission is Sllli'.ll.or·negligible, the calcul.B.tion becomes 

.particu~ simpie.: The most pertinent results obtained were the 

distribution in number of nell(trons emitted and their energy distribution 

for excitation energies of 50 and 109 Mev. In addition, simple formulae 

tor the mean number of neutrons emitted, and the energy distribution 

were obtained, which agreed with the Mo,nte Carlo results. 

The onl.7 quantitative result which would offer some chance o! 
evaluating the calculation by comparison with experiment is that of the 

/ . ~.~ .. . 

neutron energy spectrum~ The only data available however is the spectrum 
f . 

resulting trom ·t~e 190 Mev deuteron bombardment of uranium. As was 

pointed out. there are,· too· maey uncertainties 1n this spectrum to make a 
' ' . 1 

significant comparison. · The spectrum resulting from the proton bombardment 

in the 50 - 100 Mev· r$nge.',~ould probably enable a more valid comparison. 
"' jo.' f '·~"" • 

·" With respect t9, the· role. of fiseion, it is possible that the , ... 

angular correlation of the neutrons with the fission fragments would 

yield further information on When the neutrons are evaporated. Also a 

study of the cross section ·of the spallation products and the fission 

cross section ree~ti~. from ~e bombardment with protons ot 100 Mev orr 

somewhat less energy might throw some light on' the competition between 

fission and neutron evaporation. Th-e advantage of limiting the proton 

energy to this value is that tb$ spread in initial exoitatlon energy will 
' ' ' 

. be lese than·for~h~gher energy protons. 
' 
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~· FIGURE CAPTION 

. .. 23ft 228 
Tlle ratio { r n/ r p) for U and U plotted as a function 

"' of excitation energy. 
f .. i 

Nomograph relating x, T, and E where x : T/-r;0 and .l:0 : 2(E - B) f..A.. 

· Fim! ,3: The probabi+ity distributions in the number of ev~porated neutrons 

for excitation energies 50 and 100 Mev. 

i..;. ,.. 4 

Figure 4: The ~listribution in kinetic energy of the evaporated neutrons 
~ 

from uranium for. SO and 100 Mev excitation energies. The curves 

~re l~ast square tits to the tesults of the Monte.Carlo caleulalion. 
. ~ ·t 

The hlst.o~ram for the result of the 50 Mev calculation is also 

shown. ~~ areas under the curves are proportional to the total 
f ~ •• .;, 

o'l ~ 

number~:or ~rticles emitted. 
'' r' 

Figure 5: The distribution of the evaporated neutrons as a function of 

x : Tf1:'
0 

where T is the kinetic energy of the neutrons and 
t 

't;. is the initial nuclear temperature. All three curves are 

normalized to uqity. 

. . 
Figure 6:. A comparison of the measured neutron energy spectrum from the 

2,38 . 
190 Mev d~teron bombardment of U and the calculated neutron 

ener~ distribution for 100 Mev excitation energy • 
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TABLE I 

Correspondence betlieen set of' integers N1and X 
established by' the probability distribution, Eq. (18) • 

.. ,. 
"4 

... 
I X N. X N X N X 

26· 
\.,. I 

76 l· 0.1 0.9 ·:51 1.7 2.7 
2 21 1.1 ~i52 11 
3 0.3 28 :53 / 78 2.9 
4 29 54' 79 
s 30 55 1.9 80 
6 31 ;6 81 3.1 
1 0.5 32 . 51 82 
8 33 58 83 
9 34 59 84 3.3 

10 35 1 ]'·' 6o ·. 2.1 85 
11 . 36 

• ,.• .... ~ r ~,\ 

61 86 3.5 ' 
12 37 ' 

62 87 
13 0.7 38 . 63 88 3.7 
14 39 64 89 
15 40 65 2.3 90 3.9 
16 41 < 66 91 
17 42 1~5 ... i 67 92 4.2 l 

18 43 68 93 4.4 
19 44' 69 94 4.6 
20 0.9 45 . : ~ 70 2.; 95 4.8 .. ~ 
21 46 t,, I ~'\ ; 71 96 5.0 ··' 
22 471 ,, 72 97 5.4 
23 48 

... 
73 98 5.8 

24 49 1.7 74 2.7 99 . 6.9 
25 50 75 100 8.0 

/ 

• 
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