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3.3 Training time in seconds per epoch: We report the costs for DeepONet,
FNO, and our method with three different mean functions. The training time
of each approach varies across the different problems based on the dimension-
ality of the input/output functions and their respective resolutions. For exam-
ple, the zero-mean GP appears to be the slowest in problems where the input
and output functions are one-dimensional, such as in the Burgers’ or Advec-
tion equations, but becomes the fastest in the Structural Mechanics problem,
where the input and output functions are one- and two-dimensional, respec-
tively. Incorporating neural operators within our GP framework increases the
training time per epoch with respect to their vanilla implementations due to
the additional computations involved in the loss function (see Equation (3.15)
versus MSE). However, this results in higher overall accuracy, as shown in

Table 3.1 and 3.2. . . . . . . 79
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ABSTRACT OF THE DISSERTATION

Hybrid Gaussian Process and Deep Learning Frameworks
for Computational Science and Engineering

By
Carlos Mora Sardina
Doctor of Philosophy in Mechanical and Aerospace Engineering
University of California, Irvine, 2025

Associate Professor Ramin Bostanabad, Chair

The convergence of computational science and engineering with machine learning has opened
unprecedented opportunities for modeling, prediction and scientific discovery in complex
physical systems. Central to these advances has been the ability to integrate rigorous physi-
cal models, multi-fidelity data, and domain knowledge within flexible computational frame-
works. Much of the recent progress in this direction has been driven by deep neural networks
(NNs), which have shown remarkable representational power but often at the expense of in-
terpretability and reliable uncertainty quantification. By contrast, kernel methods —and
Gaussian processes (GPs) in particular— are limited in scalability and expressivity, but pro-
vide uncertainty estimates, mathematical tractability, and interpretability. These contrasting
features motivate the development of novel hybrid approaches that enjoy the complementary

strengths of NNs and GPs for advancing computational science and engineering.

This dissertation makes three major contributions toward this goal. First, we introduce
a hybrid framework for solving forward and inverse problems involving partial differential
equations (PDEs). The framework leverages the closure property of GPs under linear trans-
formations and Bayesian conditioning to enforce boundary and initial conditions, while lever-

aging NNs through automatic differentiation to handle nonlinear constraints. Second, we

Xiv



propose a general GP-based operator learning framework by reformulating operator learning
as an equivalent function learning problem. This framework can incorporate prior knowl-
edge of the underlying physics during training and optionally integrate neural operators into
the mean function. To the best of our knowledge, it represents the first zero-shot operator
learning method in the literature. Third, we develop SEEK, a novel class of kernels for mod-
eling nonstationary phenomena via GPs. SEEK draws inspiration from artificial neurons
and is grounded in first principles to ensure kernel validity through symmetry and positive
semi-definiteness. The proposed method learns input-dependent compositions of base kernels
where the weights are parameterized by NNs, enabling the resulting GP to capture spatially

and temporally varying dynamics with principled uncertainty quantification.

XV



Chapter 1

Introduction

1.1 Motivation

The emergence of digital computers in the mid-20th century opened the door to a multi-
tude of computational methods for approximating solutions to previously intractable math-
ematical problems. Soon after, the rapid development of electronic computers dramatically
increased both the scale and complexity of problems that could be addressed, paving the
way for the modern field of computational science and engineering. This progress enabled
the development of advanced numerical techniques such as the finite element method (FEM)
for structural analysis and computational fluid dynamics (CFD) for fluid flow, which remain

central to engineering today.

In parallel, the increase of computing power and the growing availability of large datasets
fueled the resurgence of machine learning. Although historically distinct from computa-
tional science and engineering, machine learning pursues a closely aligned goal: to model
and understand complex real-world phenomena through computational methods. Machine

learning achieves this goal by leveraging statistical learning principles and optimization tech-



niques to construct predictive models from data, which is especially useful in applications
where explicit physical models are incomplete or unavailable. In contrast, classical compu-
tational sciences rely on well-defined physical models and precise mathematical techniques

to characterize system behavior.

In recent years, machine learning methods have been increasingly applied to problems in the
context of computational science and engineering, offering frameworks capable of integrat-
ing physical models, multi-fidelity data, and prior domain knowledge. Much of the progress
in this direction has been driven by deep neural networks (NNs), which have shown re-
markable representational capacity but often at the expense of interpretability and reliable
uncertainty quantification. By contrast, kernel methods —and Gaussian processes (GPs)
in particular— are limited in scalability and expressivity, but offer uncertainty estimates,
mathematical tractability, and interpretability. These contrasting features motivate the de-
velopment of novel hybrid approaches that enjoy the complementary strengths of NNs and

GPs for advancing computational science and engineering.

This dissertation pursues this vision through three novel contributions' that combine deep
learning architectures with GPs for (1) solving forward and inverse problems involving partial
differential equations (PDEs), (2) learning operators arising from parametric PDEs, and (3)

modeling nonstationary functions.

1.2 Thesis Contributions and Outline

This thesis introduces three novel frameworks that leverage the complementary strengths of

deep NNs and GPs to address diverse problems in computational science and engineering;:

'Each contribution corresponds to peer-reviewed work completed during the author’s PhD, though not
all of the author’s published research is included in the thesis.



e Solving Forward and Inverse Problems Involving PDEs. Chapter 2 intro-
duces a hybrid method that combines deep NNs and GPs for solving forward and
inverse problems involving PDEs. This approach leverages the strengths of both mod-
els based on the following observations. First, GPs are naturally suited to handle
linear constraints—which typically include Dirichlet, Neumann, and initial conditions
(BCs/IC)—as GPs are closed under linear transformations and Bayesian conditioning.
Second, deep NNs are more effective than GPs for handling nonlinear constraints, as
the latter requires linearization of the PDE, but the former can directly solve nonlin-
ear differential equations through automatic differentiation without prior linearization.
By integrating these two components, the proposed model inherently satisfies linear
constraints such as BCs/IC through the GP kernels, while the NN component provides

the flexibility and generalization power needed to handle nonlinear constraints.

e Operator Learning in Parametric PDEs. Chapter 3 presents a general GP frame-
work for operator learning that can optionally integrate neural operators into the mean
function and incorporate prior knowledge of the underlying physics into its training
process. This is achieved by reformulating the original operator learning problem as
an equivalent function learning problem, which can be solved using well-established
regression techniques based on NNs and GPs. The proposed framework naturally ex-
tends to multi-output operators and benefits from computational speed-ups achieved
through product kernel structures and Kronecker product matrix representations of
the underlying kernel matrices. Moreover, we demonstrate that GPs with common
kernels can mitigate the so-called curse of dimensionality through proper initialization
of their kernel parameters. To the best of our knowledge, this framework provides the

first zero-shot operator learning method in the literature.

e Learning Nonstationary Kernels. GPs often rely on stationary kernels, which

can lead to suboptimal predictions and miscalibrated uncertainty estimates, especially



when modeling nonstationary phenomena. Chapter 4 introduces SEEK, a novel class of
learnable kernels to model nonstationary functions via GPs. SEEK draws inspiration
from artificial neurons and is grounded in first principles to guarantee symmetry and
positive semi-definiteness, key properties of valid kernels. The proposed method effec-
tively models nonstationarity by learning input-dependent compositions of base kernels
where the weights are parameterized using deep neural networks. This self-adaptive
mechanism enables the GP to capture spatially and temporally varying dynamics with

principled uncertainty estimates.

We note that Chapters 2, 3, and 4 may employ different notation systems tailored to their
specific problem setting, as no single notation can naturally accommodate the full breadth

of work presented in this dissertation.

Finally, Chapter 5 closes the thesis with a summary of the main findings and future research
directions. Supplementary materials, including detailed derivations, additional experiments,

and extended descriptions, are provided in Chapters A, B, and C.



Chapter 2

Solving Forward and Inverse

Problems Involving PDEs

2.1 Introduction

Partial differential equations (PDEs) elegantly explain the behavior of many engineered
and natural systems such as power grids [5, 6], advanced materials [7], tectonic cracks [8],
weather and climate [9, 10], and biological agents [5, 11]. Since the solutions to most PDEs
cannot be derived analytically, numerical approaches such as the finite element method
are frequently used to solve them. Recently, a new class of methods known as physics-
informed machine learning (PIML) has been developed and successfully used in studying
fundamental phenomena such as turbulence [12], diffusion [13], shock waves [14], interatomic
bonds [15], and cell signaling [16]. While PIML models have fueled a renaissance in modeling
complex systems, their performance heavily depends on optimizing the model’s training
mechanism (e.g., choice of optimizer), loss function, and architecture [17]. To reduce the

complexity inherent in developing and training PIML models, we re-envision solving PDEs



via machine learning (ML) and introduce a framework based on Gaussian processes (GPs)
to simultaneously use the strengths of deep neural networks (NNs) and kernel methods.
Specifically, our resulting PIML model augments NNs with what we call kernel-weighted
Corrective Residuals (CoRes) to improve NNs’ accuracy, robustness, and efficiency in solving

PDEs.

Remarkable successes have been achieved via ML in many areas such as protein modeling
[18, 19], designing new materials [20, 21, 22, 23, 24, 25|, automated demographics monitoring
[26], and expert language models [27]. Availability of big data is a common feature across
these applications which, in turn, enables building large ML models that can distill highly
complex relations from the data. However, in the context of solving PDEs, there is a par-
ticular interest in building ML models whose training does not rely on any sample solutions
inside the domain. Indeed, the key enabler in this application is PIML which systemati-
cally infuses our physical and mathematical knowledge into the structure and/or training
mechanism of ML models. Compared to classical computational tools, PIML promises a
unified platform for solving inverse problems [28], obtaining meshfree solutions [29, 29, 30],

assimilating experiments with simulations [31], and uncertainty quantification [32].

We can broadly classify PIML models into two categories. The first group of methods relies
on variants of neural networks (NNs) and can be traced back to [33, 34]. Physics-informed
neural networks (PINNs) [35, 36] and their various extensions [37, 38, 39, 40, 41, 42] are
perhaps the most widely adopted member of these classes of methods and their basic idea is
to parameterize the PDE solution via a deep NN. As detailed in Section A.2, the parameters
of this NN are optimized by minimizing a multi-component loss function which encourages
the NN to satisfy the PDE as well as the initial and/or boundary conditions (ICs and BCs),
see Figure A.2. This minimization relies on automatic differentiation [43] and is known to be
very sensitive to the optimizer, loss function formulation, and NN’s architecture. To decrease

this sensitivity, recent works have developed adaptive loss functions [44, 45] and tailored



architectures that improve gradient flows [46] or automatically satisfy BCs [47, 34, 48, 49, 50]
(see Section A.2 for more details). These advancements, however, fail to generalize to a
diverse set of PDEs and substantially increase the cost and complexity of training [51].
While such works primarily focus on solving specific instances of a PDE system, NNs have
also been used for operator learning [52, 53] where the goal is to approximate infinite-
dimensional mappings arising in PDE systems, e.g., mapping a BC to its corresponding

solution field.

The second group of PIML models leverage kernel methods. The key idea behind kernel
methods is to implicitly map the original input data into a higher dimensional space where
it is easier to quantify similarities among the data points. Support vector machines (SVMs)
are a popular kernel method that have been successfully applied to supervised learning,
clustering, dimensionality reduction, and anomaly detection [54]. GPs are also kernel meth-
ods and can be traced back to Poincaré’s course in probability theory [55]. GPs have long
been used in emulation and Bayesian optimization but their application in solving PDEs is
relatively new and remains largely unexplored. The few existing works [56, 57, 58] exclu-
sively employ zero-mean GPs which are completely characterized by their parametric kernel
or covariance function. With this choice, solving the PDE amounts to designing the GP’s
kernel whose parameters are obtained via either maximum likelihood estimation (MLE) or
a regularized MLE where the penalty term quantifies the GP’s error in satisfying the PDE

system.

In a recent novel work [1], solving PDEs via a zero-mean GP is cast as an optimal recovery
problem whose loss function is derived based on the PDE system and aims to estimate
the solution at a finite number of interior nodes in the domain. Once these values are
estimated, the PDE solution is approximated anywhere in the domain via kernel regression
(see Section A.2). Hereafter, we denote this method as GPor and note that it has been

recently extended to learn operators [59] and to handle large datasets using the concept



of inducing points [58]. Additionally, while GPs with non-zero means have been employed
for solving PDEs in a data-driven manner [60], they have not been explored in a purely

physics-informed setting with a robust training mechanism.

The rest of this chapter is organized as follows. We introduce our approach in Section 2.2
where we first provide a theoretical rationale for it in Section 2.2.1 and then in Section 2.2.2
introduce the modular and robust framework that we have developed for efficiently imple-
menting it. We comment on the most prominent features of our approach in Section 2.2.3
where we also introduce its extensions for solving inverse problems or handling PDE systems
with multiple outputs. We rigorously study the performance of our approach in Section 2.3
and conclude the chapter with some final remarks and future research directions in Sec-

tion 2.4.

2.2 Neural Networks with Kernel-Weighted Corrective

Residuals

Kernel methods, particularly GPs, have less extrapolation and scalability powers compared
to deep NNs. They also struggle to approximate PDE solutions that have large gradients
or involve coupled dependent variables such as the Navier-Stokes equations. However, GPs
locally generalize better than NNs [57], are mathematically tractable, interpretable, and
easy to train (see Section A.1 for discussions and examples). Grounded on these properties,

we introduce deep architectures with kernel-weighted CoRes that integrate the attractive

features of NNs and GPs for solving PDEs.



2.2.1 Theoretical Rationale

GPs provide a tractable and robust framework for function approximation [61, 1, 62] and
their kernels are extensively studied to accommodate learning functions of varying degrees
of complexity [63, 64, 65, 66, 67, 68, 69]. However, we argue that the sole reliance on the
kernel serves as a double-edged sword when solving PDEs via GPs. To demonstrate, we
consider the task of emulating the function u(x) given the n samples X = {x1, -+ ,x,}
with corresponding outputs u = {uy,--- ,u,} where x € X C R%* with boundary X and
w; = u(x;) € R. If we endow u(x) with a GP prior with the mean function m(x;8) and

kernel ¢(x, x’; ¢), the conditional process is also a GP whose expected value at x* is:

n(x*; 0, ¢) = E[u*|u, X] = m(x*;0) + w’r, (2.1a)
w = wx",X;0) =c {X,X; 0)c(X,x*; @) (2.1b)
r=r(X,u0)=u—m(X;0). (2.1c)

Here, 0 are the parameters of the mean function, ¢ are the so-called length-scale or rough-
ness parameters of the kernel, ¢(X,x*; @) = [c(x1,X*; @), -+, c(Xn, x*; )T, 7 denotes the
residuals of the mean function on the training data, w are the kernel-induced weights, and
C = ¢(X,X; ¢) is the covariance matrix with ij'" entry c(x;,x;; ¢). The covariance function

can be a deep NN [70] or the simple Gaussian covariance function:

c(x,x'; @) = exp{—(x — x')" diag(¢)(x — x) }, (2.2)

which can be augmented to account for noisy observations:

c(x,x';0%, ¢,0) = o?exp{—(x — x')"diag(¢)(x — x) } + 1{x == x'}4, (2.3)



where o2 is the process variance, 1{-} returns 1/0 if the enclosed statement is true/false,
and ¢ is the so-called nugget parameter that is typically used to model noise or improve
the numerical stability of the covariance matrix. For simplicity, hereafter we consider the

Gaussian covariance function in Equation (2.2) in our descriptions.

The optimum model parameters @ and ¢ are generally unknown and hence estimated via

MLE:

~ _1 -1

[0, q,’)] = argmax 27 C| 2 exp {TTTCLT‘} , (2.4)
0,9

which can be an expensive and/or numerically unstable process if C is large or ill-conditioned

(this can happen if the training dataset is large or has samples that are very close in the

input space).

Since many kernels can approximate an arbitrary continuous function [61], zero-mean GPs
are used in many regression problems as eliminating m(x; @) reduces the number of trainable
parameters while increasing numerical stability. As discussed in Section A.1 and shown in
Figure A.1, the latter improvement stems from the fact that an over-parameterized m(x; ),
while needed for learning hidden complex relations, can easily interpolate u and, in turn,
drive the residuals in Equation (2.1¢) to 0. Such residuals require ¢6 — 0 which diminishes

the contributions of the kernel in Equation (2.1a) and renders C' ill-conditioned.

Unlike regression, PDEs with IC/BCs cannot be accurately solved via zero-mean GPs with-
out any in-domain samples since the posterior process in Equation (2.1) predicts zero for any
point that is sufficiently far from the boundaries. This reversion to the mean behavior is due
to the exponential decay of the correlations as the distance between two points increases,

see Equation (2.2). While deep kernels can delay this decay, they cannot prevent it.

Following the above discussions, we make two important observations on the posterior distri-
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bution in Equation (2.1): it heavily relies on m(x; @) in data scarce regions and it regresses
u regardless of the values of m(X; ). These observations suggest that a GP whose mean
function is parameterized with a deep NN provides an attractive prior for solving PDE
systems. Functions of the form given in Equation (2.1a) can easily satisfy BCs/IC as well
as other linear constraints if applicable!, while their smoothness can be controlled through
the mean and covariance functions. This approach, however, presents two major challenges.
First, the posterior distribution in this case should be obtained by conditioning the prior on
BCs/IC while constraining it to satisfy the PDE in the domain. Since most practical PDEs
are nonlinear, the posterior will not be Gaussian upon the constraining and hence there are
no closed form formulas available for its likelihood (to train the model) or expected value
(to easily predict with the model). Second, jointly optimizing ¢ and @ is a computationally

expensive and unstable process due to the repeated need for constructing and inverting C'.

2.2.2 Proposed Framework

We address the above challenges via modularization and formulating the training process
based on maximum a posteriori (MAP) instead of MLE. As illustrated in Figure 2.1, our
framework consists of two sequential modules that aim to solve PDE systems with deep NNs
that substantially benefit from kernel-weighted CoRes. These modules seamlessly integrate
the best of two worlds: (1) the local generalization power of kernels close to the domain
boundaries where IC/BCs are specified, and (2) the substantial capacity of deep NNs in
learning multiple levels of distributed representations in the interior regions where there are

no labeled training data.

In the first module, we endow the PDE solution with a GP prior whose mean and covariance

functions are a deep NN and the Gaussian kernel in Equation (2.2), respectively (note that

!This property arises from the fact that GPs are closed under Bayesian conditioning and linear transfor-
mations, and from their inherent interpolation capabilities.
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the assumption on having a unit variance does not affect our method as the variance cancels
out in Equation (2.1b) due to the matrix inversion). Conditioned on the data (i.e., u which
is obtained by sampling from the BCs/IC), the posterior distribution of the solution is again
a GP and follows Equation (2.1a) where » and w denote the residuals and kernel-induced
weights, respectively. Importantly, in this module we fix 6 to some random values and
choose 65 such that the GP can faithfully reproduce u. As demonstrated in Section A.1l
and Section 2.3.4, our results are not affected by the fact that we do not leverage MLE for
parameter estimation in module one. Hence, we manually select $, fix the process variance to
unity, and choose the nugget parameter to ensure the covariance matrix is not ill-conditioned

(see Section A.1 for more details).

In the second module, we obtain the final model by conditioning the GP on the (nonlinear)
constraints that require the predictions at arbitrary points in the domain to satisfy the PDE

system. We achieve this conditioning by fixing $ from module 1 and optimizing 0 to ensure

Module 1
.- oS ST T T T T T T T T T T T T T T eI T T T T TSI TSI TS T T T T T T T T I
' ; ; - I
: :et:ﬁ?iEz\fz*f_<_x_:_?2fﬁ>fr_z<_:_@_>___:i |
1 : .
Estimate ¢ via — 1
! S u(-Lt)=u(t)=0 - . —'@ .
: BC, IC: u(x, 0) = — sin(mx) {x,u b, MLE or Heuristics !
L o ___._ R I S 1
Module 2

wl = [c (XX )c(X x; {ﬁ)]T Kernel-induced weights

1

1

1

1

1

1

3 PDE: us + uuy = vy, }7 :
" 1
W POE Lo |
& '

1

1

1

1
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Residuals

m(x; 0) n(x; 0, %)

f 1

' Lppr(6) = EZ?:{JE(W + MM — Vixx)?
R ' End ] Yes G ’
| Update  —01 £, .(8)<e? J

Figure 2.1 Flowchart of the proposed framework for solving the 1D Burgers’ equation:
We endow the solution u(x) with a GP prior whose mean and covariance functions are parameterized
via a deep NN and the Gaussian kernel in Equation (2.2), respectively. In module 1, we fix 8 to some
random values and estimate the kernel parameters via MLE or heuristics such that the posterior
GP conditioned on the BC/IC data faithfully reproduces u. Then, in Module 2, we estimate 6 by
minimizing a loss function which only depends on the PDE since BC/IC are automatically satisfied.

Mean
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that the model in Equation (2.1a) satisfies the PDE at nppp randomly selected collocation

points (CPs) in the domain.

2.2.3 Model Characteristics and Extensions

In this section, we elaborate on four unique features of our approach for solving PDE systems
and discuss two major extensions that enable (1) data fusion for solving inverse problems, and
(2) efficiently solving PDEs with multiple dependent variables. We highlight that combining
GPs and NNs was first introduced in [57] to improve the uncertainty quantification power
of NNs in supervised learning tasks. However, in sharp contrast to our work, the proposed
approach in [57] relies on big data in the entire domain (we do not use any labeled data
in the domain), aims to improve prediction uncertainties, leverages MLE for parameter

optimization, and hinges on sparse GPs for scalability.

Feature one: The overall training cost of our approach almost entirely depends on the
second module since selecting (,/b\ does not rely on MLE and is a computationally inexpensive
process. Additionally, our experiments consistently indicate that the performance of the
final model across a broad range of problems is quite robust to $ as long as the BCs/IC are
sufficiently sampled (see Section 2.3.4 for sample results). This robustness is independent
of the random values assigned to @ in module 1. Based on these two observations, in all of
our experiments we simply assign 10% to all the length-scale parameters of the kernel and
sample 40 points at each boundary. We highlight that while these values are certainly not

the optimum, they have consistently enabled us to achieve highly competitive results.

Feature two: The computational cost of coupling GPs and deep NNs in our framework is
negligible during both training and testing since C' does not change in the second module
and its size only depends on u which is a relatively small vector. When solving PDEs

such as the Navier-Stokes equations that have multiple dependent variables, the size of u
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BCs Module 1 @_
u

u(x,0) =u(0,y) =u(l,y) =0
u(x, 1) = Asin(mx) P
2(6.0) = v(0,y) = v(0,) = v(1,y) = 0 | 1Ko Uidiz1 |
p(0,0) =0

PDE system
Uy +v, =0
uuy + vu, = —pr + V(Ux + Uyy)
1
uvy + vv, = —;py + V(Vxx + vyy)
End
Yes Physics-Informed Loss

Update 6 No Lppp(6) < €? Lppe(0)

Figure 2.2 Solving the 2D incompressible Navier-Stokes equations for the lid-driven
cavity problem: With minor architectural changes on module two with respect to Figure 2.1, our
framework can also solve coupled PDE systems. Specifically, we endow each dependent variable with
a GP prior. These GPs have independent kernels but a shared mean function that is parameterized
via a deep neural network. Similar to Figure 2.1, the loss function only depends on the PDE
residuals and excludes data loss terms on BC/IC.

can grow rapidly since it will store boundary and initial data on multiple outputs. Hence,
for such PDEs we decouple the kernel-weighted CoRes of the outputs to keep the size of
C and u small. As shown in Figure 2.2, we formulate this decoupling by endowing the
dependent variables with a collection of GP priors which share the same mean function
but have independent kernels (i.e., the predictive formula in Equation (2.1a) is used for
as many outputs as the PDE has). While a single kernel can help in learning the inter-
variable relations, we avoid this formulation for the following two main reasons. Firstly, it
increases the size and condition number of the covariance matrix especially if the BCs on
these variables are significantly different. For instance, on the top edge (y = 1) in the lid-
driven cavity (LDC) benchmark problem formulated in Equation (2.8), pressure is unknown
while the vertical and horizontal velocity components are equal to, respectively, zero and
Asin (rx). Secondly, our empirical findings indicate that the shared mean function is able

to adequately learn the hidden interactions between these dependent variables.
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Feature three: As proven in Section A.3, our model can exactly satisfy the BCs/IC as
the number of sampled boundary points increases. Due to this feature, the loss function in
Figure 2.1 or Figure 2.2 only minimizes the error in satisfying the PDE and excludes data
loss terms that encourage the NN to reproduce the BCs/IC. This exclusion indicates that
our framework does not need weight balancing which is an expensive process that ensures
each component of a composite loss is appropriately minimized during training. We highlight
that per Equation (2.1) the contribution of kernel-weighted CoRes to the model’s predictions
decreases as the distance with the boundaries (where the data is available) increases. As
shown in Figure 2.3a this decrease is not sudden and depends on the quality of the learnt

mean function.

The proof in Section A.3 indicates that the convergence as n — oo is independent of the
domain geometry and the potential noise that may corrupt the boundary data. The former
feature is especially useful when solving PDEs over irregular domains such as the unsteady

LDC problem in Figure 2.3b.

) & 7] 2 ) Reference Predicted
n(x; 6, ¢) m(x; ) w(x; ¢)Tr(6) Sorenee reqierect
Prediction Neural Network Kernel-weighted CoRes Velocity Magnitude 10 Velocity Magnitude
aLE Baws ](
< 15 L5 0
Cenmnl _ oooj . w
E.... 0.0 .'.. 0.0 o -
cmrml . arwl - L %
e — o — I -
Ny [ 0.6 | -— 0.6 ([ 0.08
| e — L - 2
LD - | e— - 0.00
E 00 T — 00 T I
O | — — - =
S| w— 0o 008
| — e | — 0.0

(a) Boundary value problems with direction-dependent solution  (b) Time-dependent LDC problem.
frequencies.

Figure 2.3 Model features: (a) In addition to improving the optimization of € in module two,
kernel-weighted CoRes contribute to the model predictions and ensure strict satisfaction of the
BCs. (b) Kernel-weighted CoRes automatically adapt to the domain geometry and are applicable
to coupled PDE systems such as the Navier-Stokes equations. Here, we solve the unsteady LDC
problem for ¢ € [0, 5] and visualize the flow at t = 0.5 and ¢t = 5.
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The above three features imply that training a PINN (or any of its extensions) costs similarly
to the case where the same network is used as m(x; @) in our framework. This behavior is
very attractive since our approach consistently and substantially improves the performance
of existing NN-based methods while also simplifying the training process by dispensing with

the need for balancing the loss terms or fine-tuning the optimization settings.

Feature four: Our framework allows to perform data fusion and system identification by
incorporating the additional measurements or observations in the kernel structure in exactly
the same way that BC/IC data are handled, see Section 2.3.6 for a graphical flowchart
and some examples (note that since we handle observations similarly to BC/IC data, the
reproducibility proof in Section A.3 applies to them as well). This extension provides fast
convergence rates for solving inverse problems and enables combining multiple data sets (e.g.,

experiments and simulations) to discover missing physics or unknown PDE parameters.

2.3 Results and Discussion

We compare the performance of our approach against four baseline PIML methods on four
different PDE systems. We describe these PDE systems in Section 2.3.1 and then provide
some details on implementation and training/testing of the five PIML models in Section 2.3.2
where we also comment on our rationale for choosing the baselines. We summarize the results
of our comparative studies in Section 2.3.3 and then conduct extensive sensitivity analyses
in Section 2.3.4 to assess the impact of factors such as random initialization, noise, network
architecture, and optimization settings on the summary results reported in Section 2.3.3.
We conclude this section by comparing the training loss trajectory of our model to those
of PINNs in Section 2.3.5. Additional experiments supporting our claims are provided in

Section A .4.
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2.3.1 Description of the Benchmark Problems

The four PDE systems used in our studies are described below. Each problem is solved
under two settings to understand the effect of PDE complexity on the performance of the

PIML models.

Throughout each problem, we specify the collection of independent variables x, e.g., x =
[z,t] in Burgers’ equation. In the case of Navier-Stokes equation, the collection of dependent

variables is denoted by u(x) = [u(x), v(x), p(x)]*.

Burgers’ Equation: We consider a viscous system subject to IC and Dirichlet BC in one

space dimension:

Up + Uy — Vg, =0, Vo e (—1,1),t € (0,1]
w(=1,t) =u(1,t) =0, Vte[0,1] (2.5)
u(z,0) = —sin (rx), Vze|[-1,1]
where x = [z,t] and v is the kinematic viscosity. Equation (2.5) frequently arises in fluid
mechanics and nonlinear acoustics. In our studies, we investigate the performance of different

PIML models in solving Equation (2.5) for v € {22 %02} which controls the solution

smoothness at x = 0 where a shock wave forms as v approaches zero.

Nonlinear Elliptic PDE: To assess the ability of our approach in learning high-frequency

solutions, we study the boundary value problem developed in [1]:

Uge + Uy — au?) = f(x7y>a vxﬂU € (07 1)2
u(z,0) = u(x,1) =0, Va € 0,1] (2.6)

u(0,y) = u(l,y) =0, Vy € [0,1]

where x == [z, y] and o € {20,30} is a constant that controls the nonlinearity degree. f(z,y)

is designed such that the solution is u(x,y) = sin (7x) sin (7y) + 2 sin (47 x) sin (47y).
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Eikonal Equation: We consider the two-dimensional regularized Eikonal equation [1] which

is typically encountered in the context of wave propagation:

ul +up — €(Ugg + uyy) =1, Va,y € (0,1)°

u(z,0) = u(x,1) =0, Vo € 0,1] (2.7)

u(0,y) = u(l,y) =0, vy € [0, 1]

where x := [z,y] and € € {0.01,0.05} is a constant that controls the smoothing effect of the

regularization term.

Lid-Driven Cavity (LDC): The two-dimensional steady state LDC problem has become
a gold standard for evaluating the ability of PIML models in solving coupled PDEs. This

problem is governed by the incompressible Navier-Stokes equations:

Uy + v, =0, vx € (0,1)
Uy + VUy = —%px + V(Ugy + Uyy), vx € (0,1)
UV, + Vv, = —%py + V(Vaga + Vyy), vx € (0,1)
v(x,0) =v(z,1) =v(0,y) =v(l,y) =0, Vx,y€0,1] (2.8)
u(z,0) = u(0,y) = u(l,y) =0, Ve,y € [0,1]
u(z,1) = Asin (rz), Vo € [0,1]
p(0,0) =0
where x = [z,y], ¥ = 0.01 is the kinematic viscosity, p = 1.0 denotes the density, and

A € {3,5} is a scaling constant. The Reynolds number for this LDC problem can be
computed via Re = W'TL where u = fol Asin (mx)dx is the characteristic speed of the flow and

L =1 is the characteristic length. For the two cases A € {3,5}, we obtain Re € {191, 318}.
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2.3.2 Implementation Details in Our Comparative Studies

Below, we first describe the architecture and training procedure of the PIML models used
throughout this chapter and then comment on how the reference solutions are obtained for

each PDE system.

Architecture and Training

We use a fully connected feed-forward NN as the mean function in our framework and design
its input and output dimensionality based on the PDE system. We denote our model via
NN-CoRes and compare it against (1) GPor which is the optimal recovery approach of [1]
that leverages zero-mean GPs, (2) PINNs whose architectures are exactly the same as our
NNs in the mean function m(x; @), (3) PINNpw which is a variation of PINNs that balances
loss components with dynamic weights [39], and (4) PINNyc which is a PINN whose output
is designed to strictly satisfy the BCs/IC [50]. More detailed information about these four

models is provided in Section A.2.

Our rationale for comparing our method against GPor, PINNs, PINNpw, and PINNg¢ are
as follows. Evaluation against GPogr assesses our arguments on the limitations of using
zero-mean GPs for solving PDEs when labeled solution data are only available as IC/BC.
Comparisons against vanilla PINNs directly show the impact of kernel-weighted CoRes as the
same network architecture is used as the mean function in NN-CoRes. Lastly, comparisons
against PINNpw and PINNy¢ highlight the benefits of NN-CoRes in automatically satisfying
the BC/IC.

The NN-based approaches (i.e., NN-CoRes, PINN, PINNpyw, and PINNy¢) are all imple-
mented in PyTorch [71] and use hyperbolic tangent activation functions in all their layers

except the output one where a linear activation function is used. The number and size of the
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hidden layers are exactly the same across these methods to enable a fair and straightforward
comparison. For NN-CoRes we use the Gaussian kernel in Equation (2.3) with 02 = 1 and
¢ = 10 = 10? in all the simulations in Section 2.3.3 (note that we study the effect of other
values of the length-scale parameter in Section 2.3.4). The nugget or jitter parameter of the
kernel in Equation (2.3) is chosen such that the covariance matrix is numerically stable. We
ensure this stability by imposing an upper bound of approximately kq» ~ 10° on the con-
dition number of the covariance matrix, i.e., K < Kpaz. This constraint typically results in a
nugget value of around 1075 or 10~%. We have not optimized the performance of NN-CoRes

with respect to kmq: as we have found our current results to be sufficiently accurate.

To optimize NN-CoRes, PINNs, and PINNy¢ we leverage L-BFGS with a learning rate of
102 while PINNpyw is optimized using Adam with a learning rate of 1073 (note that the
performance of L-BFGS deteriorates if dynamic weights are used in the loss function). To
ensure these NN-based methods produce optimum models, we use a very large number of
epochs during training. Specifically, we employ 1,000 and 2,000 epochs for single- and multi-
output problems, respectively. Since Adam typically requires more epochs for convergence,
we train PINNpw for 40,000 epochs across all problems. To evaluate the loss function, we
use 10,000 collocation points within the domain in all cases. For PINN and PINNpw we
uniformly sample boundary and/or initial conditions at 1,000 locations while we only sample
40 points for NN-CoRes. This significant difference is due to the fact that we observed that
NN-CoRes with just 40 boundary points can outperform other methods. Leveraging more

boundary data improves the performance of NN-CoRes in solving PDE systems especially

in satisfying the IC/BC.

We fit GPogr based on the code and specifications provided by [1] which leverages a variant
of the Gauss—Newton algorithm for optimization. The performance of GPor depends on the
kernel parameters and the number of interior nodes nppr where z needs to be estimated.

For the former, we use the recommended values in [1] and for the latter we choose two values
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(1,000 and 2,000) in our experiments.

NN-CoRes, PINN, PINNpw, and PINNy¢ are trained on an NVIDIA GeForce RTX 3060
with 64 GB of RAM whereas GPog is trained on a CPU equipped with a 11th Gen Intel-
Core i7-11700K running at a base clock speed of 3.6 GHz. The training cost of NN-CoRes

compared to PINN for each problem is reported in Table A.2 and discussed in Section A.4.3.

Reference Solutions and Accuracy Metric

We obtain the reference solutions for the PDE systems as follows:

e Burgers’ Equation: The reference solution is obtained from the code provided in [1]
which employs the Cole-Hopf transformation [72] together with the numerical quadra-

ture.

e Elliptic PDE: The analytical solution for this problem is u(x,y) = sin (7z) sin (7y) +

2sin (4mx) sin (7y).

e Eikonal Equation: We leverage the solution method provided by [1] which applies the
transformation u(z,y) = —elogg(z,y) leading to the linear PDE g — ¢2Ag = 0 that

can be solved via the finite difference method.

e Lid-Driven Cavity: we use the finite element method implemented in the commercial

software package COMSOL [73].

To quantify the accuracy of the PIML models, we calculate the Euclidean norm of the error
between the reference and predicted solutions at n, = 10* randomly chosen points. We

denote this error metric via L and calculate it as:

oo = 3 (000 — 00 8.6) 2.9
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2.3.3 Summary of Comparative Studies

The results of our studies are summarized in Table 2.1 and indicate that our approach
consistently outperforms other methods by relatively large margins. Interestingly, in most
cases even the small NN-CoRes with four 10—neuron hidden layers achieve lower errors than
the high capacity version of the competing methods; indicating NN-CoRes more effectively
use their networks’ capacity to learn the PDE solution. To visually compare the efficiency in
capacity utilization across different NN-based models, in Figure 2.4 we provide the histogram
of the PDE loss gradients with respect to 8 at the end of training. For any model, most
gradients in such a histogram should be ideally close to zero following the first-order necessary
conditions of the Karush-Kuhn-Tucker theorem [74]. We observe that NN-CoRes achieve
the most near-zero gradients while satisfying the BCs/IC. In contrast, PINNy, which is also
designed to automatically satisfy the BCs/IC, struggles to minimize the PDE loss (note that
models such as PINNs and PINNpw which do not strictly satisfy BCs/IC, can achieve lower
overall loss values and perhaps show better first-order necessary conditions at the expense

of violating the BCs/IC).

We observe in Table 2.1 that the performance of all the methods drops as either the problem

complexity increases (e.g., Burgers’ vs. LDC) or PDE parameters are changed to introduce

NN-CoRes GPoR PINN PINNpw PINNgc

Capacity
m 4® 10 4® 20 1,000 2,000 4® 10 4® 20 4® 10 4®20 4® 10 4® 20

v =0.02/7 0.80e—3 0.89e—3 2.24e—1 1.69e—1 2.42e—3 1.50e—3 2.86e—3 3.18e—3 3.41le—1 3.36e—1

o
Burgers’ | _ 01/x 1.91e—3 1.29e—3  1.69e—1  2.08e—1  4.26e—3  4.38e—3  1.93e—2  5.79e—3  3.65e—1  3.52e—1
Elliptic ® = 20 4.50e—3 2.0de—3  2.44e—3  4.06e—3  6.55e—1  4.68e—1  2.97e—1  1.26e—1 _ 6.35e—1 _ 5.9b5e—1
a =30 4.38¢—3 1.24e—3 7.08e—3 6.55e—3 8.45e—1 5.55e—1 1.69e—1 1.19e—1 2.89e—1 6.53e—1
Eikona] €= 0.05 0.52¢—3 0.37e—3  1.76e—1  1.25e—1  2.76e—3  2.19e—3  2.0le—3  1.54e—3  2.80e—1  2.88e—1
e =0.01 4.60e—3 4.99e—3 2.18¢—1  2.06e—1  6.4le—3  6.38¢e—3  5.03e—3  4.97e—3  2.9le—1  3.42e—1
pc A=3 1.86e—1 8.67e—2 = p 2.72e—1  1.28e—1  3.0le—1  1.25e—1  4.32e—1  5.29e—1
A=5 3.1le—1 2.79e—1 - — 7.17e—1  6.77e—1  T7.16e—1  6.23e—1 1.03e0 9.11e—1

Table 2.1 Summary of comparative studies: We report L . of different methods as a function
of model capacity and PDE parameter. The symbol ® indicates the network architecture (e.g., 4210
is an NN which has four 10—neuron hidden layers). Unlike NN-based methods, GPoRr’s accuracy
relies on the number of interior nodes which we set to 1,000 or 2,000. GPoR is not applied to LDC
as it relies on manual derivation of the equivalent variational problem which, unlike the first three
PDEs, is not done by the developers [1].
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Figure 2.4 Histograms of PDE loss gradients: NN-CoRes is in general more effective in
minimizing its loss function as a larger portion of its gradients satisfy the first order optimality
condition. While PINNpw has more near-zero gradients in the Eikonal problem, it does so at the
expense of violating the BC loss term. All models in this figure have a 4 ® 20 architecture.

more nonlinearity (e.g., A = 3 vs A = 5 in LDC). This trend is expected since we do
not change the architecture and training settings across our experiments. That is, we can
increase the accuracy of all methods by increasing their capacity or improving the training
process. We demonstrate this improvement for the LDC problem in Figure 2.5a where the
errors of PINNpyw and especially NN-CoRes are decreased by merely increasing the size of
their networks. To assess the convergence behavior of NN-CoRes for this problem, we keep
increasing the size of its mean function and observe in Figure 2.5b that its performance
improves (note that the training mechanism is not altered in these studies and merely the
size of the models is increased). We also note that in the case of LDC problem pressure is
only known at a single point on the boundary (rather than everywhere on the boundary)
which indicates that the kernel-weighted CoRes insignificantly help the model in learning

pressure. We study this behavior further in Section 2.3.5.
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(b) Effect of network size on the accuracy in the LDC problem: The accuracy of NN-CoRes
consistently increases in predicting w, v, and p as the network size (either the number of hidden layers or
their size) increases.

Figure 2.5 Error analysis: NN-CoRes achieve smaller errors and increasing the size of their
networks provides more improvement compared to methods such as PINNpw.

To gain more insight into the performance of each method, we visualize the error maps

for some of our simulations in Figure 2.6. We observe that GPor is least accurate either
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Figure 2.6 Reference solutions and error maps: NN-CoRes provide much lower errors com-
pared to other methods (note the scales of the error bars).

in regions with sharp solution gradients or inside the domain where boundary information
is not effectively propagated inward by the zero-mean GP. For PINNpw, the errors are
predominantly close to either the boundaries or where the PDE solution has large gradients.
PINNSs’ errors in reproducing the BCs/IC are eliminated in PINNye but at the expense of
significant loss of accuracy elsewhere in the domain. These issues are largely addressed by
NN-CoRes which reproduce BCs/IC and approximate solutions with high gradients quite
well. Specifically, we observe that in the case of Elliptic and FEikonal PDEs NN-CoRes’
errors are quite evenly distributed in the domain and almost vanish close to the boundaries.
In the case of Burgers’ equation, NN-CoRes’ errors are mostly around the x = 0 line where
the shock develops for an inviscid flow when v = 0 (this error behavior is similar to other

methods but the magnitude of the errors is much smaller for NN-CoRes).
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2.3.4 Sensitivity Analyses

In this section, we conduct a wide range of sensitivity studies to assess the impact of factors
such as random initialization, noise, network architecture, and optimization settings on the

results reported in Section 2.3.3.

As stated in Section 2.2, the performance of NN-CoRes is quite robust to the values chosen
for ¢ = 10 as long as they lie within a certain range. To obtain this range, we conduct
the following inexpensive experiment using the Burgers’ problem in Equation (2.5) and
c(x,x';0,0,0% =1) = exp{—¢(z — 2')* — ¢(t — t')*} + 1{x == x'}d. We first sample nsqin,
equally spaced boundary samples using the provided analytic IC and BCs. To quantify the
effect of data size on the results, we consider 5 scenarios where ny.q;, € {10, 20,40, 80,160}.
For each of these five cases, we build 200 independent GPs whose only difference is the value
that we assign to ¢ = 10“. Specifically, we consider 200 equally spaced values in the [—2, 6]
range for w and use each of these values in one of the GPs which all have a non-zero mean
function (we use a deep NN whose parameters are randomly initialized and frozen as the
mean function). Once these GPs are built, we use them to predict on ngs = 10* boundary
points (see Equation (2.1) for the prediction formula). The results of this study are shown in
the left and middle plots in Figure 2.7a and indicate that as more training data are sampled
on the boundaries a wider range of values for w result in small test errors. We highlight that
this study is computationally very fast since none of the GPs are optimized; rather their
parameters are either chosen by us (i.e., w), or fixed (i.e., §, 0%, and parameters of the NN

mean).
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(a) Effect of w on GP’s interpolation power (left and middle plots) and NN-CoRes (right plot). Burgers’
equation is used in this study.
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(b) Effect of network size (left, nppr = 10*) and nppp (right, 4 ® 20 architecture) on the accuracy of
PINNs and NN-CoRes.
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(c) Effect of optimizer, random initialization, and architecture type on errors for the Burgers’ and Elliptic

problems.
m==== NN-CoRes (L-BFGS) === PINN (L-BFGS) === PINNpy, (Adam) PINNyc (L-BFGS)
Ly, - u(x) Ly, - v(x) Ly, - p(x)
=1 6x 107 —_ =
6x 107! T 1004
| T ﬁ 4x107! ﬁ T ?

zi jz . 3% 101 6x 107!

4% 107!
2x 107! 2x 107! 3% 107!

(d) Effect of random initialization and optimizer on errors for the LDC problem (A = 5). All models have
4 ® 20 architecture and use nppgr = 10*.

Figure 2.7 Sensitivity studies: We analyze the sensitivity of our results to factors such as the
roughness parameters in the kernel, optimization settings, network architecture, and initialization.
Based on these experiments, NN-CoRes provide a more robust machine learning-based approach
for solving different nonlinear PDEs.
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Following the above study, we have decided to use 40 boundary points in NN-CoRes. Based
on the left and middle plots in Figure 2.7a, w = 2 seems to be a good choice (but not the
optimum one) for minimizing the error in reproducing the IC and BCs. To see the effect of
this choice on the performance of a trained NN-CoRes, we again vary w (50 equally spaced
values in the [—2, 6] range) but this time we train an NN-CoRes model for each value of w.
We evaluate the performance of these models in solving the Burgers’ equation by reporting
the Euclidean norm of the error Ly, at nges = 10* points randomly located in the domain.
The results are shown in the right plot in Figure 2.7a and indicate that although w = 2 is not
the optimum choice, it yields a model whose performance is close to optimal (the optimum

model is achieved via an w close to 3).

We now conduct a few extensive experiments to study the effect of network size and opti-
mization settings on the performance of various NN-based models. First, we fix everything
and increase the number of neurons in each hidden layer from 10 to 50 (at increments of
10) and solve the Burgers’ and Elliptic PDEs via both NN-CoRes and PINNs. We then
repeat this experiment but this time we fix the architecture to 4 ® 20 and incrementally
increase nppg from 10% to 10*. The results of these two experiments are summarized in
Figure 2.7b and indicate that NN-CoRes is much less sensitive to the problem than PINNs
which perform quite well on Burgers’ but fail at accurately solving the Elliptic PDE that has
direction-dependent frequency. We also observe that NN-CoRes provide lower errors than

PINNs in almost all simulations.

In our next experiment, we study the effects of optimizer (L-BFGS vs Adam), random
initialization, and architecture type on the performance of various models. To this end,
we again consider the Burgers’ and Elliptic PDE systems and solve them with six NN-
based methods and GPpr. For each case we repeat the training process of each model
10 times to quantify the effect of random initialization on the models’ solution accuracy.

For these experiments, we also consider a new network architecture that we denote by M3
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which is introduced in [39] and aims to improve gradient flows by designing feed-forward
networks with connections that resemble transformers [75]. In our framework, we replace
the architecture that is used in all of our studies (which is a feed-forward neural network
or an FFNN) with M3 and train the model with Adam (the resulting model is denoted by
M3-CoRes). We also train another NN-based model denoted by M4 [39] whose architecture
is the same as M3 but leverages dynamic weights in its loss function. We highlight that the
simulations that leverage M3 as their architecture have more parameters (and hence learning
capacity) than cases where FFNNs are used so we expect M3-based simulations to provide

lower errors.

The results of these simulations are summarized in Figure 2.7¢ and indicate that (1) NN-
CoRes and GPgg are less sensitive to random initializations compared to PINNs and their
variations, (2) unlike other models, NN-CoRes performs well in both PDE systems, i.e., our
framework provides a more transferable method for solving PDEs via machine learning, and
(3) architectures besides simple FFNNs (such as M3) can also be used in our framework to

achieve higher accuracy.

The above experiments are based on the Burgers” and Elliptic PDE problems but our studies
indicate that similar trends appear in other problems. To demonstrate this, we solve the LDC
problem via four NN-based models that either use L-BFGS or Adam as their optimizer. We
repeat the training process of each model 10 times to assess the effect of random parameter
initialization on each model’s performance. The results are summarized with the boxplots
in Figure 2.7d and agree with our previous findings that indicate NN-CoRes consistently

outperform other methods.

Finally, we investigate the effect of noisy boundary data on our results. We corrupt the
solution values sampled from the IC and/or BCs before using them in our approach. We use
a zero-mean normal distribution to model the noise and set the standard deviation to either

0.5% or 1% of the solution range. As shown in Figure 2.8, the solution accuracy decreases
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as the noise variance increases (this trend is expected) but in all cases NN-CoRes are able

to quite effectively eliminate the noise and solve the Burgers’ and Elliptic PDE systems.
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Figure 2.8 Reference and predicted solutions with noisy boundary data: We corrupt the
samples obtained from boundary and initial conditions by either 0.5% or 1% of the solution range.
In all cases, the performance of NN-CoRes is insignificantly affected by the noise.
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2.3.5 Loss Behavior

To gain more insights into the training dynamics of our approach, we visualize the loss and
accuracy during the training process in Figure 2.9 and Figure 2.10 where in the latter figure
we track the errors individually for each output for the LDC problem. We provide these

plots for both PINNs and NN-CoRes where the loss function of the former is based on Equa-
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(b) Loss and accuracy history for Elliptic (ov = 30).
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(c) Loss and accuracy history for Eikonal (e = 0.01).

Figure 2.9 Loss convergence and error decomposition: NN-CoRes typically converge faster
than PINNs and consistently provide more accurate solutions. The NN part of NN-CoRes benefits
from the kernel-weighted CoRes not only on the boundaries, but also inside the domain.
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Figure 2.10 Loss convergence and error decomposition for LDC: The NN part of NN-CoRes
benefits from the kernel-weighted CoRes not only on the boundaries, but also inside the domain.
In the case of pressure, kernel-weighted CoRes do not contribute to the model’s predictions inside
the domain as p(x) is only known at a single point on the boundary (for this reason, the blue and
green curves are indistinguishable).

tion (A.2-3) while NN-CoRes only use Lppg(0) in their loss function. The solution accuracy
is measured based on Ly . and (L27e)2 for points inside the domain and on its boundaries.
Note that we square Ly, on the boundaries to be able to directly see its contribution to
PINNS’ loss, see Lpc(0) and L;c(0) in Equation (A.2-3). In the case of NN-CoRes, we
also report the accuracy of its NN part on predicting the PDE solution to quantify the

contributions of kernel-weighted CoRes towards the model’s predictions.

As it can be observed in Figures 2.9 and 2.10, NN-CoRes typically converge faster than
PINNSs, see the plots whose y—axis title is Ly - Domain. We attribute this trend to the
fact that, unlike in PINNs, the initial and boundary conditions are automatically satisfied in

our models thanks to the kernel-weighted CoRes which are smooth functions. This feature
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enables NN-CoRes to focus on satisfying the PDE system in module two of our framework
while PINNs have to struggle with both the differential equations as well as the initial and

boundary conditions.

An interesting trend in Figures 2.9 and 2.10 is that the errors of NN-CoRes are consistently
lower than their NN components both in the domain and on the boundaries. That is, the
kernel-weighted CoRes positively contribute to the model’s predictions both on the bound-
aries and inside the domain. This behavior is in sharp contrast to most approaches such as
PINNyc that satisfy the boundary conditions at the expense of complicating the training

process.

Another interesting trend that we observe in Figures 2.9 and 2.10 is that PINNs achieve
lower loss values than NN-CoRes in the case of Eikonal and LDC problems. While lower
loss values are desirable, in these cases the observed trends are misleading. To explain this
behavior, we note that the loss function of NN-CoRes is simply Lppg(0) as the boundary and
initial conditions are automatically satisfied. However, the loss function of PINNs minimizes
Lc(0) and/or Lpc(0) in addition to Lppg(@). That is, since PINNs do not strictly satisfy
the BCs/IC, they are less regularized and hence can minimize Lppg(€) (which dominates
the overall loss) in a more flexible manner. However, this behavior provides less accuracy

since the boundary conditions are not learnt sufficiently well.

2.3.6 Inverse Problems

In the previous experiments we have only used the differential equations along with the
IC and/or BCs in building NN-CoRes. In this section, we introduce an extension of our
framework for solving inverse problems where (1) there are some (possibly noisy) labeled
data available inside the domain (we refer to these samples as observations to distinguish

them from the boundary data), and (2) one or more parameters in the differential equations
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are unknown. Our goal in such applications is to solve the PDE system while estimating the

unknown parameters.

As shown in Figure 2.11a, we modify our framework in two ways to solve the PDE system
in Equation (A.2-2¢) assuming v is unknown but u(x) is known at nys random points in the
domain. Specifically, we (1) use the nys observations in the kernel of NN-CoRes in exactly
the same way that the npc + n;c boundary data are handled by the kernel, and (2) treat
v as one additional parameter that must be optimized along with the weights and biases of

the NN.
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(a) Flowchart of module two of our framework for solving inverse problems. The flowchart is tailored to
the PDE system in Equation (2.5).
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(b) Convergence rates are fast and improve as more data are infused into our model.

Figure 2.11 Inverse problems via NN-CoRes: We modify the flowchart of module two in
Figure 2.1 in two ways to solve a PDE system whose one or more parameters may be unknown.
NN-CoRes treat observations (i.e., labeled solution data inside the domain) identically to boundary
data and are very effective in using them in estimating the unknown PDE parameters.
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To evaluate the performance of our approach in solving inverse problems, we consider the
Burgers’, Elliptic, and Eikonal PDE systems introduced in Section 2.3.1. We solve each
problem in two scenarios where there are either n.,, = 100 or ng,s = 200 observations
available in the domain. As shown in Figure 2.11b, in all cases NN-CoRes can estimate the
unknown PDE parameter quite accurately. The convergence rate in all cases is quite fast

and insignificantly reduces as ns is halved from 200 to 100.

2.4 Concluding Remarks

We introduce a general framework based on Gaussian processes to solve forward and inverse
problems that involve nonlinear PDEs. Our framework adds the strengths of kernels to deep
NNs via kernel-weighted corrective residuals that ensure the combined model reproduces
labeled data by construction, i.e., we eliminate data loss terms from the training process of

neural PDE solvers.

We design a modular, robust, and efficient framework to build NNs with kernel-weighted
corrective residuals (or NN-CoRes for short) and show that the resulting model consistently
outperforms competing methods on a broad range of experiments. This performance im-
provement is particularly impactful as our approach simplifies the training process of deep
NNs while negligibly increasing the inference costs. As we extensively study in Section 2.3,
our findings show that NN-CoRes are not only very robust to the choice of optimizer and
initial parameter values, but also applicable to a wide range of neural architectures other
than FFNNs. We also show in Section 2.3.6 that NN-CoRes can solve inverse problems with
fast convergence rates. As proved in Section A.3 our approach strictly satisfies the boundary
and initial conditions (and reproduce the in-domain data in the case of inverse problems) as
the number of sampled data tends to infinity, regardless of the geometry and the variance of

the noise that may be corrupting the data.
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Although we have mainly used a simple FFNN as the mean function of NN-CoRes in our
studies, we emphasize that our framework can easily accommodate any differentiable func-
tion approximator. This flexibility is demonstrated in Figure 2.7, where we achieve a superior
performance by leveraging a more expressive architecture as the mean function, specifically
the M3 model developed in [39]. Hence, the key takeaway is that our framework can in-
corporate a wide variety of parametric mean functions. One such example is utilizing a
recurrent neural network as the mean function to predict the evolution of dynamic physical
systems. As demonstrated in [76], our approach is also useful in addressing some of the limi-
tations of conventional PDE solvers (e.g., the FEM) in causing local convergence in topology

optimization.

The current limitation of our approach is that the contributions of the kernel-weighted CoRes
decrease in the absence of boundary data. This behavior is also observed in the LDC problem
where pressure is known only at a single point on the boundary. We believe devising periodic
kernels is a promising direction for addressing this limitation which will be particularly useful
in multiscale simulations where PDEs with periodic BCs frequently arise in the fine-scale

analyses.
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Chapter 3

Operator Learning in Parametric

PDEs

3.1 Introduction

Operator learning naturally arises in many applications such as solving partial differen-
tial equation (PDE) systems [77], statistical description and modeling of random functions
[78, 79], mechanistic reduced order modeling [80], speech inversion and sound recognition
[81], or emulation of expensive simulations [82, 83, 84]. Recent advancements in machine
learning (ML) have pushed operator learning to the forefront of research in both academia
and industry. While the vast majority of the developments on this topic leverage variants of
deep neural networks (NNs) [85, 52, 53, 86], kernel-based methods [4] and feature-map-based
methods [87] have also recently been shown to be competitive. In this chapter, we propose a
hybrid GP/NN-based framework for approximating mappings between infinite-dimensional
function spaces. Our framework provides a first of its kind mechanism for simultaneously

leveraging the strengths of both deep NNs and kernels for operator learning.
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3.1.1 Description of the Operator Learning Problem

Let U and V denote two separable infinite-dimensional Banach spaces of continuous functions

and define the nonlinear operator G' as:
Ghu—v. (3.1)

Furthermore, let ¢ : U/ — RP and 1) : YV — RY be two bounded linear observation operators,

that is:
¢:urs vl = [u(zy),. .., ulz,)]”  and v vl = [v(y),. .., 0(y)]" (3.2)

where {z;}%_; and {y;}{_, denote the location of the points where the functions v and v are
observed in their respective domains 2, and €,. Our goal is to approximate G' using N pairs
of input-output observations, i.e., we aim to approximate G' given D = {p(u;), ¥ (v;) }Y,

where {u;, v;}Y, are elements from U x V.

3.1.2 Summary of the Proposed Approach

We propose to cast the operator learning problem in Equation (3.1) as the following equiv-

alent functional learning problem:
Gh-uxv =R (3.3)

where V* is the dual space of V, consisting of all continuous linear functionals from V to
R. For any pair (u, ) € U x V*, GI(u, ¢) returns the scalar value [p, G (u)] defined as the
dual pairing between ¢ and G'(u). If we specifically choose ¢ = §,, where §, is the delta

functional which evaluates the output function at a specific point y € €, C R%, then we can
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casily retrieve the desired operator G1 given that Gf(u)(y) = G'(u, dy)-

In practice, (1) we only have access to a discretization of u, i.e., ¢(u) € RP, and (2) we are
only interested in pointwise evaluations G(u)(y) with y € Q,. Hence, the functional learning

problem can be reduced to identifying an operator:
GhRP x Q, = R. (3.4)

such that @;T, (¢(u),y) =~ G (u)(y).

Since the mapping in Equation (3.4) is between finite-dimensional Euclidean spaces, it can be
numerically approximated via classical NN /GP-based regression techniques. This regression-
based approach differs from other kernel-based methods such as [4] that directly approximate
the operator rather than its dual action on V*. The overall articulation of our regression-
based approach for operator learning is schematically shown in Figure 3.1 which also applies
to other well-known techniques such as DeepONet [52]. In this chapter, we approximate the
mapping QN;E in Equation (3.4) via GPs whose parameters are estimated either in a purely
data-driven manner, or via both data and physics. In the former case, we use maximum
likelihood estimation (MLE) for parameter optimization and set the mean function to be
either zero or a deep NN. In the latter case, we rely on GPs whose mean functions are
represented via neural operators (e.g., FNO or DeepONet) whose parameters are estimated

via a weighted combination of MLE and mean squared error (MSE).

As in [4], the diagram in Figure 3.1 can be made commutative by introducing two recon-
struction (optimal recovery) operators associated with ¢ and 1 that map the observations
in R? and R? back to & and V), respectively. Since ¢ and 1 are bounded and linear, their
elements are in &* and V* which are the dual spaces of & and V), respectively. Assuming U/
and V are reproducing kernel Hilbert spaces (RKHSs) and the elements of the observation

operators are linearly independent, the reconstruction (optimal recovery) operators can be
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Operator Learning u >V
U v = QT(u)
N J
Exact
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Uuxy* > R
Functional Learning (u, @) [(p, gT(u)] = /LpgT(u)
p=24 G'(u,8,) =G (u
| L y (u,dy) = G'(w)(v) )
Approximate
4 - )
R? x 0 % >
Function Learning X3 7 R
(u”,y) Gh(u?,y) ~ G'(u)(y)
- J

Figure 3.1 Diagram of our framework for operator learning: We convert the operator
learning problem to a regression one which can be solved via GPs. For multi-output operator
learning, we use multi-response or multi-task GPs.

obtained via the usual representer theorem as detailed in [4].

3.1.3 Illustrative Example

To contextualize the above abstract definitions, we consider the Burgers’ equation with

Dirichlet boundary conditions (BCs):

v + vy — Cuge =0, Vo e (0,1), te(0,1]

v =0, Vo =0, t €[0,1]

(3.5)
v=1, Vo =1, te0,1]
v =u, Ve e [0,1], t=0,

where x and ¢ denote space and time, v is the PDE solution, u denotes the initial condition
(IC), and ¢ = 0.1 is the kinematic viscosity. We denote the (0,1)? domain and its boundaries

where IC and BCs are specified by €2, 0€);, and 0f),., respectively. The goal in this problem
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is to learn the nonlinear operator G that maps u to v, i.e., to the solution field in . To

approximate G, we consider two scenarios:

e Data-driven operator learning: We take the linear operators ¢ and 1 defined in
Section 3.1.1 to be the function evaluations at a set of p and ¢ collocation points
(CPs) on 0 and in €, respectively. This choice provides the training dataset D :=
{o(u;), v(v;) }Y, where ¢(u;) and v(v;) are of size p and ¢, respectively, and the pair
{u;,v;} satisfies the PDE system in Equation (3.5). In this scenario, we follow the

diagram in Figure 3.1 and approximate G' via @ using D.

e Physics-informed operator learning: In this scenario, we leverage the PDE system
in Equation (3.5) as well as D to approximate G'. That is, we require the N,; samples

Npi

Dy = {u;,v;};1, where the elements of v; are predicted by @,, to satisfy the PDE

system in Equation (3.5).

We set N = 400, p = 100, ¢ = 122, N,; = 50, and consider ¢ and 1 to be pointwise function
evaluations. The GPs’ training mechanisms and the experimental setup for both scenarios
are detailed in Sections 3.2 and 3.3, respectively. We provide example train and test samples
along with our predictions in Figure 3.2. It is observed that (1) the predictions achieve
small relative L2 errors which are 7.35% and 1.65% in the data and physics-informed cases,

respectively, and (2) leveraging the physics increases the approximation accuracy.

3.1.4 Review of Related Literature

Operator learning aims at approximating mappings between infinite-dimensional function
spaces and is particularly well suited for solving parametric nonlinear PDEs. Extensive
research over the past few decades has explored operator learning in the context of methods

such as polynomial chaos expansion [88, 89, 90| or the stochastic finite element method
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Figure 3.2 Data-driven and physics-informed operator learning for the Burgers’ prob-
lem with Dirichlet BCs: The training dataset has 400 pairs of {u;, v;} that satisfy Equation (3.5).
The observation operators ¢ and 1) sample u; and v; at p = 100 and ¢ = 122 collocation points,
respectively. It can be observed that leveraging the physics reduces the prediction error. A Deep-
ONet is used as the mean function of the GP in both data-driven and physics-informed cases.

(FEM) [91, 92, 93]. These methods have been widely applied to solving stochastic and
parametric PDEs. In essence, they represent both the input function and the PDE solution
via a set of suitable basis functions, and then learn a high-dimensional mapping between
the coefficients of these two sets of bases. Similarly, GP and numerical homogenization
methods have been shown to be data efficient and achieve competitive performance for

learning/compressing the solution operator of linear elliptic PDEs with rough coefficients

94, 95, 96].

Neural Operators: Fueled by their success in many scientific applications and the advance-
ments in hardware and software, deep NNs are increasingly used for operator approximation.
One of the main distinguishing factors among different methods is the network architecture
which may be designed via multi-layer perceptrons, convolution layers, attention mechanism,
skip connections, graphs, or many other alternatives [85, 52, 86, 97]. We review some of the
most prominent methods below and refer the interested reader to [98, 99, 100] for more

information.

Following the universal approximation theorem for operators [101], a standard DeepONet
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[102] approximates an operator via a deep NN that combines two sub-networks that encode
the input function (branch net) and the spatiotemporal coordinates (trunk net). Since their
inception, DeepONets have been extended in a few directions and a particular one that is
related to our work is physics-informed DeepONet [103] which aim to reduce the reliance
of the network on large training datasets by regularizing the training process based on the

known PDE system.

Integral neural operators, first introduced in [104, 105], express the solution operator as an
integral operator of Green’s function. Their network primarily consist of lifting, iterative
kernel integration, and projection layers. To accelerate the kernel evaluations and increase
efficiency, FNO [106] was developed where the integral kernel is parameterized in the Fourier
space where the fast Fourier transform (FFT) and its inverse are used to accelerate the
computations. Similar to DeepONets, FNO has been extended in multiple directions to
better capture spatial signal behaviors [107] or to build a physics-informed neural operator

(PINO) that leverages the physics [108] to reduce the reliance on training data.

To build more flexible neural operators that accommodate irregular geometries and sampling
grids, [109] introduces a coordinate-based model that leverages implicit neural representa-
tions to encode functions into low-dimensional latent spaces and, in turn, infer mappings
between function representations in the latent space. Another example is GNOT [110] which
is a transformer-based model that leverages attention and geometric gating mechanisms to
handle irregular data grids and multiple input functions. Multi-grid techniques which are
ubiquitously used in numerical solvers have also been combined with deep NNs to increase

the accuracy and flexibility of neural operators [111, 112, 113].

Operator-valued Kernels: Functional data analysis (FDA) [114] also deals with learning
mappings between function spaces and has been extensively studied in the statistics literature
as a natural extension of multi-response (aka multi-task or multi-output function) learning

problems [115, 116, 117, 118, 119]. In this context, the focus has primary been on the use
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of RKHS theory which naturally enables the construction of optimal recovery maps between
function spaces via the representer formula [120, 121, 122]. In the context of learning PDE
operators, recently, [4] introduced a framework based on the theory of operator-valued RKHS
and GPs where the reconstruction maps (corresponding to the observation operators) as well
as the finite-dimensional map connecting u” and v? are all formulated as optimal recovery
problems whose solution can be identified by the representer formula. Motivated by this work
and FNO, kernel neural operators [123] are recently developed that use parameterized, closed-
form, finitely-smooth, and compactly-supported kernels with trainable sparsity parameters
in integral operators. A more technical review of [43] and its relation to this article is

provided in Section 3.2.4.

GP Regression: The mapping in Equation (3.4) is between finite-dimensional Euclidean
spaces and hence can be numerically approximated via GPs which have long been used for
probabilistic regression [124, 125, 126, 127, 128, 62]. Over the past few years, GPs have
attracted some attention for solving nonlinear PDE systems. The majority of existing works
[56, 57, 58] employ zero-mean GPs and with this choice, solving a PDE system amounts
to designing the GP’s kernel whose hyperparameters are obtained via either MLE or a
regularized MLE where the penalty term quantifies the GP’s error in satisfying the PDE
system. Using zero-mean GPs, [1] casts solving nonlinear PDEs as an optimal recovery
problem whose loss function is derived based on the PDE system and aims to estimate
the solution at a finite number of interior nodes in the domain. Once these values are
estimated, the PDE solution is approximated anywhere in the domain via kernel regression.
The scalability of this approach can be increased using sparse GPs [129, 130, 58]. GPs
with non-zero means have been employed for solving PDEs in a data-driven manner [60] but
[131] introduced the first robust mechanism for solving nonlinear PDE systems via NN-mean
GPs for both forward and inverse problems. This latter work serves as a foundation for the

current chapter.
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3.1.5 Contributions and Chapter Outline

We summarize our main contributions as follows:

e We introduce a hybrid GP/NN-based operator learning framework. Our approach
incorporates both zero-mean and NN-mean GPs both of which provide very competitive
performance. The latter option, in particular, leverages the strengths of both kernel

methods and neural operators such as DeepONet and FNO.

e We consider both data-driven and physics-informed operator learning scenarios. In the
former case, we use MLE for parameter optimization and set the mean function to be
either zero or a neural operator. In the latter case, we only use NN-mean GPs whose

parameters are estimated via a weighted combination of MLE and PDE residuals.

e We address the computational costs and ill-conditioning issues associated with the
covariance matrix of GPs by (1) leveraging specific kernel structures and (2) proper
initialization of the kernel parameters that are either trained (for zero-mean GPs) or

frozen (for NN-mean GPs).

e We introduce the first zero-shot mechanism for operator learning based on zero-mean

GPs whose kernel parameters are properly initialized.

e We test our approach on single- and multi-output operator learning problems and
demonstrate how the prediction accuracy is affected by (1) replacing MSE via MLE
in data-driven operator learning, (2) augmenting MLE with physics in the case of

NN-mean GPs, and (3) using the trained models for extrapolation.

The rest of the chapter is organized as follows. We introduce our framework in Sec-
tion 3.2 where we consider both data-driven and physics-informed scenarios in Sections 3.2.1

and 3.2.2, respectively. Details on the initialization of the kernel parameters, stability of
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the covariance matrix, and inference costs are also included in Section 3.2. We compare our
approach against competing methods in Section 3.3 using single- and multi-output opera-
tors with and without incorporating physics into the operator learning problem. Concluding

remarks and future research directions are provided in Section 3.4.

3.2 Proposed Framework

We first introduce our approach in the context of data-driven operator learning in Sec-
tion 3.2.1 and then consider the physics-informed version in Section 3.2.2 to enable aug-
menting the training data with physical laws. The data-driven scenario in Section 3.2.1
can leverage either zero-mean or non-zero mean GPs while the physics-informed one in Sec-
tion 3.2.2 relies on non-zero mean GPs. To ensure numerical stability and computational
efficiency, in Section 3.2.3 we study the kernel parameters and provide general guidance
for properly initializing them and potentially updating them in zero-mean and NN-mean
GPs. We conclude this section by comparing our approach to the optimal recovery-based
approach of [4] and then commenting on its inference complexity in Sections 3.2.4 and 3.2.5,

respectively.

3.2.1 Data-driven Operator Learning
Single-output Operators

In Section 3.1.2 we transformed the operator learning problem into an equivalent regression
one with the goal of learning GVZT) : R" x Q, — R. To approximate @; we start by placing a

GP prior on it:
Gl ~ GP(m(o(u), y:0). c([6(w). . [9('), ') 8.07)) (36)
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where ¢(u) is the linear observation operator defined in Equation (3.2), m(¢(u),y;6) is the
prior mean function parameterized by 6, and c([¢p(u),y], [¢(v'),y']; B,0?) is a kernel with
hyperparameters 3 and o2. We elaborate on the choice of the mean function later in this
section. As for the kernel, there are many choices available but in this work we employ the

Gaussian or Matérn covariance functions defined as:
dg
clx, '3 ,0%) = 0% exp{ ~(z — ') ding(B)(& — 2')} = o” exp{— 3 Al - x;>2} (3.72)
i=1

1—v
92

I(v)

c(z,2';8,0%) =0

(varle = o) diag(B)(x — o) ) K, (V2w (e — ') diag(5) (s — o) )
(3.7h)

where x denotes the feature vector with length d,, § are the length-scale parameters, o

is the process variance, K, is the modified Bessel function of the second kind, and I' is the

gamma function. It is common practice [132, 133] to restrict v € {1, 3, 2} since these values
lead to simplified expressions of K, and hence a substantial decrease in the computational
cost. In addition, v is not typically optimized but rather chosen a priori to avoid evaluating

repeatedly K.

The inductive bias that the kernels in Equation (3.7b) encode into the learning process is
that close-by inputs z and x’ have similar (i.e., correlated) output values. The degree of this
correlation also depends on # whose magnitude quantifies the pace at which the correlations

die out as the distance between x and z’ increases.

Predicting G'(u*)(y*) for an unseen input function w* at unseen output location y* re-

2 and . To this end, we combine the training data D :=

quires the estimation of 6, o
{(u;), ¥ (v;) }Y, with maximum likelihood estimation. To accommodate our regression prob-
lem, we reorganize D as {(¢(u;), y;), [w(vz)]j)}f\;il where ¢(u;) € R? and y; € §, denote an

input pair whose corresponding scalar output is [¢)(v;)]; € R. For notational convenience, we

denote the inputs and outputs of this dataset by X = {¢(u;),y; 1%, and v = {[1(v;)]; 112

i,j=1 3,J=1
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respectively. The MLE process involves the following maximization problem:

[5, 6,82] = aggﬁmgx (27r)’Nq/2 \C\_% exp {_71(1) — m)TCfl('v — m)} , (3.8)

or equivalently:

~ o1 1
[6’, ﬁ,aﬂ = argmin — log |C|+ = (v —m)'C (v — m), (3.9)
08,02 2 2
where C' = ¢(X, X;3,0%) is the Nqg x Nq symmetric positive-definite covariance matrix,
m = m(X;0) is the Ng x 1 vector of mean function evaluations at X, and log |C| denotes
the log-determinant of C. The v — m vector quantifies the residuals of the mean function

in reproducing the training outputs and is discussed further in Section 3.2.1.

The minimization problem in Equation (3.9) is almost always solved with a gradient-based
optimization technique where the parameters are first initialized and then iteratively updated
until a convergence metric (e.g., maximum number of iterations or function evaluations) is
met. The overall computational cost of this iterative process is dominated by the repeated
inversion of the covariance matrix C'. Specifically, the computational complexity associated
with C~! is O((Ngq)?) which poses a major challenge in operator learning problems where
N is typically in the order of thousands. Even with relatively small NV, inverting C' can still

be very costly for high-resolution data where ¢ is large.

To reduce the computational costs of inverting C, we exploit the structure of the data
where we assume that the discretization of u and the locations where v is observed are
fixed across the N training samples. This assumption is quite reasonable in many operator
learning problems and allows us to leverage the Kronecker product properties to bypass the

construction and inversion of C. To this end, we adopt a separable kernel of the form:

c(o(u), yl [6(u),y']: B,0%) = cs(d(w), d(u): Bs, 05)cy (4,43 By, 0,) (3.10)
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where we use Equation (3.7b) for both kernels on the right-hand side. Without loss of
generality, we assume az = 1 hereafter!. Using this formulation and the assumption on the

data structure we rewrite the covariance matrix in Equation (3.9) as:
C=Cy®C,, (3.11)

where Cy = ¢4(U,U; fy,03) and C, = ¢,(Y,Y;8,) with U = {$(u1),...,¢(uy)} and
Y ={y1,....y.}, B = [Be, By)- In this equation, C, and C, model the correlations among
the discretized input functions and the locations where the output function is observed,
respectively. Using the Kronecker product in Equation (3.11) we can simplify three of the

computationally expensive operations in Equation (3.9):

c'=C,'®C,", (3.12a)
C'(v—m)=vec(C, (V — M)C’;l) (3.12Db)
cl=lc.|c,” . (3.12¢)

where V' and M are formed by reshaping v and m to ¢ x N matrices, respectively, and vec(+)
denotes the vectorization operation. Using Equation (3.12c) we now rewrite Equation (3.9)
as:
[G,ﬁ,aﬂ = argmin EMLE(G,ﬁ,U;)
'97'8"735
= argmin log <|C¢|q |Cy|N> + (v —m) vee(C, NV — M)C;l),
0,5,02
which can be used to simultaneously estimate the parameters of the mean and covariance

functions of the GP.

We highlight that the optimization problems in Equations (3.9) and (3.13) both correspond

2

y instead, leading to the same result.

L Alternatively, we could have also assumed 0‘2 =1 and estimate o
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to our generic GP-based operator learning framework except that the latter one exploits the
data structure and the kernel separability assumption in Equation (3.10) to decrease the
computational costs and memory demands. If the locations where the output function is
observed or the discretization of the input function vary across the samples, Equation (3.13)
can still be used by either pre-processing the data (which may introduce some additional

errors) or sparse GPs.

For a zero-mean GP, Equation (3.13) simplifies to:

[B, Gﬂ = argmin EO(B,U;)
1370’2

(3.14)
= argmin ¢log (|Cy|) + Nlog (|Cy|) + vTvec(Cy_lVC(gl),

50

which can be solved via a first-order gradient-based optimizer (e.g., Adam) that leverages
automatic differentiation to obtain the gradients of Ly(f, O’i) with respect to § and 035. In
typical GP regression problems, it is common practice to initialize gradient-based optimizers
multiple times to avoid local optimality. This process substantially increases the cost of
minimizing Eo(ﬂ,ai) due to the high costs of repeatedly constructing and inverting C,
and C, to calculate 50(5,03)) and its gradients. We address this computational issue in
Section 3.2.3 where we show that 3, and 3, can be, respectively, fixed and initialized to

some judiciously chosen values to, in turn, optimize Ly(0y, 03)) only once.

For a GP whose mean function is parameterized with a deep NN (e.g., FNO or DeepONet),
minimizing £(6, 3, 035) can be prohibitively costly and memory intensive (even if [ are ini-
tialized well and the optimization problem in Equation (3.13) is solved only once) since
differentiating L£(0, 3, 035) with respect to 6 involves large matrices. Moreover, we show in
Section 3.2.3 that the simultaneous estimation of 6 and § renders the covariance matrices
ill-conditioned. As detailed in Section 3.2.3, we address these computational issues by fixing

£ and ai to some values that ensure (1) the covariance matrices are numerically stable, and
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(2) the posterior distributions in Section 3.2.1 regress the training data. Fixing § and 0'35

makes the first term in Equation (3.13) a constant and hence we can estimate 0 via:

f = argmin Ln(0) = argmin (v — m) vec(C, ' (V — M)C(;l). (3.15)
9 9

where ™ and M are the only terms that depend on 6, i.e., we can construct C I and
C(;l once and store them so that evaluating £,,(¢) and its gradients only relies on matrix

multiplications.

We notice in Equation (3.15) that if C, and C, are identity matrices (i.e., if the correlations
among different u? and different query points y are eliminated), £,,(f) becomes the mean
squared error (MSE) loss function that is typically used in operator learning. We demonstrate

the benefits of using £,,(#) instead of MSE in Section 3.3.

Multi-output Operators
Consider now the following multi-output operator
s
Ghu— v (3.16)
s=1

where S is the total number of (possibly related) output functions. In this case, our goal is
to approximate G' given the training dataset D% := {s, ¢(u;), ¥ (v$)} Y, where {u;, vi}Y¥, are
elements from U x V* with s = {1, ..., S}. Analogously to Section 3.1.2, we cast the operator

learning problem in Equation (3.16) as the following regression problem:

GhRP x V" — RS, (3.17)
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where now Q;T, is a multi-output function and V* denotes the dual of the product space
Hle V*¢. To approximate G;T), we start by placing a multi-task or S—dimensional GP prior

[134, 135] on it:

Gt ~ GP(m(d(u),y;0)(s), c([s, 6(w), ], [s, d(u), y]'; B, %)) (3.18)

where m(¢(u),y;0) is the S—dimensional mean function of the GP.

The covariance matrix of the training data cannot be used in training unless ¢([s, ¢(u), y],
s, (u),y]'; B,0°%) possesses certain features that eliminate the need to build and invert the
NSqx NSq covariance matrix. Hence, we invoke the assumptions made on the data structure
in Section 3.2.1 and also presume that all the outputs are observed at the same collocation

points (CPs). Following these assumptions, we formulate the kernel in Equation (3.18) as:

c([s, p(w), yl, [s, d(w), yl'; B, 0%) = cu(s,8; Bs, 02)ey (4,45 By, 03)co(d(u), d(u'); By, 05),
(3.19)

where ¢, (y,y'; By, 07) and cg(p(u), ¢(u'); By, 03) are standard kernels such as the Gaussian or
Matérn defined in Equation (3.7b), 8 = [Bs, By, B4), and cs(s, s'; Bs, 02) captures the average
correlations among the responses. Once again, and without loss of generality, we assume
UZ = 1 and hence only consider 0’; and o2. The kernel in Equation (3.19) has a separable

structure and is stationary since all the kernels on the right-hand side are stationary.

To further simplify the computations we set c4(s, s’; 55) to a diagonal matrix, that is:

cs(s,8) = 1{s == s'}o? (3.20)

where 1{-} returns 1/0 if the enclosed statement is true/false and o2 is the kernel variance

for the s—th response. With this choice, the correlations between the different responses
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are either neglected or captured by the mean function in zero-mean and NN-mean GPs,

respectively.

To estimate 6, 3, and o we use the training dataset D° to maximize the likelihood function.
We rearrange D° as {(s, ¢(u;),y;), [w(vf)]j}fﬁ’i and denote its inputs and outputs via X =
{o(u;), yj}ﬁ;?qzl and v = {[¢(v)] j}f-j;’fzs’fl, respectively, where we have used the assumptions
that X do not depend on s. The MLE process for our multi-output regression task involves
the following minimization problem:

N A a2 1 1 T -1

[6,5,0 ] = argmin §log\E®C\ +§(v—m) E®C) (v—m)

B.6.0% (3.21)

1 1 1
= argmin 5 log |2 4 3 log |C|® + 5('0 —m) ' (Z' @ C)(v—m),
0’ﬁ§0-2

where 02 = [0, 07,...,0%], ¥ = diag{o},..., 0%}, C = Cy® C, is the Nq x Nq symmetric
positive-definite covariance matrix, and m is a column vector of length N¢S that corresponds

to the evaluations of the mean function for all the outputs, samples, and query points.

Similar to the previous section, we leverage the properties of the Kronecker product in

Equation (3.12¢) to simplify Equation (3.21) to:

s
~ 1 1
[9, 5,82] =argmin —~Ngq E log o2 + = log <|C¢|q5 |C'y|NS>
o 20 2
- (3.22)

Y

S
1
+ 5 Z o2 (v* — m®) vec(C, ' (V* — MS)C;),

s=1

where V*® and M*® are formed by reshaping v* and m® to ¢ x N matrices, respectively,
v = {[1/J(Uf)]j}£\;7q, and m® = m(s, X;0) denotes the evaluations of the mean function for

response s.

Parameter estimation now follows as in Section 3.2.1. Specifically, for a zero-mean GP,
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Equation (3.22) simplifies to:

[B, 82} = argmin Lo, (8, 0?)

670.2
S S
= argmin 1Nquog (02) + 1 log <|C¢|qs |C |NS> + 1 20_2(115)Tvec(0_1V8C’_1).
B 2 & 2 Y 2470 v ¢

(3.23)

where we can fix 3, similar to the scalar case in Section 3.2.1. For an NN-mean GP, we
fix the kernel hyperparameters which makes the first two terms on the right-hand side of

Equation (3.22) to become constants. Hence, we can estimate 6 via:

1 S

n_ 3 _ : s s\T — s s —
0 = arggnln Lo (6) = arg;nm 52('0 —m*) vec(C (V- M )C¢1), (3.24)

Y
s=1

Inference

Once the parameters of the mean and covariance functions are estimated, we obtain the
predictive response for a test input function u* at the query point y* by computing the
expected value of the posterior distribution of the GP conditioned on the training data.

That is:

n(6(u),y:0.5,53) = EIGH(6(u"),6,)

D]

-~

=m((u),y"; 0)+
o (6(w), U3 B0,32) @ ¢, (7. Y3 B, ) [vec(C, 1 (V = M)C)
= m((u”),y"; 0)+
VeC(cy (y*, Y By) C,H(V —M)C; ¢ (U, 3(u); By, 3§)>,
(3.25)
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where we have leveraged the Kronecker product properties in Equation (3.12¢) to simplify the
matrix multiplications. Equation (3.25) accommodates batch computations for accelerated

prediction of the output field at the m points Y* = {y;,...,y5 }:

(3.26)
vec( ¢, <Y*, Y; ﬁy) C;l(V — M)C;lcgs (U, o(u*); By, 32))
where U = {¢(u1),...,¢(un)} and Y = {y1,...,y,} as defined previously. In the case of

multi-output operators, our predictor for output s is:

n(s 0(u), Y*0.8.2) = m(o(u), Y*:8)(s)
+vee(,(Y*, Y1 B,)C (VP = MY)C; eo(U, 6(u”); By, 52) ).
(3.27)
For a zero-mean GP, Equations (3.25) to (3.27) can be simplified by removing the mean

function and the associated matrices M and M?3.

The predictor in Equation (3.25) is a differentiable function with respect to y*. We use this
property in Section 3.2.2 for physics-informed operator learning where the training process
leverages the known differential operators that govern the problem. This predictor also
interpolates the training data which is a feature that most neural operators do not provide.
To see this, we use Equation (3.26) to predict the output function at Y for the N input

functions U that are observed during training:

n(U, Y.0.5, 83,) —m(U,Y;8) + vec (cy(Y, Y;53,)C; (V — M)C; cy(U,U: B, 83,))

=m+vec([,(V-M)I,)) =m+v—m=v.
(3.28)
Lastly, we highlight that both terms on the right-hand side of Equation (3.25) capture the

correlations not only in U, but also in the support of V, i.e., €,. That is, our predictor

leverages the strengths of both neural operators and kernel methods for operator learning.
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3.2.2 Physics-Informed Operator Learning

Consider the general differential operator 7 acting upon v € U and v € V such that
T :U XV — O, where O is the null space, u is the input function, and v denotes the
unknown solution. Then, a general family of (possibly nonlinear) time-dependent PDEs can

be expressed as:

T(u,v) =0 in £, x (0,00), (3.29a)
v=f ondf, x (0,00), (3.29b)
v=g in , x {0}. (3.29¢)

Given Equation (3.29) and N pairs of {¢(u;), 1 (v;)} that satisfy it, our goal is to approximate
the operator G : &/ — V. In this context, & may represent a family of PDE coefficients
a(y,t) : Q,x(0,00) — R where ¢ denotes time, boundary conditions v(y,t) : 92, x (0,00) —

R, or initial conditions v(y,t) : Q, x {0} — R.

To improve the approximation accuracy of the predictor in Equation (3.25), we regularize
the parameter estimation process via Equation (3.29). To this end, we use a batch of N,
samples with inputs {¢(u;) fvz”l which may or may not be unique from the N training samples
used throughout Section 3.2.1. For each of the IV,; samples, we consider nppg, nac, and nic
collocation points in the domain, on the boundaries, and at ¢ = 0, respectively, to obtain

the following losses:

Lone(t) = e 3 D (Tl m(00,).0,))" (3.302
Loclt) = 5 D0 D (0(0().,) — )" (3.30)
Licll) = 5o D D (0(6(5).8,) — o)) (3.300)

j=1 i=1
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which quantify the errors of Equation (3.25) in satisfying Equation (3.29). Note that we
calculate Lpc(0) and Lic(6) since the N,; samples may be different from the N labeled
training samples. But if these two sets of samples have identical ICs/BCs, Lpc(f) and
L1¢(0) in Equation (3.30¢) will be zero due to the reproducing property of the predictor, see

Equation (3.28).

To estimate 6, we combine the loss terms in Equation (3.30c) with Equation (3.15):

£(Q) = £pDE(Q) + OchﬁBc(e) + OéIC,Clc(e) + QMLE»Cnn(Q), (331)

where apc, aic, and ayg are weights that ensure none of the loss terms in Equation (3.31)
dominates the optimization process. Specifically, we choose Lppg as a reference and assign
the unit weight to it. Then, we determine the weights of the other loss terms via an Adam-
inspired approach [136, 39] such that their gradients with respect to 6 have comparable

magnitudes at all optimization iterations. For example, we obtain apc at epoch k + 1 via:

max | VBEPDE (‘9) |

k+1 =(1=2\ k A

(3.32)

where Lppg(f) is chosen as the reference term, VyLpc(6) denotes the gradient of Lpc(6)

with respect to 6, and A is typically set to 0.9.

We conclude this section by highlighting three points. First, if the regularized loss function
in Equation (3.31) involves nonlinear functions of the predictor (i.e., if the PDE system
in Equation (3.29) is nonlinear), then the posterior in Equation (3.25) is not a Gaussian
and the predictor is merely a maximum a posteriori (MAP) estimator. Second, for physics-
informed operator learning we only use NN-mean GPs with fixed kernel parameters because
(1) optimizing the kernel parameters requires the repeated inversion of the covariance ma-
trices which is computationally expensive and prone to ill-conditioning, and (2) our kernels

are quite simple and have insufficient parameters to accommodate residual minimization.
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Third, for multi-output operators we replace L£,,(0) by Lnn(0) in Equation (3.24).

3.2.3 Parameter Initialization and Stability

For a zero-mean GP we fix 3, to some large values and only optimize 3, and 03) in Equa-
tion (3.14) or Equation (3.23). We rationalize this decision in Section 3.2.3 and then in
Section 3.2.3 we elaborate on our logic for initializing 3, to some small values before they are
optimized. For an NN-mean GP, we optimize § while § = [3,, f4] and o} are all fixed to their
initial values which are the same as those for a zero-mean GP. As detailed in Section 3.2.3
this approach dramatically accelerates the computations while reducing the numerical insta-

bilities.

Effect of Observation Operator

In many operator learning problems v (v) provides dense observations, i.e., ¢ in Equation (3.2)
is a relatively large number. To demonstrate the effect of dense observations on the optimum
kernel parameters of a zero-mean GP, we consider the simple task of interpolating u(z) =
sin(2rz),z € [0,1] using a zero-mean GP with the Gaussian kernel c(z,2’; 3,0%). We set
0? = 1 without loss of generality and sample N >> 1 points from u(x). Instead of optimizing
B via MLE, we vary it in the [0,10°] range and for each value we calculate the error of the

corresponding conditional predictor in Equation (3.28) on a large set of test samples.

The results of this study are summarized in Figure 3.3 which clearly shows two pathological
regimes for f — 0 and § — oo (i.e., not all values of 3 result in accurate interpolation of
the test samples, even when abundant data is available). This trend is expected since 1/
is proportional to the correlation length. For this particular example, 5 < 1 renders the

covariance matrix ill-conditioned while 3 > 10* prevents the GP from modeling the spatial
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correlations. For instance, consider points A and B on the curve which mark 8 = 107! and
B = 103, respectively, and the corresponding insets illustrate the predictions of the resulting
GPs. We observe in inset A that the prediction curve with 8 = 107! is quite rough which is
due to the ill-conditioning of the GP’s covariance matrix. In contrast, for 8 € [10%,3.50 x 10°]
the resulting GP interpolates unseen data very accurately and provides a smooth prediction
curve. Further increasing [ reduces the prediction accuracy as the posterior mean cannot

leverage the spatial correlations at all.

x  Training Data —— True Function Predicted Function

0.81
) Kk = 4.12e4+07
g K = 2.73e+06
Ej 0.6 5%
= %
o x* XX
= ; 3 %
= 0.41 ¥ %
3 F ?
e i %
b} \ o«
=02 ‘%%%‘

B
0.01 ®
-2 —1 0 1 2 3 i 5 6
logyy 3

Figure 3.3 Effect of 3, on test accuracy with dense observations: Very small and large
B values provide poor performance as they cause numerical issues and cannot capture spatial
correlations, respectively. However, a relatively large range of values such as 10% provide high
accuracy and numerical stability.

Our studies indicate that the trends in Figure 3.3 extend to not only higher dimensions,
but also the profile of the likelihood function (we further elaborate on the latter point in
Section 3.2.3). Following these observations, in all of our studies we set (3, to large values,
e.g., 3, regardless of d (i.e., the dimensionality of the output space €),) and the choice of the
GP’s mean function (NN or zero). This decision ensures that C, is numerically stable and

the GP can faithfully interpolate the dense observations in 2,,.
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High-Dimensional Features in GPs

The performance of GPs deteriorates in very high feature spaces [137] due to the so-called
curse of dimensionality: kernels capture the correlations between the samples based on
their distance in the feature space. Most kernels such as those in Equation (3.7b) poorly
characterize these correlations in high-dimensional feature spaces as the quantified distances
quickly increase and, in turn, render the correlations among samples to become zero. To
illustrate this, consider the kernel in Equation (3.7a) with ¢* = 1. Assuming the same
length-scale parameter 3 is used across all d, dimensions, we can express c(x,z’; ) as a

function of the distance between two feature vectors x and 2’

c(w,2'; 8) = exp{ —5 |z — /|| }, (3.33)
which can be solved for :
1 /
[ C<x’x2). (3.34)
||z — /]|

To explore the interaction between d, and 3, we perform the following experiment. Given
fixed covariance values ¢(z,z’) = 0.2 and ¢(x,z") = 0.8, we generate 10,000 random samples
in the d,—dimensional unit hypercube, where the squared Euclidean distance between two
samples is used as the denominator of Equation (3.34). Then, we calculate 3 corresponding
to each pair of samples and repeat this process for various values of d,. The corresponding
histograms are provided in Figure 3.4 and demonstrate that as d, increases, the range of
[ values that achieve the specified covariances not only shrinks (compare the width of the

histograms for d, = 2 and d, = 2000), but also includes smaller values.

Following the above experiment, we initialize 34 at 1072 in all of our studies in this chapter
since the input function is typically discretized at a large number of points. This value is

obviously not an optimal choice so in the case of zero-mean GPs we associate each input
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Figure 3.4 Interaction between § and feature space dimensionality: Smaller 8 values are
needed to achieve a desired correlation value in high-dimensional feature spaces.

feature with its own [ and then fine tune them via MLE. In the case of NN-mean GPs, we
do not optimize these initial values (due to computational costs and numerical instabilities)
and rely on the neural operator part of the GP to correct (if needed) how the correlations

between ¢(u) and ¢(u') are quantified.

Our rationale for initializing 34 at a small value, e.g., 1072, can also be explained as follows.

Consider the Gaussian kernel c(u, u’; 3,02 = 1):

c(u,u; B,0% = 1) = exp{ = |lu - w'|[*}. (3.35)
where u(z) and u/(z) are one-dimensional functions and ||-|| is the L2 norm that can be
approximated as:

p
o=l = [ (ula) = e = D) = ()P (3.36)
Q i=1

where Az; is the discretization step. Assuming the points are equally spaced, Equation (3.35)
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simplifies to:
p

c(u,u'; B,0% = 1) = exp{ — BAx ZW(%) —'(z;))? 3. (3.37)

We observe that for function inputs the effective length-scale parameter 3, corresponds to
the product of the length-scale 5 and the discretization step Az, which is generally small. So,
compared to the case where the features are scalars by nature, smaller values should be chosen
for the effective length-scale parameter if the features are obtained by finely discretizing a

function.

Once again, these findings are also validated in Figure 3.5(a.2) and Figure 3.5(b.2), where
we plot the test relative L2 errors as functions of 3, and Sy for the Burgers’ and Darcy
benchmarks. Our experiments suggest that the range of values for 8, (corresponding to the
functional input) that minimize the test error is comparably smaller to 3, (corresponding to
scalar inputs). An interesting observation from Figure 3.5(a.2) and Figure 3.5(b.2) is that
the test error is minimized across a broad range of 3, and 4 values. This suggests that a
zero-mean GP, when properly initialized, can achieve high accuracy without requiring any

training.

To examine the interaction between the initialization of 3, and 3,, we consider the Burgers’
and Darcy problems studied in Section 3.3. Applying zero-mean GPs to these two problems,
we visualize the training loss and test error maps as a function of the kernel parameters in
Figure 3.5. We observe that in all cases our suggested initial values provide minimal values for
these metrics in both problems. Interestingly, we notice that many parameter combinations
effectively minimize the loss and error maps in both problems, indicating that a high accuracy
is obtained by a zero-shot zero-mean GP whose kernel parameters are properly initialized
but never optimized. We examine the performance of zero-shot and one-shot zero-mean GPs

in Section 3.3 which benefit from zero and one optimization iterations, respectively.
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(a) Loss and error profiles for the 1D Burgers’ problem in Equation (3.43).
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(b) Loss and error profiles for the Darcy problem in Equation (3.44).

Figure 3.5 Loss and error profiles as functions of kernel parameters in zero-mean
GPs: A wide range of parameter combinations provide optimal loss and error values, indicating
that proper initialization is relatively easy and results in good performance even without training.
By = 103 is used for the two loss profiles on the left-hand side of (a) and (b). Note that we do
not show the dependency of the test relative L2 error with respect to aé since this does not affect
Equation (3.25). For Darcy, 8, has two components and so for plotting the error map we presume
that these components are equal (a similar assumption is made for ;).

Parameter Optimization in NN-mean GPs

Non-zero mean functions have the potential to increase the extrapolation capabilities of
GPs [138] and they have been effectively employed for materials modeling [139] or to solve
forward and inverse problems in PDEs [131]. Specifically, parameterizing the mean function
of a GP by a deep NN provides the means to leverage the strengths of both kernels and NNs
as the former effectively learns local trends by interpolating neighboring points in regions

with abundant data, while the latter improves generalization by learning complex distributed
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representations for unseen inputs. However, this added model complexity increases the risk of
overfitting and can lead to numerical instability during optimization [138]. We demonstrate
these issues with a simple regression example which motivates our decision for fixing the

kernel parameters while optimizing 6.

We again consider the function u(x) = sin(27z), € [0,1] and sample N = 20 points from
it such that the samples are concentrated close to the lower- and upper-bounds of z, see the

red crosses in Figure 3.6. We fit three GPs to this dataset:

e Zero-mean GP: We set the kernel to c(z,2; 3,02 = 1) and use MLE to optimize £3.

e NN-mean GP: We set the kernel and the mean function to, respectively, c(x, z'; 8, 0% =
1) and a fully-connected feed-forward NN with 4 layers of 20 neurons. We use MLE to

jointly optimize the parameters of the kernel and the NN.

e Physics-informed NN-mean GP: We set the kernel to c(z,2; 8 = 103,02 = 1) and
optimize the NN parameters to minimize a weighted combination of MLE and MSE
where the latter encourages the GP-based predictor to satisfy the ordinary differential

du

equation 9 = 2m cos (27x).

In all cases the Adam optimizer with a learning rate scheduler is used where the initial
learning rate and maximum number of epochs are set to 1072 and 20,000, respectively. The
results of our studies are summarized in Figure 3.6 and demonstrate that the zero-mean GP
(left plot) expectedly fails to generalize to regions where there are no training samples. This
issue is slightly alleviated in the case of the NN-mean GP (middle plot) at the expense of
worsening the condition number, k, of the covariance matrix. The increase in k is due to
the fact that the NN mean has sufficient parameters to interpolate the data which causes
the kernel to model very small residuals and, in turn, be numerically ill-conditioned. The
magnitude of k is directly related to the number of parameters of the mean function which

is typically a very large number in neural operators.
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The results of the third scenario are provided in Figure 3.6(c) where we observe that the
physics of the problem is effectively used to learn u(x) with high accuracy without increasing
the condition number of the covariance matrix. The training mechanism corresponding to

this scenario is similar to the one explained in Section 3.2.2 for operator learning.

3.2.4 Comparison to Optimal Recovery-Based Operator Learning

The optimal recovery method of [4] approximates the operator G via the following explicit

representer formula:

Gu)(y) = ey, Y)e (YY) "Alo(w), U)ANU. U) 'V (3.38)

where A(U,U’) is a matrix-valued kernel in the space of m x m matrices, ¢,(-,-) is the
kernel associated with the RKHS of functions in V), and y denotes a location in the output
space where observations are made. [4] assumes a diagonal kernel of the form A(U,U’) =
ex(U,U’)I where [ is the m x m identity matrix and ¢y : R" x R” — R is a real-valued

kernel. Following these assumptions and using the Kronecker product, we can rewrite Equa-
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Figure 3.6 Parameter optimization in GPs: We consider three scenarios with a zero-mean
GP in (a) and NN-mean GPs in (b) and (c). The differences in training settings across these three
cases are detailed in the text. The relative L2 errors for cases (a), (b) and (c) are 64.77%, 60.38%,
and 0.09%, respectively.
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tion (3.38) as:

G(u)(y) = cu(y, Y)e (Y, Y) er(o(u"), U) @ I)[ex(U, U) @ I]7'V. (3.39)

To directly compare Equation (3.39) with our approach, we drop the mean function in our

GP predictor to obtain:

E[GH((u"), 6,0

D] = [es(p(u), U) ® ¢, (Y, Y)][co(U,U) @ ¢, (YY) 'V, (3.40)

Comparing Equations (3.39) and (3.40) highlights the main differences between the two

approaches:

e Unlike the optimal recovery method of [4], we account for the correlations in the output
function space through ¢, (-, -). Hence, we solve a single regression problem as opposed
to solving m independent optimal recovery ones at the expense of (1) using all the data

at once, and (2) having far fewer hyperparameters (and hence flexibility).

e Equation (3.39) directly approximates G which explains the presence of the operator-
valued kernels. Instead, our method approximates G'(u*)(y*), i.e., the evaluation of
the output function at the arbitrary query point y* for the given input function u*, see
Figure 3.1. This feature enables us to incorporate additional physical constraints into

the approximation process as detailed in Section 3.2.2.

We also note that our approach can also use deep NNs as the mean function which has the
advantage of reducing the sole reliance of the predictor on the kernel whose misspecification

can substantially reduce the performance of zero-mean GPs.
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3.2.5 Inference Complexity

We quantify the evaluation costs of our predictor by computing the floating point operators
(FLOPs) per a test sample [2]. We assume that the product between two matrices A € R™*™
and B € R"™*7 has a cost of ng(2m—1) flops, vectorization has no costs, and that a nonlinear
function acting upon an input vector of size n (e.g., activation function in NNs or kernel
evaluation in GPs) costs n flops. Additionally, we assume the cost of constructing the m x n
covariance matrix between two matrices A € R"*? and B € R"*? using the Gaussian kernel

in Equation (3.7a) is mn(4q + 2).

We observe in Equation (3.25) that the m x N matrix C, " (V — M)C(;1 can be stored
from training and therefore we do not attribute any associated cost to that operation at the
inference stage. Hence, the cost of evaluating the learned operator in our framework consists
of (1) evaluation cost of the mean function which is either zero for a zero-mean GP, or C,, for
a non-zero mean GP, (2) building ¢, (Y*,Y; 5,) € R™™ and cy(¢(u*), ¢(U): By, 0;) € RV,
which have costs of m?(4d+2) and N (4n+2), respectively, and (3) matrix multiplication costs
in V€C<Cy(Y*, Y; B\y)Cy_l(Vs - MS)C;10¢(¢(U*), U; B:z» 33)) which sum up to m(2N —1) +
m(2m — 1). Given these cost components, the total inference cost of predicting the output
function at m points for a given test input function discretized at n points is:
C=Cpn+m*(4d+2) + N(4n +2) + m(2N — 1) + m(2m — 1)

(3.41)
=Cp +4m*(d+1) —2m +2N(2n + 2m + 1),

where N is the number of training samples and C,, can be calculated as detailed in [2] if

neural operators such as DeepONet or FNO are used as the mean function in our approach.

Equation (3.41) indicates the price that one has to pay for embedding a neural operator
in our framework. This additional cost scales linearly in N but incurring it, as argued in

Section 3.3 based on our comparative studies, is justified since GPs with neural operators
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as their mean function provide higher accuracy than the base neural operators especially in

extrapolation.

3.3 Results and Discussion

We evaluate the performance of our approach in data-driven and physics-informed operator
learning problems in Sections 3.3.1 to 3.3.3 where we consider both single- and multi-output
operators. While we can leverage any neural operator as the mean function in our approach,
herein we only consider FNO [53] and DeepONet [52] which are two of the most popular
neural operators. Throughout, we use the relative L2 metric defined below to quantify the

accuracy on test data:
Ntest

G'(u') — Gh(u')
16T ()l

1
L2 =

= Y 3.42
Ntest ( )

i=1
where Ny is the number of test samples, G' is the target operator and ('j; is the predicted
operator. We conclude our studies in Section 3.3.4 by commenting on the training cost of

different approaches.

3.3.1 Data-driven Operator Learning: Single-Output Operators

We consider four canonical examples that are routinely studied in the relevant literature
[4, 2, 3, 53]. These examples are defined below and used to compare our approach to
DeepONet [52], FNO [53], and GP-OR which is the GP-based optimal recovery approach of
[4]. We take the training data from [3] and use the reported accuracy metrics in [4] for these
three baselines. In our approach, we consider three cases: a zero-mean GP, DeepONet-mean

GP, and FNO-mean GP. In the latter two cases, we set up the architecture of the neural
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operators to match those of the baselines?. We also train our models with the same data used
for training the baselines. We train our GP-based models via Adam for 3000 training epochs

and set the learning rate to 1072 and 1072 for NN-mean and zero-mean cases, respectively.

Burgers’ Equation: We consider the 1D Burgers’ equation with periodic BCs:

U + utly = Cugy, V(z,t) € (0,1) x (0, 1],
(3.43)

u(z,0) = up(x), Vo e (0,1)
with ¢ = 0.1. The operator that we aim to learn is GT : u(x,0) — u(z, 1), i.e., the mapping
from the IC to the solution at time ¢ = 1. The dataset is originally generated in [53] where
the IC is sampled from a Gaussian random field with a Riesz kernel. As in [3], we use

1000 samples for training and 200 for testing with a spatial resolution of 128 points, i.e.,

p=q=128.

Darcy Flow: The 2D Darcy flow problem with zero BCs is formulated as:

-V (a(x,y)Vu(Jz,y)) = f(fﬁ,y), V(x,y) X (07 1)2

u(z,y) =0, Y(x,y) € 9(0,1)?

(3.44)

where a(z,y) is the permeability field and f(z,y) is a source term. For a fixed f(z,y), we
aim to learn G : a(x,y) — u(x,y), i.e., the mapping from the permeability field to the
solution in the entire domain. The dataset is extracted from [3] and we use 1000 samples for
training and 200 for testing where the input and output functions are available on a 29 x 29
grid. The coefficient field a(z,y) is obtained via a = £(u) where p ~ GP(0, (—A + 91)72) is
a Gaussian random field with zero Neumann BCs on the Laplacian and £ is a function that

maps positive values to 12 and negative values to 3 [3].

2In some cases, insufficient information about the architecture is available so we highlight the potential
differences when applicable.
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Advection Equation: We consider the 1D advection equation with periodic BCs:

g + ugy =0, V(z,t) € (0,1) x (0,1],
(3.45)

u(z,0) = ug(x), Vo e (0,1)

where ¢ = 0.1 and our goal is to approximate G' : u(x,0) — u(x,0.5), i.e., the mapping
from the IC to the solution at time ¢ = 0.5. The dataset is originally generated by [3] where
the IC is designed as a square wave centered at x = ¢ with width w and height h, i.e.,
uo(z) = hl e} {eru) The parameters ¢,w and h are randomly drawn from the uniform
distribution U([0.3,0.7] x [0.3,0.6] x [1,2]). We use 1000 samples for training and 200 for

testing whose input and output functions are discretized via 40 equally-spaced grid points.

Structural Mechanics: We consider the equation governing the displacement field u of an

elastic solid under small deformations:

u =1, on T, (3.46)

where D = (0,1)? and the boundary 9D is divided into 'y = [0,1] x 1 and T, = 9D \ T,
i.e., ', is the compliment of I';. We aim to learn the operator G : t — o, i.e., the mapping
between the 1D load ¢ applied on I'; to the von Misses stress field o. The dataset is extracted
from [2] where £ is drawn from a Gaussian random field GP (100, 400?(—V +3%1)~1) where V
is the Laplacian with Neumann BCs applied to the space of functions with a spatial mean of
zero. The output function o is obtained via the FEM. We use 1250 samples for training and
20,000 for testing. The input function is sampled on 41 discretized points and the output

function is interpolated on a regular 41 x 41 grid.

The results of our comparative studies are summarized in Table 3.1 and indicate that our
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Burgers’ Darcy Advection Structural Mechanics
N =1000,p = 128,¢ = 128 | N = 1000, p = 29, q = 29° N = 1000, p = 40, ¢ = 40 N =1250,p = 41,q = 41
Error | # of Parameters | Error | # of Parameters Error # of Parameters | Error | # of Parameters
DeepONet 2.15% 148,864 2.91% 715,776 0.22% 471,552 8.70% 137,856
FNO 1.93% 320,705 2.41% 6,304,257 0.66% 320,705 6.62% 888,001
GP-OR 2.15% 1280 2.75% 169,882 2.75e—3% 1,600 6.95% 68,921
0-shot Zero-mean | 2.90% 129 5.14% 201 0.17% 41 7.13% 42
1-shot Zero-mean | 2.90% 129 5.01% 201 0.17% 41 7.13% 42
Our GP Zero-mean 2.99% 129 2.89% 201 4.11e—3% 41 6.74% 42
DeepONet-mean | 1.84% 148,864 3.44% 715,776 0.18% 471,552 7.12% 137,856
FNO-mean 0.08% 320,705 2.19% 6,304,257 0.23% 320,705 6.49% 888,001

Table 3.1 Summary results on four benchmark problems: We report the L2 relative test
error for four different operator learning methods. The errors in the first three rows are directly
taken from the literature [2, 3, 4]. In our approach, we set the mean function to either (1) zero in
which case we also provide the error metrics without training and after one optimization iteration,
or (2) DeepONet and FNO whose architectures are exactly the same as those in rows 1 and 2. In
the case of Darcy, we follow the references and apply PCA to the discretized input function and
keep the first 200 PCs as the features for the kernel part of our GP-based methods.

approach provides very competitive results. We observe that except for the Darcy example
with DeepONet3, the performance of FNO and DeepONet consistently improves if they are
used as the mean function of a GP. We attribute this desirable property to two features. First,
due to the second term on the right-hand side of Equation (3.28) our predictor naturally
interpolates the data and hence (a) its mean function (i.e., the neural operator) can focus
more on learning the sample-to-sample correlations that are not captured by the kernel, see
the loss function in Equation (3.15), and (b) the irregular part of the target operator (that is
hard to approximate with a smooth kernel) can be captured by the neural operator. Second,
our use of kernels provides a natural regularization scheme that improves generalizability.
To see this, we analyze Equation (3.9) within a regularization framework which is also used
in contexts such as kernel ridge regression [61]. The second term in Equation (3.9) measures
the data fit while the first term is a regularizer whose magnitude can be calculated based
on the eigenvalues of C. Since we freeze the kernel parameters in our NN-mean GPs, these
eigenvalues are essentially fixed which imposes a smoothness condition on the underlying

function space which is controlled by the decay rate of the sequence of eigenvalues.

We also observe in Table 3.1 that our zero-mean GP is highly efficient in that it achieves small

3This may be due to the fact that we could not exactly replicate the training settings and model archi-
tecture since the corresponding reference [3] lacks sufficient details.
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errors with orders of magnitude fewer hyperparameters. Due to the proper initialization of
the kernel parameters, these GPs provide quite competitive results even prior to parameter
optimization or just after one training epoch (referred to as 0—shot and 1—shot, respectively,

in the table).

In Figure 3.7 we visualize example test inputs, outputs, and predictions with associated error
maps. In these plots we use the best version of our approach, i.e., a zero-mean GP in the case
of Advection problem and an FNO-mean GP for the other three cases. We observe that the
majority of the errors are concentrated at regions with sharp gradients which correspond to
the jumps in the Advection example and the large traction regions at the top left corner in
the Structural Mechanics problem. To further examine the performance of our framework in
learning solution maps that exhibit large gradients, in Section B.1 we study the 1D Burgers’
equation with ¢ = 0.01 and show that our approach provides accurate results in such settings

as well.

3.3.2 Data-driven Operator Learning: Multi-Output Operators

To benchmark our approach for learning multi-output operators we use the 2D lid-driven

cavity (LDC) problem which is governed by the incompressible Navier-Stokes equations:

Uy + vy =0, V(x,y) € (0,1)

Uy + vuy, = —%pz + (U + Uyy), V(x,y) € (0,1)?

UV, + Vv, = —%py + ((Vge + vyy), V(x,y) € (0,1)?

w(z,0) = v(x,1) = 0(0,y) = v(1,y) = 0, Va,y € 0,1] (3.47)
u(z,0) = u(0,y) = u(l,y) =0, Y,y € [0, 1]

u(z, 1) = f(x), vz € [0,1]

p(0,0) =0
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Figure 3.7 Example test inputs, outputs, and predictions: We provide one example from
each problem where the predicted outputs correspond to the best version of our approach in Ta-
ble 3.1, i.e., a zero-mean GP in the case of Advection problem and an FNO-mean GP for the other
three problems.

where ¢ = 0.002 is the kinematic viscosity, p = 1.0 denotes the density, and f(x) is the lid
velocity profile. To generate the data, we follow [140] and first solve Equation (3.47) via the
FEM for a variety of lid velocity profiles* and then sweep the flow field via a window of size
0.25 x 0.25 to collect samples, see Figure 3.8. We divide the resulting data into two parts:
if the window is above the horizontal dashed line in Figure 3.8b the corresponding sample is

used to assess the extrapolation test error. Otherwise, the sample is used for either training

or obtaining the interpolation test error. The samples positioned on the top part of the

4The velocity profiles are taken from [140] who use GPs to generate them and solve Equation (3.47) via
OpenFOAM [141].
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Figure 3.8 Train and test data generation in the LDC problem: (a) The [0, 1]? domain is
swept with a smaller window to collect data. (b) If the center of the window is above the dashed
line, the sample is used to assess the extrapolation error. Otherwise, the sample is used either for
training or obtaining the interpolation error.

domain provide good candidates for evaluating the extrapolation capabilities of the models
since the solution fields inside them contain much larger velocity magnitudes and gradients

than those in the bottom part of the domain.

The above procedure generates a total of 961 samples with observations on a 30 x 30 regular
grid in the 0.25 x 0.25 subdomain. The operator learning problems involves mapping the
arbitrary set of subdomain BCs (pressure and velocity components) to the solution inside
the 0.25 x 0.25 subdomain, i.e., G : [upc, vsc, pc] — [u, v, p]. We use velocity magnitude
to calculate the interpolation/extrapolation errors and train all models via Adam with 2000
epochs and learning rates of 1072 and 1073 for the 0-mean and NN-mean GPs, respectively.
We use two different architectures for all models with DeepONet and FNO that differ signif-
icantly in their parameter counts (denoted as small or large). Specifically, DeepONet-based
models either have a 4— layer branch and trunk nets (each layer with 150 neurons) or a 4—
layer branch and trunk nets (each layer with 24 neurons). FNO-based models either have
4 layers with a width of 4 and 8 modes, or 4 layers with a width of 24 and 8 modes. We
note that we intentionally did not conduct an exhaustive search to optimize the architecture
of these models because we aim to determine whether even sub-optimal architectures can
benefit from being integrated within our GP framework. We use 500 samples for training

while 151 and 31 samples are used to obtain the interpolation and extrapolation errors,
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respectively.

The results of our studies are summarized in Table 3.2 and indicate that our GP-based
approach consistently outperforms FNO and DeepONet in this example. The best results in
interpolation are achieved with the zero-mean GP, whereas the DeepONet-mean GP trained
using MLE yields the lowest errors in extrapolation. Switching to MSE from MLE reduces the
accuracy in both extrapolation and interpolation regardless of whether FNO or DeepONet
is used as the mean function in our approach since MSE does not take the sample-to-sample
correlations into account while MLE does, see Equation (3.24). Once again, we observe that
the performance a the neural operator significantly improves when it is incorporated as the

mean function of our GP framework, regardless of its architecture.

To visually compare the accuracy of different methods in extrapolation and interpolation, in
Figure 3.9 we provide the error maps corresponding to the velocity magnitude for two test
cases. We observe in Figure 3.9a that all methods performs quite well but our GP-based
approach achieves two orders of magnitude smaller errors compared to FNO and DeepONet.
However, the performance of all methods expectedly decreases in Figure 3.9b as the imposed

BCs are substantially different than the ones that the models are trained on.

Number of Parameters Interpolation Error Extrapolation Error
Training via MLE | Training via MSE | Training via MLE | Training via MSE
DeepONet (small) 13,536 N/A 4.46% N/A 42.60%
DeepONet (large) 235,800 N/A 3.49% N/A 35.14%
FNO (small) 6,235 N/A 7.80% N/A 62.66%
FNO (large) 223,155 N/A 1.76% N/A 44.20%
0-shot Zero-mean 361 7.10e—3% N/A 24.48% N/A
1-shot Zero-mean 361 7.10e—3% N/A 24.48% N/A
Ours Zero-mean 361 4.37e—4% N/A 41.00% N/A
DeepONet-mean (small) 13,536 5.02e—3% 1.43¢—2% 31.13% 34.25%
DeepONet-mean (large) 235,800 2.73¢—3% 7.12e—3% 22.77% 23.00%
FNO-mean (small) 6,235 3.76e—3% 9.53e—3% 26.86% 34.41%
FNO-mean (large) 223,155 1.48e—3% 7.31e—3% 39.15% 26.70%

Table 3.2 Summary of Results for Section 3.3.2: We use DeepONet and FNO with two
architectures that differ significantly in their parameter counts, referred to as small and large, for
comparison in both interpolation and extrapolation tests. In our approach, we either employ these
neural operators as the mean function or utilize a zero-mean GP. For the former case, we train the
GPs using maximum likelihood estimation (MLE) and mean squared error (MSE) to assess the
impact of the loss function on model performance. For the zero-mean GP, we also report errors
before parameter optimization (denoted as 0-shot) and after one training epoch (denoted as 1-shot).
All errors are reported for the velocity magnitude.
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Figure 3.9 Example input, output, and error maps on the velocity magnitudes in
the LDC problem: The test samples in extrapolation look substantially different than those in
interpolation (compare the scales of the velocity magnitude profiles in the two test outputs). Our
GP-based approach provides smaller errors in both scenarios especially in the interpolation case.

3.3.3 Physics-Informed Operator Learning

We now consider the effect of augmenting data with physics in two examples, the Burger’s

equation introduced in Section 3.1.2 and the LDC problem in Section 3.2.1. In the former

example, we discretize the input function via 100 points and record the output at a very
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coarse grid of size 12 x 12 and use N,; = 50, nppg = 1002, nge = 100, and, n;e = 100. In
the LDC problem, each variable is discretized via 120 points on the boundaries (30 points
on each edge of the square subdomain in Figure 3.8a) and the PDE solution is recorded at

a fine mesh of size 30 x 30, and use Ny; = 100, nppr = 302, npc = 30.

We solve these two problems via FNO, DeepONet, and their physics-informed versions de-
noted by PI-DeepONet [142] and PINO [143]. For our approach, we consider both zero-mean
and NN-mean GPs where the latter is trained either with data or with both data and physics.
In our NN-mean GP we only use DeepONet as we were unable to successfully integrate our
code with PINO. All the models are trained via Adam with a learning rate of 10~ which,
similar to the previous sections, is increased to 1072 for a zero-mean GP. We use 1000 train-
ing epochs in all cases except for the physics-informed models of the LDC problem where the
number of epochs is reduced to 500 to decrease the computational costs. Since the density
of the observations is very low in the Burgers’ equation, we optimize /3, along with £, and

o2 via MLE.

The results of our studies are summarized in Figure 3.10 where the errors on unseen data are
reported for each model as N increases. For the Burgers’ equation where the observations
are sparse, augmenting the training data with the physics substantially helps in the case of
GP and DeepONet but not FNO (compare the dashed and solid lines with the same color).
This difference is much smaller in the case of LDC where adding physics slightly improves
GP and DeepONet when N is very small. We also notice that even in the Burgers’ problem
where the output function is recorded at a coarse resolution, our purely data-driven models,
i.e., without physics, achieve lower errors than the vanilla implementations of DeepONet
and FNO. In the case of the zero-mean GP for the Burgers’ problem, we also optimized
By to relax the assumption on having dense observations, as opposed to other problems in
Section 3.3.1. More details on this choice can be found in Section B.2. In the DeepONet-

mean case, we still fix 3, as suggested in Section 3.2.3 and leverage the neural operator to
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learn the irregular part of the target operator.
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Figure 3.10 Convergence studies: We study the effect of data set size N and augmenting the
data with physics on the errors for various models in the case of Burgers’ (left) and LDC (right)
problems.

We notice as N increases that the errors associated with the data-only models in the left
panel of Figure 3.10 slightly fluctuate while those in the right panel either decrease (in
our approach) or negligibly change (FNO and DeepONet). The former trend is due to the
fact that we observe the PDE solution at a very coarse grid and that the architecture and
training mechanisms are not altered as N increases. We attribute the latter trend to FNO
and DeepONet’s inability to effectively use data. However, once the exact same DeepONet is
used as the mean function of a GP, the prediction accuracy dramatically improves (compare
the solid green and blue lines in the right panel). See Section 3.3.1 for our reasoning behind

this trend.
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3.3.4 Training Cost

We compare the training costs of our approach to those of FNO and DeepONet in Table 3.3
where the costs are reported for one epoch of parameter optimization. We observe that
the training cost of each approach varies depending on the dimensionality and resolution
of the input/output functions in each problem. For instance, the zero-mean GP appears to
have the highest training time per epoch for the Burgers’ and Advection problems where
the input and output functions are one-dimensional. However, it has the lowest training
cost for the Structural Mechanics problem where the input and output functions are one-
and two-dimensional, respectively. Incorporating neural operators within our GP framework
increases the training time per epoch with respect to their baseline implementations, due
to the additional computations involved in the loss function (compare Equation (3.15) to
MSE). We believe this additional cost is justified since the non-zero mean GPs achieve higher

accuracy compared to the standalone neural operators, as shown in Table 3.1 and 3.2.

Burgers’ | Darcy | Advection | Structural Mechanics | Lid-driven Cavity
DeepONet 0.04 0.17 0.03 12.7 0.22
FNO 0.06 0.53 0.03 3.53 0.03
Zero-mean 0.12 0.24 0.12 1.74 0.20
Ours | DeepONet-mean 0.06 0.25 0.05 13.4 0.27
FNO-mean 0.07 1.17 0.05 3.66 0.04

Table 3.3 Training time in seconds per epoch: We report the costs for DeepONet, FNO,
and our method with three different mean functions. The training time of each approach varies
across the different problems based on the dimensionality of the input/output functions and their
respective resolutions. For example, the zero-mean GP appears to be the slowest in problems
where the input and output functions are one-dimensional, such as in the Burgers’ or Advection
equations, but becomes the fastest in the Structural Mechanics problem, where the input and output
functions are one- and two-dimensional, respectively. Incorporating neural operators within our GP
framework increases the training time per epoch with respect to their vanilla implementations due
to the additional computations involved in the loss function (see Equation (3.15) versus MSE).
However, this results in higher overall accuracy, as shown in Table 3.1 and 3.2.
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3.4 Concluding Remarks

We introduce a framework based on GPs for approximating single- or multi-output operators
in either a purely data-driven context, or by using both data and physics. In the former
case, we use MLE for parameter optimization and set the mean function of the GP to be
either zero or a neural operator. In the physics-informed case, we employ GPs with neural
operator mean functions whose parameters are estimated via a weighted combination of MLE

and PDE residuals.

We emphasize that our framework is general, but we have devised several strategies to
(1) ensure scalability to large data and high-dimensional feature spaces, and (2) minimize
computational costs and numerical issues associated with inverting the GP’s covariance
matrix. While these strategies have proven effective for the problems tested in this chapter,
we recommend that practitioners explore alternative initialization settings, using our insights
and guidelines as a basis for developing strong baseline models. That is, they may choose
to use the framework in its generic form, i.e., Equations (3.9) and (3.13), or develop tailored

mechanisms to train the model for their specific problem.

Our suggested training strategies rely on the assumption that both input and output func-
tions are richly sampled at the same locations across samples. This allows us to (1) leverage
the data structure together with the separability assumption on the kernel to formulate the
GP’s covariance matrix using the Kronecker product, and (2) initialize the kernel parame-
ters such that they require little to no tuning. In data-driven applications, these strategies
enable us to build zero-mean GPs that provide high approximation accuracy in both single-
and multi-output cases while having orders of magnitude fewer parameters than competing
methods such as neural operators. In fact, we demonstrate that our zero-mean GPs provide
competitive results even without training, i.e., we build the first zero-shot mechanism for

operator learning. With NN-mean GPs, either in data-driven or physics-informed applica-
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tions, our strategies eliminate the need for optimizing the kernel hyperparameters and result
in a model that augments neural operators with the strengths of kernels. Using FNO and
DeepONet as examples, we show that such an integrated model improves the performance

of neural operators.

Dense observations may not always be available, especially when data is collected from
physical experiments rather than simulations. Our GP framework is flexible enough to
accommodate these situations and relax the assumptions we have made on having dense
data. For instance, if a specific problem does not allow for a dense set of observations
of the output function, one can choose to optimize 3, with a zero-mean GP to leverage
correlations in the support of the output function. Alternatively, in the case of a neural-
operator-mean GP, one can fix 3, and leverage the mean function to learn such correlations.
These strategies have been successfully applied in Section 3.3.3 to problems where the output

function is observed at a coarse resolution.

In all the examples in Section 3.3 we use the simple kernels in Equation (3.7b) that have at
most a few hundred parameters and, hence, limited learning capacity. We studied various
kernels including deep ones [70] but did not observe consistent and significant performance
improvements. We believe a promising future direction is designing special kernels whose
parameters can be efficiently estimated via cross-validation which is more robust to model
misspecification compared to MLE. Another interesting direction is to extend the proposed
GP framework in order to relax the assumption that input and output functions are sampled
at the same locations across samples. We believe this could potentially be achieved by
leveraging sparse GPs [144, 145, 146, 147, 148, 149] which were originally developed to
increase the scalability of GPs for large datasets, or by using domain decomposition with

distributed GPs [150].
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Chapter 4

Learning Nonstationary Kernels

4.1 Introduction

Gaussian processes (GPs) are a class of powerful yet interpretable semi-parametric Bayesian
models that define flexible prior distributions over functions [151]. Their natural ability to
quantify uncertainty has made them a valuable tool for researchers and practitioners across

various disciplines.

A GP, typically denoted as GP(m(x; ), c(x,x’; 3)), is fully characterized by its mean func-
tion m(x; @) and covariance function or kernel c(x, ’; 3)! with parameters 6 and 3, respec-
tively. Many options exist for choosing the mean and covariance functions but zero-mean
GPs with stationary kernels, i.e., kernels that depend only on the relative distance between
data points rather than their absolute positions, have been the standard choice over the past
decades [152]. While not always optimal, stationary kernels are widely used due to their

general effectiveness, simplicity, and computational efficiency.

GPs with mean functions that have limited expressivity and stationary kernels can pro-

Lz, 2’ € RT denote two arbitrary input vectors.
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vide suboptimal performance in terms of predictive mean and, more importantly, variance
[153, 154]. This limitation is especially concerning for tasks where reliable uncertainty
quantification (UQ) is essential, such as Bayesian optimization (BO) [137, 155]. In such
cases, miscalibrated uncertainty estimates can lead to inefficient exploration and suboptimal
decision-making. To address these limitations, substantial efforts have been made to enhance
GP emulation capabilities to model nonstationary functions, either through flexible mean
functions [138], nonstationary kernels [156, 157], or both [158]. While flexible mean func-
tions can enhance a GP’s predictive accuracy in nonstationary problems, they fail to fully
correct the predictive variance. Consequently, developing nonstationary kernels remains a

more effective approach for improving both mean and uncertainty predictions.

Unlike stationary kernels which depend only on the relative distance between two inputs,
ie., c(x,x'; B) = c(x — x'; B), nonstationary kernels allow the relationship to depend on the
absolute positions of the data points, i.e., ¢(x, x’; B) # c(x — «’; 3). This makes nonstation-
ary kernels much more flexible to capture fine-grained variations across the entire domain.
However, effectively designing them remains an open research challenge, as it is unclear how
to best provide this flexibility without introducing new issues. While one might assume that
GPs are inherently safeguarded against overparameterization due to their probabilistic na-
ture, research has shown that naively increasing kernel/mean complexity can lead to severe

optimization difficulties and overfitting [159, 160, 161].

Numerous techniques have been proposed to build nonstationary kernels and we broadly
categorize them into three types [154]: (1) input-dependent lengthscales [156, 157, 162], (2)

input warping [163, 164, 165], and (3) mixture of GP experts [166].

The input-dependent lengthscale approach modifies the kernel function by allowing the
lengthscale parameters to depend on the inputs. Notable examples include the Gibbs kernel
[156], which explicitly incorporates input-dependent smoothness by modeling the length-

scale function using either a GP or a neural network (NN) [157, 167, 168]. However, the
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lack of structural constraints on the lengthscale function often poses overfitting and non-
identifiability issues [165, 154], since many lengthscale functions can yield similar likelihood

values.

The input warping approach transforms the input space via a mapping before applying
the kernel. These transformations can be learned [163, 164] or predefined using a set of
basis functions [156, 169]. A well-known recent example is the deep kernel [163], which
employs NNs to learn an expressive input transformation before applying the kernel. The
concept of input warping dates back several decades, originating from the characterization
of stationary reducible and locally stationary reducible kernels [170, 171, 172] where the
key idea is to learn a feature space where stationarity or local stationarity holds. A key
limitation of this approach is that the learned mapping must be bijective to ensure a valid
transformation [170]. For example, [164] models the mapping using the Beta cumulative
distribution function, which can represent a broad class of bijective functions while having

few hyperparameters.

Lastly, the mixture of experts approach partitions the input space into different regions and
assigns distinct GP models to each, allowing for locally adaptive behavior [166, 173, 174].
Typically, these models employ gating functions to weight contributions from different ex-
perts and ensure smooth transitions across regions [173, 175]. However, scaling this approach
to high-dimensional problems is challenging, as the number of experts must increase dra-

matically with the input dimensionality.

A more recent approach that lies at the intersection of the above three categories is the atten-
tive kernel (AK) [154]. AK is designed to mitigate the training challenges of nonstationary
kernels by introducing similarity attention scores to weight a predefined set of basis kernels
and visibility attention scores to mask out data across sharp transitions. This approach es-
sentially selects relevant subsets of data in prediction and has demonstrated improved mean

and uncertainty estimates while reducing overfitting compared to conventional nonstationary
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kernels, particularly in 2D and 3D robotics applications.

Our proposed method introduces a new category for learning nonstationary kernels. We
provide a structured way to construct expressive kernels that scale well and can capture
complex nonstationary patterns while being robust to overfitting. In essence, our idea is
to build a nonstationary kernel via a self-adaptive composition of a set of base kernels.
The self-adaptivity nature of our kernel underlies its nonstationarity feature and is achieved
by integrating learnable and input-dependent weights with the base kernels such that the
resulting composition not only remains interpretable, but also is guaranteed to be a valid

kernel. We call our kernel SElf-adaptive Explainable Kernel or SEEK.

The remainder of the chapter is structured as follows. In Section 4.2, we introduce SEEK and
then present a comprehensive evaluation of its performance on multiple benchmark problems
in Section 4.3. We summarize our contributions and discuss potential directions for future

research in Section 4.4.

4.2 Methods

We briefly review GPs in Section 4.2.1. Then, we discuss the conditions that a valid covari-
ance function should satisfy and the main closure properties of kernels in Sections 4.2.2 and

4.2.3, respectively. These discussions set the stage for introducing SEEK in Section 4.2.4.

4.2.1 Gaussian Processes (GPs)

A GP is a stochastic process whose samples follow a multivariate normal distribution. In the
context of regression problems, we consider a training dataset D = {(x;, v;)}}Y,, and denote

the collection of inputs by X = [x1, ..., zy]T, where x; € X C RY, with corresponding out-
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puts y = [y1,...,yn]?, where y; € R. We assume that the samples are generated according

to the model?:

y(x) = f(x) + ¢ (4.1)

where f(x) is the unknown latent function and e ~ N(0, A\?) is the independent Gaussian
noise with variance A\?. Under this framework, we place a GP prior on f(x), i.e., f(x) ~
GP(m(x;0),c(x,x'; B)). Hereafter, we omit the dependencies of m(zx) on 0 and c(x, ') on

B3 to improve readability.

A key property of GPs is that they are closed under Bayesian conditioning. This implies that
the posterior distribution of f(x) conditioned on the observed data D remains a GP, i.e.,
f(x)|D ~ GP(m(x),c(x,x’)). Therefore, the posterior mean and variance at any unseen

input «* have the following closed-form expressions:
m(x") = m(x") + c(z*, X)Cx ' (y — m), (4.2a)

ezt x*) = c(z*, z*) — c(z*, X)Cy 'e( X, z¥), (4.2b)

where Cy = C + \?[ is the N x N covariance matrix with C = ¢(X, X), and m = m(X).
For the purpose of this paper, we only consider zero-mean functions, i.e., m(x) = 0, and

focus on the kernel for modeling nonstationary functions.

Although one could use the posterior equations from Eq. 4.2 directly for predictions without
estimating the kernel parameters B8 and noise variance A2, it is common practice to learn

them via maximum likelihood estimation (MLE), that is:

PR 1 1
[B, )\2] = argmin £ = argmin — log |Cy| + ~y" Cy'y. (4.3)

2The GP framework can be easily extended to multi-dimensional outputs but for simplicity we present
the formulation for the single-output case.
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Typical choices for ¢(x, ') are the stationary Gaussian and Matérn kernels:

c(x, 2') = exp(—d?), (4.4a)
o(m, @) = ?1(;) (vVavd) K., (Vavd). (4.4D)

In both cases, d = \/(z — x’)Tdiag(10¢)(x — @), where w € R” is the vector of lengthscale
parameters. In the Matérn kernel, K, is the modified Bessel function of the second kind,
and I' is the gamma function. It is common practice to fix v to half-integer values %,% or
g to simplify the I' and K, functions, leading to simpler closed-form expressions of Matérn

kernel that substantially reduce computational costs.

Stationary covariance functions, such as those in Equations 4.4a and 4.4b, introduce the
inductive bias that nearby input points yield correlated outputs. However, an extensive
class of functions can serve as valid GP kernels provided that they satisfy certain conditions,

which we review in the following sections.

4.2.2 Validity of Kernels for GPs

To serve as a valid kernel for GPs, a function must satisfy two necessary conditions:

Condition 1 (Symmetry). A function ¢ : X x X — R is symmetric if
c(xz,x') = c(x',x), Va '

Condition 2 (Positive semi-definiteness). A function ¢ : X x X — R is positive-semidefinite
(PSD) if, for any finite set of points {x1,xs,...,x,} C X, the resulting covariance matrix

C = [c(a:i,mj)}?jzl satisfies

a'Ca>0, VYacR'a#0.
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Conditions 1 and 2 ensure that c(x, ') is symmetric and PSD, making it a valid kernel for

GPs.

4.2.3 Some Closure Properties on Kernels

We now present four fundamental closure properties of kernels. These properties form the

theoretical foundation of SEEK.

Let ¢ : A XX - R, o0 : XXX — Rand ¢35 : Z x Z — R be valid kernels, with

Y : X — Z C R?. Then, the following functions are also valid kernels:
Property 1 (Scaling).

clx, ') =ac(x,x'), VYa>0.

Property 2 (Addition).

c(xz,x') = are1(z, ') + awca(x, &), Vag,az > 0.

Property 3 (Product).

c(z,x") = c1(x, ' )ea(x, ).

Property 4 (Warping).
c(x, @) = c3(¢p(x), ().

Building upon Properties 1—3, it follows that if f is a polynomial with non-negative coeffi-
cients, then f(c(x,x’)) is also a valid kernel. Theorem 1 further generalizes kernel validity
by establishing conditions under which polynomial transformations and related analytic ex-

pansions preserve kernel validity.
Theorem 1 (Kernel Validity under Analytic Transformations [176, Theorem 7.5.9]). Let

Z = |z;] € R™" be positive semidefinite, where 7, j € {1,...,n}.
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1. The Hadamard powers Z(*) = [zfj] are positive semidefinite for all £k = 1,2,...; they

are positive definite if Z is positive definite.

2. Let f(2) = ag + a1z + asz? + - - be an analytic function with nonnegative coefficients
and radius of convergence R > 0. Then [f(z;)] is positive semidefinite if |z;;| < R
for all 4,5 € {1,...,n}; it is positive definite if, in addition, Z is positive definite and

ar > 0 for some k € {1,2,...}.

3. The Hadamard exponential matrix [ezﬂ is positive semidefinite; it is positive definite

if and only if no two rows of Z are identical.

From this theorem, it follows that any analytic function f(-) which can be expressed (or
approximated) as a power series (e.g., a Taylor series expansion) with all non-negative coef-
ficients, preserves Condition 2 (PSD) within its radius of convergence. Moreover, since such

a function maintains symmetry (Condition 1), it then preserves the validity of the kernel.

This result can be leveraged to show that the Gaussian kernel is indeed a valid kernel, or
more generally, that the exponential transformation exp (c(x,x’)) preserves kernel valid-
ity. This reasoning naturally extends to other transformations, including sinh (¢(x, «)) and

cosh (c(x, x')).

Regarding Property 4, we note that it underlies input warping techniques such as deep
kernels [163] where a learned feature mapping () is used to transform the input space

before applying a base kernel.

These closure properties provide a principled and structured framework for systematically
constructing new kernels from existing ones while preserving the fundamental requirements
of symmetry and positive semi-definiteness, as outlined in Conditions 1 and 2. In Section

4.2.4, we leverage Properties 1—4 and Theorem 1 to introduce SEEK.
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4.2.4 SEEK: Our Proposed Kernel

SEEK is inspired by the architecture of a single artificial neuron in NNs [177]. In a typical
neuron, each feature is multiplied by a weight, a bias term is added, and the result is passed
through an activation function to capture complex patterns. Following this intuition, we
design SEEK by applying an appropriate nonlinear activation function to a weighted sum
of base kernels and an added bias term, ensuring validity through kernel closure properties
(Properties 1—4) and Theorem 1. In SEEK, the weights and the bias are learnable func-
tions of the inputs (e.g., parameterized by NNs), making the overall kernel nonstationary.

Definition 1 lays out the mathematical form of SEEK which is formulated in Equation (4.5).

Definition 1 (SEEK Kernel). Let x, 2’ € R” be two input vectors, and consider vector-
valued functions w,,(x; By,,) : R — R"™ and b(x; 3,) : R — RP, parameterized via B,
and B, respectively®. Given a set of M base kernels {c,,(x, z'; B,,) }*!_, and an appropriate

activation function ¢ : R — R, we define SEEK as:

C(CB, w,) = gb(z(ac, CBI)), (45)

with the pre-activation z(x, x’) defined as:

2(x,x') = Z w, () w,,(x)cep(x, ') + b (x)b(z). (4.6)

where we have dropped the dependence of the functions in Equations 4.5 and 4.6 on their

parameters to improve readability.

Figure 4.1 illustrates the overall workflow of SEEK, where the base kernels ¢,,(x, ') are

weighted, combined, and then passed through an activation function to produce the final

3Unless otherwise specified, all vectors are treated as column vectors.
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kernel output. This formulation enables SEEK to flexibly capture complex, nonlinear re-
lationships by modulating the contributions of multiple base kernels adaptively across the

entire input space. We now discuss three important features of SEEK.

Wy W

Learnable weights Wu r .‘
e HEE C

wowi .-

= lﬂ@@
r N

Gram matrix
b(x; Bs) el 2 2 —

Gram matrix

0

w(x;
\ Base kernels with
learnable parameters

{em(@,@'; Bew) Yot

Learnable bias

Figure 4.1 Schematic illustration of our kernel: SEEK has a set of weighted base kernels
with learnable hyperparameters where the weights are learnable functions. These weighted kernels,
along with a learnable bias term, are summed and then passed through an appropriate activation
function to produce the final nonstationary covariance function.

First, the weight functions w,,(x) and the bias function b(x) can be modeled using differ-

ent function approximators, each offering varying levels of expressiveness and complexity.

Potential choices include polynomials, NNs, or GPs.

The second feature is the flexibility in the choice of base kernels {c,,(x,2')}}_,, which can
include any valid stationary (e.g., Gaussian kernel) and nonstationary kernels (e.g., Gibbs
kernel). This flexibility allows SEEK to capture a wide range of behaviors, from globally
stationary phenomena to cases where smoothness and variability change across the input
domain. We highlight that SEEK can use M kernels of the same type (e.g., M Gaussians),

with each component learning specific patterns in different parts of the domain.

The last key feature is that each term in Equation 4.6 leverages kernel closure Proper-
ties 1—4 to ensure its validity. For instance, the terms w,) (z)w,,(z’) and b' (x)b(z’) are

valid kernels, as they result from applying Property 4 to the linear kernel. The product

91



w, (z)w,,(x")c,(x, ') also ensures validity, according to Property 3. More generally, by

m

applying Properties 1—3, it can be shown that the pre-activation z(x,x’) itself is a valid

kernel.

Choosing an appropriate activation function ¢(-) is essential to guarantee that the final result
is a valid kernel. As discussed in Section 4.2.3, potential candidates for ¢(-) include, but
are not limited to, exp(+), sinh(-) and cosh(:). The third feature discussed above is in fact
essential for ensuring the well-posedness of any nonstationary kernel. Just as PointNet [178],
an NN architecture for processing point clouds, ensures permutation invariance at each of
its building blocks, nonstationary kernels must guarantee kernel validity at every stage of

their construction.

This combination of features enables SEEK to provide a flexible, customizable, and inter-
pretable framework for kernel learning while ensuring kernel validity by construction. In
Section 4.2.5, we demonstrate the explainability of the proposed kernel, and in Section 4.3.2,

we conduct sensitivity analyses to provide more insights on its key design choices.

4.2.5 Explainability of SEEK: Illustrative Example

We demonstrate the behavior of the proposed method on the Analytic I problem introduced
in Section 4.3.1. We use a zero-mean GP with SEEK, trained via MLE on the same 50 data
points as in [160]. As base kernels, we employ Gaussian, periodic and Matérn kernels, i.e.,
M = 3, and use two independent neural networks—each with two hidden layers and four

neurons per layer—to learn the weights {w,,(z; Bw,, ) }}_, and bias b(x; B).

The main results are illustrated in Figure 4.2. Subplot (a) presents the predicted mean and

95% confidence interval of the model. Subplots (b,c) show the learned weighted base covari-

T

ances for the Gaussian and periodic kernels?, given by w,), (x)w,,(z')cy, (2, 2') for m = 1,2.

4For brevity, we omit the Matérn kernel and bias term in the subplots from Figure 4.2.
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Figure 4.2 Prediction of a GP using SEEK on the Analytic I problem, along with two

of the learned weighted base kernels and the resulting covariance function evaluated
at two reference points.

Subplot (d) illustrates the resulting covariance function ¢(z, z") from SEEK. The functions in
subplots (b-d) are evaluated at two reference points exhibiting different behaviors: smooth

at ' = 0.3 (purple) and high-frequency variations at 2’ = 0.9 (orange).

From Figure 4.2(a), we observe that our GP (1) produces highly accurate predictions, achiev-
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ing an RMSE of 0.013 which is notably smaller than 0.038 reported in [160], and (2) provides
well-calibrated prediction intervals, obtaining an NNOIS of 0.189 (see Eq. 4.10b). Figures
4.2(b) and 4.2(c) illustrate the learned weighted Gaussian and periodic kernels, respectively.
The weighted Gaussian kernel exhibits a similar trend at both reference points where it has
a maximum that is smoothly decreased. Unlike the Gaussian kernel, the weighted periodic
kernel varies adaptively. Specifically, for ' = 0.3, the kernel exhibits little to no variation
across the entire domain, aligning with the smooth nature of the underlying function. In
contrast, at ' = 0.9, the kernel adjusts to local variations, i.e., it exhibits an oscillating
pattern only in regions where the underlying function does as well. Finally, Figure 4.2(d)
presents the resulting covariance function obtained by Eq. 4.5. At a large scale, the covari-
ance functions for both reference points appear similar. However, a closer look (see insets)
reveals clear distinct behaviors: ¢(z, 2" = 0.9) exhibits a more oscillatory structure, driven

by the learned weighted periodic kernel, whereas ¢(z, ' = 0.3) presents a smoother behavior.

These results highlight the flexibility and interpretability of SEEK for kernel learning in GPs.
By dynamically adjusting the contribution of different base kernels, the model effectively cap-
tures both smooth and high-frequency behaviors in different regions of the input space. This
adaptive behavior is crucial for modeling complex, nonstationary functions where stationary

kernels inherently fall short.

4.3 Results and Discussion

We begin this section by introducing the datasets and evaluation metrics. Then, we conduct
sensitivity analyses to evaluate the dependence of our method on various design choices.
Finally, we present a series of comparative studies where we assess the performance of SEEK
against other nonstationary kernels. The numerical experiments in this section are imple-

mented using the open-source Python package GP+ [179].
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All simulations are repeated 16 times independently (except engineering problems in Section
4.3.4 and and Bayesian optimization (BO) runs in Section 4.3.5, which are repeated 8 times)
to ensure the results are representative across random initializations. Also, all the GPs are
trained via the L-BFGS optimizer with a learning rate of 0.01. For further implementation

and optimization details, please see Section C.1 in the Appendix.

4.3.1 Benchmark Problems and Metrics

We consider seven benchmark problems with varying levels of nonlinearity and dimension-
ality. These include analytic functions adopted from the literature [160, 180] and real-world

datasets derived from engineering applications [154, 181, 182, 183].
Analytic I: we consider the following 1D function [160]:

flz) = ﬁ (sin(52) + cos(10x)) + 1.435(x — 0.4)% cos(100z) + 0.659 (4.7)

where x € [0,1]. We use 55 points randomly drawn via Sobol sequence for our training

dataset, and corrupt these samples with noise € ~ N (0, \? = 107%).
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Analytic II: we design the following 1D function:

)
env(x) + 0.1 sin (87z) , 0<z<2,

0.5e*72 sin (27z) , 2 <z <4,

$nGWP+@—4ﬂ§f>,4§x<&

fx) = (4.8)
16t, 0<t<0.25,
6 <x <8,
8 —16t, 0.25 <t < 0.5,
sin (27z) 4 0.5 sin (87x) , 8 <z <10,
\
where
= (x — 6) mod 0.5,
with z € [0, 10] and
(
Az, 0<x<0.5,
env(z) = ¢ 2 0.5 <z < 1.5,

?

42—-x), lb<z <2

\

We draw 140 samples via Sobol sequence, and corrupt them with noise € ~ N(0, A\* = 107%).

Volcano: we consider a dataset containing the terrain elevation of Mount Saint Helens as a
function of planar spatial location [154]. This terrain exhibits nonstationary behavior due
to the presence of prominent environmental features, which contribute to spatially varying
smoothness and complexity of the terrain. We use a training dataset consisting of 400 data

points drawn via Sobol sequence, and corrupt them with noise € ~ AV(0, \*> = 1).
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Hartmann: we consider the 6D Hartmann function [184, 180]:

flx) = — iai exp (— iAij (xj _ Pij)2>, (4.9)

where x € [0,1]° and the constants a;, A;;, and P,; are typically set as follows:

a =10, 1.2, 3.0, 3.2,

10 3 17 35 1.7 8
0.05 10 17 01 8 14

A= ,
3 35 1.7 10 17 8
17 8 0.05 10 0.1 14
1312 1696 5569 124 8283 5886
2329 4135 8307 3736 1004 9991
P=10"*x

2348 1451 3522 2883 3047 6650

4047 8828 8732 5743 1091 381

This function has multiple local minima and is inherently nonstationary where small input
perturbations can induce large variations in the output. We use 800 samples for training

drawn via Sobol sequence, and corrupt them with noise € ~ AV(0, A2 = 107%).

ROM: we consider our in-house dataset derived from a reduced-order model for multiscale frac-
ture simulations of cast aluminum alloys [181]. Each sample contains 6 real-valued features
(four microstructural descriptors and two material properties) and a single output corre-
sponding to the toughness of the microstructure. In each repetition, we train the models
with 200 samples randomly drawn from the full dataset and test their performance on the

remaining 50 samples.

Elevators: this dataset [182] captures the behavior of an aircraft elevator control system.
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It has 18 continuous inputs representing the aircraft’s current flight state and recent elevator
commands, and a single response showing the desired elevator deflection for the next control
step. We discard eight of the input features as they do not affect the response and for
each repetition we randomly draw 1,750 training samples (20% of the full training set) and

evaluate the performance of the models on 7,847 test samples.

Pumadyn: this dataset [183] was derived from a realistic high-fidelity simulation of the dy-
namics of a Unimation PUMA 560 robot arm. We use the puma32H variant with moderate
output noise, where each data point contains 32 continuous input features including angular
positions, velocities, torques and additional dynamic parameters of the robot arms, and a
single continuous target corresponding to the angular acceleration of the arm’s sixth link.
For each repetition, we randomly draw 2,699 training samples (60% of the full training set)

and use 3,692 test samples to assess the performance of the models.

We note that we downsampled the training data due to scalability constraints. We aim to

address these limitations in future work, as discussed in Section 4.4.

For all our experiments, we scale both inputs and output using the mean and standard
deviation computed from the training set (to avoid data leakage). The same transformation
is then applied to the test set for consistency. We evaluate the performance of all models
across all examples using a noiseless test set consisting of N, samples. Our evaluation
metrics are the normalized root mean squared error (NRMSE) and the normalized negatively

oriented interval score (NNOIS):

S () — )2, (4.10a)
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NNOIS = % ! (a(e;) — ()
+ %(z(m Fl@) 1 fla:) < ()} (4100)
T %(f(;cz) u(x;))1{ f(z;) > u(ax;)},

where s is the output standard deviation of the Ny test samples, and I(x;) and u(x;) denote
the predicted lower and upper bounds of the prediction interval for the i-th test sample,
respectively. We employ 95% prediction intervals, i.e., a = 0.05, and thus its endpoints can
be computed via [(z;) = m(x;) — 1.96¢(x;, ;) and u(x;) = m(x;) + 1.96¢(x;, ;). 1{-} is an
indicator function which is 1 if its condition holds and zero otherwise. For both metrics in Eq.

4.10 lower values are better, with NRMSE reflecting the accuracy of the mean predictions

and NNOIS accounting for the quality of the prediction intervals.

4.3.2 Sensitivity Studies

We conduct four sensitivity studies to assess the impact of key design choices on the perfor-

mance of SEEK:

e Sensitivity Study 1 (Convergence behavior): we examine the convergence be-
havior as a function of data size N. For SEEK, we use a single Gaussian kernel as the

base kernel and compare it to the Gaussian kernel in Equation 4.4a.

e Sensitivity Study 2 (Kernel structure): we analyze the influence of the number
and types of base kernels used within SEEK. In the plots, we use the format “letter-
number” to indicate the type and total number of base kernels. Specifically, “G” refers
to the Gaussian kernel, “PE” to the power exponential kernel, and “H” to a hybrid

kernel (a combination of Gaussian, periodic, and Matérn kernels).

e Sensitivity Study 3 (Kernel activation function): we evaluate the impact of ¢
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by testing exponential, hyperbolic sine, hyperbolic cosine, and identity (denoted as

“iden”) activation functions.

e Sensitivity Study 4 (Network architecture): we investigate the impact of the
number of neurons and the choice of activation function in the NNs® employed for
learning w and b. We test three different activation functions: softplus, tanh, and

identity (i.e., no activation).

We evaluate the performance of the models in terms of NRMSE and NNOIS. The results of
these studies are summarized in Figure 4.3, where each row corresponds to a different study.
The analyses are assessed on the Analytic II function and the Volcano dataset. We note
that the solid lines and shaded bands in panels (a-d) and (m-p) represent the mean and 95%
confidence intervals across repetitions, respectively. The red lines in panels (e-h) and (i-])
indicate the first, second and third quartiles across repetitions, while the blue line indicates

the mean.

From Sensitivity Study 1 in Figure 4.3(a-d), we observe that SEEK achieves lower NRMSE
and NNOIS compared to the Gaussian kernel in both benchmark problems for all sample
sizes, except for N = 100 in the Volcano dataset. This discrepancy is attributed to the
fact that 100 samples are insufficient to capture meaningful patterns about the underlying
function, leading to both models clearly underfitting the data. In addition, as the number of
samples increases, the performance gap between SEEK and the Gaussian kernel decreases.
This behavior is expected due to the interpolation capabilities inherent to GPs. More specif-
ically, from Equations 4.2a and 4.2b, and assuming noiseless samples, we observe that, when

making predictions on the training dataset X:

®Only two hidden layers are used.
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Figure 4.3 Sensitivity studies: We conduct four sensitivity studies on two benchmark problems
to evaluate the impact of key design choices on the performance of SEEK. The results are based
on 16 repetitions.

(X, X) = (X, X) —W(IX, X) =0.

These results highlight the importance of nonstationary kernels in low-to-mid data regimes,
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where they significantly influence the model’s predictions. However, in high data regimes,
the inherent interpolation capabilities of GPs dictate the predictions, making the choice of

kernel less relevant.

This observation poses an interesting dilemma: while nonstationary kernels are more bene-
ficial in low-to-mid data regimes, they typically rely on a larger number of parameters. This
increased flexibility makes them more prone to overfitting compared to stationary kernels,
especially when samples are scarce. This trade-off implies that one must constrain the ker-
nel’s complexity (i.e., number of parameters) according to both the input dimensionality and

the available dataset size to prevent overfitting.

From Sensitivity Study 2 in Figure 4.3(e-h), we observe that SEEK benefits significantly from
an increased number of base kernels in both problems. For example, the model performs
noticeably better when using 6 Gaussian kernels (G-6) compared to just 1 (G-1). However,
the model does not show substantial improvement from combining different types of kernels
when a high number of base kernels is used, as seen in the comparison between models using

only Gaussian or power exponential kernels versus the hybrid kernel.

To visualize the above behavior, we present the predictions of a GP with SEEK using 1
and 6 Gaussian kernels as the base kernels, see Figure 4.4. While the model’s performance
with a single Gaussian kernel in Figure 4.4(a) is already strong, the use of six Gaussian
kernels in Figure 4.4(b) provides enhanced flexibility, allowing the model to learn more
complex patterns. This results in a noticeable reduction in overall error and more confident

predictions.

From Sensitivity Study 3 in Figure 4.3(i-1), we observe that the model performs better in
terms of both NRMSE and NNOIS if ¢(-) has nonlinearity. This is consistent with the dis-
cussion in Section 4.2.4, given that the activation function enhances the flexibility of the

kernel by introducing additional interactions between the weighted base kernels. Further-
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more, we do not observe a significant difference in performance as ¢(-) switches between the

exponential, hyperbolic sine, or hyperbolic cosine activation functions.

From Sensitivity Study 4 in Figures 4.3(m-p), we observe that the model performs well even
w and b are based on the identity activation function, suggesting that a simple linear map-
ping (instead of an NN) could provide decent accuracy for learning these functions (note that
the model does benefit from nonlinear activation functions such as tanh or softplus but this
benefit is not substantial in these examples). Once again, the model exhibits strong robust-

ness against overparameterization since its performance remains consistent as the number of

neurons is increased.
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(b) 6 Gaussians as base kernels.
Figure 4.4 Our proposed kernel SEEK with (a) 1 and (b) 6 Gaussian kernels as base
kernels on the Volcano dataset: Increasing the number of base kernels reduces error and im-

proves confidence, as reflected in the colorbars (same ranges are used in (a) and (b) to facilitate
direct comparison). Black dots represent the training data points.
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4.3.3 Comparative Studies

We compare SEEK with one Gaussian kernel as the base kernel against four kernels: Gaussian

(Eq. 4.4a), Gibbs [156], deep kernel (DK) [163], and attentive kernel (AK) [154].

To ensure a fair comparison, we use two hidden layers for the NNs used in the nonstationary
kernels, and ensure that the number of learnable parameters remains comparable across dif-
ferent approaches. All hidden layers employ the softplus activation function, while all output
layers use a linear (identity) activation. More specifically, in SEEK we use a single Gaussian
as the base kernel, and use two NNs with two hidden layers each having 2P neurons to model
w(x) and b(x), where P is the input dimensionality. The output layer of w contains a single
neuron, while b has two output neurons. The NN in the deep kernel consists of two hidden
layers with 4P neurons each, followed by a linear output layer of dimension P. Similarly,
the NN parameterizing the lengthscales in the Gibbs kernel comprises two hidden layers of
size 4P and a linear output layer with P neurons. Lastly, our implementation of the atten-
tive kernel employs 10 Gaussian kernels with fixed, equally spaced lengthscale parameters.
The two NNs (denoted as the z- and w-networks in [154]) used to compute similarity and
visibility attention scores have been unified, following the authors’ recommendations, and
designed so that the number of learnable parameters is on par with the other nonstationary

kernels.

The results of the comparative studies are summarized in Figure 4.5. For the Analytic I
problem, SEEK achieves the best performance in terms of NRMSE and NNOIS across all
kernels. This is a remarkable result, especially considering that, as shown in Figures 4.3(e-
h), SEEK achieves even better performance if provided with a richer set of base kernels.
However, as mentioned earlier, we intentionally restricted the model to a single base kernel
to maintain a comparable number of learnable parameters. Other nonstationary kernels, such

as the Gibbs and deep kernels, also show noticeable improvements over the Gaussian kernel.
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However, they do not demonstrate the same level of robustness across different repetitions

compared to SEEK, as reflected by their wider variations in the violin plots.

In the Analytic II and Volcano problems, a different trend is observed: although SEEK
remains the top-performing kernel, the stationary Gaussian kernel performs comparably or
even better than the other nonstationary kernels. We attribute this to the higher density of
training data in these two problems, which reduces the benefits of modeling nonstationarity
by increasing kernel’s flexibility. This aligns with the expected behavior of GPs, as discussed
in Section 4.3.2: in higher data regimes, the natural interpolation properties of GPs, com-
bined with the smooth prior induced by the Gaussian kernel, can yield sufficiently strong

predictive performance.

In the Hartmann problem, we observe that SEEK outperforms the Gaussian, deep and at-
tentive kernels in terms of NRMSE and NNOIS. However, the Gibbs kernel occasionally

achieves lower metric values (but also higher ones), as indicated by its wider violin plots.

In our studies, we noticed that more complex nonstationary kernels (with higher number
of parameters) generally require more data to outperform the Gaussian kernel in high-
dimensional, sparse settings where effectively learning input-dependent variations becomes
especially challenging. We attribute this to the fact that, while these nonstationary kernels
introduce additional flexibility to capture such local variations, they also incur a higher risk
of overfitting when data are limited. In contrast, the Gaussian kernel imposes a globally
smooth prior, acting as an effective regularizer. This observation aligns with prior works
[168, 185, 186], which combine flexible nonstationary kernels with sparse approximation

techniques to allow the GP to leverage large datasets in high dimensions.

Finally, we would like to comment on the attentive kernel [154]. As shown in Figure 4.5,
we found that it does not perform well on any of the benchmark problems. While we have

carefully validated our implementation against the authors’ provided code in [154] to ensure
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Figure 4.5 Comparative studies: We compare SEEK against other nonstationary kernels on
four benchmark problems with varying degrees of nonlinearity and dimensionality.

consistency, the observed performance in our studies may be caused due to variations in
experimental settings or hyperparameter choices. In addition, we suspect that a key factor
contributing to its inefficiency is that the lengthscale range recommended by the authors

may not generalize effectively across problems with varying dimensionality and complexity.

4.3.4 Engineering Problems

In this section, we evaluate SEEK on three challenging, high-dimensional engineering re-
gression problems (described in Section 4.3.1): our in-house ROM dataset, and the popular
Elevators and Pumadyn benchmarks. For these three problems, we compare SEEK against
the standard Gaussian kernel. The Elevators and Pumadyn datasets have been widely tested
in the literature, which allows us to also compare SEEK’s performance against regression
models other than GPs [187, 188, 189, 190, 191]. These studies aim to show that SEEK pro-

vides more accurate mean predictions and improved uncertainty quantification in realistic
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engineering datasets.

Similar to Section 4.3.3, we parameterize the weight function w(x) and bias function b(x)
with two separate feed-forward NNs. Each network comprises two hidden layers, with (4,
2) neurons for ROM, (8, 4) for Elevators, and (16, 8) for Pumadyn. We chose these layer
widths to roughly scale with input dimensionality while keeping the total parameter count

reasonable and manageable.

Figure 4.6 summarizes the results where we observe that in the ROM dataset SEEK achieves
roughly a two-times improvement in terms of NRMSE and NNOIS across repetitions. In
the Elevators dataset, SEEK also consistently outperforms the Gaussian kernel, achieving
a marginally lower NRMSE while reducing the NNOIS by over three times. However, we
observe a different trend in the Pumadyn dataset: the single-Gaussian kernel yields an slightly
lower NRMSE, but SEEK still delivers an approximately three-fold improvement in terms

of NNOIS. These results highlight, once again, SEEK’s capability in providing more reliable
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Figure 4.6 Engineering problems: We compare the performance of GP using SEEK versus a
standard Gaussian kernel on three high-dimensional engineering problems.

107



and informative uncertainty estimates, which is particularly valuable in engineering design

applications where trustworthy UQ is critical.

Finally, we highlight that across all our experiments we have found that GP models in-
corporating SEEK tend to converge more consistently and in fewer iterations than those
using conventional kernels. In particular, on the Pumadyn problem, we observed that the
single-Gaussian kernel failed to converge under the L-BFGS optimizer and only produced
the results shown in Figure 4.6 when trained with AdamW at an unusually high learning
rate of 1.0 to escape local minima. In contrast, GPs with SEEK converged smoothly under
the standard optimizer settings employed throughout our studies. This observation holds
across a variety of datasets and kernel settings, suggesting that reasonably increased kernel
flexibility can not only boost predictive performance but also improve optimization stability

and efficiency.

4.3.5 Bayesian Optimization

To further demonstrate the applicability of SEEK in design tasks, we evaluate its performance

in the context of BO where the uncertainty estimates of an emulator are used to balance
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Figure 4.7 Bayesian optimization: We compare the performance of GPs using SEEK or the
standard Gaussian kernel on two of the benchmarks.
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exploration and exploitation while optimizing expensive black-box functions.

We consider two benchmark problems in this section, namely the Analytic I and the three-
dimensional version of Hartmann, previously introduced in Section 4.3.1. For each problem,
we compare SEEK with the Gaussian kernel under identical BO settings. We employ the
Log Expected Improvement (LogEI) acquisition function and perform the optimization for
each kernel across 8 independent seeds. Each run is initialized with 6 samples and continued
for 50 BO iterations (in each iteration, the optimum kernel hyperparameters are obtained

by via 32 restarts).

In the case of SEEK, we parameterize the weight function w(x) and the bias function b(x)
with two separate feed-forward NNs. Each network comprises two hidden layers, with (1, 1)
neurons for Analytic I, and (3,3) for Hartmann, building kernels with 14 and 76 learnable
parameters, respectively. In comparison, the GPs with a Gaussian kernel have 3 and 5

learnable parameters for the two benchmark problems.

Figure 4.7 shows the best objective values obtained across iterations. We observe that SEEK
achieves superior convergence, typically reaching near-optimal values within 10-20 iterations,
while the Gaussian kernel requires substantially more evaluations. Moreover, SEEK exhibits

reduced variability across seeds, demonstrating the robustness of the proposed method.

We note that training costs of SEEK are slightly higher per iteration compared to the
Gaussian kernel but this additional cost is justified since SEEK converges faster and hence
reduces the overall sampling costs which is a much more important factor than emulator

training costs in BO.
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4.4 Concluding Remarks

We introduce SEEK, a flexible and interpretable framework for kernel learning in GPs.
We believe this method offers a novel and systematic approach for designing nonstationary
kernels while guaranteeing kernel validity. Our sensitivity analyses highlight that GPs that
use SEEK are robust against overparameterization. In addition, our extensive comparative
studies demonstrate that SEEK outperforms other stationary/nonstationary kernels in both

prediction accuracy and uncertainty quantification.

A natural direction for extending SEEK is to integrate it with sparse approximation tech-
niques to enhance its scalability to big data applications. In addition, as we discussed in
Section 4.2, SEEK is inspired by artificial neurons in NNs. This suggests a promising di-
rection: exploring its performance when stacked layer by layer, similar to how neurons are
combined in NN architectures. Another potential extension is to make the activation func-
tion itself learnable, which could further boost the model’s performance. Finally, applying
SEEK to real-world problems that require reliable uncertainty quantification also presents

an exciting avenue for future work.
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Chapter 5

Conclusions

This dissertation has developed three novel hybrid frameworks that leverage the comple-
mentary strengths of deep learning architectures and Gaussian processes to tackle complex

problems in computational science and engineering.

A central challenge in physics-informed machine learning lies in the complex optimization
landscape induced by multiterm loss functions derived from PDE systems. While several
strategies have been proposed to dynamically balance the contributions of PDE residuals,
BCs and ICs, the optimal weighting of these terms remains an open research question. In
Chapter 2, we introduced a hybrid framework for solving problems governed by nonlinear
PDEs that directly addresses this challenge. This framework exploits the closure properties
of GPs to enforce BCs and IC, while leveraging deep NNs in the GP mean function to handle
nonlinear constraints. This design eliminates the need for explicit BC/IC loss terms, leading
to a simpler and more robust training process. Although in this chapter we enforce only the
BCs and ICs through the GP kernel, the approach naturally extends to incorporate additional
linear constraints in the kernel. Extensive experiments across a variety of PDE systems

demonstrate that the proposed framework consistently outperforms competing methods,

111



achieves fast convergence in inverse problems, and exhibits strong robustness to optimizer
choice and parameter initialization. Its practical utility has further been demonstrated in
downstream engineering applications such as topology optimization [76] and compliance
minimization [192]. A current limitation of the approach is its inability to enforce constraints
in the absence of labeled data, such as periodic BCs. Therefore, devising specialized periodic
kernels represents a promising direction to address this limitation, particularly for multiscale

simulations where PDEs with periodic BCs frequently arise in fine-scale analyses.

In Chapter 3, we extended the applicability of the previous framework to parametric PDEs by
introducing a general GP-based approach for operator learning. The proposed framework
effectively approximates mappings between function spaces by reformulating the operator
learning problem as an equivalent regression problem. It can optionally leverage neural op-
erators as the GP mean function and incorporate prior physical knowledge in the training
process. Through a wide array of numerical benchmarks, we demonstrate the competitive-
ness of the framework and highlight two key advantages: (1) it enhances the performance
of a base neural operator when used as the mean function of the GP, and (2) it enables the
construction of zero-shot data-driven models that can make accurate predictions without any
prior training. The framework naturally extends to multi-output operators, which frequently
arise in PDEs such as the Navier—Stokes equations, and benefits from substantial computa-
tional speed-ups through Kronecker product matrix representations of the underlying kernel
matrices. However, the current framework relies on the assumption that both input and
output functions are discretized consistently at the same locations across all samples. This
limits its applicability to problems with fixed topologies, such as structured grids or uni-
form point clouds. Real-world scenarios can diverge from this setup, as observation points
may vary across samples based on the geometry. For instance, predicting flow fields around
objects with different shapes requires adapting observation locations—often represented as
point clouds—to the unique geometry of each object. We are actively pursuing a promising

direction to address this limitation by developing a domain decomposition method with dis-
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tributed GPs [150]. This approach splits the computational domain into smaller, manageable
subdomains for parallel problem-solving within each subdomain and subsequently combines

the results to form a global solution.

A standard choice for GPs —including in the frameworks presented in Chapter 2 and Chap-
ter 3— is to employ stationary kernels such as the Gaussian or Matérn kernel. While simple
and widely adopted, these kernels can produce suboptimal predictions and miscalibrated
uncertainty estimates in nonstationary settings with limited data. To address this challenge,
in Chapter 4 we introduced SEEK, a novel class of learnable kernels designed to model non-
stationary functions within the GP paradigm. The proposed kernel draws inspiration from
artificial neurons and is constructed from first principles to guarantee kernel validity through
symmetry and positive semi-definiteness. SEEK achieves nonstationary modeling by learn-
ing input-dependent compositions of base kernels where the weights are parameterized by
NNs. Our experiments on both analytic and real-world engineering datasets demonstrate
that SEEK consistently outperforms competing kernels in terms of predictive accuracy, un-
certainty quantification, and robustness to overparameterization. Looking ahead, several
directions should be considered. One is the integration of SEEK with sparse approximation
techniques to enhance its scalability to big data applications. Another is the exploration
of hierarchical SEEK architectures, i.e., stacking SEEK kernels layer by layer in analogy to
deep neural networks, which could further enhance the expressive power of the model for

capturing increasingly complex nonstationary phenomena.
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Appendix A

Solving Forward and Inverse

Problems Involving PDEs

A.1 Properties of a Gaussian Process Surrogate

We use an analytic one-dimensional (1D) function to demonstrate some of the most impor-
tant characteristics of GP surrogates. Specifically, we leverage a set of examples to argue
that GPs: (1) have interpretable parameters, (2) can regress or interpolate highly nonlinear
functions, (3) suffer from reversion to the mean phenomena in data scarce regions, (4) can
have ill-conditioned covariance matrices if their mean function interpolates the data, and
(5) with manually chosen hyperparameters can faithfully surrogate a function if sufficient
training samples are available. These properties underpin our decision for manually selecting
the kernel parameters in module one of our framework. They also demonstrate the effects

of a GP’s mean function on its prediction power and numerical stability.

As demonstrated in Figure A.1 our experiments involve sampling from a sinusoidal function

where we study the effects of frequency, noise, data distribution, function differentiability,
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adopted prior mean function, and hyperparameter optimization on the behavior of GPs. For

all of these studies we endow the GP with the following parametric kernel:
C(LU, l’/; 027 ¢7 6) = 02 exp{—(b(x - $/)2} + ]l{ﬂf == SU/}(S7 (Al_l)

where A = [02, ¢, §]T are the kernel parameters. In this equation, o2 is the process variance
which, looking at Equation (2.1) in the main text, does not affect the posterior mean and
hence we simply set it to 1 in our framework (this feature of our framework is in sharp
contrast to other methods such as [1] whose performance is quite sensitive to the selected
kernel parameters). The rest of the parameters in Equation (A.1-1) are defined as follows.
¢ = 10“ where w is the length-scale or roughness parameter that controls the correlation
strength along the x—axis, 1{-} returns 1/0 if the enclosed statement is true/false, and
0 is the so-called nugget or jitter parameter that is added to the kernel for modeling noise
and /or improving the numerical stability of the covariance matrix. We quantify the numerical

stability of the covariance matrix via its condition number or k.

Given some training data, A can be quickly estimated via maximum likelihood estimation
(MLE). We denote parameter estimates obtained via this process by appending the subscript

MLE to them, i.e., XMLE. Alternatively, we can manually assign specific values to .

We first study the effect of noise by training two GPs where both GPs aim to emulate
the same underlying function but one has access to noise-free responses while the other is
trained on noisy data, see Figure A.1 (a) and Figure A.1 (b), respectively. We observe in
Figure A.1 (a) that the estimated value for ZS\M L 1s very small since the data is noise-free (the
small value is added to reduce x) while in Figure A.1 (b) the estimated nugget parameter is
much larger and close to the noise variance (2.48e—3 vs. 2.50e—3). Additionally, comparing
Figure A.1 (a) and Figure A.1 (c) we observe a direct relation between the frequency of

the underlying function and the estimated kernel parameters. In particular, the magnitude
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of Wyrpr increases as u(x) becomes rougher since the correlation between two points on it
quickly dies out as the distance between those points increases (for this reason, w is also
sometimes called the roughness parameter). Further increasing the frequency of u(z) to the
extent that it resembles a noise signal directly increases Wy, z. These points indicate that

the kernel parameters of a GP are interpretable.

We next study the reversion to the mean behavior and numerical instabilities of GPs in
Figure A.1 (d) and Figure A.1 (e). In both of these scenarios the training data is only
available close to the boundaries. However, we set the prior mean of the GP in Figure A.1
(d) and Figure A.1 (e) to zero and m(z;0) = 6 x sin(27x), respectively. The reversion to the
mean behavior is clearly observed in Figure A.1 (d) where the expected value of the posterior
distribution is almost zero in the (—0.5,0.5) range where the correlations with the training
data die out. The reversion to the mean behavior is also seen in Figure A.1 (e) but this
time it is not undesirable since the functional form of the chosen parametric mean function
is similar to u(z) (note that a large neural network can also reproduce the training data
but such a network cannot match u(z) in interior regions where there are no labeled data).
This similarity forces the kernel to regress residuals that are mostly zero (i.e., the kernel
must regress a constant value in the entire domain). Since any two points on a constant
function have maximum correlation, regressing such residuals requires ¢ — 0 which, in turn,
renders the covariance matrix ill-conditioned to the extent that k — 400. Based on these
observations, in our framework we do not estimate the kernel parameters jointly with the

weights and biases of the deep neural network (NN).

Lastly, in Figure A.1 (e) we demonstrate that GPs can interpolate non-differentiable func-
tions as long as they are provided with sufficient training data. The power and efficiency of
GPs in learning from data is quite robust to the hyperparameters. As shown in Figure A.1
(g) through Figure A.1 (i) GPs with manually selected w can accurately surrogate u(x) re-

gardless of its frequency (the nugget value in these three cases is chosen such that x does
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Figure A.1 Properties of Gaussian processes: We demonstrate that GPs have interpretable
hyperparameters and can regress a wide range of functions. The dependency of regression quality
on the hyperparameters rapidly decreases as the size of the training data increases.

not exceed a predetermined value). This attractive behavior forms the basis of our choice
to manually fix ¢ in the first module of our framework. It is highlighted that the manual

parameter selection results in sub-optimal prediction intervals but this issue does not affect

our framework since we do not leverage these intervals.
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A.2 Methods Description

Below, we briefly introduce the four PIML models that we have used in our comparative
studies. To be able to directly compare the implementation of the four PIML models, we

use Burgers’ equation in the following descriptions. The PDE system is:

U + Uy — Vg, = 0, Vo e [-1,1],t € (0,1] (A.2-2a)
u(=1,t) =u(l,t) =0, vVt € [0,1] (A.2-2b)
u(z,0) = —sin (7zx), Vo e [—-1,1] (A.2-2¢)

where x = [z, t] are the independent variables, u is the PDE solution, and v is a constant
that denotes the kinematic viscosity. Also, we denote the output of the NN models via
m(x; @) throughout this section. Note that we also employ m(x; ) for denoting the NN in

the mean function of NN-CoRes.

A.2.1 Physics-Informed Neural Networks (PINNs)

As schematically shown in Figure A.2, the essential idea of PINNs is to parameterize the
relation between u and x with a deep NN [35], i.e., u(x) = m(x;0) where 0 are the net-
work’s weights and biases. The parameters of m are optimized by iteratively minimizing a
loss function, denoted by L£(0), that encourages the network to satisfy the PDE system in
Equation (A.2-2c¢). To calculate £(0), we first obtain the network’s output at npc points on
the x = —1 and = 1 boundaries, n;¢ points on the t = 0 boundary which marks the initial
condition, and nppg collocation points (CPs) inside the domain, see Figure A.2b. For the
npc + nyc points on the boundaries, we can directly compare the network’s outputs to the
specified boundary and initial conditions in Equations (A.2-2b) and (A.2-2c¢). For each of

the nppr CPs, we evaluate the partial derivatives of the output and calculate the residual
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in Equation (A.2-2a). Once these three terms are calculated, we obtain £(€) by summing

them up as follows:

/:(0) = LPDE(H) + LBc(e) -+ ﬁ[c(@)

1 nNPDE
= Zl (M (x4 0) + m(xi; 0)my, (x4 0) — vimg.(xi; 0))°+ (A.2:3)
1 npc 1 nric
— m(x;;0) — 0)* + — m(x;; 0) + sin (rx;))?
nBCiZI( (x:;6) —0) "10121( (x:;6) (7))

The loss function in Equation (A.2-3) is typically minimized via either the Adam [193] or
L-BFGS [194] methods which are both gradient-based optimization algorithms. With either
Adam or L-BFGS, the parameters of the network are first initialized and then iteratively
updated to minimize £(0). These updates rely on partial derivaties of £(0) with respect to

0 which can be efficiently obtained via automatic differentiation [43].

While Adam and L-BFGS are both gradient-based optimization techniques, they have some
major differences [195]. Adam is a first-order method while L-BFGS is not since it is a quasi-
Newton optimization algorithm. Compared to Adam, L-BFGS is more memory-intensive and
has a higher per-epoch computational cost since it uses an approximation of the Hessian ma-
trix during the optimization. Moreover, Adam scales to large datasets better than L-BFGS
which does not accommodate mini-batch training. However, L-BFGS typically provides

lower loss values and requires fewer epochs for convergence compared to Adam.

A.2.2 PINNs with Dynamic Loss Weights

One of the challenges associated with minimizing the loss function in Equation (A.2-3) is that
the three terms on the right-hand side disproportionately contribute to £(€). To mitigate

this issue, a popular approach is to scale each loss component independently before summing
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them up, that is:
L(0) = Lrpr(0) + wpcLpc(0) +wicLic(0). (A.2-4)

Since the scale of the three loss terms can change dramatically during the optimization
process, these weights must be dynamic, i.e., their magnitude must be adjusted during
the training. In our experiments, we follow the process described in [39] for dynamic loss

balancing and highlight that this approach is only applicable to cases where Adam is used.

A.2.3 PINNs with Hard Constraints

An alternative approach to dynamic weight balancing is to eliminate Lpc(6) and L;o(0)
from Equation (A.2-3) by requiring the model’s output to satisfy the boundary and initial

conditions by construction [50]. To this end, we now denote the output of the network by

NpDE

i - _ 2
i SDE LosspDE L@ = Z (mg + mm, = vim,y)
E U + UUy — Vil = 01 Lppp(0)— Lpc(0) = anCZ(m —0)2
BC Loss BC Qg
L 9T u(=1,0) = u(1,0) = 0} | Lc(8) fre©) = n—,CZf’” sin(mx,))*
x i=
IC Loss IC S VAt yearecs
End +| u(x,0) = — sin(mx) |—+ L;c(0) .'.'..:.' o°e e
\ IYes Loss 0; Ve *e®%
0 o o i ° d o,
| Update & | £(6) < €? | L(8) = L,p(6) + Lyc(8) + L,c(0)| ORI
-1 M
(a) Architecture and loss function for solving the Burgers’ equation. (b) Test points in the domain

and on the boundaries.

Figure A.2 Physics-informed neural network (PINN): The model parameters, 8, are op-
timized by minimizing the three-component loss function that encourages the network to satisfy
the PDE inside the domain while reproducing the initial and boundary conditions. These loss
components are obtained by querying the network on a set of points that are distributed inside the
domain or on its boundaries.
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m(x; @) and then formulate the final output of the model as:
m(x; 0) = a(x)m(x;0) + b(x), (A.2-5)

where a(x) and b(x) are analytic functions that ensure m(x; @) satisfies Equations (A.2-2b)
and (A.2-2¢) regardless of what m(x; @) produces at x. A common strategy is to choose a(x)
to be the signed distance function that vanishes on the boundaries and produces finite values
inside the domain. The construction of b(x) is application-specific since one has to formulate
a function that satisfies the applied boundary and initial conditions while generating finite

values inside the domain. For the PDE system in Equation (A.2-2c¢), one option is b(x) =

—2sinmx

1+e—t

A.2.4 Optimal Recovery

This recent approach leverages zero-mean GPs for solving nonlinear PDEs [1]. Specifically,
let us denote the kernel of a zero-mean GP via c(-, -). We associate ¢(-, -) with the reproducing
kernel Hilbert space (RKHS) U where the RKHS norm is defined as ||ul|. Following these
definitions, we can approximate wu(x) by finding the minimizer of the following optimal

recovery problem:

minimize ||u||
uel

subject to
(X)) + u(x)up (X;) — Vg (x;) =0, Vi=1,...,nppp (A.2-6)
u(x;) =0, Vi=1,...,npc,
u(x;) = —sin (7x;), Vi=1,...,nc,
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where nppg, npc, nic are the number of nodes inside the domain, on the x = —1 and x =1
lines where the boundary conditions are specified, and on the ¢ = 0 line where the initial
condition is specified, respectively. We denote the collection of these nppg + npc + nic

points via X.

The optimization problem in Equation (A.2-6) is infinite-dimensional and hence [1] leverage
the representer theorem to convert it into a finite-dimensional one by defining the slack

variable z = [z(l), FORON 2(4)]:

minimize 2/ ©® 'z

zeRN
subject to
zz@) + z,fl)zg?’) — 1/254) =0, Yi=1,...,nppE (A.2-7)
20 =, Vi=1,...,n5c,
21(1) = —sin (7z;), Vi=1,...,nc,

where N = 4(nppr +npc+nic) +3nppr and O is the covariance matrix (see Section 3.4.1
of [1] for details on ©). Equation (A.2-7) can be reduced to an unconstrained optimization
problem by eliminating the equality constraints following the process described in Subsection
3.3.1 of of [1]. Once z is estimated, the PDE solution can be estimated at the arbitrary point

x in the domain via GP regression.

We note that the process of defining the slack variables and obtaining the equivalent finite-
dimensional optimization problem needs to be repeated for different PDE systems (e.g., in
a PDE system one may have to define some of the slack variables as the Laplacian of the
solution rather than the solution itself). Also, per the recommendations in [1], ¢(-,-) is set
to an anisotropic kernel and its parameters are chosen manually (i.e., they do not need to be
jointly estimated with z) but, unlike our approach, this choice must be done carefully since

it affects the results. In our comparative studies, we use the values reported in [1] for the
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kernel parameters.

A.3 Neural Networks with Kernel-Weighted Correc-

tive Residuals Reproduce the Data

Proof. We prove that the error of our model in reproducing the boundary data converges to
zero as we increase the number of sampled boundary data. For the sake of completeness, we

begin by a definition and invoking two theorems and then proceed with our proof.

Definition A.1 (Reproducing kernel Hilbert space). Let H be a Hilbert space of real func-
tions u defined on an index set X. Then, H is called a Reproducing kernel Hilbert space
(RKHS) with the inner product (-,-)3 if the function ¢ : X x X — R with the following

properties exists:

e For any x, c(x,X') as a function of X" is in H,

e ¢ has the reproducing property, that is (u(x'), c(x', %))y = u(x).

Note that the norm of u is ||ul|ly = /{u, w)y and that {c(x,-),c(x,-))y = c(x,%) since both

c(x/,+) and c(x,-) are in H.

Theorem A.1 (Mercer’'s Theorem). The eigenfunctions of the real positive semidefinite

kernel c(x,x") whose eigenfunction expansion with respect to measure w is c(x,x’) =

Zf\il a; (X)) (x"), are orthonormal. That is:

[ oty =5, (A38)

where 0;; denotes the Kronecker delta function. Following this theorem, we note that for

a Hilbert space defined by the linear combinations of the eigenfunctions, that is u(x) =
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ity uthi(x) with 305 wi/aq < 0o, we have |[ullf, = (u, uhy = 307 i/

Theorem A.2 (Representer Theorem). Each minimizer u(x) € H of the following functional

can be represented as u(x) =Y . o;c(X,X;):

g
Flu(x)] = §||U(X)||72L¢ + P(h,u). (A.3-9)
where h = [hy, -+, hy)|T is the observation vector, u(x) denotes the function that we aim to
fittoh, u=[u(xy), -, u(x,)] = [u, -+, u,]T are the evaluations of u(x) at configurations

where h are observed, (8 is a scaling constant that balances the contributions of the two terms
on the right hand side (RHS) to F[u(x)], and P(-,-) is a function that evaluates the quality

of u(x) in reproducing h. For proof of this theorem, see [196, 197, 198].

In our case, to prove that our model can reproduce the boundary data we first assume that
the initial and boundary conditions are sufficiently smooth functions and that the neural
network (i.e., the mean function of the GP) produces finite values on the boundaries. These

assumptions simplify the proof by allowing us to work with the difference of these two terms.

We now consider a specific form of Equation (A.3-9):

P

FluGe)) = 3Gl + 5 S = u(x), (A3-10)

where u(x) is the zero-mean GP predictor and ||u(x)|| is the RKHS norm with kernel
¢(+,+). The second term on the right hand side corresponds to the negative log-likelihood of
a Gaussian noise model with precision A\* and hence the minimizer of Equation (A.3-10) is the
posterior mean of the GP [199]. Hence, we now need to show that as n — oo the minimizer
of Equation (A.3-10), which is our GP, can reproduce the data h. We denote the ground
truth function that we aim to discover and the variance around it by, respectively, h(x) and

7%(x) = [(h — h(x))*dr(h|x) where 7(x, h) is the probability measure that generates the
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data (x;, h;).

We rewrite the second term on the right hand side of Equation (A.3-10) as:

n

ijr;M&»1:ﬂ{/w—u@D%ﬂ&h%=

=1

E

n/(h — h(x) + h(x) — u(x))*dr(x, h) = (A.3-11)

n/7’2(x)d7r(x) +0+ n/(h(x) —u(x))%dr(x).

where the zero on the last line is due to the definition of h(x), i.e., h(x) = E[h|x]. Since

72(x) is independent of u(x), we can use Equation (A.3-11) to rewrite Equation (A.3-10) as:

Ffu()] = gl + 2~ [ (h(x) — u(x) (). (A3-12)

We now invoke Mercer’s theorem to write u(x) = > .~ w);(x) and h(x) = > .2, hit);(x)
where 1); are the eigenfunctions of the nondegenerage kernel of the GP. Since {¢;} form an

orthonormal basis, we can write:

Frfu(x)] = 5 d 4 — > (hi —w)*. (A.3-13)

We take the derivative of Equation (A.3-13) with respect to u; and set it to zero to obtain:

a;h;

%+—W. (A.3-14)

u; =

Since 1/nA? — 0 as n — oo, in the limit u; — h;, i.e., our zero-mean GP predictor corrects
for the error that m(x, @) has on reproducing the initial and boundary conditions. Note that
the convergence in Equation (A.3-14) does not depend on 7%(x) and hence holds for the case

where the observation vector h is noisy. O
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A.4 Additional Experiments

In the following subsections, we summarize the findings from additional experiments in
forward problems. First, we provide further details on the results obtained for the LDC
problem. Next, we present the results obtained using NN-CoRes for the 2D Helmholtz
equation. Finally, we compare and discuss the computational cost of our method with that

of PINN.

A.4.1 Lid-Driven Cavity Problem

The solution of the LDC problem consists of three dependent variables which are the pressure
p(x) and the two velocity components in the = and y directions, u(x) and v(x), respectively.
In the main text we report the mean of the Euclidean norm of the error on the three outputs
(see Table 2.1 in the main text). In Table A.1 we provide the errors for the individual
outputs of this benchmark problem and observe the same trend where NN-CoRes consistently
outperforms other methods. We also notice that all the models predict pressure with less
accuracy compared to the velocity components. This trend is due to the facts that not only
the scale of p(x,y) is smaller than the velocity components, but also p(z,y) is known at
a single point on the boundaries whereas u(z,y) and v(z,y) are known everywhere on the

boundaries.
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NN-CoRes GPoRr PINN PINNpL PINNgc

Capacity
m 4®10 4® 20 1,000 2,000 4® 10 4® 20 4®10 4® 20 4®10 4® 20

u 1.92e—1 8.56e—2 — - 2.66e—1 1.23e—1 2.99e—1 1.26e—1 3.99e—1 4.97e—1
LDC (A =3) v 1.74e—1 8.25e—2 — — 2.78e—1 1.28e—1 3.07e—1 1.23e—1 3.06e—1 3.95e—1
D 1.91e—1 9.19e—2 — — 2.72e—1 1.33e—1 2.98e—1 1.25e—1 5.92e—1 6.96e—1
u 2.49e—1 2.22e—1 - — 6.0le—1 5.67e—1 5.97e—1 5.18e—1 1.02e0 7.57e—1
LDC (A =5) v 2.51le—1 2.20e—1 - — 6.32e—1 5.92e—1 6.29e—1 5.43e—1 7.04e—1 5.64e—1
D 4.33e—1 3.94e—-1 - — 9.17e—1 8.72e—1 9.23e—1 8.09e—1 1.36e0 1.41e0

Table A.1 Summary of comparative studies for the LDC problem: We report Ly, of
different methods as a function of model capacity and A. The symbol ® indicates the network
architecture (e.g., 4 ® 10 is an NN which has four 10— neuron hidden layers). Unlike NN-based
methods, GPoRr’s accuracy relies on the number of interior nodes which we set to 1,000 or 2,000.
GPor is not applied to LDC as it relies on manual derivation of the equivalent variational problem
which, unlike the first three PDEs, is not done by the developers [1].

A.4.2 2D Helmholtz Equation

In Figure A.3 we solve a canonical PDE system known as Helmholtz [39] which is defined

as:
U (T, ) + gy (2, y) +u(z,y) = q(z,y), Vr,y € (—1,1)?

u(z,—1) = u(x,1) =0, Vo e [-1,1] (A.4-15)

u(=1,y) =u(l,y) =0, vy € [—1,1]

In Equation (A.4-15), g(x,y) is constructed such that the analytic solution is u(z,y) =
sin(a;mz) sin(agmy) where a; and as are two constants that control the frequency along the z
and y directions, respectively. The Helmholtz equation is a well-studied benchmark problem
since PINNs fail to accurately solve it. To address this shortcoming, recent works have
introduced quite complex architectures which typically leverage adaptive loss functions. We
test our framework on this benchmark problem by setting a; = 1 and ay, = 4 while using
the same architecture and training procedure that are used in our comparative studies. As
shown in Figure A.3 our predictions accurately capture both the high- and low-frequency
features of the solution. We note that the solution in Figure A.3 is 5 times more accurate
than the one reported in [39] which employs a considerably larger architecture (4 ® 50) and

leverages the adaptive loss function described in Equation (A.2-4).
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Figure A.3 Reference solutions, predicted solution and error map on the Helmholtz
equation: Our approach with a 4 ® 20 architecture provides much lower errors compared to other
methods and automatically adapts to high- and low-frequency solutions.

A.4.3 Computational Cost

To provide a benchmark for the computational cost of NN-CoRes, we report in Table A.2
its training time per epoch compared to PINN (using the same architecture and optimizer
settings). As it can be observed, the time per epoch of NN-CoRes is slightly higher com-
pared to PINN across different problems. We attribute this behavior to the fact that our
method needs to evaluate the kernels in addition to the NN-based mean function for making
predictions. While this slightly increases the inference costs, it offers the advantage of au-
tomatically satisfying the BCs/IC and facilitating the training of the NN by only requiring
one term in the loss function (see Figure 2.1). This leads to faster convergence and higher

accuracies across all problems, as demonstrated in Figure 2.9 and 2.10.

Problem
Burgers’ (v = %21)  Elliptic (o = 30) Eikonal (e = 0.01) LDC (A = 5)
Model
NN-CoRes (4 ® 20) 0.91 1.18 1.11 1.94
PINN (4 ® 20) 0.70 0.84 0.83 1.24

Table A.2 Training time in seconds per epoch for NN-CoRes and PINN across different
problems with L-BFGS: NN-CoRes takes slightly more time per epoch across all problems
compared to the baseline PINN. However, the curves shown in Figure 2.9 and 2.10 show that NN-
CoRes requires fewer epochs to converge than PINN while consistently achieving higher accuracies.
The symbol ® indicates the network architecture (e.g., 4 ® 20 is an NN which has four 20—neuron
hidden layers).
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Appendix B

Operator Learning in Parametric

PDEs

B.1 1D Burgers’ Equation with Large Gradients

To evaluate the performance of the proposed method when the solution maps exhibit large

gradients, we consider the 1D Burgers’ problem with zero Dirichlet BCs and { = 0.01:

v + vy — Cuge =0, Vo e (0,1), te(0,1]
v =0, Ve ={0,1}, te€[0,1] (B.1-1)

v =u, Ve e [0,1], t=0.

We use N = 800 samples and set p = 100 and ¢ = 34 x 34. We employ both zero- and
DeepONet-mean GPs in our framework which achieve L2 relative test errors of 2.84% and
3.03%, respectively. Figure B.1 shows the results obtained for a random test sample. As
illustrated, both the zero- and DeepONet-mean GP are able to accurately learn the sharp

gradients in the solution map.
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. Test output Predicted output Pointwise error
Test input X1
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(a) Our GP framework with zero-mean is able to accurately capture the large gradients in the solution.

. Test output Predicted output Pointwise error
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(b) Our GP framework with DeepONet-mean is able to accurately capture the large gradients in the
solution.

Figure B.1 Example test input, output, predictions and pointwise error: We provide
the results obtained with our zero-mean and DeepONet-mean GP for one test example for the 1D
Burgers’ equation with zero Dirichlet BCs and ¢ = 0.01. The L2 test relative error across 200 test
samples for each model is 2.84% and 3.03% respectively.

B.2 Fixing versus Optimizing j,

In Section 3.2.3, we propose a training strategy that involves fixing 3, to a large value,
e.g., 103, based on the assumption that output functions are typically richly sampled for
operator learning purposes. This approach enables the GP to effectively capture correlations
in €2, without any training, while ensuring the numerical stability of C, and eliminating
the need to invert it in every optimization iteration. However, dense observations may
not always be available, especially when data is collected from physical experiments rather
than simulations. Fortunately, our GP framework is flexible enough to accommodate these

situations by optimizing £, instead of fixing it.

To demonstrate the effect of fixing 3, versus optimizing it, we conduct an experiment on
the Burgers’ equation with Dirichlet BCs, i.e., Equation (3.5). We report the test relative

L2 error of our zero-mean GP as a function of the output function resolution ¢ under two
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scenarios: (1) fixing §, at 10° and following the proposed strategy, and (2) optimizing S,
alongside the other parameters. For this study, we set N = 800 and p = 100. The results of
these studies are summarized in Figure B.2. We observe that fixing 3, achieves comparable
or even better performance as the output function resolution increases. In contrast, when the
output function is sampled at coarser resolutions, optimizing £, yields better results since it
allows the GP to more accurately capture correlations within €2,. Therefore, practitioners
always have the option of optimizing 3, if they suspect the observation density is low.
Additionally, given the low computational cost of our approach, one can experiment with

both strategies and choose the one that performs best.

Fixing 3,

5 —e— Optimizing 3,
2
N
3
z
E 1071 J
[
o~
z
z \\

12 x 12 25 %25 34 x 34 50 x 50

q

Figure B.2 Optimizing versus fixing 3, in training with our zero-mean GP for the
Burgers’ equation with Dirichlet BCs: Fixing 3, achieves comparable or slightly better per-
formance as the output function is observed at finer resolutions. Optimizing (3, is the better choice
when the output function is not observed at a fine enough resolution.
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Appendix C

Learning Nonstationary Kernels

C.1 Implementation And Optimization Details

All experiments in Sections 4.3.2 and 4.3.3 have been implemented using the Python package
GP+ [179]. For the optimization of the models, we used the L-BFGS optimizer from PyTorch
with a fixed learning rate of 0.01. To reduce the risk of converging to suboptimal solutions,
we used the strategy of rerunning the optimization of models with different initializations of
the learnable parameters. This is a common and well-known strategy, especially for training
models like GPs. Although it is not necessary to use this many reruns, to give each model
enough opportunity to show its best performance and reduce the effect of the initial values

of learnable parameters on the performance of the models, we used 80 reruns.

In practice, we don’t need to reinitialize these many times to get decent results. Yet, it
should be mentioned that it makes more sense to increase the number of initializations as

the problem’s dimensionality increases, since the optimization space typically grows with it.

Each model was trained for a maximum of 2,000 epochs and we applied early stopping if the
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computed loss failed to improve for 20 consecutive epochs. All experiments were conducted

on a machine equipped with an Intel Core i9-14900KF CPU and 64 GB of RAM.
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