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Abstract:

This paper presents a new analytical multilayer cylindrical heat source model for
vertical ground heat exchangers (GHES) installed in layered ground using the new
integral-transform method. The analytical model was validated by model degradation,
numerical simulation, and a laboratory-scale experiment. Results indicate that
temperature profiles of vertical GHEs in layered ground are quite different from those
in homogeneous ground, and that temperature differences increase with time. Thermal
property differences between ground layers were found to result in additional vertical
heat transfer across layer interfaces, which is not observed in homogeneous ground.
Cross-layer thermal interaction was found to be stronger when thermal property
differences are larger. The new cylindrical heat source model was also compared with
the multilayer line heat source model, and it was found that differences between the
two models decrease with time. Further, larger GHE thermal loads and smaller ground
thermal conductivity values led to larger error of multilayer line heat source model.
The new multilayer cylindrical heat source model was found to be suitable for quickly

considering the effects of ground stratification on the design of vertical GHEs.
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Nomenclature

r, dimensional radius of vertical GHE [m]

r' dimensional radial axis in cylindrical coordinates [m]
r dimensionless radial axis in cylindrical coordinates [1]
z' dimensional vertical axis in cylindrical coordinates [m]

z dimensionless vertical axis in cylindrical coordinates [1]
h" dimensional depth of disk heat source [m]

h dimensionless depth of disk heat source [1]

h; dimensional depth of vertical GHE [m]
h, dimensionless depth of vertical GHE [1]
h' dimensional depth of soil layer [m]

h. dimensionless depth of soil layer [1]

t" dimensional time [s]

t dimensionless time [1]

q. dimensional vertical heat flux [W/m’]

q, dimensional vertical heat flux of disk heat source [W/m’]
g, dimensionless vertical heat flux [1]

q,. dimensionless vertical heat flux of disk heat source [1]

T' dimensional temperature [K]

T dimensionless temperature [1]

Q, thermal load per GHE length [W/m]

k; thermal conductivity [W/(m-K)]
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p. density [kg/mﬂ
¢, specific heat capacity [J/(kg-K)]
o, thermal conductivity ratio [1]

[, heat capacity ratio [1]
s Laplace variable

¢ Hankel variable
Superscript

~ Laplace transformed variable

~ Hankel transformed variable

Subscript
0 reference value

I property of the corresponding ground layer
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1. Introduction
1.1 Background

Ground coupled heat pump (GCHP) systems are a promising technology that can
contribute to the development of energy efficient buildings. As integrating energy
systems on the consumer side is a current trend, GCHP systems can be effective
components of distributed energy systems due to the high efficiency of GCHP
systems in providing spacing cooling and heating [1, 2]. Also, researchers have
recently studied the optimal design and control strategy of hybrid systems that
integrate GCHP systems with solar energy [3, 4], and such hybrid systems may
alleviate the cumulative ground thermal unbalance encountered in heating dominant
regions.

GCHP systems uses the ground as a heat source or sink. Due to the stable
temperature and high specific heat of the ground, GCHP systems have higher energy
efficiency than traditional air source heat pumps [5]. Ground heat exchangers (GHES)
are one of the key components in GCHP systems and consist of closed-loop pipes
through which heat is carried by circulating fluid and transferred to or from the
ground. The thermal response and heat transfer performance of GHEs are importance
to the design and operation of GCHP systems [6]. To interpret thermal response tests
(TRTSs) performed to characterize the thermal response of GHEs, heat source models
of GHE are needed [7]. Further, GHE heat source models are necessary for the design
of GCHP systems, and analytical models are preferred by designers due to their speed
and ease of implementation. In the past two decades, many analytical and numerical
heat transfer models for vertical GHEs have been proposed for conventional borehole
GHEs that consist of closed-loop heat exchange pipes within a borehole backfilled
with sand-bentonite grout and energy piles that have GHE pipes embedded in
concrete and having relatively larger diameters [8-11]. Yang et al. [6] reviewed the
various models for heat conduction outside and inside boreholes GHEs. Park et al.

evaluated the effects of grout material on the analytical heat source solutions along
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with experiments and numerical simulations [12, 13]. Li et al. [14] compared the
analytical models for vertical GHE with respect to time and space scales.

An observation from these previous studies is that most existing analytical
models assume that the ground surrounding GHE is homogeneous, or that ground
thermal properties are uniform. However, the ground is always layered, especially in
the context of vertical GHEs with lengths greater than 100 m. Vertical GHEs might
pass through different strata of soil or rock having large differences in thermal
properties. Further, the degree of saturation of soil or rock near the ground surface
may fluctuate with time, influencing the thermal properties by up to an order of
magnitude [15-18]. It was also found that the variation in degree of saturation above
the groundwater table leads to nonuniform temperature profiles with depth [19]. In the
cases of layered ground, assuming a homogeneous ground may result in large errors
in predicting temperature profiles of vertical GHEs [20, 21]. Although numerical
models permit the consideration of multiple ground layers, analytical models provide

a simpler and quicker tool to provide heat transfer information.

1.2 Experimental and numerical studies of vertical GHEs in layered ground

Recently, researchers have performed experimental studies on heat transfer
processes for vertical GHEs installed in multilayered soils. For example, Li et al. [20]
studied the effects of the heat transfer rate on vertical GHESs in layered subsurface and
found that temperature stratification between sand and clay close to a GHE could be
drastic, and the difference increases with larger heat load and lower ground thermal
diffusivity. Guo et al. [21] conducted a thermal response test (TRT) on a full-scale
energy pile in multilayered strata. The system thermal conductivity of the ground
calculated through TRT that used a homogeneous cylindrical model is about 2 times
larger than the values measured in the laboratory for individual soil layers. They noted
that the relatively short fitting time and high heating power applied in TRT may be

responsible for the error.
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Some researchers have also performed numerical simulations of heat transfer
processes of GHE installed multilayered soils. For example, Luo et al. [22] compared
the results from two numerical models: one is homogeneous ground model using the
effective thermal conductivity, and the other is stratified model. It was found that the
heat transfer amount can be differed due to different thermal and hydraulic properties
of ground layers. The length of borehole GHEs can be reduced due to the lower
thermal performance of the bottom layer. Florides et al. [23] studied the thermal
performance of GHEs in multilayer soils numerically. They found that thermal energy
disperses more readily in the near-surface layers of the ground for the cases tested. If
the substrates are sequenced such that the uppermost layers have higher thermal
conductivity, GHEs would have better thermal performance than the case when the
strata are sequenced in the opposite manner. Therefore, it is concluded that the effect
of layered subsurface on the thermal performance of GHEs cannot be neglected in

heat transfer models.

1.3 Existing analytical multilayer heat source models

With respect to analytical heat transfer models, researchers have extended the
homogeneous heat source models to multilayer heat source models. Abdelaziz et al.
[24] developed a multilayer line source model based on Green’s function. The line
heat source was divided by the boundary of each soil layer or segment. The soil
segment where the point of interest locates was defined as the primary segment and
the other soil segments were defined as secondary segments. Firstly, by assuming that
heat will only conduct radially, the temperature response under point heat sources in
the primary segment was calculated, and the temperature response under point heat
sources in secondary segments were calculated with the composite section concept.
Then, the total temperature response was obtained by summing up the contributions
from primary and secondary segments. Finally, the solutions were adjusted by using a

two-layer composite section to account for interlayer heat transfer due to vertical
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temperature gradients. Using the same principle, Erol et al. [25] extended the
multilayer line heat source model to consider groundwater seepage. Analytical heat
source models considering groundwater seepage may induce significant errors as the
borehole diameter becomes larger [26]. The effects of impermeable materials like
grout on analytical solutions of the heat transfer model may also need to be
considered [27]. Hu [28] also provided a line heat source model for borehole GHE in
multilayer substrates with groundwater flow. His model was also based on the linear
superposition principle. The line heat source was firstly divided by the boundary of
soil layers, and then effects of each divided line heat source were added up. However,
Hu [28] simplified the calculation by assuming the thermal properties of other soil
layers were the same as the layer where the point heat source was being integrated
when integrating the point heat source (Green’s function) in each layer.

In summary, the existing analytical multilayer line heat source models for GHE
in multilayer soils were generally based on the Green’s function method. And all
these multilayer line heat source models involved some certain assumptions in model
derivations as we described above: simplifying the actual axial heat transfer across
ground layers or neglecting it. Also, obviously, the multilayer heat source models
mentioned above considered vertical GHE as a line heat source. However,
considering vertical GHE as line heat sources is a simplification, as vertical GHEs are
actually a cylinders. On the other hand, while homogeneous cylindrical heat source
models for vertical GHE have been developed, the development of multilayer
cylindrical heat source models for vertical GHE is very limited.

In view of this, Zhou et al. [29] extended the solid cylindrical and the ring-coil
heat source model for pile GHE in a double-layered ground using Green’s function
method and variable separation technique. The model derivations involved the
constrained Newton method to solve nonlinear eigenvalues equations. Their model
was validated by model degradation (setting the same thermal properties for two soil

layers in their model), and then comparing the results with the existing solid
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cylindrical heat source model proposed by Man et al. [30]. However, it might not be
feasible to further extend the model for PGHE installed in ground soil with more than
two layers.

Therefore, this paper aims to develop a new analytical multilayer heat source
model that considers vertical GHEs as a cylindrical heat source. Instead of basing on
the Green’s function method, the integral-transform method was newly employed.
The integral-transform method is especially suitable for addressing the issue of the
layered ground and permits rapid calculations. More importantly, unlike the existing
multilayer line heat source model, the new multilayer cylindrical heat source model
derivation involves no assumption on the nature of heat transfer. Using the newly
developed model, temperature profiles of vertical GHE in homogeneous and
inhomogeneous ground were compared. The vertical heat fluxes through soil layer
interfaces, i.e., thermal interactions between soil layers were also investigated.
Moreover, the error of using multilayer line heat model to predict temperature
response on the vertical GHE wall was analyzed through comparisons with the results

from the new multilayer cylindrical heat source model.
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2. Model development
2.1 Assumptions

A schematic of a vertical GHE installed in layered ground is shown in Figure 1.
The vertical GHE is considered as a cylindrical heat source, which passes through
several ground layers. The initial temperature of the ground is assumed to be uniform.
The temperature of ground surface is assumed to be the same as the initial
temperature and remains constant with time. These assumptions are common when
developing analytical heat transfer models for vertical GHEs used in engineering
practice [30] as the duration of a TRT is typically short enough that the surface
temperature fluctuations do not have a major effect on the change in ground
temperatures. Nonetheless, a variable surface temperature can be readily incorporated
into the solution if desired. The existing “solid” cylindrical heat source model
assumes that heat flux evenly distributes on the cylindrical surface [30]. In this paper,
the cylindrical heat source is divided into numerous disk heat sources overlapping
along the depth of vertical GHE. This method of treating the cylindrical heat source is
related with the layered ground and the integral-transform method employed in this
paper to develop the multilayer cylindrical heat source model. The details of model

derivation are presented in the following sections.

Ground surface h;
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Figure 1 Schematic of a vertical GHE in layered ground

2.2 Pretreatments on heat transfer equations
The model development starts from the heat conduction equation in cylindrical

coordiantes:

oT’ o°T' 10T o7

P ot’ '(ar’z r'or' 82'2) @

The subscript i denotes variables in the corresponding soil layer. The superscript '
denotes the dimensional variables.

As shown in Figure 1, each individual soil layer contains a “partial” cylindrical
heat source in that layer between its upper and lower boundaries. If the temperature
and heat flux on the upper and lower boundary of each soil layer are determined, then

the temperature in each soil layer can be determined. Staring from this idea, the

!

vertical heat flux q; = -k is introduced into the model derivation for determining

' o7’

the heat flux on soil layer interfaces. With the vertical heat flux, Equation (1) can be

rewritten in the following set of equations:

o1,
o7 k"
oq’ o°T" 10T’ oT'’ @
q
t o (2 pe
0z '(ar'2 r' ar') A ot’

According to the assumptions mentioned above, the initial condition, and

boundary conditions of the ground are given as follows:

T'(r',z,0) =T, (3)
T'(r,0,t) =T, 4)
T'(r,o0,t) =Ty ()

Also, as mentioned above that the cylindrical heat source is discretized into

numerous disk heat sources, expressing the disk heat source in the form of vertical



©CO~NOOOTA~AWNPE

heat flux gives:

Q. = 7”',2 dh” (0<h'<h)) (6)

0
where Q, is the thermal load per length of vertical GHE (W/m).

The following dimensionless variables can be defined:

r== (7
0
Z/
Z= g (8)
0
h’
h=- ©)
0
hy = % (10)
0
k.t'
t=—2 11
Pocor(;2 ()
T= kO (TQ_TO) (12)
I
rn .,
q, = aqz (13)
|
o =E (14)
0
.C.
= ;)ICI (15)
Lo

Using these variables, Equations (2) to (6) can be nondimensionalized to form

Equations (16) to (20) respectively.
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a1

z

o o,
) (16)
oq, oT 10T oT
—:O( + = ﬂl_
0z [8r r 8rj ot
T(r,z,0)=0 17)
T(r,0,t)=0 (18)
T(r,0,t)=0 (19)
dh
q,=— (0<r<1,0<h<h,) (20)
T

The definition of the Laplace transform is L[F(t)]= F(s) =I:e*StF(t)dt, where

s is the Laplace variable. Writing Equation (16) in matrix form and applying the

Laplace transform on time t wusing the Laplace transform property:

L[g F(t)] = sF(s) —F(+0) results in the following equation:

0 1
0(T(rzs))_ “|[Trzs) 21)
z\g,(r.zs)) | o 10 _ps 0 q,(r.z,s)
"Wor? ror)

The definition of the Hankel transform is H[F(r)] = E(gp)z_[:rJo(q)r)F(r)dr,
where  J,(X) is the O-order Bessel function of first kind:
17 ixcos6 1 ¢r : : -
Jo(x):—_[ e dez—'[ cos(xsin#)dé@ and ¢ is the Hankel variable.
0 0

The Hankel transform is then applied on Equation (21) with respect to r using

GZF(X) 1 GF(X)]
i

the property that for limF(x)=0, HI P HIF ()] =—¢°F (p)

[31], resulting in:

= 1), =
i(T((p,Z,S)]: 0 s {T((p,z,s)J 22)
dz i((”:z’s) —0{-(02—,8-3 0 CZIZ(CD’Z’S)
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= 1
Letting )?(go,z,s):[T((”'z’s)], K(qo,s): 0 _;i , Equation (22)

qz((ﬂaz,s) _ai¢2_ﬁis 0

can be rewritten as:
d = = =
EX(¢,Z,S)=A(¢,S)X(¢,Z,S) (23)

Equation (23) is an ordinary differential equation of the first order. The general

solution of this equation is:

X(p.2,5) =exp[A(0,9)- (2=h )X (p.h,5) (24)
h,_, is the depth of each soil layer (h, =0). exp[f,(go, s)-(z—h._,)] can be calculated
with al +bi,§(go, s) according to the Cayley-Hamilton theorem [32]. The two

eigenvalues of matrix K((p, S) can be obtained by solving its proper equation, which

gives y,,=% (pz+ﬁs:i7/i. The two coefficients a,b can be determined as
(04

follows.
. exp| 7 (z—h_,) |+exp[—x (z-h)]
| 2
o exp| 7 (z—h)]-exp[—x(z-h)]

(25)

Let B.(p,z—h_,,S) denotes exp[fﬁ((p,s)-(z—hifl)], for each soil layer, the

general solution is

X(¢.2,5) =B, (¢, 2—h_,,8)X (¢, h_,S) (26)
b
where B,(p,z—h_,,s) = ' o
_“iﬂ/izbi q

Also, the disk heat source in Equation (20) after the Laplace and Hankel

J; (p)dh
QS

transforms is (note that the property of Laplace transform F(t) =1, L[1] =%
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and Hankel transform F(r) =1, JOX rJ,(er)dr = X, (xp) have been utilized).
®

2.3 Derivation of multilayer cylindrical heat source model

The model derivation for a vertical GHE surrounded by two ground layers is
presented as a simple case to demonstrate the model derivation procedure. The model
can certainly be extended to a specific number of soil layers according to practical
applications. The example extending the model to three-layer ground is presented in
Appendix A.

The entire cylindrical heat source in the two-layer ground is firstly separated into
two cylindrical heat sources according to the boundaries of ground layers as shown in
Figure 2. Each separated cylindrical heat source composes of numerous disk heat
sources. Firstly, solution for each separated cylindrical heat source will be derived.
Then, solution of the entire cylindrical heat source will be obtained by adding up the
solution of each separated cylindrical heat sources.

The solution derivation for each separated cylindrical heat source undergoes the
same three steps. Step 1. deriving the vertical heat flux and temperature on all the
ground layer boundaries. Step 2: deriving the temperature solutions of disk heat
source in all ground layers. Step 3: integrating the solutions of the disk heat source
along the depth of each separated cylindrical heat source to get the solutions of each

separated cylindrical heat source in all ground layers.

Ground surface - Ground surface

h

Layer 1 Layer 1

U

Layer 2 Layer 2

z

z

Figure 2 The separated cylindricval heat source in each soil layer
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For the separated cylindrical heat source in layer 1 (Figure 2), the range of the

disk heat source is 0 <h<h,.
Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), 'I?(go,hl,s),
q, (¢, h,s)

According to Equation (26), at z =0

T(p,0,5)=(8,), T(p,h,s)- (a J q,(e.h,9) (27)

The subscript outside the parenthesis denotes the value of z inside the parenthesis.

With boundary conditions, Equation (27) gives:
%7, (p.h,9) =T, (#.1,5) (28)

Also, at Z=h,

ﬂm,s):—[ﬂj ﬁz(w,o,s)—M(EJ
h A

a, S 29)
- J,(p)dh
Goh9=(a), 8,009+ 220 (),
With Equations (28) and (29), ﬁz (¢,0,S) can be obtained as follows:
— J. (p)dh
7.(p.0.5) = ¢, 22 (30)
Qs

of2)
3]

T (co,hl,s):![ﬁj Cl—[ﬁj ]Jl((p)sdh
al hy al h—h ﬂ-(D (31)

0.(p.h.5) = [_(a1)hl C, +(ai)hl—h}M

TTpS
Step 2: solutions of disk heat sources in all layers

where C, = . And 'I?(go,hl,s),aZ (¢, h,,s) can also be obtained

K

respectively.
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Using the solutions of G, (¢,0,s), T (¢,1,,5)., (¢, h,s), the solution of disk heat
sources in each layer can be obtained. According to Equation (26), in layer 1

(0<z<h), the solution are given as follows:

For z<h<h
Tlp.29= e, 200 2

For h<z<h
O E = @

In layer 2 (h, < 2)

ﬂms){a{{i) cl—[ﬁ] ]—b—Z[—(ai)mcﬁ(ai)w}}M (34)
@ ), a )| 7S

1

Step 3: solutions of separated cylindrical heat sources

For 0<z<h,, adding up integration of Equation (33) from 0 to z and Equation (32)
from z to h, and the result is:

|:(1_a1)(a1)hl +b1(b1)hl 712}0‘1 +[b1(a1)hl +(1_a1)(b1)h1 _b1}72a2 J.(p)

T(9,2,5) =
ay; [al(ai)m T), (bl)hlj| ps

(35)

For h1 <Z, integrating Equation (34) from 0 to h, gives:

exp[ 7, -m)][1+(a), ] 1 (0)
[%72 (), +a (ai)hjﬂff s

T(p2,3)= (36)

For the separated cylindrical heat source in layer 2 (Figure 2), the range of the

disk heat sources is h, <h<h,.
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Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), 'I;((p,hl,s),

q,(e.h,,s)

According to Equation (26), at z =00

T(p.0,5) =(a;), T(,h,5) - [ jqz«p,hl 5)- ”‘p)d“[a] (37)

a, w TYs
With boundary conditions, it gives:

1 (q’)

0=-,7,T (. 1,8) +T, (¢, h,5) + L2 exp(~,h) (38)
Also, at Z=h,
%wﬂh9=—ﬂg)ﬁX&Q9
s (39)
q.(p.h.5)=(a), G.(2.0,5)
With Equations (38) and (39), az (¢,0,3) can be obtained:
T.(p.0,5) = -C, L (40)
Qs
where C, = eXp(=7) . And 'I?((p,hl,s),ﬁz((p,hl,s) can also be obtained
(), +a7: [3]
1/h
respectively.
= _[ b Ji(p)dh
T(p,h,s) —(aljhl C, 05
(41)
= _ J,(p)dh
Tl has)=-(a), G =

Step 2: solutions of disk heat sources in all layers
Using the solution of g,(¢,0,s), T (¢,h,5),T,(@,h,s), the solution of disk heat

sources in each layer can be obtained. According to Equation (26), in layer 1

(0<z<h)
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Flp.2.9= b, Hoh
o, Qs

In layer 2 (h, <2)

For h<z<h

T:(¢,z,s)={a2[ﬁj CZ+E(Q)MCZ}M
.
hy

For h<z

T — E & _ & Ji(p)dh
Fion-{u(2] o Biwnc 2] [0

Step 3: solutions of separated cylindrical heat sources

For 0<Z<h,, integrating Equation (42) from 0 to h, —h, gives:

by [1—exp[—y,(h, —h)]]
), (‘%)hl +0£2}/22 (bl)hl

(42)

(43)

(44)

(45)

For h <z <Ny, adding up integration of Equation (44) form 0 to z—h, and Equation

(43) from z—h, to hy —h,, and the result is:

1| ey (&), + @3, (B), [oxpl=r,(n =M+ 7, | aibs (a), + @, (by), |- s (), (8 -D)

0,7} | 7, (1), + i (a), |

(46)

The solution of the entire cylindrical heat source can be obtained by summing

the solutions in each layer for the two separated cylindrical heat sources, as shown in

Figure 3. For 0<z<h;, the solution can be obtained by summing Equations (35) and

(45). For h1 < Z<hd, the solution can be obtained by summing Equations (36) and

(46).
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Ground surface ”

h Layer | Equation: (35) + (45)

hy

Layer 2

\J

Equation: (36) + (46)

z
Figure 3 Solution of assembled cylindrical heat source

The solution equations contain the Laplace variable and Hankel variable. To
obtain the solution in the physical domain, the solution equations need to be converted.
Due to the complexity of the solution equations, it is difficult to find analytical
inversions. Numerical inversion methods were chosen to accomplish the inversion
process. Two different numerical inverse Laplace transforms methods [33, 34] and
two different numerical inverse Hankel transforms methods [35, 36] were adopted
respectively. Adopting either combination of the numerical inversion methods yields
the same result, so that the result can be believed to be independent of inversion

method. The calculation process typically requires one or two minutes.
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3 Model validation

The model was validated in three ways: degrading the model to the case of
homogeneous ground and then comparing its results with an established homogeneous
cylindrical heat transfer model, comparing with the results of numerical simulations,

and comparing with the results of a laboratory-scale experiment.

3.1 Model degradation
For homogeneous soil, the thermal conductivity and heat capacity in the solution
equations are identical, i.e.. oy =a, =1, f=f,=1and y, =y, =y =p*+s. Then,

the sum of Equations (35) and (45), and the sum of Equations (36) and (46) should
give the same expression. The degradation results of Equations (35), (36), (45), and

(46) are the following equations respectively:

J,(9)

T (¢,2,5) =[L—exp(—yz) —exp(—yh) b ] 22 47)
QpSy
T(p.2.9)=exp(-72)] (a), 1] 22 (48)
" Jpsy
T(p,2,5) =[-exp(—h,) + exp(—rh)]rb, 22) (49)
@Sy
T(0.2.9=11-ep(-72)(a), ~on(-n)m] -2 (50

Obviously, the sum of Equations (47) and (49), and the sum of Equations (48)

and (50) give the same result:
3 _ D) 1 evio(—r2) —exo(—vh
T(p,2,5) =——5[1-exp(-yz) —exp(-yhy) rb ] (51)
sy

The results calculated with Equation (51) should give almost the same results with the
existing homogeneous cylindrical heat source model. The cylindrical heat source

model developed by Man et al. [30] was selected for comparison. Comparison of the
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k0 (T = To')

dimensionless temperature ( T = ) at different dimensionless times

!
Kot
PoCo ro'2

(t=

) on the vertical GHE wall (r =1) of vertical GHE with a dimensionless

depth of 100 (z =Z—,) are shown in Figure 4. Temperature solutions calculated by
r-0

degraded multilayer model and the homogeneous model agree well, except for some
differences at the beginning. The difference is believed to be related with the different
treatment of heat source: heat is released from the cylindrical surface in Man et al.’s
model, whereas the cylindrical heat source is considered as a solid heat “rod” in the

new multilayer model.

0

N ] ] results at different dimensinless time t
10 la radial location |pan et al.'s model
L lm I':l n t=0.1
20 Hm e (=]
N Flm __
=10
N a
B 20" v =100
[5) dL
T 40 Hm t=1000
% | < t=10000
= 50 Hm= degraded modecl
.g r|= t=0.1
5 60 Hm —t=1
E 70[lm =10
o Llm — =100
80 Hm t=1000
- — t=10000
90 Hm
n .
100 L 1. i ] 1 ]

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
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Figure 4 Comparison between degraded and homogeneous model

3.2 Numerical simulation

The results of the multilayer cylindrical heat source model were also compared
with those of numerical simulation for validation purpose. The numerical simulation
was conducted using COMSOL Multiphysics. The physical model in numerical

simulation was 2D axisymmetric. Two simulation cases are shown in Figure 5. The
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cylindrical heat source was 50 m deep with a radius of 0.25 m, and the simulation
domain was a cylinder 75 m in height and 50 m in radius. This domain was verified to
be large enough within the simulated time ranged that either applying either fixed
temperature boundary conditions or insulation boundary conditions on domain
boundaries gives the same results. The vertical GHE was defined as a body heat

source in the numerical simulations, and the thermal load of vertical GHE was 50
W/m. The ground was considered as two layers with different thermal properties.
The upper layer (layer 1) was 25 m deep and was underlain by layer 2. For simulation

Case 1, the thermal conductivity values of layer 1 and layer 2 were 1 W/(m-K) and 2

W/(m-K) respectively, and density and specific heat capacity in simulation Case 1
were set to be the same for each layer. For simulation Case 2, the specific heat
capacity of layer 1 and layer 2 was 800 J/(kg-K) and 1600 J/(kg-K) respectively,

and thermal conductivity and density in simulation Case 2 were set to be the same for

each layer.
Time=1E8 s Contour: Temperature (degC) .
m T T T T
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(a) Case 1: different thermal conductivities
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(b) Case 2: different thermal capacities
Figure 5 Numerical simulation cases using COMSOL

The dimensionless temperature solutions calculated with the multilayer
cylindrical heat transfer model were converted to dimensional temperature solutions
using the parameter values defined in numerical simulations. The comparisons of
numerical and analytical results for the two cases are shown in Figure 6. Clearly, the
results of the multilayer cylindrical heat source model and those from numerical
simulations match well. The temperature differences due to different thermal
conductivities increase with time. In contrast, the temperature differences caused by
different specific heat capacities vanish in the long term. The reason why the thermal
conductivity and the specific heat capacity have different effects on ground

temperature change is explained in Chapter 4.
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Figure 6 Comparisons of numerical and analytical models

3.3 Laboratory-scale experiment

A laboratory-scale experiment of a cylindrical heat source buried in two soil
layers was conducted. The experimental rig is shown in Figure 7 (a). The schematic
diagram of the soil layer arrangement, the cylindrical heat source, and resistance

thermometers (Pt 1000) are shown in Figure 7 (b). The soil container was a hollow
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acrylic cylinder with a wall thickness of 5 mm. The inner diameter of the soil
container was 300 mm and the height was 300 mm. The custom-made thermal probe,
functioning as the cylindrical heat source, was 200 mm long and had a diameter of 6
mm. The thermal probe was made of alloy resistance wire uniformly coiled (tightly
wrapped) around a metal cylinder and covered with a stainless steel tube. The

resistance of the thermal probe was measured to be 171.1 Q. For a power supply was
16 V direct current, the heating rate of the thermal probe was 7.48 W/m. The

thermal probe was inserted in the middle of soil container. Soil layer 1 (silt) was 100
mm thick and was underlain by soil layer 2 (sand), which was 200 mm thick. The
depth of soil was a half-length greater than the length of the thermal probe to
minimize the bottom boundary effect on the temperature in the short term experiment.
To avoid possible thermally induced moisture migration during the experiment, the
silt and sand were saturated with water. There were three columns of resistance
thermometers, the distances from the three columns and to the central axis of the
cylindrical soil box were 10 mm, 60 mm, and 140 mm respectively. The purpose of
the vertical arrangement of the resistance thermometers was to measure the vertical

temperature profiles across the soil layers.

=\

\
2\;«*'

N\

Power Supply AT

Thermal
Probe

(a) Experimental rig
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(b) Schematic diagram
Figure 7 Laboratory-scale experiment of cylindrical heat source in a double layered soil deposits

To compare the experimental data with the analytical solution, the total density
and thermal properties of the two soil layers need to be obtained. A cutting ring
method was used to measure the soil total density following ASTM D7263-09. The
test rig for measuring soil thermal conductivity is shown in Figure 8. The rig
(TC3000E from XIATECH) is based on the transient hot wire technique [37]. The rig
is capable of measuring the thermal conductivity of various materials with a accuracy
of 3%. For the measurement of the specific heat capacity, an indirect method was
adopted: the thermal probe method [38, 39]. For a thermal probe installed in

homogenous soil, the temperature response of soil surrounds the thermal probe is
proportional to the soil thermal diffusivity (k/pc), as can be seen from the basic heat

conduction equation in Equation (1). The experimental rig shown in Figure 7 was
used to obtain the soil thermal diffusivity of the two different soils by filling only one
type of soil in the soil box. The measurement results for the soil properties are given
in Table 1. The values of soil total density and thermal conductivity are the average

values from the three repeated measurements.
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Soil Sample

o WL RAER

TC3000E XIATECH |
 § b
Figure 8 Test rig for soil thermal conductivity measurement

total density thermal conductivity specific heat capacity
soil layer

kg/m? W/(m-K) J/(kg-K)
layer 1 (silt) 1835 1.09 1657
layer 2 (sand) 1989 2.12 1558

Table 1 Measured soil properties

The room where the experiment was conducted was air-conditioned with an
average temperature of 23.5 °C. Before starting the experiment, the soil was left to
stabilize until its initial temperature was the same as the room temperature. Due to the
limitation of the size of the experimental rig, it was expected that the boundary effects

associated with the acrylic soil box (the thermal conductivity of the acrylic material is
0.20 W/(m-K) ) would gradually accumulate and affect the temperature

measurements. Since the significance of the boundary effect on the temperature
measurements was not known before the experiment, the experiment lasted for 30
days. Later evaluation of data indicated that the temperatures were affected by the
boundary effect, so only the data from early stages of the test were used for model

validation. The comparison between the results of the analytical multilayer model and
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the experiment are shown in Figure 9. After 24 hours of heating, the temperature
profile at the radius of 10 mm measured by the resistance thermometers agreed well
with that of the analytical model. Temperature rise at the radius of 60 mm was
marginal while at r =140 mm, there was a negligible temperature rise. Also, after 10
days heating, the temperature profile at r =10 mm was approximately the same as
that after 24 hours of heating, meaning that the temperature at r=10 mm had
approached near steady state after 24 hours of heating. However, the temperatures at
r=60 mm and r =140 mm continued to rise. On day 10, the differences between the
experimental results and those from the analytical model were slightly larger than
those on day 1. This was probably caused by the boundary effects of the limited soil
box. Also, the temperatures near the soil surface were generally larger than those at
deeper locations. This was probably caused by the surface boundary effects, since the
analytical model assumed a constant ground surface temperature. Despite the
boundary effects, the stratification of the temperature profile due to the difference in
soil thermal properties for each layer was captured experimentally and agreed

reasonably well with the analytical multilayer cylindrical heat source model.

Ll analytical model
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0.04 - =140 mm
experimental results
Qe - = =10mm
'E 008} ® =60 mm
st =140 mm
<
2 0.10 -
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temperature (°C)

(a) Day 1
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Figure 9 Comparisons between analytical model and experimental results
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4 Study on the effects of layered ground

In this section, temperature solutions in homogeneous and inhomogeneous
ground were firstly compared. Then, the thermal interactions between soil layers were
analyzed by plotting the temperature profile along the depth of a vertical GHE and the
heat flux across ground layer interfaces. Finally, the error of using the multilayer line
heat source model to calculate temperature solutions was analyzed by comparing its

results with the results from a multilayer cylindrical heat source model.

4.1 Temperature solutions in homogeneous and layered ground

Figure 10 compares the dimensionless temperature solutions on the wall of
vertical GHE at different dimensionless times in homogeneous and layered ground.
The dimensionless depth of vertical GHE is 200. For a direct comparison of
temperature profile along the depth of vertical GHE, the vertical GHE is surrounded

by two layers with same thickness but different thermal properties. The parameter

values of the four cases compared in Figure 10 are given in Table 2, where ¢; and S,

are the thermal conductivity ratio and heat capacity ratio respectively as defined in
Equation (14) and Equation (15). In Case 1 and Case 2, thermal conductivities in
upper and lower layers are opposite (twice the value of the other layer), while the
thermal capacities of the two layers are the same. To further analyze the effect of
thermal conductivity, the thermal conductivity of upper layer and lower layer is set to
be 0.75 and 2.25 respectively while the thermal capacities of the two layers are the
same in Case 3 in comparison to Case 1. In Case 4 and Case 5, the thermal capacities
of upper and lower layers are opposite, while the thermal conductivities of the two

layers are the same. For the homogeneous case calculated for comparisons, the values
of a and S all equal 1.5 as a mean value of thermal conductivity in the range of the

depth of vertical GHE. The comparisons of temperature solutions in layered ground

with that in homogeneous ground demonstrate the effects of layered ground on the
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temperature profile along vertical GHE.

Thermal properties of layered ground

Figure 10
a a, B 5,
Casel 1 2 1 1
Case 2 2 1 1 1
Case 3 0.75 2.25 1 1
Case 4 1 1 1 2
Case 5 1 1 2 1

Table 2 Summary of the thermal properties of layered ground for different cases

In Figure 10 (a) and Figure 10 (b), it can be seen that due to the differences in
thermal conductivities, the dimensionless temperatures are significantly different
compared with that in homogeneous ground with equivalent thermal conductivity.
The differences get larger with time. For Case 1, the dimensionless temperature
difference at dimensionless time 10000 is 0.20 for upper layer and 0.11 for lower
layer respectively. For Case 2, the difference is 0.11 and 0.21 respectively.
Comparing temperature solutions in layered ground in Figure 10 (a) and Figure 10 (b),
it can be found that at relatively early state ( t=1 ), the maximal dimensionless
temperature is the same, though in different layers. However, the maximal
dimensionless temperature in layer 2 in Case 2 is about 0.02 higher than that in layer
1 in Case 1 at t=10000. This is probably caused by the fixed temperature boundary
condition of ground surface. When the thermal conductivity of upper soil layer close
to ground surface is lower and the resulting temperature is higher, the heat flux
through ground surface will also be larger. Therefore, the peak temperature is lower
for the case when the upper soil has lower thermal conductivity.

In Case 1, the thermal conductivity ratio of the lower layer to upper layer is 2.
While in Case 3, the ratio is 3. Comparing the corresponding temperature solutions in
Figure 10 (a) and Figure 10 (b), it can be seen that at t=10000, the maximum
temperature differences in the upper layer and lower layer are 0.4 and 0.14,

respectively, in comparison to 0.2 and 0.11, respectively in Case 1. Therefore, it can
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be concluded that the temperature differences would be larger when the thermal
conductivity difference between the soil layers is larger.

The effects of differences in heat capacity of layered ground are shown in Figure
10 (c) and Figure 10 (d). Unlike the effects of thermal conductivity, the dimensionless
temperature differences do not consistently increase with time. The differences do
initially increase with time in both layers, as can be seen by comparing the
temperature profiles at t=100 and t=1. But afterwards, the differences diminish with
time. At t=10000, there is almost no difference between Case 3 and Case 4, as
dimensionless time 10000 is close to steady state. This can be explained by the
different physical meaning of thermal conductivity and heat capacity. While thermal
conductivity is associated with a material’s ability to conduct heat, heat capacity is
associated with the energy required to change the temperature of a material (or to the
amount of heat stored in the mass under a given temperature change). When the
thermal conductivities of the two layers are the same but the heat capacities are
different, the temperature differences initially increase, since after absorbing same
amount of heat, the layer with higher thermal capacity have lower temperature rise.
However, the temperature difference gradually diminishes, since there would be

enough released heat for the mass to absorb in the long term.
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Figure 10 Temperature solutions in homogeneous and layered ground

4.2 Thermal interactions between ground layers
4.2.1 Temperature solutions

Considering the differences in thermal properties of layered ground brings about
an additional heat transfer process which is not considered in homogeneous models:

the thermal interaction between ground layers. This interaction is analyzed by
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comparing temperature solutions in two layers with different ratios of thermal
conductivity, and by plotting the vertical heat flux across ground layers.

As shown in Figure 11, the solid line represents the dimensionless temperature
solutions of the case that thermal conductivities of upper layer and lower layer equals
1 and 2 respectively. The dash line stands for the case that thermal conductivities of
upper layer and lower layer equals 1 and 3 respectively. Comparing the solid line and
dash line at t=10000, it is clear that the dimensionless temperature in upper layer is
more affected by the lower layer when thermal conductivity ratio is 1:3. The maximal
temperature in upper is 0.02 smaller when thermal conductivity ratio is 1:3 compared
with 1:2. This is because when the lower layer has higher thermal conductivity, the
resulting temperature is lower. And due to larger temperature difference, the vertical

heat flux from upper layer to lower layer is larger.
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Figure 11 Thermal interaction between ground layers
4.2.2 Vertical Heat flux
One of the advantages of the integral-transform method is that the vertical heat

flux across ground layers can be calculated with explicit expressions. For the disk heat

source in layer 1, the resulting vertical heat flux across layer interface CZIZ (p,h;,s) has

been given in Equation (31). Integrating @, (¢,h,,s) in Equation (31) from 0 to h
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gives the vertical heat flux across layer interface caused by the separated cylindrical

heat source in layer 1:

a7 (B, (@) +(a), | 1,0)
7 [05272 (by), +0!1(ai)hj s

q,(p,h,s)= (52)

Also, for the disk heat source in layer 2, the resulting vertical heat flux across the

layer interface T, (¢,h,,s) has been given in Equation (41). Integrating , (¢, h,,s) in

Equation (41) from 0 to h, —h, gives the vertical heat flux across layer interface

caused by the separated cylindrical heat source in layer 2:

(a),, [1-expl-7,(hy =t)1] 3 (p)

— oy
S = v (), s

(53)

Summing the results calculated from Equations (52) and (53) gives the vertical heat
flux across the layer interface caused by the entire cylindrical heat source.
The calculation results are shown in Figure 12. The dark line is the result when

the ground is homogeneous (thermal conductivity ratio is 1:1). Clearly, in

homogeneous ground, the vertical heat flux is almost zero at depth of h,. In contrast,

the vertical heat flux gets larger with time in layered ground. And the value is clearly
larger when thermal conductivity ratio is larger. This observation can be used to
explain the temperature profile in Figure 11. When the lower layer has larger thermal

conductivity, the temperature profile in the upper layer is more affected.
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Figure 12 Vertical heat flux across ground layers

Therefore, it can be concluded that thermal interaction between soil layers is
determined by two factors: time and thermal conductivity differences between ground
layers. On one hand, larger thermal conductivity difference between ground layers
results in bigger temperature differences between ground layers, which would cause
stronger thermal interaction between soil layers. On the other hand, temperature
difference between ground layers increases with time, resulting in stronger vertical

heat flux across layer interface in the long term.

4.3 Error analysis for the multilayer line heat source model

It is generally believed that cylindrical heat source models are more accurate
than line heat source models in representing the thermal response of vertical GHEs, as
cylindrical models consider the radius of vertical GHEs. As most of current multilayer
heat source models for vertical GHEs are line heat source models, the temperature
solutions calculated by multilayer cylindrical and line heat source are compared. Four
parameters, including time, thermal conductivity, thermal load, and GHE radius were
chosen to independently study their effects on the error of multilayer line heat source
independently.

4.3.1 Effect of time and thermal conductivity
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In Figure 13 (a), the thermal conductivity of upper layer and lower layer is 1

W/(m-K) and 2 W/(m-K) respectively, while in Figure 13 (b), the thermal

conductivity of the upper layer and lower layer is 2 W/(m-K) and 1 W/(m-K)
respectively. Density and specific heat capacity for both layers in both figures are
2000 kg/m?® and 800 J/(kg-K) respectively. The temperature rises on the GHE wall

at the three different times are compared between multilayer line and cylindrical heat
source models. It can be seen in Figure 13 (a) and Figure 13 (b) that the temperature
solutions of line source model are always smaller at the three times, but the
differences narrow down with time. This can be explained that heat concentrates on
the line in line heat source model which neglects the radial dimension of GHE but
heat evenly distributes on the cylindrical heat source model which considers the radial
dimension of GHE. Therefore, at early stage when heat just travels from the line heat
source to the radial location 0.25 m, the values calculated by line heat source are
smaller than those calculated by cylindrical heat source. The differences decrease with
time because in the long term, heat would have enough time to reach the radial
location.

Also, in both Figure 13 (a) and Figure 13 (b), the differences between the
multilayer line and cylindrical heat source models are larger in layers with smaller
thermal conductivity, which is more obvious in early stage at t =1x10° s. This can
also be explained that heat concentrates on the line in line heat source model which
neglect the radial dimension of GHE but heat evenly distributes on the cylindrical
heat source model which consider the radial dimension of GHE. Therefore, when the
thermal conductivity is smaller, it is harder for heat to reach the radial location 0.25 m.
So the difference is larger in the layer with smaller thermal conductivity than that in

the layer with larger thermal conductivity.
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Figure 13 Effect of time and thermal conductivity

4.3.2 Effect of thermal load
Figure 14 compares the temperature differences between multilayer the line and

cylindrical hear source models when GHE has different thermal loads. The thermal

conductivity of upper layer and lower layer is 1 W/(m-K) and 2 W/(m-K)
respectively. Density and specific heat capacity for both layers are 2000 kg / m® and

800 J/(kg-K), respectively. It can be seen from the results in Figure 14 that the
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differences in both layers are proportional to the thermal loads (0.36 °C, 0.57 °C,
0.65 °C in upper layer and 0.18 °C, 0.28 °C, 0.32 °C in lower layer). This can be
explained that larger thermal loads imply that larger amount of heat is released from
the heat source. Therefore, the heat released from the line heat source and transferred
to the radial location 0.25 m is less under smaller thermal load than larger thermal
load. Accordingly, the temperature solutions of the line heat source model are

proportionally smaller to those of the cylindrical heat source model according to the

thermal load.
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Figure 14 Effect of thermal load

4.3.2 Effect of GHE radius
Figure 15 compares the temperature differences between multilayer line and
cylindrical hear source models when GHE has different radiuses. One is 0.25 m and

the other is 0.5 m. The thermal conductivity of upper layer and lower layer is 1

W/(m-K) and 2 W/(m-K) respectively. Density and specific thermal capacity for

both layers are 2000 kg/m® and 800 J/(kg-K) respectively. Comparing the black

solid line and red solid line, it can be found that when GHE radius is 0.25 m, the
temperature differences are 0.57 °C and 0.28 °C in upper layer and lower layer

respectively. Comparing the black dashed line and red dashed line, it can be found
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that when GHE radius is 0.50 m, the temperature differences are also 0.61 °C and
0.29 °C in upper layer and lower layer respectively. The differences related with GHE
radius is only 0.04 °C and 0.01 °C in upper layer and lower layer respectively. So, the
GHE radius has only limited effect on the temperature differences between line and

cylindrical heat source models. This should be explained that even when line heat

source model neglects the radial dimension of GHE, the temperature solutions at the

real corresponding radial location are used when conducting the comparisons.

. I line model
5 r,=0.25 (m)
i0 I ----1,=0.50 (m)
L cylindrical model
15 r,=0.25 (m)
—_ I - - --1,=0.50 (m)
é 20 I
= 25 t=1*10"6 (s)
o L —
3 45 Q=50 (W/m)
35
40
45
50 I L o™, P IR TN TR SUR UN NS N

5 6 7 8 9 10 M1
temperature ("C)

Figure 15 Effect of GHE radius
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5 Conclusion

This paper successfully developed a new cylindrical heat source model for
vertical GHEs in layered ground by employing the new integral-transform method.
The new multilayer cylindrical heat source model was validated by model degradation,
numerical simulation, and laboratory-scale experiments. Using the new multilayer
cylindrical model, temperature solutions of vertical GHE in layered ground were
compared with that in homogeneous ground. Temperature profiles on a vertical GHE
wall in layered ground were found to differ significantly from that in homogeneous
ground. The results from a two-layer baseline case study show that the differences in
thermal conductivity between the ground layers can lead to difference of over 50% in
the long-term temperature responses when compared with those of homogeneous
ground. In contrast, the ground temperature differences caused by differences in the
heat capacity between ground layers are generally within 10% and decrease with time.

As differences in thermal properties between ground layers were found to result
in thermal interactions between ground layers, this interaction was investigated by
comparing temperature profiles in two-layer ground with different thermal
conductivity ratios and plotting the vertical heat flux across the layer interface. The
thermal interaction between ground layers was found to intensify under larger thermal
conductivity ratios and increase with time, influencing the temperature of each
individual layer to a larger extent. The thermal interaction is an important process that
should be considered for accurate calculations of temperature solution of GHE
installed in layered ground.

The error of using a multilayer line heat source model to calculate the
temperature solutions of vertical GHE was also studied through comparison with the
results from the multilayer cylindrical heat source model. It is demonstrated that the
error in the multilayer line heat source model diminishes with time, and that the error
is larger in soil layers with smaller thermal conductivity. When vertical GHES have

higher thermal load, the error is also larger. On the other hand, the error related with
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GHE radius is limited.

In conclusion, homogeneous heat source models fail to give the real temperature
profiles along the depth of vertical GHESs in layered soils, and the error increases with
time. The thermal interaction between ground layers can also greatly affect the
temperature in ground layers, so it cannot be neglected for accurate solutions. Also,
compared with multilayer line heat source model, the multilayer cylindrical heat
source model is more accurate to predict temperature solutions for vertical GHEs.
This new analytical multilayer heat source model can be an effective and rapid

calculation tool to consider ground stratification in the design of vertical GHEs.
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Appendix A

Ground surface Ground surface P Ground surface

i

by -
by -

Figure Al The separated cylindrical heat source in each soil layer

Appendix A.1

For the separated cylindrical heat source in layer 1, the range of the disk heat source is

O<h<h,.

Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), 'F(go,hl,s),

q,(0.h,9), T(p.h,,5), & (0.h,,9)

According to Equation (26), at z =

T:(qp,oo,s>=(a3)j<¢>,h2,s>—(%J q,(o.h,,9)

0

With boundary conditions, Equation (A1) gives:
;T (p.h,,9) =T, (9.1, 5)

Also, at Z=h,

f@mwﬁzwa@ﬁamsr{ﬂj q,(e,hy,8)

2

0. (.18 == (b,), @7iT(p.1,9)+(,),, T,(o.h,,9)

Atz=h

T:«p,hl.s):—[ﬂj ﬁz(w,o,s)—M(ij
hy h—h

o, mps \ oy

_ _ 3,(@)dh
O I

(A1)

(A2)

(A3)

(A4)
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With Equations (A2) to (A4), T,(¢,0,S) can be obtained.

0.(p.0,5) = -, 220 (A5)
7S
b, by
{0‘37’3(%) +(a, )hz:l (0‘1] +C(a), ,
Where C = i ,and C, = blhl_h .
3/3 2 /h 2 22 b2 h —
| a75(a,), +ari (By), | (%L*C(al)m
And T (o, h,s),q, (¢, h, s), T (o, h,,s),d, (¢, h,,s) can also be obtained respectively.
Toh.s) —[(ﬁj cl—[ﬁl o) (A6)
a ), A4 )y | 7TQpS
_ _ 13,(¢)dh
qz(¢1h1’s)_|:_(a’l)hl C1+(a1)hl,h_ﬂ_—¢s (A7)
T(ph,s)=
b (b)) | (k) T J,(p)dh  (A8)
{(az )hz {[al ]zhl - [0{1 ]hlh:l [0(2 jhz [ (al)hl © +(a1)hlih J} 7TPps
=z (go, h2’s) -

ona[2)] (3], Lncom, e e

Step 2: solution of disk heat sources in all layers

Using the solution of G,(@,0,s), T (¢,1,5).3, (¢, h,s), T (¢,h,,5),§,(¢,h,,s), the

solution of the disk heat source in each layer can be obtained. According to Equation

(26), in layer 1 (0<z<h)

For z<h<h

T(¢,2,9) =%cl%;):Ih (A10)

For h<z<h
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a, a, Qs

T(p.2.5) = {ﬂcl _(i] } Ju(p)dh

Inlayer 2 (h, <z<h,)

T(p.2,5)=
{az K%l]hl - _(%)mh]_%[_(ai)m Gt (%)mh}}%

In layer 3 (h, <)

- Ot_z]hz [-(%)hl C1+(a1)hrh} Ji(p)dh

by | (B, @ [(%L - (%H
+(2), [-(a), C+(a), ]

Step 3: solution of separated cylindrical heat sources

=

(p,2,8) =

(Al1)

(A13)

For 0<z<h , summing up the integration of Equation (Al11) from 0 to z and

Equation (A10) from z to h,, the result gives

N G s
T(p,z,8)= i I - E; s
i a, hy (ai)hl ]

For h <Z<h,, integrating Equation (A12) from 0 to h, gives

el e .
T(p.2.5)= b, : (E,+CE,)-a,E,~—*E, L(i)
a, 2

2] e,

(Al4)
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For h, <, integration of Equation (A13) from 0 to h, gives

oo (o) () o)
T(p,2,9)= (Z}M+C(a1)m (EﬁCEz)M
:;!(bz)hz azy;[le +(a2)h2(a1)hl] RANT
3 1 /b,
[ijmw(ai)m

b, 2 b, b, J,
{ag() " e “Zyz}E”[a{a_zl +a—3(a2)hl52}$

And expressions of E,E,, E; are

h, 1
E, =], Bl gh- .
al h—h 2(’Yl?/l

E,=["(a), ,dh= Zi[eXp(nhl) —exp(-7h)]

1

[_2 +exp(y;h) + exp(_ylhl)]

E, = IOZ (%lj _hdh = 2_112 [—2 +exp(y,z) + eXp(—hZ)]

1

Appendix A.2

For the separated cylindrical heat source in layer 2, the range of the disk heat source is

h <h<h,.
Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), 'I?(go,hl,s),

q,(0.1,9), T(p,h,,5), & (.h,,5)

According to Equation (26), at z =

T (p,%,9) =(), T (o, hz,S)—(%j q,(o.h,,s) (A17)

o0
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With boundary conditions, Equation (A17) gives:
a.,T (9,h,,8) =T, (¢,h,,5) (A18)

Also, at Z=h,

'F((ﬂ,hz,S)=(a2)hz'|?((p,hl,s)_[b_2j T (0.h,s) - J; ((D)dh(a J

2 ps (A19)
az (¢1 hZ’ S) = _(bZ )h2 aZyZZ-r(qD’ hl’ S) +( ) qz ((0 hl S) + 1<¢2dh (aZ )hz—h
AtZ=h
T(p.h,)= —[Ej q,(¢.0,s)
1 hy (A20)
q.(p.h.5)=(a), T@,(2.0.5)
With Equations (A18) to (A20), T,(¢,0,S) can be obtained.
T.(p.0.5) = -, 2O (A21)

7S

b,
. {“373(% ]hz_h +(a, )hzh]

(21] +C(a), a7 (@), s (B), |
L/

where C, =

and T (p,h,,s),T, (2. h,,5), T (0,h,,5),§, (¢, h,,s) can also be obtained respectively.

T(p.h.9) {%J c, 2o (A22)
hy

: QS

J; (¢)dh
2

0.(p.1,5) =—(a), C (A23)

T:(go,hz,s):{(az)hz [% +(Z—2j (ai)m]cz[Z—ZJ }% (A24)
1/ 2./h, 2 /h,-h

.(0.1,.9) -{[—(bz)hz @ ﬁ] ~(a,), (q)m]cz +(az>hzh}M (A25)
hy

o, Qs

Step 2: solution of disk heat sources in all layers
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Using the solution of G,(¢,0,s), T (¢,1,5).3, (. h,s), T (¢,h,,5),§,(¢,h,,s), the

solution of the disk heat source in each layer can be obtained. According to Equation

(26), inlayer 1 (0<z<h)

T(p.2,5)= 2, Lulo)dn (A26)
o Qs
In layer 2 (h, <z <hy)
For h<z<h
T=(¢,z,s)[a2(£] &(MJQM 2
a ), o PLTS
For h<z<h,

Tz((p,z,s){[az(ﬁ] +&(a1)hl]CZ—(b—2] }M (A28)
(24 h a, a, -h Qs

In layer 3 (h, <)

'F((p, z,8) =

ek 2
(@), 2 2 h2<a1>h1]2 2l Lo e

—Eﬂ—@)m o’ (ﬁjm—<a2>h2<a1>m}cz+<az>hzh} "

Step 3: solution of separated cylindrical heat sources

For 0<z<h,, integrating Equation (A26) from 0 to h, —h, gives

_ &(OCaVsEA"'Es)M
T(p,2,5) = [ = oS (A30)

[bll = <a1)m][“373 (@), +eri(®),

a,

For h <z<h,, adding up integration of Equation (A28) from 0 to z—h, and

Equation (A27) from z—h, to h, —h;, and the result gives
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“le +b2<a1>m]<asnE4+Es>
_ a ), @ Ji(9)
Foz9=ir s
Rl it

For I, <2, integrating Equation (A29) from 0 to h, —h, gives

'F((p,z,s):

b
a{mm (2] (2] (M
1/hy 2 /M, +
[[ZIJ +C(ai)m][“373(az)hz*“Z“Z(bZ)hz}
th (a373E4+E5)J71[((;;)

bs[(bZ )h2

Qs

ar’ [gjhf(az)hz(al)hl]

1

a,

a;

_(%E4+&E5]M

[[blll c (ai)m][%ys (2.), +ari (b.), ]

s

And expressions of E,, E;, E; are

N T
tdo a ). . 20

% {exp[?/z (h, —h)]+exp[-y,(h, —h)]- 2}

£ = [} (@), 0 =5~ {explya(h ~hl—explshy ~ )

Appendix A.3

2
A,

{exply, (z—h)]+expl—7,(z—h)]-2}

2

(A32)

For the separated cylindrical heat source in layer 3, the range of the disk heat source is

h,<h<h,.
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Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), 'F(go, h.,s),

q,(0.1,5), T(p,h,,5), T,(p.h,,s)

According to Equation (26), at z =

'ﬁawsﬁ%%gfwmwﬁ—@?ji@ﬂb@—iﬁmmgfj (A33)

a,; ). Qs

With boundary conditions, Equation (A33) gives:

= = J dh
0=—ayy,T (p,h,,5)+0, (e, hy, ) + 17(2'2)8 exp(—y3h) (A34)

Also, at Z=h,

T(p.h,.5)=(a, ), T(p.h,s) —(b—zJ q,(p,hy,s)

A (A35)
0, (ph,, ) =—(b,), 72T (p,1y,5)+(a,), T (p.1,,9)
At Z=h
T(p.h,s)= —(Ej q,(»,0,s)
1 hy (A36)
q.(p.h.s)=(a), 0@.(2.0.5)
With Equations (A34) to (A36), T, (¢,0,5) can be obtained.
0,009 =—C, 2 o) (A37)
1

Where C, =

[(ijm +C(a¢)m}[“s73 (80),, +aur3 (b2), | |

And '?((p, h,s),d, (o, hl,S),'F(q), h,,s),d, (¢, h,,s) can also be obtained respectively.

?@n@=ﬁﬂ L@ ) (A38)
. QS

1

q,(p.h,8)=—(a), C

% 7(;”) exp(—7,h) (A39)



©CO~NOOOTA~AWNPE

T:((p,hz,s)=[(az)h2 (ﬁj +(§] (ai)hl Jff;)dhexp( yh)  (A40)
hy h,

_ : ()
qz (§01 hZ’S) = l:_(bZ )hz 612]/2 Lﬂjhl _(aZ )hz (ai)hl:lC3 J 7(Z'¢;)S exp(_7/3h) (A4l)

1

Step 2: solution of disk heat sources in all layers
Using the solution of &,(¢,0,s),T (¢,1,5),3,(@.h,s), T (¢,h,,5), (@ h,,s), the
solution of disk heat source in each layer can be obtained. According to Equation (26),

inlayer 1 (0<z<h)

T (p2,5)="+ LY c 1((”) exp(=y,h) (A42)
Inlayer 2 (h <z <h,)
Tp.29)- [az [EJ 22 (a,), ]CS S A
a ), a Qs
In layer 3 (N, <2)
For hy<z<h
1;((0, Z,8) =
by b,
a, (az)h (_J +(_j (al) :lcs
[ o)y @), " J,(p)dh exp(—r) (A44)
b3 b 2 bl C ¢S 3
"o, ( Z)hz 27> [_Jhl _(aZ)hz (ai)hl 3
For h<z
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% [(aZ)“z (%ljm +[z_) (ai)”}cs J,(p)dh

- eXp(_73h)

o, 1
(B ] dule)dn
a, o h 7TQps

Step 3: solution of separated cylindrical heat sources

For 0<Z <N, integrating Equation (A42) from 0 to h, —h, gives

b g 400
'F(go, z,8) = S
b1 2
[[aljhl +C (al)hl][a373 (a‘Z)h2 T &), (bz)h2i|

For h <z <h,, integrating Equation (A43) from 0 to h, —h, gives

B L b o | 2@
o[3) B et

[bllh +c(a1)hl[a3y3 (a,),, + a7 (b,), |

a,

'F(go,z,s)[

(A45)

(A46)

(A4T)

For h,<z<h,  adding up integration of Equation (A45) from O to z—h, and

Equation (A44) from z—h, to h, —h,, and the result gives
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b,

a,

%[%W

]hz (ai)hl}

0{37/3

1
/—_\\
;/
I—I
1

RGN

o

Ot3]/3

1
/—_\\
;/
I—I
1

For hd <Z, integrating Equation (A45) from 0 to h,

'F((p, z,8) =

b2

a,

oL

)y, et (0,), ]

jhz(aohl

s

And expressions of E,, Eg, E; are

E; = .[ohd

0 a; ),

2“373?

- 1
exp(-ysh)dh = —7—{eXp[—73(hd
3

—exp[-7;(z—-

[(gj ic (al)“][% (), +ar2(0,), |

—h)1-1

+

g 1) ¢ L) A

Qs S

—h, gives

e 1) ¢ L) (A9)

oS ps

E =" (Ej hdh— 20:732 {explys(z—h,)]+expl-y,(2—h,)] - 2}

Efﬂ"”(&] dh— L {—exmyg(z—hd>]+exp[y3<z—h2>]

a; ),

hy)1+expl-7,(z _hz)]}

The final solution of the entire cylindrical heat source can be obtained by adding

up the temperature in each layer by the three separated cylindrical heat sources. For

0<z<h, adding up Equations (A14), (A30), and (A46). For h, <z <h,, adding up
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Equations (A15), (A31), and (A47). For N, <z<h,, adding up Equations (A16),

(A32), and (A48). For hd <Z, adding up Equations (A16), (A32), and (A49).
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