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Abstract

Dynamic Model Abstractions for Identification and Control of Deep Neural and

Biological Computation Networks
by

Charles Addison Johnson

The underlying theme that characterizes my research arc has been that of phenomeno-
logical modeling of dynamical systems and mathematical abstraction of networks. By
abstracting complicated networks (such as neural networks trained to learn dynamic
system behavior), we can build much lower parameter and geometrically interpretable
models that capture the same properties of the more expensive and harder to understand
deep neural networks. Additionally, an abstracted vision of biochemical networks allows
us to discover new mechanisms within cellular transcriptional networks to better under-
stand how bacteria can adapt to and perform computation in challenging and changing
environments.

In Chapter [2| we analyze the learned dictionaries from the deep network based Koop-
man system identification algorithm, deepDMD. We explore the theoretical basis for the
strong performance of this algorithm. We do so by discovering dictionaries to satisfy
a property of subspace approximation, which we define as uniform finite approximate
closure. We also discover that structured mixing of heterogeneous dictionary functions
drawn from different classes of nonlinear functions can be used to achieve the same
accuracy and dimensional scaling as the deep-learning-based deepDMD algorithm. This
mixed dictionary achieves similar accuracy and dimensional scaling to deepDMD with an
order of magnitude reduction in parameters, while maintaining geometric interpretability.

In Chapter 3] we connect the concepts of Koopman system identification and Koopman

1X



state feedback control. For control affine systems, we demonstrate examples of state-
feedback controllers to illustrate that, when control is the objective, the Koopman model
becomes subject to the control design process. This implies that certain scenarios merit
data-driven control strategies different from system identification strategies that prioritize
best fit. We also present a controller design framework to stabilize systems modeled with
a data-driven Koopman model. Since Koopman models propose a linear state-space
representation of the true dynamics, they often imply that a proportional control law
applied to the states of the Koopman model can stabilize the origin. We compute error
bounds on the minimal nonlinear control action needed to stablize a system that has
already been assigned a Koopman model with stabilizing proportional control.

In Chapter [4] we shift gears to model cell sensory transcription networks, the intracel-
lular computation structure that regulates and drives cellular activity. Here we explore
the computation (and classification) potential of single-celled organisms. We present a
model for identification and response to environmental changes in resilient bacteria. This
model combines two known motifs in transcription networks: dense overlapping regulons
(DORs) and single input modules (SIMs). Combined in a hybrid network motif we have
processes for decision making, control actuation and feedback. In Chapter [, we model
this hybrid network motif (which we call the DOR2SIM motif) with a superposition of
modular nonlinear functions to describe protein signaling in the network and basic mass
action kinetics to describe the other chemical reactions in this process. We also intro-
duce a notion of classification for dynamic systems to explain bacterial decision making in
terms of classification. Given this definition, we provide sufficient conditions for models
of the DOR2SIM motif to classify. These conditions suggest that relatively low monomer
degradation rates as well as low expression of source node genes (the inputs to the DORs)

at equilibrium enables classification.
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Chapter 1

Introduction

This work represents a combination of modeling and controls research for general dynamic
systems and for the investigation of biological computation and classification. Chapter
was first prepared as two distinct journal submissions, which were later on combined
into a single journal paper and submitted to and accepted for publication in the Journal
of Nonlinear Science. Chapter |3| was originally prepared as a conference paper, however,
there was too much content and so I am expanding it into a journal paper as well. Before
Chapter [3] is published we intend to add numerical simulation results and numerical
analysis. At present, I am working with a third co-author to prepare these results[].
The purpose of these numerical results will be to highlight the relationship between
data-driven Koopman operator system identification and state-feedback control design.
Chapter [4] was also prepared as a conference paper that I am expanding into a journal
paper. Before submitting, I will add substantial data and modeling based on data that I
am collecting in the wet lab. Throughout this dissertation, the main focus are theoretical
underpinnings and mathematical modeling foundations. Each chapter is self-contained in

presenting its motivation, overview and introducing related work. However, I will briefly

!The work in this dissertation does not include any contributions from said co-author.



Introduction Chapter 1

introduce the work of this dissertation below, begninning with Koopman models.

Koopman operators model nonlinear dynamics as a linear dynamic system acting on
a nonlinear function as the state. This nonstandard state is often called a Koopman ob-
servable and is usually approximated numerically by a superposition of functions drawn
from a dictionary. In a widely used algorithm, FEzxtended Dynamic Mode Decomposi-
tion (EDMD), the dictionary functions are drawn from a fixed class of functions. Deep
learning combined with EDMD has been used to learn novel dictionary functions in an
algorithm called deep dynamic mode decomposition (deepDMD) [1]. The learned repre-
sentation both (1) accurately models and (2) scales well with the dimension of the original
nonlinear system. In Chapter [2| we analyze the learned dictionaries from deepDMD and
explore the theoretical basis for their strong performance. We explore State-Inclusive Lo-
gistic Lifting (SILL) dictionary functions to approximate Koopman observables. Error
analysis of these dictionary functions show they satisfy a property of subspace approxima-
tion, which we define as uniform finite approximate closure. Typically, a Koopman dic-
tionary’s nonlinear functions are homogeneous. In Chapter 2 we discover that structured
mixing of heterogeneous dictionary functions drawn from different classes of nonlinear
functions achieve the same accuracy and dimensional scaling as the deep-learning-based
deepDMD algorithm. We specifically show this by building a heterogeneous dictionary
comprised of SILL functions and conjunctive radial basis functions (RBFs). This mixed
dictionary achieves similar accuracy and dimensional scaling to deepDMD with an or-
der of magnitude reduction in parameters, while maintaining geometric interpretability.
These results strengthen the viability of dictionary-based Koopman models to solving
high-dimensional nonlinear learning problems.

Koopman system identification techniques model nonlinear dynamics by using a dic-
tionary of functions to learn a linear system that is higher-dimensional than the data used

to train the model. These methods are data-driven and may be used to design control
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Introduction Chapter 1

laws for unknown dynamics. In Chapter (3| for control affine systems, we demonstrate
examples of state-feedback controllers to illustrate that, when control is the objective,
the Koopman model becomes secondary and subject to the control design process. This
implies that certain scenarios merit data-driven control strategies different from system
identification strategies that prioritize best fit. We also present a controller design frame-
work to stabilize systems modeled with a data-driven Koopman model. Since Koopman
models propose a linear state-space representation of the true dynamics, they often imply
that a proportional control law applied to the states of the Koopman model can stabilize
the origin. We explore the relationship between Koopman model accuracy and the de-
gree of success applying proportional feedback control based on the Koopman model. We
do this by computing error bounds on the minimal control action needed to stabilize a
system after proportional control is applied to the Koopman model. These error bounds
relate the Koopman model error to how well feedback control will stabilize the system.
One potential application of these system identification and control strategies is to model
and control transcriptional networks in cells.

Cell sensory transcription networks are the intracellular computation structure that
regulates and drives cellular activity. Activity in these networks determines the the cell’s
ability to adapt to changes in its environment. Resilient cells successfully identify (clas-
sify) and appropriately respond to environmental shifts. We present a model for identifi-
cation and response to environmental changes in resilient bacteria. This model combines
two known motifs in transcription networks: dense overlapping regulons (DORs) and
single input modules (SIMs). DORs have the ability to perform cellular decision making
and have a network structure similar to that of a shallow neural network, with a number
of input transcription factors (TFs) mapping to a distinct set of genes. SIMs contain
a master TF that simultaneously activates a number of target genes. Within most ob-

served cell sensory transcription networks, the master transcription factor of SIMs are

3



Introduction Chapter 1

output genes of a DOR creating a fan-in-fan-out (bowtie) structure in the transcriptional
network. In Chapter , we model this hybrid network motif (which we call the DOR2SIM
motif) with a superposition of modular nonlinear functions to describe protein signaling
in the network and basic mass action kinetics to describe the other chemical reactions
in this process. We analyze this model’s biological feasibility and capacity to perform
classification, the first step in adaptation. We provide sufficient conditions for models
of the DOR2SIM motif to classify constant (environmental) inputs. These conditions
suggest that generally low monomer degradation rates as well as low expression of source
node genes at equilibrium in the DOR component enable classification.

Chapter[A]is a collection of appendicies for the proceeding chapters. Material deemed

to interrupt the flow of the chapters is afforded a section in the appendicies.



Chapter 2

Heterogeneous Mixtures of
Dictionary Functions to
Approximate Subspace Invariance in
Koopman Operators: Why Deep

Koopman Operators Work

Published in Volume 35 of the Journal of Nonlinear Systems in May of 2025

2.1 Introduction

Koopman operator theory considers an alternate representation of a dynamic system
where the state evolution of a nonlinear system is linear. In this representation, the con-
cepts of vibrational, growth, and decay modes in linear systems can be directly extended

to nonlinear systems [2]. These modes address problems in the field of fluid mechan-
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ics [3H5], disease modeling [6], attack identification in the power grid [7], programming
the steady state of biological systems [8], and extracting new biosensors |9]. The spectral
properties of the linear Koopman operator in this function space connects to classical
methods for model reduction, validation, identification and control [10]. Since Mezié’s
first paper on the spectral properties of the Koopman operator, computing Koopman
modes has become a major research focus [11,]12]. The central algorithm for computing
these modes is dynamic mode decomposition (DMD). Extensions of DMD, such as ex-
tended dynamic mode decomposition (EDMD) [13] enable the approximation of strong
nonlinearities in the model. Others, such as the robust approximation algorithm pre-
sented in |14], enable high fidelity modeling in the presence of both process and mea-
surement noise. Increasing levels of sophistication are required to build large-scale, data-
driven models of complicated, nonlinear dynamic processes. Koopman operator theory
provides an alluring, though nuanced, approach to building such models [3-6,8-12].

To build universally applicable models, as the scale of systems increases, model classes
need to capture as many dynamics as possible in the smallest number of parameters
and model dimensions. This requirement has restricted the viability of dictionary-based
Koopman models such as the extended dynamic mode decomposition (EDMD [13]) al-
gorithm. Such models become unwieldy because human defined dictionaries with non-
linearities placed in an evenly spaced grid scale, in dimension, exponentially with the
dimension of the state space. However, Koopman models, in theory, do not need their
parameters to scale exponentially with the dimension of the state. One approach to
learning lower dimensional models is through the SINDy algorithm. This algorithm uses
sparse regression to project to a lower dimensional subspace of the nonlinear function
space initially chosen [15]. Another, Symmetric Subspace Decomposition, approximates
the maximal Koopman-invariant subspace in an iterative fashion [16].

Some empirical results suggest deep-learning based models scale much better with

6
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state dimension [1,/17-20]. One of these approaches is to use deep learning to learn
a function dictionary or a set of observables during training [1]. The deepDMD algo-
rithm uses a form of stochastic gradient descent (SGD) to train a deep artificial neural
network to select observables. Because the neural network is a universal function ap-
proximator [21], it can learn a large class of continuous observables on a compact set and
parameterize the approximate Koopman operator. The deepDMD algorithm has been
generally successful at learning both small and large scale nonlinear systems [1].

Other approaches leverage deep learning to build efficiently parameterized Koopman
models with high fidelity. Methods using linear recurrent autoencoders build effective,
low-dimensional Koopman models that do not explicitly use linear combinations of the
state as dictionary functions [17-519]. To do this, they pass observables from the learned
function space, via the decoder, back to the original model’s state-space. Other work
has, under the assumption of ergodicity, delegated the process of choosing a dictionary
for EDMD to deep learning [20].

Neural networks are typically black box models. In this work, we use dictionaries of
functions inspired from deep learning to build Koopman models which both capture the
system dynamics and approximate the dynamics of the nonlinear dictionary functions.
The success of these models provides insight into why deep learning models have the
capacity to approximate Koopman operators well. We explain this success by demon-
strating that these dictionaries satisfy uniform finite approximate closure, a property tied
to the subspace invariance of these dictionaries.

In sections [2.6| and of this paper we demonstrate the uniform finite approximate
closure of the state-inclusive logistic lifting (SILL) dictionary. The SILL dictionary was
inspired by some of the dictionary functions learned by deepDMD, the deep-learning
based Koopman model in [1]. To an extent, this analysis explains the success of deepDMD

in learning. But, deepDMD learns more than this one type of function (see Fig. 3 of [1]).
7
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Indeed, it can learn dictionary functions from multiple function classes simultaneously,
and we have observed it to do so (see Fig. [2.1]).

Inspired by these observations, we also contribute the first analysis of a heterogeneous,
or mixed, basis dictionary function for Koopman learning. Traditionally, dictionary
based methods for building Koopman models focus on homogeneous dictionaries. In
such a dictionary, each of the nonlinear candidate dictionary functions comes from a
specific function basis, such as a polynomial or Fourier basis [22]. The SILL dictionary,
defined in Section of this paper, is one such homogeneous dictionary. While mixing
elements from different functional basis does increase the representational efficiency of
the dictionary, the subspace invariance, or closure, properties of such a dictionary are
not straightforward to understand.

Introducing heterogeneous basis leads to added complexity of the resulting dictionar-
ies. This complexity is transferred to the representation of the vector field over which we
take Lie-derivatives of each dictionary function (see the proof of Lemma 1 in Section
of the appendix). We evaluate the vector field of the new class of Koopman models by
computing the Lie-derivatives of their heterogeneous mixture of dictionary functions. We
then work from these Lie-derivatives to argue that these Koopman models are approxi-

mately subspace invariant and that they will scale favorably with (1) system dimension

(see sections [2.7.1] and [2.8.3) as well as (2) model dimension and dictionary steepness

(see sections and [2.8.1)). Combining our new function dictionaries with an effective
learning algorithm yields a training loss comparable to deepDMD, but with an order of
magnitude reduction in model complexity.

In sections [2.2] and we define the Koopman learning problem and provide foun-
dational definitions and notation for this paper. In sections and we define deep-
learning-inspired dictionaries for solving the Koopman learning problem. In sections [2.6|

and we mathematically demonstrate the favorable modeling properties of these
8



Heterogeneous Mixtures of Dictionary Functions to Approximate Subspace Invariance in Koopman
Operators: Why Deep Koopman Operators Work Chapter 2

dictionaries. In Section we show these favorable properties numerically. Finally, we

draw our conclusions in Section 2.10

2.2 The Koopman generator learning problem

In this section we introduce the problem of choosing a function space and approximate
Koopman generator to model a dynamic system. This problem is not convex, but, when
approximated well, it gives an accurate, data-driven, linear model of a nonlinear system.

Consider a nonlinear, time-invariant, autonomous system with dynamics

i = (o) (2.1)

where x € R” for n € N, f : R” — R"”. We introduce the concepts of a Koopman
generator and its associated multi-variate Koopman semigroup, following the exposition
of [11].

For continuous nonlinear systems, the Koopman semigroup is a semigroup, a set with
an associative binary operation, ICi;cg of linear but infinite dimensional operators, Ky,
that acts on a space of functions, ¥, with elements ¢ : R® — R, for N € N. Our
function, 1, is an observable because it is a function of the state, z. We say IC; : ¥ — W

is an operator for each t > 0. The Koopman operator applies the transformation,

Kt o p(x0) = y o Dy(xy), (2.2)

where ®;(x) is the flow map of the dynamical system (2.1)) evolved forward up to time ¢,
given the initial state xq. Instead of examining the evolution of the state, the Koopman
semigroup allows us to study the forward evolution of functions of state, ¢(z) [13].

The action of the generator, Kg, on the observables, 1/, for the Koopman semigroup

9



Heterogeneous Mixtures of Dictionary Functions to Approximate Subspace Invariance in Koopman
Operators: Why Deep Koopman Operators Work Chapter 2

is defined as

]Cgowéhmw.

t—0 t

(2.3)
When ¢ and ¢ are fixed, we see from Eq. (2.2)) that K; is a function of the state, x.

Similarly, g may be understood as a function of x. The Koopman generator is a state-

dependant derivative operator, see Section 7.6 of [23]. It satisfies

d
() = Ko(w) o 0(0). (2.4

In rare cases the Koopman generator will not have a dependence on x, see Eq. (24) and

the surrounding section in [24].

2.2.1 Learning Koopman operators from data

In discrete-time, data-driven Koopman operator learning (explored in Section [2.9) we

have r pairs of measurements of the state,

(i, wit1) = (m, f(xy)), fori=1,2,....7. (2.5)

Note that, here, each z; € R" is a single full state measurement.

In continuous-time, data-driven Koopman generator learning (the topic of sections
2.6, 2.7 and our pairs are instead measurements of the state and their derivatives as
follows:

dx;

(.Z'i, E) = (l’i, f(l'z)), for 1 = 1,2, T (26)

We briefly remark that, there are techniques for a continuous-time data-driven Koop-
man generator learning problem working with discrete measurements instead of measure-

ments paired with their derivatives. For example, see [25].

10
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Because we are working with numerical computation, the state (and its derivative, if
applicable) is n-dimensional, where n < co. We assume all measurements of the state
are noise-free.

Given our data, Eq. , it is customary to choose a function that encapsulates a
finite set of N dictionary functions, 1 : R® — R a constant matrix, K € RV*V and a
projection, P : RY — R"™, to model f. We use 1 to refer to the dictionary functions here
because, our final Koopman generator approximation will be acting on data-centered
evaluations of the dictionary functions as observables.

Note that, in a data-driven setting, we choose v without knowing the equation for
f(z). Typically, we choose N such that N > n, and so ¢ (x) is a “lifting” of our data
(see the use of “lifting” in [26]).

In numeric methods for Koopman modeling, we approximate f with the matrix-vector
product, K (x). Effectively, in a data-driven setting, this amounts to projecting the
action of an infinite dimensional Koopman operator as matrix multiplication on sampled

data space. Thus we have

dip(z)

P
(dt

)= f(x). (2.7)

The matrix, K, is a linear operator, to ensure that it behaves like a true Koopman

generator we choose it, in conjunction with ¢, to satisfy

~ K(x). (2.8)

This, in summary, yields the following finite approximation to the Koopman generator

equation

dr LGNS
T = fa) 2P mP(K (). (2.9

We are tasked to learn a numerical, finite-dimensional approximation K of the Koopman

11
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generator, Kg and the set of dictionary functions, ¥. This matrix K is the Koopman
generator approximation that acts specifically on data-centered evaluations of dictionary

functions 1 (x) as observable functions of the state, x.

2.2.2 Problem Statement

To approximate the true Koopman generator, we solve the following optimization

problem.

(2.10)

Y

min ; HW“) Ko

Kapew dt

where each z; € R" is one of our r full state measurements.

This is an abstraction of the discrete-time problem statement. In practice, derivatives
are difficult to numerically compute and measure.

In this optimization we need to select dictionary functions, as well as a real-valued
matrix, K. This optimization problem is non-convex, since the form of ¢(x) is unknown
or parametrically undefined. The model dimension, N, is a hyperparameter of Eq. .

In EDMD the dictionary functions ¢ (z) are predefined, drawn from a homogeneous
class of nonlinear functions, and assumed to be known. Under these assumptions, Eq.
is a convex optimization problem with a closed-form solution. By contrast, in
deepDMD, the dictionary functions and K are learned simultaneously during iterative
training. This is, of course, a nonlinear, non-convex optimization problem, for which we
employ variants of the stochastic gradient descent algorithm from Tensorflow or Pytorch,
such as adaptive gradient descent (AdaGrad, [27]) or adaptive momentum (ADAM, [28]).
These numerical approaches provide no guarantee that low-parameter approximations to
the learned set of dictionary functions ¢y (), ¢¥o(z), ..., ¥n(x) are homogeneous, or drawn
from the same function class. The outcomes of deepDMD often produce what appear to

be heterogeneous dictionaries ¥ (z).
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2.2.3 Finite closure

Previous work characterizes the closure and convergence of Koopman models as ad-
ditional dictionary functions are appended to the model for the DMD and EDMD algo-
rithms [26,29]. Other work connects the number of data-points in a data-driven learning
context for specific learning algorithms to closure [30]. We explore closure as an inherent
property of a dictionary. We begin by understanding the property of subspace invari-
ance, which corresponds to finite exact closure. Closure, in this context, refers to how the
action of the Koopman generator on the dictionary functions does not give any function
outside of the dictionary functions’ span. This span is the subspace that we refer to.

Let S, be the span of our dictionary functions. The set S is a subspace of the set of

all functions that map x to R.

Definition 1. We say that our dictionary, ¥ (x), satisfies Koopman subspace invariance
when Kg - (z) € S. A Koopman subspace invariant dictionary is said to satisfy finite

exact closure.

If some element in a dictionary does not satisfy Koopman subspace invariance, then
there exists some element in the dictionary that, when acted on by the Koopman operator,
cannot be represented as a linear combination of dictionary functions. In the context of
data-driven Koopman learning this means that when our dictionary contains N functions,
no N by N matrix captures the precise action of the Koopman generator.

Finite exact closure (Koopman subspace invariance) is unlikely to be achieved, as (1)
the Koopman generator may need to be infinite dimensional and (2) in the case that
it does not, it is difficult to engineer models with exact closure even with an explicit
knowledge of Eq. . So, we also consider an approximate notion of closure relevant

to building models from data.

13
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Definition 2. We say v(z) : R* — RY achieves finite e-closure or finite closure with
O(e€) error when there exists a K € RN*YN and an € > 0 such that

d(yp(x))

e Kip(x) + e(x), (2.11)

for the vector field f.

Our dictionary (x) achieves finite approximate closure when, for the vector field, f,
and every x, the function e(x) is a bounded for every K such that || K|| < oco.

We say that ¥ (z) achieves uniform finite approximate closure for some set R when

it achieves finite closure with |e(x)| < B € R for all v € R.

We are most interested by the property of uniform finite approximate closure, espe-
cially when we can bound the constant, B, to be arbitrarily low. When B can be bound

in such a manner we have an accurate, data-driven model.

Example 1. Unfortunately, closure does not come with every dictionary of observables,
even if that dictionary spans the function space of the dynamic system. For example, a
canonical polynomial basis, {1,x, 2%, ...,xN"1}, used to approzimate the one-dimensional
system f(x) = x?, spans the dynamic system, but no model using this basis will be closed.
In fact, none will achieve uniform finite approximate closure. We illustrate what this

lack of closure means when x >> 1. In that case, the Lie derivative of ™ is

N-1 N-1
d(xdt ) _ d(xdx )Z—i = (N - 12" %% = (N — 1)V, (2.12)

Approzimating this derivative when x >> 1 as an N** degree polynomial will dramat-
ically fail as the error will be of order O(z™). This failure will cascade back through
approzimations of all the other dictionary functions. Closure is a crucial property of

these models!
14
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We want models with uniform finite approximate closure because, as the bounding
constant goes to zero, B — 0, we may use K to perform stability, observability and
spectral analysis. We see this is true as, in the discrete-time formulation, as B — 0, K
approaches a projection of the action of the Koopman operator [26]. In the continuous-
time formulation, we assume (without proof) this result implies, as B — 0, that K
approaches the action of the Koopman generator.

The dictionaries that we consider in this paper will be state-inclusive, meaning that

their first n-dimensions are simply the first n state variables.

Definition 3. A dictionary, 1(x), is state-inclusive when

[1 01 V() =2 (2.13)

when I 1s the n X n identity matrix.

When a dictionary is state-inclusive, it is trivial to project from ¢ to x and its
trajectory may yield stability insights. To keep our models meaningful in this way, all

the dictionaries in this article are state-inclusive.

2.3 Notation

Our models, throughout this article, will have two classes of parameters. Each class
refers to the distinct geometric properties of center and steepness. To create a clearer

separation of function variables and parameters we will use the following notation

H(if; M, Oél)-
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Figure 2.1: Process for the discovery of a novel mixed function dictionary with approx-
imate subspace invariance. First, the deepDMD algorithm takes data from a nonlinear
system to build approximate Koopman observables. Then, projections of these observ-
ables are analyzed to extract functional properties. Finally, high-dimensional functions,
whose projections satisfy these properties, are developed and their closure properties are
verified.

In this notation, H is a function whose variable is the vector z and whose parameters
are vectors y; and ;. The vectors p; and o refer to the geometrically distinct classes of

parameters, u for center and « for steepness. A second example would be

U(Iz‘; i, Oélz')-

In this notation, n is a function whose variable is the scalar x;, and whose parameters
are the scalars p; and «y;. To make our equations less cumbersome we summarize all the

distinct parameters with the label §. For example,

H(x;w,0q) & H(z;6)),
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and

(s s, o) = (s O
In general, our notation uses the following conventions.
1. Integer ¢ will be an index of state dimension.
2. Integer j will be an index of the first group of added dimensions.
3. Integer k£ will be an index of the second group of added dimensions.
4. Integer [ will be an additional added dimension index.
5. Integer n will be the state dimension.

6. Integer N will be the added dimensions. When we mix two basis, the dimension of
the first (conjunctive logistic functions) will be Ny and the dimension of the second

(conjunctive radial basis functions) will be Ng. This means that N, + Ng = N.

7. The n x N real-valued matrix, w, will be a matrix of weights. In our analysis
it corresponds to a block of the Koopman Operator approximation matrix, K,
which describes the flow of the state variables as a linear combination of nonlinear

observables.

2.4 The SILL dictionary: A homogeneous dictionary
model of deepDMD’s learned dictionary

In this section, we define a new class of dictionary functions, ¢ (z), identified from
deepDMD’s solution to Eq. (2.10). We will call this class State-Inclusive Logistic Liftings
(SILLs). We call them this because
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1. they contain the state of the vector field f(x). The dynamics of the governing

equations are directly included in the dictionary, so the dictionary is state-inclusive.

2. The dictionaries in this class also contain nonlinear functions, all of which are

conjunctive logistic functions, so these dictionaries are logistic in nature.

3. Finally, since each has at least one nonlinear dictionary function, the dictionary
size, N =1+ n + Ny, is greater than the state dimension, n. Since N > n, the

model using this dictionary is “lifted” to a higher dimension than the original state.

We previously showed that Koopman models chosen from SILL dictionaries have
successfully learned global nonlinear phase-space behavior of several simple, nonlinear
systems [31]. In Section , we show, for the first time, that SILL dictionaries satisfy

uniform finite approximate closure.

2.4.1 The SILL functions and deepDMD

We define a multivariate conjunctive logistic function, A : R — R, for a given center

parameter vector p; € R™ and steepness parameter vector a; € R™ as follows

n

Az pj, o) = H)\(xi;(?ji), (2.14)

i=1

where the measurements are x € R" and the scalar logistic function, A : R — R, is

defined as
1
1+ esi(@imhgi)|

(2.15)

)\(%;/ﬁju%z‘) £

The parameter p; is the center or the point of activation for A(x;6;) along dimension ;.
The parameter o; is a steepness or sensitivity parameter, and determines the steepness

of the logistic curve in the " dimension for A(z;6;). Conjunctive logistic functions map
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orthants of R" to be nearly 1 and the rest of the space to be nearly 0. The boundary
between this orthant and the rest of R"™ is defined by the center parameters and the
nature of the transition (gradual vs steep) comes from the steepness parameters.

To illustrate how this conjunctive logistic function works, consider what happens if

you set the vector x to be constant in all but the {** dimension. Then
Aw; gy a5) = ([T e M e, ). (2.16)
i#l

This is a constant times the logistic function in the {** dimension. When we project
dictionary functions learned by deepDMD to a single dimension we observe that they

likewise approximate a scaled logistic function.

2.4.2 SILL functions and systems are smooth generalizations of

step functions for piecewise constant dynamic systems

A conjunctive logistic function may be thought of as a smooth relaxation of an n-

dimensional step function, S : R™ — R, so that

1if ZT; Z ,uﬂ,VZ = 1, L, n,
S py) = . (2.17)

0 otherwise.

Specifically,

i A(z; 5, ) = S(, ;). (2.18)

a—r00

This is important to note because of the following proposition, which is proved in Section

of the appendix.
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Proposition 1. Given a piecewise constant vector field, f(x), that can be expressed as

a finite combination of these n-dimensional step functions,

Np

filz) = ZwijS(a:;pj),‘v’i =1,..,n, (2.19)

i=1

there exists a finite state-inclusive dictionary including n-dimensional step functions that
will satisfy exact closure for all x € R™ except for a set of points on a set of Lebesque

measure zZero.

This means that state-inclusive dictionaries of SILL functions are a relaxation of
dictionaries with exact closure properties on a broad class of vector fields. Exploring the
relationship between n-dimensional step functions and these SILL relaxations will be an
important component of our analysis of the performance of SILL functions as Koopman

dictionary functions.

2.4.3 The SILL Koopman dictionary

Given N multivariate logistic functions, we define a SILL dictionary as ¢ : R* — R,
so that:

b(z) £ [1 z’ [\(x)Tr (2.20)

where A(x) = [A(z;0y),...,A(z;0x)]7 is a vector of conjunctive logistic functions and
N =1+ n+ Np. We then have that K € RY*YN. This dictionary is state-inclusive.
Ideally A(z), the state and a constant spans each dimension of the vector field over the

region of interest.
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Figure 2.2: A visual outline of the (commutative) steps taken to prove uniform finite
approximate closure of SILL dictionaries in sections and 2.7, These same steps are
applied in Section to the heterogeneous augSILL dictionary. In summary, under the
assumption that the governing equations are in the span of a given dictionary, there is a
commutative two-step process to approximating the true system dynamics to a Koopman
model. The work in this article describes error bounds for each step.

2.5 The AugSILL dictionary: A heterogeneous dic-
tionary model of deepDMD’s learned dictionary

In this section, we define a heterogeneous dictionary for Koopman learning. This
dictionary, like the SILL dictionary, is inspired from the dictionary functions learned by
deepDMD.

In our experience, projections of deepDMD’s dictionary functions tended to match
the profiles of logistic functions. However, in these dictionary function projections, there
were some punctuated irregularities, divots and bumps not easy to represent as a logistic
function (see Fig. [2.1)). We choose to model these irregularities with radial basis functions
(RBFs). We therefore augment our SILL dictionary with conjunctive multivariate RBFs

(conjunctive RBFs). We define an RBF with a steepness of ay; and a center of juy; as
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follows:
e~ ki (Ti—piki)

(1 4 e—owil@i—pni))2”

L L

(2.21)

p(xi; 0i) = p(4; pogi, ki)

This RBF takes on its global maximum value of % when the state, x; = u;, the center
parameter. It radially approaches zero at a rate determined by the value of the steepness
parameter oy;.

Note the following relationship between our RBF and logistic functions. The RBF
p(z;01) = Nxi; 0ri) — Mxi; 0x:)*. So, even in one dimension, exactly approximating an
RBF would require an infinite linear combination of SILL functions (a piecewise linear
spline on infinitesimally small intervals). Thus, conjunctive RBFs contribute distinct
nonlinear features that are outside the span of the SILL function space. This mathemat-
ical observation is the rationale for referring to this mixture of dictionary functions as
heterogeneous.

We define a conjunctive RBF to be P : R" — R so that:

n

P(x;6) 2 P(; e, o) 2 [ ] olas; 00)- (2.22)

i=1

Conjunctive RBFs map their center to a value of 47" and radially around that center
drop off to zero. The steepness parameters determine how quickly the drop off to zero
occurs along each coordinate axis.

When we set the vector z to be constant in all but the I dimension, P(x;pu;, o) =
(ITi ci)p(@i; p1ji, cjy). This is a constant times the RBF in the [ dimension. When
we project dictionary functions learned by deepDMD to a single dimension, we observe
that many contours approximate logistic functions, others approximate RBFs and scaled
sums of RBF's and logistic functions. Fig. 3 of [1] demonstrates some of these projected

functions.
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We propose the augSILL (augmented SILL) dictionary as the stacked vector of a

mixture of dictionary functions of z

h(x) 2 [1 o7 AT PT}T, (2.23)

where the vector

AL A (x:6y), ..., A(z; 05,)]" (2.24)

contains all conjunctive logistic functions, and

P 2 [P(x; On,+1), -y Plx; 0NL+NR)]T (2.25)

contains all conjunctive radial basis functions. In this article, the augSILL dictionary
includes Ny conjunctive logistic functions and Ny conjunctive RBFs. The augSILL
dictionary is of dimension N = 14+ n+ N + Ng. To our knowledge this is the first time
that anyone has analyzed the behavior of mixed dictionary functions for the numerical
approximation of a Koopman operator or Koopman generator.

Can a mixture of heterogeneous functions form a coherent basis that preserves sub-
space invariance, or at least uniform finite approximate closure? Certainly the more
varied basis facilitates approximating the vector field, f(x), due to the increased degrees
of freedom in the dictionary. But the subspace invariance properties are just as impor-
tant to Koopman models as approximating the vector field (see Example 1). Using a
mixed basis dictionary complicates the computation of the Lie derivatives of dictionary
elements. This is because the representation of the vector field itself (a component in Lie

derivative computation) has more degrees of freedom.
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2.6 Uniform finite approximate closure of the SILL
dictionary: Step 1

We showed in [31] that a pure, state-inclusive, SILL dictionary can make effective
low-dimensional Koopman models. We demonstrate that the SILL dictionary satisfies
uniform finite approximate closure (see Definition [2in Section [2.2.3)). In essence, uniform
finite approximate closure guarantees that the dimensionality of the dictionary space does
not need to diverge to infinity, while simultaneously approximating the vector field f(x)
sufficiently well. This property is what makes numerical approximation of the Koopman
generator equation possible.

Recall from Example (1| that when considering a new set of dictionary functions, we
also have to consider the effects of dictionary explosion. In Example[I], we computed the
Lie derivatives of each dictionary function, which in turn generated new product terms
that were not in the span of the existing dictionary. Thus, for any new class of dictionary
functions, a key property requisite to uniform approximate finite closure is the ability to
approximate products of dictionary functions as elements of the span of the dictionary.

In the context of the SILL dictionary, we need to show how approximate products of
dictionary functions are elements in the span of our dictionary. We do this by showing
convergence in steepness of products of conjunctive logistic functions to a single conjunc-
tive logistic function. To show these bilinear terms are approximately in the span of our
dictionary, we need to show that the product of two conjunctive logistic functions may

be approximated as a single conjunctive logistic function as follows:

A(z;0)A(z:6;) = A(x; 0%) (2.26)
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where 6* = (tmaz(l,7); ¥maz(l, 7)) and

ﬂmax(laj) - (ma’x{/'blla ,ujl}a ceey maX{/le, M]m}) )

and aynq:(l, j) are the a (steepness) values that correspond to the indices of the p’s.

Theorem [1| demonstrates that Eq. is a good approximation in the limit of
increasing steepness parameter «.. Specifically, it says that a bilinear combination of con-
junctive logistic functions can be approximated by a single conjunctive logistic function.
This is important to show the uniform finite approximate closure of the SILL dictionary
as it paves the way for Corollaries[[]and 2l These corollaries are key steps in understand-
ing the error between the Koopman model using the SILL dictionary and the true Lie
derivatives of these dictionary functions (see Step 1 in Fig. . The proofs of Theorem
and Corollary [I] are in Section of the Appendix.

To characterize the value of our approximation we need to define the regions where our
approximation’s efficacy is capped. Theorem 1| will demonstrate that the approximation
in Eq. can be arbitrarily good outside of a special set of hyperplanes. Given
a SILL dictionary, ¢(x), we define a set of nNy, n — 1 dimensional hyperplanes in R”
corresponding to the centers of each Mz £ {z : there exists i € {1,2,...n} and j €
{1,2,..., N} so that z; = u;;}. This defines specific state values where the approximation
in Eq. has maximal error and the error cannot be reduced. In practice, this
does not stop the SILL dictionary from achieving high levels of performance for system
identification, see Section [2.9] This makes sense as the set Mj is a finite collection of

n — 1 dimensional sets in R", and is therefore of Lebesgue measure zero.

Theorem 1. Under Assumption if the state, x, does not exactly match the SILL
dictionary functions corresponding center parameters, x € My, then, as the steepness pa-

rameters go to infinity, the product of two conjunctive logistic function will exponentially
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approach a single conjunctive logistic function in the dictionary, specifically, o — oo,
A(z; 0)A(z;6;) — A(x;07) = 0

at a rate of e~ for some positive constant c.

Theorem [I] implies an intermediate result to demonstrating uniform finite approxi-
mate closure of the SILL basis in approximating a Koopman generator. This result is
given in Corollary [1| and it connects Theorem (1| to the Lie derivative of a SILL dictionary
function.

Since our Koopman models are linear in nature, each Lie derivative will need to be
approximated as a linear combination, or weighted sum, of dictionary functions. However,
the Lie derivative of each dictionary function is a nonlinear weighted sum of bilinear
terms. Corollary (1| replaces all of the bilinear terms in this nonlinear weighted sum
with individual dictionary functions. This gives us an intermediate approximation that
is nearly the linear combination of dictionary functions that we need for a Koopman

model.

Corollary 1. Under the assumptions of Theorem[1|, when f is spanned by a SILL dic-
tionary, the Lie derivative of a conjunctive logistic function exponentially approaches a
finite weighted sum of conjunctive logistic functions as the steepnesses of the functions
goes to infinity. Specifically,

n Np

Alw;60) = D ) anwig (1 — Mas; 1)) A5 %) (2.27)

i=1 j=1
exponentially as o — oo.

The intermediate approximation to the Lie derivative of a conjunctive logistic function

given in Corollary [I] will be further approximated as a Koopman model in Section [2.7]
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This intermediate approximation is not a linear combination of dictionary functions like a
Koopman model would be. However, the error between this intermediate approximation

and the true Lie derivative is uniformly bounded by the intermediate bounding constant

gé%}rfzzalzwm xlaell))gl\l/\ (SL’,Z,]) (228)
i=1 j=1

where ez, (2,4,7) £ A(z;6,)A(z;6;) — A(z;6%). The intermediate bound, By, is finite
as it is a finite sum and product of finite-valued functions. When x ¢ My the bound
decreases exponentially as o becomes increasingly positive because e, (,1,7) does so
as well. This error bound for the intermediate approximation will be used in Section
to bound the overall error of a Koopman model using the SILL dictionary.

We now show the second step in an alternate path to characterizing the finite closure
properties of the SILL dictionary. This is to approximate the SILL observables’ Lie

derivative as a linear combination of SILL basis functions,

n Np
ZZalinjA(m;@*), (2.29)

i=1 j=1

where [ € {1,2,..., N }. This step corresponds to the lower right arrow in the right side
of Fig. and is given in Corollary

Corollary 2. Under the assumptions of Theorem[1], the error between

DY anwiiAa; 6)A(x; ;) (2.30)

i=1 j=1
and Eq. goes to zero exponentially as o — 00.

Proof: The proof follows from a direct application of Theorem [T W
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The error described for the approximation in Corollary [2| is uniformly bounded by

n Np

BQ = mBXZZOéliwz‘jé“AlAj (z,1,7), (2.31)

i=1 j=1

where ey, is defined as above, and this bound likewise goes to zero exponentially as
« increases. The bounding constant B which we will use to demonstrate uniform finite
closure will be a function of Bj, Bg as well as two other bounds. This relationship is in
Section R.7.21

The end result of Eq. is a nonlinear combination of dictionary functions and
Eq. is an approximation of the Lie derivative, A. We explore the approximation
quality in Section [2.7] Section also ties these results to conclude that the SILL
dictionary satisfies uniform finite approximate closure and that the bounding constant
goes to zero, B — 0, exponentially as steepness of the dictionary functions and the state

dimension increase. Thus, SILL dictionary functions define a spanning set for Koopman

observables.
Ref | Approximation Difference (Error) Error
Bound
n NL n NL n NL Uss
B2 DD owwyhlw:t) | DD owwgMeaf)Aw) | D> o
i=1 j=1 i=1 j=1 i=1 j=1
n NL n NL n NL Ui
(A.9) Z Z awiiA(x; ;) A(x; %Z Z awiiA(xi; 0) A(x; 0)) A(x; %Z Z 22;15
i=1 j=1 i=1 j=1 i=1 j=1

Table 2.1: Approximations to and properties of error bounds for the equations referred to
in the Reference column. The reference equation is approximated as the corresponding
equation in the Approximation column. We give the error of this approximation in the
Difference (Error) column. The Error Bound column gives a bound on this error.
Each constant v;; is bounded by the product of a weight and steepness parameter. For
the purpose of these bounds, these parameters are samples from a uniform distribution
defined on the interval [—a, a| for some positive real number a.
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2.7 Uniform finite approximate closure of the SILL
dictionary: Step 2

This section simultaneously addresses the approximation of two related mathematical

objects.

1. The nonlinear combination of SILL dictionaries in Equation (2.27) with a linear

combination.

2. The bilinear combination in Equation (2.30) with the Lie derivatives of a conjunc-

tive logistic function.

So, there are two distinct approximations, one for Corollary [I] and one for Corollary 2]
The explicit approximations are given in Table 2.2 In the sense of the steps shown in
Fig. [2.2] each of these approximations is a step closer to the Koopman model. The
relationship between these approximations, Corollaries [I] and [2| and the uniform finite
approximate closure of the SILL dictionary is schematically depicted in Fig. [2.2]

To show uniform finite approximate closure, we need to characterize the error,

e(z) = i Kiy(x). (2.32)

We do so by choosing a specific approximation for the time derivative of each nonlinear
dictionary function in the SILL basis.

Characterizing the closure of a dictionary means understanding the error between the
Koopman model built with that dictionary and the true Lie derivative of each dictionary
function. In Section we used mathematical analysis to show that the approximation
error of some models will go to zero in the limit of high steepness. Proposition 1 shows

that this is enough to reach closure in the limit of infinite steepness and a piecewise
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constant vector field. But, when the vector field is analytic, these models do not fully
bridge the gap between our Koopman model and the true Lie derivative. This section
characterizes additional approximation errors to fully connect our Koopman model to the
true Lie derivative. Then, we uniformly bound those errors to show the uniform finite

approximate closure of the SILL dictionary.

For all I € {1,2,..., N.}, the error of approximating Eq. (A.10) with Eq. (2.29) is:

n

Np
Z Z Oéuwij)\(xi; 91i)A($; 9*)> (2'33)

i=1 j=1

and the error of approximating Eq. (A.9) with Eq. (2.30)) is:

n

Z ZL: awi Nz 0i) Ax; 0,) (3 0;). (2.34)

i=1 j=1

To get a grasp on the kind of errors we can expect when modeling with the SILL basis
we need to develop a conceptual model of the magnitude of Eq. and Eq. (2.34).
We do so by sampling possible parameter and state values from uniform distributions
over a symmetric interval and then computing distributions of one dimensional logistic
functions. We then do the same for terms in the sums in Equations and (2.34),
under the assumption that w;; = 1. In doing so, we notice an exponential decrease in

expected error as the state dimension increases.

2.7.1 Expectation of approximation error vanishes

To understand the exponential decrease in expected approximation error we start with
the expected values of a single dimensional logistic function. We do so with parameters
and state values sampled from uniform distributions defined on the interval [—a,a]. We

choose this statistical model for how our data and parameters are sampled, because 1) the
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data and parameters are assumed to belong to a bounded continuum, and 2) the uniform
distribution is the maximum entropy distribution for a continuous random variable on a
finite interval. Since our error terms are weighted sums of products of logistic functions
we, under the assumption of independence, can compute the expected value of our error
terms as a weighted sum of the distinct expected values of logistic functions. This is
justified by the linearity of and product rule of expectation under independence.

We cannot explicitly compute the probability density function (PDF) of our logistic
functions, so, we compute the values of these integrals numerically. Intermediate steps
and details of this approximation are in Section of the Appendix. In Fig. we
show their calculated expected values and variances for symmetric uniform distributions
with different values of a.

We find that the expected value of a logistic function will be 1/2 regardless of the
sampling interval (see Fig. . Its variance, as we sample in a wider interval, tends
to the functional extremes of zero and one. This is favorable for the linearity of our
approximation since, for all ¢ € (0,0.5], (0.5—¢)(0.5+¢) = 0.25—¢% < 0.25 = (0.5)2. So,
products of more extreme samples are lower in value than products of samples near the
expected value. This demonstrates that our bound, and the error bounds that follow,
computed using the expected value of 1/2, are conservative.

We approximate a single term in the sum of the error function and extrapolate via
the sum and product rule of expectation under the assumption of independence to see
how nearly linear our approximation is (see Section of the Appendix). We can con-
servatively bound the expectation of the approximation error as a product that decreases
exponentially with the state dimension. The expected value of a conjunctive logistic
function is

E[A] < —. (2.35)
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We now compute the expected error given the expected value of the logistic and conjunc-
tive logistic functions. The end result is that, applying the independence assumption,
one can conservatively expect the error of each summation term in Eq. to decrease
in the state dimension, n, at a rate bound above by Q,L% and the error of each summation
term in Eq. to decrease in n at a rate bound above by 2%% In each case, these
error bounds are exponentially decaying in n, the state dimension.

Explicitly, these intermediate error bounds are

- n M ..
Z Z 2n+1 and Bl - Z Z 2;;117 (236)

i=1 j=1 i=1 j=1

where v;; € R, and each v;; < a as each o; is sampled from the interval [—a,a] and w;;

is assumed to be 1. A summary is given in Table [2.2]

2.7.2 Error of the final model

Theorem [1| shows that in the limit of infinitely steep dictionary functions, the error
of approximating the product of two conjunctive logistic functions with a single one
goes to zero exponentially. Theorem (1| gives us two approximation corollaries that share
exponentially decreasing error. Likewise, our probabilistic bound demonstrated that the
error in approximating the Lie derivative of SILL functions as a Koopman model goes
to zero exponentially, on average, as the state dimension increases. This means that the

error, €(x), of the approximation

A(z; 0)) = Z Z awii (1 — X ag; 0))A(x; 60;)A(x; 0;)

=1 j5=1

n Np
~ Z Z aliwijA(x; 0*)

i=1 j=1

(2.37)
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will be bound by the sum B; + B,, as well as the sum Bl + B This means that the

error will be uniformly bounded by the constant

min{Bl + BQ, Bl + BQ} é B > 0. (238>

The error will exponentially go to zero with increasingly steep logistic functions and

increasing state dimension.

Remark 1. Consider a data-driven scenario, where the true dimension of the state is
unknown but there are multiple ways to take measurements of the system. In such a
scenario there may be a trade-off between the cost of taking higher dimensional measure-
ments (eg. through more expensive equipment or more extensive experiments) and the
quality of the final model. The error bounds tied to the state dimension can be used to
choose the lowest dimension of measurements needed to build a satisfactory Koopman

model.

The bound, B, on our closure error, €(z), goes to zero, B — 0, at the extremes of high
state dimension and steep dictionary functions. This bound shows that the SILL dictio-

nary satisfies uniform finite approximate closure. Given that A, is the approximation on

row 1 of Table then we have that

A, — Ay| < B(a,n) < By(a,n) + By(a,n) = 0 (2.39)

exponentially as a and n increase when the state is not in alignment with the center
parameters, © ¢ My, and |0|, |K| are bounded (see Footnote 1). These are reasonable

assumptions as the set Mj is of measure zero in R™ and because |0, | K| being bounded

I1f |A Aj| < By and |A; — As] < 32 where A; is the limiting approximation in Eq. - and As
is the approximation on row 1 of Table|2.2l Then |A As| < By + By by the triangle inequality. This
argument applies to B; and Bg without 1065 of generality where A; is the approximation on row 2 of

Table 2.2l and As is Eq.
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is required for any numerical application. Note that B(a,n) is constant given a set of
possible state values and a bound on the model parameters. It only varies in model
parameters and hyperparameters.

In practice, these limiting conditions of extreme steepness and state dimension are
not required. This constant in state dimension, B, appears to be a wide upper bound.
One captures strong nonlinear system features using the SILL basis for a low dimensional
dictionary and nonlinear system with no restrictions on the steepness parameter [31].

The empirical results in [31] as well as Section suggest that there are more nuanced
relationships between the steepness, center and weight parameter values and the error
of a Koopman model than the uniform bound we have demonstrated in this paper. In
these scenarios there is the additional consideration of choosing dictionary functions
whose linear combination approximates the underlying vector field. As of now, we rely
on numerical optimization to find this balance, but there remains untapped research
potential in determining what the ideal parameter combinations should be. For a more

detailed commentary on this point, see Remark [2] in Section [2.8.3]

2.8 Uniform finite approximate closure

of the AugSILL dictionary

In this section we analyze the subspace invariance properties of a mixed dictionary,
the augSILL dictionary. To do so, we characterize the error of Eq. (2.32)) for the augSILL

dictionary to show that this dictionary satisfies uniform finite approximate closure.

In Sections [2.8.1] and [2.8.2] we establish theorems analogous to Theorem [1] and its

corollaries for the augSILL basis. In Section we demonstrate probabilistic results

that combine with the corollaries in Section to uniformly bind average error of Eq.
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(2.32) with a constant, B, that can be arbitrarily small. This approach applies to the

SILL and augSILL dictionaries to show uniform finite approximate closure.

2.8.1 Convergence in Steepness of Bilinear AugSILL Terms to

the Span of the AugSILL Dictionary

When we construct a mixed dictionary and compute its Lie derivatives we find mixed
bilinear terms involving both types of nonlinear dictionary functions. On the path to
demonstrating uniform finite approximate closure, we need to approximate these bilinear
terms with a single element of our dictionary.

In Section we demonstrated that the product of two conjunctive logistic functions
can be well approximated by a single conjunctive logistic function. Here we approximate
the product of a conjunctive logistic and RBF. To make this approximation, we first

define a decision function, H, as follows:

P(x;0y) if py; < pgg, fori=1,2,....m
H(x;@l,ﬁk) = (240)

0 otherwise,
where [ € {1,2,.... Ny} and k € {N, + 1, N, +2,..., N, + Nr}.

The decision function, H, uses the relative centers of A and P, u; and py, to choose to
take on the value of the conjunctive RBF (P) or zero. Both functions are in the augSILL
dictionary as the zero function is trivially available.

To approximate the product of a conjunctive logistic and RBF, (see Fig. 1-c2)
we intend to show that:

A(z;0))P(z;6k) ~ H(x;0,,6). (2.41)
Eq. (2.41) is provably quite a poor approximation under the wrong conditions, for
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example, when elements of «; are negative. However, the following theorems will demon-
strate, that when each element of « is positive, this is a reasonable approximation. This is
argued by showing that when the elements of o approach infinity, the error of the approx-
imation approaches zero exponentially for all but a set of points that lie on n(Ny + Ng),
n — 1 dimensional hyperplanes in R". These are the points where the state values ex-
actly match up with the function centers. As we noted in Section [2.6] this collection of
hyperplanes has Lebesgue measure zero in R”.

In the case where the center of A(x;0;) is less than the center of P(x;0y) in all
dimensions we have that:

ENP, ($) £ A(LE, el)P(.’E, Qk) — H<$7 (9[, Hk)
(2.42)

= (A(z;6,) — 1)P(x;6).

Theorem [2{ demonstrates that Eq. goes to zero exponentially in the limit of the
steepness parameters, a. This theorem’s purpose is to argue that the decision function, H,
approximates that product of a conjunctive logistic and RBF when the center parameters
of the RBF are more positive than those of the logistic in each dimension. Since H, under
these circumstances, decides to approximate this product with the conjunctive RBF to
begin with, the approximation is already present in the augSILL dictionary. This fact
will allow us to argue the subspace invariance of this dictionary further down the line.

Given an augSILL dictionary, ¢ (z), we define a set of n(Ny + Ng), n — 1 dimensional
hyperplanes in R" corresponding to the centers of each Mj p 2 {z : there exists i €
{1,2,...,n} and j € {1,2,..., N,+Ng} so that x; = p1;;}. This defines specific state values
where the approximations in Eq. and have maximal error.

Theorem 2. When the state does not exactly align with the centers of the dictionary

functions in any dimension and the center of the conjunctive RBF is more positive than
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the center of the conjunctive logistic function in each dimension, then their product ex-
ponentially converges to the conjunctive RBF as their steepness parameters go to infin-

ity. Specifically, if v ¢ Mz p and for all i = 1,2,...,n, pup > pu;, then as a — oo,
A(z;6,)P(x;0r) — H(z;60,,0,) — 0 exponentially.

Proof: As a preliminary, we note that —1 < (A(z;6;) — 1) < 0 for any = € R™ and
for a > 0.
We first show that when py; > p; P(z;0r) — 0 as a — 0o. We do so by considering
the two possible cases for any ¢ where ug; > ;.
Case 1, z; > ju;. In this case as & — 0o we have that e~ (@ —#) — () exponentially,
and that (1 + e *#@=mi))2 5 12 = 1. Thus the i"* term of P(x;6;) will go to 0

exponentially.

Case 2, r; < ;. In this case as a — oo we have that (1f:fk(fx_ffk)))2 — 0. Thus
the i'" term of P(z;0y) will go to 0 exponentially.

Each of these cases implies that P(x;0;) and therefore Eq. goes to 0 exponen-
tially. W

Theorem [2 implies that the bilinear augSILL term, AP, a product of two dictionary
functions, is well approximated by P, a single dictionary function when P’s center pa-
rameters are more positive than A’s. This fact will be key to showing that bilinear terms
in the Lie derivatives of augSILL dictionary functions are approximated as linear terms
in Section 2.8.2

Theorem [3] implies that AP is well approximated by 0, when at least one of P’s
center parameters are more negative than A’s. This, of course, is assuming that all the
steepness parameters of these dictionary functions are positive, since the approximation

is evaluated in the limit of high steepness.

When the center of A(x;6;) is greater than the center of P(z;6) in one or more
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dimensions we have that:

EA Py (:L’) = A(:L‘; el)P(x; ek) — H(x; 0, ek)
(2.43)
= A(z;0,) P(x; 0k)
Theorem [3| demonstrates that the approximation in Eq. (2.43)) is a good approxima-

tion in the limit of «.

Theorem 3. When the state does not exactly align with the centers of the dictionary
functions in any dimension and the center of the conjunctive logistic function is more
positive than the center of the RBF in all dimensions, then their product exponentially
converges to zero as their steepness parameters go to infinity. Specifically, if x ¢ Mg p

and x; # py; for all i € {1,2,...,m} so that py; < p;, then as a — oo,
A(z;0,)P(x;0r) — H(x;0,,0,) — 0

exponentially.

Proof: We assume that py; < p; and note that, in each case as a — oo the "
term in Eq. goes to zero as shown in Case 2 of the proof of Theorem [2, Thus
the product of these terms will go to zero as o — oco. For the sake of brevity we forgo
the explicit computation of the limits which follow and speak in more general terms of
rate of growth. We note that when we use “oo.” we mean to say that the term grows to
infinity with o with a rate of e“®, for some positive constant c. Furthermore, we use “0.”

to mean that the term goes to zero with a rate of e=“*, for some positive constant c.

. Oc
Case 1, z; > uy; Sub-Case 1.1, x; > ju; 0 as o — oo our i term goes to =% = 0.

0Oc

Sub-Case 1.2, x; = [; so as a — oo our i term goes to —

E=0. Sub-Case 1.3, x; <

. Oc
S0 as & — 0o our " term goes to OO—’“ = 0.
1
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Case 2, 7; < i, thus z; < py; and so as o — oo our " term goes to ooZ;kocl =0.
Sub-Case 2.1, x; > fu; S0 as a — 00 our it" term goes to zgk = 0. Sub-Case 2.2, x; = y;
Kk
so as a — oo our " term goes to 20002’“ = 0. Sub-Case 2.3, x; < pu; so as a — oo our it
OOck
term goes to oozoco’; =0
Cle cl

Now we note that, in each case as & — oo the i"* term in Eq. goes to zero
exponentially. Thus the product of these terms will go to zero exponentially as o« — oo.
|

Between Theorems [2| and [3| we have that AP ~ H. Specifically, A(z;6,)P(x;0;) ~
P(z;6;) when 6; < 6, and 0 otherwise. The only pathological case excluded from these
theorems is when the conjunctive logistic and conjunctive RBF centers exactly match in
some dimension. Distance from the pathology becomes relevant when steepness param-
eters, «, are too small.

Now, we approximate the product of two conjunctive RBF's, completing all the possi-
ble combinations of pairwise products between elements of our mixed basis. The product
of two conjunctive logistic functions, A;Ag, is covered in Section [2.6, To approximate

PPy, (see Fig. [2.3b), Theorem {| describes conditions under which
epp,(€) £ P(x;0,) P(a;6;) ~ 0. (2.44)

Because Theorem {4f shows that the approximation in Eq. (2.44)) is a good approxi-
mation in the limit of . It takes the bilinear term, P, P, and approximates it with the

zero function which is trivially in all augSILL dictionaries.

Theorem 4. When the state does not exactly align with the centers of the dictionary
functions in any dimension, then the product of two conjunctive RBFs converges expo-
nentially to zero as their steepness increases. Specifically, if x & M3 p, then as o — oo,

P(z;0,)P(x;0r) — 0 exponentially.
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The proof of Theorem (4], as well as a supporting lemma is presented in Section
of the appendix.

We now have four approximation theorems for the bilinear mathematical terms which
arise when computing the Lie derivatives of augSILL basis functions. We now apply them
to these Lie derivatives with a set of approximation corollaries. These corollaries, together
with the argument in Section [2.8.3] will demonstrate the uniform finite approximate

closure of the augSILL dictionary.

2.8.2 Showing bilinear Lie derivatives can be approximated lin-

early to satisfy the Koopman generator equation

Corollary |3| approximates the Lie derivative of a conjunctive logistic function in the
context of our mixed basis. The approximation that this corollary suggests is not a Koop-
man model itself (see Fig. 2.1)). In Section we demonstrate uniform finite approx-
imate closure by approximating this intermediate approximation with a full Koopman

model.

Corollary 3. Under the assumptions of Theorem[]] and the assumption that the augSILL
observables span the vector field we seek to model, the Lie derivative of a conjunctive

logistic function exponentially approaches a nonlinear combination of augSILL functions,

specifically,
n Np
A(x;0,) — Z Zaliwij(l — Mxi; 01))A(z;0%)
i=1 j=1
e (2.45)
+Y 00> cpwin(l = Ma; 04) H (x50, 601
i=1 k=Np+1

exponentially as oo — oo.

Now that we have an intermediate approximation for the Lie derivative of a con-
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junctive logistic function we need a similar result for conjunctive RBFs. Once we have
these results the analysis in Section [2.8.3| can show a Koopman approximation of the
derivatives of these two augSILL functions. This final approximation will be a linear
combination of augSILL dictionary functions.

Corollary (4] approximates the Lie derivative of a conjunctive RBF in the context of

the augSILL basis.

Corollary 4. Under the assumptions of Theorem[1] and the assumption that the augSILL
observables span the vector field we seek to model, the Lie derivative of a conjunctive RBF

exponentially approaches a nonlinear combination of conjunctive RBFs, specifically,

n NL

P(x; 0,) — Z Zaliwzj(l — 2\(24;00))H (x; 05, 6;) (2.46)

i=1 j=1
exponentially as o — o0.

Note that Equations and are not compatible with the Koopman model
we seek to learn: K (x), where the dictionary functions, 1, are augSILL functions and
K is a real-valued matrix. In Section we approximate Equations and
with a mathematical form that is consistent with the approximated Koopman generator,
Eq. .

One can approximate the Lie derivatives of an augSILL dictionary function as a linear
combination of products of pairs of augSILL functions. The details on approximating
these Lie derivatives as a weighted sum of these bilinear terms is detailed in Section
283

Below, we approximate this weighted sum of bilinear terms (one of the intermedi-
ate approximations in Fig. [2.1)) with a weighted sum of augSILL functions. The final

weighted sum is of the form of Eq. (2.8)), and therefore admits a Koopman operator
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model.

Corollary 5. Under the assumptions of Theorem[1], the sum of products

n Ng
Z Z Oélz'wz'jA(x; 1) A(x; 9]’)
i=1 j=1
n Np+Npg

_|_Z Z aliwikA(m;Qz)P($;9k>

i=1 k=Np+1

(2.47)

approaches

Ny,
. *
E E aliwijA(xve)
i=1 j=1
n Np+Npg

+Z Z auwi H (5 01, 0 ),

i=1 k=Np+1

(2.48)

a weighted sum of augSILL functions, exponentially as o — oo.

Proof: This result is a direct consequence of Theorem [1|, Theorem [2] and Theorem
BBl These approximations are outlined in Fig. (a), (c1) and (c2). B

Corollary 6. Under the assumptions of Theorem/[1], the sum of products

n Ng,
Z Z awi; P(x;0,)A(x; 6;)
i=1 j=1

n  Np+Ngr

—l—Z Z agiwie P (x5 6) P(x; 6r)

i=1 k=Np+1

(2.49)

approaches
n NL

ZZOQZ‘U)Z‘J'H(J}; Qj,ﬁl), (250)

i=1 j=1

a weighted sum of conjunctive RBFs, exponentially as o — o0.

Proof: This result is a direct consequence of Theorems and [4 These approxi-

mations are outlined in Fig. (c1), (c2) and (b). B
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The resulting linear combinations from Corollaries [f] and [6] can be stacked and com-
bined into the matrix K (whose entries would be the products of a.. and w,,). Thus,
given an augSILL dictionary that admits a weighted bilinear approximation to the Lie
derivatives of its functions, Corollaries [f] and [6] show the uniform finite approximate clo-
sure of that dictionary by showing that the error of approximating the weighted bilinear
representation with a linear combination of dictionary functions goes to zero exponen-
tially in steepness.

Corollaries [3 [, [f] and [6] each imply an error bound for approximating the Lie deriva-
tive of an augSILL dictionary function with an intermediate approximation. These error
bounds are listed explicitly in Table [A.2] They combine with other error bounds in the
same table to demonstrate uniform finite approximate closure following the argument

given in Section [2.7]
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Figure 2.3: Visual representation of Theorem and Theorems , and (a) Theorem :
The product of two conjunctive logistic functions approximates the conjunctive logistic
function whose centers are greater in each dimension. (b) Theorem The product
of two conjunctive RBFs is nearly zero unless the norm of the difference between their
centers is very small. (c1) Theorem : The product of a conjunctive logistic function
and a conjunctive RBF approximates the RBF if at least one dimension of the center
in the logistic function is greater than its partner center in the RBF. (¢2) Theorem [3}
When this is not the case the product is nearly zero.
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Expected Values across
Symmetric Intervals

0.7 o — E[A]
E[A] % Var{A]
-
= 0.5
> N
0.3 -
0 10

Interval Radius
Figure 2.4: Expected values and variances of a logistic function with parameters and state

values sampled from symmetric uniform distributions of various interval radii. Note that
the expected value is always 1/2.
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2.8.3 Expectation of approximation error vanishes

This section simultaneously addresses the approximation of two related mathematical

objects.

1. It addresses the approximation of Equation (2.45)) with (2.48)) and Equation (22.46])
with Equation ([2.50]). This is the lower left step in the right side of Fig. [2.1]

2. Tt also addresses the approximation of Equations (2.47) and (2.49) with the Lie
derivatives of conjunctive logistic and RBF's respectively. This is the upper right

step in the right side of Fig. [2.1]

In total, there are four distinct approximations, see Table 2.2] Each case, as illustrated
in Fig. 2.1, our approximation is a step closer to the Koopman model. We either go

from:

1. an intermediate approximation of the Lie derivative that is a nonlinear combination

of dictionary functions to a linear combination of the same dictionary functions, or
2. the Lie derivative itself to a bilinear intermediate approximation.

To understand our approximation error we compute the expected values of a single
dimensional logistic and RBF. We do so with parameters and state values sampled from
uniform distributions defined on the interval [—a,a]. We choose this statistical model
for how our data and parameters are sampled, because 1) the data and parameters
are assumed to belong to a bounded continuum, and 2) the uniform distribution is the
maximum entropy distribution for a continuous random variable on a finite interval.
Since our error terms are weighted sums of products of these functions we, under the
assumption of independence, estimate the expected value of our error terms via the
linearity and product rule of expectation.
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We cannot explicitly compute the probability density function (PDF) of our logistic
and RBFs, so, we compute the values of these integrals numerically. Intermediate steps
and details of this approximation are in Section of the Appendix. The only difference
is that an RBF is substituted for a logistic function. In Fig. [2.5] we show their calculated
expected values and variances for symmetric uniform distributions with different values
of a.

We find that the expected value of a logistic function will be 1/2 (see Fig. [2.5]). Its
variance, as we sample in a wider interval, tend to the functional extremes of zero and
one. This is favorable for the linearity of our approximation since, for all ¢ € (0,0.5],
(0.5—¢)(0.5+¢) =0.25 — % < 0.25 = (0.5)%. So, products of more extreme samples are
lower in value than products of samples near the expected value. The expected value of
an RBF will be no greater than 1/4, and it decreases as a increases.

We approximate a single term in the sum of the error function and extrapolate via
the sum and product rule of expectation under the assumption of independence to see
how nearly linear our approximation is (see Section of the Appendix). We can
conservatively bound the expectation of approximation error as a product that decreases

exponentially with the state dimension. The error bounds for a conjunctive logistic and

RBF are
E[A] < L and E[P] < L (2.51)
— an — = :
omn a qn 22n
Since, H will be a conjunctive RBF in Q%th of the state-parameter space, its weight of

decrease can be bounded by

E[H] < (2%) (2%) _ 2% (2.52)

We record the full error terms and bounds in Table 2.2
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Expected Values across
Symmetric Intervals
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Figure 2.5: Expected values and variances of logistic and RBF's with parameters and state
values sampled from symmetric uniform distributions of various interval radii. Note that
the expected value of a logistic function is always 1/2, and that of the RBF is bounded
above by 1/4.

These bounds are combined with the bounds that arise from Corollaries 1, 2, 3 and
4 to bound the approximation error of a Koopman model using the augSILL dictionary.
A summary of all these bounds is given explicitly in Table of the Appendix.

In summary, the Koopman model approximation error is as well or better behaved for
augSILL than SILL dictionaries. So, there is a uniform bound for augSILL dictionaries,
much like there is for a standard SILL dictionary. This means that augSILL models must
satisfy uniform finite approximate closure.

It is reasonable to assume that (1) the state value does not belong to the set My p, a
subset of R™ of measure zero, and (2) the dictionary parameters and Koopman approxi-
mation matrix are bounded. Under these assumptions, augSILL dictionaries, in the limit

of an increasing state dimension and increasing steepness of their dictionary functions,
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have that their bounding constant, B > 0, approaches zero in expectation, B — 0. Since
the uniform bound on the error of this model can be arbitrarily small, the augSILL dic-

tionaries can be used to build accurate Koopman models for any dynamic system of the

from of Eq. (2.1)).

Remark 2. The empirical results in [31] as well as Section[2.9 suggest that there are more
nuanced relationships between the steepness («), center (u) and weight (w) parameter
values and the error of a Koopman model than the uniform bound we have demonstrated in
this paper. In these scenarios there is the additional consideration of choosing dictionary
functions whose linear combination approrimates the underlying vector field. As of now,
we rely on numerical optimization to find this balance. In Section[2.9 we characterize the
error term, €, from Equation , as the mean-squared error of two types of dictionary
lifted data points: those from a future time-step and those from a present time-step after
matriz multiplication with an approximate Koopman operator (plus regularization terms
specific to the learning algorithm). The log of this error term is plotted in the first row of
Figure [2.10. However, on the theoretical side there remains untapped research potential
in determining what the ideal parameter combinations should be.

For example, as steepness () increases, the conjunctive logistic functions in the dic-
tionary will approach an n—dimensional step function, like that given in Equation .
Finite linear combinations of step functions have provable dictionary closure properties
when they are defined over a wvector field of sums of step functions, see Proposition
of Section . So, when our dynamics are in the span of our dictionary (Assumption
2), we can see how some of those nice properties stay for conjunctive logistic functions.
Howewver, the theoretical results in this paper do not consider the case where the dynamics
of the system are not exactly in the dictionary’s span.

Similarly, as steepness (a) increases, the conjunctive radial basis functions in the
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dictionary will approach an n—dimensional impulse function whose support can be moved
by changing the center (1) parameters. Finite linear combinations of such a function
would be ill-suited for approximating any smooth hypersuface in R™, even though they have
excellent subspace closure properties for any system that is a sum of impulse functions.
To summarize, in practice, the modeler may find finite model parameter values and
finite dimensional models that work together to build a model whose error improves on
the finite versions of the bounds that we have built. This is in contrast to the infinite
dimensional models with infinite steepness parameters that we have produced and analyzed
in the limit. However, finding those parameters is a non-convez problem. Connecting this
work to choosing optimal parameters for a given class of system identification problem is

an outstanding problem that future research will need to address.

2.9 Numerical examples

To come full circle, we need to reexamine deepDMD and compare it to heterogeneous
dictionary models. DeepDMD uses a feedforward neural network to simultaneously pa-
rameterize the matrix K as well as the dictionary functions ¢(z). The deepDMD algo-
rithm has built accurate predictive models and its dimension (N € ZT) scales well with
that of the modeled system [1]. We build a novel comparison of deepDMD and a much
lower-parameter model built from the augSILL basis. The lower parameter augSILL
model learns as quickly and accurately as the deep-learning-based model.

To explain why algorithms like EDMD have variable success, we also contribute a
head to head comparison of five dictionaries for Koopman learning. We see the deep-
learning-inspired dictionaries vastly outperform orthogonal polynomial dictionaries. This
suggests that issues with algorithms like EDMD may be resolved by selecting a dictionary

proven to satisfy uniform finite approximate closure.
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Unless specified otherwise we use simulated data generated from uniformly distributed
initial states run with SciPy’s ODE integration software. Each of these results is con-
cerned with the discrete-time, data-driven problem statement. The system’s state is

directly measured at even time intervals.

Comparison of SGD and Matching Persuit for 20-dimensional Koopman models
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Figure 2.6: A comparison of the full matching pursuit algorithm to SGD on four nonlinear
systems. We plot 5-step prediction error; see the paragraph containing Equation (2.53))
for an explanation of this error. The SGD algorithm (in red) shows consistently better
temporal scaling as well as comparable 5-step prediction error.

2.9.1 Choosing center and steepness parameters

Even when a dictionary class and model dimension are selected, each individual prob-
lem will warrant a unique parameterization of the dictionary. Given a dictionary, such as
the augSILL dictionary, how do we choose the parameters of each dictionary function?
We consider two algorithms, matching pursuit and stochastic gradient descent (SGD).

Matching pursuit considers an expansive list of potential dictionary functions and
greedily adds the function that lowers the value of the objective function (Eq. (2.10))
most. Matching pursuit adds one function at a time to the model.

We use SGD to attack a host of non-convex optimization problems. It is famous,

in part, because of its use in training artificial neural networks. SGD can be directly
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applied to parameterize a fixed number of dictionary functions from data, much like it

learns the parameters of a neural network.

Which algorithm do we choose?

We compared two variations of matching pursuit, as well as SGD for learning augSILL
models of four dynamic systems, the Van der Pol oscillator, the Duffing oscillator,
the Lokta-Volterra model and the Gardner-Collins genetic toggle switch. The specific
parametrization of these systems is given in Section of the Appendix.

The training data was generated from 100 random initial points uniformly sampled
from the interval [0,0.5] for each system except for the Lotka-Volterra model, which
was sampled from the interval [1,5]. Samples from each trajectory were taken for ¢t =
0,1,2,...,14, resulting in a total of 100 x 15 = 1500 data points per system for each
trial. The testing data was generated from 50 random initial points uniformly sampled
from the interval [0, 1] for each system except for the Lotka-Volterra model, which was
sampled from the interval [1,9]. Samples from each trajectory were taken at the same
times as the training data resulting in 50 x 15 = 750 data points per system for each
trial. We ran 15 trials total per system.

We found that the full matching pursuit algorithm and SGD had similar testing error
for a 20 dimensional Koopman operator (see Fig. . Testing error is defined to be half
the 2-norm of the difference between the trajectory values at time ¢ + 5, z(t + 5), and

the Koopman model predicted values at time ¢ + 5,

a0+ 2 |1, 0] KoLl (2.53)

where n = 2 for each of these four systems. We focus on accuracy and performance for 20

dimensional models as a step-in for modeling higher dimensional systems. Also, we note
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that SDG was about 1.5 times faster when building a 20 dimensional model. We defined
accuracy as the error between predictions Since SGD was the better choice for building
larger Koopman models in terms of time to execute, and performed comparably in 5-step
prediction error, we compare this algorithm to deepDMD. Since deepDMD utilizes SGD,

we can compare model accuracy at each training epoch.

Performance of AugSILL vs DeepDMD
modeling a glycolysis network

| sys=glycolic oscillator,
alg=SGD with AugSILL

2 sys=qglycolic oscillator,
.= alg=deepDMD

Log 5-step prediction error

Il Il
—H | . |
0 2000 4000

Training epoch

Figure 2.7: A comparison deepDMD to SGD with the augSILL basis on the seven dimen-
sional model of glycolysis given in [33]. The solid horizontal bar is the mean performance
of the DMD algorithm, the dotted bars are one standard deviation above and below this
mean. The spines are error bars for the measured epochs. We plot 5-step prediction error
as explained in the paragraph containing Equation .
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2.9.2 AugSILL basis vs deepDMD

The SILL and augSILL dictionaries are a targeted study of the dictionary functions
generated from deepDMD. Our visualization of deepDMD observables showed a conver-
gence to sums of SILL and augSILL dictionary observables. Can we use these dictionaries
to build a model on par with deep learning?

To challenge ourselves, we used a seven dimensional glycolysis model to generate our
testing and training data [33|. This data was all generated from a single initial condition
xo = [1,0.19,0.2,0.1,0.3,0.14,0.05]. From this initial condition the system takes about
3.5 seconds to settle into nonlinear oscillations (which have a period of roughly 1 second).
Our training data consists of 700 evenly-spaced samples of the trajectory starting from
xo from 0 to 7 seconds. The testing data consists of 300 evenly-spaced samples of the
same trajectory from 7 to 10 seconds.

From this setup, the augSILL model reaches a comparable 5-step prediction error to
deepDMD in under 1000 training epochs and neither significantly changes over the next
4000 epochs, see Fig. [2.7] Note that the model we learn using the augSILL basis has 995
parameters. All in all, the deepDMD model has a total of 3,949 parameters. All of the
augSILL parameters are easily interpreted as center, steepness and weight parameters of
a logistic or RBF.

To provide more insight on the performance of these two models we also compare
their short and long term predictive performance during the training process as shown
in Fig. 2.10] For these specific models learning the glycolysis network, we find that the
long-term prediction error stops falling off between 10 and 25 steps of prediction. We
also found that the model performed better on its training data up until about 25 steps
of prediction, at which point the performance of the train and test data, on average, was

nearly the same.
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Comparison of AugSILL and Orthogonal Polynomial Dictionaries

20 dimensional Koopman Operator
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Figure 2.8: Five-step prediction accuracy (mean squared error over all the testing data) vs
training epoch of 20-dimensional Koopman learning with SGD using various dictionaries.
Plotted on a log scale. Note that the orthogonal (Hermite and Legendre) polynomial basis
(in blue) have greater error throughout the training process. The spines are error bars
at each epoch where 5-step error was measured.

2.9.3 Comparison of dictionaries for Koopman learning

Now we address the relationship between the choice of dictionary and the success of a
Koopman model. What properties do successful Koopman dictionaries have in common?
The augSILL basis performed on par with deepDMD. Would we have gotten similar

results using orthogonal polynomial dictionaries?

We learn the systems in Eq. (A.28)), (A.29), (A.30), and (A.31)), parameterized with

the SGD algorithm. We do so with the SILL, augSILL and summed one-dimensional

RBFs, as well as two different orthogonal polynomial dictionaries (Legendre and Her-
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Comparison of AugSILL and Orthogonal Polynomial Dictionaries

10 dimensional Koopman Operator
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Figure 2.9: Five-step prediction accuracy (mean squared error over all the testing data) vs
training epoch of 10-dimensional Koopman learning with SGD using various dictionaries.
Plotted on a log scale. Note that the orthogonal (Hermite and Legendre) polynomial basis
(in blue) have greater error throughout the training process. The spines are error bars
at each epoch where 5-step error was measured.

mite). We compare their 5-step average prediction error for a 5, 10 and 20 dimensional
Koopman model of each system.

The training data was generated from 10 random initial points sampled from the
interval [0, 0.5] for each system except for the Lotka-Volterra model, which was sampled
from the interval [1, 5]. A total of 101 samples, evenly-spaced in time, were taken from
t =0 tot =25 The testing data was generated from 5 random initial points sampled
from the interval [0, 1] for each system except for the Lotka-Volterra model, which was
sampled from the interval [1, 9]. Just as for the training data, a total of 101 samples,

evenly-spaced in time, were taken from ¢t = 0 to t = 5. This gives a total of 1010 training
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Training Epoch vs Log of Error Magnitude
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Figure 2.10: Prediction accuracy (mean squared error over all the testing data) of deep-
DMD and the augSILL basis over shorter and longer periods of time on training and
testing data. The first row of this plot (1-Step Prediction Error) approximates the log of
the mean squared error of the discrete-time analog to the error term, ¢, from Equation
(2.32). The green line was added to provide a visual reference and facilitate comparison

of the plots, it has no additional signiﬁcanc5e8
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and 505 testing data points for each trial. This was repeated for four trials. All of the
models used identical training and testing data, except for standard DMD which was
only used to benchmark the results.

For the 5 dimensional models the choice of dictionary seemed mostly irrelevant. How-
ever, for a 5 dimensional model, SGD only outperformed standard DMD for the toggle
switch. So, we don’t have enough system dimensions with these dictionaries to want to
use SGD in the first place.

Building a 10 and 20 dimensional Koopman model of each system, we find that the
basis inspired from the outputs of deepDMD (SILL, augSILL and summed RBFs) have
lower 5-step prediction errors (see Fig. and Fig. . Each of these three basis had
nearly identical errors, though the SILL basis can take more training iterations to perform
comparably. The Legendre polynomial basis outperformed the Hermite polynomial basis
in each case. For the 20 dimensional model of the Van der Pol system the augSILL basis
was over 372 times more accurate than the Legendre polynomial basis, for the Duffing
Oscillator it was over 221 times more accurate, for the Predator-Prey System it was over

18 times as accurate and for the Toggle Switch it was over 328 times as accurate.

2.10 Conclusion

Learning models in a data-driven setting using human-defined dictionaries results in
high-dimensional, over-parameterized representations of what could be simple physical
phenomena. DeepDMD and other ANN learning techniques address these issues but at
the cost of extensive computational time. Moreover, the dictionaries learned by deep-
DMD are ad hoc, randomly constructed, and difficult to interpret.

To investigate how deepDMD finds successful Koopman invariant subspaces, we ex-

tracted simple features of the dictionary functions learned by deepDMD and looked for
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properties to explain their success. We discovered a Koopman dictionary which we call
the State-Inclusive Logistic Lifting (SILL) dictionary. We showed, in sections and
[2.7, that SILL model error drops exponentially when steepness parameters increase and
higher dimensional state measurements are included in the data. This suggests that SILL
dictionaries can be used to construct high-fidelity, low-dimensional, structured, and in-
terpretable Koopman models.

The success of any state-inclusive Koopman dictionary depends on more than how the
dictionary approximates the evolution of the state in time. It also depends on how well
linear combinations of the dictionary functions approximate the dictionary function’s Lie
derivatives. The SILL dictionary is fully specified with closed-form analytical expressions
(unlike deepDMD) and as a consequence of the theoretical results in this paper, satisfies a
unique numerical property of uniform approximate finite closure. Our methodology pro-
vides a template for understanding how deep neural networks successfully approximate
governing equations [15], the action of operators and their spectra 2|, and dynamical
systems [5]. Further, these results provide a pattern for improving scalability and inter-
pretability of dictionary-based learning models for dynamical system identification.

More can be done to improve dimensional scalability of dictionary models. The deep-
DMD algorithm suggests further innovations to improve dictionary learning. One such
innovation that we see in the dictionaries learned by deepDMD is the use of heterogeneous
dictionaries. In this paper, we demonstrated that, even in a data-driven setting, one can
glean real value from mixing basis functions and forming a heterogeneous dictionary for
Koopman learning. This is an important insight as current dictionary based Koopman
learning typically works with homogeneous dictionaries. The success of heterogeneous
dictionaries helps to explain the success of the deepDMD algorithm, and may extend to
other deep-learning-based Koopman learning algorithms |17H19).

The mixed-basis models can scale efficiently both in model parameters and model
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dimension as the number of states used to construct the model grows. In this paper
we demonstrated this point by constructing a heterogeneous dictionary, the augSILL
dictionary, as a general solution to the data-driven Koopman learning problem. We then
demonstrated the uniform finite approximate closure of this dictionary and showed it, in
numerical simulations, on a number of distinct learning problems.

In under 1000 training epochs augSILL models matched the accuracy of trained deep-
DMD models. These models were anywhere from 18 to 372 times as accurate as models
made using the polynomial dictionaries, which have no guarantees of uniform finite ap-
proximate closure. The augSILL dictionary performs like deepDMD to learn a dynamic
system from data using an order of magnitude fewer parameters. Further, the augSILL
dictionary is fully specified with closed-form analytical expressions (unlike deepDMD)
and satisfies uniform approximate finite closure just like the SILL dictionary.

In studying the dictionary functions learned by deepDMD we found that the algorithm
tended to learn redundant observables when the Koopman model was too high dimen-
sional. A future line of work should explore this model-reduction property of DeepDMD,

and see if augSILL models do the same.
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Chapter 3

Trade-offs between Koopman model
approximation and stabilizing

control

3.1 Introduction

Koopman operator and Koopman generator theory consider alternate representations
of a dynamic system. These representations exist when there is a one-to-one mapping
between the system’s solution and the solution to another linear, dynamic system (a
one-to-one linear immersion) [34]. In this linear system, the vibrational, growth, and de-
cay modes can be used to study the original nonlinear system [2]. These modes address
problems in the field of fluid mechanics [3-5] and disease modeling [6], attack identifi-
cation in the power grid [7], programming the steady state of biological systems [8]35]
and extracting new biosensors |9]. The spectral properties of the linear Koopman oper-
ator /generator in this function space connect to classical methods for model reduction,

validation, identification and control [36-38|.
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Using Koopman models for controller design is an exciting approach to data-driven
control, in part because it promises to be a one-size-fits-most solution to a very general
problem. Recent work has developed data-driven approaches to using Koopman models
for control. Summaries of available techniques for this work can be seen in [10,39]. These
solutions include applying Model Predictive Control to the Koopman model [40]. This
has potential to be more computationally efficient than model predictive control applied
to other nonlinear models for the system dynamics. This method requires solving convex
quadratic optimization problems to decide the control input at regular intervals. Other
online controllers can be implemented from Koopman models as well, such as the policy
iteration controller in [41].

Offline Koopman control techniques have been proposed as well [42,43], they typically
perform in the context of a Koopman model that is fit to make accurate predictions based
off of data. An advantage of offline feedback controllers, like the ones proposed in this
paper, is that they are only solved once before integrating into a system. One challenge
of offline controllers is that the true system may differ from the model against which
the controller was designed. This challenge is especially pronounced in the context of
Koopman modeling as nonlinear phenomena are approximated by a linear model.

This paper provides a treatment of Koopman-based control that explicitly accounts
for errors in distinct components of a Koopman model. We use those errors to derive
bounds on the success of offline controllers built on Koopman models. Through this treat-
ment, we develop theoretical model-dependent controllers as well as bounds on minimal
stabilizing compensatory control. These controllers and bounds expose several important

lessons, such as
1. designing linear control with a Koopman model that is not exact can fail,

2. nonlinear controllers can compensate for Koopman model prediction error,
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3. the model parameters of the Koopman model can be changed for the sake of control

design with guaranteed stability results and

4. there are diminishing returns in improving Koopman model accuracy with respect

to achieving stabilizing control.

When trying to stabilize the origin of a system with unknown dynamics, Koopman
models are a data-driven class of black box models used to capture features of the dy-
namics for the sake of controller design. They typically involve the selection of nonlin-
ear dictionary functions to choose the initial conditions of the higher-dimensional linear
model. A sufficiently rich function dictionary can minimize the error of the Koopman
model. However, even with explicit knowledge of the dynamics to be modeled it is typi-
cally not possible to choose dictionaries that make the error exactly zero. When there is
any error, designing against the Koopman model without additional considerations can

fail to stabilize the origin. In this paper, we show how to

1. account for model error when designing a nonlinear feedback controller both when
the original system is explicitly known and in when the system is partially unknown

(a data-driven scenario),

2. change the parameters of the Koopman model in conjunction with the design of a

nonlinear controller to guarantee asymptotic stability of the origin, and

3. leverage the relationship between the model estimation and controller design to
bound minimal correction needed to make proportional control laws work for an

imperfect Koopman model.

These results highlight potential nuances in the problem of system identification for
control. Theorem [5| can be used to show that, when stabilization of the unknown system

is the goal, one can choose a model with less predictive accuracy to guarantee a control
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objective. However, when a baseline controller is built to the specifications of a Koopman
model, instead of the true dynamics, achieving stability may require additional control
action. Theorems [0 and [7] give bounds on the additional control action needed to stabilize
imperfectly represented systems.

In Section we first state the control problem that we aim to solve. Then, in sec-
tions and we provide stabilizing controllers under different modeling assumptions.
We analyze these controllers to explore the relationship between Koopman models and
nonlinear stabilizing control. Finally, in Section we bound the distance of propor-
tional controllers, designed against a Koopman model, from successful stabilization as a

function of the Koopman model error.

3.2 Koopman identification and control problem for-
mulation

Assume we have a nonlinear dynamic system with affine control inputs

& = f(x) + Bu, (3.1)

where x € R", v € R™, B € R™™ is full column-rank, f : R® — R" is analytic and &
has an equilibrium point at the origin, f(0) = 0. Given this system, we first present a

system identification problem statement.

3.2.1 System identification problem statement

In system identification, the objective is to find a low error model of Equation ({3.1)
given a particular family of models. In theory, this problem amounts to choosing the

parameterization of a given mathematical model that is closest to the true dynamics
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according to some metric. In practice, the governing equations for measured dynamics
are unknown and sampled data is used to approximate the model’s distance from the true
dynamics. In this section, we present an idealized problem statement in order to build a
framework which highlights how Koopman methods address both system identification
and control.

The model parameters, which we denote here as 6, may be thought of as coordinates
denoting a particular choice of model. The integer p is the number of model parameters,
i.e. the dimension of #. Our error function, e : R” x R™ x R? — R", is a function
of the state, x € R”, input, v € R™, and model parameters, # € RP. We sum up the
identification problem as follows (see (a) in Figure [3.1):

min |le(z, u, )]

where: (3.2)

f(z) + Bu = P(u(z,u,0) + e(z,u,0)), Ve € R".

Here, p : R® x R? — R™¥ is the model, e : R* x R™ x R? — R¥ is the model error
and P : R*N — R" is a projection function. Implementing the projection function,
P, is often relevant to Koopman-based system identification as the final model typically
is higher-dimensional than the original modeled dynamic system. Now that we have a
general problem statement for system identification, we come back to the central theme

of this paper: model-based, state-feedback (i.e. offline) control.

3.2.2 System control problem statement

In general, u is simply some function of t. However, in the state-feedback stabilization

problem, u is explicitly constrained to be a function of the state. The state-feedback
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stabilization problem may be written (see (b) in Figure [3.1)):

min [|u(x)|
so that:
i = f(«) + Bu(x)

has a stable equilibrium point at the origin.

Here, u, is chosen to be some function of the state variable, u : R™ — R™.

3.2.3 System identification and control problem statement

When we interface with our dynamic system using a parameterizable model, we can

write an alternative problem statement for state-feedback stabilization (see (c) in Figure

3.1):

Jnin ||u(z, O)]

so that:
& = P(u(z,u(x,0),0) + e(z,u(x,0),0)) (3.4)
has a stable equilibrium point at the origin and where:
f(z) + Bu= P(u(x,u(x,0),0) + e(x,u(z,0),0)), Ve € R".
In this problem formulation, the control input depends on the model itself. Thus, the
input, u, is not longer a function of the state alone, but of the state and the model
parameters, u : R” x R? — R™. It is useful to tie the control action to the model
parameters to analyze the controller’s relationship to inaccuracy or uncertainty in the
model itself (see Section . For example, this may be used to consider how bad a model
can get while still resulting in the successful stabilization of the origin by a particular

class of controllers.
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3.2.4 Three model classes for system identification and control

There are a number of models that we could use to interface with our dynamics. In

this section we will define three:
1. the state-inclusive dictionary based model,
2. the augmented-state, state-inclusive dictionary based model and
3. the state-inclusive Koopman model.

Each successive model we define will build on the definition of the previous model classes.
The first models are state-inclusive dictionary-based models. Some advantages of

state-inclusive dictionary-based models include that they
1. can be used to recover the underlying physics of the system,
2. can be adapted to coincide with measured quantities of the state and

3. are exactly accurate whenever the true dynamics exist as a projection of the dic-

tionary space.

A state-inclusive dictionary-based model has the form:

T~ [Kl Kz} + Bu, (3.5)
¥(z)

where K; € R, K, € RN and 1) : R® — RY where N is a nonnegative integer. In

this model a linear combination of the state variables and functions of the state is used

to estimate the flow of the dynamic system. The dictionary functions, 1, fill the role of

approximating nonlinear components of the flow function, f(x).
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Our second model is the augmented-state, state-inclusive dictionary-based model. In
this model, N state-variables (1) = [y, 1y, ...,9n]T) are added to the original n state-

variables. This model has the form:

j:z{[(l Kz} v + Bu
(G (3.6)

¢ ~ G(x,,u).

In this model all of the nonlinear evolution of the system flow is pushed in to the evolution
of the added state variables, ¢). In this model, it is not necessary to define an algebraic
expression for ¢ in terms of the measured state, , or time ¢. By contrast, v, in the state-
inclusive dictionary based model, is algebraically defined. We will use the relationship
between these two state-inclusive dictionary based models to crystallize our notion of
error in state-inclusive Koopman models in Section [3.2.5] So, what is the relationship
between these two models?

If the initial condition of v is chosen so that 1(0) = ¥(x(0)) and the state evolution
equation G satisfies

then, the augmented-state, state-inclusive dictionary-based model is mathematically equiv-
alent to a state-inclusive dictionary-based model using 1 as its dictionary functions.
Specifically, () = ¢ (x(t)) for all t > 0. This particular case is important because we

use it to develop our Koopman model error terms in Section |3.2.5|

Remark 3. In our Koopman models (see Equation (@) of Section , Y will repre-

sent added state-variables. In the Koopman model, 1) will approximate the true value of
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the dictionary functions, 1.

Both of these dictionary models are nonlinear. Koopman-based models attempt to

rewrite the autonomous system dynamics

i = f(x) (3.8)

as a (potentially higher-dimensional) linear system.

Our final type of model is the state-inclusive Koopman model, a special class of
augmented-state, state-inclusive dictionary based model. In this work, we assume that
we have a state-inclusive Koopman model of the system in Equation . Our model is

as follows:

T Kl K2 i B 0 u
~ + , (3.9)

¢ K; K, P By By Yﬂu(% U)

where 1 € RY. In our model, K3 € RV K, € RVN By, € RVX™ By, € RVXM,
Yu(z,u) : R"xR™ — RM™ and M is a nonnegative integer. The input-dictionary function,
1y, 18 a component of the model that can be used to account for possible bilinear terms
of the state and input that result from computing the time derivative ) over the vector
field given in Equation (3.1)).

Note that the matrix given in Equation is not the true infinite-dimensional Koop-
man operator for the dynamic system. This matrix is part of the Koopman-inspired model
class for the system learned from data. In this model, the block matrices, K7, Ky, K3 and
K, form a finite-dimensional approximation to the Koopman generator. Ideally, our K-
matrix itself is near a projection of the action of our true infinite-dimensional Koopman
operator on our sampled data space.

The block matrices By; and By help us model the influence of inputs on the time

70



Trade-offs between Koopman model approximation and stabilizing control Chapter 3

derivative of the dictionary functions, ¥(x). The function 1), is a function that accounts
for the nonlinear component of the influence of u on 1. When 1, is a linear function
of the state and the input, x and u, then the state-inclusive Koopman model is, itself,
a linear dynamic system of dimension n + N. Now we have a data-driven model that
allows us to mathematically explore the usefulness of Koopman models on state-feedback

control.

3.2.5 Two components of our Koopman model

A Koopman model needs to approximate the dynamics of f(z). However, it must
also approximate the dynamics of the dictionary functions evolving over the vector field,
f(x). To explicitly study these two properties, we split the Koopman model into two

components:

1. the model approximation component which is tasked with directly modeling physics

from data and

2. the subspace closure component which accounts for all other dynamics in the Koop-
man model. These dynamics come from the evolution of nonlinear dictionary func-
tions. For continuous-time systems, this is the Lie derivative of the dictionary

functions taken with respect to the flow of the original nonlinear system.
T T
Since our dictionary, {mT wT} , and its associated model state, {xT sz} , include the

state dynamics directly, this component of the model is easy to examine independently
of the rest of the Koopman model. We define this component and the remainder of the

model below.

Definition 4. The model approzimation component of Equation 18

i~ K7 + Ky + Bu. (3.10)
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The subspace closure component of Equation (@) 18
w(x) ~ Ksx + Kg + Boyu + Bogthy,(z,u). (3.11)
The model approximation error is then defined to be
e1(z,v) = f(z) — (Kiz + Ky), (3.12)
the subspace closure error is defined to be
ol ) 2 20 ) (ke 4 ) (3.13)
and the subspace input error is defined to be
ep(x,u) = %Bu — (Bai1u + Baogthy(z,u)). (3.14)

We refer to e; as the model approximation error as it can only be zero when the model

lies within the span of x, v and u; the state, augmented state and input. We let e denote

the subspace closure error, since it can only be zero when the subspace of our Koopman

model corresponding to the augmented state lies in the span of x,, u and 1, the state,

augmented state, input and input-dictionary function. Stated another way, when the

subspace closure error, es, is nonzero for all choices of K3, K4, By; and By, then v is not

in this span. The work in [44] proposes methods for building a Koopman model with

low error in the subspace closure component. Traditionally, low subspace closure error

is desirable as errors in approximating the evolution of the dictionary functions become

errors in approximating the physics of the system.

Our Koopman model state-feedback stabilization problem is therefore formulated as
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a specific class of the system identification and control problem given in Equation ([3.4))

and (c) in Figure 3.1l We state the problem as follows:

1min |[u(x, K, 0)]|
KeR@+N)x(n+N) g, cRP2
so that:
. K, K| |z e1(z, ) B 0 u 0
=11 0 + + +

Ks Ki| |¢ ea(x, 1) By Bas| |Yu(z,u) ep(x,u)

has a stable equilibrium point at the origin.
(3.15)

The dynamics, including control action, that we will stabilize to provide a feasible

solution to the problem statement in Equation (3.15)) are:

iy K, K| |z e1(z,v) B 0 u 0
— + + + . (3.16)

W Ks Kyf |v ea(, 1) By Bao| |tu(,u) ep(r,u)
Please note that when Equation (3.16) has a stable equilibrium point at the origin,
the constraint of Equation (3.15)) is satisfied.

3.2.6 Solution methodology and implications

To the author’s knowledge, up until now, no one has explicitly addressed the model
approximation and subspace closure error in the context of building a stabilizing con-
troller. In fact, explicit representation and error bounds on Equation in the context
of modeling are rare in the literature. Still, it has been discussed explicitly in Chapter
for certain classes of dictionaries. To explore the relationship between the model error

terms and stabilizing control, in sections and we provide stabilizing controller
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System Identification Control
Equation (2.2) Equation (2.3)
‘ True system dynamics xI 0 U True system dynamics
”| &= f(z) + Bu(x) & = f(z) + Bu(z)
U
e 0 U T
Projection of model system State-feedback control law|
i = Pm(z, u(z.0),0) + e(z, u(z,0),6)) U ( x) =
—— Model error Z ." \\\ ---- Infeasible controllers
© i “,\ — Stabilizing controllers
: g ‘
5 g 1“ \“ !
] o Voo
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> s \ |
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Model parameters State-feedback control law
7 =The lowest model error that can be had by 7 =The lowest-effort stabilizing controller
optimizing the choice of model parameters.
System Identification and Control Landscape of state-feedback
Equation (2.4) controller effort
z0 —— Subset of stabilizing controllers
&3
SE
‘ True system dynamics g E
| 2 = f(z) + Bu(x) OB
U .S
U 35
E ©
State-feedback control law Q 8
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—>(O— < 2o
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[_,| Projection of model system
& = P(m(z,u(z,0),0) + e(z,u(,0),0)) 7 =The lowest-effort, stabilizing combination of

controller design and model parameters.

Figure 3.1: Graphic representations of the problem statements given in Section 2. Block
diagrams for each problem are also included.
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design strategies for Equation (|3.16)) under different assumptions relevant to distinct
modeling scenarios.

Section presents a solution when we assume that the Koopman model is perfect.
It is the easiest version of the problem to solve, and is commonly solved in the literature
[6,39}/44-46]. However, when the augmented state dynamics are not exactly captured,
control design under the assumption that the model is perfect can result in failure to
stabilize the origin, see Example [3]

In Section we operate with and without the assumption that the true model
dynamics are known. In spite of this knowledge, choosing a dictionary with a subspace
closure error of zero is typically impossible. This means that the Koopman subspace
corresponding to the augmented state is not invariant with respect to the state and
augmented state.

After Section [3.4] we address a lingering question. If one designs a controller based
off of a Koopman model, will the controller successfully stabilize the true underlying
dynamic system? To answer that question, in Section we consider the success of
a proportional dictionary controller when applied to a system that has been modeled
in a Koopman framework. We use the model error to bound the size of additional

compensatory control needed to guarantee stability of the origin.

3.3 Stabilizing control when the Koopman model is
exact

When the model approximation error and the subspace closure error are zero (i.e.
e1(z) = 0,ez(z) = 0) we simply need to design a stabilizing controller for the dynamic

system:
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T K1 KQ x B
| = + u, (3.17)
(4 Kz Ky ¥ 0

with ¥(0) £ 1(0). This can essentially be treated as stabilizing an LTI system with

known parameters. For example, one can choose a linear state-feedback control law.

Example 2. Successful control designed to stabilize the Koopman model. Given the

dynamic system (the system state space and example trajectories are shown in Figure

-

I'l —x1 + U
= , (3.18)
Zl"JQ Lo — CE? + U9
with a Koopman model of the autonomous system of
Ztl -1 0 0 X1
.fifQ - 0 1 -1 To| » (319)
v 0 0 —=3| |v
where ¥(0) = x1(0)3, then the control:
Ty
0 0 0
u(z) = Ty (3.20)
0 -2 0
(8

will stabilize the system, see Figure[3.3

If the subspace dynamics of the Koopman model are incorrect, stabilization via linear

state-feedback of the Koopman model is not guaranteed to work.

Example 3. (Failed control designed to stabilize the Koopman model.) Given the system
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Uncontrolled System

VAN AN
°'75'§;//f44& N
0504 / I S SN - -

/ / P A B i L R ‘;

0.257/4 s . e

xl o.oof// y v, 4 4w //

T Cr ey

R S L A Y s //

_0‘504" - - Y 4 v FoF 4 / //-

_0‘757/ - w oy A B A A / /
TSN NN h Y
-1.00 . \

T T T T T
-L00 -075 -050 -0.25 000 025

Figure 3.2: The state-space of the uncontrolled dynamic system given in Example 1.
Four example trajectories are given.

o
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w
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<

in Equation , with an incorrect Koopman model of the autonomous system of

I.'l —1 O 0 X1

l.’g ~ 0 1 -1 To| » (321)

X1
0 -1 —1
u(z) = 29| (3.22)
0 -1 0
y

stabilizes the modeled system but not the true dynamics. The origin of the controlled

system 1s unstable, see Figure|3.5,

Due to error in the Koopman models, online control techniques, such as Model Pre-

dictive Control [40,47], are implemented to stabilize dynamic systems in this context.
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Figure 3.3: State-space and sample trajectories for the dynamic system given in Example
1 with the proportional controllers in equations (3.20]) and ([3.22)). Color is used to indicate
the magnitude of the control signal of each controller across the state-space.

This is because the condition that e;(x) = es(x) = 0, the Koopman model is perfect for

all x € R™, requires that both
1. the vector field, f(z), and
2. the time derivative of the augmented state, 1,

lie in the span of the state and augmented state, [z7,%T]T. It is possible to construct
specific examples where this is the case and the Koopman operator/generator is a finite
dimensional matrix, see Example But, in general, for both f(z) and w to lie in the
span of [z, 9117, the Koopman operator/generator needs to be infinite dimensional ,.
Therefore learning an error-free Koopman model from data is infeasible.

In practice, the Koopman observables can be chosen to best fit the observed dynamics.
If this is done well the model approximation error, e;, should be small. However, the fact
that the model approximation error e; is small or exactly zero does not imply that the
subspace closure error, es, is also small or zero. The independance of e; and e; means

that, even when the true system dynamics are known, the Koopman model will likely
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have a nonzero subspace closure error, e; # 0. So, how do we account for subspace

closure error e; when designing a controller?

3.4 Stabilizing controller design from a Koopman
model given known dynamics

In this section we design a stabilizing controller for Equation (3.16|) when the model
approximation error, ej(x,1), and the subspace closure error, ey(z, ), are known. In

particular, we are interested in the case when e;(z) is 0, since

1. if the modeler knows e;(x), then by subtracting out the model they can acquire all

nonlinear terms in the dynamics, f, of Equation (3.1)) and therefore

2. the modeler can choose dictionary functions that include the nonlinear terms in f

when e; is known a priori.

We will first define some mathematical terms as a preliminary. Then we present a
stabilizing controller. Finally, we analyze the mathematical dependencies of the controller
to extract principles of Koopman control. We will see that classic nonlinear control
strategies can be adapted to compensate for the failure of linear control for Koopman

models.

Theorem 5. Assume that x = 0 is an unstable equilibrium point for the nonlinear forced

dynamic system:

t = f(x) 4+ Bu, (3.23)
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with an associated Koopman model:

T Kl KQ i B 0 u
~ + . (3.24)

1/.1 K; K, (0 By Ba ?/JU(%U)

The controller:

u(z, ¥) = [Pl PQ] +w(z,v), (3.25)
where 1(0) 2 (2(0)) and ) 27 = Z—f - f(zx), will stabilize the controlled system

i = f(x) + Bu(z,) (3.26)

1. for some positive definite energy matrix:

0e | @ .

Q7 Qs

the matriz product:

Q1 Q2 K, +BP K,+ BP,

Q3 Qs K K,

(3.28)

s negative definite and

2. the inequality:

Fi(z,¢) + Fy(z,¥)w(z,¢) <0 (3.29)

is maintained in a domain of R™ containing the origin. Here Fy(x,v) = (27 Q1+
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PTQ5 )er(w, ) + (27 Q2 +9" Q) (eQ(:z:, ¥) + 2 (Bpg Bpm)) and Fy(z,1) =
<ZL‘TQ1 +¢"QT + (27 Q2 + ¢TQ3)%> B.

Proof: We begin by relating the system in Equation (3.23) to the system model in
Equation (3.24)) by adding in the error terms to get:

T K1 K2 T €1<I,1/1) B 0 u 0

| = + + + , (3.30)
(0 Ky Ky P 62(%@ By Ba ¢u($,u) €B($,U)

where we have (from Definition {4)) that:

er(x, ) = f(x) — (Kjx + Ko)

ea(r, 1) = aqg(;)f(x) — (K3z + K41) and (3.31)

— aqggt) BU — (BQlU + BQQ¢M(I7 U)),

ep(z,u)

where By € RVM 4, - R® x R™ — RM and % is an N x n matrix for any z, we can

choose the model-input matrix By and the dimension of the nonlinear input dynamics

approximation function M so that Bay = VXV,

This implies that if we choose

Yulw,u) =

T

812(%) B — Boju = (ag—fﬁB — Boy)u, (3.32)

then we have that eg(x,u) = 0.

!The functions F; and F, are components of the time derivative of a Lyapunov function for the
controlled system.
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So, we choose our model to be:

z K, K| |z e1(z, ) B 0 U
| = + + .
(0 Ky Kyf |¥ ea(r, 1)) By 1 (%B — Boy1)u
K K x er(z, B 0 U
_ [ Ky N 1(z, ) N _ (3.33)
Ky Ki| |v ea(z, 1)) 0 ZWRI |y
K1 KQ s 61<$,¢) B
= + + 53 U
K3 Ky| |V ea(r, 1)) ﬁf)B

From here we can use a positive definite energy function (Lyapunov candidate func-

tion) to consider the stability of the origin of our model. We choose the following function:

|::L,T ¢T] ;2; gz j; . (3.34)
2 3

We then compute its time derivative to look for a sufficient condition for stability of the

origin. The time derivative is:

av N Q1 Q2 K, K| |z e1(z, ) B
%(l’,’lﬂ,ﬂ) - |:13 lp :| T + 90 (x)
_QQ Q3 Ky K,y (0 €3 (x, 1/1) o B

B [ . IDT} Q1 Q2| | K1 Kaf |z
= |z
_Qg Qs Ky Ky P

+{T wT] Q1 Qo e1(z,v) + Bu
xr

QY Qs| |ealz, ) + 22 By
(3.35)

Now we consider that our state feedback controller is a sum of a proportional and
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nonlinear controller of the following form:

xz

() = {pl g} e, (3.36)

where w : R® x RY — R™. Then we have that our time derivative can be represented as

a sum of two components. The first component,

{T T} Q1 Q2| |Ki+BP, Ko+ BPy| |x
x
QY Qs K K, (G

, (3.37)

is assumed to be negative definite by our choice of () and P. In practice, it can be set
to be negative definite by using the Cholesky-decomposition to set up a linear system of

equations to solve for such a @ and P (see Section [A.5). The second component,

e1(z,v) + Bw(z,v)

{xT wT] o . v (3.38)
QF Qs ez<w,w>+6%§f)3[ﬂ Pz] . + 255 Bu(a, )

must be made negative definite by a choice of the function w. Since we have that

@1 Q
{xT wT:| Q; Q2 _ {:L‘TQl—l-?ﬂTQQT IL’TQ2+¢TQ3 (3‘39)
2 3
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the term in Equation (3.38]) equals

(z"Q1 + 9" Q%) (ex(,9) + Bw(z,v)) + (z7 Q2 + " Qs)ea(z,¢)

+ (27Qq + wTQg)(an(;) )(BPyx + BPyt) + Bw(x, 1))
= (xTQl + wTQép)el(:v, Y) + (xTQz + z/JTQB) (62(1’, V) + ag—?(BP1$ + BPQW)

# (7@ 00 + 07 Qu + 07 Q0 ") Bute, v

£ Fi(z,¢) + Fy(z,v)w(z, ).
(3.40)

Our condition of negative definiteness is that the function w satisfies:

Fy(z,9) + Faz, ¥)w(x, ) < 0. (3.41)

One application of this theorem is that, when the dynamics are known, we can write
explicit formulas for a nonlinear stabilizing controller. When the true dynamics are
unknown, a controls engineer can use a data-driven method to build a controller that

satisfies the conditions of Theorem [l for all availible data.

Corollary 7. For tuning parameter, ¢ > 0, and positive-definite function (z,v) > 0,

consider the nonlinear control functions

1 01(a4) 2 i 4) & SIS, ang

— I (x,))—ce(x, .
| e iy (2, ) = | Papl )
2. wy(x, ) =

0 otherwise,

If (fori=1 ori=2) we have that

Fi(2,¢) + Fy(x, )iz, ¢) # 0 (3.42)
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in a domain containing the origin of R"Y  then the controller:

Bz, ) £ [pl pQ} ¢ T i, ) (3.43)

will stabilize the system in Equation .

Proof:  The function Fi(x,1) is scalar-valued. On the other hand, Fy(x,®) is a
1 x n real-valued matrix. This means that the product Fy(z,)B is a 1 x m real-valued

matrix, which we call Fyg(z,1). This means that we need to choose w(x,) so that the

dot-product of Fyp(x,1) and w(z, ) is less than —F(x, ). Specifically,

Fl(.T,'Lp> + FQ(LE,"(/})B’U)(I‘,”LP) <0

(3.44)
— FZ(wi)Bw<x71/}) < _Fl(‘rv 7@
Using our new notation, we further simplify this expression to a dot product:
F2B(xa ¢)w(w7w) < _Fl(xa ’17/})
(3.45)

- Z%Bi(%@%(%@ < =Fi(z,9).
i=1

There are a number of choices for w(x, ) that satisfy this condition. For example, if we

define

N —F1(l’,¢) — C€(l’,¢)
wil@, ) = mFypi(v,1) ’

(3.46)

for some tuning parameter, ¢ > 0, and some positive-definite function £(z, ) > 0 then

we satisfy Equation (3.41). Possible function for £(z,v) include £(z,v) = V(z,v) from

Equation (3.34), or e(z,v) £ Y0 2?2 + Zjvzl 2. However, this solution does have a

=11

singularity whenever (for any ¢ = 1,2, ...,m) we have that Fyp;(z,¢) = 0. If instead we
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define

wi(.T,lb) N Fapi(z) (3.47)

0 otherwise,
for the same tuning parameter, ¢ > 0, and positive-definite function (z,) > 0 from
Equation , then we satisfy Equation and there is only a singularity when
Fyg(x,1) = 0. This is also provides control that uses at most the same level of actuation
as the choice of w in Equation (3.46)).
So, given @), K, the following controller, u, ensures that the time derivative of the

Lyapunov candidate function, V' (z, ) is negative definite. Therefore, this controller,

x

we) = | n] ||+t (3.45)
(0

where w;(x, 1) is defined in Equation (3.47) and P;, P, satisfy Theorem , will stabilize

the origin. By extension, this controller will stabilize the modeled Koopman system.

3.4.1 Implications of Theorem

The controller presented in Theorem |5 works by controlling the Koopman modeled
dynamics with a state feedback controller and then applying nonlinear feedback control
to compensate for the Koopman model error. The nonlinear component, w, accounts for
both model approximation error and subspace closure error (see Definition .

We can use Theorem [5| to design a nonlinear state-feedback controller for a Koopman
modeled system if we so desire. To do so one first uses the Koopman model and the
process in Section to select the matrices () > 0, P, and P,. At this point, if we
know the true system dynamics, we can use one of the proposed controller designs given
in Equations and to choose the nonlinear control function, w. To do so

86



Trade-offs between Koopman model approximation and stabilizing control Chapter 3

we need to choose two things: the tuning constant, ¢ > 0, and the negative-definiteness
guarantee function, &(z, ). Possible choices include e(z, ) £ 271 and (2, 1) = 2TQu.
If the true system dynamics are unknown, then the modeler chooses the nonlinear control
function, w, to satisfy Equation for the existing data and may design to take into
account any additional desired controller constraints. For example, the modeler could
choose w(x, 1) to be a neural network and parameterize it to satisfy Equation for
all availible measurements with minimal norm activation weights.

The structure of this controller demonstrates that controllers exist for Koopman mod-
els with high error. If the Koopman model approximates zero dynamics, i.e. K = 0,
then the nonlinear control component, w, can be designed against the nonlinear system.
If the Koopman model is exact, i.e. e; = 0 and e; = 0, then w(z,v) = 0 will stabilize
the system. This indicates that we can have a nuanced trade-off between solving the
Koopman identification problem and solving the Koopman control problem. A more ac-
curate Koopman model can restrict the size of the nonlinear component in the controller,
however, this may or may not be optimal.

The controller prescribed by Theorem [5|is an example of proportional dictionary feed-
back control plus compensatory nonlinear state-feedback control. It is natural to assume
that, when the Koopman model is more accurate (the error terms are small), the com-
pensatory nonlinear-state feedback control can also be small. This raises an important
question to modelers who use proportional dictionary feedback control designed against
an imperfect Koopman model. How small can compensatory state-feedback control be

and still guarantee stability of the origin?
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3.5 Quantifying how much correction proportional
dictionary feedback control requires to ensure

stability

A Koopman model provides a linear representation of the system dynamics. There-
fore, approaching control via linear techniques in the higher-dimensional space of a Koop-
man model is a natural step in stabilization. By considering the dictionary as the state
of the linear model, a number of MIMO feedback control techniques for LTI dynamic
systems can be applied to stabilize the origin. However, as shown in Example 3| doing so
can fail. In this section, we develop error bounds to quantify the distance from success

of linear dictionary feedback control IT : R™ x RY — R™, TI(x,v) = Pix + Pyp.

Remark 4. The Il in Section[3.5 stands for “proportional.” We did not use “P” so that
the symbol would not be confused with the P in Section|3.3, which stands for “projection.”

We hope that this is a clear way to structure our notation.

To quantify the distance from successful stabilization of a proportional dictionary
feedback controller, II, we can take a nonlinear dictionary feedback controller, call it
w(z, ), w: R x RY — R™, so that the sum of the controllers (u = II + w) stabilizes
the true system in Equation . We assume that there exists at least one function,
Winin : R*XRY — R™ so that u £ II4w,,;, stabilizes Equation and ||wpmin|| < [Jw]|
for all w that stabilize Equation . In other words, the augmented state feedback
function wy,;, is a minimal norm stabilizing control that is added to the proportional
augmented state feedback control, II. The norm of any additional stabilizing nonlinear
controller, w, is then an upper bound on the norm of the minimal-norm function, w,,;,.
If the proportional dictionary feedback controller, II, already stabilizes the origin, then

Win = 0 and so ||wpin|| = 0. The feedback control w,,;, (indeed any w that we consider
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here) is a correction added to II in order to ensure stability. This correction is typically
nonlinear in the dictionary functions.

We present three bounds on w,,;,, the minimal nonlinear control action needed to

stabilize Equation (3.1]).

3.5.1 Bounds on correction to proportional dictionary control

when B is invertible

When a Koopman model has error, designing proportional control action based off
of that model can fail. However, as established by Theorem [5 additional nonlinear
control can compensate for the erroneous proportional control, no matter how bad the
Koopman model may be. This raises the question, how much additional corrective control
is needed to properly stabilize the underlying dynamics? Under the assumption that the
input matrix, B, is invertible, the following theorem provides an upper bound on the size

of the minimal stabilizing corrective control.

Theorem 6. Given Equation where B 1s invertible and

xz

u(z, ) = {Pl P2] . + w(z, 1), (3.49)

where the system given in Equation has a quadratic Lyapunov function then
Wpnin = min ||w||, so that the origin of Equation is stable (3.50)
w

will satisfy:

L. Hu{fﬁﬁ” < \IBhlan(r)H + 1 where I(x,v)) & Pyx + Py, the proportional dictionary

control component of the controller, © = f(x) + Bu and
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2. |[wmin|] < ||B7H(EK1 + BP)x + (Ky + BR)y)|| + ||[Beq]|.

Proof:  Given our choice of u(x,1) we can rewrite Equation (3.16)) as

T Kl—l—BPl K2+BP2 X €1 B 0 w 0
| = + —~ +
(G K3+ Bt Ky+ BaPa| (¢ 2 By Boa| |vu en

- (3.51)

K1+BP1 K2+BP2 i €1 B
= _ ) + | + ) w
_g—;ﬁ(Kl +BP) 22(K;+ BP)| |v Pe, ®B
We can perform the final step shown because
b= (3.52)

ot
To understand this, it may be helpful to recall the distinction between v and 1) given
in Section . To summarize, v is an augmented state variable and v is a vector of
nonlinear dictionary functions of the state variables.
Now we can examine the controlled system’s quadratic Lyapunov function as follows,

(where @ is positive definite)

Vi(z,¢) = % {xT wT] G @l | : (3.53)
Q3 Qs| |v
Then, for t : R® x RY — R” satisfying
t(z,¥) £ (K1 + BP)z + (Ky + BP)Y + e1(z,), (3.54)

we have that
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dv {xT 1#7} Q1 Qo t(z,v) + Bw

dt 5 Qs g—f(t(ﬂf; Y) + Bw)
- 2= (3.55)
2 {xT sz] @ | e
i g Q3_ _g_i}h(x7w)
where h : R” x RY — R" so that
h(zx, ) £ t(z,4) + Bw(z,1)). (3.56)

We define the two functions ¢t and h for notational convenience.
Since we assume in the theorem statement that this quadratic Lyapunov function
exists we know that there is a solution. Call this solution, h(x,v) = t(x,v) + Bw(x, 1),

where w : R” x RY — R™ is our solution-producing input and

{xT q/,T} Qu @z | hlao) | (3.57)

Then, we have that eh(z,1)) is also a solution for £ > 0. Furthermore, since we also

assume that B is invertible, then, for any ¢ > 0, we can choose a new solution producing

input, w, : R* x RV — R™ so that w.(z,¢) £ ew + B~ (¢ — 1)t(z,v) then:

t(z, 1)) + Bw, = t(x,1) + B(ew + B~ (e — 1)t(z, 7))
= et(x, ) + eBw(x, 1) (3.58)
= ch(z,v).

We now let w £ .. This choice of compensatory stabilizing input, w, will satisfy
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_ xr
ch = |:K1+BP1 K2+BP2:| +€1+Bw (359)
(G

If we choose w so that € — 0, then we have that:

X
(0

We can then do some algebraic manipulation to get:

T

(8

X
+ B7le; + [pl Pz] . (3.61)

—w= B! [Kl KQ]
(0

Working from this expression, we could do different sorts of groupings of terms before
taking the norms of both sides and looking for bounds on the norms. Two ways that we

could work this out give us the two bounds in the theorem statement as follows.

1. First, we simplify as follows:

. (3.62)

so we have that

||wl| = ||B~" f(x) + 1|
(3.63)
< |[B7Hf ()] + [T,
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we then divide both sides by ||TI|| to get % < W + 1, so we have that

. -1
[Wminl | lell - [1B—f(@)]
| it [ITL]

+1. (3.64)

2. Now we group the terms a different way, so that:

x
—’LU:B_l Kl K2:| +B_1€1+ |:P1 P2:|
- (G (G
(3.65)
| . -1
=B K1+BP1 K2+BP2:| + B €1.
- (G
Taking the norm of both sides and applying the triangle inequality gives:
[[wminl| < |Jw]| < [IBH(K1 + BP)z + (Kz + BR)Y)|| +[|B ed]|,  (3.66)
the second bound.
We now consider the significance of these two bounds. The first bound is:
min B_l
lemiall _ IB7@ -

118 ]

where II(z,v) = Pyx + Py, the proportional dictionary control component of the con-
troller and & = f(z)+ Bu. The advantage of this bound is that it is, in a sense, scale-free
as it provides an upper bound on the fold-change (comparing to the proportional dic-
tionary component) of the non-Koopman component of the stabilizing controller. When
the proportional dictionary component gets large the bound approaches 1. This indicates
that choosing a large control signal may be a mistake that the nonlinear component would

need to rectify via negation and that this rectification would overshadow any other ad-
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justments the controller would need to make for stabilization.

The second bound is:

Wil < [|B7H (K1 + BP)x + (K2 + BR)Y)|| + | B e . (3.68)

One advantage of this bound is highlighted by the following corollary.

Corollary 8. Under the same set-up and assumptions of Theorem [6], there exists pro-

portional constant matrices Py, Py, so that

[|wWinin|| < ||B™ ex(z, ). (3.69)

Proof: By our assumptions B is invertible, therefore we can choose to define Py

and Pj as follows,

Py 2 -B7'K, and Py 2 ~B'K,. (3.70)

Then we have from Theorem [6] that

[ wiin|| < ||B7L((Ky + BP})x + (Ko + BP)Y)|| + ||B el
= [[0]] + [|B™ ey ] (3.71)

= |IB " eil|-

Corollary [8 shows that (due to the invertibility of B) one can choose proportional
constants so that, w,,;, is purely bounded by our model approximation error scaled by
B. An interesting consequence is that when the model approximation error is zero, B
is full rank and there exists some quadratic Lyapunov function for our system, then the
proportional dictionary component can simply work with B to cancel out the Koopman

model exactly to achieve stabilization. No thought needs to be given for the subspace
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closure component of the model. Such a dramatic control action is typically overkill when
stabilization is the objective. This indicates that the second bound in Theorem [0] is not

tight.

3.5.2 A bound on correction to proportional dictionary control

when B is rank-1

The resulting bounds from Theorem [6] apply when B is full rank. This implies that
there are just as many inputs as true state-variables in the governing equations. This
can be the case in many applications, however, it is often the case that there are more
state-variables than inputs. In this section, we provide a distinct upper bound on the
size of the minimal stabilizing corrective control from the bounds in Theorem [6| when the

controlled system only has a single input, i.e. the input matrix, B, is rank 1.

Theorem 7. Given Equation where B is a single (nonzero) column, the system

has a quadratic Lyapunov function

V(w,w)Z%{xT ¢T] @ Qe : (3.72)
Q3 Q3| |¥
and
u(x,w)zlpl pz] w0, (3.73)
(0

then the minimum norm w that will stabilize the system will be bound above in norm,

specifically

(3.74)
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where t(z,v) = (g—fB — Boy)(Piz + Py), vl = 27Q, +¢TQY, vl = 27Qy + 91 Q3 and
Q1 Qo Ki\+BP Ky;+ BP, x

Q(xﬂﬁ) = |il’T wT:| .
QY Q3| |Ks+ BuPy Ky+ ByPs| |9

Proof: Given our choice of u(x,v) we can rewrite Equation as

T K1+BP1 K2+BP2 T €1 B 0 w 0
| = + + +
(G K3+ By Py K4+ B Pa| ¢ €9 By By | |y €B
- 53 r (3.75)
K1+BP1 K2+BP2 €T €1 B 0 w
= + +
K3+ By Py K4+ B Pa| ¢ e+ éep Byy Baa| |t
Now we take our quadratic Lyapunov function,
1 Q1 Q2| |z
Vie,y) =3 [xT @zzT} L : (3.76)
Q3 Qs |v
Then we have that
dv Q1 Q2| |Ki(z,
o= {xT ¢T] bR 1@ 9) , (3.77)
2T Qs Kz(l‘; w)
where
Rl($,¢) K1+BP1 K2+BP2 T €1 B 0 w
S + +
Ky(x, 1) K3+ ByPy K4+ By Ps| |¢ e +ep Bay1 By | |y
(3.78)

For simplicity of notation, we define the following quadratic term:
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Q1 Q- K+ BP, K+ BP, x
qz,¢) £ {xT ¢T] : (3.79)
QY Q3| |Ks+ BuP Ki+ BauP| ¢

Then we can simplify the previous term as follows:

av Q1 Qo €1 B 0 w
i {xT T} + +q(z,v)

Q; Qs e +ep By1 Boa| |vu

(3.80)
Q1 Qo e1 + Bw
= |:[L'T ¢T1 + Q('xaw>
Q3 Qs| |e2+ep+ Baw + Byt
Now we begin to directly compute this expression:
e; + Bw
KO+ UTQY #TQu 407y +gle0)

e +ep+ Bglw + Bzg¢u

(3.81)
A e1 + Bw
= {vip Ug} +q(, ),
€ +ep+ B21’UJ + BQQl/Ju
where v, and vy are functions of x and ¢ defined for convenience, much like q.
Here, we recall the definition of the subspace input error, ep(z, u):
90
ep(r,u) = 8—¢Bu — Boju — Baothy(x, u). (3.82)
x
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Note that, when u = Pix 4+ P> + w, this implies

o o

ep + Bojw + Basth, = a—i}Bw + (%B — Bo)(Prx + Pay) ( )
v 3.83

a OY

= o Bw + t(x, 1),

where t(z,) is a function term defined for convenience, much like ¢, v; and vs.

So we continue to compute our expression:

‘ r ] e1 + Bw
Equation (3.81) = [T T +q(z,9)
- 1 lea + ep + Boyw + Basty,
r T e1 + Bw
= U? Ug 53 + Q(xa Z/J)
- - e+ a_qﬁBw + t(ZL‘, ¢) (384)

94
=vle; + vl Bw 4 vley + UQTa—;DBw + vl t(z, V) + q(z,1))

90
= (of + 7 20 Bu -+ o er + ofes + o, ) + (e, )
< 0,
this implies that
v, r0 T T T 5
(v + vy %)Bw < —vper — vy e — vy t(x, ) — gz, ). (3.85)

Since B is a column vector the (normally vector-valued) function (v! + vl g—f)B is a

scalar-valued function. So, if we set

U)((L’ ¢) _ _v%—vel - Ugeg - UQTt(‘?J/)) _ Q(Ivdj) e ||l’|| + ||77Z_J|| (3 86)
’ (f +01%5)B (f +01%2)B’ '

for some € > 0, then the Lyapunov function candidate will have a negative definite time
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derivative. So, our minimal stabilizing w will be bound above by

_U{el — 0562 — Ugt(l’, w) — Q(xv w)

(o] + vgg—f)B

B (3.87)

The above norm may be computed as a function of e; and es as the remaining components
are completely determined by the model.

The main challenge in applying this result is to know a priori the values of e;(x, ),
ea(z,1) and Q. A train-test split of the data can be used to approximate e;(x,1) and an
approximation of ey(x,1)) can be computed from the approximation of e;. The matrix
@ may be chosen as an ansatz. The methods of computing vy (z, 1), ve(x, ), t(x, 1) and

q(z, 1) are given in the proof.

3.6 Conclusion

Koopman operator theory provides a number of powerful modeling tools. With effort
and sufficient data, these models can perform high-fidelity predictions [18,48] and can
be used for control [40]. However, high-accuracy predictive models can be expensive and
time-consuming to collect data for and produce. The theorems of this paper suggest that
costly high-accuracy models are not required for successful control. But, this fact raises a
further question. What degree of model accuracy is needed to design stabilizing feedback
control in a data-driven setting?

To explore the relationship between Koopman model accuracy and control we have
developed two theorems, each describing a model-dependent nonlinear controller that
explicitly accounts for the accuracy of the Koopman model. One designs under the
assumption that the true dynamics are known and the other does not. Theorem 5[ shows

that the parameters of the Koopman model can be tied to parameters of the state-
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feedback controller to build model-dependent controllers. Model-dependent controllers
are useful because they can be used to explore the point at which controlling the model
alone will fail. The model-dependent controllers that we have developed here highlight
how parameterizing the Koopman model to best fit the data is a potential waste of
valuable modeling resources when control is the objective. This has been shown to be
the case both when the true dynamics can be used to directly compute control action and
when they are only tied to control action indirectly, a necessary condition for data-driven
control.

Building on the idea of model-dependent controllers, we have developed three bounds
(contained in Theorem |§] and Theorem @ on the effectiveness of proportional controllers
designed against Koopman models of dynamic systems. Each of these bounds can be ap-
proximated without explicit knowledge of the true dynamics of the system (from data).
In the end we see that perfect Koopman models are not necessary for stabilizing a non-
linear dynamic system but determining the needed control action is nuanced. However,

mathematical tools address this nuance.
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Chapter 4

A novel model class for bowtie
biological networks with universal

classification properties

4.1 Introduction

To respond to changes in their environment, bacteria and other cells need to perform
in-cell computation through networks of chemical reactions. The transcription and trans-
lation of messenger RNA into proteins interplays with environmental signals to identify
and respond to new environments [49]. Successful cells will correctly classify their cur-
rent environment and appropriately produce the proteins needed for that context [50].
(Classification can be thought of as a control policy acting on a continuous signal space
and reducing it to a discrete action from a finite or countably finite list of options. It
is interesting because it is a black-box “analog-to-digital” or “continuous-to-discrete”
transformation that biological cells have to make each day. We ask the question, “how is

biological classification represented computationally and structurally in the architecture
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and evolved design of living cells?” Answering this question opens the door to further
inquiry. What are the energy and metabolic benefits of such control and how can these
evolved computation structures be applied to improve the efficiency of human-designed
systems such as AI?

Dedicated biologists and systems theorists have identified common network motifs
implemented in almost all cells [51]. Two of these motifs are dense overlapping requlons
and single input modules. Dense overlapping regulons have the ability to perform cellular
decision making and have a network structure akin to that of a shallow neural network,
with a number of input transcription factors (input TFs) mapping to a distinct set of
genes [52]. Single input modules contain a master TF (typically auto regulated) that
simultaneously activates a number of target genes. The activation of these target genes
typically enables the sequential production of proteins which combine together to form
an enzyme. The final product enzyme may have multiple functions, its primary function
may be related to performance in a particular environment. Typically, its secondary
function is to deactivate the master TF [52].

Within most observed cell sensory transcription networks, dense overlapping regulons
are not layered in cascade with other dense overlapping regulons. This means that
intracellular classification is not made by a deep network. Additionally, the master TF
of single input modules are an output gene of a dense overlapping regulon [51]. This is
an example of the bowtie motif in biological networks [53}54].

We build this bowtie network by combining models of transcriptional networks from
[52] and [55] to hypothesize a model for bacterial decision making. Given this model, we
analyze its biological feasibility and basic capability for classification. Part of our interest
in this motif stems from its network structure. Because all ambiguous components of
our proposed model’s network structure are feedforward; results from linear network

reconstruction suggest that this model’s topology and parameters could be uniquely
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identifiable from time-series experimental data [56,57].

In this paper, we study a class of biological networks that have the ability to convert
continuous environmental signals into discrete control policies, namely that are able to
perform a mode of biological classification. We introduce this class of models as the
DOR2SIM model and provide de novo mathematical definitions and analyze their archi-
tectural properties. We consider a 11-state model that is constructed as the minimal set
of signal TFs needed to build a distinguishable DOR motif and the minimal set of target
genes to make a distinguishable SIM motif. We show that our 11-state DOR2SIM model
is capable of classifying any constant input signal from the environment and thus, prove
by inductive logic, that DOR2SIM models are a powerful class of models for universally
classifying all positive constant signals. We then provide a sufficient model parameter
condition to verify the ability of any DOR2SIM model to classify constant inputs based
off of an experimentally measured or simulated equilibrium point of the system. This
parameter condition suggests that the behavior of source nodes in the DOR motif at
equilibrium leads to successful classification. As a preliminary, we define dynamic classi-

fication.

4.2 Dynamic classification of inputs
In this paper we consider the classification properties of a nonlinear dynamic system

of the form

i = f(z,u), (4.1)

where z € R", u € R™. We define classification as the act of sorting input to the system

into distinct classes. These classes are distinguished from each other by the systems state
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Network structure of the minimal
complexity DOR2SIM model

u
DOR 1 enwronmental
signals
@ @ messenger RNA

signaling proteins

SIM @

master transcription
factor

:: target proteins

. final product
'y
Figure 4.1: A diagram of the network structure of the DOR2SIM model. The dense

overlapping regulon (DOR) and single input module (SIM) components are highlighted
in red and green respectively. Nodes are labeled consistent with Equation (4.11]).
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1 S ()

t=Ts

S

State

State

Figure 4.2: A visual schematic of Definition . Given a constant input, u, trajectories
that begin in ;. will reach and remain in S. in finite time.

variables. This information on the class of input should be stored in the system until the
input changes, at which point it should reclassify the new input. This definition of the

dynamic classification of inputs is given precisely below.

Definition 5. The dynamic system in Equation is defined to classify a constant-
valued input, u € R™ over the initial point set S;. C R", to the class set S, C R™ if, for
all initial points in the initial point set, xo € S;., we have that our constant valued input
and the system dynamics evolved from our initial point, & = f(x,u), (0) = xo, implies
that there exists a threshold time, T € R, so that for any time greater than the threshold
time the state is in the class set, 3T > 0 so that for allt > T z(t) € S.. See Figure[].

for a visual schematic of this definition.

Cellular combinatorial decision making in transcriptional networks is performed in
dense overlapping regulons (DORs) and then applied in (among other motifs) single
input modules (SIMs). This means that classification models of DORs connecting to

SIMs should be able to classify any constant-valued inputs to an appropriate class set.
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The definition of what set might be appropriate is open for discussion, however, in this
paper “appropriate” sets will be simply connected sets. The most important feature in
a dynamic system for classification is the ability to distinguish between class sets for
different inputs. This means that, if a small perturbation is applied to the inputs, the
intersection of the new class set with the class set of the unperturbed inputs should be
the empty set. We formalize this notion in the following definition of an input classifying

system.

Definition 6. The dynamic system in Equation 1s an input classifying system over

an interval, T, of R™ if it classifies all constant inputs in I to disjoint class sets.

Before we explore the classification potential of our model of the DOR2SIM network
motif, we introduce the dynamics of the DOR and SIM models separately and then we

combine them.

4.3 Dense overlapping regulon model

In a dense overlapping regulon (DOR), environmental signals influence the produc-
tion of messenger RNA that codes to transcription factors (TFs) that will influence the
downstream expression of genes that respond to the environmental signal. This is the
controller component of the DOR2SIM motif. In this model the dynamic states will be
the concentrations of messenger RNA as well as the concentrations of the proteins that
they code for. The dynamics can be given by a function, fpor : R*" x R® — R?" and
the outputs are the concentrations of the final TFs, ypor : R*® — R™. These functions

are defined as follows

TDOR é [mla ceey M, Pl; ”-7Pn]T
(4.2)

Tpor = fpor(Tpor,u),
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where:
m; = sz(Pla Py, Pn) — 0im; + biu;

Py = kpmi — nyi Py (4.3)

T
yDOR:|:P1 P o Pn:| )

where each 0, b and k is a constant parameter and each function F}, is a special nonlinear
function which describes the binding of the input proteins to the promoter site for the
specified messenger RNA.

So, what is the functional form of F,,,, our nonlinear binding function? Well this
depends on the type of promoter that we are assuming in our model. In this paper we
assume that binding is competitive and only a single protein may bind at a time.

When the binding site only permits a single protein to bind at a time, the activa-
tion/repression dynamics in [}, are given (as derived in Chapter 2 Section 2.3 of [55])

by:
mg 1 P K j + «
Fmi(PZ'7-Pi+1,...7Pn>:/B ZJEAH( ]/ ]) ’ 0,
1+ (B K™

where A C {i,i+1,...,n} is the set of all indices corresponding to activator proteins (the

(4.4)

remaining indices correspond to repressor proteins), f3,,, is a constant, ag is a constant
giving the rate of gene expression in the absence of activators on the promoter site and

the parameters K; and n; are constants.

4.4 Single input module model

The single input module (SIM) is a motif in transcription networks where a single
master TF, P, will activate the promoter sites for a number of other genes. These
genes, in turn, produce proteins which combine with each other to form a single enzyme.

In the DOR2SIM motif, this enzyme can perform multiple functions. Its primary pur-
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pose is typically to respond to the environmental signaling which activated the master
transcription factor (master TF) in the first place. Additionally, it often down-regulates
the master TF to turn off the system once the enzyme concentration is high enough.
The dynamics for the SIM will be given by the function fgrp : R3VT! x R? — R33N+
The output for the SIM is simply the final enzyme, so ygzas : R3*VT! — R. The system

dynamics are given below as follows:

A T
TsiM = [mM7PM7m17 my, P '--7P2N—1]

(4.5)
Tsiv = forv(Tsim, ),
where:
mM = FM(ul, coey Upy, PM, PQN_l) — 5mMmM
PM = kymy — (5PMPM
i<y = Fo, (Par) — O,y
Py = kymy + OpyN+1 PN
- kN+1P1P2 - 5P1P1
(4.6)

P2§z‘§N = kim; + 0py,,  Pnyi-1
— kisn 1 PPy — 0p, P,
Pyi1 = kni1PyPy — 0py,, Py
Pyyo<i = kiPi_ny1Pioy — 05, P,
Ysim = Pan-1,
where each 0 and k is a constant corresponding to degradation rate and reaction rate
respectively. The function Fj; and the functions F; are nonlinear functions describing
the binding of input proteins to the promoter site for messenger RNA.

Each function, Fj, takes the form of a single variable Hill activation function, Hill.

In this paper we consider two types of Hill functions, Hill activation and Hill repressor
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functions. Hill activation functions are defined as follows:

Hi”act(l') = WL—FJZH (47)

Each F; is a Hill activation function. The function, F}, in the DOR model is a Hill

repressor function, defined as follows:

pE™

R ea— 4.8
Kn 4 gn ( )

Hill, ()

For both types of single-variable Hill functions the constants g, K and n are function
parameters.
On the other hand, the functional form of Fj; is more nuanced. Because of our

underlying assumption that each promoter binding site only permits a single protein

to bind at a time, Fj; will be modeled according to Equation (4.4)), much like the F,

functions in the DOR model.

4.5 The combined DOR2SIM model

If we interconnect a DOR with a SIM, ignoring feedback due to the final product of
the SIM influencing the signals that stimulate the expression of the input TFs, we have

an open-loop model of the system. This model is as follows:

tpor = fpor(Tpor, )
Esiv = fsim(Tsiars Ypor(Tpor)) (4.9)

Y= ySIM(iUSIM)-
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4.5.1 The minimal complexity DOR2SIM model

To study the dynamic classification properties of the DOR2SIM model class we will
begin by proposing a minimal complexity instantiation of the DOR2SIM that retains all

of the dynamic features of the model. This means that our model will include:
1. a feedforward connection between the signaling TFs
2. negative auto regulation in both the signaling and master TF's as well as
3. a higher order protein that is not coded for directly in the organism’s DNA.

Complexity here is structural complexity and is measured as the number of signaling
TFs in the DOR component and the number of target TFs in the SIM component.
The minimal complexity DOR2SIM model will have only two signaling TFs in its DOR
component and two target TFs in its SIM component. If we structurally simplify the
model further by removing a signaling TF from the DOR or a target TF from the SIM,
then the DOR and SIM motifs, respectively, would not be distinguishable from a cascade
motif and so we no longer have a DOR2SIM model. Thus there are no further structural
simplifications possible for this model.

However, we will operate under a number of non-structural simplifying assumptions.

We will assume that
1. protein degradation rates for all monomer proteins are equal,
2. translation rates for all monomer proteins are equal,
3. input signals are unweighted (by = by = 1),

4. all promoters maximal production rate is 1 (5 = 1 in Hill functions),
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5. all promoters activate (or repress) at the promoter site after they form a dimer
(which we model by setting the Hill coefficients to be 2 assuming high cooperativity

[58]) and

6. half maximal repression for the source messenger RNA is reached when the con-

centration of the protein it codes for is at 1, this means that in Equation (4.11}):

Fi(zs) £ 5 fa:?,, (4.10)
for some positive constant 3.
Ultimately, our minimal complexity DOR2SIM model is as follows:

—ma— _x'l ] [ Fi(x3) — 01 + uy ]

my, T Fy(x3,24) — 0o + ug

Pa T3 kry — 03

P, Ty kxy — 0wy

s Ts Fs(x3, x4, w8, 211) — 05

| £ | @ | = Fy(zg) — o , (4.11)
M2 T7 F5(xg)dxy

Pf T3 kxs — dxg

P, T kxe — dxg + A1y — kToz10

Pz T10 kg — 6x10 + Azyy — kzoz1g
_PF_ _x'n_ i kxoxio — Az |

where the parameters &, A, k, k are each positive constants. A visual depiction of the

network structure of this model is in Figure [4.1]
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DOR2SIM Input Classification
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Figure 4.3: The evolution, in time, of multiple state trajectories from random initial con-
ditions given distinct inputs for identical DOR2SIM models. Note that the equilibrium
points depend on the input, rather than initial conditions demonstrating that this net-
work classifies distinct inputs with with its state. The lines appear to overlap because we
are plotting all 11 state trajectories vs time on the same axis. If it were an 11 dimensional
graphic they would not overlap.

4.6 Classification properties of the DOR2SIM model

Our numerical exploration of this model indicates that, like other biological models
arising from mass action kinetics, the DOR2SIM model is highly stable and that the equi-
librium points vary with changes in input values, see Figure [4.3] These are encouraging
results for the capacity of this model to perform classification. However, the nonlinear
dynamics of these systems allow for these systems to potentially have multi-stability in-
duced hysteresis. Multi-stability introduces a dependence between the ultimate state of
the system on initial conditions. This dependence is problematic for classifying inputs
since the same input could potentially, given the initial state of the system, map to dis-
tinct class sets. Thus, we delve into a mathematical analysis of the DOR2SIM model in
order to clarify when it can model dynamic input classification in a biological context.
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4.6.1 Defining biologically feasible initial conditions, inputs and

class sets

Recall from Definition |5 that the DOR2SIM model will only be able to classify inputs
from a set of initial conditions to a class set if any initial condition combined with the
specified input results in a system trajectory that will reach the class set and remain
in the class set in finite time. As such, our set of initial conditions will be the set of
all biologically feasible initial conditions. Since each state variable in our system is the
concentration of some compound, be it a protein or messenger RNA, biologically feasible
initial conditions must be nonnegative and finite. So our biologically feasible initial

conditions belong to the set:

Sie 2 {rx e RM 12, >0,Vi =1,2,...,11}. (4.12)

Our inputs and class sets likewise must be nonnegative in order to be biologically

feasible.

4.6.2 Sufficient conditions for the 11-state DOR2SIM model to
classify any biologically feasible input

Theorem 8. Given the minimal complexity DORZ2SIM model and assuming that every
biologically feasible initial condition will lie in the bastion of attraction of some stable

equilibrium point, if the monomer degradation rate satisfies,

1
2\ G 6
(Euf) <6< % ~ 0.408, (4.13)
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then the model will classify the constant input % = [uy,us] over the set of all biologically

feasible initial conditions, S;., to the class set S. where

Se 2 {r € Sierar =mgl xy = %mi‘?}, (4.14)

for some m&4 € RT.
Furthermore, the minimal complexity DOR2SIM model is an input classifying system

over some sufficiently small intervals of the set of biologically feasible inputs that satisfies

FEquation .

Proof: 1In this proof our objective will be to demonstrate that any equilibrium point

of this system will belong to the class set S.. We begin by noting that at equilibrium,

k k

0=kal? — 25! = a5’ = ga:‘fq = gmzq. (4.15)

We also have that
1 €
1

where we define ¢ £ £, to simplify notation. Multiplying both sides by 1 + 2257 and
combining like terms we obtain the following equivalent statement:

0 = —0c225% + uy Aot — 6259 + (1 + uy). (4.17)

By Descartes rule of signs this polynomial will have 3 or 1 positive root and 0 negative
roots. This means that there will be 0 or 2 complex roots. We will apply Sturm’s Theorem
to determine conditions where there will be exactly 1 positive root and 2 complex roots.
To do this we build a Sturm sequence and verify the differences in the sign changes in
the Sturm sequence at 2 = 0 and as 277 — +o0.
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When we do so we have that the sequence signs are:
(+,—, —¢1,%) as 277 — —oc0
(+7 T T §2) when l‘iq =0 (418)
(_a —a§1,§2) as ﬂﬂfq — 00,
where s+ 52
s1= sign($) = sign(30° — c*u?)
P 0S5\ ™ 76
G = sign( pos (€, U1, ) ) (4.19)

4cu? — 24c26%u? + 3644
= sign(c*ui — 6c*uid* + 96%),
where P, is a 5-order polynomial in ¢, u; and § with all positive coefficients. In order
to have zero real negative roots and one real positive root, Sturm’s Theorem implies that
¢1 and ¢ both be positive. For ¢; to be positive:
k2

0< 38 —cul = cfuj <30 = guf < & (4.20)
Since all the involved terms are positive we can maintain this inequality when we take
the cubed root of both sides of the final inequality to get the left half of Equation (4.13)).

To conclude our proof, when ¢; is positive we will show that ¢, will also be positive if

0 < ‘/?6. First, when ¢; is positive we then have that, for some € > 0, that

30° = uj + e = 30° —e = *ui. (4.21)
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This means that we can simplify our term related to ¢ in Equation (4.19)) as follows:

Aul — 6ctuid® + 96 = (30% — &) — 6(36% — )0 + 95*
(4.22)

= —90* + (3 + 6¢)6% — ¢.

This polynomial is positive (as can be verified using the quadratic formula on with the

substitution z £ §2 to find zeros and then checking intervals) whenever:

14+2 36e2+9  , 142 /36249
g <<t (4.23)

At this point we can substitute

£ =36% - c*u? (4.24)
into the above inequality and simplify to get:
96* — 6c*ui® + c*u? > 0. (4.25)
We then recall that ¢ £ %, so we substitute and simplify again to get:
96% — 6k%u26 + k*u? > 0. (4.26)
We then solve for u? and we get
9 —94°

We then note that whenever 1 — 652 > 0, that u; satisfies this condition for all positive
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reaction rates, k. This finally brings us to the right side of Equation (4.13]) as follows,

1 V6

0<1-6% = 65°<1 — 6d< — =

VR (4.28)

The final claim of the theorem is validated by z{?’s smooth dependence on wu; in Equation

, so the relationship between x]? and u; is bijective on a small enough interval that
does not contain a local minimum or maximum.

The proof of Theorem |8 demonstrates that the positive constant m¢? is the concen-
tration of the messenger RNA for the source node in the DOR’s feedforward component
of the DOR2SIM model. This same proof also demonstrates that m? is a function of the
system parameters and the input to the same source node, u;.

Theorem |8 implies that as long as the TFs and messenger RNA of the system do
not degrade too rapidly with respect to the timescale of the transcription dynamics that
this model will successfully classify sufficiently small, constant inputs. Theorem [§] is
interesting in that monomer degradation rates are lower in cells that divide more slowly
and previous research suggests a tradeoff between cell growth rate and environmental
adaptation [50]. Theorem [§|is also encouraging as the negative auto regulation built into
this model promotes a quick response time [52] and therefore the degradation parameter
should be small by comparison. So this model should, under reasonable assumptions,

successfully model dynamic classification for small enough inputs.

4.7 Using data to determine if higher-order

DOR2SIM models classify

Numerical integration or experimental measurements of gene activity in a cell culture

can be used to estimate a stable equilibrium point of the DOR2SIM model. However, the
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existence of such an equilibrium point is not sufficient to establish a DOR2SIM model’s
ability to classify the constant input used to find that equilibrium point. It is possible for
biological systems to showcase hysteresis [59]. This means that, although the measured
or simulated trajectory (or trajectories) indicate a particular state that the system will
map the input to, different initial conditions may be in the bastion of attraction for a
different attracting set. Given a stable equilibrium point we provide sufficient results to
verify that the DOR2SIM system will map all biologically viable initial conditions to the
generalization of the class set, S., defined in Theorem [§ As before, S, will be defined in
terms of the concentration of the source messenger RNA in the feedforward component
of the DOR within the DOR2SIM model.

In this section, we retain a few of the our previous modeling assumptions, specifically,

we assume that

1. all promoters activate (or repress) at the promoter site after they form a dimer (so

all Hill coefficients are set to 2) and

2. half maximal suppression for the source messenger RNA is reached when the con-

centration of the protein it codes for is at 1.

Theorem 9. Given a DOR2SIM system with a biologically feasible constant input, u =
(U1, ..., U], Tesulting in a biologically feasible equilibrium point at x° € RPN gssume
that every biologically feasible initial condition will lie in the bastion of attraction of some

stable equilibrium point and that the following condition is satisfied:

by,
2
5211

k?;na:iq( — 2%95,)% — 46,65, (B, + byuy,) < 0, (4.29)
where z1 is the concentration of the source messenger RNA in the feedforward dynamics

of the DOR at the equilibrium point, x°?, and where kp,, 0y, Oan, by, Bn are all constant

118



A novel model class for bowtie biological networks with universal classification properties
Chapter 4

parameters in the DOR2SIM model. Then the entire DORZSIM system will classify all

biologically feasible initial conditions to the class set:

i, xl (4.30)

A MA3N+1 . . e _
Se={reR .xn—an,xgn—(s cal.
2n

Furthermore, this DORZSIM model is an input classifying system over some suf-
ficiently small intervals of the set of biologically feasible inputs that satisfies Equation
7.29).

Proof: 'We begin this proof in a form analogous to that of Theorem |8 and find that
at equilibrium:
kp,

0=kp,xp — O2pTop = Toy = 5 T (4.31)
2n

We need to show that the n'” state at equilibrium must equal the n** state of our known
equilibrium point, specifically, that z,, = 7.
kp,

. . . . A .
Again, as in Theorem , we define a convenience variable, ¢ = o and derive another
n

required condition at equilibrium point from the state-evolution of z,,:

0 = 0,222 + byuncx? — 6,2, + (Bn + bptiy), (4.32)

where z,, is the concentration of the n'* messenger RNA at equilibrium. Since all biolog-
ically feasible parameters and inputs to this system are positive Descartes rule of signs
gives that this polynomial has 0 negative real solutions and 3 or 1 positive real solutions.
We know that one positive real solution to this polynomial is x,, = z{. Therefore, to
satisfy this equation with only one real solution, we must have that Equation be

writable as:

0= (zn, — ) (ax? + B, +7), (4.33)
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with a negative discriminant:

f% — 4oy < 0. (4.34)

We then divide out z, — % from Equation and equate the coefficients to «, f and
~ to compute that:
o= —0,¢
B = byu,c® — x816,,¢? (4.35)
v =—(Bn + battn) /27
Thus our negative discriminant condition, Equation , becomes Equation and
it implies that z¢? is the only real value for x,, which allows the system state = to be at
equilibrium. Similar to the proof of Theorem [8) we note the smooth dependence of ¢
on u, in Equation to justify the final statement of the theorem.

Theorem [9] shows that we have found an architecture (the DOR2SIM model) that
universally classifies biologically feasible environments under mathematical conditions
that coincide a relatively strong activation of the source node in the DOR component
compared to its concentration of messenger RNA at equilibrium (3,,+b,u, large compared
to x¢7). This suggests that the smaller the concentration of messenger RNA from the
source node gene needed to keep the cell at equilibrium in one environment, the greater
capacity that the cell has to classify based on smaller environmental signals and in spite of
a less efficient promoter site. So this model suggests that the messenger RNA from source
nodes in DOR2SIM motifs of highly adaptable bacteria will settle to low concentrations.

This theorem also provides a quick check to verify the ability of a particular DOR2SIM
model to classify constant inputs of interest. This check could be used in conjunction
with numerical simulations or a sequence of experiments that independently tweak the

input values to look for possible limits of the system’s ability to classify inputs.
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4.8 Conclusion

In order to survive, bacteria and other cells need to rely on decision making that is
computed via networks of chemical reactions that interplay with the central dogma of
biology: the transcription and translation of messenger RNA. This means that these cells
need to be able to classify chemical and other signals from their environments through
these dynamics. We have combined typical biological motifs to propose the DOR2SIM
model, a specific model for biological classification and response to environmental signals.

Our numerical analysis shows that this model is stable, consistent with experimen-
tally measured transcriptomics and is capable of dynamic input classification. We have
established a straightforward condition under which the minimal complexity DOR2SIM
model is guaranteed to perform input classification. We have also established a sufficient
condition to check the classification ability of an arbitrary DOR2SIM model receiving an
arbitrary biologically consistent input. This condition is a simple computation that is
made from the model parameters as well as an equilibrium point, which can be discov-
ered through numerical simulation or from experimental data collection. The condition
suggests that successful classification in these networks (and by extension, successful
adaptation of cells to new environments) is tied to a maintaining a low concentration of
messenger RNA from source nodes in the DOR at equilibrium. In future work we hope
to leverage the network structure of the DOR2SIM model in order to identify this motif
and dynamics in adaptable bacteria. We also hope to integrate the physical dynamics of
DNA supercoiling into the model to understand the role that supercoiling plays in cell

response to environmental stimulus.
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Appendices

A.1 Proofs of theorems

In [31] we demonstrated that imposing a total order on conjunctive logistic basis
functions implied some basic closure properties of the SILL dictionary. We show in this
section proofs that apply this total order as steps to showing the uniform finite closure of
the SILL and augSILL dictionaries. The needed total order is summed up in the following

assumption.

Assumption 1. There exists a total order on the set of conjunctive logistic functions,
A(x;6), ..., A(x;6;), induced by the positive orthant R, where 6; 2 0; whenever ji; —j; €

R, and therefore A(x;6;) > A(x;6;).

Remark 5. Given a finite SILL dictionary that does not satisfy Assumption one
can enforce that Assumption[1] holds by adding a finite number of additional conjunctive

logistic functions to the basis.

In these results we do not consider the error of approximating the vector field, f, we

instead focus on the subspace invariance of a model built from a dictionary that already
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captures the basic system dynamics. This assumption is given formally below.

Assumption 2. The vector field, f, lies in the span of our SILL dictionary(or augSILL

dictionary as appropriate).

Proposition 1: Given a piecewise constant vector field, f(z), that can be expressed

as a finite combination of these n-dimensional step functions,

Np
filz) = ZwijS(m;pj),‘v’i =1,..,n, (A.1)

J=1

there exists a finite state-inclusive dictionary including n-dimensional step functions that
will satisfy exact closure for all x € R™ except for a set of points on a set of Lebesgue
measure zero.

Proof: We prove this theorem by construction of the dictionary that satisfies exact
closure for all x € R" except for a set of points on a set of Lebesgue measure zero. We

define our dictionary as follows:
(x) = : (A.2)

where S is a vector of n-dimensional step functions whose centers are all possible combina-
tions of pj; from Eq. . Now we need to show that %(f) can be exactly approximated
as a linear combination of elements of our dictionary, ¥ (z), on all of R™ except on a set
with Lebesgue measure zero.

We first note that,

dy(z) | & | @)
i || = s | (A.3)

dt dt

Due to Eq. (A.1]), we know that f(x) will be a linear combination of n-dimensional step
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functions in S, and therefore is in the span of our dictionary. Now we just need to show

that

can be exactly approximated as a linear combination of elements of our dictionary, ¢ (x),
on all of R™ except on a set with Lebesgue measure zero.

To do so we note that for all
rg My = {z:3ie{1,2,...,n} and j € {1,2,..., N.} so that x; = p;;}

the time derivative of the scalar function from Eq. (2.17) is

dS(z; ) _ dS(zyu)de _ dx

p— — A.4
dt de dt <O)dt 0, (8.4)

since, whenever © € My, dS(z;)/dx = 0. As Mj is a set of nN;, n — 1 dimensional

hyperplanes in R", it has Lebesgue measure zero,

m(Mjz) = 0. (A.5)

So, for each center parameter,;, the Lie-derivative % is in the span of ¥ (z) on all of
R™ except on a set of Lebesgue measure zero. This implies that dS(x)/dt can be exactly
approximated as a linear combination of elements of our dictionary, ¥(x), on all of R"
except on a set with Lebesgue measure zero.

Theorem [I Under Assumption [I} if the dictionary functions do not exactly match
their corresponding center parameters, x; # p;; foralli € {1,2,...,n} and j € {1,2,..., N},

then, as the steepness parameters go to infinity, the product of two conjunctive logistic

function will exponentially approach a single conjunctive logistic function in the dictio-

124



Appendices Chapter A

nary, o — oo,

A(z; 0,)A(z;6;) — A(z;07) = 0

exponentially for any [ € {1,2,..., N.}.
Proof: We now investigate the error of the approximation. Eq. (2.26))’s error of

approximation is

A(; 00)A(; 05) — M 61)
. 1— A([L’, 9]‘)_1
— (A(x:0)A(x:6;)) ! (A.6)
C1-(1+ e @=H)y (1 4 e~ n(@nisn))
o H:,L:l(l + e*au(xi*ulz‘))(l + e*aji(rruji)) )

whenever 6, 2 0;.

Without loss of generality, assume that 6, 2 6;. As we hold = constant and let
a — oo, for all ¢« € {1,2,...,n}, and any possible value of [, j we observe two cases. In
these cases we denote a possible value of py;, 1) ete. as .

Case 1, x; — x> 0: As o — 0o we have that e~ @i=1) 5 () and so W

Case 2, z;— . < 0: As o — oo we have that e~ @i(@i=h+) 3 50 and so
exponentially.

So, if there exists i € {1,2,...,n} for every j, so that z; — p;; < 0, then Eq.
goes to 0 exponentially as a — o0.

However, if x; — p1;; > 0 for all 4, then, since §; 2 6;, for all ¢ we have that x; — py; > 0
for all 7 as well, so Eq. goes to 1;11 = 0 exponentially as « — co. B

Corollary [I Under the assumptions of Theorem [I| and assuming that f is spanned

by a SILL dictionary, the Lie derivative of a conjunctive logistic function exponentially

approaches a finite weighted sum of conjunctive logistic functions as the steepnesses of
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the functions goes to infinity. Specifically,

A(z;6)) — ZZahwU My 01))A(x; 0%) (A.7)

=1 j=1

exponentially as a — oo.
Proof: 'We assume that f is spanned by our set of nonlinear dictionary functions.
This means that there exists a real-valued weighting matrix, w € R™*"Vz so that for

any, i € {1,2,...,n}, the i element of f, f;, can be written as:
Np
r) =Y wiA(x,0;). (A.8)
j=1

Therefore, the time derivative of an arbitrary nonlinear observable in the SILL dic-

tionary is:

A(l‘;gl) = (VmA(x;QD)TZ—j = (V. A(z; Ql))Tf(ﬁ)
= Z i (1 — A(ws; 0) ) A(; 0p) fi()

1

1

= Z agi(1 = N@i; 0) ) A3 61) ZwijA(x; 0;)

=1

3
—
>
o
N~—

_ ZZ aiwi (1 — Ay 0) ) A5 0;) A5 0;).

Theorem |1 shows, that in the limit of steepness, the error between Eq. (A.9) and
> Z apwi; (1 — Xz 05) ) A(x; 6%) (A.10)

i=1 j=1

will go to zero exponentially. H

Lemma 1: If || — )l # 0 or py; # pg; for all ¢ € {1,2,...,m} and all k €
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{Np+ 1, Ny +2,...,N}, then as o« — oo, P(x;6,)P(z;0;) — 0 exponentially.
Proof: ~ As we consider the approximation error of a product of two conjunctive

RBFs with zero our error is the term:

(:U,el)P(LU Qk)
alz(xz /Jflz)efakz(wz ,u'lm) (Al]‘)
H (1+e Oélz(xz i) )2(1 4 =i (@i— ki) )2

=1

We proceed by looking at the i'* term in Eq. (A.11), we know how it develops as
a — 0o by examining the cases tabulated below. As in the proof of Theorem [3| we note

7

that when we use “oo.” we mean to say that the term grows to infinity with o with a
rate of e“®, for some positive constant ¢. Furthermore, we use “0.” to mean that the term

goes to zero with a rate of e for some positive constant c.

Cases T < g T =y | T >
¢, D¢ [eer)
°l °k °k
e 1 Oc
: Uoy oclock
T; > Uk ﬁg 5 — 0 — 0

We first comment that the case in the center will occur in at most n — 1 of the terms
of Eq. by our assumption that || — || # 0. We then note that given 8; we
have three cases:

Case 1, all( x; — ;) — iz — i) < 0. In this case we have that as @ — oo that
our term goes to 2 k’“ — 0.

Case 2, —oqi(xi — i) — agi(x; — pg;) = 0. In this case we have that as o — oo that

Case 3, —ali(xi — i) — ogi(w; — pri) > 0. In this case we have that as a — oo

that our term goes to —%- — (. This fraction approaches zero exponentially as the
OOCk

constant, ¢;, is positive by the assumption that z; > ;.

We now note that without loss of generality that these three cases cover (s (one
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simply swaps « terms) and so we have that as & — oo at least one term in our product
will go to zero exponentially and the rest at most will go to 1—16. Thus the error term goes
to zero exponentially. l

Theorem [} If ; # py for all ¢ € {1,2,...,m} and k € {N, +1, Ny + 2, ..., N}, then
as o — 00, P(x;0,)P(x;6;) — 0 exponentially.

Proof: This proof is very similar to the proof of Lemma 1. The only difference is

that from the table of cases, only the four corner cases can occur. B

In the following proofs we assume that our augSILL observables span the vector field
we seek to model (see Assumption 2). Define fi(x) to be the i entry of the vector field,

f. Then f;(y) may be written as the following weighted sum:

Ny, NL+NR
fily) = wih(z;:0;) + > wiP(x;6;). (A.12)
7j=1 k=Np+1

It is reasonable to assume that f;(z) can be written as such as sum as we assume f
and = to be analytic, which implies that f is smooth. This means that a sufficiently
rich basis of logistic and RBFs will approximate each f; in such a manner. In the real
Koopman learning problem we would also have a constant and weighted sum of the state
to help approximate each f;. Using these extra terms to approximate f; in our analysis
makes the math more cumbersome, and so we represent f; without them. The class of
representable vector fields, fs, is extremely broad as both logistic and RBF's are universal
function approximators [60], [61].

Corollary [3 Under the assumptions of Theorem [I] and the assumption that the
augSILL observables span the vector field we seek to model, the Lie derivative of a con-

junctive logistic function exponentially approaches a nonlinear combination of augSILL
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functions, specifically,

A(z;0,) — ZZahww M5 605))A(x;07)
=1 j=1
n Np+Nrgr
+) 0 w1 = Ma 04)) H (w3 6, 6)

i=1 k=Np+1

(A.13)

exponentially as a — o0.
Proof:  The derivative of a conjunctive logistic function, A(z;6;), with respect to
time is
o dx

Aa; 00) = (VaA(2:0))" o = (Ve (w;0)" f(2), (A.14)
where the i*" term of the gradient of A(x;6;) is

A(x; 0,)

[Vx/\(%’; (gl)]i = ali()\(a;i; (912’) - )\(:L'@'; 911‘)2) )\(Ii; @li) (A 15)

= i (1 — A5 00))A(; 0;).

Thus the time-derivative of A(z;;6;) is
Az 6)) Zalz (1 = A(wi; 6) ) A(; 601) fi(2)

Nr
= Z i (1= A 02))A(; 0) (O wijAlw; 65)
j=1

Np+Ngr

+ Z wi P(x;0y)) (A.16)
k= NL+1

= ZZal,wU Mg 0))A(x; 0,)A(x; 0;)
i=1 j=1
n Np+Ngr

£35S awwa(l — Awi; 6) Al 6) Pla; 6y).

i=1 k=Np+1
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From Theorem |1} Theorem [2 and Theorem (3| we have that Eq. (A.16) goes to Eq. ([2.45))

as a — oo. B

Corollary [ Under the assumptions of Theorem [I] and the assumption that the
augSILL observables span the vector field we seek to model, the Lie derivative of a
conjunctive RBF exponentially approaches a nonlinear combination of conjunctive RBF's,

specifically,
n Np

P(x;:0) = > > aggwii (1 — 2\ (w5; 00) ) H (3 65, 6,) (A.17)

i=1 j=1
exponentially as v — oo.

Proof: 'The derivative of a conjunctive RBF is:

P(x;0;) = (Vo P(x;0,))" de _ (Vo P(x;0))" f(x) (A.18)

T
dt
where the i term of the gradient of P(x;6);) is

P(x;0,)

(VP (@ 00); = auplws ) (1 = 2Mas; )~ =23 (A.19)

= (1 = 2X\(z4;65)) P(x; 0)).
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So, the time-derivative of P(x;6;) is

96 91 Zalz $z;91i))P($; Ql)fi(l’)

= Za“ (1 — 2\ (z4;05)) P(x; 0,)( wa x;0;)
=1
Np+Ngr

+ Z wi P(x; 0)) (A.20)

k=Nr+1

n Np

=D oy (1 — 2\ (a3 0)) Plar; 6) A(; 6;)
i=1 j=1

n Np+Nrgr

+Z Z Wik (1 — 2\ 013) ) P(; 60;) P(; 0.

i=1 k=Np+1

From Theorems [2] 3] and [4] we have that Eq. (A.20) goes to Eq. (2.46) as o — oo. W

A.2 PDF of X(Y-Z) and logistic functions

Given the symmetric uniform distributed random variables X, Y and Z. We can
compute the PDF of X(Y-Z), a term in logistic functions. The random variables X and
Z represent the scalar parameters and the random variable Y represents the scalar state
value. So, X(Y-Z) corresponds to a(x — p). We choose X, Y and Z to be identically and
independently distributed (iid) as the symmetric uniform distribution: U(—a,a),a € R™.
We then apply the law of the unconscious statistician (LOTUS) to compute the expected
value of a logistic function.

We compute the PDF of X(Y-Z), where the random variables X, Y and Z are indepen-
dently and identically distributed as the symmetric uniform distribution: U(—a,a),a €

R*.
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We start by computing the PDF of (Y-Z). The PDF of each random variable is

~ ifz € [—a,d

Jolz) = (A.21)

0 otherwise.

Since the random variables are symmetrically distributed, this is the same distribution

as (Y+Z), a symmetric triangular distribution. The PDF is

L4+ 5 ifz € [-2a,0)

z o if z e (0,2d] (A.22)

1 _ x
2a 4a2

0 otherwise.
\

Now we use the formula for the distribution of a product of random variables,

o) = [ " frle) fulz/a) S d, (A.23)

]
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to compute the PDF of X(Y-Z). So,

~+ 2 ifx € [—2a,0)

g(Z)Z/ > — 1 if x € (0,2d]

0 otherwise
\
%\xl if 2 € [—a,q
dx
0 otherwise (A.24)

1

20 1 v | if 2€[-a,q]
- G-

0 otherwise

0 1 xT ﬁ if % € [_a7 a]
- /_m el

0 otherwise.

The following equivalences hold, however they are only equal to g(z) when %' < 2a or,

alternatively written, z € [—2a?, 2a?].

_ 4_;<1n|x| -

L nlal+ e (A.25)
42 (In(2a) — (%) 1+2‘_|)
4a2( in(l l) In(2a) — 2| £
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So, we have that our final PDF is

#(ln(%)—l—ﬂ—l) if zel

|2 2a2

9(2) = (A.26)
0 else,

where I is the interval [—2a?, 2a?].
With this PDF we use the LOTUS to compute the expected value of a randomly

sampled logistic function as

B = /_ Zg(m) (1 +1e_x) da. (A.27)

We compute the variance using the formula: Var[X] = E[X?] — E[X]?, which involves
an additional application of the LOTUS.
To the authors’ knowledge, none of these integrals has a closed form solution in terms

of the sampling interval parameter, a. Hence, we use numeric simulation to understand

this relationship (see Fig. and Fig. [2.5).

A.3 Dynamic systems for numeric simulations
The 2D systems we test in Section [2.9] are:

1. the Van Der Pol Oscillator:

jjl = X9
(A.28)
.ﬁtg = —x1+ 61(1 — l'%)xg,
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2. the Duffing Oscillator:

.fl = T2
(A.29)
Ty = —Collg — C3T1 — C4$§’,
3. the Predator-Prey System:
jjl = C5T1 — Cgl1T2
(A.30)
Ty = C7X1X2 — CgTa,
4. and the Toggle Switch:
. Cg
T = — C1377
1 C11
T (A.31)
Ty = o _ C13%
2 1 + (L’ilQ 13 27
where ¢c; = 1,c0 =0,c3 = —1,c4 =1,¢c5 = 1.1,¢6 = 0.5,c; = 0.1,¢c8 = 0.2,¢c9 = 2.5, ¢19 =

1.5,011 = 1.4,612 = ]_]_, and C13 = 0.25.

A.4 Tabulated summary of error bounds for demon-
strating uniform finite approximate closure (ap-
proximate subspace invariance)

We summarize the error bounds described in Section 2.8.3] on Table[A.2l Please note
the following.

Rows 1 and 2 with rows 5 and 6 gives a bound on the augSILL dictionary’s ability
to approximate the Lie derivatives of each nonlinear augSILL dictionary function. Rows
3 and 4 with rows 7 and 8 also give their own bound. The bounds’ constant upper limit
implies uniform finite approximate closure, and under reasonable assumptions each error
bound exponentially approaches zero.

This is under the assumption that the Lie derivatives of the linear terms in the
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augSILL dictionary are in the subspace defined by the augSILL dictionary. Note that
the Lie derivative of the constant term in the augSILL dictionary is trivially in the
subspace of the dictionary functions. Also note that the error term, e, and the set,

M, in the third column are as defined in Section [2.6]
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A.5 Solving for positive and negative definite matri-
ces

Satisfying the conditions of Theorem [5| requires discovering block matrices so that

the matrix
@ Q
b (A.32)
Q5 Qs
is positive definite and the matrix
Q1 Q2| |Ki+BP Ky+ BP, (A.33)

Q3 Qs K K,y

is negative definite.

Solving for these @, P (and potentially K') block matrices is equivalent to solving a
mostly unconstrained system of equations using the Cholesky decomposition of the de-
sired positive and negative definite matrices. The problem is to solve for the full matrices
Fy, F,, P, and P, (and potentially K, Ky, K3 and/or K, depending on the scenario) and

the lower-triangular matrices Ly, Lo, L3 and Ly, so that

LsLY = —L,LT(K, + BP) — L1 F]' K3,
LY = —F LI (K, + BP) — (R F! + Ly L) K,

(A.34)
LsF)] = —LLT(Ky + BP,) — L1 FI' K4, and

FE + L LY = —F LT (K, + BR,) — (F\Fl + Ly, LYK,

Then, let Q; = LiLT, Qs = L1 FT and Q3 = F{F! + LyLT. The only constraint that
one needs to enforce on the matrices in this system of equations is that each of the
lower-triangular matrices has non-zero diagonals (zeros on the diagonals gives a positive
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semi-definite ) matrix).
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