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On the Smoothed Analysis of Frank-Wolfe Methods

Abstract

This dissertation studies the smoothed complexity of Frank-Wolfe methods via conditioning

of random matrices and polytopes. Frank-Wolfe methods are popular for optimization over a

polytope. One of the reasons is because they do not need projection onto the polytope but only

linear optimization over it. To understand its complexity, a fruitful approach in many works has

been the use of condition measures of polytopes. Lacoste-Julien and Jaggi introduced a condition

number for polytopes and showed linear convergence for several variations of the method. The

actual running time can still be exponential in the worst case (when the condition number is

exponential). We study the smoothed complexity of the condition number, namely the condition

number of small random perturbations of the input polytope and show that it is polynomial for any

simplex and exponential for general polytopes. Our results also apply to other condition measures

of polytopes that have been proposed for the analysis of Frank-Wolfe methods: vertex-facet distance

(Beck and Shtern) and facial distance (Peña and Rodŕıguez).

Our argument for polytopes is a refinement of an argument that we develop to study the con-

ditioning of random matrices. The basic argument shows that for c > 1 a d-by-n random Gaussian

matrix with n ≥ cd has a d-by-d submatrix with minimum singular value that is exponentially small

with high probability. This also has consequences on known results about the robust uniqueness of

tensor decompositions, the complexity of the simplex method and the diameter of polytopes.
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CHAPTER 1

Introduction

Algorithms that are known to work well in practice may have negative or inconclusive theo-

retical analyses. The reason behind is that algorithms are usually analyzed in either worst-case or

average-case analysis. Worst-case analysis shows an algorithm works poorly on contrived instances

which gives no clue on its performance on other cases that are more likely encountered in practice.

Average-case analysis starts by assuming some distribution of the data, but the unknown of the

true distribution leaves the argument unconvincing. Spielman and Teng proposed the smoothed

analysis that gives better explanation of the success of algorithms which have poor worst-case com-

plexity and whose inputs have certain unknown distributions that average-case analysis cannot be

convincingly applied. In smoothed analysis, we measure the performance of an algorithm under

slight random perturbations of arbitrary inputs. In particular, we consider Gaussian perturbations

of inputs to algorithms, and we measure the running time of algorithms in terms of their input

sizes and the standard deviation of the Gaussian perturbations.

In this dissertation, we study the smoothed complexity of the Frank-Wolfe methods. The Frank-

Wolfe methods are a family of algorithms that are popular for optimization over a polytope. One of

the reasons is because they do not need projection onto the polytope but only linear optimization

over it. To understand its complexity, a fruitful approach in many works has been the use of

condition measures of polytopes. Lacoste-Julien and Jaggi introduced a condition number for

polytopes and showed linear convergence for several variations of the method. The actual running

time can still be exponential when the condition number is exponential in the worst case. We study

the smoothed complexity of the condition number, namely the condition number of small random

perturbations of the input polytope and show that it is polynomial for any simplex and exponential

for general polytopes. Our results also apply to other condition measures of polytopes that have

been proposed for the analysis of Frank-Wolfe methods: vertex-facet distance (Beck and Shtern)

and facial distance (Peña and Rodŕıguez).
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In particular, we are also interested in a special variant of the Frank-Wolfe methods – the

Wolfe’s method. The Wolfe’s method is a terminating algorithm of finding the minimum Euclidean

norm point in the convex hull of a given finite point set in Rd. Finding the minimum norm

point in a polytope is applied as subroutines for many algorithms in optimization and machine

learning, e.g., for the nearest point problem for transportation polytopes [3, 19] and in Bárány

and Onn’s approximation algorithm to solve the colorful linear programming problem [5]. One

of the most important reasons to study this problem is because the minimum norm problem can

be used as a subroutine for submodular function minimization through projection onto the base

polytope, as proposed by Fujishige [32]. Submodular minimization is useful in machine learning,

where applications such as large scale learning and vision require efficient and accurate solutions

[44]. The Fujishige-Wolfe algorithm is currently considered an important practical algorithm in

applications [22,33,34]. Furthermore, Fujishige et al. first observed that linear programs may be

solved by solving the minimum norm point problem [33], so this simple geometric problem is also

relevant to the theory of algorithmic complexity of linear optimization.

1.1. Smoothed analysis

In this section, we introduce the smoothed analysis of algorithms, which continuously inter-

polates between the worst-case analysis and average-case analysis of algorithms. Smoothed analy-

sis [54] is an approach to understand the behavior of algorithms that are efficient in practice but

are inefficient in the worst case. The main idea is to study small random perturbations of any given

instance of a problem. Suppose that the instance is described by a vector x ∈ Rn. Then one aims

to understand T (x+ g), where g ∈ Rn is a random vector with distribution N(0, σ2In) and T is a

measure of complexity (for example, T (x) could be the running time of a particular algorithm on

input x).

Suppose A is an algorithm with input domain Ωn = Rn. Denote the running time of some

algorithm A on an instance x by TA(x). Then the worst-case analysis measures

WorstA(n) = max
x∈Ωn

TA(x).

Worst-case analysis only cares the worst running time of the algorithm on some specific instance

which may improperly suggest that the algorithm being inefficient. By assuming some distribution
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D of the input, average-case analysis measures the expected running time under such distribution

AverageA(n) = Ex∼D [TA(x)] .

In [14], Borgwardt showed polynomial average number of shadow-vertices of the shadow-vertex

algorithm by assuming the input data is distributed according to the ’radical-distribtuion function’

F : [0,∞)→ [0, 1] with F := P (‖x‖ ≤ r, x ∈ Rn) .

While average-case analysis avoids the drawback of the worst-case analysis by looking at all in-

stances, one bottleneck remains is the assumed distribution. In cases where the true underlying

distribution is unknown, average-case analysis may be less informative if the assumption is inac-

curate. To overcome the aforementioned difficulties, Spielman and Teng [54] proposed smoothed

analysis. The basic idea is to identify typical properties of practical data, define an input model

that captures these properties, and then rigorously analyze the performance of algorithms assuming

their inputs have these properties. Motivated by the observation that practical data are often sub-

ject to some small degree of random noise, the smoothed analysis measures the maximum expected

running times over inputs of an algorithm under random perturbations where the degree of ran-

dom is captured by the standard deviation of the perturbation. The standard deviation should be

related to size of instance it perturbs. Without loss of generality, here we assume that all instance

x lie inside the unit norm ball. We use Gaussian random vectors to capture the random noise.

Here a standard deviation σ Gaussian random vector stands for a random vector where each entry

is independent and N (0, σ2) distributed.

Definition 1.1.1 (Smoothed Complexity). The smoothed complexity of algorithm A with stan-

dard deviation σ Gaussian perturbations is given by

SmoothedσA(n) = max
‖x‖≤1

Eg [TA(x + g)] ,

where g is a standard deviation σ Gaussian random vector.

In this definition, for each instance x, we first perturb x by some Gaussian random noise, then

compute the corresponding running time. The next step is to gather the expected running time
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over such Gaussian random noise, and the smoothed complexity is quantified by the maximal of

such expected running time over all instance.

Instance

Co
m

pl
ex

ity

worst-case complexity

smoothed complexity
average-case complexity

Figure 1.1. Visualization of the three complexities.

We can see from the definition that the smoothed analysis makes no assumption about the true

distribution of data which is the main problem of the average-case analysis. In contrast to the worst-

case analysis which fixates on the worst instance, the smoothed analysis actually compute a locally

averaged complexity at each instance by adding a Gaussian random noise centered at zero. The

expected running time of the perturbed instance Eg [TA(x + g)] can be considered as a weighted

sum of running time on near-by instances, where the weight is given by the Gaussian density.

So an algorithm that only performs bad on some contrived instances but is efficient on the other

instances will have a good smoothed complexity after taking the local average. We can see from

Fig. 1.1 where the algorithm’s running time is extremely large on a particular instance but rather

small elsewhere. Smoothed complexity can successfully explain the performance of such algorithm

by giving a more realistic expected running time on the slightly pertubed instances. Dadush and
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Huiberts also mentioned Laplace perturbation in analyzing the smoothed complexity of the simplex

method. The two perturbations share similar properties in how spread out and concentrate of the

probability density function. Interested readers may refer to [26] for more details.

We say an algorithm has polynomial smoothed complexity if the smoothed complexity can be

bounded by some polynomial in the inverse of the standard deviation of the perturbation 1/σ and

the size of input n.

Definition 1.1.2 (Polynomial Smoothed Complexity). Algorithm A has polynomial smoothed

complexity if there exist positive constants n0, σ0, c, k1 and k2 such that for all n ≥ n0 and 0 ≤ σ ≤

σ0,

SmoothedσA(n) ≤ c · σ−k1 · nk2 .

When σ goes to zero, the smoothed complexity approaches the worst-case complexity; while

when σ becomes larger, the smoothed complexity approximates the average-case complexity by

assuming Gaussian distribution of the data. We are most interested in the situation in which σ is

small relative to the size of input, in which case x+ g may be interpreted as a slight perturbation

of x. Notice that slightly perturbed data in some extent reflects the real world situation as there

are always some random errors when one access the data. The dependence on σ is essential and

much of the work in smoothed analysis demonstrates that noise often makes a problem easier to

solve.

By Markov’s inequality, we know that if an algorithm has smoothed complexity SmoothedσA(n),

then

max
‖x‖≤1

Pg
[
TA(x + g) ≥ SmoothedσA(n)

δ

]
≤ δ.

It means if an algorithm has polynomial smoothed complexity, then for any instance x, the algo-

rithm takes at most polynomial time in n, 1/σ, 1/δ to solve for a perturbed instance with probability

at least 1− δ. We adopt a definition of a relaxation of polynomial smoothed complexity that first

appeared in Blum and Dunagan [13] and Beier and Vöcking [8,9].

Definition 1.1.3 (Probabilistic Polynomial Smoothed Complexity [51] [52, Section 1.1]).

Algorithm A has probabilistic polynomial smoothed complexity if there exist positive constants
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n0, σ0, c, k1, k2 and k3 such that for all n ≥ n0 and 0 ≤ σ ≤ σ0,

max
‖x‖≤1

Pg
[
TA(x + g) ≥ c · σ−k1 · δ−k2 · nk3

]
≤ δ

Note that having probabilistic polynomial smoothed complexity does not imply that the ex-

pected running time is polynomially bounded. Blum and Dunagan show in [13] that the perceptron

algorithm of linear programming has probably polynomial smoothed complexity, while the (non-

probabilistic) smoothed complexity remains unknown. But this definition is more robust with

respect to changes in the machine model (see [52,55] for a discussion).

1.1.1. Examples of smoothed analysis. Spielman and Teng [54] have shown that the sim-

plex algorithm has smoothed complexity polynomial in the input size and the standard deviation

of Gaussian perturbations. They consider the following linear programming problem

minimize c>x

subject to ai · x ≤ bi, i = 1, . . . , n

and prove that for every c, ai, bi, the expected running time over standard deviation σ(maxi ‖(ai, bi)‖)

Gaussian perturbed ai, bi is polynomial in 1/σ, n and the dimension of x, where the running time

is taken by a two-phase shadow vertex simplex method. Dadush and Huiberts [26] later provide

an improved and simpler analysis of shadow simplex methods, showing the algorithm only requires

an expected O(d2
√

log nσ−2 + d3 log3/2 n) number of pivots.

1.2. Frank-Wolfe methods

Frank-Wolfe methods (FWMs) [31] are a family of algorithms that attempt to minimize a

differentiable function over a convex set. For concreteness we start by describing the basic Frank-

Wolfe method to minimize a differentiable function f : C 7→ R where C ⊆ Rd is a compact convex

set. It is an iterative first-order method and proceeds as follows:

Algorithm 1 Frank-Wolfe method

1: Let x0 ∈ C.
2: for k = 0, . . . ,K do
3: Compute y ∈ argminx∈C(∇f(xk))Tx.
4: Let xk+1 = xk + α∗(y − xk), where α∗ is a suitable step size.
5: end for
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With initialization x0 ∈ C, in each iteration, the Frank-Wolfe method minimizes the first-order

Taylor approximation of f to get the search direction, and update the iterate by suitable step size.

Different variants of Frank-Wolfe method vary in ways of choosing search directions. As in Fig. 1.2,

we can see when the optimal solution lies on the boundary of C, the basic Frank-Wolfe method

starts zig-zagging. Wolfe in [58] proposed to add the away-step to address this problem.

x0

x1x2

O

x0

x1x2

O

Figure 1.2. Minimize f(x) = ‖x‖2 on polytope C. Left: classical Frank-Wolfe
method. Right: sway-step Frank-Wolfe method .

Algorithm 2 Away-steps Frank-Wolfe method

1: Let x0 ∈ C.
2: for k = 0, . . . ,K do
3: Compute y ∈ argminx∈C(∇f(xk))Tx and set dFW

k = y − xk.

4: Compute y′ ∈ argmaxx∈S(∇f(xk))Tx and set dA
k = xk − y′.

5: if −∇f(xk))TdFW
k ≥ −∇f(xk))TdA

k then

6: dk = dFW
k .

7: else
8: dk = dA

k .
9: end if

10: Let xk+1 = xk + α∗dk, where α∗ is a suitable step size.
11: end for

The away direction dFW
k is defined in line 4 by finding an point in the active set S that

maximizes the potential of descent. The step size α∗ can be decided by line search. As illustrated

by the right figure in Fig. 1.2, away direction can sometime be much better the the original Frank-

Wolfe direction hence give faster convergence. Other variants including pairwise and fully-corrective

Frank-Wolfe are also discussed in the literature [41,42,48].
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1.2.1. Wolfe’s method. Some of our results are about Wolfe’s method [59], which is a vari-

ation of Frank-Wolfe methods specialized to the minimum norm point problem in a polytope (that

is, a bounded convex polyhedron).

Wolfe’s method finds minimum norm point in the convex hull of a given finite point set P =

{P1, . . . , Pn} ⊂ Rd, or equivalently for finding an ”optimal” hyperplane separating a given point

from a given finite point set. While there are other excellent algorithms solving the minimum norm

point problem, Wolfe’s method as a combinatorial algorithm terminates and gives exact solution. It

also improves in computational effort, storage, and roundoff error. The procedure of the algorithm

is given below.

Algorithm 3 Wolfe’s method

1: Initialize x as any point Pj ∈ P, S = {Pj} and λj = 1. Maintain x =
∑

i∈S⊂P λiPi, where∑
i∈S λi = 1, λi > 0.

2: while (True) do . (MAJOR CYCLE)
3: q ∈ arg minPi∈P x

>Pi . linopt rule
4: if ‖x‖2 ≤ x>q + ε then break . Termination condition.
5: end if
6: S := S ∪ {q}
7: while (True) do
8: (y, α) =AffineMinimize(S)
9: if αi > 0 then break

10: else . (MINOR CYCLE)
11: θ := mini:αi≤0 λi/(λ− αi)
12: Update x← θy + (1− θ)x
13: Update λi ← θαi + (1− θ)λi
14: S = {i : λi > 0}
15: end if
16: end while
17: Update x← y
18: end while
19: return x.

One popular way to initialize the active set S is to use the the minimum norm point from

the given point set, i.e. S = argminPi ‖Pi‖. Whether other initialization schemes have better

performance is still open to discussion. In each iteration, the Wolfe’s method finds the exact

minimum norm point in the affine hull of the active set. If the affine minimum norm point is not

in the relative interior of the convex hull of the active set, the Wolfe’s method enters the minor

cycle to drop points from the active set until the new affine minimum norm point resides inside the

relative interior of the convex hull. The size of active sets never exceeds d+ 1.

8



Let’s now take a closer look on the complexity of the Wolfe’s method. All the steps except

finding the affine minizer take at most O(n) operations. Computing the affine minimizer is also not

expansive. As the active set S is always affinely independent, finding the minimizer therein can be

formulated as solving the following quadratic programming:

min
w

w>S>Sw,

s.t. e>w = 1.

Forming the Lagrangian w>S>Sw + 2λ(e>w − 1) and differentiating, we have the necessary and

sufficient conditions 0 eT

e STS

λ
w

 =

1

0

 .
Wolfe’s method terminates in finite iterations as the number of possible active set is upper

bounded by the number of subsets of P. The stumbling block in the analysis of Wolfe’s algorithm

is the interspersing of major and minor cycles which oscillates the size of S preventing it from being

a good measure of progress.

Like other algorithms, Wolfe’s method also has several different initialization rules and insertion

rules: pick the minimum norm vertex or some random vertex as the initial start of the algorithm;

add one of the remaining vertex with minimum norm (minnorm rule) or the vertex forms the

smallest angle with the current affine minimizer (linopt rule). De Loera, Haddock and Rademacher

[27] show that neither of the two insertion rules is always better then the other one and gives an

exponential example under minnorm rule. Whether Wolfe’s method takes exponential time under

linopt rule is still unknown.

1.3. Our contributions and related work

In this dissertation we are interested in the complexity of Frank-Wolfe methods(FWMs). The

time complexity of Wolfe’s method is know to be exponential in the worst case (by an upper bound

in [59] and a lower bound in [27]). There is a large body of work proving linear convergence

of several variations of FWMs [7, 35, 36, 41, 42, 46, 47, 48]. We are particularly interested in

[7,41,42,46,47] which prove global linear convergence of certain variations of FWMs: F-W with

away steps, pairwise F-W and Wolfe’s method when the feasible region is a polytope C = conv(A)

9



for A ⊆ Rd is a finite set of points. In these results the upper bound on the running time (actual

speed of linear convergence) depends on a condition number of C. In this dissertation we use

the term condition measure to denote any number that partially describes the conditioning of an

object. We reserve the term condition number for condition measures where larger values denote

worse conditioning. For example, σmax/σmin is a condition number for a matrix, while σmin is a

condition measure. This is so that we can describe numbers such as σmin where smaller values

mean worse conditioning without contradicting the usual meaning of condition number.

Informally speaking, the dependence between the speed of convergence and the condition mea-

sure is of the following kind: if xt is the current point after t iterations, then the function value

satisfies f(xt)− f∗ ≤ (1− κ)t(f(x0)− f∗) where f∗ is the optimal value, x0 is the initial point and

0 ≤ κ ≤ 1 is a measure of conditioning. If κ is small, then convergence is slow. In the previously

mentioned papers, κ is of the form “something”/ diam(C), where “something” can be:

• [42] minimum width, minwidth(A) = minS⊆A width(S)

• [42] pyramidal width, PWidth(A)

• [7] vertex-facet distance, vf(C) = minF∈facets(C) d(aff F, vertices(C) \ F ); or

• [46] facial distance, Φ(C) = minF∈faces(C)
∅ F C

d(F, conv(vertices(C) \ F )).

Definitions of the above condition measures will be provided in the next section. It is shown that

PWidth(A) = Φ(C) in [46], and minwidth(A) ≤ PWidth(A) in [42, Section 3.1]. We start with the

observation that Φ(C) ≤ vf(C) (Theorem 2.4.12). (Note that the reverse inequality was claimed

in [46], but the cube [0, 1]d is a counterexample: Φ([0, 1]d) = 1/
√
d while vf([0, 1]d) = 1.) This

implies that all four quantities lie between minwidth(A) and vf(C) (Theorem 2.4.12). It follows

from [27] that all of them can be exponentially small as a function of the bit-length of A. In fact,

a stronger result follows from the work of Alon and Vu [2] combined with the stated inequalities.

Alon and Vu showed that there is a 0–1 simplex S such that vf(S) is sub-exponentially small in

the dimension (Corollary 3.1.1). The connection between polytope conditioning for FWMs and the

Alon and Vu result was observed in [42].

The main contributions of this dissertation are about the smoothed analysis of FWMs and

the condition measures of matrices and polytopes. Our first smoothed analysis result concerns

FWMs minimizing a convex function on a simplex (Chapter 3). We show that minwidth has good

smoothed complexity (Lemma 3.2.3). This implies the following result on polytope conditioning

10



that can be combined with results in [42] to show polynomial smoothed time complexity of several

FWMs for the minimization of a convex function in any simplex:

Theorem 1.3.1. Let A = {A1, . . . , Ad+1} be a set of independent Gaussian random vectors

with means µi, ‖µi‖ ≤ 1, i ∈ [d+ 1], and covariance matrix σ2Id. Then for δ > 0, with probability

at least 1− δ, the measure of conditioning κ = PWidth(A)
diam(A) of A is at least some inverse polynomial

in d, 1/σ and 1/δ.

Note that even the problem of finding the minimum norm point in a simplex is not known

to have a simple polynomial time algorithm. All polynomial time algorithms we know for such

a special case are general purpose convex programming algorithms such as the ellipsoid method.

Moreover, [27] shows that the linear programming problem reduces in strongly polynomial time to

the minimum norm point in a simplex problem. This suggests that to find a simple polynomial time

algorithm for the minimum norm point in a simplex is hard and, in particular, to find a strongly

polynomial time algorithm would imply the existence of a strongly polynomial time algorithm for

linear programming, which would solve a major open problem.

Our second smoothed analysis result concerns condition measures of general polytopes (Chap-

ter 5). We show that the standard global linear convergence results for FWMs mentioned above

based on polytope conditioning cannot guarantee polynomial complexity for general polytopes in

the average or smoothed sense. More specifically, for V-polytopes conv(A) with |A| and d large

and comparable, d ≈ δ|A|, δ ∈ (0, 1), we show that vertex-facet distance does not have polyno-

mial smoothed complexity. Given that the complexity here increases as vf(A) gets smaller, in the

context of Definition 1.1.3 one sets T = 1/ vf. It is enough to take x = 0 there and we show:

Theorem 1.3.2. Let δ ∈ (0, 1). Suppose A = {A1, . . . , An+1} is a set of iid. standard Gaussian

random vectors in Rd and d = bδnc. Let Pn+1 = conv(A1, . . . , An+1). Then

P
(
diam(Pn+1) ≥

√
d
)
≥ 1− e−

nd
32 ,

and there exists constants 0 < c < 1 and 0 < c′ < 1 (that depends only δ) such that,

lim
n→∞

P
(
vf(Pn+1) ≤ cd

)
≥ c′.

11



Hence the measure of conditioning κ = vf(Pn+1)
diam(Pn+1) of A is exponentially small in d with constant

probability.

Theorem 1.3.2 combined with Theorem 2.4.12 implies that none of the four measures of polytope

conditioning (minwidth, PWidth, Φ, vf) has polynomial smoothed complexity.

A way of interpreting Theorem 1.3.2 is that the standard conditioning measures of polytopes

for FWMs are somewhat pessimistic and can appear ill-conditioned even when polytope is bad only

locally. For example, vertex-facet distance can be small even if one vertex and one facet are bad

while the rest of the polytope is good. In other words, it may still be possible to show smoothed

polynomial complexity of FWMs in a different way.

Theorem 1.3.2 is a statement about the minimum distance between the affine hull of d points

that form a facet and a vertex not on that facet. In order to understand this problem we study first

a simplified version where we replace affine hull by span and we remove the restriction that the d−1

points form a facet. Namely, we study the following question: given n standard Gaussian random

points in Rd, how close can one of the points be to the span of some d−1 others when n is somewhat

larger than d, say, n = 2d? This question is easier to understand than the polytope version and

it relates to conditioning of random matrices and the restricted isometry property in compressive

sensing. The relation starts from the known observation (Lemma 2.5.3) that the minimum point-

hyperplane distance is, up to polynomial factors, the same as the smallest singular value of a

matrix. Given this, our question is essentially equivalent to: given an d-by-n random matrix with

iid. standard Gaussian entries, what is the minimum of the smallest singular values over d-by-d

submatrices? We answer this question by showing that when n/d ≥ c > 1 the minimum smallest

singular value above (and, equivalently, minimum point-hyperplane distance) is exponentially small:

Theorem 1.3.3. Let A be an d-by-n random matrix with iid. standard Gaussian entries with

d ≥ 2 and n
d ≥ c0 > 1. Then, there exist constants c2, c4 > 1, 0 < c6 < 1 (that depend only on c0)

such that with probability at least 1− 2c4c
d
6,

min
S⊆[n],|S|=d

σd(AS) ≤ 1

c4c
d−1
2

.
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Theorem 1.3.4. Let A be an d-by-n random matrix with iid. standard Gaussian entries with

d ≥ 2 and 1 < n
d−1 ≤ C0. Then, there exist constants C1 > 1, 0 < C2 < 1 (that depend only on C0)

such that with probability at least 1− nCd−1
2 ,

min
S⊆[n],|S|=d

σd(AS) ≥ 1

Cd−1
1

.

While Theorems 1.3.3 and 1.3.4 are new as far as we know, there is a large body of work,

partly motivated by compressive sensing, that studies questions related to them. In that area one

is generally interested in showing that all d-by-k submatrices of A are well-conditioned, say, σ1/σk

is no more than a constant (the restricted isometry property of Candès and Tao [20,21]). This can

only happen when k is much smaller than d, a regime very different from our case, k = d. The

standard analyses in compressive sensing as well as recent results such as [18] do not seem to be

able to clarify the behavior in our regime.

The idea of the proof of Theorem 1.3.3 (Chapter 4) is the following: Consider the case n = 2d

for concreteness and aim to show that with constant probability one point is exponentially close to

the span of d− 1 others. Let S be the family of sets of d− 1 columns of A. For S ∈ S, let BS be

the set of points in Rd within distance ε of spanS. Let V =
⋃
S∈S BS . It is enough to show that for

ε = 1/cd, c > 1, the Gaussian volume G(V ) is at least a constant. We do this by lower bounding it

using the first two terms of the inclusion-exclusion principle (Bonferroni inequality):

G(V ) ≥
∑
S

G(BS)− 1

2

∑
S,T :S 6=T

G(BS ∩ BT ).

Note that BS ∩ BT can be large if S and T share many columns. To deal with this difficulty,

replace S above with a large subfamily T ⊆ S of subsets of columns where each pair of subsets

has few columns in common by picking separated subsets greedily (Gilbert-Varshamov bound).

See [50], [39, Lemma 19.3] for another instance of Bonferroni’s inequality with almost pairwise

independence.

Our aim with Theorem 1.3.4 is to provide a matching lower bound in Theorem 1.3.3. While

it should be possible to deduce it from a union bound and estimates for the smallest singular

value in [29] and [53, Section 3] , our proof is self-contained and follows from a union bound and

elementary estimates.
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While Theorems 1.3.3 and 1.3.4 are results about random matrices, they have direct impli-

cations in the analysis of algorithms: In Section 4.2 we discuss how Theorem 1.3.3 condtions

the applicability of the robustness of tensor decomposition result by Bhaskara, Charikar and Vija-

yaraghavan [11]. In Section 4.3 we discuss how Theorem 1.3.3 conditions the applicability of results

about the complexity of the simplex method and the diameter of polytopes in [16,17,25,30].
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CHAPTER 2

Preliminaries

2.1. Notations

In this dissertation, we use plain letters a, b, c to denote numbers, and bold letters a, b, c to

denote vectors.

For x, y ∈ Rd and i ∈ [d], let

• x−i := (x1, . . . , xi−1, xi+1, . . . , xd) denote vector x with coordinate xi removed.

• x̂ := x/‖x‖2, if x 6= 0.

• B(x, ε) := {y ∈ Rd : ‖y − x‖2 ≤ ε} denote the ε-ball centered at x.

• Sd−1 := {y ∈ Rd : ‖y‖2 = 1} denote the (d− 1)-dimensional unit sphere in Rd.

For v ∈ Sd−1, let

• Cα(v) := {x ∈ Sd−1 : v · x ≥ cosα} denote the spherical cap centered at v with angle α.

For A ⊆ Rd, let

• aff A be the affine hull of A.

• Aε := {x ∈ Rd : dist(x,A) ≤ ε} be the ε-neighbourhood of A.

• A−ε := {x ∈ Rd : B(x, ε) ⊂ A} be the interior of A that is at least ε away from the

boundary.

Let G denote the standard multivariate Gaussian probability measure. For random variables

or distributions X,Y , notation X
d
= Y states that X and Y have the same distribution.

2.2. Concentration and anti-concentration inequalities

As in the smoothed analysis we play with Gaussian distribution a lot, it is also essential to have

some knowledge of the chi-square distribution which is followed by the squared norm of a Gaussian

random vector. Let’s now give the definition of chi-square distribution.

Definition 2.2.1. Let Y1, Y2, . . . , Yk be independent Gaussian random variables with means µi and

unit variance. If µi = 0, then the random variable Zk =
∑k

i=1 Y
2
i is distributed according to the
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chi-square distribution with k degrees of freedom, denoted as χ2
k. Otherwise,

∑k
i=1 Y

2
i is distributed

according to the noncentral chi-square distribution with k degrees of freedom and noncentrality

parameter λ =
∑k

i=1 µ
2
i . The probability density function of noncentral chi-square distribution is

given by

fY (x; k, λ) =
∞∑
i=0

e−λ/2(λ/2)i

i!
fZk+2i

(x),

where Zq is distributed as (central) chi-square with q degrees of freedom.

Lauren and Massart prove in [43] a concentration and an anti-concentration inequality for

a weighted sum of squared Gaussian random variables. We get our desired result of chi-square

distribution by setting the weights αi = 1.

Lemma 2.2.2 ( [43]). Let (X1, . . . , Xk) be iid. standard Gaussian random variables. Let α1, . . . , αk

be nonnegative. Let Z =
∑k

i=1 αi(X
2
i − 1). Then, the following inequalities hold for any positive t:

P
(
Z ≥ 2‖α‖2

√
t+ 2‖α‖∞t

)
≤ exp(−t),

P
(
Z ≤ −2‖α‖2

√
t
)
≤ exp(−t).

Therefore,

P
(
Zk ≥ k + 2

√
kt+ 2t

)
≤ exp(−t),

P
(
Zk ≤ k − 2

√
kt
)
≤ exp(−t).

Since noncentral chi-square distribution is not centered at 0, it is natural to see that noncentral

chi-square distribution has heavier tail than (central) chi-square distribution. We show the following

anti-concentration inequality of noncentral chi-square distribution by comparing to (central) chi-

square distribution which is a particular case of Anderson’s lemma.

Lemma 2.2.3 (Anderson’s). Let X ∼ N (0,Σ), and ρ : Rd → R+is a bowl-shaped loss function(i.e.

all its sublevel sets Kc = {x : ρ(x) < c} for all c ∈ R are convex and symmetric), then

min
y∈Rd

E[ρ(y +X)] = E[ρ(X)].

Consider ρ(·) = 1{‖·‖ ≤ t2} in Lemma 2.2.3, we have the following result.
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Lemma 2.2.4. Let µ ∈ R. Let Xi ∼ N (0, σ2), Yi ∼ N (µ, σ2), i ∈ [k], be independent. Then

P

(
k∑
i=1

X2
i ≥ t2

)
≤ P

(
k∑
i=1

Y 2
i ≥ t2

)
.

The next lemma provides a comparison inequality between the ratio of noncentral chi-square

random variables and chi-square random variables, which is used in the proof of Lemma 5.1.4.

Lemma 2.2.5. Let µ ∈ R. Let X0, Xi, Y0 ∼ N (0, σ2), Yi ∼ N (µ, σ2), i ∈ [k] and be independent.

Then for any t ∈ (0, 1),

P
(

Y 2
0

Y 2
0 +

∑n
1 Y

2
i

≥ t2
)
≤ P

(
X2

0

X2
0 +

∑n
1 X

2
i

≥ t2
)
.

Proof. Let f denote the probability density function of X2
0 and Y 2

0 . By the law of total

expectation,

P
(

Y 2
0

Y 2
0 +

∑n
i=1 Y

2
i

≥ t2
)

=

∫ ∞
0
P
(

y

y +
∑n

i=1 Y
2
i

≥ t2
)
f(y)dy

=

∫ ∞
0
P

(
n∑
i=1

Y 2
i ≤ (1/t2 − 1)y

)
f(y)dy

≤
∫ ∞

0
P

(
n∑
i=1

X2
i ≤ (1/t2 − 1)x

)
f(x)dx (Lemma 2.2.4)

=

∫ ∞
0
P
(

x

x+
∑n

i=1X
2
i

≥ t2
)
f(x)dx

= P
(

X2
0

X2
0 +

∑n
i=1X

2
i

≥ t2
)
.

�

2.3. Facts about Gaussian random polytopes

Let X1, . . . , Xn be n iid. standard Gaussian random points in Rd. Their convex hull is called

the Gaussian random polytope.

2.3.1. Gaussian ε-neighborhood.

Lemma 2.3.1 ( [24, Lemma A.2]). Let A be an d× d symmetric positive definite matrix and let

dγA(y) = ϕa(x)dx = (2π)−d/2
√

detAe−x
>Ax/2dx

17



be the corresponding Gaussian measure. Then there exists an absolute constant C > 0 such that

for every convex set Q ⊂ Rd, and every h1, h2 > 0,

γA(Qh1 \Q−h2)

h1 + h2
≤ C

√
‖A‖HS ,

where ‖A‖HS is the Hilbert-Schmidt norm of A, Qh = {x ∈ Rd : dist(x,Q) ≤ h} and Q−h = {x ∈

Rd : B(x, h) ⊂ Q}, B(x, h) = {y ∈ Rd : ‖y − x‖ ≤ h}.

Proof. It is proven in [45] following ideas from [4] that for every convex set Q ⊂ Rd, and

every h > 0,
γA(Qh \Q)

h
≤ C

√
‖A‖HS .

The rest of proof comes from the arguments in [23, Proposition 2.5] or in [12, Section 1.3]. �

Theorem 2.3.2 ( [45]). Let A be an d× d positive definite symmetric matrix and let

dγA(y) = ϕa(x)dx = (2π)−
d
2

√
detAe−

x>Ax
2 dx

be the corresponding Gaussian measure. Let

Γ(A) = sup{γA(Qh/ Q)

h
: Q ⊂ Rd is convex, h > 0}

where Qh denotes the set of all points in Rn whose distance from Q does not exceed h. Then there

exist absolute constants 0 < c < C < +∞ such that

c
√
‖A‖HS ≤ Γ(A) ≤ C

√
‖A‖HS .

Corollary 2.3.1. Let Q be a convex set in Rd. Then there exists an absolute constant c > 0

such that G (Q \Q−ε) ≤ cεd1/4.

Proof. Follows immediately from Lemma 2.3.1 and Theorem 2.3.2. �

2.3.2. Distances of facets.

Lemma 2.3.3 ( [57, Theorem 4.4.5]). Let X be an m × n random matrix whose entries are iid.

standard Gaussian random variables. Then for t > 0,

P
(
σmax(X) > c(

√
m+

√
n+ t)

)
≤ 2e−t

2
,
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where c is some absolute positive constant.

Lemma 2.3.4. Given linearly independent vectors p1, p2, . . . , pd ∈ Rd, the shortest vector in their

affine hull is v = P−1
1/‖P−1

1‖2, where P = (p1 · · · pd)>. In particular, ‖v‖ = 1/‖P−1
1‖.

Proof. From [27, Lemma 1.2], the shortest vector in the affine hull, v, satisfies Pv = ‖v‖21.

Since P has independent columns, v = ‖v‖2P−1
1. Compute norms of vectors in the above equation

to get ‖v‖ = 1/‖P−1
1‖. The claim follows. �

The following lemma can directly generalize to Gaussian random vectors with mean zero and

covariance matrix σ2Id by scaling by σ.

Lemma 2.3.5. Let X1, . . . , Xn be iid. standard Gaussian random vectors in Rd. For S ⊆ [n],

|S| = d, define VS as the shortest vector in aff(XS). Then there exists a constant c > 0 such that

P
(

max
S⊆[n],|S|=d

‖VS‖ ≤ c(2 +
√
n/d)

)
≥ 1− 2e−d.

Proof. Let X be the matrix whose column vectors are X1, . . . , Xn. For any S ⊆ [n] , |S| = d,

XS is linearly independent with probability 1. By Lemma 2.3.4,

‖VS‖ =
1

‖X−1
S 1‖

≤ 1√
d σmin(X−1

S )
=
σmax(AS)√

d
≤ σmax(A)√

d
.(2.1)

From Lemma 2.3.3 we know P
(
σmax(A) > c(

√
d+
√
n+ t)

)
≤ 2e−t

2
. The claim follows by letting

t =
√
d and applying (2.1). �

2.3.3. Number of facets. We will need the fact that the number of facets of the convex hull

of n Gaussian random points in Rd is exponential in d with high probability when n = cd, c > 1.

We could not find such a result in the literature and we do not see how to deduce it from results

on the asymptotic number of facets in stochastic geometry [1, 15, 37, 38, 49] (the difficulties are:

either they only determine the expectation or variance of the number of facets, or the bounds are

as n goes to infinity for fixed d). Nevertheless, it is easy to deduce what we want from the work of

Donoho and Tanner on compressive sensing and the neighborliness of random polytopes. We build

on top of basic polytope theory from [60].

Definition 2.3.6 (Neighborliness). A polytope P is k-neighborly if every subset of k vertices forms

a (k − 1)-face.
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Let fl(P ) denote the number of l-faces of polytope P .

Theorem 2.3.7 ( [28], Corollary 1.1, Lemma 3.2). There exists a function (threshold) ρ(δ) :

(0, 1) → R, ρ(δ) > 0 with the following property: Let δ ∈ (0, 1). Let d = bδnc. Let ρ < ρ(δ). Let

X1, . . . , Xn be iid. samples from a Gaussian distribution in Rd with non-singular covariance. Let

P = conv{X1, . . . , Xn}. Then limn→∞ P
(
f1(P ) = n and P is bρdc-neighborly

)
= 1.

The above theorem demonstrates, given its assumptions, that when n is large enough, P has(
n
bρdc
)

many bρdc-faces with high probability. Note also that P is simplicial (every facet is a simplex)

a.s. Thus, a.s. each facet of P provides at most
(
d
bρdc
)

many bρdc-faces, and the number of facets

is at least (
n
bρdc
)(

d
bρdc
) ≥ (n

d

)bρdc
≥
(

1

δ

)bρdc
≥ cd,

for some c > 1 (and d large enough). We conclude:

Corollary 2.3.2. Let δ ∈ (0, 1). Let P be the convex hull of n iid. standard Gaussian random

points in Rd, d = bδnc. Then there exists a constant c > 1 (that depends only on δ) such that

limn→∞ P
(
fd(P ) ≥ cd

)
= 1.

Corollary 2.3.2 can probably also be proven directly from different but related neighborliness

results by Vershik and Sporyshev [56], [28, Theorem 2].

2.4. Condition measures of polytopes

In this section, we introduce all the condition measure that will be used later in the analysis.

We start by giving the definition of width and minwidth, pyramidal width, vertex-facet distance,

and facial distance. The relations between those condition measures will be summarized at the

end.

2.4.1. Width and minwidth. Geometrically, the width of a polytope is given by the minimun

distance between two parallel slabs that contain the polytope. Below we give another definition of

width using directional width.
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Definition 2.4.1 (Directional width and width). The directional width of a set A ⊆ Rd with respect

to a direction r ∈ Rd is defined as dirW(A, r) := sups,v∈A〈 r
‖r‖ , s − v〉. The width of A, denoted

width(A) is the infimum of the directional width over all directions on its affine hull.

Every subset of A has its width. We define the minwidth of A as the minimum width over all

subsets of A.

Definition 2.4.2 (Minwidth). The minwidth of a finite set A ⊆ Rd, denoted minwidth(A), is the

minimum width over all subsets of A.

Recall that every iterate in the Wolfe’s method is represented as a convex combination of a

subset of points, so an iterate may fall into some ’bad’ subset of points hence negatively impact

the speed of convergence. Minwidth gives an estimate on such badness over all subsets.

2.4.2. Pyramidal width. Lacoste-Julien and Jaggi introduce pyramidal width in [42] where

first prove global linear convergence of the Frank-Wolfe method. Though the definition is quite

involved, one can try to understand it by comparing to a pyramid: for a given direction and a

subset of A considered as the base, the apex is found by taking the furthest point along the given

direction, and the pyramidal width is the minimum directional width of such pyramid over all

feasible directions and faces as the base.

Definition 2.4.3 (Pyramidal directional width). We define the pyramidal directional width of a

finite set A ⊆ Rd with respect to a direction r ∈ Rd and a base point x ∈ conv(A) to be

PDirW(A, r, x) := min
S∈Sx

dirW(S ∪ {s(A, r)}, r) = min
S∈Sx

max
s∈A,v∈S

〈
r

‖r‖
, s− v

〉
,

where Sx := {T ⊆ A : x is a proper convex combination of all the elements in T} and s(A, r) :=

argmaxv∈A〈r, v〉.

Definition 2.4.4 (Feasible direction). A direction r is feasible for A from x if it points inwards

conv(A), i.e. r ∈ cone(A − x). A direction r is feasible for A if it is feasible for A from some

x ∈ A.
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Definition 2.4.5 (Pyramidal width). We define the pyramidal width of a finite set A ⊆ Rd to be

the smallest pyramidal directional width of all its faces,

PWidth(A) := min
K∈faces(conv(A))

x∈K
r∈cone(K−x)\{0}

PDirW(K ∩A, r, x).

Example 2.4.6. The pyramidal width of the unit cube in Rd is 1/
√
d.

The example is given by Lacoste-Julien and Jaggi in [42, Lemma 4]. For completeness we

include their proof here.

Proof. First consider a point x in the interior of the cube, and let r be the unit length

direction achieving the smallest pyramidal width for x. Let s = s(A, r) (the FW atom in direction

r). Without loss of generality, by symmetry, we can rotate the cube so that s lies at the origin.

This implies that each coordinate of r is non-positive. Represent a vertex v of the cube as its set

of indices for which vi = 1. Then r · (s − v) =
∑

i∈v −ri ≥ maxi∈v |ri|. Consider any possible

active set S; as x has all its coordinate strictly positive, for each dimension i, there must exist an

element of S with its i coordinate equals to 1. This means that maxv∈S r · (s− v) ≥ ‖r‖∞. But as

r has unit Euclidean norm, then ‖r‖∞ ≥ 1/
√
d. Now consider x to lie on a facet of the cube(i.e.

the active set S is lower dimensional); and let I := {i : ri < 0}. Since r has to be feasible from x,

for each i ∈ I, we cannot have xi = 0 and thus there exists an element of the active set with its

i-th coordinate equal to 1. We thus have that maxv∈S r · (s−v) ≥ ‖r‖∞ ≥ 1/
√
|I| ≥ 1/

√
d. Using

the same argument on a lower dimensional K give a lower bound of 1/
√

dim(K) which is bigger.

These cover all the possibilities appearing in the definition of the pyramidal width, and thus the

lower bound is correct. It is achieved by choosing an x in the interior, the canonical basis as the

active set S, and the direction defined by ri = −1/
√
d for each i. �

2.4.3. Vertex-facet distance. The vertex-facet distance polytope conditioning parameter for

the analysis of FWMs was introduced in [7]. We adopt here the slightly specialized definition in [46],

which is defined as a property of a polytope independent of the representation, while the original

version in [7] can depend on the numbers used to represent a polytope.
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Definition 2.4.7 (vertex-facet distance [7,46]). Let P ⊆ Rd be a polytope with dim(aff(P )) ≥ 1.

The vertex-facet distance of P is

vf(P ) := min
F∈facets(P )

dist(aff(F ), vertices(P ) \ F ).

Example 2.4.8. The vertex-facet distance of the unit cube in Rd is 1.

Proof. It’s straightforward to see that for each facet, all the other vertices have distance 1 to

the facet. Hence the vertex-facet distance of the unit cube is 1. �

2.4.4. Relation between vertex-facet distance and pyramidal width. Now we are going

to show that vf
(
conv(A)

)
≥ PWidth(A). It seems that this result may have already been known

to [46, comment before Theorem 1, combined with Theorem 2], but it is claimed there in the wrong

direction. That direction is impossible as the example of a unit cube shows: PWidth([0, 1]d) = 1/
√
d

[42, Lemma 4], but vf([0, 1]d) = 1.

Proposition 2.4.1. Let A ⊆ Rd be a finite set with at least two points. Then vf
(
conv(A)

)
≥

PWidth(A).

Figure 2.1. Proof of Proposition 2.4.1

Proof. Let P = conv(A). Let F be a facet of P and pick v ∈ vertices(P ) \ F so that

dist
(
v, aff(F )

)
= ε := vf(P ). Pick x ∈ relint

(
conv(F ∪ {v})

)
and let r be the unit outer normal

vector to F (in aff(P ) if P is not full-dimensional). We set K = P in Definition 2.4.5 so that
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r ∈ cone(K − x) = aff(P ) and PWidth(A) ≤ PDirW(K ∩ A, r, x) = PDirW(A, r, x). Now, set

S = A∩ (F ∪ {v}) in Definition 2.4.3 so that, with these choices, PDirW(A, r, x) ≤ dirW(S, r) ≤ ε.

The claim follows. �

2.4.5. Facial distance.

Definition 2.4.9 ( [46]). Let C ⊆ Rd be a polytope with dim(aff(C)) ≥ 1. The facial distance of

C is

Φ(C) := min
F∈faces(C)
∅ F C

d(F, conv(vertices(C) \ F )).

Example 2.4.10. The facial distance of the unit cube in Rd is 1/
√
d.

Proof. Let C denote the unit cube. As shown in [46], by induction and symmetry,

Φ(C) = d(0, conv(vertices(C) \ 0)) = d(0, conv(e1, . . . , ed)) =
1√
d
.

�

2.4.6. Relation between facial distance and pyramidal width. One of the motivations

of [46] to introduce parameter Φ is that it is the same as PWidth (except in degenerate cases)

while the definition of Φ is simpler to use in many cases. We quote their result next.

Theorem 2.4.11 ( [46, Theorem 2]). Let A ⊆ Rd be a finite set with at least two points. Then

Φ
(
conv(A)

)
= PWidth(A).

2.4.7. Summary result.

Theorem 2.4.12. Let A ⊆ Rd be a finite set with at least two points. Then

minwidth(A) ≤ Φ
(
conv(A)

)
= PWidth(A) ≤ vf

(
conv(A)

)
.

Proof. Immediate from [42, Section 3.1], Theorem 2.4.11 and Proposition 2.4.1. �

2.5. Some useful lemmas

2.5.1. Gilbert-Varshamov bound.
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Lemma 2.5.1. Let A(n, t, w) be the maximum number of binary n-vectors with exactly w ones and

pairwise Hamming distance greater than or equal to t. Then for any c0 > 1, there exist constants

c1 > 0 and c2 > 1 (that depend only on c0) such that for all d ≥ 1 and n/d ≥ c0 we have

A(n, c1d, d) ≥ cd2.

Proof. Pick vectors greedily (Gilbert-Varshamov bound) to get, for integral t:

A(n, t, w) ≥
(
n
w

)
B(n, t)

,

where B(n, t) is the number of binary vectors at Hamming distance less than or equal to t from the

zero vector. We have B(n, t) =
∑t

k=0

(
n
k

)
≤
(
ne
t

)t
(see footnote1). Note that this last inequality is

valid also for fractional 0 < t ≤ n using the fact that (a/b)b is increasing in b for a > 0, 0 < b ≤ a/e.

Thus, for any 0 < c < 1 and d ≥ 1 we have

A(n, cd, d) ≥
(
n
d

)(
ne
cd

)cd ≥ (n/d)d(
ne
cd

)cd =
(n/d)d(1−c)

(e/c)cd
≥ c

d(1−c)
0

(e/c)cd
=

(
c0

(c0e/c)
c

)d
(2.2)

We have limc→0+(a/c)c = 1 and (a/c)c is increasing again for a > 0, 0 ≤ c ≤ a/e. Given this,

choose c1 ∈ (0, 1) such that (c0e/c1)c1 < c0. Let c2 := c0
(c0e/c1)c1

> 1. We have A(n, c1d, d) ≥ cd2 for

d ≥ 1. The claim follows. �

2.5.2. Generalization of Archimedes’ formula.

Lemma 2.5.2. Let d ≥ 3. Let U be a uniformly random d-dimensional unit vector. Then

(U1, . . . , Ud−2) is uniform in Bd−2 and Pr(‖(U1, . . . , Ud−2)‖ ≤ t) = td−2.

Proof. The first part is well-known, a proof can be found in [6, Corollary 4]. The second part

follows immediately from the first part. �

2.5.3. One-off-distance vs sigma min.

Lemma 2.5.3 (see e.g., [10, Lemma 3.5] for a detailed proof). If A ∈ Rm×n has columns a1, . . . , an

and m ≥ n, then denoting a−i = span (aj : j 6= i), we have

1√
n

min
i∈[n]

dist(ai, a−i) ≤ σn(A) ≤ min
i∈[n]

dist(ai, a−i).

1∑t
k=0

(
n
k

)
≤
∑t
k=0

nk

k!
=
∑t
k=0

tk

k!
(n/t)k ≤ et(n/t)t.
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Proof. Let

A−1 =


— a−1

1 —
...

— a−1
n —

 .

Note that a−1
i is a normal vector of a−i since a−1

i · aj = δij . Thus,

dist(ai, a−i) =
ai · a−1

i

‖a−1
i ‖

=
1

‖a−1
i ‖

.

From the definition of maximal singular value,

σmax(A−1) = max
‖x‖=1

‖A−1x‖ = max
‖x‖=1

‖(a−1
i x)i‖.

Then we can derive that

σ2
max(A−1) = max

‖x‖=1

n∑
i=1

(a−1
i x)2 ≤ max

‖x‖=1
n · max

i=1,...,n
(a−1
i x)2

Cauchy-Schwartz
≤ n · max

i=1,...,n
‖a−1

i ‖
2
.

On the other hand,

σ2
max(A−1) = max

‖x‖=1

n∑
i=1

(a−1
i x)2 ≥ max

‖x‖=1
max
i=1,...,n

(a−1
i x)2 = max

i=1,...,n
‖a−1

i ‖
2
.

Therefore,

max
i=1,...,n

‖a−1
i ‖ ≤ σmax(A−1) ≤

√
n max
i=1,...,n

‖a−1
i ‖,

which then implies
1√
n

min
i∈[n]

dist(ai, a−i) ≤ σmin(A) ≤ min
i∈[n]

dist(ai, a−i).

�
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CHAPTER 3

Conditioning of simplices

In this section we show that the smoothed conditioning of a simplex is polynomial. This

implies that several FWMs have smoothed polynomial complexity on the minimum norm point

in a simplex problem and the minimization of many convex functions on a simplex. To put this

result in context, we first argue (based on known results) that even a simplex with vertices having

0–1 coordinates can have bad conditioning. Another relevant context to keep in mind is the fact

that linear programming reduces in strongly polynomial time to the minimum norm point in a

simplex [27].

3.1. Bad worst case conditioning of a 0–1 simplex

Lacoste-Julien and Jaggi [42] observed that the minwidth of the unit cube in Rd is exponentially

small in d. This example was one of their motivations for introducing PWidth, which is 1/
√
d for

the cube. Their observation is based on the following result by Alon and Vu:

Theorem 3.1.1 ( [2, Theorem 3.2.2], [61, Corollary 27]). There are d + 1 vectors in {0, 1}d

that form the vertices of a d-dimensional simplex S so that

2d−1

dd/2
≤ vf(S) ≤ 2d(2+o(1))

dd/2
.

[27] observed that PWidth can be exponentially small in the size (bitlength) of a set of points

with integer coordinates. Using Theorem 3.1.1 and the relationships between polytope condition

measures, we can immediately strengthen this result and show that this is not just a “large numbers”

phenomenon, namely, all condition measures are exponentially small even for a 0–1 simplex. We

start with the observation that the minwidth of a simplex is the same as its width.

Lemma 3.1.2. Let A be the vertex set of a simplex in Rd and A0 ⊂ A which includes more than

one vertex. Then width(A) ≤ width(A0). In particular, minwidth(A) = width(A).
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Proof. We prove by induction in d. The width of a polytope is the minimum distance between

parallel supporting hyperplanes in its affine hull. Width of a 2-simplex is the minimum height of

triangle, which is smaller than the length of any edge. For a k-simplex A, suppose the width of one

of its facet is given by the distance between two parallel (k−2)-dimensional planes, pk−2
1 and pk−2

2 .

One can extend pk−2
1 and pk−2

2 to parallel hyperplanes in Rk that enclose A. Suppose extensions

pk−1
1 and pk−1

2 give the minimum distance. Then,

dist
(
pk−1

1 , pk−1
2

)
= min

a∈pk−1
1 ,b∈pk−1

2

‖a− b‖ ≤ min
a∈pk−2

1 ,b∈pk−2
2

‖a− b‖ = dist
(
pk−2

1 , pk−2
2

)
which shows that the width of a k-simplex is less than the width of any of its facets. The claim

then follows by induction. �

Corollary 3.1.1. There are d+ 1 vectors in {0, 1}d that form the vertices of a d-dimensional

simplex S so that width(vertices(S)) = minwidth(vertices(S)) ≤ PWidth(vertices(S)) = Φ(S) ≤

vf(S) ≤ 2d(2+o(1))

dd/2
.

Proof. Let S be the d-dimensional simplex given by Theorem 3.1.1. Lemma 3.1.2 gives the

leftmost equality. The rightmost inequality is one of the conclusions of Theorem 3.1.1. The other

relations follow from Theorem 2.4.12. �

3.2. Polynomial smoothed complexity of FWMs on a simplex

Now we start analyzing smoothed complexity of FWMs on the minimization of a strongly

convex function with Lipschitz gradient on a simplex.

Definition 3.2.1. A differentiable function f is said to have L-Lipschitz gradient if for some L > 0

and for all x, y in its domain we have ‖∇f(x)−∇f(y)‖ ≤ L‖x− y‖.

Definition 3.2.2. A differentiable function f is µ-strongly convex if for some µ > 0 and for all

x, y in its domain, we have

f(y) ≥ f(x) +∇f(x)T (y − x) +
µ

2
‖y − x‖2.

In [42, Theorem 1], Lacoste-Julien and Jaggi proved the global linear convergence of FWMs on

the minimization of a strongly convex function with Lipschitz gradient: suppose ut is the current
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point after t good iterations1, f(ut) satisfies

f(ut)− f∗ ≤

(
1− µ

4L

(
PWidth(A)

diam(A)

)2
)t

(f(u0)− f∗),(3.1)

where f∗ is the optimal value and u0 is the initial point. To show polynomial smoothed complexity,

we need to prove that the measure of conditioning κ = PWidth(A)
diam(A) is at least inverse polynomial

in d, 1/σ, 1/δ. We are going to get this by giving a polynomial lower bound on PWidth(A) and a

polynomial upper bound on diam(A).

3.2.1. Inverse polynomial smoothed minwidth. We know from Theorem 2.4.12 that

PWidth is larger than minwidth, and from Lemma 3.1.2 that minwidth = width for any sim-

plex. Thus, we instead find a lower bound on width, namely the diameter of a ball contained in

the simplex, which is also a lower bound on PWidth. In the next lemma, we prove that a random

simplex contains a ball of radius Ω(d−2) with probability close to 1.

Lemma 3.2.3. Let A = {A1, . . . , Ad+1} be a set of independent Gaussian random vectors with

means µi, ‖µi‖ ≤ 1, i ∈ [d+ 1], and covariance matrix σ2Id. Then for δ > 0,

P
(

minwidth
(
conv(A)

)
≥
√

2πσδ(d+ 1)−2
)
≥ 1− δ.

Moreover,

P
(

PWidth
(
conv(A)

)
≥
√

2πσδ(d+ 1)−2
)
≥ 1− δ.

Proof. It is easy to see that A forms a simplex with probability 1. From Lemma 3.1.2, we

know the minwidth of a simplex is its width. Let Di be the distance from Ai to the affine hull of

its opposite facet, aff{Aj : j 6= i}. Conditioning on aff{Aj : j 6= i}, by the rotational invariance

of Gaussian distribution, Di is equal in distribution to the absolute value of a Gaussian random

variable with mean µ ∈ R (not necessarily be zero) and variance σ2. Let X ∼ N (0, σ2). By

Lemma 2.2.4, we have P (Di < t) ≤ P (‖X‖ < t) for all t. The right hand side is upper bounded by

2t/
√

2πσ, which is the product of maximal Gaussian density and length of interval. Apply union

1The number of good iterations depends on variants of FWMs being used. It is always lower bounded by some linear
function of the actual number of iterations. See details in [42, Theorem 1].
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bound to get

P

(
d+1⋂
i=1

{Di ≥ t}

)
≥ 1− 2t(d+ 1)√

2πσ
.

Let Ci be the distance between the center of mass of conv(A) and aff(Aj : j 6= i). Note that

Ci = Di/(d+ 1). Then

P

(
d+1⋂
i=1

{Ci ≥
t

d+ 1
}

)
≥ 1− 2t(d+ 1)√

2πσ
.

The above expression states that with some probability the ball centered at the center of mass and

of radius t/(d+ 1) lies inside conv(A). Setting t = δσ
√
π√

2(d+1)
and using the fact that the width of the

simplex is at least the diameter of the inscribed ball, we get

P
(

width
(
conv(A)

)
≥
√

2πσδ(d+ 1)−2
)
≥ 1− δ.

The claim follows immediately from Lemma 3.1.2 and Theorem 2.4.12. �

3.2.2. Smoothed diameter.

Lemma 3.2.4. Let A = {A1, . . . , Ad+1} be a set of independent Gaussian random vectors with

means µi, ‖µi‖ ≤ 1, i ∈ [d+ 1], and covariance matrix σ2Id. Then for δ > 0,

P

(
diam(A) ≤ 2

(
σ

√
2d+ 3 ln

(d+ 1

δ

)
+ 1
))
≥ 1− δ.

Proof. Let Ai = µi + Xi, where Xi ∼ N (0, σ2Id). Let t > 0. Triangle inequality gives that

P(‖Ai‖ > t+ 1) = P(‖Xi + µi‖ > t+ 1) ≤ P(‖Xi‖ > t). Apply Lemma 2.2.2 with α = (σ2, . . . , σ2),

we have

P
(
‖Ai‖ > σ

√
d+ 2

√
dt+ 2t+ 1

)
≤ P

(
‖Xi‖ ≥ σ

√
d+ 2

√
dt+ 2t

)
≤ e−t,

which shows that every Ai is contained in a ball of radius σ
√
d+ 2

√
dt+ 2t + 1 ≤ σ

√
2d+ 3t + 1

with high probability. With union bound, we see the diameter of the ball is an upper bound of the

diameter of convex hull of A:

P
(

diam
(
conv(A)

)
≤ 2
(
σ
√

2d+ 3t+ 1
))
≥ 1− (d+ 1)e−t.

The claim then follows by setting t = ln
(
(d+ 1)/δ

)
. �
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Next we restate and prove our main theorem for this section:

Theorem 1.3.1. Let A = {A1, . . . , Ad+1} be a set of independent Gaussian random vectors

with means µi, ‖µi‖ ≤ 1, i ∈ [d+ 1], and covariance matrix σ2Id. Then for δ > 0, with probability

at least 1− δ, the measure of conditioning κ = PWidth(A)
diam(A) of A is at least some inverse polynomial

in d, 1/σ and 1/δ.

Proof. We proved in Lemma 3.2.3 and Lemma 3.2.4 that,

P
(

PWidth
(
conv(A)

)
≥
√

2πσδ(d+ 1)−2
)
≥ 1− δ.

and

P

(
diam(A) ≤ 2

(
σ

√
2d+ 3 ln

(d+ 1

δ

)
+ 1
))
≥ 1− δ.

Thus with probability at least 1− 2δ, we have

PWidth(A)

diam(A)
≥

√
2πσδ(d+ 1)−2

2
(
σ
√

2d+ 3 ln
(
d+1
δ

)
+ 1
)

=
δ
√
π/2

(d+ 1)2
(√

2d+ 3 ln
(
d+1
δ

)
+ 1

σ

)
≥ 1/ρ(d, 1/σ, 1/δ)

where ρ is a polynomial function of d, 1/σ, 1/δ. �

Going back to (3.1), let ht = f(ut)− f∗. We have

ht ≤

(
1− µ

4L

(
PWidth(A)

diam(A)

)2
)t
h0.

Based on our smoothed analysis on the measure of conditioning in Theorem 1.3.1, with probability

at least 1− 2δ

ht ≤
(

1− µ

4Lρ2

)t
h0 ≤ e

− µt

4Lρ2 h0.

Hence one needs at most
4Lρ2 ln( 1

ε
)

µ good iterations to get a solution whose value is within distance

ε(f0 − f∗) of f∗. Let T denote the number of good iterations, we have (using the notation from
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Definition 1.1.3)

max
A⊆B(0,1)⊆Rd
|A|=d+1

Pg

(
T (A+ g) ≥

4Lρ(d, 1
σ ,

1
δ )2 ln(1

ε )

µ

)
≤ 2δ.
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CHAPTER 4

Conditioning of random matrices and its implications

In this section we prove that the smallest singular value of some square submatrix of a d-by-

n Gaussian random matrix is exponentially small with probability exponentially close to 1 when

n/d ≥ c > 1. From Lemma 2.5.3, we know that the smallest singular value of a square matrix is

comparable to the minimum distance between one column vector and the span of the other column

vectors (one-off-distance). If we consider exponentially narrow bands around each span of d − 1

column vectors of a rectangular matrix, the matrix will have exponentially small minimum singular

value if some other column vector falls in one of those bands. We lower bound the Gaussian measure

of the union of bands by a constant using the first two terms of the inclusion-exclusion principle

(Bonferroni inequality).

4.1. Conditioning of random matrices

We start by giving an upper bound of the intersection of two bands in Gaussian measure, which

appears in the second term of the inclusion-exclusion principle. The following lemma shows that

the Gaussian measure of the intersection depends on the width of bands and the angle between two

bands.

Lemma 4.1.1. Let u, v ∈ Rd be unit length vectors, let ε > 0, and let cS , cT ∈ R. Let

BS = {x ∈ Rd : cS ≤ x · u ≤ cS + ε},

BT = {x ∈ Rd : cT ≤ x · v ≤ cT + ε}.

Then

G(BS ∩ BT ) ≤ ε2√
2π(1− (u · v)2)

.

Proof. If u and v are parallel then the claim holds. If they are not parallel, then by the

structure of the Gaussian measure G this is a two-dimensional problem in the plane spanned by

u, v. Identify this plane with R2. G(BS ∩ BT ) is at most the maximum density 1/
√

2π multiplied
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by the area of the parallelogram

P ′ := {x ∈ R2 : cS ≤ x · u ≤ cS + ε, cT ≤ x · u ≤ cT + ε}.

One can see that P ′ has the same area as

P := {x ∈ R2 : |x · u| ≤ ε/2, |x · v| ≤ ε/2}.

Defining A to be the matrix with rows u, v, we have P = {x : ‖Ax‖∞ ≤ ε/2}. This implies

area(P ) = ε2|detA−1| = ε2/|detA| = ε2/
√

detAAT = ε2/
√

1− (u · v)2. The claim follows. �

We now switch our focus to the random regime. The following lemma gives a probabilistic upper

bound of the intersection of two bands around the spans of two (possibly not disjoint) subsets of

random vectors in high dimensional space. The bound is good when not too many points are shared

by the subsets (so that the behavior is not very different from two independent bands).

Lemma 4.1.2. Let d ≥ 1. Let 0 ≤ k ≤ d − 1. Let A1, . . . , Ak, S1, . . . , Sd−k−1, T1, . . . , Td−k−1 be

d-dimensional iid. standard Gaussian random vectors. Let1

BS = (span{A1, . . . , Ak, S1, . . . , Sd−k−1})ε/2,

BT = (span{A1, . . . , Ak, T1, . . . , Td−k−1})ε/2.

Then for any t ≥ 1,

P
(
G(BS ∩ BT ) ≥ ε2t√

2π

)
≤ 1

td−k−2
.

Proof. If d ≤ 2 or k ≥ d − 2, then the claim is immediate. Otherwise, 0 ≤ k ≤ d − 3 and

we argue in the following way: By the structure of the Gaussian measure G this is a (d − k)-

dimensional problem in {A1, . . . , Ak}⊥. More precisely, let U, V be two (d − k)-dimensional iid.

uniformly random unit-length vectors and define B′S = {x ∈ Rd−k : |x ·U | ≤ ε/2}, B′T = {x ∈ Rd−k :

|x · V | ≤ ε/2}. Then G(BS ∩ BT ) has the same distribution as G(B′S ∩ B′T ).2 From Lemma 4.1.1 we

have G(B′S ∩ B′T ) ≤ ε2√
2π(1−(U ·V )2)

.

1Recall that subscript ε denotes the ε-neighborhood of a set, see Chapter 2.
2To see this, note that the Gaussian measure of BS ∩ BT is the same as the Gaussian measure of their projections
onto {A1, . . . , Ak}⊥ and the distribution of the projection of BS (resp. BT ) is the same as the distribution of B′S
(resp. B′T ) after identifying {A1, . . . , Ak}⊥ with Rd−k.
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Using the rotational symmetry of the distribution of U and V and then Lemma 2.5.2 we get

P
(√

(1− (U · V )2) ≤ 1/t
)

= P
(√

U2
1 + · · ·+ U2

d−k−1 ≤ 1/t
)

≤ P
(√

U2
1 + · · ·+ U2

d−k−2 ≤ 1/t
)

= 1/td−k−2.

The claim follows. �

The main technical content of our singular value bound is the following lower bound on the

Gaussian volume of the union of bands around any d − 1 columns of a d-by-n Gaussian random

matrix. We also include an upper bound on the volume.

Lemma 4.1.3. Let ε ≥ 0, d ≥ 2. For {A1, . . . , An} ⊆ Rd, define

V = G

( ⋃
S⊆[n],|S|=d−1

spanAS

)
ε

 .

(1) V ≤ 2ε√
2π

(
n
d−1

)
.

(2) Suppose A1, . . . , An are d-dimensional iid. standard Gaussian random vectors with n
d−1 ≥

c0 > 1. Then there exist constants c2, c4 > 1 (that depend only on c0) such that when

ε ≤ 1/(c4c
d−1
2 ) and with probability at least 1− c4e

−d we have V ≥ cd−1
2√
2π
ε.

Proof of part 1. The upper bound follows from the union bound and the fact that the

1-dimensional Gaussian density is upper bounded by 1/
√

2π. �

Proof of part 2. Let S = {S ⊆ [n], |S| = d − 1}. We will use Lemma 2.5.1 (Gilbert-

Varshamov bound). Recall that A(n, t, w) denotes the maximum number of binary n-vectors with

exactly w ones and pairwise Hamming distance greater than or equal to t. Use Lemma 2.5.1 to get

the bound A
(
n, c1(d− 1), d− 1

)
≥ cd−1

2 . We get a subfamily T ⊆ S such that for all S, T ∈ T with

S 6= T we have |S ∩T | ≤ (1− c1
2 )(d− 1) and |T | = cd−1

2 for some constants 0 < c1 < 1, c2 > 1 (that

depend only on c0), and any d ≥ 2. Let N = |T |.

Let BS = (spanAS)ε. Use the first two terms of the inclusion-exclusion principle (Bonferroni

inequality) and use Lemma 4.1.2 in a union bound applied to all pairs of sets in T to get G(BS ∩

BT ) ≤ 4ε2t√
2π

for all S, T ∈ T , S 6= T . We get a bound on V that holds with probability at least
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1− (N2 )
td−1−(1−c1/2)(d−1)−2 = 1− (N2 )

tc1(d−1)/2−1 ≥ 1− N2

tc1(d−1)/2−1 = 1− t
(

c22
tc1/2

)d−1
= 1− c3e

−d (choosing a

constant t > 1 that depends on c1(c0) and c2(c0) such that c2
2/t

c1/2 = 1/e and then setting c3 = t/e,

which ultimately depends only on c0). The bound on V is

V ≥ G

((⋃
S∈T

spanAS

)
ε

)

≥
∑
S∈T
G(BS)− 1

2

∑
S,T∈T ,S 6=T

G(BS ∩ BT )

≥ 2Nε√
2π
e−ε

2/2 −
(
N

2

)
4ε2t√

2π

≥ 2Nε√
2π

(e−ε
2/2 − 2tNε)

≥ 2Nε√
2π

(1− ε2/2− 2tNε)

≥ Nε√
2π

(for ε ≤ 1/(8tN)).

In other words, V ≥ cd−1
2 ε√

2π
for ε ≤ 1/(8ec3c

d−1
2 ). We finish our proof by taking c4 = 8ec3. �

We are ready now to restate and prove the main results of the section.

Theorem 1.3.3. Let A be an d-by-n random matrix with iid. standard Gaussian entries with

d ≥ 2 and n
d ≥ c0 > 1. Then, there exist constants c2, c4 > 1, 0 < c6 < 1 (that depend only on c0)

such that with probability at least 1− 2c4c
d
6,

min
S⊆[n],|S|=d

σd(AS) ≤ 1

c4c
d−1
2

.

Proof. Pick c1 ∈ (1, c0). Let m = bc1dc. Note that m ≥ c1d − 1 ≥ c1d − c1 ≥ c1(d − 1), so

that we can apply Lemma 4.1.3 to columns A1, . . . , Am with ε = 1/c4c
d−1
2 . Then we get V ≥ 1√

2πc4

with probability greater than 1− c4e
−d. This implies that with probability greater than

(1− c4e
−d)
(
1− (1− 1√

2πc4

)n−m
)
≥ (1− c4e

−d)
(
1− (1− 1√

2πc4

)(c0−c1)d
)

≥ 1− c4e
−d − (1− 1√

2πc4

)(c0−c1)d

≥ 1− 2c4c
d
6,
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where c6 = max{1/e, (1 − 1√
2πc4

)(c0−c1)}, at least one of Am+1, . . . , An, say A∗, falls in V , that is,

falls within distance ε = 1/c4c
d−1
2 of span(AS) for some S ⊆ [m], |S| = d − 1. Lemma 2.5.3 gives

σd(AS , A∗) ≤ 1/c4c
d−1
2 . �

Theorem 1.3.4. Let A be an d-by-n random matrix with iid. standard Gaussian entries with

d ≥ 2 and 1 < n
d−1 ≤ C0. Then, there exist constants C1 > 1, 0 < C2 < 1 (that depend only on C0)

such that with probability at least 1− nCd−1
2 ,

min
S⊆[n],|S|=d

σd(AS) ≥ 1

Cd−1
1

.

Proof. Apply Lemma 4.1.3 to columns A1, . . . , An−1 to get

V ≤ 2ε√
2π

(
n

d− 1

)
≤ 2ε√

2π

(
en

d− 1

)d−1

≤ 2ε√
2π

(eC0)d−1.

By picking ε = 1/Cd−1
1 where C1 > eC0, there exists a constant eC0

C1
< C2 < 1 such that V ≤

Cd−1
2 . This implies that, with probability at most Cd−1

2 , column An is within distance 1/Cd−1
1

of spanAS for some S ⊆ [n − 1], |S| = d − 1. A similar claim holds for columns A1, . . . , An−1 as

well. Applying the union bound, we get that no Ai falls within distance 1/Cd−1
1 of spanAS for any

S ⊆ [n−1], |S| = d−1 with probability at least 1−nCd−1
2 . Lemma 2.5.3 gives σd(AS , An) ≥ 1/Cd−1

1

with probability at least 1− nCd−1
2 . �

4.2. On the stability of tensor decomposition

Kruskal [40] showed a sufficient condition under which the component vectors ai, bi, ci, i =

1, . . . , n of an order-3 tensor T =
∑n

i=1 ai ⊗ bi ⊗ ci are uniquely determined by the tensor (up to

inherent ambiguities). The condition depends on a parameter now known as the Kruskal rank of a

matrix: For a d-by-n matrix A, the Kruskal rank of A, denoted K-rank(A), is the maximum r ∈ [n]

such that any r columns of A are linearly independent. The condition is K-rank(A) + K-rank(B) +

K-rank(C) ≥ 2n+ 2, where A, B, C are the matrices with columns (ai), (bi), (ci), respectively. For

concreteness, it is helpful to consider the symmetric case A = B = C ∈ Rd×n. Kruskal’s condition

becomes 3 K-rank(A) ≥ 2n+ 2. Informally, for a generic matrix A we have K-rank(A) = d and so

Kruskal’s result guarantees uniqueness for generic A when n ≤ 3d/2− 1.
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Bhaskara, Charikar and Vijayaraghavan [11, Theorem 5] extended Kruskal’s uniqueness to a

result that guarantees robust decomposition. That is, when the observed tensor is a small per-

turbation of the original tensor, the components of the perturbed tensor are uniquely determined

and close to the components of the original tensor. Their condition for robust unique decompo-

sition is a refinement of Kruskal’s condition: Let τ > 0. The robust Kruskal rank (with thresh-

old τ) of A, denoted K-rankτ (A), is the maximum k ∈ [n] such that for any subset S ⊆ [n]

of size k we have σk(AS) ≥ 1/τ (σk denotes the kth largest singular value). The condition is

K-rankτ (A) + K-rankτ (B) + K-rankτ (C) ≥ 2n + 2 and the error in the recovered components

depends polynomially on τ .

In this context, Theorem 1.3.3 can be stated in the following equivalent way:

Theorem 4.2.1. Let A be an d-by-n random matrix with iid. standard Gaussian entries with

d ≥ 2 and n/d ≥ c0 > 1. Then, there exist constants c4, c5 > 1, 0 < c6 < 1 (that depend only on

c0) such that with probability at least 1− 2c4c
d
6,

K-rankτ (A) = d⇒ τ ≥ c4c
d−1
5 .

This has the following implication for Bhaskara, Charikar and Vijayaraghavan’s result: Even

though Kruskal’s result guarantees uniqueness for generic A when n = 3d/2−1 (say, with probability

1 for a random Gaussian matrix we have K-rank(A) = d), Bhaskara, Charikar and Vijayaraghavan’s

robust uniqueness can give a polynomial bound on the reconstruction error on no more than an

exponentially small fraction of matrices A when the fraction is measured by the Gaussian measure.

This rarity of sufficiently well-conditioned matrices A is somewhat surprising. Note that our result

presents a clear limitation only as stated above: It should still be possible to apply their robust

uniqueness results with K-rank(A) = (1 − ε)d for a small constant ε > 0 to guarantee robust

uniqueness for n ≤ (1− ε)3d/2.

4.3. On the complexity of the simplex method and the diameter of polytopes

In [17], Brunsch and Röglin introduced the following property of a matrix:

Definition 4.3.1 (δ-distance property, [16]). Let A = (a1, . . . , am)> be an m-by-n matrix with

unit rows. We say that A satisfies the δ-distance property if: for any I ⊆ [m] and any j ∈ [m]

whenever aj /∈ span{ai : i ∈ I} we have d(aj , span{ai : i ∈ I}) ≥ δ.
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This property has been used in several papers [16, 17, 25, 30] to study polytopes of the form

{x ∈ Rn : Ax ≤ b} to provide upper bounds of the form poly(m,n, 1/δ) on their diameter and the

number of pivot steps of the simplex method. Our Theorem 1.3.3 combined with Lemma 2.5.3 and

concentration of the length of a Gaussian random vector implies that, for m/n ≥ c′ > 1, matrices A

with the δ-distance property for δ ≥ cn, 0 < c < 1, are “rare”: they are exponentially unlikely when

the rows are iid. random unit vectors. As in Section 4.2, this rarity of well-conditioned matrices A

is somewhat surprising.
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CHAPTER 5

On the smoothed analysis of polytope conditioning

5.1. On the smoothed analysis of polytope conditioning

In this section we prove that the vertex-facet distance of the convex hull of a linear number

of d-dimensional iid. Gaussian points can be exponentially small with probability at least some

constant. The argument is a more elaborate version of the argument for the minimum singular

value in Chapter 4 and works in the following way. Figure 5.1 shows a polytope, the convex hull

of a partial sequence of random points, and ε-innner bands at all facets. If a new point falls into

the blue region, then the new polytope, which is the convex hull of the old polytope plus the new

point, will have vertex-facet distance no larger than ε: the new point is a vertex and its distance

to the affine hull of the facet associated to the band where the point lies in is less than ε.

To get a lower bound on the Gaussian measure of the blue region (Lemma 5.1.5 ), we add the

measures of the bands and then we subtract the measures of pairwise intersections of bands and

ε-inner neighbourhood (grey region). Lemma 5.1.4 gives a bound on the measure of a pairwise

intersection. Its proof is divided into two cases: Lemma 5.1.1 for the case where the two facets do

not share vertices and Lemma 5.1.2 for the case where they do share vertices. This argument is a

refinement of the proof of Lemma 4.1.2.

Figure 5.1. A polytope (triangle) and the region (blue) where a new point would
create a small vertex-facet distance.
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Lemma 5.1.1. Let S1, . . . , Sd, T1, . . . , Td be iid. standard Gaussian random vectors in Rd. Let

BS =
(
aff{S1, . . . , Sd}

)
ε/2
,

BT =
(
aff{T1, . . . , Td}

)
ε/2
.

Then for t ≥ 1

P
(
G(BS ∩ BT ) ≥ ε2t√

2π

)
≤ 1

td−2
.

Proof. By the rotational invariance of the Gaussian distribution, unit normal vectors U, V to

BS ,BT are independent and are uniformly distributed on Sd−1. Define

B′S = {x ∈ Rd : |x · U | ≤ ε/2},

B′T = {x ∈ Rd : |x · V | ≤ ε/2}.

By a standard argument (say, using logconcavity) we have P
(
G(BS ∩ BT ) ≥ t

)
≤ P

(
G(B′S ∩

B′T ) ≥ t
)
. Then, by the argument in the proof of Lemma 4.1.2 we get that for any t ≥ 1,

P
(
G(B′S ∩ B′T ) ≥ ε2t√

2π

)
≤ 1

td−2 . The claim follows. �

Lemma 5.1.2. Let A1, . . . , Ak, S1, . . . , Sd−k, T1, . . . , Td−k be iid. standard Gaussian random vec-

tors in Rd, and 1 ≤ k ≤ d. Let

BS =
(
aff{A1, . . . , Ak, S1, . . . , Sd−k}

)
ε/2
,

BT =
(
aff{A1, . . . , Ak, T1, . . . , Td−k}

)
ε/2
.

Then for 0 < 2α ≤ β < π/2,

(5.1) P
(
G(BS ∩ BT ) ≥ ε2√

2π sinα

)
≤ (sinβ)d−k−1 + 2

(
sinα

sin(β − α)

)d−k−2

.

In particular, for t > 2π we have

P
(
G(BS ∩ BT ) ≥ ε2t√

2π

)
≤ 3

(
π3/2

√
2t

)d−k−2

.

Proof. If d− k ≤ 2, then the bound holds immediately. Otherwise, d− k > 2 and we argue in

the following way. By the structure of the Gaussian measure, this reduces to a (d−k+1)-dimensional

problem: Conditioning on Ai = ai, i = 1, . . . , k, we project onto the orthogonal complement of
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the linear subspace parallel to aff{a1, . . . ,ak}. We will then prove the bound claimed in (5.1)

conditioning on A1, . . . , Ak, which implies the claimed bound by total probability.

With a slight abuse of notation, we denote the projection of aff{a1, . . . ,ak} as a1 and the

projections of Si, Ti as Si, Ti, i = 1, . . . , d − k. Using the fact that the Gaussian distribution is

rotationally invariant, we may assume without loss of generality that a1 = µe1 for some µ ≥ 0. A

normal vector to aff{a1, S1, . . . , Sd−k} is1

U = det


e1 e2 · · · ed−k+1

P T1
...

P Td−k


,(5.2)

where Pi := Si − a1, i ∈ [d− k]. Define the matrix P =
(
P1 · · ·Pd−k

)
. Let V be a normal vector

to aff{a1, T1, . . . , Td−k}, defined similarly.

Set
(Hi
P ′i

)
= Pi, where Hi ∼ N (µ, 1) and P ′i ∼ N (0, Id−k). Denote HT =

(
H1 · · ·Hd−k

)
as the

first row of matrix P and P ′ =
(
P ′1 · · ·P ′d−k

)
as the rest. H and P ′ are independent.

Note that ‖U‖2 = det(P TP ) (follows from (5.2) and the Cauchy-Binet formula). Also, U1 =

U · e1 = det(P
′
). We now compute the distribution of the first coordinate of unit normal vector Û

(using the matrix determinant lemma to compute the determinant of a rank-1 update).

Û2
1 =

det(P ′TP ′)

det(P TP )

=
det(P ′TP ′)

det(P ′TP ′ +HHT )

=
det(P ′TP ′)

(1 +HTP ′−1P ′−TH) det(P ′TP ′)

=
1

1 +HTP ′−1P ′−TH
.

Claim 5.1.3. We have HTP ′−1P ′−TH
d
=

∑d−k
i=1 Y

2
i

Y 2
0

, where Y0 ∼ N (0, 1), Yi ∼ N (µ, 1), i ∈ [d− k]

and Y0, Y1, . . . , Yd−k are independent.

1In the formula for U , the determinant should be interpreted as a formal cofactor expansion along the first row;
the entries in the first row are the canonical vectors and the expansion gives the coefficients of these vectors (as
subdeterminants).
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Proof of claim. Random variables P ′ and H are independent. Moreover, P ′ is a Gaussian

matrix and therefore the distribution of P ′−1 is invariant under any orthogonal transformation

applied to rows or columns. Thus, it is enough to consider the case H = ‖H‖e1. Note that

‖H‖2 d
=
∑d−k

i=1 Y
2
i , and eT1P

′−1P ′−Te1 = ‖first row of P ′−1‖2 d
= 1

Y 2
0

. The claim follows. ♦

Recall that Û , V̂ are unit normal vectors to BS ,BT , respectively. We aim to show that P
(
V̂ ∈

Cα(Û) ∪ Cα(−Û)
)
, i.e. P

(
|Û · V̂ | ≥ cosα

)
, is upper bounded by an expression of the form c(α)d

with c(α) → 0 as α → 0 (where Cα(Û) denotes the spherical cap centered at Û with angle α). To

see this, we divide the analysis into two cases, depending on whether the cap is close to e1. The

case analysis depends on a parameter β that will need to satisfy the constraint β ≥ 2α.

Case 1: Cα(Û) ⊆ Cβ(e1) ∪ Cβ(−e1) (equivalently, |Û1| ≥ cos(β − α)).

In this case, the α-cap around Û is contained in a larger cap centered at e1.

P
({
V̂ ∈ Cα(Û) ∪ Cα(−Û)

}
∩
{
Cα(Û) ⊆ Cβ(e1) ∪ Cβ(−e1)

})
≤ P

(
V̂ ∈ Cβ(e1) ∪ Cβ(−e1)

)
(using β ≤ π/2) = P(V̂ 2

1 ≥ cos2 β).(5.3)

From Claim 5.1.3 we get

V̂ 2
1

d
=

Y 2
0

Y 2
0 +

∑n
i=1 Y

2
i

.

To upper bound (5.3), we get from Lemma 2.2.5 that making a1 = 0 (equivalently, µ = 0) only

makes the right hand side larger and we then bound the case a1 = 0 explicitly. More precisely, let

W be a normal vector to span{T1, . . . , Td−k} defined similarly to U and V :

W = det


e1 e2 · · · ed−k+1

T T1
...

T Td−k


.

Note that Ŵ is a uniformly random unit vector. Following the same computation as for V , one

can derive

Ŵ 2
1

d
=

X2
0

X2
0 +

∑n
i=1X

2
i

,
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where X0, Xi ∼ N (0, 1), i ∈ [d− k]. Then, by Lemma 2.2.5, P(V̂ 2
1 ≥ cos2 β) ≤ P(Ŵ 2

1 ≥ cos2 β).

Hence,

P
({
V̂ ∈ Cα(Û) ∪ Cα(−Û)

}
∩
{
Cα(Û) ⊆ Cβ(e1) ∪ Cβ(−e1)

})
≤ P(Ŵ 2

1 ≥ cos2 β)

= P

(
d−k+1∑
i=2

Ŵ 2
i ≤ sin2 β

)

≤ P

(
d−k∑
i=2

Ŵ 2
i ≤ sin2 β

)

≤ (sinβ)d−k−1 (Lemma 2.5.2).

Case 2: Cα(Û) 6⊆ Cβ(e1) ∪ Cβ(−e1).

If Cα(Û) is not contained in Cβ(e1) ∪ Cβ(−e1), then Û makes an angle at least β − α with e1

and −e1, that is

|Û1| < cos(β − α).(5.4)

Our goal here is to bound

P
({
V̂ ∈ Cα(Û) ∪ Cα(−Û)

}
∩
{
Cα(Û) 6⊆ Cβ(e1) ∪ Cβ(−e1)

})
= P

({
V̂ ∈ Cα(Û)

}
∩
{
Cα(Û) 6⊆ Cβ(e1) ∪ Cβ(−e1)

})
+ P

({
V̂ ∈ Cα(−Û)

}
∩
{
Cα(Û) 6⊆ Cβ(e1) ∪ Cβ(−e1)

})
= 2 · P

({
V̂ ∈ Cα(Û)

}
∩
{
Cα(Û) 6⊆ Cβ(e1) ∪ Cβ(−e1)

})
.(5.5)

Observe that the distribution of Û and the distribution of V̂ are invariant under rotations

orthogonal to e1. Thus, if we let Û−1, V̂−1 be the projections of Û , V̂ orthogonal to e1 and Û−1, V̂−1

be their normalizations, respectively, then Û−1, V̂−1 ∼ Unif(Sd−k).

This observation motivates us to use the corresponding probability of projections to bound

(5.5). We will show that under condition (5.4) of case 2, V̂ ∈ Cα(Û) implies that V̂−1 ∈ Cf(α)(Û−1),

where f(α) is a bound (to be understood) on the angle that depends only on α. As events,

{V̂ ∈ Cα(Û)} ⊆ {V̂−1 ∈ Proje⊥1
Cα(Û)}

⊆ {V̂−1 ∈ Cf(α)(Û−1)}.(5.6)
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Figure 5.2. Case 2 of proof of Lemma 5.1.4

Bounding f(α) is a three-dimensional problem since Û−1, V̂−1 are in span{e1, Û , V̂ }. From now

on, the analysis lives in the above three-dimensional space to get an upper bound on f(α). Let

ẽ2 = (Û − Û · e1)/‖Û − Û · e1‖ (so that {e1, ẽ2} is an orthonormal basis of span{e1, Û}). Let

{e1, ẽ2, ẽ3} be an orthonormal basis of span{e1, Û , V̂ }, and let Û = (Û1, Û2, 0) be the coordinate

tuple of Û relative to {e1, ẽ2, ẽ3}. Consider x ∈ Cα(Û) such that x · Û = cos γ. Note that its

coordinates (x1, x2, x3) in our chosen basis satisfy the following system of equations:

x2
1 + x2

2 + x2
3 = 1

x1Û1 + x2Û2 = cos γ.

The projections of all such x (for fixed γ) onto span{ẽ2, ẽ3} form the ellipse:

(x2 − Û2 cos γ)2 + x2
3Û

2
1 = Û2

1 sin2 γ.

If Û1 = 0, then Û2 = 1, and the projection is the line segment inside unit circle at x2 = cos γ.

The angle between x−1 and Û−1 is upper bounded by γ. As γ ranges from 0 to α, Û−1 and V̂−1

form an angle at most α when Û1 = 0.

If Û1 6= 0, the projection is an ellipse inside the unit circle. As shown in Fig. 5.2, angle between

x−1 and Û−1 can be upper bounded by angle formed by Û−1 and tangent line x2 =

√
cos2 γ−Û2

1
sin γ x3.
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Note that from (5.4) we know Û2
1 < cos2(β − α) ≤ cos2 α ≤ cos2 γ (here we use β ≥ 2α explicitly),

so the tangent line always exists.

Hence the angle between x−1 and Û−1 is at most arctan
(

sin γ√
cos2 γ−Û2

1

)
. Furthermore, since

arctan
(

sin γ√
cos2 γ−Û2

1

)
is increasing in γ, we can conclude that for any V̂ ∈ Cα(Û), its normalized

projection orthogonal to e1, V̂−1, is contained in the spherical cap centered at Û−1 with polar angle

at most arctan
(

sinα√
cos2 α−Û2

1

)
when Û1 6= 0.

Therefore with (5.4), we can take

f(α) = max{arctan
( sinα√

cos2 α− cos2(β − α)

)
, α}.

Combine with (5.5) and (5.6),

P({V̂ ∈ Cα(Û) ∪ Cα(−Û)} ∩ {Cα(Û) 6⊆ Cβ(e1) ∪ Cβ(−e1)})

≤ 2 · P({V̂−1 ∈ Cf(α)(Û−1)} ∩ {Cα(Û) 6⊆ Cβ(e1) ∪ Cβ(−e1)})

≤ 2 · P
(
|Û−1 · V̂−1| ≥ cos(f(α))

)
= 2 · P

(√
1− (Û−1 · V̂−1)2 ≤ sin f(α)

)
≤ 2 (sin f(α))d−k−2 (Lemma 2.5.2)

= 2

(
max{ sinα√

cos2 α− cos2(β − α) + sin2 α
, sinα}

)d−k−2

= 2

(
max{ sinα

sin(β − α)
, sinα}

)d−k−2

= 2

(
sinα

sin(β − α)

)d−k−2

.

Therefore,

(5.7) P
(
|Û · V̂ | ≥ cosα

)
≤ (sinβ)d−k−1 + 2

(
sinα

sin(β − α)

)d−k−2

.

Note that we proved bound (5.7) conditioning on Ai’s, hence it is also a valid bound for random

Ai’s (unconditionally). By Lemma 4.1.1, (5.7) implies

(5.8) P
(
G(BS ∩ BT ) ≥ ε2√

2π sinα

)
≤ (sinβ)d−k−1 + 2

(
sinα

sin(β − α)

)d−k−2

.
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Use inequalities (2/π)β ≤ sinβ ≤ β for 0 ≤ β ≤ π/2 to get

P
(
G(BS ∩ BT ) ≥ ε2

√
π√

8α

)
≤ βd−k−1 + 2

(
πα

2(β − α)

)d−k−2

.

Set β =
√
α and restrict 0 < α < 1/4 so that

√
α ≤ 1/2. The above probabilistic bound simplifies

to

P
(
G(BS ∩ BT ) ≥ ε2

√
π√

8α

)
≤ α(d−k−1)/2 + 2

(
πα

2(
√
α− α)

)d−k−2

= α(d−k−1)/2 + 2

(
π
√
α

2(1−
√
α)

)d−k−2

≤ α(d−k−1)/2 + 2
(
π
√
α
)d−k−2

(use 1−
√
α > 1/2)

≤ 3
(
π
√
α
)d−k−2

The claim follows by setting α = π
2t . �

Combining Lemmas 5.1.1 and 5.1.2 we get

Lemma 5.1.4. Let A1, . . . , Ak, S1, . . . , Sd−k, T1, . . . , Td−k be iid. standard Gaussian random vec-

tors in Rd and 0 ≤ k ≤ d. Let

BS = (aff{A1, . . . , Ak, S1, . . . , Sd−k})ε/2,

BT = (aff{A1, . . . , Ak, T1, . . . , Td−k})ε/2.

Then for t > 2π we have

P
(
G(BS ∩ BT ) ≥ ε2t√

2π

)
≤ 3

(
π3/2

√
2t

)d−k−2

.

Suppose Pn = conv(A1, . . . , An) is a full-dimensional simplicial polytope in Rd and Fn is its set

of facets. For S ∈ Fn, we abuse notation so that S also denotes the index set of vertices of the

facet S. Let US be an unit inner normal vector of aff(AS) to Pn. Define (aff AS)ε− := {x ∈ Rd :

0 < d(x, aff AS) ≤ ε, US · (x−As) ≥ 0, s ∈ S}.
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Lemma 5.1.5. Let δ ∈ (0, 1). Suppose A1, . . . , An are d-dimensional iid. standard Gaussian ran-

dom vectors with d = bδnc. Let Pn = conv(A1, . . . , An), which is full-dimensional simplicial a.s.

For ε > 0, define a.s.

Vn = G

( ⋃
S∈Fn

(aff AS)ε− \ Pn

)
.

(1) Vn ≤ ε√
2π

(
n
d

)
.

(2) There exist c2, c7, c8 > 1 (that depend only on δ) such that when ε = ε(d) ≤ 1/(c8c
d
2) we

have limn→∞ P
(
Vn ≥ (cd2/c7)ε

)
= 1.

Proof of part 1. The upper bound follows from the union bound of at most
(
n
d

)
facets and

the fact that the 1-dimensional Gaussian density is upper bounded by 1/
√

2π. �

Proof of part 2. From Corollary 2.3.2, there exists a constant cF > 1 (that depends only on

δ) such that P
(
|Fn| ≥ cdF

)
→ 1 as n → ∞. Since Pn is simplicial a.s., we may present Fn as a set

of binary n-vectors with exactly d ones. Let AFn(t) be the maximum number of vectors in Fn with

pairwise Hamming distance greater than or equal to t. Similarly as in the proof of Lemma 2.5.1,

one can pick vectors greedily (Gilbert-Varshamov bound) so that when |Fn| ≥ cdF and c ∈ (0, 1),

and using n/d < 2/δ when d ≥ 2,

AFn(cd) ≥
cdF

(ne/cd)cd
≥

cdF
(2e/cδ)cd

.

Since limc→0+(2e/cδ)c = 1 and (2e/cδ)c is increasing for 0 ≤ c ≤ 2/δ, we can pick c1 ∈ (0, 1) such

that (2e/c1δ)
c1 < cF . Let c2 = cF

(2e/c1δ)
c1 > 1. Then we have,

lim
n→∞

P
(
AFn(c1d) ≥ cd2

)
= 1.(5.9)

Here we get a subset of facets T ⊆ Fn such that any two different facets in T share no more than

(1− c1
2 )d vertices, and |T | = cd2 for some constants 0 < c1 < 1, c2 > 1 (that depend only on δ). Let

N = |T |. Let BS = (aff AS)ε− , S ∈ Fn. Using an argument similar to the proof of Lemma 4.1.3,
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we get

Vn = G

( ⋃
S∈Fn

(aff AS)ε− \ Pn

)

= G

( ⋃
S∈Fn

(aff AS)ε−

)
− G

(
Pn \ (Pn)−ε

)
≥ G

(⋃
S∈T

(aff AS)ε−

)
− G

(
Pn \ (Pn)−ε

)
≥
∑
S∈T
G(BS)− 1

2

∑
S,T∈T ,S 6=T

G(BS ∩ BT )− G
(
Pn \ (Pn)−ε

)
.

We are going to bound each of the three terms in the last expression.

First term:
∑

S∈T G(BS). From Lemma 2.3.5, there exists a constant c3 > 0 (that depends only

on δ) such that P
(
maxS⊆[n],|S|=d dist(aff AS , 0) ≤ c3

)
≥ 1− 2e−d. Moreover, we increase c3 so that

c3 > 1, which ensures that c3 ≥ ε. Recall that BS = (aff AS)ε− . We get

(5.10) P

(∑
S∈T
G(BS) ≥ Nε√

2π
e−2c23

)
≥ 1− 2e−d.

Second term: 1
2

∑
S,T∈T ,S 6=T G(BS ∩BT ). Use Lemma 5.1.4 in a union bound applied to all pairs

of sets in T . For t > 2π we have,

1

2

∑
S,T∈T ,S 6=T

G(BS ∩ BT ) ≤
(
N

2

)
ε2t√
2π

holds with probability at least

1− 3

(
N

2

)(
π3/2

√
2t

)d−(1−c1/2)d−2

≥ 1− 3N2t2

π3

(
π3/2

√
2t

)c1d/2

= 1− 3t2

π3

c2
2

(
π3/2

√
2t

)c1/2d

.

Choose t = c4 := 1
2π

3(ec2
2)

4
c1 to get

P

1

2

∑
S,T∈T ,S 6=T

G(BS ∩ BT ) ≤
(
N

2

)
ε2c4√

2π

 ≥ 1− 3c2
4

π3
e−d.(5.11)
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Third term: G (Pn \ (Pn)−ε). From Corollary 2.3.1, we know G
(
Pn \ (Pn)−ε

)
≤ c5εd

1/4 for some

absolute constant c5.

Combining (5.9), (5.10) and (5.11) we conclude that with probability 1− o(1) as d→∞:

Vn ≥
∑
S∈T
G(BS)− 1

2

∑
S,T∈T ,S 6=T

G(BS ∩BT )− G
(
Pn \ (Pn)−ε

)
≥ Nε√

2π
e−2c23 −

(
N

2

)
ε2c4√

2π
− c5εd

1/4

≥ Nε√
2π

(
e−2c23 − Nεc4

2
−
√

2πc5d
1/4

N

)
.

Note that
√

2πc5d
1/4/N decays exponentially in d. Therefore, when ε ≤ 1/e2c23c4N ,

lim
n→∞

P
(
Vn ≥

Nε

3
√

2πe2c23

)
= 1.

The proof is finished by setting c7 = 3
√

2πe2c23 and c8 = e2c23c4. �

We are ready now to restate and prove the main result of the section.

Theorem 1.3.2. Let δ ∈ (0, 1). Suppose A = {A1, . . . , An+1} is a set of iid. standard Gaussian

random vectors in Rd and d = bδnc. Let Pn+1 = conv(A1, . . . , An+1). Then

P
(
diam(Pn+1) ≥

√
d
)
≥ 1− e−

nd
32 ,

and there exists constants 0 < c < 1 and 0 < c′ < 1 (that depends only δ) such that,

lim
n→∞

P
(
vf(Pn+1) ≤ cd

)
≥ c′.

Hence the measure of conditioning κ = vf(Pn+1)
diam(Pn+1) of A is exponentially small in d with constant

probability.

Proof. For diam(Pn+1), by Lemma 2.2.2 we have

P
(
diam(Pn+1)2 ≤ 2d− 4

√
dt
)

= P
(
‖Ai −Aj‖2 ≤ 2d− 4

√
dt, ∀i 6= j ∈ [n+ 1]

)
≤ P

b(n+1)/2c⋂
i=1

‖A2i−1 −A2i‖2 ≤ 2d− 4
√
dt


≤
(
e−t
)n/2

.
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We get the claimed bound by setting t = d/16.

Apply Lemma 5.1.5 to Pn = conv(A1, . . . , An) with ε = 1/(c8c
d
2), we have

lim
n→∞

P
(
Vn ≥

1

c7c8

)
= 1.

Since vf(Pn+1) ≤ ε when An+1 ∈ Vn, limn→∞ P
(
vf(Pn+1) ≤ 1/(c8c

d
2)
)
≥ 1

c7c8
. The claim follows by

picking c = 1/c2 and c′ = 1/c7c8. �

Note the Theorem 1.3.2 is an asymptotic result on the vertex-facet distance of a Gaussian

random polytope with the number of vertices is linear in dimension. We conjecture the result also

holds in the non-asympototic sense as suggested by our numerical experiment. In the experiment,

we generate 2d standard Gaussian random vectors in Rd where d ranges from 2 to 9. For each

dimension, we take the mean 10 vertex-facet distances computed from different sets of random

vectors. We see a clear pattern of vertex-facet distance decays exponentially in dimension.

2 4 6 8

5. × 10-4
0.001

0.005

0.010

0.050

0.100

0.500

Figure 5.3. Mean vertex-facet distance of Gaussian random polytopes in dimen-
sions 2 to 9.

5.2. Discussion and open problem

In Chapter 4 we showed that, for c > 1, a d-by-n random Gaussian matrix with n ≥ cd has a

d-by-d submatrix with minimum singular value that is exponentially small with high probability.

It’s still a open problem that whether the above statement need to be a probabilistic or if there is
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a comparable version that holds for all matrices. Say, is it true that for any c > 1 and any d-by-n

matrix with n ≥ cd and unit columns one can find a d-by-d submatrix whose smallest singular value

is at most e−Ω(d)? For concreteness one can take n = 2d and restate the question geometrically

using Lemma 2.5.3: Is it true that for any set of 2d unit vectors in Rd there is at least one vector

that is at distance at most e−Ω(d) to the span of some d− 1 other vectors from the set?
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APPENDIX A

Mathematica Code

The following is the Mathematica code for the experiment in Chapter 5.

A[n_] := RandomVariate[NormalDistribution[0, 1], {n, 2 n}]/Sqrt[n]

(* Inputs : d points in R^d where each row is a point,

Outputs: the edges of its convex hull *)

ComputeEdges[p_] :=

Module[{n = Length[p]}, Table[p[[i]] - p[[i + 1]], {i, 1, n - 1}]]

(* Inputs : (1) d points in R^d (2) edges of its convex hull,

Outputs: unit normal vector and intercept of the hyperplane *)

ComputePlane[p_, edges_] := {NormalVector = Cross[Sequence @@ edges];

UnitNormal = NormalVector/Norm[NormalVector],

b = Dot[UnitNormal, p[[1]]]}

(* Inputs : a vec of entries 0,1,-1,

Outputs: True if all entries are nonneg/nonpos, false o.w. *)

SameSign[sgnvec_] := Module[

{firstSign =

Module[{i = 1}, While[sgnvec[[i]] == 0, i++]; sgnvec[[i]]]},

For[i = 1, i <= Length[sgnvec], i++,

If[sgnvec[[i]] == 0 || sgnvec[[i]] == firstSign, , Return[False]]];

Return[True]

]

(* Inputs : (1) n points in R^d (2) one hyperplane of d points: \

represented by its normal,intercept and indices of those d points,

53



Outputs: whether or not is a facet *)

CheckFacet[p_, planewithindex_] := Module[

{plane = planewithindex[[1]], index = planewithindex[[2]]},

signVec =

Table[p[[i]] . plane[[1]] - plane[[2]], {i,

Complement[Range[Length[p]], index]}];

SameSign[Sign[signVec]]

]

(* Inputs : n points in R^d where each row is a point,

Outputs: facets and vertices *)

ComputeVertices[p_] :=

Module[{dim, allPlanes, index, facets, vertices},

dim = Dimensions[p][[2]];

allPlanes =

Table[{ComputePlane[p[[subindex]], ComputeEdges[p[[subindex]]]],

subindex},

{subindex, Subsets[Range[Length[p]], {dim}]}

];

index =

Table[If[CheckFacet[p, plane], plane, Nothing], {plane, allPlanes}];

(*facets=Table[k[[1]],{k,index}];a

facets=index;*)

vertices = Table[index[[k]][[2]], {k, Length[index]}];

{index, DeleteDuplicates[Flatten[vertices]]}

]

facetPlane[f_] := f[[1]]
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vfdist[p_] := Module[{facets, index, vertices},

{index, vertices} = ComputeVertices[p];

facets = index[[All, 1]];

(*Table[If[Abs[f[[1]].p[[v]]-f[[2]]]\[NotEqual]0,Abs[f[[1]].p[[v]]-

f[[2]]],Nothing],{f,facets},{v,vertices}]//Min*)

Table[

If[FreeQ[f[[2]], v],

Abs[facetPlane[f][[1]] . p[[v]] - facetPlane[f][[2]]], Nothing],

{f, index}, {v, vertices}] // Min

]

values = Table[

Mean[Table[vfdist[Transpose[A[n]]], {10}]],

{n, 2, 9}]

ListLogPlot[values]
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