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ABSTRACT OF THE DISSERTATION

Generalized Demazure Modules with Level Two Filtrations

by

Justin Sean Tore Davis

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2020

Dr. Vyjayanthi Chari, Chairperson

We study generalized Demazure modules over the current algebra g ⊗ C[t]; or

equivalently over the maximal standard parabolic subalgebra in the affine Lie algebra ĝ,

where g is a finite dimensional complex simple Lie algebra of Type B or C. More specif-

ically, for a certain family of pairs of weights, we study generalized Demazure modules as

submodules in a tensor product of level one Demazure modules. We give a presentation of

these modules, and in the process give an algorithm for computing their graded characters

in terms of level two Demazure modules.

vi



Contents

1 Introduction 1

2 Generalized Demazure Modules 3
2.1 Affine Lie Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Generalized Demazure Modules . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2.1 Over the Current Algebra . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.2 Stable Demazure Modules . . . . . . . . . . . . . . . . . . . . . . . . 8

3 The Type Bn Case 10
3.1 Type Bn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.1.1 Interlacing Weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.1.2 The Modules V (λ1 + ν, λ2 + ν) . . . . . . . . . . . . . . . . . . . . . 13
3.1.3 Statement of Main Theorem . . . . . . . . . . . . . . . . . . . . . . . 15
3.1.4 Condition For Demazure Isomorphism . . . . . . . . . . . . . . . . . 16
3.1.5 The Root βλ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.1.6 Upper Bound for dimV (λ1 + ν, λ2 + ν) . . . . . . . . . . . . . . . . 17
3.1.7 Level One Inclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.1.8 Proof of Main Inductive Step . . . . . . . . . . . . . . . . . . . . . . 19
3.1.9 The Graded Character . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Proof of Proposition 12 and Proposition 14. . . . . . . . . . . . . . . . . . . 21
3.2.1 Minimality of βλ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2.2 Induction Begins . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2.3 Cyclic Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2.4 Quotient of a Local Weyl Module . . . . . . . . . . . . . . . . . . . . 24
3.2.5 Reduction of Relations . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.2.6 Result From Garland’s Relations . . . . . . . . . . . . . . . . . . . . 27
3.2.7 Existence of Map Onto the Kernel . . . . . . . . . . . . . . . . . . . 28

4 The Type Cn Case 32
4.1 Type Cn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.1.1 Interlacing Weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.1.2 The Modules V (λ1 + ν, λ2 + ν) . . . . . . . . . . . . . . . . . . . . . 34

vii



4.1.3 Statement of Main Theorem . . . . . . . . . . . . . . . . . . . . . . . 38
4.1.4 Condition for Demazure Isomorphism . . . . . . . . . . . . . . . . . 38
4.1.5 The Root βλ,ν . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.1.6 Upper Bound for dimV (λ1 + ν, λ2 + ν) . . . . . . . . . . . . . . . . 40
4.1.7 Level One Inclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.1.8 Proof of Main Inductive Step . . . . . . . . . . . . . . . . . . . . . . 43
4.1.9 The Graded Character . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.2 Proof of Proposition 25 and Proposition 27. . . . . . . . . . . . . . . . . . . 45
4.2.1 Minimality of βλ,ν . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2.2 Induction Begins . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.2.3 Cyclic Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.2.4 Quotient of a Local Weyl Module . . . . . . . . . . . . . . . . . . . . 49
4.2.5 Existence of Map Onto Kernel . . . . . . . . . . . . . . . . . . . . . 50

5 Conclusion 58

Bibliography 60

viii



Chapter 1

Introduction

Since their introduction in the seventies, classical Demazure modules have been

studied extensively. One of the more important results is the Demazure character formula

and the notion of Demazure operators, which generalizes the Weyl character formula.

More recently, so called generalized Demazure modules have been appearing in

the literature. Although, the study of generalized Demazure modules is not very well-

developed and in particular, no presentation or character formula is known in general for

these modules. They show up as graded limits of tensor products of Kirillov-Reshetikhin

modules and as graded limits of minimal affinizations as seen in [32]-[36], and as graded

limits of prime modules in [4] and [7]. There is also a connection made with fusion products

in [37]. These modules also show up in a geometric setting in [24] and more recently in [17],

as well as other connected papers. There is rich combinatorics and geometry to uncover in

studying these generalized Demazure modules.

In this paper we work entirely in the context of the current algebra g[t] where g
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is of type Bn or Cn and give a presentation, which in turn gives an algorithm to compute

the graded character for a family of generalized Demazure modules. This work is inspired

by the work first in [4] for type An, and in [7] for type Dn. Although the connection is not

made in this paper to the work of Hernandez and Leclerc on monoidal categorification of

cluster algebras introduced in [20, 21], we hope to make these connections in the future.

These connections are explained in great detail in [3, 4] and in [7]. More recently in [1],

the graded characters of HL-modules in type An are given explicitly in terms of Macdonald

polynomials, and one hopes to make these connections in other types as well. There are

difficulties which arise when trying to expand the family of generalized Demazure modules

that we study; specifically those which involve a simple root with multiplicity two. However,

we hope to develop techniques in the future to further understand the structure of these

generalized Demazure modules.

In the conclusion, we explain how this is all related to a conjecture which makes

a connection to the family of modules defined in [11] indexed by |R+|-tuples of partitions.

2



Chapter 2

Generalized Demazure Modules

In this chapter we set up the basic notation and define the Demazure and gener-

alized Demazure modules associated with an integrable highest weight representation of an

untwisted affine Lie algebra.

For this manuscript, g will be a simple finite–dimensional complex Lie algebra of

type Bn or Cn and h will be a fixed Cartan subalgebra of g. Let R be the set of roots of

g with respect to h. The restriction of the Killing form of g to h induces an isomorphism

between h and h∗ and hence also a symmetric non–degenerate form ( , ) on h∗. We shall

assume that this form on h∗ is normalized so that the square length of a long root is two.

For α ∈ R, let tα ∈ h be the element that maps to α and set,

dα =
2

(α, α)
, hα = dαtα.

Fix a set of simple roots {αi : 1 ≤ i ≤ n} where αn is the spin node and fix a set of

fundamental weights {ωi : 1 ≤ i ≤ n} satisfying ωi(hαj ) := (ωi, djαj) = δi,j . It will be

convenient to set ω0 = 0 = ωn+1. As usual we let Q and P be the integer span of the
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simple roots and fundamental weights respectively; the sets Q+ and P+ are defined in the

obvious way and we set R+ = R∩Q+. For α =
∑n

j=1mjαj ∈ R+ let htα =
∑n

j=1mj . For

1 ≤ i ≤ n, we write x±i , hi, di for x±αi , hαi , dαi . Set

αi,j = αi + · · ·+ αj , 1 ≤ i ≤ j ≤ n,

hi,j = hαi,j , di,j = dαi,j

We shall adopt the convention that αi,j = hi,j = 0 if i > j. Define a partial order on P by

λ ≤ µ iff µ − λ ∈ Q+. Finally, let {x±α , hi : α ∈ R+, 1 ≤ i ≤ n} be a Chevalley basis of g

and set x±αi = x±i . Let g = n− ⊕ h⊕ n+ be the corresponding triangular decomposition.

2.1 Affine Lie Algebras

Let ĝ be the untwisted affine Lie algebra associated to g and recall that it has

the following explicit realization. Given an indeterminate t, let C[t, t−1] be the algebra of

Laurent polynomials and set

ĝ = g⊗ C[t, t−1]⊕ Cc⊕ Cd.

Define the commutator on ĝ by requiring c to be central, and

[x⊗ tr, y ⊗ ts] = [x, y]⊗ tr+s + rδr+s,0κ(x, y)c, [d, x⊗ tr] = r(x⊗ tr), x, y ∈ g, r, s ∈ Z.

Then

ĥ = h⊕ Cc⊕ Cd

is a Cartan subalgebra of ĝ and we extend an element λ ∈ h∗ to an element of ĥ∗ by setting

λ(c) = 0 = λ(d). Define elements Λ0, δ, α0 ∈ ĥ∗ by

Λ0(h⊕ Cd) = 0, Λ0(c) = 1, δ(h⊕ Cc) = 0, δ(d) = 1, α0 = −θ + δ.
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The set {αi : 0 ≤ i ≤ n} is a set of simple roots for the pair (ĝ, ĥ) and the corresponding set

of affine fundamental weights are denoted by {Λi : 0 ≤ i ≤ n}. Let Ŵ be the affine Weyl

group and note that it contains an isomorphic copy of W . Define the affine root lattice Q̂

and affine weight lattice P̂ and the subsets Q̂+, P̂+ and the set of affine positive roots in

the natural way. Let

b̂ = ĥ⊕ (n+ ⊗ 1)⊕ (g⊗ tC[t]), p̂ = (n− ⊗ 1)⊕ b̂

be the Borel subalgebra and the standard maximal parabolic subalgebra of ĝ with respect to

R̂+. Let n̂+ be the commutator subalgebra of b̂ and note that the commutator subalgebra

of p̂ is just the current algebra g[t] = g ⊗ C[t] associated to g. The action of d induces a

canonical Z+- grading on g[t] and on its universal enveloping algebra with the grade of an

element x⊗ tr ∈ g[t] being r.

2.2 Generalized Demazure Modules

Given Λ ∈ P̂+ let V̂ (Λ) be the integrable irreducible ĝ-module generated by an

element v̂Λ with relations

n̂+v̂Λ = 0, hv̂Λ = Λ(h)v̂Λ, h ∈ ĥ,

(x−i ⊗ 1)Λ(hi)+1v̂Λ = 0, 1 ≤ i ≤ n, (x+
θ ⊗ t

−1)Λ(h0)+1v̂Λ = 0.

We have

V̂ (Λ) =
⊕
Λ′∈P̂

V̂ (Λ)Λ′ , V̂ (Λ)Λ′ = {v ∈ V̂ (Λ) : hv = Λ′(h)v, h ∈ ĥ}.

It is known that

dim V̂ (Λ)wΛ = 1, for all w ∈ Ŵ ,
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and we let V̂w(Λ) be the b̂-module generated by V̂ (Λ)wΛ. The modules V̂w(Λ) are finite-

dimensional and are called the Demazure modules associated to Λ. Moreover v̂Λ ∈ V̂w(Λ)

for all w ∈ Ŵ . The following is now immediate.

Lemma 1. Suppose that w,w′ ∈ Ŵ and Λ ∈ P̂+. Then

dim Hom
b̂
(V̂w(Λ), V̂w′(Λ)) ≤ 1,

and any non-zero element of this space is injective.

Given Λ,Λ′ ∈ P̂+ and w,w′ ∈ Ŵ we set

V̂w,w′(Λ,Λ
′) = U(b̂)(V̂ (Λ)wΛ ⊗ V̂ (Λ′)w′Λ′).

These (along with an obvious extension to an arbitrary number of dominant integral weights

and Weyl group elements) are called the generalized Demazure modules. Furthermore, since

dim Homĝ(V̂ (Λ)⊗ V̂ (Λ′), V̂ (Λ + Λ′)) = 1

it is easy to see that

V̂ (Λ)wΛ ⊗ V̂ (Λ′)wΛ′
∼= V̂ (Λ + Λ′)w(Λ+Λ′) and so V̂w,w(Λ,Λ′) ∼= V̂w(Λ + Λ′).

In this manuscript we shall be interested in certain special families of Demazure and gener-

alized Demazure modules; namely those associated to pairs (w,Λ) such that the restriction

of wΛ to h is in (−P+). This restriction guarantees that V̂w(Λ) is stable under p̂+. Equiv-

alently, we can (and do) regard these modules as Z-graded modules for g[t] and call them

the stable Demazure modules. We recall a result proved independently in [23, 26].
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Theorem 2. Let Λ,Λ′ ∈ P̂+ and w,w′ ∈ Ŵ . If σ ∈ Ŵ is such that σ(wΛ + w′Λ′) ∈ P̂+,

then there exists a projection of ĝ-modules

V̂ (Λ)⊗ V̂ (Λ′) −→ V̂ (σ(wΛ + w′Λ′))→ 0,

which induces an isomorphism of the one-dimensional spaces

V̂ (Λ)wΛ ⊗ V̂ (Λ′)w′Λ′ ∼= V̂ (σ(wΛ + w′Λ′))wΛ+w′Λ′ .

The following corollary is immediate from the preceding theorem and is needed

later in this section.

Corollary 3. Assume that V̂w(Λ) and V̂w′(Λ
′) are stable Demazure modules. Then V̂σ−1(σ(wΛ+

w′Λ′)) is also a stable Demazure module and there exists a surjective map of p̂-modules

V̂w,w′(Λ,Λ
′)→ V̂σ−1(σ(wΛ + w′Λ′))→ 0.

2.2.1 Over the Current Algebra

In the language of g[t]-modules developed above, a generalized Demazure module

corresponds to considering a tensor product τ∗sD(`, λ) ⊗ τ∗s′D(`′, λ′) and taking the g[t]-

module through wλ ⊗ wλ′ . Presentations of generalized Demazure modules have not been

much studied although there is some work on the subject. They play an important role

in the study of classical limits of representations of quantum affine algebras and first arose

in this context in [34, 35] (see [37] for other examples). In this manuscript we shall give a
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presentation of a particular family of generalized Demazure modules, namely those of the

form

D(λ, µ) := U(g[t])(wλ ⊗ wµ) ⊂ D(1, λ)⊗D(1, µ),

with some restrictions on the pair (λ, µ) ∈ P+ × P+. We note the following reformulation

of Corollary 3.

Lemma 4. There exists a (unique up to scalars) map ηλ,µ : D(λ, µ)→ D(2, λ+ µ)→ 0, of

g[t]-modules extending the assignment wλ ⊗ wµ → w2,λ+µ.

2.2.2 Stable Demazure Modules

Let w◦ be the longest element in W . Suppose that (w,Λ) and (w′,Λ′) are such that

Λ(c) = Λ′(c) = ` and λ = w◦wΛ|h = w◦w
′Λ′|h ∈ P+. Then it is known [16, 32] that Vw(Λ) is

isomorphic to Vw′(Λ
′) as g[t]-modules up to an overall shift of the action of d. In particular

we can regard the stable Demazure modules as being indexed by a pair (`, λ) ∈ N× P+.

In what follows we prefer to regard the stable (generalized) Demazure modules as

Z-graded modules for the current algebra of g[t], where the grading is given by the action

of d. The maps between graded modules will be of degree zero. Given s ∈ Z and a graded

g[t]-module we denote by τ∗s V the graded g[t]–module obtained by shifting the grades by s.

We recall a presentation of the stable Demazure modules given in [11]. Let D(`, λ)

be the g[t]-module generated by an element w`,λ with the following defining relations: for

1 ≤ i ≤ n, α ∈ R+, h ∈ h, we have

n+[t]w`,λ = 0, (h⊗ tr)w`,λ = δr,0λ(h)w`,λ, (x−i ⊗ 1)λ(hi)+1w`,λ = 0, (2.2.1)

(x−α ⊗ tsα)w`,λ = 0, (x−α ⊗ tsα−1)mα+1w`,λ = 0, mα < `dα (2.2.2)
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where we write λ(hα) = `dα(sα − 1) +mα with sα ∈ N and 0 < mα ≤ `dα. The Z-grading

on D(`, λ) is given by requiring wλ to have grade zero.

In the case ` = 1, 2 the relations can be further streamlined. The following was

proved when ` = 1 in [10] and when ` = 2 in [4].

Lemma 5. If `dα = 1, the relations in (2.2.2) are a consequence of the relations in (2.2.1).

If `dα = 2 then the second relation in (2.2.2) is a consequence of the others.

9



Chapter 3

The Type Bn Case

3.1 Type Bn

In this section we assume that g is a simple Lie algebra of type Bn. Recall that

αi, 1 ≤ i ≤ n denote the simple roots. Set

αi,j = α1 + · · ·+ αj , 1 ≤ i ≤ j ≤ n

βi,j = αi + · · ·+ αj−1 + 2(αj + · · ·+ αn), 1 ≤ i < j ≤ n,

and note that

R+ = {αi,j : 1 ≤ i ≤ j ≤ n} t {βi,j : 1 ≤ i < j ≤ n}.

Furthermore, for α ∈ R+ we have that dα = 2 if and only if α = αi,n, 1 ≤ i ≤ n, otherwise

dα = 1. For computations we often use

λ(hi,j) = λ(hi) + · · ·+ λ(hj) 1 ≤ i ≤ j < n

λ(hβi,j ) = λ(hi) + · · ·+ λ(hj−1) + 2(λj + · · ·+ λ(hn−1)) + λ(hn)
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λ(hi,n) = 2λ(hi) + · · ·+ 2λ(hi−1) + λ(hn) 1 ≤ i < n

3.1.1 Interlacing Weights

Set

P+(1) = {λ ∈ P+ : λ(hi) ≤ di, 1 ≤ i ≤ n}.

Any λ ∈ P+(1) can be written uniquely (up to order) as a sum λ = λ1+λ2 where λs ∈ P+(1),

s = 1, 2 and satisfy the following: for 1 ≤ i ≤ j ≤ n

λr(hi) = 1 = λr(hj) =⇒ λp(hs) = 1 for some i < s < j, {r, p} = {1, 2},

and

λ(hn) > 0 =⇒ λp(hn) = 0 for some p ∈ {1, 2}.

We call (λ1, λ2) ∈ P+ × P+ an interlacing pair if λ1 + λ2 ∈ P+(1) and the preceding two

conditions hold.

Examples. The pairs (ωi, 0) for 0 ≤ i ≤ n, (2ωn, 0) and the elements of the set {(ωi, ωj) :

0 ≤ i 6= j ≤ n} are interlacing. The pair (ω3+2ω6, ω2+ω5) is interlacing in B6 but not in B7.

Remark 6. With our conventions, we always have λ2(hn) = 0 which implies that

λ2(hi,n) ≡ 0 mod 2 for all 1 ≤ i ≤ n

Throughout the rest of this section we shall assume without further mention that

(λ1, λ2) is an interlacing pair and λ = λ1 + λ2. We shall also assume without loss of gen-

erality that there exists p maximal with λ(hp+1) 6= 0 with p ≤ n−1 and λ1(hp+1) = λ(hp+1).
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Next we have a technical result on the properties of interlacing pairs that will be

useful later.

Lemma 7. For all 1 ≤ i ≤ j ≤ n and (λ1, λ2) interlacing, we have

|(λ1 − λ2)(hi,j)| ≤ di,j (3.1.1)

and hence |(λ1 − λ2)(hα)| ≤ 2 for all α ∈ R+. Further if λ(hn) = 1 then

|(λ1 − λ2)(hα)| ≤ 1 for all α ∈ R+.

Proof. We prove the inequality (3.1.1) by induction on j − i; Since λ ∈ P+(1), induction

begins at i = j. For j > i the inductive step is clear if λ(hi) = 0 or λ(hj) = 0. If

λ(hi) = 1 = λ(hj) then either λ(hr) = 0 for all i < r < j or there exists i < s < j minimal

such that λ2(hs) = 1. In the first case we have proved that (λ1 − λ2)(hi,j) = 0 and in

the second case we have proved that (λ1 − λ2)(hi,j) = (λ1 − λ2)(hs+1,j) and the inductive

step follows. For αi,n, we induct on n − i. Again since λ ∈ P+(1) we have λ(hn) ≤ 2 and

induction begins at i = n. For i < n if λ(hi) = 0 then the inductive step is obvious. If

λ(hi) = 1 then either λ(hr) = 0 for all i < r < n or there exists i < s < n minimal such

that λ(hs) = 1. In the first case, we have |(λ1 − λ2)(hi,n)| ≤ 1 since λ(hn) ≤ 2 and (λ1, λ2)

are interlacing. In the second case we have (λ1 − λ2)(hi,n) = (λ1 − λ2)(hs+1,n) and the

inductive step follows.

Since βi,j = αi,n + αj,n for 1 ≤ i < j ≤ n it follows that

|(λ1 − λ2)(hβi,j )| ≤ 2 for all 1 ≤ i < j ≤ n

since

|(λ1 − λ2)(hβi,j )| =
∣∣1

2(λ1 − λ2)(hi,n) + 1
2(λ1 − λ2)(hj,n)

∣∣ ≤ 2

12



Moreover, if λ(hn) = 1 our assumptions imply that λ1(hn) = 1 and λ2(hn) = 0

and so using (3.1.1) we have

−1 ≤ (λ1 − λ2)(hk,n−1) ≤ 0

=⇒ (λ1 − λ2)(hk,n) = 2(λ1 − λ2)(hk,n−1) + 1 = ±1, 1 ≤ k ≤ n− 1

Hence we also have

|(λ1 − λ2)(hβi,j )| = 1
2 |(λ1 − λ2)(hi,n) + (λ1 − λ2)(hj,n)| ≤ 1

and the proof of the lemma is complete.

3.1.2 The Modules V (λ1 + ν, λ2 + ν)

Let λ ∈ P+(1) with (λ1, λ2) interlacing, and let ν ∈ P+ such that ν(hn) = 0.

Define V (λ1 +ν, λ2 +ν) to be the g[t]-module generated by an element wλ1+ν,λ2+ν satisfying

the following relations:

n+[t]wλ1+ν,λ2+ν = 0, (h⊗ tr)wλ1+ν,λ2+ν = δr,0(λ+ 2ν)(h)wλ1+ν,λ2+ν , (3.1.2)

(x−i ⊗ 1)(λ+2ν)(hi)+1wλ1+ν,λ2+ν = 0, (3.1.3)

(x−α ⊗ tmax{r1,α,r2,α})wλ1+ν,λ2+ν = 0, α ∈ R+ (3.1.4)

(x−α ⊗ tsα−1)mα+1wλ1+ν,λ2+ν = 0, α ∈ R+, dα = 2, mα < 4 (3.1.5)

where 1 ≤ i ≤ n and h ∈ h, and rj,α =
⌈

(λj+ν)(hα)
dα

⌉
, j ∈ {1, 2}. Recall that sα and mα are

the unique positive integers such that (λ+2ν)(hα) = 2dα(sα−1)+mα, with 0 < mα ≤ 2dα.
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Define a grading on V (λ1 + ν, λ2 + ν) by requiring the grade of wλ1+ν,λ2+ν to be

zero. Clearly V (λ1 + ν, λ2 + ν) is a graded quotient of Wloc(λ+ 2ν) and V (λ1 + ν, λ2 + ν) ∼=

V (λ2 + ν, λ1 + ν). Lemma 5 shows that if λ2 + ν = 0 then V (λ1 + ν, 0) ∼= D(1, λ1 + ν).

Furthermore, it is easy to check that Lemma 7 implies that |r1,α − r2,α| ≤ 1 for all α ∈ R+

with dα = 2, and |r1,α − r2,α| ≤ 2 in general for all α ∈ R+.

The following is a consequence of equations (2.2.1)-(2.2.2) and Lemma 4.

Lemma 8. The assignments wλ1+ν,λ2+ν 7→ w2,λ+2ν and wλ1+ν,λ2+ν 7→ wλ1+ν⊗wλ2+ν define

surjective maps of graded g[t]-modules

ψλ1+ν,λ2+ν : V (λ1+ν, λ2+ν)→ D(2, λ+2ν), ϕλ1+ν,λ2+ν : V (λ1+ν, λ2+ν)→ D(λ1+ν, λ2+ν),

and ψλ1+ν,λ2+ν = ηλ1+ν,λ2+ν ◦ ϕλ1+ν,λ2+ν .

Proof. The map ψλ1+ν,λ2+ν is obvious. For ϕλ1+ν,λ2+ν , note that (x−α ⊗ tk)wλj+ν = 0 for

k ≥ rj,α, α ∈ R+ and each j ∈ {1, 2}. Then relation (3.1.4) follows i.e.

(x−α ⊗ tmax{r1,α,r2,α})(wλ1+ν ⊗ wλ2+ν) = 0, α ∈ R+.

To show that relation (3.1.5) holds on wλ1+ν ⊗ wλ2+ν , we note that

(x−α ⊗ tsα−1)mα+1(wλ1+ν ⊗ wλ2+ν) =

mα+1∑
k=0

(x−α ⊗ tsα−1)kwλ1+ν ⊗ (x−α ⊗ tsα−1)mα+1−kwλ2+ν

We will show that each term in the sum above is actually 0.

If (λ1 + ν)(hα) = 0 = (λ2 + ν)(hα) then there is nothing to check. So suppose

that (λ1 + ν)(hα) 6= 0 or (λ2 + ν)(hα) 6= 0. By the convention on (λ1, λ2) we have that

λ1(hα) ≥ λ2(hα). This together with the fact that ν ∈ P+ is such that ν(hn) = 0 implies

that λ2(hi,n) and ν(hi,n) are both even for all i. So if r1,α = r2,α, i.e.,⌈
(λ1 + ν)(hα)

2

⌉
=

⌈
(λ2 + ν)(hα)

2

⌉
=

(λ2 + ν)(hα)

2
.
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This implies that λ1(hi,n) = λ2(hi,n), and λ(hi,n) is even as well. So when we write (λ +

2ν)(hα) = 4(sα − 1) +mα, we can see that mα = 4, so there is nothing to check.

Now suppose that r1,α = r2,α + 1. Then r2,α = sα − 1, then

(x−α ⊗ tsα−1)mα+1(wλ1+ν ⊗ wλ2+ν) = (x−α ⊗ tsα−1)mα+1wλ1+ν ⊗ wλ2+ν

and (2.2.2) gives (x−α ⊗ tsα−1)mα+1wλ1+ν = 0 in D(1, λ1 + ν). So the relation holds.

3.1.3 Statement of Main Theorem

The following is the main result of this section.

Theorem 9. Let (λ1, λ2) ∈ P+×P+ be an interlacing pair. For all ν ∈ P+ with ν(hn) = 0,

the map

ϕλ1+ν,λ2+ν : V (λ1 + ν, λ2 + ν)→ D(λ1 + ν, λ2 + ν),

is an isomorphism. Moreover, D(λ1 + ν, λ2 + ν) admits a flag and the quotients are iso-

morphic to τ∗sD(2, µ) for some s ∈ Z+, µ ∈ P+.

Remark 10. This means we can write the graded character of D(λ1 + ν, λ2 + ν) in terms

of level two Demazure modules, and we compute an example in 4.1.10.

Remark 11. Analogous results were proved for An in [4] when ν = 0 and Dn in [7]. In

fact in [4], for Type An it was proved that

V (λ1, λ2) ∼= D(λ1, λ2) ∼= D(2, λ1 + λ2).

The methods here work for An as well and prove the more general case when ν 6= 0.
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3.1.4 Condition For Demazure Isomorphism

The theorem is proved in steps, the first of which is the following proposition which

gives a condition for the generalized Demazure module to be isomorphic to a Demazure

module.

Proposition 12. If λ(hn) = 1 or if λ = ωi−1 + ωi + δi,nωn for 1 ≤ i ≤ n, then for all

ν ∈ P+ with ν(hn) = 0, we have

V (λ1 + ν, λ2 + ν) ∼= D(2, 2ν + λ) ∼= D(λ1 + ν, λ2 + ν).

3.1.5 The Root βλ

Suppose that λ(hn) ∈ {0, 2} and λ 6= ωi−1 + ωi + δi,nωn and let p ≤ n − 1 be

maximal such that λ1(hp+1) 6= 0 6= λ(hp+1). Let 1 ≤ p′ ≤ p ≤ n − 1 be maximal so that

(λ1 − λ2)(hp′,p) = 0. Observe that if p′ < p then the definition of interlacing pairs forces

λ2(hp) = 1 = λ1(hp′). Set

βλ = βp′,p+1 = αp′ + · · ·+ αp + 2(αp+1 + · · ·+ αn)

and note that λ1(hβλ) = 3 − δp′,p and λ2(hβλ) = 1 − δp′p. It is helpful to note that the

assumption λ(hn) ∈ {0, 2} implies that p = n− 1 iff λ(hn) = 2.

Lemma 13. Suppose that λ(hn) ∈ {0, 2} and λ 6= ωi−1 + ωi + δi,nωn. Then λ1 − βλ ∈ P+

and there exists ν0 ∈ P+ with ν0(hn) = 0 such that (λ1 − βλ − ν0, λ2 − ν0) is an interlacing

pair.

Proof. It is simple to see that with our assumptions

λ1 − βλ = λ1 − ωp+1 − δp,n−1ωn − ωp′ + ωp′−1 + ωp ∈ P+.
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Taking ν0 = λ2(hp′−1)ωp′−1 + λ2(hp)ωp it is easy to see that ν0(hn) = 0 and

(λ1 − βλ − ν0, λ2 − ν0) is an interlacing pair.

3.1.6 Upper Bound for dimV (λ1 + ν, λ2 + ν)

The second reduction is the following proposition which in particular, gives an up-

per bound for the dimension of V (λ1+ν, λ2+ν). It is useful to note that max {r1,βλ , r2,βλ} =

(λ1 + ν)(hβλ).

Proposition 14. Suppose that λ(hn) ∈ {0, 2} and λ 6= ωi−1 + ωi + δi,nωn. There exists a

right exact sequence of g[t]-modules

τ∗(λ1+ν)(hβλ )−1V (λ1 + ν − βλ, λ2 + ν)→ V (λ1 + ν, λ2 + ν) −→ D(2, λ+ 2ν)→ 0, (3.1.6)

with wλ1+ν−βλ,λ2+ν → (x−βλ ⊗ t
(λ1+ν)(hβλ )−1)wλ1+ν,λ2+ν .

3.1.7 Level One Inclusion

Assuming Proposition 12 and Proposition 14 we complete the proof of Theorem

9. The proof is by an induction with respect to the partial order on P+. The minimal

elements with respect to this order are 0, ωn and Proposition 12 shows that induction

begins. Moreover the proposition also establishes the theorem if λ = ωi−1 + ωi + δi,nωn

or λ(hn) = 1. Hence we have only to prove the inductive step when λ(hn) ∈ {0, 2} and

λ 6= ωi−1 + ωi + δi,nωn. We shall need the following result to complete the proof of the

inductive step. With these assumptions on (λ1, λ2) and ν we have that (λk+ν)(hα)/dα ∈ Z+

for all α ∈ R+ and k ∈ {1, 2}, so we omit the ceiling function.
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Lemma 15. If λ(hn) ∈ {0, 2} and λ 6= ωi−1 + ωi + δi,nωn, there exists an inclusion of

g[t]-modules

τ∗(λ1+ν)(hβλ )−1D(1, λ1 + ν − βλ) ↪→ D(1, λ1 + ν), (3.1.7)

which sends to wλ1+ν−βλ → (x−βλ ⊗ t
(λ1+ν)(hβλ )−1)wλ1+ν .

Proof. By Lemma 5, and since (λ1 − βλ + ν)(hn) = 0 by [33] we have Wloc(λ1 − βλ + ν) ∼=

D(1, λ1 − βλ + ν) it suffices to prove that w := (x−βλ ⊗ t
(λ1+ν)(hβλ )−1)wλ1+ν satisfies the

relations in (2.2.1). If βλ − αi /∈ R+ then it is clear that (x+
i ⊗ tr)w = 0 for all r ∈ Z+.

Otherwise we must have i = p+ 1, or i = p′ if p′ < p and we have to prove that

(x−βλ−αi ⊗ t
(λ1+ν)(hβλ )−1+r)wλ1+ν = 0, r ∈ Z+.

But this follows from (2.2.2) since in all cases λ1(hi) = di and so

(λ1 + ν)(hβλ)− 1 ≥
(λ1 + ν)(hβλ−αi)

dβλ−αi
.

The second relation in (2.2.1) is trivial if r = 0 and if r > 0 then it follows from (2.2.2)

since

(h⊗ tr)w = (x−βλ ⊗ t
(λ1+ν)(hβλ )+r−1)wλ1+ν = 0.

The third relation is immediate since the modules are all finite-dimensional.
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3.1.8 Proof of Main Inductive Step

Lemma 4, Proposition 14 and the inductive hypothesis establish the following

inequalities:

dimD(λ1 + ν, λ2 + ν) ≤ dimV (λ1 + ν, λ2 + ν),

dimV (λ1 + ν, λ2 + ν) ≤ dimD(2, 2ν + λ) + dimD(λ1 + ν − βλ, λ2 + ν).

The inductive step follows if we prove that

dimD(λ1 + ν, λ2 + ν) = dimD(2, 2ν + λ) + dimD(λ1 + ν − βλ, λ2 + ν). (3.1.8)

For this, we observe that Lemma 15 gives an inclusion

0→ D(1, λ1 + ν − βλ)⊗D(1, λ2 + ν)→ D(1, λ1 + ν)⊗D(λ2 + ν),

which sends

wλ1+ν−βλ ⊗ wλ2+ν → ((x−βλ ⊗ t
(λ1+ν)(hβλ )−1))wλ1+ν)⊗ wλ2+ν .

Since (λ1 + ν)(hβλ)− 1 ≥ (λ2 + ν)(hβλ) we see that (2.2.2) gives

(x−βλ ⊗ t
(λ1+ν)(hβλ )−1)) (wλ1+ν ⊗ wλ2+ν) =

(
(x−βλ ⊗ t

(λ1+ν)(hβλ )−1)wλ1+ν

)
⊗ wλ2+ν .

It follows that we have an inclusion

ι : D(λ1 + ν − βλ, λ2 + ν) ↪→ D(λ1 + ν, λ2 + ν)

and it suffices to prove that the corresponding quotient is isomorphic to D(2, 2ν + λ). By

Lemma 8 we have the following surjective maps

V (λ1 + ν, λ2 + ν) � D(λ1 + ν, λ2 + ν) � D(2, 2ν + λ).
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These maps are all unique up to scalars and Proposition 14 shows that the kernel of the

composite map is generated by the element (x−βλ ⊗ t
(λ1+ν)(hβλ )−1))wλ1+ν,λ2+ν . Hence the

kernel of

D(λ1 + ν, λ2 + ν) � D(2, 2ν + λ)

is generated by (x−βλ⊗t
(λ1+ν)(hβλ )−1))(wλ1+ν⊗wλ2+ν). But this means that the latter kernel

is precisely the image of ι and hence the corresponding quotient is isomorphic to D(2, 2ν+λ)

as needed.

3.1.9 The Graded Character

Given a graded g[t]-module V = ⊕s∈ZV [s] we have,

(g⊗ tr)V [s] ⊂ V [r + s], Vµ =
⊕
s∈Z

Vµ[s], Vµ[s] = Vµ ∩ V [s],

for all r, s ∈ Z and µ ∈ P . Let Z[v, v−1][P ] be the group ring of P with coefficients in

Z[v, v−1] where v is an indeterminate. Let e(µ), µ ∈ P be a basis for the group ring and set

chgr V =
∑
µ∈P

(∑
s∈Z

dimVµ[s]vs

)
e(µ).

Just as in [7], notice that in the course of proving Theorem 9 we also established that

the right exact sequence in Proposition 14 is exact. Hence we get an equality of graded

characters

chgrD(λ1 +ν, λ2 +ν) = chgrD(2, 2ν+λ)+v(λ1+ν)(hβλ )−1 chgrD(λ1−βλ+ν, λ2 +ν). (3.1.9)

Using this we can derive a formula for chgrD(λ1 + ν, λ2 + ν) in terms of Demazure modules

just as in [7]. Here we compute an example.
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Example 16. Let g be of type B7. Consider (λ1, λ2) = (ω1 +ω4 + 2ω7, ω2 +ω5) and ν = 0.

Then βλ = α4 + α5 + 2α7, and

chgrD(ω1 + ω4 + 2ω7, ω2 + ω5) = chgrD(2, ω1 + ω2 + ω4 + ω5 + 2ω7)

+ v2 chgrD(ω1 + ω3 + ω5, ω2 + ω5)

So our next interlacing pair is (ω1 + ω3, ω2) with ν0 = ω5. Now βλ−βλ−2ν0 = α1 + α2 +

2α3 + 2α4 + 2α5 + 2α6 + 2α7 and

chgrD(ω1 + ω3 + ω5, ω2 + ω5) = chgrD(2, ω1 + ω2 + ω3 + 2ω5)

+ v2 chgrD(ω2 + ω5, ω2 + ω5).

We have D(ω2 + ω5, ω2 + ω5) ∼= D(2, 2ω2 + 2ω5). Therefore

chgrD(ω1 + ω4 + 2ω7, ω2 + ω5) = chgrD(2, ω1 + ω2 + ω4 + ω5 + 2ω7)

+ v2 chgrD(2, ω1 + ω2 + ω3 + 2ω5)

+ v4 chgrD(2, 2ω2 + 2ω5).

3.2 Proof of Proposition 12 and Proposition 14.

In this section we prove Proposition 12 and Proposition 14.

3.2.1 Minimality of βλ

Recall our convention that αi,j = 0 if i > j. Set

R(λ1, λ2) = {βi,j ∈ R+ : (λ1 − λ2)(hβi,j ) = ±2}.

Note that Lemma 7 shows that R(λ1, λ2) = ∅ if λ(hn) = 1 or λ = ωi−1 + ωi + δi,nωn. The

next result establishes the converse.
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Lemma 17. Suppose that λ(hn) ∈ {0, 2} and λ 6= ωi−1 + ωi + δi,nωn. Then βλ ∈ R(λ1, λ2)

and more generally,

βi,j ∈ R(λ1, λ2) ⇐⇒ βi,j = αi,p′−1 + βλ + αj,p, and

(λ1 − λ2)(hi,p′−1) = 0 = (λ1 − λ2)(hj,p) = 0.

Proof. Recall from Section 3.1.5 that βλ = βp′,p+1 where 1 ≤ p′ ≤ p is maximal with

(λ1 − λ2)(hp′,p) = 0 and that (λ1 − λ2)(hβλ) = 2. Hence a calculation shows that

βi,j ∈ R(λ1, λ2) =⇒ i ≤ p′ or p′ < j ≤ p+ 1,

which shows that βi,j = αi,p′−1 + βλ + αj,p.

Since βi,p+1 ∈ R+ if i < p′ we have

(λ1 − λ2)(hβi,p+1
) = (λ1 − λ2)(hi,p′−1) + 2

and Lemma 7 forces (λ1 − λ2)(hi,p′−1) ∈ {−1, 0}. If j < p+ 1 we have βp′,j = βp′,p+1 + αj,p

and hence a similar argument shows that (λ1−λ2)(hj,p) ∈ {−1, 0}. Together with hypothesis

that (λ1 − λ2)(hβi,j ) = ±2 we get (λ1 − λ2)(hi,p′−1) = 0 = (λ1 − λ2)(hj,p) as needed. The

converse is obvious.

Remark 18. Notice that in particular we have established (with our conventions on (λ1, λ2))

that β ∈ R(λ1, λ2) iff (λ1 − λ2)(hβ) = 2.

3.2.2 Induction Begins

Assume that λ(hn) = 1 or that λ = ωi−1 + ωi + δi,nωn. By Lemma 7 we have

(λ1 − λ2)(hα) ∈ {−1, 0, 1} for all α ∈ R+ with dα = 1, and so R(λ1, λ2) = ∅. The defining
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relations give

V (λ1 + ν, λ2 + ν) ∼= D(2, λ+ 2ν).

Since the maps in Lemma 4 and Lemma 8 are unique up to scalars, it now follows that the

map

V (λ1 + ν, λ2 + ν) � D(λ1 + ν, λ2 + ν) � D(2, 2ν + λ1 + λ2),

is an isomorphism and hence all the maps are isomorphisms. Proposition 12 is proved.

3.2.3 Cyclic Kernel

We turn to the proof of Proposition 14. We have R(λ1, λ2) 6= ∅ and our conven-

tions imply that λ1(hβλ) = 3 − δp′,p and λ2(hβλ) = 1 − δp′,p. Using the remark following

Lemma 17 we have λ1(hβ) ≥ λ2(hβ) for all β ∈ R(λ1, λ2). Hence for all β ∈ R(λ1, λ2),

(ν + λ1)(hβ) = sβ + 1.

Furthermore, by writing

sα =

⌈
(λ+ 2ν)(hα)

2dα

⌉
and using Lemma 7, we have max{r1,α, r2,α} = sα for α /∈ R(λ1, λ2).

An inspection of the defining relations of the modules shows that the kernel K of

the canonical map

ψλ1+ν,λ2+ν : V (λ1 + ν, λ2 + ν)→ D(2, λ+ ν)→ 0, wλ1+ν,λ2+ν → w2ν+λ,

is generated by the elements

(x−β ⊗ t
(ν+λ1)(hβ)−1)wλ1+ν,λ2+ν , β ∈ R(λ1, λ2).
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The proof of Proposition 14 is now shown in two steps. The first step is to show that

K = U(g[t])(x−βλ ⊗ t
(ν+λ1)(hβλ )−1))wλ1+ν,λ2+ν .

For this, let βi,j ∈ R(λ1, λ2) and write βi,j = αi,p′−1 + βp′,p+1 + αj,p as in Lemma 17 and

assume that i ≤ p′ − 1 or j ≤ p (otherwise β = βλ and there is nothing to prove). The

defining relations

(x−i,p′−1 ⊗ t
(ν+λ1)(hi,p′−1))wλ1+ν,λ2+ν = 0 = (x−j,p ⊗ t

(ν+λ1)(hj,p))wλ1+ν,λ2+ν ,

imply if i ≤ p′ − 1 and j ≤ p

(x−i,p′−1 ⊗ t
(ν+λ1)(hi,p′−1))(x−j,p ⊗ t

(ν+λ1)(hj,p))(x−βλ ⊗ t
(ν+λ1)(hβλ )−1)wλ1+ν,λ2+ν =

[x−i,p′−1, [x
−
j,p, x

−
βλ

]]⊗ t(ν+λ1)(hβi,j )−1
)wλ1+ν,λ2+ν = (x−βi,j ⊗ t

(ν+λ1)(hβi,j )−1
)wλ1+ν,λ2+ν .

An obvious modification works if i ≥ p′ or j ≥ p+ 1 and the first step is proved.

The next step is to show that the element (x−βλ⊗ t
(ν+λ1)(hβλ )−1)wλ1+ν,λ2+ν satisfies

the defining relations of the element wλ1+ν−βλ,λ2+ν ∈ V (λ1+ν−βλ, λ2+ν). This establishes

the existence of the map V (λ1 + ν − βλ, λ2 + ν)→ K → 0.

3.2.4 Quotient of a Local Weyl Module

Here we prove that (x−βλ⊗t
(ν+λ1)(hβλ )−1)wλ1+ν,λ2+ν satisfies the relations in (3.1.2)

with (λ1, λ2) replaced by (λ1 − βλ, λ2). Since (x+
i ⊗ tr)wλ1+ν,λ2+ν = 0 for 1 ≤ i ≤ n and

r ∈ Z+ the first relation in (3.1.2) is immediate if βλ − αi /∈ R+. Otherwise we must prove

that

(†) (x−βλ−αi ⊗ t
(ν+λ1)(hβλ )−1+r)wλ1+ν,λ2+ν = 0.
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Since βλ = βp′,p+1 it follows that either i = p + 1 and if p′ < p then we can also have

i = p′ and if p = n− 2 then, in addition we can have i = n. In the first two cases we have

λ1(hi) = 1 and λ2(hi) = 0 (see Section 3.1.5). In particular

(x−βλ−αi ⊗ t
ν(hβλ−αi )+2−δp,p′ )wλ1+ν,λ2+ν = 0,

is a defining relation and (†) follows by applying (h⊗ tr) since

(ν + λ1)(hβλ)− 1 + r = ν(hβλ) + 2− δp,p′ + r ≥ ν(hβλ−αi) + 2− δp,p′ , r ∈ Z+.

A similar argument establishes the case when p = n− 2 and i = n.

It is trivial to see that the second relation in (2.2.1) holds and the third is then

immediate since V (ν + λ1, ν + λ2) is finite-dimensional.

3.2.5 Reduction of Relations

We need the following result to prove that (x−βλ⊗t
(ν+λ1)(hβλ )−1)wλ1+ν,λ2+ν satisfies

the relation (3.1.4).

Lemma 19. The relation (x−α ⊗ tmax{r1,α,r2,α})wλ1+ν,λ2+ν = 0 holds in V (λ1 +ν, λ2 +ν) for

all α ∈ R+ iff it holds for all the elements of the set

{αi} ∪ {αi,j : 1 ≤ i ≤ j ≤ n, λ(hi) 6= 0 6= λ(hj), λ(hs) = 0, i < s < j}.

Proof. The forward direction of the Lemma is obvious. For the reverse direction we proceed

by induction with respect to the partial order on R+ induced by the partial order ≤ on

P . If α = αi for some 1 ≤ i ≤ n there is nothing to prove. For the inductive step choose
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1 ≤ r ≤ n so that α− αr ∈ R+. If λ(hr) = 0 then the result follows from [x−r , x
−
α−αr ] = x−α

and

(x−r ⊗ t
ν(hr)
dr )wλ1+ν,λ2+ν = 0 = (x−α−αr ⊗ t

max
{
λ1(hα−αr )
dα−αr

,
λ2(hα−αr )
dα−αr

}
+
ν(hα−αr )
dα−αr )wλ1+ν,λ2+ν ,

by the inductive hypothesis. In any case, we have ν(hr)
dr

+ ν(hα−αr )
dα−αr

= ν(hα)
dα

, and λk(hα)
dα

=

λk(hα−αr )
dα−αr

. Therefore

ν(hr)

dr
+ max

{
λ1(hα−αr)

dα−αr
,
λ2(hα−αr)

dα−αr

}
+
ν(hα−αr)

dα−αr
= max{r1,α, r2,α},

and the relation holds.

Otherwise, λ(hr) > 0 for all 1 ≤ r ≤ n with α − αr ∈ R+, in which case α is one

of the following:

• αi,j with λ(hi) = 1, λ(hj) 6= 0,

• βi,j with i < j − 1 and λ(hi) = 1, λ(hj) 6= 0,

• βj−1,j with λ(hj) 6= 0 .

In the first two cases choose i < s ≤ j minimal with λ(hs) 6= 0 and λ(hi,s) = λ(hs) + 1. If

α = αi,n and s = j = n then we are done, otherwise the result follows since Lemma 7 gives

max{λ1(hi,s), λ2(hi,s)} = 1 and in any case we have ν(hi,s)+ν(hα−αi,s)/dα−αi,s = ν(hα)/dα

and dα−αi,s = dα so that

max

{
λ1(hα−αi,s)

dα−αi,s
,
λ2(hα−αi,s)

dα−αi,s

}
= max

{
λ1(hα)

dα
,
λ2(hα)

dα

}
− 1.

Then the inductive hypothesis gives

(x−i,s ⊗ t
ν(hi,s)+1)wλ1+ν,λ2+ν = 0 = (x−α−αi,s ⊗ t

ν(hα−αi,s )

dα−αi,s
+max

{
λ1(hα)
dα

,
λ2(hα)
dα

}
−1

)wλ1+ν,λ2+ν .
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This is of course assuming that s 6= j − 1 if α = βi,j . If this is the case then the result

holds in a similar fashion by working with the pair (αj−1,j , α − αj−1,j), and noting that

max
{
λ1(hj−1,j)
dj−1,j

,
λ2(hj−1,j)
dj−1,j

}
= 1.

In the third case if λ(hj−1) = 1 or if λ(hj−1) = 0 and there exists s > j minimal

with λ(hs) = 1 then the result follows as before by working with the pairs (αj−1,j , α−αj−1,j)

and (αj−1,s, α − αj−1,s) respectively. Otherwise we have max{λ1(hα), λ2(hα)} = 2 and

max
{
λ1(hj,n)

2 ,
λ2(hj,n)

2

}
= 1. The result now follows from

(x−j−1,n ⊗ t
ν(hj−1,n)+1)wλ1+ν,λ2+ν = 0 = (x−j,n ⊗ t

ν(hj,n)

2
+1)wλ1+ν,λ2+ν .

and also noting that ν(hj−1,n) + ν(hj,n)/2 = ν(βj−1,j).

3.2.6 Result From Garland’s Relations

This is a result that will need for part of the proof in the next subsection.

Lemma 20. Retain the notation established so far. For α ∈ R+, The following relation

holds in V (λ1 + ν, λ2 + ν)

(x−α ⊗ tmax{r1,α,r2,α}−1)(x−α ⊗ tmin{r1,α,r2,α})wλ1+ν,λ2+ν = 0.

Proof. The defining relation of V (λ1 + ν, λ2 + ν) gives

(x−α ⊗ 1)2ν(hα)+λ(hα)+1wλ1+ν,λ2+ν = 0

and hence

(x+
α ⊗ t)2ν(hα)+λ(hα)−1(x−α ⊗ 1)2ν(hα)+λ(hα)+1wλ1+ν,λ2+ν = 0.
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It was shown in [18] that

(x+
α ⊗ t)(2ν+λ)(hα)−1(x−α ⊗ 1)(2ν+λ)(hα)+1 −

(2ν+λ)(hα)−1∑
k=0

(x−α ⊗ tk)(x−α ⊗ t(2ν+λ)(hα)−1−k)

is in U(g[t]) (n+[t] + (h⊗ C[t])) Hence we get

2ν(hα)+λ(hα)−1∑
k=0

(x−α ⊗ tk)(x−α ⊗ t(2ν+λ)(hα)−1−k)wλ1+ν,λ2+ν = 0.

Assume without loss of generality that (λ1 − λ2)(hα) ≥ 0 and recall that Lemma 7 and

Lemma 13 give |(λ1 − λ2)(hα)| ≤ 2. Consider the defining relation

(x−α ⊗ tk)wλ1+ν,λ2+ν = 0, k ≥ r1α.

If k < r1,α then (2ν + λ)(hα) − 1 − k ≥ r2,α. The left hand side is identically zero if

r1,α = r2,α, and if

1 ≤ r1,α − r2,α ≤ 2

we get the assertion of the Lemma.

3.2.7 Existence of Map Onto the Kernel

To complete the proof of the second step, we now show that (3.1.4) also holds.

Here it is useful to note that (λ− βλ − 2ν0)(hn) = 0, so by the preceding Lemma it suffices

to prove that

(∗) (x−α ⊗ tν(hα)+max{(λ1−βλ)(hα),λ2(hα)})(x−βλ ⊗ t
(ν+λ1)(hβλ )−1)wλ1+ν,λ2+ν = 0

for simple roots αi and roots of the form α = αi,j , 1 ≤ i ≤ j < n with

(∗∗) (λ− βλ − 2ν0)(hi) = 1 = (λ− βλ − 2ν0)(hj), (λ− βλ − 2ν0)(hs) = 0, i < s < j,
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where ν0 = λ2(hp′−1)ωp′−1 +λ2(hp)ωp. For simple roots αi with 1 ≤ i < n, we need to show

that

(x−i ⊗ t
ν(hi)+max{(λ1−βλ)(hi),λ2(hi)})(x−βλ ⊗ t

ν(hβλ )+λ1(hβλ )−1)wλ1+ν,λ2+ν = 0.

First suppose that βλ(hi) = 0, then max{(λ1− βλ)(hi), λ2(hi)} = max{λ1(hi), λ2(hi)}, and

βλ + αi /∈ R+, so the relation holds.

Now suppose that βλ(hi) = −1. In this case, since (λ1, λ2) are interlacing and

max{(λ1 − βλ)(hi), λ2(hi)} = λ1(hi) + 1

Furthermore, by the definition of βλ we have that i = p′−1 or i = p 6= p′, and βλ+αi ∈ R+.

Then

(x−i ⊗ t
ν(hi)+λ1(hi)+1)(x−βλ ⊗ t

ν(hβλ )+λ1(hβλ )−1)wλ1+ν,λ2+ν

= (x−βλ ⊗ t
ν(hβλ )+λ1(hβλ )−1)(x−i ⊗ t

ν(hi)+λ1(hi)+1)wλ1+ν,λ2+ν

+ (x−βλ+αi
⊗ tν(hβλ+αi )+λ1(hβλ+αi ))wλ1+ν,λ2+ν

The first term is 0 since λ1(hi) + 1 ≥ max{λ1(hi), λ2(hi)}, and the second term is 0 since

λ1(hβλ) = λ2(hβλ) + 2 implies that

max{λ1(hβλ+αi), λ2(hβλ+αi)} = λ1(hβλ+αi).

Lastly, suppose that βλ(hi) = 1. In this case we have

max{(λ1 − βλ)(hi), λ2(hi)} ≥ λ1(hi)− 1.

The definition of βλ implies that i = p+1 or i = p′ 6= p, and λ1(hi) = 1, with βλ+αi /∈ R+.

By 20 we have

(x−i ⊗ t
(ν+λ1)(hi)−1)2wλ1+ν,λ2+ν = 0,
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this together with the fact that βλ+αi /∈ R+ and max{λ1(hβλ−αi), λ2(hβλ−αi)} = λ1(hβλ−αi)

implies

0 = (x−β−αi ⊗ t
ν(hβ−αi )+λ1(hβ−αi ))(x−i ⊗ t

(ν+λ1)(hi)−1)2wλ1+ν,λ2+ν

= 2(x−i ⊗ t
(ν+λ1)(hi)−1)(x−βλ ⊗ t

(λ1+ν)(hβλ )−1)wλ1+ν,λ2+ν

and the relation holds.

Now we show (∗) for αi,j satisfying (∗∗). Note that this forces βλ(hi) ≤ 0 and

βλ(hj) ≤ 0. We claim that (βλ, α) ≤ 0. Otherwise we would have that βλ−α ∈ R and since

α − βλ /∈ R+ we must have βλ − α ∈ R+. It is elementary to see that this is only possible

if αi,j = αp′,r or αp+1,r for some r 6= p and p′ < r ≤ n. Since βp′,p+1(hp′) = 1 − δp′,p, and

βp′,p+1(hp+1) = 1 we see that (∗∗) forces p′ = p and α = αp,r. However, if p′ = p then we

have λ(hp) = 0 by definition and βλ(hp) = 0 which again contradicts (∗∗) and the claim is

proved.

If α+ βλ /∈ R+, i.e. (α, βλ) = 0 then

(x−α ⊗ t
ν(hα)
dα

+max
{

(λ1−βλ)(hα)

dα
,
λ2(hα)
dα

}
)wλ1+ν,λ2+ν = 0,

is a defining relation and (∗) follows since [x−α , x
−
βλ

] = 0. If (α, βλ) < 0 then α + βλ ∈ R+,

dα+βλ = 1 and [x−α , x
−
βλ

] = x−α+βλ
. It suffices to show that

(x−α+βλ
⊗ tν(hα)+max{(λ1−βλ)(hα),λ2(hα)}+(ν+λ1)(hβλ )−1)wλ1+ν,λ2+ν = 0.

But this holds since

max{λ1(hα+βλ), λ2(hα+βλ)} = max{λ1(hα) + 3− δp′,p, λ2(hα) + 1− δp′,p}

≤ max{λ1(hα) + 3− δp′,p, λ2(hα) + 2− δp′,p}

= max{λ1(hα) + 1, λ2(hα)}+ 2− δp′,p.
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This completes the proof of Proposition 14.

Lastly, we need to show that relation (3.1.5) holds, i.e.,

(x−α ⊗ ts
′
α−1)m

′
α+1(x−βλ ⊗ t

(ν+λ1)(hβλ )−1)wλ1+ν,λ2+ν = 0

where s′α and m′α are the unique nonnegative integers satisfying (λ−βλ+ 2ν)(hα) = 4(s′α−

1) +m′α, with 1 < m′α ≤ 4. We only have to show the relation when (λ− βλ + 2ν)(hα) > 4,

and m′α 6= 4. First we see that

βλ(hi,n) =


2, i ∈ {p′, p+ 1}

0, otherwise.

We also have that λ1(hp′) = 2 = λ1(hp+1), while λ2(hp′) = 0 = λ2(hp+1). This

implies that 4 divides (λ− βλ + 2ν)(hi,n), so m′α ∈ {0, 4} and there is nothing to show.

If βλ(hi,n) = 0 then mα = m′α and sα = s′α, and since αi,n + βλ /∈ R+ for all

1 ≤ i ≤ n

(x−α ⊗ ts
′
α−1)m

′
α+1wλ1+ν,λ2+ν = 0

is a defining relation in V (λ1 + ν, λ2 + ν).

31



Chapter 4

The Type Cn Case

4.1 Type Cn

In this section we assume that g is a simple Lie algebra of type Cn. Recall that

αi, 1 ≤ i ≤ n denote the simple roots. Set

αi,j = α1 + · · ·+ αj , 1 ≤ i ≤ j ≤ n− 1

βi,j = αi + · · ·+ αj−1 + 2(αj + · · ·+ αn−1) + αn, 1 ≤ i < j ≤ n,

βj = 2(αi + · · ·+ αn−1) + αn, 1 ≤ j ≤ n

and note that

R+ = {αi,j : 1 ≤ i ≤ j ≤ n− 1} t {βi,j : 1 ≤ i < j ≤ n} t {βj : 1 ≤ j ≤ n}.

Furthermore, for α ∈ R+ we have that dα = 1 if and only if α = βj , 1 ≤ j ≤ n, otherwise

dα = 2. For computations we often use

λ(hi,j) = λ(hi) + · · ·+ λ(hj)
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λ(hβi,j ) = λ(hi) + · · ·+ λ(hj−1) + 2(λ(hj) + · · ·+ λ(hn))

λ(βj) = λ(hj) + · · ·+ λ(hn)

for λ ∈ P .

4.1.1 Interlacing Weights

Let

P+(1) = {λ ∈ P+ : λ(hi) ≤ 1, 1 ≤ i ≤ n}.

Any λ ∈ P+(1) can be written uniquely (up to order) as a sum λ = λ1+λ2 where λs ∈ P+(1),

s = 1, 2 and satisfy the following: for 1 ≤ i ≤ j ≤ n

λr(hi) = 1 = λr(hj) =⇒ λp(hs) = 1 for some i < s < j, {r, p} = {1, 2},

We call (λ1, λ2) ∈ P+ × P+ an interlacing pair if λ1 + λ2 ∈ P+(1) and the preceding con-

dition holds.

Examples. The pairs (ωi, 0) for 0 ≤ i ≤ n and the elements of the set {(ωi, ωj) : 0 ≤ i 6=

j ≤ n} are interlacing. The pair (ω2 + ω3, ω4 + ω6) is not interlacing in C6, but the pair

(ω2 + ω4, ω3 + ω6) is interlacing in C6.

In this section we first establish some technical results on the properties of inter-

lacing pairs.

Throughout this section we shall assume without further mention that (λ1, λ2) is an
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interlacing pair and λ = λ1 +λ2, and ν is (λ1, λ2)-compatible. We shall also assume without

loss of generality that there exists p maximal with λ(hp) 6= 0 with p ≤ n and λ1(hp) = λ(hp).

Lemma 21. For all 1 ≤ i ≤ j ≤ n− 1 and (λ1, λ2) interlacing, we have

|(λ1 − λ2)(hi,j)| ≤ 1, (4.1.1)

and

|(λ1 − λ2)(hα)| ≤ dα for all other α ∈ R+.

Proof. We prove the inequality (4.1.1) by induction on j − i; Since λ ∈ P+(1), induction

begins at i = j. For j > i the inductive step is clear if λ(hi) = 0 or λ(hj) = 0. If

λ(hi) = 1 = λ(hj) then either λ(hr) = 0 for all i < r < j or there exists i < s < j minimal

such that λ2(hs) = 1. In the first case we have proved that (λ1 − λ2)(hi,j) = 0 and in the

second case we have proved that (λ1 − λ2)(hi,j) = (λ1 − λ2)(hs+1,j) and the inductive step

follows. For βj , we induct on n− j, and the proof is identical to the previous case. For βi,j

we write βi,j = αi,j−1 + βj . If (λ1 − λ2)(hβj ) = 1, then since (λ1, λ2) are interlacing, we

must have −1 ≤ (λ1 − λ2)(hi,j−1) ≤ 0. Therefore,

|(λ1 − λ2)(hβi,j )| = |(λ1 − λ2)(hi,j−1) + 2(λ1 − λ2)(hβj )| ≤ 2,

and so the inequalities hold.

4.1.2 The Modules V (λ1 + ν, λ2 + ν)

For an interlacing pair (λ1, λ2) with λ = λ1 + λ2, If λ = 0 set p = p′ = p′′ = 0.

If λ = ωj , set p = j, and p′ = p′′ = 0. If λ = ωi + ωj , set p = j, p′ = i, and p′′ = 0. If

34



λ(h1,n−1 + hn) ≥ 3, let p > p′ > p′′ be maximal with λ(hp + hp′ + hp′′) = 3.

For an interlacing pair (λ1, λ2), we say that ν ∈ P+ is (λ1, λ2)-compatible if

p′′ < min ν and ν(hp′′+1,p−1) ≤ 1, where min ν = min{i : ν(hi) 6= 0}. If ν = 0 we

take min ν = n+ 1.

For an interlacing pair (λ1, λ2) with λ = λ1 +λ2 and a (λ1, λ2)-compatible ν ∈ P+,

we set

R(λ1, λ2, ν) = {βi,j ∈ R+ : (λ1−λ2)(hβi,j ) = ±2, (λ1+ν)(hβi,j ) ≡ (λ2+ν)(hβi,j ) ≡ 1 mod 2}.

Define V (λ1 +ν, λ2 +ν) to be the g[t]-module generated by an element wλ1+ν,λ2+ν satisfying

the following relations:

n+[t]wλ1+ν,λ2+ν = 0, (h⊗ tr)wλ1+ν,λ2+ν = δr,0(λ+ 2ν)(h)wλ1+ν,λ2+ν , (4.1.2)

(x−i ⊗ 1)(λ+2ν)(hi)+1wλ1+ν,λ2+ν = 0, (4.1.3)

(x−α ⊗ tmax{r1,α,r2,α})wλ1+ν,λ2+ν = 0, α ∈ R+ (4.1.4)

(x−α ⊗ tsα−1)mα+1wλ1+ν,λ2+ν = 0, α /∈ R(λ1, λ2, ν), mα < 4 (4.1.5)

(x−β ⊗ t
sβ )2wλ1+ν,λ2+ν = 0, β ∈ R(λ1, λ2, ν) (4.1.6)

where 1 ≤ i ≤ n and h ∈ h. Where rj,α =
⌈

(λj+ν)(hα)
dα

⌉
, j ∈ {1, 2}, and recall sα and mα are

the unique positive integers such that (λ+2ν)(hα) = 2dα(sα−1)+mα, with 0 < mα ≤ 2dα.

Define a grading on V (λ1+ν, λ2+ν) by remark by requiring the grade of wλ1+ν,λ2+ν

to be zero. Clearly V (λ1 +ν, λ2 +ν) is a graded quotient of Wloc(λ+2ν) and V (λ1 +ν, λ2 +
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ν) ∼= V (λ2 + ν, λ1 + ν). Lemma 5 shows that if λ2 + ν = 0 then V (λ1 + ν, 0) ∼= D(1, λ1 + ν).

Remark 22. It is easy to check that Lemma 21 implies that |r1,α−r2,α| ≤ 1 for all α ∈ R+.

Moreover, max{r1,α, r2,α} = r2,α = r1,α + 1 only when α = αi,j and (λ1 + ν)(hi,j) =

(λ2 + ν)(hi,j)− 1 with (λ1 + ν)(hi,j) odd. Otherwise max{r1,α, r2,α} = r1,α.

The following is a consequence of equations (4.1.2)-(4.1.6) and Lemma 4.

Lemma 23. The assignments wλ1+ν,λ2+ν 7→ w2,λ+2ν and wλ1+ν,λ2+ν 7→ wλ1+ν ⊗ wλ2+ν

define surjective maps of graded g[t]-modules

ψλ1+ν,λ2+ν : V (λ1+ν, λ2+ν)→ D(2, λ+2ν), ϕλ1+ν,λ2+ν : V (λ1+ν, λ2+ν)→ D(λ1+ν, λ2+ν)→ 0,

and ψλ1+ν,λ2+ν = ηλ1+ν,λ2+ν ◦ ϕλ1+ν,λ2+ν .

Proof. The map ψλ1+ν,λ2+ν is obvious. For ϕλ1+ν,λ2+ν , note that (x−α ⊗ tk)wλj+ν = 0 for

k ≥ rj,α, α ∈ R+ and each j ∈ {1, 2}. Then relation (4.1.4) follows i.e.

(x−α ⊗ tmax{r1,α,r2,α})(wλ1+ν ⊗ wλ2+ν) = 0, α ∈ R+.

To show that relation (4.1.5) holds on wλ1ν⊗wλ2+ν , recall that sα and mα are the

unique nonnegative integers such that λ(hα) = `dα(sα − 1) + mα with and 0 < mα ≤ `dα.

we note that

(x−α ⊗ tsα−1)mα+1(wλ1+ν ⊗ wλ2+ν) =

mα+1∑
k=0

(x−α ⊗ tsα−1)kwλ1+ν ⊗ (x−α ⊗ tsα−1)mα+1−kwλ2+ν

We will show that each term in the sum above is actually 0.

When dα = 2 equation (2.2.2) gives (x−α ⊗ trk,α−1)2wλk+ν = 0 when (λk + ν)(hα)

is odd, and (x−α ⊗ trk,α−1)3wλk+ν = 0 when (λk + ν)(hα) is even.
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First suppose that r1,α = r2,α with (λ1 + ν)(hα) = (λ2 + ν)(hα), then r1,α = sα. If

(λk + ν)(hα) are even then mα = 4 and there is nothing to show. If (λk + ν)(hα) are odd

then mα = 2, and

(x−α ⊗ tsα−1)3(wλ1+ν ⊗ wλ2+ν)

=
3∑

k=0

(x−α ⊗ tsα−1)kwλ1+ν ⊗ (x−α ⊗ tsα−1)3−kwλ2+ν

So we see that each term is zero. If λ1(hα) = λ2(hα) + 1, then r1,α = r2,α implies that

(λ1 + ν)(hα) is even and (λ1 + ν)(hα) is odd. Then mα = 3 and

(x−α ⊗ tsα−1)4(wλ1+ν ⊗ wλ2+ν)

=
4∑

k=0

(x−α ⊗ tsα−1)kwλ1+ν ⊗ (x−α ⊗ tsα−1)4−kwλ2+ν

So we see that each term is zero. The case when λ1(hα) = λ2(hα)−1 is symmetric.

Now suppose that r1,α = r2,α + 1. Then since α /∈ R(λ1, λ2, ν), we have r1,α = sα

and r2,α = sα − 1. If (λ1 + ν)(hα) is odd, then mα = 2, and if it is even then mα = 3. In

any case we have

(x−α ⊗ tsα−1)mα+1(wλ1+ν ⊗ wλ2+ν) = (x−α ⊗ tsα−1)mα+1wλ1+ν ⊗ wλ2+ν = 0

since (x−α ⊗ tsα−1)mα+1wλ1+ν = 0 by (2.2.2) in D(1, λ1 + ν). The case when r1,α = r2,α − 1

is symmetric.

Lastly for β ∈ R(λ1, λ2, ν), we need to show that (4.1.6) holds. In this case, we

have r1,α = r2,β + 1 = sβ + 1, and that (λ1 + ν)(hβ) is odd. Then

(x−β ⊗ t
sβ )2(wλ1+ν ⊗ wλ2+ν) = (x−β ⊗ t

sβ )2wλ1+ν ⊗ wλ2+ν .

This proves the existence of the map ϕλ1+ν,λ2+ν .

37



4.1.3 Statement of Main Theorem

The following is the main result of this section.

Theorem 24. Let (λ1, λ2) ∈ P+ × P+ be an interlacing pair. For any (λ1, λ2)-compatible

ν ∈ P+ the map

ϕλ1+ν,λ2+ν : V (λ1 + ν, λ2 + ν)→ D(λ1 + ν, λ2 + ν),

is an isomorphism. Moreover D(λ1+ν, λ2+ν) admits a flag and the quotients are isomorphic

to τ∗sD(2, µ) for some s ∈ Z+, µ ∈ P+.

4.1.4 Condition for Demazure Isomorphism

Similar to the first half of the paper, the theorem is proved in several steps. We

start with the following proposition which gives a condition for the generalized Demazure

module to be isomorphic to a Demazure module.

Proposition 25.

4.1.5 The Root βλ,ν

Suppose that p′ < min ν. If λ(h1,n−1 + hn) ≥ 3 or λ(h1,n−1 + hn) ≤ 2 with

p′ < min ν < p. Then set

βλ,ν = βs,p, where s =


p′′ min ν ≥ p

min ν p′ < min ν < p

and note that λ1(hβλ,ν ) = 3− δs,min ν and λ2(hβλ,ν ) = 1− δs,min ν .
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Lemma 26. Retain the notation above. If s = p′′ then λ1 − βλ,ν ∈ P+ and there exists

ν0 ∈ P+ such that

(λ1 − βλ,ν − ν0, λ2 − ν0)

is an interlacing pair and ν + ν0 is

(λ1 − βλ,ν − ν0, λ2 − ν0)− compatible.

If s = min ν, then λ1 − βλ,ν + (1− δmin ν,p−1)ωmin ν ∈ P+ and there exists ν0 such that

(λ1 − βλ,ν + (1− δmin ν,p−1)ωmin ν − ν0, λ2 + (1− δmin ν,p−1)ωmin ν − ν0)

is interlacing and ν + ν0 − (1− δmin ν,p−1)ωmin ν is

(λ1 − βλ,ν + (1− δmin ν,p−1)ωmin ν − ν0, λ2 + (1− δmin ν,p−1)ωmin ν − ν0)− compatible.

Proof. Suppose s = p′′, then βp′′,p = −ωp′′−1 +ωp′′ −ωp−1 +ωp. Set ν0 = λ2(hp′′−1)ωp′′−1 +

λ2(hp−1)ωp−1 and it is easy to check that (λ1 − βλ,ν − ν0, λ2 − ν0) is an interlacing pair.

Suppose that q, q′, q′′ are analogous to p, p′, p′′ for the pair (λ1 − βλ,ν − ν0, λ2 − ν0). It is

also not hard to see that min(ν0 + ν) ≥ p′′ − 1 < q′′, and (ν0 + ν)(hq′′+1,q−1) ≤ 1.

If s = min ν, then βmin ν,p = −ωmin ν−1+ωmin ν−ωp−1+ωp. Set ν0 = λ2(hmin ν−1)ωmin ν−1

and it is easy to check that

(λ1 − βλ,ν + (1− δmin ν,p−1)ωmin ν − ν0, λ2 + (1− δmin ν,p−1)ωmin ν − ν0)

is interlacing. Suppose that q, q′, q′′ are analogous to p, p′, p′′ for the new interlacing pair.

Then we can see that in any case min(ν + ν0 − (1 − δmin ν,p−1)ωmin ν) ≥ p′′ < q′′, and

(ν + ν0 − (1− δmin ν,p−1)(hq′′+1,q−1) ≤ 1
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4.1.6 Upper Bound for dimV (λ1 + ν, λ2 + ν)

The second reduction is the following proposition which will give an upper bound

for the dimension of V (λ1 + ν, λ2 + ν).

Proposition 27. Suppose that p′ < min ν. If λ(h1,n−1 + hn) ≥ 3 or λ(h1,n−1 + hn) ≤ 2

with p′ < min ν < p, then there exists a right exact sequence of g[t]-modules

τ∗r1,βλ,ν−1V (λ1 + ν − βλ,ν , λ2 + ν)→ V (λ1 + ν, λ2 + ν) −→ D(2, λ+ 2ν)→ 0, (4.1.7)

with wλ1+ν−βλ,ν ,λ2+ν → (x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν,λ2+ν .

4.1.7 Level One Inclusion

Assuming Proposition 25 and Proposition 27 we complete the proof of Theorem

9. The proof is by an induction with respect to the partial order on P+. The minimal

elements with respect to this order are 0, ω1 and Proposition 12 shows that induction begins.

Moreover the proposition also establishes the theorem if p” min ν ≤ p′, or λ(h1,n−1 +hn) ≤ 2

with min ν ≥ p. Hence we have only to prove the inductive step when λ(h1,n−1 + hn) ≥ 3

or λ(h1,n−1 + hn) ≤ 2 with p′ < min ν < p. We need the following result to complete the

proof of the inductive step.

Lemma 28. Suppose p′ < min ν. If λ(h1,n−1 + hn) ≥ 3 or λ(h1,n−1 + hn) ≤ 2 with

p′ < min ν < p, there exists an inclusion of g[t]-modules

τ∗r1,βλ,ν−1D(1, λ1 + ν − βλ,ν) ↪→ D(1, λ1 + ν), (4.1.8)

which sends to wλ1+ν−βλ,ν → (x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν .
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Proof. By Lemma 5 it suffices to prove that w := (x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν satisfies the

relations in (2.2.1), and the first relation in (2.2.2) when dα = 2. If βλ,ν − αi /∈ R+ then it

is clear that (x+
i ⊗ tr)w = 0 for all r ∈ Z+. Otherwise we must have i = p, or i = s and we

have to prove that

(x−βλ,ν−αi ⊗ t
r1,βλ,ν−1+r

)wλ1+ν = 0, r ∈ Z+.

But this follows from (2.2.2) since in all cases (λ1 + ν)(hi) = 1, which implies (λ1 +

ν)(hβλ,ν−αi)/dβλ,ν−αi ∈ Z+, and so r1,βλ,ν − 1 = r1,βλ,ν−αi . The second relation in (2.2.1) is

trivial if r = 0 and if r > 0 then it follows from (2.2.2) since

(h⊗ tr)w = (x−βλ,ν ⊗ t
r1,βλ,ν+r−1

)wλ1+ν = 0.

The third relation is immediate since the modules are all finite-dimensional.

Now for roots α with dα = 2 we need to check the relation (x−α ⊗t
r′1,α)w = 0, where

r′1,α =
⌈

(λ1−βλ,ν+ν)(hα)
2

⌉
. If βλ,ν(hα) = 0, then α+ βλ,ν /∈ R+ since dα = 2, and r′1,α = r1,α,

so the relation holds.

If βλ,ν(hα) = −1, then α + βλ,ν ∈ R+, and α = αi,s−1 for 1 ≤ i ≤ s − 1, or

α = αi,p−1 for 1 ≤ i ≤ p − 1. Then if (λ1 − βλ,ν + ν)(hα) is odd then r′1,α = r1,α + 1,

and r′1,α + r1,βλ,ν = r1,α+βλ,ν + 1. If (λ1 − βλ,ν + ν)(hα) is even then r′1,α = r1,α, and

r′1,α + r1,βλ,ν = r1,α+βλ,ν . In either case, we have

(x−α ⊗ t
r′1,α)(x−βλ,ν ⊗ t

r1,βλ,ν−1
)wλ1

= (x−βλ,ν ⊗ t
r1,βλ,ν−1

)(x−α ⊗ t
r′1,α)wλ1 + (x−α+βλ,ν

⊗ tr
′
1,α+r1,βλ,ν )wλ1+ν = 0

If βλ,ν(hα) = 1 and dα = 2, then either α − βλ,ν ∈ R+ or βλ,ν − α ∈ R+. If
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βλ,ν − α ∈ R+, then α = βi,p with s < i < p, or α = αs,j with s ≤ j < p − 1. If α = βi,p

then r′1,βi,p = r1,βi,p , and so the relation holds. If α = αs,j then r′1,αs,j = 1 = r1,αs,j − 1 and

(x−s,j ⊗ t)
2wλ1+ν = 0 ∈ D(1, λ1 + ν),

and r1,αs,j + r1,βλ,ν−αs,j = r1,βλ,ν . So we have

0 = (x−βλ,ν−αs,j ⊗ t
r1,βλ,ν−αs,j )(x−s,j ⊗ t)

2 = 2(x−s,j ⊗ t)(x
−
βλ,ν
⊗ tr1,βλ,ν−1

)wλ1+ν ,

and the relation holds.

If α− βλ,ν ∈ R+, then α = βi,p with 1 ≤ i ≤ s− 1, or α = βi,s with 1 ≤ i ≤ s− 1.

Since βλ,ν(hα) = 1, if (λ1 + ν)(hα) is even then we have r′1,α = r1,α, so the relation holds.

If (λ1 + ν)(hα) is odd then r′1,α = r1,α − 1, and r1,α−βλ,ν + r!,βλ,ν = r1,α. Then since

(x−βλν ⊗ t
r1,βλ,ν )2wλ1+ν = 0 ∈ D(1, λ1 + ν),

we have that

0 = (x−α−βλ,ν ⊗ t
r1,α−βλ,ν )(x−βλ,ν ⊗ t

r1,βλ,ν−1
)2wλ1+ν = 2(x−α ⊗ t

r′1,α)(x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν

and the relation holds.

Lastly, for α = βλ,ν , we have r′1,βλ,ν = r1,βλ,ν − 1, but

(x−βλ,ν ⊗ t
r1,βλ,ν−1

)2wλ1+ν = 0 ∈ D(1, λ1 + ν),

so the relation in question holds. This finishes the proof of the existence of the inclusion

map.
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4.1.8 Proof of Main Inductive Step

The proof follows along in the same fashion as the Type Bn case. We restate it

here for convenience. Lemma 4, Proposition 27 and the inductive hypothesis establish the

following inequalities:

dimD(λ1 + ν, λ2 + ν) ≤ dimV (λ1 + ν, λ2 + ν),

dimV (λ1 + ν, λ2 + ν) ≤ dimD(2, 2ν + λ) + dimD(λ1 + ν − βλ,ν , λ2 + ν).

The inductive step follows if we prove that

dimD(λ1 + ν, λ2 + ν) = dimD(2, 2ν + λ) + dimD(λ1 + ν − βλ,ν , λ2 + ν). (4.1.9)

For this, we observe that Lemma 28 gives an inclusion

0→ D(1, λ1 + ν − βλ,ν)⊗D(1, λ2 + ν)→ D(1, λ1 + ν)⊗D(λ2 + ν),

which sends

wλ1+ν−βλ,ν ⊗ wλ2+ν →
(

(x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν

)
⊗ wλ2+ν .

Since r1,βλ,ν − 1 = r2,βλ,ν we see that (2.2.2) gives

(x−βλ,ν ⊗ t
r1,βλ,ν−1

) (wλ1+ν ⊗ wλ2+ν) =
(

(x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν

)
⊗ wλ2+ν .

It follows that we have an inclusion

ι : D(λ1 + ν − βλ,ν , λ2 + ν) ↪→ D(λ1 + ν, λ2 + ν)

and it suffices to prove that the corresponding quotient is isomorphic to D(2, 2ν + λ). By

Lemma 8 we have the following surjective maps

V (λ1 + ν, λ2 + ν) � D(λ1 + ν, λ2 + ν) � D(2, 2ν + λ).
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These maps are all unique up to scalars and Proposition 14 shows that the kernel of the

composite map is generated by the element (x−βλ,ν ⊗ t
r1,βλ,ν−1)

)wλ1+ν,λ2+ν . Hence the kernel

of

D(λ1 + ν, λ2 + ν) � D(2, 2ν + λ)

is generated by (x−βλ,ν ⊗ t
r1,βλ,ν−1)

)(wλ1+ν ⊗wλ2+ν). But this means that the latter kernel is

precisely the image of ι and hence the corresponding quotient is isomorphic to D(2, 2ν+λ)

as needed.

4.1.9 The Graded Character

Just as in the type Bn case, in the course of proving Theorem 24 we also established

that the right exact sequence in Proposition 27 is exact. Hence we get an equality of graded

characters

chgrD(λ1 + ν, λ2 + ν) = chgrD(2, 2ν + λ) + v
(λ1+ν)(hβλ,ν )−1

chgrD(λ1 − βλ,ν + ν, λ2 + ν).

(4.1.10)

Using this we can compute chgrD(λ1 + ν, λ2 + ν) in terms of Demazure modules. We will

compute an explicit example.

Example 29. Let g be of type C6. Consider (λ1, λ2) = (ω2 +ω6, ω1 +ω3) and ν = ω4. Then

(p′′, p′, p) = (2, 3, 6) and min ν = 4. Since 3 < min ν < 6 we have βλ,ν = β4,6 = α4 +α5 +α6,

and

chgrD(ω2 + ω4 + ω6, ω1 + ω3 + ω4) = chgrD(2, ω1 + ω2 + ω3 + 2ω4 + ω6)

+ v chgrD(ω2 + ω3 + ω5, ω1 + ω3 + ω4)
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So our next interlacing pair is (ω2 + ω5, ω1 + ω4) with ν ′ = ω3. With an abuse of notation,

we now have (p′′, p′, p) = (2, 4, 5), but 2 < min ν < 4, so this means that

D(ω2 + ω3 + ω5, ω1 + ω3 + ω4) ∼= D(2, ω1 + ω2 + 2ω3 + ω4 + ω5).

Therefore

chgrD(ω2 + ω4 + ω6, ω1 + ω3 + ω4) = chgrD(2, ω1 + ω2 + ω3 + 2ω4 + ω6)

+ v chgrD(2, ω1 + ω2 + 2ω3 + ω4 + ω5).

4.2 Proof of Proposition 25 and Proposition 27.

4.2.1 Minimality of βλ,ν

Recall our convention that αi,j = 0 if i > j, and

R(λ1, λ2, ν) = {βi,j ∈ R+ : (λ1−λ2)(hβi,j ) = ±2, (λ1+ν)(hβi,j ) ≡ (λ2+ν)(hβi,j ) ≡ 1 mod 2}.

Note that Lemma 21 implies that R(λ1, λ2, ν) = ∅ if p′′ < min ν ≤ p′ or if λ(h1,n−1+hn) ≤ 2

and min ν ≥ p. The next result establishes the converse.

Lemma 30. Suppose that p′ < min ν. If λ(h1,n−1 + hn) ≥ 3 or λ(h1,n−1 + hn) ≤ 2 with

p′ < min ν < p then βλ,ν ∈ R(λ1, λ2, ν) and more generally,

βi,j ∈ R(λ1, λ2, ν) ⇐⇒ βi,j = αi,s−1 + αj,p−1 + βλ,ν with

(λ1 + ν)(hi,s−1 + hj,p−1) = (λ2 + ν)(hi,s−1 + hj,p−1), and

(λ1 + ν)(hi,s−1 + hj,p−1) ≡ (λ2 + ν)(hi,s−1 + hj,p−1) ≡ 0 mod 2.
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Furthermore, if βi,j ∈ R(λ1, λ2, ν), and s > j, then

(λ1 + ν)(hj,p−1) = 0 = (λ2 + ν)(hj,p−1).

If j ≤ s, then αi,s−1 + αj,p−1 = αi,p−1 + αj,s−1, and

(λk + ν)(hi,s−1) ≡ (λk + ν)(hj,p−1) ≡ 0 mod 2

or

(λk + ν)(hi,p−1) ≡ (λk + ν)(hj,s−1) ≡ 0 mod 2

for k ∈ {1, 2}

Proof. Recall from Section 4.1.5 that βλ,ν = βs,p where s ∈ {min ν, p”}. A calculation shows

that

(λ1 − λ2)(hβi,j ) = ±2 =⇒ i ≤ s or s < j ≤ p,

and in fact, because of our convention that λ(hp) = 1 = λ1(hp) we have (λ1−λ2)(hβi,j ) = 2

which shows that βi,j = αi,s−1 + αj,p−1 + βλ.

Since βi,p ∈ R+ if i < s we have

(λ1 − λ2)(hβi,p) = (λ1 − λ2)(hi,s−1) + 2

and Lemma 21 forces (λ1 − λ2)(hi,s−1) ∈ {−1, 0}. If j < p we have βs,j = βs,p + αj,p−1 and

hence a similar argument shows that (λ1 − λ2)(hj,p) ∈ {−1, 0}. Together with assumption

that (λ1 − λ2)(hβi,j ) = ±2 and (λ1 + ν)(hβi,j ) ≡ (λ2 + ν)(hβi,j ) ≡ 1 mod 2 we get (λ1 −

λ2)(hi,s−1) = 0 = (λ1−λ2)(hj,p−1), and (λ1+ν)(hi,s−1+hj,p−1) ≡ (λ2+ν)(hi,s−1+hj,p−1) ≡ 0

mod 2.
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Now if βi,j ∈ R(λ1, λ2, ν), and s < j, then (λ1 +ν)(hj,p−1) = 0. If (λ2 +ν)(hj,p−1 6=

0, then s = p′′ and (λ2 + ν)(hj,p−1 = 1. This implies that (λ1 + ν)(hi,s−1) is odd, which is

a contradiction to that fact that (λ1 + ν)(hi,s−1 + hj,p−1) is even.

If j ≤ s, then αi,s−1 + αj,p−1 = αi,p−1 + αj,s−1. Then in any case we have (λ1 +

ν)(hi,p−1) = (λ1 + ν)(hi,s−1) + 1, and (λ2 + ν)(hj,p−1) = (λ2 + ν)(hj,s−1) + 1, which proves

the last statement of the Lemma.

Remark 31. If βi,j ∈ R(λ1, λ2, ν), Lemma 30 implies that we can always write βi,j =

α+ α′ + βλ,ν , where max{r1,α, r2,α} = r1,α, and max{r1,α′ , r2,α′} = r1,α′, and r1,α + r1,α′ +

r1,βλ,ν = r1,βi,j .

4.2.2 Induction Begins

Assume that p′′ < min ν ≤ p′ or λ(h1,n−1 + hn) ≤ 2 and min ν ≥ p. By Lemma 21

and Lemma 30 we have (λ1−λ2)(hα) ∈ {−1, 0, 1} or (λ1−λ2)(hβi,j ) = 2 with (λ1+ν)(hβi,j ) ≡

(λ1 + ν)(hβi,j ) ≡ 0 mod 2, and so R(λ1, λ2, ν) = ∅. The defining relations give

V (λ1 + ν, λ2 + ν) ∼= D(2, 2ν + λ1 + λ2).

Since the maps in Lemma 4 and Lemma 23 are unique up to scalars, it now follows that

the map

V (λ1 + ν, λ2 + ν) � D(λ1 + ν, λ2 + ν) � D(2, 2ν + λ1 + λ2),

is an isomorphism and hence all the maps are isomorphisms. Proposition 25 is proved.
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4.2.3 Cyclic Kernel

We turn to the proof of Proposition 27. We have R(λ1, λ2, ν) 6= ∅ and our con-

ventions imply that λ1(hβs,p) = 3− δs,min ν and λ2(hβs,p) = 1− δs,min ν . From Lemma 30 we

actually have λ1(hβ) ≥ λ2(hβ) for all β ∈ R(λ1, λ2, ν). Hence for all β ∈ R(λ1, λ2, ν),

max{r1,β, r2,β} = r1,β = sβ + 1.

Furthermore, By writing

sα =

⌈
(λ+ 2ν)(hα)

2dα

⌉
and using Lemma 21, we have max{r1,α, r2,α} = sα for α /∈ R(λ1, λ2, ν).

An inspection of the defining relations of the modules shows that the kernel K of

the canonical map

ψλ1+ν,λ2+ν : V (λ1 + ν, λ2 + ν)→ D(2, λ+ ν)→ 0, wλ1+ν,λ2+ν → w2ν+λ,

is generated by the elements

(x−β ⊗ t
r1,β−1)wλ1+ν,λ2+ν , β ∈ R(λ1, λ2, ν).

The proof of Proposition 27 is now shown in two steps. The first step is to show that

K = U(g[t])(x−βλ,ν ⊗ t
r1,βλ,ν−1)

)wλ1+ν,λ2+ν .

For this, if βi,j ∈ R(λ1, λ2, ν), Lemma 30 implies that we can always write βi,j = α+α′+βλ,ν ,

where max{r1,α, r2,α} = r1,α, and max{r1,α′ , r2,α′} = r1,α′ , and r1,α + r1,α′ + r1,βλ,ν = r1,βi,j .

and assume that i ≤ s− 1 or j ≤ p− 1 (otherwise β = βλ,ν and there is nothing to prove).
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The defining relations

(x−α ⊗ tr1,α)wλ1+ν,λ2+ν = 0 = (x−α′ ⊗ t
r1,α′ )wλ1+ν,λ2+ν ,

imply if i ≤ s− 1 and j ≤ p− 1

(x−α ⊗ tr1,α)(x−α′ ⊗ t
r1,α′ )(x−βλ,ν ⊗ t

r1,βλ,ν−1
)wλ1+ν,λ2+ν =

[x−α , [x
−
α′ , x

−
βλ,ν

]]⊗ tr1,βi,j−1
)wλ1+ν,λ2+ν = (x−βi,j ⊗ t

r1,βi,j−1
)wλ1+ν,λ2+ν .

An obvious modification works if i ≥ s or j ≥ p and the first step is proved.

The next step is to show that the element (x−βλ,ν⊗t
r1,βλ,ν−1

)wλ1+ν,λ2+ν satisfies the

defining relations of the element wλ1+ν−βλ,ν ,λ2+ν ∈ V (λ1 +ν−βλ,ν , λ2 +ν). This establishes

the existence of the map V (λ1 + ν − βλ,ν , λ2 + ν)→ K → 0.

4.2.4 Quotient of a Local Weyl Module

We prove that (x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν,λ2+ν satisfies the relations in (4.1.2) and

(4.1.3) with (λ1+ν, λ2+ν) replaced by (λ1+ν−βλ,ν , λ2+ν). Since (x+
i ⊗tr)wλ1+ν,λ2+ν = 0 for

1 ≤ i ≤ n and r ∈ Z+ the first relation in (4.1.2) is immediate if βλ,ν −αi /∈ R+. Otherwise

we must prove that

(†) (x−βλ,ν−αi ⊗ t
r1,βλ,ν−1+r

)wλ1+ν,λ2+ν = 0.

Since βλ,ν = βs,p, it follows that either i = p or i = s. In the first case we have (λ1+ν)(hp) =

1 and (λ2 + ν)(hp) = 0 (see Section 4.1.5). In the second case we have (λ1 + ν)(hs) = 1 and

(λ2+ν)(hs) = δs,min ν . This implies that max{r1,βλ,ν−αi , r2,βλ,ν−αi} = r1,βλ,ν−αi = r1,βλ,ν−1,

and so

(x−βλ,ν−αi ⊗ t
r1,βλ,ν−1

)wλ1+ν,λ2+ν = 0,
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is a defining relation and (†) follows by applying (h ⊗ tr). It is trivial to see that relation

(4.1.3) holds and the third is then immediate since V (λ1 + ν, λ2 + ν) is finite-dimensional.

4.2.5 Existence of Map Onto Kernel

To complete the proof of the second step, we now show that the relations (3.1.4),

(4.1.5), and (4.1.6) also hold. It is useful to note from 4.1.5 that (λ1 + ν)(hβλ,ν ) is always

odd, and remark 22 will also come in handy.

Set r′1,α =
⌈

(λ1+ν−βλ,ν)(hα)
dα

⌉
. We start with relation (4.1.4), that is, we need to

show that

(x−α ⊗ t
max{r′1,α,r2,α})(x−βλ,ν ⊗ t

r1,βλ,ν−1
)wλ1+ν,λ2+ν = 0, for all α ∈ R+.

First, suppose that βλ,ν(hα) = 0. Then max
{
r′1,α, r2,α

}
= max {r1,α, r2,α} , so if

α + βλ,ν /∈ R+ then the relation holds. In this case α + βλ,ν ∈ R+ only when α = αs,p−1,

where s ∈ {p′′,min ν} for βλ,ν = βs,p. So we need to check that

max
{
r′1,α, r2,α

}
+ r1,βλ,ν − 1 ≥ max

{
r1,α+βλ,ν , r2,α+βλ,ν

}
In this case we have (λk + ν)(hs,p−1) = δs,p′′ + δs,min ν = 1, for k ∈ {1, 2}, so that

max
{
r′1,α, r2,α

}
= 1. Then we have

1 +
(
r1,βλ,ν − 1

)
= r1,βλ,ν = r1,α+βλ,ν = max

{
r1,α+βλ,ν , r2,α+βλ,ν

}
.

So in this case the relation holds.

Now suppose that βλ,ν(hα) = −1. Then we have that α = αi,s−1 or α = αi,p−1

for 1 ≤ i ≤ s − 1 or 1 ≤ i ≤ p − 1 respectively, and α + βλ,ν ∈ R+. By our convention on
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(λ1, λ2) and Lemma 4.1.1, in this case we have 0 ≤ (λ2−λ1)(hα) ≤ 1, then we can see that

r′1,α = max
{
r′1,α, r2,α

}
≥ max {r1,α, r2,α} , and r1,α+βλ,ν = max

{
r1,α+βλ,ν , r2,α+βλ,ν

}
so we need to check that

r′1,α + r1,βλ,ν − 1 ≥ r1,α+βλ,ν .

If (λ1 + ν)(hα) is odd then r′1,α = r1,α, and

(r1,βλ,ν − 1) + r′1,α = r1,α+βλ,ν

If (λ1 + ν)(hα) is even, then r′1,α = r1,α + 1, and

(r1,βλ,ν − 1) + r′1,α = r1,α+βλ,ν

and either way, the relation holds.

Now suppose that βλ,ν(hα) = 1, then α + βλ,ν /∈ R+ and either βλ,ν − α ∈ R+ or

α− βλ,ν ∈ R+. Furthermore, by Lemma 3.1.1 we have that |r1,α− r2,α| ≤ 1 for all α ∈ R+.

If r1,α ≤ r2,α, or if dα = 2 with r1,α > r2,α and (λ1 + ν)(hα)/2 ∈ Z+, then in any case we

have that max {r1,α, r2,α} = max
{
r′1,α, r2,α

}
, so the relation holds.

If r1,α = r2,α + 1 and dα = 1 or (λ1 + ν)(hα)/dα /∈ Z+, then r′1,α = r1,α − 1.

However, relation (4.1.5) gives that

(†) (x−α ⊗ tr1,α−1)2wλ1+ν,λ2 = 0 = (x−βλ,ν ⊗ t
r1,βλ,ν−1

)2wλ1+ν,λ2+ν .

Recall that βλ,ν = βs,p where s ∈ {p′′,min ν}. If βλ,ν − α ∈ R+, then α is one of the

following:
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• βi,p s < i < p

• αs,j s ≤ j < p− 1

• βp

In any case, we have that dβλ,ν−α = 2, and since λ1(hβλ,ν ) = λ2(hβλ,ν )+2, we have

max
{
r1,βλ,ν−α, r2,βλ,ν−α

}
= r1,βλ,ν−α.

If dα = 2, then since (λ1 + ν)(hβλ,ν ) and (λ1 + ν)(hα) are both odd, we have that (λ1 +

ν)(hβλ,ν−α) is even, so no matter if dα = 1 or if dα = 2, we get

r1,βλ,ν−α + r1,α = r1,βλ,ν

Therefore, by † and since α+ βλ,ν /∈ R+, we have

0 = (x−βλ,ν−α ⊗ t
r1,βλ,ν−α)(x−α ⊗ tr1,α−1)2wλ1+ν,λ2

= 2(x−α ⊗ tr1,α−1)(x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν,λ2+ν

and so the relation holds.

Now suppose that α− βλ,ν ∈ R+. Then α is one of the following:

• βi,p 1 ≤ i ≤ s− 1

• βi,s 1 ≤ i ≤ s− 1

• βs

In any case, dα−βλ,ν = 2, and since λ1(hβλ,ν ) = λ2(hβλ,ν ) + 2, and r1,α = r2,α + 1

by assumption, we have

max
{
r1,α−βλ,ν , r2,α−βλ,ν

}
= r1,α−βλ,ν .
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As before, since (λ1 + ν)(hα−βλ,ν ) is always even, then in any case we have

r1,α−βλ,ν + r1,βλ,ν = r1,α.

Then by † we have

0 = (x−α−βλ,ν ⊗ t
r1,βλ,ν−α)(x−βλ,ν ⊗ t

r1,βλ,ν−1
)2wλ1+ν,λ2

= 2(x−α ⊗ tr1,α−1)(x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν,λ2+ν .

Lastly, if βλ,ν(hα) = 2, this implies that α = βλ,ν , and by relation (4.1.6) we have

(x−βλ,ν ⊗ t
r1,βλ,ν−1

)2wλ1+ν,λ2+ν = 0

which is exactly what we needed to show. Therefore, the relation (4.1.4) holds for all α ∈ R+

with weights (λ1 + ν − βλ,ν , λ2 + ν) on the vector (x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν,λ2+ν

Now we need to show the relations in (4.1.5) and (4.1.6) hold, i.e., for α ∈ R+

with dα = 2

(x−α ⊗ ts
′
α−1)m

′
α+1(x−βλ,ν t

r1,βλ,ν−1
)wλ1+ν,λ2+ν = 0, α /∈ R(λ′1, λ

′
2, ν
′)

(x−β ⊗ t
s′β )2(x−βλ,ν t

r1,βλ,ν−1
)wλ1+ν,λ2+ν = 0, β ∈ R(λ′1, λ

′
2, ν
′)

where s′α and m′α are the unique nonnegative integers satisfying

(λ− βλ + 2ν)(hα) = 4(s′α − 1) +m′α,

with 1 < m′α ≤ 4. If s = p′′ then

(λ′1, λ
′
2, ν
′) = (λ1 − βλ,ν − ν0, λ2 − ν0, ν0 + ν),
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and if s = min ν then

(λ′1, λ
′
2, ν
′) =

(λ1−βλ,ν+(1−δmin ν,p−1)ωmin ν−ν0, λ2+(1−δmin ν,p−1)ωmin ν−ν0, ν0+ν−(1−δmin ν,p−1)ωmin ν)

from Lemma 26. We only have to show the relation (4.1.5) when (λ − βλ + 2ν)(hα) > 4,

and m′α 6= 4. We will start with this relation.

First, if βλ,ν(hα) = 0, then α + βλ,ν /∈ R+ since dα = 2. Then m′α = mα and

s′α = sα, so the relation holds.

Now suppose that βλ,ν(hα) = −1. Then we have that α = αi,s−1 or α = αi,p−1 for

1 ≤ i ≤ s−1 or 1 ≤ i ≤ p−1 respectively, and α+βλ,ν ∈ R+. By our convention on (λ1, λ2)

and Lemma 4.1.1, in this case we have 0 ≤ (λ2−λ1)(hα) ≤ 1. Since λ1(hβλ,ν ) = λ2(hβλν )+2,

we always have

max{r1,α+βλ,ν , r2,α+βλ,ν} = r1,α+βλ,ν

Recall that we are only checking the relation when (λ−βλ,ν+2ν)(hα) > 4. If (λ1 +ν)(hα) =

(λ2 + ν)(hα)− 1 with (λ1 + ν)(hα) odd, then m′α = 4 so there is nothing to check.

If (λ1 + ν)(hα) = (λ2 + ν)(hα)− 1 with (λ1 + ν)(hα) even, then max{r1,α, r2,α} =

r1,α + 1 and s′α = sα = r1,α + 1 and m′α = 2 = mα + 1. Noting that r1,α + r1,βλ,ν = r1,α+βλ,ν

and that

(x−α ⊗ tsα−1)2wλ1+ν,λ2+ν = 0
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is a defining relation in V (λ1 + ν, λ2 + ν), we have

(x−α ⊗ ts
′
α−1)3(x−βλ,ν ⊗ t

r1,βλ,ν−1
)wλ1+ν,λ2+ν =

(x−α ⊗ ts
′
α−1)(x−βλ,ν ⊗ t

r1,βλ,ν−1
)(x−α ⊗ tsα−1)2wλ1+ν,λ2+ν

+ 2(x−α+βλ,ν
⊗ tr1,α+βλ,ν−1

)(x−α ⊗ tsα−1)2wλ1+ν,λ2+ν

= 0.

If (λ1 + ν)(hα) = (λ2 + ν)(hα) and they are both even, then max{r1,α, r2,α} = r1,α

and s′α = sα + 1 = r1,α + 1 and m′α = 1 = mα− 3. Noting that r1,α + r1,βλ,ν = r1,α+βλ,ν and

that

(x−α ⊗ tsα)wλ1+ν,λ2+ν = 0

is a defining relation in V (λ1 + ν, λ2 + ν), we have

(x−α ⊗ ts
′
α−1)2(x−βλ,ν ⊗ t

r1,βλ,ν−1
)wλ1+ν,λ2+ν =

(x−α ⊗ ts
′
α−1)(x−βλ,ν ⊗ t

r1,βλ,ν−1
)(x−α ⊗ tsα)wλ1+ν,λ2+ν

+ (x−α+βλ,ν
⊗ tr1,α+βλ,ν−1

)(x−α ⊗ tsα)

= 0.

If (λ1 + ν)(hα) = (λ2 + ν)(hα) and they are both odd, then max{r1,α, r2,α} = r1,α

and s′α = sα = r1,α and m′α = 3 = mα + 1. Noting that r1,α + r1,βλ,ν = r1,α+βλ,ν + 1 and

that

(x−α ⊗ tsα−1)3wλ1+ν,λ2+ν = 0
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is a defining relation in V (λ1 + ν, λ2 + ν), we have

(x−α ⊗ ts
′
α−1)2(x−βλ,ν ⊗ t

r1,βλ,ν−1
)wλ1+ν,λ2+ν =

(x−α ⊗ ts
′
α−1)(x−βλ,ν ⊗ t

r1,βλ−ν−1
)(x−α ⊗ tsα−1)wλ1+ν,λ2+ν

+ 3(x−α+βλ,ν
⊗ tr1,α+βλ,ν−1

)(x−α ⊗ tsα−1)3wλ1+ν,λ2+ν

= 0.

Now suppose that βλ,ν(hα) = 1, then α + βλ,ν /∈ R+ and either βλ,ν − α ∈ R+ or

α − βλ,ν ∈ R+. Recall, by Lemma 3.1.1 we have that |r1,α − r2,α| ≤ 1 for all α ∈ R+. If

βλ,ν − α ∈ R+with dα = 2, then α is one of the following:

• βi,p s < i < p

• αs,j s ≤ j < p− 1

Recall from before that since λ1(hβλ,ν ) = λ2(hβλ,ν ) + 2, we have

max
{
r1,βλ,ν−α, r2,βλ,ν−α

}
= r1,βλ,ν−α.

In either case we have s′α = r1,α = sα, and m′α = mα − 1. Then the result follows from

0 = (x−βλ,ν−α ⊗ t
r1,βλ,ν−α)(x−α ⊗ tr1,α−1)mα+1wλ1+ν,λ2+ν

= (mα + 1)(x−α ⊗ ts
′
α−1)m

′
α+1(x−βλ,ν ⊗ t

r1,βλ,ν−1
)wλ1+ν,λ2+ν .

For the second case we always have (λ− βλ,ν + 2ν)(hs,j) ≤ 1, so there is nothing to check.

Now suppose that α− βλ,ν ∈ R+. Since dα = 2 then α is one of the following:

• βi,p 1 ≤ i ≤ s− 1

• βi,s 1 ≤ i ≤ s− 1

By Lemma 21, we have that (λ1 − λ2)(hα) ≥ 0 for roots of these type. So in this

case, s′α = sα − 1 if and only if r1,α = r2,α + 1 and (λ1 + ν)(hα) is odd. But then m′α = 4
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and there is nothing to check. Otherwise, s′α = r1,α = sα, and m′α = mα − 1. Then the

relation follows from

0 = (x−α ⊗ tr1,α−1)m
′
α(x−α−βλ,ν ⊗ t

r1,α−βλ,ν )(x−βλ,ν ⊗ t
r1,βλ,ν−1

)2wλ1+ν,λ2+ν

= (mα + 1)(x−α ⊗ ts
′
α−1)m

′
α+1(x−βλ,ν ⊗ t

r1,βλ,ν−1
)wλ1+ν,λ2+ν .

If βλ,ν(hα) = 2, then α = βλ,ν and s′βλ,ν = r1,βλ,ν − 1 = sβλ,ν . The fact that

(x−βλ,ν ⊗ t
sβ+1)wλ1+ν,λ2+ν = 0 = (x−βλ,ν ⊗ t

sβ )2wλ1+ν,λ2+ν

by relations (4.1.4) and (4.1.6), implies that

0 = (x+
βλ,ν
⊗ t)4sβλ,ν−3

(x−βλ,ν ⊗1)
(λ+2ν)(hβλ,ν )+1

wλ1+ν,λ2+ν = (x−βλ,ν ⊗ t
sβλ,ν−1

)3(x−βλ,ν ⊗ t
sβλ,ν ),

but sβλ,ν = r1,βλ,nu − 1, so this is exactly what we needed to show.

Now for relation (4.1.6). Using Lemma 7 and the fact that λ1(hβi,j ) ≥ λ2(hβi,j ) for

all 1 ≤ i < j ≤ n, it is not hard to see that βi,j ∈ R(λ′1, λ
′
2, ν
′) if and only if βi,j ∈ R(λ1, λ2, ν)

and βλ,ν(hβλ,ν ) = 0. So βλ,ν + βi,j /∈ R+ and s′βi,j = sβi,j implies that

(x−βi,j ⊗ t
sβi,j−1

)2(x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν,λ2+ν = 0,

so the relation holds.

This concludes the proof that (x−βλ,ν ⊗ t
r1,βλ,ν−1

)wλ1+ν,λ2+ν satisfies the relations

in (4.1.2) and (4.1.3) with (λ1 + ν, λ2 + ν) replaced by (λ1 + ν − βλ,ν , λ2 + ν).
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Chapter 5

Conclusion

The presentation given for the modules D(λ, µ) ⊂ D(1, λ)⊗D(1, µ) is work towards

a more general conjecture that I eventually wish to prove. It has to do with the family of

modules defined by Chari and Venkatesh in [11]. These modules V (ξ) for g[t] are quotients

of local Weyl modules of a given weight λ ∈ P+ that are indexed by |R+|-tuples of partitions

ξ = (ξα)α∈R+ , where ξα is a partition of λ(hα). For the defining relations see [11]. If we

think of partitions as infinite tuples of nonnegative integers starting with the largest number

with 0’s in all but finitely many components. Then define the sum of two partitions by point

wise addition. For two |R+|-tuples of partitions ξ1 and ξ2, define ξ1 + ξ2 = (ξα1 + ξα2 )α∈R+ .

Now we can state the conjecture.

Conjecture 32. If vξ1 and vξ2 are the generating highest weight vectors for V (ξ1) and

V (ξ2) respectively, then we have the following isomorphism of g[t]-modules

V (ξ1 + ξ2) ∼= U(g[t])(vξ1 ⊗ vξ2) ⊂ V (ξ1)⊗ V (ξ2)

This is interesting because many examples of graded limits of modules for quan-
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tum affine Lie algebras have been shown to be isomorphic to these generalized Demazure

modules, and one hopes that this conjecture would be a useful tool in this context.

In [11] they showed that the stable Demazure modules D(`, λ) can be realized as

a member of this family of g[t]-modules. One can show that the modules V (λ, µ) in this

paper and in [7] are also members of this family, and in fact are evidence of this conjecture.

Proving this in general will most likely take combinatorial and geometric methods, as these

tools are useful with respect to Demazure modules. Although not stated or proven in this

context, the conjecture is true for sl2.

When g is simply laced, it is known that D(1, λ) ∼= Wloc(λ). In [8] Chari and

Loktev exhibited a basis for these local Weyl modules. One would hope to use these to

construct a basis for the generalized Demazure module D(λ, µ), and there seems to be some

deep combinatorics involved in this problem. Similarly, it would be nice to use the rich

theory of characters of Demazure modules to develop a general character formula for these

generalized Demazure modules.
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