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Abstract

An Empirical Bayes Approach to Nonparametric Regression with Correlated

Errors

by

Ethan P. Marzban

Nonparametric regression has been well established as a flexible and applica-
ble approach to regression. Many nonparametric regression techniques, however,
break down in the presence of correlated noise, leading to fits that are far too noisy.
In this thesis we develop an estimation technique for nonparametric regression
that can be extended to cases where the noise is correlated. In the first chapter, we
review relevant prerequisites from nonparametric regression, Gaussian Processes,
and the spectral domain. We also include an overview of relevant literature. In the
second chapter, we propose our estimation procedure, which is rooted in an Em-
pirical Bayes framework. Hyperparameters are estimated in the spectral domain
using a Generalized Linear Model, which allows our technique to be extended to
problems where noises are correlated. We also demonstrate the effectiveness of the
estimation procedure on several non-simulated datasets, also demonstrating that
our estimation procedure works well even when the signal function possesses a
noticeable trend. Simulated data also reveals that our estimation procedure per-
forms comparably to already-existing corrections to nonparametric regression for
correlated errors. In the third chapter, we construct approximate credible intervals

for the approval ratings dataset, along with a dataset tracking cases of COVID-19

viii



recorded in Santa Barbara county. Finally, in the fourth chapter, we calculate the
rate at which our estimates concentrate to the truth, demonstrating that our esti-

mators possess a certain statistical consistency.
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CHAPTER 1

Preliminaries

1.1 Introduction

Given equally-spaced univariate data D := {(f,y)}}_; on a response variable y, a

typical univariate nonparametric regression model posits
ye = f(t/n) + wy (1.1)

for some unknown signal function f : R — R and noise process {w;}}"_;.Itis com-
mon to assert that f maps from the unit interval [0, 1], which is why the argument
to f has been specified as (t/n) in Equation (1.I). A typical nonparametric regres-
sion problem seeks to estimate the true signal function that gave rise to a particular
set of data D, under as few assumptions as possible. One common assumption is

that of independent and identically distributed (IID) Gaussian Noise:

wi ik N(0,5?)



PRELIMINARIES CHAPTER 1

where 02 > 0 is a deterministic (but unknown) “noise variance” parameter. In

many practical situations, however, this assumption is overly restrictive. Further-
more, when incorrectly applied, the assumption of independent (or even uncor-
related) errors may lead to poor estimates. In this dissertation, we adopt a more
general assumption for the noise term, modeling it as an MA(g) (Moving Average

of Order ¢q) process:

q ..
Wy = &+ Z l/J]’St_j where Et 1}\5:1 N(O, 0'2) (1.2)
j=1

for deterministic moving average coefficients {%};’:1.
In this chapter of the dissertation, we review relevant prerequisite material,
particularly on Gaussian Processes (Section and the spectral domain (Section

1.3)). Section (1.4) provides an overview of some relevant prior work.

1.2 Gaussian Processes

Definition 1.2.1 (Gaussian Process). A stochastic process {X; };c7 is defined to be
a Gaussian Process if the finite dimensional distributions of {X;} are multivari-
ate Gaussian [1]. In other words, for any k € IN and any subcollection of indices
(n,---,ng) C T, the random vector (X, - - -, Xy, ) follows a multivariate Gaus-

sian distribution.

Note that a Gaussian Process, in essence, induces a distribution from which
draws are functions. That is, if a random function f(-) is such that for any collection

of inputs (t1,--- ,t,) the random vector (f(t1),---, f(ts)) follows a multivariate
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normal distribution, then we may say that f itself follows a Gaussian Process.
As the multivariate normal distribution is parametrized by a mean vector and
covariance matrix, so too is a Gaussian Process parametrized by a mean function

#(-) and covariance kernel K(-, -). We shall use the notation

f~GP(u(t), K(s,t))

to mean that the function f(-) follows a Gaussian Process with mean function y(-)
(often assumed to be identically zero) and covariance kernel K(-, -).

The mean function controls the “trend” of resulting draws, and the covariance
kernel controls the “smoothness” of resulting draws. Specifically, the covariance
kernel determines the strength of correlation between outputs at any two inputs. A
popular assumption for the covariance kernel is that of stationarity, which asserts

that there exists a function C such that
K(s, t) =C(s—1t)

that is; the dependence between f(t) and f(s) for two inputs s and ¢ can be ex-
pressed as a function of the difference (s — t) in inputs. One specific class of sta-
tionary covariance kernel is that of the Squared-Exponential, which admits a sin-
gle hyperparameter /1 (often called the lengthscale, but what we will call a band-
width):
2
C(r) =exp {—%} (1.3)

Another popular choice of stationary covariance kernels is that of the Matérn ker-
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v (/) r2v
Co(r) = i(v) ( \22_> 'KV( h2 ) (1.4)

where K, (-) denotes a modified Bessel K function. Taking v = 5/2 allows for a

nel [2]

simpler closed-form expression for the kernel [2]:

2
Cys/2(r) = (1 + $ + %) - exp {—%} (1.5)

Figure illustrates several sets of draws from Gaussian Processes with zero
mean (i.e. 4 = 0), using both the Squared-Exponential and Matérn-5/2 kernels.
This figure, in addition to illustrating what sample draws from a Gaussian Process
look like, also demonstrates how different choices for the hyperparameter values
in each covariance kernel affect the overall shape of the resulting draws.

Indeed, as h increases in value the resulting draws become smoother - hence
our rationale for calling it a bandwidth parameter. It is perhaps pertinent to note,
however, that draws using the Matérn-5/2 kernel are in general rougher than their
counterparts using the Squared-Exponential; for example, draws from a GP with
Squared-Exponential kernel with & = 0.1 are smoother than draws from a GP with
Matérn-5/2 kernel with i1 = 0.1. In fact, as v — oo, the Matérn covariance kernel
converges to the Squared-Exponential kernel [2].

There are, of course, many other classes of covariance kernels, each used in
different settings. Examples of such kernels can be found, for instance, in Chapter

4 of [2] and Chapter 1 of [3]].
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5 Draws from a GP 5 Draws from a GP
Matérn-5/2 Kernel; h = 0.1 Matérn-5/2 Kernel; h = 0.7
3 = Draw Draw
2 + .' 7 N\ 1 1 - 1
\ - -
1 o P R -
= Io {It\ N‘}\ "" - 2 - 0 . "-_f-.._. e, 2
o NPT S 7 L fiem L
- \ IS ,' - 4 Pt ,." - 4
-2 \, 1 5 2 ."“-_--'-‘ 5
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
X X
5 Draws from a GP 5 Draws from a GP
Squared-Exponential Kernel; h = 0.1 Squared-Exponential Kernel; h=0.7
) . Draw Draw
o. s~ - \. . 1 - o |
hd z 7" I W 1 - 1
LR NP = NN -~ ol . -+
LY e .. .7 == 2 0 "t =T == 2
> . - >0 ™ e LT e .,
0 "\ Vi \/ X -3 R i T - 3
7 K782 i -1
1 ~ \ ‘ - 4 ~ e e - 4
LY e e ) . S -
R d T 2 Teere - 5
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
X X

Figure 1.1: Top: Two sets of five draws from a Squared-Exponential Kernel. Left:
h = 0.1. Right: 1 = 0.7. Bottom: Two sets of five draws from a Matérn-5/2 kernel.
Left: h = 0.1. Right: h = 0.7.

1.3 Spectral Domain

Utilizing the spectral domain is appealing for a number of reasons. For one, if
we assume appropriate stationarity then the Fourier coefficients of the signal and
noise processes will be independent. Additionally, as Fourier transforms are lin-
ear, we maintain a preservation of separation between signal-a and noise-related
terms, allowing for easier estimation of these components. To that end, it may be
pertinent to review some spectral results relating to covariance kernels. First, we

review Bochner’s Theorem:

Theorem 1.3.1 (Bochner’s Theorem). A function K : R — C is the covariance

5
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function of a stationary mean-square continuous process if and only if it can be

represented as

K(r) := / 27 ) (5) (1.6)
R
where A is a positive finite measure [2].

For the purposes of this dissertation, we will use the terms “kernel” and “co-
variance kernel” interchangeably. If A has a density S(s), then S is referred to as the
spectral density of K(-) and the Wiener-Khintchine theorem asserts that the kernel
k and the spectral density S are Fourier duals of one another [see, for instance, pg.
82 of [2]].

As an example, the spectral density of the Squared-Exponential kernel with

lengthscale parameter # is given by
S(s) = V2mth?exp {—27’(2h252} (1.7)

which is proportional to the density of a Normal distribution. The spectral density
of the Matérn kernel with roughness parameter v and lengthscale parameter  is

given by

S(s) = (1.8)

2y/m-T (v + %) (2v) | (21/ +4ﬂ252) —(v+1)
2

['(v)h? n2
(see page 84 of [2]) which is proportional to the density of a Student’s t —distribution.
Since there is a direct correspondence between a stationary covariance kernel
and its spectral density, we can use the spectral density to simulate draws from a
Gaussian Process with a desired covariance structure. For example, one can first

generate the Fourier coefficients as complex-normal random variables with vari-
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ances proportional to the spectral density evaluated at relevant Fourier frequen-

cies, and then apply the inverse-Fourier Transform.

1.4 Prior Work

The use of Gaussian Processes in spatial and spatio-temporal statistics is well doc-
umented; see, for instance, [4]. In [5], Gaussian Processes are used to impute pre-
viously unobserved DNA methylation levels at various sites across the human
genome. The authors leverage the fact that a Gaussian Process with Matérn co-
variance kernel is the solution to a particular stochastic differential equation, one
that is expressible as a state space model that can be solved using Kalmaén filtering.
The computational cost of estimating hyperparameters is alleviated by utilizing
a clever choice of “"robust” prior. The setting of [5], however, is highly spatial as
much of the algorithm relies on leveraging the correlations between inputs. We are,
conversely, interested in a much simpler setting in which we have uncorrelated
inputs. Furthermore, the authors adopt a fully Bayesian paradigm by imposing
a specific robust prior on the hyperparameters. In this dissertation, we adopt an
Empirical Bayes approach, opting to estimate hyperparameters using maximum
likelihood estimation.

Of particular interest to us are considerations in the spectral domain. One early
reference to this can be found in [6], in which the author considers a more general
semiparametric model that incorporates random-effect terms with an unknown
signal function. The signal function is estimated by considering its Fourier series

expansion, with normally-distributed Fourier coefficients. In a marked departure
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from our work, however, the author performs the estimation in a fully Bayesian
paradigm and assigns hyperpriors to the hyperparameters. As has been mentioned
above, our approach, in contrast, adopts an Empirical Bayesian paradigm and by-
passes the assignment of hyperpriors by instead estimating hyperparameters by
maximizing the marginal likelihood.

A slightly more modern approach involving the spectral decomposition of a
GP can be found in [7], in which the authors consider an expansion of the un-
known signal function in terms of sines and cosines with normally-distributed co-
efficients. To circumvent the costly matrix inversion, they propose an algorithm
(called the Sparse Spectrum Gaussian Process [SSGP] algorithm) which selects op-
timal Fourier frequency so as to impose sparsity in the spectral domain, thereby
significantly decreasing the computational cost of obtaining predictive values. Se-
lection of the optimal frequencies is done by sampling the spectral density of the
kernel function using Monte Carlo simulation.

Similar considerations have been made with regards to reduced-rank approxi-
mations to Gaussian Processes, as in [8]. The authors argue that, under appropriate
conditions, the covariance kernel of a Gaussian Process can be well-approximated
using a series expansion with respect to the eigenfunctions of the kernel, which in
turn yields an expansion for the entire signal function. The authors are also able to
provide convergence rates for the approximation. Though our method also consid-
ers a series expansion of the signal function, the authors of [8] consider a specific
set of eigenfunctions based on the Laplace operator in a compact subset of R?
whereas, in contrast, our estimation procedure utilizes a Fourier set of basis func-

tions (i.e. complex sines and cosines). Additionally, the reduced-rank approxima-
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tion that the authors produce ends up being independent of the hyperparameters,
whereas a large portion of our estimation procedure is dedicated to the estimation
of the hyperparameters in the model (e.g. the signal and noise variances).

The authors of [8] also make reference to several “inducing-point” methods,
such as the Nystrom method, in which a set of “inducing” inputs are chosen and
the eigendecomposition of their corresponding covariance matrix is transformed
to match that of the actual covariance. This differs significantly from the setting
of our procedure, in which we only utilize inputs for which there exists an ob-
served response value (except, perhaps, in cases of missing data; Chapter B|briefly
discusses the handling of missing values in our estimation procedure).

In many situations the structure of the kernel is assumed to be known (e.g.
Squared-Exponential, Matérn-5/2, etc.) Some work has been devoted to search-
ing for the optimal form of the kernel; for instance, [9] outlines an algorithm that
searches through a space of kernels (constructed as compositions of a handful of
basis kernels) to identify the kernel that best fits the data along with any relevant
hyperparameters. In our considerations, however, we will assume that the form
of the kernel is known a priori, though we may select a kernel from the space of
kernels the authors in [9]] constructed.

Much of our work is motivated by the need for a nonparametric regression
technique that works in the face of correlated errors; indeed, [10] remains a seminal
work in this topic. In it, the authors consider smoothing splines as a nonparamet-
ric estimation technique. Smoothing splines, like many nonparametric regression
techniques, require the selection of a smoothing (i.e. bandwidth) parameter, one

that is often selected using cross-validation (CV) or generalized cross-validation
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(GCV). In [10], the authors propose a modification to the GCV-optimal bandwidth
selected under independent errors that achieves the same optimal rate (n~1/%) as
that of the case of independent errors. This modification does depend on the (un-
known) correlation matrix; the authors propose a plug-in estimator for this corre-
lation matrix term which can be used in practice. Though the initial setup of the
situation discussed in this paper is similar to the setup we consider in this disser-
tation, the authors” approach differs somewhat significantly from ours; firstly, in
that we bypass the use of smoothing splines (opting instead to use Gaussian Pro-
cess regression), and secondly in that we leverage an explicitly Empirical Bayes
formulation that, we believe, is easier to implement in practice and lends itself

more readily to posterior uncertainty quantification.

10



CHAPTER 2

Description of the Estimation Procedure

In this chapter, we outline the details of our estimation procedure (Section
and demonstrate its applications to simulated (Section[2.2) and non-simulated (2.3)

data.

2.1 Description of the Estimation Procedure

2.1.1 Specification of the Prior

Our first task is to select an appropriate prior for the signal function in Equation

(1.1). We assume that f admits a Fourier decomposition of the form

n—1
f(t/n) =Y fpe 2mk/n 2.1)

k=0

Crucially, the 0 are complex-valued; the fact that f is real-valued implies 6 =
07 _,. Adopting a Gaussian Process prior with stationary covariance kernel further

implies that the 6y will be independent zero-mean complex-normally distributed

11
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random variables with variances v, where v; — 0 as k — oo.

We assume the v, have the form
) —(v+1/2)
o = 72h (1 n Z%kzhz) (2.2)

so we have terms that match the spectrum of the Matérn kernel with roughness pa-
rameter v and bandwidth /. Following [2], we assume v to be known; for instance,
v = 5/2. We therefore arrive at the following prior specification for the Fourier

coefficients of the signal function:
0, = CN (6, vklz) (2.3)

where I, denotes the 2-dimensional identity matrix and vy is as in Equation (2.2). A
notational note: CA denotes the complex-normal distribution, and we write
and subsequently similar notation to mean 6y = 6y ge + 10 Iy With 0 re and 0y 1,
independent, and 6y go ~ N (0, v) and O 1, ~ N (0, v).

Because the Gaussian Process with Matérn kernel places all of its probability on
elements of a Sobolev space, we impose the assumption that f belongs to a Sobolev
space of order « < v (where v is the roughness parameter of the underlying Matérn
covariance kernel). In addition to imposing smoothness constraints on the signal
function f(), such an imposition also provides constraints on the behavior of vy
that are needed to establish the asymptotic properties of our estimator (considered

in Chapter ). The specification of the order of the Sobolev space is as follows: by

12
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[11] and [12], asserting that f belongs to a Sobolev Space of order a ensures

;(1 + k) | fell* < oo (2.4)

where | fi||? denotes the squared-modulus of the k! Discrete Fourier coefficient of
f.Since P{Y 4 (1 +k?)*fi < oo} = 1, for sufficiently large k we have that E[f;] = 0

and Var(f;) = v, so that

IE
k k k

L1+ kz)“kaHZ] =Y A+ A+ k)0 = (14 k) )

In order for this sum to converge (and, consequently, to have a finite variance), we

I 1/—1—1<1
2 2

which is equivalent to taking « < v. Therefore, we require the smoothness of the

must therefore select

Sobolev Space to be less than the roughness parameter of the Matérn-5/2 kernel.

2.1.2 Specification of the Model

Assuming the noise process w; in (1.1) is stationary, it too will admit a Fourier

decomposition:

n—1 )
w; = 2 Cke—2mkt/n (2.5)
k=0

13
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where the § are complex-valued, independent across k with variance uy := Var({).

Specifically, we assert

2|9,

Up =

d . 27k
by + gbj Cos (] : %)] (2.6)

]:

which matches the spectrum of a MA(g) process (i.e. a moving average process of
order g); see, for instance, [13]. Note that the b]- coefficients are nonlinear combina-
tions of the original MA coefficients ¢; in Equation . The exact correspondence
between the b; and 1; can be found, again, in [13]. A traditional white noise setting
can be recovered from this choice of variance as well, by taking b; = 0 for any
j> 1

Assuming normality, we then have
L -
gk ~ CN (0 ,uklz> (2.7)

Letting 1y := (6k + Cx), this, combined with equations and (2.3), yield the

following Bayesian model for the Fourier coefficients:

Nk | 9k fJ\_/ CN (Qk, uklz) (2.8)

9k f{/ CN(O, ’Uklz) (2.9)

which the reader may recognize as a variant of a traditional “Normal-normal”
problem from Bayesian literature (e.g. [14]). A natural estimator é\k for 6y is the
posterior mean; indeed, if all hyperparameters are specified correctly, this estimate

will minimize the Bayes Risk. Through a standard computation (see, for instance,

14
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page 40 of [14]), we have

- v
6, := E[0k | n] = (Uk _fuk> Nk (2.10)

-~

meaning an estimator f(-) for f(-) can be obtained by taking the inverse Fourier
transform of the above ék values. Since Fourier transforms are linear, 77, := (6 +
k) denotes the true Fourier coefficients of the full (signal-plus-noise) process. As
such, we have the following interpretation of (2.10): the Fourier coefficients of our

estimator f(-) are constructed by weighting (shrinking) the Fourier coefficients of

the full (signal-plus-noise) process.

2.1.3 Estimation of Hyperparameters

Unfortunately, Equation cannot be used as an estimator in practice as it de-
pends on several unobserved quantities and hyperparameters.

First there is the matter that 6, and i are themselves unknown, as they rep-
resent the true (theoretical) Fourier coefficients of the signal and noise processes,
respectively. However, note that in Equation these coefficients only appear
as their sum, 7. Since 77; denotes the “true” (theoretical) Fourier coefficient of
f(t/n) 4+ wy, and since y; = f(t/n) + wy, a realization of 7 is provided by with
the Discrete Fourier Transform values of the observed response values. Hence, in
Equation we may replace 7, with /. If the input values are regularly-spaced,
x can be computed using the Fast Fourier Transform (FFT).

This leaves the following hyperparameters that must be estimated: the band-

width & (present in vy), the signal variance T2 (also present in v}), and the noise-

15
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related coefficients (e.g. the noise variance 02 and any potential spectral coefficients
related to the MA noise process, all present in u;). A purely Bayesian estimation
procedure would assign hyperpriors to these quantities (or perhaps a single joint
hyperprior, as in [15]); instead, we adopt an Empirical Bayes approach and seek
to estimate these hyperparameters using maximum likelihood estimation. More
specifically, we maximize the marginal likelihood. Admittedly, our estimation pro-
cedure is perhaps unusual even from an Empirical Bayes viewpoint in that we es-
timate both prior components (the bandwidth and noise variance) and model-based
components (the signal variance). Nevertheless, our utilization of data to estimate
these parameters (as opposed to the specification of hyperpriors), we believe, casts
our estimation in an Empirical Bayes framework.

As mentioned in Chapter (1) above, we consider estimating the parameters of

interest in the spectral domain. Equations and together imply that
1
e := (0 + &) ~ CN (0, (v + ug)Ip)
which in turn implies
1, .
§||77k|| ~ Exponential (v + uy)

or, plugging in the expressions for u; and vy from (2.6) and (2.2), respectively, and

setting v =5/2,

§||17k|| Exponential [T h <1 +k“h ) + 7190 —i—]; 717] cos {j-— =

(2.11)

16
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where the b; are nonlinear combinations of the original MA coefficients. This moti-
vates us to estimate vy and uy by fitting a Gamma Generalized Linear Model (GLM)

of the form
1 -3 : - 27k
5 |I3[|* ~ Exponential [,31 (1 + k2h2> +Bo+ Y Bjacos (] : %)] 2.12)
j=1

In this way, an estimator ,B\O provides an estimator for ¢, an estimator 31 provides
an estimator for the signal variance 72, and the estimators Ej provide estimators for
the coefficients of the MA noise process. Together, these can be used to construct
estimators U, and 1}, which can be substituted into (2.10).

Finally, note that the GLM specified in depends on the bandwidth param-
eter /1, which itself is unknown. It is natural to estimate & by way of maximum like-
lihood estimation; in practice, due to the highly nonlinear relationship between h
and the likelihood, this estimation does not admit a closed-form solution. As such,
an iterative solver is needed to carry out the optimization. One option is to utilize a
grid-search, searching over a set of possible candidate bandwidth values and iden-
tifying the one that results in a model with minimum deviance. In practice, such
a grid-search works well, as demonstrated in the next section. More advanced op-
timization techniques could be utilized instead; for example, a Newton-Raphson
algorithm could be used to simultaneously estimate all parameters in the GLM (in-
cluding the bandwidth). Admittedly, both approaches can suffer from numerical
instability; future work could certainly be dedicated to developing a more efficient

and computationally robust optimization procedure.

17
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2.1.4 The Full Fitting Algorithm

With the results of the previous two sections in mind, we propose our estimation

scheme in Algorithm (T)).

Algorithm 1: Fitting a GP to Data with MA(g) Noise using Fourier Coef-
ficients

1. Obtain the coefficients i of the Discrete Fourier Transform of the y; values,
and use this to compute (1/2)||||?> fork =0,---,B where B = (n —1)/2 if
nisodd and B = n/2if nis even.

2. Identify the bandwidth h that minimizes the deviance of the following
Gamma Generalized Linear Model:

n

1 —(v+3) d . 27tk
EHykaz ~ Exponential [,31 (1 -|—k2h2> vta + Bo+ Zﬁj+2 cos <]_ T )]
j=1

3. Utilizing the optimal bandwidth from step (2) above, refit the Gamma GLM
and obtain fitted values &, k =1, - - , B for ay := (1/2)]|5¢||>. Estimates for
v, are computed as

1.
f)\k = &k - ﬁ() - Z ﬁj+2 COS(ZT[jk/]’l)
j=1

4. Obtain estimates ék for the 6y values using é\k := Wiy where wy := 1 and, for

k>1, -
o= (ita) = (5)
U + Uk Ky

5. Apply the inverse Fourier transform to the 0 values obtained in step (4)
above to obtain fitted values .

18
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2.2 Simulations

To illustrate the effectiveness of our estimation procedure, we first consider sim-
ulated data. As a simple benchmark against which to compare our estimates we
use a smoothing spline via the assist package in R. Specifically, this allows us
to implement the corrections outlined in [10] to account for the fact that we have
correlated errors.

We generated 2,000 simulated datasets according to model using a Gaus-
sian Process prior with Matérn-5/2 kernel and MA(2) noise. To each dataset, we fit
four models: white noise (i.e. ignoring the noise correlation), MA(2) noise, MA(4)
noise (i.e. overfitting), and correlation-adjusted smoothing splines (using a correc-
tion for an MA(2) process). Ths White Noise, MA(2), and MA(4) fits were gener-
ated using Algorithm (I). Shown below are a series of plots, illustrating different
tindings from the simulations. Simulations were conducted on a 2023 MacBook
Pro with Apple M2 Pro chip, and had a reported runtime of around 42.3 minutes
(2540.996 seconds).

First, in figure we display a side-by-side boxplot of the log-MSEs from the
different fits. What we see is that the white noise fit results in drastically higher
(and more variable) MSEs than the other three methods. This result is to be ex-
pected; as has been mentioned previously, fully ignoring the correlation structure
of a dataset can lead to disastrously overfitted results.

In many ways, however, the data in Figure are “paired,” since each of the
2,000 simulations gave rise to an MSE from each box. To that end, it is perhaps more

statistically sound to consider scatterplots that compare the various MSEs. Such
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Log-MSEs from 2000 Simulations

1.0 s ) .

10.0

Log-MSE

0.1
: 0 '
wn maz2 ma4 spline

Fit

Figure 2.1: Log-MSEs obtained from White Noise, MA(2), and MA(4) fits using
algorithm (wn, ma2, and ma4, respectively) along with those resulting from cor-
relation-adjusted smoothing splines (splines). Spline fits are obtained from the
ssr () function in the assist library, specifying an MA(2) noise structure. MSE is
calculated as mean((fitted - observed)"2).

scatterplots are shown in Figure ([2.2). The top three plots of Figure compare
the white noise fits to the three other fits, once again highlighting that a white noise
fit to data with correlated errors leads to MSE values that are large and variable.
The two plots in the middle row of Figure compare the spline fit to fits re-
sulting from our spectral algorithm. What we see is that when we correctly specify
the order of the MA process our algorithm performs slightly better than the spline
tit, as indicated by the fact that most of the points on the left figure lie above the
diagonal. When we overfit (specifying the noise order to be higher than it actu-

ally is), our algorithm performs comparably to the spline fit, albeit with a bit more
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Spline vs. WN MA(2) vs. WN MA(4) vs. WN

Figure 2.2: Various comparisons of MSEs resulting from the four methods (White
Noise, MA(2), MA(4), and correlation-adjusted smoothing spline). White Noise
MA(2), and MA(4) fits were generated using Algorithm (T, and splines fits were
generated using the ssr() function from the assist package. In all plots, the
diagonal is shown in orange.
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spread in the MSEs. The high spread is, in many ways, expected, in light of the fact
that the MA(4) fit is overfitting the data.

The effects of overfitting manifest themselves further in the single plot on the
third line of Figure (2.2), in which we compare the MA(2) and MA(4) fits (both
generated using our proposed estimation procedure). First we note that the MA(4)
tit performs worse than the MA(2) fit (as indicated by the fact that most of the
points lie above the diagonal). Additionally, we once again see a noticeable spread
in the vertical direction, potentially indicating some slight numerical instabilities
that are somewhat common among overparametrized GLMs.

Finally, in Figure we display the distribution of log-MSEs resulting from
each method. As expected, the distribution of MSEs from non-white-noise-fits are
somewhat symmetric, whereas the distribution of MSEs from the white noise fit is

noticeably right-skewed.

2.3 Applications to Data

In this section, we apply Algorithm (1)) several non-simulated datasets. Our goal
is to illustrate that our algorithm produces reasonable fits to real-world data, and
also to further stress the point that failing to capture correlation structures (i.e.
assuming independent noise where noise is not independent) is, in many cases,

undesirable.
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Histograms of Log-MSEs
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Figure 2.3: Comparison of MSEs resulting from White Noise fits, as compared
to MA(2) and MA(4) fits (resulting from our proposed algorithm) and spline fits
(from the ssr() function in the assist package). The diagonal is shown in or-
ange.

2.3.1 Approval Ratings for President Obama

Our first datasets tracks the approval ratings (in percentages) for President Obama
during his two terms in office. Data has been accessed from the American Presi-
dency Project [16], and was originally collected by Gallup. One important feature
of this dataset is that approval ratings are actually locally averaged, and represent
the average (mean) rating across three days: the start date, the day after, and two

days after (e.g. the reported average for “July 1” is the average of ratings on July 1,
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White Noise Fit
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Figure 2.4: Approval percentages for President Obama during his two terms in
office. Each point represents the average of approval ratings across three days;
the date in question, the day before, and two days before. Data sourced from The
American Presidency Project at the University of California, Santa Barbara ([16]).
Top: optimal fit assuming white noise. Bottom: optimal fit using Algorithm (T,
with bandwidth optimized using a grid-search.

2,and 3).

This means each point is essentially the result of a moving average process of
order two. Consequently, modeling the noise as white (uncorrelated) noise is ill-
advised; instead, it makes sense to adopt model with w; modeled as an MA(2)
process, i.e. wy = €& + P11 + Pogp_o for iid. & ~ N (0, 02). In Figure , we
demonstrate two fits to the approval rating dataset: one (incorrectly) assuming

white noise, and one (correctly) assuming MA(2) noise. In both fits, the optimal
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bandwidth value was found using a grid-search for the value that minimizes the
deviance of the GLM. We note that the white noise fit is considerably noisier than
the fit where the correlation structure was explicitly modeled, a result that is to be
expected and is well-documented in the nonparametric regression literature. The
intuition is as follows: when the model is specified to contain no correlation, yet
the model detects autocorrelation in the data, the model assigns the detected cor-
relation to the signal which is, by definition, overfitting (elements that should have
been modeled as noise have been modeled as part of the signal). Indeed, under the
assumption of white noise, our algorithm produces a fit that is comparable to a ker-
nel smoothing fit, with bandwidth selected using Leave-One-Out Cross-Validation
(LOOCYV); Figure illustrates this similarity. In this way, our algorithm can be
stated as performing “as good or better” than a kernel smoother with bandwidth

selected by LOOCV.

2.3.2 Datasets with Trend

As with many Fourier-based estimation procedures, our estimation procedure must
be modified slightly in the presence of a trend in the data. Consider a determin-
istic sequence h;, capturing a trend as a function of time; model can then be
extended to

yi = f(t/n) +h + wi (2.13)

For example, if there is evidence to suggest that the response y; grows linearly

with time, we take h; = cp + c1t for deterministic constants ¢y and ¢y, leading to
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Figure 2.5: Comparison of two fits, both under the assumption of white noise.
Top: fit generated by Algorithm (1)) with bandwidth selected using a grid-search
to minimize the GLM deviance. Middle: kernel smoothing fit with bandwidth se-
lected by LOOCV (Leave-One-Out Cross-Validation). Bottom: fitted values from
our algorithm minus fitted values from the kernel smoothing fit, which illustrates
that the fitted values generated by the two methods are comparable, save for the
endpoints (an artifact of many Fourier-based estimation procedures.
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the model

yr = f(t/n) +co+cit + wi (2.14)

A somewhat naive approach to modeling the signal function is to “de-trend” the

data by subtracting the deterministic trend from both sides:
(yt —co—cit) = f(t/n) + w; (2.15)

Treating y; := y; — co — c1f as a new response variable, equation (2.15) is then
precisely of the form (1.1)) except on the new de-trended response y;. In practice,

this suggests:
1. Fitting a linear trend to the data using simple linear regression

2. Applying Algorithm (1) to the residuals resulting from the regression in step
1

3. Adding the fitted trend back to the resulting estimates to obtain “re-trended”

fitted values

To demonstrate this, we consider a popular dataset that tracks the average monthly
CO, emissions from the Mauna Loa volcano in Hawai'i, displayed in Figure (2.6).
This dataset displays a clear nonlinear trend; nevertheless, we proceed by first re-
moving a linear trend (using a simple linear regression) and then applying our
estimation procedure to the resulting residuals. Noting the marked seasonality in
our data, we modeled the noise as an MA(12) process (the fact that observations

are taken monthly motivates us to try and capture annual dependencies, hence the
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CO2 Emissions
Modeled with MA(12) Noise
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Figure 2.6: Average CO, emissions from the Mauna Loa Observatory. The data

is first de-trended via a linear regression; Algorithm (1)) is then applied to the

resulting residuals, assuming MA(12) noise.
choice of order); the resulting estimates (after re-adding the linear trend) are dis-
played in Figure [2.6/below. Note that the resulting fit does not suffer from any of
the traditional edge effects common to Fourier-based methods.

It should be noted that in first removing the linear trend we induce heteroskedas-
ticity in the residuals. As such, a more careful consideration would re-weight the
titted Fourier coefficients to overcome this induced heteroskedasticity. However,
empirical results reveal that the magnitude of this heteroskedasticity is negligible,
further indicated by the fact that the naive fit (which does not account for this het-
eroskedasticity) demonstrated in Figure visually captures the data very well.
Future work is planned to explore a more careful approach to de-trending the data,

including an idea of mapping the data to a new space in which there is no trend.
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We believe that such a treatment of heteroskedasticity can lead naturally into
explorations of how to extend Algorithm (1) to cases in which data is missing
and/or irregularly spaced. Indeed, due to both its reliance on the Fast Fourier
Transform as well as the requirement of having an associated response value y; to
use, Algorithm (1) does not currently allow for missing or irregularly-spaced data.
Naturally, one workaround in the presence of missing data is to interpolate miss-
ing values and proceed. In the presence of irregularly-spaced inputs, one may be
tempted to use the Non-Uniform Fast Fourier Transform (NUFFT), however in do-
ing so many mathematical properties (independence of the coefficients, separation
of signal- and noise-based terms) could be lost. Instead, the data could be mapped
to a space in which observations are regularly spaced, Algorithm (1)) could be im-
plemented on the transformed data, and the resulting fitted values could then be
mapped back to the original space. Such mappings would, of course, require care-
ful consideration and tracking of variances, which we believe would be similar to
that required to establish a more rigorous framework for handling trends. Again,

future work is planned to explore some of these directions more fully.
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CHAPTER 3

Credible Intervals

In this chapter, we turn our attention to constructing credible intervals for our pre-
dicted values. Indeed, our estimation procedure allows us to quantify uncertainty
using relatively standard first principles. In particular, inspired by the work of [17]

and [18], we have

Var (6 | k) = E [Var (6 | 9k, B) | U] + Var (E [6x | x, B] | Jx) (3.1)

where §j; denotes the k' Discrete Fourier Transform (DFT) value of y; and 3 de-
notes our vector of hyperparameter estimates (i.e. estimates of 12, 02, h, and any
moving average coefficients). The first term in can be well-approximated by
taking the posterior mean Var(f(t) | %, B) (which can be found in an introductory
Bayesian statistics textbook; for instance [14]) and plugging in B for B. The sec-
ond term in represents the additional variance contributed by estimating the
hyperparameters, and can be well-approximated using a delta method argument

(i.e. a Taylor series expansion). The posterior distribution of (f(t) | ¥) remains
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Gaussian, meaning approximate 95% credible intervals can be obtained using
Ve £1.96 - \/Var (f(t) | ¥) (3.2)

where ; denotes the fitted values obtained from Algorithm (T). In service of ob-
taining credible intervals for the Approval Ratings Dataset [16], we begin by de-

riving credible intervals under the assumption of MA(2) noise.

3.1 Derivation for MA(2) Noise

Again, let 6 denote the complex-normal “true” Fourier coefficients of the signal

process, so that

n—1 )
f(t) — Z eke—kat/n

k=0

We also have 6, = 67 _,, to ensure f(t) is real-valued. Again, let v; denote the

spectral density of the covariance kernel and let 1, denote the spectral density of

the noise process. For example, a Matérn-v kernel and an MA(2) noise process

imply

o = Br(1+K2By) Y (3.3)
ux = Po + B3 cos(27tk/n) + Py cos(4rtk/n) (3.4)
where v/ := (v + 1). With these notations, we have the results
2

Uk
Up + Uk

E[0k | 4x, Bl = ( > Uk =: Wil (3.5)
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5 )
Var(0y | 7k, B) = (uk:’;l) =: Wyl (3.6)

Beginning with Equation and applying Equation yields

Z 9 e —27ikt/n
k=

_ Z ( ) e —2mikt/n
Up + Uk

Note that we have the implicit understanding that wy := 1 (we do not weight the

E[f () | yr Bl =

n—1 )
ks ﬁ] = Y B[6) | vk, e 2K/ "

k=0

zeroth frequency). Hence, we can decompose our expression above as

E[f(t) | . B] = Jo+ ) ( kvk ) e 2kt n

(n=1)/2 o ' '
:]?O‘F ( ) [ykemekt/n _|_gn_k62mkt/n]

Again beginning with Equation but now applying Equation (3.6), along with
the fact that the 6y are independent (a fact that follows from stationarity assump-

tions) yields

n—1 ' :
Var(f(t) | gkl IB) — Var (Z eke—zﬂlkf/}’l
k=0

n—1 )
yk,ﬁ) — Y Var(6 | i, B) - [le= 22
k=0
. n_l . Uy
— Var(60 | o B) + Y Var(6y | 9, ) = Var(6o | §, B 2 ( )

=1 Uy + 0k

Note that, by Equation and the fact that wg := 1,

Val‘(90 | go,‘B) = Wo - Uy) = Uy
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For example, adopting (3.4), Var(6y | ¥, B) = Bo + B3 + Ba. Thus, we have

Var(f(t) | ¥x, B) = uo + Z (Mk n Uk) (3.7)

3.1.1 Empirical Bayes Considerations

Of course, our estimation procedure does not use wy directly since the values of
B are unknown. Instead, we estimate them using maximum likelihood estimation,
which requires us to think critically about any additional variance incurred by such
an estimation. Following the suggestion of Carlin and Louis [17] and Morris [18],

we have

Var (6; | ) = E [Var (6 | i, B) | k] + Var (E [6; | gk, B] | k) again)

In much of our work below, we will drop the final conditioning on 7j; e.g. writing
E[Var(f(t) | ¥ B)] in place of E[Var(f(t) | #x, B) | Vi]. This is purely for nota-
tional convenience and, we believe, is justified in that the final conditioning on

is implicit.

Posterior Variance

The first term in (3.1) is approximated by plugging our parameter estimates into
8.7):

E [Var(f(t) | i B)] =~ Var(6o | o, B 2 ( UV >

Up + Uk
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For example, adopting the forms (3.6) and (3.4),

E [Var(f(t) | ik, B)] = (Bo+ B+ Pa)

7121[,80+33COS(27T1()+B4COS(Z)] 1(14+K2B,
= BotBr(1+K2B2) B3 cos (2 )+ﬁ4cos(4”k)

(3.8)

This is our so-called “posterior variance” term, which does not depend on ¢. (In-
deed, we expect that neither term in (3.1) will depend on ¢ due to our stationarity

assumptions.)

Variance in the Empirical Estimates of the Prior

The second term in (3.1) describes the additional variance incurred by estimating

the B parameters. Our general approach to calculating this term is to:

1) Use standard asymptotic likelihood theory to obtain the (approximate) co-

variance matrix of the 8 estimates

2) Use a Delta Method approximation to obtain the estimated variance incurred

by estimating the B parameters

First, our distributional assumptions (i.e. our choice of a Gaussian Process prior

and an MA noise process) imply
1k ~ Exponential (y(B)) ~ Exponential (uy + vy) (3.9)

where, as in Chapter 2, 17, := 3|6 + &||* This induces the following likelihood
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and log-likelihood:

=[] <11 (5) e {-Tit}
o) =~ i)~ 1% = 5 [ + &

%
% x Pk %

>

This likelihood gives rise to the following gradient and Hessian:

V(B = ;% N0 310
vRu(p) = DU [Fip) Op)] + £ S [Vhgp)] - oan
k

Also recall that, as indicated in Equation (3.9),

Hk(B) := uk +ox = Bo + 1 (1 +k*p2)—v' + B3 cos (ﬂk) + By cos <47nTk)
(3.12)

This means we can calculate V1 (8) and V2 (B) explicitly:

1
(1+ Bak?)—/
Viuk(B) = | —v/B1k2(1 + Bok?)~'+1) (3.13)
cos(27tk/n)
cos(4rtk/n)
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0 0 0 00
0 0 —VR (14 pok?) =)0 0
V() = | 0 —V'K2(1 4 Bok?)~ RNV (VS 1)Brk4(1 + Bok2) '+2) 0 0
0 0 0 00
0 0 0 0 0

(3.14)
We now turn our attention to the Delta Method argument to give us the es-
timated effect our B estimation has on the y terms. Our Delta Method argument

is:

HEL (1) | e Bl SHEL() | ik B)
FELF(1) | e Bl SELf(®) | e B

Var (E [f(1) | 7 B]) ~ | S5 ELF(1) | 51 B] | Cov(B) | 55 ELF (1) | ok, B)
FHEL(®) | e Bl SHEL (1) | 3k B)
22 E[f (1) | ik, B] S0 ELf (1) | ik, B -

where Cov ( /3) ~ —V2{(B) and V?{(B) is given by Equation (3.11). We may rewrite
Equation (3.15) more succinctly as

Var (E [£(1) | 71 8]) = (V5ELF) |50, 81) (Cov(B)) (V4ELF(v) | s, B))

(3.16)
where the notation V3 denotes that the derivatives in the gradient are taken with

respect to the B coefficients. The remaining partial derivatives in (3.15) can be ob-
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tained through repeated applications of the Quotient and Chain rules:

(n-1)/2 2 e
B0 g pl = Y, P B) e
0 k=1 [ﬁo +B1(1+K*B2) ' + B3 cos (%) + By cos (47‘[k)}

(n=1)/2 (Bo + B3 cos (znik> + B4 cos (L)) (1+KB2) ™"

—E[f(t) [ 7Bl = ), ‘zy (3.18)
k=1 [Bo+31(1+kzﬁz)*v’+ﬁ3cos (27‘[k) By cos (4711<ﬂ2
9 )2~k By (/30+[33cos (2"k)+B4co ( T )) (1+Kk2By) /' +1)
EO = L — - : o
2 k=1 {‘30+ﬁ1(1+k2‘32)7v +’33COS( ) By cos <4nk)}
(3.19)
o (n=12 — cos (2%@ Bi(14+K2By)~
aﬁ EU( ) | :B] = R R R R ~ P 'Zk,t (320)
3 k=1 [,130+/31(1+k2,32)*"’ + B3 cos (ZT”") + B4 cos (47”1‘)]
) (n-1)/2 — Cos 4%" B (1+k2/§ )7
a;a = E[f(t) [ 7x, Bl = — - ( ) ' ’ - s zke (321)
! k=1 [,130+/31(1+k2/32)*'/ + B3 cos (ZT”") + B4 cos (47”1‘)}
where we have let z;; 1= [ixe”27*/" 4 i, 1€™K/1] for ease of notation. (See

the Appendix for a derivation of these terms.) Derivatives (3.17) - (3.21) can be
substituted into Equation (3.15), which gives the second term in Equation (3.1).

3.1.2 Application to Approval Ratings Dataset

With this procedure in mind, we can construct approximate 95% credible intervals
for the true approval percentage y; at a time ¢, using the Approval Ratings dataset

([160).

It may be illustrative to examine the contributions of each of the two terms in

separately.
The top plot of illustrates the second term on the right hand side of Equa-

tion (3.1); i.e. the variance in the empirical estimates of the Prior. The bottom plot of
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Figure 3.1: Top: Variance contributed by estimating the hyperparameters. Bottom:

Full variance, including both terms in Note that the uncertainty contributed

by estimating each hyperparameter is negligible when compared to the posterior

variance (the second term in[3.6), indicating that the full posterior uncertainty is

not too dependent on our ability to estimate the individual hyperparameters with

great accuracy.
(3.1) illustrates the full (posterior variance plus variance in the empirical estimates
of the prior); i.e. the left hand side of Equation (3.1).

What we see is that the full posterior variances are dominated by the poste-
rior variance, and that the variance incurred by estimating the model hyperpa-
rameters is negligible. This is a comforting result, indicating that small errors in

estimating the model hyperparameters will not unduly influence the full poste-

rior uncertainty. This point will be revisited in Chapter (4), where we explore the
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Approval Percentages for President Obama

95% Posterior Credible Intervals
70

60

50

% Approval

40

2010 2012 2014 2016
Start Date

Figure 3.2: Approval Ratings Dataset, with full 95% posterior credible intervals

indicated. Note that these intervals are pointwise.
large-sample properties of our estimator. For now, we draw the reader’s attention
to Figure , which illustrates the full pointwise 95% credible intervals for the
Approval Ratings dataset introduced in Section (2.3.T), as prescribed in Equation
(3.2).

We stress that these are pointwise intervals; i.e. they are not true confidence

bands that achieve simultaneous 95% coverage.
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3.2 Extensions to Higher-Order Noise

Though the derivations in the previous section assume an MA(2) process for the
noise term, it is relatively straightforward to extend this process to higher-order
MA terms. Specifically, v remains unchanged from Equation (3.3), and u; can be
modified from Equation by simply incorporating additional cosine terms; see
Appendix (A) for a general outline.

As an example of this implementation on a dataset with higher-order noise,
we consider a dataset that tracked the number of reported cases of COVID-19 in
Santa Barbara County Hospitals. Due to slower reporting over weekends, such
data is suspected to have a weekly autocorrelation, leading us to model the noise
term w as an MA(7) process. Due to the sharp peaks in the data, counts of cases
are transformed using a square root, and analysis is performed on the square-root-

cases. The data, along with pointwise 95% posterior credible intervals, is displayed

in Figure[3.3]
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COVID-19 Cases in Santa Barbara County; Square Root Scale
95% Posterior Credible Intervals
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Figure 3.3: 95% credible intervals for the counts of COVID-19 cases in Santa Bar-
bara County. Top: Square-root-transformed data and intervals. Bottom: Raw-s-
cale data and intervals. In both plots, intervals are displayed as shaded ribbons,
the fitted values are displayed as a solid black line, and the original data is dis-
played as points.
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CHAPTER 4

Asymptotics

In this chapter, we explore the large-sample properties of our estimation proce-

dure.

4.1 Asymptotic Rates

As noted in Section we wish to consider signals in a Sobolev-a class. The
Matérn kernel prior with parameter v < a ensures that the expected Sobolev norm

of the signal function under the prior is finite. That is,

E

Y (1+ kz)“|fk|2] =Y (1+iA)" 1+ K2)~(v+3) = Y (1+ K)o (r+3) < oo
k k k
or, as [12] and [11] note, that the Fourier terms vy decay at a polynomial rate.

We would like a bound on [(f — f)? dt which, by Parseval’s Identity, is equiv-

alent to a bound on
o0

Y B[O 607 (4.1)

k=0
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Our prior is 6 ~ CN(0,v;) and our model posits (7x | 6x) ~ CN (6, ux) where
x denotes the Discrete Fourier Transform values of y;. For a Matérn-v kernel with

White Noise, we have

U, =0’/n

o = (1 + pok?) "+

Additionally, our fitted values are

Ok

ék = Wy - Vk where Wy 1=
4 U + Vg

4.2 White Noise

We first suppose the hyperparameters 02, B, B1, and B, are known. A simple invo-
cation of a bias-variance decomposition (or expanding the square and simplifying;

see Appendix B) reveals that
E[(6 — 6)*] = wiue + (1 — we) vy

which reveals that Equation (4.1) is equivalent to

i E [(é\k - Gk)z} = i [w%uk + (1 - wk)zvk] (4.2)
k=0 k=0
= i wiuk + i(l — wk)zvk (4.3)
k=0 k=0
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It should be noted that we are considering concentration in a frequentist sense;
that is, E[(6; — 6¢)] represents the frequentist MSE as opposed to the Bayesian
MSE (as we are not averaging over the prior). Rather, our argument is mainly to
demonstrate that the width of the posterior credible intervals shrinks to zero as the
sample size increases.

We bound terms (A) and (B) separately. In both cases, it will be useful to note
that wy < 1and (1 — wy) < 1, which means w? < wy and (1 — wy)? < wy. Further-
more, our strategy will be to utilize the interplay between u; and vy for small and
large values of k. That is, when k is small we have that v, dominates 1y, whereas
when k is large we have that 1, dominates vy. Our first task is to identify the cutoff

point that divides “small” values of k from “large” values.

First focusing on (A), we let | denote the cutoff point so that
J—1 00
=Y wiu + Y wiuy
k=0 k=]
As mentioned above, vy dominates 1 for small k meaning

2
Yo < Y wpe = Y K < ¥y = Z—ZU—

k<] k<] Py Rk k<]

For large k, we have

Lt < Ton= T (4% ) < T o

k=] k>] k=] \Hk T Uk k=]
< 2(1 +k2)—(v+%) <C. Zk—(2u+1)
k>] k=]
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< M./oo k—(2v+1) dk < M- 1721/
J
So, combining results reveals that the overall bound for sum (A) above is

) 2
Y wh <C- ]+ M- (4.4)
k=0 n

We wish to find | that minimizes this cutoff (to obtain a sort of minimax rate of
convergence). Heuristically, we know that such a | value is obtained where the
two terms on the right hand side of the inequality have the same order in #; that

is, we select | so that

J

_ = ]721/ — ]1+2V =N —> ] = nli+2v
n

which, when substituted back into Equation (4.4), gives

00

2 _ 2v
Zwkuk <|n 2w+l
k=0

We now examine sum (B) in Equation (4.3). Note that

o0

Y (1 - w o < Yo (1—wop = Y (M)

k=0 k=0 k—o \ Ukt Uk

which is precisely the same term that we bounded in (A), meaning we would still

1
take ] = nT#2, leading to

[e)
2v

(B):=) (1— w)?vp < nowA
k=0
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So, our overall bound for Equation will be

Y E[@—600?] <2 0 < s
k=0

For example, if we adopt a Matérn-5/2 kernel we take v = 5/2, leading to a rate

of convergence of the order n /6,

42,1 MA Noise

We now consider the case where the noise process follows a Moving Average pro-

cess of order g. Specifically, we assume
wi=¢€r+P1& 1+ Pogr 2+ +Pg€t g1 where g e N(0,0%)

Our uy term can now be written, referring to the parametrization in Equation (2.6)
as

Uy =

2|9

q
bo+ Y _ bjcos (jznik>]
=1

j=
where the b;’s are nonlinear combinations of the original MA coefficients 1, - - - , ¥4
(and therefore do not depend on n). Terms (A) and (B) in equation 4.3| remain the
same, except with this new expression for uy. As such, our strategy for obtaining a
bound also remains the same: first find the cutoff |, and use this to obtain optimal
rates.

The bounds for large k needn’t be changed, as the polynomial decay of the vy

terms ensures they will still dominate u; when k is sufficiently large. As such, we
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need only explore the bounds on (A) and (B) for small k. Note that we still have

Y wiu < Y wpuy = Z( o )uké Y

k<] k<] k=] \Uk+ Uk

Because 1y, is no longer just 02 /1, we cannot immediately write this as J(c2/#n).

However, we can now refer to Equation to see that, since cos(x) < 1 for any

x €R,
o? o?
uk§7[bo+b1—|—---+bq] =C —
Our bound on (A) for small k is therefore now
9 o? o?
Y wiue <Yy < 27 [bo+bi+--+by] <C-—]

k<J k<J k<]

where the constant C is the sum of the coefficients of the spectral density of the MA
process. Since, as previously mentioned, our bounds for large k remain unchanged
from the white noise case, this reveals that our optimal ] is still that which sets

] 1

n

which still gives us an overall bound for Equation (4.1) as

Y E (B — 02| <nmh
k=0
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Conclusion

In this thesis, we considered an Empirical Bayes approach to nonparametric regres-
sion that leveraged spectral considerations to easily extend to cases of correlated
noise. Though the topic of correlated errors in nonparametric regression is widely
explored (as is outlined in Chapter [T), we believe our approach combines many
of these existing techniques in a novel way. Furthermore (as shown in Chapter
not only does our model lend itself to easy adaptation in the case of higher-
order noise terms, but, in utilizing an Empirical Bayes framework, we are able to
easily perform uncertainty quantification. The effectiveness of our algorithm was
demonstrated on simulated and non-simulated datasets in Chapter (2); addition-
ally, as shown in Chapter [, our estimator possesses the desirable property that the
MSE of predicted values goes to zero at a rate bounded above by n*%, where v

represents the roughness parameter of the underlying Matérn kernel.
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5.1 Future Work

Several directions for future work present themselves. First is the adaptation of our
algorithm in the presence of missing and/or non-uniformly-spaced inputs. Section
provides some preliminary thoughts on this, with the main idea being to
map the data to a space where inputs are non-missing and uniformly-spaced, so
that our algorithm may be applied and the resulting fitted values can be back-
transformed to the original space. This approach, we believe, goes hand-in-hand
with our plans to establish a more complete treatment of data with deterministic
trends.

Another direction of future work lies in the computational implementation of
our algorithm. As noted in Section (2.2), our algorithm currently relies on the base
glm() function in R to fit the optimal hyperparameters for a fixed bandwidth, and
then grid-searches over candidate values to identify the optimal bandwidth. This
function, however, is notoriously finicky and is prone to false starts, warnings, and
sometimes outright errors unless appropriate starting values and candidate band-
widths are selected. Some work has been dedicated to writing a Newton-Raphson
algorithm to bypass these intricacies of the glm() function (and simultaneously fit
all parameters, rather than sequentially optimizing the non-bandwidth and band-
width parameters separately), however this algorithm still suffered from numeri-
cal instability. To that end, a more computationally robust implementation of our
algorithm is certainly warranted.

We are also interested in obtaining a more complete treatment of the asymp-

totics of our estimator. Though we are able to estimate noise-related hyperparam-
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eters at parametric rates, obtaining rates for signal-related hyperparameters re-

quires bounding the delta-method term

(VaBLF) | 70 B]) " (Cov(P)) (VABLF(E) | 7o l)

where the notation V j means derivatives are to be taken with respect to the f’s.

5.2 General Disclosures

All code was run using the R programming language [19]. Plots have been gen-
erated using the ggplot2 package [20], and multipanel plots have been generated
using the gridExtra package [21]. Dataframe transformations were implemented
using the tidyverse [22] and the reshape2 package [23]. The correlation-corrected
smoothing splines of Section were implemented using the assist package
[24], with thanks to Dr. Yuedong Wang.

Colorblind accessible functionality has been implemented using the ggokabeito
package [25]. Every effort has been made to comply with the Web Content Acces-
sibility Guidelines (WCAG) 2.1.
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Derivative Calculations for Credible Intervals

We have that

n—1 '
E[f(t) ’yrﬁ] = Z ( Yk )]7](627”]“/”

=1 \Hk Uk

Our Delta Method implementation requires calculating a%},]E[ f(t) | y,B] for all ap-
propriate values of j. The number of “appropriate values” is determined by the
order of the noise process; for example, in an MA(2) setting we have parameters
Bo, B1, - - - , Ba and in an MA(7) setting we have parameters B, 1, - - - , Bs. In gen-

eral, for an MA(q) process, we have parameters B, 1, - -, B4+1 since

v = Br(1+KB) "

ur = Po+ E}Ll Bj+2 cos(2rmjk/n)

By the linearity of derivatives,

0 nlo9 ( U ) ik
—E[f(t) | 7,8] = s 7, o 27T t/n
g EFO 1561 = L5 (5 ) v
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Ok
Up+0Ug

meaning it suffices to calculate a%j ( ) for the appropriate values of j.

The Quotient Rule for derivatives gives

d (ur+v
2wy o) —otUEE ) ()
9B; \ux + vg (ug +vp)? * (ug +vg)

(A1)

where (1) := giﬁ’;(uk + o) and (2) := vka(”ak—;;v"). For notational convenience, define
ar := (1 + k?By) so that vy, = ,Blak_v/.

We now outline the derivative calculation for each value of j.

¢ j=0:Term (1) in equation 1} is zero and term (2) is vy, leading to

d ( g >:( —v Bi(1+KBy)

0Bo \ Uy + vk up+op)2 (uy + vg)?
cj=1
(1) = (2) = o' (we + Bray™ ) — Pragta”)
= oV () = (1+12B2) ™ ()
= o (ata) =
«iz2

(1) = (2) = —vEBray ) (wi + prar™)

4 1
—W

= —v’kzﬁla;(V,Jrl)(uk) = VKB (1+ kzﬁz)_(v/ﬂ)(uk)
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a ( : ) —VIP1 (1 +K2B2) Y ()
:> — 5
0B2 \ U+ vk (ug + vg)

e j=3,4,---,(q+2): Note that v; does not depend on B3, B4, - - , By+2; only

uy does. As a result, 3%’; = 0 and so (1) = 0; furthermore,

d(uy + vy) o ouy - 2(] —2) 1tk
B 9B COS( n )

Therefore, we have

o) ( Uk ) _ —,31(1+k252)*'/-cos <—2(j_nz)ﬂk>

a—‘Bj e+ 0 (i + 01)2 , j=3,4,,(g+2)

A.0.1 MA(2) Case

It may be illustrative to write out these terms more explicitly for an MA(2) noise

process. Specifically, we take

v = Pr(1+K2B) "

ur = Bo + B3 cos(27tk/n) + By cos(4rtk/n)

For notational convenience, let

1

b(B, k) := — .
[Bo + B1(1+K2By) " + B3 cos(27tk/n) + B cos(4rtk/n)]

53



DERIVATIVE CALCULATIONS FOR CREDIBLE INTERVALS CHAPTER A

Then:
% (ukjlka> = b(B,k) |~Br(1+K2B) ™|
% (ukj’_‘ Uk) = b(B,k) :(1 +K2B2) " (Bo + B3 cos(2mk/n) + Ba Cos(47'[k/n))]
8%2 (ukjlka> = b(B, k) [—v/K2B1 (1 + K2B2) =+ (Bo + Ba cos(27tk/n)
+ B4 cos(47tk /1)) ]
% (ukjl-(v) = b(B,k) [—ﬁl(l +K2B2) Cos(27rk/n)]
% (ukika> = b(B,k) | —B1(1+K2B2) ™ - cos(ark/m) |

These are the terms that were used in Equations (3.17) through (3.21)
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Bias-Variance Decomposition for MSE

Lemma B.0.1. E [(é\k — Qk)z} = w]%uk +(1- wk)zvk

Proof. We first expand the square and simplify:

E[(6; — 6;)%] = E[6? + 6% — 20,64
= E[6] + E[67] — 2E[0x64]

= WRE[J}] + 0 — 2w E[46]
The Law of Total Expectation gives
E[jx] = E[E[ [ 6¢]] = E[6] =0
and the Law of Total Variance gives

Var (§j) = E[Var(i | 6¢)] + Var(E[Jy | 6])

= E[uk] +Var(9k) = Up + U
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= B[] = Var(ji) + (B[Ji])* = ux + v
Additionally, the Law of Total Expectation also gives

Elybi] = E[E[Jif | 6] = E[6 - E[jik | 6] = E[67] = vy
So, substituting these back into our initial expansion, we have

E[(6c — 61)%] = wiE[] + vk — 2w E[7:6;]
= wi (g + vg) + v — 2Wivg
= w,%uk + w%vk + v — 2w vk
= wiuy + (Wi — 2w + 1)y

= wiuy + (1 — wy) o
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