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Motor function in interpolar microtubules during
metaphase

J. M. Deutsch, Tan P. Lewis
Department of Physics, University of California, Santa Cruz CA 95064

Abstract

We analyze experimental motility assays of microtubules undergoing small fluc-
tuations about a “balance point” when mixed in solution of two different kinesin
motor proteins, KLP61F and Ncd. It has been proposed that the microtubule
movement is due to stochastic variations in the densities of the two species of
motor proteins. We test this hypothesis here by showing how it maps onto a
one-dimensional random walk in a random environment. Our estimate of the
amplitude of the fluctuations agrees with experimental observations. We point
out that there is an initial transient in the position of the microtubule where
it will typically move of order its own length. We compare the physics of this
gliding assay to a recent theory of the role of antagonistic motors on restricting
interpolar microtubule sliding of a cell’s mitotic spindle during prometaphase.
It is concluded that randomly positioned antagonistic motors can restrict rela-
tive movement of microtubules, however they do so imperfectly. A variation in
motor concentrations is also analyzed and shown to lead to greater control of
spindle length.

1. Introduction

During mitosis, pole spacing is regulated by a system of interpolar micro-
tubules. It has been proposed that the interpolar microtubules can be moved in
two directions by opposing motors [1, 2, 3, 4, 5, 6, 7], but the details of such a
proposed system are not yet well understood [8, 9]. The interpolar microtubules
are likely bundled and moved by two families of kinesin motor proteins; kinesin-
5 and kinesin-14. Experiments with Drosophila melanogaster suggest that a
kinesin-5 motor protein, KLP61F, plays a large role in creating the spindle dur-
ing prometaphase [1]. It has also been shown that kinesin-5 forms cross-bridges
between interpolar microtubules in the centralspindlin [8]. Further experiments
suggest the same motor drives the separation of the poles during metaphase
and anaphase [9, 10]. In vitro experiments show that KLPG61F slides antipar-
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allel microtubules apart on motility assays, where motor proteins are bound to
glass slides and move microtubules that are added to the solution [10].

All of the above results show that kinesin-5 plays an important role in con-
trolling the spindle spacing. Being a tetramer with both dimers at the N-
terminus, the motor can walk toward the plus ends of two antiparallel micro-
tubules, thus forcing the poles apart.

The kinesin-5 are antagonized by the kinesin-14, which walk toward the
minus end of the microtubules. In vitro experiments show a kinesin-14, Ncd, is
capable of bundling microtubules and driving an inward sliding of the interpolar
microtubules [8]. With one motor able to separate the poles, and one able to
bring them closer, it seems possible that the two motors are responsible for
maintaining spindle spacing and moving the poles apart. The net force exerted
by the two motor species could govern the direction and rate of pole movement.

Recently, seminal work has been done in trying to understand how outward
microtubule sliding generated by the kinesin-5 and inward sliding generated by
the kinesin-14 could result in the stable, steady-state spindle spacing during
prometaphase. A balance of forces could result in a stationary spindle, but it
is unclear how the “collective antagonism” could occur [10]. In the following
section, we will discuss one group’s proposed solution to the problem.

1.1. Experimental Work

Experiments with in vitro motility assays were performed to see if KLP61F
and Ncd could interact to control the speed and polarity of microtubules’ motil-
ity and whether the antagonism between the motors could stall microtubule
sliding enough to produce the stable steady-state spindle spacing observed dur-
ing prometaphase [10]. Before combining both motors in an assay, each motor
was observed moving microtubules in motility assays as expected. KLP61F
moved microtubules at 0.04pm /s with the minus ends leading and Ncd moved
microtubules at 0.1um/s with the plus ends leading [10]. Further experiments
also showed that KLP61F alone, Ncd alone, and mixtures of the two motors
bundled microtubules under conditions with physiological ATP concentrations
[10].

To see how the two species of motors would interact, different molar ratios
of KLP61F and Ncd were mixed and microtubule motility was measured. A
balance point at a mole fraction of 0.7 Ncd was found where microtubules dis-
played a mean velocity of approximately zero [10]. For greater mole fractions
of Ncd, the mean velocity was plus end directed. Conversely, for smaller mole
fractions of Ncd, the mean velocity was minus end directed, as shown in Fig.
5(a) of Ref. [10]. The slope of the lines fit to the two sides of the balance point
in this figure suggests that KLPG61F is a strong, slow motor that is not slowed
down easily by the weak, fast Ncd motor, which in turn is slowed down easily
by KLP61F [10]. At the balance point, the microtubules where observed to
display oscillatory motion between KLP61F and Necd directed movement with
intermediate rates of roughly 0.02 pm/s, as shown in Fig. 5(b) of Ref. [10].
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Figure 1: (a) Plot of displacements versus time for a typical microtubule at the balance
point. Reproduction of Fig. 5B from Ref. [10]. (b) Initial transient behavior of this system.
Reproduction of Fig. S3A from Ref. [10].

This is reproduced in Fig. 1(a), and the initial transient behavior is shown in
Fig. 1(b).

The authors in Ref. [10] suggest that KLP61F and Ned motors could act syn-
chronously to antagonize one another. However, being an inherently stochastic
process, it is hard to see how motor power stroking could become synchronized.
In later work [11], a fully stochastic force dependent detachment rate (FDDR)
model was devised and tested numerically, and the synchronization was made
more physically viable by a detailed model of the two motors’ response to force
and displacement. The model incorporates stochastic binding of a number of
antagonistic motors to microtubules. One motor will “win” over the other kind,
leading to motion in that direction. The losing motor will continue to try to
bind to the microtubule, however the model posits a detachment rate that de-
pends strongly on the force applied. Above some threshold force, these motors
only bind for short times before detaching. This implies that once a direction
has been chosen, it is hard for the losing motor to oppose this motion. Simu-
lations show that only occasional changes in the sign of velocity can occur, on
the scale of hundreds of seconds, happening only when an unlikely circumstance
allows the losing motors to gain control. This kind of bistability in direction-
ality has been considered before in the case of a single motor [12, 13, 14, 15],
and also with antagonistic interactions [16]. Therefore there are systems where
this kind of behavior is well established. In order for this to be a viable expla-
nation, first, the size of stochastic fluctuations has to be large enough to allow
switching between the two opposing states [17]. Second, because the position of
the microtubule remains constant during prometaphase, while additional forces
act on it, the position of the microtubule should remain almost constant under
the application of a small but finite force. We will discuss to what extent this
bistability can explain this requirement in the following section.

In addition to bistability, Ref. [10] made the important observation that
microtubules could be gliding on a spatially varying landscape, with varying
densities of KLP61F and Ncd motors [10]. Periods of directional movement
would be due to the patches in the environment where one motor is dominant.



It is possible the microtubule finds a “valley” in the landscape where it oscillates
between patches of motors that move it back towards the balance point. It is
this idea that we will attempt to model in the following section.

We show that the phenomenon is quite general and independent of the details
in the parameters. If the system is rescaled to be dimensionless in length and
time, we find that the behavior is only controlled by one parameter; the effec-
tive “temperature” of the system. A detailed understanding of the motors will
only change this effective temperature and nothing else, since scaling laws for
spatio-temporal fluctuations are universal. A study from this perspective also
elucidates other aspects of this system, such as the nature of initial transients
in motion of the microtubules in these assays before they reach a quasi-steady
state. These transients have interesting implications, as we show that they also
should occur for interpolar microtubules during metaphase.

2. Physical analysis of antagonistic motor assay

2.1. Awerage force-velocity dependence of antagonistic motors

V —>

Figure 2: A single motor with the lower end anchored against a glass plate, with its heads
binding and unbinding with a microtubule that is being moved at a constant velocity v relative
to the plate.

We first consider the problem of a single molecular motor, such as kinesin,
with the tail tethered to a substrate such as a glass plate while the heads can
freely interact with a long microtubule, as shown in Fig. 2. The microtubule
is being moved along a single dimension at uniform velocity v that is parallel
to the glass. The heads bind and unbind with the microtubule, applying an
average net force f, that will depend on v. The averaging is being done over
time, and we are considering the limit where the time interval goes to infinity.

Now consider a collection of N identical motors that all interact with the
same microtubule but are sufficiently distant from each other that they can be
considered independent. Then the average force acting on the microtubule due
to these motors is N f.

The above analysis is easily extended to the case of two separate species of
antagonistic motors, labeled 1 and 2, with average force versus velocity curves
fi1(v) and f2(v) respectively, as shown in Fig. 3(a). If the number of motors of
each kind is N7 and Ns, then the time averaged force is Ny fi — No fo, where we



have adopted a sign convention so that the net force is a difference, rather than
a sum. If we choose the ratio N1 /Ny = f2(0)/f1(0), then this net average force
vanishes at v = 0. This is the “balance point” where there is no net average force
acting on the microtubule. The difference between f; and fo, Af(v), weighted
in this way is shown in Fig. 3(a).

- h
= h
— Af

(a) (b)

Figure 3: (a) The average force versus velocity curves, f1 and fa2,for two species of motors, 1
and 2, that act to antagonize each other. The weighted difference between these two curves, is
A f, with relative concentrations chosen so that they are at the balance point, so that Af =0
for v = 0. (b) The bistable case where fi and f2 have different functional forms. Now there
are two stable states for a given applied force, shown by the filled circles. The curves are done
over a sufficiently short time to have two well defined velocities. Over long enough times,
fluctuations can allow transitions between these two states. The blurred gray curve is the
long time average.

Note that for small velocities at the balance point, Fig. 3(a), the net effect of
these motors is to give linear drag, because both species of motor have a linear
relationship between force and velocity in this regime. This linearity breaks
down at high velocities, however, as we will see below, we are interested in the
low velocity regime. In this case, the net force f,.; is proportional to Af so
that

fnet = =, (1)
where ~y is the drag coefficient.

We note that the assumption of a monotonic force versus velocity curve, even
for a single motor species, can sometimes fail [12, 13, 14, 15]. The force-velocity
curve can have the property that the slope around the origin is positive and
there are two stable points where the force is zero, one for positive and one for
negative velocities as shown in Fig. 3(b). This can occur with systems with a
mixture of different polarities [16]. In fact, the force dependent detachment rate
model [11]) is also bistable.

The two bistable states move in opposite directions with the same applied
force. The relative prevalence of the two states, and their velocities, depend on
this force. If many such motors are simultaneously attached to a microtubule,
and are allowed to pull it freely, this can lead to the microtubule moving in one
direction for a long time and then occasionally, due to the collective fluctuation
of all the motors, reversing its direction of motion. In Fig. 3(b), these two states
are shown by the black circles.



In the case of the FDDR model [11], or any model showing bistability, if
we apply an external force, the switching between states must occur on a small
enough timescale so as to be compatible with experimental observation. If we
average for times much longer than this switching time, the bistable curve will
average to a monotonic force-velocity curve (Fig. 3(b) blurred grey line). At the
balance point, the curve will intersect the origin, and look similar to A f in Fig.
3(a). For small velocities, this gives the viscous drag behavior of Eq. 1. This
will only lead to a cessation in movement under the application of additional
forces if the drag coefficient v is sufficiently large. On the other hand, as we
shall show, random variations in motor density lead instead to minima in the
potential energy landscape, which more easily prevent motion of microtubules
acted on by forces. Thus the breaking of translational symmetry can pin a
microtubule to specific locations. Without such symmetry breaking, no pinning
can occur and the only effect of antagonistic motor dynamics is to modify the
drag coefficient.

Formulating this problem in terms of force-velocity curves, as we have just
done, is important for two reasons. First, it relates precisely the force versus
velocity curve for assays containing a motor mixture at arbitrary concentration
to the behavior of single motor assays. Empirical data on single motor assays
can be obtained and then used to understand average properties of these mixed
systems. Second, it shows that at the balance point there is only one parameter
that needs to be characterized in order to understand observations; the drag
coefficient ~.

Now that we have understood the behavior of the average force, we shall
turn our attention to the effects of spatio-temporal fluctuations on the motion
of microtubules. As we shall see, these fluctuations are crucial to understanding
the system’s behavior.

2.2. The effect of spatiotemporal fluctuations

We will consider a system at the balance point, where the concentrations of
the two antagonistic motors have been adjusted as mentioned above, so that the
average force on a microtubule is zero. The position of each motor is random so
that even at this concentration, the time averaged force acting on a microtubule
will depend on its location, for all realizations of the motor positions. The ran-
dom placement of motors, implies that there are fluctuations in the net force. If
on average, the number of motors acting on a microtubule is IV, then we expect
this fluctuating time averaged force to have an amplitude that varies propor-
tional to v/N. This time averaged force will vary slowly as a function of position.
This corresponds to having a force correlation function (fret() fnet(x + Ax))
that is large over the length of a microtubule. If the microtubule is moved only
slightly, most of the same motors will still act upon it, meaning that the force
will be highly correlated with its original value. The microtubule has to move its
entire length before this time averaged force becomes completely independent
of its initial value.

Aside from this time averaged force that is position dependent, we can con-
sider a fixed position and ask how the force varies with time. There will be



a substantial variation in the force as a function of time due to the random
binding and unbinding of motor ends to the microtubule. Because these events
are uncorrelated between motors, the amplitude of these fluctuation will also
vary proportional to v/N.

The above considerations imply that there are two parts to the force ex-
erted on the microtubule, a spatially varying component F'(z), and a temporal
component n(t). For a fixed microtubule, the total force is the sum of these
two terms. The statistical properties of n and F' are independent of each other
because, for a long microtubule, n is the sum of many independent components
and therefore its amplitude is independent of position.

If we now consider a microtubule that is no longer fixed in position, there is
a further force due to the drag, as discussed above.

With these three physical effects included, we are now in a position to model
this problem more precisely by characterizing the statistical properties of n(t)
and F(z), as we now discuss.

2.8. Model as a Random Walk in Random Environment

Both in a cell and in the gliding assay experiments, the two motor proteins
and microtubules are mixed together in a solution. To model this, we imagine a
railroad track with motor proteins randomly placed at every tie. This creates a
random environment. A rigid microtubule of length L, is placed on the tracks,
and the motors that lie underneath randomly exert a force on the microtubule.
With both species of motors randomly exerting forces on the microtubule in
opposing directions, the microtubule undergoes random movement on the track
given by

vi = F(x) +n(b), (2)

where F(x) is the random static force, n(t) is the time fluctuating force, and
v is the drag coefficient, as discussed above. To be more precise, the left hand
side, comes from Eq. 1, where the velocity was maintained at a constant value
and was not time varying. Therefore if the velocity of a microtubule varies
quickly in time, our argument would be invalid. However we are interested in
the behavior near the balance point where velocities are small, and furthermore,
the microtubule has many motors that can potentially bind to it, approximately
100 [10]. Therefore the fluctuation in the drag coefficient, from one location
to another will be small and hence the drag coefficient will only have small
variations. On the other hand, at the balance point, the right hand side is
purely due to fluctuations. Therefore the error we incur by ignoring changes in
~ are of a higher order (in 1/L) and we are therefore justified in ignoring them.
The left hand side contains v = &, which is the velocity of the center of mass
of the microtubule. Eq. 2 is generally known as a Random Walk in a Random
Environment [18]. The difference between this and previous work lies in the
correlations in F'(z), which as noted above, is correlated over the length of a
microtubule.

Below, we will analyze this equation as follows: The random force n(t) gives
an effective temperature for this system. By calculating the statistics of the



force the motors exert on the microtubule, this temperature can be determined.
Because the force is one dimensional, it is conservative, and a potential energy
can always be defined. Note that the existence of a conservative force field,
does not preclude dissipative terms in the equations of motion (e.g. Langevin
dynamics). By calculating the statistics of F'(z), we will know how potential
energy correlations behave for length scales much less than L. We can thereby
estimate how far a microtubule will move, on average, before being stopped by
a potential barrier. Using this, we can make estimates about the oscillatory
behavior seen in antagonistic gliding assays.

2.4. Determining Forces Ezxerted on the Microtubule

One railroad tie will by occupied by either a KLP61F or Ncd motor, where
the concentration per site of KLP61F motors is k. If we measure the force the
motor exerts over a time much longer than that motor’s cycle, we will see a time
averaged force of fxp for one KLP61F motor, or fycp for one Ned motor,
where fyeop < 0. Because the motor exerts a peak force for some time and
then exerts no force, the average force is given by

fKLP = fkpk (3)

for KLP61F, and
fNC’D = fnp’m (4)

for Ncd, where fi and f,, are the peak forces exerted by the motors, and f, < 0.
pi and p,, are the probabilities of the motors exerting a force on the microtubule.
For simplicity, we will set pr = p,, = p.

The average force exerted by a single motor along the track is determined
by the concentrations of the motor species. With a concentration k& of KLP61F,
the force from one motor site averaged over time and space is given by

(Ne)e =kfrp+ (1 =F) fup. ()

When this average net force is adjusted experimentally by varying k, the vari-
ance of the static force is given by

(N, = k(fp)? + (1= k) (fap)? = P2k S2+ (1 — k) 2. (6)

Because a specific motor produces an average force, it follows that at each
motor site, the time averaged force is non-zero. Therefore the variance of the
time fluctuating force, n(t), is the weighted sum of the variance for each species,
and must include terms involving (f),,

(F2) )= ()", = kfip(L=p)+ (L=k) fap(1—p) = p(1—p)[kf7+ (1 - k)f(s})'
7

Note that this is the variance per site. The variance for the total force on a

microtubule of N sites, is N times larger because the forces are all independent.



2.5. Behavior of the Potential for Distances < L

Over distances greater than the length of the microtubule, L, the potential
will look like a random walk, but to determine if the microtubule will fluctuate
about a mean position, as seen experimentally, we must look at the potential at
scales < L. To examine such fluctuations, we must characterize the property
of the potential statistically. In this subsection, we do this by considering av-
erage properties of the potential. Averages (...) are taken here to be over the
ensemble of all possible realizations of the random force.

Because (F'(x)) = 0, we expect there to be many zeros for F' and the dynam-
ics with n(t) = 0 are such that the microtubule will move downhill in potential
to arrive at such points. For finite n(t), the microtubule will still on average
move towards lower points in potential, but will fluctuate around local poten-
tial minima. Therefore we will look at the fluctuations of a microtubule after
it has moved into a position, z*, where the F(2*) = 0. This would represent a
local minimum of the potential. The question we are addressing here is: are the
fluctuations due to n(t) small enough to confine the microtubule to a certain
region? In this section, for simplicity we chose our coordinate system so that
x* = 0. Because the force, and therefore the potential, is finite everywhere, and
the statistics of the force are translationally invariant, the microtubule cannot
be localized to any one region and is expected to eventually move arbitrarily
far from an initial point. However we will see that while this is true, the time
scale for this happening becomes extremely large, so in practice an experiment
will observe confinement of the microtubule to particular region. We will esti-
mate the size of the region that would be explored under normal experimental
conditions.

If we move the microtubule a distance, m, we will see a difference in the net
force exerted on the microtubule. While most of the microtubule is still being
moved by the same motors, a length m of it will be moved by new motors.
Therefore, the potential will be changed by some amount proportional to a
factor of m.

The net force exerted along the length of the microtubule is given by

L
ztm

Fm)= Y (8)
i==L+m

where 7); is the force exerted at motor site i. Therefore the difference in the net
force is

F+m B
Fm)-FO)= Y m— Y m (9)
i==E+m i=E

Eq. 9 simplifies because of cancellations on the right hand side, giving

F(m)—F(0) =Y ¢;, (10)
j=0



where ¢; = 0, /24i — -1 /2+: has been introduced to simplify the right hand side
of Eq. 9. Note that all ¢’s used below are independent and that (¢?) = 2(n?).
As discussed above, we are interested in fluctuations about a potential minimum
so that F'(0) = 0.

The potential difference is given by

Viz)=— /Ow F(2')dz'. (11)

Turning Eq. 11 into a Riemann Sum, with segments A equal to the spacing
between motors, gives

Vim)=-AY fla) =AY ¢, =7 j¢). (12)
i=0 i=0 j=0 =0

where (b; = ¢,,—;. The ¢’ variables have identical statistics to ¢, because of the
independence of the ¢’s.

To see how the potential scales with m, we look at the average potential
difference squared, ((V(m) — V(0))?). To simplify, we will calculate the fluctu-
ations about the minimum, so that V(0) = 0. Therefore,

mm

(V(m) =V (0))%) = (V(m)*) = A% 3> ij(d¢)). (13)

§=0 i=0

The correlation function <¢;¢;) can be determined from the correlation func-
tion for individual motors, (1;7);). Since the motors are regularly spaced, the
correlation function is given by,

(min;) = cbij, (14)

because the motors are correlated at distances equal to the motor spacing, and
uncorrelated otherwise. The constant ¢ is equal to the variance of the static
force, given by Eq. 6. Eq. 14 becomes

(ning) = P*[kf7 + (1= k) 2165 (15)

Since (¢2) = ((n1+12)2) = (n?) +(n3), the variance of ¢ is twice the variance
of n, so that,

Inserting Eq. 16 into Eq. 13 and considering large m yields
m m 9
(V(m)?) = 2cA? Ziz = 20A2/ ride = gcA2m3. (17)
i=0 o

Therefore, the potential fluctuations for distances m < L are proportional to
m?3. To calculate how far on average a microtubule will move from a minimum
potential, the effective temperature must be determined.

10



2.6. Determining the Effective Temperature

Determining the effective temperature of the system will tell us the energy
of the system and determine how high the potential barriers must be to keep the
microtubule trapped in a potential well. We can do this following the standard
argument used to show the Fluctuation Dissipation theorem [19]. Determining
the diffusion coefficient, D, will allow us to make use of the Einstein Relation,

kT
-

D= (18)

The force on the microtubule is given by f(x,t) = v, therefore,

/0 F(t)dt = (x(t) — 2(0)). (19)

Therefore,

(Y (x(t) — 2(0))*) = / f()at) / / F())dtdt'. (20)

The correlation function, (f(¢)f(t")), can be approximated as a delta func-
tion, such that

(f®)f(t)) = 2comad(t — 1), (21)

where ¢g = Lp(1 — p)[kfZ + (1 — k) f2], because the variance per site of the
time fluctuating force given by Eq. 7 and 74 is the decay time of a motor.
Substituting Eq. 21 into Eq. 20 gives

/ / f@))dt' dt” = 2cqrat. (22)

Setting this equal to the left-hand side of Eq. 20 yields
7 ((Ax)?) = 2¢comat, (23)
with the diffusion coefficient defined as 3 ((Az)?), so that

CoTd

D=5

(24)

Using Eq. 24 and the Einstein Relation, Eq. 18 yields an effective temperature

kpT = 04 (25)
v
Note that both the drag coeflicient v, and ¢y are proportional to L, so that this
effective temperature does not depend on the length of the microtubule. We
therefore only need to know both v and ¢y per unit length when calculating this
temperature.

11



2.7. Estimating microtubule fluctuation amplitude

To estimate the distance a microtubule moves before encountering a po-
tential barrier of order kgT, we set Eq. 17 equal to (AkpT)?, where A is a
multiplicative factor, giving

2
(V%) = (AkpT)* = gcAQm?’. (26)
Solving for m yields,
3(AkpT)? 1
= 24 &

Plugging in Eq. 25 yields,

coTd \2
3(Acen)

3(4p(L = p)kfE + (1 —k)falra) ,
2cA2 ]

e aonga

ol
ol

m=|

If we make the further simplifications that the two motor species exert the
same peak force f., the concentrations of the species are equal, and the proba-
bility of a motor exerting a force is %, then Eq. 28 becomes

EG TNV i
m:[ lfQAQ ]3%[22A2]3 (29)
z/e v

According to Ref. [20], v (per unit length) can be approximated as kt, where
k is the effective spring constant of the motor, and t is the characteristic time
for the motor to be associated with the microtubule per cycle [21]. Since we
approximated 74 =~ t, Eq. 29 becomes

Afe ]%

m R 30
L (30
Using k =~ 1 pN/nm [21], A = 50 nm [10], and f. ~ 10 pN,
A
m = (5)% (31)

Therefore, to reach a potential barrier of order 10kgT, the microtubule would
have to move ~ 3 motor sites, or 0.15 pm.

This is in agreement with the fluctuation size of ~ 0.2um measured in motil-
ity assays, as in Fig. 5 from Ref. [10]. Also, it is likely that the potential barrier
must be greater than 10kgT to contain the microtubule, thereby giving an es-
timate closer to the experimental result.

In addition, we can determine how the distance the microtubule moves scales
with time. According to Kramer’s theory of thermal activation, the time scale ¢
for escaping a potential is proportional to exp AV/(kpT) [22]. Since AV ~ x3/2,
therefore z ~ Int?/3. Thus, the microtubule can cover a large distance very
quickly, but then is trapped in a potential well and restricted to oscillatory
motion.

12
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Figure 4: (a) The computed potential versus displacement for a particular realization of the
two antagonistic motor proteins described in Sec. 3.1. The dot shows the starting position.
The arrow points to the final position shown as a rectangle. (b) The displacement as a function
of time for a simulation of this system. (c) The initial transient behavior is expanded. (d)
The probability distribution of displacements computed from the latter half of the data shown
in (b). For comparison, the theoretical prediction from our model is shown with the dashed
lines. The two agree well. The potential V from (a) is shown with the dot-dashed line (scale
x100).

3. Simulations

The analytical work of the last section made assumptions that can be verified
by numerical implementation of the underlying model. Our analysis divided up
the dynamics into two types of variable: average quantities and noise, the latter
being Gaussian and uncorrelated. By implementing the original model numeri-
cally, we can test to see to what extent our analysis agrees with simulation. We
will see that there is very good agreement between them.

Having established the validity of our analytical approach, Eq. 2, we can do
a more quantitative analysis of it by numerical simulation to verify the behavior
predicted above. This also leads to a more accurate description of statistical
quantities, such as the distribution of fluctuations. In particular, we can cal-
culate the steady state probability of the microtubule’s position, and also the
distribution of initial distances that it travels before becoming trapped.

In the following, we use units of length so that the distance between adjacent
motors is unity.
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8.1. Numerical implementation of antagonistic motors

We consider the model in Sec. 2.3 with one of two possible motor proteins
positioned at every tie, with concentrations per site k, and p, as described in
Sec. 2.4.

A single motor can be in two states, attached, or unattached to the micro-
tubule. When it is attached it has a probability per unit time 1/74 of detaching.
If it is unattached, the probability per unit time of attaching is 1/7,. Below we
show simulation results where these two rates are the same: 74 = 7, = 7 and
with k=p=1/2.

The total force fio:, is obtained by summing the forces over all attached
motors. We also assume that each attached motor has an identical linear drag
coefficient of unity. The total drag ~ is therefore the sum of the drag over all
attached motors.

We model the force in the simplest way possible to avoid any effects related
to a load dependent detachment rate, by making the forces constant during
attachment. We set the peak forces used above to fr = —f, = 1. The simulation
is implemented by integrating this model with a time step dt = 0.01. At every
step we decide to attach or detach all of the motors according to the probabilities
stated above. With the updated state of the motors, we calculate the new total
force acting on the microtubule. This is used to get the change in position of
the microtubule, dt f;o:/y. When the microtubule shifts by one tie, it is able to
attach to a new site on the leading end, and can no longer attach to the last
site on the trailing edge.

The corresponding potential of the microtubule can be obtained by first
calculating the average total force of a microtubule as a function of position.
We chose a microtubule with N = 100 sites. We then integrate this force to
obtain the potential. A typical potential is shown in Fig. 4(a). Starting with
a displacement of 0, the microtubule will move down the potential towards
the rectangular region, as shown. With the same forces corresponding to this
potential, we ran our simulation to obtain the displacement of the microtubule
versus time. Fig. 4(b). The initial transient region is shown in Fig. 4(c). This
can be compared to the corresponding experimental results shown in Fig. 1,
reproduced here from Ref. [10].

We quantitatively compare our simulation with our theory in Fig. 4(d). The
probability distribution of displacements z, is highly metastable and should
be well described by a Gibbs distribution, p(z) « exp(—=V(x)/(kgT)). The
temperature T was calculated in Sec. 2.6. Using Egs. 7 and 25, with the
parameters above, vy = L/2, p = k = 1/2, fr = f, = 1, gives kpT = 1. The
dashed curve shows the Gibbs prediction, which agrees well with the probability
distribution determined from Eq. 2.

8.2. Numerical implementation of random environment model

The above simulation establishes the validity of our approach Eq. 2, mod-
eling the system as a random walk in a random environment, with specific
correlations in the random potential derived above. We now directly simulate
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Figure 5: (a) Displacement versus time for a particular realization of random forces for the
random environment model of Sec. 3.2. (b) Same plot but expanded for short times. Note
that initially it moves until it reaches a position which is more favorable “energetically”.

Eq. 2 with our derived statistics, to obtain statistical quantities that are hard
to obtain analytically.

We consider a force produced by a motor at the ith site, f;, drawn from a
standard normal distribution. The net force acting on a microtubule, F(j), is
the sum over L adjacent sites of these random forces, as in Eq. 8. We then
linearly interpolate for non-integral values of x to obtain the force at an arbitrary
position which gives us the complete force for any value of x. We choose n(t)
from a Gaussian distribution with standard deviation C, to describe the system
at a temperature T. We solve Eq. 2 by a simple Euler discretization with
a time step dt = 0.01. The noise amplitude is related to the temperature by
C = /2T /dt. In the simulations below, we chose N = L = 100, and kT = 4.0.

Fig. 5 shows a single run for one random realization of random forces. The
displacement starting from x = 0 is shown as a function of time in (a). Fig. 5(b)
shows the same data rescaled to reveal the behavior of the initial transient. Note
that the microtubule moves approximately 35 units before finding a deep po-
tential minimum. Figure 6 displays the corresponding histogram of microtubule
position. The initial transient behavior was not included. The non-Gaussian
shape is due to the underlying roughness of the force F'(z) and its correspond-
ing potential. For extremely long times, this histogram will change because
the microtubule will eventually be able to overcome enormous energy barriers.
However the corresponding times for these are exponentially large as discussed
in the previous section. Under experimentally reasonable time scales, we expect
this kind of histogram to be obtained.

We now probe the behavior of the initial transients, noted above. We ran this
simulation 3000 times each with randomly generated forces. Then we computed
the initial displacement for each realization by taking the difference between
the steady state average position and the initial position. A histogram of these
differences is shown in Fig. 7. As is apparent, the displacement in a transient
is typically about 100, or the length of the microtubule.
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Figure 6: Histogram of positions for a single realization of the random forces. The initial
transient was not included. The system fluctuations are not Gaussian as is expected because
the force does not vary linearly with positions. After extremely long times, this distribution
must change but this happens so slowly as not to be experimentally relevant.
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Figure 7: A histogram of the displacement due to the initial transients. The simulation was
run 3000 times and the initial displacements were all computed. The initial displacement was
obtained by taking the difference between the steady state average position and the initial
position of the microtubule.
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4. Model application to interpolar microtubules during metaphase

We have seen that the effect of antagonistic motors is indeed to lead to a
quasi-steady state behavior for gliding assays where microtubules fluctuate in a
localized region. However, there is a sizable initial transient displacement before
it becomes localized, that appears to be of order the length of the microtubule.

The reason for this relatively large initial transient can be understood from
the statistics of random walks. The time averaged net force F, is the sum of
the forces of the individual motors, Eq. 8, and the displacement from that
point will follow random walk statistics for lengths smaller than the length of
the microtubule L as seen from Eq. 9. On average, F' will have a magnitude
that scales as v/L. If we are interested in how far a microtubule must travel
before F' = 0, then this must be a distance that is proportional to L, because a
displacement of this size will typically give rise to a change in force that is also
proportional to v/L.

Y[

-
X

Figure 8: Two anti-parallel microtubules interacting via two types of antagonistic motors.
The motors interact in the region of overlap.

Now consider the situation of competitive motors on anti-parallel micro-
tubules, interacting with each other as shown in Fig. 8. We can use an analysis
similar to our treatment of the gliding assay experiments to understand this sit-
uation. This therefore assumes that the positions of motors on the microtubules
are fixed. In reality we expect some movement of them as well. Therefore the
potential that the microtubules feel changes in time. The potential will change
significantly on a timescale where motors move on the order of the overlap dis-
tance between microtubules. The new motor densities that are now connecting
the microtubules will then be uncorrelated with their initial value. However the
motion of these motors is not known and we will examine the situation where
their movement is slow on the timescales of interest.

The motors will only operate in the region where the microtubules overlap,
which in Fig. 8 is over a distance of length x, corresponding to m = x/A motors.
Eqn. 8 is modified to be

F(m) =, (32)
i=0

where 1, = f1; + f2,; is the sum of the effects motors walking on both micro-
tubules. This form is different from the gliding assay case, because now the
number of motors included in the sum depends on the overlap distance x. How-
ever F'(m) is still of the form of a random walk. Therefore the total force is not
expected to vanish except possibly at a finite number of random values of x.
The microtubules are therefore expected to have transients that are also large,
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but different than the case of the gliding assays. We would like to know in this
situation if the spindle length is maintained at a constant value, that is, if the
two microtubules will come to a well characterized equilibrium separation, or if,
in fact, they will not do so. We answer this question as follows.

The two microtubules will stop moving, aside from “thermal” fluctuations,
only at points where the force F(x) is zero. So it is important to understand
where such points lie. F itself has the statistics of a random walk, where in this
application, the position of the random walk is in force-space, and time for the
random walk becomes the distance of overlap, x. We are interested in starting
the microtubules off at some initial x and asking how this will evolve in time.
Depending on the sign of F, x will either increase or decrease monotonically
until it reaches a zero of F'. This problem is equivalent to the first passage time
problem of a random walk. In the case where the sign of F is such that the
microtubule moves to increasing x, this would be equivalent to a random walk
that starts off some distance from zero and asking how long it will take to cross
zero. In this case, if the distance of overlap starts out as xg, it will experience
a random force as given in Eq. 32. In the absence of external forces, the two
microtubules will slide until they reach an overlap z* such that F(z*) = 0. As
in the gliding assay case, this will typically be a distance of order x.

On the other hand, if the sign of F' is initially such that the microtubule
moves in a direction of decreasing x, then two things can happen. It can reach
a zero of F' at a point where = > 0, or there will be no zeros until x = 0. In the
latter case, the microtubules slide off of each other. To ascertain the likelihood
of this latter possibility, we note again that the statistics of F'(m) will be that
of a random walk that starts out with F'(0) = 0. The probability of a random
walk of length m starting at the origin but never passing through zero can be
obtained [23]. For example, if the motor spacing A = 50nm and the overlap
x = lum, then we are asking for the probability that a random walk of length
20 never passes through its starting position. In that case that probability is
about 0.18. This means the in this example, there is a 0.18 probability that the
two microtubules will separate. Because in reality, there are many microtubules
involved in the spindle, this means that many overlapping microtubules will be
pushed away from each other so that they no longer overlap. Conversely, many
others will increase from an overlap of 1um to greater than 2um.

Therefore this model of motor association during prometaphase, does a some-
what imperfect job of maintaining spindle length. One simple way to improve
its efficacy is to have a gradient in motor concentrations. In this case in Eq.
32, instead of the forces f; and f; being random variables with a mean zero,
we say that the local motor concentrations are not at the balance point, so that
there is a net time averaged force that varies deterministically with position.
Let us further assume that the concentration profile is the same for both micro-
tubules. Then the corresponding force densities f1(z) and fo(z), will give equal
contributions to the net force that the microtubules exert on each other.

Flz) =2 /O " () (33)
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Figure 9: The total force F', and force density profile fi as a function of overlap = of the two
antiparallel microtubules caused by a density variation of antagonistic motors as described
in the text. Such a deterministic arrangement will lead to a balance point at z* that will
compete with spatio-temporal fluctuations of the two motor species.

Fig. 9 displays a force density profile that has the right properties. fi(x) starts
off negative, close to = 0, meaning that near the tip of the microtubules,
the motors have the net effect of pulling each other closer together. At some
point the sign of f;(z) changes and motors in that region predominantly pull
the microtubules apart. The net force due to all the motors as a function of
overlap, F(x) is obtained by integrating fi(z). The equilibrium overlap z* is
when F(z*) = 0. By adjusting the profile of motor concentrations, z* can be
shifted.

4.1. Strength of concentration imbalance

One caveat that should be mentioned is that if the motor concentration
gradients are too weak, then the microtubules will become stuck due to the
randomly fluctuating force. Without a strong enough bias due to motor con-
centration variation, the extremely jagged random environment will prevent
microtubules from sliding to the equilibrium point z*. We now consider the
minimum size of this concentration variation necessary to overcome the random
static forces.

The force in Fig. 9 is linear around the equilibrium point z*, and is of
the form of Hooke’s law: F' = —kz, where x is measured relative to z*. The
maximum value that x can take can be determined by the extreme case where
the force on the microtubule changes from 0 to f. within one motor spacing
A. If this change occurs over a width of n motors instead, we can write kK =
fe/(nA). We wish to determine the maximum value of n that is consistent
with the microtubules being able to slide relative to each other. The potential
corresponding to Hooke’s law is U = xx?/2. Compared with the statistics of
the random potential, Eq. 26, where V o x3/2, we see that for small enough
x, the random force dominates, but when z becomes sufficiently large, Hooke’s
law prevails. If the crossover occurs at too large a value of x, then the system
will become trapped in some local random minimum and not be able to move
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closer to z*. To determine this crossover, we equate the standard deviation of
the fluctuation in the random potential, given by Eq. 26, with the Hookean
potential. In terms of m = x/A, we obtain

nzzéfgm

8 ¢’ (34)

where the force variance c is given in Eq. 15. To estimate the value of n, we
take p = 1/2, and fi = f, = f.. This gives n? = (3/2)m. Experimentally in
a gliding assay, it was found that the fluctuations in m where approximately 4.
This means that we expect that n should be in the range 2 to 3, in order for
the microtubules to slide within the experimental time scale.

This small value of n is consistent with the fact that at the balance point, the
fluctuations in position of a microtubule in a gliding assay are small. The spac-
ing between motors, in these assays, is presumably not identical to interpolar
microtubules in the spindle but they are believed to be plausibly similar [10, 24].

5. Conclusion

By means of a fairly general analysis, making few assumptions, we have
seen that the motion of microtubules in an antagonistic motility assay near the
balance point is well described by a random walk in a random environment [18],
but with large correlations in the static random force. The connection does
not depend on a detailed model of the motors. The force velocity curves of
the motors near the stall point, v = 0, only come into play to give a drag
coefficient for the microtubule. The results found are in reasonable agreement
with the fluctuations observed in microtubule positions seen in experiments [10].
However the model also predicts that microtubules will slide of order their own
distance before getting badly trapped, as seen in the initial transient data.

There is substantial similarity between these gliding assay experiments and
models for what occurs in vivo during prometaphase, with KLP61F and Ncd
motors antagonizing each other in mitotic spindles [10, 11]. However, although
random force fluctuations correctly predict that these motors will act to inhibit
variations in spindle length, they also do so imperfectly. Antiparallel interpo-
lar microtubules will have initial transients where they slide of order their own
length, or sometimes completely disassociate. It appears that such variations
are within the error bars of experimental observation however. But, to circum-
vent these fluctuations, it is possible that the cell sets up a gradient in motor
density during prometaphase, thereby restricting the mitotic spindle to confined
movements in a potential well. Further observations of the densities of motors
in vivo could lend a great deal to further understanding of this situation.
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