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Variable-Length Channel Quantizers for Maximum
Diversity and Array Gains

Erdem Koyuncu and Hamid Jafarkhani
Center for Pervasive Communications and Computing, Usityeof California, Irvine.

Abstract—We consider at x 1 multiple-antenna fading channel to maximize the diversity and array gains correspondin@a¢o t
with quantized channel state information at the transmitter Symbo] error rate (SER) performance of the system (The rea-
(CSIT). Our goal is to maximize the diversity and array gains g4 \yhy we will not focus on the SER itself will be explained

that are associated with the symbol error rate (SER) perfornance lat Wi i-static block fadi h I
of the system. It is well-known that for both beamforming and at€r On.). We assume a quasi-static block fading channe

precoding strategies, finite-rate fixed-length quantizers(FLQs) Mmodel in which the channel realizations vary independently
cannot achieve the full-CSIT diversity and array gains. In his from one fading block to another while within each block
work, for any function f(P) € w(1), we construct variable-length  they remain constant. We also assume that the receiver has
quantizers (VLQs) that can achieve these full-CSIT gains Wh ¢, cg) while the transmitter has only partial CSI provide
rates 1+ (f(P)log P)/P and 1+ f(P)/P" for the beamforming by th . ; f d delav-free feedback cbkn
and precoding strategies, respectively, whereP is the power °Y N€TECEIVErVia error-iree and delay-iree ijeedbac COE
constraint of the transmitter. We also show that these ratesre the ~ The partial CSl is in the form of quantized instantaneous CSi
best possible up too(1) multipliers in their P-dependent terms. provided by a VLQ. We design VLQs for beamforming and
In particular, although the full-CSIT SER is not achievable at any precoding strategies. For the latter strategy, we focusneat
(even infinite) feedback rate, the full-CSIT diversity and aray — recoding of complex orthogonal space-time block codek [21
gains can be achieved with a feedback rate of bit per channel . . .
state asymptotically. A; we have shown previously, for a wide varlety_of.c.om-
munication problems, VLQs outperform FLQs by a significant
|. INTRODUCTION margin [22]-[24]. In[22], we have considered the VLQ design
The performance of a multiple antenna communicatiggroblem for the outage probability performance measure.
system can be greatly improved by making the channel st&@empared to[[22], although the general idea behind designin
information (CSI) available at the transmitter and/or tlee r good VLQs will remain the same, the specific methods of [22]
ceiver. Typically, the receiver can acquire the CSI by irain are not directly applicable due to fundamentally differdist
Obtaining CSI at the transmitter (CSIT) is however mortrtion functions. Also as a result of this difference, weeot
difficult and generally requires receiver's feedback. Iisthcompletely different results and reach different conduosi
context, a channel quantizer specifies (i) for each chanats,s In [23], [24], we have designed SER-optimizing distributed
the sequence of feedback bits to be fed back by the receiwtQs for beamforming in networks with multiple receivems. |
and (ii) for each such sequence, the transmission codewthid paper, the simpler non-distributed (point-to-poimdure
(e.g. a beamforming vector) to be employed by the transmittef quantization allows us to prove much stronger achieitgbil
The goal is then to design an optimal quantizer with respeesults. Here, we also prove converse results and study the
to a specific performance measure (such as the symbol emmre general precoding strategy.
rate (SER)) subject to the rate constraint of the feedbak li  The rest of this paper is organized as follows: In Sedfibn I,
An overview on channel quantizers for multiple antennae give a formal description of the system model. In Sections
systems can be found inl[1]. In particular, limited feedbadkland[IV] we state our main results for the beamforming and
beamforming has been extensively studied via Grassmanngascoding strategies, respectively.
line packings [[2]4[4], quantizer design algorithmis [5}-[8 Notation: For real-valued functiong (z), g(z), let f(x
high resolution methods [9], random vector quantizérs,[1Q}(g(x)) if (for all sufficiently largex) f(x) > kg(z), Vk > 0;
[11], and several other techniques [[12]5[14]. Beamforming(z) € O(g(x)) if Ja > 0, f(z) < ag(z); f(x) € o(g(x)) if
is a special case of the more general, albeit more complpggg) < eg(x), Ve > 0; and f () ~ g(z) if limy_,o0 583 =1.
transmission strategy called precoding, whose performan&T’ A’ denote the transpose and the Hermitian transpose of
with quantized feedback has been studied_id [15]-[20]. matrix A, respectivelyA* = (A7)t. h ~ cN(K) means that
Most of the previous work on CSI feedback employ fixed, js 4 circulary-symmetric complex Gaussian random vector
length quantizers (FLQs), in which the number of feedbagfii covariance matrid. I is the identity matrix, and is

bits per channel state is a fixed integer. In general, differgq 4)1-zero matrix/.4| is the cardinality ofA.
binary codewords of different lengths can be fed back for

different channel states, resulting in a variable-lengtardizer Il. PRELIMINARIES
(VLQ). An FLQ is clearly a special case of a VLQ, and we
thus expect VLQs to provide a better performance than FLQ%‘. System Model
In this work, we focus on the VLQ design problem for a We consider & x 1 MISO system. Denote the channel from
t x 1 multiple-input single-output (MISO) system. Our goal igransmitter antenna to the receiver antenna by;, and let

~—
m
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h=[h - h | eC™ represent the entire channel This definitionimmediately induces a feedback transmissio
state. We assume thhat~ CN(I). scheme that operates in the following manner: For a fixed

We assume that the transmission symba a discrete ran- channel staté, the receiver feeds back the binary codeword
dom variable with a uniform distribution on the det1, fl}H b,, where the index: here satisfieh ¢ &,,. Such an index
For a fixedh, we first consider the transmission efvia a n always exists and is unique &,, n € N is a disjoint
beamforming vectox € x, wherex = {x:x € C**! ||x|| = covering ofC’. The transmitter recovers the indexand uses
1} is the set of all feasible beamforming vectors (We shathe corresponding beamforming vectar. The recovery of
discuss the precoded transmission later on.). The chanbglthe transmitter is always possible sinegs are distinct.
input-output relationship with such a tranmission stratedMVe write q(h) = x,, wheneverh € &, to emphasize the
can be expressed as = s(x,h)\/P + n, wherey is the quantization operation. We call the sgt,, }7 the quantizer
received signal, and the noise term~ CN(1) is independent (or beamforming) codebook.
of h. The corresponding signal-to-noise ratio (SNR) can be For anyb € {0,1}*, let L(b) denote the “length” ob. For
expressed akx, h)|?P. Givenh, the conditional SER with a exampleL(1) = 1,L(01) = 2. A quantizerq is called an FLQ
maximume-likelihood decoder is thél(+/2|(x, h)|2P), where if L(b,,) = L(b,), Ym,n € Z. Otherwise, we call a VLQ.
Qz) = = [~ e~*% dx, = € R is the Gaussian tail function. In €ither case, the rate afis R(q) = 3=, c7P(h € £,)L(bn).

Whenﬁ?s random, we can choose a different beamforming A quantizerq is thus a mappin@* — {x, }z supplied with
vector for differenth. In this case, we are interested in the SER féedback binary codeword, for eachx,. Treated solely
averaged over all possible channel states. Formally, densi@S & mapping, it is a special case of the mapping™’ — x
an arbitrary (measurable) mappimg: C! — x. Then, the discussed in Sectidn I[A with the requirement of acqurﬁabl
(average) SER with mapping can be expressed as range{x, }z. We can therefore calculate the SER wiftas

SER(q) = E[Q(y/2[{a(h), h)2P)].
SER(m) £ E[Q(v/2[(m(h), h)[?P)]. (1)  Our goal in this paper is to design low-rate VLQs that can

Let d(m) — — limp_, . [SER(m)/log P] as the diversity gain af:hieve the fuII-CSIT diversity and array gains. Before_ we

. e (w11 h dlsc_uss our VLQ designs, let us reemphasize that we wish to
Wlt.h m,_andg(m) . [limp—o0 (SER.(m?P )} as the array achieved(full) andg(full), notSER(full) (although there
gain withm, provided that both limits exist. The asymptotiGs \, nractically-significant difference between the twaigo
P — oo performance ofu is thenSER(m) ~ [g(m)P*™] . 3¢ high P). The motivation behind this choice is not the hope

As an extreme case, the transmitter may kioperfectly, in - {hat the diversity and array gains would be easier to workwit
which case we have a _“fuII-CSIT syste_m.” In such a scenarigig rather, as we shall prove in the following, the impoditib
we can choose an optimal beamforming vector, #8ay1(h) o achieving the full-CSIT SER witlany quantizer. Note that
for a givenh. We have|(full(h), h)| < |\h||,hand the upper one may achievel(full) and g(full) while not achieving
bound is achievable by choosirig11(h) = gy This gives ggp(fy11) at any P. For example, suppose that a hypothet-
us SER(full) = E[Q(1/2||h||2P)] with d(full) = ¢. ical quantizerq’ achievesSER(q') = SER(full) + 1/P*1.

We now investigate the case where the transmitter has bar@viously we haveSER(q’) > SER(full), VP, while d(q') =
CSlI via feedback from the receiver. Such a system can ®full) andg(q’) = g(full).

modeled by a channel quantizer as we explain in the foIIowing The impossibility of achievingER(fu11)

B. The channel quantizer Let us first define the distortion functiod(x,h) =
LetZ e {{0},{0,1},{0,1,2},...,N} be a possibly infinite Q(+/2[(x, h)|2P)—Q(+/2[h][2P). For any given quantize,

index set. We use the notatiod,,}7 and {a, : n € I} Wwe haveSER(q) = SER(full) + E[d(q(h), h)], and therefore,

interchangeably to represent a set whose elements areahe mnimizing the expected distortion with is equivalent to

numbersa,, n € Z. A similar definition holds for sets of minimizing the SER withq. The following result is then

vectors, collection of sets, etc. merely the consequence of the countable nature of the quan-
GivenZ, let {x, }7 be a set of quantized beamforming vectizer structure and the properties of the distortion fuoreti

tors with {x,,}7 C x. Also, let{&,}7 with £, c C*, vn € N d(x,h) that is associated with the SER.

be a collection of mutually disjoint measurable subsets

C* with | J,, .7 &, = C'. Finally, let {b,}7 be a collection

?heorem 1. Forany quantizen, SER(q)> SER(full),VP >0.

of feedback binary codewords witfb, }z C {0,1}*, where Proof: Letq = {x,,,&n, by }z. Since) ,P(he&,) =
{0,1}* £ {0,1,00,01, ...} is the set of all non-empty binary 1, 3i € Z such thatP(h € &;) > 0. We then have
codewords. We assume that the cofdg,}z is prefix-free, SER(q) — SER(full dx. B f(h)dh
which implies in particular thab,, # b, wheneverm # n. (@) (Fu11) + 3 nen Je, d0tn, 1) f(B)

We call the collection of tripleg £ {x,,, &,, b, }7 a quantizer > SER(full) + [, d(x;, h)f(h)dh.

q for the beamforming strategy. For any P > 0, the distortion functiond(x;, h) is positive

1 - _ _ almost everywhere (it is non-negative everywhere and it is
Our results can be extended to any finite constellation. Wi sach a

i . 2 _
generalization here so as to highlight our quantizatiorhods without dealing Zero Only _Whenh IS a me_mber of the Seﬁh : |<th>| =
with the unnecessary technicalities of an arbitrary cdlasien. |Ih||?}, which has probability measure zero). The integral of



an almost-everywhere-positive function on a set of pasitidistinguish between two beamforming vectors given thahbot
measure is positive. HencgER(q) > SER(full),VP > 0. B provide an SER of at mos{1/P*); preferring one vector over
the other will not affect the diversity and array gains of the
sé‘ystem as the best possible decay of the SEQ(is/ P?).

With this observation, for a given beamforming codebook

Remark 1 (Comparison with outage probability [22]For the
samet x 1 MISO system considered in this paper, and for

ggr?gtéatrr?:toi?;a éra?gkr)r; Eﬁ:?nv\rlﬁ:]e;f?ge(g)m?gggg()fuizn tizB , we consider a variable-length quantizgy that operates as
9ep y 9)4a follows. Let 8 = (¢ + 1)log P.

q and the full-CSIT outage probability, respectively. Then, ) , . )
similarly, there is a distortion functio®(x, h) that satisfies ~ * f |[(xi, h)|°P > 3, Vi € IV' thenqy; feeds back the binary
OUT(q) = OUT(full) + E[D(x,h)]. However, unlike the codewordo, and we setj;(h) = xo.

distortion functiond(x, h) for the SER, for any € x, the  * Otherwise, ifJi € T with |<Xivh>|2_P < B, thenq; feeds
function D(x, h) is zero on a set of positive measufe][22].  Pack the concatenation of the binary codeworand the

Hence, the natural analogue of Theor&in 1, i.e. the claim Pinary codeword of lengtiilog, | B[] bits that represents
that 0UT(q) > OUT(full) for any quantize, may not hold the index, sayj € Z, of the beamforming vector that
in the case of outage probability. In fact, it is possible to "€Sults in the maximum SNR. We sgf(h) = qs(h).
design finite-rate VLQs that can achie@®T(full) at any  Let us now analyze the performanceq.

P [22]. Hence, at least in the context of limited feedbacks ., qgition 1. For any finite-cardinality beamforming code-
the SER and outage probability performance measures eXh%okB, we have

fundamentally different behaviors.

v 1
According to Theorenfil]1, we have no hope in achieving SER(qp) < SER(qs) + pti’ @)
SER(full). The next most important question is how to design Y (t + 1)|B|log, (4|B|) log P
quantizers that can achied¢full) andg(full) if possible. Rlgp) <1+ P : ®3)

In this context, it is well-known that finite-rate FLQs camno ) ' v
achieve these full-CSIT diversity and array gains [6]. listh Proof: We first Vprove tge upper bound OS‘ER(Qq )
: : oo wittk el d(h) = Q(v/2[(qp(h), )2 P) — Q(v/2[(as(h), h)[*P),
paper, we design VLQs that can achieve these gains Wltrka_ {h:3i e |(xih)|*P < B}, and€° = C' —
feedback rate of bit per channel state asymptotically Bs— £, By the definition of g, we haveE[d(h)[h € &

oo. This is a significant improvement over FLQs that requir ~
S . X A < Y 2 <
infinite rate to achieve the same performance. We first dscug Also, Eld(h)|h € £ < E[Q(v2|{qs(h),h)[*P)] <

—(t+1) i -
how to design such quantizers for the beamforming strate i (‘%(" 3\575 +ml) log S)Lgf 2p >’ ?’h?r? th;ssﬁonc(igipe?]léal
the precoding case will be discussed afterwards. OlIOWS S ce_|<q3( ), 0)[°P > (t+1)log P, % ;2

the last inequality follows from the bour@(z) < e™*", z >

[1l. VLQ S FOR BEAMFORMING 0. Combining the two conditional expectations &fth), we

We start with the design of the quantizer encoding regm%tam E[d(h)] < P~("*)). Substituting this to the obvious

for a given beamforming codebook. We first recall the stadaf€Ntity SER(qj;) = SER(qs) + E[d(h)], we obtain [2).
We now prove[(B). We have

encoding rule for FLQs and discuss why it will not work in the
case of VLQs. We then modify the standard encoder to come R(q)) = P(h € ) 4 (1 + [log, |B|])P(h € &) (4)
up with a new encoder that will allow us to design good VLQs.

<1+log,(4|B|)P(h € &) (5)

A. Encoding < 1+ logy(4]B|) > ez P(|(xi, h)|?P < 3)  (6)
Let B = {x,}z be a finite-cardinality beamforming code- =1+ log,(4|B])|B|[1 — exp(—2)] (7)
book. A standard practice (see eld. [6],1[12]) is to work with <1+ log2(4|B|)|B|§, ®)

the quantizergs(h) £ argmaxycs|(x, h)|, which chooses
the beamforming vector (with ties broken arbitrarily) h where the first inequality follows since(h € £¢) < 1 and
that is “closest” toh. One way to design a VLQ might be tol + [log, |B|] < 1 + log, |B| + 1 = log,(4|8]). The second
keep this standard encoding rule for FLQs but use a variabieequality follows from a union bound. This provés (3).m
length code instead of a fixed-length code. On the other handNote that the maximum diversity gain with any quantizer
the standard encoding rule results in quantization celth wis ¢. Hence,SER(qs) ~ g(qs)P~¢ for somed < t. Since
roughly equal probabilityl /|3| when |B] is large. In such the second term in the upper bound i (2) decays faster than
a scenario, the rate of an optimal variable-length code wiﬁ;, the diversity and array gains witj; is the same with
roughly be the same as the rdteg,|B|] of the fixed-length those ofqs. Moreover, according td{3), we hawgqy) — 1
code [22]. We thus consider an alternate encoding strategy tas P — oo. This is a significant improvement over a rate-
can benefit from variable-length codes. [log, |B|] FLQ for codebook, especially whenB] is large.
The standard encoder always picks the best beamformingMe now claim that, for any arbitrary functiof{ P) € w(1),
vector in B = {x,}z that is closest tch. We do not have thereis a VLQ that can achied¢full) andg(full) with rate
to be this precise if our goal is to achieve the diversity and+ f(P)l"%P. We provide here an outline of the strategy to
array gains provided bys. For example, we do not need toprove this result. Motivated by](3), we considBrdependent



codebookd3p that satisfyl + (t+1)|Bp|[log, |Bp|] = f(P).
In such a scenariolBp| € w(1), or equivalently, we use
codebooks with larger and larger cardinality Bs— oco. If
we can design the codebooks, P > 0 well enough, the
quantizerqy . will then achieved(full) and g(full) with

rate 1 + f(P)&L,

q = qp,,,, NOW satisfies the theorem’s statement. Indeed, by
@) and (1), we hav&ER(q) < SER(Full)(l + 266(P)) +
1/P**1. Sinced(P) € o(1), we haved(q) = d(full), g(q) =
g(full). The upper bound oR(q) is obvious. |

In particular, for anyf(P) € o(;55) (e.g. f(P) = log P),

as claimed. Obviously, for this strategythe full-CSIT diversity and array gains can be achieved with

to work, we need “good” codebook designs. We show trefeedback rate of bit per channel state asymptotically. The

existence of such codebooks in the following.

B. Existence of good codebooks

guestion is now to determine the minimum rate that guarantee
the full-CSIT gains. We discuss this problem next.

The following result is a restatement 6f[22, Proposition 2P- Necessary conditions for achievidgfull) and g(full)

Proposition 2. For every sufficiently smali > 0, there is a
codebooki3s with
|Bs| < Cod— 2, (9)
and
vh € x, 3x € Bs, |(x,h)|* > 1, (10)

whereCy is a d-independent constant.

Remark 2. This existence result is good enough for oufizérs that can achieve(full) and g(full). Let q

purposes. Still, let us note that an explicit construction f

Bs is also available for implementation purposes. We refé

In the following proposition, we calculate the SER wifl.

the interested reader tb [22, Section IlI.B].

Proposition 3. For every sufficiently smali > 0, we have

SER(qg,) < SER(full)(1l + 2tJ). (11)

Proof: According to Propositiori {2), the SNR provided b))/e

Bs is at least|h||?(1 — §) P for any given channel state. As
a result,SER(qs;) < [~ Q(v/2x(1 — 0)P)z'~te=*/I(t)dz,
where the integration variable: corresponds to a real-
ization of the random variablg/h|?. With a change of
variablesu = z(1 — ¢§), we obtain SER(qs,) < (1
§)~t [;° Q(v2uP)ul~te=/(1=%) /T(t)du. For the facto(1—
§)~t of the integral, we havél — §) =t = 1 +t5 + O(6?) <
1+ 2t for any sufficiently smalb. For the integral itself, we

use the bound™ 75 < e~*, which makes the integral equal

to SER(full). This concludes the proof.

Hence, for sufficiently smali, the codeboolB; can provide
the full-diversity gain. Makings even smaller, it can also
provide an array gain that is arbitrarily closeg@full).

C. The main achievability result

We can now proceed with the strategy outlined at the end of

SectiorIII-A. The following is the main result of this seari

Theorem 2. For any function f(P) € w(1), there is a
quantizerq with d(q) = d(full), g(q) g(full), and
R(q) <1+ f(P)lO%P for all sufficiently largeP.

Proof: By (3) and [9), for every sufficiently smadl, we
haveR(qg,) < 1+ ¢(6)°%6E, whereg(d) £ (t + 1)Co/6% x
log,(4Co/6%t). Hence, for givenf(P) € w(1), we choose
§(P) £ ¢~1(f(P)). Since f(P) — oo, 6(P) is o(1), well-
defined, and positive for all sufficiently largeé. The quantizer

It is difficult to determine the exact asymptotic rate that

guarantees the full-CSIT gains. Instead, we provide bounds
Note that by Theorem] 2, a quantization ratelef“’(”# is
sufficient for the full-CSIT gains. We prove a partial corser

by showing that a quantization rate bf- 1%L is necessary.

13P

Theorem 3. For any quantizer, if d(q) = d(full), g(q)

g(full), thenR(q) > 1+ t1103gpp for all sufficiently largeP.

Proof: Let us first (roughly) identify the class of quan-

{Xn,&n,brn}z. The caseZ| = 1 corresponds to open-loop
ystem with no CSIT, in which case we haig) < 1 <
d(full). The casel|Z| 2 corresponds to a quantizer
whose codebook consists Bfbeamforming vectors. In such
a scenariod(q) = 2 is achievable withR(q) = 1. On the
other hand, fort = 2, eitherd(q) < d(full) = 2, or if
d(q) = d(full) = 2, theng(q) < g(full) as one cannot
achieve the full-CSIT array gain with onl beamforming
ctors. Fort > 3, we simply haved(q) < 2 < 3 < d(full).

It is thus sufficient to consider the calgg > 3 for the class
of quantizers that can achiedfull) andg(full). Hence,
let 9 = {xn, &n, br}z With |Z| > 3 and suppose that for every
Py € R, there exists? > P, such thaR(q) < 1+ 42X We
will conclude the proof of the theorem by showing that the
strict inequalityd(q) < d(full) then holds.

Let R = 5% Since,|Z| > 3, there is an index € T
with L(b;) > 1 andL(b;) > 2,Vj € Z — {i} (Otherwise,
there would be two binary codewords of length which
is impossible for a prefix-free code that contains at lekast
codewords.). Then, we hawh € &;) > 1 — R (Otherwise,

the chain of inequalities

1+ R>R(q) (12)
= Znelp(h € &n)L(by) (13)
=P(h € &)L(bi) + > je7_ (1 P(h € &)L(b;) (14)
>Phe&)+23 7 P(heE) (15)
=Pheé&)+2(1-Phes)) (16)
=2-Pheg) a7
>1+R (18)

leads to a contradiction.). Without loss of generality, suge
thatP(h € &) > 1 — R. Then, with f(h) representing the
probability density function oh, we have

SER(q) = X ner Je, Q(V2/(xn, W)[PP) f(h)dh  (19)



> [, Q(v/2[{x0,h)[?P) f(h)dh (20) IV. VLQ'S FORPRECODING

According to [25, Theorem 2.1], there is a constant> 0 So far, we have desig(r}(;:‘ld \I/DLQS that can achieve the full-
L ’ ’ w og

such thatQ(z) > Cjexp(—2?), Vo € R. Substituting this CSIT gains with ratd + ——5——. The question is whether or

lower bound, we obtain not the dec_ay rate of the teriﬂiﬁ{l)]i_il_D can be improved us_ing
more sophisticated data transmission strategies. Theesrisw
SER(q) > g(&o,X0), (21) yes, and as a proof of concept, we consider linear precoding
where of a complex orthogonal space-time block code.

A. Linear precoding of complex orthogonal designs
9(&,x) = C1 [gexp(=2[(x,h)[?P)f(h)dh  (22) . : : s
Consider a fixedh. We consider the transmission @&f

Now, let¢ = {€ C C':P(h € £) > 1— R}. Clearly,& € €, symbolss;,..., s, overn time slots via ann x ¢t complex
and therefore orthogonal desigs$ (with STS=3", |sx|*I, Vs1,..., s € C)
Lo multiplied by a precoding matriX € X, whereX = {X €

SER(q) > inf inf g(&,x). (28) ¢txt . x| < 1}. The channel input-output relationship can

be expressed ag = SXh,/P/r + n, wherer = k/n is
the space-time code ratg,is the received signal vector, and
n ~ CN(I). Due to the orthogonality of the code, the per-
symbol conditional SNR ig|Xh|/?P/r. It follows that the
conditional SER (for BPSK) is given b§(\/2[|Xh|2P/r).
In particular, if, for exampleX = xx' for somex € x,
the conditional SER i€)(1/2|(x,h)|?P/r). Hence, up to the
1-scaling of the SNR, using the precoding matsix' is
equivalent to beamforming alo
Whenh is random, we consider a mappitig Ct*! — X,
SER(q) > Cy infeee fg exp(—2|h1[2P) f(h)dh (24) and letSER,(M) £ E[Q(y/2|M(h)h|]2P/r)] denote the SER
with M. The diversity and array gaing(M) and g(M) with
The expression in the lower bound is an optimization proBnappingM can be defined in the same manner as in Section
Ie(ngw)of tlhe f]c%)rm ;Minimi_zefg QXE(E%WIPPMM: su:jectdt_o [=A] The full-CSIT mappingFULL(h) £ ﬁ provides the
w(€) > 1— R, where y is a probability measure. According . . . _ 5
to [26], there is a minimizer of the ford = {h : |h;|?> > r}, [)nlntl)mumf pos_smlel SE?E?'(FULL) h_ E[Q(v/2|[h|[2P/r)],
wherer is a positive real number with(£’) = 1— R. In other y beamiorming aiong, for every
words, one forms the solution st by starting with the points B. Main results

where the integrar!dxp(f2|h1|2P) takes its minimal values e quantizer definition in SectidiTIlB for beamforming
and then progressively adds more points until the measure,

. ends to precoding in an obvious manner. We let the collec-
¢’ is equal tor. We have tion of triplesQ £ {X,,,,,b,}z be a channel quantizer for
f{h:lh - f(h)dh=1-R, (25) the precoding strategy, Whgl{é(n}z C X with {&.}7 and
= {b, }z satisfying the properties described in Secfionlli-B.
or, equivalentlyj:>o e *dz = 1 — R. Solving forr, we obtain It is straightforward to show that Theorem 1 holds for the
r = —log(l — R), and thus precoding case as well. We thus construct quantized presode
that can achieve the full-CSIT diversity and array gains. We
omit here a detailed exposition of the construction due ¢& la
of space and since the ideas are very similar to the ones we
B 142P (27) have applied for beamforming.
Cy exp(—6PR) We consider the precoding codebadk= {I/v/t}U{xx' :
> (28) ) : )
3P x € Bs} that consists of the identity precoder and the
where the last inequality follows sinde+ 2P < 3P, VP > precoder equivalents 81‘ the beamforming vector.sl’)’j;n We
1, and —log(1 — R) < 2R for sufficiently small R. Now, then construct a VL@, that operates as follows:

substitutingR = %2 the lower bound is proportional to  If [|[I/V#[h|[?P > 47!, thenqy feeds back the binary
P~1=15. This meansi(q) < 1+ 8 < ¢, vt > 2, if d(q) ever codewordo, and we seQg, (h) =1/V1.

exists. This concludes the proof.

Note that for anyt x ¢ unitary matrixU, we haveg(€,x) =
g(UE,Ux), V€ € €, Vx € x, whereUE = {Uh : h € &}
denotes the translate of the setby U. With this property
in mind, we consider a fixed vectgy € x. For a given
x € x, let the unitary matrixXU, satisfyx = U,y. We have
g(€,x) = g(ULE, Ulx) = g(ULE,y). SinceULE € ¢, we
have g(€£,x) > infgce g(E',y). Since this inequality holds
for arbitrary x and £, we obtaininfece infxey 9(€,x) >
infece g(€,y). Choosing e.gy = [10 --- 0] then gives us

SER(q) > C; ff‘iog(l_m exp(—2zP)e %dx (26)
Cy exp[(1 + 2P)log(1 — R)]

|
. 2Jn fact, using any precoding matrix of the forax’, z € x is equivalent
We thus say that the necessary and sufficient feedbi%((f\%eamforming alongk. For examplez = [1 --- 1] gives us the matrix

rate that guarantees the full-CSIT gainslis- w(1) IOEP , UPp  [x --- x]T. We have picked: = x (which yieldsxx) for a simpler notation.
to o(1) multipliers in the P-dependent temw(l)lo%_ The  3Fort =2and the Alamouti code, we have= 1, and thusSER (FULL) =
fund tal fi f whether th telof w(l logP ; SER(full). Fort > 3, due to the non-existence of ratesomplex-orthogonal
Undamential question or whether the rale w(1)ZF= 1S designs, we haveER,. (FULL) < SER(full): A “part’ of what is lost in terms
necessary will remain an open problem. of data rate translates to a constant power gain.




« Otherwise,Qz, feeds back the concatenation of the bimuch fastel*";}) decay compared to th%(l)]iﬂ decay with

nary codewordt and the binary codeword of lengthbeamforming. We now show that the+ 2{X decay is the

[HOgQ(}LL;]&[H bét]i)]t:‘at represenigs, (h). We setQz, (h) = pest possible up to(1) multipliers in the term=(H.

485 485 . .

In the following, we analyze the performancea . Theorgm 5. .There is a constan€; > 0 such that for any
s quantizerq, if 4(Q) = 4(FULL) and g(Q) = g(FULL), then

Proposition 4. For every sufficiently smalf, R(Q >1+ % for all sufficiently largeP.
SER,(Q¢,) < SER,(FULL)(1 +2t8) +6/P*,  (29) Proof: Let R = £ with the constant; to be specified
R(QY,) < 1+ Cod~tlog(6~1)/ P, (30) later on. Also, letQ = {X,,&n,bn}z Wi_th |Z| > 3, and
_ o suppose that for every, € R, there existsP > P, such
whereC; is a constant that is independent d&and P. thatR(Q) < 1+ R. Using the same arguments as in the proof

Proof: By construction, the precoding quantizgr pro- of Theoren{B, it is sufficient to show thatwill not be able
; : g

vides the same SNR as the beamforming quantjzerexcept to achieve the. fuII—CSIT diversity. and array gaihs. .

when ||h|2P > #5~, in which case it provides an SNR of The properties of) imply the existence of somee I_wnh

|n||2P/t. This gives us P(h G_Si) >1-R (s_e_e the pr_oof of T_heorelﬁ 3). With(h)
denoting the probability density function &f we then have

Y e o] wt—le—z
SERT(QCQSSER"(%S”/;P VLI =RG9 smr g = 3 | QAP (@)
(31) nez e
fe'e] t—1 . r
< SER,(qs,) + /_P eXp(—xP/t)%d:p (32) z /g i Q(V2|[X;h[[>P/r) f (h)dh (39)

= SER.(q5;) + %/“’ %du (33) = /CT Q(/2IXB2P/r) f (h)dh— o)
5= /g Q(v/2||X;h|2P/r) f(h)dh (41)

t—1 X
tt _s—1 5k

= SER:(q5,) + ;¢ T (34) ; 7
k=0
g > inf / Q2| X:h|2P/r)f(h)dh — (42)
< SER,(a5,) + T+ (35) 2y | QUVIXR[ZP/T)f(h)
where SER,(q5,) 2 E[Q(1/2[{gs, (h), h)[2P/r)], and the £SER,. (OPEN)
last inequality holds for all sufficiently small. Then, [29) f(h)dh (43)
follows since (using the same arguments as in Proposiiion 3) &5
SER,(qs,) < SER,(FULL)(1 + 2t6). > SER,.(OPEN) — R (44)

For (30), note thaQy, feeds backi bit if |h|*P > 5", ,
and it feeds back + [log, |Bs|] bits if ||h||2P < t5—'. The where SER, (OPEN) represents the open-loop SER with no

latter event has probability feedback. Note that(0OPEN) =t but g(0OPEN) < g(FULL). We
. . thus choose the constant in the statement of the theorem as
5P xHe*rd spogt=t o gt (36) C3 = 1(1/g(OPEN) — 1/g(FULL)). Noting thatSER, (OPEN) ~
s T ), T T ey 1/g(OPEN)P~t and R(q) < CsP~t, the lower bound in

(44) then becomes- 1(1/g(OPEN) + 1/g(FULL))P~* >
1/g(FULL)P~*. Hence, eitherd(Q) < d(FULL) = ¢, or if
A (37) d(Q) = t, we haveg(Q) < g(FULL). This concludes the proof.
L(t+1)pPt _ u
After some straightforward manipulations, this yields saene e can therefore conclude that for precoding, the necessary
. o and sufficient feedback rate that guarantees the full-C&litsy
upper bound as in the statement of the proposition. = is 1+ 20 up to o(1) multipliers in the terme )
This immediately leads to the following theorem. The proo? e UP P pee

is omitted since it is very similar to the proof of Theoréim 2. ACKNOWLEDGEMENT

Combining this with the bounB;s| < Cod 2! in (@), we obtain
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