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DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.
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-1- : UCRL-17795 Addendum

1.) Introduction

In UCRL 17795, it was shown that curves in the %,y plane having reflection
symmetry about the positive diagonal are invariant under the transformation:

X' =y

'X+f(Y): (l) )

i

y|
where f(y) is the sum of the two wvalues of x corresponding to the given y. It is

required that there be Jjust two values, but the two branches on which they oceur

are not required to have a common analytic form. An example given was the pair

. of rectangular hyperbolas y = 1 -a/(x+1) and y = -1 +a/(1-x), with f(y) =

2 ay/(l-yg), mentioned in paragraph 3 and illustrated in Fig. 1. The question
whether there are other invariant curves belonging to the same f(y) was left open.
This question was answered by John M. Greene in a letter to L. Jackson Laslett

(March 8, 1968). He pointed out that all curves of the form (l—xg)(l—y2)+2axy=const.

..are such invariants. If the constant has the value 2a—a2, the equation factors into

two equations representing the rectangular hyperbolas, which are now seen to be

simply the separatrices of a family of invariant curves. In the course of checking
the invariance of "Greene's function" by the methods of UCRL 17795, I found that
it is a special case of a broader class, which can be called "double quadratic"

curves.

2.) "Double quadratic" curves

)solved explicitly for x. If x

Any equation which is gquadratic in x can be
and y occur in it symmetrically, it represents a curve with the required symmetry
about the positive diagonal. The most general equation with these properties is:

ax?y2 + B(xBy+xy?) + C(x°+y%) + Dxy + E(x+y) + F = 0, o (2).
whose solﬁtion is:
1
x =
2(Ay2 + By + 0)

(eyPy+E) T V| (8PoyE)2 -h(ay2+Bytc) (Cy24EyHE)  (3)-
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The sum of -the .two values of x gives £(y):

By  + Dy *+ B .
AY? + By + C _ .
3 ’ [

Since £(y) does not depend on F, all members of the family generated by giving

Cf(y) =

-

different values to F are invariant under the transformation (1), with If(y) givén &
by (4). |
We thus have the.rémarkable résult that an f(y) which is the ratio of any two

quédratic functioné of y leads to a family‘of invariant curves, with the‘single
réstriction thét the coefficients of y2 ih the numerstor and of y in the denominator
. must be of équéi mégnitude and opposite in sign. '
| The firét orderbfixed points, if they exist, are atvf(y) = 2y, and are therefbré |
the solutions of:

2 Ay3 + 3 By” + (20+D)y + E = 0 - | (5).

“The number of parameters in,(ﬁ) is easily reduced; E can be eliminated by a
cbordinate displacement élong the positive diagonal, either A or B can Ye made,eqpai
to D or E by a change of écale, and any one of the remaiﬁing parameters can bevsét
equal to unity. Thus we have a two-parameter system. _Sbme interesting casés are:

(1) A=1,B=0,C=-1,D=2, E=0, F =c.
x2y2 - x2-;y'2 t2axy+c=0. (”Greene's function")

fy) = 22%
1 -y
The first order fixed points are at y = 0, + \ll—a}

The separatrices are displaced rectangular hyperbolas, as pointed out above. -
(2) A=1,B=0,C=1,D=-28, E=0, F =c.

x2y2 + x2+-y2 +2axy+c=0.

t(y) = 2ay

1+ yg
The first order fixed points are at y = 0

;) i a-l .

| The separatrix< is the curve given by setting c¢=0.
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In cases (1) and (2), if a is negative, the curve is rotated by 90°, and the Pirst
order fixed points (except the one at x = 0) become second order fixed points. (See

paragraph 6 and Fig. 3b of UCRL 17795)

(3 A=0,B=1,C=-1,D=0,E=0,F =c.
x2y+xy2-x2-y2+.c

¥

1 -3

Il
O

£(y) =
. . . 2
The first order fixed points are at y = O, 3

The separatrices are the curve given by setting c = 2—7‘ , the line xty+2 = 0, and

the curve xy -x-y + 2 = 0.

(I thank Dr. Laslett for finding the last two of these.)

(W) A=1,B=-2,C=1,D=0,E=0, F =c.
xPye -2 (x2y+xy2) + x°+y2 + ¢ = 0.
2
(1-y)
. . . 1
The first order fixed points are aty =0, 5 (3 + \r‘;)
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