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OF AN INTERACTING BOSE SYSTEM
.vWilly Bierter

Lawrence Radiation Laboratoryv

University of California
Berkeley, California 94720

and

Harry L. Morrison”
Lawrence Radiation Laboratory

University of California
Livermore, California 94550

March 17, 1969:

'Summéry. - The low-lying excitation.spectrum of |
an interacting Bose system is derived directly from the
N-body miéioscopic Hamiltonian expressed in térms of
Iloéal densities and currents as quantum—mechanical

coordinates.
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Long ago Feynman (1) derived an important relationship between

'k:the'elementary excitation spedtrum’of:the low~lying states of a Bose

system and its correlation function for the density fluctuations:

.;w(E)'; k2/2m8(§).  This resﬁlﬁ was obtained by Feynman as a consequence

~of a speéial'choicé of.the'wave functiohand a subsequent variational

calcﬁlation,  Al£hdugh the range of validity'of the Feynman wave‘function
is not quite cléa£ (2), this result'iS'éupported by the saturated sum-
rule argument'of Pines (3); and the hydrodynaﬁic derivation of
Pitaevskii (4). Among these derivations, that of Pitaévskii is
simplest and most concise.

| Receﬁtly, however; doubt has been cast on fhe &alidity of the
local velocity opérator upon which the Lahdau theory of quéﬁtum hydro-
dynamics is vased (5). Thus tﬁe consistency of the Pitaevskii theory
is likewise open to question, since its dynamical variables are fhose
of the Landau theéry. The:purpose of this noﬁe is to presént an:N-bod§
miéroscoﬁic dérivation of the Feynman result, which is in the spi?it v
of the Pitéévskii theory, but not subject ﬁo the objectiondble.ﬁse of

a quantum-mechahical velocity field, | | |

 As a motivational preliminary to a theory of hadron dynaﬁics,

‘Dashen and Sharp (6) have demonstrated that the gonrelativistic quantum

mechanics of a system of N spinless identical particleé may be
described completely and exactly by a theory in which the dynamical
variables are the local density and currents. Unlike previous theories

which are based on a density description of the system (7), no’
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dynamical variable canonically conjugate to the density operator is

introduced (8).
The expression for the Hamiltonian of a system of N identical

spinless bosons (of unit mass)'interacting through a local two-body

potential is, in the language of second quantization, given by
ORI LR

i [ @x & v v vl v () -

no

The field operators W+(§) and V(x) satisfy the usual canonical

commutation relations:

W(x), ¥(x)] = 0 ,

2) ), v

(x), vl = 8(x-y)

In the second-quantized formalism, the local density and current

operators are given by

3) @ = v W),

1o+ +
I(x) = Fxlv(x) vv(x) - v (x) v(x)] . :
. Although p(x) 'and J(x) are not canonically conjugate variables, | .

together they provide a set of'quantum-meéhanical coordinates thét is

complete (9) and fhey satisfy the following algebra:
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= 0,
o(x), 7,01 = -ixe [s(x - 1) oD
1
(0, 3501 = -t 5 [a(x = 1) I;(x)]

+ i 5%: [a(x - y) JJ.(§)]

Using the crucial identities

27 (x) vu(x)

~

Vp(x) + 21 J(x)

Volx) - 21 3(x) = 29v (x) ¥(x)

one may write the Hamiltonian (1) in terms' of the observable quantities

p(x) and ‘£(§) in the form

(5)  ®H = % [ng '[yb(y - 21 J(x)] R% [Volx) + o1 {(f)j

+ -é— [[d?x Oy o(x) V(lﬁ‘Xl) o(y)

The variables ~p(x) and J(x) are natural collective variables
for a desdription of oscillatofy‘processes in systems consisting of

large numbers of interacting particles(lo),‘ In order to study the

oscillation spectrum, we set o(x) = {p) + B(x), where (p) 1is the

equiiibrium or -ground state average of p(%) (which is a constant for
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translationally invariant systems). With this substitution in (5), we

expand to second order in 8(5). One obtains-
1 3 Ar_\\2 2
(6) 5 = 5057 [dx[@p(ﬁ)) +“({(z§)) ]
+ %_[[?xd%?«p»+6@9>vugqn (o) + 8(p) -

To elininate g(g), we use the equation of continuity,
6(x) = -¥J(x). We then expand the density fluctuation f(x) into

Fourier components:

ikx
o) - ) B e,
o

where the k = O term is omitted due to particle conservation. Thus

the Hamiltonian becnmes;to second. order in p(k),

(0)° ff dix &y v(lz—ﬂ)

s \3 2‘v '.
e S Sty + ve)) B0 1% ¢ 22— 1Bl

i k(o)

(75 H =

N

+

This is immediately recqgniied astthe Hamiltonian for a system of

independent harmonic oscillators with frequencies

C® - ey vw)
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- Because the single particle kinetic energy is given by T(k) = k2/2,

one can write eq. (8) as

(9)  wl) = [1P(0) + 240) V(x) T(R)IE .

1

Thus we obtain'the Bogoliubov spectrum of elementary»excitations as the

freQuéncy of the oscillators. The energy of each oscillator is related

Lto its frequenéy by

BE) - u(k) (y + 3 (my = 0,0,2,0)

"The ground state energy of the Bose'liquid is

By = -lg <p>2[f &x 45& v(lxg) + ) é— o(x) -

X

- Since the mean value of the potential energy of an oscillator in a
given state is half the mean value of the ﬁotal energy of the oscillator

- in that state, we may write

: S | ‘ '
roulk) = E%L6ﬁ3+v@9ﬂmpf>,

.ywhere'the bracket denotes a ground state average. With the help of

‘eq. (8), we immediately obtain

K

e N -
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where

Bl

s = (@) —y—

: is thé Fourier component of the density correlatiqn function. Equation
, )

(10) is exactly Feynman's result.

| - Thus, we have shown that the small oscillation approiimation
to thé Dasheﬁ-Sharp Hamiltonian (5) yields thetBogoliubov ébectruﬁ
independently of any special aséumptions abouﬁ_Bose condensation, and
it further provides an alternative microscopic derivation of the.
Pitaevskii theory. It is interesting that the phonon spectium? ﬁhich
:we obtain in the limit of small k values, is independent gf the
presence of the:B0se—condensedAparficlés. This implies a sbuna vélocity
fér these guanta which is the same above and below the x-point. This.
'property of the spectrum is in concert with the recent neutron scattering
EXperiments of Woods (11) on liguid uHe; For quanta having k < 0.38 2,
Woods observes that the sound velocity is essentiaily independent of

temperature through the )\-point.
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