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Abstract
Isotopic evolution during the Earth-Moon origin and general
circulation in Jupiter's middle atmosphere
by
Nicholas Gerard Zube
This thesis is constructed around two distinct topics. The first is the
formation history of the Earth and the Moon. The hafnium/tungsten (Hf/W)
isotopic system can act as a chronometer for planets forming in the early solar
system. To study possible planetary formation scenarios, I model the isotopic
evolution of planetary embryos as they form rocky planets during collisions in
N-body simulations. In Chapter 2, I show that the fast accretion timescales of
the Grand Tack scenario

require highly efficient re-equilibration of W to

produce an Earth with observed mantle W isotope anomaly (excess of
radiogenic tungsten compared to non-radiogenic). Such a high level of reequilibration is not supported by fluid dynamic experiments, and this result
suggests the Grand Tack scenario builds the Earth too quickly.
The Earth and Moon share a very similar isotopic fingerprint: many
chemical isotopes found in lunar rocks are nearly identical to ones found on
Earth. It is particularly interesting that they also share a near-identical W
isotope anomaly, because simply starting from similar material is not sufficient.
This system evolves depending on the collision history of bodies, so the Earth
and Moon sharing W isotopic values requires an explanation. The canonical
model of the Moon formation holds that it is mostly made up of material from
Theia, the impactor into Earth. In Chapter 3, I apply the isotopic evolution
model to the canonical Earth-Moon impact formation scenario. Using 242 N-

ix

body simulation results, I demonstrate the likelihood of forming an Earth and
Moon with near-identical W isotope anomaly is less than 5%. This suggests that
an alternate explanation for forming the Moon with Earth material may be
necessary to explain the similarity in W isotope anomaly.
The second topic is understanding the temperature, zonal wind, and
general circulation that occurs in the middle atmosphere of Jupiter. The
Voyager and Cassini spacecraft, along with many ground-based telescopic
observations, have provided zonally averaged distributions of temperature,
gaseous species, and haze particles in Jupiter’s upper troposphere and
stratosphere. Measurements of wind speed are derived from cloud movement
near the 0.5 – 1 bar pressure level, but we have no measurements of circulation
in the stratosphere. Historical models of this region have used 2D linearized
equations of motion and simple radiative calculations. In Chapter 4, I present
a state-of-the-art 2D dynamical model of Jupiter’s middle atmosphere with
realistic radiative transfer. A dynamical model with a simple frictional drag
force, representing eddy forces that damp the mean zonal wind, is able to
reproduce some of the small latitudinal temperature variations seen on Jupiter.
However, none of the models tested were able to produce strong >5 K variations
observed in the low-to-mid latitudes between 1 – 500 mbar. This suggests that
localized wave forcing plays a dominant role in shaping the temperature
distribution in the middle atmosphere of Jupiter. I also show that polar
temperatures are strongly dependant on the chosen optical properties of
stratospheric haze, and further work constraining haze opacity is needed to
accurately model heating and cooling at the poles.
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Chapter 1
Introduction

The first two chapters of this thesis focus on the formation of
the Earth and the Moon from smaller planetesimals. By around 1 Myr
after solar system formation, the initial dusty protoplanetary disk has
likely formed Mars-sized planetary embryos. The final stage of
accretion involves giant impacts between these embryos during the
next ~100 Myr. During this period, the Hf/W isotopic system is active:
early solar system

182

Hf is decaying to

W with a half-life of 9 Myr.

182

Hf, a lithophile, and W, a siderophile, will partition separately into
mantle and core when a planet melts. Forming a core early (or never
differentiating) can lead to high relative

W in a mantle (described as

182

a W isotope anomaly). Forming a core late (after all
to

182

Hf has decayed

182

W) will allow W to be sequestered in the core, giving the mantle

a lower W isotope anomaly compared to an undifferentiated body. This
process can be used to examine the following questions. When did the
Earth finish forming? How does the collisional history of a body
influence the final W isotopic values in the mantle? How can you
possibly get two bodies with different collisional histories to have the
same W isotope systematics?
In Chapter 2, I apply a geochemical model of Hf/W in mantle
and core for N-body gravitational simulations of planetary formation.
I find that the Grand Tack scenario, in which Jupiter’s migration
1

inward then outward reduces the disc surface density of planetesimals
in the region between Mars and Jupiter’s current orbit, builds Earth
quickly enough that isotopic re-equilibration must be very efficient to
produce an Earth with the correct W isotopic values. This means more
than 60% of impactor cores must completely equilibrate with the entire
target mantle for giant impacts. Fuid dynamic experiments have not
provided evidence that such high equilibration is likely, which poses a
problem for fast-building models like the Grand Tack.
The canonical Moon forming scenario holds that the final giant
impactor to Earth, Theia, makes up most of the material of the Moon.
This theory has been examined closely because of how many isotopic
compositions are nearly identical between the Earth and the Moon. A
simple explanation for this is that both bodies came from similar
reservoirs of early solar system material. However, the tungsten
isotopic system, which too is nearly identical between the Earth and
the Moon, also depends on the collisional history of the body. Two
bodies formed of the same composition could have entirely different
mantle W isotope systematics if one body never fully differentiated and
the other formed a core at 100 Myr from solar system formation. In
Chapter 3, I examine the probability of forming a Moon with Earthlike W isotopes from Theia material in 242 N-body accretion
simulations. I find that regardless of the accretion scenario and the
time of impact, there is less than 5% chance for a Moon to exhibit an
Earth-like W anomaly. This is a conservative estimate, because
forming an Earth with the correct W anomaly is also a fairly unlikely
event. It seems very difficult to generate the Earth-Moon W isotopic
2

similarity in a scenario where the Moon is predominantly built from
Theia material, lending support to theories that allow mixing and reequilibration between Earth and Theia material to form the Moon.

The second section of this thesis moves to an unexplored region
of one of the most active atmospheres in the solar system: the middle
atmosphere of Jupiter. Observations in this region from spacecraft and
telescopes show temperature distributions that vary with latitude,
indicating vertical wind shear via the thermal wind equation. Two
processes influence the middle atmosphere: radiative forcing from
insolation and infrared cooling, and dynamical/mechanical forcing via
waves and eddies propogating upward from the troposphere. However,
it is unknown how much each process controls the temperature and
wind distribution throughout the middle atmosphere. There are also
no observations of wind above the 500-1000 mbar visible cloud layer.
To understand interesting temperature oscillations, explain odd
distributions of trace hydrocarbons, and explore what zonal and
meridional wind look like in the stratosphere, we need a better
understanding of the circulation in Jupiter’s middle atmosphere.
Past dynamical models of Jupiter were limited by sparse
observations and computing power limits. In Chapter 4, I introduce a
2D radiative-dynamical model of Jupiter’s middle atmosphere with
accurate radiative transfer and modeled haze and cloud distributions.
We confirm that a model that is only radiatively forced cannot produce
observed latitudinal temperature variations. Various forms of a

3

traditional “frictional drag model”--parameterizing eddy forcing as a
deacceleration of zonal wind--is able to introduce small temperature
variations in latitude, but still does not match >5 K variations in lowto-mid latitude observations. Localized wave forcing almost certainly
plays a role in the temperature fluctuations of the middle atmosphere.
Estimated optical properties of observed haze are able to approach the
temperature profile at the poles, but discrepancies with the observed
polar temperature profile show that we may need observations with
tighter constraints before we can understand the temperatures at high
latitudes. We propose the next phase of self-consistent modeling needs
to include wave forcing and photochemical tracers.
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Chapter 2
Constraints on terrestrial planet formation
timescales and equilibration processes in the
Grand Tack scenario from Hf-W isotopic
evolution
This chapter is a slightly modified reprint of work previously
published as Zube, N.G., Nimmo, F., Fischer, R.A., Jacobson, S.A.
(2019). “Constraints on terrestrial planet formation timescales and
equilibration processes in the Grand Tack scenario from Hf-W isotopic
evolution." Earth and Planetary Science Letters, 522, 210-218.
https://doi.org/10.1016/j.epsl.2019.07.001

Abstract

We examine 141 N-body simulations of terrestrial planet latestage accretion that use the Grand Tack scenario, coupling the
collisional results with a hafnium-tungsten (Hf-W) isotopic evolution
model. Accretion in the Grand Tack scenario results in faster planet
formation

than

classical

accretion

models

because

of

higher

planetesimal surface density induced by a migrating Jupiter. Planetary
embryos that grow rapidly experience radiogenic ingrowth of mantle
5

W that is inconsistent with the measured terrestrial composition,
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unless much of the tungsten is removed by an impactor core that mixes
thoroughly with the target mantle. For physically Earth-like surviving
planets, we find that the fraction of equilibrating impactor core kcore ≥
0.6 is required to produce results agreeing with observed terrestrial
tungsten anomalies (assuming equilibration with relatively large
volumes of target mantle material; smaller equilibrating mantle
volumes would require even larger kcore). This requirement of
substantial core re-equilibration may be difficult to reconcile with fluid
dynamical predictions and hydrocode simulations of mixing during
large impacts, and hence this result does not favor the rapid planet
building that results from Grand Tack accretion.

2.1

Introduction

The hafnium-tungsten (Hf-W) isotopic system has become a
standard chronometer for determining timescales of core formation
during late-stage planetary accretion (e.g. Jacobsen, 2005; Kleine et
al., 2009; Kleine and Walker, 2017). In this time period, the isotopic
signature of a terrestrial body evolves during its growth due to
accretion of smaller planetesimals and larger embryos (Halliday, 2004;
Jacobsen, 2005). For a given Hf/W ratio in the mantle, a higher
relative concentration of mantle

W results when accretion finishes
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earlier. Therefore, measurements of this isotopic system for terrestrial
bodies provide insight into the chronology of planetary accretion in the
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solar system (Kleine et al., 2009; Rudge et al, 2010; Morishima et al.,
2013; Jacobson et al., 2014).
Interpreting the Hf-W system is complicated by two factors.
One is the stochastic, multi-stage growth of planetary bodies. The
other, and arguably more serious problem, is the uncertain degree of
re-equilibration between core-forming metals and mantle silicates
following each impact. Larger degrees of re-equilibration drive down
the signature of radiogenic

W in the mantle, potentially erasing the

182

high concentration of mantle

W expected from a body that
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experienced rapid early growth. The physical processes determining the
extent of re-equilibration at a planetary scale are not yet well
understood, and we will discuss the implications of re-equilibration on
the Hf-W isotopic system in Section 2.2.3.
The stochastic growth of embryos to a final planetary state
complicates the isotopic evolution of the core and mantle. Timing of
impacts, relative masses of impactors and targets, silicate mass
fraction,

initial

states

of

colliding

bodies,

and

metal-silicate

partitioning conditions in the bodies make each major collisional event
a contributing factor to their final isotopic states. Analytical models
with steady planetary growth fail to capture the punctuated effects of
multiple large collisions. Instead, investigation of late-stage accretion
can be carried out in numerical simulations of collisional growth (e.g.
Agnor et al., 1999; Chambers, 2001; O’Brien et al., 2006; Raymond et
al., 2006), allowing constraints like mass, semi-major axis, and
eccentricity of extant planets to be used to evaluate such scenarios in
their ability to reproduce the arrangement of the inner solar system.
7

A documented shortcoming found in classical accretion models
is the production of Mars analogs with masses that are an order of
magnitude too large (Wetherill, 1991; Chambers, 2001; O’Brien et al.,
2006; Raymond et al., 2006). Variations on the classical scenario with
Jupiter and Saturn on eccentric orbits produce slightly overlarge Mars
analogs and dry terrestrial planets with excited orbits (Chambers and
Cassen, 2002; Raymond et al., 2009). While the small size of Mars
could be a low-probability outcome of classical accretion scenarios
(Fischer and Ciesla, 2014), an alternative is the Grand Tack model, in
which a gas-driven inward-then-outward migration of Jupiter and
Saturn reduces the surface density of planetesimals in the region
between Mars and Jupiter (Walsh et al., 2011). Grand Tack
simulations have reproduced Mars-sized planets and the compositional
structure of the asteroid belt (Hansen, 2009; Walsh et al., 2011;
O’Brien et al., 2014). An important feature of the Grand Tack results
is that increased planetesimal and embryo surface densities around 1
AU due to Jupiter’s migration lead to more collisions and faster planet
building than the classical scenarios.
An additional test of the Grand Tack scenario is its
consequences for the Hf-W system. In this study, we examine the effect
that rapid accretion in the Grand Tack scenario has on Hf-W isotopic
evolution in Earth and Mars analogs. This work expands on the Hf-W
isotopic calculations used in Nimmo and Agnor (2006) and Nimmo et
al. (2010) that examined classical N-body models of late-stage
accretion. A full explanation of tungsten isotope systematics and
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classical N-body scenarios are found in these papers. As we will
describe below, the rapid accretion characteristic of Grand Tack
simulations results in Earth-like planets that generally develop
tungsten anomalies larger than the measured terrestrial value. Unless
substantial re-equilibration between impactor cores and the protoEarth’s mantle occurs during collisions, the Grand Tack results are
inconsistent with the tungsten isotopic signature of the Earth.

2.2

Methods

2.2.1 The

182

Hf-182W system

Hafnium is lithophile while W is moderately siderophile, which
results in strong fractionation during a core formation event. Unstable
Hf decays to

182

182

W with a half-life of 9 My. An early core formation

event will strip most of the tungsten present in the mantle away to the
core while hafnium remains. After time passes, this results in a mantle
with excess

182

W compared to stable isotopes such as

183

W or

184

W,

referred to here as a positive mantle tungsten anomaly. Conversely, a
late core formation event could remove most W from the mantle,
depending on how thoroughly impactor material re-equilibrates with
the target’s mantle during the impact. The tungsten isotopic evolution
of planetary bodies is thus controlled by the timing of impacts, the
degree of tungsten partitioning into a target core, and the degree of
core-mantle re-equilibration during collisions. The dependence of final
9

tungsten anomaly on collisional history is complex and stochastic,
making a large suite of simulations desirable in determining how
changes in the initial conditions will affect the resulting isotopic
signatures.
There are two key measurable quantities pertinent to the Hf-W
system (e.g. Kleine et al., 2009). We define the ratio of Hf to W in a
planetary mantle relative to a chondritic reference as the mantle
fractionation factor, fHf/W:
𝑓 𝐻𝑓⁄𝑊 =

(𝐶 180𝐻𝑓 ⁄𝐶 183𝑊 )𝑚𝑎𝑛𝑡𝑙𝑒
−1
(𝐶 180𝐻𝑓 ⁄𝐶 183𝑊 )𝐶𝐻𝑈𝑅

(2.1)

C180Hf and C183W are mantle concentrations of the isotopes, while
Chondritic Uniform Reservoir (CHUR) refers to an undifferentiated
chondritic ratio. In the interest of comparing our results with previous
Hf-W analyses done on classical accretion models, we adopt the
isotopic values used in Nimmo et al. (2010). We use the chondritic
Hf/183W ratio = 2.627, the bulk silicate Earth fHf/W = 13.6 ± 4.3
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(Kleine et al., 2009), and Mars fHf/W = 2.4 ± 0.9 (Nimmo and Kleine,
2007). The second constraint is the mantle tungsten anomaly εW:
𝜀𝑊 = [

(𝐶 182𝑊 ⁄𝐶 183𝑊 )𝑚𝑎𝑛𝑡𝑙𝑒
− 1] × 104
(𝐶182𝑊 ⁄𝐶 183𝑊 )𝐶𝐻𝑈𝑅

(2.2)

We note that these definitions are different from studies that
report W isotopic data relative to a terrestrial standard. Isotopic
anomalies arise during the coincident occurrence of fractionation and
radioactive decay. When fractionation occurs while the radioactive
parent element (182Hf) is extant, the subsequent growth of the daughter
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(182W) in the mantle will be detectable at a later time. The measured
value for the mantle tungsten anomaly in the present Earth is εW =
1.9 ± 0.1 (Kleine et al., 2009). A late veneer likely added material to
the bulk silicate Earth after the core finished forming at the end of
late-stage accretion, reducing the tungsten anomaly by 0.27 ± 0.04
epsilon units (Kruijer et al., 2015). For this study, we therefore take
the end of late-stage accretion εW value of the Earth mantle to be 2.2
± 0.15. For Mars, shergottite sources yield a tungsten anomaly of εW =
2.3 ± 0.2 (Kleine et al., 2004a; Foley et al., 2005). These values have
generous error compared to the most recent studies (e.g. Kruijer and
Kleine, 2017), but we note that late veneer calculations are somewhat
model dependent. The already difficult prospect of obtaining the
Earth’s εW calls for a conservative definition of uncertainties since we
desire significant numbers for a statistical approach.

2.2.2 Grand Tack N-Body accretion model

We apply tungsten isotope calculations as a post-processing step
on results from a suite of 141 Grand Tack N-body simulations
performed by Jacobson and Morbidelli (2014). The simulations begin
with a protoplanetary disk of about 30 to a few hundred Mars-sized
embryos and a few thousand smaller planetesimals at ~2.4 My after
the condensation of the first solids in the solar system. At the start of
these simulations, inward migration of Jupiter and Saturn occurs
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during the first 0.1 My, followed by Saturn reaching its final mass and
driving outward migration for the next 0.5 My until the gas in the disc
is removed and migration halts. The initial mass ratio of embryos to
planetesimals is set to be one of 1:1, 2:1, 4:1, or 8:1, and the initial
mass of individual embryos is varied as 0.025, 0.05, or 0.08 ME, where
ME represents one Earth mass. These starting embryo sizes are also
approximately equivalent to 0.25, 0.5, and 0.8 MMars. Planetesimal
masses start at 0.0004 ME. Each combination of mass ratio and initial
embryo size is repeatedly run through 10–18 separate simulations.
Orbits and collisions are then tracked for 150 My, generally resulting
in ~4 terrestrial planets on stable orbits. Collisions are treated as
perfect mergers with no fragmentation for simplicity. Note that
classical simulations that include fragmentation typically take longer
to complete planetary growth, and thus yield slightly smaller tungsten
anomalies (<0.2 ε units on average) compared to those that do not
(Dwyer et al., 2015). Finally, a more complete account of the Grand
Tack simulation parameters used here may be found in Jacobson and
Morbidelli (2014).

2.2.3 Equilibration

We define the equilibration factor kcore (0 ≤ kcore ≤ 1) as the
fraction of impactor core material that equilibrates with the target
mantle prior to entering the target core. In this arrangement, kcore = 1
indicates complete re-equilibration, while kcore = 0 indicates no re12

equilibration (core merging). Lower equilibration results in less W
leaving the mantle during collisions. Here we initially fix kcore so that
all impacts in a single simulation equilibrate to the same degree, and
later relax this assumption. The equilibration process is very poorly
understood on the scale of planetesimal and embryo impacts. Physical
effects of equilibration and turbulent entrainment occur on a cm-scale
(Rubie et al., 2003), which cannot be resolved in planetary-scale
hydrodynamic simulations (e.g. Marchi et al., 2018).
In addition to the fraction of the core that re-equilibrates with
the mantle, kcore, the relative volume of mantle material encountered
by the sinking core also influences the resulting composition and the
final εW (Morishima et al., 2013; Deguen et al., 2014; Fischer and
Nimmo, 2018). This second factor is likely to vary based on conditions
of the individual collision (Rubie et al., 2003; Rubie et al., 2015). For
example, the core of a large impactor may sink without significant
fragmentation or turbulent entrainment to merge with a target core,
thereby interacting with only a relatively small volume of material in
the target mantle. This example’s metal dilution factor, which is the
ratio of the mass of equilibrated silicate to the mass of equilibrated
metal, would be quite small. Laboratory experiments have examined
the extent of this kind of re-equilibration through the mechanism of
turbulent entrainment, deriving a relationship between core and
interacting mantle volumes (Deguen et al., 2011; Deguen et al., 2014).
We examine whether adjusting the equilibration factor based on
the relative volume of interacting mantle significantly affects the final
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mantle tungsten anomaly. In principle, we could modify the isotopic
partitioning calculations to take this effect into account directly, as in
Rubie et al. (2015) and Fischer and Nimmo (2018). For simplicity,
however, we instead follow the approach of Deguen et al. (2014,
Equations A.6 and 6) and calculate the influence of metal dilution on
equilibration for each impact as follows:
𝛿𝑊 = 1 +
∆=

𝐷𝑊
∆

(2.3)

𝜌𝑠𝑖𝑙
𝑧 3
[(1 + 𝛼 ) − 1]
𝜌𝑚𝑒𝑡
𝑟0

(2.4)

Here we refer to δW as the diluted equilibration coefficient, which
reduces overall re-equilibration when ∆, the metal dilution factor (mass
ratio of equilibrated silicate to equilibrated metal), is sufficiently low.
If the metal interacts with only a small volume of silicates, the total
mass exchanged, and thus the degree of re-equilibration, is reduced.
The physical quantities include: the tungsten partition coefficient
𝐶 𝑐𝑜𝑟𝑒

𝐷𝑊 = 𝐶

𝑚𝑎𝑛𝑡𝑙𝑒

density

𝜌𝑠𝑖𝑙
𝜌𝑚𝑒𝑡

(see Section 2.2.4), the ratio of silicate density to metal
~0.5 , the entrainment coefficient determined through

experiment 𝛼~0.26 (Deguen et al., 2014), the depth traveled in molten
silicate z, and the radius of metal blob r0. We assume that an impactor
core has a length scale approximately ½ of its body’s radius, rI, and
that a target mantle has a depth of approximately ½ of its body’s
𝑧

radius, rT. Thus, we note that the scale relationship of (𝑟 ) is roughly
0
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𝑟

𝑧

equivalent to ( 𝑟𝑇 ) . To convert (𝑟 ) to a mass ratio of impactor:target,
𝐼

0

𝛾, we substitute assuming similar bulk densities for both objects:
𝑀𝐼
𝜌𝑉𝐼
4/3𝜋𝑟𝐼 3
𝑟𝐼 3
𝑧 −3
𝛾=
=
=
= ( ) ~( )
𝑀𝑇 𝜌𝑉𝑇 4/3𝜋𝑟𝑇 3
𝑟𝑇
𝑟0
and find:
∆=

𝜌𝑠𝑖𝑙
𝛼 3
[(1 + 1⁄3 ) − 1]
𝜌𝑚𝑒𝑡
𝛾

(2.5)

The physical picture of the diluted equilibration model first considers
the interacting volume of impactor core and the interacting volume of
target mantle. After the equilibration of these two components, the
equilibrated portion of the core sinks to the center of the target and
mixes with the target core + non-interacting fraction of the impactor
core. Similarly, the equilibrated portion of the mantle mixes with the
rest of the impactor mantle + non-interacting target mantle. The
experimentally-determined dilution described by Equation (2.4) may
be considered a lower bound, since additional mixing effects could
occur in planetary-scale accretionary impacts or in material ponding
at the bottom of a magma ocean.
Following Deguen et al. (2014), this process is represented by
the full equilibration factor, k:
𝑘 = 𝑘𝑐𝑜𝑟𝑒 /𝛿𝑊

(2.6)

This term is referred to by Deguen et al. (2014) as the equilibration
efficiency, εi. Note that since for all impacts 1/ δW < 1, it is always the
case that k < kcore. In keeping with earlier work, we will typically specify
re-equilibration in terms of k and assume the metal dilution ∆ is
15

infinite, such that δW = 1 and thus k = kcore. Allowing k to vary with
impact mass ratio generally has the effect of reducing overall reequilibration significantly, which is a topic we return to in the
Discussion below.
Fig. 2.1a shows the result of applying Equations (2.3) and (2.5)
to derive the influence of diluted equilibration on k for different γ,
assuming constant DW. This plot shows that larger impactors
equilibrate with relatively less mantle material, and thus experience a
smaller k. In reality, DW likely decreases over the course of accretion
(Wade and Wood, 2005; Fischer and Nimmo, 2018) and thus k tends
to increase as accretion proceeds, other things being equal.
To understand the effect Equation (2.3) will have on reequilibration during accretion, it is necessary to characterize the
frequency and size of impacts experienced by Earth-like bodies. Fig.
2.1b shows counts of γ for impacts experienced by Earth-like bodies in
our Grand Tack simulations. The counts are first weighted by the ratio
of impactor mass to final body mass, showing the influence of the
impact on the overall material in the body, and then normalized to the
total mass of all Earth-like bodies in the simulations, such that the
sum of all counts is 1. Over 70% of accreted mass is delivered by
impacts in the 10−2 ≤ 𝛾 ≤ 1 range, for which k will be close to zero
(Fig. 2.1a). Thus, the effect of including δW that varies with impact
size will be an overall reduction of re-equilibration occurring in Earthlike bodies.
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Figure 2.1: a) Diluted equilibration 1/ δW calculated as a function of
impactor:target mass ratio using Equations (2.3) and (2.5), shown over
the range of typical model conditions for impacts. The total amount of
equilibration is influenced by dilution according to Equation (2.6): k =
kcore / δW. For reference, γ = 10-4 corresponds to a Ceres-sized impactor
and an Earth-sized target. b) Counts of impactor:target mass ratio for
all impacts on bodies with a final Earth-like mass, weighted by ratio
of impactor mass to final body mass and normalized to the total mass
accreted for all Earth-like bodies. Impacts with γ ≥ 10–2 make up ~70%
of all accreted mass.
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2.2.4 Partitioning

We define the partition coefficient Di of element i in relation to
concentration C i:
𝐷𝑖 =

𝑖
𝐶𝑐𝑜𝑟𝑒
𝑖
𝐶𝑚𝑎𝑛𝑡𝑙𝑒

(2.7)

This coefficient captures the fraction of atoms of a given element that
will partition into the equilibrating metal or silicate during core
differentiation. After differentiation, the mantle fractionation factor

fHf/W (Equation (2.1)) is directly related to the partition coefficient by
𝑦

𝐷𝑊 = 𝑓 𝐻𝑓⁄𝑊 (1−𝑦) if DW is assumed to be constant, where y is the
silicate mass fraction (Jacobsen, 2005; Equation 49). Though
partitioning of W into the core can depend on factors like oxygen
fugacity, temperature, and pressure, we instead simulate variations in

DW by allowing the initial 𝑓 𝐻𝑓⁄𝑊 to vary based on radial distance from
the sun. This approach allows us to generate both Earth-like and Marslike fHf/W values. Further justification for this approach is discussed in
Section 2.2.5 and Nimmo et al. (2010). Note that studies of classical
accretion scenarios that have varied DW based on physical parameters
in individual impacts produce nearly identical results to those that held
it constant (Nimmo et al., 2010; Fischer and Nimmo, 2018). For all
collisions in this study, DW = 25.51. Regarding Hf, we take DHf to be
10−4 (highly lithophile). We assume all bodies have the same initial
silicate mass fraction (y = 0.68), which is appropriate for terrestrial
planets. This value may vary for actual planetesimals, but Nimmo and
18

Agnor (2006) found that allowing the likely variability in y did not
affect the final isotopic results.

2.2.5 Initial Hf/W Ratio

The evolution of four isotopes (182Hf and

W parent-daughter

182

system, and 180Hf and 183W stable isotopes) are tracked for the core and
mantle of each body in the N-body simulation using the same initial
ratios as in Nimmo et al. (2010). Decay occurs continuously, while each
collision modifies the isotopic concentrations for the new body based
on an appropriate mixing scenario between the target mantle and the
impactor core and mantle. The Grand Tack simulations are defined to
begin 0.6 My before the dissipation of the gas disk, which is assumed
to occur 3 My after the appearance of solids (calcium-aluminum-rich
inclusions, CAIs) in the solar system. The N-body simulations thus
have a start time of 2.4 My after CAIs. We allow

Hf to decay during
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this 2.4 My before collisions begin. Bodies are assumed to differentiate
during the first impact (e.g. Nimmo and Agnor, 2006); allowing
differentiation to happen earlier (i.e. prior to 2.4 My after CAIs) would
result in larger final tungsten anomalies (specifically, ~0.1 epsilon units
larger for k = 0.6 in classical scenarios for differentiation at CAI
formation; Fischer and Nimmo, 2018). Following Nimmo et al. (2010),
we also assume the initial mantle fractionation factor fHf/W varies with
radial position:
1.3 − 𝑎
)
𝑓 𝐻𝑓⁄𝑊 𝑖 = 𝑓0 + 𝐶 ∗ tan−1 (
0.3
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(2.8)

where 𝑓0 = 13 is the value at 1 AU, and a is initial semi-major axis
(AU). The constant C follows a step function, with C = 24/π for a ≥
1.3 AU. Inside of 1.3 AU, C varies with kcore, taking on values of 9.9,
6.5, 5.7, 4.2, 3.4, and 2.7 for kcore = 0.0, 0.2, 0.4, 0.6, 0.8, and 1.0,
respectively. These values were chosen so that the mean fHf/W of
resulting Earths are approximately equal to the observed value of 13.6
± 4.3, and resulting Mars-like bodies near 1.5 AU are approximately
equal to the observed Mars value of 2.4 ± 0.9 (Kleine et al., 2004a;
Jacobsen, 2005; Nimmo and Kleine, 2007). Equation (2.8) is ad hoc
and is primarily intended to reproduce the range of fHf/W values
measured in the inner solar system. Interior to 1.3 AU, initial fHf/W is
scaled down with increasing kcore so that the average fHf/W of surviving
Earth-like bodies approximately matches the terrestrial value. Such a
scaling is not required beyond 1.3 AU to produce Mars-like bodies with

fHf/W near the Mars value, so the shape of the function in that region is
constant over all simulations.

2.3

Results

The physical and isotopic results of the 141 N-body simulations
are shown in Tables 2.1 and 2.2, respectively, for Earth-like bodies of
mass 0.5 ≤ 𝑀𝐸 ≤ 2.0 and semi-major axis between the present-day
orbits of Mercury and Mars (0.387 AU and 1.524 AU). Time is
measured from after the formation of CAIs in the solar system (Section
2.2.2) so that the model starts at 2.4 My. We also require Mars-like
20

bodies to have 0.5 ≤ 𝑀𝑀𝑎𝑟𝑠 ≤ 2.0 and semi-major axes of 1.0–2.3 AU.
As a reminder, these models assume δW = 1 (metal dilution is infinite)
and k = kcore, in keeping with past studies.

Table 2.1: Summary of average physical results for surviving Earthlike planets. Mi is the initial embryo mass (in ME), Mf is the final body
mass (ME), af is the final semi-major axis (AU), t95 is the simulation
time of accretion of 95% of the final mass (My), and n is the number
of Earth-like bodies over all simulations of this type. All variables list
the mean and standard deviation with the exception of t95, which uses
a median and middle 67th percentile because of a few large outliers
being present in growth timescales. E:P is the initial mass ratio of
embryos to planetesimals.
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Figure 2.2: Final mantle fHf/W against final semi-major axis for surviving
planets in k = 0.6 simulations with initial 8:1 embryo:planetesimal
mass ratio. Symbol size is proportional to final mass, and shape/color
denote initial embryo mass Mi. Earth and Mars values are shown as
white circles with uncertainty in mantle fHf/W represented by a gray
line. Initial fHf/W distribution is shown as a solid line.
Fig. 2.2 plots the final fHf/W against final semi-major axis for
surviving planets in simulations with initial 8:1 embryo:planetesimal
mass ratio. The solid line denotes the initial fHf/W curve (Equation
(2.7)). By design, bodies around 1 AU have fHf/W values comparable to
that of the Earth. Bodies around 1.5 AU show more variability in fHf/W
than for equivalent classical accretion scenarios (cf. Fig. 2.1a of Nimmo
et al., 2010), indicating the greater degree of radial mixing that takes
place in the Grand Tack scenario (e.g. Fischer et al., 2018).
Nonetheless, at least some bodies at Mars-like semi-major axes achieve
Mars-like values of fHf/W.

22

Table 2.2: Mean and standard deviation of the isotopic results for
surviving Earth-like bodies. Mi is initial embryo mass in ME, εW and
fHf/W are the mean values for the final bodies, and the ratios are the
initial embryo:planetesimal mass distribution.

A key characteristic of the Grand Tack simulations is that
planets finish growing more rapidly than in classical simulations. In
general, Earth-like bodies have finished building 95% of their mass by
30–40 My in the Grand Tack, whereas classical simulations finish after
(median) 64 My with a large spread (Nimmo et al., 2010). Other things
being equal, if planetary growth is completed more rapidly, a larger
mantle tungsten anomaly should be the result. The groups with
generally shorter 95% growth timescales (e.g. 4:1 and 8:1 with 0.05 and
0.08 Mi; Table 2.1) produce Earths with the highest average εW, as
expected (Table 2.2). Because typical planetary growth curves change
with both initial embryo:planetesimal ratio and initial embryo mass,
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defining a growth timescale is not trivial. We do not use the timing of
the last giant impact because several bodies experience significant
development in Hf/W isotope evolution after a final embryo-embryo
collision, either from

182

Hf remaining in the mantle or continued

planetesimal-embryo collisions. The timescale t95 was chosen since most
bodies experience little Hf/W evolution beyond this point, and it is
very rare for any embryo-embryo collisions to occur after this time.

Figure 2.3: a) Variation of mantle tungsten anomaly εW with respect
to mantle fHf/W, using equilibration factor k = 0.2 (very little reequilibration) and starting embryo:planetesimal mass ratio 8:1. Symbol
size is proportional to final mass, and shape denotes initial embryo
mass Mi. Color denotes the time when a body attains 95% of its final
mass. Earth and Mars values are shown as white circles with
uncertainty represented by white rectangles. b) Same as a), but with
equilibration factor k = 1.0 (complete re-equilibration).
Fig. 2.3 plots the variation in mantle fHf/W against the mantle
tungsten anomaly εW, with Fig. 2.3a and Fig. 2.3b using equilibration
factor k = 0.2 and k = 1.0, respectively. We remind the reader that
these models assume complete silicate equilibration (δW = 1). In
general, only small bodies exhibit low fHf/W values. A body that grows
significantly beyond its initial size will evolve based on the
characteristics of the material being accreted, and there is a larger
24

quantity of material available from the inner part of the disk where

fHf/W is large by assumption (Fig. 2.2). If a body only experiences a
single-stage core formation, there is a linear correlation between fHf/W
and εW, because in this case the mantle tungsten anomaly simply
depends on the
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Hf/180Hf ratio in the mantle at the time of core

formation (e.g. Jacobsen, 2005). However, Fig. 2.3 shows no such
correlation except for bodies that experience very little growth. For
larger bodies, high fHf/W does not necessarily result in high εW because
these bodies experience more collisions. During impacts with high
enough equilibration k, mixing will drive down the tungsten anomaly
in the mantle. Fig. 2.3b shows that the Grand Tack produces several
Earth-like analogs with approximately correct εW under conditions of
complete re-equilibration (k = 1.0). Bodies that take the longest to
reach 95% of final mass are the most strongly influenced by the εW
reduction due to re-equilibration, as expected. Conversely, Fig. 2.3a
shows results from low equilibration (k = 0.2), yielding much higher
tungsten anomalies. In this case, even the rare statistical outliers that
finish building after 100 My do not produce an isotopically correct
terrestrial mantle.
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Figure 2.4: a) Mean and standard deviation of mantle tungsten
anomaly εW as a function of equilibration factor k, calculated using all
Earth-like bodies with parameters defined in Table 2.2. Color
represents the initial embryo:planetesimal mass ratio, and each group
is horizontally offset for clarity. Solid and dashed lines represent the
pre-late veneer value for the Earth and its uncertainty, respectively
(see Section 2.2.1). As a reminder, these models assume δW = 1 (metal
dilution is infinite) and k = kcore, in keeping with past studies. b) Same
as a), but for Mars-like bodies, as defined at the beginning of Section
2.3, and solid and dashed lines representing the measured Mars value
and uncertainty defined in Section 2.2.1.

Figure 2.5: a) Fraction of total Earth-like bodies that match the prelate veneer terrestrial tungsten anomaly (εW = 2.2 ± 0.15). The solid
line shows results from classical accretion scenarios in Fischer and
Nimmo (2018). b) Like a), but with simulated classical accretion
timescales where each collision occurs twice as late as when collisions
occurred in the Grand Tack simulations.
The effect of varying k on the average tungsten anomaly for
Earth-like bodies is shown in Fig. 2.4a. The Grand Tack models require
that k ≥ 0.6 (substantial re-equilibration) to produce bodies with
Earth-like εW on average. The most successful reproduction of
terrestrial εW occurs when k is near 0.7-0.8 (depending on initial mass
ratio), which is significantly higher than classical models where the
ideal isotopic outcome was produced with k ~ 0.4 (Nimmo and Agnor,
2006; Nimmo et al., 2010; Rudge et al., 2010; Fischer and Nimmo,
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2018). Groups of simulations with higher initial embryo:planetesimal
mass ratios also have Earth-like bodies that generally complete 95%
growth in a shorter period (Table 2.1), which is reflected in the
consistently higher average εW for these simulations (Table 2.2).
The simulations also produce smaller, Mars-mass bodies with a
wide range of values for εW. It is worth noting that in simulations where
embryos begin with a mass of 0.5 or 0.8 MMars, such bodies experience
collisions with only planetesimals since any embryo-embryo collision
would exceed the limits of the final allowed Mars mass. These models
are thus unlikely to reflect the actual tungsten evolution that Mars
experienced during late accretion growth. However, cases with initial
embryo masses of 0.25 MMars can experience embryo-embryo collisions
during the simulation, and thus perhaps have a growth history more
comparable to that of the actual Mars. Fig. 2.4b shows that simulated
εW values are generally higher than values for the real Mars; however,
we did not find any systematic influence of k on the probability of
obtaining a Mars-like tungsten anomaly. This latter result is probably
because of the wide range of fHf/W values that arise for Mars-like objects
in our approach (Fig. 2.2).
An alternative way of assessing the ability of Grand Tack-style
models to reproduce the Earth is shown in Fig 2.5a. This plots the
fraction of Earth-like bodies that match the terrestrial tungsten
anomaly of εW = 2.2 ± 0.15. The advantage of this approach is that it
allows a conditional (Bayesian) question to be posed: given that the
Earth has the tungsten anomaly it does, what is the expected value of
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k? Fig 2.5a. shows that even though all realizations result in a rather
low (<13%) fraction of Earth-like values, the most likely value of k is
0.7. This result may be compared with equivalent results from classical
accretion scenarios, which are shown as the solid line in Fig. 2.5a. On
the whole, both types of scenarios are fairly unlikely to produce Earthlike εW regardless of the degree of re-equilibration, but classical
accretion succeeds in more than 5% of cases for the range 0.2 < k <
0.7, while the Grand Tack scenario is most likely to succeed for 0.6 <

k < 1.0. We remind the reader that these models assume infinite metal
dilution (k = kcore).
The Grand Tack requires high degrees of re-equilibration
because of the rapid growth of Earth analogs. To test the effect of
accretion time on final mantle tungsten anomaly, we also performed
the same Hf/W analysis on Grand Tack simulations with all collisions
occurring at 2tcol instead of tcol (where tcol is the collision time from the
original simulations). These “double time” growth timescales for Earth
analogs approximately match the growth timescales of classical
accretion. As shown in Fig. 2.5b, the range of k producing the most
bodies with Earth-like εW in “double time” simulations becomes 0.3–
0.6, which agrees with the results of Fischer and Nimmo (2018) for
classical simulations.
It is possible that the nebular gas disk could have persisted to
up to 5 My after CAIs (Johnson et al., 2016). Changing the assumed
N-body simulation start time from 2.4 My to 4.4 My after CAIs has a
predictable effect on the final tungsten anomalies of Earth-like bodies
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(this timing maintains 0.6 My before gas disk dissipation). There is less
Hf remaining when collisions begin, and overall tungsten anomalies
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are slightly (10–20%) lower. However, this does not significantly
change the number of Earth-like bodies matching the terrestrial εW
value. Plotting the frequency of Earth-like εW results in a very similar
picture to Fig. 2.4a: simulations using k < 0.6 produce Earth-like
anomalies in less than 5% of cases, and the likelihood of producing
Earth-like bodies when k ≥ 0.6 remains in the 8–12% range. We also
tested the idea that lower initial fHf/W could result in reduced εW for
surviving bodies. Setting the amplitude of the initial fHf/W distribution
to the lower bound of the terrestrial value within uncertainty (9.3)
produces slightly lower values of final εW, but not enough to change
the range of acceptable equilibration factors (k ≥ 0.6). This adjustment
caused almost no change in the likelihood of producing a body with
Earth-like εW shown in Fig. 2.5a. However, it became much more
unlikely to produce a body with Earth-like fHf/W. Invoking lower initial

fHf/W is not an effective mechanism for producing Earth-like isotopic
outcomes.
Rather than solely specifying δW = 1, we also carried out
simulations in which δW was defined using Equation (2.5). In this
approach, the influence of impactor size on k sharply reduces the
ability of large impacts to re-equilibrate with the mantle. As shown in
Fig. 2.1a, impacts with γ (impactor:target mass ratio) larger than 0.2
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and DW = 30 will result in k ≤ 0.2. Since these impacts with γ ≥ 0.2
make up ~70% of all accreted mass (Fig. 2.1b), the effective result of
including a varying δW is to cause a lower overall equilibration factor.
In these simulations, the final εW follows a generally linear relationship
with fHf/W, as expected for single-stage core formation. Even for the
ideal case of kcore = 1 (which produces the greatest possible value of k),
it is effectively impossible to lower εW to the measured terrestrial value
in Grand Tack simulations if silicate equilibration in planetary impacts
is correctly described by Equation (2.4). Only if large impacts result in
significant metal and silicate equilibration can the measured terrestrial
εW value be reconciled with these Grand Tack accretion simulations.

2.4

Discussion

It is clear from previous results that the degree of reequilibration is a critical parameter in determining mantle tungsten
anomaly (Nimmo and Agnor, 2006; Rudge et al., 2010; Rubie et al.,
2015). This re-equilibration depends on both the core mass that reequilibrates and the mass of target silicate involved (Section 2.2.3).
Both effects can be combined into a comprehensive re-equilibration
factor, k (Equation (2.6)), and below we discuss our results in terms of
this combined parameter. The distinction between kcore and k only
matters for studies (e.g. Rubie et al., 2015; Fischer and Nimmo, 2018)
in which re-equilibration is calculated using the ratio of equilibrating
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silicates to equilibrating metal, rather than assuming infinite dilution
(k = kcore).
Figs. 2.4 and 2.5 are the key results of this study: a high
equilibration factor (k ~ 0.7) is necessary for Grand Tack N-body
simulations to be likely to reproduce Earth-like mantle tungsten
anomalies. This result can be understood in terms of planetary growth
timescales. Other things being equal, more rapid planet growth will
always result in a larger tungsten anomaly. Since the Grand Tack
builds planets significantly faster than classical accretion scenarios, an
additional factor must be acting to drive the tungsten anomaly down.
In our approach, this factor is the high degree of re-equilibration. Our
models with k < 0.5 were not capable of producing any Earth-like εW
values with a frequency higher than 4%. In models with k > 0.6, this
frequency generally raises to 8–12%.
The importance of rapid accretion is further supported by the
“double time” Grand Tack simulations that produce results very similar
to a model analyzing classical scenarios (Fischer and Nimmo, 2018) in
Fig. 2.5b. Although the two models have notable differences (e.g. fixed
vs. variable fHf/W), the fact that they produce such similar outcomes
supports the idea that the rapid accretion associated with the Grand
Tack causes the requirement of a high degree of re-equilibration.
Past studies examining classical accretion scenarios determined
that a median value of 0.3 ≤ k ≤ 0.8 was capable of reproducing Earthlike tungsten isotopic characteristics (Nimmo and Agnor, 2006; Nimmo
et al., 2010; Rudge et al., 2010). A study that allowed the partition
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coefficient

DW

to

evolve

with

oxygen

fugacity

and

pressure/temperature conditions during collisions still arrived at a
similar range (0.2–0.55) of permissible k values (Fischer and Nimmo,
2018). Comparisons of classical cases with fixed (Nimmo et al., 2010)
and variable (Fischer and Nimmo, 2018) fHf/W resulted in only very
minor differences. This is because the models are constrained to reach
a final fHf/W value equal to the measured terrestrial value. The
collisional history of bodies and the effect of equilibration during
mixing therefore play a much larger role in the isotopic outcome.
Rubie et al. (2015) used Grand Tack accretion simulations and
found that a high degree of metal re-equilibration (kcore > 0.7) was
required to match mantle concentrations of moderately siderophile
elements. However, they also assumed a silicate re-equilibration
fraction governed by Equation (2.5) and thus their overall k was
smaller (Equation (2.6)). Fig. 2.1 suggests that, assuming DW = 30 and
𝛾 > 10−3 , k was in the range ~0.3–0.5. This is approximately consistent
with constraints on k derived by Fischer and Nimmo (2018) using
classical

accretion

simulations

and

matching

the

mantle

W

concentration. Only radiogenic elements (such as tungsten) are
sensitive to the timescale of accretion; the low k values obtained by
Rubie et al. (2015) thus suggest that their results will—like this
study—also have difficulty generating low enough tungsten anomalies
for their model Earths. However, Fischer et al. (2017) found that higher
degrees of both metal and silicate equilibration (larger k) can still be
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consistent with the siderophile element composition of Earth’s mantle,
due to strong tradeoffs between the degree and depth of equilibration.
Re-equilibration

at

the

planetary

scale

remains

poorly

understood. Fluid dynamics experiments show that little equilibration
occurs when a metal body is comparable in size to the length of its
path though silicate material (Deguen et al., 2014). If these results are
applicable to planetary collisions, this precludes the possibility of nearcomplete re-equilibration during impacts. Further, fluid dynamical
arguments presented by Dahl and Stevenson (2010) suggest that 20%
or less of each core should equilibrate with silicate material during
impacts, regardless of impact velocity. Hydrodynamic simulations of
collisions where the target is less than one order of magnitude larger
than the impactor result in most of the impactor core material passing
rapidly to the target core (Marchi et al., 2018), which is equivalent to
low k. Even in cases where the target was much larger, glancing
impacts

(that

resulted

in

impactor

core

fracture

or

slow,

circumferential paths through the mantle) were required for significant
mixing of impactor core and target mantle to occur (Kendall and
Melosh, 2012). However, these simulations are not able to reach a
centimeter-scale resolution where equilibration and turbulent mixing
physically occur (Rubie et al., 2007). As of now, it is not clear
physically how a high degree of equilibration—required by Grand Tack
simulations—could occur during planetesimal and embryo collisions.
Certainly, the results presented in Fig. 2.1 suggest that reaching 𝑘 ≥
0.6, as required by the tungsten anomalies, is very difficult to achieve.
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Such equilibration would, in contrast, be a natural outcome of
“pebble accretion” scenarios, in which planets are formed out of dmscale objects (e.g. Johansen et al., 2015). However, pebble accretion
results in very rapid growth, which could lead to an even higher
tungsten anomaly. Furthermore, in the absence of giant impacts,
features of terrestrial planets such as the tilt of the Earth, the existence
of the Moon, and the significantly reduced mantle mass of Mercury
become hard to understand. More research is clearly necessary, but
until a convincing physical argument for near-total re-equilibration is
found, the necessity of high k presents a potential problem for the
Grand Tack accretion scenario.

2.5

Conclusion

The Grand Tack N-body simulations analyzed here can produce
bodies with tungsten isotopic characteristics close to Earth and Mars,
but in the case of Earth require the condition of near-complete coremantle re-equilibration (k ~ 0.7). This arises because the Earth analogs
complete their growth within around 20–50 My, more quickly than in
classical accretion scenarios. To reduce mantle εW to terrestrial levels,
moderate to high equilibration is necessary. Both classical and Grand
Tack scenarios are limited to producing isotopically correct Earths
with a probability of ~10% even at optimal equilibration values. The
main distinction between the models’ ability to achieve correct εW is
that classical scenarios produce Earths with correct tungsten anomalies
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most frequently at lower k (0.2–0.6), while Grand Tack scenarios
require higher k (0.6–1.0) to achieve a better than 5% rate of
isotopically correct Earths. This contrast is driven by the difference in
time it takes for planets to complete growth in the two scenarios.
When the influence of non-infinite metal dilution is considered
(δW as defined by Equation (2.5)), which has the general effect of
reducing k, it becomes impossible to generate terrestrial εW values in
the Grand Tack scenario. Even assuming total core re-equilibration
(kcore = 1) and DW = 30, Δ > 45 is necessary for k to achieve a value of
0.6 or higher (Fig. 2.1a). Using Equation (2.5), this Δ is equivalent to
most mass being delivered to Earth with an impactor:target mass ratio
of 4 × 10−4 , which is unlikely given the frequency of embryo-embryo
impacts that occur in classical and Grand Tack simulations (Fig. 2.1b).
A mechanism for high equilibration has not yet been demonstrated in
fluid dynamical experiments (Deguen et al., 2014) or hydrodynamic
collision simulations (Marchi et al., 2018), though it is possible that
collisions at a very high incidence angle could increase an impactor’s
path through the target mantle enough that effective equilibration
would be enhanced (Kendall and Melosh, 2012). In any case, it is
improbable for the Grand Tack to produce Earth-like bodies with
terrestrial εW values without relying on a high degree of re-equilibration
in all impacts. An alternative model—which has the dynamical
characteristics of the Grand Tack without producing rapid terrestrial
planet accretion—would be desirable.
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Chapter 3

The origin of the Moon’s Earth-like tungsten
isotopic composition from dynamical and
geochemical modelling
This chapter is a slightly modified reprint of work previously
published as Fischer, R.A.1, Zube, N.G.1, Nimmo, F., (2021). “The
origin of the Moon’s Earth-like tungsten isotopic composition from
dynamical and geochemical modeling." 1. Authors contributed equally.
Nature Communications, 12, 35. doi: 10.1038/s41467-020-20266-1

Abstract

The Earth and Moon have identical or very similar isotopic
compositions for many elements, including tungsten. However,
canonical models of the Moon-forming impact predict that the Moon
should be made mostly of material from the impactor, Theia. Here we
evaluate the probability of the Moon inheriting its Earth-like tungsten
isotopes from Theia in the canonical giant impact scenario, using 242

N-body models of planetary accretion and tracking tungsten isotopic
evolution, and find that this probability is <1.6–4.7%. Mixing in up to
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30% terrestrial materials increases this probability, but it remains
<10%. Achieving similarity in stable isotopes is also a low-probability
outcome, and is controlled by different mechanisms than tungsten. The
Moon’s stable isotopes and tungsten isotopic composition are
anticorrelated due to redox effects, lowering the joint probability to
significantly less than 0.08–0.4% We therefore conclude that alternate
explanations for the Moon’s isotopic composition are likely more
plausible.

3.1

Introduction

The Earth and Moon have similar or identical isotopic
compositions for many elements, including O (e.g., Wiechert et al.,
2001; Young et al., 2016), Ti (Zhang et al., 2012), and Cr (e.g.,
Lugmair & Shukolyukov, 1998). They have slightly different W
isotopic compositions, but this difference is approximately equal to the
effects of disproportionate late accretion, so that their pre-late veneer
W isotopic compositions were likely the same (Kruijer et al., 2015;
Touboul et al., 2015). These observations have inspired many theories
of lunar formation, including different dynamical regimes for the Moonforming impact that create more mixing (Canup 2012; Ćuk & Stewart,
2012;

Rufu

et

al.,

2017),

post-impact

Earth–Moon

isotopic

equilibration via vaporized silicate (Pahlevan and Stevenson 2007;
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Lock et al., 2018), and Earth and Theia coincidentally having the same
isotopic composition (e.g., Dauphas et al., 2014).
Several previous studies have evaluated the likelihood of the
Moon’s Earth-like oxygen isotopic composition being inherited from
Theia, finding probabilities ranging from <2% (Pahlevan & Stevenson,
2007) to 5–8% (Kaib & Cowan, 2015) to 20–40% (MastrobuonoBattisti et al., 2015). It has also been shown that this Theia-inheritance
mechanism can reproduce the Moon’s Earth-like Ca, Ti, and Cr
isotopic compositions, but the probabilities of doing so were not
evaluated (Dauphas, 2017).
The

Moon’s

tungsten

isotopic

composition

provides

a

fundamentally different and more restrictive constraint than these
stable isotopes (e.g., Kruijer et al., 2017). In the early Solar System,
the now-extinct

182

Hf decayed to

182

W with a half-life of 9 Ma. Hf is

lithophile, whereas W is moderately siderophile, so they are
fractionated by core formation. A body’s W isotopic composition
depends on the timescales of accretion and differentiation and on the
physical mechanisms of core formation (pressure, temperature, oxygen
fugacity, degree of metal–silicate equilibration) (e.g., Kleine et al.,
2004b; Nimmo et al., 2010; Morishima et al., 2013; Fischer & Nimmo,
2018), not on source material.
Previous studies of the Moon’s W isotopic composition have
used inverse (Dauphas et al., 2014) or forward (Wade & Wood, 2016)
models to find parameters that can explain the observed composition,
demonstrating that it is possible for the Moon to inherit an Earth-like
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W isotopic composition from Theia but without constraining its
probability. One study used a forward model of Hf–W isotopic
evolution based on a small number of N-body simulations, showing
that it is possible to form a Theia analogue with a Moon-like W isotopic
composition but not with a Moon-like Hf/W ratio (Nimmo et al.,
2010). The N-body simulations used in that study (O’Brien et al., 2006)
are similar to the Circular Jupiter and Saturn (CJS) and Eccentric
Jupiter and Saturn (EJS) simulations used here (Fischer & Ciesla,
2014), with the main differences being a higher resolution (more initial
bodies) in the simulations used here and a much larger number of
simulations (100 CJS/EJS in this study versus 8 in Nimmo et al., 2010)
to allow for more quantitative assessment of probabilities. A Monte
Carlo model showed that producing an Earth and Moon with the same
W isotopic composition by this mechanism has a probability of <1%,
if most (>80%) lunar material derived from Theia (Kruije & Kleine,
2017).
Here, we take a different approach, using detailed forward
models of accretion and core formation based on a large number of
dynamical simulations to better constrain the probability of an Earthlike lunar W isotopic composition inherited from Theia. We also
consider the formation of the Moon from an Earth–Theia mixture, but
do not directly quantify the probabilities of large extents of mixing or
post-impact equilibration since these hypotheses are sensitive to
different processes (e.g., dynamics of the Moon-forming impact instead
of core formation). We find that the probability of the Moon inheriting
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an Earth-like tungsten isotopic composition from Theia is <1.6–4.7%;
forming the Moon from up to 30% terrestrial materials increases this
probability, but it remains <10%. Reproducing the Moon’s Earth-like
stable isotopic composition is anticorrelated with tungsten due to redox
effects, decreasing the joint probability to <0.08–0.4% and suggesting
that other explanations for the Moon’s isotopic composition may be
more likely.

3.2

Terrestrial and lunar

182

W anomalies

Our models are based on a large suite of N-body simulations of
terrestrial planet accretion in the inner Solar System: 50 Circular
Jupiter and Saturn (CJS) (Fischer & Ciesla, 2014), 50 Eccentric
Jupiter and Saturn (EJS) (Fischer & Ciesla, 2014), and 142 Grand
Tack (Jacobson & Morbidelli, 2014) simulations. Each simulation
began with ~80–100 larger planetary embryos and ~2000 smaller
planetesimals, whose orbital evolutions were tracked for 150–200 Ma
until they accreted into planets (Fischer & Ciesla, 2014; Jacobson &
Morbidelli, 2014) (see Appendix A). The simulations also included the
Sun, Jupiter, and Saturn. The three accretion scenarios considered here
differ primarily in the orbits and migration histories/timescales of the
gas giant planets, and their resulting effects on the extent and
timescales of radial mixing in the disk (e.g., Fischer et al. 2018).
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We tracked the evolution of Earth and Theia analogues formed
in these simulations by coupling these simulations to models of
continuous core formation, calculating their Hf–W isotopic signatures
as tungsten partitions between metal and silicate with each impact.
We included the effects of partial metal–silicate equilibration and an
initial oxygen fugacity gradient in the disk (see Appendix A). The
radiogenic

182

W excess in a body’s mantle is expressed as a
(𝑋 182W ⁄𝑋 184W )

anomaly, 𝜀182W = [(𝑋 182W ⁄𝑋 184W )
are mole fractions of

182

W and

𝐶𝐻𝑈𝑅

182

W

− 1] × 104 , where X182W and X184W

W, respectively, and CHUR is the

184

chondritic uniform reservoir. The Earth and Moon both have pre-late
veneer εW182 = 2.2 ± 0.15 (Kruijer et al., 2015). εW182 depends on the
relative

abundances

(𝑋 180Hf ⁄𝑋 184W )
(𝑋 180Hf ⁄𝑋 184W )𝐶𝐻𝑈𝑅

of

Hf

and

W,

quantified

as 𝑓 Hf/W =

− 1.

Fig. 3.1 shows the evolution of mass, mantle WO3, and εW182 in
two example Earth–Theia pairs. The Earth’s WO3 generally increases
as it grows, because W becomes less siderophile at greater depths. If
Theia originates in the inner disk with a reduced composition, its WO3
starts low and remains low due to the low pressures and temperatures
of its interior. If it starts in the outer disk with an oxidized
composition, its WO3 is initially higher. 73% of Theia analogues in
CJS/EJS simulations have mass-weighted semimajor axes (MWSMA)
of 1.5 AU or greater, giving them more oxidized compositions. εW182 in
Earth and sometimes Theia is very high at early times (e.g., Fischer et
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al., 2018). Reduced conditions and low pressures and temperatures
cause W to be more strongly siderophile (a high W metal–silicate
𝑋𝑊

partition coefficient, 𝐷𝑊 = 𝑋 𝑊𝑂3 ), resulting in low mantle WO3 and a
higher proportion of radiogenic

W in the mantle.

182
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Figure 3.1: Evolution of mantle W in Earth and Theia analogues. As
a body’s mass increases during accretion (upper panel), its mantle
tungsten abundance also generally increases (middle panel), and its
mantle εW182 evolves (lower panel). Two example Earth–Theia pairs are
shown (light and dark blue). Solid lines: Earth analogues. Dotted lines:
Theia analogues. Gray shaded regions indicate Earth values (Kruijer
et al., 2015; Palme & O’Neill, 2007). Vertical solid lines represent the
Moon-forming impact.
Theia often has a higher εW182 than Earth. Theia typically grows
faster than Earth, causing it to evolve to a higher εW182 (Nimmo et al.,
2010). Theia is also smaller than Earth, and the lower pressures and
temperatures make W more siderophile, which also increases εW182.
More oxidized Theia analogues from the outer disk have lower εW182,
since W is less siderophile under oxidizing conditions.
The Earth and Theia were tracked until their collision, then a
Moon was formed from Theia material with single-stage core formation
and no post-impact mixing or equilibration (see Appendix A). As an
endmember case, we begin by considering the formation of the Moon
from entirely Theia materials, then later discuss the effects of mixing
Earth and Theia materials to form the Moon. Fig. 3.2 shows terrestrial
and lunar εW182, evolved to the present, for various degrees of metal
equilibration k. For k = 0.4, CJS/EJS Earth analogues match the
observed εW182 on average (Fischer et al., 2018), but many Moon
analogues have anomalies that are too high. For a lunar DW = 30, 75%
of CJS/EJS Moon analogues have εW182 that are higher than the
observed value (median 3.9), compared to 48% of Earth analogues
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(median 2.1). For k = 0.8, Grand Tack Earth analogues match the
observed εW182 on average (Zube et al., 2019), but again many Moon
analogues have high anomalies. For a lunar DW = 30, 85% of Grand
Tack Moon analogues have εW182 that are higher than the observed
value (median 6.7), compared to 54% of Earth analogues (median 2.3).

Figure 3.2: Final εW182 of Earth–Moon pairs. The 1:1 line represents an
identical 182W anomaly in the Earth and Moon, a low-probability event.
Gray shaded boxes: actual pre-late veneer εW182 in the Earth and Moon
(Kruijer et al., 2015). Symbol shape indicates accretion scenario;
symbol color indicates the time of the Moon-forming collision. Results
are shown for a lunar W metal–silicate partition coefficient DW = 30
and whole mantle equilibration. The fraction of equilibrating metal was
k = 0.4 (left panel), which provides the best match to Earth’s εW182 on
average in CJS/EJS scenarios (Fischer et al., 2018), or k = 0.8 (right
panel), which provides the best match to Earth’s εW182 on average in
the Grand Tack scenario (Zube et al., 2019).

3.3

Probability of an Earth-like lunar εW182

On average, modeled lunar εW182 are higher than the measured
value when the Moon analogue is formed from Theia material (Fig.
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3.2) (Kruijer & Kleine, 2017), but some Moon analogues have lower
anomalies. Because planetary accretion is a highly stochastic process,
we now consider only model runs that produce an Earth-like pre-late
veneer

182

W anomaly of 2.2 ± 0.15 in our Earth analogues (Kruijer et

al., 2015), and evaluate how many of these cases result in a Moon
analogue with a similar anomaly. We use values of k ranging from 0.1
to 1, and combine results from different k to achieve better statistics.
Fig. 3.3 shows the probability of the Earth and Moon analogues
having the same εW182 within a given tolerance, given that the Earth
analogue has an Earth-like anomaly. With a tolerance of ±0.15 ε units
based on the uncertainty in the Earth’s pre-late veneer composition
(Kruijer et al., 2015), and forming the Moon entirely from Theia
materials (Fig. 3.3a), there is a <1.6–4.7% chance of the Moon analogue
coincidentally having an Earth-like εW182 via this mechanism.

Figure 3.3: The cumulative probability of a range of Earth–Moon εW182
differences is shown, given an Earth-like terrestrial εW182 of 2.2 ± 0.15
(Kruijer et al., 2015). Vertical dotted line indicates the maximum
Earth–Moon εW182 difference allowed based on calculations of the
Earth’s pre-late veneer composition, ±0.15 ε units (Kruijer et al., 2015),
and the gray shaded rectangles indicate the corresponding maximum
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probability of forming an Earth–Moon pair with a εW182 difference no
larger than this, <1.6–4.7%. Results for various fractions of
equilibrating metal k (in the range 0.1–1) are combined. (a): Results
for four combinations of accretion scenarios and lunar W metal–silicate
partition coefficient DW, with the Moon made entirely of Theia
materials (no terrestrial component). Blue lines: Circular Jupiter and
Saturn (CJS) and Eccentric Jupiter and Saturn (EJS) simulations,
combined. Green lines: Grand Tack simulations. Solid lines: DW = 30.
Dashed lines: DW = 150. With the Moon made entirely from Theia
materials, <1.6–4.7% of Earth–Moon pairs have εW182 differences of
<0.15 ε units. (b): The effect of mixing Earth and Theia materials to
form the Moon, with 0–50% of the mass of the Moon coming from
the Earth (indicated by color). Results are shown for CJS/EJS
simulations and DW = 30. In this case, the probability of an Earth–
Moon pair having an εW182 difference of <0.15 ε units ranges from 1.9%
(0% Earth materials) to 9.4% (20–30% Earth materials) to 17.0%
(50% Earth materials). These probabilities are for W isotopes alone,
and may be significantly lower when also considering stable isotopes.
Using a smaller tolerance than ±0.15, more similar to
measurement precision (e.g., Kruijer et al., 2015; Touboul et al., 2015),
would result in an even lower probability of forming a Moon with an
Earth-like εW182. This probability applies to CJS, EJS, and Grand Tack
scenarios, and to different values of k and lunar DW (values of DW in
the range 30–250 were not found to have significantly different
probabilities of an Earth–Moon match). Note that at larger Earth–
Moon tungsten anomaly differences, the Grand Tack scenario generally
produces lower cumulative probabilities, since its planets form faster,
resulting in larger εW182 (Cano et al., 2020). A probability of <1.6–4.7%
is qualitatively consistent with earlier work showing that it is possible
to produce an Earth-like εW182 in the Moon in some instances (Dauphas
et al., 2014; Nimmo et al, 2010; Wade & Wood, 2016; Nimmo & Agnor,
2006). Our findings agree well with an earlier study suggesting that
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this is a low probability event, with a likelihood on the order of 1%
(Kruijer & Kleine, 2017), but here we have quantified this probability
using dynamically-consistent accretion and core formation models,
with provenance and mass evolution constrained by N-body
simulations.
This probability can be increased by considering a Moon formed
from a mixture of Earth and Theia. For example, for CJS/EJS
simulations and a lunar DW = 30, Moons formed entirely of Theia
materials have a 1.9% chance of matching the Earth’s εW182 within ±
0.15 ε units. Forming the Moon out of 90% Theia + 10% Earth
increases this probability to 3.8%, while using 70–80% Theia + 20–
30% Earth increases the probability to 9.4%, and using 50% Theia +
50% Earth results in a 17.0% probability of a match (Fig. 3.3b). Similar
results were found using DW = 150: for example, a Moon formed from
70% Theia + 30% Earth has a 7.5% probability of matching the Earth’s
εW182 within ±0.15 ε units. These probabilities are slightly higher than
those reported in a previous study based on a Monte Carlo model
(Kruijer & Kleine, 2017), which found an Earth–Moon εW182 match in
<1% of cases when >80% of lunar material derived from Theia, and in
<5% of cases when <20% of the Moon derived from Theia, though the
results of these two studies are in qualitative agreement that an Earth–
Moon match is a low probability event.
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3.4

Implications for lunar formation scenarios

It is possible to form a Moon with an Earth-like εW182 by
inheriting it from Theia, but the probability is very low. The Hf–W
isotopic system provides a different constraint than stable isotopes,
reflecting the timing and mechanisms of core formation rather than
source regions. Producing an Earth-like oxygen isotopic composition in
the Moon (e.g., Wiechert et al., 2001; Young et al., 2016; cf. Cano et
al., 2020) would have also been a low-probability event (e.g., Pahlevan
& Stevenson, 2007; Kaib & Cowan, 2015; Mastrobuono-Battisti et al.,
2015). If the Moon’s isotopic composition was indeed inherited from
Theia, both of these low probability events would have to have
occurred. With a probability of 5–8% for oxygen (Kaib & Cowan, 2015)
and <1.6–4.7% for tungsten, the likelihood of the Moon inheriting
Earth-like O and W isotopic signatures simultaneously is only <0.08–
0.38%.
This analysis assumes that inheriting Earth-like O and W
isotopic compositions are independent events, but in actuality they are
anti-correlated, so the true probability is even lower than this.
Producing a Moon with a Moon-like fHf/W requires the accretion of a lot
of oxidized material from the outer disk, otherwise tungsten is too
siderophile at the low pressures and temperatures of the interiors of
Theia and the Moon. Moon analogues with a Moon-like fHf/W have
MWSMA much more similar to Mars than to Earth (Supplementary
Fig. A.1). Mars and Earth have different O isotopic compositions
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(Franchi et al., 1999). If Theia originated from a Mars-like MWSMA
and the Moon derived primarily from Theia, the Moon would be
expected to have a stable isotopic composition more similar to Mars
than to Earth, contrary to observations, though there is considerable
uncertainty in the initial stable isotope distribution in the
protoplanetary disk (Kaib & Cowan, 2015). Moon analogues with an
Earth-like MWSMA have a very high fHf/W of ~100 and εW182 values
that

are

significantly

higher

than

the

Moon’s

on

average

(Supplementary Fig. A.1).
A previous study concluded that Theia had to have fHf/W of ~8–
30 and εW182 of ~3.5–7 to produce a Moon with the observed values,
based on Monte Carlo modeling (Dauphas et al., 2014). Our CJS/EJS
simulations produce 20 Theia analogues with MWSMA < 1.5 AU
(similar to the Earth, to match the stable isotope constraints). Of these
Theia analogues, 0/20 have fHf/W = 8–30 (median 1100) and 3/20 have
εW182 = 3.5–7 (median 34). Similarly, our Grand Tack simulations
produce 186 Theia analogs with MWSMA <1.5 AU, of which 2/186
have fHf/W = 8–30 (median 1700) and 14/186 have εW182 = 3.5–7
(median 25), due to the low pressures and temperatures of their
interiors, reduced conditions in the inner disk, and rapid accretion.
While in principle these Theia fHf/W and εW182 could produce a Moon
having an Earth-like isotopic composition, our dynamical models show
that such a parameter combination in the inner disk is very unlikely.
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Because of the anti-correlated constraints, the probability of
producing a Moon with an Earth-like isotopic composition inherited
from Theia is actually significantly lower than the <1.6–4.7% chance
of matching εW182 alone, or the <0.08–0.38% if tungsten and oxygen
isotopes were independent. As a result, we consider the Theia
inheritance model to be difficult to reconcile with isotopic observations.
Alternative models such as enhanced Earth–Theia mixing (e.g., Canup,
2012; Ćuk & Stewart, 2012; Rufu et al., 2017) or post-impact
equilibration (e.g., Pahlevan & Stevenson, 2007; Lock et al., 2018) are
likely to have a higher probability of reproducing the observed isotopic
compositions. For example, high energy giant impacts that can
potentially allow post-impact isotopic equilibration were common in
the end stages of accretion, with ~85% of bodies experiencing at least
one late giant impact with a modified specific impact energy of >2 ×106
J/kg (Lock et al., 2018). Achieving a high degree of Earth–Theia
mixing when the two bodies are similar sizes requires impact velocities
that are common in accretion simulations, with ~20% of planets
experiencing an impact with a mass ratio of ≥0.4 (Canup, 2012).
Future studies should focus on further quantifying the probabilities of
these scenarios using dynamical and geochemical constraints.
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Chapter 4

Radiative-dynamical simulation of Jupiter’s
stratosphere and upper troposphere
This chapter is a slightly modified reprint of work previously
submitted as Zube, N.G., Zhang, X., Li, T., Le, T., Li, C., Guerlet, S.,
Tan,

X.

(2021).

“Radiative-dynamical

simulation

of

Jupiter’s

stratosphere and upper troposphere." The Astrophysical Journel,

submitted.

Abstract

We present a two-dimensional radiative-dynamical model of the
combined stratosphere and upper troposphere of Jupiter to understand
its temperature distribution and meridional circulation pattern. Our
study highlights the importance of the radiative and mechanical forcing
on driving the middle atmospheric circulation on Jupiter. Our model
adopts a state-of-the-art radiative transfer scheme with recent
observations of Jovian gas abundances and haze distribution.
Assuming

local

radiative

equilibrium,
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latitudinal

variation

of

hydrocarbon abundances is not able to explain the observed latitudinal
temperature variations in the mid-latitudes. With mechanical forcing
parameterized as a frictional drag on zonal wind, our model produces
~2 K latitudinal temperature variations observed in low-to-mid
latitudes in the troposphere and lower stratosphere, but cannot
reproduce the observed 5 K temperature variations in the middle
stratosphere. In the high latitudes, temperature and meridional
circulation depend strongly on the polar haze radiation. The simulated
residual mean circulation shows either two broad equator-to-pole cells
or multi-cell patterns, depending on the frictional drag timescale and
polar haze properties. In the future, a more realistic wave
parameterization and a better observational characterization of haze
distribution and optical properties are needed to better understand
latitudinal temperature fluctuations and circulation patterns in the
middle atmosphere of Jupiter.

4.1

Introduction

Jupiter’s upper troposphere and stratosphere are home to a host
of unexplained dynamical processes. From distributions of radiatively
active trace gases concentrated far from their source region (Nixon et
al., 2010; Zhang et al. 2013a), to wave structures and local disturbances
in observed temperature distributions (Levoy et al., 1991, Simon-Miller
et al., 2007; Cosentino et al., 2017), to the unknown relationship
between the convection processes in the troposphere and their
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generated wave interactions with the layers above (Ingersoll et al.,
2004; Fletcher et al., 2020), there lies ample reason to better
understand the mean flow and circulation dynamics occurring in the
Jovian middle atmosphere.
Latitudinal variations in temperature provide insights into the
radiative and dynamical processes of the middle atmosphere. At low
latitudes, a semi-periodic oscillation in equatorial and off-equatorial
brightness temperatures has been observed in Jupiter’s stratosphere
from the 1980s to the present. Named the Quasi-Quadrennial
Oscillation (QQO), it has been compared to Earth’s own QuasiBiennial Oscillation (QBO), a layering of east-west stratospheric jets
produced by wave forcing (Orton et al., 1991; Levoy et al., 1991;
Friedson et al., 1999a; Simon-Miller et al., 2007, Cosentino et al., 2017;
Giles et al. 2020; Cosentino et al. 2020). At high latitudes,
temperatures can rise nearing the poles due to extended layers of
stratospheric haze spanning ~1 - 250 mbar. Quantifying the radiative
effect of haze layers is essential to explain the observed temperature at
the poles (Guerlet et al., 2020). To date, the vertical extent, meridional
distribution, and optical properties of Jovian haze are still not well
constrained (Kedziora-Chudczer and Bailey, 2011; Zhang et al., 2013b;
Zhang et al., 2015). In the mid-latitudes, temperatures at a given
pressure level can vary latitudinally by up to 5-10 K from the global
mean. It is still unclear whether radiation or dynamical forcing is the
driving force behind this variation. Supporting the radiative argument,
observed C2H2, C2H6, and haze particles are not well-mixed throughout
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the middle atmosphere and should influence localized variations in net
heating (Moses et al., 2005; Nixon et al. 2010; Zhang et al., 2013a;
Fletcher et al. 2016). Dynamics, on the other hand, could perturb the
middle atmosphere due to a variety of waves and turbulent activities
(Conrath et al. 1990).
It is not easy to quantify the effect of the dynamics in the middle
atmosphere because the stratospheric wind pattern has not been
directly observed. Measurements of zonal wind speed are limited to the
visible cloud layers below the tropopause (Atkinson et al., 1996; Porco
et al., 2003). Instead, retrievals of zonally averaged temperature
provide the only window into stratospheric flow. Latitudinal
temperature variations are associated with vertical shear in the zonal
wind via the thermal wind balance (Andrews et al., 1987). Several
studies have calculated the wind distribution from observed
temperatures (e.g., Flasar et al., 2004; Simon-Miller et al., 2006;
Fletcher et al., 2016a). These studies show jets at the cloud level
extending up to 1 mbar and seem to imply strong oscillations with
height near the equator. Fletcher et al. (2016b) used a Monte Carlo
approach to demonstrate that uncertainties in this calculation reach
~10 m s-1 at mid-latitudes near 100 mbar, and climb to hundreds of m
s-1 in the equatorial stratosphere. Thus, we primarily understand only
the qualitative features of the zonal wind pattern in Jupiter’s
stratosphere.
The meridional circulation (“residual mean circulation”) in
Jupiter’s middle atmosphere can also be derived from the observed
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zonal mean temperature distribution (West et al. 1992, Moreno and
Sedano, 1997; Guerlet et al., 2020). This method (which we will refer
to as the “post-analysis” method) calculates the balance between
radiative heating and adiabatic cooling/heating associated with
vertical transport by assuming that the eddy heat flux convergence is
negligible, which is a typical approximation for large-scale quasigeostrophic flows outside of acceleration conditions (Andrews et al.,
1987; West et al., 1992). This method was pioneered on Jupiter by
West et al. (1992), who included approximations of stratospheric haze
heating neglected by Conrath et al. (1990), and was revisited in
subsequent studies (Moreno and Sedano, 1997; Guerlet et al., 2020).
On the other hand, “first-principles” calculations of circulation
patterns in the middle atmosphere require a detailed treatment of the
interaction between radiative and dynamical processes. Though a
three-dimensional (3D) general circulation model (GCM) can selfconsistently capture wave-mean interactions, it is computationally
expensive to run over timescales relevant for giant planets. Therefore,
it is difficult for this approach to explore the entire parameter regime.
To date, global 3D GCMs of Jupiter focus mainly on the tropospheric
processes rather than the stratosphere (Lian and Showman, 2008;
Schneider and Liu, 2009; Lian and Showman, 2010; Liu and Schneider,
2010, 2011; Young et al., 2019a, 2019b). Stratospheric GCMs have only
been implemented for Saturn (Friedson and Moses, 2012; Spiga et al.,
2020). Conversely, a two-dimensional (2D) zonal-mean circulation
model in latitude-pressure coordinates has a simplified setup and can
be easily applied to a large parameter space. It is also computationally
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affordable and can incorporate necessary interactive processes,
including radiation, dynamics, and chemistry, in a single framework to
investigate the large-scale features in the middle atmospheres of giant
planets.
2D models with the linearized form of the equations of motion
have been previously used to study Jupiter’s middle atmosphere.
Gierash et al. (1986) used temperature observations from the Voyager
spacecraft to calculate meridional circulation at selected pressure
levels. A more comprehensive survey by Conrath et al. (1990)
examined middle atmosphere circulation on the four solar system gas
planets by using a simple Newtonian cooling radiative scheme and a
linear mechanical drag on zonal wind. Cosentino et al. (2017, 2020)
explored the parameterization of gravity wave drag in a 2D circulation
model to induce a QQO-like temperature structure near the equator,
also using a Newtonian cooling scheme, but did not examine circulation
on a global scale. The main problem with Conrath’s model is that the
calculated radiative timescale in Jupiter’s atmosphere, which increases
from ~1500 days at 1000 mbar to ~3400 days at 0.01 mbar, is not
accurate. The latest radiative transfer calculations find that the
radiative timescale remains close to ~1700 days between the 1000 and
50 mbar pressure levels, then gradually decreases to ~50-100 days by
0.01 mbar (Zhang et al., 2013; Kuroda et al., 2014; Li et al., 2018a;
Guerlet et al., 2020). Additionally, since Conrath et al. (1990), the
observed spatial distributions of hydrocarbons and hazes in the Jovian
atmosphere have been significantly improved.
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Instead of using a Newtonian cooling scheme, in this study we
develop a 2D circulation model using more accurate radiative transfer,
informed by the Voyager and Cassini flybys of Jupiter and recent
ground-based observations, to better understand the mechanics behind
meridional circulation in the Jovian stratosphere and upper
troposphere. Section 4.2 will describe the model’s structure and the
methods used to perform calculations of radiative forcing and
dynamics. Section 4.3 presents results from simulations of Jupiter’s
middle atmosphere and compares with observations of temperature.
Section 4.4 discusses the study’s implications for future observation
campaigns and the next steps required to understand dynamics in the
Jovian upper troposphere and stratosphere.

4.2

Jupiter 2D Radiative-Dynamical Model

4.2.1 Radiative transfer

4.2.1.1 Correlated-k two-stream radiative transfer solver
In our radiative transfer model, we calculate gas opacity using
the “HARP” model that is thoroughly discussed and validated in Li et
al. (2018a). We consider the absorption and emission of CH4, C2H2,
C2H6, NH3, PH3, and collision-induced absorptions (CIAs) of H2-H2 and
H2-He. Spectra are divided into 10 bands in the infrared (IR) and 8 in
the visible according to the absorption bands for CH4, C2H2, and C2H6
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(Kuroda et al., 2014). In the infrared bands, correlated-k absorption
coefficients are calculated from line-by-line opacities generated from
molecular absorption lines in HITRAN 2016, with a spectral resolution
of 0.01 cm-1 (Gordon et al., 2017). The opacity of the H2-H2 and H2-He
CIA are obtained from Orton et al. (2007). 16 Gaussian quadrature
points were used for each band interval. Agreement between

correlated-k and line-by-line heating calculations is within 10% (Li et
al. 2018a). The correlated-k method allows for much faster model
computation times than line-by-line, which is too slow for use in 2D
and 3D models of giant planets that often require simulating tens to
hundreds of years before achieving steady-state.
Gas abundance and initial temperature are taken from Zhang
et al. (2013a). In our model, the hydrocarbon abundances are assumed
to be uniform with latitude. If we use the globally averaged
hydrocarbon profiles from Zhang et al. (2013a), the simulated global
average temperature in the upper stratosphere is ~5 K below observed
values at pressures < 3 mbar, confirming a similar result by Guerlet et
al. (2020). The net cooling rates in Jupiter’s mid-to-upper stratosphere
are primarily influenced by C2H2 and C2H6, particularly in the pressure
levels between 0.002 - 1 mbar (Zhang et al., 2013a). To explain the
observations, we reduce C2H2 and C2H6 abundances by 50% uniformly,
and above 0.3 mbar further by (p/0.3 mbar)0.4. This adjustment falls
within uncertainty in the hydrocarbon abundance retrieval by Zhang
et al. (2013). In particular, current gas abundance measurements are
fairly unreliable above 0.1 mbar.
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Solar heating in the UV, visible, and near-infrared bands is
primarily controlled by CH4 and hazes. Since the spectroscopic linelist
of CH4 in HITRAN 2016 is incomplete beyond 7900 cm-1, we
additionally use an ab initio linelist to fill in missing transitions
throughout the spectrum and adding CH4 lines beyond 7900 cm-1 (Rey
et al. 2016). The full details of this addition and its influence on heating
rates are explained in Guerlet et al. (2020), but the ultimate effect is
slightly increased globally averaged temperature (2 - 3.5 K) which has
a maximum near 10-20 mbar. Radiative transfer equations including
multiple scattering are solved with a two-stream approximation
(Kylling et al., 1995). A similar numerical implementation has been
applied to GCMs of exoplanets and brown dwarfs (Komachek et al.,
2017, Tan & Showman, 2021). An internal heat flux of 7.48 W/m2 (Li
et al., 2018b) is also added as a radiative flux at the bottom of our
model. To reduce the computational cost, we only update the radiative
transfer calculations once per Earth day, which is sufficient to produce
accurate results. Because we wish to examine the ability of the model
to reproduce Jupiter’s temperature distribution and circulation in
steady-state conditions, we exclude seasonal variations due to Jupiter’s
small obliquity (3.13°) and orbital eccentricity (0.048). Diurnal
variations are also neglected because of Jupiter’s fast rotation: Guerlet
et al. (2020) determined that the maximum amplitude of diurnal
temperature variations is less than 0.1 K.

4.2.1.2 Haze and cloud properties
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We include both stratosphere and upper troposphere hazes in
the radiative transfer calculation. Haze solar heating is calculated with
the haze optical properties of Guerlet et al. (2020) scenario #2, which
were derived from Zhang et al. (2013b). The infrared cooling rate of
the haze is calculated based on Zhang et al. (2015). Tropospheric haze
and clouds are modeled in the same method as the nominal model
presented in Guerlet et al. (2020): a haze layer with an integrated
optical depth of 4 in the range 660–150 mbar, “gray” particles of radius
0.5 μm on top of an NH3 cloud (or indifferently a “gray” cloud) with
10-μm particles, and a cloud deck at 840 mbar with an integrated
optical depth at 750 nm of 15. Discussion of the sensitivity tests
performed on these parameters can be found in that study. Note that
the spatial distribution and opacities of the polar stratospheric haze
have large uncertainties. In Zhang et al. (2013b), the haze spatial
distribution is retrieved from near-IR data between -75°S and 25°N.
Northward of 25°N, the shape of the vertical distribution is assumed
to be the same as the southern hemisphere. The UV and visible
opacities of the haze are constrained by the Cassini image data. The
mid-infrared opacities of the haze are estimated in Zhang et al. (2015)
to ensure globally averaged heating and cooling balance. A separate
set of observations with the Anglo-Australian Telescope found slightly
different haze distribution, with two distinct layers of polar haze at ~27 mbar and ~25-250 mbar, though the vertical extents of the north and
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south polar distributions were not the same (Kedziora-Chudczer and
Bailey, 2011).

4.2.2 SOCRATES 2D dynamical model
We use a 2D dynamical prescription formulated in transformed
Eulerian mean (TEM) coordinates (Andrews and McIntyer, 1976;
Boyd, 1976). This model originated at the National Center for
Atmospheric Research as SOCRATES (Simulation of Chemistry,
Radiation, and Transport of Environmentally important Species), and
has been used to model dynamics, radiation, and chemistry in the
middle atmosphere of Earth (e.g. Brasseur et al., 1990; Huang et al.,
1998). We adapt the dynamical core of the model for use with Jupiter,
solving the zonally-averaged quasi-geostrophic equations:

Thermodynamic
Momentum

̅
𝑑𝜃

̅
𝑑𝜃

𝑑𝑡
̅
𝑑𝑢
𝑑𝑡

̅
𝑑𝜃

+ 𝑣̅ ∗ 𝑑𝑦 + 𝑤
̅ ∗ 𝑑𝑧 = 𝑄 + 𝐷𝜃
̅
𝑑𝑢

− 𝜂𝑣̅ ∗ + 𝑑𝑧 𝑤
̅∗ = 𝐹
1

𝜂 = 𝑓 − 𝑐𝑜𝑠(𝝓)

𝑑
𝑑𝑦

(4.1)
(4.2)

(𝑢̅ 𝑐𝑜𝑠(𝝓))

(4.2a)
Mass
Thermal wind

1

𝑑

𝑐𝑜𝑠(𝝓) 𝑑𝑦

1

(𝑣̅ ∗ 𝑐𝑜𝑠(𝝓)) + 𝜌

𝑑

0 𝑑𝑧

̅
𝑑𝑢

(𝜌0 𝑤
̅ ∗ ) = 0 (4.3)

̅
𝑅 𝑑𝜃

(𝑓 + 2𝑢̅ 𝑡𝑎𝑛(𝝓)/𝑎) 𝑑𝑧 = − 𝐻 𝑑𝑦

(4.4)

Here, z represents log-pressure altitude defined as 𝑧 = 𝐻 ∗ 𝑙𝑛(𝑝𝑠 /𝑝), 𝑝𝑠
is base-of-model (“surface”) pressure, H is a fixed scale height (set at
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27 km for Jupiter), 𝝓 is latitude, a is planetary radius, 𝛺 is planetary
rotation rate, atmospheric density 𝜌0 = 𝜌𝑠 𝑒𝑥𝑝(−𝑧/𝐻), the Coriolis
parameter 𝑓 = 2𝛺𝑠𝑖𝑛(𝝓) , and the dry specific gas constant for
Jupiter’s hydrogen-helium atmosphere 𝑅 ≈ 3615 𝐽 · 𝑘𝑔−1 · 𝐾 −1 .
Thermodynamical forcing in Equation 4.1 includes the net diabatic
heating rate (Q) and small-scale diffusive transport of heat by eddy
and molecular diffusion processes:
1

𝐷𝜃 = 𝑐𝑜𝑠(𝝓)

𝑑
𝑑𝑦

(𝐾𝑦𝑦 𝑐𝑜𝑠(𝝓)

̅
𝑑𝜃

1 𝑑
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𝑑𝑦
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((𝐾𝑧𝑧 + 𝐾𝑇 )𝜌0
𝑑𝑧

̅
𝑑𝜃
𝑑𝑧

)

(4.5)

where Kyy is the meridional eddy diffusivity coefficient, Kzz is the
vertical eddy diffusivity coefficient and KT is the molecular thermal
conductivity coefficient. Temperature and wind fields are advected by
𝑣̅ ∗ and 𝑤
̅ ∗ , the meridional and vertical components of residual mean
circulation.
1

𝑣̅ ∗ = 𝜌

𝑑

0 𝑐𝑜𝑠(𝝓) 𝑑𝑧

𝑤
̅∗ = 𝜌

0

The

1

(𝜌0 𝜒)

𝑑

𝑐𝑜𝑠(𝝓) 𝑑𝑦

derivation

(4.6)

(𝜌0 𝜒)

of

the

(4.7)

combined

equations

into

a

volume

streamfunction 𝜒 can be found in Appendix A1, verifying the solution
of Garcia and Solomon (1983). The solver eliminates the time
derivatives and iterates the system until a true steady-state is reached
(Huang et al., 1998).
Forcing F in Equation 4.2 can be any physical source of
momentum deposition mainly caused by planetary/gravity wave
dissipation and/or breaking. However, in this study we will only use a
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drag force

̅
−𝑢
𝜏𝑓

with timescale 𝜏𝑓 to represent forcing that opposes the

zonal mean flow (Conrath et al., 1990). Kzz in the upper troposphere is
not well known. We found that linearly relaxing in log-pressure space
from 20 m2s-1 at 3000 mbar to 0 at the 100 mbar tropopause resulted
in the best fit for globally averaged temperature below the tropopause.
This roughly estimates vertical diffusion as Kzz ≃ wH if vertical eddy
motion w in the upper troposphere is approximately 0.1 - 1 mm s-1. For
simplicity, we set KT to a negligibly small value and Kyy = 0.
The model is sensitive to both the zonal-mean zonal wind and
the streamfunction boundary conditions. At the top of the model we
have a “sponge layer” where 𝑣̅ ∗ , 𝑤
̅ ∗ , and 𝜒 are damped to zero. In the
bottom layer, zonal wind 𝑢̅ is fixed to the observed zonal wind from
cloud tracking by the Cassini Imaging Science Subsystem (ISS) (Porco
et al., 2003). This is similar to the setup of Conrath et al.’s (1990)
“mechanically-forced” models, which used wind speeds from Voyager.
For the lower boundary condition of the streamfunction, the
“downward control principle” states that mass flow across an isentropic
surface is controlled by the amount of eddy forcing above that surface
(Haynes et al., 1991; Garcia et al., 1992). From a linearized, steadystate momentum equation, −𝑓𝑣̅ ∗ = 𝐹 , Equation 4.6 allows us to
estimate 𝜒 at the lower boundary as:
𝑐𝑜𝑠(𝝓)

𝜒𝑏 = − 𝑓·𝑒𝑥𝑝(−𝑧

𝑏 /𝐻)

∞

∫𝑧 𝑒𝑥𝑝(−𝑧/𝐻) 𝐹 · 𝑑𝑧
𝑏
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(4.8)

A simplification of the solution is possible based on an order of
magnitude estimate of F on the lower boundary, 𝐹𝑏 = −𝑢𝑏 /𝜏𝑓 :
𝜒𝑏 ≃ −

𝑐𝑜𝑠(𝝓)
𝑓

𝐻 · 𝐹𝑏

(4.9)

We tested both Equations 4.8 and 4.91 as bottom boundary conditions
in our model and both produced nearly identical results. Equation 4.8
is adopted as the boundary condition for results presented in this
paper.
We use a 141-cell latitude grid, 61-layer pressure grid from
0.003-3000 mbar, evenly distributed in log-pressure space. Our quasigeostrophic assumption breaks down very close to the equator where
the Coriolis parameter f approaches 0. For the sake of accuracy, we do
not consider results within ±10° of the equator throughout this study
(Huang et al., 1998). A standard Shapiro filter was used to control
noise at the grid scale. We use a timestep of one Earth day. Models
are run to 12 Jovian years, with steady-state usually achieved within
2-5 Jovian years.
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1. Conrath et al. (1990) derived a similar estimate of circulation at the lower
boundary of their model (Equation 29). However, their equation is erroneous
in that a zonal wind pattern u that is symmetric about the equator would
result in an asymmetric vertical wind pattern w, which is physically incorrect.

4.3

Results and comparison to observations

Observations of spatial and temporal distributions of Jovian
atmospheric temperature were retrieved from spectra obtained by the
Infrared Interferometer Spectrometer and Radiometer (IRIS) onboard
Voyager and the Composite Infrared Spectrometer (CIRS) onboard
Cassini during Jupiter fly-bys (Simon-Miller et al., 2006; Nixon et al.,
2010; Zhang et al. 2013a). Earth-based observations continue to the
present, most notably from telescopes at NASA’s Infrared Telescope
Facility (IRTF), using the Texas Echelon Cross Echelle Spectrograph
(TEXES) instrument (Lacy et al., 2002; Fletcher et al., 2016a; Sinclair
et al., 2017; Melin et al., 2018). We compare our results with retrievals
by Zhang et al. (2013a) of the Voyager IRIS data from 1979, and by
Fletcher et al. (2016a) of the Cassini CIRS data from 2000 and TEXES
data from 2014. We interpolate the observed temperature data to the
model pressure grid to compare with our model results.

4.3.1 Radiative equilibrium

We first examine the radiative model without dynamics,
resulting in a radiative equilibrium (RE) temperature distribution. The
RE model is run for approximately 12 Jovian years, typically achieving
equilibrium within 2-4 Jovian years. The global mean temperature
profiles for IRIS, CIRS, and TEXES observations between 78°S - 78°N
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are shown in Fig. 1. Temperatures between 10°S - 10°N are excluded
because of model inaccuracy near the equator, but including them does
not noticeably change the results. Our nominal RE model is able to
reproduce observations above the 30 mbar level. In the region near and
below the tropopause, temperature is not expected to be in radiative
equilibrium due to convection in the troposphere. Instead, the vertical
temperature profiles should essentially follow the adiabat. We will
discuss the model including dynamical circulation in Section 3.2.

Figure 4.1: Globally averaged temperature profile from observations
(symbols) and model predictions (colored lines), between ±78°,
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excluding values from the tropical region between ±10° where our
geostrophic model lacks accuracy. The RE model is a radiative
equilibrium model defined in Section 4.3.1, and the dynamical model
(labeled as “Dyn 200d”) has frictional drag throughout the atmosphere
with a 200 day drag timescale, described in Section 4.3.2.
Latitudinal distributions of the stratospheric temperature at
specific pressure levels are presented in Fig. 2. Observations were
obtained at different times of the Jupiter year: IRIS in 1979, northern
autumnal equinox, CIRS in 2000, early northern summer, and TEXES
in 2014, late northern summer. Jupiter’s zonally averaged temperature
distribution changes significantly over time, but all observations show
latitudinal variations throughout the middle atmosphere. The strong
temperature variability near the equator in CIRS and TEXES
observations, associated with a QQO that is believed to be a result of
wave-mean flow interaction similar to stratospheric QBO on Earth
(Orton et. al, 1991, Cosentino et al. 2017, Cosentino et al. 2020),
cannot be explained by our RE model without dynamics. Also, our 2D
model assumes quasi-geostrophic motion and thus lacks accuracy near
the equator (see Section 2.2). Therefore, we will not discuss equatorial
temperature variations in this study.
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Figure 4.2: Comparison of observed stratospheric temperatures from
IRIS (Zhang et al. 2013a), CIRS, TEXES (Fletcher et al. 2016)
(symbols), and predictions by our radiative equilibrium model (lines),
at 4 different pressures. The RE model is a radiative equilibrium model
described in Section 2.4, and HC ±20% represents an increase/decrease
in C2H2 and C2H6 mixing ratios. The gray band represents the
equatorial zone where our model lacks accuracy.
The RE model produces temperature distributions that reside
between the general trends of IRIS, CIRS, and TEXES observations in
most of the stratosphere (Fig. 2). The match of temperature at these
levels is comparably similar to the RE model study in Guerlet et al.
(2020). The general trend from low-to-mid latitudes basically follows
the solar insolation, which is maximal approaching the equator. At
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high latitudes, polar hazes influence the temperature via solar energy
absorption and infrared cooling. Observations show that temperatures
around 7 and 30 mbar increase from the mid-latitude to about ±60°
latitude and then drop towards the poles. At lower pressure (above 3
mbar), the polar temperature decreases less rapidly and even increases
towards the pole in the CIRS data at around 0.5 mbar. Our model is
able to qualitatively reproduce this general trend due to the effect of
polar haze (see Guerlet et al. (2020) for more discussion), including the
temperature peak near the sub-polar region. However, the simulated
temperature at ~30 mbar begins decreasing at a lower latitude (±50°),
as opposed to observational decreases closer to ±60-70°. At 3 mbar,
our model overpredicts temperatures at the poles, where the influence
of haze heating is strongest. Our model could also not explain the hot
poles at 0.5 mbar in the CIRS data. However, note that there is a large
variation between the CIRS data and TEXES data in the polar region.
This suggests that the polar region in Jupiter’s stratosphere is very
dynamic and the temperature varies significantly with time, perhaps
due to some additional heating mechanism such as the precipitation of
the high-energy particles in the polar aurora region (Friedson et al.,
2002; Mauk et al., 2017). The mismatch between our model and the
observations could also originate from uncertainties in the spatial
distribution of the haze layer and the haze optical properties used in
our model, which are not well constrained (see section 2.1.2). Future
characterizations of the stratospheric haze with higher accuracy will
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allow for a better fit to observed polar temperatures in the mid-tolower stratosphere.
Our RE model does not show strong variations of ±5 K in the
mid-latitudes. Although the model uses a uniform global average for
gas abundances, introducing the observed variations of gases cannot
explain the temperature contrast. Between 0.03 - 2 mbar, the
latitudinal contrast of the strongest coolant, C2H6, is around 10-20% in
the low and mid-latitudes (see Fig. 3 in Zhang et al. 2013a). By
changing the latitudinally uniform C2H6 abundance by 20% in the
model (“HC ±20%” in Fig. 2), we show that the temperature can at
most change by ~2 K. This indicates that even if we impose a
latitudinal variation of the hydrocarbon abundances by up to 20% in
our model, we do not expect that it would resolve the mismatch
between our RE results and the observation. A plausible explanation
for the latitudinal variation of temperature is the atmospheric
dynamics, as we will discuss below.

4.3.2 Meridional circulation

Here we present the full 2D dynamical model results. From the
thermal wind balance, observed meridional temperature gradients in
Jupiter’s upper troposphere indicate that zonal winds decay with
altitude, perhaps due to deceleration by eddy forces (Conrath et al.,
1990; Fletcher et al., 2020). Residual meridional circulation is required
to balance eddy forces on zonal jets under a quasi-geostrophic condition
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(Holton, 2004; Fletcher et al. 2020). Those eddies likely originate from
convectively generated waves in the troposphere, but their subsequent
upward propagation and interaction with the mean flow in the
overlying stratosphere is not well understood (Showman et al., 2019;
Fletcher et al. 2020). Important wave generation and propagation
processes may occur in a dimensional scale currently too small for a
3D general circulation model (Cosentino et al., 2017; Cosentino et al.,
2020). Our 2D model lacks the ability to self-consistently produce
waves, so mechanical forcing must be prescribed and parameterized
(see Section 2.2).
Rayleigh friction, represented as a drag force opposing zonal
mean flow, has long been used as the simplest parameterization for the
mean effect of complex atmospheric interactions (Gierasch et al., 1986).
Conrath et al. (1990) proposed that a frictional force applied
throughout the middle atmosphere with a drag timescale on the same
order of magnitude as the radiative timescale could explain the IRIS
observations of Jupiter’s upper tropospheric temperatures. However,
the radiative timescale for Jupiter calculated in Conrath et al. (1990)
increases with height in the stratosphere, which is the opposite trend
found by subsequent studies with more accurate radiative transfer
calculations, opacity data, and observed gas distributions (Zhang et
al., 2013; Kuroda et al., 2014; Li et al., 2018a; Guerlet et al., 2020).
Furthermore, Conrath et al. (1990) did not show stratospheric
temperature distribution or its comparison with observations.
Here we also evaluate the effect of a similar, simple frictional drag force
in our own model. In Equation 2 we first applied a frictional drag 𝐹 =
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−𝑢/𝜏𝑓 with a constant 2000 day timescale throughout the atmosphere.
This 𝜏𝑓 is similar to one used in Conrath et al. (1990), which only
varied slightly with height, increasing gradually from ~1500 days at
the 1000 mbar level to ~3400 days at the 0.01 mbar level. We
subsequently vary the drag timescale and its vertical profile to
investigate the influence of the drag on stratospheric temperature
distribution.
The first immediately noticeable effect of dynamics on global
mean temperature occurs in the troposphere, as seen in Fig. 1. Unlike
the RE model, the dynamical model is able to smooth out the potential
temperature with tropospheric dynamics and match observed
temperatures below the 200 mbar level. There is a slight improvement
upon the RE model in the 10-80 mbar region, although the simulated
tropopause (~100 mbar) temperature is still under-predicted by 5-10
K. The dynamical models produce larger latitudinal temperature
variations in the middle atmosphere of Jupiter than the RE model.
Fig. 3 shows a comparison of latitudinal temperature produced by the
RE model, the dynamical model with uniform 𝜏𝑓 = 200 days, and two
models where 𝜏𝑓 decreases with altitude. 𝜏𝑓 = 200 days shows
increased latitudinal variability of temperature compared to the RE
model, but it still does not approach the 2-5 K variations seen in midlatitude observations. The Conrath et al. timescale, 𝜏𝑓 = 2000 days, is
not shown because it exhibits an even smoother latitudinal
temperature distribution, almost indistinguishable from the RE model.
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Conrath et al. (1990) only reproduced some of the IRIS ±2 K
temperature variation near ±30° at one pressure level (150 mbar), but
subsequent observations by CIRS and TEXES revealed larger
latitudinal temperature variation. Our case with 𝜏𝑓 = 2000 days
cannot explain observed latitudinal temperature variations in the
stratosphere because the radiative forcing is strong enough to smooth
the temperature distribution and overwhelm the drag forcing.
When we increase the frictional forcing tenfold (𝜏𝑓 = 200 days),
the model shows larger temperature peaks at 30°N throughout the 3300 mbar range. Latitudinal temperature variance near 50 mbar begins
to approach the variability seen in observations, but at most other
pressure levels the increased drag does not induce much additional
variation in the temperature distribution. Still, the increase in
variations compared to the 𝜏𝑓 = 2000 days model implies that a
stronger drag produces larger vertical wind shear and larger latitudinal
temperature variations. In a dynamical model run with no forcing,
solutions to the dynamic equations can be similar to the trivial
radiative equilibrium case, meaning almost no latitudinal variations in
temperature will appear without mechanical forcing.
We also tested the idea from Conrath et al. (1990) to use a drag
timescale similar to the radiative timescale. We implemented this case
using a frictional timescale similar to the latest radiative timescale
(from Zhang et al., 2013a; Kuroda et al., 2014; Li et al., 2018a; Guerlet
et al., 2020) that decreases linearly with altitude from 2000 days at the
bottom of the model to 100 days at the top. We also test the same
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distribution but with 1/10th the timescale (200 days at the bottom to
10 days at the top). The 2000 day decreasing case (brown line) in Fig.
3 shows more frequent variations than the vertically uniform 𝜏𝑓 case
(orange line). At 3 and 7 mbar and 30°N, it reproduces a temperature
maximum seen in observations but not the vertically uniform 𝜏𝑓 model,
though this peak is much smaller in amplitude than observed
temperatures. The increased forcing case (200 day decreasing case green line) shows the most latitudinal temperature variability of any
model. In the troposphere at 300 mbar, it is the only model to come
close to reproducing observed temperature maxima at -15°S and 30°N.
Even in the models with drag forcing far stronger than the profile used
in Conrath et al. (1990), increased variance compared to the smooth
RE temperature distribution remains small, usually < 5K.
Our results show that frictional forcing with a latitudinally
uniform drag timescale is insufficient to reproduce the observed
latitudinal variability in temperature. Future work on the detailed
wave parameterization (such as the equatorial zone study in Costino
et al., 2017) will be useful to further understand the effect of the
mechanical forcing on latitudinal temperature variations in the middle
atmosphere of Jupiter. Additionally, the Eliassen-Palm (E-P) flux
divergence derived in the “post-analysis” approach (West et al., 1992;
Moreno and Sedano, 1997) based on the observed temperature
distribution

could

also

provide

important

insights

on

the

characteristics of the wave forcing, which will be discussed briefly later
with the residual mean circulation patterns.
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Figure 4.3: Comparison of observed stratospheric temperatures from
IRIS (Zhang et al. 2013), CIRS, TEXES (Fletcher et al. 2016)
(symbols), and predictions by the RE model, the dynamical model with
a uniform drag timescale 𝜏𝑓 = 200 days, and dynamical models with
𝜏𝑓 that decreases linearly with altitude from the bottom of the model
to the top (200 days to 10 days, and 2000 days to 100 days).
Observations are from different seasons. The gray band represents the
equatorial zone where our model lacks accuracy.
Hereafter, we mostly describe results from the vertically
increasing strong drag (with drag timescale of 200 days at base to 10
days at top) scenario. Fig. 4.4a shows a 2D temperature distribution
for this case. It produces polar hotspots near 3 mbar, located above
concentrations of polar stratospheric haze. These are warmer than a
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similar feature at 60°N in the TEXES and IRIS observations. CIRS
polar hotspots are higher in altitude and less concentrated, extending
from 0.02 - 2 mbar. The model also qualitatively reproduces warming
around 30°N at 2 mbar, which is present in all observations. The
model’s latitudinal temperature variation in the 2-30 mbar region is
smoother than TEXES and CIRS observations. Also, the effect of
modeled haze cooling at the poles causes temperatures to drop more
rapidly than observations poleward of 60° between 10-50 mbar.
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Figure 4.4: Zonally averaged temperature from observations and a
dynamical model which has frictional drag force timescale 𝜏𝑓 of 200
days at the base linearly decreasing with altitude to 10 days at the top.
The gray band represents the equatorial zone where our model lacks
accuracy.
Fig. 4.5 shows the zonal, meridional, and vertical wind
distributions, while Fig. 4.6 shows the mass streamfunction. In the lowto-mid latitudes, the zonal-mean zonal wind imposed at the base of the
model extends to the top of the stratosphere, decaying with height due
to influence from frictional drag. Meridional motion is predominantly
poleward

above

the

tropopause,

forming

two

equator-to-pole

circulation cells. A smaller pole-to-mid-latitude cell appears in the
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northern hemisphere of the troposphere. Upwelling is maximal near
zonal jets and reaches ~0.05 mm s-1 at maximum, while downwelling
is strongest near ±65° at the top of the stratosphere. In general, the
shape of our simulated mass streamfunction is qualitatively similar to
what Conrath’s dynamical model found for the stratosphere (see Fig.
11 & 12 in Conrath et al. 1990). Interestingly, the 𝜏𝑓 = 200 day case
has multiple circulation cells in the northern middle and high latitudes
above the 10 mbar level. A higher zonal wind velocity in the
stratosphere for this case is a consequence of the comparatively
lessened drag, which also allows local thermal-driven cells to develop
in the polar region where the radiative influence of haze dominates.
However, both streamfunction patterns look different from
those produced by the post-analysis approach. Previous studies used
the observed temperature, gas, and haze distributions to derive
Jupiter’s residual mean circulation (West et al., 1992; Moreno and
Sedano, 1997; Guerlet et al. 2020). Because these studies calculated
different net radiative heating rates, they obtained various circulation
patterns, except a special case with enhanced absorption and heating
rates in polar haze (scenario #3 in Guerlet et. al, 2020) that matched
the streamfunction of West et al. (1992). This match probably occurs
because West et al. (1992) ignored the polar haze cooling. Different
circulation patterns also imply different Eliassen-Palm (E-P) flux
divergence. The divergence of the E-P flux is approximated as ℰ ≃
−𝑓𝑣̅ ∗ in a steady-state form of the momentum equation, where the
eddy forcing on the zonal flow that accelerates and decelerates jets is
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proportional to the meridional velocity. The E-P flux divergence
derived from the post-analysis approach shows very complicated
patterns, implying sophisticated wave-mean interactions. However, our
assumed latitudinally uniform drag timescale could not capture the
spatial variation of the realistic wave forcing. The lack of realistic wave
forcing and uncertainty of the haze properties in our model limit our
ability to accurately explain the exact pattern of latitudinal
temperature distribution and the net heating rate, and thus the
circulation, in the middle atmosphere of Jupiter. We leave a more
detailed parameterization scheme of the realistic wave forcing on
Jupiter for future work.

a)

b)
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c)
Figure 4.5: Contours of zonally averaged (a) zonal wind (m s-1), (b)
meridional wind (m s-1), and (c) vertical wind (mm s-1), for the
dynamical model (𝜏𝑓 = 200 days at base, decreasing to 10 days at top).
Solid lines mark transitions from positive to negative values, and
dashed contours denote negative values. Zonal wind maxima are
excluded to better show contrast in the mid-speed jets; the maxima
occur at the base of the model at 10°N and 25°N (130 m s-1), and the
minimum at -20°S (-50 m s-1). The gray band represents the equatorial
zone where our model lacks accuracy.

a)

83

b)
Figure 4.6: Mass streamfunction for dynamical models; (a) 𝜏𝑓 = 200
days at base, decreasing to 10 days at top, and (b) 𝜏𝑓 = 200 days
(uniform). Blue contours have negative values and generally represent
anti-clockwise flow, while positive red contours represent clockwise
flow. The gray band represents the equatorial zone where our model
lacks accuracy.
4.3.3 Effect of polar haze

Due to the large uncertainties in the haze radiative heating and
cooling rates, here we examine the results of the haze radiative effect
on the temperature distribution and circulation patterns. We vary the
haze IR opacity by a factor of 2, and also test a case with no haze
cooling. For our nominal dynamical model (vertically increasing 𝜏𝑓 of
200 days at the base to 10 days at the top), the maximal influence of
heating from the haze layer occurs near ±80° and 3 mbar (Fig. 4.4).
The dynamical model also results in more rapid drops of temperature
poleward of ±60° between 10-50 mbar than observations. In Fig. 4.7a,
we see that increasing haze IR opacity by 2× further decreases
temperatures poleward of 60° above the 30 mbar level and reduces the
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magnitude and extent of the polar hotspots. The opposite extreme
(Fig. 4.7d), a case with no haze cooling, shows polar hotspots expanded
in size and intensity, and generally warmer temperatures poleward of
±60° above the 30 mbar level. In levels below, polar temperatures near
the 100 mbar tropopause decrease with reduced haze IR opacity. This
correlation between reduced haze IR opacity and (1) reduced cooling
at the 15 mbar concentrated haze layer, and (2) increased cooling at
the tropopause (100 mbar), matches a similar conclusion in Zhang et
al. (2015, Fig. 6b). We also show that the change in cooling rate at the
concentrated haze level affects the upper stratospheric temperature in
polar regions due to the infrared radiative flux exchange. Equatorward
of ±50°, varying the haze IR opacity shows little effect on the
temperature.
The case with increased 2× haze IR opacity, which resulted in
cooler polar temperatures above 30 mbar, generates a circulation
pattern with few differences to 1× opacity; the mass streamfunction is
nearly identical (Fig. 4.7d and Fig. 4.8a). However, in the case with no
haze cooling effects, two anti-circulation cells appear at 40-60°N
(maximal in the troposphere) and 60°S (maximal at 5 mbar) (Fig.
4.8b). Polar temperatures more than 20 K warmer than observations
cause our simple frictional drag models to generate a more complex
circulation pattern than a simple broad equator-to-pole pattern in the
stratosphere. If multiple-cell circulation is truly present in Jupiter’s
middle atmosphere, as is suggested by the post-analysis studies (e.g.
West et al., 1992; Guerlet et al., 2020), a better characterization of
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Jupiter’s stratospheric and tropospheric haze layers will be needed for
a 2D dynamical model to produce accurate circulation.

a)

b)

c)
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d)
Figure 4.7: Contours of zonally averaged temperature for 𝜏𝑓 = 200
days at base, decreasing to 10 days at top, with (a) 2×, (b) 1×, (c) 0.5×,
and (d) 0 haze IR opacity. The gray band represents the equatorial
zone where our model lacks accuracy.

a)
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b)
Figure 4.8: Contours of mass streamfunction for 𝜏𝑓 = 200 days at base,
decreasing to 10 days at top, with (a) 2×, and (b) zero haze IR opacity
(i.e., no haze cooling). Blue contours represent negative values and
generally represent anti-clockwise flow, while red contours represent
clockwise flow. The gray band represents the equatorial zone where our
model lacks accuracy.

4.4.

Conclusions and Discussion

By implementing a 2D circulation model with accurate radiative
transfer and most recent observations of temperature, global mean
hydrocarbon abundances, and haze distribution, we perform a “firstprinciples” calculation of the circulation dynamics in Jupiter’s middle
atmosphere. We summarize the findings:

1. A radiative equilibrium model with accurate radiative transfer can
reproduce observed global mean temperature in the stratosphere. We
find that in order to match the global mean temperature above 0.5
mbar, C2H2 and C2H6 abundances must be at the lower end of the
uncertainty range.
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2. Dynamics with a latitudinally uniform drag forcing and 𝜏𝑓 = 2000
days similar to Conrath et al. (1990) introduces little latitudinal
temperature variation. Forcing with 10× strength ( 𝜏𝑓 = 200 days,
decreasing to 10 days at the top of the atmosphere) increased
latitudinal variability but still not as much as observations, suggesting
realistic wave parameterization is needed to produce the observed 5-10
K variations.

3. Varying haze IR opacity has a noticeable effect on the haze cooling
rates and polar temperatures throughout the middle atmosphere as
well as the resulting meridional circulation in the high latitudes. Better
constraints on observations of haze distribution and optical properties
will be necessary for accurate characterization of diabatic forcing at
high latitudes.

Although our radiative equilibrium model could reproduce
observed globally averaged temperatures in the stratosphere, with
reduced abundances of C2H2 and C2H6 within the uncertainty range
(Moses et al., 2004; Nixon et al., 2010; Zhang et al., 2013b), future
studies should also search for other possible heat sources. It has been
suggested that the upper stratosphere and thermosphere could be
additionally heated (or cooled) by upwardly propagating gravity waves
that dissipate between 10-4 - 10-7 mbar (Matcheva and Strobel, 1999,
Yelle and Miller, 2004, Young et al. 2005).
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Reproducing the observed latitudinal variations of temperature
in Jupiter’s middle atmosphere is the first step in understanding the
radiative and mechanical forcing behind meridional circulation.
Though the latitudinal variation of C2H2 and C2H6 in Jupiter’s
stratosphere causes localized net heating or cooling, we have shown
that they cannot fully account for latitudinal temperature fluctuations
in the mid-latitude region (Fig. 4.2). Our dynamical model with a drag
timescale 𝜏𝑓 = 200 days at bottom decreasing towards 10 days at the
top seems to be able to reproduce the ~2 K variability seen in the IRIS
observations, but still underestimates temperature variations in the
CIRS and TEXES data (~5-10 K). This suggests that the appropriate
characterization of eddy forcing is more complex than a simple linear
drag parameterization. Specifically, convectively generated waves from
the troposphere may be influencing the strongest variations in
temperature in Jupiter’s middle atmosphere.
The residual mean circulation pattern from the nominal
“decreasing timescale with height” drag model shows broad, equatorto-pole transport above 100 mbar and a few circulation cells appearing
closer to 1 bar (Fig. 4.8a). We also show models with a larger drag
timescale in the stratosphere develop alternating cells in the northern
stratosphere (Fig. 4.8b), due to a relatively large dominance of the
polar haze radiation. All of the frictional drag models produce different
circulation patterns than the multi-cell, alternating poleward and
equatorward meridional flow pattern generated using the post-analysis
method (West et al., 1992; Guerlet et al., 2020),
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suggesting that

realistic wave forcing parameterization is necessary to reproduce the
circulation patterns in the middle atmosphere of Jupiter. The next
stage of our dynamical model will be to implement parameterizations
of Rossby waves and gravity waves to study their influence on zonal
mean temperature and meridional circulation (e.g. Friedson 1999a;
Cosentino et al. 2017).
For the high-latitude region, characterization of Jupiter’s polar
haze appears to be essential for successfully modeling temperatures
throughout the middle atmosphere. The haze distribution of Zhang et
al. (2013b) and Guerlet et al. (2020) is necessary to produce sufficient
warming at the poles in the 1-10 mbar region. The nominal (1×) haze
IR opacity used in this model produces polar hotspots slightly higher
in altitude and warmer in temperature than observations, and overly
cools the poles between 10-100 mbar. Reducing the IR opacity increases
these maxima, while increasing it lowers polar temperatures between
0.03-20 mbar. Matching observations exactly is unlikely, as the polar
temperature distribution has changed significantly between the
observations of CIRS (2000, early northern summer) and TEXES
(2014, late northern summer). The true distribution of polar haze could
also be different than our model assumes: Kedziora-Chudczer and
Bailey (2011) found two polar haze populations above and below a
depleted 10-20 mbar region. They also concluded that the extent and
optical properties of haze layers are different at the north and south
poles. Have polar haze conditions changed between 2000 and 2007?
Furthermore, high-energy charged particles could also be responsible
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for heating at 1 mbar in the polar auroral region (Sinclair et al., 2017).
Further observations will be essential in constraining the haze
distribution and its optical properties as well as other energetic
processes in the polar region.
Lastly,
oscillations

in

the

equatorial

Jupiter’s

and

stratosphere

off-equatorial
identified

as

temperature
the

QQO

undoubtedly play an important role in circulation. Like the QBO on
Earth, these oscillations are thought to be wave-driven phenomena
(Friedson, 1999; Cosentino et al., 2017). The QQO could also have
connections to temperature fluctuations in the mid-latitudes. The
direct simulation of the equatorial dynamics is not accurate using our
geostrophic model but we plan to implement QQO forcing and test its
effect on the meridional circulation in the mid-latitude and high
latitudes. Future work will mainly focus on examining the general role
of

wave-mean

flow

interaction using a more realistic wave

parameterization. We will also include hydrocarbon chemistry and
tracer transport in the model to understand the radiative feedback of
meridionally transported species on the circulation. The SOCRATES
model has included a chemical module in Earth studies (Brasseur et
al. 1990), and we plan to adapt this model for use on Jupiter and other
giant planets.
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Appendix A. Methods from Chapter 3

The 50 CJS and 50 EJS simulations (Fischer & Ciesla, 2014)
were run using the MERCURY code (Chambers, 1999). The CJS case
had Jupiter and Saturn on non-eccentric orbits as predicted by the
Nice Model (e.g., Gomes, et al. 2005). In the EJS scenario, Jupiter and
Saturn were placed on their modern-day orbits. The CJS/EJS
simulations started with ~80 planetary embryos with masses of 0.01–
0.06 Earth masses (M⊕) and ~2000 planetesimals with masses of ~0.001
M⊕. The 142 Grand Tack simulations (Jacobson & Morbidelli, 2014)
were run using the Symba code (Duncan et al., 1998). The Grand Tack
scenario involves an inward then outward migration of Jupiter and
Saturn to truncate the inner disk (Walsh et al., 2011). These
simulations started with ~100 planetary embryos and ~2000
planetesimals.

Different

simulations

featured

different

embryo:planetesimal mass ratios (1:1, 2:1, 4:1, or 8:1) and different
embryo masses (0.025, 0.05, or 0.08 M⊕). In all CJS, EJS, and Grand
Tack simulations used here, all collisions were treated as inelastic
mergers, neglecting the possibility of hit-and-run or erosive impacts (
e.g. Asphaug, 2010). This is a reasonable approximation, as incomplete
accretion has been shown to have only a small effect on the resulting
εW182 (Dwyer et al., 2015). These simulations have been previously
published, and further details may be found in those studies (Fischer
& Ciesla, 2014; Jacobson & Morbidelli, 2014).
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Geochemical calculations were performed using two different
models of Hf–W isotopic evolution during core formation, a “full model”
and a “fast model”. The full model consisted of a detailed model of core
formation (Fischer et al., 2017, Fischer et al., 2018) tracking 13
elements, including Hf and W. This model included a spatial gradient
in initial oxygen fugacity in the disk, constrained to reproduce the FeO
contents of the terrestrial and Martian mantles on average: 4 log units
below the iron–wüstite buffer (IW–4) inside of 1.5 AU, and IW–1.5
outside of 1.5 AU (e.g., Fischer et al., 2017, Rubie et al., 2015). As
planets accreted and differentiated, their oxygen fugacities were
evolved self-consistently (Rubie et al., 2011). The metal–silicate
partition coefficient of tungsten DW (as well as those of all other
elements) varied with changing pressure, temperature, composition,
and oxygen fugacity (Shofner et al., 2014) in a planet’s interior as it
grew. The full model was primarily used in calculations based on
CJS/EJS N-body accretion simulations (Fischer & Ciesla, 2014). The
fast model was simpler, designed for more rapid exploration of
parameter space (Zube et al., 2019). This model tracked only Hf and
W, and used a constant value for DW, with a spatial gradient in initial

fHf/W in the disk (Nimmo et al., 2010) to reproduce the observed
variation in fHf/W between Earth and Mars. The fast model was
primarily used in calculations based on Grand Tack N-body
simulations (Jacobson & Morbidelli, 2014).
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The full model identified Earth analogs as the largest surviving
planet with a mass of 0.67–1.5 M⊕ and a semimajor axis of 0.75–1.25
AU, and the fast model identified Earth analogs as any surviving
planet with a mass of 0.5–2 M⊕ and a semimajor axis of 0.387–1.524
AU. In both models, Theia analogs were defined as the last body to
collide with the Earth that contained at least one planetary embryo.
Both models included variable degrees of metal equilibration k, used
here with whole mantle equilibration. Results from CJS and EJS
simulations were combined, due to their resulting isotopic signatures
being statistically indistinguishable. Results from different values of k
were combined to obtain probabilities. The two models were
benchmarked against each other using Grand Tack simulations25,
showing agreement in Earth’s εW182 to within typically <0.4 ε units
(Supplementary Fig. A.2). Both of these models have been previously
applied to studying Earth analogues; further details of the models may
be found in those studies (Fischer et al., 2018; Zube et al., 2019).
The Hf–W isotopic evolution of Earth and Theia analogues was
tracked until the time of the Moon-forming impact. A Moon analogue
was formed from a portion of Theia, having the mass of the Moon and
a core that was 2% of its total mass. For most of the results shown
here, no terrestrial material was incorporated into the Moon analogue,
as an end-member case. We also considered cases where the lunar
mantle was derived from a mixture of Theia and Earth materials, with
up to 50% Earth materials by mass. The Moon analogue underwent an
episode of single-stage core formation, using a constant DW in the range
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30–250. The Earth analogue was assumed to accrete the Theia
analogue (Theia analogues were much larger than the Moon). In Grand
Tack simulations, the Earth analog was also assumed to accrete the
late veneer (defined as all planetesimals accreted by an Earth analog
after the Moon-forming impact, regardless of mass), since the late
veneer in these simulations usually contributes a substantial fraction
of the Earth analog’s mass. In CJS/EJS simulations, the small late
veneer was not accreted by the Earth analog. Finally, the Earth and
Moon analogs were isotopically evolved to the present for comparison
with observations.

Appendix B. Supplemental Figures from Chapter 3
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Figure A.1: f Hf/W of final Earth, Moon, and Mars analogues with
different mass-weighted semimajor axes (MWSMA). Results are shown
for EJS and CJS accretion simulations, degree of metal equilibration k
= 0.4, whole mantle equilibration, and a lunar W metal–silicate
partition coefficient DW = 250. Shaded regions indicate observed f Hf/W
values (Kleine et al. 2009). Open symbols: all Earth, Moon, and Mars
analogues. Filled symbols: analogues that match the observed f Hf/W
values. Earth analogues (blue) have an Earth-like f Hf/W for MWSMA
of ~1.0–1.6 AU. Mars analogues (red) have a Mars-like f Hf/W for
MWSMA of ~2–3 AU. Moon analogues (black) have a Moon-like f Hf/W
for MWSMA of ~1.6–3.3 AU, more similar to Mars than to Earth.
Making a Moon with the correct f Hf/W requires its provenance to be
different from Earth’s, suggesting that its stable isotopes may also be
different.

Figure A.2: Results of benchmarking the fast model and full model of
core formation on Grand Tack N-body simulations. Calculations are
shown for 8 Earth analogues from 4 simulations, for variable degrees
of metal equilibration k (indicated by color). Black dashed line is a 1:1
line.

Appendix C. Derivation of residual mean
streamfunction
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This is a derivation of a streamfunction equation from primitive equations (10) and (11) in Garcia and Solomon (1983). ū∗ , v̄ ∗ , and w̄∗ are the
zonally averaged velocity components in the zonal, meridional, and vertical
directions. T̄ (φ, z) is the local deviation of the zonally averaged temperature. Q represents all heating components (Q̄ + Dθ ), F represents all forcing
components. N 2 is the squared Brunt-Vaisala frequency from constant T , H
is the constant scale height, a is planet radius, dy = adφ, with φ as latitude.
Log-pressure altitude, z = −Hln(p/p0 ).
Momentum:
∂ ū
∂ ū
− ηv̄ ∗ + w̄∗
=F
(1)
∂t
∂z


1
∂ X̄ ∗ X̄ ∗
∗
v̄ = −
−
(2)
cos φ ∂z
H
w̄∗ =
η=f+

1 ∂ X̄ ∗
cos φ ∂y

(3)

ū tan φ ∂ ū
−
a
∂y

(4)

From here, we will drop ∗ notation. Substitute 2 and 3 into 1, and assume
∂t values are 0:


 

1
∂ X̄
X̄
1 ∂ X̄ ∂ ū
−η −
−
+
=F
cos θ ∂z
H
cos φ ∂y ∂z
Multiply both sides by cos φ, then take the partial derivative ∂z of all
terms. Note this assumes H is constant.
∂η
∂z



∂ X̄
X̄
−
∂z
H




+η

∂ 2 X̄
1 ∂ X̄
−
2
∂z
H ∂z


+

∂ 2 X̄ ∂ ū ∂ X̄ ∂ 2 ū
∂F
+
=
cos φ
2
∂z∂y ∂z
∂y ∂z
∂z

Multiply all terms by f and gather terms:


 2 
∂ 2 X̄
∂ 2 X̄
∂ ū
∂ X̄
∂ ū
(f
η)
+
+
f
+
f
∂z 2
∂z∂y
∂z
∂y
∂z 2




∂ X̄
∂η
f
X̄
∂η
∂F
f
−η
+
−f
=f
cos φ
∂z
∂z
H
H
∂z
∂z
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Aside:
∂η
tan φ ∂ ū
∂ 2 ū
=
−
∂z
a ∂z ∂z∂y
Substitute:
∂ 2 X̄
(f η) +
2
∂z


∂ ū
∂ 2 X̄
f
+
∂z∂y
∂z
 2 
∂ X̄
∂ ū
f 2 +
∂y
∂z


2
∂ ū
f
∂ X̄
tan φ ∂ ū
−f
−η
f
+
∂z
a ∂z
∂z∂y
H


∂ 2 ū
X̄
tan φ ∂ ū
+f
−f
=
H
a ∂z
∂z∂y
∂F
f
cos φ
∂z
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Thermodynamic:
∂ T̄
∂ T̄
+ v̄ ∗
+ w̄∗ S = Q
∂t
∂y
where:

HN 2 ∂ T̄
S=
+
R
∂z
Substitute 2 and 3 into 5, and assume ∂t values are 0:





1
∂ X̄
X̄
∂ T̄
1 ∂ X̄
−
−
+
S=Q
cos φ ∂z
H
∂y
cos φ ∂y
Take the partial derivative ∂y of all terms using chain rule:



 2 


− tan φ ∂ X̄ ∂ T̄
1
∂ X̄ ∂ T̄
1 ∂ X̄ ∂ 2 T̄
−
−
+
a cos φ ∂z ∂y
cos φ ∂y∂z ∂y
cos φ ∂z ∂y 2






tan φ X̄ ∂ T̄
1
1 ∂ X̄ ∂ T̄
1 X̄ ∂ 2 T̄
+
+
+
a cos φ H ∂y
cos φ H ∂y ∂y
cos φ H ∂y 2

 2 
 

1
∂ X̄
1 ∂ X̄ ∂S
∂Q
tan φ ∂ X̄
S+
S+
=
2
a cos φ ∂y
cos φ ∂y
cos φ ∂y ∂y
∂y

Multiply both sides by

R
H

cos φ and gather terms:



∂ 2 X̄ R
S +
∂y 2 H


R ∂ T̄
∂ 2 X̄
−
+
∂y∂z
H ∂y


∂ X̄ R ∂ T̄
R tan φ R ∂S
+ S
+
+
∂y H 2 ∂y
H
a
H ∂y


∂ X̄ − tan φ R ∂ T̄
R ∂ 2 T̄
−
+
∂z
a H ∂y
H ∂y 2


R ∂ 2 T̄
X̄ R tan φ ∂ T̄
=
+
H H a ∂y
H ∂y 2
R ∂Q
cos φ
H ∂y
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(5)

Thermal wind equation:
R ∂ T̄
∂ ū
f˜ = −
∂z
H ∂y
where:

(6)

2ū tan φ
f˜ = f +
a
∂ f˜ ∂f
2 tan φ ∂ ū
2ū
=
+
+ 2
∂y
∂y
a ∂y a cos2 φ
∂ f˜ 2 tan φ ∂ ū
=
∂z
a ∂z

Thus:
∂ T̄
H ∂ ū
= − f˜
∂y
R ∂z
H
∂ 2 T̄
=−
∂z∂y
R
H
∂ 2 T̄
=
−
∂y 2
R

∂ f˜ ∂ ū
∂ 2 ū
+ f˜ 2
∂z ∂z
∂z

!

∂ f˜ ∂ ū
∂ 2 ū
+ f˜
∂y ∂z
∂y∂z

!

And note (for constant N and H):
∂S
∂ 2 T̄
=
∂y
∂y∂z
Substitute for S and T :
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∂ X̄
∂y



∂ 2 X̄ R
S +
∂y 2 H


∂ 2 X̄ ˜∂ ū
f
+
∂y∂z
∂z
!
2
−f˜ ∂ ū R tan φ ∂ f˜ ∂ ū
∂
ū
+ S
−
− f˜ 2 +
H ∂z H
a
∂z ∂z
∂z
!
2
∂
ū
∂ X̄ tan φ ˜∂ ū ∂ f˜ ∂ ū
f
+
+ f˜
+
∂z
a
∂z
∂y ∂z
∂y∂z
!
2
X̄ − tan φ ˜∂ ū ∂ f˜ ∂ ū
∂
ū
f
−
− f˜
=
H
a
∂z
∂y ∂z
∂y∂z
R ∂Q
cos φ
H ∂y

Now sum with momentum equation to form streamfunction:

∂ X̄
∂z

∂ 2 X̄
(f η) +
∂z2

∂ 2 X̄ R
S +
∂y 2 H

 ∂ ū 
∂ 2 X̄  ˜
f +f
+
∂y∂z
∂z
!
 ∂ 2 ū
f˜ ∂ ū ∂ f˜ ∂ ū 
∂ X̄ R tan φ
S
−
−
+ f − f˜
+
∂y H
a
H ∂z
∂z ∂z
∂z 2
!

 tan φ ∂ ū ∂ f˜ ∂ ū 
 ∂ 2 ū
f
−η + f + f˜
+
+ f˜ − f
+
H
a ∂z
∂y ∂z
∂y∂z
!
 ∂ ū ∂ f˜ ∂ ū 
 ∂ 2 ū
X̄ − tan φ  ˜
f +f
−
+ f − f˜
=
H
a
∂z
∂y ∂z
∂y∂z


∂F
R ∂Q
f
+
cos φ
∂z
H ∂y

Compare to C coefficients in Garcia and Solomon (1983). To match, one
R
must neglect the X̄/H term, assume f = f˜, and that H
is needed in front
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∂
in the definition of CF (p.14). The CX term is consistent with (12f)
of ∂y
of Choi, Rotman, and Wuebbles (1995) if the same assumptions about f˜ are
made. A few calculation notes:

2u tan φ
f − f˜ = −
a
 2
2 tan φ ∂ ū
∂ f˜ ∂ ū
=
∂z ∂z
a
∂z


∂ f˜ ∂ ū
∂f
2 tan φ ∂ ū
2ū
∂ ū
=
+
+ 2
2
∂y ∂z
∂y
a ∂y a cos φ ∂z
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