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Abstract

Efficient Large Language Model Reasoning for Fact Verification and Mathematical

Reasoning
by
Rongwen Zhao

Large language models (LLMs) demonstrate strong performance on complex rea-
soning, yet their reliability and efficiency in real-world deployments remain limited,
particularly in specialized domains with sparse coverage, in scalable post-training for
reasoning, and in the underexplored dynamics of distilling long chain-of-thought (CoT)
behaviors. This dissertation investigates these challenges through the lens of reasoning-
intensive tasks, focusing on claim verification and mathematical reasoning.

First, we introduce SYNTHVERIFY, a step-by-step synthetic data generation frame-
work that integrates structured domain specification, evidence synthesis, and aspect-
conditioned claim creation. Without relying on external corpora or costly human anno-
tation, SYNTHVERIFY yields diverse training data and substantially improves zero-shot
transfer claim verification across multiple specialized domains. Second, we propose a
three-stage training recipe that develops smaller reasoning models capable of accurate,
context-grounded claim verification trained via reinforcement learning with verifiable
rewards. Empirically, the trained model R1-CV consistently outperforms the out-of-box
reasoning LL.Ms baselines of comparable scale while preserving efficiency.

Third, we present a systematic study of long CoT reasoning distillation for large rea-

soning models in mathematical reasoning. Our cross-model, cross-architecture analysis

xi



reveals: student scale strongly governs successful reasoning transfer with architecture-
specific effects; mid-sized teachers often generalize more effectively across domains;
and reasoning quality in training traces outweighs quantity. Together, these contributions
provide practical methods and empirical principles for building domain-robust, efficient
reasoning LLMs and offer actionable guidance for data creation, model selection, and

training strategies beyond the two focal tasks.
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Chapter 1

Introduction

Large language models (LLMs) (Jaech et al. 2024; OpenAl, 2025; Guo et al. 2025a;
Team et al. 2025; Team, 2025) have transformed natural language processing (NLP) by
enabling impressive performance across a wide range of text understanding and complex
reasoning tasks (Hendrycks et al., 2021a; Jimenez et al., 2023; Rein et al., 2024; Jain
et al., 2024; Chen et al. 2025; Yao et al., 2024). LLM emergent capabilities, such as
multi-step reasoning (Paranjape et al., 2023; Aksitov et al. 2023; Patel et al., 2024),
factual reasoning (Yu et al., 2024; Es et al., 2024; Asai et al., 2024), and agentic tool
use (Lu et al., 2025; Singh et al., 2025; Wu et al., 2025), hold promise for applications
in scientific discovery (Shojaee et al., 2024; Shojaee et al., 2025; Ma et al., 2024),
decision-making in complex environment (Hao et al., 2023; Wang et al., 2024; Cheng
et al. 2024), and trustworthy Al (Hua et al., 2024; 2024; Huang et al. 2024).
However, despite rapid progress, reasoning with LLMs is far from solved. LLMs face
fundamental challenges that hinder their reliability and efficiency in real-world deploy-
ments. First, LLMs often struggle to reason accurately in specialized or knowledge-

intensive domains due to gaps in their training data (Reizinger et al., 2024; Zhang et al.,



Chapter 1 Introduction

2024; Wang et al., 2024). Second, current alignment® and fine-tuning approaches are
computationally expensive and difficult to scale across diverse and complex reasoning
tasks (Sui et al. 2025; Kumar et al., 2025; Cuadron et al. 2025). Lastly, there is a
lack of systematic evaluation of long chain-of-thought distillation for reasoning LLMs
across model scales, architectures, and downstream tasks (Feng et al., 2024; Chenglin
et al., 2024a; Tian et al., 2025).

This thesis investigates these challenges in the context of reasoning-intensive tasks,
with a particular focus on the data, reasoning strategies, and model transferability.
Although the proposed methods are broadly applicable to a variety of reasoning set-
tings, we focus on two tasks, claim verification, and mathematical reasoning. Claim
verification provides a representative testbed for reasoning research: It requires in-
terpreting diverse evidence, applying domain knowledge, and making logically sound
veracity judgments, making it an ideal benchmark for evaluating general reasoning im-
provements. Our second task, mathematical reasoning, requires understanding complex
relationships and uncertainties in language data. General mathematical reasoning abil-
ity allows LLMs to generalize and perform a wide range of tasks. Both tasks play an
important role in real-world scenarios.

We address the aforementioned challenges through three complementary research
directions. First, we explore how a proposed step-by-step synthetic data generation
framework can improve model generalization for the zero-shot claim verification task
without relying on expensive human annotation or domain-specific corpora. Second,
we develop an efficient reasoning training framework to develop smaller reasoning

models efficiently while maintaining high accuracy in complex, context-grounded claim

*Instruction-tuning



§1.1 Synthetic Data Generation for Zero-Shot Claim Verification

verification tasks. Third, we conduct a systematic study of long chain-of-thought
(CoT) reasoning distillation for large reasoning model to uncover how teacher—student
model relationships affect the transfer of mathematical reasoning.

The rest of this chapter is an overview of the thesis document, followed by the thesis

statement and contributions.

§ 1.1 Synthetic Data Generation for Zero-Shot Claim
Verification

Claim verification, the task of determining whether a claim is supported by given
evidence, plays a critical role in combating misinformation (Litou et al., 2017; Hassan
et al., 2017; Shu et al., 2017). However, despite the success of LLMs across many
NLP tasks, they face key challenges in this setting (Zhang and Gao, 2023a; Guan et
al., 2024; Augenstein et al. 2024; Quelle and Bovet, 2024). A major issue is the
lack of domain-specific knowledge in pretraining corpora, such as financial or medical
domains, which are often underrepresented compared to general sources like Wikipedia
or newswire (Vladika and Matthes, 2024). This leads to performance degradation on
specialized claims, affecting both evidence identification and reasoning. Although fine-
tuning on existing datasets (e.g., FEVER (Thorne et al., 2018), VitaminC (Schuster et
al., 2021)) can partially address this, these datasets are often domain-limited or costly
to scale across diverse domains (Zhu et al., 2022; Nan et al., 2022; Gu et al., 2023).
Synthetic data generation has emerged as a potential solution (Pan et al., 2021; Wright
et al., 2022; Bussotti et al., 2024), but existing methods either lack scalability (Pan et

al., 2021; Wright et al., 2022) or depend heavily on external resources (Bussotti et al.,
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2024), limiting generalization and practicality.

To overcome these limitations, in Chapter 3, we propose SYNTHVERIFY, a step-by-step
prompting-based synthetic data generation framework. Our approach integrates struc-
tured domain specification, evidence synthesis, and aspect-based claim generation to
ensure both verifiability and diversity without relying on external corpora. Through ex-
tensive experiments, we show that models trained on our synthetic data achieve stronger
zero-shot transfer, better reasoning on complex claims, and more robust performance

across multiple specialized domains.

§ 1.2 Efficient Reasoning for Context-Grounded Claim
Verification

Current LLM-based approaches (Min et al., 2023; Chern et al. 2023; Zhao et al. 2023;
Kamoi et al., 2023a; Wei et al. 2024; Song et al., 2024; Wang et al., 2024) for claim
verification often follow the Decompose-Then-Verify paradigm, where a complex claim
is broken into sub-claims using the Chain-of-Thought (CoT) (Wei et al., 2022), and each
sub-claim is then verified using provided or retrieved evidence. While this reduces task
complexity, decomposition errors (Min et al., 2023; Chern et al. 2023; Zhao et al. 2023)
and the reliance on expert-designed prompts (Min et al., 2023; Wang et al., 2024) limit
performance. Recent reasoning LLLMs like OpenAl ol (Jaech et al. 2024) and DeepSeek
R1 (Guo et al. 2025a) demonstrate that reinforcement learning (RL) can enable self-
reflective reasoning and iterative refinement (OpenAl, 2025; Team et al. 2025; Team,
2025), with models such as DeepSeek-R1 (Guo et al. 2025a) achieving state-of-the-art

results in reasoning-heavy tasks through purely reinforcement learning-driven training.

4



§1.3 Rethinking Reasoning Distillation for Reasoning LLMs

Motivated by these advances, in Chapter 4, we propose R1-Claim Verifier (R1-CV), a
three-stage framework for efficient, reasoning-driven claim verification using RL. First,
we construct a high-quality reasoning dataset via data distillation. Second, we fine-tune a
base LLLM through CoT-SFT training to establish a strong reasoning foundation. Finally,
we apply reinforcement learning-based refinement to enhance reasoning quality. To the
best of our knowledge, we are the first to develop efficient small reasoning LLLMs for
the context-grounded claim verification tasks using RL with verifiable rewards (Guo et
al. 2025a). Extensive experiments across multiple context-grounded claim verification
tasks show that R1-CV consistently outperforms distilled R1 models of similar scale

while maintaining substantially lower inference costs.

§ 1.3 Rethinking Reasoning Distillation for Reasoning
LLMs

Recent large reasoning models (LRMs) (Jaech et al. 2024; OpenAl, 2025; Guo et al.
2025a; Team, 2025), have achieved remarkable success in complex reasoning tasks
such as mathematical reasoning (Hendrycks et al., 2021b), code generation (Jain et al.,
2025). Models like DeepSeek-R1 (Guo et al. 2025a) employ long CoT reasoning with
self-reflection, verification, and correction mechanisms, but their deployment is limited
by heavy computational costs (Sui et al. 2025). Knowledge distillation (Hinton et al.,
2015) offers a promising approach to develop smaller, efficient reasoning models, yet
the process of transferring long CoT reasoning skills remains poorly understood (Li et
al., 2023; Wang et al., 2023; Chen et al. 2025). Open questions persist regarding the

role of student model size, teacher model scale, domain generalization, training CoT
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quality, and architecture compatibility in reasoning distillation (Shridhar et al., 2023;
Chen et al., 2023; Chenglin et al., 2024b).

In Chapter 5, we present the first systematic investigation of knowledge distillation
for long CoT reasoning, focusing on complex mathematical reasoning as a represen-
tative domain. Our experiments across diverse teacher models and multiple student
architectures reveal that (i) student model scale strongly affects reasoning transfer, with
architecture-specific variations; (ii) larger teacher models do not always yield better stu-
dents, exhibiting a non-monotonic teacher—student relationship; (iii) mid-sized teachers
often enable better cross-domain generalization than larger ones; (iv) reasoning quality
in training data outweighs quantity (Ye et al., 2025) in distillation effectiveness; and
(v) architectural alignment between teacher and student models is critical for optimal

performance.

§ 1.4 Thesis Statement

This thesis proposes and evaluates a set of methods aimed at enhancing the general-
ization, efficiency, and transferability of reasoning in large language models. Using
claim verification and mathematical reasoning as a representative reasoning-intensive
tasks, we demonstrate how structured synthetic data generation, computationally effi-
cient reasoning strategies, and empirically informed distillation practices can improve

LLM performance across diverse domains and complex reasoning scenarios.



§1.5 Thesis Contributions

§ 1.5 Thesis Contributions

The main contributions of this thesis are as follows. Our contributions for synthetic

data generation for zero-shot claim verification are:

* We propose a step-by-step prompting-based framework for generating synthetic
claim verification training samples using a secondary model without relying on

external corpora or costly human annotation.

* We show that models trained with our step-by-step synthetic data generation
method can outperform prompting-based baselines and prior prompt-based syn-
thetic data generation methods for fact verification. Additionally, our method
improves upon a prior baseline method that uses external human-selected cor-

pora.
Our contributions for efficient reasoning for context-grounded claim verification are:

* To the best of our knowledge, we are the first to develop efficient small reason-
ing LLMs using reinforcement learning with verifiable rewards for the context-

grounded claim verification tasks.

* We show that using reinforcement learning with verifiable rewards can achieve
better performance on multiple context-grounded claim verification tasks com-

pared to the out-of-box reasoning LL.Ms in the same size.
Our contributions for rethinking reasoning distillation for reasoning LLMs are:

* We present, to the best of our knowledge, the first systematic investigation of
knowledge distillation for long CoT reasoning capabilities, with 56 teacher-student

model combinations in total.
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* We demonstrate that mid-sized teacher models may outperform larger models in

both in-domain and out-of-domain evaluations.

* We also provide actionable insights for developing more efficient reasoning mod-

els.

§ 1.6 Thesis Outline

The rest of this thesis is structured as follows. Chapter 3 presents SYNTHVERIFY, de-
tailing its structured domain specification, plan-guided evidence synthesis, and aspect-
conditioned claim generation modules. Chapter 4 describes the efficient reasoning
training framework for context-grounded tasks. Chapter 5 analyzes reasoning distilla-
tion efficiency, evaluating teacher—student relationships and their impact on reasoning
transfer. Chapter 6 concludes with a summary of findings, discussion of limitations, and
directions for future research. We add the used prompts and the details of evaluation

benchmarks of each chapter in the appendix.



Chapter 2

Related Work

§ 2.1 Synthetic Data Generation for Zero-Shot Claim
Verification

In this section, we first introduce several LLM-based claim verification systems and
point out their limitation. And then we present the existing synthetic data generation

methods for the fact verification tasks.

2.1.1 LLM-based Claim Verification

Numerous datasets have been compiled for fact verification across various domains, such
as politics (Vlachos and Riedel, 2014), encyclopedias (Thorne et al., 2018; Thorne et al.,
2021; Eisenschlos et al., 2021), news (Pérez-Rosas et al., 2018), climate (Diggelmann
et al., 2020), science (Wadden et al., 2020a), and healthcare (Kotonya and Toni, 2020a).
(Honovich et al., 2022) consolidated several datasets to evaluate the ability to measure

input-output consistency. The statements in these datasets are typically single sentences,
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generated either by crawling specific websites (Vlachos and Riedel, 2014), manually
altering factual sentences (Thorne et al., 2018), or reformulating QA pairs (Thorne et al.,
2021). In this work, we study the problem of LLM-based zero-shot claim verification

across multiple domains.

2.1.2 Synthetic Data Generation for Fact Verification

Recent advancements in synthetic data generation have significantly enhanced fact
verification systems by reducing reliance on costly human annotations. Pan et al. (2021)
introduced QACG, a framework that generates claims from Wikipedia by transforming
question—answer pairs into supported, refuted, or unverifiable statements. Building upon
this, Wright et al. (2022) proposed CLAIMGEN-BART and KBIN to automatically
produce atomic scientific claims and their negations in the biomedical domain, enabling
zero-shot fact checking with performance reaching up to 90% of fully supervised models.
Extending to multimodal data, Bussotti et al. (2024) developed UNOWN, a system that
synthesizes training examples from both textual and tabular sources. Collectively, these
works underscore the effectiveness of synthetic data in scaling fact verification across
diverse domains and data modalities. In contrast to these works, we propose a step-
by-step prompting-based generation framework that does not rely on external input

documents and remains scalable across diverse domains.
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§2.2 Efficient Reasoning for Context-Grounded Claim Verification

§ 2.2 Efficient Reasoning for Context-Grounded Claim
Verification

In this section, we first present recent state-of-the-art large reasoning models and then
we introduce the prompting-based Decompose-then-Verify paradigm for the context-

grounded claim verification task.

2.2.1 Large Reasoning Models

Recent advancements in large reasoning models (LRMs), such as OpenAl ol (Jaech et al.
2024), 03-mini (OpenAl, 2025), DeepSeek R1 (Guo etal. 2025a), Kimi k1.5 (Team et al.
2025), and QwQ-32B (Team, 2025), have demonstrated significant improvements across
various NLP tasks. Recent research has explored their adaptation to broader domains.
For instance, He et al. (2025) introduced a framework for inference-time reasoning
in general machine translation, leveraging human-aligned chain-of-thought (CoT) fine-
tuning followed by reinforcement learning. In document reranking, Zhuang et al. (2025)
developed Rank-R1, which integrates reinforcement learning to enhance LLM-based
ranking decisions. Distinct from these approaches, our work focuses on developing
an efficient reasoning LLM specifically for context-grounded claim verification. Our
objective is to design a model capable of systematically reasoning over claims while

maintaining efficiency and adaptability across different verification scenarios.

11
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2.2.2 LLM-Based Context-Grounded Claim Verification

LLM prompting has been widely explored as an effective approach for claim verifi-
cation (Zhang and Gao, 2023b; Wang and Shu, 2023; Dammu et al., 2024; Zhao et
al., 2024a; Wang et al., 2025). To encourage explicit reasoning before producing a
final verdict, various prompting techniques have been proposed. For example, Zhang
and Gao (2023b) introduced a hierarchical step-by-step prompting strategy tailored for
news claim verification, while Wang and Shu (2023) developed a first-order logic-
guided knowledge-grounded framework to enhance explainability in claim verification.
Additionally, Dammu et al. (2024) proposed a human-centric framework designed to
generate detailed annotations aligned with users’ informational and verification needs.
Despite their effectiveness, these prompting-based methods often rely on extensive hu-
man expertise, making them less adaptable when transitioning LLMs to new domains. In
contrast, our approach aims to develop a generalizable reasoning model using reinforce-
ment learning, enabling systematic reasoning for context-grounded claim verification

without the need for extensive manual intervention.

§ 2.3 Rethinking Reasoning Distillation

In this section, we first introduce how recent large reasoning models leverage long CoTs
in various reasoning tasks. Then, we present several prior works using distillation

techniques to develop small and efficient models.

12
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2.3.1 Chain-of-Thought Reasoning

Recent advancements in large reasoning models (LRMs), such as OpenAl ol (Jaech et al.
2024), 03-mini (OpenAl, 2025), DeepSeek R1 (Guoetal. 2025a), Kimi k1.5 (Team et al.
2025), and QwQ-32B (Team, 2025), have demonstrated significant improvements across
various NLP tasks. Recent research has explored their adaptation to broader domains.
For instance, He et al. (2025) introduced a framework for inference-time reasoning
in general machine translation, leveraging human-aligned chain-of-thought (CoT) fine-
tuning followed by reinforcement learning. In document reranking, Zhuang et al. (2025)
developed Rank-R1, which integrates reinforcement learning to enhance LLM-based
ranking decisions. Distinct from these approaches, our work focuses on developing
an efficient reasoning LLM specifically for context-grounded claim verification. Our
objective is to study the distillation patterns when fine-tuning non-reasoning models on

the reasoning data generated by these large reasoning models.

2.3.2 Efficient Reasoning Models

Small efficient reasoning models (SRMs) have emerged as a promising approach to
improve the efficiency of reasoning models. Unlike LRMs, SRMs are compact and
can exhibit distinct capabilities and cognitive trajectories compared to LRMs (Wang et
al., 2025). Researchers have explored various techniques to develop SRMs, including
knowledge (Cho and Hariharan, 2019; Zhang et al., 2023), other model compression
techniques, and reinforcement learning (Feng et al., 2025). Efficient reasoning models
have also been explored through prompt-guided techniques, which explicitly instruct

LLMs to generate fewer reasoning steps (Sui et al., 2025). This approach can be

13
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highly effective in improving the efficiency of reasoning models, with various methods
proposing different prompts to ensure concise reasoning outputs. For example, Token-
Budget proposes setting a token budget in prompts to reduce unnecessary reasoning
tokens, while TALE-EP estimates a reasonable token budget using a training-free, zero-
shot method (Sui et al., 2025). Overall, small efficient reasoning models have the
potential to provide a cost-effective solution for real-world inference, and researchers
are actively exploring new techniques to improve their efficiency and effectiveness. In

our work, we focus on the knowledge distillation setting.

14



Chapter 3

Enhancing Zero-Shot Claim Verification
through Step-by-Step Synthetic Data

Generation

Claim verification, the task of determining whether a claim is supported by given evi-
dence, has emerged as a crucial component in combating misinformation and ensuring
information integrity (Litou et al., 2017; Hassan et al., 2017; Shu et al., 2017). While
LLMs have shown impressive capabilities in various NLP tasks, LLMs face several
critical challenges in claim verification (Zhang and Gao, 2023a; Guan et al., 2024;
Augenstein et al. 2024; Quelle and Bovet, 2024).

A primary concern is the lack of domain-specific knowledge during verification. For
example, in Figure 3.1, we show that in a popular pre-training dataset, CommonCrawl,
there exists some underrepresented domains, like financial or medical-related. As we
can see, most pretraining data are focusing on some popular domains, like Wikipedia
and web, social media or newswire. For some domains like financial or medical-related,

they are not popular in the pretraining data.
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Data Generation

Distribution of Domains in LLM Training Data
Wikipedia | 30%

Web Crawl 40%

Social Mediaf 10%

News Articles| 10%

Scientific 4%

Legal f2% Underrepresented Domains

Financial 2%

Medical 2%

0 50

Figure 3.1: We randomly selected 100 preprocessed chunks from CommonCrawl train-
ing dataset (Patel, 2020). Then we loosely classify them into different
domains based on their contents. Because we care about the distribution of
entities and facts, we label any text that contains entities that are in Wikipedia
as “Wikipedia.”

When evaluating claims in specialized fields such as medicine, law, or scientific
research, LL.Ms often fail to understand the relationships between these domain-specific
terminologies (Vladika and Matthes, 2024), which leads to performance drop. For
example, in a preliminary experiment, we trained models with the in-distribution data
and evaluated them on three domain-related tasks. As shown in Figure 3.2, on each task,
we can see a drop compared to the base models. This limitation affects both the evidence

analysis step, where models must identify relevant domain-specific information, and the

logical reasoning step, where they need to apply domain-specific constraints.
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Model Performance on Different Datasets

B Trained with in-distribution data
B Llama-3 wjo training

60

Climate-FEVER SciFact CovidFact

Figure 3.2: We trained models with the in-distribution data and evaluated them on
three domain-related tasks, Climate-FEVER (Diggelmann et al., 2020), Sci-
Fact (Wadden et al., 2020a) and CovidFact (Saakyan et al., 2021), respec-
tively.

Fine-tuning on domain-specific datasets can help LLMs mitigate these issues. While
existing datasets like FEVER (Thorne et al., 2018), and VitaminC (Schuster et al., 2021)
have driven progress in this field, they often focus on narrow domains (e.g., Wikipedia
articles) or specific types of claims. This specialization leads to poor generalization
when systems encounter claims from previously unseen domains (Zhu et al., 2022; Nan
et al., 2022; Gu et al., 2023). Furthermore, the manual creation of claim verification
datasets is both time-consuming and expensive, particularly when aiming to cover
multiple knowledge domains with sufficient depth and diversity.

Synthetic data generation has emerged as a promising solution to address this chal-
lenge (Pan et al., 2021; Wright et al., 2022; Bussotti et al., 2024). Despite its potential,
existing approaches face notable limitations. Some methods lack scalability across di-

verse domains, making them impractical for broad deployment (Pan et al., 2021; Wright
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1) Knowledge Domain k Evidence Plan (2)
LLM Domain: Political News Introduction: [An Introduction that sets
Description: Political news is the description context.]
characterized by rapid Key Facts: [Key Factual Elements that
developments...... reflect the domain properties.]
Properties: [Real-time data; Conclusion: [A Conclusion summarizing
Knowledge Domain 1 Bias and spin;......] the key insight or challenge.]
Domain: Political News
Description: Political news is i by rapid partisan language, .
and selective reporting, making fact verification challenging. Evidence Document
Properties: [Real-time data; Bias and spin; Official vs. independent sources] In a recent national debate, a prominent political figure claimed that public spending on
infrastructure had increased by 12% over the last fiscal year. However, independent
H audits and official government records reveal that the actual increase was only 8%,
KnOWIedge Domain 2 largely due to delays in project implementation and discrepancies in budget reporting.
Domain: Health and Medicine This notable gap between the reported figure and the verified data highlights concerns
Description: Health news often includes emerging research, medicaljargon,and ~ .oee.
conflicting expert opinions, icating accurate i ion and verificatil
ies: [Scienti inty; Technical termi Expert di ] l
Knowledge Domain n Evidence Document

In arecent national debate, a prominent political figure claimed that public spending on

Domain: Climate and Environment infrastructure had increased by 129% over the last fiscal year. ......

Description: Climate reporting includes long-term trends, scientific projections, and
politically charged interpretations, leading to disputes over data reliability and

causality.
ies: Dataii ion; Policy framing]
l SUPPORTS claim: "Independent audits confirm that ... "
REFUTES claim: "The audits found significant discrepancies ..."
Knowledge Domain Clustering NEI claim: "The evidence suggests the ..."

Figure 3.3: Overview of our synthetic data generation framework for claim verifica-
tion. The framework consists of three main stages: (1) Knowledge Domain
Generation (§3.2.2), (2) Plan-guided Evidence Synthesis (§3.2.3), and (3)
Aspect-Conditioned Claim Generation (§3.2.4).

et al., 2022), while others rely heavily on external documents to guide data synthesis,
introducing dependencies that may not always be available or reliable (Pan et al., 2021;
Bussotti et al., 2024). As a result, there is a growing need for more efficient and self-
contained strategies that can generalize across multiple domains without compromising
data quality or diversity.

To address these challenges, we propose SYNTHVERIFY, a novel step-by-step prompting-
based synthetic data generation framework. Our framework carefully controls the gen-
eration process to ensure data quality and verifiability. The core insight is that guiding
generation with domain-specific claim patterns and structured evidence plans, without
requiring access to external corpora or sacrificing generalizability.

First, we develop a structured domain specification stage that captures the nature of do-
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main knowledge and verification requirements, providing a foundation for domain-aware
claim verification. We then employ a simple but effective evidence synthesis method
that provides clear verification signals, addressing the challenge of generating realis-
tic and verifiable evidence. Building upon this stage, we implement an aspect-based
claim generation approach that ensures both diversity in claim types and verifiability of
generated claims.

Through extensive evaluation, we demonstrate that our synthetic data generation
approach leads to prominent improvements on multiple claim verification tasks. Models
trained on our synthetic dataset show improved zero-shot transfer capabilities, better
handling of complex claims, and more robust verification across diverse knowledge
domains. Our further analysis reveals that the structured nature of our generation
process helps models learn generalizable verification strategies rather than superficial

patterns specific to particular domains. Overall, our main contributions are:

* We propose a step-by-step prompting-based framework for generating synthetic
claim verification training samples using a secondary model without relying on

external corpora or costly human annotation.

* We show that models trained with our step-by-step synthetic data generation
method can outperform prompting-based baselines and prior prompt-based syn-
thetic data generation methods for fact verification. Additionally, our method
improves upon a prior baseline method that uses external human-selected cor-

pora.
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Data Generation

§ 3.1 Background and Problem Setup

Problem Setup Following the prior work (Thorne et al., 2018; Eisenschlos et al.,
2021; Schuster et al., 2021; Wadden et al., 2020a), given a sentence-level claim ¢ and
a set of sentence-level evidences * E = {ey, ..., g }, the task of claim verification is
to determine whether E supports or refutes c, or if there is insufficient information to
make a determination. Here, we assume that each given claim c is check-worthy and can
be fully verified based on the evidence set E, without relying on the external context.
Formally, given an LLM M, we define a verification function fy; : C X & — Y, where
C represents the space of possible claims, & denotes the space of evidence sets and
Y = {SUPPORTS, REFUTES, NOT_ENOUGH_INFO} is the set of verification labels.

For a given claim-evidence pair (c, E), the LLM M performs the verification through
three main steps. First, M performs evidence analysis by processing each evidencee; € E
to extract and understand the information relevant to the claim. Second, M performs
logical reasoning to determine the relationship between the extracted evidence and
the claim, applying its understanding of the domain knowledge. Finally, M assigns a

verification label y € Y based on the aggregated evidence and reasoning outcome.

Challenges of LLM-based Claim Verification LLM-based claim verification sys-
tems face two significant challenges in real-world applications. First, although LLMs
acquire extensive domain knowledge during pre-training, they often demonstrate lim-
ited generalization capabilities in unseen domains (Pan et al., 2023). Human-annotated,

domain-specific datasets can substantially enhance performance in such contexts. How-

*We acknowledge that retrieval is a critical component of real-world fact-checking pipelines.
However, our evaluation setup assumes that claims are accompanied by evidences, focusing specifically
on the claim verification stage rather than evidence retrieval.
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ever, the high costs associated with annotation, both in terms of time and resources,
constrain the coverage, diversity, and scalability of these datasets. Second, LLMs are
susceptible to reasoning errors and over-reliance on spurious correlations (Tang et al.,
2023), which can lead to incorrect veracity assessments. This is particularly problematic
when claims require complex reasoning or contextual understanding that spans multiple
knowledge types. In this work, we introduce an innovative synthetic data generation
approach designed to bolster the capabilities of LLMs in addressing these challenges

effectively.

§ 3.2 Methodology: Zero-Shot Claim Verification Data
Generation

In this section, we describe the details on how we design a structured approach to generate
synthetic claim verification data that enables zero-shot transfer across diverse domains.
Our goal is to construct a dataset D = {(D;, C;, E;, yl-)}f.i , of N instances, where D;
represents a specification of knowledge domain, C; is a claim within that domain, E;
is the corresponding evidence, and y; € {SUPPORTS, REFUTES, NOT_ENOUGH_INFO} is

the verification label.

3.2.1 Overview

As shown in Figure 3.3, our synthetic data generation framework consists of three stages.
First, the Knowledge Domain Generation stage defines the scope and constraints of the

target domain, organizing knowledge hierarchically to ensure generated content remains
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Domain: Climate Science

Description: A dynamic domain involving
long-term alteration of temperature and
typical weather patterns. Claims are
challenging to verify due to reliance on
complex climate models and long-term
observational data.

Properties: [Temperature data, Weather
patterns, Climate models]

Knowledge Domain

Figure 3.4: An example of the generated knowledge domains. Our Knowledge Domain
Generation module (§3.2.2) generates a diverse set of knowledge domains,
coupled with a clustering-based diversity enforcement.

focused and relevant. Second, the Plan-guided Evidence Synthesis stage synthesizes
informative evidence documents by leveraging the knowledge domains from the previous
step. Third, the Aspect-Conditioned Claim Generation stage generate three different
types of claims (Supported/Refuted/Not Enough Info) conditioned on each generated

evidence document.

3.2.2 Knowledge Domain Generation

First, to collect a diverse set of domains where evidence and claims are sampled, a set
of knowledge domains are randomly sampled from an LLM as structured triplets. Each
knowledge domain O; is formally characterized by: O; = (D;, S;, P;), where D; is the
domain name, S; is a basic description of the domain explaining why claims in this
domain are challenging to verify. P; = {py, ..., px} is a set of domain properties. The
knowledge domain O; will be used to guide the generation of the evidence documents.

The additional information S; and P; can lead to more non-trivial and domain-diverse
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generations compared to using D; alone.

We prompt an LLM to generate a list of knowledge domains that require claim ver-
ification in the real-world. The detailed prompt and a sample of generated knowledge
domain is shown in Appendix. However, naive LLM prompting often results in redun-
dant or overlapped domains when generating full set of knowledge domains O;, leading
to low coverage (Ding et al., 2023).

To ensure broad coverage across knowledge spaces, we employ an iterative clustering-
based generation and filtering process. Let f(-) be an embedding function that maps
each domain D; to a d-dimensional semantic space. For a batch of k generated knowledge
domains, we compute their embeddings: E = {e; = f (Di)}f: - To identify and remove

near-duplicate domains, we apply density-based clustering DBSCAN (Ester etal. 1996):
(3.2.1) clusters = DBSCAN(E, €, min_samples)

where € and min_samples are empirically determined parameters. This process contin-

ues iteratively until we obtain n diverse domains.

3.2.3 Plan-guided Evidence Synthesis

In this stage, we generate an informative evidence document by leveraging the knowledge
domain from the previous step. However, in a preliminary experiment, prompting LLMs
to get the evidence document based on the knowledge domain resulted in more generic
content that lack sufficient details to generate meaningful and check-worthy claims in
the future stage. To address this issue, inspired by some prior studies in the story
generation (Yang et al., 2022; Yang et al., 2023), we generate the evidence document

from the knowledge domain in two steps.
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Domain: Political News
Properties: [Real-time data; Bias and spin; Official vs.
independent sources]

1

Evidence Plan

Introduction:
Briefly introduce a recent political event or debate.

Key Factual Elements:

- Reported statistic or claim by a political figure.

- Data from official sources (e.g., government records)
versus independent audits.

- Mention of bias or discrepancies in reporting.
Conclusion:

Summarize the discrepancy between the claimed figure

and the verified data, emphasizing its impact on public
trust.

Evidence Documen‘rl

In a recent national debate, a prominent political figure
claimed that public spending on infrastructure had
increased by 12% over the last fiscal year...

Figure 3.5: Given a knowledge domain, our Plan-guided Evidence Synthesis module
(§3.2.3) first generates an evidence plan (upper), then it outputs a concise
evidence document.

The key idea is to leverage a knowledge domain to generate a structured plan, which
is subsequently expanded into a coherent evidence document. This two-step process
ensures that the final output adheres not only to the factual but also to the stylistic

nuances of the target domain but also maintains a consistent academic structure.

Step 1: Evidence Plan Generation. We first prompt the LLM to generate a concise
plan that serves as a blueprint for the evidence document. The plan is designed to

capture a brief domain-dependent statement and several specific details drawn from the
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domain properties.

Step 2: Evidence Document Synthesis. Once the plan is generated, the next step
is to expand it into a full evidence document. The model is instructed to integrate all
plan components into a polished paragraph written in an information-preserving style.
This expansion ensures that the evidence document is comprehensive, coherent, and
reflective of the domain-specific characteristics.

Figure 3.5 provides an overview of the plan-guided evidence synthesis process.
By grounding the generation process in a structured plan derived from the knowledge
domain, our method achieves enhanced control over content structure, ensuring both
consistency and domain-specific nuance. This approach has demonstrated improved
quality in synthetic evidence, thereby contributing to more robust downstream claim

verification across diverse domains.

3.2.4 Aspect-Conditioned Claim Generation

As shown in Figure 3.6, we generate three different types of claims (Supported/Refuted/Not
Enough Info) conditioned on the generated evidence document. Our approach increases
the diversity and complexity of the generated claims through a aspect-based generation
method that ensures both structural diversity and verifiability while maintaining se-
mantic coherence within each source document. We first generate the supported claim
based on the evidence document, then generate the other two claims conditioned on the

supported claims.
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Evidence Document

In a recent national debate, a prominent political figure
claimed that public spending on infrastructure had
increased by 12% over the last fiscal year...

1

Aspect 1 [ Aspect 2 ] [ Aspect 3 ]
Temporal Causal Contextual
Claim J

SUPPORTS: "Independent audits confirm that ... "
REFUTES: "The audits found significant discrepancies ..."
NEI: ”The evidence suggests the ..."

Figure 3.6: Our Aspect-Conditioned Claim Generation module (§3.2.4) takes in the
generated evidence. It first generates three aspect features (e.g., temporal,
causal and contextual) (middle), then it outputs the three claim (lower) based
on the generated key aspects.

Supported Claim Generation. We first extract several key aspects from the evidence
document. These key aspects are concise descriptors that capture different dimensions
or viewpoints present in the evidence (e.g., contextual background, numerical details,
source credibility, or timing). By subsequently conditioning the claim generation on
each identified aspect, the model produces multiple supported claims that, while all
factually correct with respect to the evidence, emphasize different details or angles.
Given an evidence document and the associated knowledge domain, the model is
prompted to generate a list of key aspects. Each key aspect is a short description that
highlights a particular facet of the evidence. For example, one aspect might focus
on the statistical discrepancy mentioned in the text, while another might highlight the
reliability of the sources. This step ensures that the extracted aspects are aligned with

the unique properties defined in the knowledge domain.
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For each key aspect, a secondary prompt is created that conditions the model on
both the original evidence and the specified aspect. The prompt instructs the LLM
to generate a supported claim that is not only consistent with the evidence but also
emphasizes the conditioned aspect. This encourages the model to explore multiple

views of the evidence, thereby producing a diverse set of claim formulations.

Refuted Claim Generation. Starting from a supported claim, we generate refuted
claims by applying a series of controlled perturbations designed to introduce discrepan-
cies between the claim and the underlying evidence. These perturbations include: (1)
Entity Substitution: Replacing critical entities with alternative, contextually plausible
candidates. (2) Temporal Modification: Adjusting time-related references while pre-
serving overall historical coherence. (3) Relationship Reversal: Inverting the relational
dynamics between entities to alter the claim’s meaning. (4) Attribute Modification:
Modifying specific properties or characteristics to create a divergence from the original

details.

Not-Enough-Info (NEI) Claim Generation. Given a supported claim, the model is
instructed to modify it by removing or replacing the identified key elements with more
vague, qualitative, or uncertain language. For example, a claim stating “The study shows
a 70% reduction in hospitalization rates” may be transformed into “The study suggests

a significant reduction in hospitalization rates,” where the exact figure is omitted.
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r

Rate sample quality: Evaluate the quality of the
claim—evidence pair using the following criteria
(1-5 scale):

Fluency: Are both the claim and the evidence
well-formed and natural within the domain?
Plausibility: Does the claim sound like a realistic
statement?

Evidence informativeness: Does the evidence
contain sufficient detail to verify the claim?
Domain relevance: If a domain label is given, is
the content appropriate to that domain?

- J

Figure 3.7: The prompt for filtering out low-quality samples.

3.2.5 Quality Control

Before fine-tuning LLMs using the generated synthetic data, we adopt the LLM-as-a-
Judge paradigm (Zheng et al., 2023) to filter out low-quality samples. Following the
prior work (Bai et al. 2022), we prompt LLM with a rubric to rate fluency, plausibility,
informativeness, and domain relevance on a 1 to 5 scale for each synthetic sample. The

prompt is shown in Figure 3.7.

3.2.6 Human Evaluation

In order to investigate the accuracy and quality of the labels on our generated (evidence,
claim) pairs. We randomly sample 50 examples from the generated dataset. Each
example was annotated with a label by three NLP researchers. The examples are
unedited outputs from the models, with no revisions made during annotation. The

average Cohen’s k score between annotators is 65.83%;, indicating substantial agreement.
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( N\
Instruction: You are given a claim and evidence. Your

task is to verify the claim based solely on the
evidence provided. Analyze the claim and evaluate
the evidence. Based on your evaluation, return one of

the following labels: "supports", "refutes" or "not
enough info".

Evidence: {EVIDENCE}
Claim: {CLAIM}
Label: {LABEL}

. J

Figure 3.8: The instruction template that we use for compiling the final instruction
tuning dataset to instruct tuning LL.Ms for the claim verification.

Furthermore, a majority label (agreed upon by 2 out of 3 annotators) was obtained for
94%% of examples, while all three annotators reached unanimous agreement on 72% of
examples. The model achieved a high accuracy of 79.6% against the majority label and
88.5% against the unanimous label. The Cohen’s k scores between the model’s labels

and both the majority and unanimous labels are 69.73% and 82.46%, respectively.

3.2.7 The Final Instruction Tuning Dataset

Using our proposed framework SYNTHVERIFY, we generate a domain-diverse synthetic
claim verification dataset for training zero-shot verification models. We use the gen-
erated dataset to fine-tune the various LLMs (e.g., Llama-3.1-8B). To achieve this, we
combine the predefined instruction template in Figure 3.8 and instance input into a
single prompt and train the LLMs in a standard supervised learning setup to generate

the corresponding instance output.
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Model FEVER FM2 VitaminC C-FEVER PubHealth SciFact CovidFact FAVIQ ‘ Avg
Qwen2.5-0.5B-Instruct 357 500 370 32.5 31.3 38.1 52.0 50.0 [40.8
Qwen2.5-1.5B-Instruct 340 500 333 33.3 333 34.8 50.0 49.0 |39.7
gemma-2-2b-it 557 785 477 49.6 38.7 52.9 66.5 57.5 559
Qwen2.5-3B-Instruct 49.7 61.0 38.0 39.0 32.7 51.9 60.5 53.0 [48.2
gemma-2-9b-it 377 510 330 38.2 34.7 34.8 63.0 55.5 |43.5
Llama-2-13b-hf 333 50.0 333 33.3 33.7 333 50.0 49.5 139.6
InternLM2-Chat-20B 59.3 695 47.3 43.1 29.3 54.3 64.0 54.0 [52.6
InternLM2.5-20B-Chat 46.0 56.0 473 39.0 36.3 36.7 57.0 52.0 [46.3
Llama-3.2-1B-Instruct 437 53.0 313 35.8 35.7 37.1 52.5 56.0 |43.1
Llama-3.2-1B-Instruct (Ours) 56.7 64.0 58.0 53.7 44.0 48.1 61.5 60.0 |55.8
Llama-3.2-3B-Instruct 437 63.0 36.7 48.8 38.7 54.8 64.5 57.0 [50.9
Llama-3.2-3B-Instruct (Ours) 61.0 755 56.0 49.6 51.2 53.3 64.5 60.5 [59.0
Mistral-7B-Instruct-v0.3 46.0 54.0 36.0 34.1 36.3 36.2 50.5 48.0 |42.6
Mistral-7B-Instruct-v0.3 (Ours) | 59.0 74.5 54.0 53.7 52.3 52.9 67.0 55.5 |58.6
Llama-3.1-8B-Instruct 37.0 60.5 32.7 38.2 36.3 38.1 54.5 56.0 (442
Llama-3.1-8B-Instruct (Ours) 60.3 76.0 56.7 50.4 45.3 59.5 68.0 59.5 [59.5
Llama-3-8B-Instruct 333 500 333 33.3 33.7 333 50.5 51.0 [39.8
+ Zero-Shot CoT 4377 53.0 473 39.0 36.3 36.7 52.5 53.0 [42.7
+ QACG (Pan et al., 2021) 377 530 380 38.2 35.7 34.8 52.5 52.0 (42.7
Llama-3-8B-Instruct (Ours) 59.3 80.5 57.0 49.6 49.3 55.7 65.5 62.5 |59.9
InternLM2.5-7B-Chat 443 176.5 333 35.0 34.0 46.7 67.0 60.0 [49.6
+ Zero-Shot CoT 46.0 176.5 36.7 35.8 36.3 48.1 67.0 60.5 [50.9
+ QACG (Pan et al., 2021) 46.0 785 37.7 42.3 32.7 51.0 67.0 60.0 [51.9
InternLM2.5-7B-Chat (Ours) | 64.0 83.5 58.7 53.7 49.3 571 71.0 65.0 [62.8

Table 3.1: Zero-shot performance across different datasets, using Balanced Accuracy
(BAcc). For Llama-3 and InternLM2.5 models, we bold the best model for
each dataset. Otherwise, we bold the best average score.

§ 3.3 Experimental Setup

Evaluation Benchmarks. In this work, following the prior work (Pan et al., 2023),
we use a wide range of existing claim verification benchmarks from various domains:
(1) Wikipedia domain: We use FEVER (Thorne et al., 2018), VitaminC (Schuster et
al., 2021) and FoolMeTwice (Eisenschlos et al., 2021). These datasets were created
based on Wikipedia documents; (2) Climate domain: We use Climate-FEVER (Diggel-
mann et al., 2020), which consists of real-world claims related to climate change; (3)

Science domain: We use SciFact (Wadden et al., 2020a); (4) Health domain: We
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§3.3 Experimental Setup

use PubHealth (Kotonya and Toni, 2020a); (5) Other domains: we also use Covid-
Fact (Saakyan et al., 2021) from the forum domain and FAVIQ (Park et al., 2022) from
the question domain in our evaluations. The statistics of these benchmarks are shown

in Table A.1. Please refer to Appendix A for more details.

Evaluation Metric. Following the prior work (Laban et al., 2022), we use the Bal-
anced Accuracy (BAcc), the average of recall obtained on each label, as our evaluation
metric. Here, BAcc = |71| Zye v %, where Y is the set of all class labels (e.g.,

supports, refutes, not_enough_info), TP, is the number of true positives for class y, and

FN, is the number of false negatives for class y.

Baselines. (1) Zero-Shot: By default, we compare the model fine-tuned by our syn-
thetic dataset to the zero-shot setting. We use the same prompt as shown in Figure 3.8.
(2) Zero-Shot Chain-of-Thought (Kojima et al., 2022): We also compare to the proposed
zero-shot Col prompting method. We append the prompt “Let’s think step by step” to
the instruction prompt in Figure 3.8. (3) We also compare our method to QACG (Pan et
al., 2021), which generates synthetic claims conditioned on the Wikipidia data. We take
their released dataset and fine-tune Llama-3 and InternLM2.5 models. (4) Recently,
there is a concurrent work (Ashok and May, 2024), which generates synthetic true
claims through naive prompting given the evidence. This approach is identical to one
of our ablation studies. Thus, we compare our method to it in Section 4.4.

There are also some other works, that we do not compare to, that generate synthetic
data for fact verification or hallucination detection tasks. We do not compare to these
works, either because they are tailored to a specific domain, or take different types

of inputs than us. Wright et al. (2022) generated synthetic claims only for the science
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domain, while our method can be more applicable to diverse domains. Tang et al. (2024)
generated document-claim pairs from human-selected documents for LLM hallucination
detection, which is different from our evaluation goal. Bussotti et al. (2024) generated

synthetic claims from both table and text inputs, while we only target text-based input.

Implementation Details. We compare against various state-of-the-art instruction-
tuned LLMs, including: Qwen 2.5 (Yang et al. 2024), Gemma 2 (Team et al. 2024),
InternLM (Cai et al. 2024), Mistral (Jiang et al. 2023), and Llama-3 family (Dubey et
al. 2024).

For the synthetic data generation, we use GPT-40-mini with temperature 0.9 for
all prompting generation. For domain similarity computation, we employ the all-
MiniLM-L6-v2 sentence transformer, which provides 384-dimensional embeddings.
The clustering parameters (¢ = 0.3, min_samples = 2). The all prompts, dataset

statistics and fine-tuning hyperparameters are available in Appendix A.

§ 3.4 Main Results

Table 3.1 presents a comprehensive evaluation of various language models on eight
claim verification benchmarks. Several notable findings emerge from our experimental
results.

First, our synthetic data framework demonstrates consistent and substantial improve-
ments across all variants of the model. Most notably, Intern.M2.5-7B-Chat with our
method achieves the best overall performance with an average balanced accuracy of

62.8, surpassing its base version by a large margin of 13.2 absolute points (from 49.6
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to 62.8). This improvement is particularly pronounced in other datasets like FEVER
(+19.7 points) and VitaminC (+25.4 points).

Second, we observe that larger model size does not necessarily translate to better
claim verification performance. For example, Gemma-2-2B-it, despite its relatively
small size, achieves a competitive average accuracy of 55.9, outperforming several
larger models such as InternLM2-Chat-20B (52.6) and InternLM2.5-20B-Chat (46.3).
This suggests that verification performance is more closely tied to a model’s capabilities
than its size.

Third, our method shows remarkable consistency in improving performance across
different model architectures and scales. The enhancement is particularly evident in
the Llama family: Llama-3.2-1B-Instruct improves from 43.1 to 55.8 (+12.7 points),
Llama-3.2-3B-Instruct from 50.9 to 59.0 (+8.1 points), and Llama-3.1-8B-Instruct from
44.2 10 59.5 (+15.3 points). This consistent improvement pattern suggests the robustness
and generalizability of our approach.

We also observe that our method is better than zero-shot chain-of-thought (CoT)
prompting. Zero-shot Col can usually get some improvements, but fine-tuning models
on domain-relevant data would be more beneficial. Furthermore, our method is also
better than QACG (Pan et al., 2021). The major reason is that our method benefits from

LLMs. LLMs store a lot of domain knowledge during the pre-training stage.

§ 3.5 Further Analysis

In this section, we conduct more analysis studies, comparing our framework to a direct

prompting method, analyzing the effect of training data size and the impact of domain

33



Chapter 3 Enhancing Zero-Shot Claim Verification through Step-by-Step Synthetic
Data Generation

Synthesis Framework | VitaminC SciFact FAVIQ

No Training 333 46.7 60.0
Direct Prompting 35.0 34.8 58.5
R1 57.0 56.2 62.5
R2 54.0 51.0 60.5
R3 56.0 54.3 62.5
Full Framework 57.3 56.2 64.0

Table 3.2: The results of our ablation studies. R1 means removing knowledge domain
specification. R2 represents that removing the evidence plan generation. R3
is removing the key aspect generation.

knowledge.

3.5.1 Ablation Study

To understand the contributions of each component of our pipeline, we systematically
evaluate our framework’s three main components. We use the same domains as our
framework to generate 20k samples for each setting. We use InternLM?2.5-7B-Chat as
our base model and evaluate on Vitaminc (Schuster et al., 2021), SciFact (Wadden et al.,

2020a), and FAVIQ (Park et al., 2022) datasets. The full prompt is shown in Appendix.

Direct Prompting The most straightforward way is the direct prompting without
any intermediate step. This method directly prompts the LLM to generate the claim-
evidence pairs when given a domain label. Table A.20 shows the prompt we use to

perform direct prompting.

Removing knowledge domain Specification (R1) When removed, we replace the
structured knowledge domain with simple domain labels (e.g., climate science), elim-

inating the domain-specific constraints. This tests the impact of structured knowledge
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domain representation in our framework. The prompt is shown in Table A.17.

Removing Evidence Plan Generation (R2) We replace our evidence synthesis mod-
ule with basic prompting generation, removing the evidence plan generation. This tests
the value of the evidence plan in guiding the evidence document generation. The prompt

is shown in Table A.18.

Removing Key aspect Generation (R3) Without this component, we use basic
prompt-based generation without key aspects to generate the supported claim. This
method is the same as the concurrent work Ashok and May (2024), which generates
true claims given the evidence. This evaluates the benefit of our diversity-oriented claim
generation approach over simple prompting. The prompt is shown in Table A.19.
Table 3.2 shows the results of our ablation studies. The results demonstrate the
effectiveness of our proposed framework. We can observe that performance decreases
slightly when removing a specific component. The results also show consistent improve-
ments over both the no-training baseline and direct prompting approaches. Specifically,
our full framework achieves the highest performance across all datasets. The improve-
ment is particularly pronounced for VitaminC, where our framework outperforms the
no-training baseline by 24 points. Interestingly, direct prompting shows mixed results
compared to no training, performing slightly better on VitaminC (+1.7 points) but worse
on SciFact (-11.9 points). These findings strongly suggest that our designed framework

contributes significantly to the framework’s overall effectiveness.
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Synthesis Framework ‘VitaminC SciFact FAVIQ

No Training 333 46.7 60.0
Direct Prompting (30k) 38.0 48.1 60.0
Full Framework (5k) 56.0 55.7 62.5

Table 3.3: Ablation study by considering the budget constraints.

3.5.2 Impact of the Budget Control

Since our data synthesis framework uses more API calls compared to the direct prompt-
ing method. In order to investigate the benefit of the structure-aware data synthesis,
we also compare our framework to the direct prompting method incorporating budget
constraints. Since it is hard to control the synthesis budget directly, we conduct an
additional experiment under the rough estimation. The table Table 3.3 compares a
model fine-tuned with 30k samples from direct prompting against a model fine-tuned
with only 5k samples generated using our framework. As we can see, our framework is

still significantly better than the direct prompting even under the similar budget.

3.5.3 Effect of the Training Dataset Size

Here we study the effect of the size of the training dataset. In particular, we study how
the performance of the Llama-3.2-1B-Instruct and Llama-3-8B-Instruct models varies
when trained on different sizes of synthetic instruction tuning data. Figure 3.9 shows
that training on more steps typically improves performance. We find that fine-tuned
LLMs on all datasets reach the peak performance generally after 30,000 steps. It means

training on more of the synthetic data may not be necessary.
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Llama-3.2-1B-Instruct
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Figure 3.9: The results of how the performance of Llama-3.2-1B-Instruct and Llama-
3-8B-Instruct models varies when trained on different sizes of synthetic
instruction tuning data.

3.5.4 Impact of Domain Knowledge

Fine-tuning models on unseen domains can improve the verification performance (Pan et
al.,2023). We hypothesize that the synthetic data generated by SYyNTHVERIFY can benefit
models further from the general verification training. To investigate the effectiveness
of SynTHVERIFY in domain adaptation setting, we conduct experiments comparing the
performance of two Llama models (3.2-1B and 3-8B) across three distinct verification
datasets. We examine three training configurations for each model: the base instruction-
tuned model, fine-tuning with FEVER data only, and fine-tuning with both FEVER and
our synthetic data generated by SYNTHVERIFY.

The results in Table 3.4 demonstrate that SYNTHVERIFY consistently enhances verifi-

cation performance across all domains. The improvement is particularly pronounced in
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Model |C-FEVER SciFact CovidFact
Llama-3.2-1B-Instruct 358 371 525
w/ FEVER 382 438 545
w/ (SynthVerify & FEVER)| 423 477 570
Llama-3-8B-Instruct 33.3 333 50.5
w/ FEVER 403 438 610
w/ (SynthVerify & FEVER)| 504 586  67.0

Table 3.4: Performance comparison across C-FEVER, SciFact, and CovidFact datasets.

the Llama-3-8B model, where the combination of SyNTHVERIFY and FEVER training
leads to substantial gains, improving from 33.3 to 58.6 on SciFact. Notably, even the
smaller 3.2-1B model shows consistent improvements with SYNTHVERIFY, suggesting

that our approach effectively improves domain adaptation across model sizes.

§ 3.6 Conclusion

We present SYNTHVERIFY, a novel synthetic data generation framework for synthesiz-
ing domain-diverse claim verification datasets. Our approach addresses the critical
challenge of limited domain coverage in existing datasets through automated genera-
tion of claim-evidence pairs across novel domains. Experimental results demonstrate
that models trained on SYNTHVERIFY-generated data significantly outperform baselines
on multiple benchmarks. This success highlights that the step-by-step nature of our
generation process helps models learn generalizable verification strategies.

X

LLM Prompting Since our method is prompting an LLM to generate synthetic data.

Some less powerfull LLMs may not be able to do this task. We will explore how to
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self-improve using small LLMs.

Semantic Redundancy in Generated Data While SyNTHVERIFY successfully gen-
erates valuable training datasets for zero-shot claim verification, it does not ensure that
each synthesized claim is semantically unique. For zero-shot applications, this limita-
tion is less problematic, as such models are designed to adapt to any provided claims
and evidence to determine veracity. Addressing this redundancy would improve the

applicability of SyNTHVERIFY for broader training scenarios.

Label Quality Given the fully automated nature of our data synthesis process, some
noise in the veracity labels is unavoidable. This noise likely underestimates the true
impact of training data domain diversity on zero-shot claim verification, as models
trained on SYNTHVERIFY are inadvertently exposed to, and learn to predict, this noise.
Ideally, a dataset with the same level of domain diversity as SYNTHVERIFY, but with
gold-standard veracity labels, would serve as the basis for our experiments. The lack of

such a dataset underscores the motivation for our work.
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Chapter 4

Efficient Reasoning for Claim Verification via
Structured Chain-of-Thought Distillation and

Reinforcement Learning

Building on the foundation laid in Chapter 3, which focuses on improving domain
generalization through structured synthetic data generation, we next turn our attention to
the reasoning process itself. While high-quality, domain-diverse training data enhances
model performance, many real-world verification tasks involve complex, context-rich
evidence that demands efficient and structured reasoning (Wang and Shu, 2023; Strong
et al., 2024; Zhao and Flanigan, 2025). For example, as shown in Figure 4.1, the claim
need to be varied against to both the provided documents and tables.

In Chapter 4, we shift from data-centric improvements to model-centric strategies
by proposing an efficient reasoning framework. This framework aims to reduce the
computational cost of claim verification without sacrificing accuracy, particularly in
settings where input evidence is lengthy or heterogeneous.

Current LLM-based approaches (Min et al., 2023; Chern et al. 2023; Zhaoetal. 2023;
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Organization and Background

+ Mills Music Trust (the “Trust”) was created by a Declaration of Trust, dated December 3, 1964 E

H (the “DeC caendgarperioa " - T o Hi'gh T e d M_ills”),
' . 2022 .
1 the right t Firg Quarter sss00 s4soo Contingent |
i ;s\ Second Quarter $5000  $40.00
: Portion’ _) Third Quarter $41.01  $31.04 ___________ H
Fourth Quarter $43.00  $3625
2023 2023 20
First Quarter Receipts from EMI $1,237,548 $1,127,613

Second Quarter Undistributed Cash at Be 44219 46
Third Quarter Disbursements — Admini (378071) (32233500
Fourth Quarter Balance Available fo tion 863,898 805,324
Cash Distributions to Unit Holders 863,852 800,903
Undistributed Cash at End of Year B 6 5 4a10
Cash Distributions Per Unit (based on 277,712 Trust Units
Outstanding) s 3n s 288

Claim to verify: "In 2023, Mills Music Trust received $1,237,548 from EMI,
distributed $830,151 to Unit Holders, and had four calendar quarters with
reported deficiencies in Contingent Portion payments.”

Figure 4.1: In the real-world scenarios, the context of a claim verification task could be
more complex, given different documents and the associated tables. Models
need to verify the claim based on the grounded context.

Kamoi et al., 2023a; Wei et al. 2024; Song et al., 2024; Wang et al., 2024) often follow
the Decompose-Then-Verify paradigm to reduce the complexity of claim verification.
These methods first utilize the Chain-of-Thought (Wei et al., 2022) capabilities of LLMs
to break down a complex claim into several independent sub-claims. Next, LLMs assess
the veracity of each sub-claim using either provided or retrieved evidence. A claim is
ultimately considered true only if all of its sub-claims are verified as correct. While this
strategy simplifies the verification process for complex claims, the decomposition step
is prone to errors (Min et al., 2023; Chern et al. 2023; Zhao et al. 2023), potentially
producing ambiguous or incorrect sub-claims, which can significantly degrade overall
verification accuracy. In addition, this strategy usually requires a complex and context-
specific prompt designed by the human expert (Min et al., 2023; Wang et al., 2024).
Recent advancements in reasoning LLMs, such as OpenAl ol (Jaech et al. 2024)
and DeepSeek R1 (Guo et al. 2025a), have demonstrated the power of automatically

generating a long reasoning chain-of-thought (CoT) (Wei et al., 2022) without human
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efforts across specialized domains like mathematics and code generation (Guo et al.
2025a). Reinforcement learning (RL) techniques have further enhanced these models,
enabling self-reflective reasoning behaviors without relying solely on supervised fine-
tuning (SFT) (Jaech et al. 2024; OpenAl, 2025; Guo et al. 2025a; Team et al.
2025; Team, 2025). Notably, DeepSeek-R1-Zero (Guo et al. 2025a) has demonstrated
that purely RL-driven training can unlock self-verification and iterative refinement
capabilities, setting new benchmarks for reasoning-intensive applications.

Despite these advancements, the application of reinforcement learning for reasoning
in context-grounded claim verification remains underexplored. To address this gap,
we introduce R1-ClaimVerifier (R1-CV), a three-stage framework designed to opti-
mize claim verification through reinforcement learning, following the reasoning-driven
paradigm of DeepSeek-R1.

First, in the training data construction phase, we employ data distillation based
on Qwen2.5-32B-Instruct, integrating human-reasoning-inspired CoT templates and a
sampling-based data filtering mechanism to curate a high-quality reasoning dataset for
claim verification. Second, In the CoT-SFT model training stage, we fine-tune a base
LLM, Qwen2.5-7B-Instruct, using the distilled reasoning dataset to establish a strong
reasoning foundation. Finally, in the reinforcement learning (RL) stage, we leverage
filtered data samples to further refine and enhance the model’s reasoning capabilities.

Extensive evaluations across diverse claim verification tasks demonstrate that R1-CV
outperforms distilled R1 models of the same scale while maintaining significantly lower
inference costs.

Qur contributions are as follows:

* To the best of our knowledge, we are the first to develop efficient small reasoning
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LLMs using reinforcement learning with verifiable rewards (Guo et al. 2025a)

for the context-grounded claim verification tasks.

* We show that using reinforcement learning with verifiable rewards can achieve

better performance on multiple context-grounded claim verification tasks com-

pared to the out-of-box reasoning LLMs in the same size.

Data Construction

7
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Document: ....
Claim: ...

Data Distillation
CoT-SFT Training

Document: ...
Claim: ...
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<synthetic reasoning CoT>
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Figure 4.2: The pipeline of our R1-CV framework. In the training data construction

stage, we first collect a set of diverse claim verification seed dataset. Then we
leverage a SOTA LLM to do data distillation to obtain synthetic reasoning
CoTIs. After that, we apply a data filtering mechanism to get CoI-SFT
training set and RL training set. In the CoI-SFT model training stage, we
train a Qwen2.5-7B-Instruct model using the distilled dataset. And finally,
we further perform RL training with the fine-tuned CoT-SFT-7B model.

§ 4.1 Task Formulation

In this work, we focus on the task of reasoning-oriented context-grounded claim ver-

ification, where the goal is to determine the veracity of a given claim based on an

associated context document. The model is required to output a valid reasoning chain
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before the veracity label. Formally, let ¢ denote an input claim and let d represent
a context document (or set of documents), consisting of unstructured text and struc-
tured data (e.g., tables). The task is to predict a veracity label y from the label set
Y = {SUPPORTEDT, UNSUPPORTEDY}, and to generate a natural language reason-
ing chain e that justifies the decision.

Our approach defines the verification process as finding:
(4.1.1) (e, y") = argmax P(e,y | c,d),
yey

where P(e,y | c,d) is modeled using a generative LLM. To encourage explicit and
interpretable reasoning, the LLLM is prompted to decompose the claim into intermediate
sub-claims or reasoning steps (e.g., via chain-of-thought prompting) before arriving at
the final veracity decision.

The overall process can be broken down into two key stages: Context Processing
and Evidence Extraction. Given the input claim c, the system first explicitly identifies
and extracts claim-relevant passages from the context d, which may consist of unstruc-
tured text and structured data (e.g., tables). This step is crucial to mitigate the noise
inherent in lengthy documents. Verification and Reasoning Generation. Using the
extracted evidence, the LLM may conducts a series of complex reasoning process, such
as performing numerical calculations, applying external professional knowledge, and
conducting comparative analyses to verify the claim. In this stage, the model outputs
both a valid reasoning chain e* mimicing its cognitive reasoning process and the final

label y*, thereby improving transparency and facilitating downstream validation.
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Our Goal. Our objective is to develop a reasoning model that is both effective and
efficient for the task of context-grounded claim verification. However, achieving this
objective is hindered by two key challenges. First, annotating claim verification datasets
with explicit reasoning steps is inherently complex and labor-intensive for human an-
notators, especially in cases requiring multi-step reasoning and diverse inferential oper-
ations. Second, scaling the annotation of authentic reasoning processes across diverse

domains poses significant difficulties, leaving open the question of how models can

adapt and self-evolve when encountering novel scenarios.

§ 4.2 Methodology

Instruction: You are given a claim and evidence. Your task is to verify
the claim based solely on the evidence provided. Analyze the claim and
evaluate the evidence. Based on the provided thinking template, return one
of the following labels: ”Supported” or Unsupported". Your response
format should be: <think>\n ... \n </think>\n<answer>\n...\n</answer>

Evidence: {EVIDENCE}
Claim: {CLAIM}

Thinking template:

1. Parse the claim and decompose it into its essential components (e.g.,
key entities, events, numerical claims).

2. Scan the provided document to extract evidence segments that
correspond to each component.

3. Summarize the extracted evidence succinctly for each sub-claim.

4. Map the evidence to the relevant parts of the claim to form an initial
reasoning trace.

5. Conclude with a preliminary assessment of the claim's veracity based
on the collected evidence.

Evidence: {EVIDENCE}
Claim: {CLAIM}

Response: <think>

...[synthetic reasoning CoT]...

| need to determine if the claim made is fully
supported by the provided document. The claim has
four parts, so I\'ll break it down and check each one
against the document.

First part of the claim...

The second part ...

And the third part ...

The last partis about ...

All four points are present and correctly represented.
</think>

<answer>

Supported

</answer>

Synthesized Training Sample

Figure 4.3: The pipeline for CoT data synthesis. For each (document, claim) pair, we
prompt the model with documents, claims, and structured CoT reasoning
instruction template to synthesize a reasoning trajectory.

To address these challenges, drawing inspiration from DeepSeek R1 (Guo et al.
2025a), we propose a two-stage training framework for claim verification designed to

improve reasoning capabilities while enhancing training stability during reinforcement
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learning.

4.2.1 Overview

As illustrated in Figure C.7, our approach consists of three key stages. In the training
data construction phase, we employ data distillation based on Qwen2.5-32B-Instruct,
integrating human-reasoning-inspired Col templates and a sampling-based data filter-
ing mechanism to curate a high-quality reasoning dataset for claim verification. In
the subsequent CoI-SFT model training stage, we fine-tune the base language model,
Qwen2.5-7B-Instruct, using the distilled dataset to establish a strong reasoning founda-
tion. Finally, in the reinforcement learning (RL) stage, we leverage filtered data samples

to further refine and enhance the model’s reasoning capabilities.

4.2.2 Training Data Construction

In this stage, our goal is to construct a high-quality supervised fine-tuning dataset that
fosters explicit reasoning for context-grounded claim verification. To this end, we design
a systematic and rigorous data construction pipeline that integrates data distillation and
filtering techniques to ensure both quality and diversity. The full pipeline is illustrated

in Figure 4.3.

Data Source

We begin by constructing a source seed dataset to establish a foundational basis for
general claim verification across diverse domains, reasoning tasks, and input modal-

ities. Our seed dataset comprises about 30k (document, claim, label) pairs, sampled
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from a broad spectrum of real-world open-source claim verification datasets. This se-
lection ensures comprehensive coverage in terms of input document length distribution,
domain knowledge, and reasoning types. Specifically, we randomly sample 10,000
training instances from DocNLI (Yin et al., 2021), a document-level natural language
inference dataset spanning Wikipedia and news domains. To incorporate non-textual
reasoning, we include 10,000 samples from TabFact (Chen et al., 2020), a table-based
fact verification dataset within the Wikipedia domain. Additionally, we enhance domain
diversity by incorporating training samples from PubHealth (Kotonya and Toni, 2020b)

in the healthcare domain and SciFact (Wadden et al., 2020b) in the scientific domain.

Reasoning Chain-of-Thought Data Distillation

After constructing the preprocessed seed dataset, the complexity of real-world claim ver-
ification tasks makes it impractical for human annotators to manually generate explicit
reasoning steps at scale, as this process is both labor-intensive and time-consuming.
To address this challenge, we leverage the Qwen2.5-32B-Instruct model to generate
intermediate reasoning chains in the form of Chain-of-Thought (CoT) rationales. As
illustrated in Figure 4.3, we prompt the model with documents, claims, and structured
CoT reasoning instruction template to synthesize reasoning trajectories that integrate
domain knowledge with human-like inferential processes. Specifically, the model de-
composes each claim into its fundamental components, extracts key supporting evidence
from the provided document, and systematically performs stepwise verification. For
each instance, the model generates a structured CoT rationale, followed by a verac-
ity label used for downstream data filtering. This approach yields a refined dataset

in which each claim-document pair is enriched with an explicit reasoning path, mak-
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ing the decision-making process more interpretable and aligned with human cognitive

reasoning.

Data Filtering

Given that the distilled labels may not always align perfectly with the ground truth, we
begin by filtering out samples where the distilled label is incorrect. This results in the
CoTI-SFT subset with the size of 20.3k, which is subsequently used in the supervised
fine-tuning stage. We classify the discarded samples as "hard" instances, which are
then utilized in the reinforcement learning (RL) stage to facilitate the model’s self-
evolution across various reasoning scenarios. To further enhance training efficiency,
we perform an additional round of strategic data filtering. Specifically, we conduct
three sampling passes on the hard subset with a higher sampling temperature, filtering
out samples in which all elements are entirely incorrect. Such samples are considered
too challenging to contribute meaningfully to performance improvement in the RL
stage.This strategy ensures that the model prioritizes learnable instances that provide
meaningful optimization signals, thereby enhancing training effectiveness and reducing
exposure to uninformative extremes. The filtered subset, with the size of 5k, is then

employed in the RL training stage to refine the model’s reasoning capabilities.

4.2.3 Chain-of-Thought Supervised Fine-Tuning

The first training stage is designed to equip models with human-reasoning-inspired,
advanced claim verification skills using synthesized chain-of-thought (CoTl’) data. We
fine-tune a base LLM on our enriched dataset, teaching it to replicate the reasoning

demonstrated in the provided CoTl examples. This supervised phase trains the model
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on both the verification task and the explicit reasoning steps, helping it adopt strategies

that align with human thought processes.

4.2.4 Reinforcement Learning with Verifiable Rewards

After the initial CoI-SFT training, we applied reinforcement learning on a separate
training subset to further improve the model’s complex verification capabilities, building
on its document-grounded claim verification foundation. As shown in Figure C.7, we
use the Group Relative Policy Optimization algorithm (GRPO) (Shao et al. 2024), a
method that optimizes the policy model by sampling multiple outputs for each question
and computing a group-relative advantage rather than using a critic model. To tailor
GRPO for document-grounded claim verification tasks, we developed a rule-based

reward system with the trained Col-SFT model.

Training Objective. Let g represent the concatenation of the system prompt, input
documents, and claim, and let {oy,...,06} denote the outputs sampled from the old

policy model g _,. Then, the optimization objective for the policy model 7g is formally

old *

defined as:
gTGRPO(Q) =k [q ~ P(Q), {Oi}iGzl ~ TG4 (O | CI)]
4.2.1) 1 ( g (0; | q) 700 1D ) gy (o)
G -1 TO,y14 (Ol | q) ref
Tre (Oi | q) Tre (Oi | q)
(4.2.2) Diy (mol|rey) = — 12 _Jog LT

mg (0; | q) mg (0; | q)
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where the KL divergence term serves as a regularization mechanism for the policy

update, constraining g to remain sufficiently aligned with the reference model ..

T[ref(oilq)
7o (0ilq)

This prevents excessive deviation, thereby maintaining stability during training.
is the policy ratio and A; is the advantage computed based on a group of rewards

{r1,...,rg} corresponding to the outputs of each group:

ri —mean({ry,...,rg})

423 i =
(4.2.3) A std({r1, - -,7¢})

Reward Modeling. We adopted a rule-based reward system specifically tailored for
the document-grounded claim verification tasks, comprising two types of rewards:

format reward and accuracy reward . Our RL framework uses two reward components:

Format Reward. Ensures that the model’s output adheres to a predefined structure

(e.g., the reasoning trace is enclosed within designated markers).

1, if format is correct
4.2.4) Reward gormar =

-1, if format is incorrect
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Accuracy Reward. Evaluates the accuracy of the final veracity prediction by compar-

ing it against reference labels.

, if the answer fully matches
the ground truth

—0.5, if the answer semantically

4.2.5) Rewardgceyracy =

matches the ground truth

-1, if the answer cannot be

parsed or is wrong

§ 4.3 Experiment

4.3.1 Implementation Details

Evaluation settings. We conduct experiments on various context-grounded claim
verifications, including text and table-based documents. These tasks include some
seen tasks: DocNLI (Yin et al., 2021), PubHealth (Kotonya and Toni, 2020b), and
SciFact (Wadden et al., 2020b). Some unseen tasks are also included. FV-IE, FV-
Math and FV-Know are obtained from (Zhao et al., 2024b). We also use SciTab (Lu
et al.,, 2023) and WiCE (Kamoi et al., 2023b) tasks. We use the accuracy as the
evaluation metric. Please refer to the Appendix B.2 for more details of these evaluation

benchmarks.

Baseline Models. To comprehensively evaluate the reasoning capabilities of R1-CV in

claim verification tasks, we conduct a thorough comparative assessment against multiple
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state-of-the-art reasoning LLM and general LLMs. We use a series of distilled models
from DeepSeek R1 (Guo et al. 2025a), including DeepSeek-R1-Distill-Qwen-1.5B (R1-
1.5B), DeepSeek-R1-Distill-Qwen-7B (R1-7B), DeepSeek-R1-Distill-Llama-8B (R1-
8B), DeepSeek-R1-Distill-Qwen-14B (R1-14B), DeepSeek-R1-Distill-Qwen-32B (R1-
32B), DeepSeek-R1-Distill-Llama-70B (R1-70B) and QwQ-32B (Team, 2025). We also
compare to a series of Qwen2.5 instructed models, including Qwen2.5-1.5B-Instruct
(Qwen2.5-1.5B),Qwen2.5-3B-Instruct (Qwen2.5-3B), Qwen2.5-7B-Instruct (Qwen2.5-
7B), Qwen2.5-14B-Instruct (Qwen2.5-14B) and Qwen2.5-32B-Instruct (Qwen2.5-32B).
We also compare our method to the existing state-of-the-art prompting-based methods,
which rely on the Decompose-then-Verify paradigm (Wei et al. 2024; Wang et al.,
2024). Thus, we adapted this method to our evaluation setting and compared it to our

model.

Training Details. We use Adam optimizer (Kingma and Ba, 2015) with learning rate
as le—5, B1 = 0.9, B = 0.999, and € = le — 8 in the CoIl-SFT stage and AdamW
optimizer (Loshchilov and Hutter, 2019a) with learning rate as le — 6, f; = 0.9,
B2 =0.999, and € = le — 6 in the RL stage. The accumulated batch size is set to 16 in
the CoI-SFT stage. For the RL stage, the accumulated batch size is set to 12. The RL

stage employs a maximum completion length of 1024 tokens with 3 samples per input.

4.3.2 Main Results

Accuracy. Table 4.1 presents the performance of various language models across
multiple fact verification datasets. The models are evaluated on eight distinct bench-

marks, including DocNLI, FindVER-IE, FindVER-Math, FindVER-Know, PubHealth,
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Model DocNLI PubHealth SciFact FV-IE FV-Math FV-Know SciTab WiIiCE AVG
QwQ-32B 0.77 0.66 0.87 0.90 0.81 0.80 0.77 0.77  0.79
R1-70B 0.78 0.69 0.84 0.92 0.77 0.82 0.75 0.77  0.79
R1-32B 0.80 0.65 0.85 0.91 0.80 0.80 0.75 0.80 0.80
R1-14B 0.75 0.65 0.85 0.88 0.74 0.74 0.74 0.80 0.77
R1-8B 0.71 0.66 0.81 0.87 0.68 0.73 0.68 0.67 0.73
R1-7B 0.63 0.61 0.75 0.76 0.63 0.71 0.69 0.61 0.68
R1-1.5B 0.56 0.59 0.66 0.65 0.61 0.59 0.59 0.53  0.60
Qwen2.5-32B 0.76 0.67 0.86 0.94 0.71 0.82 0.77 081 0.79
Qwen2.5-14B 0.74 0.66 0.85 0.92 0.71 0.84 0.74 0.77  0.78
Qwen2.5-7B 0.70 0.69 0.86 0.80 0.63 0.82 0.69 0.73 0.74
Qwen2.5-3B 0.68 0.78 0.84 0.72 0.66 0.74 0.61 0.67 0.71
Qwen2.5-1.5B 0.60 0.64 0.80 0.73 0.56 0.62 0.67 0.62 0.66
Decompose-then-Verify 0.7 0.63 0.89 0.88 0.7 0.82 0.69 0.7 0.75
Qwen2.5-7B (SFT) 0.84 0.84 0.88 0.82 0.62 0.8 0.68 0.68 0.77
R1-CV (7B) 0.87 0.87 0.9 0.85 0.72 0.82 0.69 0.73  0.80

Table 4.1: Performance of various models on different fact verification datasets.

SciFact, SciTab, and WiCE. The final column reports the average performance across
all datasets. Among the models evaluated, R1-CV achieves the highest average score
of 0.80, demonstrating superior generalization across diverse fact verification tasks.
Notably, Qwen2.5-7B(SFT) also performs competitively, particularly excelling in Doc-
NLI and PubHealth, with scores of 0.84 and 0.84, respectively. The QwQ-32B model
achieves an average score of 0.79, closely competing with the DeepSeek-R1-Distill
models, such as R1-70B and R1-32B, which obtain average scores of 0.79 and 0.80,
respectively. These results highlight that while larger models tend to perform better over-
all, model architecture and training methodologies play a crucial role in determining
performance. Our model can also outperform the existing state-of-the-art prompting-
based method Decompose-then-Verify, which shows that our training pipeline improves

model’s reasoning capability.
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Figure 4.4: For each task, we compute the the average response tokens per response of
each model.

Reasoning Efficiency. In addition to improvements in accuracy, we also assessed
the average response tokens generated by each 7B model across various tasks. As
shown in Table 4.4, our R1-CV model, which is trained for reasoning tasks, achieves
a comparable token consumption to the Col' prompting-based model, Qwen2.5-7B,
across several tasks. However, it significantly outperforms the state-of-the-art reasoning
model, R1-7B, in terms of token efficiency. Specifically, the R1-7B model generates an
average of 778 tokens per sample on the DocNLI task, which is more than three times
the token consumption of our R1-CV model, which generates only 256 tokens. This
demonstrates that R1-CV generates more concise reasoning CoTs, a crucial advantage
for tasks involving long inputs, as it reduces user inference costs. Overall, we found
that our method not only improves performance but also uses fewer tokens. In contrast,
the R1-7B model exhibits a tendency to overthink (Chen et al. 2024) during claim
verification tasks, sometimes continuing generation until it hits the maximum token

limit. This over-generation is one of the key reasons for its significantly higher average
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Model Variant AVG Score Relative Drop
R1-CV (Full) 0.80 —

w/o RL Fine-tuning 0.78 -2.2%

w/o CoTl Templates (SFT) 0.76 -3.2%
w/o Both RL and CoT 0.74 -6.0%

Table 4.2: Ablation study results. Removing the RL module, the CoT templates, or the
reward shaping mechanism degrades performance, demonstrating that each
component plays a significant role in enhancing both accuracy and reasoning
transparency.

token count compared to other models.

§ 4.4 Ablation Study

To better understand the contribution of each component in our R1-CV framework, we
conduct a series of ablation experiments. In these experiments, we selectively remove
or modify key modules, including the human-reasoning-inspired Col templates, the
self-evolving reinforcement learning (RL) stage, and the rule-based reward shaping,
while keeping all other components unchanged. Table 4.2 summarizes the average
performance (AVG score across all benchmarks) of the full model against various

ablated variants.

Effect of RL Fine-tuning. Excluding the RL component leads to a notable drop
(approximately 2.2%) in the average score. This indicates that the RL phase, which pro-
motes the autonomous evolution of reasoning paths, significantly improves the model’s

robustness, particularly in ambiguous or low-resource verification scenarios.
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Role of CoT Templates. When the system is trained solely with supervised fine-
tuning (SFT) without the incorporation of the human-reasoning-inspired Col template,
the performance drops by about 3.2%. This suggests that the diversity provided by the

elaborate CoTl template is critical for capturing the nuanced reasoning patterns required

for accurate claim verification.

Combined Ablations. The largest drop (6.0%) is observed when both RL fine-tuning
and CoT guidance are removed, affirming that these components complement each other

and are jointly crucial for the overall performance of R1-CV.

§ 4.5 Case Study

To better understand the differences in reasoning behavior between R1-7B and R1-CV,
we present a case study from the FDV-Math task (Zhao et al., 2024b) in Figure 4.5. This

analysis provides insights into how each model approaches complex claim verification

in financial math scenario.

Claim: The change in total cash and cash equivalents
from December 31, 2023 to March 31, 2024 is a
decrease of $51,071, which equals the cash used by
operating activities during this period.

Document: At March 31, 2024, the Company had
cash and cash equivalents of $435,181 as compared to
cash and cash equivalent of $486,252 at December 31,
2023, primarily reflecting a decrease in accounts
payable and the decrease in net loss. For the three-
month period ended March 31, 2024, cash used by
operating activities was $51,071 compared to
$149,701 for the same period in 2023. This change
was driven by a net loss of $85,574 during the three
months ended March 31, 2024 compared to a net loss
of $92,124 in the three months ended March 31, 2023
and the decrease in inventory of $92,851.

Label: Supported

R1-7B: X

Response: Okay, so I've got this question about accounting and cash
flows...486,252 - 435,181 is 51,071. Oh, so the cash decreased by $51,071.
That's the same number as the cash used by operating activities. So the claim is
that this decrease is exactly equal to the cash used by operating activities. ... Wait,
but in cash flow statements, the change in cash is equal to cash flows from
operating, investing, and financing activities. ... Since the information provided
does not include details about investing or financing activities, it is not possible
to confirm whether their net effect was zero. Therefore, the claim that the change
in cash is entirely due to operating activities is not supported by the given data.

R1-CV:

Response: To determine if the claim is supported, we analyze the provided data:1.
Cash and Cash Equivalents: Dec 31, 2023: $486,252 - Mar 31, 2024: $435,181
Change: $486,252 - $435,181 = $51,071 decrease (matches the claim). 2. Cash
Used by Operating Activities: Mar 31, 2024: -$51,071 (cash used, represented as
a negative value) ... (matching the magnitude of the total cash decrease), and the
document attributes this change .... The claim is fully supported by the data

Figure 4.5: Case study.
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Examining the response from R1-7B, we observe that the model is initially capable of
extracting the relevant information from the provided document, such as identifying the
necessary case equivalents to assess the claim. Additionally, its numerical calculations
are correct. However, a critical issue arises when the model experiences an “Aha
moment,” indicated by the phrase “Wait.” At this point, R1-7B asserts that the analysis
must also account for investing and financing activities based on cash flow statements.
Notably, neither the provided document nor the claim mentions cash flow statements,
this information originates from the model’s internal knowledge. Since the task requires
verification strictly based on the given document, this behavior exemplifies the model’s
overthinking issue, where it introduces external knowledge instead of adhering to the
evidence presented.

In contrast, R1-CV effectively extracts the necessary information and correctly verifies
the two-step claim without relying on internal knowledge. This demonstrates its ability
to maintain a more disciplined reasoning process, ensuring that verification remains

grounded in the provided evidence rather than extraneous inference.

§ 4.6 Conclusion

In this work, we introduced R1-ClaimVerifier (R1-CV), a reasoning-enhanced rein-
forcement learning (RL) framework for context-grounded claim verification. Unlike
conventional approaches that rely heavily on prompt engineering or human-annotated
explanations, R1-CV enables scalable and adaptive reasoning by leveraging a three-
stage training paradigm: (1) constructing a high-quality Chain-of-Thought (CoT) dataset

through distillation and filtering, (2) supervised fine-tuning to establish a strong rea-
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soning foundation, and (3) reinforcement learning with verifiable rewards to refine the
model’s verification capabilities with hard samples. Experimental results across multi-
ple fact verification benchmarks demonstrate that R1-CV outperforms existing reasoning

models of the same scale while maintaining significantly lower inference costs.

§ 4.7 Limitations

First, although our pipeline effectively synthesizes high-quality reasoning chains, the
reliance on teacher models in the first step introduces potential bias. Any systematic
errors or hallucinations from the teacher LLM may propagate to the distilled dataset,
thereby influencing the downstream fine-tuning and reinforcement learning stages. Sec-
ond, our evaluation primarily focuses on English-language datasets across a limited
set of domains (e.g., scientific, health, financial). The generalizability of R1-CV in
multilingual or low-resource settings remains unexplored and represents an important

direction for future research.
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Chapter 5

A Systematic Study of Long Chain-of-Thought

Transfer in Mathematical Tasks

While Chapter 3 and Chapter 4 explore how synthetic data and efficient reasoning frame-
works can enhance LLLM performance on complex reasoning tasks, these improvements
often rely on large-scale or resource-intensive models. In practical settings, however,
deploying such models can be computationally prohibitive. This brings forth a new chal-
lenge: how can we effectively transfer complex reasoning abilities from larger, more
powerful models to smaller ones without compromising performance? It motivates the
need for scalable techniques that transfer reasoning capabilities to smaller, more efficient
models without significant performance degradation. In Chapter 5, we investigate this
challenge through the lens of reasoning distillation. Rather than treating distillation
as a black-box compression technique, we explore how factors such as teacher—student
architectural compatibility and reasoning style alignment influence the transferability of
reasoning skills. This final line of inquiry complements our earlier work by extending
reasoning improvements beyond standalone model training to cross-model knowledge

transfer.
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Math Problem:

Find the center of the circle
with equation $x"2 - 6x + y*2
+2y =98$.

(
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iLarge Reasoning Models

l Distilled Training Data

Student Model
Okay, so | need to find the center
of the circle given by the .
equation...Hmm...So, the problem Filter
is that ..Starting with the x ———

terms...Wait a second...Therefore,
the center of the circle given by
the equation is (3, -1).
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Figure 5.1: In this work, we uncover the distillation patterns when fine-tuning various
sizes of non-reasoning student models on reasoning data distilled from
different large reasoning teacher models (e.g., DeepSeek-R1 (Guo et al.
2025a) and QwQ-32B (Team, 2025)).

Recent advances in reasoning-oriented large language models (LLMs), or large rea-
soning models (LRMs) (Jaech et al. 2024; OpenAl, 2025; Guo et al. 2025a; Team,
2025) have demonstrated remarkable capabilities in complex reasoning tasks, including
mathematical reasoning (Hendrycks et al., 2021b), code generation (Jain et al., 2025)
and web agentic tasks (Yao et al., 2022; Zhou et al., 2024). LRMs like DeepSeek-R1
generate a long chain-of-thoughts (CoT’) before outputting the final answer, implement
elaborate self-reflection, verification and self-correction mechanisms that mimic human
problem-solving processes (Guo et al. 2025a). However, deploying these LRMs with
advanced reasoning capabilities in real-world settings often demands substantial compu-
tational resources, posing significant challenges for deployment in resource-constrained
environments (Sui et al. 2025). This motivates the development of smaller, more

efficient reasoning models.
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Knowledge distillation (Hinton et al., 2015), the process of transferring capabilities
from large “teacher” models to more compact “student” models, offers a promising
approach to address this challenge. While distillation has proven effective for trans-
ferring general language capabilities (West et al., 2022; Gu et al., 2024; Muralidharan
et al., 2024), the distillation of complex long CoTl reasoning skills presents unique
challenges (Li et al., 2023; Wang et al., 2023; Chen et al. 2025). Despite the grow-
ing importance of efficient reasoning models via knowledge distillation from general
LLMs (Shridhar et al., 2023; Chen et al., 2023; Chenglin et al., 2024b), several critical
questions remain unexplored when it comes to LRMs: How does the architecture and
scale of student models affect their ability to acquire long CoT reasoning capabilities?
Does teacher model scale consistently correlate with better distillation outcomes? Can
domain-specific long CoT reasoning skills (e.g., mathematical reasoning) transfer to
broader reasoning tasks? How sensitive is long CoT reasoning distillation to the qual-
ity of training long CoIs? Understanding these dynamics is essential for developing
efficient and effective reasoning models that maintain the capabilities of their larger
counterparts while requiring significantly fewer computational resources.

In this work, we present, to the best of our knowledge, the first systematic investigation
of knowledge distillation for long CoT reasoning capabilities, focusing specifically on
complex mathematical reasoning as an exemplar domain that demands structured, multi-
step problem-solving. Through comprehensive experiments across diverse long CoTl
reasoning teacher models and two families of non-reasoning student models with various
sizes and experimental conditions, we make the following contributions.

First, we demonstrate that student model scale significantly impacts distillation ef-

ficacy, with larger models showing enhanced capacity to absorb complex reasoning
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patterns, though with notable architecture-specific variations ( 5.3). Then we reveal that
teacher model selection critically influences distillation outcomes, with larger teachers
not always producing better students, revealing a non-monotonic relationship between
teacher scale and distillation effectiveness (§5.3). We also show that cross-domain gen-
eralization of distilled reasoning follows different patterns than in-domain performance,
with mid-sized teacher models often facilitating better transfer across domains than
their larger counterparts (§5.4). Furthermore, we establish that the quality of reasoning
demonstrations in training data is more important than quantity (Ye et al., 2025), with
clean, correct examples consistently outperforming larger but mixed-quality datasets
(85.5). Last, we identify significant architecture compatibility effects, where certain
teacher-student pairings show unexpectedly strong or weak performance, suggesting the
importance of architectural alignment in reasoning distillation (§5.6).

Our findings challenge the conventional assumption in reasoning LLM knowledge
distillation that larger reasoning teacher models should always be used to fine-tune
downstream reasoning models, regardless of the student model’s size or architecture,
even though these factors can significantly influence downstream performance, such
as when training short CoT student models (Magister et al., 2023; Ho et al., 2023) or
fine-tuning non-reasoning student models (Phogat et al., 2024). We provide actionable
insights for developing more capable yet computationally efficient reasoning models.
By understanding the factors that influence successful reasoning transfer, this work
establishes a foundation for democratizing access to advanced reasoning capabilities

through smaller, more deployable models.
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§ 5.1 Preliminaries

Formal Definition. In this work, we uncover the patterns of fine-tuning non-reasoning
LLMs on reasoning data distilled from a series of LRMs that are able to generate long
chain-of-thoughts. Generally, LRMs can be formally characterized as parameterized
functions that map input sequences to output sequences through a series of reasoning
steps. Given an input query x € X, an LRM with parameters 6 generates a long chain-
of-thought, i.e., reasoning trace z before producing the final output y € Y. Formally, we
define this process as: pg(y|x) = 2.,cz Po(¥|2,x) - pa(2|x), where pg(z|x) represents
the probability of generating the long reasoning CoT z given input x. pg(y|z,x) denotes
the probability of producing output y given both the input x and long reasoning CoT z.
Z is the space of all possible reasoning CoTs. Long reasoning CoT z can be decomposed
into a sequence of intermediate reasoning steps z = (21, 22, ..., 2r), Where each step z;
often includes self-reflection, verification, and self-correction, mimicking humans when

solving complex problems.

Reasoning Distillation via Supervised Fine-Tuning. Supervised Fine-Tuning (SFT)
is adominant paradigm for distilling reasoning capabilities from large teacher LLMs into
smaller student models. In this approach, a teacher model, typically a computationally
expensive LLLM, generates intermediate reasoning steps and final answers for a set of
problem instances. These demonstrations form a dataset of (input, reasoning, output)
triples used to train a more compact student model. The student model is trained to
mimic the teacher’s reasoning through standard maximum likelihood estimation: Os =
arg maxg 2 (x 7 y)eDger 108 P(z,y | x;0), where x; is the input prompt, z represents the

reasoning steps generated by the teacher LRM, y is the final answer, and 0 denotes the
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parameters of the non-reasoning student model. This approach enables smaller models
to acquire complex reasoning abilities while requiring significantly fewer parameters

than their teachers.

§ 5.2 Experimental Settings

In this section, we introduce our major experimental settings, including the chosen

training dataset, evaluation benchmarks and some training details.

Long CoT Reasoning Teacher Models. In this work, we use a series of DeepSeek-
R1 (Guoetal. 2025a) distilled reasoning models: DeepSeek-R1-Distill-Qwen-1.5B (ab-
breviated as R1-1.5B for simplicity), DeepSeek-R 1-Distill-Qwen-7B (R1-7B), DeepSeek-
R1-Distill-Llama-8B (R1-8B), DeepSeek-R1-Distill-Qwen-14B (R1-14B), DeepSeek-
R1-Distill-Qwen-32B (R1-32B), DeepSeek-R 1-Distill-Llama-70B (R1-70B) and QwQ-
32B (Team, 2025).

Non-Reasoning Student Models. We use two foundation model families: Llama (Grattafiori
etal. 2024) and Qwen (Qwen et al., 2025a). Specifically, we use Llama-3.2-1b-Instruct,
Llama-3.2-3B-Instruct, Llama-2-7B-Chat, Llama-3.1-8B-Instruct, and instruction-tuned

Qwen2.5 models from 0.5B to 7B.

Training Dataset. Following the prior work (Liu et al., 2025; Zeng et al., 2025; Ye
et al., 2025), we use MATH dataset (Hendrycks et al., 2021b) as our training dataset.
We chose mathematical reasoning as the focus of our investigation because it serves

as a prototypical domain for structured, multi-step problem-solving, making it an ideal
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testbed for evaluating the effectiveness of long CoT knowledge distillation. Unlike tasks
that may be solved heuristically or with shallow pattern matching, mathematical reason-
ing demands precise logical consistency and interpretability in intermediate reasoning
steps. This allows us to easily assess how distilled models internalize complex reasoning
trajectories from large teacher models.

We prompt each reasoning teacher model using the training dataset to generate
corresponding CoTl reasoning steps and final answers. The prompt is shown in the
Appendix C.1. To ensure data quality, we retain only those samples where all teacher
models converge on the correct answers, resulting in a refined training set comprising

5,009 samples. Please refer to the Appendix C.3 to see the distilled example outputs.

Evaluation Benchmarks. Following the prior work (Guo et al. 2025b; Ye et al.,
2025; Muennighoff et al., 2025), we conduct a comprehensive evaluation on a wide-
range of reasoning tasks with both in-distribution and out-of-distribution settings. In-
Domain Setting: These include several mathematical reasoning benchmarks: the
American Mathematics Competitions (AMC23), GSM8K (Cobbe et al. 2021) and
MATH-500 (Hendrycks et al., 2021c) datasets. Out-of-Domain Setting: To evaluate
broader generalization capabilities beyond the math domain, we also evaluate the trained
models on GPQA (Rein et al., 2024), ARC (Clark et al., 2018), Truthful QA (Lin et
al., 2022) and HellaSwag (Zellers et al., 2019). These benchmarks assess diverse
reasoning skills and cognitive capabilities, illuminating the model’s ability to extend its
mathematical reasoning to broader areas. Please refer to the Appendix C.4 for more

details of these evaluation benchmarks.
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Evaluation Configurations. We use one of the popular LLM evaluation frameworks,
Lighteval * released from Hugging Face **, to conduct all evaluations. Without spec-
ifications, we adopt the default settings from Lighteval. = We use the Accuracy as
the evaluation metric for all benchmarks except for TruthfulQA, where we use MC1

(Single-true) as the evaluaiton metric.

Implementation Details For each non-reasoning student model, we fine-tune it on
a training set distilled from a teacher model for 2 epochs on NVIDIA A100 GPUs.
In particular, we use a learning rate of le-5 with the AdamW optimizer (Loshchilov
and Hutter, 2019b). We train in bfloat16 precision with a batch size of 2, the gradient
accumulation step of 4. The maximum sequence length is set to 8192 during the
training. We also set the maximum generation length as 8192 during the evaluation.
For Llama-2-7B-Chat, we set 4096 for both training and generation due to the context

window limit.

§ 5.3 Cross-Model Long Reasoning CoT Distillation
Patterns in Mathematical Reasoning

Figure 5.2 presents the in-distribution performance of various models fine-tuned on
reasoning datasets distilled from a series of teacher reasoning models (R1-1.5B through
R1-70B). Our analysis reveals several significant patterns in knowledge transfer across

model architectures and scales.

*https://huggingface.co/docs/lighteval/en/index
**https://huggingface.co
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Figure 5.2: Average performance in the in-distribution setting. In each subplot, the
x-axis represents the seven reasoning teacher models used in this study. For
simplicity, we refer to DeepSeek-R1-Distill-Qwen-1.5B as R1-1.5B, and
adopt similar abbreviations for other models as described in Section5.2. The
top label (e.g., Llama-3.2-1B-Instruct) indicates the non-reasoning student
model. We fine-tune each student model on reasoning training data distilled
from a specific reasoning teacher model, and evaluate the fine-tuned model
on in-distribution benchmarks to report the average performance.

5.3.1 Effect of Student Model Scale on Distillation Efficacy

We find a clear correlation between student model size and distillation performance. As
student model capacity increases from Llama-3.2-1B-Instruct (18-26% average perfor-
mance) to Qwen2.5-7B-Instruct (46-72% average performance), we observe a consistent
improvement in the ability to acquire mathematical reasoning capabilities. This sug-
gests that larger student models possess greater capacity to absorb complex reasoning
patterns from teacher-generated data.

Notably, the Qwen family exhibits superior distillation receptivity compared to

similarly-sized Llama counterparts. For instance, Qwen2.5-3B-Instruct consistently

67



Chapter 5 A Systematic Study of Long Chain-of-Thought Transfer in Mathematical
Tasks

outperforms Llama-3.2-3B-Instruct across all teacher models, indicating architecture-

specific factors may influence distillation effectiveness beyond mere parameter count.

5.3.2 Teacher Model Impact on Knowledge Transfer

We note that the size of the teacher reasoning model does not always correlate with
improved student performance. While there is a moderate upward trend when moving
from R1-1.5B to larger teachers for most student models, this relationship is non-
monotonic. For example, R1-14B and QwQ-32B teachers often produce better student
performance than the larger R1-70B teacher.

This suggests that the quality and structure of the generated reasoning, rather than
simply the teacher’s scale, significantly impacts distillation outcomes. The superior
performance of QwQ-32B as a teacher for several students indicates that specialized
training or architectural differences in teacher models may be more important than raw

parameter count.

5.3.3 Architecture Compatibility in Knowledge Transfer

The distillation patterns reveal potential compatibility effects between teacher and stu-
dent architectures. The unexpectedly poor performance of Llama-2-7B-Chat (4-9%
average) despite its size suggests that some models may be less receptive to reason-
ing knowledge transfer, possibly due to their pre-training objectives or architectural
constraints.

These results highlight the complex interplay between model architectures, scales, and

training objectives in mathematical reasoning distillation. The results demonstrate that
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Figure 5.3: Average performance in the out-of-distribution setting. In each subplot,
the x-axis represents the seven reasoning teacher models used in this study.
For simplicity, we refer to DeepSeek-R1-Distill-Qwen-1.5B as R1-1.5B, and
adopt similar abbreviations for other models as described in Section5.2. The
top label (e.g., Llama-3.2-1B-Instruct) indicates the non-reasoning student
model. We fine-tune each student model on reasoning training data distilled
from a specific reasoning teacher model, and evaluate the fine-tuned model
on out-of-distribution benchmarks to report the average performance.

effective knowledge transfer depends on both the capacity of student models to absorb
complex reasoning patterns and the quality of reasoning demonstrations provided by

teacher models.

§ 5.4 Cross-Domain Generalization of Long Reasoning

CoT Distillation

Figure 5.3 presents the out-of-distribution performance of various student models fine-

tuned on reasoning datasets distilled from teacher reasoning models (R1-1.5B through
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R1-70B) and evaluated on factual knowledge and QA reasoning tasks. The results reveal

several notable patterns that contrast with in-distribution performance.

5.4.1 Diminished Correlation Between Model Scale and

Generalization

As we can see, out-of-distribution performance exhibits a remarkably flat trend across
model scales. Performance ranges generally fall within 20-35% for most model-
teacher combinations, suggesting that the ability to generalize mathematical reasoning
to broader factual reasoning tasks is not strongly correlated with model size. For in-
stance, Llama-3.2-1B-Instruct (21.7-30.8%) sometimes outperforms the much larger

Llama-3.1-8B-Instruct (24.7-33.3%) depending on the teacher model.

5.4.2 Teacher Model Selection Critically Impacts Generalization

Our results indicate that teacher model selection has a more pronounced effect on
cross-domain generalization than on in-domain performance. For example, when using
Qwen2.5-3B-Instruct as the student, performance varies from 24.2% (with R1-1.5B
teacher) to 34.8% (with R1-7B teacher), a substantial 10.6 percentage point difference.
This suggests that certain teacher models may encode reasoning patterns that are more
transferable across task domains.

Interestingly, mid-sized teacher models (R1-7B, R1-8B) frequently outperform their
larger counterparts in facilitating cross-domain generalization. This contradicts the
conventional wisdom that larger teachers invariably provide better knowledge transfer,

and indicates that reasoning quality and transferability may be partially decoupled from
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model scale.

5.4.3 Architecture-Specific Transfer Characteristics

The results reveal distinct transfer patterns across model families. The Qwen2.5 family
exhibits greater performance variability across teacher models compared to the Llama
family, suggesting architecture-specific sensitivities to teacher model selection. We
hypothesize that this discrepancy is due to the architectural and post-training differences
between Qwen and Llama models. Qwen-2.5’s architectural feature set (Qwen et al.,
2025b) (such as early-layer activity, MoE gating, complex post-training) amplifies any
teacher model bias or style mismatch. LLaMA, by contrast, is architecturally designed
to be more stable under teacher variability via uniform depth usage, dense routing and
robust post-training (Grattafiori and Dubey, 2024).

Notably, Llama-2-7B-Chat, which performed poorly on in-distribution tasks, achieves
competitive out-of-distribution performance (22.7-32.3%), indicating that some archi-
tectures may better preserve general reasoning capabilities even when fine-tuned on
domain-specific tasks.

These findings uncover the complex relationship between mathematical reasoning
acquisition and broader reasoning generalization. The non-monotonic relationship be-
tween model scale and cross-domain transfer efficacy suggests that effective knowledge
distillation for generalization requires careful consideration of both student and teacher

architectures beyond simply selecting the largest available models.
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Figure 5.4: Average performance of Qwen2.5-1.5B-Instruct fine-tuned on correct-
answer reasoning data (“All Correct Solutions™) versus on all distilled sam-
ples (“With Corrupt Solutions™), across seven teacher reasoning models.

§ 5.5 Impact of Long Reasoning CoT Quality on
Distillation Effectiveness

Figure 5.4 illustrates the performance of Qwen2.5-1.5B-Instruct when fine-tuned on
reasoning datasets with varying solution quality across different teacher models. We
compare two training conditions: "All Correct Solutions" where only samples (5,009
samples) with verified correct solutions are used for fine-tuning, and "With Corrupt
Solutions" where the model is trained on the complete dataset (7,500 samples) including

samples with incorrect solutions.
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5.5.1 Quality-Quantity Trade-off in Long Reasoning CoT

Distillation

Our results demonstrate a consistent performance advantage when training exclusively
on correct solutions. Across all teacher models, the "All Correct" condition (averag-
ing 25.1% to 28.9%) outperforms the "With Corrupt" condition (averaging 22.4% to
26.8%). This finding underscores the critical importance of solution quality in reason-
ing distillation, suggesting that the precision of reasoning demonstrations outweighs
the benefits of increased training data volume when that additional data contains errors.
The performance gap between conditions is particularly pronounced with certain teacher
models. For instance, with R1-14B as the teacher, training on clean data yields an av-
erage performance of 24.3%, while including corrupt samples reduces performance to
22.4%, resulting in an 8.5% relative decrease. This indicates that some teacher models

may be more sensitive to solution quality during knowledge transfer.

5.5.2 Teacher Model Sensitivity to Long Reasoning CoT Quality

Interestingly, the performance gap between training conditions varies non-uniformly
across teacher models. The R1-32B teacher shows minimal difference between con-
ditions (28.9% vs. 26.8%), suggesting that representations from larger models may
be more robust to noise in training data. Conversely, mid-sized teachers like R1-14B
exhibit larger performance deltas, indicating potentially higher sensitivity to solution
quality. This pattern suggests that the impact of solution quality on distillation effective-
ness depends on teacher model characteristics beyond mere scale. The representational

robustness of teacher models may influence how effectively student models can filter

73



Chapter 5 A Systematic Study of Long Chain-of-Thought Transfer in Mathematical
Tasks

50 A

B Qwen2.5-1.5B
B Qwen2.5-1.5B-Instruct
B Qwen2.5-Math-1.5B

40 1

30 A

20

Average Performance

10 A

Figure 5.5: In-distribution performance of different types of base student models.

signal from noise during the distillation process.

These results have important implications for efficient knowledge distillation in long
CoT reasoning tasks. They suggest prioritizing curating high-quality reasoning demon-
strations over maximizing training data volume, particularly when working with mid-
sized teacher models. This quality-first approach appears crucial for effectively trans-

ferring reasoning capabilities from large reasoning models to non-reasoning models.

§ 5.6 Impact of Student Model Pre-training on Long
Reasoning CoT Distillation

Figure 5.5 and Figure 5.6 present an analysis of how pre-training objectives affect
knowledge distillation outcomes across different teacher models. We compare three
variants of the Qwen2.5-1.5B architecture: the base model, an instruction-tuned version,
and a mathematics-specialized version, all fine-tuned on reasoning data distilled from

various teacher models.
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Figure 5.6: Out-of-distribution performance of different types of base student models.

5.6.1 Domain-Specific Pre-training Significantly Amplifies

In-Distribution Performance

Figure 5.5 reveals that Qwen2.5-Math-1.5B substantially outperforms both the base
and instruction-tuned variants across all teacher models on in-distribution mathematical
reasoning tasks. The math-specialized model achieves average performance ranges of
42-53%, compared to 23-29% for the base model and 24-28% for the instruction-tuned
variant. This dramatic performance gap (70-100% relative improvement) highlights the
critical importance of domain-aligned pre-training in establishing the foundational capa-
bilities needed to effectively absorb mathematical reasoning skills through distillation.
Notably, this advantage persists regardless of teacher model size or architecture, sug-
gesting that domain-specific pre-training creates a receptive substrate that consistently

enhances the student model’s ability to internalize mathematical reasoning patterns.
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5.6.2 Diminished Pre-training Effects in Cross-Domain Transfer

In contrast, Figure 5.6 demonstrates that the advantages of specialized pre-training
diminish considerably when evaluating on out-of-distribution reasoning tasks. The per-
formance gap narrows significantly, with Qwen2.5-Math-1.5B achieving 22.7-31.8%,
compared to 19.2-29.3% for the base model and 22.2-35.4% for the instruction-tuned
variant. In several cases, particularly with QwQ-32B as teacher, the instruction-tuned
model actually outperforms the math-specialized model on out-of-distribution tasks.
This pattern suggests that while domain-specific pre-training enhances in-domain rea-
soning acquisition, it may offer limited benefits or even create constraints for cross-
domain generalization. The instruction-tuned model’s competitive out-of-distribution
performance indicates that general-purpose instruction following might better facilitate

transfer of reasoning capabilities across domains than highly specialized pre-training.

5.6.3 Teacher-Student Compatibility Patterns

Our analysis also reveals noteworthy interactions between teacher models and student
pre-training objectives. For instance, QwQ-32B produces anomalous effects across
student variants, yielding strong performance with the base model but underperforming
with the instruction-tuned model on in-distribution tasks. Conversely, it produces the
highest out-of-distribution performance when paired with the instruction-tuned student.

We demonstrate that effective distillation of long reasoning CoT capabilities depends
not only on the individual properties of teacher and student models, but also on their
compatibility. The optimal choice of student model architecture and pre-training may

vary depending on the specific teacher model and the targeted reasoning domain, high-
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Figure 5.7: Average performance of two student models (Qwen2.5-1.5B-Instruct and
Qwen2.5-3B-Instruct) fine-tuned on different sizes (1000, 2000, etc) of
mathematical reasoning datasets distilled from two long CoT reasoning
models: R1-1.5B and R1-70, respectively.

lighting the need for careful model selection in distillation pipelines.

§ 5.7 Impact of Training Data Size on Long Reasoning
CoT Knowledge Transfer

Figure 5.7 illustrates how the volume of distilled reasoning problems affects knowledge
transfer across different student and teacher model configurations. We examine the
performance trajectories of two student models, Qwen2.5-1.5B-Instruct and Qwen2.5-
3B-Instruct, when fine-tuned on increasingly larger samples of reasoning data distilled

from either R1-1.5B or R1-70B teacher models.
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5.7.1 Scaling Relationships in Reasoning Distillation

Our results demonstrate a consistent but modest upward trend in mathematical reasoning
performance as training data increases from 1,000 to 5,009 problems. The performance
of Qwen2.5-1.5B-Instruct improves from 21.0% to 22.2% (R1-1.5B teacher) and from
26.1% to 27.6% (R1-70B teacher), while Qwen2.5-3B-Instruct improves from 31.4%
to 35.9% (R1-1.5B teacher) and from 36.9% to 40.2% (R1-70B teacher). This scaling
pattern is notable for its nonlinearity: the performance gains from additional training
data exhibit diminishing returns, particularly for the R1-70B teacher configurations.
This suggests that beyond a certain threshold, the diversity and quality of reasoning

examples may be more important than sheer quantity for effective knowledge transfer.

5.7.2 Teacher Model Size Influence

Notably, the performance gap between teacher models remains relatively stable as
dataset size increases, indicating that the qualitative advantage of larger teacher models
persists regardless of training data volume. This finding underscores the importance
of teacher model selection in reasoning distillation pipelines and suggests that larger
teachers provide inherently more effective reasoning demonstrations that cannot be

compensated for simply by increasing the volume of examples from smaller teachers.

§ 5.8 Conclusion

This work presents the first systematic investigation of long CoT reasoning distillation
across diverse model architectures, scales, and domains. Our findings challenge several

conventional assumptions about knowledge transfer in reasoning tasks, and provide
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actionable guidance for developing more capable yet computationally efficient reasoning

models.

§ 5.9 Limitations

Despite the comprehensive nature of our investigation, several limitations should be
acknowledged. First, our study focuses primarily on mathematical reasoning, while
representative of structured problem-solving, which may not capture all aspects of
reasoning encountered in other domains such as logical deduction, ethical reasoning,
or causal inference. The patterns we observe might vary across different reasoning
types. Second, our experiments are constrained to specific non-reasoning student model
families (primarily Qwen2.5 and Llama), and the architectural compatibility effects we
identify may not generalize to other model architectures. Additionally, while we explore
reasoning teacher models ranging from 1B to 70B parameters, we do not investigate
even larger teacher models (e.g., trillion-parameter models) that might reveal different
distillation dynamics. Due to budget constraints, we do not train non-reasoning student
models more than 8B parameters. Third, our evaluation methodology, may not fully
capture all aspects of reasoning quality. In particular, our metrics focus primarily on
answer correctness rather than evaluating the quality, coherence, or human-likeness of
the reasoning process itself. This leaves open questions about whether the non-reasoning
students faithfully reproduce the reasoning strategies of their teachers or merely learn
to generate correct answers through different means. Fourth, we examine supervised
fine-tuning as the primary distillation approach, without exploring alternative knowledge

transfer techniques such as response-based distillation, intermediate feature matching, or
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adversarial methods. Different distillation methodologies might yield different patterns

in reasoning knowledge transfer.
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Chapter 6

Conclusion and Future Work

§ 6.1 Conclusion

This thesis addressed three fundamental challenges in advancing the reasoning capabil-
ities of large language models: generalization to novel domains, efficiency in complex
reasoning tasks, and effective transfer of reasoning abilities across models. Using claim
verification as a representative reasoning-intensive task, we explored solutions that inte-
grate structured synthetic data generation, efficient multi-step reasoning, and systematic
reasoning distillation.

First, we demonstrated that structured, domain-diverse synthetic data can substan-
tially improve zero-shot generalization without relying on costly human annotation or
domain-specific corpora. Second, we introduced an efficient reasoning framework that
combines structured Chain-of-Thought distillation with reinforcement learning to bal-
ance accuracy and computational cost during inference time. Third, our comprehensive
study of reasoning distillation uncovered non-trivial patterns in teacher—student transfer,

highlighting the critical role of architecture-specific factors, reasoning style alignment,
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and data quality.

Collectively, these contributions advance our understanding of how to design and
train reasoning-optimized LLMs. The findings not only improve the performance of
LLMs in claim verification but also provide general principles applicable to a broad

range of reasoning-intensive NLP tasks.

§ 6.2 Future Work

While this thesis makes significant progress toward improving LLLM reasoning, several

promising research directions remain:

6.2.1 Synthetic Data Generation for Zero-Shot Claim Verification

Future research can explore integrating retrieval-augmented generation with synthetic
data pipelines to better capture real-world factual grounding while maintaining domain
diversity. Additionally, incorporating controlled noise or adversarial perturbations into
synthetic datasets may improve model robustness against ambiguous or misleading
claims. Another promising direction is to extend SYNTHVERIFY to multi-modal reason-

ing tasks, such as claim verification that involves both textual and visual evidence.

6.2.2 Efficient Reasoning for Context-Grounded Claim Verification

Building on the RI-ClaimVerifier framework, future work can investigate adaptive
reasoning strategies that dynamically adjust the depth of reasoning based on input
complexity. Integrating lightweight verification modules or early-exit mechanisms

could further reduce inference costs without sacrificing accuracy. Moreover, extending
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the framework to support online learning from user feedback could enable continual

improvement in dynamic, real-world settings.

6.2.3 Rethinking Reasoning Distillation for Reasoning LLMs

Future work could expand the distillation study to cover more diverse reasoning paradigmes,
including abductive reasoning, analogical reasoning, and causal inference. Developing
metrics for quantifying reasoning style compatibility between teachers and students
could lead to more principled teacher selection. Furthermore, exploring hybrid dis-
tillation approaches that combine high-quality reasoning demonstrations with targeted
self-improvement loops may yield even more effective transfer of reasoning capabilities.
In summary, the methods and insights developed in this thesis provide a strong
foundation for future research in LLM reasoning, with clear pathways toward building

models that are not only more capable, but also more efficient, robust, and adaptable.
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A Synthetic Data Generation for Zero-Shot

Claim Verification

§ A.1 Evaluation Benchmarks and Fine-Tuning Details

A.1.1 Dataset Statistics of the Evaluation Benchmarks

In this study, we used the following pre-processed datasets in Pan et al. (2023). The
statistics of these dataset are shown in Table A.1. Claims are typically sentence-level
statements, which can be either real-world natural claims sourced from websites, text-
books, and forums, or artificially generated by crowd-workers. Evidence, the key
information used to validate a claim, is often drawn from textual sources such as news

articles, academic papers, and Wikipedia documents. Claim labels vary, with com-

. . . # Claims Avg. # tokens

Dataset Domain Claim | Evidence Label Train Test | Claim  Evid.
FEVER Wikipedia | artificial | sent-level | S (52%), R (22%), N (26%) | 145,327 19,972 94 359

I VitaminC Wikipedia | artificial | sent-level | S (50%), R (35%), N (15%) | 370,653 63,054 126 295
FoolMeTwice Wikipedia | artificial | sent-level | S (49%), R (51%) 10,419 1,169 153  37.0
ClimateFEVER | Climate natural | sent-level | S (25%), R (11%), N (64%) 6,140 1,535 22.8 338
Sci-Fact Science natural | sent-level | S (43%), R (22%), N (35%) 868 321 13.8 619
PubHealth Health natural | sent-level | S (60%), R (36%), N (4%) 8,370 1,050 157 137.6

II COVID-Fact Forum natural | sent-level | S (32%), R (68%) 3,268 818 124 825
FAVIQ Question | natural | doc-level | S (50%), R (50%) 17,008 4,260 15.2 3049

Table A.1: List of the 8 fact verification datasets for our study and their characteristics.
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mon formats being binary (supports/refutes) or three-class labels (supports/refutes/not

enough info).

FEVER (Thorne et al., 2018) It treats Wikipedia as the primary evidence source
and instructs crowdworkers to alter sentences from Wikipedia articles to create claims,

which are then classified as supporting, refuting, or lacking sufficient information.

VitaminC (Schusteretal.,2021) It generates contrastive evidence pairs for each claim,
where the pairs are nearly identical in wording and content, except that one supports the

claim while the other does not.

FoolMeTwice (Eisenschlos et al., 2021) develops a multi-player game that encourages
diverse strategies for constructing claims (e.g., temporal inference) based on Wikipedia,

leading to more complex claims with reduced lexical overlap with the evidence.

Climate-FEVER (Diggelmann et al., 2020) It consists of 1,535 real-world claims
related to climate change, collected from the Internet. The five most relevant sentences
from Wikipedia are retrieved as evidence, and human annotators label each sentence as

supporting, refuting, or providing insufficient information for verification.

Sci-Fact (Wadden et al., 2020a) It includes 1.4K expert-generated scientific claims,
each linked to abstracts containing supporting evidence, annotated with labels and

sentence-level rationales.

PubHealth (Kotonya and Toni, 2020a) It contains 11.8K claims accompanied by gold

standard judgments crafted by journalists to support or refute the claims. The claims
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come from five fact checking platforms, news headlines, and news reviews. We pair

each claim with its corresponding judgment text as evidence.

COVID-Fact (Saakyan et al., 2021) It consists of 4,086 claims related to the COVID-
19 pandemic, collected from the »/COVIDI9 subreddit. We use the sentence-level

evidence annotated by crowd-workers as the supporting evidence.

FAVIQ (Park etal., 2022) It contains 26K claims derived from naturally occurring am-
biguous questions posed by real users. Each claim is paired with an answer-containing
Wikipedia paragraph as its document-level evidence.

Since many of the original datasets do not provide a publicly available test set, we
use their original dev splits as our evaluation sets. Furthermore, we standardize label

naming conventions to supports, refutes, and not enough info.

A.1.2 Fine-Tuning Details

We use LoRA (Hu et al., 2022) and FlashAttention-2 (Dao, 2024) with a cosine learning
rate schedule and an initial learning rate of le—4 to fine-tune LLMs. The maximum
sequence length is 1024 and the batch size is 4. The LoRA rank is 16 for all models.

We use the Huggingface Transformers (Wolf et al., 2020) library to train all models.
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§ A.2 Prompts

Prompt Table Reference
Synthetic data generation

Knowledge domain generation Table A.3
Evidence plan generation Table A.5
Evidence document synthesis Table A.7
Key aspect extraction Table A.9
Supported claim generation Table A.11
Refuted claim generation Table A.13
Not-Enough-Info claim generation Table A.14
Model evaluation

Zero-shot evaluation Table A.15
Zero-shot Chain-of-Thought evaluation Table A.16
Ablation studies

Removing knowledge domain Specification Table A.17
Removing Evidence Plan Generation Table A.18
Removing Key Aspect Generation Table A.19
Direct prompting Table A.20

Table A.2: A collection of all prompts used in synthetic data generation, model evalua-
tion and ablation studies.

This appendix provides the complete set of prompts used in our synthetic data generation

pipeline, along with example outputs for each stage.
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A.2.1 Knowledge Domain Generation

Please generate a list of diverse domains that is highly relevant for claim verification tasks. For
each domain, provide:

1. The domain name. Do not include “&” or “and” in the generated domain name. Do not
combine two or more words together to form a single domain name.

2. A concise description (1-2 sentences) highlighting its unique linguistic and factual charac-
teristics and explaining why claims in this domain are challenging to verify.

3. A list of several domain properties.

Format your response exactly as follows:
Domain: [Domain Name]

Description: [Your description here]
Properties: [Property 1;Property 2;Property 3]

Table A.3: The prompt for knowledge domain generation.

Example Output:

Domain: Climate Science

Description: A dynamic domain involving long-term alteration of temperature and typical
weather patterns. Claims are challenging to verify due to reliance on complex climate models
and long-term observational data.

Properties: [“Temperature data”, “Weather patterns”, “Climate models’]

Table A.4: The example output for knowledge domain generation.
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A.2.2 Evidence Document Generation

You are an expert academic writer in the field of claim verification. Given the following
knowledge domain:

Domain: [Domain Name]

Description: [A concise description (1-2 sentences) highlighting its unique linguistic and factual
characteristics and explaining why claims in this domain are challenging to verify.]

Properties: [Property 1; Property 2; Property 3]

Please generate a concise bullet-point plan for a synthetic evidence document in this domain.
Your plan should include:

* An Introduction that sets the description context.

* Key Factual Elements that reflect the domain properties.

* A Conclusion summarizing the key insight or challenge.

Table A.5: The prompt for evidence plan generation.

Example Output:

Domain: Political News

Description: Political news is characterized by rapid developments, partisan language, and
selective reporting, making fact verification challenging.

Properties: Real-time data; Bias and spin; Official vs. independent sources

Evidence plan:
* Introduction: Briefly introduce a recent political event or debate.
* Key Factual Elements:
- Reported statistic or claim by a political figure.
- Data from official sources (e.g., government records) versus independent audits.
- Mention of bias or discrepancies in reporting.
* Conclusion: Summarize the discrepancy between the claimed figure and the verified data,
emphasizing its impact on public trust.

Table A.6: The example output for evidence plan generation.
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You are a domain expert in claim verification. Expand the following evidence plan into a full
evidence document suitable for a claim verification dataset. Ensure that the final document is
coherent, detailed, and written in a formal academic style.

Evidence plan:
Insert the plan generated here.

Please generate the complete evidence document following this structure.

Table A.7: The prompt for evidence document synthesis.

Example Output:

Evidence Document:

In a recent national debate, a prominent political figure claimed that public spending on infras-
tructure had increased by 12% over the last fiscal year. However, independent audits and official
government records reveal that the actual increase was only 8%, largely due to delays in project
implementation and discrepancies in budget reporting. This notable gap between the reported
figure and the verified data highlights concerns over potential bias and spin in political reporting,
which may ultimately undermine public trust in government accountability.

Table A.8: The example output for evidence document synthesis.

90



§A.2 Prompts

A.2.3 Claim Generation

You are a domain expert in claim verification. Given the following evidence document and its
associated knowledge domain, please extract and list three key Aspects that capture different
facets of the evidence. Each key aspect should be a concise description that highlights a distinct
dimension (e.g., numerical details, source credibility, or temporal context) and aligns with the
domain properties.

Evidence:

In a recent national debate, a prominent political figure claimed that public spending on infras-
tructure increased by 12% last fiscal year, while independent audits reported an actual increase
of only 8%.

knowledge domain:

Domain: Political News

Description: Political news often features conflicting reports and varying interpretations due to
partisan Aspects.

Properties: Real-time data; Bias and spin; Official vs. independent sources

Output Format:

1. [Key Aspect 1]
2. [Key Aspect 2]
3. [Key Aspect 3]

Table A.9: The prompt for the key aspect extraction from the evidence document.

Example Output:

Statistical Aspect: Focuses on the numerical difference between the 12% claimed and the 8%
audited increase.

Source Reliability Aspect: Emphasizes the contrast between the official claim and the indepen-
dent audits.

Contextual Aspect: Highlights the influence of political debate and potential bias in reporting.

Table A.10: The example output for the key aspect extraction from the evidence docu-
ment.
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You are a domain expert in claim verification. Based on the evidence document provided
below and a specified key aspect, generate a supported claim that is factually consistent with the
evidence while emphasizing the given aspect.

Evidence:

In a recent national debate, a prominent political figure claimed that public spending on infras-
tructure increased by 12% last fiscal year, while independent audits reported an actual increase
of only 8%.

Key Aspect:
Statistical Aspect: Focuses on the numerical difference between the 12% claimed and the 8%
audited increase.

Output Format:
Supported Claim: [Your claim here]

Table A.11: The prompt for generating supported claims based on key aspects.

Example Output:

Supported Claim: Independent audits confirm that public spending on infrastructure actually
increased by only 8% last fiscal year, highlighting a significant statistical discrepancy compared
to the 12% claimed by the political figure.

Table A.12: The example output for generating supported claims based on key aspects.
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You are a highly skilled claim verification expert. Your task is to generate a refuted claim
from a given supported claim by applying controlled perturbations that introduce discrepancies
between the claim and the underlying evidence. In doing so, consider the following perturbation
strategies:

1. Entity Substitution: Replace critical entities in the claim with alternative, contextually
plausible candidates.

2. Temporal Modification: Adjust any time-related references, while maintaining overall histor-
ical coherence.

3. Relationship Reversal: Invert the relational dynamics between entities, altering the claim’s
meaning.

4. Attribute Modification: Modify specific properties or characteristics to create a divergence
from the original details.

Now, given the following information, generate a refuted claim.

Supported Claim: [Insert Supported Claim Here]
Evidence: [Insert Relevant Evidence Here]

Output your response in the following format:
Refuted Claim: [Your refuted claim here]

Table A.13: The prompt for generating the refuted claim based on the supported claim.
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You are a domain expert in claim verification. Given a supported claim that is fully detailed
and verifiable based on the evidence, your task is to generate a “Not-Enough-Info” (NEI) claim
by intentionally omitting or generalizing the key verifiable elements. Replace precise numerical
figures and explicit qualifiers with vague, qualitative, or uncertain language, so that the claim
no longer contains enough concrete information for conclusive verification.

For example:
Supported Claim: The study shows a 70% reduction in hospitalization rates.
Not-Enough-Info Claim: The study suggests a significant reduction in hospitalization rates.

Now, please generate a Not-Enough-Info claim for the following input:

Supported Claim: [Insert Supported Claim Here]
Evidence: [Insert Evidence Here]

Output your response in the following format:
Not-Enough-Info Claim: [Your generated Not-Enough-Info claim here]

Table A.14: The prompt for generating the Not-Enough-Info claim.

A.2.4 Model Evaluation

You are a highly skilled claim verification expert. You are given a claim and evidence. Your task
is to verify the claim based solely on the evidence provided. Analyze the claim and evaluate the
evidence. Based on your evaluation, return one of the following labels: “supports”, “refutes” or

“not enough info”.

Evidence: {EVIDENCE}
Claim: {CLAIM}
Label: {LABEL}

Table A.15: The prompt used for zero-shot evaluation.
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You are a highly skilled claim verification expert. You are given a claim and evidence. Your task
is to verify the claim based solely on the evidence provided. Analyze the claim and evaluate the

evidence. Based on your evaluation, return one of the following labels: “supports”, “refutes” or
“not enough info”. Let’s think step by step.

Evidence: {EVIDENCE}
Claim: {CLAIM}
Label: {LABEL}

Table A.16: The prompt used for zero-shot chain-of-thought evaluation.

A.2.5 Prompts for Ablation Studies

You are an expert academic writer in the field of claim verification. Given the following domain:

Domain: [Domain Name]
Please generate a concise bullet-point plan for a synthetic evidence document in this domain.

Table A.17: The prompt for the ablation study of removing knowledge domain Specifi-
cation.

You are an expert academic writer. Generate an evidence document based on the following
knowledge domain specification. Ensure that the final document is coherent, detailed, and
written in a formal academic style.

Domain: [Domain Name]

Description: [A concise description (1-2 sentences) highlighting its unique linguistic and factual
characteristics and explaining why claims in this domain are challenging to verify.]

Properties: [Property 1; Property 2; Property 3]

Please generate the complete evidence document following this structure.

Evidence Document:

Table A.18: The prompt for the ablation study of removing evidence plan generation.
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You are a domain expert in claim verification. Based on the evidence document provided below,
generate a supported claim that is factually consistent with the evidence.

Evidence:[Insert the evidence document here. ]

Output Format:
Supported Claim: [Your claim here]

Table A.19: The prompt for the ablation study of removing key aspect extraction.

You are a domain expert in claim verification. Given a predefine domain, generate one evidence
29 13

document and three claims about that domain so that their labels are “supports”, “refutes” and
“not enough info”, respectively.

Domain: [Domain name]

Output Format:

Evidence Document: [Evidence Document]
Supported Claim: [Supported Claim]

Refuted Claim: [Refuted Claim]

Not-Enough-Info Claim: [Not-Enough-Info Claim]

Table A.20: The prompt for the ablation study of the direct prompting method.
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B Efficient Reasoning for Context-Grounded

Claim Verification

§ B.1 The Prompt of Claim Verification CoT Templates

<think>

1. Parse the claim and decompose it into its essential components (e.g., key entities, events,
numerical claims).

2. Scan the provided document to extract evidence segments that correspond to each component.
3. Summarize the extracted evidence succinctly for each sub-claim.

4. Map the evidence to the relevant parts of the claim to form an initial reasoning trace.

5. Conclude with a preliminary assessment of the claim’s veracity based on the collected
evidence.

</think>

Table B.1: The prompt for distilling synthetic CoTs for the context-grounded claim
verification.

§ B.2 Evaluation Benchmark Details

We conduct experiments on various context-grounded claim verifications, including
text- and table-based documents. We use the accuracy as the evaluation metric. These

tasks include some seen tasks:
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DocNLI (Yin et al., 2021) A large-scale dataset for document-level NLI, covering
news and wiki domains. Unlike traditional NLI datasets that focus on sentence-level
inference, DocNLI evaluates a model’s ability to determine entailment, contradiction,
or neutrality between pairs of multi-sentence documents. It was constructed by trans-
forming various summarization and document-pairing datasets (e.g., CNN/DailyMail,
XSum, MultiNews) into NLI examples, where a summary and the corresponding docu-
ment form the premise-hypothesis pairs. The goal is to encourage deeper understanding

of discourse, context, and logical reasoning across longer texts.

PubHealth (Kotonya and Toni, 2020b) It contains 11.8K claims accompanied by gold
standard judgments crafted by journalists to support or refute the claims. The claims
come from five fact checking platforms, news headlines, and news reviews. We pair

each claim with its corresponding judgment text as evidence.

SciFact (Wadden et al., 2020a) It includes 1.4K expert-generated scientific claims,
each linked to abstracts containing supporting evidence, annotated with labels and
sentence-level rationales.

Some unseen tasks are also included.

FinDVer(Zhao et al., 2024b) The FinDVer dataset is designed for financial document
verification tasks. It contains pairs of financial claims and supporting evidence from
official financial documents, such as earnings reports, press releases, or filings. The
goal is to determine whether a claim made in a document is supported, contradicted, or
neutral with respect to the evidence provided. The dataset helps in training models to

assess the factual accuracy of claims within financial texts.
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SciTab (Lu et al., 2023) The SciTab dataset is a large-scale collection designed for
scientific tabular data interpretation. It consists of tables from scientific papers, paired
with natural language descriptions or questions that require reasoning about the data in
the tables. The goal is to enable models to understand and answer questions based on
the structured data presented in the form of tables. SciTab focuses on tasks like table
comprehension, information extraction, and data-to-text generation to bridge the gap

between structured and unstructured information in scientific literature.

WICE (Kamoi et al., 2023b) The WiCE dataset is designed for real-world claim ver-
ification and focuses on entailment in the context of Wikipedia. It contains naturally
occurring claims extracted from Wikipedia articles and pairs them with evidence sen-
tences, also from Wikipedia, to test whether the evidence supports, refutes, or provides

not enough information (NEI) for the claim.
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C Rethinking Reasoning Distillation for
Reasoning LLMs

§ C.1 The Prompt for Large Reasoning Model

Distillation

You will be given a problem. Please reason step by step, and put your final answer within
boxed{}: problem

Table C.1: The prompt for distilling long reasoning CoTs for the training dataset.

§ C.2 The Distilled Long Reasoning CoT’s from Different

Large Reasoning Models

Problem: When Claire divides her cupcakes into groups of 5, she has 3 remaining, and when
she divides her cupcakes into groups of 7, she has 4 remaining. If Claire has fewer than 60
cupcakes, what is the sum of all possible quantities of cupcakes that she could have?

Table C.2: One of the training data example used for distilling long reasoning CoTs.
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§ C.3 Examples Outputs

Okay, so | have this problem where Claire has some cupcakes, and when she divides them into groups of 5, she has 3 left over. And when she divides
them into groups of 7, she has 4 left over. Also, she has fewer than 60 cupcakes. | need to find all possible quantities she could have and then sum them
up. Hmm, let me think. This sounds like a problem involving modular arithmetic or maybe the Chinese Remainder Theorem. | remember that when you
have a remainder when dividing by different numbers, you can set up some equations. So, let's denote the number of cupcakes as N. According to the
problem: When divided by 5, the remainder is 3. So, mathematically, that's N = 3 mod 5. Which means N can be written as 5k + 3 for some integer k.
Similarly, when divided by 7, the remainder is 4. So, N =4 mod 7. That means N can also be written as 7m + 4 for some integer m. Since both expressions
equal N, | can set them equal to each other: 5k + 3 =7m + 4. Let me rearrange this equation to find a relationship between k and m. Subtracting 3 from
both sides gives 5k = 7m + 1. So, 5k - 7m = 1. Hmm, this is a linear Diophantine equation. | think | can solve this using the method of finding integer
solutions. | remember that to solve equations like ax + by = ¢, you can use the extended Euclidean algorithm. Let me try to find integers k and m that
satisfy 5k - 7m = 1. Alternatively, maybe | can find a particular solution and then find the general solution. Let's see. Looking for small integers k and m
that satisfy 5k - 7m = 1. Let me try k=2: 5*2=10. So, 10 -7m=1 2> 7m=9 > m=9/7, which is not an integer. Not good. k=3: 15 -7m=1 > 7m=14 > m=2. Oh, that
works! So, k=3 and m=2 is a particular solution. So, the general solution for k and m can be written as: k = 3 + 7t m = 2 + 5t Where t is any integer.
Because the coefficients of k and m are 5 and 7, respectively, which are coprime, so the solutions will repeat every 7 and 5 steps. Now, since N =5k + 3,
let's substitute k: N = 5%(3 + 7t) + 3= 15 + 35t + 3 = 18 + 35t. So, N can be expressed as 18 + 35t. Now, we also know that N < 60. So, 18 + 35t <60 > 35t <
42 > t < 42/35 > t < 1.2. Since t must be an integer, t can be 0 or 1. Let me check t=0: N=18+0=18. Let's verify: 18 divided by 5 is 3 with remainder 3.
Correct. 18 divided by 7 is 2 with remainder 4. Correct. t=1: N=18+35=53. Let's check: 53 divided by 5 is 10 with remainder 3. Correct. 53 divided by 7 is 7
with remainder 4. Correct. t=2: N=18+70=88, which is more than 60, so we stop here. So, the possible values of N are 18 and 53. Now, the problem asks
for the sum of all possible quantities. So, 18 + 53 = 71. Wait, let me double-check if there are any other possible values. Since t can be 0 and 1, and t=2
gives N=88 which is over 60, so yes, only 18 and 53. So, the sum is 71.

</think> To solve the problem, we set up the equations based on the given conditions: 1. \( N \equiv 3\mod 5\) implies \( N = 5k + 3\).
2.\(N\equiv4\mod 7\)implies \( N = 7m + 4\). Equating the two expressions for \( N \):

\[

5k +3=7m +4\implies 5k-7m =1

\]

Solving this linear Diophantine equation, we find a particular solution \( k= 3\), \( m = 2\). The general solution is:

\[

k=3+7t,\quad m=2+ 5t

\]

Substituting back, \( N = 5(3 + 7t) + 3= 18 + 35t \). Given \( N <60\), \(t\) can be 0 or 1, yielding \( N = 18 \) and \( N = 53 \). The sum of these values is \(
18 + 53 =71\). **Answer:** The sum of all possible quantities is \boxed{71}.

Figure C.1: The response of R1-1.5B for the example shown in Table C.2

§ C.4 Evaluation Benchmark Details

Following the prior work (Guo et al. 2025b; Ye et al., 2025; Muennighoff et al., 2025),
we conduct a comprehensive evaluation on a wide-range of reasoning tasks with both

in-distribution and out-of-distribution settings.

C.4.1 In-Distribution Setting

These include several mathematical reasoning benchmarks:
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Okay, so | have this math problem here about Claire and her cupcakes. Let me try to figure it out step by step. Hmm, the problem says that when she
divides her cupcakes into groups of 5, she has 3 remaining. And when she divides them into groups of 7, she has 4 remaining. Also, she has fewer than
60 cupcakes. | need to find the sum of all possible quantities she could have. Alright, let's break this down. So, the first condition is that when she
divides the cupcakes into groups of 5, there's a remainder of 3. That means the number of cupcakes, let's call it N, satisfies N =3 mod 5. In other words,
N can be written as 5k + 3 for some integer k. The second condition is that when she divides them into groups of 7, the remainder is 4. So, N=4 mod 7.
That means N can also be written as 7m + 4 for some integer m. So, | need to find all numbers N less than 60 that satisfy both these conditions. Then,
sum them up. Let me think about how to approach this. Maybe | can list out the numbers that satisfy each condition and then find the common
numbers. Starting with the first condition: N = 3 mod 5. So, numbers are 3, 8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58, 63, etc. But since N is less than 60, |
can stop at 58. Now, the second condition: N =4 mod 7. Let's list those numbers. Starting from 4, adding 7 each time: 4, 11, 18, 25, 32, 39, 46, 53, 60,
67, etc. But since N is less than 60, the numbers are 4, 11, 18, 25, 32, 39, 46, 53. Now, | need to find the numbers that appear in both lists. Let me
compare the two lists. First list (mod 5): 3, 8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58. Second list (mod 7): 4, 11, 18, 25, 32, 39, 46, 53. Looking for common
numbers. Let's see: - 18 is in both lists.

- 53 is also in both lists. Wait, are there any others? Let me check. Looking at the first list: 3,8,13,18,23,28,33,38,43,48,53,58. Second list:
4,11,18,25,32,39,46,53. So, 18 and 53 are the common numbers. Are there any more? Wait, let me check 53: 53 divided by 5 is 10 with remainder 3, yes.
53 divided by 7 is 7*7=49, so 53-49=4, so remainder 4. Correct. 18: 18/5=3*5=15, remainder 3. 18/7=2*7=14, remainder 4. Correct. Are there any other
numbers? Let's see. Next after 53 would be 18 + LCM(5,7)=35, so 18+35=53, then 53+35=88, which is over 60. So, only 18 and 53. Wait, but wait, let me
make sure | didn't miss any. Let me check each number in the first list against the second list. 3: Not in second list. 8: Not in second list. 13: Not in
second list. 18: Yes, in second list. 23: Not in second list. 28: Not in second list. 33: Not in second list. 38: Not in second list. 43: Not in second list. 48:
Not in second list. 53: Yes, in second list. 58: Not in second list. So, only 18 and 53. So, the possible numbers are 18 and 53. Wait, but wait, let me think
again. Maybe | should solve it algebraically to make sure | didn't miss any. So, N =3 mod 5, so N = 5k + 3. Also, N =4 mod7, so 5k +3 =4 mod7. So, 5k =1
mod7. We can solve for k: 5k =1 mod7. Multiplicative inverse of 5 mod7 is needed. Since 5*3=15=1 mod7, so inverse is 3. So, k =3*1=3 mod7. So, k=7m
+3, where m is integer. So, N=5*(7m +3)+3=35m +15 +3=35m +18. So, N=35m +18. Now, N must be less than 60. So, 35m +18 <60. 35m <42. m
<42/35=1.2. So, m can be 0,1. So, m=0: N=18. m=1: N=35+18=53. m=2: 70+18=88>60, so stop. So, N=18 and 53. So, the possible numbers are 18 and
53. Therefore, the sum is 18+53=71. Wait, but let me check if there are any other numbers. For m=0, 18; m=1,53; m=2,88>60. So, only two numbers. So,
the sum is 18+53=71. Wait, but let me make sure | didn't make a mistake in the algebra. We had N=35m +18. So, for m=0: 18. m=1: 53. m=2: 88, which is
over 60. So, yes, only 18 and 53. So, the sum is 71. | think that's correct.

</think> The problem involves finding numbers less than 60 that satisfy two modular conditions. By solving the congruences, we find that the possible
numbers are 18 and 53. Summing these gives 71. Therefore, the final answer is: $\boxed{71}$

Figure C.2: The response of R1-7B for the example shown in Table C.2

Okay, so | have this problem here about Claire and her cupcakes. Let me try to figure it out step by step. Hmm, the problem says that when she divides her cupcakes into groups of 5, she has 3 left over. And when
she divides them into groups of 7, she has 4 left. Also, she has fewer than 60 cupcakes. | need to find the sum of all possible quantities she could have. Alright, let's break this down. So, if she divides by 5 and has a
remainder of 3, that means the number of cupcakes, let's call it N, can be expressed as N = 5k + 3 for some integer k. Similarly, when she divides by 7, the remainder is 4, so N = 7m + 4 for some integer m. So, N = 3
mod 5 and N =4 mod 7. | think this is a problem that involves the Chinese Remainder Theorem. But since the numbers are small, maybe | can find N by listing out the possible numbers that satisfy both conditions.
Let me list numbers that are 3 more than a multiple of 5. Starting from the smallest possible, which would be 3, then 8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58, 63, etc. But since she has fewer than 60, | can stop at 58.
Now, from this list, | need to pick the numbers that also satisfy N =4 mod7. Let's check each one: - 3 divided by 7: 3 +7 is 0 with remainder 3. So 3 mod7 is 3, which is not 4. So no.

- 8+7is 1 with remainder 1. Not 4.

-13+7is 1 with remainder 6. Not 4.

- 18 +7is 2 with remainder 4. Oh, that's good. So 18 is a candidate.

- Next, 23 +7 is 3 with remainder 2. Not 4.

- 28 +7 is exactly 4, so remainder 0. Not 4.

- 33 +7 is 4 with remainder 5. Not 4.

- 38 +7 is 5 with remainder 3. Not 4.

- 43 +7is 6 with remainder 1. Not 4.

- 48 +7 is 6 with remainder 6. Not 4.

- 53 +7is 7 with remainder 4. So 53 is another candidate.

- 58 +7 is 8 with remainder 2. Not 4. So the numbers less than 60 that satisfy both conditions are 18 and 53. Now, | need to sum these possible quantities. 18 + 53 is 71. So the sum is 71. Wait, let me double-check.
For 18: 18 +5 is 3 with remainder 3, and 18 +7 is 2 with remainder 4. Correct. For 53: 53 +5 is 10 with remainder 3, and 53 +7 is 7 with remainder 4. Also correct. So both are valid. Are there any others? Let me see,
after 53, the next number would be 53 + LCM(5,7)=35, which is 88, but that's more than 60, so no. So only 18 and 53. Sum s 71.

</think>To solve the problem, we need to find all numbers \( N\) less than 60 that satisfy the following conditions:

1.\(N \equiv 3 \pmod{5} \)

2.\(N \equiv 4 \pmod{7} \) ### Step 1: List numbers that satisfy \( N \equiv 3 \pmod{5}\)

Numbers that are 3 more than a multiple of 5 are:

\[3, 8,13, 18, 23, 28, 33, 38, 43, 48, 53, 58 \] ### Step 2: Check which of these numbers also satisfy \( N \equiv 4 \pmod{7}\)

-\(3\div7 =0\) remainder\(3\) > Not 4

-\(8\div7=1\) remainder\(1\)> Not 4

-\(13\div 7 =1\) remainder \(6\) > Not 4

-\(18\div 7 = 2\) remainder \( 4\) > **Valid**

-\(23\div7 = 3\) remainder \(2\) > Not 4

-\(28\div 7 = 4\) remainder\(0\) » Not 4

-\(33\div7 =4\) remainder \(5\) > Not 4

-\(38\div7 =5\) remainder\(3\) > Not 4

-\(43\div7 = 6\) remainder\(11) > Not 4

-\(48\div 7 = 6\) remainder\(6\) > Not 4

-\(53\div 7 = 7\) remainder \( 4\) > **Valid**

-\(58\div 7 = 8\) remainder \(2\) > Not 4 ### Step 3: Sum the valid numbers

The valid numbers are 18 and 53. Their sum is:

\[ 18 + 53 = 71\] Therefore, the sum of all possible quantities of cupcakes that Claire could have is:

\l

\boxed{71}

\l

Figure C.3: The response of R1-8B for the example shown in Table C.2

102



§C.4 Evaluation Benchmark Details

Okay, so I've got this math problem here, and | need to figure out how to solve it. Let me read it again to make sure | understand. The problem says: When Claire divides her
cupcakes into groups of 5, she has 3 remaining. And when she divides them into groups of 7, she has 4 remaining. Also, she has fewer than 60 cupcakes. | need to find the sum of
all possible quantities of cupcakes she could have. Hmm, alright. So, this seems like a problem involving division with remainders. | remember that when a number leaves a
remainder when divided by another number, we can express it using modular arithmetic. Let me think about how to model this. First, when she divides the cupcakes into groups
of 5 and has 3 left, that means the number of cupcakes, let's call it N, satisfies the equation N = 3 mod 5. Similarly, when she divides them into groups of 7 and has 4 left, that
translates to N =4 mod 7. So, | can write these as two separate congruences:

1.N =3 (mod 5)

2.N =4 (mod 7) And N is less than 60. | think the way to solve this is by finding numbers that satisfy both conditions. Maybe | can list out numbers that fit the first condition and
then check which of those also fit the second condition. Let me start with the first condition: N = 3 mod 5. So, numbers that when divided by 5 leave a remainder of 3. These
numbers can be written as 5k + 3, where k is a non-negative integer. So, possible N values are 3, 8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58, etc. But since N must be less than 60, the
maximum N here would be 58. Now, from this list, | need to pick the numbers that also satisfy the second condition: N mod 7. So, when these numbers are divided by 7, the
remainder is 4. Let me go through each number and check: 1. 3: 3 divided by 7 is 0 with remainder 3. Not 4. So, no.

. is 1 with remainder 1. Not 4.

3.13:13 +7is 1 with remainder 6. No.

4.18:18 +7 is 2 with remainder 4. Oh, that works! So 18 is a possible number.

5.28:23 +7 is 3 with remainder 2. No.

6.28: 28 +7 is 4 with remainder 0. No.
7.
8.

. 33:33+7 is 4 with remainder 5. No.

. 38: 38 +7 is 5 with remainder 3. No.
9. 43: 43 +7 is 6 with remainder 1. No.
10. 48: 48 +7 is 6 with remainder 6. No.
11.53: 53 +7 is 7 with remainder 4. Yes! So 53 is another possible number.
12. 58: 58 +7 is 8 with remainder 2. No. So, from the list, the numbers that satisfy both conditions are 18 and 53. Let me check if there are any more beyond 58, but since N must
be less than 60, 58 is the last one to check, and 53 is the next one before that. So, | think that's all. Wait, but let me make sure | didn't miss any. Let me think about another
approach. Maybe using the Chinese Remainder Theorem? | remember that when two moduli are coprime, there's a unique solution modulo the product. But 5 and 7 are coprime,
so their product is 35. So, the solutions should repeat every 35 numbers. So, the first solution is 18, then adding 35 gives 53, and the next would be 88, which is over 60. So, yes,
only 18 and 53 are the solutions under 60. So, the possible quantities are 18 and 53. The problem asks for the sum of all possible quantities. So, 18 + 53 equals 71. Wait, let me
double-check my calculations. 18 + 53 is indeed 71. Hmm, but wait, is there another number between 53 and 60 that | might have missed? Let me see. The next number after 53
in the 5k+3 sequence is 58, which | checked earlier and it didn't satisfy the second condition. So, no, 53 is the last one. So, the sum is 18 + 53 = 71. Therefore, the answer should
be 71.
</think> To solve the problem, we need to find all numbers \( N \) less than 60 that satisfy the following conditions:
1.\( N \equiv 3 \pmod{5}\)
2.\( N \equiv 4 \pmod{7}\) From the first condition, \( N \) can be expressed as \( N = 5k + 3\) for some integer \( k \). Substituting this into the second condition, we solve for \( k\)
such that \( 5k + 3 \equiv 4 \pmod{7}\). Simplifying, we find \( k \equiv 1 \pmod{7}\), so \( k = 7m + 1) for some integer \( m \). Substituting back, \( N =5(7m + 1) + 3=35m + 8\).
The valid values of \( N \) less than 60 are 18 and 53. The sum of these values is \( 18 + 53 = 71\). Therefore, the final answer is: $\boxed{71}$.

Figure C.4: The response of R1-14B for the example shown in Table C.2

Okay, 50 I've got this math problem here, and | need to figure it out step by step. Let me read it again to make sure | understand. Claire divides her cupcakes into groups of 5 and has 3 remaining. When she divides them into groups of 7, she has 4 remaining. She has
fewer than 60 cupcakes. | need to find the sum of all possible quantities she could have. Hmm, so this sounds like a problem involving division with remainders. | remember that when a number leaves a remainder when divided by another number, it's related to
modular arithmetic. So, let me try to translate the problem into equations. First, when Claire divides her cupcakes into groups of 5, she has 3 eft. So, mathematically, that means the number of cupcakes, let's call it N, satisfies N = 3 mod 5. In other words, N = 5k + 3
for some integer k. Similarly, when she divides them into groups of 7, she has 4 left. So, N =4 mod 7, which means N = 7m + 4 for some integer m. And we know that N is less than 60. So, N < 60. So, | need to find all numbers N < 60 such that N =3 mod 5 and N = 4 mod
7. Then, sum all those possible Ns. | think the way to approach this s to find numbers that satisfy both congruences. Maybe | can list out numbers that satisfy one condition and see which ones also satisfy the other. Let me start by listing numbers that are 3 more than
amultiple of 5. So, starting from 3, adding 5 each time: 3, 8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58. Wait, but since N < 60, the next one after 58 would be 63, which is over 60, 5o | can stop at 58. Now, from this list, | need to find which numbers also satisfy N =4 mod 7.
So, for each number in the list, I'll check if when divided by 7, the remainder is 4. Let me go through each number: 1. 3: 3 divided by 7 is O with remainder 3. Not 4. So, no.

2.8:8+7is 1 with remainder 1. Not 4.

3.13:13+7is 1 with remainder 6. Not 4.

4.18:18 + 7is 2 with remainder 4. Oh, that works! So, 18 is one possible number.

5.23: 23+ 7 is 3with remainder 2. Not 4.

6.28:28 + 7is 4 with remainder 0. Not 4.
7.

8.

.33: 33+ 7 is 4 with remainder 5. Not 4.

. 38: 38 + 7 is 5 with remainder 3. Not 4.
9.43:43+7s 6 with remainder 1. Not 4.
10.48: 48 + 7is 6 with remainder 6. Not 4.
11.53: 53+ 7is 7 with remainder 4. That works! So, 53 is another possible number.
12.58: 58 + 7 is 8 with remainder 2. Not 4. So, from the list, the numbers that satisfy both conditions are 18 and 53. Wait, let me double-check that. For 18: 18 + 5 is 3 with remainder 3, which matches the first condition. 18 + 7 is 2 with remainder 4, which matches the
second condition. So, yes, 18 is good. For 53: 53 + 5 is 10 with remainder 3, which is correct. 53 + 7 is 7 with remainder 4, which is also correct. So, 53 is good too. Are there any others? Let me see. The next number after 53 in the list is 58, which didn't work. The next
would be 63, which is over 60, so we can'tinclude that. So, the possible quantities are 18 and 53. Now, the problem asks for the sum of all possible quantities. So, 18 + 53 = 71. Wait, but let me make sure | didn't miss any numbers. Maybe | should approach this using
the Chinese Remainder Theorem or another method to confirm. The Chinese Remainder Theorem says that if the moduli are coprime, there's a unique solution modulo the product. Here, 5 and 7 are coprime, so there should be a unique solution modulo 35. So, the
solutions will be of the form N = 35t + x, where x is the particular solution. Let me find x such that x = 3 mod 5 and x = 4 mod 7. Let me solve these two congruences. We can write x = 5k + 3. Substitute into the second equation: 5k + 3= 4 mod 7 So, 5k = 1 mod 7 We need
tofind k such that 5k = 1 mod 7. Multiplicative inverse of 5 mod 7 is needed. Let's find it. 5 * 3 = mod 7, because 15 - 14 =1. So, inverse is 3. So, k=3 * 123 mod 7. So, k= 7m + 3 for some integer m. Thus, x = 5*(7m +3) +3 = 35m +15 +3 = 35m +18. So, the general
solution is N = 35m +18. Now, since N <60, let's find m such that 35m +18 <60. 35m <42 > m < 42/35 #1.2. So, m can be 0 or 1. For m=0: N=18. For m=1: N=35+18=53. For m=2: 35*2+18=88, which is over 60, 50 stop. So, the solutions are 18 and 53, same as before. So,
the sum is 18+53=71. Therefore, the sum is 71
</think>To solve the problem, we need to find all numbers \(N ) less than 60 that satisfy the following conditions:
1.\(N\equiv 3 \pmod{(5}\)
2.\(N\equiv 4 \pmod{7}\) ### Step 1: List numbers satisfying \(N \equiv 3 \pmod{s}\)
Numbers of the form \(N = 5k + 31) for \(k \geq 0\) and \(N < 60 \) are:
\[

[
3,8, 13,18, 23, 28, 33, 38, 43, 48, 53, 58
\] #4## Step 2: Check which of these numbers also satisfy \( N \equiv 4 \pmodi{7}\)
-\(3\div7\) leaves remainder 3 (not 4)
-\(8\div 7)) leaves remainder 1 (not 4)
-\(13\div 7\ leaves remainder 6 (not 4)
-\(18\div 7\ leaves remainder 4 (valid)
-\(23\div7\) leaves remainder 2 (not 4)
-\(28\div 7\) leaves remainder 0 (not 4)
-\(33\div 7)) leaves remainder 5 (not 4)
~\(38\div 7\) leaves remainder 3 (not 4)
-\(43\div7\) leaves remainder 1 (not 4)
-\(48\div 7\) leaves remainder 6 (not 4)
-\(53\div 7\ leaves remainder 4 (valid)
-\(58 \div 7\) leaves remainder 2 (not 4) Thus, the valid numbers are \( 18\) and \( 53). ### Step 3: Sum the valid numbers
\l
18+53=71
\] Therefore, the sum of all possible quantities of cupcakes is: $\boxed{71}$ | hope itis correct.

Figure C.5: The response of R1-32B for the example shown in Table C.2
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C Rethinking Reasoning Distillation for Reasoning LLMs

Okay, so I've got this math problem here, and | need to figure it out step by step. Let me read it again to make sure | understand. Claire is dividing her cupcakes into groups. When she makes groups of 5, she has 3
left over. And when she makes groups of 7, she has 4 left. Also, she has fewer than 60 cupcakes. | need to find all possible numbers of cupcakes she could have and then add them up. Hmm, this sounds like a
problem involving division with remainders. So, | think it's related to modular arithmetic. Let me break it down. First, when she divides by 5 and has a remainder of 3, that means the number of cupcakes, let's call it
N, satisfies N = 3 mod 5. Similarly, when she divides by 7 and has a remainder of 4, that means N = 4 mod 7. So, | need to find all numbers N less than 60 that satisfy both these conditions. Then, sum them up. |
remember that this is a system of congruences, and maybe the Chinese Remainder Theorem can help here. But I'm a bit fuzzy on the exact method, so I'll try to approach it step by step. Let me write down the two
conditions: 1.N=3mod 5

2.N=4mod 7 I can express the first condition as N = 5k + 3, where k is some integer. Then, substitute this into the second condition. So, substituting into the second equation: 5k + 3 = 4 mod 7. Let me solve for k.
Subtract 3 from both sides: 5k = 1 mod 7. Now, | need to find k such that 5k = 1 mod 7. To find k, | can find the multiplicative inverse of 5 mod 7. The inverse of 5 is a number m where 5m = 1 mod 7. Let me think:
5+3=15, which is 1 mod 7 because 15-14=1. So, m=3. So, multiplying both sides of 5k =1 mod7 by 3 gives k =3*1=3 mod7. So, k =3 mod?7. That means k can be written as k=7m +3, where m is an integer. Now,
substituting back into N=5k+3: N=5*(7m +3)+3 = 35m +15 +3 =35m +18. So, N=35m +18. Now, since N must be less than 60, let's find all possible m such that N<60. So, 35m +18 <60. Subtract 18: 35m <42. Divide
by 35: m <42/35, which is 1.2, Since m must be an integer, m can be 0 or 1. So, m=0: N=35+0 +18=18. m=1: N=35*1 +18=53. Wait, m=2 would give 35+2+18=70+18=88, which is way over 60, so that's too big. So the
possible N values are 18 and 53. Wait, but let me check if these satisfy the original conditions. For N=18: 18 divided by 5 is 3 with remainder 3. Correct. 18 divided by 7 is 2 with remainder 4. Correct. For N=53: 53
divided by 5 is 10 with remainder 3. Correct. 53 divided by 7 is 7*7=49, 53-49=4. So remainder 4. Correct. So both 18 and 53 are valid. Wait, but wait a second. Let me make sure | didn't miss any other possible m
values. Because sometimes when dealing with moduli, there might be more solutions. Wait, the modulus here is 35 because 5 and 7 are coprime, so the solutions repeat every 35. So the next solution after 53
would be 53+35=88, which is over 60, 5o that's why m=2 is too big. So the possible Ns are 18 and 53. So the sum is 18 +53=71. Wait, but let me think again. Did | miss any numbers? Wait, let me list all numbers less
than 60 that are =3 mod5 and =4 mod?. Alternatively, | can list numbers that are 3 mod5 and check which are 4 mod?. Numbers that are 3 mods: 3,8,13,18,23,28,33,38,43,48,53,58. Now, check which of these are
=4 mod7. Let's compute each mod7: 3 mod7=3 » not 4. 8 mod7=1» no. 13 mod7=6 > no. 18 mod7: 7+2=14, 18-14=4 > yes. So 18 is good. 23 mod7: 7*3=21, 23-21=2 > no. 28 Mod7=0 » no. 33 mod7: 7+4=28, 33-
28=5 5 no. 38 mod7: 7+5=35, 38-35=3  no. 43 mod7: 7+6=42, 43-42=1 > no. 48 mod7: 7*6=42, 48-42=6 > no. 53 mod7: 7*7=49, 53-49=4 > yes. 58 mod7: 7*8=56, 58-56=2 > no. So only 18 and 53 satisfy both
conditions. So the sum is 18+53=71. Wait, but wait another thing. Let me make sure | didn't miss any numbers. Let me think about the general solution again. The general solution is N=35m +18. For m=0, N=18;
m=1, N=53; m=2, N=88 (too big). So yes, only two numbers. So the sum is 18+53=71. Therefore, the final answer is 71.

</think> Claire's problem involves finding the number of cupcakes, \( N ), that satisfies two conditions: 1. When divided into groups of 5, there is a remainder of 3, i.e., \(N \equiv 3 \pmod{5}\).

2. When divided into groups of 7, there is a remainder of 4, i.e., \( N \equiv 4 \pmod{7}\). Additionally, \( N \) must be less than 60. To solve this, we express \( N \) in terms of the first condition: \(N = 5k + 3\), where \(
k\)is an integer. Substituting this into the second condition gives: \[

5k + 3 \equiv 4 \pmod{7}

\] Simplifying, we find: \[

5k \equiv 1\pmod{7}

\] The multiplicative inverse of 5 modulo 7 is 3, since \(5 \times 3 \equiv 1 \pmod{7}\). Multiplying through by 3 gives: \[

k\equiv 3 \pmod{7}

\] Thus, \(k\) can be written as \(k=7m + 3\), where \(m \) is an integer. Substituting back into \(N = 5k + 3\), we get: \[

N=5(7m+3)+3=35m+18

\] To ensure \(N <60 ), we solve: \[

35m +18 <60

\] Subtracting 18 from both sides: \[

35m <42

\] Dividing by 35:\{

m<1.2

\JSince \(m \) must be an integer, the possible values are \(m = 0\) and \( m = 1). Substituting these values: - For \(m = 0\): \(N = 35(0) + 18 = 18 )

-For\(m=1\):\(N=35(1) + 18 =53) Both 18 and 53 satisfy the original conditions. Verifying: -\( 18 \div 5 = 3\) with a remainder of 3, and \( 18 \div 7 = 2\) with a remainder of 4.

-\(53\div 5 = 10\) with a remainder of 3, and \(53 \div 7 = 7\) with a remainder of 4. Thus, the possible values of \(N\) are 18 and 53. Summing these gives: \[

18+53=71

\] Therefore, the final answer is: \(\boxed{71}). I hope it is correct.

Figure C.6: The response of R1-70B for the example shown in Table C.2

Okay, so Claire has some cupcakes, and when she divides them into groups of 5, there's a remainder of 3. And when she divides them into groups of 7, there's a remainder of 4. Also, she has
fewer than 60 cupcakes. | need to find all possible numbers of cupcakes she could have and then sum them up. Hmm, let me think step by step. First, let me translate the problem into
equations. If the number of cupcakes is N, then: N divided by 5 leaves a remainder of 3. So mathematically, that's N = 3 mod 5. Which means N = 5k + 3 for some integer k. Similarly, when divided
by 7, the remainderis 4. So N =4 mod 7. So N = 7m + 4 for some integer m. And N has to be less than 60. So | need to find all numbers less than 60 that satisfy both congruences. | remember that
when you have two congruences like this, you can use the Chinese Remainder Theorem to solve them. But since the moduli here are 5 and 7, which are coprime, the theorem says there's a
unique solution modulo 35 (since 5*7=35). So the solutions will repeat every 35 numbers. But since we need numbers less than 60, there might be a couple of solutions. Alternatively, maybe |
can list out the numbers that satisfy each condition and find the common ones. Starting with the first condition: N = 3 mod 5. So numbers are 3, 8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58, etc. Each
time adding 5. The second condition: N =4 mod7. So numbers are 4, 11, 18, 25, 32, 39, 46, 53, 60, etc. Adding 7 each time. Now, looking for common numbers in both lists under 60. Let's see:
First list (mod5): 3,8,13,18,23,28,33,38,43,48,53,58 Second list (mod7):4,11,18,25,32,39,46,53,60 Looking for overlaps: 18 is in both, then 53 is also in both. Next would be 18 + 35 = 53, then 53
+35=88 which is over 60. So the common numbers under 60 are 18, 53. Wait, let me check again. Let me cross-verify. Looking at first list: 3: check mod7: 3 mod7 is 3, not 4. So no. 8 mod7 is 1,
nope. 13 mod7: 13-7=6, so 6 mod7, nope. 18 mod7: 18-14=4. Yes, so 18 is good. 23 mod7: 23-21=2, nope. 28 mod7: 0, nope. 33 mod7: 33-28=5, nope. 38 mod7: 38-35=3, nope. 43 mod7: 43-
35=8, which is 1 mod7, nope. 48 mod7: 48-42=6, nope. 53 mod7: 563-49=4, yes, so 53 is good. 58 mod7: 58-56=2, nope. So the common numbers are indeed 18 and 53. So those are the possible
quantities. Then the sum is 18 +53 =71. Wait, but let me check if there are any more. The next one after 53 would be 53 +35=88, which is over 60, so that's too big. So only 18 and 53. So the sum is
71. Alternatively, maybe | should do it algebraically to confirm. We have N =5k +3. We need this to also equal 7m +4. So set them equal: 5k +3 =7m +4 So rearranged: 5k -7m =1 We need to solve
for integers k and m. This is a linear Diophantine equation. Let me see. Let me write it as 5k -7m =1. We can solve for k in terms of m or vice versa. Let me try to find particular solutions. Looking
for integers k and m such that 5k -7m =1. Let me try small numbers. Let me see: Suppose m=2: 5k -14 =1 +5k=15 >k=3. Hey, that works. So when m=2, k=3. So a particular solution is k=3, m=2.
Therefore, the general solution can be written as: k = 3 +7t m = 2 +5t Because the coefficients of the equation are 5 and -7, so the periods are 7 and 5 respectively. Therefore, substituting back
into N=5k +3: N=5*(3 +7t) +3 =15 +35t +3 =18 +35t. So N=18 +35t. Since N must be less than 60, let's find t such that 18+35t <60. t=0: 18 t=1: 53 t=2: 88, which is over 60. So only t=0 and t=1. So
N=18 and 53. Sum is 71. So that's the same as before. Therefore, the answer should be 71. Wait, but let me check once more with another method. Let me try plugging in N=18: 18 divided by 5 is
3 groups with remainder 3 (5*3=15, 18-15=3). Divided by 7: 2 groups (14) with remainder 4 (18-14=4). Correct. N=53: 53 divided by 5: 10*5=50, remainder 3. Divided by7: 7*7=49, remainder 4.
Correct. So both are valid. So the sum is 18+53=71. So | think that's the answer. **Final Answer**

Therefore, the final answer is: $\boxed{71}$. | hope it is correct </think> Claire's number of cupcakes, \( N \), satisfies the following conditions:

1. When divided into groups of 5, the remainder is 3: \( N \equiv 3 \pmod{5}\).

2. When divided into groups of 7, the remainder is 4: \( N \equiv 4 \pmod{7}\).

3.\(N\)is less than 60. First, we express \( N \) in terms of the first condition:

\[N=5k+3\]

for some integer \( k\). Substituting this into the second condition:

\[ 5k + 3 \equiv 4 \pmod{7}\]

\[ 5k \equiv 1 \pmod{7}\] Solving for \( k\), we find:

\[ 5k \equiv 1 \pmod{7}\]

The multiplicative inverse of 5 modulo 7 is 3 (since \( 5 \times 3 \equiv 15 \equiv 1 \pmod{7}\)). Thus:

\[ k\equiv 3 \pmod{7}\]

\[k=7m+3\]

for some integer \( m\). Substituting back into \( N \):

\[N =5(7m +3) + 3 =35m + 18\] We need \(N <60 \):

-For\(m=0\):\(N=18\)

~For\(m=1\):\(N=53\)

-For\(m=2\):\( N =88)\) (exceeds 60) The valid values of \( N \) are 18 and 53. Summing these values:

\[ 18 + 53 =71 \] Therefore, the final answer is: \(\boxed{71}\). | hope it is correct

Figure C.7: The response of QwQ-32B for the example shown in Table C.2
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§C.4 Evaluation Benchmark Details

The American Mathematics Competitions (AMC23) The AMC23 dataset consists
of math word problems drawn from the AMC contests, which are well-known for test-
ing mathematical reasoning, problem-solving skills, and creative thinking. The dataset
includes questions covering topics such as algebra, geometry, number theory, and com-

binatorics, often requiring multi-step reasoning rather than direct formula application.

GSMSK (Cobbe et al. 2021) The GSMS8K (Grade School Math 8K) dataset is a
collection of 8,500 high-quality math word problems designed to evaluate arithmetic
and reasoning skills. Each problem requires multi-step reasoning with a single correct

numeric answer, covering topics like basic algebra, arithmetic, and number theory.

MATH-500 (Hendrycks et al., 2021c) The MATH-500 dataset is a benchmark con-
sisting of 500 challenging math problems sampled from the larger MATH dataset, which
spans competition-level topics such as algebra, geometry, combinatorics, number theory,

and calculus.

C.4.2 Out-of-Distribution Setting

To evaluate broader generalization capabilities beyond the math domain, we also evaluate

the trained models on these benchmarks:

GPQA (Rein et al., 2024) The GPQA (Graduate-Level Google-Proof Q&A) dataset
is a benchmark of challenging, expert-level multiple-choice questions spanning subjects
like physics, chemistry, and biology. Designed to be resistant to simple web search or
memorization, the questions require deep reasoning and domain expertise to answer

correctly.

105



C Rethinking Reasoning Distillation for Reasoning LLMs

ARC (Clark et al., 2018) The ARC (AI2 Reasoning Challenge) dataset consists of
grade-school level multiple-choice science questions designed to test complex reasoning
beyond simple fact recall. It is divided into an Easy Set and a Challenge Set, with the

latter requiring advanced reasoning, commonsense knowledge, and multi-step inference.

HellaSwag (Zellers et al., 2019) The HellaSwag dataset is a benchmark for common-
sense natural language inference (NLI), focusing on testing models’ ability to complete
sentences with coherent and plausible continuations. Each example consists of a con-
text and multiple-choice endings, with one correct answer and several adversarially

generated distractors.
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