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Abstract

Essays on Wage Inequality and Employment Informality
by
Daniel Haanwinckel Junqueira
Doctor of Philosophy in Economics
University of California, Berkeley
Professor Patrick Kline, Co-chair

Professor Frederico Finan, Co-chair

This dissertation develops models to understand changes in the wage distribution and
employment informality rates. Common themes are imperfect competition in the labor
market, firm and worker heterogeneity, imperfect substitution between different levels of
skill in production, and minimum wages. In each chapter, I present a model, discuss its
properties, estimate it using Brazilian data, and use it for counterfactual analysis.

In the first chapter, I build a tractable framework for analyzing the equilibrium effects
of labor supply shocks, technical change, and minimum wages in an imperfectly competitive
labor market environment with worker and firm heterogeneity. Goods are produced using
task-based technologies exhibiting imperfect substitution between worker types. Firms spe-
cialize in the production of particular goods, which leads to differences in task requirements,
entry costs, and workplace amenities. These differences generate firm heterogeneity in skill
intensity, size, and wages. The model has three advantages relative to the canonical supply-
demand-institutions framework typically used to study trends in wage inequality. First,
task-based production with multiple worker types allows for plausibly rich formulations of
the structure of technical change. Second, the model accounts for equilibrium effects of min-
imum wages, compressing the wage distribution and generating spillovers on quantiles where
the minimum wage does not bind. Third, the model makes predictions regarding labor mar-
ket sorting and cross-firm wage dispersion. I take a simple version of the model to Brazilian
matched employer-employee data and show that it can fit several aspects of wage inequality:
differences in mean log wages between educational groups, within education group variances,
and two-way variance decompositions of log wages into worker and firm components. The
model also matches reduced-form estimates of minimum wage spillovers. 1 use the esti-
mated parameters to decompose observed changes in inequality and sorting into components
attributable to increasing schooling achievement, technical change, and a rising minimum
wage. Falling wage inequality in Brazil is primarily due to the minimum wage, while rising
worker-firm assortativeness is found to be driven by technical change. The decomposition



exercise also illustrates how responses to supply and demand shocks differ qualitatively from
those predicted by models with a representative firm.

The second chapter is coauthored with Rodrigo R. Soares. We develop a search model
of informal labor markets with worker and firm heterogeneity, intra-firm bargaining with
imperfect substitutability across types of workers, and a comprehensive set of labor regula-
tions, including minimum wage. Stylized facts associated with the informal sector, such as
smaller firms and lower wages, emerge endogenously as firms and workers decide whether to
comply with regulations. Imperfect substitutability across types of workers and decreasing
returns to scale enable the model to reproduce empirical patterns incompatible with existing
frameworks in the literature: the presence of skilled and unskilled workers in the formal and
informal sectors, the rising share of skilled workers by firm size, and the declining formal wage
premium by skill level. These features also allow us to analyze the equilibrium responses
to changes in the demand and supply of different types of labor. We estimate the model
using Brazilian data and show that it closely reproduces the decline in informality observed
between 2003 and 2012. The change in the composition of the labor force appears as the
main driving force behind this phenomenon. We illustrate the use of the model for policy
analysis by assessing the effectiveness of a progressive payroll tax in reducing informality.
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Chapter 1

Supply, Demand, Institutions, and
Firms: A Theory of Labor Market
Sorting and the Wage Distribution

1.1 Introduction

A central task in labor economics is understanding the source of changes in the wage distri-
bution. Three sets of explanatory factors have received the most attention in this literature:
trends in the relative supply of skills, such as increasing college completion rates; shocks to
relative demand for skills, such as skill-biased technical change; and changes in labor market
institutions, such as minimum wages. The dominant approach in this literature employs
competitive labor market models with a constant elasticity of substitution production func-
tion to quantify the relative importance of these factors (Bound and Johnson, 1992; Katz
and Murphy, 1992; Card and Lemieux, 2001). This approach successfully captures trends in
mean log wage gaps between broadly defined worker groups (e.g., college versus high school)
and is still used by leading researchers (Autor, 2014). But it has limitations on three fronts.
First, it cannot match other measures of wage inequality using its parsimonious formulation
of demand shocks as skill-biased technical change (Card and DiNardo, 2002; Autor, Katz
and Kearney, 2008). Second, the focus on between-group wage gaps also prevents that ap-
proach from fully accounting for the effects of changing minimum wages (DiNardo, Fortin
and Lemieux, 1996; Lee, 1999). Third, it cannot be used to study between-firm wage dis-
persion for similar workers, a phenomenon that is now extensively documented (Manning,
2011; Hornstein, Krusell and Violante, 2011; Card et al., 2018) and that some economists
suggest might have implications for the evolution of inequality (Card, Heining and Kline,
2013; Alvarez et al., 2018; Song et al., 2018).

Different strands of the wage inequality literature endeavor to address these limitations.
Task-based models of comparative advantage are used to evaluate equilibrium effects of
minimum wages (Teulings, 2000, 2003) and to model richer versions of demand-side shocks
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that provide a better fit to the data (Costinot and Vogel, 2010; Acemoglu and Autor, 2011;
Lindenlaub, 2017). This approach still assumes competitive markets. Another strand tackles
between-firm wage dispersion using models with search frictions (see Lentz and Mortensen,
2010; Chade, Eeckhout and Smith, 2017) or monopsony power (see Ashenfelter, Farber and
Ransom, 2010). Models in that strand do not account for the role of supply and demand in
changing the marginal product of labor between firm types. There is also emerging reduced
form literature finding that increased assortativeness between high wage workers and high
wage firms, estimated with two-way fixed effects regressions (henceforth AKM regressions,
after Abowd, Kramarz and Margolis, 1999), explains a substantial share of increased wage
inequality in some countries (Card, Heining and Kline, 2013; Song et al., 2018). There is
no agreement, however, on what causes changes in sorting — or, more fundamentally, on
whether these AKM regressions are meaningful (Eeckhout and Kircher, 2011).

In this paper, I propose a tractable task-based framework that captures the equilibrium
effects of technical change, labor supply shocks, and minimum wages on the wage distribu-
tion, while allowing for realistic worker-to-firm sorting patterns and firm-level wage premia.
After studying the theoretical properties of the model, I show that it can be an effective
quantitative tool for analyzing wages and sorting. The model can match several forms of
wage dispersion: between worker groups, within groups, and across firms among similar
workers. It can also match firm to worker sorting patterns and the causal effects of mini-
mum wages measured using reduced form methods. The analytical and quantitative results
reveal interactions between supply, demand, institutions, and firms that are important for
parsing the contribution of each underlying factor.

In the model, firms produce goods by combining tasks in different proportions. Tasks, in
turn, are produced using labor, with more skilled workers having a comparative advantage in
more complex tasks. The task-based production function is the solution to the within-firm
problem of assigning workers to tasks with the goal of maximizing production. I study the
properties of this production function and show that it provides an intuitive and parsimonious
way to model heterogeneity in skill intensity across firms, via differences in task requirements
for different goods.

Next, I construct a long-run model of imperfectly competitive labor markets and study
the determinants of between-firm wage differentials and labor market sorting. In the model,
workers have preferences over employers. Firms can set wages below the marginal product
of labor, extracting rents from infra-marginal employees that enjoy working there. Firm-
level wage premia arise if some firms have higher entry costs than others, such that they
locate at different points of the labor supply curve, or if they have worse amenities, such
that wages compensate for undesirable workplaces. Additionally, when firms differ in task
requirements, they pay more to worker types that they use relatively more intensively. Thus,
AKM regressions of log wages, where firms vary only in a proportional term (e.g., firm A
pays 10 percent more to all workers relative to firm B), are in general misspecified in this
model. Nevertheless, I show that a decomposition of the variance of log wages based on
AKM regressions may still be informative about parameters governing between-firm wage
dispersion and labor market sorting.
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I derive two results on how this economy responds to structural shocks. First, the model
admits a balanced growth path where technical progress is conceptualized as shifts towards
more complex tasks in the production of all goods (a form of skill-biased technical change)
accompanied by increased productivity. If skill levels and minimum wages rise in tandem, the
shape of the wage distribution is not affected. Second, substitution in consumption creates
an additional channel through which wages are affected by imbalances in the race between
supply, demand, and institutions. Imbalances have direct effects on the costs of labor: for
example, a higher minimum wage makes low-skilled workers more expensive relative to high-
skilled workers. The ensuing changes in the prices of different goods drive substitution in
consumption. In the minimum wage example, consumers substitute away from products
that are intensive in low-complexity tasks, which are produced by firms using mostly low-
skilled labor. Finally, because the set of tasks being produced in that economy has changed,
marginal productivity gaps are affected. Without substitution between goods, a plot of the
impact of the minimum wage on quantiles of the wage distribution is a decreasing curve;
with substitution, it becomes less steep and can change to a U-shaped curve.

To study the quantitative performance of this framework, I analyze trends in wage in-
equality and labor market sorting in Rio Grande do Sul state, Brazil using a parsimonious
parameterization of the model’s primitives. Wage inequality has fallen in that state, following
minimum wage hikes and accelerated gains in schooling. Labor markets are also becoming
more assortative, as measured using the leave-out estimator of Kline, Saggio and Sglvsten
(2018). This combination makes for an interesting case study where trends in inequality and
minimum wages are mirror images of what has happened in the US, while changes in sorting
go in the same direction. I employ a minimum distance estimator that targets levels and
changes in (i) mean log wage gaps between educational groups, (ii) within-group variances
of log wages, (iii) decompositions of log wages using AKM regressions, (iv) measures of how
binding the minimum wage is, and (v) reduced form estimates of minimum wage spillovers
(causal effects on quantiles of the wage distribution where the minimum wage does not bind)
obtained using the methodology of Autor, Manning and Smith (2016). The model can closely
match these targets, despite being heavily over-identified.

I use the estimated model to create counterfactuals that isolate the role of supply, demand,
and minimum wages in explaining changes in inequality and sorting. With monopsonistic
labor markets and firm heterogeneity, these shocks change both the magnitude of firm-level
wage premia and which workers earn them, in addition to affecting marginal productivities
of labor. These additional effects are illustrated by the role of the demand shock in Rio
Grande do Sul, Brazil. The estimated shock includes three components: a drift towards more
complex tasks for all goods (i.e., skill-biased technical change), a reduction in the entry cost
gap between goods, and a similar convergence in productivity. That shock increases wages
for college-educated workers, as it would in most models of labor demand with skill-biased
technical change. However, its overall effect on the variance of log wages is negative; indeed,
it accounts for almost 40 percent of the overall decline in inequality. That result follows from
reductions in cross-firm wage dispersion for all worker groups, particularly those with more
education. These reductions are caused by changes in both worker-to-firm sorting patterns
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and the magnitude of wage premia. I also find that the demand shock is the main contributor
to the observed increase in the correlation between worker and firm fixed effects in AKM
regressions.

Minimum wages are the most important factor behind decreased inequality. This shock
alone accounts for more than 60 percent of the change in the variance of log wages. It has
no effects, however, on the share of the variance attributed to firm effects or the correlation
of worker effects and firm effects in the AKM decomposition. The increase in the relative
supply of high school and college workers reduces the mean log wage gaps between these
workers and those with less education. But its effects on the total variance of log wages is
negligible.

The paper is organized as follows. The next section presents the task-based production
function. The third section describes the labor market model and provides analytical results.
The fourth section contains the quantitative exercise. The last section concludes with a
discussion of two directions for further research: adding capital to the task-based production
function and using this framework to study the inequality effects of international trade.

1.2 The task-based production function

Task-based models of comparative advantage are increasingly used to model wage inequal-
ity. Acemoglu and Autor (2011) show these models are better suited than the "canonical'
constant elasticity of substitution (CES) model of labor demand to study inequality trends
in the US. Teulings (2000, 2003) shows that substitution patterns implied by assignment
models make them particularly suitable for studying minimum wages. Costinot and Vogel
(2010) develop a task-based model to study the consequences of trade integration and off-
shoring, finding that it offers new perspectives relative to workhorse models of international
trade.

In this section, I show an additional advantage of the task-based approach: it allows for
intuitive, tractable, and parsimonious modeling of firm heterogeneity, whereby firms have
production functions with imperfect substitution and differ in their demand for skill.

The production structure in this paper is built upon four assumptions. First, final goods
embody a set of tasks that vary in complexity, combined in fixed proportions. Second, tasks
cannot be traded. Third, workers are perfect substitutes in the production of any partic-
ular task, but with different productivities. Fourth, some worker groups have comparative
advantage in the production of complex tasks relative to others.!

I start this section by defining the production function and solving the managerial prob-
lem of assigning workers to tasks. The second subsection discusses cost minimization and

IThere exists a parallel between the task-based production function developed here and models of hier-
archical firms (Garicano, 2000; Garicano and Rossi-Hansberg, 2006; Antras, Garicano and Rossi-Hansberg,
2006; Caliendo and Rossi-Hansberg, 2012), once one reinterprets tasks in my model as "problems" in those
models. The key difference is that I ignore costs of information transmission within the firm, adding tractabil-
ity by simplifying the assignment of workers to problems/tasks.
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shows how this structure generates differences in skill intensity between firms. The third sub-
section derives and explains distance-dependent substitution. The final subsection presents
the parametric version that is employed in the quantitative exercises of this paper. All proofs
are in Appendix A.1.

Setup, definitions, and the assignment problem

Workers in this economy are characterized by their type h € {1,..., H} and the amount of
labor efficiency units they can supply, € € R.g. Workers use their labor to produce tasks
which are indexed by their complezity x € R<q. All labor types are perfect substitutes in
the production of any particular task, but their productivities are not the same:

Definition 1. The comparative advantage function e, : R.o — R< denotes the rate of
conversion of worker efficiency units of type h into tasks of complexity x. It is continuously
differentiable and log-supermodular: h' > h < < (L("E))) >0 Vz.

dr \ ep(x

To fix ideas, consider two workers, whom I will refer to as Alice and Bob. Alice, character-
ized by h, €, can use a fraction r € [0, 1] of her time to produce ree,(z) tasks of complexity
x. Bob (W,€), who belongs to a lower type (k' < h), can still produce more of those
tasks than Alice, so long as his quantity of efficiency units is high enough relative to hers
(€ > eep(x)/en(x)). But Alice has a comparative advantage: moving towards more complex
tasks increases her productivity relative to Bob’s.

The interpretation of task complexity depends on how worker groups are defined. In the
quantitative exercise of this paper, workers are grouped by educational achievement, and thus
more complex tasks are those that benefit from formal education (or intrinsic characteristics
that correlate with formal education). The assumption that all tasks are ordered in a single
dimension of complexity is strong. Autor, Levy and Murnane (2003), for example, have a
multidimensional definition of task complexity; in their case, manual versus analytic and
routine versus non-routine. For a quantitative model of the impact of technological change
on wage inequality with multi-dimensional tasks, see Lindenlaub (2017).

Because workers in the same group differ only in a proportional productivity shifter, the
sum of efficiency units of each type is a sufficient statistic for analyzing production. Thus,
throughout this section, definitions and results are in terms of total efficiency units of each
type available to the firm, which I denote by I = {l4,...,lg} (bold-faced symbols denote
vectors over worker types throughout the paper). The distinction between labor efficiency
units and workers will be relevant in the next section, when discussing labor markets and
the wage distribution.

There is a discrete number of final consumption goods, g = 1,...,G. Each good is
produced by combining tasks in fixed proportions:

Definition 2. The blueprint b, : Ry — Ry is a continuously differentiable function that
denotes the density of tasks of each complexity level x required for the production of a unit of



CHAPTER 1. SUPPLY, DEMAND, INSTITUTIONS, AND FIRMS 6

consumption good g. Blueprints satisfy [;° by(x)/en(x)dr < oo (production is feasible given
a positive quantity of the highest labor type).

Tasks cannot be traded; firms must use their internal workforce to produce them. The
justification for this assumption is that there are unmodeled costs that make task exchange
between firms unprofitable, in the spirit of Coase (1937).2 1 assume that firms are allowed
to split worker’s time across tasks in a continuous way by choosing assignment functions
myp, : Rog — Rsg, where my,(x) denotes the intensity of use of efficiency units of labor type
h on tasks of complexity x. The only restriction imposed on my(+) is that these functions
are right continuous.®> That formulation of the assignment problem is very general, allowing
firms to use multiple worker types to produce the same task, the same worker type in disjoint
sets of tasks, and discontinuities in assignment rules.

Given a blueprint b(-) and I efficiency units of labor, firms choose these assignment
functions with the goal of maximizing output. In this problem, they are subject to two
constraints: producing the required amount of tasks of each complexity level x and using no
more than [, units of labor of type h.

Definition 3. The task-based production function f : RET'XRoox {b1(:),...,ba()} —
R is the value function of the following assignment problem:

fl;by) = max

qER> o, {mn (")} CRC

s.t. gbg(z) =D _mp(z)en(z) Va € R
I > /Ooomh(:c)d:z; ve{l,...,H}

where q is output and my, is an assignment function denoting the density of labor efficiency
units of type h used in the production of each task x. RC' is the space of right continuous
functions Ry — R.

The definition of the production function assumes positive input of the highest worker
type. This assumption simplifies proofs and ensures the well-behaved derivatives, while not
being restrictive for the applications in this paper. In general, blueprints might require at
least one worker of a minimum worker type h — if none is available, lower types have zero
marginal productivity. This property might be useful for models of endogenous growth and
innovation.

Comparative advantage implies that the optimal assignment of workers to tasks is assor-
tative:

2If tasks are freely traded, the model makes no predictions about sorting of workers to firms. A less
extreme assumption — e.g. formally modeling output losses from assembling tasks produced at different
firms — could be used for studying the boundaries of the firm and the effects of outsourcing.

3Vx, 7 € Rsg,36 € Ryg such that 2’ € [z,2 +6) = |mp(z) — mu(2')| < 7.
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Lemma 1 (Optimal allocation is assortative). For every combination of inputs (I,b,(-)),
there exists a unique set of H — 1 complexity thresholds z1(1,b(-)) < --- < Zp_1(l,by(-)) that
define the range of tasks performed by each worker type in an optimal allocation:

bg (I)
Ten(a)
0 Otherwise

mh([[) _ ’LfSC c [fhfl,fh)

where I omit the dependency on inputs (1,b,(-)) and set Zo(-) = 0, () = oo to simplify
notation. Thresholds satisfy:

ent1 (Tn) _ St _
en (n) = A he{l,...,H—1} (1.1)

where fr, = fu(l,b4(-)) = ﬁ (I,by(-)) denotes marginal product of labor h, which is strictly
positive.

Lower types specialize in low complexity tasks and vice-versa. Equation (1.1) means that
the shadow cost of using neighboring worker types is equalized at the task that separates
them. This result is useful for obtaining compensated labor demands, as described in the
next subsection.?

Compensated labor demand and sorting of workers to firms

To study the properties of this production function, I start by considering its implications in
a competitive labor market, where the cost of acquiring efficiency units of each type is given
by w = {wy,...,wg}. When firms choose labor quantities by minimizing production costs,
marginal productivity ratios equal wage ratios. It then follows from Equation (1.1) that:

ent1 (Tn) _ Whia
€En (i’h) Wh

Because the ratio on the left-hand side is strictly increasing in zj, this expression pins down

all task thresholds as functions of wage ratios and comparative advantage functions. Since

neither are firm-specific, thresholds are common across firms in competitive economies.
The compensated labor demand is then given by:

) by()

Zp_1(w) € (ZL’)

In(q,bg, w) =g dx (1.2)

4In general, the task-based production function and its derivatives do not have simple closed-form rep-
resentations. If one needs to evaluate output and marginal productivities as a function of labor inputs, first
solve the system of H compensated labor demand equations (1.2) on ¢ and the H — 1 thresholds. Next,
use equation (1.1) to calculate marginal productivity gaps. Finally, use the constant returns relationship
q =Y, Infn to normalize marginal productivities.
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Figure 1.1: Compensated labor demand in competitive labor markets

Worker use

Task complexity x Task complexity x Task complexity =

Employment share

Worker type Worker type Worker type

Notes: Graphs on the top show the compensated labor demand integrals for differ-
ent blueprints. The vertical dashed lines are task thresholds, common for all firms
in competitive labor markets. The solid continuous curve is the blueprint showing
task requirements of each complexity level. The colored areas are compensated labor
demands for each type, which are integrals of task requirements divided by the effi-
ciency of labor at each complexity level. Graphs on the bottom display the resulting
employment shares corresponding to each blueprint.

Figure 1.1 illustrates how differences in blueprints reflect into differences in the internal
workforce composition of firms. The graphs at the top show the compensated labor demand
integral above. The heavy, continuous line is the blueprint, which varies across graphs
(becoming more intensive in high complexity tasks from left to right). The vertical dashed
lines are the thresholds, which are common for all graphs. The colored areas are the labor
demand integrals. The compensated labor demand is shown again in the bottom row, in the
form of blueprint-specific wage distributions within the firm (weighted by efficiency units).

If labor markets are not competitive, as in labor market model described in the next
section, thresholds might differ across firms. Firms using different blueprints will still differ
in the skill composition of their internal workforce, though possibly less so than in the
competitive benchmark.

The concept of firms in this model is significantly different from that in the literature
on labor market sorting (Shimer, 2005; Eeckhout and Kircher, 2011; Gautier, Teulings and
van Vuuren, 2010; Gautier and Teulings, 2015; Lise, Meghir and Robin, 2016; Grossman,
Helpman and Kircher, 2017; Lindenlaub and Postel-Vinay, 2017; de Melo, 2018; Eeckhout
and Kircher, 2018). Most models in this literature focus on sorting of workers to jobs (or,
equivalently, to firms that employ exactly one worker). Even in the ones with a concept of
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large firms, such as Eeckhout and Kircher (2018), any degree of within-firm wage dispersion
is a sign of inefficiencies introduced by search frictions; if markets are competitive, each
firm hires workers of a single type. I contribute to this literature by introducing a more
realistic concept of firms as bundles of jobs (tasks in my model), coupled with a technology
to acquire workers. In addition to having welfare implications, this distinction is relevant for
quantitative studies where model predictions are matched to firm-related moments, such as
the between-firm share of wage inequality or variance decompositions from AKM regressions.

Substitution patterns and distance-dependent complementarity

The task-based structure might appear exceedingly flexible at first glance, due to the infinite-
dimensional blueprints and efficiency functions. Proposition 1 extends the results in Teul-
ings (2005) and shows that, on the contrary, there are strong constraints on substitution
patterns.’ Locally, the H x (H — 1)/2 partial elasticities of complementarity or substitution
depend only on factor shares and at most H — 1 scalars p, — the same number of elasticity
parameters in an equally-sized nested CES structure. However, unlike with a CES, there
is a straightforward way to impose further restrictions on the number of parameters (both
elasticities and productivity shifters for each worker type), via parametrization of blueprints
and efficiency functions.

Proposition 1 (Curvature of the production function). The task-based production function
is concave, has constant returns to scale, and is twice continuously differentiable with strictly
positive first derivatives. I denote by ¢ = c(w, q) the cost function, use subscripts to denote
derivatives regarding input quantities or prices, and omit arqguments in functions to simplify
the expressions. Then, for any pair of worker types h,h' with h < h':

—2 = { ShSw (Allen partial elasticity of substitution)

ChCh 0 otherwise

fhw 1 , . - .
== Z Enh— (Hicks partial elasticity of complementarity)

fhfh’ h=1 Py

-1

where  pp, = by (Tp) In [ d In <eh+1(fh)>

eh(fh) d th eh(fh)
Gy = (1{h =0+ 1} =S/ 1) (1{h > W} = S0 sk)
and s, = M = %
= e

STeulings (2005) derives elasticities of complementarity for a similar model, but using parametric effi-
ciency functions and taking a limit where the number of worker types grows to infinity.
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Figure 1.2: Distance-dependent complementarity
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e,
s =
g a,
= 6D
o, —

=
g g
= =
g 2

2 4 6 8 10 2 4 6 8 10
Worker type h Worker type h

Notes: This figure shows the impact of adding workers of a given type on the marginal
productivity of all types. In this example, the initial labor endowments of the firm are
shown as solid bars in the graph on the left, and the increase in labor of type 6 is the
dashed bar. The solid line in the graph on the right shows initial marginal productivities
for each labor type, and the dashed line shows marginal productivities after the shock.
Nearby types are substitutes to labor type 6, while types far away are complements.

The curvature of the task-based production function reflects division of labor within the
firm. Suppose that, initially, a firm only employs Alice, who belongs to the highest type H.
In that case, output is linear in the quantity of labor bought from Alice. Adding another
worker, Bob, of a lower type increases Alice’s productivity, because she can now specialize
in complex tasks while Bob takes care of the simpler ones. At that point, decreasing returns
to Alice’s hours reflect a reduction in those gains from specialization.

The impact of adding a third worker, Carol, on the marginal productivities of Alice and

Bob depends on Carol’s skill level (in terms of comparative advantage), relative to Alice’s
and Bob’s:

Corollary 1 (Distance-dependent complementarity). For a fized h, the partial elasticity of
complementarity is strictly increasing in h' for k' > h and strictly decreasing in h' for h' < h.

Close types perform similar tasks and are net substitutes; distant types perform very
different tasks and are complements. The distance-dependent complementarity pattern is
illustrated in Figure 1.2. The left panel shows baseline log employment by worker type (in
solid bars) and a shock to employment of workers of type 6 (bar with dashed contour). The
right panel shows baseline log marginal productivities (solid line) and marginal productivities
after the employment shock (dashed line). Workers of type 6 suffer the largest relative
decline in marginal productivity, followed by neighbor types 7 and 5. Marginal productivities
increase for types that are further away, both low-skilled and high-skilled.

Distance-dependent complementarity has important implications for modeling minimum
wages, a point made by Teulings (2003):

Corollary 2 (Effects of the minimum wage). Consider a competitive economy with a rep-
resentative task-based production function where the minimum wage only binds for workers
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of the lowest type h = 1. Then, a marginal increase in the minimum wage reduces all wage
gaps wy Jwy, with h' > h.

A minimum wage that is only binding for the lowest type will have spillover effects along
the wage distribution, reducing wage gaps between any pair of worker types. This is in
contrast to the CES case, where a small increase in the minimum wage would raise wages for
the lowest type but keep wage gaps between other types constant. This property is useful
for matching reduced form estimates of minimum wage spillovers (see Figure 1.7).

Parametric example

Consider the following parametrization, which I use in the quantitative exercises of this
paper:

Example 1 (Exponential-Gamma parametrization).

en(x) = exp(apz) 1= << - <ag_1<ag=0

by () LA ( ‘”) (20,0, ky) € R
=———exp|—— .0,

9 ng(kg)é’gg P 0, 9195 g >0

The exponential function is a straightforward way to generate log-supermodularity and
is used in other models of comparative advantage (e.g. Krugman (1985); Teulings (1995)).
Differences in the «y, coefficients determine the degree of comparative advantage between
any two worker types. The expression for blueprints is the probability density function of a
Gamma distribution divided by a "productivity" term z,. Doubling z, divides the quantity
of tasks needed per unit of output by two, effectively doubling physical productivity.

Appendix A.2 presents the mapping between marginal productivity gaps and task thresh-
olds in this parametrization, as well as formulas for compensated labor demand integrals in
terms of incomplete Gamma functions. These formulas are useful because they dispense with
numerical integration, improving computational performance. Incomplete Gamma functions
are readily available in software packages commonly used by economists.

The parameter 6, is related to average task complexity. All else equal, firms with higher
6, require more complex tasks and employ more skilled workers (in terms of comparative
advantage). Increases in task complexity over time, modeled as changes in 6,, provide an
intuitive way to model skill-biased technical change because higher complexity is linked
to increasing returns to skill (measured as the worker group h). The shape parameter k,
determines the dispersion of tasks. If two firms differ only in this parameter, the one with
the smallest k, has fatter tails. Thus, differences in k, in the cross-section translate into
some firms being more specialized than others in their hiring patterns.

This approach allows for modeling firm-level differences in skill intensity, skill dispersion,
and productivity with a small number of parameters, while ensuring sensible substitution
patterns within all firms. To understand the economic content behind those parametric
restrictions, consider an example of two firms in the retail sector. One, with a low §,, is a
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small local shop, while the other, with a high 6,, is a large online retailer. In the first one,
most tasks are of low complexity, measured in terms of how they benefit from schooling:
stocking shelves, operating the register, and cleaning. In those tasks, workers with little
formal education can substitute for others with a college degree. Because workers with
a college degree cost much more, that first firm mostly hires less educated workers. In
contrast, the online retailer is intensive in tasks such as web design, system administration,
and business analytics, where college-graduated workers usually perform much better. This
is why those firms find it profitable to use a more skilled workforce.

1.3 Markets and wages

This section builds a labor market model with monopsonistic firms and free entry. The
first subsection lays out the structure of the economy. The second subsection describes
the functioning of labor markets, solves the problem of the firm, and shows an important
property of the model: goods encapsulate firm heterogeneity in skill intensity and wages.
The third subsection derives analytical results on what determines wage differentials between
firms and how the wage distribution changes over time.

This is the point of departure from other task-based assignment models of comparative
advantage such as Teulings (2005), Costinot and Vogel (2010), and Acemoglu and Autor
(2011). The contributions of the previous section fit inside that literature: new formulas
for elasticities of complementarity and substitution, along with the convenient exponential-
gamma parametrization. This section introduces more significant deviations. First, aggre-
gate demand for tasks is CES in all papers in that literature, but not in this model. This
has implications for comparative statics. For example, the introduction of a minimum wage
always decreases wage gaps in Teulings (2000), but here the same shock might cause wage
polarization. Second, labor markets are not competitive. And third, workers in this model
differ not only in comparative advantage but also in absolute advantage, generating realistic
distributions of log wages that include bunching at the minimum wage.

Factors, goods, technology, and preferences

Consider an economy with N = {Ny, ..., Ny} workers of each type h, and a large number of
entrepreneurs. Entrepreneurs own entrepreneurial talent, whose total stock in the economy
is T" and which is used to create firms. The model is static.

There are G final goods in this economy, interpreted as differentiated varieties within
an industry.> An entrepreneur j may set up a firm producing one good g € {1,...,G} or

6This is my preferred interpretation because, in many contexts, changes in inequality happen within
industries (see e.g. Card, Heining and Kline (2013) and Song et al. (2018)). Consistent with this inter-
pretation, the next section shows that the estimated elasticity of substitution for the two goods in the
quantitative exercise is large. The model can also be used for studying between-industry phenomena, such
as between-industry sorting in Abowd et al. (2018).
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not enter at all. Setting up a firm requires a fixed cost [, paid in units of entrepreneurial
talent. Once that cost is paid, the entrepreneur receives the blueprint b, and a random draw
of workplace amenities a; from a good-specific distribution with strictly positive support
and a finite mean a,. The role of workplace amenities will be explained below. Hiring and
production decisions are done after the amenities draw is observed, as discussed in the next
subsection.

I assume that there is a competitive market for entrepreneurial talent and that en-
trepreneurs can form coalitions to insure against idiosyncratic risk associated with the draw
of firm amenities a;. These assumptions allow me to abstract from the distribution of en-
trepreneurial talent and to pin down firm entry by equating expected profit and entry costs
for each good g:

Eoylg [mg(az)] = Fopr = Fy Vg

where 7,(a;), defined below, denotes profits achieved by a firm with amenities a; produc-
ing good g. The second equality follows from assuming that entrepreneurial talent is the
numeraire in this economy. This choice of numeraire is valid because firms have positive
profits, as I will show below, and so the price of entrepreneurial talent cannot be zero. A
positive price for entrepreneurial talent also implies that all of it is used up in equilibrium:

N JE,=T (1.3)

where J, is total entry of firms producing good g. When there is a single good g = 1 in this
economy, the number of firms is fixed at J; = T//F;. But with multiple goods, the number
of firms producing each good might respond to shocks.

The utility function of entrepreneurs, U, is a constant elasticity aggregator of con-
sumption Qi,...,Qq. Preferences of worker i of type h, captured by UL, depend on both
consumption and the firm j where she is employed:

u* ({Qg}5:1> =C <{Qg}gG:1)
UL ({Q35,.7) = C (1Qq)5.,) lay exp ()]

G o—1
Z Qg i
g=1

and 7;; ~ Extreme Value Type I

1—0o

where C ({Qg}f:1) =

Firms matter to workers not only due to their overall level of amenities a;, but also because
of an idiosyncratic component 7;;. This component captures match-specific features such
as distance to the workplace or personal relationships with the manager or other coworkers.
The parameters [, measure the importance of consumption relative to these non-pecuniary
elements. Higher ), implies that the market for labor of type h is more competitive. The
details of the labor market are discussed in the next subsection.
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Markets for goods are competitive. Thus, any equilibrium will feature prices p, equal
to the marginal cost of good g at all firms producing that good. There is a price index

1
P = [290:1 p;_"} ™7 such that consumption level C' costs C' x P. Because C(-) is homothetic,
aggregate consumption is only a function of prices and aggregate income.

Continuing with the example from Section 1.2, the small local shop and the large online
retailer are interpreted as differentiated varieties in the retail sector, with elasticity of sub-
stitution o. In addition to task requirements, these firms might differ in entry costs and the
average level of amenities. The online retailer might require substantial capital investment
or managerial input to set up, justifying high entry costs Fj. If @, is higher for the large
retailers, then they are also more desirable workplaces on average.

Labor markets, the problem of the firm, and equilibrium

Labor markets are based on the model of Card et al. (2018), where firms compete monopson-
istically for labor. Each worker is characterized by its type h € {1,..., H} and a quantity of
efficiency units of labor e. The distribution of efficiency units of labor across workers of type
h is continuous with density r,(-) and support over the real line.” Throughout this section,
it is important to distinguish between quantities of workers, denoted by n, and quantities of
labor, denoted by [. Worker earnings are denoted by y, while prices for labor are denoted
by w.

Labor regulations prevent firms from paying a total compensation of less than y to any
worker. I refer to y as the minimum wage; the model has no variation in hours worked,
so earnings and wages are interchangeable. Workers with low e might have a marginal
product of labor lesser than y at some firms, in which case hiring those workers would be
unprofitable. Thus, I allow firms to reject workers with productivity below some minimum
value €5, generating involuntary non-employment.

Firm-level labor supply and labor costs

There are separate labor markets for each worker group h. The timing of each of these labor
markets is as follows:

1. Each firm j posts a price per labor efficiency unit wy; and a rejection cutoff ;.

2. Workers observe all wy; and €,;. Based on that information, they choose firms that
maximize their indirect utility. If no firm is chosen, the worker earns zero income.

3. Firms observe (h, €) of workers who applied to them (but not idiosyncratic preference
shifters 7;;) and hire those with € > ¢,;.

I employ LogNormal distributions of € in the quantitative exercise. Counterfactual exercises require a
parametric assumption for rp(), which is used to obtain the number of workers driven to unemployment
because of the minimum wage and the distribution of € in that unobserved population.
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4. Production occurs and hired workers are paid y = max{wy;e,y}. Rejected workers, if
any, earn zero income.

To study worker choices in step 2, consider the indirect utility of a worker ¢ characterized
by (h,€), if this worker chooses firm j:

1{e > €3, } max {ewhj,y} 1
P [a; exp (ni;)]

Consumption

Wh(evj) =

1

1 —_
_]pexp (ﬂh log (max {ewhj, g_;}) + loga; + mj) Phi e > €nj

0 otherwise

where the indicator function denotes that worker i earns positive income at firm j only if i’s
endowment of labor efficiency units is at least €p;.

Because 7;; is drawn from a Type I Extreme Value distribution, the probability of a
worker (h, €) choosing a particular firm j is given by:

Bh

max | €wp;,

P (j = argmax‘/ih(e,j')> =1{e> e} ay {—]‘}
g'e{l,....J} wh(E)

1

Bn
where wh<€) = (Z 1 {6 > _Ghj’} aj max {ewhj/7 y}ﬁh)

J

The "inclusive value" wy(€) is a measure of demand for skills in this model. A high value
means that many firms are posting high wages for type h and willing to hire that particular e,
despite the minimum wage. That makes those workers harder to attract for any individual
firm because they have good outside options at other firms. Mechanically, wy(€) has an
allocative role similar to that of wages in competitive models: it is a cost shifter that firms
take as given and that ensures labor market clearing.

The number of workers choosing a particular firm and the resulting supply of labor are
increasing functions of posted wages, conditional on rejection cutoffs:

Bh
co [ max {ewp:,y
np(Whj, €nj, aj) = Nhaj/ M 7 (€)de (1.4)
€hj Wh<€>
0o max {ewht y} o
In(wpj, enj, a;) = Nhaj/ exp(e) — e h(€)de (1.5)
€hj wn(€)

Finally, total labor costs are given by:

Y Brtl Br+1
Cut ) = Ny | [ Lo [7 B non| 0o
Wh 5

€hj
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In these expressions, I omit the dependency of wy(€) on the own firm’s posted wage wy,;
because, with monopsonistic competition, wy(€) is taken as given by firms.

Problem of the firm

Firms maximize profit by choosing posted wages and rejection cutoffs:

H
Wg(aj> = maxpgf (l(w]7§j7 aj>7b9) - Z Oh(whjaghjaaj)

w;,€;
J0=3 h=1

The following Lemma shows that this problem has intuitive solutions and that the model
admits a representative firm for each good:

Lemma 2. The solution of the problem of the firm is interior and characterized by the
following first order conditions:

Bn
pgfh (l(wj,gj,aj),bg) Bh—l—l =Wh; h = 1,...,H (17)
Pofn (Wwj, €5,a;),by) enj =y h=1,...,H (1.8)

Additionally, firms producing good g choose the same wages w, and rejection criteria €,.
Output and employment are linear in firm amenities: q; = g—iqg and l; = g—;lg, where g, and

Zg denotes mean output and mean labor demand for all firms producing good g, respectively.

The first order conditions represent trade-offs along two different margins: workers above
the minimum wage and workers around the rejection threshold. To build intuition on the
optimality condition on wages, denote by l,J{j the sum of efficiency units at firm j supplied
by workers earning more than the minimum wage. A proportional increase in posted wages
dlogwy; brings in (8dlog whj)lf{j labor units, generating (dlog whj)l;[jpgfh(-) in additional
revenues. Labor costs increase for two reasons. First, the firm pays (8dlogwy;)l;;wy; for the
additional labor purchased. Second, a higher wage increases the wage bill for current workers
by dlog whjl;[jwh. Setting added revenues equal to additional costs yields Equation 1.7.

Equation 1.8 is the first order condition on the rejection cutoffs. A lower cutoff brings
in additional workers with € = ¢, each of which increases revenues by p, fren;. When firms
chose thresholds optimally, that additional revenue equals the minimum wage y, which is
the cost of labor at that margin. B

Figure 1.3 illustrates how workers are divided in three groups according to their level of
efficiency units. Those to the left of €,; are rejected. Those with € > y/wy; earn the wage
posted by the firm times their quantity of labor units. Finally, those in the intermediate
range earn the minimum wage. The first order conditions imply that these two thresholds are
proportional to each other in all firms choosing labor inputs optimally, with their ratio being
given by 1+1/f,,. Log wage histograms simulated from the model have peaks at the minimum
wage corresponding to the mass of workers between the two vertical lines. Bunching at the
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Figure 1.3: Choice of rejection criterion and bunching at the minimum wage

Workers earning

Bunching at
Y = Wpj€

the minimum
wage

Rejected
workers

1 log = Log efficiency
O8 £nj nghj units, log e
Notes: This figure shows thresholds in the distribution of effi-
ciency units of labor e that determine whether worker are rejected
by firm j, are employed receiving the minimum wage, or employed
receiving the posted wage times the number of efficiency units.
The horizontal axis is in log scale. The blue line shows the distri-
bution of efficiency units, which is LogNormal in this illustration
(as well as in the quantitative exercise). When there is a single
good in the economy, such that there is a representative firm,
the distribution of log wages for workers of type h is a truncated
normal with a peak at the minimum wage. The mass of this peak
is given by the area between the two vertical lines in this graph.

minimum wage is often observed in the data (DiNardo, Fortin and Lemieux, 1996; Harasztosi
and Lindner, 2018) but is not a common feature in models of wage inequality.

Lemma 2 also shows that firms producing the same good are equal in wages and input
intensities. Dispersion in amenities within good only scales the firm up or down. This
result simplifies the analysis of between-firm wage differentials and sorting in this model by
restricting the sources of these patterns to differences in blueprints, entry costs, or mean
amenities a,. It also simplifies the expression for w(e), making the computation of labor
demands feasible:

1

wp(€) = <Z Jy1{e > epy} a, max {ewhg, y}ﬁh> " (1.9)

Equilibrium

An equilibrium of this model is a set of prices {pg}ngl, aggregate consumption {Q,}

entry {J,}5,, and choices by representative firms {wy, €,}5, such that:

G

g1, firm
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1. Markets for goods clear:

pgl ™71 _
Qg:[;} 5= 4dg Vg (1.10)

G H
where I =T + Y Jy Y Ch(whg, €ng, ag)

g=1 h=1

2. For all g, firm choices solve the set of equations (1.7) and (1.8).

3. Entrepreneurs have zero ex-ante expected profits:
H
Eajlg [79<aj)] = pof (l(wgaiig’ag):bg) - Z Ch(whgaﬁhgaag) =F, Vg (1.11)
h=1

4. The market for entrepreneurial talent clears (Equation 1.3).

Labor market clearing is implied by the definition of wy(¢€), which ensures that the number
of job applicants to all firms (calculated using Equation 1.4) is equal to total number of
workers IVj,.

Solving for equilibrium can seem challenging at first glance. Using a convenient set of
choice variables reduces the problem to solving a square system of (H + 1) x G equations
where the choice variables are firm-specific task thresholds, firm-level output, and prices for
each good. The procedure below describes how to calculate that system of equations:

1. Start with values for mean output g, and task thresholds &, = {Z1,,...,Zu,} for the
representative firms of each type, along with prices for goods p,.

2. Use the compensated labor demand integral for the task-based production function
to find average labor demands [, (Equation 1.2 in the text, or Equation A.2 in Ap-
pendix A.2 if using the exponential-Gamma parametrization).

3. Find marginal products of labor f,, via the non-arbitrage conditions (1.1) and the
constant returns to scale relationship - frglng = qo-

4. Employ the first order conditions of the firm (1.7) and (1.8) to find wages wy, and
rejection cutoffs €4, respectively.

5. Calculate relative consumption Q,/Q1 = (py/p1)~ 7 and relative firm entry J,/J; =
(Qg/Q1)/(ay/01)-

6. Pin down entry of firm type 1 (and thus all others) with entrepreneurial talent clearing:
Ji = T/(Zg Fng/Jl)'

7. Obtain wy(€) using expression 1.9.
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8. Calculate the error in the system of equations, which has two components:

a) The deviation between l_hg found in step 2 and that implied by the labor supply
curve (1.5).

b) The deviation between profits and entry costs in Equation 1.11.

That system of equations can be solved using standard numerical procedures, with the
restrictions that g, > 0, p, > 0, and 0 < 21, < Zgy < --- < Ty, Vg. These restrictions
can be imposed through transformations of the choice variables: log prices, log quantities,
log of the lowest task thresholds z,, and log of differences between consecutive thresholds
jhg_ffh—l,g fOI'hZQ,...,H—l.

Determinants of the wage distribution

The key outcome of the analysis is how wages differ between groups, within groups, and
across firms. We know from the labor market structure that log earnings of a worker
of type h at a firm producing good g¢ take the form log y;n, = max{logwp, + loge;,logy}.
Variation in wages between worker groups is driven by differences in wp,. Within-group
variation of log wages has three components: the dispersion of efficiency units, differences
in mean log wages across goods for the same worker type, and censoring by the minimum
wage.

The following proposition provides intuition about how wages vary across firms producing
different goods:

Proposition 2. 1. Ifb,(z) = b(x)/z, and %’ is common across goods, then there are no
firm-level wage premia:

log ying = max {)\h + loge€;, log g_;}
for scalars M\i,..., \g.

2. If there is no minimum wage (y = 0), B, = 3, and by(x) = b(x)/z,, then wages are log
additive in worker type and firm type:

1 F,
10g Ying = An + 1+ 53 log (;) + loge;
g

3. If there is no minimum wage, B, = 3, and there are firm types g, ¢ and worker types
h' h such that lyg [lhy > Uyg/lhg (that is, good ¢ is relatively more intensive in h'),
then:

yih’g’/ Ying' > Yin'g/ Ying
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The first part of Proposition 2 shows that wage dispersion for similar workers exists only
if there are differences in the shapes of blueprints (such that firms differ in skill intensity) or
in the ratio of entry costs to mean amenities. Notably, differences in physical productivity
across goods (denoted by z, above) are not enough to generate wage differentials between
firms. The reason is that, if the ratio of entry costs to firm amenities is the same, differences
in physical productivity lead to additional entry and reduced marginal utility of consumption
for the good with more productivity, up to the point where marginal revenue product of labor
is equalized across firms.

The second part highlights the role of entry costs in generating wage differences across
firms. The zero profits condition implies that firms producing goods with higher entry costs
need to operate at larger scale. To hire more workers, these firms need to post higher wages,
unless the differences in entry costs are exactly offset by differences in mean amenities.

The third part of Proposition 2 shows how heterogeneity in skill intensity generates
differential wage gaps across firms. Firms using some factors more intensively than others
must pay a relative premium to that factor. Thus, in general, the model cannot generate
log-additive wages as in Abowd, Kramarz and Margolis (1999), except when factor intensities
do not vary. Equal skill intensities are ensured by the conditions imposed in (2).

The inability of this model to generate log-additive wages and sorting simultaneously
echoes some results in the literature on labor market sorting, such as those in Eeckhout and
Kircher (2011). But it is possible that skill-intensive firms pay a positive wage premium for
all worker types if those firms have high entry costs relative to amenities. The quantitative
exercise shows that this flexibility is necessary for fitting the data.

To provide a concrete example of how firms differ in equilibrium, consider the Exponential-
Gamma parametrization introduced in Subsection 1.2. Under that parametrization, goods
are fully described by five scalars: blueprint complexity 6,, blueprint shape k,, blueprint
productivity z,, mean amenities a,, and the ratio of entry costs to mean amenities F/a,.
These scalars map directly into five empirical measures for the set of firms producing that
good, respectively: mean worker education, dispersion in worker education, share of total
workforce employed by those firms, mean firm size, and firm-level wage premia.

The next step in the analysis is understanding how the wage distribution changes over
time, given shocks to labor supply, labor demand, and minimum wages. As a starting point,
the following proposition considers a case in which the supply of skill, demand for task
complexity, and minimum wages rise in tandem:

Proposition 3 (Race between technology, education, and minimum wages). Start with a
. . H _ G

baseline economy characterized by parameters ({eh, N, B}ty » {bg,Fg,ag}gzl T, o, y) and

consider a new set of parameters denoted with prime symbols. Assume e, are decreasing

functions to simplify interpretation (more complex tasks are harder to produce). Let Ag, Ay

and Ay denote arbitrary positive numbers and consider the following conditions:

1. Nj, = AgNy Yh and T" = AgT': The relative supply of factors remains constant.
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2. e (r) = ey (Hle) Vh: Workers become better at all tasks and the degree of comparative
advantage becomes smaller for the current set of tasks (e.g. both high school graduates
and college graduates improve at using text editing software, but the improvement is
larger for high school graduates).

3. by(x) = (1+A1)1(1+A2)bg (1+xA1) Yq: Production requires fewer tasks, but the composition

of tasks moves towards increased complexity.

4.y = y: The minimum wage stays constant relative to the price of entrepreneurial
talent.

If these conditions are satisfied, the equilibrium under the new parameter set is identical to
the initial equilibrium, except that prices for goods are uniformly lower: p, = py/(1 + As)
and P' = P/(1+ Ay).®

Proposition 3 delineates technological progress in this economy. Production becomes
more efficient by using tasks that are more complex. At the same time, the skill of workers
increase, changing the set of tasks where skill differences are relevant. If minimum wages
remain as important, then there is a uniform increase in living standards. Wage differences
between worker groups and between firms for the same group remain stable.

If these transformations are not balanced, then relative prices and the allocation of re-
sources might change. The overall effect on the wage distribution and sorting is difficult to
study analytically because they interact through four different channels: (i) changes in the
economy-wide measures of skill scarcity, wy,(+); (ii) changes in relative consumption, which
are tantamount to changes in the distribution of firm types; (ii) changes in the employment
composition of each firm, conditional on type; and (iv) changes in firm-specific wage premia.
Since all of these channels are potentially important, the best way to disentangle the role of
each shock is through a quantitative application of the model.

It is possible, however, to obtain some intuition about how firm heterogeneity might
amplify or attenuate the impact of specific shocks on the wage distribution, relative to
a framework with a representative firm. Shocks that affect the price for skills will have
differential effects on the cost of goods that are produced using different sets of tasks. Those
changes in cost are passed through to consumers. As they substitute towards cheaper goods,
the aggregate set of tasks being produced by this economy shifts towards more or less complex
tasks. That shift acts as a secondary demand shock, leading to further adjustments in the
price for skills.

The following proposition isolates the effect of that secondary shock by considering what
happens when there is a change in cost for a particular firm, in a simplified version of the
model:

8Using the exponential-gamma parametrization, changes in comparative advantage functions and

blueprints are equivalent to o), = ap/(1+ Ay), 0 = (1 + A1)0,, kj = ky, and z;, = (1 + Ag)z,.
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Proposition 4 (Changes in relative output affects the returns to skill). Consider a com-
petitive version of this economy (B, = oo, F, = 0) with two goods (G = 2), no minimum
wages (y = —o0), and where relative labor demand Q2/Q1 is an exogenous parameter rather
than the outcome of consumer optimization. Assume good g = 2 is relatively more intensive
in high-complexity tasks, such that by(x)/bi(x) is increasing. Then, an increase in Qs/Qq
causes increases in wage gaps Wy1/wy,.

The full effect of a shock to labor supply, technical change, or minimum wages combines
a direct effect and this secondary demand effect. Consider for example a minimum wage
hike. As discussed in the presentation of the task-based production function, minimum
wages decrease all wage gaps in this economy when there is a representative firm. But
with two firms, minimum wages increase the cost of the low-skill good relative to the high-
skill good. The secondary demand shock is in the direction of increased wage inequality,
as in Proposition 4 above. The overall effect can be either an attenuated decline in wage
gaps or wage polarization, whereby wages increase for low and high worker groups relative
to intermediate groups. The next section of this paper shows that this channel can be
quantitatively important and help fit reduced-form estimates of the effects of minimum wage
shocks.

Proposition 4 is conceptually related to papers where structural shocks change the com-
position of jobs in the economy, causing additional effects on the wage distribution through
this channel. Examples of such papers are Kremer and Maskin (1996), Acemoglu (1999),
and Mak and Siow (2018), which study supply shocks; Acemoglu and Restrepo (2018), which
studies automation; Acemoglu (2001), which studies minimum wages; and Sampson (2014)
and Davis and Harrigan (2011), which study trade liberalization.

1.4 Quantitative exercise: wage inequality and
sorting in Rio Grande do Sul, Brazil

While the literature covering countries such as the US and Germany often tries to explain
increasing wage disparities in recent decades, the academic debate in Brazil attempts to
rationalize a decline in inequality starting in the 1990s. The most salient facts in the Brazilian
context are significant increases in both the minimum wage and educational achievement,
following policies aimed at universal primary schooling in the 1980s and 1990s and expansion
in access to college-level education in the 2000s. In this section, I study the Brazilian
context as a proof of concept for the model. In the first step of the analysis, I take a
sparsely parameterized, over-identified version of the model to the data and study whether
it can rationalize changes from 1998 through 2012. In the second step, I use the estimated
model to generate counterfactuals that isolate the individual impact of supply, demand, and
minimum wages.

Throughout the analysis, I restrict my attention to the formal sector in the southernmost
state of Brazil, Rio Grande do Sul. Similarly to many other developing countries, a substan-
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tial share of the Brazilian workforce is informal (employed at firms that evade regulations
such as payroll taxes and minimum wages). It would be ideal to include formal and informal
workers in the analysis because the model has general equilibrium effects. That is impossible,
however, for data limitations. Households surveys measure employment and wages in the
informal sector, but I require matched employer-employee data to gauge between-firm wage
dispersion for similar workers and labor market assortativeness.

To partially address problems related to informality, I restrict my analysis to Rio Grande
do Sul, the largest state in Southern Brazil. Except for the Southeast, the Brazilian South
is the region with the lowest rates of employment informality in the country. The Southeast
is less interesting for this exercise, however, because higher wages in that region make the
minimum wage shock less relevant.® I discuss the implications of ignoring the informal sector
before presenting the results of the counterfactual exercises. In addition, Appendix A.3
contains a thorough analysis of inequality and education patterns using a different data
source that includes the informal sector.

The data source used in this section is the RAIS (Rela¢io Anual de Informagoes Sociais),
a confidential matched employer-employee dataset administered by the Brazilian Ministry of
Labor. Firms are mandated by law to report to RAIS, and in doing so provide information
about their employees. The dataset I utilized contains information about both the firm
(including legal status, economic sector, and the municipality in which it is registered) and
each worker it formally employs (including education, age, earnings in December, contract
hours, and hiring and separation dates).

Because I am interested in equilibrium effects, the sample I use has few restrictions. I
select adults of both genders between 18 and 54 years of age, who are not currently in school,
and who are working in December having been hired in November or earlier. I only consider
one job per worker per year. The resulting data set has 1,494,186 workers and 148,203 firms
in 1998, and 2,398,391 workers and 238,545 firms in 2012. For each worker, I calculate the
hourly wage based on their monthly earnings and contract hours, before winsorizing the
bottom and top percentiles of the wage distribution. Summary statistics are provided in
Table A.1, located in Appendix A.3.

Target moments

Figure 1.4 demonstrates the evolution of wages in the Rio-Grandense economy. The top
left panel shows that, from 1998 to 2012, real wages have increased for all deciles of the
log wage distribution, and particularly so for the lowest deciles. Almost all commonly used
measures show a reduction in inequality: upper-tail or lower-tail percentile gaps (top-right
panel), differences in mean log wage between workers with secondary education (that is, those
complete high-school and college dropouts) and less educated workers, and the variance of
log wages — for the sample as a whole and within each educational group. The single

9T use a single state in the South because the estimator of variance components of Kline, Saggio and
Selvsten (2018) performs better in well-connected labor markets (in terms of worker transitions between
firms). Table 1.5 shows that the sample size is large enough to generate precise estimates.
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Figure 1.4: Measures of wage dispersion in Rio Grande do Sul, Brazil
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Notes: RAIS data for the formal sector in Rio Grande do Sul, Brazil. The top left graph shows
deciles of the log wage distribution in 1998 and 2012. The top right graph shows the evolution of the
90 to 50 and 50 to 10 percentile gaps from 1997 through 2013. The bottom left and bottom right
graphs show means and variances of log wages, respectively, for the whole sample and each educational
group. Data for 2003 and 2004 are not available.
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Figure 1.5: Changes in educational achievement and minimum wages
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Notes: RAIS data for the formal sector in Rio Grande do Sul, Brazil. The top graph
shows, for each year from 1997 through 2012, the share of hours worked by employees
in each educational group. The bottom graph shows the evolution of minimum wages
in the same years, both in real terms and relative to the median wage in that year.
Data for 2003 and 2004 are not available.
exception is the gap between secondary and tertiary education (workers that had completed

college and beyond), which rose until 2006 and subsequently remained stable through to the
end of the period studied. In Appendix A.3, I show that wage inequality trends are similar
in a different data set that includes informal workers.

The estimation procedure will target levels from 1998 and changes from 1998-2012 in
between-group mean log wage gaps and in the variance of log wages within each group.

The literature studying wage inequality in Brazil highlights two candidate explanations
for these patterns: increased educational achievement and minimum wages. Figure 1.5 shows
that both factors are relevant in Rio Grande do Sul. The first graph displays the fraction of
hours worked by employees in each educational group. The pattern is striking: workers with
less than a complete primary education (that is, less than eight years of schooling) supply
40 percent of the hours in 1998, but only around 15 percent in 2012. On the other hand, the
group with a complete secondary education (high school and college dropouts) increased its
participation level by almost 30 percentage points. Moreover there is a substantial increase
in college completion in relative terms (from 9.4 percent to 12.2 percent), though they remain
a fraction of the formal workforce.
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In a strict sense, these are not changes in the supply of labor, but are instead the observed
employment shares for each educational group. Even with the exogenous labor supply in
the model, these two concepts differ because the minimum wage creates involuntary non-
employment. Figure A.3 in Appendix A.3 shows similar trends in the share of all adults
belonging to each of these educational groups, regardless of whether they participate in the
labor force or not. That fact indicates that the source of changes in schooling achievement
of the workforce are changes in the education levels for the whole population, not changes
in selection patterns into employment.

The bottom graph in Figure 1.5 shows the large and steady increase in the national
minimum wage in Brazil. The same figure shows that the minimum wage increased much
faster than median wages in Rio Grande do Sul until 2006. The estimation procedure will
target levels and changes in five measures that capture the degree to which the minimum
wage is binding: the shares of workers in each educational group earning up to the minimum
wage plus 25 log points, along with the minimum wage relative to mean log wages.

In addition, I will employ reduced form estimates of minimum wage spillovers as addi-
tional targets in estimation. The objective is to impose discipline on substitution patterns
for the estimated model, adding credibility to counterfactual exercises.

I use the methodology developed by Autor, Manning and Smith (2016) to estimate the
following equation using data for all Brazilian states in the period studied:

og Yt (p) — 10g y«t(50) =P1(p) [log ye — log y«t(50)| + Ba(p) [log ye — log yur(50) | 2
+ Cos(p) + Cis(p) X time, + Go(p) x (timer)? + ug(p) (1.12)

where y4(p) is the p-eth percentile of the real wage distribution in state s at time ¢; y; is
the national minimum wage at time ¢; Cos(p) and (i4(p) are state-quantile fixed effects and
linear trends, respectively; (»(p) is a national quadratic trend; and ug(p) is the residual.

This expression parameterizes the impact of the "effective minimum wage" y; —log ys:(50)
— the minimum wage relative to the median wage in any given state and year — on any
quantile p of the wage distribution, again relative to the median. The quadratic specifica-
tion accounts for possibly non-linear effects of the effective minimum wage. The regression
includes state-percentile fixed effects and linear trends to account for state-level changes in
the shape of the wage distribution that are unrelated to the minimum wage. It also includes
a national quadratic trend for each percentile, accounting for flexible changes in the shape of
the wage distribution that are common across states. I use this trend instead of year effects
because the statutory minimum wage is set at the federal level in Brazil.

Autor, Manning and Smith (2016) argue that the effective minimum might correlate with
the residual term because median wages are used to construct both the independent and the
dependent variables. I follow their approach to solve this problem. Specifically, I use an
instrument set composed of the log real minimum wage, the square of the log real minimum
wage, and an interaction of the log real minimum wage with the average median real wage
in state s for the whole period.
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Table 1.1: Reduced form estimates of minimum wage spillovers

Quantile Levels Differences
OLS 1A% OLS v
10 0.584 0.427 0.641 0.540
(0.062) (0.068) (0.050) (0.052)
20 0.369 0.246 0.389 0.321
(0.049) (0.043) (0.036) (0.029)
20 0.204 0.158 0.241 0.167
(0.073) (0.054) (0.034) (0.022)
40 0.106 0.025 0.119 0.052
(0.032) (0.031) (0.029) (0.023)
60 -0.051 0.044 -0.084 -0.019
(0.037) (0.029) (0.041) (0.024)
70 0.091 0.259  -0.037  0.067
(0.095) (0.060) (0.059) (0.053)
30 0.113 0.281 0.015 0.028
(0.108) (0.088) (0.079) (0.063)
90 0.230 0.282 0.113  -0.011
(0.085) (0.093) (0.073) (0.068)
N 378 378 351 351
Cragg-Donald F 11.50 43.24

Notes: Each cell in this table corresponds to the marginal effects of the
"effective minimum wage" (log statutory minimum wage minus median
log wage) on quantiles of the wage distribution relative to the median log
wage, coming from separate (quantile-specific) regressions. Each observa-
tion is a state-year and the regression is weighted by total hours worked.
All years from 1996 through 2013 are included except 2002, 2003, 2004
and 2010, years in which data is not available for some states. Marginal
effects are calculated at the median log wage for the whole sample (hours
weighted). Regressions in levels include state fixed effects, state linear
trends, and a national quadratic trend. Regressions in differences include
state fixed effects and a national linear trend. Standard errors are clus-
tered by state (27 clusters).
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Table 1.1 shows ordinary least squares and instrumental variables estimates of the
marginal effect of minimum wages over different quantiles of the wage distribution. I es-
timate specifications in levels and in differences. The specification in differences presents
much stronger first stages (measured by the Cragg-Donald (1993) F statistic). In addition,
it shows no spillovers in the upper tail, a criterion that has been used for model selection
when studying the impact of minimum wages on the wage distribution (e.g. Autor, Katz and
Kearney (2008) and Cengiz et al. (2018)). For these reasons, it is my preferred specification.

The estimates show spillovers that are economically and statistically significant up to
percentile 40. Spillovers on the upper tail are small and indistinguishable from zero. These
estimates are larger than what Autor, Manning and Smith (2016) found for the US, consistent
with the fact that the minimum wage is more binding in Brazil and that only a small fraction
of the workforce is in possession of a tertiary education.

Finally, I use the panel structure of the matched employer-employee data to gauge the
degree of wage differentials across firms for similar workers. I begin with a log-additive
specification for the wage of worker ¢ at time t:

log yi = vi + g4 + 0 + wi

where v; is worker i’s fixed effect, 1; is firm j’s fixed effect, J(i,t) represents the firm
employing worker i at time £, d; is a time effect, and wu;; is a residual that is uncorrelated
with all fixed effects. I am primarily interested in the following decomposition of the variance
of log wages:

Var (log y;;) = Var (v;)+Var (wJ(i,t))%—QCov (z/i, @DJ(i,t))—l—Var (0;)+2Cov (1/,- + V) 5,:) +Var (uy)
(1.13)

This decomposition has been used to quantify the relevance of firm-level wage premia for

similar workers and the degree of labor market sorting (Abowd, Kramarz and Margolis, 1999).

If the log wage above is interpreted as a structural economic model, a positive covariance

term means that high wage workers are matched to high wage firms, increasing the total

variance of log wages. On the other hand, if wages are not log-additive (as in my model), it

is unclear what this decomposition uncovers (Eeckhout and Kircher, 2011).

However, even when the log-additive regression cannot be interpreted as a structural eco-
nomic model, the variance decomposition may still provide information about the structural
parameters governing imperfect competition and sorting. Thus, I use two elements of the
variance decomposition as targets in the estimation procedure: the share of the variance of
log wages accounted for by firm effects, estimates of the share of the variance of log wages
accounted for by firm fixed effects, Var <¢ J(Lt)) /Var (y;;); and the correlation between worker
effects and firm effects.

Estimating the variance decomposition (1.13) is not a trivial task. Andrews et al. (2008)
show that a simple "plug-in" estimator of the covariance composition using estimates of
the fixed effects from ordinary least squares (OLS) regressions is biased. These authors
provide a correction method that assumes the homoskedastic residuals. More recently, Kline,
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Table 1.2: Variance decomposition from two-way fixed effects model

Component 1998 2012 Change

Var (log y;;) 0.675 100%  0.544 100% -0.131  100%

Var (1) (worker effects) (838;) 57.9% (83311) 59.5% (_880637) 51.1%
0.139 0.071 -0.067

Var (1)) (firm effects) 0002) 2% goon) B% (opz) 515%
0.073 0.103 0.030

2C0v (vi, Ys(is)) 0.003) 0% oo1) 9% (003 2200

Other terms 0.072 10.7% 0.046 85% -0.026 20.0%

Corr (vi, ¥ 0.157 0.337 0.180

Notes: This table shows the variance decomposition described in Equation (1.13) obtained
using the Leave-out estimator of Kline, Saggio and Selvsten (2018). Numbers in parentheses
are asymptotic standard errors. The estimation labeled 1998 uses data for two years, 1997
and 1999. Similarly, the 2012 estimation uses data for 2011 and 2013. The decomposition
includes both workers who move between firms and stayers. Each worker-year observation
has the same weight. See Appendix A.3 for details and sample sizes.

Saggio and Sglvsten (2018) show that heteroskedasticity causes bias and proposed a leave-
out estimator that corrects for it. These authors also discuss how to conduct inference on
the variance decomposition terms. I use the latter estimator (henceforth denoted by KSS)
because the variance of residuals vary systematically across worker groups both in the data
and in the model. Appendix A.3 provides details about the procedure.

Table 1.2 shows the KSS estimates of variance components. The variance of both firm
and worker effects decline over time, helping to explain the fall of wage inequality. There
is also a sizable and statistically significant increase in the covariance of worker effects and
firm effects. As a result, the correlation between worker effects and firm effects increases
substantially.

To summarize, the estimation exercise attempts to match a total of 36 moments that
provide a broad picture of inequality trends, including between-firm wage dispersion for
similar workers, and constraints on the impact of minimum wages on the wage distribution.

Fitting the model
Parameters

I use a simple, parsimonious version of the model to fit these moments. I employ the
exponential-Gamma parametrization of comparative advantage functions and blueprints de-
scribed in Section 1.2. The complete list of estimated parameters is presented in Table 1.4.
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Table 1.3: Target moments and model fit

Data Model

Target 1998 Change 1998 Change

Group 1: Wage inequality (RMSE = 0.025)
Mean log wage gaps:

Primary / No degree 0.144 -0.104 0.201  -0.085
Secondary / Primary 0.383 -0.226  0.416 -0.259
Tertiary / Secondary 0.695 0.292 0.739  0.302
Within-group variance of log wages:
No degree 0.338 -0.156  0.328  -0.147
Primary 0.456  -0.226  0.463  -0.209
Secondary 0.685 -0.345 0.670 -0.354
Tertiary 0.891 -0.261 0.878 -0.271

Group 2: The role of firms (RMSE = 0.028)
Variance decomposition from two-way fized effects model
Share of firm effects 0.206  -0.075 0.179  -0.079
Corr. worker and firm effects 0.157  0.180  0.110  0.177

Group 3: Minimum wages (RMSE = 0.065)
Log minimum wage relative to mean log wage

All workers -1.342  0.435 -1.315 0.417
Share of workers with logy < logy + 0.25
No degree 0.055  0.092 0.101  0.166
Primary 0.044 0.112 0.084 0.144
Secondary 0.028  0.098  0.048  0.117
Tertiary 0.006  0.014 0.021  0.001
Minimum wage spillovers:
pl0 0.540 0.440
p20 0.322 0.226
p30 0.167 0.130
p40 0.052 0.050
p60 -0.019 -0.033
p70 0.067 -0.063
p80 0.028 -0.089
p90 -0.011 -0.118

Notes: This table shows the 36 moments targeted by the estimation procedure,
along with their model-based equivalents predicted by the estimated parameters.
RMSE means the root mean squared error for all of the moments in each group.
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Table 1.4: Estimated parameters

Parameters

General:

o (substitution between goods) 2

S? (variance of efficiency units) 0.447

y, 1998 (log min. wage) 0.161

y, 2012 0.493

Worker type-specific: No Degree Primary Secondary Tertiary
oy, (comparative advantage) -1 -0.595 -0.314 0
Br (taste for consumption/elast. of worker supply) 60.55 7.65 5.16 4
Goods: g=1 g=2

6,, 1998 (initial blueprint complexity) 0.378 1.195

ky (blueprint shape) 116.18

log z,, 1998 (initial blueprint productivity) -2.192 0

log F,/a,, 1998 (entry cost to mean amenities) -6.653 0

Demand shock:

dlog 6 (skill-biased technical change) 1.151

dlog z3 /2 (change in productivity gap) -1.901

dlog((Fy/as)/(F1/a1)) (change in entry cost gap) -4.197

Notes: This table shows the 16 parameters being estimated in the quantitative exercise. Numbers that are
greyed-out and italicized are normalizations or calibrations.

The model has four worker types, assumed to be observable and linked to the four
educational groups. I assume that the dispersion of efficiency units within each group has
the same variance, S7 = S?. This assumption means that the model must fit differences in
within-group wage dispersion based solely on minimum wages and wage dispersion between
firms. In addition to S?%, I estimate comparative advantage «a; (except for normalizations
a; = —1, ay = 0) and the relative taste for consumption (3, which is also the elasticity of
job applicants to the firm. I calibrate the elasticity of the higher type to 4, corresponding to
a wage mark-down of 20%. That number is used as a reasonable benchmark in Card et al.
(2018), based on their own literature reviews and those in Manning (2011).°

10T calibrate one of the B, because, without that normalization, their levels are weakly identified. The
main source of identifying variation for the §j are levels and changes in within-group variance of log wages,
because in the model these parameters affect wage differentials between firms. However, the parameter set
being estimated also includes the difference in entry costs between the two firm types, which also affect
between-firm wage differentials for similar workers in the model. Under correct specification, all §; can
still be identified jointly with the entry cost gap because they imply the size of bunching at the minimum
wage. Figure 1.6, however, shows that the distribution of log wages is not perfectly specified and that the
model cannot exactly match the observed bunching. Thus, using a calibrated value for either one of the
Bp, or the entry cost gaps can lead to more reliable estimates. I chose 4 for that purpose because, among
Brazilian workers, those with college are probably the most similar to workers in developed countries where
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The estimated model has only two goods (and, equivalently, two firm types), making it
parsimonious and simplifying its interpretation. I make further restrictions on parameters
related to goods. The shape parameter of blueprints is assumed to be constant over time
and common for both goods. In addition, because I am not interested in predictions about
firm size or the number of firms, I restrict my attention to the ratio of entry costs to mean
amenities — more specifically, the log difference of this ratio between firm types. Finally, the
elasticity of substitution between goods is calibrated to ¢ = 2. This parameter is technically
identified from minimum wage spillovers; specifically, from the secondary impact of that
shock on wages discussed in Proposition 4. In this particular case, however, that effect is
small relative to the imprecision in the estimated minimum wage spillover (see Figure 1.7).
Thus, that parameter is weakly identified in practice, and calibration is a more transparent
approach.!!

[ now introduce the definition of the demand shock as a combination of three components.
First, following the tradition in this literature, I allow for a skill-biased technical shock that
increases productivity gaps between worker groups. In the task-based production function,
this can be modeled as a proportional increase in task complexities dlog6, as shown in
Proposition 3. The second component is a possible change in the relative productivity of
firm types, dlogzy/2;. This component affects the overall employment share of each firm
type. The third component is a change in the relative ratio of entry costs to amenities,
dlog((Fy/as)/(Fz/as)). That relative ratio is a key determinant of cross-firm wage dispersion
for similar workers.

The last parameters in the model are minimum wages relative to the price of entry inputs
(the numeraire in the model). Minimum wages are added as a free parameter procedure
because prices for goods, entrepreneurial talent, and labor are unobserved, making a direct
calibration of that parameter impossible.

Estimation procedure

The model is estimated by minimizing the least squares distance between the observed
moments in Table 1.3 and the model equivalent of these moments. Each of the three groups
of moments have the same importance in estimation. To evaluate the loss function, I need
a function that maps the vectors of parameters to the vectors of moments predicted by
two equilibria of the model, one corresponding to 1998 and another corresponding to 2012.
To find these equilibria given a set of candidate models, I use a slightly modified set of
equilibrium conditions: instead of imposing that the number of job applicants equals the
total number of workers of each type (which is unobserved in the data), I impose instead

the estimates cited in Manning (2011) were obtained.

1T assume that goods are net substitutes because the model-based curves in Figure 1.7 suggest that the
higher the substitution, the closer the predicted spillovers in the upper tail are to reduced-form estimates.
Still, T chose a relatively small value for the elasticity of substitution as a way of being conservative about
the extent of changes in the composition of firm types following structural shocks.



CHAPTER 1. SUPPLY, DEMAND, INSTITUTIONS, AND FIRMS 33

that the number of employed workers in the model equals observed employment.!?

The first group of moments in Table 1.3, along with the measures of how binding the
minimum wage is in the third group, are calculated from the model-implied wage distribu-
tions for each worker type. Minimum wage spillovers are calculated as follows. First, I take
each of the estimated equilibria and calculate a counterfactual where the log minimum wage
increases by 1079 relative to the entry input. Next, consistent with the reduced form spec-
ification (Equation 1.12), I calculate the changes in each quantile p over the change in the
minimum wage, both of which are relative to the median wage: Aly(p) —y(50)]/Aly —y(50)].
Finally, I use the average of spillovers across both periods (1998 and 2012) as the model-based
analogues of the reduced form estimates.

I simulate the model-predicted variance decomposition from an AKM regression using a
large firms assumption. When firms are large, the internal distributions of worker types and
wages in a firm of type ¢ are approximately the same as the model-predicted distributions
for that type. Thus, firms of the same type in the model are statistically identical except for
size. I also need a stylized model of employment dynamics, because the model described in
the previous section is static. Define a worker type i as a tuple (h;, ¢;). First, I assume that
there is mobility between firm types for all worker types ¢ that are not rejected by either
firm. Second, I assume that ¢; is a combination of a portable human capital component
(the worker fixed effect) plus a transient effect, with the relevance of the transient effect
calibrated so that the share of the variance of log wages attributable to the residual is of
similar size to that in the data.!'?

Given these assumptions, the variance decomposition is calculated from a simulation of
the model where there are only two large firms in the economy, one for each firm type. First,
I discretize the distribution of efficiency units €, so that there is a discrete number of worker
types (h;, €;). Then, I simulate a data set where each observation is a combination of worker
type ¢ and firm type g. This data set contains indicators for firm and worker type, worker
earnings, and weights constructed from the model-predicted mass of workers of each type 7
employed by firms of each type g. Next, I estimate firm and worker effects via a weighted
ordinary least squares regression of log earnings on firm and worker type dummies.'* Finally,
I calculate the variance decomposition components using those estimated fixed effects.

The parametric space is the real line for parameters defined in logs and the positive
real line for most others. The exceptions are comparative advantages ay, € (0,1) and ), €
(1,100). Standard errors will be provided in a future version of this paper.

12This approach is computationally more efficient than adding parameters for total labor supply N, and
additional moments for observed employment. They are not completely equivalent because the latter can
account for sampling error in observed employment shares by worker group. Given the large sample size,
this difference is unlikely to be relevant in practice.

LBFormally, I set €;; = €I” + €%, with the transitory component €, orthogonal to the fixed component €l
The variances of each of these components is calibrated so that (i) the variance of €;; is the parameter S?;
and (ii) the estimated share of the residuals in the model-based variance decomposition is 0.9.

14QOLS estimates are consistent in this regression because the number of firm fixed effects being estimated
does not grow with the sample size.
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Estimates, goodness of fit, and discussion

Table 1.4 shows the estimated parameters and Table 1.3 illustrates the moments predicted
by the estimated model. Overall, the model fits the data well, particularly for the first two
groups of moments (levels and trends in wage inequality and components of the variance
decomposition based on the two-way fixed effects regressions). That the model fits within-
group variances well is particularly interesting given the restriction that the variance of labor
efficiency units is the same for all groups and both periods.

Figure 1.7 shows that minimum wage spillovers from the model are similar to the reduced
form estimates, though the model understates positive spillovers in the lower tail and over-
states negative spillovers in the upper tail. The same figure also shows how the elasticity of
substitution parameter substitution between goods affects comparative statics, following the
logic introduced in Proposition 4. More substitution between good leads to a less negative
spillovers in the upper tail of the distribution. Those differences, however, are small.*?

The fit of the model can be verified visually by comparing observed wage distributions
with model-generated ones in Figure 1.6. Overall, the model captures the most salient
features of the data. The fit is worse close to the minimum wage, with the model over-
predicting bunching in this area.

Now I discuss the estimated parameters shown in Table 1.4 and the implied equilibria in
the model. I start with worker-related parameters. Comparative advantage «;, is increasing
in education, as expected. These parameters are identified from changes in mean log wage
gaps. The taste for consumption [, is estimated to be decreasing with education. Workers
with no complete degree have a high taste for consumption, implying that labor markets are
close to competitive for that worker group. For workers with more education, the implied
wage mark-downs relative to marginal productivities range from 12 percent (for workers
with basic schooling) to 20 percent (for workers with a college degree). The variance of
efficiency units S? is 0.447, close to the total variance of log wages in 2012. Both S? and 3,
are identified essentially from levels and changes in the variance of log wages within worker
groups.

Good g = 2 is more intensive in task complexity, has higher fixed costs, and requires
fewer tasks in production than good g = 1. The estimated skill-biased component of the
demand shock is positive, stretching the distribution of task requirements for both goods to
the right. The demand shock also includes convergence between goods in entry costs and
productivity.

The resulting employment patterns, along with the mean log wages for workers of each
type employed at firms producing each good, are shown in Figure 1.8. Firms producing the
second good are more skill intensive in both periods. In the first period, firms producing
g = 2 pay higher wages to all worker types except the least educated one. The size of the
wage premium is increasing in worker type. These differences stem from a combination of
increased demand for skilled workers along with a higher ratio of entry costs to amenities

15Tn this exercise, productivity gaps are adjusted so that employment shares of each firm type remain the
same after the change in 0. As a result, all other moments are the ones shown in Table 1.3.
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Figure 1.6: Distribution of log wages, data and model
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Figure 1.7: Minimum wage spillovers
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Notes: This figure shows the impact of changes in the "effective minimum" (statutory mini-

mum wage minus median wage) on different deciles of the wage distribution, relative to the

mean. The solid line shows marginal effects from the instrumental variable estimation of

Equation (1.12), following Autor, Manning and Smith (2016). The shaded area represents 95

percent confidence intervals for these estimates. The dashed line shows spillovers predicted

from the estimated model. The dash-dot line and the dotted line demonstrate the spillovers

from a model similar to that of the estimated one, with the exception that substitution be-

tween goods is either ruled out (that is, o = 0) or amplified (¢ = 10) relative to the baseline

estimation (o = 2).
in the second firm type relative to the first, as described in Proposition 2. These differences
explain both the substantial share of firm effects in the variance of log wages and why the
estimated firm effects from the log-additive model correlate with worker effects.

In the second period, firms producing g = 2 still pay more to skilled workers. However,
they post lower wages for less skilled workers, reflect extremely low labor demand for them.
The combination of these effects explains why firm fixed effects become less relevant as a
share of the total variance of log wages, while at the same time the correlation between
worker and firm fixed effects increases.

I interpret the demand shock as follows. In the first period, the first good, ¢ = 1
represents a "backward" technology intensive in low-complexity tasks. The second good,
g = 2 represents a "modern" technology that has higher returns to education. The demand
shock replaces the "backward" technology to another that uses more complex tasks and
is closer to the modern one in entry costs and physical productivity. At the same time,
the "modern" technology is also affected by skill-biased technical change, becoming even
more specialized in high-complexity tasks. Following a concurrent increase in the supply of
education, firms producing the modern good find it profitable to fully specialize in college-
educated workers.
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Figure 1.8: Wages and employment by firm type and worker type
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Notes: The top panel shows wages for each worker type h posted by firms
producing good g. The bottom panel shows the distribution of employment in
the economy between worker types and firm types. For each year, all bars sum
to one.

Disentangling the role of supply, demand, and minimum wages

In this final step, I use the model to generate counterfactuals that isolate the role of supply,
demand, and minimum wage shocks. The first counterfactual scenario has all parameters
from the estimated model in 1998, except for labor supply — which changes to the 2012
levels — and minimum wages, which adjust relative to the numeraire of the model so that it
remains constant relative to mean log wages.!® Next, I move from this scenario to another
where the demand shocks occurred, and the minimum wage is still kept constant relative to
mean log wages. Finally, the last step measures the difference from this second counterfactual

16Tt is easy to observe the number of employed workers in each educational group, but it is not obvious
how to measure total labor supply V; in the model due to involuntary non-employment. I use a structural
approach to deal with this issue. The estimation procedure looks for one equilibrium in the model for
each period such that the model predictions (including share of employment by education) match the data.
After the equilibrium and its corresponding set of parameters is identified, the parametric assumption of the
distribution of efficiency units allows the researcher to extrapolate the number of unemployed workers, thus
obtaining the total labor supply Nj. Thus, the change imposed in the first counterfactual is moving from
the estimated N}, for the 1998 equilibrium to the one coming from the 2012 equilibrium.
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Table 1.5: Model-based decomposition: supply, demand, and minimum wages.

Moment All changes Supply Demand Minimum wage
Variance of log wages -0.201 0.004 -0.079 -0.125
Mean log wage gaps:

Primary / No degree -0.085 -0.081 0.102 -0.106
Secondary / Primary -0.259 -0.088  -0.100 -0.070
Tertiary / Secondary 0.302 -0.010 0.424 -0.112
Within-group variance of log wages:

No degree -0.147 -0.007  -0.032 -0.108
Primary -0.209 -0.034  -0.064 -0.111
Secondary -0.354 -0.038  -0.225 -0.091
Tertiary -0.271 0.073 -0.327 -0.017
Variance decomposition from two-way fized effects model

Share of firm effects -0.079 0.081 -0.193 0.033
Corr. worker and firm effects 0.177 -0.080 0.281 -0.024

Notes: The meaning of each column is as follows: All changes denotes changes predicted
by the estimated model, comparing the 1998 equilibrium to the 2012 equilibrium. Supply
shows differences between the 1998 equilibrium and a counterfactual equilibrium using 1998
parameters, except for the number of workers of each type (changed to the 2012 value) and
minimum wages (adjusted so that the minimum wage to mean log wage remains constant).
Demand shows the differences between the first counterfactual and a second counterfactual
where the demand shock is imposed, while still holding minimum wages stable relative to
mean log wages. Minimum wage shows differences between the second counterfactual and
the 2012 equilibrium.

to the estimated model in the second period, which includes changes in all dimensions.

Before showing the results of this model-based decomposition, it is worth noting that
this exercise requires a strong assumption: each of these components is entirely exogenous,
such that moving either one in isolation is a meaningful counterfactual. One example of a
deviation would be an endogenous technical response to increased availability of qualified
labor. Another example is labor supply responses to changes in wages following demand and
minimum wage shocks. The labor supply example is particularly relevant for two reasons.
First, in contrast to other model-based exercises, I do not restrict the sample to male workers,
a group that usually has a low elasticity of labor supply. Second, the informal sector provides
an "outside option" for workers in the formal sector, and the gap in attractiveness between
formal and informal jobs might be a complicated function of the labor supply, technical
change, and minimum wages (see the second chapter in this dissertation). A model-based
account of the informal sector is possible, but it is beyond the scope of this paper.

Even with these limitations, this exercise can still shed light on the causes of decreased
inequality in Brazil, because it incorporates equilibrium effects while studying a wide range
of shocks. There are some model-based decompositions of wage inequality in Brazil, but
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they focus on smaller sets of shocks and causal mechanisms relative to this paper. Engbom
and Moser (2018) develop a model of between-firm wage dispersion and focus on the role
of the minimum wage, but do not account for equilibrium effects of changes in educational
achievement and technical change. Mak and Siow (2018) build a model of within-firm com-
plementarities between workers and use it to study the role of labor supply. That paper does
not feature between-firm wage dispersion and minimum wages. Finally, (Ferreira, Firpo and
Messina, 2017) performs a decomposition exercise that features a broad array of explanatory
factors and includes both the formal and informal sectors. That exercise, however, does not
account, for equilibrium effects of changes in labor supply, demand, and institutions; while
helpful as a descriptive tool and for ruling out some possible explanations, it does not offer
measurements of the causal effect of each shock.

With these caveats in mind, I discuss the results of the model-based decomposition. The
supply shock reduces mean log wage gaps among workers with less than tertiary education,
but have no effect on the returns to college relative to high school. These effects are consistent
with a straightforward supply-demand intuition, since the supply of high school and college
educated workers increases substantially. The effects on within-group variances of log wages
is small. Finally, the overall effect on the total variance of log wages is null; even though
there are reductions in between-group log wage gaps, there is also an endowment effect
that increases the overall dispersion of wages in the economy. This result is similar to the
conclusions in Ferreira, Firpo and Messina (2017). The supply shock also causes a moderate
increase in the share of the variance of log wages explained by firm effects, along with a
moderate decline in the correlation of worker and firm fixed effects.

As described in the previous subsection, the estimated demand shock is a combination
of skill-biased technical change (modeled as a drift towards more complex tasks) and con-
vergence between firm types in entry costs and productivity. With a representative firm,
increased task complexity should widen all between-group wage gaps. Following this logic,
there is a large increase in wages for college-educated workers. However, high school workers
lose relative to those with only primary education. The reason for this "wage polarization"
effect is the loss of firm-level wage premia for high-school workers. Without the minimum
shock, most workers in this group are employed by "modern" firms where their skills are
valuable. As described in the previous section, the demand shock induces "modern" firms
to fully specialize in college-educated workers. The high school workers are then reallocated
to "backward" firms, where their comparative advantage relative to less-educated workers is
smaller.

The demand shock also causes reductions in cross-firm wage dispersion, which reflect
in an overall decline in wage inequality. There are two separate channels leading to these
reductions. First, because the modern firms specialize in college-educated workers following
the increase in task complexity, there is effectively no cross-firm wage dispersion for workers
up to high school in the second period. That explains decreased within-group inequality for
these workers following the demand shock. In addition, the reduction in the entry cost gap
between goods reduced the size of the cross-firm wage premia for college educated workers,
with corresponding consequences for the variance of log wages within that group. The
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combined effect of these changes is a sizable reduction in overall inequality, accounting for
almost 40 percent of the total decline in the variance of log wages.

The demand shock also makes the labor market more assortative, as measured by the
correlation between worker and firm fixed effects in the AKM regressions. This result follows
from full specialization in college-educated workers in the modern firms, along with the fact
that the wage premia for these workers remain positive (though smaller in magnitude).

The minimum wage is the most important factor explaining declining wage inequality
in this context. It has sizable effects in both between-group and within-group inequality. I
also find that minimum wages have small impacts on the share of the variance of log wages
explained by firm effects and in the correlation between worker and firm effects. These
results are similar to those in Engbom and Moser (2018).

1.5 Conclusion

This paper demonstrated that a task-based model of production is a useful tool for mod-
eling firm heterogeneity in imperfectly competitive labor markets. The theory reveals two
kinds of novel interactions between the supply-demand-institutions framework commonly
employed to study wage inequality and the applied microeconomic literature examining im-
perfect competition in labor markets using matched employer-employee data. First, shocks
to labor supply, labor demand, and minimum wages affect between-firm wage dispersion and
labor market sorting. Second, adding firm heterogeneity and imperfect competition to the
traditional approach leads to aggregation issues that might change how those shocks affect
the wage distribution in a qualitative sense.

The application of the model using Brazilian data showed that the channels introduced in
the theory are relevant for explaining the evolution of inequality and labor market sorting. It
also showed that demand-side shocks, including skill-biased technical change, play essential
roles in the labor market transformations in Brazil, despite the observed declines in wage
inequality.

I conclude this section by discussing two directions for further research. First, a version
of the model with capital provides a tool for modeling different forms of technical changes,
as well as capital-skill complementarity. Acemoglu and Autor (2011) employ a task-based
structure to model routine-biased technical change resulting from price reductions for types
of capital particularly effective at tasks executed by mid-skill workers. The same idea can be
introduced in this framework. A simple way to do so is to include different vintages of capital,
all of which perfectly substitute for labor at individual tasks but with varying schedules of
productivity. This is simple from a modeling perspective because capital vintages behave
as worker types do, thus requiring no modification of the model. Each vintage is then a
substitute for some worker types and a complement to others. A different approach is to
assume capital and labor are imperfect substitutes in the production of tasks, and that this
elasticity of substitution decreases in task complexity. This provides a microfoundation for
capital-skill complementarity, a pattern that has been documented in the labor demand
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literature (Hamermesh, 1996) and that is potentially relevant for explaining trends in wage
inequality (Krusell et al., 1999).

The model can also be used to quantify the impact of trade shocks on wages. Economists
have increasingly used models with heterogeneous firms when studying the inequality effects
of trade. Some papers (Sampson, 2014; Burstein, Morales and Vogel, 2016; Burstein and
Vogel, 2017) show, using competitive models, that trade liberalization can affect the returns
to skill because it favors firms that are more skill-intensive. Others (Helpman, Itskhoki and
Redding, 2010; Davis and Harrigan, 2011; Helpman et al., 2017) highlight that trade opening
can also increase between-firm wage dispersion for similar workers when labor markets are
not competitive. The model developed in this paper can combine both perspectives, while
also accounting for the ex-ante worker heterogeneity in productivity, firm-to-worker sorting,
and other shocks to wage inequality coming from the traditional supply-demand-institutions
framework.
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Chapter 2

Workforce Composition, Productivity,
and Labor Regulations in a
Compensating Differentials Theory of
Informality

This chapter is coauthored with Rodrigo R. Soares. A previous version was posted online as
IZA Discussion Paper No. 9951 on May 2016.

2.1 Introduction

Labor market informality has been a major policy concern worldwide for several decades.
Informal employment is not protected by labor legislation, cannot be taxed, and does not
entitle workers to social security benefits. These constitute challenges to policy making in
terms of the optimal design and effectiveness of both the social protection and tax systems.
In developing countries, these challenges are magnified by the limited enforcement ability of
governments and the sheer size of informal employment, well above 30% of the labor force in
most cases. Specific programs and institutional efforts targeted at reducing labor informality
have typically met with limited success (Perry et al., 2007).

Surprisingly, this historical pattern of persistently high informality was sharply reversed
in most of Latin America in the early 2000s. In a half-dozen countries, informality rates
among salaried workers were reduced by one-fifth or more in a period of roughly 10 years
(Tornarolli et al., 2012). These shifts remain largely unexplained and cannot be accounted for
by current models of informality. The decline in labor informality in Brazil, which provides
the data for our quantitative exercises, is particularly puzzling. Informality among salaried
workers was reduced by 10.7 percentage points between 2003 and 2012, from an initial level
of 30%. At the same time, the minimum wage increased by 61% in real terms, at least twice
the growth rate of GDP per capita, while changes in labor legislation and payroll taxes were
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negligible. But Brazil also experienced other relevant economic transformations during this
period, including substantial increases in average years of schooling and TFP. In principle,
these transformations may have had their own equilibrium effects on informality, through
changes in the demand and supply of different types of labor and the ensuing impact on
relative wages and unemployment.

The main difficulty in assessing the relevance of this latter possibility comes from the
absence of an adequate theoretical framework. The modern informality literature is unable
to analyze the implications of supply-demand interactions across different types of labor due
to is reliance on traditional search models, which assume one-to-one matches between workers
and firms or constant marginal productivity of labor. These assumptions immediately rule
out complementarities across different types of labor and, therefore, equilibrium responses
to changes in the relative supply of different types of workers.

In this paper, we develop a search and matching model of informality that allows for
worker and firm heterogeneity, decreasing returns to scale, imperfect substitutability be-
tween different types of labor within the firm, a realistic set of labor regulations (including
minimum wage), and explicit compliance decisions by workers and firms. We estimate the
model using data from Brazil and show that it closely reproduces the changes in informality
during the 2000s. This quantitative exercise also shows that the educational composition
of the labor force and TFP can have first order implications for labor market equilibrium
outcomes — including informality, unemployment, and relative wages — through their effects
on the demand and supply of different types of labor. The incorporation of heterogeneous
labor and decreasing returns to scale allows the model to assess how informal labor markets
respond to changes in aggregate variables in ways that would have been impossible under the
frameworks commonly used in the previous literature or, alternatively, with reduced-form
empirical analyses.

In order to accommodate decreasing returns to scale and imperfect substitutability be-
tween different types of labor within a search model, we draw from the intra-firm bargaining
theory proposed by Cahuc, Marque and Wasmer (2008), who build on Stole and Zwiebel
(1996a), and extend it in three directions. First, we characterize an equilibrium where labor
can move between the formal and informal sectors. Second, we consider firms with different
productivity levels, as opposed to a single representative firm. And third, we incorporate a
more realistic set of labor regulations, including minimum wages, which adds a non-trivial
degree of complexity to the characterization of the solution.t

In the model, workers can be either skilled or unskilled and search simultaneously for
formal and informal jobs when unemployed. Firms are heterogeneous in a skill-biased pro-
ductivity parameter, so that more productive firms are also more intensive in skill. Firms
first decide on whether to comply with labor regulations and then, at each moment, on how
many skilled and unskilled vacancies to post. By not complying with regulations, firms avoid

!Carbonnier (2015) has independently developed a model that adds payroll taxes to Cahuc, Marque and
Wasmer (2008). It does not include mandated benefits nor minimum wages in the wage bargaining problem
(minimum wages are modeled in that paper as an exogenous price for low skilled workers).
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payroll taxes and are not subject to the minimum wage, but face an informality penalty that
is increasing in firm size (representing the probability of being audited and the associated
fine). Labor regulations also include mandated benefits, which from the perspective of em-
ployees make formal jobs more valuable than informal jobs for a given wage. Finally, wages
are set by intra-firm bargaining under non-binding contracts, so that changes in firm size
lead to wage renegotiation with all workers in the firm.

The model leads to an equilibrium where firms and workers self-select into the formal
and informal sectors following a compensating differentials logic. Firms do not want to
comply with labor regulations, but non-compliance is too costly for large firms. Workers
want to receive employment benefits, but may be willing to accept informal jobs and leave
unemployment for a sufficiently high wage. The only labor market distortions are those
introduced by imperfectly enforced labor regulations and the search and matching frictions.
The marginal informal firm is technologically indistinguishable from the marginal formal
firm, and skilled and unskilled workers employed in both sectors are identical. So there is
no sense in which firms and workers allocated to different sectors are intrinsically different,
as the classic labor market duality hypothesis would suggest (see Cain, 1976).

In a steady-state equilibrium, firms with lower productivity employ fewer workers and
choose to operate informally. These firms also employ a lower fraction of skilled workers. In
general, informal workers are compensated for the lack of mandated benefits by receiving
higher wages, but this equalizing differentials condition can be broken by minimum wages.
If the minimum wage binds for unskilled workers, they strictly prefer to hold a formal
job but are willing to accept informal offers in equilibrium to avoid unemployment. In
this equilibrium, the formal wage premium decreases in the skill level, becoming negative
for skilled individuals. Average wages are higher in the formal sector due to workforce
composition and to the binding minimum wage. But, for skill levels for which the minimum
wage does not bind, workers are indifferent between formal and informal employment.

In the quantitative section of the paper, the model is used to analyze the evolution of
informality in the Brazilian labor market from 2003 to 2012 and to assess the effectiveness of
alternative policies aimed at reducing informality. We estimate the model using data from
the Brazilian labor market in 2003 and then examine whether the estimated model is able
to replicate the evolution of labor market outcomes between 2003 and 2012. The model
reproduces several stylized facts from the cross-sectional distribution of workers across firms
and compliance statuses: size distribution of firms, wage patterns across and within the
formal and informal sectors, and unemployment. We analyze the role of changes in tax rates,
mandated benefits, enforcement of labor regulation, minimum wages, workforce composition,
and aggregate productivity in explaining the trends observed in the past decade. By assessing
the contribution of each of these factors one at a time, we verify that our comparative
statics exercises are roughly in line with the evidence available from reduced-form empirical
studies. Once all factors are accounted for, the model reproduces qualitatively all the changes
observed in the data, including those related to wages and employment by sectors and skill
levels. Quantitatively, the model reproduces 85% of the decline in informality and 69% of
the decline in the unemployment rate observed in the period. The predicted evolution of
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wages also matches the data with reasonable precision.

We find that changes in workforce composition are the most important factor behind the
reduction in informality in Brazil: without increases in skill levels, the informality rate would
have gone up by 4 percentage points instead of declining. To provide some direct empirical
evidence in support of this conclusion, we also conduct a preliminary statistical analysis
using Census data from 1991 to 2010. Our analysis shows that there is a positive correlation
between average schooling in a local labor market and the probability that workers in that
labor market are employed formally, even conditional on workers’ own education. This
correlation has not been explored before and is consistent with the equilibrium mechanism
implied by the model.

Our last quantitative exercise illustrates the use of the model for policy analysis. We
examine two policies that subsidize formal low wage employment as a means to reduce
informality. In the first policy, the subsidy is implemented in the form of lower tax rates for
low wage positions, as in a progressive payroll tax. In the second, the subsidy is instead a
direct government transfer to low wage formal workers, similar to a current policy adopted
in Brazil (Abono Salarial). Our results show that the first alternative can reduce informality
and increase government revenues, while the second one is much less cost-effective. The
reason behind the sharp contrast in outcomes of these apparently similar policies lies in
the binding minimum wage. While a reduction in payroll taxes induces employers to create
formal jobs, there are no incentives for employers under the second policy, since they do not
benefit from the government transfer to workers if wages cannot adjust downward.

In addition to the theoretical points and the quantitative exercises mentioned before,
the paper makes two conceptual contributions to the informality literature. First, it shows
that both the cross-sectional and time-series variations in informality are consistent with a
model that does not impose structural differences in technology across sectors. The model
reproduces several stylized facts related to informality and its recent evolution resorting
only to regulatory distortions and to search and matching frictions commonly associated
with the functioning of the labor market. Second, it rationalizes three interrelated and
widely documented patterns that are incompatible with previous informality models: the
presence of skilled and unskilled workers in both the formal and informal sectors, the rising
share of skilled workers by firm size (and formality status), and the declining formal wage
premium by skill level (becoming null or negative at the top). Many authors suggest that the
heterogeneity in the formality wage premium indicates that the informal sector is composed
of two distinct tiers. For the more productive workers at the top tier, informality is a
matter of opportunity, which is reflected on their wages being equal to or higher than they
would be in the formal sector. For the bottom tier, informality is strictly worse than formal
employment, since informal workers earn lower wages and lack valuable mandated benefits.
In our model, the two tiers are clearly identified by the two skill levels, and the pattern of
decreasing wage gap results from the binding minimum wage for unskilled workers.?

?Bargain and Kwenda (2011) find this pattern in fixed-effects models using data from Brazil, Mexico
and South Africa. Botelho and Ponczek (2011) reach similar conclusion with Brazilian data under different
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Our model builds upon many search models from the informality literature, but differ
from them in key aspects. Boeri and Garibaldi (2007) and Boeri, Garibaldi and Ribeiro
(2011) propose simple models with worker heterogeneity, but without the possibility of sub-
stitutability between different types of labor and with poor institutional characterizations.
In both papers, the equilibrium displays complete segregation of workers by skill level across
the formal and informal sectors. Albrecht, Navarro and Vroman (2009) introduces uncer-
tainty about workers’ productivity in the formal sector and a richer institutional setting,
but maintains the one-to-one matching between workers and firms, in addition to assum-
ing strong structural differences between sectors and no compliance decision on the side of
the firms. Ulyssea (2010), Bosch and Esteban-Pretel (2012), and Meghir, Narita and Robin
(2015) have more sophisticated compliance decisions and are better equipped in institutional
details, but forgo worker heterogeneity. Ulyssea (2010) still assumes substantial structural
differences between sectors, while Bosch and Esteban-Pretel (2012) and Meghir, Narita and
Robin (2015) assume that formal and informal firms differ only in their choice to abide by
labor regulations.> On the institutional side, Ulyssea (2010) incorporates unemployment
insurance and severance payments, and Meghir, Narita and Robin (2015) accounts for both
these dimensions and minimum wages.*

specifications (also using panel data), and observe that the formal wage premium decreases as workers
become older and more educated. Lehman and Pignatti (2007) find similar results for the Ukrainian labor
market. The idea of a two-tiered informal sector goes back at least to Fields (1990). Giinther and Launov
(2012) develop an econometric model of selection to test the hypothesis of heterogeneity inside the informal
sector. They find that there are two distinct groups in the informal sector in Cote d’Ivoire. Some of
these authors, as well as others, have used the term segmentation to describe the bottom tier of the informal
sector. By that, they mean that wages are not fully determined by individual productivity and compensating
differentials. This interpretation, present in Fields (1975) and Rauch (1991), is different from the original
concept of segmented labor markets, as described in Dickens and Lang (1985) or Cain (1976). In the case
we discuss, increases in education (or, more generally, productivity) can lead every worker to better jobs,
a view that contrasts with labor market duality. In addition, the significant flow of workers in and out of
the informal sector, particularly among those with lower skills, undermines the hypothesis of strong non-
economic barriers of entry to the so-called primary sector. To our knowledge, Araujo and Ponczek (2011)
present the only alternative model that explains the decreasing wage gap among salaried workers, but in a
very specific setting (one-to-one random matching model with asymmetric information, where workers can
take employers to court). Bargain et al. (2012) account for heterogeneity in income gaps between formal and
informal self employed workers.

3This perspective is supported by the experiment in de Mel, McKenzie and Woodruff (2013) and also
by other empirical evidence showing that firms change their compliance decision in response to changes in
tax rates (Monteiro and Assungdo, 2012; Fajnzylber, Maloney and Montes-Rojas, 2011) or in the intensity
of enforcement of labor regulation (Almeida and Carneiro, 2012).

4Galiani and Weinschelbaum (2012) model a competitive labor market with heterogeneous firms and
workers and self-selection of both into formal and informal sectors following a compensating differentials
logic. But they have a single, homogeneous, labor input (workers are heterogeneous in their endowment
of this input) and, given the competitive labor markets assumption, cannot account for unemployment.
Marrufo (2001) develops a similar competitive model where firms use a single type of labor and workers
choose in which sector to work, but she models workers’ choices as a Roy model — therefore implicitly
assuming structural differences across the formal and informal sectors — and does not allow for endogenous
compliance decisions on the side of the firms. The competitive model in Amaral and Quintin (2006) has
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The critical features that set our model apart from the rest of the literature are imperfect
substitutability across different types of labor and decreasing returns to scale. By considering
skilled and unskilled workers and linking them through firms that use both types of labor,
embedded within a rich institutional setting, our model reproduces empirical patterns in-
compatible with previous theoretical models of informality. In addition, it allows us to study
the equilibrium effects of changes in aggregate variables — such as workforce composition and
TFP — in ways that would otherwise have been impossible.

The remainder of the paper is organized as follows. Section 2 sets the background by
describing some stylized facts from the Brazilian labor market and explaining why the re-
cent increase in formalization is a puzzle under existing theories of informality. Section 3
presents the model and discusses some of its properties. Section 4 describes the estimation
of the model using Brazilian data. Section 5 uses the estimated model to analyze the evo-
lution of labor market outcomes in Brazil between 2003 and 2012 and conducts some policy
experiments. Section 6 concludes the paper.

2.2 Empirical Context

2

The term “informality” is used to describe many different aspects of non-compliance with
regulations. In this paper, we focus on the decision by firms and workers not to comply
with labor law when contracting with each other, thus excluding self-employed and domestic
workers from the analysis. We also follow the bulk of the literature and restrict our attention
to urban informality.

In the Brazilian labor market, a salaried job position is considered formal if the worker’s
“labor card” (carteira de trabalho) is signed by the employer. This is the definition we use
henceforth. An employee with a signed labor card is entitled to social security benefits,
such as severance payments, pensions, and unemployment insurance, while her employer
is obliged to pay social security contributions and payroll taxes. Appendix A contains a
thorough description of the benefits available to formal workers and costs associated with
formal employment in Brazil.

Most of our data come from the Monthly Employment Survey (Pesquisa Mensal de
Emprego, PME), a household survey conducted by the Brazilian Census Bureau (Instituto
Brasileiro de Geografia e Estatistica, IBGE). PME collects information on workers and their
employment status in the six largest metropolitan areas in Brazil. We concentrate on the
period between 2003 and 2012 due to data availability under a consistent methodology.

The average informal worker in Brazil earns a lower wage, is less educated, and works in a
smaller firm than her formal counterpart. The first claim is evident from the top row in Table
2.1. While the average formal hourly wage was 4.83 Brazilian Reais in 2003 (around 1.60
US dollars), the average informal wage was 32% lower (2.67 Brazilian Reais). Table 2.2 also

labor heterogeneity and firms hiring both types of workers. However, it focuses on firm — rather than labor
— informality, does not have labor market regulations, and, since it features a competitive labor market,
cannot account for wage differentials across sectors or unemployment.
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Table 2.1: Labor Market Outcomes, Brazil, 2003-2012

Informality Wage gap Wage growth Unemployment

Sample 2003 2012 2003 2012 Formal Informal 2003 2012

Whole workforce 28.4% 17.7% -31.9% -134% 13.1% 43.9%  12.6%  5.4%
By schooling:

Less than 8 years 35.8% 25.9% -20.2% -11.8%  26.0% 39.3%  122%  4.5%

8 to 10 years 32.1% 23.6% -21.1% -10.5% 18.2% 33.9% 16.9% 7.4%

High school, college dropouts 24.0% 14.5% -14.2% -3.2% 1.6% 14.7%  134%  6.2%

College or more 17.3% 12.6% -16.1% 10.8% -12.3%  15.7% 4.3%  2.%

Source: IBGE/PME, author’s calculations.

Notes: Data is presented for October 2003 and October 2012. Informality is fraction of salaried workers in

the private sector with a signed work card. Wage gap is the difference between informal and formal average
wages as a fraction of formal wages. Wage gain is the relative increase in average wage from 2003 to 2012.

presents the distribution of workers across sectors, firm sizes, and educational categories. By
comparing the totals along rows for each sector, the differences in average schooling become
clear: 40% of informal employees had less than 8 years of schooling, while the analogous
number was less than 28% in the formal sector. The differences in firm size can be seen
in the column totals. While only a minority (roughly 1/16) of formal employees worked in
firms with 5 workers or less, this fraction was over one third for informal employees.

These stylized facts are consistent with many papers that discuss the empirical regu-
larities of informality in the developing world, such as La Porta and Shleifer (2008) and
Maloney (2004). They have been traditionally interpreted as evidence that informality is
circumscribed to low-earning, unskilled workers, but a closer look at the data reveals that
this assertion is not accurate. Table 2.1 shows that the informality rate among workers with
a college degree is 17.3%, not dramatically lower than the overall rate of 28.4%. Moreover,
informal workers with college earn almost three times as much as the average formal em-
ployee. Note that these individuals are not self-employed professionals defaulting on taxes or
social security contributions, since we have restricted our sample to wage earners. The table
also suggests that there is no labor market segmentation in the traditional sense: as workers
become more educated, they are more likely to be employed formally and also more likely to
receive higher wages if they stay in the informal sector. Finally, the fact that some informal
firms are willing to pay high wages for skilled workers shows that the technology used by
these firms displays significant returns to human capital, contradicting many depictions of
labor market duality in which informal firms are presented as being structurally different
from formal ones.

But it is also useful to highlight that formal schooling does not seem to encompass all
dimensions of skill relevant to the labor market. To illustrate this point, Table 2.3 shows the
distribution of wages in the formal sector by educational level. There is a wide dispersion
in wages across all levels of schooling, with the exception of college or more. For example,
among those with complete high school and college drop outs, there is a fraction of 8.4%
earning roughly one minimum wage, while 15.5% earn more than 5 times the minimum wage.
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Table 2.2: Educational Distribution of Workers by Sector and Firm Size, Brazil, 2003

Formal workers, by size of employer Informal workers, by size of employer
Worker education 2-5 6-10 11+ Total 2-5 6-10 11+ Total
Less than 8 years 36%  30% 27% 28% 49%  3™%  33% 39%
8 to 10 years 24%  23% 20% 20% 25%  23%  22% 23%
High school, college dropouts  37%  41% 42% 41% 24% 3%  36% 32%
College or more 4% 6% 12% 11% 2% 5% 9% 6%
Total 1,133 1,226 13,937 16,296 2,363 731 3,196 6,290

Source: IBGE/PME, author’s calculations. Salaried workers only. Employer size is reported by the worker
in the household survey. The percentage values sum to one along columns. Data from October 2003.

Table 2.3: Formal Wage Distribution by Schooling Levels and Workforce Composition,
Brazil, 2003 or 2012 (when indicated)

Formal wage as multiple of minimum wage Fraction of workforce
Worker education (0,1.2] (1.2,1.5] (1.5,2] (2,5] (5,00) 2003 2012
Less than 8 years 18.7%  16.7%  26.9% 35.0% 2.7% 33.8% 20.9%
8 to 10 years 15.3% 14.6% 25.6% 40.2% 4.4% 20.1% 17.1%
High school, college dropouts — 8.4% 9.4% 19.4% 47.3% 15.5% 33.6% 43.1%
College or more 0.5% 0.7% 2.2%  22.2%  74.4% 12.5% 18.9%

Source: IBGE/PME, author’s calculations. Salaried workers only. Data from October 2003 and October

2012.
Wage dispersion seems almost as large within as across educational categories, despite the

fact that average wages — and, therefore, skills — do increase with years of schooling.

We can look at data on firm size in Table 2.2 to infer the hiring behavior of firms in both
sectors. Comparisons between different columns in the same sector show that, as firm size
increases, the proportion of educated workers also increases. In other words, larger firms are
more likely to have a higher fraction of educated workers. An important takeaway is that
this pattern is observed for workers in both sectors, suggesting again that the technologies
used by formal and informal firms, at the margin, are not substantially different.

Now we turn to the evolution of informality in Brazil since the 1990s. Figure 2.1 shows
that the rate of informality was rising up to 2002, but then started declining sharply.’ In
Appendix B, we show that the decline was widespread in the economy and not driven by
workforce reallocation (i.e., a movement of employment to sectors of economic activity that
are intrinsically more formal). What makes this pattern intriguing is the observation that,
while the upward trend has been credited to increasing costs of formal employment during
the 1990s, these costs continued to rise even after the reversal.’ In particular, the minimum

°In Figure 2.1, we use data from the National Household Survey (PNAD) instead of the PME, because
of methodological changes in PME in 2002.

6Barros and Corseuil (2001) explain how the 1988 Constitution significantly raised employment costs
(payroll and firing costs and mandated benefits). Bosch, Goni-Pacchioni and Maloney (2012) claim that
these changes were the most important factor behind the increase in informality during the 1990s. We
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Figure 2.1: Evolution of Informality, Unemployment and Real Wages for Salaried Workers, Brazil, 1995-

2012
Source: IBGE/PNAD, author’s calculations. The sample is restricted to the six metropolitan regions
surveyed in the IBGE/PME.

wage increased dramatically throughout the period, accumulating real gains of 60% from
1995 to the end of 2003, and another 61% from 2003 to 2012.

There is some evidence that the enforcement of labor regulation in Brazil has become
more efficient, a factor that could also bring down both unemployment and informality rates.”
But enforcement cannot account for other important shifts in labor market outcomes: Bosch
and Esteban-Pretel (2012) and Meghir, Narita and Robin (2015), for example, predict that
the formal wage premium should increase as a consequence of more enforcement, which is
the opposite of what happens in the data.

The changing composition of the workforce, evident in the last columns in Table 2.3, may
have contributed to the patterns described here, despite rarely appearing in the literature as
an important determinant of informality. Two intuitive arguments hint at this potentially
important role. First, since informality is much lower among the highly educated, increases
in the share of skilled workers should mechanically lead to a decline in informality due to a
compositional effect (abstracting from equilibrium considerations).® Second, the increase in

present a brief discussion of changes in labor legislation and tax rates after 2003 in Appendix A.

"The effect of enforcement on unemployment is ambiguous in most models, and quantitative analyses
show diverging results. While Boeri and Garibaldi (2007) and Ulyssea (2010) find that increased enforcement
leads to higher unemployment, Bosch and Esteban-Pretel (2012) and Meghir, Narita and Robin (2015) reach
the opposite conclusion.

8In fact, Mello and Santos (2009) and Barbosa Filho and Moura (2015) find that changes in work-
force composition, particularly skill level, can statistically account for a significant part of the reduction in
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the relative supply of skilled workers should reduce their relative wage, leading to increases
in the number and size of formal firms (which are intensive in skilled labor) and to a decline
in informality conditional on schooling. When coupled with the increases in TFP observed in
Brazil during this period (documented, for example, by Ferreira and Veloso, 2013), changes
in the relative supply of skills seem promising as a main driving force behind the evolution
of labor market outcomes.

In the next section, we develop a model that is able to incorporate all the dimensions
discussed here and use it to rationalize both the cross-sectional patterns and the changes in
informality observed in Brazil during the last decade.

2.3 The Model

We develop a continuous time model of labor markets with search frictions, firm and worker
heterogeneity, informality, a minimum wage, and mandated benefits. In our model, the
compliance decision refers to labor informality, not firm informality. Although these concepts
are highly correlated in the data, there are some important differences which are reflected in
our modeling choices. We focus on payroll taxes, ignoring sales and profit taxes. Moreover,
we do not consider the possibility of an intensive margin choice of labor informality within
firms, as proposed in Ulyssea (2014). Instead, firms make one single formality decision
encompassing all of their job relations. From now on, we use the term “informal firm” or
“formal firm” to refer to establishments that offer informal or formal jobs, respectively.

We use a matching framework because it is the simplest way to model unemployment
and sectoral wage differentials in this context. The key outcomes in our analysis are skilled-
unskilled wage gaps, formality wage premia, unemployment rate, and informality rate. We
abstract from wage dispersion within sector-skill level combinations because it has already
been studied in the informality literature (see e.g. Meghir, Narita and Robin 2015) and plays
no central role in the phenomena we want to analyze. That way, we avoid additional layers of
complexity, keeping the analysis transparent and parsimonious. As a result of this modeling
choice, the model makes fewer predictions at the worker level than wage posting/on-the-job
search approaches (such as those related to transition rates between sectors, wage ladders,
and within-sector firm size wage premia).” On the other hand, the relative simplicity of the
labor market structure allows us to employ a richer technology for firms in our model, leading
to interesting supply and demand interactions across skill levels that are yet unexplored in
this literature.

Before describing the model in detail, we first provide a sketch of its basic logic. There
is a continuum of measure 1 of infinitely-lived, income-maximizing workers with identical
preferences. Workers can be either skilled or unskilled, and the fraction n of skilled workers

informality rates in Brazil from 2002 to 2007.

9The model generates a firm size wage premium for similar workers that is completely explained by
formality status. Pratap and Quintin (2006) and Badaoui, Strobl and Walsh (2010) discuss the relationship
between the formality wage premium and the firm size wage premium in developing countries.
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in the population is exogenous. There is a measure m of firms and all firms are risk-neutral
profit maximizers. They use both types of labor in producing the single consumption good
in the economy.

There are four aggregate variables that are taken as given by firms and workers and pinned
down by equilibrium conditions. The first two are labor market tightnesses for skilled and
unskilled workers, 6, and 6,. These variables are important for firms and workers because
they determine the probability that vacancies posted by firms are filled, and, accordingly,
the probability that unemployed workers find a job. The other two variables are the values
of unemployment for skilled and unskilled workers, U, and U,. These are the outside options
of workers when bargaining, and so are important determinants of wages. The bargained
wage is, for each firm, a function of the number of workers currently employed, as firm size
affects the marginal productivities of the different types of workers. The problem of the firm
is then to choose a vacancy posting strategy — or, equivalently, firm size — conditional on
its specific wage function and on its compliance decision, made at the beginning of time.
Workers accept or reject the offers they receive from firms and bargain over wages. An
equilibrium is found by determining the values of 6, 6,,, Us and U, that are consistent with
the aggregate behavior of firms and workers.

Labor Markets

We model search frictions following Pissarides (2000). There are two separate labor markets,
one for each skill level. Firms need to post vacancies in order to find workers, paying an
instantaneous cost £ per vacancy. The number of matches taking place at each moment is
given by a matching function M (V;, u;), where V; and u; are the measures of open vacancies
and unemployed workers in the job market i € {s,u}, for skilled and unskilled workers,
respectively. We make the standard assumptions that M () is increasing in its arguments,
concave and has constant returns to scale. This enables us to use the more convenient form
q(6;) for the instantaneous probability of filling a vacancy. This means that, over a short time
interval dt, the probability that a vacancy gets matched to an unemployed worker is ¢(6;)dt.
0; is the labor market tightness in market ¢, that is, the ratio of vacancies to unemployed
workers: 0; = %, i € {s,u}. The probability that an unemployed worker finds a job in a
small time interval dt is given by 0;q(6;)dt.

We make no distinction between formal and informal firms in the search process. The
aggregate V; = V/ 4+ V™ is the sum of all vacancies posted by formal and informal
firms, and unemployed workers search simultaneously in both sectors. After a worker is
matched to a vacancy, the probability that this vacancy is offered by a formal firm is given

by ¢; = VZ“J;OT, which is simply the fraction of vacancies posted by formal firms in market i.
With this éssumption, as with many others, we try to minimize the structural differences
between formal and informal sectors and focus instead on the regulatory asymmetries. Our
modeling of the search process is most similar to that in Bosch and Esteban-Pretel (2012).

Other models with undirected search, such as Ulyssea (2010) and Meghir, Narita and Robin
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(2015), assume exogenous differences in the matching technology across sectors.

Problem of the Firm

Firms are endowed with a production function F'(z,ns,n,) = F?(ns,n,), assumed to be
twice differentiable, where n, and n, denote units of skilled and unskilled labor. The term z
is an exogenous productivity parameter distributed across firms according to a distribution
function G(z). We assume that F*(-) is strictly concave in (ns,n,) for any z in the support
of G(z), and increasing in z. Moreover, we assume that o, < 0,,,, where o; ; denotes the
partial elasticity of substitution between inputs ¢ and j. Given fixed hiring costs, firms with
higher z employ relatively more skilled workers. The parameter 2 is most easily interpreted as
entrepreneurial talent, as in Lucas (1978), with the idea that entrepreneurs cannot efficiently
manage a large number of skilled workers if they are not highly talented themselves. For
simplicity, there is no firm entry or exit.

Due to search frictions, firms cannot directly choose the amount of labor inputs employed
in production. Instead, the control variable is the number of vacancies posted at each instant,
vs(t) and v, (t). Firms also decide on whether to comply with labor regulations or not. For
simplicity, we assume that this decision is taken at the beginning of time and cannot be
changed thereafter. If a firm complies, it must pay taxes 7 over its total payroll. If a firm
chooses instead to hire workers informally, it avoids payroll taxes but incurs in an informality
penalty p(n), where n is the total number of workers hired by the firm. We assume that
p(n) is strictly increasing and convex. As in Meghir, Narita and Robin (2015), we do not
specify how the informality penalty emerges. In general, it can be seen as the product of the
probability of being caught by labor inspectors and the monetary value of the corresponding
sanction. It can also encompass the lack of access to some public goods available to formal
firms, such as courts.

Skill-biased productivity and the informality penalty are the ingredients behind the ag-
gregate differences that arise in equilibrium across the formal and informal sectors. First, the
penalty induces larger firms to formalize. Since larger firms are the most productive ones, it
follows that the formal sector has higher average productivity due to selection. Finally, due
to skill bias in productivity, there is a higher proportion of skilled workers in formal firms.
Still, there are skilled workers employed in the informal sector as well.

Normalizing the price of the final good to 1, the instantaneous profit function of the firm
with productivity z, according to its compliance decision j, is

ﬂ-z’j (nS; Ny, Vs, Uu) =

F* (ns, RU) - (1 + T) Z niwf7for (nS> nu) - (Us + Uu)fa if j = for, and
2 o ) z}inf o o . .
F* (g, n) Z niW; (s, ) — p(ns +nu) — (vs +0,)§,  if j=rinf,

where w; g (ns,n,) is the wage that the firm pays to workers of type ¢, according to its
compliance status j, and the current number of employees, n, and n,, and & is the cost of
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posting a vacancy, assumed to be the same across types of workers and sectors (again, in
order to minimize structural differences between sectors). We describe how the wage function
w; 4 (ns,ny) is determined in the next subsection. From left to right, instantaneous profits
are given by total production minus total payroll, payroll taxes (in the case of formal firms)
or the informality penalty (for informal firms), and the costs of vacancy posting.

Job relations are destroyed at exogenous separation rates s/ and s/, which depend on
the compliance decision. This allows the model to capture the empirical pattern of higher
labor turnover among informal firms.!® The dynamics of labor quantities inside each firm
are given by

n; = viq (0;) — s'n;, with i € {s,u} and j € {for,inf}.

The instantaneous variation in the number of workers of type ¢ is equal to the number
of vacancies multiplied by the probability that each vacancy is filled, minus the rate of job
destruction. In this equation, we implicitly assume that every match turns into a job relation.
Later in the paper we show that all job offers are accepted in equilibrium.

The problem of the firm in its recursive Bellman formulation is given by

Iz = max 1%/ (ng,n,), with
je{forinf}
2] — 2,7 20 (Tt
I*(ng,n,) = {133311(} (1 n rdt) {71' (g, N, Vs, V) dt + 1157 (0], m) )} (2.1)

st nf=n; +ndt = (1 — sjdt) ni(t) +viq (0;)dt, i=s,u.
For a firm with productivity z, given a compliance decision j, the total present value of
profits is the sum of instantaneous profits earned at the end of the small time interval dt
plus the present value of profits after dt. The discount rate r is the same for all firms. Given
its initial conditions and productivity, the firm makes the compliance choice that maximizes
total profits. A

Denote by J;7(ns,n,) the marginal value of an additional worker of type i in a firm

of type z, with compliance status j: J7(ng, n,) = W We derive the first order
conditions for the firm’s problem in Appendix C. From now on, we restrict attention to

steady-state solutions where the numbers of workers of different types are constant in each

10Gee the turnover analysis in Gonzaga (2003) and Bosch and Maloney (2010), and also the calibration
results in Bosch and Esteban-Pretel (2012) and Meghir, Narita and Robin (2015). The existence of high
dismissal costs in the formal sector provides strong incentives for keeping an employee. Albrecht, Navarro
and Vroman (2009) develop this argument formally, using a search and matching model with endogenous job
destruction and an informal sector. Moreover, as mentioned in the introduction, our target equilibrium is
the one in which the minimum wage is binding for unskilled workers, who strictly prefer formal employment.
Thus, formal employees should also have stronger incentives to maintain the job relation. It would be
interesting to use a model with endogenous separation rates, but, in our setting, we do not believe that the
gains would offset the additional analytical complexity.
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firm. By imposing n; = 0 in the F.O.Cs, the expressions simplify to:

(r +s7)J7 (ng,nu) =

z z,for awlz,for(.> .
F?(ng,ny) — (L+7) [w” " (ng,n,,) + Z an , for j = for
l=s,u i
inf owp™ ()
Ff(ns,nu) - pl<ns + nu) - w?m (nsv nu) + Z an , for j =inf, and
l=s,u (
(2.2)
I (ng,ny) = < , (2.3)
q (92)

with F7?(ng,n,) = W.

Equation 2.2 is an intuitive description of the marginal value of a worker as the discounted
sum of expected rents, taking into account the discount rate r and the separation hazard
rate s/. The instantaneous rent is given not only by the difference between marginal product
and wage, but also by the effect of this additional employee on the wages of all other workers
currently employed by the firm, due to changes in marginal productivities. At the time of
the hiring decision or bargaining, previous vacancy costs are sunk and thus do not appear
in this expression.

Equation 2.3 is the optimality condition in a steady state. Its interpretation is straightfor-
ward: the value of the marginal worker must be equal to the expected cost of hiring another
worker, which is the cost & per vacancy multiplied by the expected number of vacancies
needed to hire a worker. By combining both expressions, we find the first order condition of
the firm derived in Cahuc, Marque and Wasmer (2008), in which marginal product equals a
generalized notion of marginal cost:

,for
Ff(”janz) (1+ ) Zf‘”“(nj,n Z nl () +(T+SfOT) § .
T~ %’_/ I=s,u q(el)
Marginal Own wage
productivity Effect on other Hiring costs

workers’ wages

We denote the optimal labor choices in firm z as n? and n? (as opposed to arbitrary choices
ns and n,). The case for informal firms is analogous, just omitting the payroll tax 7 and
adding the marginal effect of n; on the informality penalty p(nZ + n?).

Wage Determination

Wage is determined through Nash bargaining, with workers and firms sharing the rents
created by the match. The share of the surplus appropriated by a worker is given by the
exogenous parameter o, which corresponds to the bargaining power of workers. Differently
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from the standard model in Pissarides (2000), we do not assume homogeneous labor nor
constant returns to scale in the production function, and allow workers and firms to engage
in renegotiation after the initial match. As discussed in Stole and Zwiebel (1996a), these
assumptions imply that changes in firm size lead to wage renegotiation due to changes in
marginal productivities, and this must be anticipated by firms in their hiring decisions. We
follow the solution developed by Cahuc, Marque and Wasmer (2008), who analyze this type
of problem in a context with search frictions.

Also differently from many models of informality, such as Ulyssea (2010) and Bosch
and Esteban-Pretel (2012), we do not allow formal and informal workers to have different
bargaining powers. Once more, this reflects our strategy of minimizing structural differences
across sectors. Adding this degree of freedom can be a straightforward way to create a
formality wage premium. In our model, worker heterogeneity and minimum wages play this
role, while also allowing for a richer pattern of wage dispersion.

We first describe how wages are determined in the absence of a binding minimum wage.
Following, we explain how the introduction of a binding minimum wage changes the results.
Define E/(w) as the value that workers of type i € {s,u} place on holding a job position of
type j € {for,inf} that pays wage w. Also, call U; the opportunity cost of the worker —
that is, the expected present value of being unemployed, which is taken as given by firms and
workers. Note that, in a context of mandated benefits which possibly include unemployment
benefits, we might be worried that U; should be a function of factors related to eligibility,
such as having worked in a formal firm before or not having reached the maximum number
of payments. We avoid this additional complication by including the expected value of
unemployment benefits in the expressions for E,f “(w), instead of in U;, as done by Ulyssea
(2010). Since workers are assumed to be risk neutral, this greatly simplifies the solution
without loss of generality.

We can write the flow equations that define the value of employment at formal and
informal firms with wage w as:

rEI(w) = aw+b; + 7" [U@' - Eifor(wﬂ , and (24)
rEZ.mf(w) = w4 s [Ui — Esz(w)] , (2.5)

where a; and b; represent mandated benefits that may increase (or decrease) the value of
holding a formal job.

The value E!(w) — U; is the rent earned by workers of type i when they accept a job
offer in sector j. For firms, the marginal value of a worker of type i is given by J; J (ng,my),
which was discussed in the previous subsection. So the Nash sharing rule imposes that the
wage function w”’ (ng, n,) must satisfy'*

(1—0) [E (0] (ne,mu)) = U] = 0.7 (g, m0) (2.6)

11 Our bargaining expression in the presence of payroll taxes differs from that in Mortensen and Pissarides
(2001) because we define o as the effective bargaining share of workers, while they define their bargaining
parameter 3 as the exponent in the generalized Nash bargaining solution. To convert from their notation
to ours, one should use the expression o = a;6/ [a; — (1 +t; — a;)(1 — 5)]. Thus, in our comparative statics
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where i € {s,u} and j € {for, inf}, for all z, ny, and n,,.

Due to the derivative terms in expression 2.2 (for J; g ), the set of Nash bargaining equa-
tions results in a system of nonlinear differential equations. In Appendix D, we adapt the
solution in Cahuc, Marque and Wasmer (2008) to account for two sectors, heterogeneous
firms, mandated benefits, and payroll taxes. The resulting wage functions are

1475 Q5 1+7y %4
oF~ <e as T¥ripg € ou 17 nu)
de
87%‘

1—0o 1 Lo o
,?,fOT — L b / o 1+
w7 (g, my,) . (rU; — b;) + s €

1o 8HZ (eng, eny,)

d
8ni “

w?™ (ng,ny) = (1 — o)rl; +/

with ¢; = [(1 — 0)a; + o(1 4+ 7;)] and H*(ng,n,) = F?*(ns, ny) — p(ns + n,). Notice that we
allow for skill-specific payroll taxes (75 and 7,) in this solution, since we use this result later
on in our policy experiments.

As in the solution of the standard bargaining problem with search frictions, wages are
a weighted sum of the reservation wage, rU;, and a term related to the productivity of the
marginal worker. In the standard search and matching model, where marginal productivities
are not related to firm size, the wage equation reduces to w?'”" (ns, ny) = lc_i” (rU; — b;) +
C%%% (with b; = 0 and ¢; = 1 for informal firms). However, with decreasing returns to
scale, heterogeneous labor, and intra-firm bargaining, the second term is not simply the

marginal productivity of the input con51dered but instead a weighted average of infra-

marginal productivities, with weights e ST higher for points closer to the margin. We
refer the reader to Stole and Zwiebel (1996b), Stole and Zwiebel (1996a), and Cahuc, Marque
and Wasmer (2008) for a detailed discussion of the characterization of this type of solution.
In Appendix D, we derive our results and compare them to those from Cahuc, Marque and
Wasmer (2008).

Before turning to the outcome of wage bargaining in equilibrium, we introduce a minimum
wage into the model. We add it to the baseline model, as opposed to an extension, because
minimum wage changes are a first order issue in the Brazilian labor market, as explained in
Section 2.2.

If the bargained wage in a formal firm for one type of worker — typically, the unskilled —
is lower than the minimum wage, then the minimum wage restriction is binding. The Nash
bargaining equation is not satisfied anymore for unskilled workers; indeed, in this situation,
these workers receive a share of rents larger than o. This also implies that the previous

. . . . . ozt . .
wage function for skilled workers is not valid anymore, since the term 55— in equation 2.2
is equal to zero (marginal changes in the number of skilled workers do not affect wages of
unskilled workers, which are binding at the minimum wage). In Appendix D, we show that
the wage equation for skilled workers in the formal sector when the minimum wage binds for
unskilled workers is

exercises below, the share of rents accruing to workers is always constant, whereas it could vary under
Mortensen and Pissarides (2001)’s definition.
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l—0o 1 1 1o ae OF7 (eng,ny)
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w27 (ng, ny) - (rUs — bs) + T Jo € o, €

From the perspective of a firm, whether the minimum wage binds is not only a function of
parameters, but also of firm size. This introduces a discontinuity in the first order condition
of the problem of the firm. Consider a case where there are complementarities between
labor types, as the one in our quantitative exercise. Without a minimum wage, hiring
an additional skilled worker decreases skilled wages and increases unskilled wages, and the
reverse is true for hiring an unskilled worker. This effect is taken into account in the value
of the marginal worker of both types, J>/°" and J>/°". However, when the minimum wage
becomes binding for unskilled workers, the effect of firm size on unskilled wages disappears,
leading to a discontinuous increase in J#/°" and a discontinuous decrease in J>/°". The
increase in J*/°" in turn, causes a discrete increase in skilled wages, which might give an
incentive for firms to strategically reduce the number of unskilled workers or increase the
number of skilled workers — just enough so that bargained unskilled wages are slightly above
the minimum wage.

In Appendix D, we show that, because of this discontinuity, there might not be a solu-
tion to the first order conditions when the unconstrained (freely bargained) unskilled wage
is slightly lower than the minimum wage. In these cases, firms engage in the strategic ma-
nipulation of firm size described above.!? In our quantitative exercises, we deal explicitly
with this issue by assuming that firms in this situation choose employment figures that (i)
satisfy the first order condition for skilled workers and (ii) lie immediately to the “left” (in
terms of n,) of the region of the (ng,n,) space where the minimum wage binds for unskilled
workers. Details are laid out in Appendix D.

Now we turn to the analysis of wage determination in equilibrium. If we plug the firm’s
first order condition (equation 2.3) in the bargaining expression (equation 2.6), and take into
account that the bargaining equation is not satisfied if the minimum wage is binding, we
have:

(1—o0) {Eifor (wf’for (nﬁor,ni‘”)) - Ui] > gq(fei)’ i€ {s,u}
(1-0) {Elmf (wf’mf (ni”f, nZ”f>) — Ui} = 061(5«91-)’ i€ {s,u}
z,for

The first expression is a strict inequality only if w = w,. Because the Ef (+) functions

[

12Tt is not trivial to infer the partial equilibrium consequences of the binding minimum wage on the
demand for skilled labor. On the one hand, the minimum wage increases the cost of unskilled labor, which
reduces the return to skilled labor due to complementarity between the two inputs. On the other hand, the
discontinuity mentioned above increases the return to unskilled labor, going in the opposite direction. In
simulation exercises we performed, the effect on the demand for skilled labor was always negative, though in
general it should depend on the degree of complementarity between the two factors. Panel A of Appendix
Figure B.2 can help understand this discussion.
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are monotonic in the wage argument, these equations can be rewritten as:

1 o 19 _ )
z,for for _ for for .
w; (ns ,n ) = max{ai [TU b+ (r+s )l_aqwi)],wz}, i € {s,u}
§

1—UQ(9z‘)7

wi™ (ni”f,ni”f) = rU; + (r + s™) i € {s,u}.
These expressions do not depend on either firm size or productivity. So, in equilibrium, there
are only four wages in this economy: w/°", wl°" w™ and win/.

This result comes from the assumptions that the matching technology and the cost of
posting a vacancy do not depend on firm size or productivity within sector /skill combinations,
and that E? (w) does not depend directly on firm size or productivity either (holding sector
and wage constant). The intuition behind it is that, regardless of productivity, all firms
adjust the number of employees so as to equate the marginal value of workers to the expected
search cost, which does not depend on productivity or firm size. Thus, the value added by
the marginal worker in equilibrium is the same across the productivity distribution.

Equilibrium

So far, we have described the behavior of firms taking #; and U; as given. In equilibrium,
these values have to be consistent with the aggregate behavior of firms and workers. The
labor market tightness, as explained in subsection 2.3, is given by the ratio of vacancies to
unemployed workers. Define the measure of workers of type ¢ employed in sector j as

N/ = m/ n; 1 (Firm z chooses compliance j) dG(z).

Since, in equilibrium, n; = 0 for all firms, v = s/n?/q(6;) = V/ = s'N7 /q(6;). We can
therefore find the expressions that pin down 9“

Sfoeror _'_Sianinf SfOTNJOT + Sianinf

- q(6s) (775— NI+ ]sfinf) and 6= q(6,) (1 - NI Nmf)

(2.7)

To find the equilibrium value of U;, we write the standard flow value equation for the
reservation wage:

Ui = 0(6) [6.BI7 wl™) + (1 - ) EP (ui) ~ U] (28)
’ gez ) f for > w and
1—0c
= b i + b

[QZ (65) + (1 - @)1175] , otherwise.

1y et |y
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For simplicity, since we incorporate unemployment benefits in the parameters a; and b;,
we assume that individuals derive no utility flow from unemployment. The instantaneous
return of being unemployed is the expected value of finding a job and leaving unemployment.

In case a worker finds a job, which happens with probability ;q(6;), there is a probability ¢; =

VfOT‘ sfo'erO
Vfouvm T = oy Ty N that the match is with a formal firm. The second expression is

the result of 1nsert1ng the first order condition of the firm, equation 2.3, in 2.8.

An equilibrium in our model is defined as a set of wage functions w;” (ng, n,), schedules
of firm decisions j(z) and n, labor market tightnesses 6;, and unemployment values U;, such
that:

1. the wage functions solve the system of differential equations given by expressions 2.2
and 2.6;

2. the labor schedules n? and n? solve equation 2.3 given the compliance decision j(z)
and the wage functions;

3. the compliance decisions j(z) maximize the present value of discounted profits in prob-
lem 2.1;

4. the labor market tightnesses are consistent with equation 2.7; and
5. the unemployment values are consistent with equation 2.8.

Note that we do not impose government budget balance in our definition of equilibrium. This
choice is motivated by our intended application, since the Brazilian government collects a
surplus from salaried job positions (even after paying for mandated benefits and unemploy-
ment insurance). In all comparative exercises in the next sections, we show how this surplus
varies with changes in model parameters.

Discussion: Compensating Differentials

In the equilibrium bargaining outcomes shown above, is it immediate to see that EX" (wlf OT) >
Ef”f (wfnf ) This expression holds as an equality if the minimum wage is not binding for

skill level 7. In this case, we can use the definition of E/(w?) to show that

rU; (smf — sfo”>
r + gfor

in f
inf r+ s ) for )
Wi T st (a,wi T bl) N

In words, wages in both sectors adjust to exactly compensate workers for the differences
in benefits and job duration across sectors. If the minimum wage is not binding and jobs
in both sectors have the same expected duration (s/°" = s™/) then the difference between
formal and informal wages is equal to the value that workers attribute to mandated benefits.
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If the expected duration in the formal sector is longer, as we see in the data, then the wage
differentials should be even higher to compensate for that. If the minimum wage is binding,
on the other hand, then this equation is no longer valid: informal wages are lower than
the value needed to make workers indifferent between sectors, and formal jobs are strictly
preferred. However, workers still accept informal job offers, since it is too costly to remain
unemployed and wait for a good job. In this case, formal jobs are rationed in equilibrium
and compensating differentials do not hold exactly. Still, informal wages have to be high
enough to compensate for the expected benefits of formal jobs, once one also considers the
lower probability of obtaining such positions.

On the side of the firms, with a continuous distribution of z, the marginal formal firm
is identical to the marginal informal firm. However, employment decisions and wages may
differ substantially due to regulatory distortions. It remains true, though, that the marginal
firm is indifferent between operating in the formal and informal sectors and is willing to
change its compliance status given marginal changes in the parameters.

2.4 Fitting the Model

We fit the model to the Brazilian labor market in 2003, calibrating some of the parameters
and estimating others using a minimum distance procedure. We choose 2003 as the baseline
year because it is close to the reversal of the informality trend (Figure 2.1) and it is when the
second wave of the Informal Urban Economy survey (Economia Informal Urbana, ECINF)
was conducted by the Brazilian Census Bureau (IBGE). The ECINF targeted small urban
firms, most of which were unregistered, thus providing an estimate of the number of informal
firms in the economy. We use the survey’s micro data in the next section, but, since the
ECINF is relatively small and was not repeated after 2003, it is not our main source.

Most of the data we use come from the Monthly Employment Survey (Pesquisa Mensal
do Emprego, PME), also conducted by IBGE. The PME is a household survey that provides
information on employment, wages, occupational choice, formality status, and other charac-
teristics of the workforce, including educational attainment. Because there was an increase
in the minimum wage on April 1st, 2003, we restrict the sample to the months of April
through December of that year.!> We use two other data sources from IBGE: the Central
Registry of Firms (Cadastro Central de Empresas, CEMPRE), a registry of formal firms,
and the annual projections of the size of the workforce.

In this section, we show that the model is able to match a series of moments in the data
as of 2003. However, the main test of the model is whether it is also able to replicate changes
in the Brazilian labor market outcomes from 2003 to 2012, given the changes in observable
parameters. This assessment is done in Section 2.5.

13When using 2012 data in the next section, we also restrict the sample to the months of April through
December to maintain consistency.
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Functional Forms

We assume that the production function takes on the following two-level CES functional
form:

F (Zvnsanu> =A [.BZTL;7 + (1 — B)nu'}’]% ,

where A, B, a, and « are parameters. A is a standard total factor productivity term, while
B indicates the relative weight of skilled versus unskilled labor. We restrict the exponent
a to be smaller than one, so that the function has decreasing returns to scale in (ng, n,)
for any given z. This production function implies that an entrepreneur with z = 0 can still
generate output, but only uses unskilled labor. We assume that v belongs to the interval
(0, 1] to ensure that the parameter z denotes skill-biased productivity. In the limiting case
where v = 1, increases in z only raise the productivity of skilled labor. If v € (0, 1), unskilled
workers are more productive in a firm with a higher z and with more skilled workers.*

The parameter z is assumed to follow a Generalized Pareto distribution, to account for
the fact that the majority of firms are small but a large part of the workforce is employed
by large firms (see IBGE, 2005). We set the location parameter to zero, so that the smallest
firms have z arbitrarily close to zero. Also, we normalize the scale parameter to 1 — T,
where T is the shape (tail) parameter, so that average productivity is normalized to one.'®
Increases in T' are thus mean-preserving spreads that add probability mass to extreme values
of productivity. The cumulative distribution of productivity is given by'®

Si=

Glz)=1— (1 4 iZT)

Since the informality penalty must be increasing and convex, we use a quadratic function,
p(n) = Cn?. In the specification of the matching technology, we follow the literature and
use a Cobb-Douglas function. We thus have q(6) = DO~F, where D is the matching scale
and FE is the matching elasticity.

Finally, the valuation of fixed benefits by workers takes the form:

bi = (b + 570 w.

The term bP is the present value of the expected unemployment insurance flow, measured
in multiples of the minimum wage w, and b! represents transfers received by the worker
(also measured in multiples of the minimum wage). The details on the computation of these
benefits, along with those on a; and 7, are provided in Appendix A.

141f v = 0, the production function collapses to a Cobb-Douglas and the elasticity of substitution between
any two pair of inputs, including z, will be the same. If v < 0, unskilled labor is a better complement to z
than skilled labor.

15 Allowing for other values for the scale parameter would not add information to the model, since the
changes in the scale of z can be offset by changes in the parameters A, B, and 7y in the production function.

6For computational purposes, we set an upper bound to the distribution and discretize it to 100,000
atoms. When solving for an equilibrium numerically, the problem of the firm is solved for 20 levels of z
and interpolated for the 100,000 types using cubic splines. These and many other computational details are
listed and discussed in Appendix E.
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Calibrated Parameters

Table 2.4 presents a first subset of the parameter values we use.

A non-trivial problem in our calibration exercise is how to map observed traits at the
individual level to skills in the model. In the model, skills map directly into wages. In
the relevant case from the perspective of the quantitative analysis, formal sector minimum
wages bind only for unskilled workers. This gives an empirical counterpart of skills for
formal workers that does not match perfectly with schooling. Unskilled workers in the
model represent workers in the data who receive close to the minimum wage when employed
in the formal sector. If they receive significantly more than the minimum wage in a formal
job, then they must correspond to skilled workers in the model. As mentioned in section 2.2,
there is a wide dispersion of wages for each level of schooling in the data, indicating that
the definition of skill in the model does not map easily into schooling (despite being highly
correlated with it).

Our approach is to combine an aggregate definition of the share of skilled workers with
the individual level implications of the model in terms of the relationship between wages
and skills. We assume that the measure n of skilled workers corresponds to the fraction of
the workforce with 8 or more years of schooling, but let the quantitative model determine
the allocation of workers of different skill levels to the formal and informal sectors based on
the distribution of wages observed in the data. Though inevitably somewhat arbitrary, our
choice of 8 or more years of schooling to represent skilled workers is based on the distributions
of schooling and wages in the Brazilian labor market, discussed in section 2.2, and on the
definition of skills that arise from the model (earning more than the minimum wage in the
formal sector).”

We impute a value for the measure of firms m using the total number of salaried workers
and the number of firms, both formal and informal. The PME asks unemployed workers what
was the nature of their last employment. We use this information to proxy for the fraction
of unemployed workers who are looking for salaried jobs. We estimate that salaried workers,
either employed or unemployed, account for 73% of the workforce. Since the PME covers
only the 6 main metropolitan regions in Brazil, we multiply this fraction by the total size of
the workforce in 2003, calculated by IBGE, to get the total number of salaried workers. We
obtain the number of formal firms from CEMPRE and the number of informal firms from
ECINF, excluding self-employed workers. The measure m is the ratio of firms to salaried
workers.

The job destruction rates s’ are taken from estimates of the duration of employment
spells in Gonzaga (2003), who uses the same data set in a similar period.!® The values for
the payroll tax rate and benefits are calculated in Appendix A, according to the methodology
suggested by Souza et al. (2012). The discount rate for workers and firms is assumed to be

I"We cannot let the quantitative model determine the shares of skilled an unskilled workers directly
because we want to explore their exogenous change as a driver of reductions in informality.

18We use employment duration for formal and informal workers in 2002 (the last year available in Table
1 of Gonzaga 2003) and convert it into a monthly hazard rate of job destruction.
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Table 2.4: Parameters Imputed from the Data or from the Literature

Parameter Value Source

1 (measure of skilled workers) 0.662 Share 8+ years of schooling
m (measure of firms) 0.0905 Ratio of firms to workforce
s/or (formal hazard rate) 0.030 Gonzaga (2003)

s/ (informal hazard rate) 0.082 Gonzaga (2003)

7 (payroll tax rate) 0.7206 Appendix A

as, a,, (variable benefits) 0.235, 0.306 Appendix A

bE bl (fixed benefits) 0.02, 0.05  Appendix A

b2, bD (unemp. insurance) 7.48,4.00  Appendix A

r (discount rate) 0.008 Real interest rate

D (matching scale) 0.30 Ulyssea (2010)

E (matching elasticity) 0.50 Ulyssea (2010)

o (worker bargaining power) 0.5

the real interest rate. We use the same values for the parameters of the matching function
as Ulyssea (2010). Finally, we assume symmetric bargaining, meaning that the bargaining
power of workers is set to 0.5.

Minimum Distance Estimation

We use a minimum distance procedure to estimate the remaining seven parameters displayed
in Table 2.5. The algorithm minimizes differences between a set of eight moments taken from
the data, listed in Table 2.6, and the equivalent values implied by the model. Formally, the
minimum distance estimator is defined as:

& = argmax [# — h(z)]' W [# — h(z)] (2.9)
zeX
where 7 is the vector of the logarithms of the targets in Table 2.6, x is a vector of the seven
parameters being estimated, h(z) is the mapping from the parameter space X to the model
outcomes corresponding to the moments 7 (measured in logs), and W is a weighting matrix.
We use logs rather than levels to define the distance measure in relative terms, thus reducing
concerns regarding the scaling of moments.

In this section, we focus on the discussion of the choice of moments and the results of
the estimation. Appendix E contains a complete description of the estimation procedure.
This description includes the procedure used to solve the model numerically, the selection
of starting points, the minimization algorithm used, the choice of a weighting matrix, and
the calculation of the standard errors of . The estimates discussed in this section used the
identity weighting matrix, but results are similar when we use the optimal weighting matrix.

The targets were selected from observable characteristics that are either important for
our analysis or informative about parameters that we cannot directly observe. The first two
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Table 2.5: Estimated Parameters - Minimum Distance Procedure

Parameter Value SE

A (productivity) 10.2388 0.1674
B (technology bias)  0.6247  0.0042
a (dec. returns) 0.5005  0.0042
~ (CES param.) 0.2800  0.0035
C (informality cost)  0.0796  0.0019
¢ (search cost) 1.0050  0.0236

T (firm dist. shape) 0.1539  0.0070

targets, unemployment and informality rates, are directly observable in the PME data set.
The next four targets refer to wage differentials across types of workers and sectors. For
all workers in the data, we compute hourly earnings in their main job and divide by the
hourly equivalent of the minimum wage. For workers in the formal sector, we consider those
who earn up to 120% of the minimum wage as unskilled, and others as skilled. With this
definition, we compute the average wage for skilled formal workers, as well as the fraction
of unskilled workers in the formal sector, after “Winsorizing” the top and bottom 0.5% of
the distribution of hourly wages. In the informal sector, we cannot distinguish between
skilled and unskilled workers, and so we compute only the average wage among all informal
employees. However, we can set a reasonable target for the informal wage penalty among
unskilled workers from Bargain and Kwenda (2011). Using the same PME data set and
quantile fixed-effects regressions, they find that, for salaried workers at the quantile 0.2 of
the wage distribution, the wage penalty associated with informality is around 7.5%.

The labor share of income is defined in the model as the fraction of total production (net
of search costs and informality penalties) that is not firm profits nor government surplus.
Although not particularly related to our analysis, this is a sensible way to add information
to pin down the concavity of the production function, since the latter is directly related to
profits. We calculate the empirical counterpart of this measure using the National Accounts
System, applying the corrections proposed in Gollin (2002). The last target, the fraction of
salaried workers employed in firms with 10 or fewer employees, is set as a means to determine
the shape parameter of the productivity distribution. We use 10 workers as the threshold to
match the employer size question in the PME survey, which has “11 or more employees” as
the top bracket.

Table 2.6 shows that the estimated model matches all target variables with considerable
accuracy. Moreover, the standard errors of the estimated parameters are very small, due
mostly to the very large sample sizes from the PME survey.

Before we proceed to the next subsection, it is interesting to use our baseline specification
to characterize some properties of the equilibrium, particularly as it relates to the cross-
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Table 2.6: Moments Used in Estimation

Outcomes Model Value Target Value Target SE
Unemployment 12.7% 12.6% 0.11%
Share informal workers 29.1% 28.4% 0.20%
Formal skilled wage 4.09 4.00 0.02
Unskilled formal workers 11.8% 11.7% 0.18%
Informal unskilled wage 0.929 0.925 0.004
Avg. informal wage 2.45 2.52 0.02
Labor share of income 52.6% 52.8% 0.28%

% workers in firms 10 or less 23.5% 23.5% 0.18%

Note: Wages in multiples of the minimum wage in 2003, the numeraire in the model.

Table 2.7: Firms in the Model

Percentile z Size Fraction Skilled Formal?
Smallest 0.00 0.96 0.0% No
50% 0.62 1.85 9.9% No
5% 1.31  3.87 26.9% No
90% 2.34  9.01 53.2% No
95% 3.22  15.7 70.1% No
97.5% 4.20 46.7 76.9% Yes
99% 5.67 119.6 83.5% Yes
Top 0.01% 17.0 4,899 95.9% Yes

Note: Wages in model units (one model unit is equivalent to the minimum wage in 2003).
sectional distribution of firms. FEach row in Table 2.7 describes firms in a specific position in
the distribution of productivity. The top row refers to the smallest firms in the model and
the bottom row refers to the largest ones. The columns show the productivity parameter,
the number of workers, the fraction of skilled workers, and the compliance status. The model
generates an equilibrium where the fraction of skilled workers increases monotonically with
firm size (in both the informal and formal sectors) and formal firms are larger than informal
ones. This profile reproduces patterns observed in the data (as in Table 2.2) but incompatible
with previous search models of informality: the presence of skilled and unskilled workers in
both sectors and a higher share of skilled workers in formal firms. Also interestingly, the
smallest firms in the model have approximately one employee, even though this is not imposed
as a restriction.
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2.5 Quantitative Results

The Recent Reduction in Informality in Brazil

We use the model to analyze the behavior of the Brazilian labor market between 2003 and
2012. First, we look at the main exogenous changes observed during the period and analyze
how each of them separately affected the labor market. In order to validate the performance
of the model, when possible, we confront these comparative statics exercises with the em-
pirical evidence currently available from reduced-form estimates. Then we evaluate whether
the model is able to account for the aggregate movements in informality, unemployment,
and wages by considering changes in all exogenous variables simultaneously.

Throughout the analysis, we often refer to Table 2.8, where each row contains a particular
labor market outcome. The first column describes how the Brazilian labor market changed
from 2003 to 2012 using the same data and definitions used in the calibration. Each following
column considers how changes in one or more parameters affect labor market outcomes in
the model, by comparing the baseline calibration with a new steady-state equilibrium where
only the parameters in question are set to their 2012 levels.

In the period we study, the unemployment rate fell by 7.2 percentage points and the
informality rate dropped by 10.7 points. Average wages increased by 28%), but, as mentioned
in section 2.2, the gains were larger for low-skill formal workers and for informal workers.
Informal wages, for example, increased by 42%, as compared to a wage growth of 22% for
formal skilled workers.

Minimum Wage

The minimum wage increased by 61.2% from 2003 to 2012. The effects of a change of this
magnitude in the calibrated model are shown in column 2 of Table 2.8. Wages for skilled
workers in both sectors are only marginally affected. However, for informal workers, wages
fall by 3.2%. The reason for this decline is the reduced demand for unskilled labor by formal
firms, which increases unemployment and lowers the outside option of workers being hired
by informal firms.

From the changes in the minimum wage alone, informality increases by 5.7 percentage
points and unemployment by 1.6 percentage point. The increase in unemployment seems
small when compared to the magnitude of the increase in the minimum wage. The reason is
that part of the effect on unemployment is attenuated by marginal firms entering informality
(and thus not being subject to the minimum wage anymore), and also by the fact that
informal unskilled wages decrease, leading to increased labor demand by informal firms.

This logic resembles the traditional view of the informal sector, where for some work-
ers informality is an alternative to unemployment (Fields, 1975; Rauch, 1991; Boeri and
Garibaldi, 2007, for example). In our model, this applies to unskilled workers when the
minimum wage binds, in the sense that formal jobs are strictly preferred to informal ones,
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but are also more difficult to find, so unskilled workers accept informal job offers to avoid
unemployment.

The increase in informality following a rise in the minimum wage generated by the model,
accompanied by a more timid increase in unemployment, is in line with evidence from the
Brazilian labor market. Though there are no well identified studies of the labor market
response to increases in the minimum wage currently available, the existing evidence, such
as Foguel, Ramos and Carneiro (2001) and Lemos (2009), seems to indicate that informality
tends to rise and employment responds only mildly — if at all — to minimum wage increases.
Our comparative statics reproduces the qualitative patterns documented by the empirical
literature on minimum wages in Brazil.

It is also worth mentioning that there is a reduction of 1.8% in aggregate production
following the increase in the minimum wage. Net government revenues experience a more
sizable decline of 23.8%. This is mainly because some benefits that accrue to all formal
workers, such as unemployment insurance, are indexed by minimum wages. On the other
hand, revenues from labor taxes increase only for unskilled workers, and increased informality
and unemployment reduce the tax base.

Payroll Taxes

The only change in labor market regulations from 2003 to 2012 was the phasing out of
a temporary additional contribution to the worker’s severance payment fund (Fundo de
Garantia por Tempo de Servico, FGTS). As described in Appendix A, we calculate that
this change decreased the final payroll tax rate only slightly, from 72.06% of the nominal
wage to 71.43%. Column 3 shows that, as standard models would predict, informality
falls following the reduction in the payroll contribution. Wages rise for all workers, except
for those who receive exactly the minimum wage. This is a consequence of the axiomatic
bargaining approach, through which workers receive part of the increased profits of firms.
Product rises and government revenues decline. All effects are quantitatively small.

Mandated Benefits

There were minor changes in mandated benefits, specifically in the formulas for calculating
the income tax and social security contributions, which are both deducted from the wage of
formal employees and thus are included in our parameter a;. However, on average, they did
not result in sizable changes in deductions. When we recalculate the parameters a; and b;
using 2012 data (Appendix A), we find that the differences are negligible. Hence, they do
not have any relevant impact on labor market outcomes, as column 4 from Table 2.8 shows.

Enforcement of Regulation

We use data from the Ministry of Labor to estimate changes in the enforcement of labor
regulations from 2003 to 2012. Reports of labor inspections, available in MTE (2013), show
that the number of workers targeted by inspections rose during the last decade both in
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absolute terms and as a fraction of the workforce.!® We use the relative increase as a proxy
for increases in enforcement in the model. We find that the fraction of the workforce targeted
by inspections rose by about 33.9% from 2003 to 2012. We therefore raise the parameter C
in the model by this same proportion.

The fifth column of Table 2.8 shows how this change impacts our baseline calibration.
First, informality decreases by 3.4 percentage points, as expected. We argued in section 2.2
that the effects of increased enforcement on unemployment are ambiguous in many models,
and this is also true in ours. There is an extensive margin effect because firms that change
their compliance decision may hire more workers, and also an intensive margin effect because
the remaining informal firms hire fewer workers. In our calibration, unemployment increases
by 0.4 percentage point with the increase in enforcement. The qualitative responses of
informality and unemployment generated by the model are consistent with reduced-form
evidence from exogenous variations in labor inspections provided by Almeida and Carneiro
(2012). The only noticeable change in wages is a decline in earnings for informal workers.
In this respect, our model replicates the results found in Bosch and Esteban-Pretel (2012)
and Meghir, Narita and Robin (2015). Government revenues increase, but one should be
cautious about drawing additional implications from this result since we do not take into
account operational costs associated with increased enforcement.

Workforce Composition

Over the last decades, there has been a consistent increase in school attendance among
Brazilian school-aged children, reaching near universalization of primary schooling by the late
1990’s.2° This has led to a corresponding improvement in the educational composition of the
workforce not only because young adults are now more educated than previous generations
but also because more individuals enter the labor market at later ages. At the same time,
demographic changes associated with historical reductions in fertility and population aging
are leading to an older and, therefore, more experienced workforce. From 2003 to 2012, the
fraction of the workforce with complete elementary education — in Brazil, 8 or more years
of schooling — increased from 66.0% to 78.9%. In column 6 of Table 2.8, we assume that
this change of 12.9 percentage points corresponds to the increase in the fraction of skilled
workers in the model.

We find that the predicted changes are in line with our discussion from section 2.2. Both
unemployment and informality decrease sharply as a consequence of a more skilled workforce,
falling, respectively, by 6 and 12.6 percentage points. Wages for informal workers increase by
48.5%, while they decrease for skilled formal workers by 8.8%. This is a direct consequence
of the relative increase in the supply of skilled workers. The labor market for skilled workers
becomes less tight (and the reverse happens for unskilled workers). Because firms hire more

90ther indicators, such as total revenues from fines, also increased during the period. For a thorough
discussion of enforcement of labor regulation in Brazil, see Cardoso and Lage (2005).

20The share of children 7-14 years old attending school goes from 80.9% in 1980 to 97% in 1999 (de Oliveira,
2007).
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skilled labor in the new equilibrium, the productivity of unskilled work increases due to
complementarities in the production function. The combination of a tighter labor market
for unskilled labor and higher productivity is behind the steep increase in the informal wage.
Wages for unskilled formal workers also rise, by 9.6%, meaning that the minimum wage is
not binding anymore in the new equilibrium. The model therefore predicts that, absent the
observed increases in minimum wages between 2003 and 2012, the minimum wage would
have become non-binding under the 2012 composition of the Brazilian labor force.

The large effect of the workforce composition on informality works through both the
intensive and extensive margins. With the reduction in the market tightness for skilled
workers, formal firms, which are intensive in skilled labor, face stronger incentives to grow
than informal firms, shifting part of the skilled labor force from the informal to the formal
sector. Since skilled and unskilled labor are complements in the production function, this
also leads to a higher productivity of unskilled labor in the formal sector and, therefore, to
a shift of part of the unskilled labor force as well to the formal sector. At the extensive
margin, an analogous phenomenon happens. The marginal informal firms, which are close
to indifferent between the formal and informal sectors, start choosing formality due to the
increased incentives to grow from the increased supply of skilled workers.

We know of no reduced-form empirical study that analyzes the aggregate labor market
effect of changes in the educational composition of the labor force. Various papers, such as
Menezes Filho, Mendes and de Almeida (2004), describe the strongly positive individual-
level correlation between schooling and formality. Other papers, such as Barbosa Filho and
Moura (2015), assume a stable individual-level relationship between schooling and informal-
ity and perform Oaxaca-Blinder type exercises analyzing the role of demographic changes as
determinants of changes in informality. But no paper allows for the possibility that changes
in the educational composition of the labor force directly affect labor market equilibrium
outcomes, conditional on individual schooling. This highlights the relevance of the type of
analysis conducted in this paper, where we can systematically address the endogenous labor
market response to this type of compositional changes.

In Appendix F, we provide some reduced-form evidence related to these qualitative pre-
dictions of the model. We use Brazilian census data from 1991, 2000, and 2010 and look
at equilibrium outcomes at the local labor market (micro-region) level. Exogenous changes
in the educational composition of the labor force are difficult to obtain in this setting, so
we interpret the results simply as correlations between changes in composition in each local
labor market and labor market equilibrium outcomes. The results show that an increase
in the fraction of skilled workers is associated with increases in formality, as predicted by
the theory. In particular, this result holds conditional on individual level schooling, mean-
ing that it does not reflect only a mechanic increase in formality due to a higher and stable
probability of formal employment among more educated workers. A higher fraction of skilled
workers is positively associated with the probability of formal employment even for given
educational levels. Results related to employment are less robust. We do find a positive and
significant correlation between the fraction of skilled workers and employment under some
specifications, but most results are quantitatively small and not statistically significant. This
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may be due to a different utility from unemployment between skilled and unskilled workers,
a possibility not considered in the model. We refer the interested reader to the detailed
discussion in the appendix.

Estimating Changes in Productivity

Now we consider the performance of the model when the five dimensions discussed above
are brought together. The results are shown in column 7. These changes explain 83% of
the observed decline in informality, but only 43% of the decline in unemployment. Also,
average wages and product increase by far less than observed in the data, explaining in
both cases just a fraction of the actual change. The increase in GDP per capita in the
data — listed as product in the table — reflects in part an overall increase in TFP in the
Brazilian economy during this period. Ferreira and Veloso (2013), for example, estimate
an yearly growth of TFP in Brazil between 1.5% and 2.5% per year from 2003 to 2009.
These observations suggest that there was an increase in overall productivity in the economy
that, not surprisingly, cannot be captured by the model, which does not display capital
accumulation or technological change. To calibrate TFP gains in the model, we raise the
parameter A until the increase in average wages — taking into account all changes during the
period — matches that observed in the data. We find that TFP in the model must increase
by 25.3% between 2003 and 2012 in order for the model to reproduce the increase in average
wages in the data. This number falls close to the upper bound of the cumulative growth in
TFP that would be obtained from the Ferreira and Veloso (2013) estimates.

Before we assess the performance of the model including the increase in productivity,
we study the effects of productivity gains in isolation. Column 8 shows that unemployment
declines by 3.2 percentage points and wages rise by 24.3% when productivity increases.
There is also a reduction of 1.2 percentage point in informality, consistent with many other
models where informal employment is countercyclical. This particular pattern generated
by the model — with unemployment and informality being countercyclical, but the former
responding more than the latter to changes in aggregated conditions — is also consistent with
the empirical evidence for Brazil presented in Bosch and Esteban-Pretel (2012). Wages rise
for most workers, but particularly in the informal sector. This is because most unemployed
workers in the baseline calibration are unskilled, and thus the decline in unemployment has
larger effects on the tightness of the unskilled labor market and, therefore, on the informal
sector. Wages do not rise for formal unskilled workers because the minimum wage is still
binding after the productivity gain.

Explaining the Evolution of Labor Market Outcomes

In column 9, we consider changes in minimum wages, taxes, benefits, enforcement, skills, and
productivity simultaneously. The qualitative implications of the model, in terms of direction
of predicted changes, matches precisely the pattern of movements observed in the Brazilian
labor market between 2003 and 2012: reductions in unemployment, reductions in informality,



CHAPTER 2. COMPENSATING DIFFERENTIALS THEORY OF INFORMALITY 73

Table 2.9: Individual Contribution of Each Factor, Changes in the Brazilian Labor Market
from 2003 to 2012

All All changes, except:
changes Minimum Payroll Benefits Enforcement Fraction Productivity

Outcomes: wage tax skilled
Unemployment (p.p.) -5.0 -6.5 -5.0 -5.0 -5.0 0.3 -3.1
Informality (p.p.) -9.1 -11.0 -8.8 -9.3 -6.1 4.0 -8.9
Wages (%):

Average 28.4 27.5 28.1 28.4 29.7 25.7 2.2

Formal, skilled 14.2 14.8 13.9 14.2 14.2 24.8 -9.6

Formal, unskilled 61.2 38.3 61.2 61.2 61.2 61.2 61.2

Informal 61.7 79.6 61.8 61.5 69.9 19.8 16.2
Product® (%) 35.5 35.7 354 35.5 35.0 24.5 6.9
Govt. net revenues (%)° 29.7 42.1 31.3 27.0 24.8 17.6 -15.5

Notes: “Change from 2003 to 2007 (IBGE/SCN is only data available up to 2007). *Product is total
production in the model net of search costs and the informality penalty. “Numbers in this line represent
relative changes in government surplus over the baseline amount in 2003, as in Table 2.8.

and increases in average wages, with proportionally larger gains for informal and unskilled
workers. Quantitatively, the model does a good job in explaining the reduction in informality,
generating a decline of 9.1 percentage points while the observed decline was 10.7 points. It
also predicts a decline in unemployment of 5 percentage points, which corresponds to 69%
of the observed decline of 7.2 points. Predictions regarding wages are close to the empirical
patterns, though the model underestimates by more than a third the gains for formal skilled
workers. Overall, the model is able to explain quantitatively the main outcomes of the
Brazilian labor market with a reasonable degree of precision.

Going back to the discussion in section 2.2, we can use the model to determine which
factor was the main driver behind the reductions in informality and unemployment. Table
2.8 already addressed this issue, by looking at the effect of each factor one at a time. In Table
2.9, we conduct the opposite comparative statics exercise: we analyze what happens in the
model when all but one of the factors discussed before is taken into account. We find that
the declines in both unemployment and informality would have been considerably larger —
respectively, 6.5 and 11 percentage points — if the minimum wage had not increased. We also
reinforce the idea that the change in labor force composition was the main driver behind the
observed reductions in informality: without a larger fraction of skilled workers, informality
would have increased by 4 percentage points, instead of declining by 9.1, and unemployment
would have remained roughly stable. In short, the model is unable to reproduce the reduc-
tions in informality and unemployment when changes in labor force composition are ignored.
The relevance of enforcement (informality penalty) is of second order: without changes in
this parameter, the decline in informality would have been three percentage points smaller.
As before, the effects of changes in payroll taxes and benefits are negligible.

To strengthen our argument and to show that changes in workforce composition are
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strictly necessary to replicate the patterns observed in the data, we conduct an additional
exercise. Suppose that we want to explain the evolution of labor market outcomes in the
model without resorting to changes in the fraction of skilled workers. Since we directly
observe minimum wages, payroll taxes, and benefits in the data, we have two degrees of
freedom in this exercise: aggregate productivity and enforcement (informality penalty). We
therefore choose the total factor productivity parameter and the informality penalty such
that the model, with a fixed composition of the labor force, reproduces the same declines
in informality and unemployment from column 9 in Table 2.9. In order to match these
numbers, productivity would have to increase by 101% and the costs of informality would
have to increase by around 216%. No estimates of productivity and enforcement currently
available suggest increases remotely similar to these magnitudes. In addition, under this
scenario, product per capita and average wages would have gone up by close to 100%, and
wage increases would have been roughly homogeneous across sectors and skill levels. These
results are clearly at odds with the data, suggesting that changes in workforce composition
are really essential in any attempt to rationalize the changes in labor market outcomes
observed in Brazil between 2003 and 2012.

Finally, this exercise also shows that the impact of productivity on informality may
depend on the initial level of unemployment. While an increase in A starting from the
baseline model led to a mild decline in informality (column 8 Table 2.8), the same change
led to no noticeable impact using parameters of 2012 (the difference between columns 9 and
7 in the same Table). In our model, increases in productivity can lead to more formalization
because firms hire more workers and the informality penalty is increasing in firm size. On
the other hand, more productivity leads to higher wages, and thus increased taxes. If the
economy has high unemployment, firms can hire more workers without putting too much
pressure on wages, since marginal productivities decrease with firm size. In this case, the
firm size effect dominates and informality is reduced. If instead unemployment is low, firms
cannot grow much with gains in productivity and wages increase more to sustain the new
labor market equilibrium. Then, payroll taxes increase relative to the informality penalty
and marginal firms may decide to switch to the informal sector. The net effect of increased
productivity on informality is ambiguous. Our results suggest that this theoretical ambiguity
may indeed be quantitatively relevant. It also shows that increases in productivity alone are
not enough to rationalize the changes seen in the Brazilian context.

As in any other theory, we use several simplifying assumptions when modeling the labor
market. Nevertheless, we believe that the most restrictive assumptions in our model go
against our key results, in the sense that they dampen the ability of the model to explain
decreases in unemployment and informality. This is clearly the case with the exogenous
job destruction rate. Even after improvements in firm level productivity, the rate of dis-
missals remains the same, attenuating the reduction in unemployment. Likewise, assuming
exogenous distribution of firm productivities and ruling out firm entry does not allow for
an increase in the number of large, high-productivity firms, whose profits increase dispro-
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portionately after the changes observed from 2003 to 2012 are taken into account.?! If high
productivity firms entered the market, the ensuing increase in average productivity would
be an additional force towards employment and formalization.

Policy Experiments

How to bring down informality without increasing unemployment has been a major policy
challenge in developing countries. In this subsection, we use the model to assess the effec-
tiveness of alternative labor market policies in achieving this goal, while also keeping track
of the fiscal burden imposed on the government. This exercise illustrates that the framework
developed in the paper can also be a useful tool for policy analysis.

The first policy we consider is a reduction in payroll taxes for low wage workers. In column
3 from Table 2.8, we showed that a lower payroll tax rate can lead to a decline in informality
with no adverse effect on unemployment. On the other hand, it also leads to a reduction
in government revenues that is substantial when compared to the decline in informality.
However, informal firms are relatively more intensive in unskilled labor. In addition, only
a fraction of government revenues come from payroll taxes on low skill workers, since their
wages are lower and they account for a small fraction of formal employment. Thus, an
intermediate alternative might be for governments to subsidize the employment of low wage
formal workers through a progressive payroll tax, with the tax rate increasing with the wage.
Proposals like this have been considered as ways to subsidize low wage workers in developed
countries for different theoretical reasons (see Chéron, Hairault and Langot, 2008; Lee and
Saez, 2012; Robin and Roux, 2002), but rarely feature in the informality discussion in the
developing world.

In Table 2.10, we examine the progressive payroll tax policy using as starting point the
model as of 2012 (column 9 in Table 2.8). In the first column, we show as a reference point
the result of simply reducing the overall tax rate by 1 percentage point (to 0.7043). As argued
above, although this reduction leads to reductions in informality, there are significant costs
in terms of government revenue. In columns 2 and 3, we consider similar policies where the
reduction in payroll taxes is restricted to low wage workers (in the model, equivalent to low
skill). The policy achieves similar or better results for employment and formalization and,
in addition, for some values of 7, government revenues actually increase. The formalization
induced by lower taxes among low skill workers is sufficient to induce marginal firms to
comply, and thus enlarges the tax base. The taxes raised from skilled workers in firms that
formalize more than offset the foregone revenue from low skill workers in infra-marginal
firms. On top of that, wages increase substantially for unskilled workers in the informal
sector because of a tighter labor market. This policy therefore is also likely to have positive
effects on poverty alleviation.

Next, we consider an apparently similar policy in which the government increases the
attractiveness of formal jobs to unskilled workers by increasing benefits for low wage earners

21The smallest firms have a loss of 16% in profits, while the largest ones gain 38%.
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Table 2.10: Hypothetical Policy Experiments

(1) (2) 3) (4) (5)

1 p.p. reduction in  Progressive payroll tax Transfer to low wage
payroll tax Ts = 0.7143 T =0.7441,
Outcomes 7 =0.7043 7, =0.7043 7,=050 b =010 oL =0.10
Unemp. (p.p.) -0.1 0.0 -04 0.1 0.3
Inform. (p.p.) -0.5 -0.1 -2.8 0.0 1.4
Wages (%):
Average 0.3 0.0 -0.1 0.0 -0.9
Formal, skilled 0.5 0.0 0.4 0.0 -1.5
Formal, unsk. 0.0 0.0 0.0 0.0 0.0
Informal -0.1 0.1 3.1 -0.4 -0.2
Product® (%) 0.1 0.0 0.5 0.0 -0.3
Govt. revenues’ (%) -2.0 0.0 1.3 -5.7 0.0

Notes: In all columns, the reference is the model as of 2012, with 7 = 0.7143 and bZ = 0.05.%Product is
total production net of search costs and the informality penalty.

in the formal sector. This policy is similar to a current program in Brazil in which the
government transfers resources directly to low wage employees in the formal sector (Abono
Salarial). In column 4, we assess the consequences of increasing the fixed payments from the
government to low-skilled workers from 5% of the minimum wage to 10%. We find that there
is no reduction in informality, despite the sizable costs incurred by the government. If payroll
taxes are raised by about 3 percentage points, so that the program breaks even in terms of
government revenue, the policy leads to increases in both informality and unemployment
(column 5).

The second policy is ineffective because of the binding minimum wage. In the uncon-
strained case, the formal unskilled wage would drop after the increase in benefits because
of rent sharing between worker and firm. This would generate incentives for the posting of
more formal unskilled vacancies, and the results would come closer to those of the progres-
sive payroll tax. With a binding minimum wage, however, wages cannot adjust downward
so the supply of formal vacancies remains unchanged. The only channel left for lowering
informality is the increase in informal wages, which results from an increase in the outside
option of unemployed unskilled workers when bargaining (because formal jobs become more
attractive).

Three important caveats should be made regarding our progressive payroll tax results.
First, our model assumes that every firm hires both skilled and unskilled workers. This
enables the government to increase its revenues by inducing firms to formalize through lower
taxes for unskilled workers. If firms instead hire a single type of worker — either skilled or
unskilled — there would be less potential to increase revenues with this policy (depending on
the initial distribution of firms across formal and informal sectors). The second limitation
is the assumption that there is a single compliance decision for all workers. If firms are
free to make individual compliance decisions for each worker, then the policy would merely
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result in the formalization of low wage workers, while high wage employees would remain
informal. Third, there is the possibility of under-reporting of wages in the formal sector, so
as to disguise skilled workers as unskilled, which is not taken into account in the model.

We believe that these concerns are not enough to compromise the qualitative implications
of the analysis, though the quantitative results from Table 2.10 should not be taken at face
value. To assess the relevance of the first two issues, we examine data from the ECINF, which
surveyed small firms in the formal and informal sectors in Brazil. For each of the small firms
covered by ECINF, we have information on number of employees, formal status, wages, and
schooling levels. Regarding the first point, we examine the degree of wage dispersion within
firms in the informal sector. In 64% of the informal firms with five employees — the largest
firms surveyed by ECINF and those more likely to be marginal firms in the informal sector
— the highest wage was at least 50% above the lowest wage. In 20% of them, the highest
wage was more than three times the lowest wage. The data also show that, in most of these
firms, workers belong to very different educational categories. This evidence suggests that
there is a substantial degree of skill heterogeneity within marginal informal firms, as implied
by the model.

On the second point, the formalization of low wage workers should increase the probability
of formalization of high wage workers for two reasons. If firms formalize a fraction of their
workforce, they become more visible to labor inspectors and thus the cost of employing
informal workers increases. Also, the existence of formal ties to some workers may make it
easier for others to take the employer to court. The data support the view that most firms
hire all of their workers either formally or informally. Among firms in the ECINF data set
with five employees, 32% hire all workers informally, while 46% hire all of them formally.
Only 22% of the firms have both formal and informal employees. This number is even lower
for smaller firms.

Finally, although this policy would certainly increase incentives to under-report wages,
there are already large incentives for firms to do so under current labor law, since several
contributions and taxes are proportional to earnings (see Appendix A). In addition, the
value of many mandated benefits is also indexed by the contractual wage, so workers have
an incentive to enforce truthful reporting by firms. It does not seem to be the case that the
progressive payroll tax would dramatically change the incentives for under-reporting already
present in the formal sector.

2.6 Concluding Remarks

This paper studies how the interplay between workforce composition and labor market in-
stitutions, particularly minimum wages, affects informality, unemployment and wages. In
order to incorporate these factors, we propose a search and matching framework in which
firms use heterogeneous types of labor and face decreasing returns to scale. In addition, we
model the compliance decision by firms and workers, so that agents self-select into formal
and informal sectors given their individual characteristics and the institutional setting. In
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the model, there are no intrinsic differences between individuals and firms in the formal and
informal sectors, and all market imperfections are generated by labor regulations and search
and matching frictions.

The model is used to reproduce the cross-sectional characteristics of the Brazilian la-
bor market and to study the decline in informality rates observed between 2003 and 2012.
We show that the model is able to replicate important features of informal labor markets,
particularly wage patterns and rates of unemployment and informality. Following, we use
changes in tax rates, benefits, minimum wage, enforcement of regulation, workforce compo-
sition, and productivity, to show that the model replicates with considerable precision the
evolution of labor market outcomes in Brazil. The improvement in the educational compo-
sition of the labor force is the most important factor behind the sharp decline in informality
among salaried workers observed during the period, though changes in minimum wages and
productivity are also key for rationalizing other patterns observed in the data. The search
and matching framework we develop is essential for these issues to be simultaneously taken
into account in the analysis.

We also perform additional exercises to analyze the impact of two policies aimed at
reducing informality. First, we show that decreasing the payroll tax rate for low wage
workers can have positive effects on both employment and formalization, while at the same
time increasing government revenues. On the other hand, a subsidy to formal unskilled
workers is not cost-effective. The discrepancy between these two policies comes from the
binding minimum wage, which prevents downward adjustments of formal wages and the
creation of more formal jobs in the second alternative. The model indicates that a change
from flat to progressive payroll taxes could be an effective way to fight informality in the
developing world. This application highlights the potential use of the model for policy
analysis and the quantitative relevance of the new dimensions it brings to the table.
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Appendix A

Appendix to Chapter 1

A.1 Proofs

Section 2: Task-based production function
Proof of Lemma 1: Allocation is assortative and labor constraints bind

I proceed by proving two lemmas that, together, imply the desired result. I use the term
candidate solution to refer to tuples of output and schedules {q, {mh}thl} that satisfy all
constraints in the assignment problem.

Lemma 3. If there exists a candidate solution {q, {mh(-)}{f:l} such that one can find two
tasks 1 < x9 and two worker types hy < hy with my,(x2) > 0 and my,(x1) > 0, then
there exists an alternative candidate solution {q@ {mﬁl()}thl} that achieves the same output
(q = q') but has a slack of labor of type hy (I, >[5~ mj, (z)dz).

Proof. Let A = xy — 7 and pick 7 € (0, min{mp1(x2), mp2(z1)en, (x1 + A)/en, (1 + A)}).
Because my,(+) is right continuous and the efficiency functions e, () are strictly positive and
continuous, I can find § > 0 such that my, (x) > 7 Vo € [z2, 25 + 0) and mpa(z1)en, (1 +
A)/ehl(:cl + A) >71Vr e [1’1,561 + 5)

Now construct {q’, {mﬁl()}le} identical to {q, {mh(-)}thl}, except for:

mj, () = mp, (¥) — 7, 2 € 19, 9 + )
mj,, (x) = m, (z) +Tzzg © € [z, T+ 0)
iy, () = mn, () — TZZ Ei i i; , 2 € [21, 71 + 6)
my, (z) = mp, (z) + TZ:Ei i i; ZZ?EQ, x € [z, 21 +9)
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I need to prove that {q' , {m'h()}thl} satisfies all constraints in the assignment problem
and has a slack of labor h;, and that mj(-) € RC'. Starting with the latter, note that mj,(-)
is always identical to my(-) except in intervals of the form [a, b). In those intervals, mj (-) is
a continuous transformation of my(-). So, because my,(+) is right continuous, so is mj(-). In
addition, m} (z) > 0 Vx € Ry by the condition imposed when defining §. So m},(-) € RC.

Next, the blueprint constraints are satisfied under the new candidate solution because
second and fourth rows increase task production of particular complexities in a way that
exactly offsets decreased production due to the first and third rows, respectively. Total labor
use of type hy is identical under both allocations, because the additional assignment in the
second row is offset by reduced assignment in the third row. Finally, decreased use of labor
type h; follows from log-supermodularity of the efficiency functions, which guarantees that
the term multiplying 7 in the fourth row is strictly less than one. So labor added in that
row is strictly less than labor saved in the first row. O

Lemma 4. Any candidate solution with slack of labor is not optimal.

Proof. Consider two cases:

If there is slack of labor of the highest type, h = H: By the feasibility condition in
the definition of blueprints, uy = [5° b(z)/en(z)dz is finite. Denote the slack of labor of
type H in the original candidate solution by Sy = Iy — [;° my(x)dx. Now consider an
alternative candidate solution with ¢’ = ¢+ Sy /uy, miy(z) = my(z) + (Sg/ug)b(z) /ey (x),
and mj,(-) = my(-) Yh < H. That candidate solution satisfies all constraints and achieves a
strictly higher level of output. Thus, the original candidate solution is not optimal.

Otherwise: Then there is a positive slack Sy, = I, — [;° mp(x)dx for some h < H, and no
slack of type H. I will show that it is possible to construct an alternative allocation with
the same output and positive slack of labor type H. Using that alternative allocation, one
can invoke the first part of this proof to construct a third allocation with higher output.

Remember that the domain of f imposes Iy > 0. Because there is no slack of labor
H, there must be some z with my(z) > 0. Pick an arbitrarily small 7 > 0. By right
continuity of mpy, there is a small enough § > 0 such that mg(z) > 7 Vo € [z,2 4+ §). Let
ip = [P ey (x)/en(z)dr < oo and define g = min{r, S /i, }.

Now consider an alternative candidate solution identical to the original one, except that
m’y(x) = my(x) — g in the interval [z,z + 0) and mj,(x) = mpy(x) + geg(x)/en(x) in the
same interval. The new candidate solution satisfies all constraints, has right continuous and
non-negative assignment functions, and has slack of labor of type H. O

Proof of Lemma 1, except non-arbitrage condition. From Lemma 4, we know that any opti-
mal solution must not have any slack. The same Lemma implies that any candidate solution
satisfying the conditions in Lemma 3 is also not optimal. So any optimal solution must be
such that for any two tasks x; < xo and two types hy < ho, myp,(x1) > 0 = my, (z2) =0
and mp, (z3) > 0 = myp,(z1) = 0. This property can be re-stated as: for any pair of types
hy < hg, there exists at least one number p,Zp, such that my,(x) = 0 Vo < j,,Z, and
mp, () = 0 Vo >, Tp,. By combining all such requirements together, there must be H — 1
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numbers Zy,...,Zg_1 such that, for any type h, mp(x) = 0 Vo ¢ [Z4_1,Z] (where Zp = 0
and Ty = oo are introduced to simplify notation).

Because there is no overlap in types that get assigned to any task (except possibly at
the thresholds), the blueprint constraint implies that my(z) = b(x)/en(x) Y € (Zp_1,Zp).
Right continuity of assignment functions means that the thresholds must be assigned to the
type on the right.

It remains to be shown that the thresholds are unique and non-decreasing. To see that,
recall that b(z) > 0 and ep(x) > 0 Yh. Now start from type h = 1 and note that the integral
[ my(z)de = [ b(z)/ei(x)dx is strictly increasing in ;. Thus, there is only one possible
Z1 > 0 consistent with full labor use of type 1. One can then proceed by induction, showing
that for any type h > 1, the thresholds x;, is greater than z,_; and unique, for the same
reason as in the base case.

Proof of the non-arbitrage condition (Equation 1.1) is provided in the next section of this
Appendix. O]

Proof of Proposition 1: curvature of the task-based production function and
non-arbitrage condition (Equation 1.1)

Constant returns to scale and concavity follow easily from the definition of the production
function. Let’s start with concavity. Suppose that there are two input vectors I and I?,
achieving output levels ¢' and ¢? using optimal assignment functions mj and m}, respectively.
Now take a € [0,1]. Given inputs I = ad' 4 (1 — @)I?, one can use assignment functions
defined by my,(z) = am}(z)+ (1 —a)mi(z) Vz, h to achieve output level ¢ = ag' + (1 —a)q?,
while satisfying blueprint and labor constraints. So f(I,b) > ¢. For constant returns, note
that, given o > 1, output aq' is attainable with inputs al!' by using assignment functions
amj (z). Together with concavity, that implies constant returns to scale.

Lemma 1 implies that, given inputs (I,by(-)), the optimal thresholds and the optimal
production level satisfy the set of H labor constraints with equality. I will now prove results
that justify using the implicit function theorem on that system of equations. That will
prove twice differentiability and provide a path to obtain elasticities of complementarity and
substitution.

Definition 4. The excess labor demand function z : Rsg X Rg&l X Rgo’l X Rog — R s
given by:

_ _ Th b, (x
Zh(vala---afoﬁl)IQ/_ g( )dﬂﬁ—lh

h—1 eh(x)
Lemma 5. The excess labor demand function is C*.

Proof. We need to show that, for all components zj(-), the second partial derivatives exist
and are continuous. This is immediate for the first derivatives regarding ¢ and [, as well as
for their second own and cross derivatives (which are all zero).
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The first derivative regarding threshold zy is:
8Zh<')

Oxpy

bg(jh)
ent1(Th)

oL =my P a=n )

Because blueprints and efficiency functions are continuously differentiable and strictly pos-
itive, this expression is continuously differentiable in z;,. The cross-elasticities regarding ¢
and [ also exist and are continuous. O]

Lemma 6. The Jacobian of the excess labor demand function regarding (q,x1,...,Tg_1),
when evaluated at a point where z(-) = Opx1, has non-zero determinant.

Proof. The Jacobian, when evaluated at the solution to the assignment problem, is:

Mol by(Z1) 1
l2 _ 4 %9\T1) g\T2
¢ ey daG (<)* ) ’ ’

To T3
s < 0 —SEm Yam 0 0

L by (T 2) b (Z11)
Hq : 0 0 o _quil(gHiﬂ eHg—l(ngfl)
g 0 _  bg(Zm_1)

L ¢ eqg(Tg—1) |

The determinant is:

h=1 Eh+1 h—1 i—2 Ci—1

which is never zero, since ¢ > 0 (from feasibility of blueprints and (5 > 0) and b(z), e, (x) >
0V, h.
[l

Lemmas 5 and 6 mean that the implicit function theorem can be used at the solution
to the assignment problem to obtain derivatives of the solutions to the system of equations
imposed by the labor constraints. These solutions are ¢(I) = f(I,b,(-)) and Z,(l). Because
z is C?, so are the production function and the thresholds as functions of inputs.

Obtaining the ratios of first derivatives in Lemma 1 and the elasticities of complemen-
tarity and substitution in Proposition 1 is a matter of tedious but straightforward algebra,
starting from the implicit function theorem. For the non-arbitrage condition in Lemma 1, a
simpler approach is to define the allocation problem in terms of choosing output and thresh-
olds, and then use a Lagrangian to embed the labor constraints into the objective function.
Then, the result of Lemma 1.1, along with the constant returns relationship ¢ = >}, I5 fa,
emerge as first order conditions, after noting that the Lagrange multipliers are marginal
productivities.
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When working towards second derivatives, it is necessary to use the derivatives of thresh-
olds regarding inputs. For reference, here is the result:

dzxy, eh(jh) fh’ / i

= — — |1 h Z h — S;
dlw qbg(Zn) fn t ) ;

One can verify glih’j > 0« h > h'. Adding labor "pushes" thresholds to the right or to the

left depending on whether the labor which is being added is to the left or to the right of the

threshold in question.

Proof of Corollary 1: Distance-dependent complementarity

This is proven by inspecting the sign of the weights &, ;5. When h = A/, these terms are
negative for all 7. Changing A’ by one, either up or down, changes one of the &,/ from
negative to positive while keeping the others unchanged. So there must be an increase in
the elasticity of complementarity since all of the py are positive. Every additional increment
or decrement of A" away from h involves a similar change of sign in one of the &, 5y, leading
to the same increase in complementarity:.

Proof of Corollary 2: Effect of minimum wages

In a competitive economy where the minimum wage binds for only the lowest worker type,
a marginal increase in the minimum wage causes unemployment of that lowest type up
to the point where marginal revenue product of labor equals wages. That is exactly the
same comparative statics as reducing the supply of the least skilled labor type by that
corresponding amount. The proportional effect of that change on marginal productivities of
all labor types is given by the negative of the elasticity of complementarity times the share
of labor costs attributable to the lowest worker types. Distant-dependent complementarity
constrains that effect to be decreasing over the wage distribution (because the elasticities of
complementarity are increasing).

Section 3: Markets and wages
Proof of Lemma 2: Firm problem and representative firms

The most difficult part of this proof is showing that the solution is interior and characterized
by first order conditions. I start by implicitly defining a function ep(s;, wp;, a;) that maps
desired labor I;; > 0 to the required cutoff point given a choice of posted wage and firm
amenities:

Ing = tn (Why, €n(lng, wng, a;), aj)
That function is not defined for all combinations of (I;, ws;, a;) because, given wy;, l; =0

is always reachable (by setting €, — 0o) but there is an upper bound to [;; as €, — —o0.
For my purposes, it is sufficient that it is defined around optimal values of I,; and wy,;. The
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implicit function ey (l;, ws;, a;) is differentiable, but the derivative is not continuous where
there are discontinuities in wy(€). Furthermore, it is strictly decreasing in [;; and strictly
Increasing in we;.

Now redefine the problem of the firm in terms of a choice of labor inputs given a labor
cost function implied by the labor market microstructure:

T

mg(a;) = mlaxpgf Z (Ihj» a;)

where Ci, (In;, a5) = 1min Gy (why, en(lhg, why, 0;), a;)
J

Totally differentiating the minimand in the cost minimization problem regarding wp;
yields:

Got1)—— L P

Eh(lhj, Why, aj) Whj

where Z,J{j is the amount of efficiency units supplied by workers who earn more than the
minimum wage. This derivative is strictly increasing in wyj;, which means that the cost-
minimizing wage wy,(ly;, a;) is defined by the first order condition:

wh(lhg, a;)€n(lng, wn(lng, a;), a;) B
y f+1

This expression shows that wages and cutoffs move in opposite directions. To satisfy in-
creased labor demand, firms both increase posted wages and decrease cutoffs.

The marginal cost of labor for all /;; > 0 can then be found by using the envelope theorem
on the cost minimization problem, yielding y/es(ln;, wn(lnj, aj), a;). It can be shown that
lhj = 0 = en(ln;, wn(lhj, aj),a;) = oo. So marginal costs are arbitrarily close to zero as
labor demand decreases.

The economic intuition for why labor costs go to zero as labor demand becomes small
is as follows. With low labor requirements, firms can set arbitrarily large cutoffs and low
wages. There are a few workers for whom the idiosyncratic component of preferences n;;
is so large that they still choose that firm. These workers mostly cost the minimum wage,
given the low posted wage, but they provide increasing quantities of efficiency units as the
cutoff increases.

To rule out corner solutions, note that the marginal product of the highest type h = H
is bounded below due to the feasibility constraint on blueprints — these workers are always
capable of producing a positive amount of output by themselves, without exploring any
comparative advantage gains. So there is positive employment for those types. In addition,
Proposition 1 states that the marginal product of labor is strictly positive even when I;,; = 0,
as long as there is positive employment of the higher type. That rules out corner solutions
for the other types.

To obtain the first order conditions in terms of wy,; and €5, one can take the corresponding
derivatives of (1.5) and (1.6). Alternatively, one can obtain the optimal cutoff by equating
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the marginal cost of labor above to the marginal revenue product of labor, and then use the
first order condition on cost minimization to find the mark-down rule.

To see why these solutions do not depend on amenities, such that there is a representative
firm for each good g, first note that a; is a multiplicative term in both Cj, (ws;, €5, a;) and
In (why, €nj, aj). Now remember that the task-based production function has constant returns
to scale. Thus, the profit function can be rewritten as m(a;) = a;m(1). Amenities scale up
employment and production while keeping average labor costs constant.

Proof of Proposition 2: Wage differentials across firms

I start by showing a useful Lemma that shows how proportional terms dividing task require-
ments can be interpreted as physical productivity shifters.

Lemma 7. If by(z) = b(x)/z, for a blueprint b(-) and scalar z, > 0, then f(l,b,(-)) =
29 f (L, b(-))-

Proof. Plug b,(x) = b(x)/z, into the assignment problem defining the task-based production
function. Change the choice variable to ¢ = ¢/z,. The z, terms in the task constraint
cancel each other and the maximand changes to z,q". The result follows from noting that
maxg.y 2,q' = 2y maxyy ¢ and that the resulting value function is f(I,b(-)) by definition. [

Now I proceed to the proof of each statement of Proposition 2 separately.

Proof of part 1: From Lemma 7, f,(I,b,(-)) = z,fn(l,b(-)). Also note I (w,, €, a,) =
ayl (wy, €4,1) and C (wy, €4, a,) = a,C (wy, €4, 1), and remember that the task-based pro-
duction function has constant returns to scale (and so marginal productivities are homo-
geneous of degree zero). Now let [ = F,/a, and rewrite the first order conditions of the
firm (1.7), (1.8) and the zero profits condition (1.11) imposing the conditions from this
proposition:

PoZgfn(l (wy, €4, 1) ,0(-)) exp(eng) = Yy Vh, g
B
P2 fu(l (wy, €5, 1), b<>>5h _T_ 1= Whg Vh, g
H
ag |Pgzgf (L(wy, €4,1),0(-)) — Z Ch (wy, €9,1)| = agF Vg
h=1

To see that these equations imply a representative firm for the economy, plug in €, = ¢,
w, = X = {\,..., g}, and p, = p/z, for common €, A, and p. All dependency on g is
eliminated, showing that the solution of the problem of the firm is the same for all firms in
the economy and that prices are inversely proportional to physical productivity shifters z,
(such that marginal revenue product of labor is equalized across firms). O
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Proof of part 2: Without a minimum wage, there is no motive for a cutoff rule: €,, = 0. In
addition, the labor supply curve becomes isoelastic with identical elasticities for all worker

types:
3, <whg>ﬁ
Wh
Ch (whg7 *y ag) = whglh (whg7 ) C_Lg)

where wy, = (Z Jg&gw£g>
9

lh (whga ) C_Lg)

=

Rewrite the first order conditions on wages as in the proof of part 1 above:

nggfh (l (wgv'71)7b(')) = Why Vh’g

B+1

Also, rewrite the zero profit condition as:

Fy=pgzef (L(wy, -, a,),0(+)) — Z Ch (wy, -, ag)
h—1
H

H
= pgZg O In (Whg, -, ag) fu (L(wg, -, 1) ,b(:)) = D wagly (Why, -, ag)
h=1 h=1

I claim that w, = (F,/a,)"/®*YX for some vector A = {\;...,A\y}. From the labor
supply equation, that implies [, = Ff/(ﬁ“)&;/(ﬁ“)éh, where ¢}, = wgﬁ/(ﬁﬂ). Plugging these
expressions in the rewritten zero profit condition yields Y, ¢\, = 1 Vg, showing that the
claim does not contradict optimal entry behavior; instead, optimal entry merely imposes a
normalization on the A vector.

The corresponding prices that lead to zero profits are:

(B+1)F,
ng (l (wg> " &g) ,b())

Finally, plugging these results into the first order conditions yields:

fn (£,0) 8=y Vh,g

= py =

Which again has no dependency on g, showing that the claimed solution solves the problem
for all firms. O



APPENDIX A. SUPPLY, DEMAND, INSTITUTIONS, AND FIRMS 97

Proof of part 3: Under the conditions from this part, labor supply curves are isoelastic, as
shown in the proof of part 2 above. It is easily shown, using that isoelastic expression for

lh('), that:
%
() /G- {G2) /G2
Whg' Whg Ing Ing
Under the condition imposed on labor input ratios, the right hand side is positive. The proof

follows from noting that the desired ratio of earnings is equal to the ratio of wages in the
left hand side.

[]

Proof of Proposition 3: Race between technology, education, and minimum
wages

The proof is simple once one notes that the difference between the two economies is a linear
change of variables in the task space 2’ = (14+A;)x, coupled with a reduction in task demand
by a factor of (1 + Ay). Let zJ denote task thresholds for firm ¢ in the original equilibrium.
Thresholds (14 A1)z}, lead to exactly the same unit labor demands, except for a proportional
reduction:

g

/((1+A1)x;§ b;(x’) e /((1+A1)x-,‘i 1 bg(x’/(lJrAl))d / 1 /wh be(x) de

Tr =
vans, (@) vanst, (L AN+ A) en(@/(L+ A)) ™~ T+ 85 sy, enla)

So if firms use exactly the same labor inputs, they will produce (1 4+ A,) times more goods.
But because p), = py/(1 + Ay), total and marginal revenues are the same. Since all other
equilibrium variables are the same, all equilibrium conditions are still satisfied.

Proof of Proposition 4: Changes in firm costs affect the returns to skill

Before proving the Proposition, I derive a Lemma that states that blueprints that are more
intensive in complex tasks lead to higher gaps in marginal productivity, holding constant the
quantity of labor. This Lemma is conceptually similar to the monotone comparative statics
in Costinot and Vogel (2010).

Lemma 8. Letb and b’ denote blueprints such that their ratio b'(z) /b(x) is strictly increasing.

Then:
S (V) - fn1(l,0)
fu(l, V) Ju(l,0)
Proof. Fix I, let ¢ = f(1,b) and ¢ = f(I,0'). Now construct 0’(x) = b'(z)q¢'/q. From
Lemma 7, it follows that f(I,0") = ¢ and f,(I,0") = fu(l,V') Vh. 1 will show that the

statement holds for b and b”, and since " and b’ lead to the same marginal products, the
desired result holds.

h=1,...,H—1
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Because b and 0" lead to the same output given the same vector of inputs, but b”(z)/b(z)
is increasing, there must be a task z* such v/(z) < b(x) Vo < 2* and b"(z) > b(x) Vo > z*.
To see why they must cross at least once at 2*, suppose otherwise (one blueprint is strictly
more than other for all z): there will be a contradiction since task demands are strictly
higher for one of the blueprints, but they still lead to the same production ¢ given the same
vector of inputs. From this crossing point, differences before and after emerge from the
monotonic ratio property.

Now note from the non-arbitrage condition (1.1) in Lemma 1, along with log-supermodularity
of ex(z), that the statement to be proved is equivalent to

T>a, he{l,.,H-1}

where ), denotes thresholds under the alternative blueprint ”.

I proceed by using compensated labor demand integrals to show that thresholds differ as
stated above. Denote by h* the type such that * € [Zy+«_1,Zp+). The proof will be done in
two parts: starting from z)j and ascending by induction up to z,-_1, and next starting from
Zp-1 and descending by induction down to z,«. Note that if h* = 1 or h* = H, only one
part is required.

Base case x1: The equation for h = 1 is f‘“

g 18@) g = b ynder the new one. Equating the right hand side of both expressions and
el :v) q

rearranging yields: o .,
/% b’ (z) dp — /961 b(x) —b (a:)dx
z e (x) 0 ey (x)
Since b(z) > 0'(x) for x < x*, the right-hand side is positive, and then the equality will only
Ascending induction rule: Suppose Tj,_; > Tp—1 and h < h*. I will prove that z} > z;.
To do so, use the fact that % is the same under both the old and new blueprints to equate
the labor demand integrals, as was done in the base case. This yields the following equivalent
expressions:

b(x

61

d:c = ll under the original blueprint, and

bl/ ) daj

/Ilh b”(l’) dr — /xh 1 b
zn €En ([B) Th_1
. b(x 1 b (x
-/ ()dx+/h1 ()daz
in_y €p (T) zn ep(x)

It is enough to show that the expression is positive, ensuring that xj > z;. Consider
two cases. If zj,_; < Ty, then use the first expression. The induction assumption guarantees
positivity of the first term, and the integrand of the second term is positive because x; < z*.
If instead Z)_, > Ty, the second expression is more convenient. There, all integrands are
positive and the integration upper bounds are greater than the lower bounds.

Base case xg_1 and descending induction rule: Those are symmetric to the cases above.
O
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In a competitive economy, thresholds are the same for all firms. Given total endowments
of labor efficiency units L and aggregate demand for tasks B(x) = Q101 (z) + Q2b2(x) (where
(), denotes aggregate demand for good g before the shock), wages wy, must be proportional to
marginal productivities f;(L, B(+)), because the labor constraints that determine thresholds
and marginal productivities in the task-based production function are the labor clearing
conditions for this economy.

Aggregate demand for tasks following the shock is B'(z) = Q1b1(x) + Q4bs(x). As noted
above, wages after the shock are proportional to f,(L, B'(-)). But B(z, Q},@Q5)/B(z, Q1,Q2)
is increasing in z if Q,/Q} > (Q2/Q1. Thus, Lemma 8 implies that wage gaps increase as
stated in the Proposition.

A.2 Numerical implementation

The basic logic of obtaining compensated labor demands in this model is to use the non-
arbitrage equation 1.1 from Lemma 1 to obtain thresholds as functions of marginal productiv-
ity gaps. Then, compensated labor demands can be obtained through numerical integration
of Equation 1.2.

The exponential-Gamma parametrization is helpful because it provides a simple closed
form solution for thresholds and the labor demand integrals. Let:

en(x) = exp(apz) 1= << - <ag_1<ag=0
ko1 .
by(a) = ————exp | — - 29,04, k) € R
o(7) Z«"F(kg)QSQ P ( 99) (29, b, kg) >0
Then:
|
T <fh+1> _ 0g fus1/ [n (A1)
In Apt1 — OQp
L Th by(x)
12 _ = AP
b (e, 30) = [ e
1 ko \*
( : ) [V (ThgZn, kg) — v (ThgZn-1, ky)] if Ty #0
(kg) Thg
1
2,0k, (1= ky) ™™ [y (@n1(1 — ky) /0y, ky) — 7 (Z(1 — ky) /0y, ky)]  otherwise

(A.2)

where Y, = o, + ];—Z, v(+,-) is the lower incomplete Gamma function, and I'(+) is the Gamma
function.

When T}, < 0, one needs to use the standard holomorphic extension of the incomplete
Gamma function. This extension is readily available in many numerical software packages.
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In Matlab, Equation A.2 can be implemented using the gammainc function; it will handle
both positive and negative values of T, < 0.

If using complex numbers is not convenient, one can employ instead the following power
series representation, which only requires real number computations:

7 7o) — 1 kg e ;7?(1 = \kg+tm = kg+m
oot =y (1) i (70 = e

That series converges slowly if T3, is large in magnitude. But T}, is bounded below at
—1. Thus, one can use the power series representation for negative T, and Equation A.2
for other values.

Calculating the production function and its derivatives — that is, solving for output and
marginal productivities given labor inputs — is not needed in the equilibrium computation
nor in estimation. However, it might be useful for other purposes. Those numbers are
obtained from a system of H equations implied by requiring that labor demand equals labor
available to the firm. The choice variables can be either (¢,Z1,...,Zy_1) or fi,..., fg.
Moving from thresholds and output to marginal productivities, or vice-versa, is a matter of
applying the constant returns relation Y, fr = q.

A.3 Appendix to the quantitative exercise

Summary statistics

Descriptive statistics for the RAIS dataset are presented in Table A.1. Statistics are pre-
sented for the whole sample and separately by schooling group.

Wage inequality and schooling trends using PNAD data

In this Appendix, I analyze the robustness of the main facts presented in Section 1.4 using
an alternative data source, the PNAD survey. I proceed in three steps. First, I compare
wage inequality and schooling trends for formal sector workers in the two datasets. Second, I
expand the sample to include both formal and informal workers to check whether these trends
are restricted to the formal sector. Third, I look at schooling achievement for Brazilian adults
regardless of their workforce participation status, as a way of investigating whether increased
schooling achievement among employed workers reflects changes in selection patterns into
employment or fundamental changes in access to schooling for the whole population.

The PNAD is a household survey with national coverage administered by the by the
Brazilian Statistical Bureau (IBGE). Jointly with the Census, it is one of the primary sources
of nationally representative data on a series of topics that include labor market participation,
earnings, and education. It contains thorough information on employment status, including
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Table A.1: Summary statistics, RAIS data.

All Workers No degree Primary Secondary Tertiary

Panel A: 1998

Age 33.867 34.838 32.164 32.054 38.716
(9.338) (9.601) (9.296)  (8.615) (7.700)
Female 0.411 0.303 0.365 0.536 0.626
(0.492) (0.459) (0.482)  (0.499) (0.484)
Log wage 1.759 1.447 1.596 2.006 2.725
(0.828) (0.593) (0.688)  (0.840) (0.938)
Public sector 0.274 0.195 0.190 0.335 0.622
(0.446) (0.396) (0.392)  (0.472) (0.485)
Monthly hours 179.374 185.830 183.650  173.885 158.111

(26.578) (19.033)  (20.340) (29.749)  (39.292)
Number of workers 1,494,186 574,004 394,990 364,376 159,916

Panel B: 2012

Age 34.501 38.682 34.015 32.554 37.727
(9.890) (9.865) (10.513) (9.329) (8.642)
Female 0.452 0.327 0.361 0.476 0.636
(0.498) (0.469) (0.480)  (0.499) (0.481)
Log wage 1.978 1.692 1.732 1.903 2.909
(0.701) (0.434) (0.487)  (0.597) (0.776)
Public sector 0.192 0.138 0.109 0.152 0.512
(0.393) (0.344) (0.311)  (0.359) (0.500)
Monthly hours 179.376 186.569 185.134  182.107 153.702

(27.319) (17.788)  (19.368) (22.342)  (42.728)
Number of workers 2,398,391 350,704 517,748 1,189,063 340,376

This table presents summary statistics (means and standard deviations, in parenthesis) for
the RAIS data. The sample includes adults in Rio Grande do Sul state from 18 to 54 years of
age who are not in school and who are employed in December, having been hired in November
or earlier. Wages are in 2010 Brazilian Reais and are winsorized at the top and bottom 1
percent of the wage distribution in each year.
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Figure A.1: Measures of wage dispersion, PNAD data, formal sector

Wage inequality, PNAD data, formal workers
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Notes: PNAD data, Rio Grande do Sul, Brazil. Formal sector employees only (including public sector).
Observations are weighted by sampling weights multiplied by hours worked.

whether workers had a signed "labor card" — that is, whether the employment relationship
is formally registered.

This Appendix analyzes PNAD data from 1998 through 2012. The sample I use includes
adults 18 through 54 years old that are not in school, the same criterion imposed on RAIS
data. I use public use software developed by PUC-Rio’s Datazoom project to read the data,
make it compatible across years, and deflate income variables. More information about the
resulting dataset is available at Datazoom’s website.!

Comparing RAIS data and PNAD data for formal sector workers

Figure A.1 replicates Figure 1.4 using PNAD data instead of RAIS data. The PNAD sample
is constructed to match the RAIS sample, including only formal employees. Overall, the
patterns are broadly similar: they show decreased wage inequality along different dimensions.

LCurrently located at http://www.econ.puc-rio.br/datazoom/english/index.html.
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There are two significant differences. First, the mean log wage gap between college and
high school workers is stable from 1998 to 2012 in PNAD, but increasing in RAIS. Second,
variances of log wages within groups and for the whole sample are larger with the RAIS
data for 1998, but not for 2012. Thus, RAIS shows larger reductions in inequality using this
measure.

The first panel in Figure A.3 replicates the evolution of schooling achievement of formal
employees, shown in Figure 1.5. Again, the overall patterns are broadly similar: there is a
substantial decline in the share of hours supplies by workers without any educational degree,
accompanied by a similarly large increase in the percentage of hours supplied by workers with
complete high school (secondary). There is also an increase in hours supplied by workers
with college degrees. There are small changes in the shares; in particular, the PNAD shows
a higher fraction of college-educated workers.

There are three reasons for differences between the PNAD and RAIS. First, the RAIS is
a census of formal employees, while PNAD is a small sample of that population. While the
latter is designed to be representative, it might under-sample some workers with very high or
very low earnings. Second, RAIS data are reported by firms, while PNAD data are reported
by workers. That might lead to differences if, e.g., workers with high wages under-report in
the PNAD or firms misreport the education of workers. Third, there are differences in the
primitive questions used to construct wages and years of schooling in each dataset. De Negri
et al. (2001) compares PNAD data and RAIS data and provides a detailed account of those
differences. The first two reasons suggest that, when assessing inequality trends in the formal
sector, RAIS data are probably more reliable than PNAD data.

Inequality trends for the whole workforce

Figure A.2 is constructed similarly to Figure A.1 above, but the data includes both formal
and informal workers. I use a broad definition of the informal sector that includes domestic
and self-employed workers. There are no substantial changes in qualitative patterns once
informal workers are taken into account. The amount of wage dispersion is higher for the
whole sample than for the restricted sample, especially in the lower tail of the wage distri-
bution. One possible candidate for these differences is the presence of the binding minimum
wage.

Differences in schooling achievement between the formal sample and the full sample can
be observed by comparing the first two panels in Figure A.3. Formal sector workers are a
selected subsample with higher education levels. However, trends for the whole sample are,
again, similar to those obtained from the formal sample.

Changes in relative labor supply

The first two panels of Figure A.3, along with Figure 1.5 in the main text, show shares of
hours worked supplied by each schooling group. One might wonder whether these could
reflect changes in selection patterns into employment over time (coming, e.g., from business
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Figure A.2: Measures of wage dispersion, PNAD data, all workers

Wage inequality, PNAD data, all workers
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Notes: PNAD data, Rio Grande do Sul, Brazil. All employees (including public sector and informal sector).
Observations are weighted by sampling weights multiplied by hours worked.

cycle fluctuations) instead of changes in labor supply. The third panel in Figure A.3 shows
that this is not the case. That graph shows the share of adults out of school, aged 18
through 54, in each educational group — regardless of whether they are employed, looking
for jobs, or not in the labor force. The changes in educational achievement from that figure
are similar in magnitude to those in the second and first panels. The levels are different,
though, suggesting selection into employment by education.

Variance decomposition using Kline, Saggio and Sglvsten (2018)

The estimation of variance components follows the methodology proposed in Kline, Saggio
and Sglvsten (2018), henceforth KSS. For the 1998 period, I use data for two years: 1997
and 1999. I use non-consecutive years to increase the number of firm-to-firm transitions.
The sample used for estimation is the largest leave-one-out connected set. This con-
cept differs from the usual connected set in matched employer-employee datasets because it
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Figure A.3: Changes in educational achievement, PNAD data

Share of hours worked, PNAD, formal
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APPENDIX A. SUPPLY, DEMAND, INSTITUTIONS, AND FIRMS

Table A.2: Sample sizes in variance decomposition exercise

1998 2012
Person-year observations 1,618,478 2,570,016
Workers 809,239 1,285,008
Firms 31,107 65,466
Movers 174,299 334,206

This table presents the number of observations in the
largest leave-one-out connected set.
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requires that firms need to be connected by at least two movers, such that removing any
worker from the sample does not disconnect this set. Table A.2 presents the size of that

largest connected set in each period.

I implement the variance decomposition using the code provided by KSS.? There are

some implementation choices required in this estimation, stated below:

e Dealing with controls (year fixed effects): "Partialled out" prior to estimation (option

1 in the resid_controls argument).

e Computation of local linear regressions: stratified by grids, separate for movers and

stayers (option 2 in the subsample llr_fit argument).

e Sample selection: includes both movers and stayers (option 0 in the restrict__movers

argument).

e Algorithm: Random projection method (option "JLL" in type_of algorithm option,

with epsilon=0.005).

2Currently available at https://github.com/rsaggio87/LeavelutTwoWay.
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Appendix B

Appendix to Chapter 2

B.1 Costs of Formal Labor and Valuation of Benefits
by the Formal Employee

In this Appendix, we calculate the cost of formal employment and the valuation of mandated
benefits by formal workers based on the methodology of Souza et al. (2012). In each subsec-
tion, we first show the results for the baseline calibration in October 2003. Then, we discuss
the changes in regulations from 2003 to 2012 and calculate the parameters for October 2012.

In order to correctly reflect labor regulations and the differences between formal and
informal jobs, it is important to have a clear grasp of what we call wage in the model and
how it relates to the data. In the data set we use (PME), workers are asked to report
their nominal monthly wages. If they are formal, they are asked not to include annual
contributions such as the thirteenth salary. On the other hand, they report gross wages
before formal deductions (such as income tax or social security contributions). However, if
workers are informal, such concerns are irrelevant and the reported wage is actually what
is being paid by the employer and received by the worker. On the employer side, a similar
distinction must be made: while the cost of informal employment is essentially the reported
wage, for formal workers the cost might be much higher once all contributions and mandated
benefits are taken into account.

In the model, wages should reflect the reported wage in the PME data set, and the payroll
tax (7) and the benefits term are used to adjust the costs of formal employment and the
valuation of formal jobs by employees, respectively. Thus, for the purposes of the model, the
payroll tax rate must encompass everything that a formal employer must pay but a informal
employer must not, as a multiple of the reported wage. Likewise, the term benefits is the
difference between the valuation of formal jobs and reported wage. In principle, this term can
be either positive or negative, depending on whether the advantages of formal employment
(e.g., thirteenth salary, vacations) are quantitatively more important than the social security
and income tax deductions. In the calculations below, we show that all parameters of the
benefits term are positive, meaning that formal jobs are preferred to informal jobs for a
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given reported wage.

Costs of Formal Labor

Under Brazilian labor laws, contributions paid by employees are fixed fractions of the base
salary. Thus, the payroll tax rate is the same regardless of the type of worker in the model.
Later, we discuss that this is not true regarding the valuation of formal jobs by employees;
for instance, highly paid workers are subject to income tax, but low wage workers are not.

Table B.1 shows our calculations of the cost of formal employment in October 2003. For
simplicity, we normalize the base salary to 100. Formal workers are entitled to a thirteenth
salary annually and an additional stipend of 1/3 of the monthly wage when they leave for
vacation. In addition, if they are dismissed, the employer must notify them at least 30 days
earlier. During that period, the employee is entitled to use up to 25% of its work time
in job search. As discussed in Gonzaga (2003), the advance notification is in practice an
additional severance payment, since workers are not expected to devote much effort to their
tasks during that month and the employer cannot rely on them.

Now we turn to the contributions that the employer is obliged to pay. These are levied
over not only the nominal monthly wage, but also the additional payments described above
(thirteenth salary, vacation stipend and advance notice). The first item is the monthly con-
tribution of 8% of the wage to the worker’s severance payment fund (FGTS). In the following
row, we state the expected balance of this fund after 33.24 months, which is the expected
duration of formal employment in the model. This information is used to calculate the sev-
erance payment, which is 50% of the total FGTS balance at the time of dismissal. Note that,
of the 50% payment, 40% go to the dismissed employee and the remaining 10% are appro-
priated by the government. In addition, there was an additional temporary contribution to
the FGTS fund of 0.5%, which expired in December 2006.

The largest cost that formal employers face is the social security contribution (INSS),
which accounts for 20% of the nominal wage. Finally, there are some other smaller contri-
butions, including mandatory insurance and contributions that are specific to the activity
developed by the firm. We use Souza et al. (2012) as a reference in listing those contributions.

After all contributions are taken into account, we find that formal employers pay 57.7%
more than the nominal monthly wage to each worker. However, this calculation does not
take into account that formal employees are entitled to paid vacations of one month per
year. Thus, although the employer pays for the 12 months in the year, each employee is
only productive in 11 of them. In other words, for each 11 workers that the firm wants to
use in production, 12 must be hired, because 1 in every 12 is expected to be in vacation at
each time. After making the corresponding adjustments, we find that the total cost for each
worker that the firm wants to use in production is 72.06% of the nominal wage in October
2003.

We then proceed to the calculation of the cost of formal employment in October 2012.
The only change in regulations that affected the cost paid by the employer was the phasing
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Table B.1: Cost of Formal Employment in October 2003

Item Rationale Value
Nominal wage (A) 100.00
13th salary (A.1) 1/12 of A 8.33
Vacation stipend (A.2) 0.33/12 of A 2.78
Advance notice (A+A.1+A.2) x prob. dismissal  3.34
Raw total wage (B) 114.45
FGTS contribution (B.1) 8% of B 9.16
FGTS balance on dismissal (B.2) B.1 x average duration 304.56
Severance payment 50% of B.2 x prob. dismissal 4.58
FGTS temporary extra 0.5% of B 0.57
Employer INSS contribution 20% of B 22.89
SAT, INCRA, S system 5.3% of B 6.07
Total with contributions (C) 157.72
Vacation adjustment 1/11 of C 14.34
Total cost 172.06
Payroll tax rate (1) 0.7206

out of the temporary FGTS contribution. When we exclude that contribution, we find that
the equivalent payroll tax rate in October 2012 was 71.43% of the nominal wage.

Valuation of Mandated Benefits

In this subsection we account for all characteristics of formal employment that can make it
more or less attractive to workers when compared with informal employment. Differently
from the previous section, some of the items we consider affect low wage and high wage
workers differently, such as the income tax. Thus, we have separate valuations for low wage
workers and high wage workers. Low wage workers are those who earn exactly the minimum
wage. The high wage worker is a representative agent for all other formal employees.

Table B.2 shows our calculations of the value attributed to benefits and contributions that
calculated as fractions of the base salary. When taken together, these regulations compose
the variable benefits parameters in the bene fits expression, as and a,. The first five rows
are similar to those in Table B.1: formal workers receive not only the nominal monthly wage,
but also the thirteenth salary, the vacation stipend and the advance notification in case of
dismissal. Two items are then deducted from the raw total wage: the social security (INSS)
deduction and the income tax (IRPF). For the low wage workers, we use the lowest brackets:
zero income tax in both years and social security deductions of 7.65% (in 2003) or 8.00% (in
2012). For the high wage workers, we calculate the deductions for each individual worker in
the PME data set that receives more than the minimum wage, using the corresponding tax
rates and brackets in each year. Then, we calculate the average deduction per worker.

The next four items are benefits that are valuable to formal workers. The first is the
FGTS fund. Workers can withdraw money from their accounts in the FGTS fund, but only
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in a few special occasions: dismissal, retirement and when buying a house. In addition to
being illiquid, resources in the fund are also less valuable than a direct payment because their
returns are lower than the market interest rate. Souza et al. (2012) consider two extreme
scenarios in their exercise: one in which the valuation of FGTS funds is 100% of the nominal
balance, and other where workers do not value resources in the fund at all. They then report
the valuation of benefits as a range. We take an intermediate route and assume that the
value of deposits in the worker’s FGTS account is 50% of the employer’s actual disbursement.

The remaining benefits are the severance payment, the compulsory work accident insur-
ance (SAT) and vacations. The first two items are calculated in a similar manner as in the
previous subsection, when assessing the costs of formal employment. To input the valuation
of vacations by workers, we use exactly the same value calculated as the cost of vacancy for
employers. In this sense, vacations can be regarded as a transfer from firm to worker. Thus,
if we calculate the difference between aggregate total payroll taxes and aggregate benefits,
vacations and other transfers, such as the thirteenth salary, are canceled out, and we can use
the result as government surplus in the model. We find that the net valuation of variable
benefits is around 30% of the base salary for low wage workers, and around 23% for high
wage workers.

The fixed benefits parameters (b%, bE') reflect a program called abono salarial, which is
an annual stipend equal to the minimum wage paid to low wage workers (those who receive
up to two times the minimum wage per month). To be eligible for this benefit, the employee
must have been employed formally for at least five years (not necessarily in the same firm).
We use the PME data set and estimate that 60% of formal employees who earn less than two
minimum wages are entitled to the abono salarial. We thus find b2 = 0.05 (0.6-1/12). Only
40% of workers defined as high wage employees earn less than twice the minimum wage in
the data. Thus, we set b = 0.02.

Finally, we calculate the unemployment insurance parameters (b2, b2). Unemployed
workers who were previously employed formally for at least six months are entitled to unem-
ployment benefits. Although the size of the monthly payments vary according to the wage in
the last employment, there are caps on the minimum and maximum values paid. Low wage
workers will always receive exactly one minimum wage, while most others will receive the
maximum value of 1.87 times the minimum wage. The number of payments may vary from
3 to 5, according to the duration of all formal jobs in the last 36 months. For simplicity,
we assume that the expected present value of these payments is equivalent to four times the
value of each payment. Thus, b? =4-1.87 = 7.48 and bP = 4.

B.2 Informality Trends by Economic Activity

In this Appendix, we show that the decline in the informality rate in Brazil was widespread
in the economy, and also that it was not caused by reallocation of workers across sectors.
In the PME survey, workers report the economic activity to which their main job belongs,
choosing one of 60 categories. In Table B.3, we list 15 economic activities with the largest
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number of workers. Together, they account for 76% of the workforce in 2003, and 78% in
2012. For each activity, we compute the formality rates in 2003 and 2012, and also the
share of the workforce employed therein. Note that, since the PME targets workers in large
metropolitan areas, few of them are employed in agricultural or extractive activities.

The first important observation is that formality increased in all economic activities
listed. The share of formal workers increased more in activities that were initially more
informal, but even the automotive and chemical industries experienced important gains in
formalization. However, it is still possible that part of the decline was caused from workers
migrating from less formal activities to others that are intrinsically more formal. To test this
hypothesis, we decompose the contribution of each sector for the increase in formalization
in the following way:

Total contribution; = F; 20125 2012 — Fi 20035 2003
Within contribution; = P, 2003 (Fi.2012 — Fi.2003)
Between contribution; = Fj 012 - (P2012 — Pi.2003)

where P;; and F;; denote the share of the workforce in and the formality rate of activity
1 in year t, respectively. The sum of the within contributions describe what would happen if
the share of workers in each activity remained constant from 2003 to 2012, but the formality
rates within each activity changed. The sum of between contributions accounts for the part
of the decline in informality that can be attributed to changes in the size of each activity,
given the formality rates in 2012. As can be seen in the bottom row of Table B.3, the decline
in informality can be accounted for almost exclusively with changes within each activity.

The facts we show in this Appendix suggest that idiosyncratic shocks are unlikely to be
the cause behind the formalization of the Brazilian labor market. This is the reason why we
focus on factors that influenced the whole workforce, such as educational trends, enforcement
policy and labor regulation.

B.3 Solution to the Problem of the Firm

Z’J( 57nu)

oy =J; g (ns,ny). The optimality of controls vg, v,

Consider problem 2.1 and denote on
yields:

—&+q(0:) 7 (nf.nf) =0

Also, differentiating the value function in n; yields:

2 _ 9m() g TR (T ot
(1 +rdt)J (ng,n,) = 5 dt + (1 — sdt)J7 (n],n))
n;

If we differentiate 77 (-) in n; and restrict attention to steady-state equilibria, where n; = n;,
the two equations above result in 2.3 and 2.2 respectively.
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B.4 Solution to the Wage Bargaining Equation

Throughout this exposition, we restrict attention to the problem of the formal firm. The
solution is analogous for an informal firm, once we substitute H(z,ng,n,) = F(z,ng,n,) —
p(ng + n,,) for the production function and set 7, = b; = 0, a; = 1. Also, for simplicity, we
omit the productivity index in all functions.

The Nash bargaining equation is:

oJi(ns,ny) = (1 = 0) [E; (wi(ns,ny)) — Ui

Replacing equations 2.2 and 2.4 in the expression above, we find the following system of
nonlinear differential equations:

Ows(+)
3ni

ciwi(ng,ny) = (1 —o)(rU; — b)) + o | Fi(ng,ny,) — (1 + 75)ns — (1 4+ Tu)ny 5
n;

(B.1)

8wu(-)]

where ¢; = [(1 — 0)a; + o(1 + 7)].
The first step to solve this system is to write it in a more convenient way. Taking the
partial derivative of B.1 with respect to n, when 7 = s yields:

Ow,(+) 0?wq(+) 0w, (+) Owy(+)
T s |F, —( S| S|
s On., Ul (725, 7) = ( +Ts)n88n58nu ( +Tu>nu8n58nu (1+7) ong
where Fy,(ng,n,) = %. Conversely, taking the derivative with respect to ny when
1 = u yields:
Hwy () Pw, () Ows(+) 0w, ()
EAaULPANY il — 1+ g
Cu . o [ su(ns, ny) — (1 + 75)ng In.om. (14 75) . (14 7)ny oo,

The difference between these two equations gives us the following expression:

Owg(+) Owy(+)
8nu ans

Using the definition of ¢;, we obtain:

Ows(-)  ay Owy(+)

[cs —o(1+74)] =

ey —o(1+7,)]

ony, as Ong

Which we can use to write the system of equations defined in B.1 as:

B ow;(+) ow;(+)
Clw2<n87 nu) - (1 - U) (TU’L - bz) +0o Fz(“sa nu) - (1 + Tz) <Xz,sns ans + X'L,unu anu

(B2)
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where
C_a(l+7)
NI = 1)

Following Cahuc, Marque and Wasmer (2008) (henceforth CMW), we first solve the
equation for the case in which y;; = 1. Later, we generalize the solution. The insight in
CMW is to perform a change of coordinates that allows us to express the term multiplying
(1 + 7;) in equation B.2 in a simpler manner, effectively obtaining a univariate differential
equation as the result. The transformation we need is:

ng = pPCcoso

n, = psing

Now if we let w;(p, ¢) = w;(pcos @, psin @), we can find that:

owi(p,p) ow;(-) | . ow()
pi@p = plcoso an. + sin# an.
- s ong Tt on,

Which is the term multiplying (1 + 7;) in equations B.2 if x; ; = 1. Following the same

notation, let FAn (p,0) = W denote the marginal product function in the new

coordinate system. We can then rewrite the differential equations as:

ow;(p, P) & l1-o0 1 A

dp o(1+ Ti)pwz‘(p7 ) = m(?‘m —b;) + mFm(p, }) (B.3)

We guess the following form for the solution:

Wilp, ) = Clp,¢)p” 7 + D(¢) (B.4)

8UA)Z(p qb) ] C; L

- = O/ o(l+7) — O - o(1+7)

9p (P, ®)p (p; ¢)U(1 Tl
With C'(+) = %ﬁs'). Plugging these expressions back in differential equation, we get:
1—-0o
D (¢)= . (rUi —b;) =D
! 1Ci A -1 1 = 1o 1"47j - 1 5
Cloo) = pm0 o Fulpd) = p 7 i Fa(09)

We can integrate the latter equation to obtain:

1 P 1-0 %% A
Clp.0) = 7= [ @7 T F(x @) + (o)
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Replacing in B.4, we get:
l—oc a4

R 1—0 p ° P l-o a4 .
wi(p, ) = T(TUZ' — b))+ T Uo r o FnF, (v, ¢)dr + k()

In order to pin down the integration constant x(¢), we assume that lin%pwi(p, ¢) =0,
p—

in a similar manner as CMW. The assumption means that payroll goes to zero as firm size
decreases while keeping the ratio of skilled to unskilled workers constant, and it is valid as
long as marginal productivities do not increase too fast as the number of worker goes to zero
(technically, faster than 1/p as p — 0). This is the case for the CES-like production function
we use in our quantitative exercises. Then, the equation above implies x(¢) = 0.

In addition, we change the integration variable to € = x/p. With that modification, we
can easily change back to the rectangular coordinates by noting that FAn (z,0) = F?n (ep, @) =
F,.(eng, en,). The solution is given by:

i

l—0o 1 1 1o _ai JF(eng, €ny,)
i(ns, ) = —— (Ui — b; 7/ o T ————
wi(ng, ny) . (r )+1+Ti € on, €
Now we consider the case in which x;; = Z((llﬁjg # 1. We perform another coordinate
J 3

change, introducing a new set of variables M; = (M;,, M;,), with the goal of writing:

8117](MZ) . 8wi(ns,nu)
> M oM, > Xihy an,

]:87u J:s7u

with w;(M;) = w;(ng, n,). Denote by F(M;) = F(n,n,) the production function in the new
coordinate system. To find M; as a function of ng and n,,, we assume that M;; only depends
on n;. In this case,
ow;(-)  Ow;(-) OM;
on; — OM;; On,

Also, we further impose that

ow; (- ow; (ng, ny

W, 250 G
8M¢j 8nj

in order to fulfill the initial requirement on the M; variables. Combining these expressions,

we find a differential equation for M;;:

OM;;

Mij = xijni—
J

We only need one solution, the simplest being

1

o Xig o Xgi
M;j =n;"" =n;
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since 1/x;; = Xji- Then, using 0F/0n; = ijin;“iflﬁﬁ’/(()Mivj and OF/0n; = OF JOM;; as
Xi; = 1, the system B.2 can be rewritten as

. OF (M) 0w; (M;) 0w, (M;)
ciwi(Mis, Mi) = (1 — o) (rUs — bi) + o l 0L, (1+7) (Ml oM. M, oML )1
(B.5)
System B.5 is equivalent to system B.2 in the case where x; ; = 1. Thus, the solution for
Wi (M;s, My,) is known:

1 - ]. 1 1l-0c 9 ~
Wi (Mg, My,) = C(rUi =) + / = 7 Fy(eM;s, €My, ) de
¢ 147 Jo

where F} is the derivative of function F' with respect to its argument ¢ = 1, ....,n. Switching
back to the original coordinate system, we obtain:

as 1+7; nS7 € 9u 1+7; nu

1475 aj 147y 24
1 — 0 U b 1 1 15 a; aF (6 )d B
. = — i — 0y 7 T 6
wl(n57nu) ci (T 1 7') + 14+ T; /0 € 8774 ‘ ( )

This wage equation is easily differentiable with regard to the number of employed workers
of any type:

2 1+7s 94 1471y @4
1+Tj)0 F e Hring e ou THmip,
j d

) 1 9 (1=¢
awz(nsanu) — 1 / 61+‘Q‘( ot a5 € (B7)
on; 147 Jo Onion,
To compare the solution we found to that in CMW, write &; = U(H:()l:(?)_g)a- = U(lei)'

Then, equation B.6 can be stated as:

1+6; &4 1+6; &4
1 1, aF € G; 1-5s n37 € G 1-6u Ny
d

a; 1-5;
tWi\Tlgy Ty ) = 1— o Uz_bz — / i
a;w;(ng,n,) = (1 —a&;)(r )+ Oe o

B.8
1+TZ' € ( )

This expression is very similar to the solution in CMW, except for the terms a; and
a;/(1+7;). Consider the case where a;; = 1+7;: the valuation of formal benefits by workers is
exactly equal to the total costs incurred by firms. In this case, 6; = ¢ and the only difference
between our solution and that in CMW is a term a; multiplying w; on the left-hand side.
This factor accounts for the fact that the "true' wage in this economy is (1 + 7)w; = a;w;,
which is both the value that firms pay and how workers value total compensation.

If 7, # a; — 1, then there is a wedge between firm disbursements and the valuation of
total pay by workers, and ; # o. Note that this does not mean that the share of rents
appropriated by workers is different; instead, this is an adjustment inside the integral term
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to compensate for the term a;/(1 + 7;) outside the integral, keeping the Nash bargaining
equation valid. However, even in the case where o is the same for all workers, we can have
o; # 0;. This would lead to non-trivial interactions between different types of labor in a
similar manner to how heterogeneity in bargaining power affects wages in CMW.

Finally, note that, although we have assumed the same bargaining power for all workers, it
is immediate to extend it to the more general case with type-specific bargaining power. This
would lead to an expression similar to B.8, but with ¢; = o +‘Z()1++(Ii_)m)ai . Similarly, extending
the solution to more than two types of workers would be trivial, requiring essentially a change
in notation. See CMW| in particular how they define the matrix NA;(z).

Minimum Wages and Wage Bargaining

The solution we found above for the wage bargaining differential equation, w;(ns,n,), does
not take into account the possibility of a minimum wage. If we set a rule that constrains
wages to be no less than a constant value, then the previous solution is only correct in
the interior of the subset of the (ng, n,) space in which the minimum wage is less than the
freely bargained wage. For other values of (ng, n,), the minimum wage binds for the skilled,
unskilled, or both.

Figure B.1 shows an example of how wages can be affected by the minimum wage ac-
cording to firm size. For small values of ny and n,, marginal productivities are high and
bargained wages are above the minimum wage. As the quantity of either type of worker
increases, it is possible that marginal productivities decrease so much that the minimum
wage binds. For high values of both of inputs, it is possible that all wages equal the mini-
mum wage. In this example, the curves are upward sloping because there is complementarity
between labor types (% > 0). They would be straight or downward sloping if that
cross derivative was null or negative, respectively.

It is also possible that, for certain values of (ng,n,), there is multiplicity of wages satis-
fying the bargaining conditions: either type of worker might receive the minimum wage, but
not both. This pathology is caused by discontinuities in the marginal value of workers which
we discuss below. In our applications, there is no possibility that the minimum wage binds
for the skilled, no matter how many workers of this type are hired. The reason is that the
first term in the wage equation B.6, related to the reservation wage, is strictly greater than
the minimum wage in all simulations. Hence, we are not concerned about this multiplicity
problem.

If the minimum wage binds for only one type of worker, the unconstrained solution for
the other type is no longer adequate. This is because, contrary to what is implied in the
wage bargaining differential equation, marginal changes in the amount of the unconstrained
type do not affect wages of the constrained type. From now on, for ease of exposition and
focusing on our empirical application, we restrict attention to the case in which the minimum
wage binds for unskilled workers, but not for skilled workers.

To find the correct skilled wage function in this case, we observe that the differential
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Figure B.1: Minimum Wage Status According to Firm Size
equation B.1 simplifies to:

Ows (s, My)

o (B.9)

ciws(ng,ny) = (1 —o)(rU; — b)) + o [Fs(ns,nu) — (1 + 75)ns

as the term 22u=™) ig get to zero. This is a univariate differential equation in ng, similar

to B.3. The solution is analogous:

_ 1 1y a z

Note that skilled wages are still a function of the number of both skilled and unskilled
workers, but not the same function as before. When the cross derivative of the production
function % is positive, as in our quantitative exercises, then we should expect this
new wage function to be strictly greater than the unconstrained one for the same values
of ng and n,. The reason is that, in the unconstrained case, hiring an additional skilled
worker leads to an increase in unskilled wages due to the effect in the unskilled marginal
productivities, which reduces the surplus being bargained over (from the point of view of the
firm and the single skilled worker with whom it is bargaining). This "negative" effect does
not exist (at the margin) when the minimum wage binds: the surplus is bigger, and so are
bargained wages. Note that this implies a discontinuity in the wage function at the points

that separate the regions where the minimum wage is or is not binding.

Minimum Wages and the Solution to the Problem of the Firm

Finally, we discuss how the existence of the minimum wage might change the problem of
choosing the optimal firm size. The discontinuity in the wage function, discussed above, is
caused by discrete changes in the net marginal value of workers J/(-) (see equation 2.2)



APPENDIX B. THEORY OF INFORMALITY 120

0.8 0.8
2 o6 % 0.6 -
o
2 2 —_—
- - —
204 A 204 A
= i~
(%} (%]
0.2 4 0.2 -
0 0 T T T |
0 0.25 0.5 0.75 1 0 0.5 1 1.5 2
Unskilled workers Unskilled workers
| Minimum wage boundary —— Skilled FOC ———"-Unskilled FOC |

Figure B.2: Problem of the Firm and Minimum Wages
at the boundary of region of the (ns,n,) space where the minimum wage is binding. This
discontinuity might lead to cases in which there is no exact solution to the firm’s first order
condition, equation 2.3. We continue to restrict attention to the case in which the minimum
wage binds only for unskilled workers.

In figure B.2, we show how the minimum wage can affect the problem of the firm. In
Panel A, we illustrate the problem of a formal firm with average productivity (z = 1) in our
baseline calibration. The heavy solid line marks the transition between a non-binding and a
binding minimum wage for the unskilled workers — that is, it is the vertical line in figure B.1.
The other lines are the optimality conditions for the number of skilled and unskilled workers
(equation 2.3). The solid line marks the combinations of (ns, n,) in which the marginal value
of a skilled worker, J/°"(n,, n,), is equal to the expected search cost q( . Above this line,
there are too many skilled workers, which drives down their marginal producthty and makes
the marginal value less than the search cost. The same reasoning is valid for the dashed line:
to the right of it, the marginal value of unskilled workers is less than the expected search
cost, and the converse is true to the left of the line. As before, the upward slope of all curves
comes from complementarity between labor inputs.

The unique solution to the problem of the firm in Panel A is the point where the two
first order conditions are satisfied. Since this point is to the right of the heavy solid line, the
minimum wage is binding at the optimal firm size. Note that there is a discontinuity in the
skilled worker’s first order condition as it crosses the minimum wage boundary. Since the
marginal value of skilled workers increases when the minimum wage binds for the unskilled,
it becomes optimal to hire more skilled workers immediately to the right of the boundary.
There is a similar discontinuity in the value of the unskilled worker, but in the opposite
direction: to the right of the boundary, hiring an additional unskilled worker no longer
benefits the firm by bringing down unskilled wages. However, in this case, the discrete
decrease is not enough to reduce the marginal value of the unskilled to below the search
cost. This is why the dashed line lies to the right of the minimum wage boundary.

Panel B describes a case in which there is no solution to the problem of the firm FOC’s
because of the discontinuities associated with the minimum wage. It follows from a change
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in the baseline model that increases overall productivity (parameter A in the quantitative
experiments section), making the minimum wage binding by a smaller margin. The difference
between Panel B and Panel A is that the discrete fall in the marginal value of the unskilled
workers causes it to drop from a number strictly greater than the expected search costs to
another strictly less than it. As a consequence, there is no point in the graph in which the
unskilled first order condition is satisfied. The skilled first order condition is not satisfied
either at the intersection of the three lines.

In such situation, the firm would strategically choose a point to the left of that intersection
(where the minimum wage does not bind), since bargained wages for skilled workers would be
discontinuously lower than immediately to the right of the intersection. There is no similar
discontinuity in unskilled wage because it cannot drop below the minimum wage, and thus
unskilled wages are approximately equal on both sides of the boundary. In our numerical
applications, the optimal firm size in those situations is chosen by finding the point (n}, n})
that satisfies the first order condition for skilled workers and lies immediately to the left of
the discontinuity.!

Note that, in the absence of the minimum wage, we would expect the firm to hire more
unskilled workers, since the dashed line would lie to the right of the heavy solid line. Whether
the firm would hire more or less skilled workers depend on the degree of complementarity
between the two types of labor in the production function.

B.5 Numerical Procedures

In this appendix, we describe the numerical procedures required to solve for an equilibrium
and to perform the minimum distance estimation presented in our quantitative exercises. The
descriptions below include general overviews of the procedures as well as specific operational
details. Figure B.3 provides a sketch of how each step of the numerical implementation
of the paper relate to each other. In the first subsection of this Appendix, we describe
the procedure to solve for equilibrium, comprising the three "lower" levels of the hierarchy
described in Figure B.3. Next, we discuss the estimation procedure.

Solving for the Equilibrium

Solving the model numerically is equivalent to finding values for 6, 6,, U, and U, that
solve equations 2.7 and 2.8 up to a desired numerical precision — that is, that set a residual

'Tn practical terms, our algorithm first tries to solve the problem of the firm using a derivative-based
method. If it cannot find the solution, it solves the system given by the skilled FOC and the equation
wf°"(ng,n,) = w (the solid line in figure B.2). After solving this system, the algorithm checks if the solution
is such small deviations in the number of unskilled workers make JI°"(ng,n,) — ﬁ change sign. If not,

for
n. is increased or decreased, depending on the sign of JI°"(ng,n,) — (TZ(S&))E, until the condition just

described is satisfied. The optimal solution is the smallest value of n, (in a finite grid with intervals given

for
by the numerical tolerance) such that Jf°"(ng, n,) — % > 0, as a strategic firm would choose.
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Figure B.3: Hierarchy for the numerical procedures.
term implied by the given equations to less than a tolerance value. Two observations make
this computation easier. First, from 2.8, one can see that U; is a function of only #; and
parameters of the model when the minimum wage does not bind for workers of type 7. This
suggests a procedure to minimize the dimension of the problem: guess whether the minimum
wage binds for each type of worker, and calculate U; directly from 6; if the minimum wage
is not binding for type ¢, instead of using it as a choice variable.

In the estimation procedure described in the next subsection, since the target economy is
one where the minimum wage binds only for unskilled workers, we impose this restriction in
the equilibrium procedure to reduce computational time.? This approach is not problematic if
there is a neighborhood of the parameter space around the optimal point where the minimum
wage is always binding for the unskilled only. However, when running the counterfactual
exercises, we allow for any combination of minimum wage status. To do so, we sequentially
solve the model given one of potentially four assumptions about minimum wages, until a
solution such the assumption holds is found. Checking if the assumption holds is simply a
matter of checking whether freely bargained wages are above or below the minimum wage.

The second observation that helps with the computation of an equilibrium is that, when
the minimum wage binds for workers 7, using ¢; as a choice variable is easier than choosing
U; directly. This is because ¢; is a dimensionless ratio, bound by 0 and 1. The corresponding
value of U; is obtained from ¢; and 6;, using equation 2.8.. So, if the minimum wage is guessed
to bind only for unskilled workers, for instance, then the problem of finding an equilibrium
is to choose 6y, 6, and ¢, that set three residual terms to zero.

To calculate the residual terms associated with a given choice of 6; and ¢;, we solve the
problem of all firms, aggregate all employment and vacancy decisions, and then calculate the
relative differences between the choice variables and the corresponding values implied by the
aggregates.® In the model, the distribution of firm productivities, G(z), is continuous, but

2 As discussed later in that section, it also makes the loss function less prone to discontinuities.

3We use relative measures of the difference between the LHS and the RHS of equations 2.7 and 2.8 as the
residuals to be set to zero in the optimization procedure. The LHS is the value of 6; or rU; (implied by ¢;)
that is the "guess" taken as given when solving the firm problem, and the RHS is calculated using aggregates
obtained after solving the problem of the firm for all firms and interpolating the results. The procedure is not
substantially affected by the specific functional form of the residual (e.g. log(RHS/LHS) or RHS/LHS-1).
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since a closed form solution is not available we need to discretize it in the numerical procedure.
To reduce computational time while still maintaining “smoothness” down to the desired
tolerance levels, we use a interpolation procedure. Namely, we solve the model for a relatively
small number of firm types (20) and then interpolate quantities like labor demand and profits
over a much finer grid of productivity levels (100,000) using cubic splines. The quality of
the approximation can be tested by solving the problem for in-between levels of productivity
and comparing the solution to the interpolated value. We found the interpolation to be very
reliable, which is expected given the smoothness of G(z) and the continuity of the production
function on 2.4 °

Given that G(z) is a Generalized Pareto distribution in our quantitative exercises, we
need to truncate it at the top in order for the interpolation procedure to work. We choose
30 as the upper bound (for reference, remember that the distribution is constrained to have
mean 1). At the estimated value for the distribution in the quantitative exercises, the mass
above that threshold for the non-truncated distribution is less than 0.001%. The results
are not sensitive to changes in the threshold (conditional on re-estimating the model if the
changes are relatively large).

When solving the problem of an individual firm type, we use a standard optimization
procedure to solve the first order conditions (or for the strategic solution described at the
end of Appendix D) taking the chosen values of 6; and U; as given. This involves using a
numerical integration procedure for the integral terms in the expressions for wages and their

Given that 6; is a ratio and must be greater than zero, we use z; = log(6;) as the choice variable in the
optimization procedure instead of 8; itself, thus eliminating the need for constrained optimization.

4The model provides a direct test for the quality of the interpolation. First, calculate U; using individual
wages for all 100,000 interpolated firms and the first expression in 2.8 . Then, compare this value to the
results found assuming that the FOC holds for all firms (the other expressions). To the extent that the
interpolated values do not necessarily solve the FOC, there might be a discrepancy between these two ways
to calculate U;. In our baseline calibration, the relative difference is at most 0.14%.

5Even though the discrete nature of the firm distribution makes the problem non-smooth, derivative-
based methods usually work well if the initial guess is close enough to the solution. It is important, though,
to use a relatively large change in the choice variables when calculating the numerical derivatives, compared
to the number of atoms in the firm productivity distribution. If the change in parameters is too small, then
it’s unlikely that any of the "marginal atoms" of the distribution will shift its compliance decision, even
when the choice variable is relevant for that decision. In this case, the effect of changing the choice variables
might be biased by not taking into account extensive margin effects. See the “A note on tolerance levels”
subsection below.

6 Additional details on handling the productivity distribution:

We first obtain a vector of 100,001 values uniformly distributed from 0 through 30. This leads to 100,000
intervals whose bounds are the elements in that vector. Given the shape parameter for G(z), we can calculate
the CDF at each of the 100,001 points, and thus the probability mass associated with each of the 100,000
intervals (remembering to normalize so that the probabilities add up to 1). Finally, we calculate the mean of
the continuous distribution G(z) conditional on lying within each interval. We use these conditional means
as the value of z associated with the interval, for the sake of increased precision (instead of, for instance,
using midpoints). Thus, while the bounds of the intervals remain fixed, both the probability mass function
and the values of z used by the model change as the shape parameter of the distribution changes. Of course,
given the large number of intervals, the changes in the z vector tend to be minor.
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derivatives. We used a trapezoidal rule with 1,000 trapezoids in a uniform grid. The firm’s
compliance decision is determined by comparing formal and informal profits for each level
of productivity z, after the interpolation is done.

Finally, by integrating vacancies and employment along the discrete distribution of pro-
ductivity, we can calculate what are the implied tightnesses, 6;, and reservation wage, rU;,
using equations 2.7 and 2.8. Note that this computation is not possible if the initial guess
for 6; is too low, since it can lead to levels of employment greater than the measure of the
workforce. In this case, a larger initial value for #; should be provided. After we find the 6;
and ¢; that solve the equilibrium equations, we can verify whether the initial guess for which
minimum wages bind is correct. If so, an equilibrium has been found. If not, a different
guess must be tried.”

Estimation Procedure

The numerical procedure implemented in the previous subsection can be seen as a function
mapping from the space of parameters to the space of moments and quantities implied by
the model. In the estimation procedure, we focus on 7 parameters, listed in Table 2.5, and
8 moments, listed in Table 2.6. Let us denote these parameters as a vector v € X C R,
the moments calculated from the model as a function h : X — R®, and the value of these
moments in the population of interest (in terms of logarithms) as 7. Under the assumption
that there is a unique vector of parameters xy such that minimizes [ — h(x)]' W [x — h(z)],
we can obtain an estimate of xy by solving the following minimization problem:

& = argmax [# — h(x)]' W [# — h(z)] (B.10)
rzeX
where 7 is an estimate for 7 and W is a symmetric weighting matrix.
Under some assumptions that include consistency of 7, differentiability of A(-), uniform
convergence of the minimand, and that z is the unique solution to £ {H (z)W [r — h(z)]} =
0 (where H(z) = Vh(z) is the Jacobian matrix of h at x), & converges to zy as the sample

from which 7 is calculated increases in size. Further, the asymptotic variance of  is given
by:

AVAR[VN (& — 20)| = [H (x0) WH (w0)] " H (o) WVW H (o) [H (w0) W H (o)~ (B.11)

where V' is the covariance matrix of the estimates 7. This matrix can be estimated by
replacing H (%) for H(zg) and V for V', where V is a consistent estimate for V.

7Additional details on solving the equilibrium set of equations:

Before starting the derivative-based method, we use a simple heuristics to approximate the solution given
the size of the residuals, increasing or decreasing 65 or 6, if there is excess demand or supply for that kind
of workers, respectively. After the residuals are relatively small, the derivative-based method is called. It is
possible that the discreteness of the productivity distribution implies non-existence of an equilibrium for a
given tolerance level. The choice of the granularity of the discrete productivity distribution must take this
problem into account.



APPENDIX B. THEORY OF INFORMALITY 125

The assumption that h(z) is differentiable does not hold strictly, given that the model’s
equilibrium is solved numerically by discretizing the distribution of firms. In particular, as
marginal firms change discretely into and out of informality, the model outcomes also change
discretely. However, given the fine granularity of the firm’s distribution (100,000 atoms), we
expect our numerical implementation to be a very good approximation of the continuous
case. In the standard error estimations, we do not explicitly account for this additional
source of imprecision. However, we do verify that results are not sensitive to choosing a
larger number of atoms in that distribution.

Another potential source of non-smoothness are transitions into and out of different
minimum wage regimes. As explained in the model description, changes in minimum wage
can lead to discrete changes in other wages and in employment decisions. We avoid this
problem by focusing in the case in which the minimum wage binds for unskilled workers,
and disregarding all other cases in the estimation procedure. We also make sure that the
initial points satisfy this constraint.

Given this econometric framework, we must complete five tasks in order to estimate xg:
choosing the functional form of the moments, using the data to obtain 7 and vV, choosing the
weighting matrix, solving the optimization procedure, and calculating the covariance matrix.
Below we lay some additional details on each step.

1) Choosing Moments and Functional Forms

The rationale for the specific choice of the 8 target moments is explained in the main text.
However, instead of targeting them directly, we define 7 as the log of these moments. This
choice avoids problems related to the scaling of the moments: we focus on relative gaps
between the model outputs and the targets, rather than on simple differences.

2) Obtaining # and V

The first six of the eight moments listed in Table 2.6 are calculated directly from the PME
survey dataset. To obtain @, we calculate the weighted mean of the desired moments in
the sample (with the weights given by survey sampling weights), and then take the log of
these means. To obtain the covariance matrix of the moments (in levels), we first estimate
each variance or covariance without using weights. Then, we multiply these variances and

>t
(lel) ’

weighting. This factor needs to be calculated separately for each specific variance or covari-
ance, taking into account only the relevant sample for those variables (e.g. only informal
workers when assessing informal wage).

It is also important to note that, given the panel structure of the PME, the observations
cannot be assumed to be independent. We take the most conservative approach possible
and bundle all observations for the same worker as one, taking a weighted mean of outcomes
within individual and adding up the weights (separately for each statistic). This proce-
dure ensures that, while the aggregate means match what a researcher would find by using

covariances by a factor K =n where w; is an individual weight, to account for the
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the sampling weights and pooled data, each worker counts as only one observation for the
purposes of calculating the covariance matrix V.

After the matrix of covariances for the moments is calculated, we pre- and post-multiply
it by a diagonal matrix where terms in the diagonal are the inverse of the corresponding
7 term. This is just a delta-method adjustment to obtain the covariance matrix for the
moments in logs. The result is the 6 x 6 top-left component of the matrix V.

The seventh moment is the relative wage difference between the minimum wage and
informal wages for unskilled workers, which we proxy by a quantile regression result from
Bargain and Kwenda (2011). Specifically, we take the result from Table 3, for informal
salaried, in specification 4: Panel, fixed effects quantile regression. The log wage penalty is
-0.078 and its standard error is 0.004. We consider this estimate to be uncorrelated with the
other moments, so that the non-diagonal terms of the seventh row and column are zero.

The eight moment is the labor share of income. The National Accounts System does
not provide standard errors for this estimate. We circumvent this problem by using time-
series variation in this number. More precisely, we assume that the labor share changes
smoothly over time, and deviations from that smooth pattern should reflect sampling and
aggregation errors within the calculation procedure. Then, we fit the labor share numbers
from 1995 through 2008 in a polynomial in time. Specifically, we define the time variable as
t = year — 2003, regress the labor shares in a polynomial in ¢, and use the standard error
of the intercept as the standard error of the labor share estimate. The time series presents
a clear convex pattern, and both the quadratic and cubic polynomials provide a tight fit.
The standard errors are similar under both specifications, so we choose the largest of them
(associated with the quadratic specification). Finally, we also consider non-diagonal terms
in the eight row of the covariance matrix to be zero.

3) Choosing the Weighting Matrix

The results shown in the paper use the identity matrix as the weighting matrix W. We
consider this to be a conservative and intuitive approach, while also sidestepping the need
to calculate an additional component to the covariance if the model is mispecified (see
Chamberlain (1994)). To verify the sensitivity to this choice, we re-ran the optimization
procedure starting from the estimated results but using the optimal weighting matrix VL
The resulting estimates were very similar to the ones shown in the paper, with no parameter
changing by more than 5%.

4) Solving the Minimization Problem

Once the h(x) function is defined and both 7# and W are available, estimating Z requires
solving the problem defined in B.10 up to the desired precision. We transform the input
parameters to circumvent the need for constrained optimization. We use a logarithmic trans-
formation for parameters that should be positive but unbounded, and a logit transformation
for parameters that must lie in the (0, 1) interval.



APPENDIX B. THEORY OF INFORMALITY 127

A different set of starting points should be used, since it cannot be guaranteed that
any local minimum is the global minimum. We automate this process by using the genetic
algorithm optimization tool from Matlab(R), with a randomly drawn initial population of 50
points. The initial points are drawn uniformly over a specific range of parameters values,®
designed to contrain the initial points to have (i) a binding minimum wage for unskilled
workers, (ii) non-binding minimum wage for unskilled workers, and (iii) both informal and
informal firms in equilibrium. After finding the equilibrium for the randomly drawn points,
we discard those that do not satisfy any of these three criteria. Even though the initial
population is constrained to these bounds, the genetic algorithm can “escape” it through
mutations. We use the best point after 10 generations as the starting point (after noting
that all points with low values for the loss function appear to be near, suggesting a global
minimum).

After the initial point was defined, we used a standard nonlinear minimization procedure
(Matlab(R)’s fmincon) to estimate Z.

It is worth noting that the layered structure of the equilibrium calculation makes it
computationally demanding. Each evaluation of h(z) requires numerically solving a set of
three equations. In turn, each evaluation of this set of equations requires solving the problem
of the firm for 20 different types, leading to 20 separate optimization problems. Each firm
problem is itself the numerical solution to a system of equations whose computation include
solving a number of numerical integrations. All in all, each evaluation of h(z) may easily
take a few minutes on a relatively fast computer.” The whole estimation procedure can take
days, even when using parallel computing in the outer optimization problem.

5) Obtaining the Variance of the Estimates

Once # is available, one can use the numerical implementation of function h(z) to obtain
the numerical Jacobian matrix H(Z). Then, it is a simple matter to compute the covariance
matrix of the estimated parameters using equation B.11. The finite differences must be
taken regarding the original parameter, not the transformed variables from the optimization

8The specific range for the transformed parameters, along with the corresponding values for the actual
parameter values, is as follows:

Range
Transformed Not transformed
A (productivity) 2 2.75 7.39  15.6426
B (technology bias) 0.3 0.9 0.5744 0.7109
a (dec. returns) -0.5 0.5 03775 0.6225
~ (CES param.) -1.2 -0.5 0.2315 0.3775
C (informality cost) -2.75 -2 0.0639 0.1353
¢ (search cost) -0.5 0.5  0.6065 1.6487
T (firm dist. shape) -2.2  -1.4 0.0998 0.1978

9For these tests, we used a computer with an Intel(R) Core(TM) i7-4710HQ processor, large enough
RAM, not running in parallel, and using standard optimization procedures in Matlab(R).

Parameters
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procedure (alternatively, one can estimate the covariance matrix for the transformed variables
and obtain the desired covariance matrix using the delta method).

A Note on Tolerance Levels

Given the layered structure of the procedure, it is important to have a hierarchy of tolerances
in the nested optimization problems. The “inner” procedures must use stricter tolerance
values than the “outer” ones. Otherwise, numerical approximation errors in the former will
lead to systematic errors in the latter. In a similar note, for procedures that use finite
differences to calculate numerical derivatives, the finite difference must be of a substantially
higher order than the tolerance of “inner” procedures.

In our application, the Classical Minimum Distance minimization problem has a tolerance
of 1 x 107°, the equilibrium finding procedure has a tolerance of 1 x 1078, and the problem
of the firm has a tolerance of 1 x 107!3. The minimum size of the finite difference is set to
be equal to the tolerance level of the problem.

B.6 Some Preliminary Evidence on Educational
Composition and Labor Market Outcomes

This appendix provides some tentative empirical evidence on the relationship between the
educational composition of the population and labor market equilibrium outcomes. Since we
could not find any empirical study focusing on this relationship and providing this type of
evidence, we thought it would be useful to generate some preliminary results in this direction.

We use data from the 1991, 2000, and 2010 Brazilian censuses and consider micro-regions
as the relevant definition of local labor markets. Micro-regions are sets of contiguous munic-
ipalities sharing similar geographic and socioeconomic conditions defined by the Brazilian
Census Bureau (IBGE). This geographic unit has been repeatedly used in the previous lit-
erature as the relevant definition of local labor markets in Brazil (see, for example, Kovak,
2013). In order to minimize heterogeneity, we focus on a sample of men between ages 20
and 50, not in school, and living in urban areas.

Our goal is to analyze the relationship between educational composition and labor market
equilibrium outcomes at the level of local labor markets. Therefore, the independent variable
of interest is always the share of individuals in the micro-region with at least 8 years of
schooling. The dependent variables are micro-region formality or employment rates netted
out of compositional effects. Specifically, the dependent variables are micro-region fixed-
effects in individual level regressions, run separately for each year, where the dependent
variable is either formality status (among salaried workers) or an indicator of employed
(among the entire sample). The individual level regressions control for a quartic polynomial
on age, dummies for race, and, in some specifications (as indicate in the table), dummies for
educational levels.
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The micro-region regressions include as demographic controls the shares of the sample
in two age categories (30-39 and 40-50) and the log of population (all calculated based on
the sample used in the individual-level regressions explained above). To allow for differen-
tial trends across local labor markets with different initial conditions, we also control for an
interaction of the initial (1991) formality rate (from the individual-level regressions that do
not control for schooling ) with year dummies. In some specifications, we also control for the
shares of employment in 8 broadly defined sectors (agribusiness and extractive industries,
excluding mining; mining; manufacture; construction; utilities; retail; services; and govern-
ment), and for interactions of year fixed-effects with a set of initial (1991) socioeconomic
characteristics (schooling, which is the independent variable of interest; average earnings;
and employment, which is one of the dependent variables considered). All regressions in-
clude micro-region and year fixed-effects and are weighted by the inverse of the standard
error of the dependent variable (obtained from the individual level regressions). Standard
errors are clustered at the micro-region level.

The results from these regressions are presented in Table B.4. In the table, each coefficient
corresponds to a different regression, with the rows indicating different specifications and
dependent variables (not controlling and controlling for education in the first stage, and using
informality and employment as dependent variables). The columns correspond to different
sets of controls, as indicated at the bottom of the table. All coefficients in the table refer to
the same independent variable: the fraction of the population in the micro-region with at
least 8 years of schooling. We present results not controlling and controlling for education
in our “first-stage” to distinguish the individual level association between schooling and
formality from the equilibrium effect of the composition of the population on the incidence
of formality, conditional on individual schooling.

The first two rows show that there is a robust correlation between the share of the popu-
lation with at least 8 years of schooling and the formality rate in the data. As expected, the
coefficients are reduced in magnitude as we include micro-region fixed effects and move from
column 1 to 2, but remain roughly stable across the various specifications between columns
2 and 7. So the correlation between the fraction of skilled individuals and formality is not
related to differential trends across states or across micro-regions with different initial char-
acteristics, nor to overall patterns of development and growth (as reflected on demographic
patterns, average earnings, or sectoral composition of employment).

The estimates in the first row do not control for individual schooling when calculating the
conditional informality rate in the “first-stage.” They therefore capture both the individual
relationship between schooling and formality and the potential aggregate effect of the com-
position of the population on individual level formality probabilities (through equilibrium
labor market outcomes). The second row, in turn, controls for schooling in the “first-stage,”
so its results reflect the equilibrium response to changes in the educational composition of
the population, conditional on individual level schooling. The fact that the results from the
second row are consistently significant indicates that the aggregate effects of the composition
of the labor force on labor market equilibrium outcomes are indeed relevant. The relative
magnitude of the coefficients across the two rows would suggest that more than 60% of the
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Table B.4: Effect of share of population with at least eight years of schooling on formality
and employment.

(1) (2) (3) (4) (5) (6) (7)

Dep. Var.: Formality

No control for ~ 1.I51%*  0.306**  0.407***  0.283**  0.367"*  0.389"**  0.356™**
indiv. school. ~ (0.0603)  (0.0938)  (0.0890)  (0.0928)  (0.0754) (0.0882)  (0.0903)

Control for 0.955%  0.203"  0.312°*  0.184™  0.285%*  0.204**  0.222**
indiv. school. ~ (0.0592)  (0.0947)  (0.0895)  (0.0916)  (0.0751)  (0.0889)  (0.0913)

Dep.Var.: Employment

No control for ~ 0.280***  0.0983*  0.0381  -0.0254  0.141***  0.0254  0.0585
indiv. school.  (0.0269)  (0.0530)  (0.0455) (0.0573)  (0.0485)  (0.0455)  (0.0455)

Control. for ~ 0.149**  0.0268  -0.0247  -0.0791  0.0759*  -0.0367  -0.0198
indiv. school.  (0.0247)  (0.0496)  (0.0430)  (0.0540) (0.0453)  (0.0430)  (0.0430)

Fized effects:

Micro-region No Yes Yes Yes Yes Yes Yes
Year Yes Yes Yes No Yes Yes Yes
State-Year No No No Yes No No No
Controls:
Demographic Yes Yes Yes Yes Yes Yes Yes
1991 Form. X Year No No Yes Yes Yes Yes Yes
Sectoral Shares No No No No Yes No No
Avg. Earnings No No No No No Yes No
1991 Otherx Year No No No No No No Yes

Obs.: Standard errors (in parentheses) clustered at the micro-region level; *) ** and *** denote statistical
significance at the 10%, 5% and 1% levels, respectively. Data from the Brazilian censuses (1991, 2000, and
2010). Sample composed of males between ages 20 and 50, not in school, living in urban areas. Each
number is the coefficient on the the share of individuals with at least 8 years of schooling from a different
micro-region level regression (509 micro-regions, 1,527 observations). Dependent variables are micro-region
formality and employment rates, netted out of compositional effects (micro-region fixed effects from
individual level regressions, run separately for each year, where the dependent variable is either an
indicator of formality or employment, and independent variables are a quartic polynomial on age, dummies
for race, and dummies for educational category, as indicated in the table). Demographic controls are the
shares of the population in two age categories (30-39 and 40-50) and the log of population (both calculated
with the sample used in the individual-level). 1991 Formality x Year is the 1991 formality dependent
variable (taken from the first-stage regression without individual schooling) interacted with year dummies.
Sectoral shares are shares of the employed population in each of 8 broadly defined sectors (agribusiness and
extractive industries, ex-mining; mining; manufacture; construction; utilities; retail; services; and
government). 1991 Otherx Year include interactions of year fixed effects with 1991 levels of three other
variables: the independent variable (schooling), average earnings, and the employment dependent variable.
Regressions are weighted by the inverse of the standard error of the dependent variable (obtained from the
individual level regressions).
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aggregate correlation between educational composition of the population and informality
may be due to these equilibrium effects, while less than 40% would be due to the direct
relationship between schooling and informality at the individual level.

The magnitude of the estimated effects are between 30% and 40% of the quantitative
effects from the comparative statics exercise in column 6 of Table 2.8. This difference may
be due to the lack of a truly exogenous source of identification in our empirical results from
this section, to limitations in our definition of skilled workers in this empirical setting, or to
different sample (most importantly, the exercise here uses all micro-regions in Brazil, while
the calibration was conducted using data from the PME, which includes only the 6 main
metropolitan areas in the country).!9

The results related to employment, shown in the 3" and 4" rows, are much less robust.
Some specifications point to a positive and statistically significant relationship between ed-
ucational composition and employment, but most results are small in magnitude and not
statistically significant. Overall, we do not find a systematic relationship between educa-
tional composition of the population and employment rates. One potential explanation is
that the utility from unemployment may be different across skilled and unskilled workers —
possibly higher for skilled workers, due to higher wealth and savings —, something not con-
sidered in the model. This might weaken the correlation between educational composition
and employment in the data. In addition, the problems alluded to in the previous paragraph
could also be interfering with these employment results.

10Ag an illustration of the "measurement error" issue related to the mapping of skill in the model to the
data, consider the following example. If 20% of individuals with less than 8 years of schooling correspond to
the skilled in the model instead of unskilled, and 10% of those with at least 8 years of schooling are unskilled,
there would be no change in the baseline shared of skilled workers in the workforce (leading to the same
calibration). However, the change in the share of skilled workers implied by the increase in schooling would
be 70% of what was used in the quantitative exercises, leading to a roughly similar reduction in the effects
on informality and unemployment.





