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Lawrence Radiation Laboratory
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7:};“ ABSTRACT

Separable potential forms which lead to on-energy-shell
partial-vave transition amplitudes for two-body scattering which
”“Ihave the same analyticity properties as those proved in!local

f{ potential theory are studied. An explicitly energy-dependent
”f potential form is shown numerically to give a better approximation
" to the amplitude from a local Yukawa potential than the best
previous form, for &% > 0 in the scattering region, Some remarks

are made about the applicability of these potential forms to multi-

particle scattering calculations.
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S Sl 1. INTRODUCTION

: iiigi{ﬂi Reéentfé;péré on mﬁitiparticle scattefingl have stressed the
ﬁeed far a good separable approximation to the two-particle transition
vffﬂfQ{ amplitude, In particular, the introduction of a separable approximae-
:;  tion fof tge off-energy-shell two-body amplitude in the integral
N equations for the three~body transition amplitude reduces the dimension-
.;ﬁl ality of these integral eqﬁations and makes it pbssible to solve them
on a computer, - .
Not long ago, Noyes2 and Kowalski3 gave a separgble approximae=
.ﬂ‘;_tion to the off—ghell two~body amplitude derived from local potential
.. theory, However, Basdevanth points out that their approximation has

cuts for X2 < 0 (We take 4 = 2m = 1, so that k% is the energy

fﬁ%j:i_f variaBle) that are not present in the fﬁll off-energy-shell two~particle
E;;}f‘ transition amplitude defined by the Lippmann.Schwinger equation., He
ii%ig‘a-further points out that these cuts will be in regions of k2 over
. ;;:»j wﬁich one must integrate in the three~body problem and that they can

‘,5 ;‘lead,to complex eigenvaldes in the three-body bqund;state region,

| 'vFinally, numerical solutions of the equations of Noyeé and Kowalski for
a Yukawa potentisl have éhqwn that the term neglected in their approxi-

: mation to tn!p;p°,k) is comparable in size to the term retained when

p and p' aiffer from k by an amount comparable to X,

In the light of these developments, the spirit of the present

" note is as #gilows:

{a) A gdégfseparable approximation to the off;shell.two-body

1

: ﬁtrans1tion.a%ﬁiitude is still needed.

=y
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S :‘.,(b) Siﬁce the on-shell amplitudes derived from lccoal potentiel
”%_hiﬁeﬁry'are knoqn to be of some us§ in describing the Interaction of

subatomic particles, we shall demand that our appreximation to the

"+ off-energy~-shell two=body smplitude have the seme analyticity proverties’ s

:ﬂi qn the energy shell as those derived from local potential theoxy. : hd

(¢) Although the.nff—eneréymshell éroperties of two-hody amplitudes

’i :reqpired to give a useful description of physical phencmens are nct
:nearly.&s‘well knovn as the corresponding on-shell properties, we ehall

:;‘ use the analyticity properties of the off-shell two-body amplitudes

o known from loeal potential thequ5 as a guide, at least to avoid intro~

" 'dvcing troublesome singularities,

. II. SEPARABLE POTENTIALS
It has long been known that one way of obhtaining a separable

two-particle transition amplitude in each partiasl wave iz to use &

‘ff single separable potential in esch partial wave, and that the choice

-~ of a separable potentisl determines the off-energy-shell behavior ¢

the two-particle amplitude, which is of fundamentgl'imbortance in the
“‘calculation of multiparticle amplitudes. »M;tra6 has given criteris
:vahich a8 separable potential ﬁdst satisfy in order that the on-energy-shell
partiaslawave tr&néition amplitude will have the analyticity stiructure
which it is known to possess in local potential theory. He points out
that almost all of the separable potentials commonly used do not lead

to the corrégt analytiéity structure for the on-shell two-body amplitude.
. However, théagommonly used separable potentiels are at least capeble of

' reproducing}ﬁ%e correct strength .end _renge of the interaction in each
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“_ial;wave, and since the present multiparticle scattering f
ealculations are still too crude to be sensitive to any finer
details:of the interactions, we may understand the relative success
of recent calculations. | |

Mitra proposes & separable potential of the form

V(p,p) AE(P)g(p).

Gi is the coupling constant,. u' is the inverse fange, and A 1s 41
if G is positive, ,-l if G is negative. He shows that this leads
vfto the proper analytic structure for the on-shell two-body amplitude

f'and is equivalent" to a local Yukawa potential

- V(r) }.'= G = ,

2y
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;rGi.t "i' ”and"'kﬁﬁ are analogous to the similar quantities appearing

in the previous potential and the summatlon must have definite sign

¥ for ‘p,> 0. The advantage of this form of potential is that, subject -

-,; to_the restriction_mentidned above, we obtain a transition amplitude

.:which has fhéféame Born approximation and the same analyticity structure

" as that arisiﬁg from a superposition of Yukawa potentials in local

'
!

. potential theory, even though we have used only one separable term, The

be of definite sign

;.requirement fhat the summation entering into gy (p) .

K
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‘momentum spaceswithout:introducing spurious cuts into the amplitude,
:which is a defect common to this and all earlier separable potential

japproaches.: Finally, this potential is Hermitian and leads to an =

.off-energy-shell amplitude with the same analytic structure as thet
iobtained from the Lippmann-Schwinger equation in local potential
‘theory, The,same trick could be used-with-other potential shapes,

- but then our~analyticity arguments might not hold.

III. SEPARABLE POTENTIALS WITH EXPLICIT ENERGY DEPENDENCE
Let us. now consider the introduction of an explicit energy
dependence into our separable potentials.

We choose a Hermitian energy-dependent eeparable potential of

'the form

o (p.b’ k) . 2g,e 1) 8,0%, )
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2 > 0 end

fmust be of definite sign for p: > 0.‘ The k indepen&enﬁ for@ was
ftchosen in the bound-state region to avoid the introduction of cuts
Lsimilar to those wvhich appear in the Noyes and Kowalski approximation
‘and to insure Hermiticity. That is, if the form used for k> > O
;wére used‘for k2 < 0, we would encounter two problems, cuts and
1non-Herm1£icity. The form chosen in the scattering region, the

v aquare root of a superposition of Yukawa‘potentials in momentum. spsace,
r;wés picked because‘numerical analysis has shown that it represents
Jiilthe'on-shell.scattering amplitude from a superposition of local Yukawa
:“fi potentials substantially better than the generalization of Mitra's

- form does for £ > O and in the scattering region. Note that when

'p =k (on the energy shell) this new separable form reduces to the

. earlier form

xR
b3
~~
o
5.
w
b 4
]

- AN
g (k) = z —i- Qz(l + —*—5)
. . i

;férlall;valuep of k2. .Conéidering the on-shell prbp?rties of this
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| pote;ztial ﬁzrti_;éi,'ue-_'gge' that it satisfies Mitra's criteria and
~ti thereby léads éo an on=-shell two-particle amblitude which has the
‘Fb‘same ahéljticify properties as those proved for = éuperposition of
flé5gYukawa potentials in local potential theory and that it is "equivalent"
to a local Yukawa potential in the same sense as the‘earlier form,
When we turn to the more general properties of the potential
'; 1i‘;nd_the resulting amplitude (i.e. p # k) we see that, although the
'.}introduction of an explicit energy dependence in the potential does
’7{: not impair its usefulness for multiparticle scattering calcul;tions,
:: we can no longer speak of analyticity properties of the!resulting ampli-
tude in the whole k2 plane; instead, we may speak only of the
' analyticity properties in the helf planes k2 > 0 (scattering region)
and k2 <'0 (bound-atate region), Of course, within these regions,
» separately, the amplitude tz(p,p';k) from our energy-dependent
\hli separable potential has the same analytic structure as the amplitudes

'if;om both the earlier energy-independent separable potential and the

_ local potent£§l theory approach based on Yukawa potentials and the

-; ‘{;:_Lippmann-Schw%nger equation, 7o sum up, this potential leads to an
.f‘bff~shell scaﬁ%ering amplitude with a discontinuity between the
t;bouna-staté dqhkscattering regions, while the on-shell scattering
v‘amplitude thaé‘one.obtains from this potential has no such discon-
: ? tinuitieB anﬁ;has analyticity properties identical to those obtained

%'_ in local poténtial theory from a superposition of Yukawa potentials,
. i

We shdll want to see some benefits to this energy-dependent

EU
T ¥

J§gigseparable poﬁéhtial before we accep£ the accompanying ld%s of analyticity

f
%,
PO
v,() ¥
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,’;properties . "'ijﬁ':-"will"‘ dévéloii tha;t the energ&-dependent separsable

;form repreaents the on-shell scatterlng amplitude obtained from a
;local Yukawa potential for - 2‘> 0 in the scattering region-(k > 0)
fsubstantia;ly better_than the corresponding energy-independent form,

.This will be seen in Egs. (1) and (2) below and in Figs. 1, 2, and 3.

"IV. - RESULTS
We have studied numerically the real and imaginary parts of
,the on—shell two»body transition amplitude t (k) in the scattering

f-region'(k > 0) for amplitudes_obtained from 9

(a) Solution of the Lippmann-Schwinger equation with a local

" . Yukewa potential, V(r) = Ge™"/r with G=p=1,

(b) Mitra®s potential,

Ve p) = ag e,

Tt G ’( 2 )‘1/2
igp). B | = Q{1+

R T S B S
R 1N

and G LT A a1, and |

(q)@ The potential proposed in this note,

Voleap's k) = A g, (p, k) g (p', k)

(v
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: ,xf‘(g S hnzpk; 2 2pk
and G=y=A=l,

1 ﬂﬁ‘f-fﬁe use a system of units in which # = 2m = 1 and the range
,va df~the potehtial (R = 1/u) is taken as the unit of length, so that
;3the.uhit of energy is fﬁ2/2mR2. - The Lippmann-Schwinger equation for
) the;transition amplitude is

|
@
T ' - “4 V 'v' . . ’ ' 2 ) . :
't (pep's k) =V (pyp') = bw | dq 2 V,(psa) t, (a,p'; k) .
. v L 2 2 L )
. qQq = k™ - ig
: . * . ’ v ewurf,
(a) For a Yukawa potential, V(r) =G and
N AT 2 2 2
R T - + + |
Phl el kn"pq
,;the.équation Vas_solved-nu@erically,-by matrix 1hversion téchniques,
for various . £ ‘and k values, |
”[(b)' For Mitra's separable potential, the solution can be given
_explicitly: mf_ |
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i Fof”th¢ potentidl proposed in this note; one finds, analogously,

S

TR k 1/2
Cben et o : 2.2 2
R R - e +k 1
oty (pyp'ik) = Q| ;
SR . 1 pk 2 2.2, 2
N . : ' _ q G g +k +y
Lo ' ‘ oL 4 b de 55 2 . 2l 2qk
e 2 .2 2\11/2
B e
ba®plk % pX
G S
L R 2k2) ;
= — (2)
S g 2 G 2,2, 2
B 2.2, lhrgk 2| 2qk
" 'NfOl" k? _> '0. h, ‘t-
"“/. Note that even though the two separable potentials and their
Born terms are equal wvhen p = p' = k (on the energy shell), the
expressions &g) and (2) for the full on-shell amplitude are different
‘f because of éﬁé explicit energy dependence of our potential. In spite .

;:%vof this, exﬁgéssions (1) and (2) seem to give nearly identical results
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'L“K‘(tdnvitﬁinfl%) forrillﬂvb,' although the difference is rather

- '(f?“”pronouncedvfdr':£_>,0 énd‘ G > 0.5,
Noyesa and Kowalsk13 have derived for the on-shell transition

W

'-;-‘amplitude from local potential theory the expression

S bk) = ® 2 .
o ' . 1 4 bn S dq _2_—(12—— Vl(k, a) fl(Qo k)
e | ) a-k-ie

e
1

;,.whéré _fz(q; k) satisfies a nonsingular integral equat%on, and

,‘  fz(k,‘k) = 1, When Vz(k. q) is a Yukava potential, this becomes

2
G .y
o o, (“....
N hn2k2 L 2k2
ty(k) = po
) . 2 2.2 .2
B ’ G +k T+
0 ’”‘\ dq — 5 QL(LET‘L) £olas k)
0 q ~k"-ie kn®xq ¢

d '¢_Thus,_£he numefator and the imeginary part of the denominator of our
f'eépréssion (2) and this expression are identical, and they differ only

in the factor t,(a, k) in the princival value integral, Finally,

: fz(q, k). is close to unity in tﬁe Qicinity of the singularity at

L q = k,. One may also note that the transition amplitudes obtained from

@,pj?,the expression above and the expressions (1) and (2) approach each
.;’Z{other at high k as the contribution from the integral term in the

;. denominator ﬁ%comes less important.
Co %
Sl £z, .
T We have investigated numerically the behavior of tz(k),

. obtained rro%ﬁthe three approaches mentioned above, -as & function of

We have heéld u fixed (u = 1.0), as R = %- has been taken as the

4
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E the coupling constant. The results

for G = l 0. and z = O l 2 are shown in Figs. 1, 2 and 3. The
agreement of. the separable potentials with theYukawa potential is
poorest for low k 'in the s wave, where both separable potentials
give the same result, When G =1.0 and k = 0, we find that £, (k)
from ehe seperable potentials isA73% of tl(k) ~obtained from a Yukawa
potential.’v |

| We have lnvestigated coupling constants in the range from
:tG = 0,01 to G = 15 0 and found that the results have the same
qualitative behavior as those for G = 1,0, For the 5335_225_ of
iz(k), wve find that: |

,  (a) the agreement of fhe separable potentials with the Yukawa
"potentieljia poorest at k = 0 in the s .wave, -

','(b) both separaele potentials lead to the same results for 2 = O,
'(c)“vfor 2 > 0, the agreement of the separable potentials with the
:ﬂYﬁkawa'potential is poorest at the peak in tﬁe curve of tz(k) vs k,

. (d) for 2 > 0,' in all cases the curves from thelpotentiel pro-
?posed in this note lie higher (and thus closer to the curve from the
L'f"’f_,;:.'-,loca.l Yukawe potential) than the curves from Mitra's potential, even

'$fthough the difference may be negligible for small G,

(e) in no case did the curves from the separable potentials lie
ﬁflhigher than those from the local Yukawa potential, In other wofds,
;i;the real part of the on-shell scattering amplitude from a local Yukawa
:{'potential igiglways greater than the real part of the on~shell amplitude

'Fizobtained froﬁ?either of the separable potentials considered, and

¢
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(f) the agreement of the separable forms with the Yukawa potential

T*L(and with each other for 2 > 0) rapidly improves as G goes below

ffffl.o and deteriorates as G becomes greater than 1,0,

Let us 1ook ‘at the results in more detail For G = O'Ol

ve get 97% of the Yukawa amplitude from the separable potentials at

k=0 in the s wave, In addition, both separable potentials give
- essentially the same result in all partial waves and these results

" never differ from the results for a Yukava potential by more than 3%,

For G =.0.2, -we obtain 91% of the Yukawa amplitude from the separable
: . y

; ..p9tentigls,'at k =0 in the s wave, the amplitudes from the two
| separable potentials never differ from the Yukawa amplitude by more
"1 than 10%, and (for £ > 0) they never differ from each other by more

" than 5%,

Therefore, for G 1less than about 0,5 one can use the Mitra

Wt ’
.,i~separable form as a good approximation to a Yukawa potential in all

partial wdves%' This is because both separable potentials lead to

3;‘amplitudes whﬁch are approximately equal to the amplitude from a Yukéwa

“Mf potential, and the Mitre separable potential leads to an amplitude with

© . the correct gnglyticity properties for the full off=-shell scAttering

vf emplitude, For - G greater than about 0,5 and & > 0, the curves
_ f _ .

. - !
. of tz(k) ve k from the potential préposed in this note agree with

" the separabl

. the curves from a Yukawa potentisl substantially better than the curves
© from Mitra's’ potential (see Figs. 2 and 3) As a further examvle,

o consider G ﬂ 5 0, where we obtain b9m of the Yukawa amplitude from

otentials at k = 0 in the s wave, For L =1, at
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i-the peak of the curves of t (k) vs k, where the agreement with
the‘amplitude from & Yukawa potential is poorest, the amplitude from
:—the potential 1n this note is 79% of the emplitude from a Yukava

é Epotential, while the amplitude from Mitra's potential is only 47.5%
A:of ﬁhe Yukawa emplitude. Fof L =2, at the peak of the curves,
;'i’the numbers are 89% for our potential and 56% for Mitra's potential,
f“For "G greaﬁer than asbout . 5,0 both separable potentials give very
ﬁ¥ €_{ poor represenﬁation of the on-shell scatteridg amplitude from a local

"~ Yukawa potential. For example, for G = 15.0, we obtain only 35% of.

W . \
. the Yukawa amplitude from the separable potentials at k = O in the

,jffa wave, Thus, even though our potential enjéys an ever widening

L f¥} f;iadvantage over Mitra's potential for £ > 0 and G greater than

ffkg about 5,0, they are both so poor that.the advantage seems unimportant. -
. The same kinds of remarks éould be made about the imaginary

} part of the”on-shell amplitude tﬁ(k) which shows the same general

behavior as the real_part. Hovever, for G less than about S.G, the

(T“Tiimaginary parts are small and the imaginary parts of the amplitudes from

:ﬁ both separable potentials are quite similar,

i

V. { SIGN CHANGE AND ADDITIONAL BOUND STATES

' All'sépérable potential approaches which have been studied,
. !
including those in this note, suffer from two major defects:

h?*;,,"f_ﬂﬁ, (a) The potentials are not allowed to change sign in momentum space,
(b) The pbtentials can support only one bound state,
f We have noté& that an explicit energy dependence in a separable potential

_ ¢
lffdoes not 1mp&£x its (practical) usefulness for multiparticle scattering
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v'caiculations}'-Thusidne:might take a potential of the form

)

P

vt IR g, (ps k) &,(p", K)

-énd;attempt:tb circumvénﬁvtﬁe limitations mentioned above by proper

~ choice of the function jf(kz). [we choose f(kz) to avoidvmaking the
potential non-Hermitian if . gz(p, k) gl(p', k) is alfeady‘Hermitian] .
-vtﬂdwever; this will not work, bécause“any singularities in f(ke) will
. appear in both the numerator and denominator functions of the fésulting
two-body scattering amplitude. However; the numerator Jnd denominator
" functions are supposed to have no singularities in common, Thus f(k2)
. must be analytic‘for all k2, and since it must be bounded to keep the

potential finite, f(ke) is a constant by Liouville's theorem of

analysis.

CONCLUSION
We_have shown that one may obtain a two-particle partial-wave
: scattering'amplitude from a single separable potential which has the
'Bame on-shell Borh appro#imation and the same analyticity properties

as the amplitude obtained in local potential theory from a supverposition

1}of Yukawa potentials, This is subject to two restrictions;

1. The separable potential can support, at most, one bound state,

1
1

}:‘ G 1 My
2, — Q{1 b » Lthe oneshell Born approximation of
2% 2 L 2 }
- i 1

- the superposiﬁion of Yukawa potentials, must be of definite sign for

ko> o0,

T
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_An-shell amplitude obtained:.from a4 local:Yukawa potential substantially Bl
;;better.(for 2>0 and G > O.S) than the method mentioned above, at
'fithchoét:of introducing a diécontinuity between the bound-state , o
» 2kk2 < O)Iand scattering (k2 > 0) regions in the off-shell amplitude
hl'f.(the'oneshell amplitude is not affecfed). That is, we obtgin & two=
particle partial—ﬁave gcattering amplitude from a single separable

;7Q potential which has the same on=shell Born approximation, the same
E |( on-shell analyticity properties and, in the regions ke >0 and.
'7:;vk2 < 0 separately, the same analyticlty properties as the full

ff'off-shell‘scattering amplitude obtained from local potential theory

ﬁsjwith'a superposition of Yukawa potentials, This is subject to éne

" further restriction in addition t6 those mentionéd above, That is,

huz pk

. « , C'i . 132 + k2 + “12
. : i

j the. auperpoeiﬁion of Yukawa potentials in momentum space, must be of
. definite sign rér p>0 . and k2> o0,
Finally, for 2 =0 and G less than about 5,0, both of

:,;the sepgrable,iotential formsAin this note lead to the same result,
‘;'which represents the oh-shell gcattering amplitude from a local Yukawa
' }potential quite_well. . In addition, Mitra‘'s form has the advantage ' -
i ;thﬁt it leadsgto the correct analyticity properties for the full
.. offeshell am;%itude. For £ >0 and G less than sbout 0.5 both

 separable poféntial forms lead to amplitudes which represent s Yukawa . : "

N :
1ot . ¢
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vf:poteﬂfial quite well, but the superidrvanalyticity properties of

_L'Mitra's form.lead us to suggest its use in this case, For 4 >0 |

”'gi and GZiless than about 5,0 and greater than sbout 0,5, our

separable potential leads to an amplitude which represents the

'Qﬁf on-ghell scattering amplitude from a Yukawa potential (in the scattering

%' region K2 > 0) substantially better than the corresponding amplitude

-fAf uUsing Mitra's form. The improvement is such that we might suggest

‘ “its use despite:the attendant introduction of a discontinuity in the -

' full off-shell amplitude,

!
For G greater than about 5.0, bYoth of the separable

7.:‘potential forms in this note lead to poor representations of the

' .scattering amplitude from a local Yukawa potential,
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 FIGURE CAPTIONS
'i?? }}j jFi#;i;;;:££(k).§é k for % = 0. The upper curves are the real
o ,;.;"'{;Effifpgits §}WK;£(k)- froé the various approacheéghfhe‘lowef
:S}g. ;g'yfﬁ:}:!'jacurves are the imaginary parts. The curves without symbols
‘ . i'€‘are the curves of tz(k) from a local Yukawa potential;
'3;; \ ;E&the marked curves represent tl(k) obtained fromAthe two
'f : } ﬁf‘?tseparable potentials, which give idéntical results in this

il po L case.

f;‘ ?:l‘Fig;f2.ﬁ tz(k) vs k for £ =1, The upper curves are the real
‘{?;« -- i£:‘“ 3,“j >parts of tg(k); the lower curves are the imaginary parts.
,'\.\-:' . ’ -

‘The unmarked curves represent tz(k) from a local Yukawe
; '} ; fpotential, the curves marked with x represent »tl(k)
'f.from Mitra's separable potential, and the curves between

‘them represent tn(k) from our separable potential,

fj | ’ ,t2(k) ve k for 1% = 2, The upper curves are the real

: | Tpaits of ,tz(k); the lower curves are the imaginary parts,
blf J,{The ﬁnmarked curves represent tl(k) from a local Yukaws,

1’vpotential, the curves marked with x represent tﬁ(k)
“'v; :{.P;l”f-frém Mitra's separable potential, and the curves between
them represent t (k) from our separable potential.
.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








