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Separable potential forms which lead to on-energy-shell 

· · partial-wave transition amplitudes for two-body scattering which 

nave the same analyticity properties as those proved inllocal 

potential'theory are studied, An explicitly energy-dependent 

' potential form is shown numerically to give a better approximation 

to the amplitude £rom a local Yukawa potential than the best 

previous form 1 £or t > 0 in the scattering region, Some remarks 

are made about the applicability of these potential forms to multi-

P,article scattering calculations, 
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' .. '. ). · INTRODUCTION .•· '. 
. . '" ~ ... 

J. ,. 
~ ~ ·.,. ' 

.-. 

1 Recent papers on multiparticle scattering have stressed the 

need for a good separable approximation to the two-particle transition 

· .. ,. amplitude. In particular. the ~ntroduction of a separable approximn-

. 
" 
; . 

,. ' 4' .; ~ 

. ·t·-· 

~-l ~ 

tion for the off-energy-shell two-body amplitude in the integral 

equations for the three-body transition amplitude reduces the dimension-

ality of these integral equations and makes it possible to solve them 

on a computer. 

Not long ago 8 Noyes2 and Kowalski3 gave a separ~ble approximn-

tion to the off-shell two-body amplitude derived from local potential 

theoryo 4 However• Basdevant points out that their approximation has 

cuts for . k
2 < 0

1 

(W tak ,:_ 2m l th t k2 ' th e e ~' = = , so a ~s e energy 

variable) that are not present in the full off-energy-shell· two-particle 

transition amp+itude defined by the Lippmann-Schwinger equation. He 

. '
1 \'j ·~. ; .· -fUrther points out that these cuts will be in regions of k2 

> ! 
over 

·. ' . ' 
' " which one must integrate in the three-body problem and that they can 

\ ~ ~ 

~- lead to complex eigenvalues in the three-body b~und-state region, 

Finally, numerical solutions of the equations of Noyes and Kowalski for 

a Yukawa potential have shown that the term neglected in their approxi-

mation to tf.(p~p' ,k) is comparable in size to the term retained when 
I 

p and p' differ from k by an amount comparable to k, 

'I. In th~ light of these developments, the spirit of the present 
{: );: 

.· , < note is as f'dilows : 
! ~~ • •' 

.. ·!~ ·t·· ·:;; 

(a) A gc;6d, separable approximation to the off-shell two-body 
~ ' ... 

' ' ~-' . ,. ,. 
· transition amplitude is still needed. 
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(h) Since the on-ahell amplitudes derived from leal pQtential 

theory are known to he of some use in describing the .:.n·tere.ction of 

subatomic particles 9 we shall demand that our approximation to the 

off-energy-shell tvo-body amplitude have t.he se.me analyticity properties 

~n the enerw shell as those o.erived from local potential theory. 

{c) Although the .off-energy-shell properties of two-body amplitud~s 

req,uired. to gi1re a uaeful descripti.on of physical phenomena are not 

nearly a6 well knovn as the corre~pondin~ on-6hell pro~erties,. ve shall 

use the analyticity propert.ies of the off-sh~ll two-body ainpli tudes 

known from lo~al potential theory5 ~s a guide, at least 
1

to avoid intro-

. dv.cing troublePome ~:i.ngularitiea. 

II • SBPARABJ..E POTEN'!'IALS 

It ha"3 long been knovn that one way of obtaining a s~:parable 

two~particle transit:i.on amplitude in each partial wave i~ to use a 

·j single Reparable potential in each partial wave, and that the choice 

of a separable potential dP-termines the off-energy-shell behavior of 

the tuo-particle amplitude 5 vhich is of fundamental importance in the 

6 calculation of multiparticle amplitudes. Mitra has given crHeriD. 

which a separable potential must satisfy in order tha.t the on-energy~shell 

partial ... wave tr~sition amplitude will have the analyticity structure 

which it is known to possess in local potential theory. He points out 

th~t almost all of the separable potentials commonly used do ~ lead 

to the correelt analyticity st.ructu.re for the on-shell two-body a."1lpli.~ude • 

However • thee ~omrnonly used aepa.r.abJ.e .Potentials are at. lefist cnpnble of 

reproducing ;:~he correct strength ,v,nd "re.nge of the interaction in each 

i-· '..t' 
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,\ ,. 

·, ,').f;.:;; . . . ;, ....... ·.. . . . e , 

-. ,r~';:; calculations are still too crude to be sensitive to any finer· 
.'· ::·~<t(:.. . . ' . . . 
. _'_·: . J-:.'t';:; -~ ': - . ' . . 
,.,;,,,,i.;.J, details of the interactions, we may understand the relative success 

. 'rr~~~k:of recent calculations • 

. Mitra proposes a separable potential of the form 

. > ., 

2 ]1/2 
+ ·~) • 

. 2p . 

G·. is ,the coupling constant, IJ · is the inverse range, and >. i's +1 
. . ;\ ' ' 

: if;· G ~ is positive, -1 if G is negative. He shows that this leads 

to the proper analytic StrUcture for the on-shell two-body amplitude 

and is "equivalent" to a local Yukawa potential, 

V(r) • 

. ) 

.in· the loose ~er;1se that they both have.the same Born approximation in 
,. .'·k: . .. 

·a siven.partial wave, and lead to amplitudes with the same analytic 

·• · ;:. structure. . 

We feel that this "equivalence"is interesting because a local 
(.'t. 
•''(!: 

~; Yukawa poten~~1U is one of the. very few simple potentials known to have 
~; i~. : 

}, 'any value in':,~~ scribing the interaction of elementary particles. 
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4 ~· 

'· ···-...... ,. 

' :" -~1(p) a' [L :~2 · _Pl2 Qt ~ 
., . ;:· i. 

• - • • -to,. ' ~ ·.• 

"·,·.-.·. ·. 
-· ... , 

-· ., . l: 

, . . I 
:' :. Gi ~ ·:: 111~ ·and·:~ A..;_>:· are analogous to the similar quantities appearing 

.• .. 

.. : ·, ·:.; : .. in the previous potentialo and the summation must have definite sign 
·. 

·. ;, ,. ,,. ' 
ror .P. > ~· The advantage or this form of potential is that, subject 

:-.'' 

. , _.: .·T!: ~o. the restriction mentioned above, ve obtain a transition amplitude 
:/·-~:·: \, ·::. ( . 

[ 

2 1/2 2 lll/2 

{i :. . l ~ :~2 l Qt(1 <:2 l] [ ~ :~2 p~2 Qt(1 
+ 2:~2)j 

: ~~ ~~- .. tt(p,p~;~) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

: ~::;.~ :.t ' ' ' ' ' 1 + 4•l \ dq -q~2 -_--:~~---1-£ [ ~ :~ 2 l Qt ( 1 + ~:: ) ] 
••• > ~.} ~- :>I-~ • • 

, ·_, . ... ~ . . 
·::.:?which has the :same Bo~n approximation and the same analyticity structure 

·"·~ ··:i!,~·~'d·.·-~ 
-... 

:"P>, as that arisi
1
ng :from a superposition of Yukawa potentials in local 

<;;,::;·'·:;·potential theory, even though we hnve used only ~ separable term. The 
~ · .. ;. 

·. )'.<-·; requirement that the summation entering into gR. (p) be of definite sign 
. ' ~· ;;; ~,,,. 

. '. ; ::·. r·> is necessaey:'lo prevent the appearance of spurious cuts in the numerator 

. ·/~f-,}::function or ~:l 1 (p 1p 1 ;k). A separable potent~al cannot change sign in 

, :r : ~\;;~·,';. r\ 
: .. ; .. ,:­

. ,: •/ . 

.~. _. ' 

. :. ' 

i· ~ 

' I. 
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.·i·: '·. 
which is a ·de.fect common. to this and a.ll earlier separable potential 

.· .:, 

approaches, Finally, t}lis potential is Hermitian and. leads to an <:1 

: off-energy-sbel::J,. amplitude with the same analytic structure as tha.t 

obtained from the Lippmann~Schwinger equation in local potential 
;:, 

: thepry. The same trick could be used with other potential shapes, 
r '•" 

,. 
' 

. t', 

.... 

,.: 

r '· > ···. 
··. - ' .. ,·.( 

' ' ( ~ 

but then our analyticity arguments might not hold. 

·III •. SEP.ARA:BLE POTENTIALS WITH EXPLICIT ENERGY DEPENDENCE 

Let us. now consider the introduction of an expl:L.cit energy 

,: dependence into our separable potentials. 

' .~ I 
We choose a Hermitian energy-dependent separable potential of 

':. 

. ' ·" : ;.·: where : 
1~ ' • '-: l 

I, •, '.: 

1 -pk 

, ··.·· r .. • :<'. ~· .• 

' . ' ~ :·. .... 
. . 

) ' 
'I· for 

. -. r . ~i.\ 
k~.' > 0 . (:scatte:d.ng region) • 

. . ' ~ ~ 
. , f/ 

" 
. . •" '~ .... 

''·. ·, 

.}·::::~ 
\, ·~ 

0 ;-Ybo\md-state region) • 
:? ~·. 
l1 ;;(r.~' 
'·.\' i. 
' f,, 
' t 

1~ 

. :~ 

'., 

( 2 t k
2 

t "/)r2 p 
' QR. 2pk 



' .. , 
·: ' .. ~ . ' . ~ ' 

'. 

·I~ 
. · 

1
. 4u 

1 
2 
p 

; ....... 

+ 

for 

UCRL 16614 

k2 + 2 

) . lJi 
2pk 

p > 0 and k2 > o, and .. 

:>/:\~_must- 'be of definite sign tor p > 0. · The k independent form vas 
·-.-~:._<:~£,{: ~··· ~ .· .· . . '; ' . t 

.. ···:· ;·f<·t r·-.' · . · , . . 
·; "i) , .. , .. chosen in the bQund-state region to avoid the introduction of cuts 
.· '-~\-.-< .. :.- . . 7. ' 

'· "-'l. 

• . c~ •• ; siniilar to those which appear in the Noyes and Kowalski approximation 
' :~. ·,.::~> : .. : . 

.r.,·:. and to insure Hermiticity. That is, if the form used for k2 
> 0 

. '· 

-~A':;:_ were used for k2 < o, 
. -~" . ,., ~;' 

t ':_·I 
we would encounter two problems 8 cuts and 

~ ; 

non-Hermiticity. 
. ' . 

The form chosen in the scattering region, the 
.. I. ~- -, ~ ' 

•'l-; ' . q ,_::··:·.square root ot a superposition of Yukawa potentials in momentum. space, ... 
:_:·,was picked because numerical analysis has shown that. it represents 

_:._.;. 

< ,"·:' 

the'on-shell scattering amplitude from a superposition of local Yukawe. 

potentials substantially better than the generalization of Mitra's 
·.'~·,·· 

· ···.·:form does for t > 0 and in the scattering region. Note that when 

,··.· p = k (on the energy shell) this new separable form reduces to the 
._.;,: 

· · earlier :form 

. : ~·:·t.f·;' 
. ' ' _.;·.::_l{ 

_::··,\;tor .all- valu~~~\ of. k2 • 

''J". :• .. 
. . ~-~ . . . 

a [L 
. i 

1 

~ ( 

lJ 21] 1/2 
Q 1 + .....!._ 

. R. 2k2 

Considering the on-shell prop~rties ot this 
I 

• 

If 

.. " 

t r 



.• 

.,; ' 

' •.. 

'.;"". . · .. ' - 7 

potential turther,.we see that it satisfies Mitra's criteria and 

thereby leads to an on-shell two-particle amplitude which has the 

same analyticity properties as those proved for a superposition of 

.. _: , Yukava potentials in local potential theory and that it is "equivalent" 

.: ~ ' . 
\ 

'.)' 
1: . 

... :lj : 
. ·' 

to a local Yukawa potential in the same sense as the earlier form. 

Wl1en we turn to the more general properties of the potential 

and the resulting amplitude (i.e. p f k} we see that, although the 

introduction of an explicit energy dependence in the potential does 

., .. not impair its usefulness for multiparticle scattering calculations, 
I 

we can no longer speak of analyticity properties of the 'resulting ampli-

. · tude in the whole k2 plane; instead, we may speak only of the 

analyticity properties in the half planes k2 > 0 (scattering region) 

and k2 
< 0 ·(bound-state region). Of _course 1 vi thin these regions, 

separately, the amplitude tt(p,p';k} from our energy-dependent 

separable poiiential has the same analytic structure as the amplitudes 

~~om both the earlier energy-independent separable potential and the 
• f "-t; .• 

' '. 
; /1. local potenti~ theory approach based on Yukava potentials and the 
'.~. ~ . ; .... 

·. · '. Lippmann-Sch:$nger equation. ~:o sum up, this potential leads to an 
'.~ ~ \. ,. ~-.. ~ 

i,>~ ,. ' off-shell scat
1
tering amplitude with a discontinuity between the 

· ... ,· 

.:; 

bound-state 8.n,d ,_scattering regions, while the on-shell scattering 

amplitude tha~ one-obtains from this potential has no such discon-

.tinuities an~ has analyticity properties identical to those obtained 

in local pot+nti&l theory from a superposition of Yukawa potentials • 
. ·.' ' Jt.~i~ ; : ~~ r: We s,~~l want to see some benefits to this energy-dependent 

,; ·,·_,separable poi,i!htial before we accept the accompanying ldss of analyticity 
' . 
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<J- . I}':](.\::' :·; :':\ >:·:'~ i · ....• ·.· • - a 
. ·. · ;.;;f;;:;;., ·~~properties~ ·\·It·will. develop that the energy-dependent separable 

. >.. ':~·~i~~~;~ ... ~~: ..... , .. · ,~· . ' . .. " . . . . 
-~ .. :. ),:;:·_,:> .. form represents the on..;shell 'scattering amplitude obtained from a 
:· ·.(i::;''.:O.. . 2 

;-·.··c·-.;{·':locai ;Yukawa·potential for· i > o in the scattering region(k > 0) 
.· . . . "'···· . : .. ~ ~:. .. :.:~r ... 

. ·substantially better .than the corresponding energy-independent form • 

. '. ~· -'~·:-:r·~·>~:{ Tltis will be 

. .. · ~~<·~. ,· ::."~: . ' 
seen in Eqs. (1) and (2) below and in Figs. 1, 2, and 3 • 

":.; .~· ' ~ ·)0: I·,.~ 

. :. ·:: .. :··_; .. ~)~;·. ' IV. RESULTS 

~, ~ <> t-:~· .; ' 
• ,: t, ~· We have studied numerically the real and imaginar~ parts of 

· .: : .. , , ..•.. the on-shell two-body transition amplitude t R. (k) in the scattering 
·'.. •i<i. . 2 ' ' . 
-.. ,.,_t : · region. (k > 0) for amplitudes obtained from 

(a) Solution of the Lippmann-Schwinger equation with a local 

~ :. ·:::: Yuka.wa potential: 11 V( r) 1:1 Ge -l)r /r with G = I) = 1 • 
~ • '" . r 

(b) Mitra 8 s potential, 

'' 

··. 
.. -~ 

<:with. •' ·' i 

. ~· ~ ~·. \. .......... 

' ..... 

,'' ,, .. . . ,. 
I ~ ~ o • ,' 

. '~.· ' 

. t 
I' ·. ::(,• 

, ! 

.. . ).s1<P) ., :=. 
' ,' ' • . r • ~ • 

. ' ':( '·. 
.·t 

; ' " ·r 
and o -~· p = ~ = 1, and 

.'( 2 l] 1/2 Q 1 +~ 
. t 2 

' ' 2p ' ' 

(c) :The potential proposed in this note, 

' ·~ 

L' : 

.. ·.r " . 
' . 
.... 

.. . ..~ 

• 



l· ,:t_ 
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.. ~ . 

~ '. 
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• .. · 

We use a system of units in which ~ = 2m = 1 and the range 

'.'R of the potential '(R = 1/lJ) is taken as the unit of length, so that 
' . 

I 2 . 2 
the unit of energy is -.f'i /2mR • ·The Lippmann-Schwinger equation for 

the transition amplitude is 

~
co 2 

•. : 'ti(p,p';'k). = :v
1

(p 8p 1
)- 4n dq 2 2 

q ~ k - ie: 0 

(a) For a Yukawa potential, V(r) 

'' . 

! \; .. : 

and 

··./ ·, .. the equation 11as solved numerically • by matrix inversion techniques, 
. ~:. i . -. ' 
·.··.··•.·.:r' 

,; __ . 
·: i 

for various .e. ·and · k values. 

·.(b) For Mitra's separable potential 0 the solution can be given 

explicitly:· 

J' ., ~ .• ( 2 )ll/2 x G Q 1 .;.. .....l!..-
4 2 ,2 . R. ') .2 J . 

1i p •. p - . ~ . '. 

! ' 
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. ' :' :;:"'7· .. :·1,,·····-r .·•· ... .< .. - 10 

' . ~ 

. • :·. l- -' --. . • ', . "·<, .. 

-·.and.·. 
} • : : ~. . ~ : i ,• 

-·· " ' . ,f:· 
\~ .. · .~. 

-·· (.,'.. ;"·'·.:' 
.. 

,-· 
.-_;_ t.... ' 

. .'.:. : ~- .··;' . . 

(i) 

;.. ·' .. . ' ., . 
• ./i ,,· 

'• ~ '· 
•· '" 

.• i' ' ~ ~· .· 

·; ~ -'~: .. :' C~ ) .. Fo:r . the potentiai proposed in this note, one finds, analogously, 
. . . ~ . . 

• ' ~I ' 

,;, ' 

~ : : .. ·. . :. , ·. 

'.'!. 

, · and 

. , .. ·_ 

·.I 

1 •• 

--~ G = 2 
411' pk 

. )( 

[

. G 
2 -

_411' p'k 

. :. . . . . r ~ 

Q p' +k +H 
( 

2 2 21]1/2 
.t 2p'k 

G QR..(l 2) .~ 
411'2k2 2k2 

.. · 

4• \m 2 [4~qk 1 + dq 9. 
2 2 

q -k -i£ ·. ' ' 0 

.·. -~ . 

· , tor · ~- > -o • 
. , 

Q 9. +k ·~ ( 2 2 2l] 
R. 2qk 

, _ :Note ·fhat even though the two separable potentials and their 

(2) 

Born terms are equal when p = p 1 = k (on the energy shell), the 

expressions (p and (2) for the full on-shell amplitude are different 
. ;;!·~ 

- because of tfi~ explicit energy dependence of our potential. In spite 
' 

rA. 
of this, exp~~ssions (1) and '(2) seem to give nearly identical results 

•. 

( ' '-
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. · ... 
'.·· : ,-, J, .... . : . ' .' ~~ . ' 

- 11 -
,W.. : I > ·. · (to ·within · 1%) tor .e. = o, although the difference is rather 

I .. (·.· 

pronounced tor .e. > 0 and G > 0.5. 

· .. ,· 2 3 . 
Noyes and Kowalski have derived for the on-shell transition 

amplitude trom local potential theory the expression 
(' 

VR.(k 0 

= 
k) 

' co 

\ 2 
1 + 41f dq 9. 

2 2 
0 q -k -ic 

.. 
/ .. 

where satisfies a nonsingular integral equation, and 
. l 

When v1(k, q) is a Yukawa potential, this becomes 

4.~k2 Qi(l + 2~~) 
t.t(k), • 

. 1 + 4• \: dq q2_:: -i< [ •• ~kq 
il Thus, the numerator and the imaginary part of the denominator of our 

expr~ssion (2) and this expression are identical, and they differ only 

.J .:.· •• • 

.. / ., 
. ~. ' : .... 

' ~ •·. 
,; .1-l,: ·,, 

in the factor f 1(q 1 k) in the principal value integral. Finally, 

f.t(q, k)· is close to unity in the vicinity of the singularity at 

q = k •. One may also note that the transition amplitudes obtained from 

the expression above and the expressions (l) and (2) approach each 
. . 

l 

. {. <; ; other at high · k as the contribution from the integral term in the 
jf 

·: . , . denominator ~.~comes less important • 
.. ,_ ;,1> 

.', · ..•.. '.. 1.:' ' 

We ha~e investigated numerically the behavior of 
~i. 

·:. :_ obtained froii}~~the three approaches mentioned above, as a function of 
~ .... . ·;:~; 

We have he!ld 
-~ ~: 

'' 

fixed(~= 1.0), as l R=- has been taken as the 



'· 

wave, where both separable potentials 

, ·G = O.O;L to G a 15o0 and found that the results have the same 

~._;.:'qualitatiye behavior as those for G = 1.0. 
-~ ... 

I For the ~ part of 
' ' 

' t 1 (k) • we find that: 

(a) the agreement of' the separable potentials with the Yukawa 

k ::a 0 in the s .wave, 

both separable potentials lead to the same results for R. = o, 

(c)·· for R. > o, the agreement of the separn.hle potentials with the 

is poorest at the peak 'in the curve of 

(d) for 1 > o, in !.!!. cases the curves from the potential pro-

., .. posed in this note lie higher (and thus closer to the curve from the 

~',_ :··:local Yukawa potential) than the curves from Mitra's potential, even 
. ,_· 

... _;.;\.~ 
··though the difference may be negligible for small G, 

; • •. , 1.· •• 
(e) in ~case did the curves :from the separable potentials lie 

· . ·obtained :frobH either of the separable potentials considered, and 
~·- ~ 

• ; ~. : r 

;,· :·. 
-.:. 

' ~- .. , ·• : 
'·' 

,· 

·" 

.,! 

'. 
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, ' > . '. '(r) -the agreement of the separable forms with the Yukawa potential 
1 ' 

1.0 and deteriorates as G becomes greater than 1.0. 

Let us look at the results in more detail. For G a 0.01, 

we get 97% of the Yukawa amplitude from the separable potentials at 

k a 0 in the s wave. In addition, both separable potentials give 

essentially the same result in all partial waves and these results 

never differ from the results for a Yukawa potential by more than 3% • 

. For G =-0.2 8 ·we obtain 91% of the Yukawa amplitude from the separable 
! 

potentials, at k = 0 in the s wave, the amplitudes from the two 

separable potentials never differ from the Yukawa amplitude by more 

than 10%, and (for t > 0) they never differ from each other by more 

than 5%. 
\ 

Therefore, for G less than about 0.5 one can use the Mitra 
- i 

separable to~ as a good approximation to a Yukawa potential in all 

partial wavest This is because both separable potentials lead to 

" ·r 
amplitudes wh$ch are approximately equal to the amplitude from a Yuka.wa 

' : potential, and the Mitra separable potential leads to an amplitude with 

the correct an~yticity properties for the fUll off-shell scattering 

amplitude. For' G greater than about 0.5 and 1 > o, the curves 
I 

of t 1(k) vs k from the potential pr6posed in this note agree with 

·the curves from a Yukawa potential nubstantially better than the curves 
' ' 

from Mitra•s
1
;potential (see Figs. 2 and 3). As a further example, 

consider 
(--

G ii:::5.0, ·where we obtain 49% of the Yukawa amplitude from 

the separabl~~;';potentials at k r:: 0 in the s wave, For .2. a 1, at 
~i'': >!~ 
~;I . ' 
t< ;, 

1 



. ~: r:: 

'. ~ . 

' j ,' 

. . ~ 

< -.' ~ ' 

. ·- .• 

... 
'' ~ . ; ' 

' . 
'•' ' 

' ~~: ~ t... f . 

' .': ~ . 

·'' . UCRL 16614 
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i\::'• ,.::·.~·<~· :~::::~· :;:: :,-:.;: .. :' : .. ·' . . . 
~: :~ < . .'. th~ peak' ~t · .. the·. curves. of where the agreement with ... ,' 

,:}'t :· > .. th~ amplitude froin .a Yukawa potential is poorest, the amplitude from 
... 

·:. f:.~:<-: .. tne ;potential in. this note is 79% of the amplitude from a Yuka.wa , . . . 
· ;, : ·. · :: _: · · pot~ntial e while the amplitude from Mitra's potential is only 4'(. 5% 

. ., . ~ ': . ~ :· . 

' < · of the Yukawa amplitude. For R. = 2, at the peak of the curves , 
'}::., ...... 

. ~ ., . . 

the numbers are 89% for our potential and 56% for Mitra's potential. 
··" ·.' 

For· G greater than about. 5.0 both separable potentials ·give very 
·' 

f ' ' . • ·, r 

:·-·'"":·.r·- poor representation of the on-shell scattering amplitude from a local 

. ••. • .' •• , ~ '. t .. 
Yukawa potentiale For example, for G = 15.0, we obtain only 35% of 

,, :.:· .· :\ the Yukawa amplitude from t;he separable potentials at 
. ,~ .. _· ..... ~ 

... 

I 

k = 0 in the 

'1 .... · 

I l' ·,• 

advantage over Mitra's potential for R. > 0 and G greater than 

, ~:, ·;_ .. ·:··.about 5.0, they are both so poor that.the advantage seems unimportant. 

. : .· .. · The same kinds of remarks could be made about the imaginary 

:, \: ·· · part of the on-shell amplitude t 9.. ( k) which shows the same general 
> \ 
' .··;, .· 

,; ·. 

: · .. • .. 
',.. ~: 

. . ' . ~- ~ ·,. 

• # ..... 

. '--~~~- ·' •. > . '· 

.· l ... "' 

.· , '·.,-,. 
':·· •t"• 

behavior as the real part. However, for G less than about 5.0, the 

imaginary parts are small and the imaginary parts of the amplitudes from 

both separable potentials are quite similar. 

V. /SIGN CHANGE AND ADDITIONAL BOUND STATES 
I 

All. sJp~able potential approaches which have been studied, 
'· 
I 

including those in this note, suffer from tvo major defects: 

(a) The potentials are not allowed to change sign in momentum space • 

(b) The '~tentials can support only one bound state • 
i '· 

:We have ~ot~~;that an explicit energy dependence in a separable potential . ~ . 

· ·does not impkt;r its (practical) usefulness for multiparticle scntterine; 

.• 
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calculations·~ · Thus one might take a potential of the form 

... 
VL(p,p'; k) a f(k2 ) gL(p, k) g1(p', k) 

'·~ . 

'· 

.. 

, .. .. ';' 

and-attempt. to circumvent the limitations mentioned above by proper 

choice. of the function ·f{k2 ). [ve choose f(k2 ) to avoid making the 

pot~ntial non-Hermitian if. gL(p, k) g1(p' 1 k) is already Hermitian] 

However, this will not work 0 because.any singularities in f(k2 ) will 

. appear in ~the numerator and denominator functions of the resulting 
l 

two-body scattering amplitude. However, the numerator and denominator 

functions are supposed to have no singularities in common. Thus f(k2 ) 

must be analytic for all k2 , and since it must be bounded to keep the 

potential finite, f(k2 ) is a constant by Liouville's theorem of 

analysis. 

CONCLUSION 

We have shown that one may obtain a two-particle partial-wave 

scattering amplitude from a single separable potential which has the 

same on-shell Born approximation and the same analyticity properties 

as the amplitude obtained in local potential theory from a sunernosition 

·of Yukawa potentials. This is subject to two restrictions; 

.1. The separable potential can support, at most, one bound state, 

2. L G~; ~ QL(l + ~i: l 1 the on-shell Dorn approximation of 

i . 411' •, ·~. k 2k 
. ~ I 

the superposition of Yukawa potentials, must be of definite sign for 
," ·-~~-

t k > o. 

.I ~ 
l t• ........... 
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We may obtain an on-shell scattering amplitude which represents the 
' :.?,.'; ·•~:-·' ~., .;·· ,\: .~: < .. : I·; 

;-. ~ ~ ' ; ~ 

;,: ;·,\.:;: on ... shell-.amplttude ob~ained,from. a local< . .Yukawa :potential substantially 

: .. ~.:::_::better (for R. > 0 and G :> 0.5) than the method mentioned above, at 

:::: · '·~the cost of introducing a discontinuity between the botind-state 
·.· .... k ... · ... ·' 
. ·"' 2 2 

. ~ ;·· · ·• ( k < 0) and scattering ( k > 0) regions in the off-shell amplitude 
.) 

· •· .··. (the on~shell amplitude is E.2i affected). That is, we obtain a two-
. •\ ~ ' 

.:' . part~cle partial-wave scattering amplitude from a ·single separable 

:, : ·potential which has the same on-shell Born approximation, the same 

, on-shell analyticity properties and, in the regions 

k2 
< 0 separately, the same analyticity properties 

k
2 

> 0 d an . 
I 

as the full 

off-shell scattering amplitude obtained from local potential theory 

•:with a superposition of Yukava potentials. This is subject to one 

furthe-r . restriction in add! ti1>n- t·a those mentioned above. That is, 

·'the. "uperposition ot Yukava potentials in momentum space, must be of 
'· 

definite sign for p > 0 and k2 > o. 

Finally0 for t = 0 and G less than about 5.0, both of 

.·the separable .~otential forms in this note lead to the same result, 

which represents the on-shell scattering amplitude from a local Yukawa 

'potential quite well •. In addition. Mitra•a· :form has the advantage 

that it leads to the correct analyticity properties for the full 
_ .... t 

"' . off-shell amplitude. For t > 0 and G less than about 0,5 both 
,•";,!; 

separable po~~.ntial forms lead to amplitudes which represent a Yuka.wa 
{ ~~-( :~ 
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· . •· :·:· potential quite well 0 but the superior analyticity properties of 
'.I I . 

J i .• . ;:-

i, . 'Mitra's form.lead us to suggest its use in this case. For .9. > 0 

and G less than about 5.0 and greater·than about 0.5, our 

separable potential leads to an amplitude which represents the 

~v on-shell scattering amplitude from a Yukawa potential (in the scattering 
, .. 

. -:··region k2 > 0) substantially better than the corresponding amplitude 

using Mitra's form. The improvement is such that we might suggest 
: ·' 

:- :1ts use despite.the attendant introduction of a discontinuity in the 

'full off-shell amplitude. 

For G greater than about 5.0, both of the separable 

potential forms in this note lead to poor representations of the 

.scattering amplitude from a local Yukawa potential • 

• ,_! 

:t; 

' . 

· ... 
~ ' 

' . . r 

., 

' . ., . 
··:.- .'! i .. ~ . ' . . . .·.I. 

·:--···· 

. '·: 
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FIGURE CAPTIONS 

Fi~~·,l.: :t1 (k} vs k for 1 :r o. The upper curves are the real 

parts of from the various approaches; the 'lower 
..,,,· 

··curves are the imaginary parts. The· curves vi thout symbols 

. are the curves of from a local Yukava potential; 
..... ....... 

. . . · ~ the mar.ked curves represent t.t{k) obtained from the two 
-~ ._ . ) \·' · .. •' t . .~.. • . • ; 

.. : ', :· '. ·; ·_-separable potentials, which give identical results in this 

. .,·. t·/ . 

. '• 

case • 

. _Fig~_ .2._· · t 1.{k) vs k for R.. :r 1 •. The upper curves are jthe real 

parts of t 1{k); the lover curves are the imaginary parts. 

. ~ .' :. . - ~ . ' 

The unmarked curves represent t.t (k) from. a ·local Yukawa 

:potential, the curves marked with x represent t.t{k) 

.from Mitra's separable potential, and the curves between 

'. 

, .: ·•. ·them represent t 1 ( k) from our separable potential • 

fig~ 3 •. t 1(k} vs k for 1 :r 2. The upper curves are the real 

·parts of t 1(k); the lover curves are the imagipary parts. 

.. ·The unmarked curves represent t 1(k) from a local Yuka....,a. 

.· 

,··· . 

. . 
•. 

.'··I 

potential, the curves marked with x represent t.t{k) 

from Mitra's separable potential, and the. curves between 

them represent t 1(k) from our separable potential. 

·~ . 
'· :' : . . ·., -~)1~~ 

::.,~ ·~~ ' 

<j 
··.·. 

!, • 
·., .. ·,. 

t •·. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on beha1 f of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






