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This dissertation focuses on a new class of electromagnetic devices and sources, whose work-

ing principle relies on the engineering of their operating point condition into the so-called

exceptional point of degeneracy (EPD). An EPD is a point in the state space of a dynamical

system that refers to the condition at which two or more eigenmodes of the system coalesce

into a single one, and bifurcate as a system parameter changes. The surge of interest towards

the EPD concept has led to different and unique properties associated with the emergence of

these points in a system which has various potential applications such as enhancing the gain

of active systems, enhancing directivity and tunability of antennas, and enhanced-sensitivity

sensors.

A comprehensive investigation of EPDs in periodically time-varying systems, in analogy to

the EPDs found in spatially periodic structures, is presented in this dissertation. We de-

rive the conditions for EPDs to exist in time-periodic systems and show that even a single

resonator with a time-periodic component develops EPDs. Furthermore, we experimentally

demonstrate the existence and high sensitivity of such an operating point to external pertur-

bation. Moreover, we propose a design of a biosensor based on a temporally induced EPD

and show the ultra-sensitivity and scalability of the designed biosensor to different bio sam-
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ples. Furthermore, we show that introducing time variation into an absorber structure could

potentially increase the bandwidth beyond the physical bound, breaking the bandwidth limit

of standard absorbers.

In this dissertation we also design metasurfaces for different wave manipulations. We design a

chiral metasurface for simultaneous perfect bending and polarization rotation of the incident

wavefront, and we also present a general synthesis method of cylindrical metasurface design

for exotic wave manipulation.
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Chapter 1

Introduction

In this chapter, we focus on giving an introductory discussion along with a short literature

review of the previous works within the topics of this dissertation. In addition, we introduce

the organization and different chapters of this dissertation.

1.1 Time-varying systems

A time-varying system is a system whose output response depends on moment of observation

as well as the moment that the input signal is applied. In other words, a time delay or time

advance of input not only shifts the output signal in time but also changes behavior of the

output signal, i.e., time-varying systems respond differently to the same input applied at

different time instances.

In fact, any real physical system is time-varying at least owing to the flicker noise in its com-

ponents and environmental influence (e.g., thermal noise) making the operator variable. In

some applications, it is allowed to ignore such a nuisance dependency as being insignificant.

In another ones, the effect results in substantial violations of system’s characteristics. More-

1



L ( )C t

+

−

( )i t

( )v t

Figure 1.1: LC circuit with a time varying capacitance; A simple example of a linear time-
varying system.

over, it can be generated artificially to attach some special properties to systems. Examples

are the linear parametric amplifiers with their ability to remove spectral components from

one frequency region to another and tracking filter following with time the carrier frequency

(or phase) of the input.

A basic however instructive example of a linear time-varying system is a parallel LC network

shown in Fig. 1.1 which can be described by a second order equation in the capacitor voltage

v. If the capacitance is a periodic function of time then this equation will have some periodic

coefficients and is thus a Hill equation [7]. Imagine the capacitance can be varied in value

by mechanically changing the plate separation and suppose the system is provided by initial

energy at some earlier time. Therefore, now the energy in this system is oscillating back

and forth between the capacitance and the inductance at a rate determined by the resonant

frequency of the combination. This interchange of energy can be observed by examining the

voltage across the capacitor versus time.

In practice the capacitance in the illustration would not be pumped mechanically (e.g.,

changing the distance between the plates) but rather an electrically variable capacitance

would be employed, as is described in chapter 3.
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1.2 Exceptional points of degeneracy (EPD)

In general in electrical systems the state of the system might exhibit coalescing eigenvec-

tors where a parameter from the parameter space of the system is changing; this point

with coalescence of eigenvalues and eigenvectors is called exceptional point of degeneracy

(EPD) [3, 6, 8–12]. Likewise, in electromagnetic propagation eigenvectors in a multimodal

waveguides may coalesce into a single eigenvector when varying frequency or other geomet-

rical/physical parameters of waveguiding structure [13–17]. EPD is associated with gen-

eralized eigenvectors leading to diverging (growing) waves in time as well as space as we

will elaborate in chapter 2, 3 and 4. We investigate in this dissertation EPD conditions of

resonant eigenvectors in time-varying structures, i.e., a parameter of the system is varying

with time [12, 18, 19]. To avoid ambiguity; this EPD is a more strict condition than having

simple degenerate modes in waveguides, in which two modes may have the same eigenvalue

(wavenumber) but different field distributions (e.g. two TE11 modes in a circular waveguide

with orthogonal transverse field polarizations). In the latter case, the eigenvalue problem for

finding eigenmodes comprises a diagonalizable system matrix, however, under EPD condition

the system matrix is non-diagonalizable. Note that the system matrix notion description is

ubiquitous for analyzing the eigenvalues and eigenvectors, also in other dynamical systems.

Generally, EPDs are not common but can be found or engineered in many structures since

they can be very useful to conceive a variety of improvement on devices performance.

Real spectra of non-Hermitian operators (such as those obeying Parity-Time (PT)- symme-

try) and the occurrence of EPDs have opened new horizons on several frontiers of physics,

including quantum field theories and quantum interactions [20, 21]. The concepts of PT-

symmetry have been employed in optics; and interesting properties have been observed in

coupled waveguides and resonators with PT-symmetry when the system’s refractive index

obeys n(x) = n∗(−x) where x is a coordinate in the system [22–24] (see examples of PT-

symmetric structures in Fig. 1.2). By tuning one of the system variables, e.g., frequency,
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gain and loss parameters, coupling, etc., the eigenvalues of a PT-symmetric system transi-

tions from being entirely real valued to be complex, and the transition point is in fact an

EPD [9, 22, 25]. In the radio frequency region, there has been some studies on EPDs and

PT-symmetry in lumped circuits (Fig. 1.2(c)) [25–27] and in a microwave cavity [28]. Aside

from the interplay between gain and loss in PT-symmetric coupled-mode structures [10, 23],

it is important to note that PT-symmetry is not a sufficient condition for a real-valued eigen-

spectrum. Optical PT-symmetric structures have elicited a great deal of attention, leading

to many interesting observations, including the demonstration of low threshold lasing and

laser absorbers [29–31], enhanced nonlinear effects [32], as well as metamaterial-based field

manipulations [33].

Another class of structure exhibiting EPDs are those with spatial periodicity without the

presence of loss nor gain. The simplest degeneracy is found at the photonic band edge of

periodic structure, where a regular band edge (RBE) at the edge of the Brillouin zone is

manifested. The RBE represents a point at which two Floquet-Bloch eigenwaves with two

wavenumber k and −k + 2π/d coalesce (both in wavenumber and eigenvector) at a single

frequency, where d is the period of the periodic structure [6, 8, 16, 34–40]. At this point

the group velocity vanishes in a lossless system. Other degeneracies occur at the cutoff

frequency of waveguides or at zero frequency. Periodic structures in particular can offer

interesting degeneracies related to the electromagnetic band gap existing in the spectrum of

modes, which would not be attainable in uniform waveguides.

Similar to EPDs induced by spatial periodicity of the structure, EPDs also can occur when

the system is periodically time-varying. Under certain conditions in the time-periodic system

the eigenvalues (e.g., resonance frequency) and their corresponding eigenvectors coalesce

[12, 18, 19]. These systems are the focus of investigation in this dissertation.
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(a) (b)

(c)

Figure 1.2: Various designs of sensors based on EPDs. (a) A parity-time-symmetric micro-
ring system with equidistantly spaced cavities. The side resonators experience balanced
gain and loss whereas the middle one is neutral [1]. (b) electric-field distribution in an
exceptional-point sensor, which has degenerate eigenfrequencies and collinear eigenvectors
[2]. (c) Schematic diagrams of a typical sensor system, based on two magnetically coupled
LC resonators [3].

1.3 Application of EPDs

As it was mention earlier, EPDs are implemented in systems by meticulously designing

parameters of the system leading to many interesting applications, including the sensors

with ultra sensitivity to perturbations, oscillators with low lasing threshold and low phase

noise, amplifier with high gain and efficiency, and enhanced nonlinear effects, as well as

metamaterial-based field manipulations. In the following we represent a few applications

that the use of EPD as the operating point has improved the performance of the system.

1.3.1 Sensors

Traditionally, a very small perturbation near an optical microcavity introduces either a

change in the linewidth or a frequency shift or splitting of a resonance that is proportional
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to the strength of the perturbation. However, using alternative sensing scheme, by which the

sensitivity of resonators can be enhanced when operated at spectral degeneracies known as

exceptional points. Therefore, exceptional points can be utilized to enhance sensor perfor-

mance and design a ultra-sensitive sensors working at an EPD. As discussed, In PT-symmetry

systems, EPDs are achieved when the gain and loss parameters, are delicately balanced. Un-

der such condition PT-symmetry sensor system is expected to exhibit real eigenfrequencies

and leads to sharp resonances, beyond the constraint for passive systems, thus providing

improved spectral resolution for sensing [1–3].

For instance, in [1], the authors report the observation of EPDs in a coupled cavity arrange-

ment, parity–time-symmetric photonic laser with a carefully tailored gain–loss distribution

where the authors investigate the system in the spectral domain and find that the frequency

response associated with this system follows a cube-root dependence on induced perturba-

tions in the refractive index (see Fig. 1.2(a)). This illustrates the high sensitivity of a system

working at an EP to structural perturbations.

In another study [2], the authors demonstrate a sensing scheme using microcavities which

the sensitivity can be enhanced choosing the non-Hermitian spectral degeneracies as the

operating point. The sensor, comprises a whisperinggallery-mode microtoroid cavity and

two nanoscale scatterers which tune the light propagation in the microtoroid, resulting an

exceptional points (see Fig. 1.2(b)). As shown in the figure, nanoscale object approaching

the cavity perturbs the system from its exceptional point, leading to frequency splitting. This

frequency splitting scales as the square root of the perturbation strength and is therefore

larger than the splitting observed in traditional non-exceptional point sensing schemes [2].

Figure 1.2(c), shows a design of a wireless radio frequency sensor system where the concept

party–time–reciprocal scaling (PTX) symmetry is introduced and used to build an RF sensors

exhibiting ultra-sensitive responses and high resolution. PTX-symmetric electronic systems

show the same eigenfrequencies as their PT-symmetric counterparts, having different circuit
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profile and eigenmodes which can be crucial in designing the electronic circuit [3].

In this dissertation, we show that using time-periodic variation we similarly induced EPDs

into a resonator which in turns leads to the ultra-high sensitivity of the resonance frequency

to structural perturbations. In chapter 2, we present the theoretical explanation and of

how such a time-varying resonator exhibits EPDs, then in chapter 3 we experimentally

demonstrate the existence of such an EPD and ultra-sensitivity of the resonance frequencies

to the capacitor perturbation. In chapter 4, we use the concept of EPDs induced due to

time-variation in a resonator and design a highly sensitive radio frequency biosensor.

1.3.2 Oscillators

Efficiency enhancement in oscillators is one of the most important aspects toward achieving

superior performance of RF and microwave sources for a variety of applications. Researcher

have proposed new oscillator concepts based on the degeneracy condition [4, 5, 17]. EPD-

based oscillators utilize the modal degeneracy that exist in a structure made of cascaded

unit cells where the unit cell is precisely design and tuned. Potential advantages of oscilla-

tors based on degeneracy concept are that their oscillation threshold is relaxed, oscillation

frequency is independent of loading, and they do not need active output buffer stages for

the load termination, thus, improves efficiency.

The modal degeneracies, i.e., EPDs can be conceived using spatial periodicity in coupled

transmission lines which results in coalescence of four independent Bloch eigenmodes, forming

one single eigenmode and the band edge [16, 34]. Moreover, uniform coupled transmission

lines with gain and loss balance exhibiting EPDs are designed [6].

Figure 1.3 illustrates examples of the oscillator designed exploiting the modal degeneracy

in spatial-periodic coupled transmission lines. Figure 1.3(a) represent an oscillator scheme
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(a) (b)

(c)

Figure 1.3: Distributed oscillator designs based on EPDs. (a) Unit cell of a periodic double-
ladder lumped circuit [4]. (b) Example of an SWS with four degenerate modes [5]. (c)
Schematic diagrams of coupled microstrip lines oscillator design on a grounded dielectric
slab based on fourth-order degeneracy [6].

based on degenerate band edge (DBE) in a periodic, double-ladder resonant circuit made

of lumped elements. The DBE is observed in the dispersion diagram of its phase-frequency

eigenstates and possesses high loaded Q-factor resonance, compared to a single-ladder circuit.

The DBE operating point in the double-ladder structure shows an oscillation threshold that

is half of its single-ladder counterpart. Moreover, the double ladder structure is less sensitive

to output loading [4, 40]. Periodically-loaded circular wave-guiding structure, shown in Fig.

1.3(b), is another example of EPD-based oscillator structure. The operation principle of this

oscillator is based on supersynchronous operation regime of an electron beam interacting

with four degenerate electromagnetic modes in a slow-wave structure that leads to a low

beam current for starting oscillations [5]. Third example in Fig. 1.3(c) shows a microstrip

implementation of an EPD-based oscillating array. The EPD condition is achieved through

spatial periodicity of the coupled microstrip lines. In this structure, gain elements are added

in each unit cells to compensate for the effect of radiation loss. Note that the gain and loss

balance regime in this system is used for recovering an EPD in the presence of radiation
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and/or dissipative losses, without necessarily reaching PT-symmetry regimes [6].

1.3.3 Amplifiers

A giant amplification scheme that can exceed the levels occurring in conventional structures

has been proposed and is demonstrated based on degeneracy condition concept [36, 41].

Classical high-power microwave amplifiers provide an efficient energy transfer from high-

energy electron beams to electromagnetic fields at radio and microwave frequencies; however,

dispersion engineering of classical amplifiers would potentially enhance their gain, efficiency,

and bandwidth [41–43].

In essence, the proposed operation regime relies on electromagnetic eigenmode degeneracy

in periodic slow wave structure (SWS), namely, the third order degeneracy typically referred

to as the stationary inflection points (SIPs) or fourth order degeneracy. The SIP condition

is found when three Floquet–Bloch eigenmodes in a periodic structure coalesce [8, 41]. The

periodic structures operating at and EPD when synchronized with an electron beam has

potential benefits for amplification which include: i) gain enhancement ii) gain-bandwidth

product improvement and iii) higher power efficiency, when compared to the conventional

periodic structure not operating at an EPD [36, 41].

1.4 Organization of the dissertation and contents

Chapter 2, we present in this chapter a general theory of exceptional points of degeneracy

(EPD) in periodically time-variant systems. We show that even a single resonator with a

time-periodic component is able to develop EPDs, contrarily to PT-symmetric systems that

require two coupled resonators. An EPD is a special point in a system parameter space at

which two or more eigenmodes coalesce in both their eigenvalues and eigenvectors into a
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single degenerate eigenmode. We demonstrate the conditions for EPDs to exist when they

are directly induced by time-periodic variation of a system that is without loss and gain

elements. We also show that a single resonator system with zero time-average loss/gain

exhibits EPDs with purely real resonance frequencies, yet the resonator energy grows alge-

braically in time since energy is injected to the system from the time variation mechanism.

Although the introduced concept and formalism is general for any time-periodic system, here

we focus on the occurrence of EPDs in a single LC resonator with time periodic modulation.

These findings have significant importance in various electromagnetic and photonic systems

and pave the way to many applications like sensors, amplifiers and modulators. We show a

potential application of this time varying EPD as a highly-sensitive sensor.

Chapter 3, we present in this chapter the experimental demonstration of the occurrence

of exceptional points of degeneracy (EPDs) in a single resonator by introducing a linear

time-periodic variation of one of its components, in contrast to EPDs in parity time (PT)-

symmetric systems that require two coupled resonators with precise values of gain and loss.

In the proposed scheme, only the tuning of the modulation frequency is required that is

easily achieved in electronic systems. The EPD is a point in a system parameters’ space at

which two or more eigenstates coalesce, and this leads to unique properties not occurring at

other non-degenerate operating points. We show theoretically and experimentally the exis-

tence of a second order EPD in a time-varying single resonator. Furthermore, we measure

the sensitivity of the proposed system to a small structural perturbation and show that the

operation of the system at an EPD dramatically boosts its sensitivity performance to very

small perturbations. Also, we show experimentally how this unique sensitivity induced by

an EPD can be used to devise new exceptionally-sensitive sensors based on a single resonator

by simply applying time modulation.
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Chapter 4, in this chapter we exploit the premises of exceptional points of degeneracy (EPDs)

induced in linear time-periodic (LTP) systems to achieve extremely sensitive biosensors.

The EPD is formed in a single LC resonator where the total capacitance is comprised of

a time-varying capacitor in parallel to a biosensing capacitor. We show the emergence of

EPDs in such a system and the ultra sensitivity of the degenerate resonance frequency

to perturbations. Moreover, we investigate the capacitance and conductance variations of

an interdigitated biosensing capacitor to the changes in the concentration of a biological

material under test (MUT), leading to subsequent large changes in the resonance frequency

of the LTP-LC resonator. A comparison with a sensor based on a standard LC resonator

demonstrates the ultra-high sensitivity of the proposed LTP-LC based biosensor. In addition,

we show the scalability of the biosensor sensitivity across different frequency ranges.

Chapter 5, in this chapter, we investigate the physical bound on the bandwidth restrained

by the total thickness for linear time-invariant absorbers. We show how to break the physical

bound in absorption-bandiwtdh by using a time varying element in the absorber structure.

This strategy leads to a wide-band absorber with absorption bandwidth beyond the physical

bound. An experimental proof of concept is implemented by using an equivalent transmission

line model for the multilayered absorbers, clearly demonstrating the bandwidth improvement

of this time-varying absorber.

Chapter 6, in this chapter, we introduce chiral gradient metasurfaces that allow perfect

transmission of all the incident wave into a desired direction and simultaneous perfect rota-

tion of the polarization of the refracted wave with respect to the incident one. We suggest

a possible realization of the proposed device by discretizing the required equivalent surface

polarization densities, and synthesizing the chiral discrete polarizabilities with properly sized

helical inclusions at each discretization point. By using only a single, optically thin, layer

of chiral inclusions, we are able to unprecedentedly deflect a normal incident plane wave

to a refracted plane wave at 45◦ with 72% power efficiency which is accompanied by a 90◦
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polarization rotation.

Chapter 7, in this chapter, we explore the use of cylindrical metasurfaces in providing several

illusion mechanisms including scattering cancellation and creating fictitious line sources. We

present the general synthesis approach that leads to such phenomena by modeling the meta-

surface with effective polarizability tensors and by applying boundary conditions to connect

the tangential components of the desired fields to the required surface polarization current

densities that generate such fields. We then use these required surface polarizations to obtain

the effective polarizabilities for the synthesis of the metasurface. We demonstrate the use

of this general method for the synthesis of metasurfaces that lead to scattering cancellation

and illusion effects, and discuss practical scenarios by using loaded dipole antennas to realize

the discretized polarization current densities.

Chapter 8, in this chapter, we show the existence of exceptional points of degeneracy (EPDs)

in two finite-length coupled transmission lines (CTLs) which are terminated with balance

gain and loss. We show the performance of such system under different gain and loss condi-

tions and different configuration of terminations. Moreover, we show the time domain and

frequency domain characteristics this oscillator and the oscillation frequency shift due to

perturbations.
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Chapter 2

Exceptional points of degeneracy

induced by linear time-periodic

variation

In this chapter we present a general theory of exceptional points of degeneracy (EPD) in

periodically time-variant systems. We show that even a single resonator with a time-periodic

component is able to develop EPDs, contrarily to PT-symmetric systems that require two

coupled resonators. An EPD is a special point in a system parameter space at which two or

more eigenmodes coalesce in both their eigenvalues and eigenvectors into a single degenerate

eigenmode. We demonstrate the conditions for EPDs to exist when they are directly induced

by time-periodic variation of a system that is without loss and gain elements. We also show

that a single resonator system with zero time-average loss/gain exhibits EPDs with purely

real resonance frequencies, yet the resonator energy grows algebraically in time since energy is

injected to the system from the time variation mechanism. Although the introduced concept

and formalism is general for any time-periodic system, here we focus on the occurrence

of EPDs in a single LC resonator with time periodic modulation. These findings have
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significant importance in various electromagnetic and photonic systems and pave the way to

many applications like sensors, amplifiers and modulators. We show a potential application

of this time varying EPD as a highly-sensitive sensor.

2.1 Introduction

Frequency splitting phenomena at exceptional points of degeneracy (EPDs) is adopted to

serve in sensing applications [2, 9]. Frequency splitting occurs at degenerate resonance

frequencies where multiple eigenmodes of the system coalesce. Such degenerate resonance

frequencies are extremely sensitive to small changes in the system which lead to a detectable

shift in the system variables. This concept is used in modern sensing devices such as optical

microcavities [2, 44, 45], bending curvature sensors [46] and optical gyroscopes [47, 48]. The

splitting point of degenerate resonance frequencies varying a system parameter is referred

to as an EPD and it emerges in a system when two or more eigenmodes coalesce in both

their eigenvalues and eigenvectors into a single degenerate eigenmode. The concept of EPDs

has received a surge of interest in recent years [1, 10, 23, 25, 37, 38, 49–51]. EPDs have

been found in non-Hermitian parity-time (PT-) symmetric coupled systems, i.e., systems

with balanced gain and loss [6, 20, 49–51]. EPDs based on the concept of PT-symmetry

have been investigated in coupled waveguides whose eigenmodes evolution is described in

space [9, 23, 52], and also in coupled resonators where the eigenmodes evolution is described

in time [1, 10, 25, 26]. EPDs may also exist in lossless/gainless periodic waveguides which

support multiple polarization eigenmodes that are periodically mixed and they usually occur

at the transmission band edge [8, 34–36, 38, 53–58]. In essence, EPDs are obtained when

the system matrix is similar to a matrix that contains a Jordan block [34, 59, 60]. At

the EPD, the system eigenstate is represented in terms of generalized eigenvectors rather

than the regular eigenvectors [8, 34]; which in turn leads to algebraic growth in the system
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Figure 2.1: Two examples of systems with time periodic variation: (a) LC resonator with a
time varying capacitor C(t). (b) Metallic resonator filled with a dielectric that has a time-
varying permittivity ε(t). These single resonators are able to exhibit EPDs when a precise
modulation frequency is applied.

eigenstates [34, 60]. There are different unique properties associated with the emergence

of EPDs which lead to various potential applications such as enhancing the gain of active

systems [4, 5, 11, 37, 61, 62], directivity in antennas [63], enhanced sensors [2, 9, 64], etc.

In this chapter, we demonstrate the occurrence of EPDs directly induced by temporal peri-

odic variation of a system. The newly introduced concept for systems that are periodically

time varying is analogous to EPDs found in spatially periodic waveguides [8, 34–38, 53, 58].

In Fig. 1, we show two examples of temporally periodic systems that exhibit EPDs. Note

that time variation was already considered in PT-symmetric systems with EPDs [27, 65–68].

The time variation was used to enhance some features in systems that already developed

EPDs due to PT-symmetry. In contrast, in this chapter we show that EPDs are induced in

a single resonator directly by periodic time-variation of the system itself, without the need

of elements that exhibit time-invariant gain. As an example, we demonstrate the concept

using the simplest possible resonator, i.e., an LC resonator, though the formalism is general

and applicable to any time-periodic photonic or radio frequency system. Remarkably, we

demonstrate that the occurrence of EPDs is solely due to time-periodic variations in a lin-

ear timeperiodic (LTP) system. Hence the presence of time-invariant gain or loss (namely
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a transistor, a pumped active medium, or material losses) is not necessary to generate an

EPD. When an EPD is directly induced by time modulation, as proposed in this chapter, the

system receives energy in a subtle way through the time variation process. Therefore, in an

LTP system the EPD is obtained by simply tuning the period of the time modulation which

is a standard practice in many engineering applications, in contrast to PT symmetric systems

where the requirements on gain and loss elements may be difficult to achieve in practice.

Moreover, gain elements always include parasitic reactances that have to be included in any

PT symmetric double resonator realistic design. In the following, in Sec. II we provide the

general theory and formulation for EPDs to exist in linear time-periodic systems. Then we

show that even a single passive resonator (without gain or loss elements such as transistors

or negative resistors) exhibit EPDs once time periodic modulation is introduced. Then we

further investigate two other linear time-periodic systems that include negative resistance

and we derive the necessary and sufficient conditions for 2nd order EPDs to occur. Finally,

we show how a simple resonator with time modulation can perform as an extremely sensitive

sensor.

2.2 Formulation for EPD induced by time periodic vari-

ation

Time periodic variation is introduced in a system through any time-varying system parame-

ter. Generally, an LTP system may comprise multiple components therefore we will assume

that the state vector Ψ(t) describing this system is N -dimensional, i.e.,

Ψ(t) = [Ψ1(t), · · ·ΨN(t)]T, (2.1)
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where T denotes the transpose operator. The temporal evolution of the state vector obeys

the multidimensional first-order differential equation

dΨ(t)

dt
= M(t)Ψ(t), (2.2)

where M(t) is the N ×N time-variant system matrix. For LTP systems with period Tm, the

state vector evolution from the time instant t to t+ Tm is given by

Ψ(t+ Tm) = Φ(t+ Tm, t)Ψ(t) (2.3)

where Φ(t + Tm, t) is the state transition matrix [7]. In the following, for simplicity and

without loss of generality, we assume the matrix M(t) is represented by a piecewise constant

periodic function, hence we relate the transition matrix to the system matrices as

Φ =
J∏
j=1

eMjTj (2.4)

where Mj is the system matrix in the jth interval Tj, and the system modulation frequency

is fm = 1/Tm where Tm =
∑J

j=1 Tj. Solutions of an LTP system in general satisfy

Ψ(t+ Tm) = e−iωTmΨ(t) (2.5)

17



which means that can be represented in terms of the Floquet harmonics. Using the transition

matrix to represent the time evolution of the state vector, we formulate the eigenvalue

problem as

ΦΨ(t) = Ψ(t) (2.6)

The eigenvalues λn = exp(−iωTm), n = 1, · · · , N , with ωn being the system eigenfrequencies,

are obtained by solving the characteristic polynomial

det(Φ− λI) = 0 (2.7)

When the transition matrix is diagonalizable, we can write Φ = UΛU−1, where U is a

nonsingular similarity transformation matrix whose columns are the eigenvectors of Φ that

are all independent. This analysis is valid unless an EPD emerges at which the transition

matrix Φ is nondiagonalizable and it is similar to a matrix ΛJ that contains at least a non-

trivial Jordan block with P degenerate eigenvalues [60]. Therefore, at the EPD, the algebraic

multiplicity P of an eigenvalue λe (and its correspondent eigenfrequency ωe) of (6) is higher

than its geometrical multiplicity (the number of independent eigenvectors associated with

that eigenvalue) because two or more eigenvectors coalesce. The similarity transformation

at the EPD is written as Φ = VΛJV
−1 where the columns of V are composed of regular
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eigenvectors and generalized eigenvectors that are found through

(Φ− λeI)pΨp(t) = 0, p = 1, 2, · · · , P. (2.8)

Here, Ψp with p > 1 are the generalized eigenvectors and P is the order of degeneracy (see

Chap. 7 in [59]).

2.3 Time-varying induced second-order EPD

For the sake of simplicity, the following analysis and examples focus on second-order EPDs

that emerge in LTP systems, hence the transition matrix Φ has dimensions 2×2. For a system

described by a real 2 × 2 transition matrix, the characteristic polynomial det(Φ − λI) = 0

has real coefficients so that the eigenvalues λ1 and λ2 are either both real or are a complex

conjugate pair. Since the determinant of the matrix can be expressed as

det(Φ) = λ1λ2 =
2∏
j=1

etr(MjTj) (2.9)

where tr denotes the trace of the matrix, then the determinant can be either

det(Φ) = e2Im(ω1)Tm (2.10)
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when λ2 = λ∗1, where the symbol ∗ denotes the complex conjugate operation, or

det(Φ) = ejsπe(Im(ω1)+Im(ω2))Tm (2.11)

when λ1 and λ2 are both real, where ω1 and ω2 are the eigenfrequencies of the eigensystem

(2.6) and s is an integer. At the EPD, the 2× 2 transition matrix Φ is similar to a Jordan

block with two degenerate eigenvalues that are associated with a regular eigenvector and a

generalized eigenvector obtained from (2.8). On the other hand, the eigenvalues of any 2× 2

matrix Φ are [69]

λn = tr(Φ)/2±
√

(tr(Φ)/2)2 − det(Φ) (2.12)

where the upper and lower signs hold for n = 1, 2. The associated eigenvectors of the system

described by a nondiagonal Φ are

Ψ = [φ12, λn − φ11]T , n = 1, 2, (2.13)

where φ11 and φ12 are elements of the matrix Φ [7]. It is clear from the expression of

the eigenvectors that degenerate eigenvalues lead to degenerate eigenvectors (i.e., identical

eigenvectors) unless the matrix Φ is diagonal. Therefore, to guarantee the emergence of

EPDs in a system described by a nondiagonal transition matrix Φ, it is sufficient to have
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degenerate eigenvalues, i.e., it is sufficient to satisfy the condition

tr(Φ)/2 = ±
√

det(Φ) (2.14)

The presented formulation is general and describes the occurrence of EPDs in any system

described with the set of differential equations in (3.1). Without loss of generality and to

provide a physical description of a 2× 2 LTP system, we demonstrate all the above concepts

by using very simple LC resonator examples.

2.3.1 Time-periodic system without gain and loss elements

Consider first the lossless LC resonator with timeperiodic capacitance as depicted in Fig.

2.2(b); this example demonstrates the existence of EPDs in a simple LTP system made of

a lossless and gainless resonator. We define the system state vector as Ψ(t) = [q(t) i(t)]T ,

where q(t) is the instantaneous charge on the capacitor and i(t) is the inductor current as

shown in the circuit depicted in Fig. 2.2(b).

The time-variant capacitor is given by a two-level piecewise constant time-periodic function:

C1 in the interval 0 ≤ t < T1 and C2 in T1 ≤ t < Tm. The time evolution of the state vector

Ψ(t) is described by (2), where M(t) = M1 for 0 ≤ t < T1 and M(t) = M2 for T1 ≤ t < Tm,

with

Mj =

 0 −1

1/(L0Cj) 0

 , j = 1, 2. (2.15)

21



(a)

(b)

time

1C
2C

( )q t

+

−

( )C t
( )i t

Figure 2.2: (a) Real and imaginary parts of dispersion diagram of the eigenfrequencies
(complex resonance frequencies ω) vs normalized modulation angular frequency ωm. (b)
The linear algebraic growth of the inductor current at an EPD for an LC resonator with a
time-varying capacitor. Therefore, the energy stored in the inductor grows quadratically.

22



Figure 2.2(a) illustrates the dispersion of the eigenfrequencies ω of Φ, symmetrically located

with respect to the center of the Brillouin zone (BZ), vs the normalized angular modulation

frequency (ωm/ω0), where ω0 = 1/
√
L0C0 and C0 = (C1 + C2)/2. Note that the system

is periodic, so that for an eigenfrequency ω, there corresponds all the Floquet harmonics

ω + sωm, where s is an integer. For the system matrices (2.15) with real-valued elements, it

can be shown that det(Φ) = 1, which implies either that |λ1| = |λ2| = 1 (hence, Im(ω1) =

Im(ω2) = 0 when λ2 = λ∗1, or that λ2 = 1/λ1 (hence, Im(ω1) = −Im(ω2)) when both

eigenvalues are real. This means that at the EPDs, the degenerate eigenvalue λe = ±1,

therefore, ωe is purely real. This finding agrees with what is shown in the complex dispersion

diagram depicted in Fig. 2.2(a). The parameters of the LC resonator are set as L0 = 10 µH,

C1 = 50 nF, and C2 = 150 nF. The two ω solutions coalesce for some modulation angular

frequencies ωm and become exactly equal at the EPDs. In this particular example, EPDs

occur at either the center of the BZ (Re(ω) = 0) or at the edge of the BZ (Re(ω) = ±0.5).

It is important to point out that for a lossless and gainless system, the imaginary part of the

dispersion diagram is symmetric with respect to the center of the BZ and it vanishes at the

EPDs, i.e., EPDs occur at real-valued frequencies.

In Fig. 2.2(b), we show the time-domain simulation of the state vector element i(t) at one

of the EPDs (ωm = 0.44ω0) assuming a capacitor charge initial condition of qc(0
−) = 50 nC.

It is clear from Fig. 2.2(b) that the capacitor current is growing linearly with time even

in the absence of gain element, which resembles one of the most important characteristics

associated with the generalized eigenvector of a second-order EPD. Note that even though

there is no gain element in the system, the time-periodic LC resonator is not isolated, and it

receives energy from, or provides it to, the time-variation process. The time-variant capacitor

in this system can be implemented using a varactor diode where a pump signal changes its

capacitance.

The general condition (2.14) is sufficient for a system described by a nondiagonal 2 × 2
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Figure 2.3: The function F of the lossless LC resonator depicted in Fig. 2.2(b) vs the
capacitance C2 and the normalized modulation angular frequency ωm/ω0. Solid (blue) and
dashed (green) contours on the color map represent points which satisfy the EPDs’ condition
F = ±1 in (2.16).

transition matrix to exhibit EPDs. In particular, for the lossless and gainless time-periodic

LC resonator in Fig. 2.2, this sufficient condition reads

F = cos(Ω1T1) cos(Ω2T2)− 1

2

(√
C1

C2

+

√
C2

C1

)
sin(Ω1T1) sin(Ω2T2) = ±1 (2.16)

where Ωj = (L0Cj)
−1/2 with j = 1, 2 are the resonance frequencies of the LC resonator

in the time intervals T1 and T2, respectively. Figure 2.3 shows the function F varying the

capacitance C2 (C1 is constant) and the normalized angular modulation frequency (ωm/ω0).

The solid blue and dashed green contours represent points on the color map where an EPD

exists: the blue contours represent points where F = 1, which are associated with EPDs at

the center of the BZ, while the dashed green contours represent points where F = −1 which

are associated with EPDs at the edge of the BZ.

Energy-wise, a time-periodic system (e.g., a time-periodic LC circuit) is not isolated, and
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such a system is in a continuous interaction with the source of time variation. Such an

interaction can transfer energy into or out of the system, i.e., the system will gain energy

from or lose energy to the time-variation source. The procedure of periodically varying the

capacitance to add energy to the circuit is referred to as pumping [7, 70–72], contrary to

adding energy to the system directly from an input source such as a transistor, a time-

invariant pump, or an optically active medium, which are referred to in this manuscript

as time-invariant gain mechanisms [73, 74]. The average energy transfer into or out of an

LTP component can be calculated using the time-domain solution of the multidimensional

first-order differential equations in (3.1). It can be easily shown that the state vector of a pe-

riodically time variant system experiencing an EPD grows linearly with time, and therefore,

the average transferred energy to the system will have a quadratic growth.

2.3.2 Time-periodic system with gain and loss elements

As a second example, we show that a system with time-periodic loss and/or gain also exhibits

EPDs. To demonstrate the emergence of EPDs in this type of time-periodic system, we use

an RLC resonator with time-periodic piecewise constant conductance, as depicted in Fig.

2.4(b). Analogous to the previous example, we assume a two-level piecewise constant time-

periodic conductance: G1 for 0 ≤ t < T1 and G2 for T1 ≤ t < Tm. In general, G1 and G2

can be positive (representing a loss in the system) or negative (representing a gain). The

state vector is defined as Ψ(t) = [q(t) i(t)]T , with q(t) as the instantaneous charge on the

capacitor and i(t) as the inductor current. The constant system matrices of the two-time

intervals are given by

Mj =

−Gj/C0 −1

1/(L0C0) 0

 , j = 1, 2. (2.17)
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Such a system develops EPDs in two different scenarios; the first scenario is through using

time-periodic conductance with non-zero time average, whereas the second one is through

using time-periodic conductance with zero time average, i.e.,

G1T1 +G2T2 = 0. (2.18)

In addition, a system with a positive time-average conductance has a dominant loss and a

system with a negative time-average conductance has a dominant gain. Moreover, a system

with a zero time average has a time-periodic gain and loss balance.

Non-zero time-average conductance

Figure 2.4(a) shows the complex dispersion diagram of a system with a positive time-average

conductance (i.e., G1T1 + G2T2 > 0). The parameters of the LC resonator are L0 = 10 µH,

C0 = 100 nF, G1 = 101 mS, G2 = −99 mS, and T1 = T2 = Tm/2. Figure 2.4(b) shows the

inductor current at an EPD with ωm = 0.37ω0 and qc(0
−) = 50 nC.

Note that for all the EPDs in such a system, the imaginary part of the eigenfrequencies is

negative, which is a result of the dominant time-average loss in the system and this leads to

an exponential decay of the system state vector in addition to the linear algebraic growth

(visible at early times) due to the degeneracy.

Similar to the system with a dominant time-periodic loss, a system with a dominant time-

periodic gain (i.e., G1T1 +G2T2 < 0) will develop EPDs in its dispersion diagram. However,

eigenfrequencies away from the band gaps have a positive imaginary part, which leads to

an exponential growth of the state vector with time in addition to the linear growth at the
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Figure 2.4: (a) Dispersion diagram of the eigenfrequencies (complex resonance frequencies
ω) of the resonator depicted in (b) vs modulation angular frequency ωm. The vertical dashed
line represents the Im(ω) = 0 to point out that the imaginary part is negative. (b) Time
evolution of the inductor current at an EPD for the time-periodic lossy resonator with a
positive time-average conductance as shown in the figure.
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EPD.

Zero time-average conductance

The determinant of the transition matrix is

det(Φ) =
2∏
j=1

etr(MjTj) = e−(G1T1+G2T2)/(2C0), (2.19)

Therefore, when (2.18) is satisfied, det(Φ) = 1, which leads to the same conclusion found for

the lossless-gainless LC resonator discussed in relation to Fig. 2.2. This means that at the

EPDs, λ2 = ±1, and therefore, ωe is purely real. Assuming T1 = αTm, then T2 = (1−α)Tm,

and assuming G1 > 0, then to satisfy the time-average condition (2.18), the conductance

G2 = −αG1/(1− α).

The schematic of a time-periodic gain and loss balanced LC resonator is depicted in Fig.

2.5(b) where the time-variant conductance is assumed to satisfy (2.18). The dispersion

diagram shown in Fig. 2.5(a) is based on parameters L0 = 10 µH, C0 = 100 nF, G1 = −G2 =

100 mS, and T1 = T2 = Tm/2 and modulation frequency ωm = 0.32ωm with ω0 = 1/
√
L0C0.

The time-domain evolution of the inductor current i(t), assuming an initial capacitance

charge qc(0
−) = 50 nC, is shown in Fig. 2.5(b). Since the system has a second-order EPD

and a time-periodic gain and loss balance, we only observe a dominant linear growth in the

current of the resonator at the EPD.

From (2.14), we find the sufficient condition for EPDs to emerge in a system with time-variant
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Figure 2.5: (a) Dispersion diagram of the eigenfrequencies (complex resonance frequencies
ω) of the resonator depicted in (b) vs modulation angular frequency ωm. (b) Algebraic
growth of the inductor current at an EPD of the time-periodic gain-loss balanced resonator,
where the conductance is temporally periodic with zero time average.
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Figure 2.6: (a) The function F in terms of the conductance G1 and the normalized modu-
lation angular frequency ωm/ω0 for α = 0.6. (b) Contours of points which satisfy the EPD
condition in (2.20).

conductance to be

F = cos(Ω1T1) cos(Ω2T2)− ω2
0

Ω1Ω2

[
1− G1G2

4G2
0

]
sin(Ω1T1) sin(Ω2T2) = ±1 (2.20)

where G0 =
√
C0/L0 and Ωj = ω0

√
1−G2

j/(4G
2
0), j = 1, 2, are the real parts of the complex

resonance frequencies for the resonator in the time intervals T1 and T2, respectively. In Fig.

2.6(a), we show the function F vs conductance G1 and the normalized angular modulation

frequency ωm/ω0, where we assume a zero time-average conductance with α = 0.6. There

exists a critical value of the conductance G1 that is denoted by Gc = 2G0max{1, (1−α)/α},

beyond which both Ω1 and Ω2 become purely imaginary and the system cannot exhibit EPDs.

In Fig. 2.6(b), the solid blue contours (F = 1) and the dashed green contours (F = −1)

represent points on the color map where an EPD exists.
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2.4 Sensitivity to system perturbation

As discussed in the introduction, the eigenvalues at the EPDs are extremely sensitive to

the perturbations of the system parameters. In general, introducing a perturbation δ to

any of the system parameters leads to a perturbed transition matrix Φ(δ) and perturbed

eigenvalues λp(δ), with p = 1, 2, .., P where P is the order of the EPD. We represent λp(δ)

near the EPD eigenvalue λe by a single convergent Puiseux series containing only powers of

δ1/P , where the Puiseux series coefficients are calculated using the explicit recursive formulas

given in [75]. For a second order EPD (P = 2), we use a first-order approximation of λp(δ)

as

λp(δ) ≈ λe + (−1)pα1

√
δ (2.21)

where

α1 =

√
−∂f(δ, λ)

∂δ
|δ=0,λ=λe , (2.22)

and f(δ, λ) = det(Φ(δ) − λI). As an illustrative example, consider an LC resonator with

time-variant capacitance as described in Fig. 2.2, but with a lossy inductor with a quality

factor of 100, and assume C2 is now perturbed from its nominal value as (1 + δ)C2.

When C2 is not perturbed, the system exhibits an EPD with an eigenvalue λe = −0.98 for a

modulation frequency ωm = 0.44ω0. In Fig. 2.7(a), we show the two perturbed eigenvalues

λ vs the perturbation δ calculated from the exact eigenvalue problem (2.6) and by using the

Puiseux series approximation. The most important thing to notice from Fig. 2.7 is that
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Figure 2.7: (a) Variation of the eigenvalues away from the EPD of a lossy LC resonator
as in Fig. 2.2(b), but with a lossy inductor, when the capacitor C2 is perturbed. (b) The
complex resonance frequency ω1 exhibits large variations even for very small perturbations
δ.
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an extremely small perturbation in capacitor C2 will lead to a much larger change in the

eigenvalues of the system. This property is actually one of the most exceptional physical

properties associated with EPDs and it can be exploited in designing extremely sensitive

sensors [1, 23]. The large perturbation of the eigenvalues, in turn, implies a sharp change

in the complex resonance frequency of the LTP LC resonator as shown in Fig. 2.7(b). For

a positive but very small δ-perturbation, the imaginary part of the complex resonance fre-

quency shows a sharp change, while its real part remains constant. Furthermore, a very

small negative δ-perturbation causes a rapid change of the real part of the resonance fre-

quency. For example, a +0.1% perturbation in the dielectric permittivity of the capacitor

C2 (i.e., δ = 0.001) will change the imaginary part of the resonance frequency by 0.34ω0,

which implies 76% change in the quality factor of the resonator. Hence, this highly sensitive

system can be employed to measure the dielectric permittivity (that can be changed by an

environmental parameter, such as acidity or humidity, or a gas presence) with very high

accuracy.

2.5 Conclusion

Time-periodic systems support EPDs of different orders directly induced by the time mod-

ulation of a parameter of the system. Therefore, the existence of an EPD does not require

the presence of time-invariant gain or loss elements in the system as implied in all the PT-

symmetry examples shown in the literature. Forced time variation of a system element is

another way to inject energy into the system, and the EPD is obtained by properly tuning

the modulation frequency. The proposed way to obtain EPDs, directly induced by periodic-

time variation, enables even single resonators to exhibit EPDs, in contrary to the minimum

of two resonators as implied by PT-symmetry. Indeed, in this chapter, the time variation is

not used to enhance the properties of EPDs, but rather as a way to generate EPDs. Second-
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order EPDs are demonstrated analytically and supported with examples. We have shown

the analytic sufficient conditions for such EPDs to exist. Also, we have demonstrated that

in the absence of any time-invariant gain- and loss-circuit elements, the resonance frequency

of an EPD is purely real. Furthermore, this property also holds when gain and loss elements

are explicitly introduced in the system, assuming that the time average of the gain and

loss is zero. At the second-order EPDs, the energy inside a time-periodic resonator grows

quadratically with time even when the resonance frequency is purely real, with the injected

energy coming from the time modulation process. Moreover, we have illustrated how such

temporally induced EPDs lead to systems where the eigenvalue (i.e., the complex eigenfre-

quency) is exceptionally sensitive to a perturbation of the system. This may have potential

applications in conceiving highly-sensitive devices. In summary, the proposed way to obtain

EPDs via time modulation may present practical advantages compared to PT-symmetric

systems, since a single resonator is sufficient to obtain an EPD as shown in this chapter by

just introducing time modulation to one of its elements. Moreover, in many engineering ap-

plications, it is easier to tune the modulation frequency than to realize devices with a precise

gain amount as required in PT-symmetric systems because gain devices possess parasitic

reactances that have to be included in any design.
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Chapter 3

Experimental demonstration of

exceptional points of degeneracy in

linear time periodic systems and

exceptional sensitivity

We present the experimental demonstration of the occurrence of exceptional points of de-

generacy (EPDs) in a single resonator by introducing a linear time-periodic variation of one

of its components, in contrast to EPDs in parity time (PT)-symmetric systems that require

two coupled resonators with precise values of gain and loss. In the proposed scheme, only

the tuning of the modulation frequency is required that is easily achieved in electronic sys-

tems. The EPD is a point in a system parameters’ space at which two or more eigenstates

coalesce, and this leads to unique properties not occurring at other non-degenerate operating

points. We show theoretically and experimentally the existence of a second order EPD in

a time-varying single resonator. Furthermore, we measure the sensitivity of the proposed

system to a small structural perturbation and show that the operation of the system at
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an EPD dramatically boosts its sensitivity performance to very small perturbations. Also,

we show experimentally how this unique sensitivity induced by an EPD can be used to de-

vise new exceptionally-sensitive sensors based on a single resonator by simply applying time

modulation.

3.1 Introduction

Sensing and data acquisition is an essential part of many medical, industrial, and automotive

applications that require sensing of local physical, biological or chemical quantities. For in-

stance, pressure sensors [76], temperature sensors [77], humidity sensors [78], and bio-sensors

on the skin or inside the body have gained a lot of interest in the recent years [19, 79–84].

Thus, various low-profile low-cost highly-sensitive electromagnetic (EM) sensing systems are

desirable to achieve continuous and precise measurement for the mentioned various applica-

tions. The operating nature of the currently used EM resonant sensing systems are mostly

based on the change in the equivalent resistance or capacitance of the EM sensor by a small

quantity δ (e.g. 1%), resulting in changes of measurable quantities such as the resonance

frequency or the quality factor that vary proportionally to δ (that is still in the order of

1%). The scope of this chapter is to show theoretically and experimentally, a new strategy

for sensing that leads to a major sensitivity enhancement based on a physics concept rather

than just an optimization method, which forms a new paradigm in sensing technology.

In order to enhance the sensitivity of an EM system we exploit the concept of exceptional

point of degeneracy (EPD) at which the observables are no longer linearly proportional to

a system perturbation but rather have an mth root dependence with m being the order of

the EPD. Such dependence enhances the sensitivity greatly for small perturbations. For

instance, exploiting an EPD of order 2 as in this chapter, if we change a system capacitance

by a small quantity δ (e.g., 1%) then the resonance frequency of a resonator operating at an

36



0L ( )C t

( )i t

( )q t
+

−

(a)

(b)

time
1C

2C
( )C t

mT

f m
(k

H
z)

EPD

Figure 3.1: (a) Linear time-periodic LC resonator with a time-varying capacitor. The time-
varying capacitance is a periodic piece-wise constant function as shown in the subset. (b)
Dispersion diagram showing the real and imaginary parts of the eigenfrequencies of the
resonator (i.e., the circuit’s resonance frequencies) versus modulation frequency fm of the
capacitance. Due to time-periodicity, an EPD resonance at frequency fe0 has also Fourier
harmonics fe0 + sfm, with s = 0,±1,±2, ....

EPD would change by a quantity proportional to
√
δ (e.g., 10%), making this fundamental

physical aspect very interesting for sensing very small amounts of substances.

An EPD of order two is simply the splitting point (or degenerate point) of two resonance

frequencies and it emerges in systems when two or more eigenmodes coalesce into a single

degenerate eigenmode, in both their eigenvalues and eigenvectors. The emergence of EPDs

is associated with unique properties that promote several potential applications such as

enhancing the gain of active systems [62], lowering the oscillation threshold or improving the

performance of laser systems [10, 37] or circuit oscillators [4], enhancing sensors’ sensitivity

[1, 3, 9, 84, 85], etc. EPDs emerge in EM systems using various methods: by introducing

gain and loss in the system based on the concept of parity-time (PT-) symmetry [3, 10,

20, 26, 85, 86], or by introducing periodicity (spatial or temporal periodicity) in waveguide
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[34, 36, 38, 87]. In this chapter we focus on the new scheme to obtain EPDs based on time-

periodic modulation of a system parameter introduced in [12] and explore possible sensing

applications. The chapter is organized as follows. First, we summarize the basic concept

of EPDs induced in linear time periodic (LTP) systems, then we show experimentally the

existence of the LTP-induced EPDs. Finally, we illustrate experimentally how such EPD

systems has exceptionally high sensitivity to be used for sensing.

3.2 Theoretical energy transfer formulation for an LTP

system

We consider a linear time-periodic (LTP) LC resonator as shown in Fig. 3.1(a) where

the time-varying capacitance is shown in the figure subset. This single-resonator circuit is

supporting an EPD induced by the time-periodic variation. We consider a piece-wise constant

time-varying capacitance C(t) with period Tm; we have chosen the piece-wise function to

make the theoretical analysis easier, yet the presented analysis is valid for any periodic

function. A thorough theoretical study of this type of temporally induced EPDs has been

presented in [12], here we focus on the energy transfer formulation of these EPDs, and we

show the first practical implementation of the EPDs induced in LTP systems.

The state vector Ψ(t) describing the system in Fig. 3.1 is two-dimensional (see Ref. [12] for

N -dimensional), i.e., Ψ(t) = [Ψ1(t),Ψ2(t)]T = [q(t), i(t)]T, where T denotes the transpose

operator, q(t) and i(t) are the capacitor charge and inductor current, respectively. The

temporal evolution of the state vector obeys the 2-dimensional first-order differential equation

dΨ(t)

dt
= M(t)Ψ(t), (3.1)
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where M(t) is the 2 × 2 system matrix. The 2-dimensional state vector Ψ(t) is derived at

any time t = nTm + χ with n being an integer and 0 < χ < Tm as

Ψ(t) = Φ(χ, 0) [Φ(Tm, 0)]n Ψ(0), (3.2)

where Φ(t2, t1) is the 2× 2 state transition matrix that translates the state vector from the

time instant t1 to t2. The state transition matrix is employed to represent the time evolution

of the state vector, hence we formulate the eigenvalue problem as

(Φ− λI)Ψ(t) = 0. (3.3)

The eigenvalues are λp = exp(jωpTm), p = 1, 2, where ωp are the system angular resonant

frequencies with all their Fourier harmonics ωp+sωm, where s is an integer and ωm = 2π/Tm is

the modulation angular frequency. Fig. 3.1(b) shows the dispersion diagram of the resonant

frequencies varying modulation frequency fm. The two red circles in Fig. 3.1(b) corresponds

to two general distinct resonant frequencies at f and−f+fm with positive real part. An EPD

occurs when these two resonance frequencies coalesce at a given modulation frequency. At

an EPD the transition matrix Φ is non-diagonalizable with a degenerate eigenvalue λe (with

corresponding eigenfrequency ωe) because the two eigenvalues and two eigenvectors coalesce.

Two possibilities may occur because of the nature of the problem (time periodicity, because

there are only two possible eigenmodes, and neglecting losses for a moment): the degenerate

eigenvalue is either i) λe = −1, corresponding to an eigenfreqency of fe0 =fm/2 and its

Fourier harmonics fes = fe0 + sfm shown with the green circles in Fig. 3.1(b), or ii) λe = 1,

corresponding to fe0 = 0 and its Fourier harmonics fes = fe0 + sfm shown with a blue circle

39



in Fig. 3.1(b). Therefore, in general an EPD resonance is characterized by the fundamental

frequency fe0 and all harmonics at fes = fe0 + sfm where s = 0,±1,±2, .... Moreover, at an

EPD the state transition matrix Φ is similar to a Jordan-Block matrix of second order, hence

it has a single eigenvector, i.e., the geometrical multiplicity of the eigenvalue λe is equal to

1 while its algebraic multiplicity is equal to 2. Considering the circuit parameters given in

the next section including inductor small series resistance, an EPD occurs at fm = 62.7 kHz,

leading to a degenerate resonance frequency of fe0/fm = j0.0041 which corresponds to blue

circle in Fig. 3.1(b). Another EPD occurs at fm = 67.7 kHz, leading to a degenerate

resonance frequency of fe0/fm = 0.5 + j0.0038 which corresponds to green circle in Fig.

3.1(b).

When λe = −1 and hence fe0 =fm/2, i.e., for EPDs at the center of Brillouin zone (BZ)

(adopting the language used in space-periodic structures), the state transition matrix Φ has

a trace of −2 [12], so that we express [Φ(Tm, 0)]nas [7]

[Φ(Tm, 0)]n = (−1)n+1 [nΦ(Tm, 0) + (n+ 1)I], (3.4)

where I is the 2× 2 identity matrix. Thus, we reformulate (3.2) using (3.4) as

Ψ(t) = (−1)n+1 [nΦ(Tm, 0) + (n+ 1)I]Φ(χ, 0)Ψ(0). (3.5)

Similarly, for EPDs at the edge of the BZ, i.e., when λe = 1 and fe0 = 0, the transition

matrix Φ has a trace equal to 2, and [7]

[Φ(Tm, 0)]n = nΦ(Tm, 0)− (n− 1)I, (3.6)
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Figure 3.2: Comparison between the time-average energy stored in a lossless, linear time-
invariant LC resonator (solid blue line) and the time-average energy stored in a linear time-
periodic LC resonator operating at an EPD located at the edge of BZ (black square symbols)
where n is an integer representing the number of elapsed modulations periods. In the latter
case the time-average energy grows with time, fitted by a second order polynomial curve
(red solid line). The fitting coefficients are set as a = 0.01, b = 0.23, and c = 1.74.

hence

Ψ(t) = [nΦ(Tm, 0)− (n− 1)I]Φ(χ, 0)Ψ(0). (3.7)

Because of the multiplication of the time-period step n, we conclude from Eqs. (3.5) and

(3.7) that when the system is at the second order time-periodic induced EPD, the state

vector grows linearly with time. This linear growth is expected and it is one of the unique

characteristics associated with EPDs. This algebraic growth is analogous to the spatial

growth of the state vector associated with the space-periodic EPDs [34, 36].

Energy transfer : The time-periodic LC tank considered in this section is not “isolated”.

In such a system, the time-varying capacitor is in continuous interaction with the source

of the time variation that is exerting work. This interaction leads to a net energy transfer
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into or out of the LC tank; at some operating modulation frequencies the system simply

loses energy to the time-variation source, while at other operating modulation frequencies

the LC tank receives energy from the source of time variation. This behavior is in contrast

to the behavior of a time-invariant lossless LC tank where the initial energy in the system

is conserved and the net energy gain or loss is zero. The average transferred energy into

or out of the time-periodic LC tank can be calculated using the time-domain solution of

the two-dimensional first-order differential equation (3.7). Figure 3.2 shows the calculated

time-average energy transferred into a linear time-invariant (LTI) lossless LC tank (solid blue

line) and into an LTP one operating at a second order EPD (black square symbols), where

n = 0 shows the average energy of the systems within the first period. The capacitor in both

systems is initially charged with an initial voltage of VC(0−) = −50 mV. In the LTP system

the modulation frequency is adjusted to fm = 62.7 kHz, so that it operates at the EPD

denoted by the blue circles in Fig. 3.1(b). Note that the system is periodic, so that for an

eigenfrequency fp, there are also all the Fourier harmonics with frequencies fp+sfm, where s

is an integer [12, 88]. It is clear that the total energy in a lossless time-invariant LC resonator

is constant over time while the average energy in the time-periodic LC resonator is growing

at the EPD. This energy growth is quadratic in time since the state vector (i.e., capacitor

charge and inductor current) of a periodically time-variant LC resonator experiencing an

EPD grows linearly with time, as shown in Eqs. (3.5) and (3.7). Indeed, the solid red curve

in Fig. 3.2 shows a second order polynomial curve fitted to the LTP LC resonator energy

where the fitting coefficients are given in the figure caption. One may note from the figure

that the average energy of the LTI and LTP systems are not equal at n = 0 which might

seem counter intuitive. In fact, at n = 0 we show the average energy of the systems within

the first time-period which is higher for the LTP system due to the energy transfer within

that first period.
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3.3 Experimental demonstration and sensor performance

In this section we verify experimentally the key properties inferred from the dispersion dia-

gram in Fig. 3.1; the time varying LC tank with the time-periodic capacitor is implemented

based on the scheme shown in Fig. 3.3(a). The time variation is carried out using a time-

varying pump voltage vp(t) and a multiplier. Hence the voltage applied to the capacitor C0

is equal to vc(t) = v(t)[1− vp(t)/V0], where the term V0 is a constant coefficient of the mul-

tiplier that is used to normalize its output voltage. Here we are interested in having an LC

resonator with a time varying capacitor C(t) seen by the current ic(t) exiting the inductor

and by the voltage v(t) at Node A, hence satisfying the two equations q(t) = C(t)v(t) and

dic/dt = −v(t)/L = −q(t)/(LC(t)). This leads to the definition of the time varying capaci-

tance C(t) , C0(1−vp(t)/V0) and to a LTP LC circuit described by Eq. (3.1) (see Appendix

A), which in turns leads to the time domain dynamics exhibiting EPDs as described in [12].

In such a LTP LC circuit, the time variation behavior of the capacitance is dictated by the

variation of the pump voltage vp(t), therefore to design the time-varying capacitance shown

in Fig. 3.1(a) we apply a two level piece-wise constant pump voltage to the multiplier.

The values of C1 and C2 are adjusted by properly choosing the voltages of the piece-wise

constant pump vp(t). We aim at designing the time-varying capacitor C(t) with the values

of C1 = 5 nF and C2 = 15 nF. Hence, the parameters of the circuit are set as C0 = 10 nF,

the two levels of the piece-wise constant time varying pump voltage as vp/V0 = ±0.5, and

the period of the pump voltage as Tm = 20µs with 50% duty cycle. We verify the operation

of this scheme using the finite difference time domain (FDTD) simulation implemented in

Keysight ADS, where a constant capacitor C0 is connected to the voltage multiplier. The

time-varying capacitance, calculated as the ratio of the current passing through the capacitor

C0 to the time-derivative of the voltage at Node A, i.e., ic(t)/[dv/dt], is shown in Fig. 3.3(b).

It is worth mentioning that in such a scheme, the high level of the pump voltage vp controls

the value of the capacitance C1 and the low level controls the value of the capacitance C2.
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Figure 3.3(c) illustrates the assembled circuit where the red dashed rectangle shows the

implemented synthetic time-periodic capacitor C(t). In this fabricated circuit we use a four-

quadrant voltage output analog multiplier , a high stability and precision ceramic capacitor

C0 = 10 nF , and an inductor L0 = 33µH with low DC resistance RDC = 108 mΩ. As shown

in Sec. 3.2, we expect the capacitor voltage of the time-periodic LC tank to grow linearly in

time when operating at an EPD; however, in practice it will saturate to the maximum output

voltage of the multiplier. Therefore, to avoid voltage saturation, we have implemented a reset

mechanism to reset the resonator circuit, where the reset signal is a digital clock with 20%

duty cycle (i.e., vreset = 2 V for 20% of its period and vreset = 0 V otherwise) that allows the

resonator circuit to run for the duration of the low voltage vreset = 0 V. During the reset

time, the reset signal is high vreset = 2 V, and the resonator circuit is at pause. At the end of

this time interval the capacitor is charged again with the initial voltage of VC(0−) = −50 mV

for the start of the next working cycle as detailed in the Appendix A. The circuit is provided

with ±5 V DC voltage using a Keysight E3631A DC voltage supply. We use two Keysight

33250A function generators, one to generate a two level piece-wise constant signal with levels

of ±0.525 V, duty cycle of 50% and variable modulation frequency fm as pump voltage vp(t)

to generate the time-periodic capacitance C(t). The other function generator provides the

resonator’s reset signal, a two level piece-wise constant signal with levels of 2 V and 0 V,

with duty cycle of 20% and frequency of 1.1 kHz (much lower than fm).

3.3.1 Dispersion diagram and time domain response

Figure 3.4(a) presents the dispersion diagram as a function of the capacitance’s modulation

frequency fm, which is experimentally varied by adjusting the frequency of the pump volt-

age vp(t). The solid curve denotes the theoretical dispersion diagram whereas red square

symbols represent the experimental results. The experimental results are obtained by calcu-

lating the resonance frequency of the circuit’s response for different modulation frequencies
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using Fourier transform of the time domain signal triggered by the initial voltage VC(0−)

at each working cycle, where we used a Keysight DSO7104A digital oscilloscope to capture

the time domain output signal. A good agreement is observed between the theoretical and

experimental results, however, there is a slight frequency shift between the theoretical and

experimental dispersion diagrams which is due to parasitic reactances, components’ toler-

ances and nonidealities in the fabricated circuit. Note that in Figure 3.4(a) we show only

solutions in the first Brillouin zone defined here as Re(f) ∈ (0, fm). Indeed since the system

is time periodic, every mode is composed of an infinite number of harmonics with frequen-

cies f + sfm, where s is an integer. One can observe from the dispersion diagram that the

time-periodic LC resonator operates at three different regimes depending on the modulation

frequency. In the following we describe the three possible regimes of operation.

i) Real resonances: This is a regime where the system has two purely real oscillating fre-

quencies (though in practice there is a small imaginary part due to the finite quality factor

of the components). Point #2 with the magenta circle in Fig. 3.4(a) illustrates a mode part

of this regime, with real resonance frequencies f , and all its harmonics f + sfm, where s is

an integer. The signal has also the resonance frequency at −f + fm, and hence also the har-

monics at −f + sfm. This means that two resonance modes with frequencies f and −f + fm

are allowed. Fig. 3.4(c) shows the corresponding time domain signal at fm = 66.5 kHz which

corresponds to two almost-real resonance frequencies and their harmonics. As mentioned,

the observed small exponential decay of the response is due to the finite quality factor of the

components. In an ideal lossless system frequencies would be purely real.

ii) Unstable condition: This is a regime where the system has two complex resonance frequen-

cies with imaginary parts of opposite signs (point #4 with the orange circle in Fig.3.4(a)).

According to the time convention ejωt, the state vector of the system corresponding to a

complex resonance frequency with an imaginary part of negative sign shows an exponential

growth, while the state vector corresponding to the resonance with an imaginary part with
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positive sign exhibits an exponential decay, hence it shows an unstable system. The expo-

nentially growing behavior would be the dominant one and it is the one seen in the time

domain response in Fig. 3.4(e) that would eventually saturate, if we did not include a reset

circuit. In this case the modulation frequency of the pump voltage is set to fm = 71.5 kHz.

iii) Exceptional points of degeneracy : An EPD is the point that separates the two previous

regimes, where two frequency branches of the dispersion diagram (describing two indepen-

dent resonance solutions) coalesce. Indeed at the EPD the two resonant modes of the system

coalesce and, as discussed in the previous section, the state vector shows a linear growth with

time yet the resonance frequencies are real (when neglecting the small positive imaginary

part of the resonance frequency due to finite quality factor of the components). From the

theoretical analysis and from the experimental results in Fig. 3.4(a) one may note two types

of EPDs exist in a linear time-periodic system [12]. EPDs that exist at the center of the

BZ, i.e., at fe0 = 0.5fm, with Fourier harmonics located at fes = (0.5 + s) fm, where the

integer s denotes the harmonic number. An example of such a type of EPDs is observed at

fm = 68.3 kHz and is denoted by point #3 with the green circle in Fig. 3.4(a). The measured

time domain behavior of the circuit at this modulation frequency is shown in Fig. 3.4(d)

where we clearly see the linear growth of the capacitor voltage. It grows until it reaches

saturation or till the system is reset as described in the previous section. The other type of

EPDs are those that exist at the edge of the BZ, i.e., at fe0 = 0, with Fourier harmonics

located at fes = sfm. An example of this type of EPDs is denoted by point #1 with the blue

circle at fm = 62.8 kHz in Fig. 3.4(a). The measured time domain behavior of the circuit at

such an EPD is depicted in Fig. 3.4(b). Note that the oscillation of the time domain signal

for an EPD at the edge of the BZ is due to the harmonics located at sfm.

One may observe that a standard “critically damped” LTI RLC circuit with two coinciding

resonance frequencies is also an exceptional point, however, that point is characterized by

two resonance frequencies with vanishing real part; hence, it is a different condition from

what we describe in this chapter.
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Figure 3.4: (a) Theoretical (solid lines) and experimental (square red symbols) results for
the complex dispersion diagram showing the circuit’s resonance frequencies as a function of
modulation frequency fm. (b-e) Time domain experimental results of the capacitor voltage at
various modulation frequencies denoted by #1-4 in the dispersion diagram: (b) Exceptional
point #1 denoted by the blue circle located at the edge of the BZ where the modulation
frequency is fm = 62.8 kHz. (c) Real-frequency resonance indicated by #2, denoted by the
magenta circle, where the modulation frequency fm = 66.5 kHz. (d) Exceptional point #3,
denoted by the green circle, located at the center of the BZ where the modulation frequency
is fm = 68.3 kHz. (e) Unstable regime, point #4, denoted by an orange circle, represents two
complex resonance frequencies, with opposite imaginary parts and real part equal to fm/2,
where the modulation frequency is set to fm = 71.5 kHz. Note that due to time-periodicity,
time domain signals have all Fourier harmonics f + sfm, with s = 0,±1,±2, ....
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3.3.2 Sensitivity to perturbations

Sensitivity of a system’s observable to a specific parameter is a measure of how strongly

a perturbation to that parameter changes the observable quantity of that system. The

sensitivity of a system operating at an EPD is boosted due to the degeneracy of the system

eigenmodes. In the LTP system considered in this chapter, a perturbation δ to a system

parameter leads to a perturbed state transition matrix Φ and thus to perturbed eigenvalues

λp(δ) with p = 1, 2. Therefore, the two degenerate resonance frequencies occurring at the

EPD change significantly due to a small perturbation δ, resulting in two distinct resonance

frequencies fp(δ), with p = 1, 2, close to the EPD resonance frequency. The two perturbed

eigenvalues near an EPD are represented using a convergent Puiseux series (also called

fractional expansion series) where the Puiseux series coefficients are calculated using the

explicit recursive formulas given in [75]. A first-order approximation of λp(δ) is

λp(δ) ≈ λe + (−1)pα1

√
δ, (3.8)

and the perturbed complex resonance frequencies is approximately calculated as

fp(δ) ≈ fes ± j
fm
2π

(−1)pα1

√
δ, (3.9)

where α1 =

√
− d

dδ

[
det[Φ(δ)− λI]

]
|δ=0,λ=λe and the ± signs correspond to the cases with

EPD at the center or edge of the BZ, respectively. Equation (3.9) is only valid for very small

perturbations δ � 1 and it is clear that for such a small perturbation the resonance frequen-

cies fp change dramatically from the degenerate resonance fes due to the square root function.

In other words the EPD is responsible for the square root dependence4f = fp(δ)−fes ∝
√
δ.
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Now, let us assume that the perturbation δ is applied to the value C1 of the time-varying

capacitor, and the perturbed C1 is expressed as (1 + δ)C1. Considering an unperturbed LTP

LC resonator as shown in the subset of Fig. 3.1(a), the system has a measured EPD reso-

nance at a modulation frequency fm = 62.8 kHz for the parameter values given in section 3.3.

This EPD resonance frequency is at fe0 = 0Hz, corresponding to point #1 (blue circle) in

the dispersion diagram shown in Fig. 3.4(a), and at all its Fourier harmonics fes = fe0 +sfm.

By looking at the spectrum of the measured capacitor voltage we observe that among the

various harmonics of such EPD resonance, the frequency of Re(fe6) = 6fm = 374.2 kHz has

a dominant energy component, hence it is the one discussed in the following. The theoretical

and experimental variations in the real part of the two perturbed resonance frequencies due

to a perturbation δ � 1 in the the time-variant LC circuit are shown in Fig. 4.6. Only the

results for positive variations of δ are shown here, hence the resonances move in the directions

where they are purely real (though the presence of small losses would provide a small imag-

inary part in the resonance frequency). The solid blue curve, dashed red curve, and green

symbols denote the calculated-exact (solutions of Eq. (3.3) explained in Sec. 3.2), Puiseux

series approximation, and the experimentally observed resonance frequencies, respectively

when varying δ. The coefficient α1 in the Puiseux series is calculated to be α1 = j2.65 which

according to the fractional expansion in Eq. (3.9) it implies only change of the real part

of the resonance frequency for a positive perturbation δ > 0 while the imaginary part is

constant. The three curves are in excellent agreement for small perturbations, showing also

the remarkable agreement of the experimental results with the theoretical ones indicating

that this is a viable practical solution to make ultra-sensitive sensors. The perturbation δ

(the relative change in capacitance C1) is experimentally introduced through changing the

positive voltage level of the pump voltage vp(t). In such a design, each 5 mV change in

the positive level of the pump voltage will result in 1% change of the C1 capacitor value

corresponding to δ = 0.01. The experimental results in this figure are extracted using the

Fourier transform of the time domain signal, leading to the resonance frequencies composing
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Exact

Experiment

Puiseux

Figure 3.5: Proof of exceptional sensitivity. Experimental and theoretical changes in the
real part of the two resonance frequencies fp due to a positive perturbation δ applied to
the capacitance C1 of the time-varying capacitor. The two real frequencies greatly depart
from the EPD frequency around 374 kHz even for very small variation of the capacitance
following the fractional power expansion 4f = fp(δ)−fes ∝

√
δ. The solid blue line, dashed

red line and green symbols represent the calculated-exact, Puiseux series approximation, and
experimental resonance frequencies of the LTP LC circuit shown in the Fig. 3.1(a). The
EPD frequency around 374 kHz corresponds to point #1 (blue circle) at the edge of the BZ
in Fig. 3.4(a).

the signal. The results in Fig. 4.6 demonstrate theoretically and experimentally that for

a small perturbation δ, the real part of the resonance frequency is significantly changed.

Therefore, these experimental results unequivocally demonstrate the exceptional sensitivity

of the proposed system operating at an EPD which can be used to conceive a new class of

extremely sensitive sensors.

3.4 Conclusion

We have shown the first practical and experimental demonstration of exceptional points

of degeneracy (EPDs) directly induced via time modulation of a component in a single

resonator. This is in contrast to EPDs realized in PT-symmetric systems that would require

two coupled resonators instead of one, and the precise knowledge of gain and loss in the

system. We have shown that controlling the modulation frequency of a component in a
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single resonator is a viable strategy to obtain EPDs since varying frequency in a precise

manner is common practice in electronic systems. The occurrence of a second-order EPD has

been shown theoretically and experimentally in two ways: by reconstructing the dispersion

diagram of the system resonance frequencies, and by observing the linear growth of the

capacitor voltage. We have also experimentally demonstrated how such a temporally induced

EPD renders a simple LC resonating system exceptionally sensitive to perturbations of the

system capacitance. The excellent agreement between measured and theoretical sensitivity

results demonstrate that the new scheme proposed in this chapter is a viable solution for

enhancing sensitivity, paving the way to a new class of ultra sensitive sensors that can be

applied to a large variety of problems where the occurrence of small quantity of substances

shall be detected.
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Chapter 4

Ultra-sensitive radio frequency

biosensor at an exceptional point of

degeneracy induced by time

modulation

We exploit the premises of exceptional points of degeneracy (EPDs) induced in linear time-

periodic (LTP) systems to achieve extremely sensitive biosensors. The EPD is formed in

a single LC resonator where the total capacitance is comprised of a time-varying capacitor

in parallel to a biosensing capacitor. We show the emergence of EPDs in such a system

and the ultra sensitivity of the degenerate resonance frequency to perturbations. Moreover,

we investigate the capacitance and conductance variations of an interdigitated biosensing

capacitor to the changes in the concentration of a biological material under test (MUT),

leading to subsequent large changes in the resonance frequency of the LTP-LC resonator.

A comparison with a sensor based on a standard LC resonator demonstrates the ultra-high

sensitivity of the proposed LTP-LC based biosensor. In addition, we show the scalability of

53



the biosensor sensitivity across different frequency ranges.

4.1 Introduction

Analytical biosensors play a tremendous role in modern medicine through enabling the mon-

itoring of biomarkers in human health. The applications of these sensors are diverse as

they form the core of many point-of-care, wearable, and diagnostic tools utilized in pathol-

ogy, nutrition, fitness, biomedical science, and more [89–93]. Traditionally, an analytical

biosensor is composed of two main elements: a bioamplifier (such as a bioreceptor), and

a transducer (converting the biological signal into an electrical one). Various number of

modalities exist to monitor biomarkers [94, 95], including but not limited to electrochemical

impedance spectroscopy [96–98], piezoelectric microcantilever [99–101], surface plasmon res-

onance [102–105], immunoelectrophoresis [106, 107], fluorescence [108, 109], enzyme-linked

immunosorbent assay (ELISA) [110–113]. While many of these techniques have found criti-

cal roles in a variety of applications, a majority are encumbered by limitations in system size

and weight, sample preparation requirements, power consumption, and limited capabilities

in wireless operation.

Dielectric-RF sensors (that sense the presence of analytes via permittivity shifts) possess

traits that address many issues that have limited traditional biosensors, however these sensors

have limited use in modern devices. The reason for this is two-fold: these sensors possess

low sensitivity (signal change due to input) and low selectivity (discrimination of an analyte

from interferents). While there are potential strategies to improve RF-biosensor selectivity

[83], here we examine a new electromagnetic amplification strategy to improve biosensor

sensitivity.

One of the most recent methods to dramatically enhance sensors sensitivity is to design the
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Figure 4.1: The proposed sensor circuit working at an exceptional point of degeneracy con-
sisting of a time-varying LC resonator in parallel to a biosensing capacitor (its capacitance
is function of the concentration of the material under test (MUT)). The biosensing capacitor
is realized using an interdigitated capacitor. The EPD induced in this single linear-time-
periodic (LTP)-LC resonator is responsible of the very high sensitivity.

RF sensor to operate at the so called exceptional point of degeneracy (EPD). The EPD

represents the coalescing point of the degenerate resonance frequencies and it emerges in

a system when two or more eigenmodes of the system coalesce into a single degenerate

eigenmode in both their eigenvalues and eigenvectors [5, 8, 20, 37, 51, 52, 87]. The system

at an EPD shows an inherent ultra sensitivity, specially for small perturbation, that can be

exploited to enhance the sensitivity of the liquid-based radio frequency biosensor [1, 6, 9, 12,

86]. In addition to high sensitivity, EPDs are associated with other unique properties such

as enhancing the gain of active systems [62], lowering oscillation threshold [4], etc.

Recently, EPD associated sensors based on the concept of parity-time (PT) symmetry in

multiple, coupled resonators have been investigated in Refs. [3, 84, 85]. In this chapter,

instead, we use the new concept of an EPD that occurs in a single resonator and it is not

based on PT-symmetry [12]; this new method is used to generate a second order EPD induced

by time-periodic variation of a system parameter [12] aiming at improving the sensitivity of

liquid based radio frequency biosensors, leading to an intrinsic ultra sensitivity. The concept
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of an EPD in a single resonator obtained by simply applying a time domain modulation

which was shown in Ref. [12], and the experimental demonstration of the occurrence of such

EPD has been shown in Ref. [18]. In this chapter we apply the EPD concept developed

in these two papers to conceive a new class of biosensors. The proposed biosensor shown

in Fig. 4.1 is comprised of an LC resonator where the capacitor is time-variant and is in

parallel to the biosensing capacitor, i.e., the capacitor whose capacitance is function of the

concentration of the material under test (MUT). The biosensing capacitor is implemented

using an interdigitated capacitor (IDC) as shown in Fig. 4.1. In this system, the change in

the concentration of the MUT will change the capacitance of the IDC that can be measured

through the shift in the resonance frequency of the system and this shift is boosted when

the system operates at an EPD. We study two different biosensing scenarios based on the

IDC in Fig. 4.1: (i) a uniformly dissolved MUT in the background material above the IDC,

and (ii) a thin layer of MUT placed on top of the electrodes which are denoted by A and B

in Fig. 4.1.

In the following, we first show the behavior of a linear time periodic (LTP) LC resonator

through the dispersion relation of the resonance frequency versus modulation and we discuss

the occurrence of EPDs in such a system. The analysis accounts for losses in the system.

In section 4.3 we design and investigate the performance of an IDC which is integrated

in the system as the biosensing capacitor. We show the effect of the concentration of the

MUT on the capacitance and the conductance of such capacitor for two cases of uniformly

dissolved MUT and effective MUT layer. Finally, in section 4.4, we show the sensitivity of

the designed system to perturbation, i.e., the concentration of the MUT, and we characterize

the proposed biosensor performance across different designs and frequencies. Moreover, to

show the advantages and the superiority of the proposed EPD biosensor, we compare its

sensitivity with that of conventional biosensors.
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4.2 Enhancing the sensitivity of biosensors in an LTP

system with EPDs

In this section, we demonstrate how to boost the sensitivity of conventional biosensors using a

LTP-LC resonator as indicated in Fig. 4.2(a) where the time-periodic variation is introduced

in the system through the time-varying capacitor, Cltv(t). The two-dimensional state vector

Ψ(t) = [q(t), i(t)]T describes this system, where T denotes the transpose operator, q(t)

and i(t) are the capacitor charge on both the capacitors in Fig. 2(a) and inductor current,

respectively. The temporal evolution of the state vector obeys the two-dimensional first-order

differential equation [12]

d

dt
Ψ(t) = M(t)Ψ(t) (4.1)

where M(t) is the 2 × 2 time-varying system matrix. Assuming that the time-variation of

the capacitance is a two level piece-wise constant, periodic, function as shown in the subset

of Fig. 4.2(a), the time-variant system matrix reads

Mp =

 − Gbio

Cp+Cbio
−1

1
L0(Cp+Cbio)

− R
L0

 , (4.2)

where Cp, with p = 1, 2, represents the two values of the piece-wise constant time-varying

capacitance Cltv(t) and Cbio is the capacitance of the biosensing capacitor. The linear time-

varying capacitance Cltv(t) is Cltv = C1 for 0 < t ≤ 0.5Tm and Cltv = C2 for 0.5Tm < t ≤ Tm.

Losses in the system are represented by the series resistance of the inductor R and the parallel

conductance Gbio of the biosensing capacitor. The conductance Gbio represents losses in the
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Figure 4.2: (a) The proposed LTP-LC resonator sensing circuit consisting of and inductor L0

in series with a resistance R , in parallel to a time-varying capacitor Cltv whose capacitance is
given by a two level piece-wise constant time-periodic function as shown in the subset, with
modulation frequency fm. The LTP-LC tank also includes a parallel biosensor capacitor
Cbio and associated conductance Gbio. The values of both Cbio and Gbio are function of the
concentration δ of the MUT. (b) Dispersion diagram of the circuit resonance frequencies vs.
modulation frequency fm of Cltv. The blue and red curves show the real and imaginary parts
of the resonance frequency, respectively. The dispersion diagram accounts for small losses in
the circuit.

background medium and in the MUT.

Considering that the LTP sensor is periodic with period Tm = 1/fm, we can translate the

state vector from the time instant t to t + Tm as Ψ(t + Tm) = Φ(t, t + Tm)Ψ(t) through

the 2 × 2 state transition matrix Φ(t, t + Tm) [7, 12]. In addition, the state vector satisfies

Ψ(t+Tm) = ejωTmΨ(t) in a periodic systems, hence we constitute the eigenvalue problem as

(
Φ(t, t+ Tm)− ejωTmI

)
Ψ(t) = 0, (4.3)
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where I is the 2 × 2 identity matrix. Considering the eigenvalue problem derived in (4.3),

we find the eigenvalues ejωTm of the state transition matrix Φ(t, t + Tm), hence the circuit

eigenfrequencies f = ω/(2π) that are the resonance frequencies of the circuit. Figure 4.2(b)

shows the dispersion of these LTP-LC resonant frequencies versus modulation frequency fm.

The small asymmetry of the real and imaginary parts of the resonance frequencies f with

respect to the center f = 0 is due to the small losses in the circuit components. Such a

dispersion diagram is obtained for the circuit parameters set as L0 = 15µH, R = 0.1Ω,

C1 = 4.5 nF, C2 = 1.5 nF. The parameters of the biosensing capacitor are derived based

on the first order model described in Section 4.3 and set as Cbio = 0.3 nF and Gbio =

67µS. It is observed from Fig. 4.2(b) that the time-periodic LC resonator exhibits second

order EPDs (the band edges of each band gap) for selected modulation frequencies, i.e.,

when two resonance frequencies coalesce at a specific modulation frequency fm. Note that

the LC resonator is time-periodic, therefore for a resonance frequency f there exist all the

correspondent Fourier harmonics f + nfm, where n = ±1,±2, .... The EPDs occur either at

the center or at edge of the Brillouin zone (BZ) (we use this term in analogy to what happens

in periodic electromagnetic waveguides [6]) as it can be inferred from Fig. 4.2(b). For

instance, one of the EPDs in Fig. 4.2(b) is indicated with a black circle: at the modulation

frequency fm = 112.6 kHz the LTP-LC resonance frequencies are fe = fe0 +nfm. The one in

the black circle corresponds to the n = 0 harmonic fe0 = j2.6 kHz, and the small imaginary

part is due to losses in the circuit.

The resonance frequencies of such a system operating at an EPD are highly sensitive to

perturbation of any system parameter. In general, a perturbation δ of a system parameter

leads to a perturbed transition matrix Φ(δ) that in turn generates two perturbed resonant

frequencies fp(δ), with p = 1, 2, slightly away from the degenerate resonance frequency

fe of the system operating at the second order EPD. It has been demonstrated that the

perturbation of the eigenvalues of (4.3), hence the perturbation of the resonant frequencies,

cannot be represented with a Taylor expansion of the degenerate resonant frequency around
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fe [13, chapter II.1.1]. The first order approximation of fp(δ) near the EPD is derived by a

Puiseux series [13, chapter II.1.1] (also called “fractional power expansion”) using the explicit

recursive formulas given in [18, 75] as

fp(δ) ≈ fe ± j
fm
2π

(−1)pα1

√
δ (4.4)

where α1 =
√
− d

dδ
[det(Φ(δ)− ej2πfTmI)] |δ=0,f=fe and the ± signs correspond to EPDs at

the center or edge of the BZ. Equation (4.4) indicates that for a small perturbation δ << 1,

the resonance frequencies fp change dramatically from their original degenerate frequency

fe due to the square root function. As an example, a perturbation δ = 0.0001 generates a

resonance frequency shift fp(δ)−fe proportional to
√
δ = 0.01, that is much larger than that

in standard LC resonators, where such shift would be simply proportional to δ.

4.3 Analysis of biosensing capacitor

An IDC is considered here as a reliable candidate to realize the biosensing capacitor Cbio.

The capacitance and conductance of the IDC depend on the geometrical design and the elec-

tromagnetic properties of the various materials used to fabricate the capacitor. We propose

an equivalent circuit model for the IDC that easily describes the sensor’s port admittance as

shown in Fig. 4.3, and that will be used for the perturbation analysis in the next subsection.

In order to simplify the analysis of the IDC and obtain an equivalent circuit model, we divide

the media surrounding the electrodes into several domains based on their electromagnetic

properties and electric field distribution. Hence, we model each domain by a parallel capac-

itance and conductance, placed along the direction of the electric field. The cross section

of the biosensing capacitor showing the different domains is illustrated in Fig. 4.3(a) where
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only two electrodes of the interdigitated capacitor are shown. The domains are the substrate,

the inter-electrode layer, and the background material above the electrodes. The equivalent

circuit models of such domains are in parallel (see Fig. 4.3(a)). In practice, the background

and the substrate domains are significantly thicker than the inter-electrode gap, hence they

are approximated by two infinite half-spaces. The fringing electric field distribution between

two electrodes of the IDC cell is similar to that of a pair of parallel strip lines. We derive

analytical formulas for capacitances and conductances of the equivalent circuit model of the

cell shown in Fig. 4.3(a) by fitting the result of the admittance formula of two parallel strip

lines to that of numerical simulations. The numerical results are obtained by finite element

method (FEM) simulations implemented in COMSOL Multiphysicsr [114]. Typically, the

geometrical ratios in strip lines are different from IDC, and to derive accurate ad-hoc formu-

las, we add correction factors in the analytic expressions for the capacitance and conductance

of the parallel strip lines (whose approximation is available in [115]):

Cb =
ε0εrbπLe

ln (4 (α1 + de/we))
(4.5)

Gb =
σbLe

α2 + α3 cosh−1 (1 + de/we)
, (4.6)

where Le and we represent the length and width of each electrode, respectively, de is the

gap between the two adjacent electrodes, εrb and σb are the relative permittivity and the

conductivity of the background medium, respectively, and ε0 is the permittivity of vacuum.

We anticipate that the constant coefficients α1 = 0.46, α2 = 0.21 and α3 = 0.58 are obtained

from the fitting procedure based on the IDC parameters given hereafter for the IDC biosensor

shown in Fig. 4.1.
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(a)

(b)

Figure 4.3: (a) A Cross section of one cell of the IDC showing two electrodes in an un-
perturbed surrounding (background and substrate). The equivalent circuit model of each
domain is indicated in this figure. (b) Capacitance and conductance values of the designed
IDC versus frequency.
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Note that the equivalent capacitance and conductance of the substrate domain are derived

from (4.5) and (4.6), simply by replacing the background material parameters with those of

the substrate, i.e., replacing εrb and σb with εrs and σs, respectively.

We assume that the inter-electrode domain is filled with the background material and due

to the small (compared to the wavelength) parallel side walls of the adjacent electrodes, the

inter-electrode domain experiences a uniform electric field distribution, hence the equivalent

capacitance and conductance of the inter-electrode domain are estimated by [116]

Ci = ε0εri
tiLe
de

(4.7)

Gi = σi
tiLe
de

. (4.8)

Here ti, εri and σi are the thickness of the electrode, the relative permittivity, and conductiv-

ity of the inter-electrode domain, respectively. The IDC is comprised of N cells repeated in

the x direction and the equivalent circuits of the cells are in parallel. According to the oper-

ative frequency range and also due to the parallel connection of the electrodes, it is observed

that the IDC shows a negligible inductance at its terminals in the considered frequency

range. With a reasonable approximation, the admittance of a single cell of the interdigitated

capacitor is approximated as

Ycell = (Gb +Gs +Gi)︸ ︷︷ ︸
Gcell

+ jω(Cb + Cs + Ci)︸ ︷︷ ︸ .
Ccell
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hence, the total admittance of the biosensing capacitor is derived as Ybio = Gbio + jωCbio =

NYcell. Figure 4.3(b) shows an example of a designed IDC where the total capacitance is

Cbio = 0.3 nF and the total conductance is Gbio = 67µS at 1 kHz. In order to meet the

required design values of the time-periodic LC sensor that exhibits an EPD, we optimize

the IDC using (4.5)-(4.8). For the aforementioned design, the geometrical parameters are

set as Le = 10 mm, we = 200µm, ti = 50µm, de = 250µm, and N = 20. We use deionized

water with εrb = 81.2, and σb = 5µS/m (at 100 MHz) as background and inter-electrode

materials, and quartz with εrs = 4, σs = 0 as substrate. The frequency dependent behavior

of the materials is considered using the Debye model in Ref. [117].

Next, we investigate the variation of the capacitance and conductance of the IDC based

on the variation of the MUT concentration by using the derived model. According to the

type of the MUT, there are two common bionsensing modes: (i) the MUT (e.g. glucose)

dissolves in the background material uniformly changing the electromagnetic properties of

the background material, and (ii) a thin layer of the MUT (e.g. proteins) covers the exposed

surface of the electrodes. The cross section of the perturbed biosensing capacitors for both

sensing scenarios are depicted in Fig. 4.4(a) and (b), respectively.

The perturbation δ in each biosensing scenario is defined as the relative volumetric concen-

tration of the MUT in the background material where δ = 0 represents the unperturbed

structure (i.e., only the background material is present) and δ = 1 means that the entire

background material is replaced by the MUT. Such a uniform mixture of the MUT and

background material can be described by an effective permittivity and conductivity using

the linear mixture formula for composite media [118–120]
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(a)

(b)

(c) (d)
210−

Figure 4.4: (a) Cross section of one cell of the IDC where the background domain is filled
with a uniformly dissolved MUT into the background material. (b) Cross section of one cell
of the IDC where the effective layer made of the MUT and antibodies is immersed in the
background material. (c) and (d) Effect of the perturbation δ on the equivalent circuit of
the biosensor capacitor relative to the case in (a) and (d), respectively. In (b) and (d) the
thickness of the MUT layer is only a few nanometers.
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εeff/ε0 = δεrm + (1− δ)εrb (4.9)

σeff = δσm + (1− δ)σb, (4.10)

where εrm and σm represent the relative permittivity and conductivity of the MUT, respec-

tively.

To find the equivalent capacitance and conductance of the first biosensing scenario in Fig.

4.4(a), we substitute the effective parameters of the composite mixture formula (4.9) and

(4.10) into (4.5) and (4.6) to derive the equivalent circuit parameters of the perturbed biosen-

sor capacitor Cbio shown in Fig. 4.4(a). The change in the capacitance and conductance

values of the perturbed equivalent circuit biosensor capacitor Cbio and Gbio are respectively

denoted by δCbio = (Cbio(δ) − Cbio)/Cbio and δGbio = (Gbio(δ) − Gbio)/Gbio are reported in

Fig. 4.4(c). The result in this Figure is based on the assumption that the MUT is glucose

described with εrm = 30 and σm = 0.6µS/m in the considered frequency range [121].

In the second biosensing scenario, Fig. 4.4(b), we consider a thin MUT layer (i.e., typically a

protein layer) with relative volumetric concentration δ, that adheres to the top surface of the

electrodes and is surrounded by the background material as shown in Fig. 4.4(b). Therefore,

a layer made of MUT and background material is formed (referred to as effective MUT in

the following) and it covers the entire electrodes’ surface through which the fringing electric

field passes. Hence, the effective layer is modeled by a circuit comprised of a capacitance

CMUT in parallel with a conductance GMUT , where such circuit in turn is in series with the

background domain’s equivalent circuit. Since the effective MUT layer thickness tm is only

a few nanometers, the electric field distribution is uniform in the this layer. The equivalent

circuit parameters of the effective MUT layer is obtained from CMUT = εeffweLe/tm and
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GMUT = σeffweLe/tm where εeff and σeff are given by the linear mixture formula in (4.9)

and (4.10), respectively. Considering the equivalent circuit model of different domains rep-

resented in Fig. 4.4(b), we derive the variation in the values of the perturbed equivalent

circuit parameters Cbio and Gbio (δCbio and δGbio) reported in Fig. 4.4(d). The result in

this figure is based on the assumption that the MUT is made of Keratin with εrm = 8 and

σm = 1.2µS/m, tm = 50 nm [122].

4.4 Characterization of the biosensor performance

We characterize the sensitivity of the biosensor system operating at an EPD, based on a

LTP-LC resonator made of the parallel arrangement of the biosensing capacitor in section

4.3 and a time-varying capacitor.

4.4.1 Sensitivity comparison with conventional biosensors

We start by showing a comparison between the sensitivity of a biosensor based on a LTP-LC

resonator operating near an EPD and a conventional biosensor based on a linear time-

invariant (LTI)-LC resonator, i.e., a standard LC resonator. The values of the LTP-LC

resonator are the same as those in the previous sections. To assess a fair comparison, we

assume that the capacitance in the LTI-LC resonator is equal to the time average capacitance

in the LTP-LC resonator, i.e., C0 = (C1 +C2)/2, and all the other parameters are the same

as those of the LTP-LC case in Section 4.2, i.e., L0 = 15µH, R = 0.1Ω, Cbio = 0.3 nF and

Gbio = 67µS.

Figure 4.5 illustrates the change in the real part of a resonance frequency ∆f = fp(δ)−fp(0)

versus relative perturbation δCbio, for both the LTI (standard case) and LTP (EPD case)

biosensors. Therefore, for the LTP-LC biosensor, ∆f describes the shift of the resonance
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Figure 4.5: Relative change in resonance frequency (only the one moving towards lower
frequencies is shown) of a biosensor as a function of the relative change in the biosensing
capacitance Cbio. The blue and dashed-red curves show the resonance frequency shift of
the LTP-LC biosensor with EPD, whereas the black curve shows the resonance shift in a
conventional LTI-LC resonator, respectively. The comparison clearly shows the much higher
sensitivity of the sensor based on the EPD in the LTP-LC resonator.

frequency fp(δ) in the perturbed biosensor with respect to the 6th harmonics (n = 6) of

the degenerate resonance frequency, i.e., fp(0) = fe0 + 6fm = (675.8 + j2.6) kHz of the

unperturbed biosensor (i.e., working at an EPD). Similarly, ∆f for the LTI-LC case shows

the shift of the resonance frequency with respect to unperturbed resonance frequency fp(0) =

(715.4 + j2.2) kHz. The change δCbio in the biosensing capacitance is due to the change in

the MUT concentration δ in the background material, shown in Figs. 4.4(c) and (d) for the

two biosensing scenarios.

The change of the resonance frequency ∆f = fp(δ)−(fe0 +6fm) based on the EPD perturba-

tion is well described by the Puiseux series in (4.4), truncated to the first order. Indeed this

approximation is in very good agreement with the “exact” result for the LTP case obtained by

solving Eq. (4.3), showing the analytical nature of the ultra sensitivity concept of the EPD-

based sensor. In Fig. 4.5 we have normalized the perturbation of the resonance frequency

for both the LTP-LC and LTI-LC resonators to the resonance frequency of the lossless un-

perturbed LTI-LC resonator that is calculated as fLTI = 1/(2π
√
L0(C0 + Cbio)) = 715.4 kHz.
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Figure 4.6: Resonance frequency shift ∆f(δCbio), normalized to modulation frequency, ex-
hibiting large variations even for very small relative perturbations δCbio, for three different
designs with three different modulation frequencies. In each case the LTP-LC resonator
works at an EPD. This plot illustrates the scalability of the ultra sensitivity concept over a
large range of frequencies. The solid-blue curve shows a design with modulation frequency
fm = 112.6 kHz, the dashed-red curve and green circles represent scaled designs of the
biosensor with modulation frequencies fm = 11.3 MHz and fm = 112.6 MHz, respectively.

This Figure shows the highly remarkable sensitivity associated with the biosensor designed

to operate at an EPD of the LTP-LC system. Such ultra-sensitivity of the LTP-LC resonator

operating at a second order EPD was observed experimentally in [18] in general terms, hence

here we investigate the sensitivity to the variation of a MUT in a biosensing scenario. One

may note that the value of α1 in Eq. (4.4) can significantly affect the sensitivity of the

LTP-LC resonator and it is determined by the parameters of the system. Considering the

values used in this chapter, α1 = −j2.6. Moreover, it can be inferred from the fractional

power expansion of the resonance frequencies in Eq.(4.4) that for an imaginary value of α1,

a perturbation δ > 0 implies that only the real part of the resonance frequency changes

while the imaginary part is constant (i.e. there are two purely real frequencies), whereas

a perturbation δ < 0 implies that the imaginary part is the one changing while the real

part remains constant. Future work shall focus on how to maximize this value based on the

design of the circuit parameters.
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4.4.2 Sensing scalability across different frequencies

As mentioned in the introduction, a system operating at an EPD exhibits an enormous

sensitivity to any perturbation to the system. In such a system, shown in Fig. 4.2, we have

different EPD resonances for different modulation frequencies, hence we can design a sensor

with exceptional sensitivity to operate at any of them. In order to illustrate the exotic

performance of the described sensing system, we assume that the biosensing capacitor is

experiencing a δ increase in the concentration of the MUT, hence the biosensing capacitance

value is perturbed as Cbio(δ), and its relative change δCbio follows the behavior shown in

Figs. 4.4(c) and (d), for the two sensing scenarios shown in Fig. 4.4. In turn, a relative

positive increment δCbio perturbs the LTP-LC resonator operating at an EPD, generating

two real resonance frequencies, whereas a negative δCbio, generates two resonance frequencies

that deviate in their imaginary part, following the dispersion diagram in Fig. 4.2(b). These

features are better shown in Fig. 4.6 that illustrates such ultra-sensitivity of the resonance

frequency to small values of δCbio, considering three case with three different modulation

frequencies fm. Fig. 4.6(a) and (b) show the real and imaginary shifts of the resonance

frequencies, respectively, where the solid-blue curve represents a design with a modulation

frequency fm = 112.6 kHz, the dashed-red curve and green circles represent a scaled designs of

the biosensor with modulation frequencies fm = 11.3 MHz and fm = 112.6 MHz, respectively.

We conclude from the figure that the real and imaginary parts of the resonance frequency

are sharply sensitive to the external perturbation (e.g., the concentration of the MUT).

We also conclude that this sensitivity property is valid (it is actually the same) regardless

of the chosen modulation frequency which indicates a freedom in the choice of the circuit

components, and that the concepts presented in this chapter are scalable to any operating

frequency.
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4.5 Conclusion

We have exploited the concept of EPDs induced in linear time-periodic systems to achieve

extremely sensitive biosensors based on the detection of a resonant frequency shift. We use

a single time-varying LC resonator whose capacitance is given by the parallel arrangement

of a time-variant capacitor and the biosensing capacitor. Furthermore, we have developed

a model of interdigitated capacitors that well describes changes of capacitance due to the

variations in the concentration of an MUT and investigated how sensitive is the LTP-LC

biosensor to such changes. We have considered two different sensing scenarios, and an

unprecedented sensitivity to the perturbations of the time-variant LC resonator at an EPD is

illustrated. The sensitivity of the resonance frequency in a single, time-varying, LC resonator

working at an EPD to perturbations has been demonstrated to be much higher than that

of a single, time-invariant (i.e., standard), LC resonator. The practical implementation of

this sensing technology seems straightforward since the time-modulated capacitance can be

realized with a simple multiplier controlled by a modulated voltage pump [18] for example.

The working principle for the proposed ultra-sensitive biosensor is general and can be easily

implemented in existing systems to enhance sensitivity, paving the way to a new class of

ultra-sensitive sensors.
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Chapter 5

Breaking physical bound on absorbers

bandwidth using linear time varying

periodic systems

Absorbers are important electromagnetic devices with many applications in radio frequency,

microwave and optical regime but they suffer from a fundamental limit in their absorption-

bandwidth properties. This physical bound says that bandwidth and absorption levels are

constrained by the total thickness of the absorbing layer, in linear time-invariant systems.

We show how to break the physical bound in absorption-bandiwtdh by using a time vary-

ing element in the absorber structure. This strategy leads to a wide-band absorber with

absorption bandwidth beyond the physical bound. An experimental proof of concept is im-

plemented by using an equivalent transmission line model for the multilayered absorbers,

clearly demonstrating the bandwidth improvement of this time-varying absorber.
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5.1 Introduction

Increasing the bandwidth of antennas, absorbers and resonators in general have been a

classical challenge in the past several decades. For instance, to mitigate bandwidth limita-

tions in radar absorbers, various wide-band absorbers have been proposed such as multilay-

ered absorbers (e.g., Jaumann [123, 124] or Dallenbach [125, 126] absorbers), analog circuit

absorbers [127, 128], frequency selective surface based absorbers, and metamaterial-based

absorbers [129–132]. All these bandwidth enhancement methods were based on linear time-

invariant (LTI) systems with causal and passive properties that comply with a fundamental

physical bound that limits the bandwidth of operation and amount of absorbed power by the

absorber depending on the absorber total thickness [133–135]. The fundamental constraint

for a normally incident plane wave onto a metal-backed non-magnetic absorber shown in

Fig. 5.1(a) is simply written as [133]

∆λ

d
< α (5.1)

where ∆λ is the absorption wavelength bandwidth calculated at reflection magnitude Γ0

for an absorber with total thickness d, and α = 2π2/ |lnΓ0| is inversely proportional to the

amount of fields absorption reflection coefficient. This means that all incident waves with

wavelengths within the ∆λ wavelength-bandwidth experience a reflection coefficient with

magnitude smaller than Γ0. This physical bound on bandwidth is here rewritten in form of

frequency bandwidth, and using a Taylor expansion to the second order, the maximum rela-

tive frequency bandwidth for the multilayered structure shown in Fig. 5.1(a) with thickness
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Figure 5.1: (a) Simple conventional lossy metal-backed dielectric absorber with thickness d.
(b) Generic magnitude of reflection coefficient versus frequency for conventional metal-backed
absorbers similar to the one shown in (a).

d is approximated by

∆f/f0 < α
d

λ0

[
1− 1

4

(
α
d

λ0

)2
]
. (5.2)

In this equation, f0 = (fu + fl)/2 is the center frequency in the frequency bandwidth ∆f =

fu − fl, and λ0 = c/f0 is the free space wavelength corresponding to f0 , see Fig. 5.1(b). In

the case that (αd/λ0)2 << 4, the formula reduces to the simple form ∆f/f0 < αd/λ0. This

physical bound says that either when the thickness of the absorber is decreasing or when

the required absorption level is increasing, then the relative operational bandwidth ∆f/f0

must decrease. Absorbers conventionally comprise one or more layers of lossy dielectrics

over a ground plane, or one or more layers of lossless dielectrics, resistive sheets, over a

ground plane. Such multilayer structures allow impedance matching to the free space wave

impedance over a frequency bandwidth ∆f , but the absorption bandwidth is fairly limited,

and this fundamental limitation so far is mitigated by increasing thickness, as shown in Eq.

(2).

In this chapter we consider a conventional absorber and show that by incorporating time-

variation into the absorber structure, we are able to break the theoretical constraint on the
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absorption-bandwidth-thickness bound. More precisely, by introducing time-variation into

the system we break the assumption of time-invariancy used by Rozanov [133] to demon-

strated the physical bound; therefore, Eq. (5.1) is no longer valid and the absorption band-

width of such a system could exceed that limit. As a representative example, here we in-

corporate time-variation into a Salisbury screen absorber [136] and show that with a proper

scheme of time-variation, the absorption bandwidth increases significantly, exceeding the

physical bound. In other words, the use of time-variation enables impedance matching to

free space wave impedance for a wider bandwidth and results in an absorption bandwidth

beyond the physical bound.

Linear time variant (LTV) systems have been studied in communication and control systems

as a linear differential system of equations with time varying coefficients [7]. Time-variation

in these systems offers advantages and adds degrees of freedom that possibly would improve

the system performance. Recently, there have been studies on time-variant and space-time-

variant system with exotic behavior, such as nonmagnetic circulator using spatiotemporal

modulation [137–139], mixer, duplexer antenna [140], full duplex transmission line [141,

142], wide-band electrically small antennas [143], wideband impedance matching [144], ultra-

sensitive sensors based on LTV-induced exceptional point of degeneracy [12, 18, 19].

Salisbury screen is a simple radar absorber and is comprised of a resistive sheet with the sheet

resistance equal to the wave impedance of the free space and a metal backed lossless dielectric

with dielectric permittivity εr and thickness d = λ1/4, where λ1 = c/(f0
√
εr) = λ0/

√
εr is

the wavelength inside the dielectric at f0 [136]. Such an structure is perfectly matched only

for incident waves at f0 and it is partially matched only for a small range of frequencies

around that. We replace the top layer of the LTI resistive sheet in a Salisbury screen with

a LTV resistive sheet in order to break the physical bound and increase the bandwidth.

Note that, non-linearity also breaks the assumptions used to demonstrate the absorbers-

bandwidth-thickness physical bound and may result in absorption bandwidth beyond the
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physical bound. However, in this chapter we only considered the time-variancy due to its

simpler implementation and independency from the incident wave amplitude.

5.2 Problem description and simulation results

We consider an incident plane wave linearly polarized along x (E = Exx̂) impinging normally

on the absorber surface as shown in Fig. 5.2(a). For a normal incident wave, we rigorously

model the multilayered structure using the equivalent transmission line method shown in

Fig. 5.2(a), considering vacuum as the background medium with intrinsic wave admittance

Y0. The grounded dielectric layer is modeled with a transmission line with length d and

characteristic admittance Y1 = Y0
√
εr, terminated on a short circuit that represents the

ground plane. The thin absorbing layer is modeled by a admittance Yltv at the boundary

between the two media, the free space and the dielectric layer. This thin absorbing layer

has a time-varying conductance. The input wave admittance Yin seen at the interface of

the resistive-dielectric layer is Yin = YTL + Yltv. The red curve in Fig. 5.2(b) shows the

normalized input subsceptance BTL = − cot k1d , of the short-circuited transmission line

(YTL = jBTL) versus frequency, and we recall that at f0 one has k1d = 2πd/λ1 = π/2. As

mentioned, in the LTI scenario (e.g., the Salisbury screen) which has a constant Yltv = Y0,

the input admittance is Yin = Y0 only at f = f0, hence the incident wave is fully absorbed

only at f = f0. Incident waves with frequency away from f0 are partially absorbed and

partially reflected. In order to increase the absorption bandwidth, we use a LTV admittance

sheet that results in a wider admittance matching to the free space wave admittance.

A realization of this admittance sheet can be a linear time-variant admittance Yltv(t) where

the electric field and the surface current density in the conductive sheet at the surface of the

absorber are related as Jx = Yltv(t)Ex. In this equation Ex at the interface of the dielectric

layer and the current density are expressed in terms of comlex-time convention that include
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Figure 5.2: (a) Geometry of a simple metal-backed absorber with LTV absorbing sheet at the
top surface of the dielectric layer, and equivalent transmission line model of this multilayered
structure.

the time domain factor ejωt, where ω = 2πf is the angular frequency. This means that

the tangential electric field in time domain is given by Ex(t) = 1
2

(Ex + E∗x) = Re(Ex),

and analogous considerations apply to the current density and the magnetic field. It is

convenient to represent the time-periodic LTV admittance Yltv(t) in terms of its Fourier

series as Yltv(t) =
∑N

s=−Nyse
jsΩmt, where Ωm = 2πfm is the admittance angular modulation

frequency, and ys is the s-th Fourier series coefficient. Using a complex-time notation, in

turns the electric and magnetic fields have multiple harmonics and for example, the electric

field is expanded in terms of its Fourier series as Ex =
∑N

p=−Nepe
j(ω+pΩm)t, where ep is the

amplitude of the p-th harmonics of electric field. In order to from a matrix which relates

the harmonics of the electric field to the harmonics of current density, we use the expansion

of the LTV admittance sheet. Hence, harmonics of the electric field and current density are
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related through the admittance matrix Yltv as

J = Yltve (5.3)

where the vectors J = [J−N · · · JN ] and e = [e−N · · · eN ] contain the Fourier series coefficients

of magnetic and electric fields respectively, related through Yltv. Choosing a large number N

of Fourier harmonics would provide the required accuracy. In such a structure, the magnetic

field harmonics h = [h−N · · ·hN ] in background space medium are related to the electric

fields harmonics h = Yine, where Yin is the admittance matrix looking into the absorber

and is given in Eq. (B.9) of Appendix B. Assuming a single harmonic plane wave incident

with magnitude h+
0 , reflected magnetic field harmonic weight vector is h− = 1

2
(Yine− Y0e).

We define the reflection coefficients vector Γ, that describe the reflection coefficient of the

harmonics, evaluated at the top surface of the absorber

Γ = −h−/h+
0 . (5.4)

For a non-magnetic LTI absorber such as Salisbury screen, the sheet admittance is constant

and equal to the background medium characteristic admittance (i.e., Yltv(t) = Y0); there-

fore it satisfies Rozanov theorem’s assumptions and has an absorption bandwidth which is

bounded and less than the limit given in Eq. (5.2). However, for a LTV admittance sheet

we leverage the harmonic mixing due to the time-variation of the admittance sheet with the

aim of increasing the bandwidth and instantaneous power absorption using an optimized

time-variation scheme.

Due to the time-periodic variation nature of the system, the reflected wave has many dif-
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Figure 5.3: (a) Piece-wise modulated admittance of the thin absorbing layer, with period
1/fm. (b) Reflection coefficient of the fundamental harmonic for LTI (blue curve) and LTV
(dot-dashed curve) absorbers using the optimized time-periodic variation. (c) Normalized
absorbed power of the fundamental harmonic for LTI (blue curve) and LTV (dot-dashed
curve) absorbers.

ferent harmonics. Therefore, the reflection coefficient on the surface of the absorber for the

q-th harmonic of magnetic field at ω + qΩm is defined as Γq = −h−q /h+
0 . In this notation,

Γ0 is the reflection coefficient of the fundamental harmonic (q = 0), assuming h+
0 is the

amplitude of the incident wave at the fundamental harmonic. We have analyzed different

time-periodic variation schemes with the goal of realizing a wide band absorption and funda-

mental harmonic suppression in order to achieve an absorption bandwidth above the limit.

Here we assume a time-varying Yltv as a piece wise constant periodic function illustrated

in Fig. 5.3(a). Without loss of generality, in the following we consider a scaled frequency

demonstration for its ease of experimental realization. The fundamental harmonic reflection

coefficient of an LTV absorber is shown in Fig. 5.3(b) when considering a dielectric layer

with d = 1.26 m, εr = 2.2, and f0 = 40 MHz. The solid blue and dashed red curves show the

reflection coefficients of the LTI and LTV absorbers, respectively. This figure shows that the

LTV absorber has a larger absorption bandwidth compare to the LTI absorber, when using a

piece-wise constant conductance, and 21 harmonics in the calculations, i.e., M = 10. In this
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example, the relative absorption bandwidth, ∆f/f0 of the LTI system is 32%, the physical

bound ∆flimit/f0 is 68%, and for the LTV system the relative absorption bandwidth is 82%,

i.e., above the physical bound. Moreover, we calculate the amount of fundamental harmonic

absorbed power by the resistive sheet as PAbs = 1
2
Re(e0h

∗
0) varying frequency of the incident

wave, and Fig. 5.3(c) shows the comparison of normalized fundamental harmonic absorbed

powers to incident power for both LTI and LTV absorbers. The total absorbed power for

the LTV absorber is higher than the LTI absorber. Moreover, it shows a bandwidth im-

provement with respect to the LTI absorber. Note that some power is been reflected by the

absorber at other Fourier harmonics.

5.3 Measurement result of an LTV absorber

The proposed LTV absorber has been modeled using the equivalent transmission line method

[145, 146]. Based on this model we have made the physical realization of the equivalent TL

using coaxial cables. The dielectric layer is represented by a coaxial cable with length λg/4 =

1.2 m and εr = 2.2 where λg = c0/(f0
√
εr) is the guided wavelength in the coaxial cable.

The LTV admittance is realized through a combination of switch and resistors, arranged

in parallel with the short circuited TL as shown in Fig. 5.4(a). Figure 5.4(b) shows the

complete LTV absorber setup including the quarter wave short circuited coaxial cable, LTV

circuit, and a coaxial cable connected to the VNA. Both coaxial cables (RG58) have a

Z0 = 50 Ω = 1/Y0 characteristic impedance. The subset in Fig. 5.4 shows the assembled

LTV circuit which is comprised of a switch with a control input (SN74AUC1G66) and a

40 Ω resistor in series with the switch. The control signal is a square wave with frequency

fm provided by a function generator, turning the switch on and off in order to generated the

time varying conductance shown in Fig. 5.3(a). Details are provided in the Appendix B.

The coax cable is connected to a vector network analyzer (VNA) with a 50 Ω port impedance,
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Figure 5.4: (a) Schematic of the transmission lines model of the proposed LTV absorber. (b)
Experimental demonstration of the LTV absorber principle, based on a measurement setup
using coaxial cables. The fabricated PCB circuit is shown in the inset where the different
components are labeled.

and the reflection coefficient of the system is measured at different incident wave frequencies.

Fig. 5.5 shows the measured reflection magnitude of the LTV absorber with the measurement

setup shown in Fig. 5.4(b). Red and blue curves in Fig. 5.5 show the calculated reflection

magnitudes for the LTI and LTV absorbers respectively. The comparison illustrates the good

agreement between the theoretical and measurement results.

Figure 5.5: Comparison of the reflection coefficients of the LTI absorber, simulated LTV
absorber, and measured LTV absorber.
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5.4 Conclusion

In this chapter, we have demonstrated the absorption bandwidth improvement beyond the

fundamental physical bound of the LTI absorbers. The breaking of the physical bound has

been achieved by breaking the hypotheses of the physical bound theorem in [133], i.e., by

adopting a LTV absorbing element in the absorber multilayer structure. Moreover, without

loss of generality, using a simple transmission line model as a proof of concept, we have

experimentally demonstrated the possibility to set absorption beyond the fundamental limit,

showing a bandwidth absorption improvement in the proposed LTV absorber. Despite in

this chapter we did not focus on showing a large improvement, we have theoretically and

experimentally proven that is possible to break of the fundamental bound and hence the

absorption performance can be further improved.
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Chapter 6

Simultaneous perfect bending and

polarization rotation of

electromagnetic wavefront using chiral

gradient metasurfaces

We introduce chiral gradient metasurfaces that allow perfect transmission of all the incident

wave into a desired direction and simultaneous perfect rotation of the polarization of the

refracted wave with respect to the incident one. Besides using gradient polarization den-

sities which provide bending of the refracted wave with respect to the incident one, using

metasurface inclusions that are chiral allows the polarization of the refracted wave to be ro-

tated. We suggest a possible realization of the proposed device by discretizing the required

equivalent surface polarization densities, and synthesizing the chiral discrete polarizabilities

with properly sized helical inclusions at each discretization point. By using only a single,

optically thin, layer of chiral inclusions, we are able to unprecedentedly deflect a normal

incident plane wave to a refracted plane wave at 45◦ with 72% power efficiency which is
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accompanied by a 90◦ polarization rotation. The proposed concepts and design method may

find practical applications in polarization rotation devices at microwaves as well as in optics,

especially when the incident power is required to be deflected.

6.1 Introduction

From the beginning of the 21st century, the investigation of metasurfaces, i.e., optically thin

layers of arrayed subwavelength inclusions, to shape the wavefront of the electromagnetic

waves at will is dramatically increased compared to that of bulky metamaterials [147–173].

This is because metasurfaces have in general less losses and easier manufacturing processes

compared to bulky engineered metamaterials. Quite recently, by applying the so-called

generalized laws of reflection and refraction, specifically designed phase gradient metasurfaces

achieved about 25% of transmitted power for manipulation of transmitted waves [174, 175].

Such designs were suffering from a lack of degrees of freedom for controlling the polarization

of the refracted wave. Subsequent attempts, based on generalized boundary conditions,

accomplished more efficient power operation (about 80%) and also enabled manipulation of

polarization [176–179]. Simultaneous control of reflected or transmitted phase and amplitude

is achieved using anisotropic metasurface elements with enough degrees of freedom as the Y

shaped elements in [180] leading to both deflection and polarization rotation, yet without

devising a robust method that maximizes power transfer.

Most recently, a theoretical scheme for gradient (spatially dispersive) metasurfaces, which

offers a perfect control of refracted/reflected waves (i.e., 100% power efficiency), was intro-

duced in the seminal studies in Refs. [149, 167, 169]. Based on that scheme, metasurface

designs several interesting applications involving wavefront control were proposed (see e.g.,

Refs. [181–188]). However, yet no work has been carried out based on that scheme for the

concurrent control of both the direction and polarization of refracted wavefront. Therefore,

84



we found it timely and essential to introduce the realization of gradient metasurfaces that

not only desirably deflect the wavefront but also manipulate its polarization at will.

Metasurfaces for both polarization conversion and wavefront manipulation may find a wide

range of applications in problems in frequency ranges spanning from microwaves to optics.

For instance, metasurface based polarization rotators are suitable to replace bulky wave

plates (quarter, half wavelength, etc.). Next, metasurface based wave deflectors are handy

candidates to take over the commonly used bulky optical beam splitters that deflect the

wavefront of light (45◦deflection with 50% power efficiency) in optical systems [155, 189,

190]. Moreover, polarization selective metasurfaces are applied for coding the information

into different polarization states [191–193]. Furthermore, metasurface based polarization

convertors have been used in microwave and optics for many different applications such as

reflector antennas [156, 191, 194–196], spectral and polarimetric filters [197–199], imaging

systems [200, 201], and remote sensors [202, 203]. The deflection mechanism can be applied

to achieve super resolution lenses, clocking and beam steering [180, 204, 205] and it is here

augmented with polarization control. Furthermore, the proposed method can be generalized

to lensing applications where polarization is controlled.

Here, we synthesize a planar transmitting metasurface which perfectly deflects the normal

(with respect to the metasurface plane) incoming wavefront by 45◦ and concurrently rotates

its polarization by 90◦, while we express that a similar design procedure can be performed for

any arbitrary angles of deflection and any polarization rotation. Our synthesis approach is

based on the realization of the desired electric and magnetic equivalent surface polarization

densities which are connected to the total fields at both sides of the metasurface through the

“sheet boundary conditions” as described in Sec. 6.2. We further analyze the metasurface

performance for the obtained electric and magnetic polarization densities when they are

discretized into five sampling points for each supercell. In Sec. 6.3 we present a physical

realization design that almost satisfies the required equivalent polarization densities which
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were obtained in the previous section. The design is composed of five unit cells which

form a supercell. Each unit cell consists of four interlaced helices which fulfills the desired

polarization densities, when judiciously engineered. The performance of this metasurface

design is compared with the ideal case, and a power transmission efficiency of 72% is achieved

for a 90◦ polarization rotation and a 45◦ wavefront deflection which is much higher than 25%

efficiency reported in the literature for a smaller angle of wavefront deflection (e.g., 30◦)

using the so-called generalized laws of reflection and refraction (see e.g., Ref. [206]).

We emphasize that besides being electromagnetically thin, our proposed strategy offers two

simultaneous functionalities, i.e., wavefront bending along with polarization rotation of the

incoming wavefront, in a single layer design with an unprecedentedly high efficiency. Such

a device dramatically reduces the required space by combining the advantages of these two

functionalities. Indeed, it can be used in place of two most commonly-used optical apparatus

i.e., a wave plate and a beam splitter which are bulky and occupy substantial spaces. More-

over, our proposal has the advantage of perfect performance (refraction and polarization

rotation) when compared to these devices.

6.2 Problem description

Let us consider a general metasurface that perfectly refracts an incident plane wave with

incoming angle θi to a plane wave with a desired refraction angle θt, and converts the in-

cident field polarization to a favorable one in the refracted field [see Fig. 6.1]. To elab-

orate the concepts in a simple manner, let us now make our analysis more specific and

consider an incident plane wave with a transverse magnetic (TM with respect to z) polar-

ization which is going to be refracted as a transverse electric (TE) polarized plane wave

as shown in the subset of the Fig. 6.1(b). In this example the polarization of the re-

fracted wave is hence rotated by 90◦ with respect to that of the incident wave. Next,
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Figure 6.1: (a) The general gradient metasurface and depiction of incident, reflected and
transmitted waves. (b)The incident and refracted waves and polarization of the fields for a
reflectionless metasurface.

assuming time a harmonic wave with time dependence ejωt which travels downward, i.e.,

in the −z direction [see Fig. 6.1(b)], the electric field vector of the incident wave reads

Ei = Ei
0

(
ŷ cos θie

−jk0(sin θiy−cosθiz) +ẑ sin θie
−jk0(sinθiy−cos θiz)

)
and that of the refracted wave

reads Et = −x̂Et
0e−jk0(sin θty−cosθtz)−jϕt . Here, x̂, ŷ, and ẑ are the unit vectors in Cartesian

coordinates, whereas y and z are accordingly the position variables. Moreover, k0 is the

free-space wave number, Ei
0 and Et

0 are the electric field amplitudes of the incident and

refracted waves, respectively. For simplicity we assume Ei
0 and Et

0 to be real-valued and ϕt

accounts for a possible phase shift between the incident and refracted waves upon crossing

the metasurface. The tangential electric Et and magnetic Ht fields (the subscript t denotes

the tangential component with respect to the metasurface plane) at the boundary of the

metasurface, on both the upper and the lower sides, assuming the metasurface is located on

the z = 0 plane, read
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Et+ = ŷEi
0 cos θie

−jk0 sin θiy, (6.1)

Et− = −x̂Et
0e
−jk0 sin θty−jϕt ,

n̂×Ht+ = ŷ
Ei

0

η0

e−jk0 sin θiy, (6.2)

n̂×Ht− = −x̂
cos θt
η0

Et
0e
−jk0 sin θty−jϕt ,

respectively. Here, “t+” and “t−” subscripts refer to the tangential fields at the upper (z > 0)

and lower (z < 0) metasurface boundaries, respectively. Furthermore η0 =
√
µ0/ε0 is the

intrinsic wave impedance of free space, and n̂ is the unit vector normal to the metasurface

plane in the +z direction [see Fig.6.1(b)]. From Eq. (6.1), the phase of the transmission

coefficient reads

Φt = k0 (sin θi − sin θt) y + ϕt, (6.3)

which is obviously not uniform over the surface since θi 6= θt and indeed it varies linearly

with y. (Other nonlinear variation may be required for other applications, e.g., focusing

[180, 207].)

In the next step, we write the boundary conditions which connect the jump of tangential fields
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on both sides of the metasurface to the induced equivalent electric P (with unit of Asm−1)

and magnetic M (with unit of Vsm−1) surface polarization densities satisfying [147, 208, 209]

Et+ − Et− = jωn̂×M, (6.4)

n̂×Ht+ − n̂×Ht− = jωP, (6.5)

where ω is the angular frequency. Therefore, by plugging Eqs. (6.1), (6.2), and (6.3) into Eqs.

(6.4) and (6.5), the required electric and magnetic equivalent surface polarization densities

for the proposed field manipulation, respectively, read

P =
Ei

0

jωη0

e−jk0 sin θiy
[
− cos θt txye

−jΦtx̂ + ŷ
]
, (6.6)

M =
Ei

0

jω
e−jk0 sin θiy

[
cos θix̂− txye−jΦtŷ

]
. (6.7)

Here, the TM to TE polarized wave transmission coefficient txy = Et
x/E

i
y = Et

0/ (Ei
0 cos θi),

and by neglecting losses it is approximated as

txy =
1√

cos θi cos θt
, (6.8)
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where we consider Et
x = Et

0 and Ei
y = Ei

0 cos θi. Note that the transmission coefficient here is

defined with respect to the transverse component of the electric field in the two half spaces,

thus, txy can be larger than unity for an oblique incident or transmission angle, without

contradicting the power conservation law.

6.2.1 Illustrative example

Let us now consider a specific example where θi = 0 and θt = π/4 and with each unit cell

having the dimension d along x and D along y axes as shown in Fig. 6.2(a). Figure 6.2(b)

and (c) show the required electric and magnetic equivalent polarization densities described

by Eqs. (6.6) and (6.7)in a unit cell (supercell) for such a metasurface with the mentioned

characteristic, i.e., θi = 0 and θt = π/4

The obtained equivalent polarization surface densities are continuous, uniform in the x di-

rection, and periodic in the y direction (with period D). However, in general a metasurface

is practically composed of discrete elements that mimic such continuous polarization den-

sities. In order to realize a practical design with discrete elements, we sample the desired

continuous equivalent magnetic and electric polarization densities given in Fig. 6.2(b), (c) at

a finite number of sampling points in the y direction, within each supercell. In the following

example, the magnetic and electric polarization densities are sampled at five equi-distance

points, D = 5d, where impressed magnetic and electric dipole sources are then located in

place of the continuous distribution of polarization densities. We plot the simulation re-

sults (using the finite element method implemented in COMSOL multiphysics [114]) of the

electric field distribution resulting from the discrete sources and the incident plane wave:

the y-component of the incident electric field and the x-component of the refracted field are

shown in Fig. 6.3.

It is clear from the field distribution maps that the power is perfectly refracted by 45◦ and
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Figure 6.2: (a) Schematic of the incident electric field polarized along y (Ey) normally prop-
agating and of the transmitted wave propagating at an angle from the normal direction with
a rotated polarization along x (Ex). (b) The desired magnetic and (c) electric polarization
densities of a supercell for y-polarized to x-polarized electric field conversion in transmission
where Ei

0 = 1 V/m. The black circles in this figure show the discretization points of the
polarization densities on the y axis.

rotated by 90◦, and moreover, as expected the energy density of the refracted wave is lower

than the incident one since the total power of the refracted wave is imposed to be equal to

the incident power. There is no reflection as it can be observed by the lack of any standing

wave.

6.2.2 Possible physical topologies

The result of the previous section indicates the required polarization densities without any

discussion about a feasible realization. In order to understand possible topologies for the

realization of a metasurface that acquires the proposed equivalent polarization densities, it
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Figure 6.3: Normalized electric field distribution (snapshot at a given time) of a perfectly
refracting and polarization rotating metasurface on both sides of the metasurface. The result
is based on calculating the scattered field as generated by electric and magnetic point-dipole
sources located at five sampling points. The incident field is polarized along y (Ey) and does
not experience reflection, i.e., no standing wave is present. The transmitted electric field is
polarized along x (Ex) and it is refracted at an oblique angle θt = 45◦. Total transmission is
achieved, i.e., there is no reflection.

is helpful to understand what kinds of scatterers (elements or inclusions) are able to create

such polarization densities. Considering inclusion realizations that are well approximated

by dipole moments, the electric and magnetic polarization densities so far described are

realized by using electric pt = PS and magnetic mt = MS equivalent dipole polarizations

per unit cell where S is the unit cell area (see Figure 6.1(a)). One practical tool is to

study the relation between the fields and the equivalent dipole polarizations per unit cell,

i.e., the constitutive relations. Indeed, the tangential components of the equivalent dipole

polarization densities pt and mt and the tangential incident field components Ei
t and Hi

t are

related through tangential components of the collective polarizabilities ¯̄αee
t , ¯̄αem

t , ¯̄αme
t , and

¯̄αmm
t of the metasurface unit cells via constitutive relations [147, 210, 211]

92



pt = ¯̄αee
t ·Ei

t + ¯̄αem
t ·Hi

t, (6.9)

mt = ¯̄αme
t ·Ei

t + ¯̄αmm
t ·Hi

t. (6.10)

In the above equations, ¯̄αee
t , ¯̄αem

t , ¯̄αme
t , and ¯̄αmm

t are collective electric, magnetoelectric,

electromagnetic, and magnetic polarizability dyadics in the metasurface plane, relating the

incident field to the electric and magnetic dipoles. The word collective means that the

polarizability accounts also for the coupling with all the dipoles in the other unit cells of

the array [147, 210, 212]. Each polarization dyad has four components αij, where ij =

xx, xy, yx, or yy in Cartesian coordinates, i.e., in terms of matrix representation is given by

¯̄αt =

 αxx αxy

αyx αyy

 . (6.11)

Note that in the general case, polarizability dyadics have nine components, however, for our

analysis it is enough to consider only tangential components (see Ref. [158, 208] for a more

elaborated discussion). Next, by plugging the fields from Eqs. (6.1) and (6.2) into Eqs. (6.9)

and (6.10), the equivalent dipole polarizations in term of polarizability components and the

incident field read
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pt =

[
x̂

(
αee
xy cos θi +

αem
xx

η0

)
(6.12)

+ŷ

(
αee
yy cos θi +

αem
yx

η0

)]
Ei

0e−jk0 sin θiy,

mt =

[
x̂

(
αme
xy cos θi +

αmm
xx

η0

)
(6.13)

+ŷ

(
αme
yy cos θi +

αmm
yx

η0

)]
Ei

0e−jk0 sin θiy.

Based on the above equations, there is obviously not a unique scatterer’s topology to deliver

the desired performance since the above are four scalar complex-value equations with 8

complex-value unknown polarizability components (four in each polarizability dyad, however,

the selected polarizations in this particular case imply that only eight dyad entrees need

to be determined). Nevertheless, among all possible solutions, both electric and magnetic

polarizations must be simultaneously nonzero, which limit the number of possible solutions.

Moreover, in the following we suppress the cross-components of the polarizabilities (i.e,

αee
xy = αem

yx = αme
xy = αmm

yx = 0) to narrow down the possible sets of topologies. As a result,

the remaining polarizability components imply that the metasurface constitutive inclusions

must be chiral since we require that αem
xx = −αme

xx , 6= 0 or αem
yy = −αme

yy , 6= 0, for reciprocal

lossy and lossless inclusions. By using Eqs. (6.6) and (6.7) in Eqs. (6.12) and (6.13) the

collective polarizabilities for the proposed chiral metasurface are
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αem
xx = − S

jω
cos θttxye

−jΦt ,

αee
yy =

S

jω

1

η0 cos θi
, (6.14)

αmm
xx =

S

jω
η0 cos θi,

αme
yy = − S

jω

txy
cos θi

e−jΦt .

In the next section we propose a physical element that exhibits these polarizability compo-

nents, i.e., the desired equivalent dipole polarizations, and hence, the required equivalent

surface polarization densities under the given illumination.

6.3 Physical realization

In this section, we first propose a unit cell design that perfectly rotates the polarization of

the incoming wave at a normal incidence by 90◦. Hence, in the first step, we do not generate

plane wave deflection. This latter feature will be realized as a second step by applying the

designed unit cell of this first step and constructing a gradient metasurface, to achieve a

perfect deflection of a normal incident wave to a 45◦ refracted wave.

6.3.1 Unit cell design for polarization rotation

It is well-known that a helical wire particle if excited properly may acquire the polarizabilities

described by Eqs. (6.14) (see Ref. [213, 214]). Here we use helices with axes belonging
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to the transverse metasurface plane since we are interested in inducing transverse electric

and magnetic dipoles. To optimize the performance of a chiral particle Semchenko et al.

introduced optimal helices in Ref. [215] (i.e., helices with equal electric, magnetic, and

magneto-electric polarizabilities which means |αem| = |η0α
ee| = |αmm/η0|) which we use here

as a part of the design. Such an inclusion provides a maximum cross-polarized transmission

when implemented as the building block of a metasurface. The basic building block of a

metasurface unit cell is a single optimal helix shown in Fig. 6.4(a). In particular we consider

a single helix made of one turn. The structural parameters i.e., helices radius r = 14 mm,

helix pitch p = 16.3 mm, unit cell period d = 56.5 mm of the designed helices are illustrated

in Fig. 6.4(a). Moreover the helix axis is oriented along the ϕ = −45◦ direction as shown in

Fig. 6.4(a), and the metal is assumed to be a perfect conductor with radius rw = 0.1 mm.

The co-polarized (i.e., along the same direction as the incident electric field) and cross-

polarized (i.e., orthogonal to the direction of the incident electric field) field components

that defined the reflection and transmission coefficients of a metasurface composed of the

unit cell with single helix in Fig. 6.4(a) are shown in Fig. 6.4(b). The subscripts yy and xy

refer to co and cross polarization components, respectively, in a linear polarization basis with

the incident electric polarization oriented along the y direction. As stated earlier, in the first

step we seek a metasurface that is able to perfectly refract the normal incident plane with

90◦ rotation of the polarization with respect to that of the incident wave, without generating

any angular deflection, i.e., the transmitted wave is propagating along the normal direction

(the z direction). In terms of reflection/transmission coefficients, it means that

txy = 1 (6.15)

tyy = rxy = ryy = 0,
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As it is clear from Fig. 6.4(b), such a design although provides a maximum possible cross-

polarized transmission with an individual single-turn helix in each unit cell, it does not grant

perfect transmission of all the incident power to the desired rotated polarization (see that

|txy| 6= 1). Indeed, since the magnitude of all the reflection and transmission coefficients in

Fig. 6.4(b) are approximately equal to each other at the desired frequency (approximately

at 1.5 GHz), the incident power is approximately divided evenly between all components of

the reflection and transmission spectra at this frequency, hence Eqs. (6.15) are not satisfied.

However, when we increase the number of helices in a unit cell with a proper orientation

as mentioned in Ref. [216], i.e., four helices which are rotated by 90 degrees around the z

axis with respect to each other, then, remarkably, a reflectionless surface can be achieved.

Nevertheless, the design in Ref. [216] has a unit cell size that exceeds the operational

wavelength, hence it is not a practical design for metasurfaces with incident (refracted)

angles rather than normal. Therefore, here we use four interlaced helices in a single unit cell

to be sure the unit cell size is subwavelength, a feature that is useful for the implementation

of a gradient metasurface which generates a transmitted wave with a 45◦ deflection, discussed

in the next subsection. Figure 6.4(c) shows the configuration of the four interlaced helices

in each unit cell that provide a fully transmittive (i.e., reflectionless) metasurface which

perfectly rotates the polarization of the normal incoming wave by 90◦. This unit cell is

composed of four identical co-centered helices in which their axes lie on the xy-plane and

they are rotated by 90 degrees around the z axis. The orientation, spatial position, and

structural parameters of the designed helices are illustrated in Figure 6.4(c), where the

structural parameters for each helix are the same as those for the single-helix unit cell in

Fig. 6.4(a). Note that the helices in this design have no electrical connection. A periodic

array composed of an infinite number of such chiral unit cells with d =
√

2λ/5 where λ is

the plane wave’s wavelength shows a perfect y to x polarization rotation at the frequency of

1.5 GHz,as shown in Fig. 6.4(d), since the reflection and transmission coefficients of such a

metasurface satisfy Eqs. (6.15). Deduced from this figure, the incident wave with its electric
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Figure 6.4: (a) The top view of a single-helix unit cell with subwavelength dimensions. (b)
Reflection and transmission coefficients of y- and x-polarized waves for the infinite planar
periodic array of unit cells in (a). (c) Geometry and different view angles of the designed
particle composed by four interlaced helices as in (a). (d) Reflection and transmission co-
efficients of the y- and x-polarized waves for an infinite planar periodic array of unit cells
shown in (c).

field polarization along y is perfectly transmitted into a transmitted wave with electric field

polarization along x, propagating in the lower half space. It is obvious from this Figure that

at the 1.5 GHz, both the x- and y-polarized reflected waves are negligible.

6.3.2 Supercell design for wavefront deflection

In this section we use a modulation of the metasurface parameters that based on the gener-

alized Snell’s law leads to the transmission phase in Eq. (6.3). Following this approach, the
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shape of the wavefront refracted by the array relies on the gradual increase of the transmis-

sion phase along the supercell constitutive elements [167, 174, 180, 207, 217]. Such gradual

phase increase along the metasurface is provided by suitably engineering each constitutive

inclusion in the so called “supercell”, and since the phase variation is along the y direction,

the supercell is defined by modulating a few unit cells along the y direction, while it has the

dimension of a single unit cell in the x direction. According to the example in the previous

section and Eq. (6.3), considering a normal incidence, a required 45◦ transmission angle

deflection, and assuming ϕt = 0 without loss of generality, the transmission phase shall

increase linearly in the y direction as

Φt(y) = − k0√
2
y. (6.16)

This required transmission phase is a continuous function of position y along the surface.

However, as discussed before, for a practical realization the continuous distribution of elec-

tric and magnetic polarization densities is realized in a discretized fashion, i.e., by a finite

number of electric and magnetic induced dipole moments in each supercell. The desired

phase distribution across the metasurface is obtained by meticulously optimizing the dimen-

sions of the four interlaced helices in a few unit cells that make the supercell. In the present

realization the supercell is divided into five unit cells as shown in the figure below Table

6.1, that shows the optimized dimensions of the helices in each of the five unit cells. The

required transmission phases at the location of the five different unit cells are obtained from

Eq. (6.16) where y = ±nd where n = 0, 1, 2. Note that all the four helices in each individual

unit cell are identical.

Therefore the metasurface is made of an array of supercells with dimension d along the

x direction and 5d along the y direction. The design of the supercell elements is done as
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# 1 # 2 # 3 # 4 # 5

r (mm) 13.23 13.76 14.24 13.30 14.24
p (mm) 17.13 17.8 18.43 17.22 18.43

handedness L L L R R
Φt (deg.) 120 80 41 −73 −140

#1 #2 #3 #4 #5

z

y

Table 6.1: Helix radius, helix pitch and the handedness of the 5 different inclusions (helices
are identical in each cluster). In the table R,L denote the right and left handed helices.

follows: First, we design five distinct metasurfaces, each one made of a periodic array of each

unit cells in table 6.1, with period d in both x and y directions. The full-wave simulation

based on the finite element method is based on periodic boundary conditions. Therefore,

a single unit cell of dimension d × d is simulated for normal plane wave incidence, and the

transmitted phase is evaluated for each type of these five metasurfaces. For each metasurface,

dimensions are optimized to provide a perfect cross-polarized transmittance (this is possible

based on the results of the previous subsection) and transmission phase given in Table 6.1.

The resulting magnitude and phase of the y- to x-polarized wave transmission coefficient

txy is depicted in Fig. 6.5 for the five different metasurfaces, each one based on a different

inclusion’s dimensions given in Table 6.1.

Next, the gradient metasurface to provide an angular deflection of 45◦ is made of a periodic

arrangement of supercells with dimension d along the x direction and 5d along the y direction.

As a result the designed metasurface has a desired periodic phase distribution along the y

direction (see Eq. (6.16)) and a uniform phase distribution along the x direction. The field

distribution in proximity of the engineered gradient metasurface, excited with a normally

incident plane wave polarized along the y direction, is illustrated in Fig. 6.6(a) where the

field distribution is calculated with a full wave simulation based on the finite element method.

The distribution of the y-polarization (left) and the x-polarization (right) of the electric field
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Figure 6.5: Magnitude and phase of txy transmission coefficient for the five different meta-
surfaces, each one based on one unit cell design in Table 6.1: (a) Magnitude and (b) Phase of
the cross polarization transmission coefficient txy . When it reaches 1 all the power is trans-
mitted with a polarization rotation of 90◦ as discussed in Sec. 6.3.1. The phase gradient
metasurface is then made with a supercell with dimension d× 5d , by arranging sequentially
the five properly designed unit cells.

are plotted in Fig. 6.6(a) at the frequency of f = 1.5 GHz. In this simulation based on the

finite element method, periodic boundaries are chosen to mimic the infinite extension of the

metasurface along both x and y directions, i.e., modeling a periodic supercell of dimensions

d×5d. In this combined design we account for losses, i.e., helices are made of copper and are

embedded in a foam (FR 3703 from General Plastics) with dielectric constant of 1.06 and

loss tangent of 0.0004 as in Fig. 6.4. As it is clear from Fig. 6.6, the gradient metasurface

rotates the polarization of the incident wave by 90◦ and refracts it into θt = 45◦. The result

in Fig. 6.6(a) does not show the perfect polarization rotation and deflection as the ideal

case in Fig. 6.3 because in the actual design of the gradient metasurface we have used the

concept of local periodicity in designing the five unit cells of the supercell, which is a standard

approximation in metasurface and reflectarray design [180, 218] but it is not fully accurate.

As a measure of the metasurface performance we define the polarization conversion ratio
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(PCR) in transmission as

PCR =
|txy|2

|tyy|2 + |txy|2
(6.17)

where |txy| and |tyy| are the magnitude of y- to x-polarized (cross-pol component) and y- to

y-polarized (co-pol component) transmission coefficients, respectively. Fig. 6.6(b) shows the

PCR versus frequency, as well as the y- to x-polarized reflectance and transmittance of a

y-polarized incident wave. As it is obvious from this figure we obtain a perfect (100%) polar-

ization conversion and 72% power transmission into the deflected wave with the engineered

metasurface. To the best of our knowledge, this is an unprecedented result, i.e., this is the

first design of a metasurface that provides simultaneous deflection and polarization rotation

of the incoming wavefront with such a high efficiency.

6.4 Conclusion

In the framework of gradient metasurfaces we have shown that in principle, using chirality,

it is possible to obtain perfect polarization rotation of the electromagnetic wavefront with

concurrent full transmission into a desired deflected direction. The chirality characteristic

of a metasurface serves for polarization rotation of the transmitted plane wave with respect

to the incident one, whereas the gradient property (i.e., the spatial dispersion) of the meta-

surface grants for the wavefront deflection. Furthermore, we have demonstrated a possible

physical realization of the proposed device by engineering a metasurface with proper unit cell

inclusions that realize the aforementioned combined functionalities. Our full wave simulation

results demonstrate high transmission power efficiency of 72% at a deflection angle of 45◦

by using only one single layer of inclusions (i.e., a single metasurface) which is accompanied
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by a perfect 90◦ polarization rotation. Despite the fact that the results are shown for a

specific illustrative case, the method outlined in this chapter is very general and can be used

for conceiving metasurfaces that deflect wavefronts at any angle with arbitrary polarization

conversion and with (in theory) perfect transmittance.

In short, in a single metasurface we have combined two interesting functionalities, i.e., a

wave refraction at a given angle and a polarization rotation, with very high efficiency and

subwavelength thickness, by using chiral metasurface inclusions.
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Figure 6.6: (a) Full wave simulation for the field distribution resulting from normal plane
wave incidence from the top on the designed metasurface whose supercell is made of five unit
cells with parameters given in Table 6.1. (Left) y-polarization of the electric field showing
mainly the incident. (Right) x -polarization of the electric field showing mainly the deflected
transmitted field. It is clear that the metasurface besides deflecting the wavefront also rotates
the polarization by 90◦ degrees. (b) Plot of the PCR, the y- to x-polarized power reflection
and power transmission coefficients versus frequency showing an almost 100% polarization
rotation, and the y- to x-polarized power transmission coefficient (i.e, the the cross polarized
power transmission) showing a 72% power transmission efficiency. Metal and dielectric losses
are accounted for in this simulation.
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Chapter 7

Illusion mechanisms with cylindrical

metasurfaces: a general synthesis

approach

We explore the use of cylindrical metasurfaces in providing several illusion mechanisms in-

cluding scattering cancellation and creating fictitious line sources. We present the general

synthesis approach that leads to such phenomena by modeling the metasurface with effec-

tive polarizability tensors and by applying boundary conditions to connect the tangential

components of the desired fields to the required surface polarization current densities that

generate such fields. We then use these required surface polarizations to obtain the effective

polarizabilities for the synthesis of the metasurface. We demonstrate the use of this general

method for the synthesis of metasurfaces that lead to scattering cancellation and illusion

effects, and discuss practical scenarios by using loaded dipole antennas to realize the dis-

cretized polarization current densities. This study is the first fundamental step that may

lead to interesting electromagnetic applications, like stealth technology, antenna synthesis,

wireless power transfer, sensors, cylindrical absorbers, etc.
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7.1 Introduction

Metasurfaces are surface equivalents of bulk metamaterials, usually realized as dense planar

arrays of subwavelength-sized resonant particles [219–221]. Since the emergence of this re-

search topic, most studies have been carried out to analyze and synthesize infinitely extended

planar metasurfaces [147–149, 155, 162, 167, 168, 171, 183, 222–239]. The synthesis of some

topologies other than planar, namely cylindrical and spherical ones, has been studied in the

past [157, 240–248] but without a general systematic approach. Cylindrical topologies are

among the commonly used structures in engineering electromagnetics and optics. For in-

stance, cloaking, radar cross section reduction, obtaining an arbitrary radiation pattern from

cylindrical objects, and etc. are only a few problems which involve metasurfaces synthesis

in cylindrical coordinates.

For the analysis and synthesis of planar metasurfaces, several techniques have been reported

as in Refs [147–149, 155, 162, 167, 171, 183, 226–236] for example. These works are based on

modeling the metasurfaces with impedance tensors [149, 155, 162, 167, 171, 183, 226–231],

with equivalent conductivities and reactances [232], or with effective surface susceptibility

or polarizability tensors [147, 148, 233–236]. Although the analysis and synthesis of planar

metasurfaces are well-established and discussed in the literature, to the best of our knowl-

edge, such a comprehensive analysis and/or synthesis is not yet conducted for cylindrical

metasurfaces. Therefore, we believe there is a need to develop an extensive analysis and

synthesis method for assigning prescribed physical properties to cylindrical metasurfaces.

In particular here we aim at developing some illusion mechanisms using cylindrical metasur-

faces. To that end, we present a comprehensive analysis and synthesis method for cylindrical

metasurfaces analogous to what has been previously performed for the case of planar meta-

surfaces in Refs. [147, 235]. Note that the analysis of planar metasurfaces has been already

extended to conformal metaurfaces with large radial curvatures (at the wavelength scale)

[249]. However, that method was based on the analysis of planar structures with open
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boundaries while a cylindrical metasurface can be generally closed in its azimuthal plane

and it involves rather different interaction mechanisms. Our formulation covers the most

general case of metasurfaces with dipolar (electric and magnetic) resonant responses includ-

ing bianisotropic cases [210]. By applying our synthesis approach, we further conceptually

synthesize several examples with interesting practical applications, e.g., scattering cancel-

lation from conductive and dielectric cylinders and also generating fictitious line sources,

appearing away from the original line source.

The chapter is structured as follows. We first present the theory for the analysis of infinitely

extended (along the axial direction) cylindrical metasurfaces in Secs. 7.2 by providing the

relation between the desired fields at the metasurface boundary and the required surface

polarization densities. Next, we exhibit an expansion of the incident (here, plane waves and

line sources) and scattered fields in cylindrical coordinates in Secs. 7.3 and 7.4. After that,

we conceptually synthesize two examples of scattering cancellation and an illusion device

in Secs. 7.5.1, 7.5.2, and 7.5.3. We further present a practical realization approach by dis-

cretizing the continuous required polarization currents in Sec. 7.6. Finally, we conclude the

study by discussing the influence of the presented method in practical applications and new

possibilities by cylindrical metasurfaces in engineering electromagnetic waves.

7.2 Problem formulation and boundary conditions

An electromagnetic metasurface is commonly understood as a composite layer composed of

infinite number of subwavelength-sized inclusions which are densely arranged over a surface

and is capable of manipulating the wave front in a desired fashion (see, e.g. Refs. [221]). This

definition includes also the case of non-planar conformal surfaces. Here, we study a class of

metasurfaces when the inclusions are arranged to form a cylindrical surface which is closed in

the azimuthal plane and is infinitely extended in the axial direction. Note that in the limiting
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Figure 7.1: (a) A cylindrical metasurface composed of nonidentical inclusions which is in-
finitly extended in the axial direction (here z axis) and is exposed to incidences from inside
(i.e., infinite line sources with electric and magnetic current amplitudes Ie and Im) and
outside (i.e., a plane wave). (b) The electromagnetic modeling of the problem in (a). The
metasurface is replaced by two surface polarization densities P and M that provide the same
electromagnetic response as the problem in (a).

case when the cylinder curvature is infinitely large, the current problem transitions to the

case of planar metasurfaces which is widely studied (see e.g. Refs. [147, 148, 168, 230, 232–

236]). However, in sharp contrast with planar metasurfaces, in a cylindrical configuration

waves bounce inside the cylindrical metasurface and multiple reflections form the inner part

of the cylindrical boundaries must be considered in the analysis.

Let us consider a metasurface composed of resonant inclusions that form a cylindrical surface

with radius a [see Fig. 7.1].

The cylindrical surface is assumed to be infinitely extended along the axial direction (here

z-direction). Moreover, we assume that the inner and outer spaces of the cylindrical surface

are filled with two different isotropic materials with the permittivity ε± and permeability

µ±, respectively (see Fig. 7.1, the “+” sign refers to the material properties of the outside

medium whereas the “−” sign corresponds to the inside one). We illuminate the proposed

metasurface either from outside or from inside. Due to the external/internal illumination,

the effective surface electric and magnetic polarization densities P (with the unit of Asm−1)

and M (with the unit of Vsm−1) are, respectively, induced on the metasurface boundary
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(see e.g. [147, 148, 168, 233–235]). Next, similar to Refs. [147, 148, 233–235], we ex-

press the metasurface response in terms of effective electric, magnetic, magnetoelectric, and

electromagnetic polarizability tensors ¯̄αee, ¯̄αmm, ¯̄αem, and ¯̄αme, respectively. These surface

polarizability tensors relate the polarization surface-density vectors P and M to the incident

electric and magnetic fields Ei and Hi through the constitutive relations [210]

P = ¯̄αee · Ei + ¯̄αem ·Hi, (7.1)

M = ¯̄αme · Ei + ¯̄αmm ·Hi. (7.2)

The superscript “i” denotes “incident” fields, and the effective surface polarizability tensors

take into account of the effect of multiple reflections inside the surface, i.e., of all the interac-

tions among all the inclusions with themselves. The main goal in our synthesis problem is to

find the required effective polarizability tensors ¯̄α for a desired wave manipulation. We note

that in some other studies, the impedance or susceptibility tensors are the main unknowns

of the sysntehis problem [148, 149, 167, 183, 231], versus the effective polarizability tensors

as in this current investigation.

Similarly to what was done for planar metasurfaces [147, 148, 235], we start from the bound-

ary conditions for cylindrical metasurfaces which read (see Eqs. (4.3a)–(4.3d) in Ref. [250])

E+
z − E−z = − 1

ε0

∂Pρ
∂z

+ jωMφ, (7.3)

E+
φ − E

−
φ = − 1

aε0

∂Pρ
∂φ
− jωMz, (7.4)

109



H+
z −H−z = − 1

µ0

∂Mρ

∂z
− jωPφ, (7.5)

H+
φ −H

−
φ = − 1

aµ0

∂Mρ

∂φ
+ jωPz, (7.6)

Here the + and − signs in the superscripts correspond to the total fields outside and inside

of the metasurface boundary (i.e. ρ = a), respectively, and the implicit time dependence ejωt

is assumed, with ω being the angular frequency. Moreover, Eφ,z, Hφ,z, Pρ,φ,z, and Mρ,φ,z are

correspondingly the field and surface polarization density components in cylindrical coordi-

nates. Furthermore, µ0 and ε0 are the free space permeability and permittivity, respectively.

Indeed, Eqs. (7.3)–(7.6) relate the jump of the tangential components of the electric and

magnetic fields across the metasurface sheet to the required surface electric and magnetic

polarization densities. The right hand sides of Eqs. (7.3) and (7.4) represent the total equiv-

alent tangential magnetic surface polarization densities contributing to the discontinuity of

the tangential electric field, whereas the right hand sides of Eqs. (7.5) and (7.6) represent

the total equivalent tangential electric surface polarization densities contributing to the dis-

continuity of the tangential magnetic field [146, 158, 208].

Next, for simplicity we only consider cases with vanishing normal polarization components

Pρ, and Mρ in the boundary conditions (7.3)–(7.6) to simplify the analysis and synthesis

without loosing any freedom in the manipulation of a desired electromagnetic field. Indeed,

based on the Huygens principle, or more precisely from the equivalence theorem[251], it can

be shown that a desired field in a given volume can be fully engineered knowing the tangential

(with respect to the metasurface surface) surface polarization components on the metasur-

face sheet [158, 208]. As a result, the boundary conditions for the total field (7.3)–(7.6)
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simplify to

E+
z − E−z = +jωMφ, (7.7)

E+
φ − E

−
φ = −jωMz, (7.8)

H+
z −H−z = −jωPφ, (7.9)

H+
φ −H

−
φ = +jωPz. (7.10)

In the next step, since cylindrical structures are inherently periodic with respect to the

azimuthal coordinate φ, we express the general form of the electromagnetic fields (inside and

outside of the closed metasurface boundary) and the surface polarization densities on the

metasurface as Fourier series

E(ρ, φ, z) =
n=∞∑
n=−∞

En(ρ, z)ejnφ, (7.11)

H(ρ, φ, z) =
n=∞∑
n=−∞

Hn(ρ, z)ejnφ, (7.12)
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P(φ, z) =
n=∞∑
n=−∞

Pn(z)ejnφ, (7.13)

M(φ, z) =
n=∞∑
n=−∞

Mn(z)ejnφ, (7.14)

respectively, where En(ρ, z) and Hn(ρ, z) are the coefficients of the electromagnetic fields in

the Fourier series whereas Pn(z) and Mn(z) are the coefficients corresponding to the electric

and magnetic surface polarization densities on the metasurface sheet.

Before the next step and with the goal of practical implementation of the problem, we

add one more level of simplification to our problem. That is, we consider no variation of the

fields and polarization densities along the axial direction (here, z-direction) as we provide two

examples in this study. It should be noted that the proposed general synthesis method is not

limited to cylindrical structures and can be extended to any three-dimensional problems, e.g.,

spherical structures [247, 248, 252]. Here we limit our study to cylindrical structures for the

proof of concept for applications at microwaves as well as in optics [157, 182, 245, 246, 253].

Therefore, applying (7.11)–(7.14) into the boundary conditions (7.7)–(7.10), assuming no z

variation, and considering ∂
∂φ
→ jn, the boundary conditions for each Fourier coefficient due

to the orthogonality of different n-indexed harmonics of the total field at ρ = a read

E+
z,n − E−z,n = +jωMφ,n, (7.15)

E+
φ,n − E

−
φ,n = −jωMz,n, (7.16)
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H+
z,n −H−z,n = −jωPφ,n, (7.17)

H+
φ,n −H

−
φ,n = +jωPz,n. (7.18)

Equations (7.15)–(7.18) are the final forms of the boundary conditions with the assumed

simplifications and will be exploited hereafter. Note that in the case of oblique incidence,

one should include the variation of the incident fields along the z-direction which consequently

introduces z dependent variation to the effective surface electric and magnetic polarization

densities.

7.3 Incident fields

We consider two different scenarios: the illumination source either outside or inside the

metasurface boundary [see Fig. 7.1]. Based on our examples in Sec. 7.5, we consider the

plane wave excitation for the case of outside illumination whereas we discuss the infinite

line source for the case of illumination from inside. However, we note that it is possible to

consider any other excitation types based on the same analysis and procedure that follows.
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7.3.1 Plane wave illumination from outside

For generality, we consider the superposition of two plane waves as external illumination:

one with a z-polarized electric field i.e.,

Ei
TM = ẑE0e−jβ+x, (7.19)

and the other with a z-polarized magnetic field i.e.,

Hi
TE = ẑH0e−jβ+x, (7.20)

which are traveling along the +x direction (normal to the metasurface axis z) and imping-

ing on the cylindrical metasurface. While the former is called TMz–transverse magnetic–

polarization, the latter is called TEz–transverse electric [see Fig. 7.1]. Here, β+ is the prop-

agation constant in the medium outside of the metasurface boundary, whereas E0 and H0

are the incident electric and magnetic field amplitudes, respectively. Any plane wave which

is propagating along the x direction is decomposable into these two modes. For example,

let us consider a plane wave hitting the metasurface as shown in Fig. 7.1, with its electric

field component making an angle θ0 with the z-axis. In this case, we have η+H0 = E0 tan θ0,

where η+ =
√
µ+/ε+ is the intrinsic wave impedance of the corresponding medium.

Next, to solve the problem of scattering from cylindrical structures, it is convenient to ex-

press the fields of Eqs. (7.19) and (7.20) in terms of the cylindrical wave functions. It can

be shown that the TMz incident plane wave with the electric field (7.19) can be expressed

as [254]

Ei
TM = ẑ E0

n=∞∑
n=−∞

j−nJn(β+ρ)ejnφ, (7.21)
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and that with TMz polarization has magnetic field (7.20) represented as

Hi
TE = ẑ H0

n=∞∑
n=−∞

j−nJn(β+ρ)ejnφ. (7.22)

Here Jn is the n-th order Bessel function and ρ is the radial position. As a result, the total

incident electric field which is the superposition of both the TE and TM incident plane waves

reads

Ei =
1

jωε+
∇×Hi

TE + Ei
TM

=
n=∞∑
n=−∞

j−n
[
η+H0

(
ρ̂
nJn(β+ρ)

β+ρ
+ φ̂ jJ ′n(β+ρ)

)
+ẑ E0Jn(β+ρ)] ejnφ,

(7.23)

where ρ̂, φ̂, and ẑ are the unit vectors in cylindrical coordinates and J ′n is the derivative of

the n-th order Bessel function with respect to the argument β+ρ.

7.3.2 Line source illumination from inside

Here we consider the superposition of two infinitely extended electric and magnetic line

sources located at the center of the cylindrical metasurface as excitation source. The current

amplitude of the electric and magnetic line sources are assumed to be Ie and Im, respectively.

Similarly to the previous case of plane wave illumination from outside, here the electric line

source creates a TMz field while the magnetic one generates a TEz field. The electric and

magnetic fields of the two kinds of sources are, respectively, given by [254]

Ei
TM = −ẑIe

β2
−

4ωε−
H

(2)
0 (β−ρ), (7.24)
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and

Hi
TE = −ẑIm

β2
−

4ωµ−
H

(2)
0 (β−ρ), (7.25)

where H
(2)
0 is the 0-th order Hankel function of the second kind. Therefore the total incident

electric field is

Ei =
1

jωε−
∇×Hi

TE + Ei
TM

= −β−
4

[
φ̂ jImH

(2)
0

′
(β−ρ) + ẑ η−IeH

(2)
0 (β−ρ)

]
.

(7.26)

Note that the sources could be located also elsewhere inside the cylindrical metasurface

boundary e.g. at ρ′ away from the origin, and in this case one would need to apply the

substitution ρ = |ρ− ρ′|, where ρ is the observation point.

In the next steps, we present the general forms of the total fields due to the induced sources

on the metasurface boundary, i.e., due to the secondary sources.

7.4 Fields in cylindrical coordinates

Generally, the fields inside (Ein) and outside (Eout) of the cylindrical metasurface boundary

generated by the induced currents (scattered fields) can be expressed as

Ein =
n=∞∑
n=−∞

[
ρ̂ nbn

Jn(β−ρ)

β−ρ

+φ̂ jbnJ
′
n(β−ρ) + ẑ anJn(β−ρ)

]
ejnφ,

(7.27)
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and

Eout =
n=∞∑
n=−∞

[
ρ̂ ndn

H
(2)
n (β+ρ)

β+ρ

+φ̂ jdnH
(2)
n

′
(β+ρ) + ẑ cnH

(2)
n (β+ρ)

]
ejnφ,

(7.28)

respectively. Note that the scattered field expressions in Eqs. (7.27) and (7.28) do not

include the fields produced by either the inner line source or the incident plane wave, and

only consider the fields generated by the induced currents on the cylindrical metasurface,

i.e., secondary sources. Here H
(2)
n and H

(2)
n

′
are the n-th order Hankel function of the

second kind and its derivative with respect to the argument, respectively. Moreover, the first

two components i.e., ρ and φ components in Eqs. (7.28) and (7.27) correspond to the TEz

polarized fields while the z component corresponds to the TMz polarized fields. Furthermore,

due to the nonsingular nature of the scattered fields inside and outside we have expanded

the fields in terms of the suitable Bessel and Hankel functions, respectively. The magnetic

fields (Hout and Hin) can be calculated using Maxwell’s equations. Note that an and bn

are coefficients of Bessel-Fourier series representing standing waves inside the metasurface

boundary for TMz and TEz waves, respectively, whereas cn and dn are the coefficients which

represent the TMz and TEz waves outside the metasurface, correspondingly.

At this stage we have all tools to synthesize a specific and desired electromagnetic wave. To

summarize, in order to synthesize a desired wave profile:

1. We first expand it in terms of the cylindrical harmonics as given by Eqs. (7.27)

and (7.28) to obtain the unknown coefficients an, bn, cn, and dn.

2. Next, by applying the given incident fields (7.23) or (7.26) and by exploiting the bound-

ary conditions (7.15)–(7.18), we find the required coefficients Pn and Mn that provide

the required polarization densities P and M.

3. Finally, when the polarization densities are found, the required effective polarizabil-
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ity tensors ¯̄αee, ¯̄αmm, ¯̄αem, and ¯̄αme are retrieved from the constitutive relations (7.1)

and (7.2).

As a final remark, note that each polarization density vector has two tangential compo-

nents Pϕ, Pz and Mϕ,Mz providing a total of four functional equations. We recall that for

simplicity we consider metasurfaces that express only tangential polarization densities and

exclude those metasurfaces with normal polarization densities Pρ and Mρ. However, each

polarizability tensor in Eqs. (7.1) and (7.2) has four tangential polarizability components

αϕϕ, αϕz, αzϕ, αzz. Therefore, the solution to the synthesis of a metasurface is not unique

since there are two polarization vectors and four polarizability tensors, i.e., there are four

equations with 16 complex unknown polarizability components.

7.5 Illustrative examples

We present three representative examples to demonstrate the application of the proposed

method and to clarify the synthesis approach. Other manipulations of electromagnetic waves

in cylindrical coordinates shall be possible using a similar approach.

In the first example we consider the application of a metasurface as a scattering cancellation

device [182, 242, 255] for a cylindrical perfect electric conductor (PEC) when the system is

excited by a plane wave. In the second example we investigate an application similar to that

of the first example with the only difference that the PEC cylinder is replaced by a dielectric

cylinder. The main advantage in using a metasurface for the realization of a scattering can-

cellation device compared to previous methods such as transformation optics (TO) [255, 256]

and transmission line method [257] is that one does not need to use bulky materials with

exotic properties which inevitably take a large space and/or contain high losses. Instead, a

simple electromagnetically thin composite surface which is easier to fabricate and take less

space is exploited.
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In the last example we consider a metasurface that surrounds a line source that creates a

fictitious line source outside the cylindrical metasurface boundary. Following Ref. [256],

we call this fictitious source the illusory source since an observer outside the metasurface

boundary sees only a line source which is displaced with respect to the original source. The

realization of an illusion device using the available approaches such as TO requires the source

to be located in a bulky complex medium which makes it mainly impractical. However, in

our approach, the real source is simply located in free space and we surround it with a

thin metasurface. Therefore, the advantages of our approach compared to the previous ap-

proaches for the design of electromagnetic devices for cylindrical structures is two-fold; the

proposed approach is both practical and general. One may note that realizations of meta-

surfaces generally require resonant and dispersive inclusions implying bandwidth limitation.

Likewise, in our design the bandwidth is dictated and limited by the bandwidth of designed

polarizabilities [148, 189, 258]. The presented general analysis and the design method are

scalable to other frequencies.

7.5.1 Scattering cancellation from a PEC cylinder

In this first example we consider a PEC cylinder with radius a = 5λ (λ is the wavelength

of the excitation field) located in free space which is extended infinitely along its axis (here

the z-axis) and is illuminated by a z-polarized plane wave propagating along the x-axis as

given by Eq. (7.19) (i.e., TMz incidence) with E0 = 1 Vm−1 and ω/(2π) = 1 GHz. Our goal

is to find a proper metasurface which covers the PEC cylinder and suppresses the scattered

electromagnetic field by the PEC. In order to cancel the scattered field, the total electric and

magnetic fields must satisfy E+ = Ei, H+ = Hi outside the metasurface, and inside the PEC,

E− = 0 and H− = 0, respectively. Therefore, by applying the boundary conditions (7.15)–

(7.18) one finds the required surface polarization density coefficients Pn and Mn at the
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boundary. Hence, the desired surface electric and magnetic polarization densities P and M

at the boundary are obtained from Eqs. (7.13) and (7.14) as

P = −ẑ
E0

ωη0

n=+∞∑
n=−∞

J ′n(β0a)j−nejnφ, (7.29)

and

M = φ̂
E0

jω

n=+∞∑
n=−∞

Jn(β0a)j−nejnφ. (7.30)

Here, η0 =
√
µ0/ε0 is the intrinsic impedance of free space and β0 = ω

√
µ0ε0 is the prop-

agation constant of the incident wave (i.e., β0a = 10π in this example). Note that for the

proposed TMz incidence we have θ0 = 0 [see Fig. 7.1]. Indeed for this special case, the

required φ-component of P and the z-component of M vanish, i.e., Pz and Mφ are the suf-

ficient surface polarization density components at the boundary to achieve the scattering

cancellation. Similarly, for TEz incidence as in Eq. (7.20), the surface polarization density

components Pφ and Mz are sufficient to suppress the scattered fields. Note that based on

the reciprocity theorem the scattered fields of any impressed surface electric polarization

density on the surface of a PEC is zero, therefore, the obtained surface electric polarization

density P in Eq. (7.29) represents the induced current on the PEC surface due to the incident

plane wave. However, the magnetic polarization density M at the boundary is an impressed

polarization density provided by the metasurface to cancel the scattered fields by the PEC.

The surface polarization densities of Eqs. (7.29) and (7.30) that synthesize the scattering

cancellation of a PEC cylinder are depicted in Fig. 7.2(a) and (b).

The last step is to retrieve the required effective polarizability tensors from Eqs. (7.1)

and (7.2) that realize the polarization density M obtained in Eq. (7.30). However, in Eq. (7.2)

the number of equations are less than the number of unknown polarizability components.

Therefore, the solution to this synthesis problem is not unique since there are multiple po-

larizability tensors’ sets which lead to the same magnetic polarization density M, hence, to
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Figure 7.2: Induced surface (a) electric Pz and (b) magnetic Mϕ polarization densities of
Eqs. (7.29) and (7.30) required for scattering cancellation. (c) The corresponding effective
magnetic surface polarizability αmm

ϕϕ desired for scattering cancellation from a PEC cylinder
with radius a = 5λ. The values in plots are similarly repeated for 180◦ ≤ φ ≤ 360◦

the desired electromagnetic field. Here, as previously mentioned we simplify the synthesis

procedure by neglecting the polarizability components normal to the metasurface plane (i.e.,

ρ-components). Moreover, for the sake of simplicity, we avoid considering realizations that

possess bianisotropic polarizabilities ¯̄αem and ¯̄αme. Furthermore, we consider realizations

with vanishing cross-component polarizability components, i.e., with zero off-diagonal terms

in the polarizability tensor ¯̄αmm. To summarize, (i) P is the induced surface polarization den-

sity on the PEC surface and not a surface polarization density impressed on the metasurface;

and (ii) the surface polarization density Mϕ given by Eq. (7.30) to provide scattering cancel-

lation is obtained with a realization of the metasurface with effective surface polarizability
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component αmm
ϕϕ shown in Fig. 7.2(c). As it is clear, the effective polarizability component

αmm
ϕϕ varies with the angle, i.e., we require a spatially varying magnetic current to cancel the

scattering from a PEC cylinder by using a metasurface. For a TEz plane wave incidence, the

solution of canceling the scattered field is dual to the one just mentioned and the metasurface

would have only surface polarizability component αmm
zz . Figures 7.3(a) and (b) demonstrate

the electric field distributions in the absence and presence of the synthesized metasurface,

respectively, by using full-wave simulations based on the finite element method [114]. It
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Figure 7.3: The normalized (to the incident field amplitude Ei) electric field distribution
around the proposed PEC cylinder illuminated by a plane wave in (a) the absence and (b)
the presence of the proposed scattering cancellation cylindrical metasurface. The metasurface
is shown with a black dashed line.

is clear from this Figure that the by placing the synthesized metasurface around the PEC

cylinder, the cylinder’s scattered fields have perfectly canceled, in other words the metasur-

face acts as a cloaking device for a PEC cylinder. We next examine the cancellation of the

scattering (i.e., cloaking) of a dielectric cylinder by covering it by a metasurface to further

demonstrate the capability of our proposed general approach.

122



7.5.2 Scattering cancellation from a dielectric cylinder

We consider now the problem of scattering cancellation from an infinitely long dielectric

cylinder with relative permittivity εr = 10 and radius a = λ located in free space and illu-

minated by an electromagnetic plane wave as in Eq. (7.19) as in the previous case. There

is a major difference between this case and the previous one with a PEC cylinder. In the

previous example, the electromagnetic fields E− and H− inside the cylinder were required

to be zero. Accordingly, based on the boundary conditions (7.15)–(7.18), providing scatter-

ing cancellation enforces both electric and magnetic polarization densities P and M to be

present at the boundary of the PEC [259–263]. In the present case with a dielectric cylin-

der, there are infinite solutions that solve the scattering cancellation problem depending on

the precise form which the equivalent principle is applied. Among them, we consider the

one which can be realized when we impose that only the electric polarization density P

is non vanishing. Therefore, assuming the magnetic polarization density M to be zero in

Eqs. (7.15) and (7.16), the electromagnetic field inside the dielectric cylinder can be easily

obtained. Based on the considered incident polarization, the electric field inside the meta-

surface has a z-component only. Moreover, to have no scattered fields out of the metasurface

(i.e., Eout = 0), we apply the boundary condition (7.15) using Eq. (7.21) to obtain the only

surviving coefficient of Eq. (7.27) as an = E0j
−nJn(β0a)/

(
Jn(β0

√
εra)

)
. As a result, the

required surface polarization density P is obtained from the boundary condition (7.18) and

using the Maxwell-Faraday equation ∇×E± = −jωµ0H
± at the metasurface boundary (i.e.,

ρ = a), leads to

P = −ẑ
E0

ωη0

n=+∞∑
n=−∞

j−nejnφ [J ′n(β0a)

−
√
εrJn(β0a)

Jn(β0
√
εra)

J ′n(β0

√
εra)

]
.

(7.31)
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The longitudinal polarization component is plotted in Fig. 7.4(a) as a function of the az-

imuthal angle ϕ. Next we derive the polarizabilities that provide the required polarization
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Figure 7.4: (a) The required polarization density for the example of scattering cancellation
metasurface for the proposed dielectric cylinder. (b) The corresponding effective electric
polarizability of the designed metasurface. The dielectric radius and relative permittivity
are a = λ and εr = 10, respectively.

density. For this simple case only one kind of polarizability is sufficient. Indeed, we assume

that the bianisotropic polarizabilities ¯̄αem and ¯̄αme are absent as well as the cross-component

polarizabilities. Then, by using the constitutive relation (7.1) the required effective elec-

tric polarizability αee
zz is derived and depicted in Fig. 7.4(b). The electric field distributions

(assuming plane wave incidence) in the absence and presence of the designed metasurface

are, respectively, demonstrated in Fig. 7.5(a) and (b) by using full-wave simulations. As it

is clear from the figure, when the metasurface is present the scattered field is suppressed

outside the metasurface boundary. That is, outside the metasurface we observe only the

propagating incident plane wave.

In both the last examples, as seen in Figs. 7.2 and 7.4, the imaginary part of the required

effective polarizability tensors is negative at some azimuthal positions and positive for others.

Therefore, one may deduce that the desired metasurface must comprise active elements.

However, as discussed in [264, 265], the metasurface may be realized entirely passive by

using auxiliary evanescent fields generated by passive but nonlocal inclusions which assist
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Figure 7.5: The normalized (to the incident field amplitude Ei) electric field distribusions in
(a) the absence and (b) the presence of the synthesized scattering calncellation cylindrical
metasurface in the case of a dielectric cylinder. The metasurface is shown with a black
dashed line.

energy channeling along the metasurface without disturbing the far fields. This implies the

possibility of realization of the synthesized structures using only passive particles.

7.5.3 An illusory infinite line source

In this example the goal is to create an electromagnetic illusion that a source is moved

somewhere else by surrounding the actual source with a metasurface. Studies on the design

of optical devices based on TO to create optical illusions have been already performed in past

recent years (see e.g. Ref. [256]). However, besides proposing bulky complex media, there

was also the restriction that both the radiation source and its illusion were located inside

the engineered medium. These requirements make the realization of such devices difficult

if not impractical and also less useful. However, as we propose here, the introduction of

metasurfaces make the realization of such devices more convenient and practical. Here, the

goal is to show how a cylindrical metasurface around a line source is able to modify the source

fields to make it look like it is generated by a fictitious line source outside the metasurface

boundary, translated from the original source that is not visible anymore. In summary the
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metasurface cloaks the original line source and generates an illusory line source at a different

location.

Let us consider an infinitely long electric line source Ie in free space, along the z-axis of

a cylindrical coordinate system. The electric field of such current source is described by

Eq. (7.24). The goal is to synthesize a cylindrical metasurface around this line source that

creates a total field that looks like the one generated by a fictitious line source translated at

(ρ′ > a, φ′), for an observer outside the metasurface [see Fig. 7.7]. Moreover, the distance

between the metasurface and the fictitious line source must be subwavelength due to energy

conservation considerations. Indeed, the total flux of the Poynting vector through any closed

surface around the illusory source must be zero if such surface does not enclose any part of

the metasurface. This would be impossible if the fictitious line source is located at large

distance from the metasurface.

We assume the fictitious line source has the same amplitude Ie as the original line source

but is located at ρ = ρ′, φ = φ′. By using the addition theorem (see e.g., Refs. [251, 254]) the

electric field created by such a source, which corresponds to the desired total field outside

the cylindrical metasurface, reads

E+ = −ẑ
Ieβ

2
0

4ωε0

+∞∑
−∞

Jn(β0ρ
′)H(2)

n (β0ρ)ejn(φ−φ′). (7.32)

Comparing the above equation with Eq. (7.28) that represents the total scattered electric

field outside the metasurface, one realizes that the only surviving coefficient in Eq. (7.28) is

cn = − Ieβ
2
0

4ωε0
Jn (β0ρ

′) . (7.33)
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The total electric field inside the cylindrical metasurface reads

E− = −ẑ
Ieβ

2
0

4ωε0
H

(2)
0 (β0ρ) + ẑ

+∞∑
−∞

anJn(β0ρ)ejn(φ−φ′), (7.34)

which is the contribution of the field created by the original line source [see Eq. (7.24)] plus

the field created from the cylindrical metasurface [see Eq. (7.27)]. Note that the metasurface

shall not create any cross component scattered field, i.e., the ρ- and φ-components of the

electric field simply vanish in Eq. (7.27). Now we assume the fictitious source is located

at ρ′ and φ′ = 0. Moreover, we assume the observer is located at distances that satisfy

ρ > ρ′. There are many possible realizations of such metasurface, and here we consider only

realizations with non vanishing electric surface polarizations density and M assumed to be

zero. As a result of the above considerations, and by using the electric fields (7.32) and (7.34)

in the boundary condition (7.15), the only surviving coefficients in Eq. (7.27) read

an =


− Ieβ

2
0

4ωε0

H
(2)
0 (β0a)

J0(β0a)
[J0 (β0ρ

′)− 1] n = 0

− Ieβ
2
0

4ωε0

H
(2)
n (β0a)

Jn(β0a)
Jn (β0ρ

′) n 6= 0

. (7.35)

Finally, by applying the boundary condition (7.18) and by using the Maxwell-Faraday equa-

tion ∇×E± = −jωµ0H
± at the metasurface boundary (i.e., ρ = a), we obtain the required

electric polarization density P for the desired fields given by (7.32) and (7.34) as

P = −ẑ
Ieβ0

4ω

(
H

(2)
0

′
(β0a)−

n=+∞∑
n=−∞

ejnφ
[
Jn(β0ρ

′)H(2)
n

′
(β0a)

+
4an
ωµ0Ie

J ′n(β0a)

])
,

(7.36)

where an is given by Eq. (7.35). This surface polarization density is used in the constitutive
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relation (7.1) to retrieve the required effective surface polarizability tensors. Figures 7.6(a)

and (b), respectively, illustrate the required surface polarization density and the needed effec-

tive electric surface polarizability for the proposed problem assuming a = λ and ρ′ = 4λ/3.

Similarly to what was done in the previous example, we again have considered a metasurface
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Figure 7.6: (a) The required polarization density for the metasurface example that creates
an infinite illusory line source. (b) The corresponding effective electric polarizability of the
designed metasurface.

realization that does not involve cross-component and bianisotropic polarizabilities. Fig-

ures 7.7(a) and (b), respectively, show the full-wave simulation results for the electric field

distributions in the absence and the presence of the engineered metasurface. It is clear from

the field distributions that the original line source is cloaked and an illusory line source is

observed at 4λ/3 away from the original line source for an observer outside the cylinder with

radius ρ′, i.e., for ρ > ρ′. Such a device may find practical applications in stealth technology,

wireless power transfer systems [266], and also sensing technologies.

7.6 practical realization

In all the above examples we have performed conceptual syntheses by considering ideal

continuous current distributions, i.e., continuous surface polarization densities. However, a
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Figure 7.7: (a) The normalized [to EA = Ieβ
2
0/ (4ωε0)] electric field distribution around an

infinitely long electric line source in vacuum. (b) The normalized electric field distribution
of the original line source when located at the center of a metasurface that is synthesized to
translate the perception of the position of the original line source for an observer outside the
cylindrical metasurface. The matasurface radius is a = λ, the illusory source is translated
to the position ρ′ = 4λ/3 and φ′ = 0, and the field appears arising from such source.

metasurface is practically composed of discrete elements that mimic such continuous currents.

In this section, we present a practical approach to realize such metasurfaces with discrete

elements, and apply it to the last example, i.e., the illusory line source. We start by taking

samples along the azimuthal angular direction that corresponds to the extrema values of

the desired continuous current distribution given in Fig. 7.6(a). According to Fig. 7.6(a)

and considering the whole 360◦ azimuth angle, we obtain 20 sampling points. Note that

only half of the whole 360◦ angular span is shown in Fig. 7.6(a) since the other half of the

cylinder is symmetric to the one shown and hence it exhibits the same values. Next, each

of these required currents can be realized by wires with periodic set of loads located at

the azimuthal sampling points. For simulation purposes we restrict our analysis to a single

periodic unit as shown in Fig. 7.8 and representing all the others by reflections of two parallel

perfectly conducting plates. It is noteworthy that the coupling between the dipoles in the

parallel plate region are tuned by the loads to obtain the desired currents at the sampling

points. In order to find the necessary load impedance values we first create a cylindrical

array of 20 identical short dipole antennas located at each sampling point. These points
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2
0/ (4ωε0)] electric field distribution for the structure given in (a).

are given by the angular positions of the extrema values given in Fig. 7.6(a). Each wire

in the plates scatters and couples to all the others, modifying their currents and voltages.

Therefore by looking at the voltage and current at each load we relate all these quantities

with a 20×20 impedance matrix ¯̄Z in which the diagonal elements denote the self impedance

of each antenna and the off-diagonal elements represent the mutual couplings between the

antennas. The goal is to design the loads at each wire to ensure that the current distribution

is similar to the one shown in Fig. 7.6(a). For convenience we define the load impedance

diagonal matrix ¯̄ZL, which contains the load impedances ZLi at each sampling points φi,

i = 1, ..., 20 shown in Fig. 7.9. The scattering problem is now posed as an algebraic problem

as V =
[

¯̄Z + ¯̄ZL

]
I, where I is a 20 element vector with its i-th element Ii = jωaP(φ−φi) · ẑ

given by the effective surface electric polarization density at the sampling point φi [Fig. 7.6(a)]

and V is a voltage (per meter) vector applied to dipoles. Considering identical supplying

voltage 1 (V/m) for all the antennas, the required load impedances are given in Fig. 7.9.

Here we have provided the impedance values for half of the elements since the values for

the other half is symmetrically distributed [see Fig. 7.9]. The electric field distribution of

such discretized problem is depicted in Fig. 7.8(b) by using finite element method (FEM)

implemented in CST. As it is clear from this figure, although the field distribution is not
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Figure 7.9: The relative positions and load impedance values of the dipoles in the proposed
cylindrical metasurface that creates an illusory line source. Here, we show 11 elements while
we declare that elements number 2 to 10 are repeated symmetrically in the lower half circle.

perfectly cylindrical due to the discretization, the actual line source inside the cylindrical

metasurface is cloaked by the metasurface and a fictitious line source is inspected by an

observer outside the metasurface at electromagnetic large distances.

7.7 Conclusions

We have investigated the synthesis problem of cylindrical metasurfaces for general illusion

mechanisms, and have presented a general analysis and synthesis approach by modeling

metasurfaces with effective polarizability tensors. We have presented three practical exam-
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ples including scattering cancellation from PEC and dielectric cylinders as cloaking exam-

ples. Furthermore we have also shown how to generate an illusion, a translated fictitious

line source, from an original line source by covering such a line source with a cylindrical

metasurface.

Besides the mentioned applications, the proposed approach is general and can be applied

to many other problems. That is, any manipulation of electromagnetic waves including but

not restricted to focusing lenses, designing antennas with arbitrary radiation patterns, beam

forming, etc. Our study opens up possibilities for complex electromagnetic wave manipula-

tions using cylindrical topologies including stealth technology, antenna synthesis problems,

wireless power transfer systems, absorbers, etc.
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Chapter 8

Parity-time symmetric oscillator in

coupled transmission lines

An new scheme of oscillators based on exceptional points of degeneracy (EPD) is proposed

in two finite-length coupled transmission lines with balanced gain and loss. EPD is a point

in the parameter space of the system at which two or more eigenmodes coalesce in both

their resonance frequency and eigenmodes into a single degenerate eigenmode varying a

system parameter. We show that a finite-length single transmission line terminated with

gain and loss possesses no degeneracy point while second-order EPDs exist in two finite-

length coupled transmission lines (CTLs) terminated with balanced with balance gain and

loss. We demonstrate the conditions for EPDs to exist in CTLs with balanced gain and

loss terminations for three different termination configurations. Moreover, we show extreme

sensitivity of such an oscillator operating at an EPD to perturbations.
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8.1 Introduction

Oscillators are one of the essential components in radio frequency, microwave and optical

systems. Typically, oscillator operate utilizing a gain device through a positive feedback

mechanism and a frequency selective circuit which generates a single frequency output known

as the carrier frequency. Conventional oscillators such as Van der Pol and voltage-controlled

oscillator are among the most utilized oscillators in radio frequencies due to their simplicity

of design and ease of fabrication [267, 268]. These oscillators are based on LC-tank circuit

and require a negative conductance for positive feedback which is obtained by simple circuit

structures such as a cross-coupled pair [268]. A negative conductance can be also obtained

from other circuit topologies such as Pierce, Colpitts, and Gunn diode waveguide oscillators

[72, 268–271]. These vastly used oscillators based on LC-tank circuit have some important

drawbacks; in particular, load conditions largely affect their performance, which requires

buffer stages to mitigate the issue and terminate the signal to a low output impedance (50

Ω). Normally, the buffers are power hungry and lower the power efficiency of the system

which can be undesirable for low-power applications.

Due to the importance and almost unanimous use of oscillators in every RF and microwave

system, finding better performing oscillator structures is an essential research avenue where

novel principle of RF and microwave generation is investigated [271–275]. Furthermore, other

design principles which involves distributed [276, 277], coupled [278, 279] and multi-mode

[272] oscillator structures have been studied. In this chapter, our design is focused around the

design of an oscillator using the novel concept of exceptional points of degeneracy (EPD) in

two coupled transmission lines (CTLs) with balanced gain and loss which has the advantages

of low oscillation criterion, short transient period, and low phase noise and high delivered

power to the load. Moreover, this design featuring EPD potentially can be implemented in

highly efficient oscillating array antenna.
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An EPD is a point in the parameter space of a system at which its eigenmodes, besides the

eigenvalues, coalesce. The phenomenon of degeneracy of both eigenvalues and eigenvectors

is a stronger degeneracy condition compare to the traditional degeneracy that often refers

to the two eigenmodes that have the same wave number, but are not necessarily coalescing

eigenvectors. EPDs have been commonly associated with the presence of gain and/or loss

and often related to parity-time (PT) symmetric systems which the EPDs occur in the

parameter space of the system described by the evolution of their eigenmodes either in time

[10, 21, 23, 31, 51, 280] or space [16, 34, 58, 281]. EPDs are also associated by space or time

periodicity and are realizable in spatially or temporally periodic media supporting Floquet-

Bloch waves such as photonic crystals and space periodic waveguides [4, 16, 34, 38, 58, 281]

and time-periodic resonators [12, 18, 19], in absence of gain and loss. In the following, at

first we discuss the oscillation condition for a single pole finite-length TL oscillator under

the gain and loss balance condition. Then we investigate the two CTLs with balanced gain

and loss where we show the existence of EPDs in such structures under different gain and

loss configuration. Moreover, we characterize the performance of CTLs oscillator operating

at an EPD and show the phase noise and output power of such an oscillator compared to a

single TL oscillator.

8.2 Single TL oscillator

In this section, we consider a single finite-length TL where it is terminated with a gain

element (i.e., negative resistance) at one end and with loss (i.e., positive resistance) at the

other end as shown in Fig. 8.1(a) where Z0 =
√
L0/C0 is the characteristic impedance of

this TL and d is its length. The resonance condition for this structure is given by the transfer
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Figure 8.1: (a) Single finite-length TL terminated with RL and RR at its left and right
ports, respectively. (b) Real and imaginary part of the resonance frequency for different
harmonics, calculated using Eq. (8.2). The complex resonance frequencies are calculated
with the parameters of the structure set as L0 = 480 nH, C0 = 57.9 pF, d = 40.1 mm,
RR = 50 Ω and varying RL.

136



resonance equation as

1− ΓLΓRe
−j2βd = 0, (8.1)

where β = ω
√
L0C0 is the propagation constant, ΓL = (RL − Z0)/(RL + Z0) and ΓR =

(RR − Z0)/(RR + Z0) are the reflection coefficients at the left and right ports, respectively.

Resonance frequency of such a structure is derived using Eq. (8.1) as

fn =
1

4πd
√
L0C0

(∠ΓL + ∠ΓR + 2nπ − j ln |ΓLΓR|) . (8.2)

In general, for arbitrary values of RL and RR, the resonance frequency of such a structure

is complex where it has positive imaginary part for |ΓLΓR| < 1 corresponding to decaying

voltage and current, or negative imaginary part for |ΓLΓR| > 1 corresponding to growing

voltage and current of the transmission line. In other words, for a nonzero imaginary part

of the resonance frequency, an initial energy in the system will fully dissipate or will grow

indefinitely. However, assuming |ΓLΓR| = 1, resonance frequency becomes purely real and

such a condition corresponds to RL + RR = 0. Under this condition we have a single TL

where its left and right ports are terminated with balanced gain and loss loads, i.e., the two

loads have the same magnitude with opposite sings. Therefore, ΓLΓR = 1 and as a result

the structure will have purely real resonance frequencies regardless of balanced gain and loss

values. One may note that in such a single TL with balanced gain and loss, there exist

no coalescence of the modes; thus, we don’t observe any exceptional point. Figure 8.1(b)

shows the resonance frequencies of the single TL terminated with gain RL and loss RR for

different values of RL/RR and three first harmonics. In this plot the parameters are set as
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Figure 8.2: Two finite-length CTLs with terminations. The CTLs are both electrically and
magnetically coupled

L0 = 480 nH, C0 = 579 pF, d = 40.15 mm, and RR = 50 Ω. This plot shows that the single

TL has a purely real oscillation frequency when gain and loss are balanced. Note that this

system support a single mode resonance and we can not achieve exceptional degeneracy of

modes required for occurrence of exceptional points.

8.3 Coupled TLs oscillator

In this section, we study two coupled, lossless, and identical TLs with finite length shown

in the Fig. 8.2, where they are terminated with voltage sources VG1 and VG2 in series with

resistive loads Rl1 and Rl2 at their left ports, respectively. Moreover, their right ports are

terminated with the resistive loads Rr1 and Rr2. Assuming the distributed per unit length

inductance and capacitance of the lines when they are isolated as L0 and C0, hence, the per

unit length inductance and capacitance matrices of the coupled lines reads as [282, 283]

L =

 L0 Lm

Lm L0

 , C =

 C0 + Cm −Cm

−Cm C0 + Cm

 (8.3)

when the coupling between the lines is modeled by introducing a mutual per unit length

inductance and capacitance Lm and Cm. Such a structure supports four different propagating
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modes with propagation constants ±ke and ±ko where (see Appendix C.1 for derivation)

ke = ω/ue, ko = ω/uo (8.4)

and where u−1
e =

√
(L0 + Lm)C0 and u−1

o =
√

(L0 − Lm)(C0 + 2Cm) are the phase velocities

for the even and odd modes.

Using the eigenvalues of the infinite structure given in (8.4), we write the state vector Ψ =

[ V1 V2 I1 I2 ]T that describes the voltages and currents at any point z along the coupled

lines as the summation of these four modes

Ψ(z) = Ψ+
e e
−jkez + Ψ−e e

jkez

+Ψ+
o e
−jkoz + Ψ−o e

jkoz (8.5)

where the corresponding eigenvectors are

Ψ+
e = V +

e

[
1 1 Ye Ye

]T

Ψ−e = V −e

[
1 1 −Ye −Ye

]T

(8.6)

Ψ+
o = V +

o

[
1 −1 Yo −Yo

]T

Ψ−o = V −o

[
1 −1 −Yo Yo

]T

139



In Eqs. (8.6), Ye = ueC0 and Yo = uo(C0 + 2Cm) represent the characteristic admittances

for the even and odd modes. Using the state vector in Eq. (8.5) and in order to derive

the resonance frequencies for the two finite-length CTLs shown in Fig. 8.2, we enforce the

boundary conditions at the four port of the structure (see Appendix C.2 for the boundary

conditions). Assuming there is no generator, i.e., VG1 = VG2 = 0, we obtain a homogeneous

system of linear equations as

A(ω)V = 0 (8.7)

where V = [V +
e , V

−
e , V

+
o , V

−
o ]T is the kernel of A representing the voltage amplitude vector,

and

A(ω) =



1 + YeRl1 1− YeRl1 1 + YoRl1 1− YoRl1

1 + YeRl2 1− YeRl2 −1− YoRl2 −1 + YoRl2

(1− YeRr1)e−jωd/ue (1 + YeRr1)ejωd/ue (1− YoRr1)e−jωd/uo (1 + YoRr1)ejωd/uo

(1− YeRr2)e−jωd/ue (1 + YeRr2)ejωd/ue −(1− YoRr2)e−jωd/uo −(1 + YoRr2)ejωd/uo


(8.8)

Free oscillation in such a structure occurs when there is a non-trivial solution of (8.7);

therefore, oscillation frequencies are calculated as the roots of the determinant of coefficient

matrix A as

det(A(ω)) = 0. (8.9)
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Figure 8.3: Three distinct cases of two coupled TLs termination and complex dispersion
diagram of the resonance frequencies. (a) Case I, showing the two coupled TLs where upper
TL is terminated with gain −R and load R; and lower TL is shorted at both ports. (b) Plots
of real and imaginary part of resonance frequencies varying R for Case I depicted in (a). (c)
Case II, two coupled TLs where upper TL is terminated with gain −R at the left port and
it is shorted at the right port; and lower TL is shorted at left port and it is terminated with
load R at its right port. (d) Plots of real and imaginary part of the resonance frequencies
varying gain/load value R for Case II shown in (c). (e) Case III, two coupled TLs where
upper TL is terminated with gain −R at the left port and it is shorted at the right port;
lower TL is terminated with load R at the left port and it is shorted at its right port. (f)
Plots of real and imaginary part of the resonance frequencies varying gain/load value R for
Case III shown in (e).

141



At each resonance frequencies ωi i = 1, 2 derived from Eq. (8.9), we find the basis of the

kernel of the matrix A(ωi), i.e., Vi i = 1, 2 using Gaussian elimination method. In other

words, vectorsV1 and V2 are the voltage amplitude vector for the even and odd modes at the

resonance frequencies ω1 and ω2, respectively. Various choices could be made as the measure

of coalescence of the voltage amplitude vectors at the resonance frequencies, and here, the

Hermitian angle between the voltage amplitude vectors V1 and V2 is adopted and defined

as [6, 284, 285]

cos θ =
|〈V1,V2〉|
‖V1‖ ‖V2‖

.

The cos θ is defined via the inner product 〈V1,V2〉 = V†1V2, where the dagger symbol †

denotes the complex conjugate transpose operation, | | represent the absolute value and ‖ ‖

represent the norm of vectors. According to this definition, when sin θ = 0 the voltage am-

plitude vectors V1 and V2 corresponding to resonance frequencies ω1 and ω2 are coalescing.

In this chapter, we are interested in structures with balanced gain and loss, hence, in the

following we consider three different values of R, −R, and 0 as loads in such a structure. Note

that, different arrangement of these three load values at four distinct ports of the structure

results in twelve sets of boundary condition. However, since the structure is symmetric

with respect to its ports, these twelve arrangement of loads shrink to only three distinct

ones; shown in Fig. 8.3(a), (c) and (e). In the following, we analyze each distinct structure

separately and find the resonance frequency in two CTLs with balanced gain and loss varying

the gain/loss value R in the absence of voltage generators. Moreover, we show the existence

of the EPD resonances where the resonance frequencies become identical and corresponding

voltage amplitude vectors coalesce.
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8.3.1 Case I: Rl1 = −R, Rl2 = 0, Rr1 = R, Rr2 = 0

In this scenario, as shown in Fig. 8.3(a), we assume that the upper TL is loaded with −R

at the left port and R at right port; while lower TL is short circuited at both ports. The

boundary conditions which describe this scenario are given in Appendix C.2 and hence the

oscillation frequency is calculated as

det(A(ω)) = cos(ωd/ue) cos(ωd/uo) (8.10)

+ H1 sin(ωd/ue) sin(ωd/uo)− 1 = 0

and are depicted in Fig. 8.3(b) for different values of balanced gain and loss R where

H1 =
4−R2(Y 2

e + Y 2
o )

2R2YeYo
. (8.11)

Figure 8.3(b), shows the real and imaginary parts of the resonance frequencies. The blue

colored curve represents the fundamental resonance and the red colored curve shows the

second harmonic. It can be seen from these plots that the real and imaginary parts of the

two resonance frequencies coalesce for a specific balanced gain/loss value R. Note that in

this scenario, the coalescence of the resonance frequencies for both of the harmonics occurs

at the same balanced gain/loss value. Furthermore, voltage amplitude vector V is calculated

for each resonance frequency using Eq. (8.7) where the last figure exhibit the angle between

these two amplitude vector for different values R. Figure shows that the angle between

the two amplitude vectors goes to zero where the resonance frequencies are identical which
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indicates the coalescence of the two modes and occurrence of an EPD.

8.3.2 Case II: Rl1 = −R, Rl2 = 0, Rr1 = 0, Rr2 = R

In the second scenario as shown in Fig. 8.3(c), we consider the case which the upper TL is

connected to −R at the left port and shorted at the other port; and the lower TL is shorted

at left port and terminated with load R at the right one. Thus, enforcing the boundary

conditions, the determinant in Eq. (8.9) is derived and given as

det(A(ω)) = cos(ωd/ue) cos(ωd/uo)

+ H1 sin(ωd/ue) sin(ωd/uo) + 1 = 0, (8.12)

and the coefficient H1 is given Eq. (8.11). Similar to the case I, resonance frequencies of

the structure is calculated and plotted in Fig. 8.3(d) where real and imaginary parts of

the resonance frequencies are shown. The blue colored curves and the red colored curves

represents the real and imaginary parts of resonance frequencies and the angle theta for

the fundamental and second harmonic, respectively. Note that in this scenario, assuming

the same CTLs lengths, the fundamental resonance frequency happens around twice of the

resonance frequencies of the case I. Moreover, coalescence of the resonance frequencies for

both of the harmonics occurs at the same balanced gain/loss value where the angle between

the two amplitude vectors goes to zero and an EPD occurs.
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8.3.3 Case III: Rl1 = −R, Rl2 = R, Rr1 = 0, Rr2 = 0

Finally, in the third scenario as shown in Fig. 8.3(e), we assume two CTLs which the upper

TL is terminated with −R at the left port and its right port is shorted. Moreover, lower TL

is terminated with R at its left port and it is shorted at the right port. With this combination

of terminations at the ports of the CTLs, the simplified determinant in Eq. (8.9) is given by

det(A(ω)) = cos(ωd/ue) cos(ωd/uo) (8.13)

+
1

R2YeYo
sin(ωd/ue) sin(ωd/uo) = 0.

Roots of the determinant which represent the resonance frequencies of the system are plotted

in Fig. 8.3(f) for different value of the gain/loss value R. This figure shows the real and

imaginary parts of the fundamental and second harmonic resonance frequencies where in

contrast to previous cases, coalescence of resonance frequencies for different harmonics occurs

at different gain/loss values. The red colored curve which shows the resonance frequencies of

second harmonic, has the coalescence of resonance frequencies for smaller values of gain/loss

balance compare to the fundamental harmonic. Moreover, the angle between the amplitude

vectors of different resonance frequencies shows, for each harmonics, identical resonance

frequencies result in coalescing voltage amplitude vectors; therefore, an EPD occurs.
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8.4 CTLs oscillator characteristic

In this section we characterize important characteristics of oscillators, namely, transient be-

havior, frequency spectrum, and sensitivity to perturbations. We study these characteristics

for the CTLs oscillator in case II and show the potential benefits of PT symmetric operating

point.

8.4.1 Transient behavior and frequency content

Time domain response of the proposed CTLs oscillator as well as its frequency profile is

depicted in Fig. 8.4 where the structure is terminated with balanced gain and loss satisfying

the resonance condition in Eq. (8.12). Time domain simulation result is obtained using

FDTD method implemented in Keysight ADS where we assume a gain element that has

cubic behavior as shown in Fig. 8.4(a). The gain element is realized using a cubic model

with an i− v curve described as

i = −gmv + αv3, (8.14)

where −gm is the slope of i − v curve in the negative resistance region and α is the third-

order non-linearity constant that models the saturation characteristic of the device. To

realize a constant DC voltage-biased active device, we choose the turning point Vb of the

i−v characteristics to be constant under different biasing levels. The value of the saturation

characteristic α determines the steady-state oscillation amplitude and in particular, we set

α = gm/(3V
2
b ). Moreover, we assume that the per unit length capacitance of the TLs is

much larger than any parasitic capacitance associated with the negative resistance device,

hence, the structure is not affected by the parasitic capacitance of the gain element. Note
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(a)

(b)

inZ

Figure 8.4: (a) The cubic model used as a realistic gain element where its i − v curve is
shown in the inset. Parameters of the cubic model are set as gm = 20.1 mS, α = 6.7 mS and
Vb = 1 V. (b) Time domain simulation result of the PT symmetric oscillator shown in (a)
and the frequency spectrum of the load voltage as the inset.
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that the −gm is increased by 0.1% from its loss balanced value, in order to make the system

unstable, then start and reach to a stable oscillation. We use a pulse signal at right port of

the first transmission line as the initial condition to start the oscillation. Frequency spectrum

of the voltage at the load location is show as the inset in Fig. 8.4(b), where it shows the

fundamental and harmonics of the oscillating voltage. The harmonics of the fundamental

frequency are generated due to the nonlinear nature of the gain element.

8.4.2 Double pole behavior and high sensitivity to perturbations

Resonance frequencies of such a system can be obtained using the transverse resonance

method. For such an structure, the resonance condition implies that we must have

←−
Z +

−→
Z = Zin −R = 0 (8.15)

where the Zin is input impedance of the CTLs seen from the upper left port when resistor R

is connected to bottom right port, shown in Fig. 8.4(a). The input impedance is obtained

using the transfer matrix T = exp(−jωMd) assuming ports 2 and 3 are short circuited and

port 4 is connected to the load R (see Appendix C.1). In Fig. 8.5(a), we analyzing zeros

of the Zin − R for various values of R. The trajectory of the resonance frequencies ω for

two modes with ω(R) and ω∗(R), is plotted with increasing resistance R from 40 Ω to 60 Ω.

The double pole resonance occurs at REPD = 49.88 Ω, at which the two curves meet. For

resistances such that R > REPD, the two resonance frequencies are purely real, despite the

presence of losses and gain. In particular, for the R lower than the EPD’s REPD, resonance

frequencies are complex with complex conjugate pairs. Note that ω(R) and ω∗(R) are both

solutions in a lossless system; here instead with both losses and gain, such symmetry is in

principle not necessarily expected.

148



Systems operating at EPDs are extremely sensitive to change in parameters. In general, it

is shown that introducing a perturbation δ to any of the system parameters result in a very

large change in the state of the system [3, 18, 286]. In the CTLs structure with balanced gain

and loss, the two degenerate resonance frequencies occurring at the EPD change significantly

due to a small perturbation δ, resulting in two distinct resonance frequencies. Assuming that

the perturbation δ is applied to the per unit length self capacitance of the CTLs C0, and

the perturbed C0 is expressed as (1 + δ)C0. Considering an unperturbed CTLs in case II as

shown in Fig. 8.3(c), the system has a EPD resonance at REPD for the parameter values

given in section 8.3.2. Figure 8.5(b) illustrates the separation between the two resonance

frequencies varying the perturbation δ. The result in Fig. 8.5(b) demonstrates that for a

small perturbation δ, the real part of the resonance frequency is significantly changed. This

shows the exceptional sensitivity of the proposed system operating at an EPD which can be

used to conceive a new class of extremely sensitive sensors based on an oscillator scheme.

Note that we only show the sensitivity for negative values δ where the structure show the

two real resonance frequencies.
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(a)

(b)

R = 45 Ω

R = 55 Ω

R = REPD

Figure 8.5: (a) Root locus of zeros of Zin − R showing the resonance frequencies of the
CTLs in case II varying the resistance R. (b) Separation between the two real resonance
frequencies when the per unit length capacitance C0 is perturbed as (1 + δ)C0.
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112, 034907 (2012).

[243] Y. R. Padooru, A. B. Yakovlev, P.-Y. Chen, and A. Alù, Journal of Applied Physics
112, 104902 (2012).

[244] H. M. Bernety and A. B. Yakovlev, IEEE Transactions on Antennas and Propagation
63, 1554 (2015).

[245] B. O. Raeker and S. M. Rudolph, IEEE Antennas and Wireless Propagation Letters
15, 1101 (2016).

[246] B. O. Raeker and S. M. Rudolph, IEEE Antennas and Wireless Propagation Letters
16, 995 (2017).

[247] X. Jia, Y. Vahabzadeh, C. Caloz, and F. Yang, IEEE Transactions on Antennas and
Propagation 67, 2542 (2019).

[248] M. Dehmollaian, N. Chamanara, and C. Caloz, IEEE Transactions on Antennas and
Propagation 67, 4059 (2019).

[249] S. Tretyakov, Analytical Modeling in Applied Electromagnetics (Artech House, 2003).

[250] M. Idemen, in Essays on the Formal Aspects of Electromagnetic Theory (World Scien-
tific, 1993) pp. 657–698.

[251] R. F. Harrington, Time-Harmonic Electromagnetic Fields, 2nd ed. (Wiley-IEEE Press,
2001).

[252] A. Alu, Physical Review B 80, 245115 (2009).

[253] M. Selvanayagam and G. V. Eleftheriades, Physical Review X 3, 041011 (2013).

[254] C. A. Balanis, Advanced Engineering Electromagnetics, 2nd Edition, 2nd ed. (Wiley,
2012).

[255] D. Schurig, J. J. Mock, B. J. Justice, S. A. Cummer, J. B. Pendry, A. F. Starr, and
D. R. Smith, Science 314, 977 (2006).

[256] J. Yi, P.-H. Tichit, S. N. Burokur, and A. de Lustrac, Journal of Applied Physics 117,
084903 (2015).

164

http://dx.doi.org/10.2528/PIERB07120803
http://dx.doi.org/10.1364/OE.20.018370
http://dx.doi.org/10.1109/8.554240
http://dx.doi.org/10.1109/8.554240
http://dx.doi.org/10.1109/TAP.2004.841337
http://dx.doi.org/10.1109/TAP.2004.841337
http://dx.doi.org/10.1063/1.4745888
http://dx.doi.org/10.1063/1.4745888
http://dx.doi.org/10.1063/1.4765688
http://dx.doi.org/10.1063/1.4765688
http://dx.doi.org/10.1109/TAP.2015.2398121
http://dx.doi.org/10.1109/TAP.2015.2398121
http://dx.doi.org/10.1109/LAWP.2015.2494739
http://dx.doi.org/10.1109/LAWP.2015.2494739
http://dx.doi.org/10.1109/LAWP.2016.2616106
http://dx.doi.org/10.1109/LAWP.2016.2616106
http://dx.doi.org/ 10.1109/TAP.2019.2894036
http://dx.doi.org/ 10.1109/TAP.2019.2894036
http://dx.doi.org/10.1109/TAP.2019.2905711
http://dx.doi.org/10.1109/TAP.2019.2905711
http://dx.doi.org/10.1103/PhysRevB.80.245115
http://dx.doi.org/10.1103/PhysRevX.3.041011
http://dx.doi.org/ 10.1126/science.1133628
http://dx.doi.org/10.1063/1.4913596
http://dx.doi.org/10.1063/1.4913596


[257] S. Tretyakov, P. Alitalo, O. Luukkonen, and C. Simovski, Physical Review Letters
103, 103905 (2009).

[258] P.-Y. Chen, C. Argyropoulos, and A. Alù, Physical Review Letters 111, 233001 (2013).
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Appendix A

Supplemental information for chapter

3

We first define the time-varying capacitance based on the multiplier concept in Fig. 3(a)

in Cahpter 3 and show that its definition leads to an LC circuit described by differential

equations consistent to the previous theory shown in [12], hence leading to the occurrence

of exceptional points of degeneracy (EPDs). Then we discuss the physical implementation

of the electronic linear time periodic (LTP) LC resonator with a time varying capacitor and

reset signal.

The LTP LC resonator circuit shown in Fig. 3(c) in Chapter 3 is composed of two subsystems:

i) the sensing device which comprises of a time variant LC resonator operating at the time-

induced EPD [12], and ii) a reset mechanism to stop the growing oscillation amplitude and

to set the initial voltage of the capacitor at the beginning of each operation regime to avoid

saturating the circuit. The schematic and detailed working principle of each subsystem is

explained in the following sections.
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A.1 Time varying capacitance and fundamental dy-

namic equations

The time varying capacitance is obtained by resorting to the multiplier scheme in Fig. 3(a) in

Chapter 3. Without worrying for a moment about the physical implementation and the reset

scheme that are explained in the following sections, we shall observe here that the voltage

W (t) is given by the product W (t) = v(t)vp(t)/V0, where the term V0 is a constant coefficient

of the multiplier that is used to normalize its output voltage. Since in Chapter 3 the signal

vp(t) is a square wave with frequency fm, it experiences jumps (discontinuities), implying

that also W (t) is discontinuous. The voltage applied to the capacitor C0 is then given by

vc(t) = v(t)−W (t) = v(t)(1− vp(t)/V0). This capacitor voltage cannot be discontinuous in

time, hence vc(t) is a continuous function and indeed v(t) carries the same discontinuities as

W (t).

We define the capacitance of the synthesized time varying capacitor used in Chapter 3 as

C(t) = q(t)/v(t), where q(t) is the charge on the capacitor. The same charge is also given

by q(t) = C0vc(t), leading to the value of the time varying capacitance C(t) = C0vc(t)/v(t).

Substituting for vc(t) in this latter equation leads to C(t) = C0(1 − vp(t)/V0) that is the

synthesized piece wise time varying capacitance with period Tm.

The two fundamental differential equations describing the LTP LC circuit in Fig. 3(a) in

Chapter 3 are dq/dt = ic(t) = −i(t) and di/dt = v(t)/L0 = q(t)/(L0C(t)), that in matrix

form are rewritten as

d

dt

 q

i

 =

 0 −1

1

L0C(t)
0


 q

i

 . (A.1)
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This first order differential equation is the same as that considered in Eq. (1) in Chapter 3

and in [12] and therefore it leads to the same dynamic current and voltage of the LTP LC

circuit studied in [12], including the occurrence of EPDs.

A.2 Design and implementation of the time-varying

capacitance

The scheme of the proposed sensor (i.e., the time varying LC resonator) is based on the

design of a synthesized periodic time-varying capacitance C(t) that switches between two

values C1 and C2 with a modulation frequency fm where the parameters C1, C2 and fm

need to be tunable. In order to make such a time-varying capacitor, we use a regular time-

invariant capacitor C0 which is connected in parallel with a multiplier U1 (AD835 [287]) as

shown in Fig. A.1(a). In general terms, the multiplier U1 provides the time domain function

W (t) =
(X1 −X2)(Y1 − Y2)

V0

+ Z, (A.2)

that is connected to the lower terminal of the capacitor C0 . Here W , X1, X2, Y1, Y2, and Z

represent the voltages at the pins denoted with the same symbols of the multiplier U1 and

V0 = 1.05 V is the voltage normalization factor dictated by the multiplier and given in the

data sheet [287]. In this circuit schematic, the X2 and Y2 pins are both connected to the

ground, the pump voltage vp(t) is applied to the Y1 pin and the X1 pin is connected to Node
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A as shown in Fig. A.1(a). Hence, the output function of the multiplier is simplified as

W (t) =
X1vp(t)

V0

+ Z. (A.3)

From the schematic and since the X1 pin input current is zero (it has high input impedance),

we express the current flowing into the capacitor C0 as

ic(t) = C0
d

dt
(X1 −W ) . (A.4)

The printed circuit board (PCB) layout and the actual assembled circuit with resonator

(capacitor C0, inductor L0, multiplier chip U1), chip with switches U2, pump voltage vp(t)

and reset vreset(t) connectors, and PCB traces are shown in Fig. A.1(b) and (c). In the

following we describe the two operation regimes of the circuit and the principle of the reset

mechanism in detail.

A.3 Regimes of operation

The proposed circuit has two distinct phases (regimes) of operation which are differentiated

based on the status of the reset signal vreset. Reset signal vreset is a digital clock coming

from an external waveform generator that is used to stop the oscillation of the time-varying

LC resonator when it is high level voltage (logic Level 1), and allows the resonator circuit

to run when it is at low level voltage (logic Level 0). These two different operation regimes
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are described in the following.

(i) LTP-LC operating regime with EPD : During this regime, the reset signal is a logic low

(logic Level 0) so that the time varying LC resonator is allowed to have a free run, i.e., its

voltage is varying as in a time varying LC resonator with a given initial voltage condition.

During this regime, low level voltage vreset causes Switch 1 to be “on”, hence the pin Z of the

multiplier U1 shown in Fig. A.1(a), is connected to the ground (see section A.4) while Switch

4 is off, therefore, the input X1 = v(t). In this case, by using Eq. (A.3), the multiplier output

is W (t) = v(t)vp(t)/V0. Therefore the voltage difference at the two ends of the capacitor C0

is vc(t) = v(t)− v(t)vp(t)/V0 and the current flowing into the capacitor is

ic(t) = C0
d

dt
(v(t)− v(t)vp(t)/V0) , (A.5)

which can be also interpreted as flowing into a synthesized time varying capacitor with

applied voltage v(t). Considering a two level piece-wise constant pump voltage vp(t), where

dvp(t)/dt = 0 for 0 < t < 0.5Tm and 0.5Tm < t < Tm, the current flowing into the capacitance

is given by

ic(t) = C(t)
dv

dt
= C0 (1− vp(t)/V0)

dv

dt
. (A.6)

It is clear form Eq. (A.6), that the capacitance seen from Node A towards the ground is

time-variant and its shape is dictated by the pump voltage. Considering the pump voltage

as
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vp(t) =


0.525 V 0 < t < 0.5Tm

−0.525 V 0.5Tm < t < Tm

, (A.7)

and recalling that V0 = 1.05 V, the time varying capacitance from Eq. (A.6) is

C(t) =


0.5C0 0 < t < 0.5Tm

1.5C0 0.5Tm < t < Tm

. (A.8)

We observe from Eqs. (A.6)-(A.8), that a change of 5 mV in the high level of the pump

voltage vp(t) will result in approximately a relative change of 1% in the capacitance value

C1, i.e.,

δ ,
C1,perturbed − C1

C1

(A.9)

=
(1− 0.520/1.05)C0 − 0.5C0

0.5C0

≈ 1% (A.10)

(ii) Reset regime: During this regime, the reset signal is a logic high (logic Level 1), therefore

Switch 4 is “on” and S4 takes the value of D4 that is grounded. As a result Node A is
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connected to the ground and the operation of the time-varying LC resonator is halted.

Moreover, during this regime, the capacitor C0 is charged again with an initial voltage to be

ready for the next LTP-LC operating regime. The operation of the reset mechanism circuit

is explained in the following section.

A.4 Reset and LTP-LC operating regime mechanisms

The reset mechanism in this circuit is employed to (i) prevent the saturation of the system

due to the growth of the capacitor voltage with time and to (ii) set an initial voltage on

the capacitor C0 in order to start a new LTP-LC operating regime. The reset mechanism

is implemented using the ADG4613 chip which contains four independent single pole/single

throw (SPST) switches [290], denoted by U2 in the Fig. A.1(a). This figure shows the

four switches where IN, D, and S represent the control input, input, and output of the

switches, respectively. Two switches (1 and 3) are turned on with logic Level 1 (high level

voltage of vreset) on the appropriate control input, implying that during that time S1 and

S3 take the value of terminals D1 = 0V and D3, respectively, and they are open when they

are “off”. Switch 3 is not used in our physical implementation. The logic is inverted on

the other two switches (2 and 4), i.e., the switches turn on with logic Level 0 (low level

voltage of vreset) on their control input implying that during that time S2 and S4 take the

value imposed at terminals D2 = V+R1/(R1 + R2), and D4 = 0 V, respectively. In the reset

mechanism we use only Switches 1, 2, and 4 where the control input of these switches is

connected to a digital clock signal vreset as indicated in Fig. A.1(a). The reset signal is

a digital clock with 20% duty cycle, i.e., vreset = 2 V for 20% of its period (logic Level 1)

and vreset = 0 V otherwise (logic Level 0). Therefore, the LTP LC resonator is showing an

oscillating output for 80% of the reset signal period. In summary, during the 80% of the

vreset(t) period the circuit has S1 = 0 V, while the S2 and S4 are open circuits, implying that
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Figure A.1: (a) Schematic of the time-varying LC resonator circuit based on the capacitor
C0 = 10 nF (NP0 1206 [288]), the inductor L0 = 33µH (MSS7348-333ME [289]), the multi-
plier U1 and the reset mechanism circuit U2. (b) PCB layout of the assembled circuit where
the top layer traces are in red, the ground plane is in cyan, the bottom traces are in green,
and the connecting vias are in orange. In this design Via J4 is a probe point for the capacitor
voltage, whereas Vias J5 and J6 are test points connected to the ground plane and are used
to connect the ground of the measurement equipment to the ground of the circuit. All the
ground nodes are connected to each other using the bottom cyan layer. (c) Fabricated PCB
and assembled circuit with blocks highlighted.
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Figure A.2: The three switches used for establishing the two regimes of operation: the
LTP LC resonator regime with EPD and the reset mechanism that at the same time is
also charging the capacitor C0 with an initial voltage to be used to start the next LTP LC
resonator regime. These switches are Switch 1, 2, and 4 of U2 shown in Fig. A.1 and their
control inputs IN1, IN2, and IN4 are connected to the reset signal vreset(t). The outputs
of Switch 1 and 2, S1 and S2, are both connected to the pin Z of the U1, and S2 is used
to provide the initial voltage of the capacitor at the beginning of each operating LTP LC
regime. The output S4 of Switch 4 is connected to Node A and is used to set the short the
inductor when the reset signal vreset(t) is at high voltage (logic Level 1).

Z = 0 V and X1 = v(t), whereas during the remaining 20% of the reset signal period, the

circuit has S2 = V+R1/(R1 + R2) and S4 = 0 V while S1 is left open, implying that Z = S2

and X1 = 0 V.

A.4.1 Halting the oscillation

As described, one of the benefits of the reset mechanism circuit is to stop the time-varying

LC resonator operating at an EPD before it reaches saturation. For this purpose, during the

reset regime, Switch 4 is used to short Node A to the ground when the reset signal vreset is

at logic Level 1. Indeed the reset signal logic Level 1 is connected to the input control IN4

which turns on Switch 4 connecting S4 to the ground. Since Node A is connected to S4, the

voltage across the inductor L0 is set to zero preventing the oscillation .
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A.4.2 Setting the initial voltage condition on the capacitor C0

During each reset regime just described, Node A is grounded therefore the voltage oscillation

is halted, and the inductor current decays with a short transient. In order to start a new

LTP LC operating regime after each reset regime, it is necessary to provide the capacitor

with the initial voltage. This is done by using Switch 2 of the ADG4613 shown in the Fig.

A.2 with its control input IN2 connected to vreset. Since S2 is connected to the Z pin, during

this reset regime time we have Z = V+R1/(R1 +R2), and Z represents the summing input of

the voltage multiplier as shown in Eq. (2). Furthermore since Node A is grounded, we have

X1 = 0 V, resulting in W = Z = V+R1/(R1 +R2), i.e., the capacitor is inversely charged. An

initial capacitor voltage VC(0−) = −V+R1/(R1 + R2) = −50 mV is produced by the voltage

divider using R1 = 47 Ω and R2 = 4.7 kΩ and by the positive DC supply V+ = 5 V shown in

the Fig. A.1(a).
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Appendix B

Supplemental information for chapter

5

We provide the details of the theory and operation of the linear time varying (LTV) circuit

based on a switch circuitry shown in Fig. 4 of Chapter 5 and show that such as circuit

leads to a bandwidth improvement beyond the theoretical limit of LTI absorbers. In the

following we describe the formulation, schematic, printed circuit board (PCB) layout and

the assembled LTV circuit in details.

B.1 Theoretical description of the LTV circuit

The LTV absorber is made of a grounded dielectric layer and a time-periodic varying resistive

sheet. It has been shown that the representation of electric and magnetic fields in this

multilayered structure excited by a plane wave is equivalent to voltages and current in

an equivalent transmission line [145]. The metal-backed dielectric layer is modeled by a

uniform short circuited transmission line and the resistive sheet is modeled using a shunt
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admittance. The conductive thin sheet on the top of the dielectric layer is modeled using

a time-periodic admittance Yltv(t) with period Tm = 1/fm, and in this chapter it assumed

piecewise constant, composed mainly by two conductance values, and hence memoreyless.

Assuming a monochromatic excitation, the tangential surface current density and electric

field at the conductive layer are related by J = Yltv(t)E, where for J and E we have used

a complex-time notation that includes the time domain dependence ejωt. This means that

the tangential electric field in time domain is given by E(t) = 1
2
(E + E∗) = Re (E). Without

loss of generality we can assume that the incident plane wave is polarized along x. Using the

equivalent transmission line model, we use the analogy Ex ≡ V , Hy ≡ I , and Jx ≡ Ishunt ,

and the complex-time current Is and voltage V at the memory-less shunt admittance Yltv(t)

are related to each other by

Ishunt = Yltv(t)V. (B.1)

Note that according to the complex-time notation, the real time value of the voltage across

the shunt admittance is given by v(t) = 1
2
(V + V ∗) = Re (V ), and we include the fact that

the signal v(t) possesses Fourier harmonics generated by the periodic LTV admittance Yltv(t).

It is convenient to expand the real-valued time-periodic conductance Yltv(t) as a Fourier series

Yltv(t) =
∑N

s=−N
yse

jsΩmt (B.2)

where Ωm = 2πfm is the modulation angular frequency, where N is a large enough index to

provide a good approximation. As a consequence the time-periodic complex-time voltage V
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and current Ishut are written as

V = ejωt
∑N

p=−N
Vpe

jpΩmt (B.3)

Ishunt = ejωt
∑N

q=−N
Iqe

jqΩmt (B.4)

where ω is the angular frequency of the incident wave, and p and q are the integer Fourier

indices, and the series have been truncated to the same number of Fourier harmonics used

in the Fourier series representing Yltv(t). Therefore, the fundamental Eq. (B.1) is rewritten

as

∑N

q=−N
Iqe

j(ω+qΩm)t =
∑N

p=−N

∑N

s=−N
ysVpe

j(ω+(s+p)Ωm)t. (B.5)

Since exponential functions with different harmonics form an orthogonal basis and using a

change of variable of q′ = s+p, we can find the the relation between the harmonics of current

and voltage as

Iq =
∑N

p=−N
yq−pVp (B.6)
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Hence, the Fourier harmonics weights are related by the matrix form

Ishunt = YltvV. (B.7)

Here the column vectors Ishunt = [I−N , · · · , IN ]T, and V = [V−N , · · · , VN ]T contain the

voltage and current Floquet harmonic weights, whereas the square matrix Yltv is composed

by the entries Yqp = yq−p. We resort to the equivalent transmission line model with current

I and voltage V , that contains harmonics and are therefore described by their associated

vectors that contains the harmonics’ weights. Assuming a monochromatic incident wave

(toward the absorber) with incident wave vector I+ = [0, · · · , 0, I+
0 , 0, · · · , 0]T, the reflected

harmonic weight vector is given by I− = 1
2
(YinV − Y0V), where

V = 2 (Yin + Y01)−1 I+, (B.8)

and

Yin = Yltv + YTL, (B.9)

is the admittance matrix looking into the absorber, YTL is a diagonal matrix with dimensions

(2N+1)×(2N+1) and its diagonal elements are given by YTL,qq = −jY1 cot [d(ω + qΩm)/v1],

Y1 is the characteristic wave admittance of the dielectric layer, (ω + qΩm)/v1 is the wave

number of the qth harmonic in the dielectric layer, and v1 is the wave velocity in such layer.

We then define the reflection vector Γ that describes the reflection coefficient of the Fourier
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harmonic currents, evaluated at the top surface of the absorber, as

Γ = −I−/I+
0 , (B.10)

We analyze different time-varying conductances, hence changing the elements of the matrix

Yltv to have larger absorption bandwidth of the fundamental harmonic. In other words

the fundamental harmonic of the reflection coefficient is minimized over a large bandwidth,

leading to an enhancement of the absorption bandwidth. We select the time-periodic varying

conductance shown in Fig 3(a) of Chapter 5 and the theoretical results in that chapter confirm

that at a given thickness d the absorption and bandwidth are beyond the best that can be

obtained with a LTI absorber.

B.2 Schematic, layout and assembled LTV circuit

Figure B.1 shows the schematic, layout and assembled LTV circuit presented in Chapter 5.

In Fig. B.1(a) we show the method to obtain the time varying conductance Yltv(t) using a

switch where the switching period Tm = 1/fm is controlled using a control signal vcont. The

switching mechanism is implemented using the the analog switch provide by the company

Texas Instruments, model SN74AUC1G66, which contains a single pole/single throw (SPST)

analog switch [291], denoted by U1 in the circuit schematic in Fig. B.1(a) and is employed

to create a time varying conductance. This figure shows the switch where A, B, and C

represent the input, output, and control input of the switch, respectively. In this circuit

the control voltage vcont(t) (connected to pin C) is a two-level piece-wise constant periodic

function, turning the switch on and off periodically, i.e., by connecting ports A and B on

and off, with period Tm = 1/fm. Based on the switch internal function (described in section
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Figure B.1: (a) Schematic of the time-varying circuit with analog switch U1. The control
signal vcont is connected to pin C of the switch through terminal J2 which is a BNC connector;
the resistor R1 is connecting the pin B to the circuit ground (GND); the DC supply is connect
to pin Vcc. (b) PCB layout of the designed circuit where the copper traces are in red, the
board is in green, and the vias are in orange. J1 and J2 are two BNC connectors, where J1

is used to connect the LTV circuit to the transmission line and connector J2 is used to apply
the control signal to the switch. (c) Fabricated PCB and assembled circuit.

B.2.1), pin A is either disconnected from B, i.e., the conductance seen from port J1 to the

ground is very small (high impedance), or pin A is connected to pin B, i.e., the conductance

seen from port J1 is Y = 1/R1. Using this scheme we create a two-level piece wise constant

conductance which is in parallel with the the transmission line sections, at a distance d from

the short circuit. Direct current (DC) supply is provided to U1 via the terminals terminal

J3 , and the capacitors C1, C2, and C3 are used to further regulate the DC voltage [288].

The PCB layout and assembled circuit are shown in Fig. B.1(b) and (c) where the connecting

traces and components are shown. We use a BNC connector at terminals J1 which is used to

connect the LTV circuit in parallel with the transmission line as shown in Fig. 4 of Chapter
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5. Moreover, another BNC connector is connected to pin C to apply the control voltage

with modulation frequency fm, and the terminals J3 are used to connect the DC supply of

V+ = 2.3 V. Note that the ground (GND) of the DC supply, and the grounds of the BNC

connector J1 and J2 , are all connected together using the wider trace (in red). The thin

traces are used for signal paths.

B.2.1 LTV circuit working principles

The embedded switch in the LTV circuit is a single bilateral analog switch which is controlled

using the control voltage vcont(t) that is a square waveform with frequency fm . Figure B.2

shows the block diagram and the operation mechanism of this switch, i.e., how the control

signal C changes the state of the switch. According to the data sheet [291], the analog switch

is made of a transmission gate and and inverter where the function table B.1 of the switch

is given in table B.1.

Based on the function table and the schematic of the switch, when the control voltage is at

high level (logic “one”), the gate terminal of the NMOSs are located at a logic “one” and by

the inverter the gate terminal of the PMOS is at low level (logic “zero”). Hence, the drain

and source terminals are equal and the transistors start conducting, i.e., the switch is “on”

and A is connected to B.

When the control voltage C is at low level the gate of the NMOS is at a logic “zero” and the

gate terminal of the PMOS is at logic “one”, caused by the inverter. Hence, regardless of

which switching terminal of the transmission gate (A or B) a voltage is applied neither of the

two transistors will conduct and the transmission gate turns “off”. Thus, the transmission

gate is open and there is a high resistance connecting A to B.
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Transmission 
gate

C
C
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Figure B.2: Schematic of the switch representing its working principles. The square wave
control input is applied to terminal C. The connection between A and B is periodically
turned “on” and “off”.

Control input (C) Switch state

Low level Off
High level On

Table B.1: Function table of the switch showing the state of the switch for different control
inputs.
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Appendix C

Supplemental information for chapter

8

C.1 Propagating modes of CTLs

Using the inductance L and capacitance C matrices, the telegrapher’s equations for the

coupled TLs are given by

∂

∂z
ψ = −M

∂

∂t
ψ (C.1)
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where ψ = [v1, v2, i1, i2]T is the state vector of the system representing voltages and currents

along the two CTLs, and the system matrix M is obtained as

M =

 0 L

C 0

 . (C.2)

Let us assume time and space convention of the state vector as ψ(t, z) ∝ ejωte−jkz, where ω

is the angular frequency, and k is the wave number. Hence, assuming such a time and space

dependency, four different propagating modes of the CTLs system are obtained by finding

the roots of the characteristic equation of the system described in (C.1) as

det(ωM− kI) = k4 − ω2(u−2
e + u−2

o )k2

+ω4u−2
e u−2

o = 0 (C.3)

The roots of the (C.3) are the wave number of the even and odd modes propagating in the

coupled transmission line.

Solution of (C.1), with a certain boundary condition ψ(z0) = ψ0 at a certain coordinate

z0 inside a uniform CTL segment, is found by representing the state vector solution at a

186



coordinate z1 using

ψ(z1) = T(z1, z0)ψ(z0) (C.4)

where we define T(z1, z0) as the transfer matrix which translates the state vector ψ(z)

between two points z0 and z1 along the z axis. Hence, for a uniform segment of two CTLs

with length d, the transfer matrix is easily calculated as

T = exp(−jωMd). (C.5)

using the obtained transfer matrix and assuming resistor R is connected to lower right port,

input impedance seen from the upper left port is

Zin = −T13T24 − T14T23 −RT13T44 +RT14T43

T11T24 − T14T21 −RT11T44 +RT14T41

. (C.6)
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Table C.1: Boundary conditions for the three cases shown in Fig. 8.3.

Case I Case II Case III
V1(0)−RI1(0) = 0 V1(0)−RI1(0) = 0 V1(0)−RI1(0) = 0
V2(0) = 0 V2(0) = 0 V2(0) +RI1(0) = 0
V1(d)−RI1(d) = 0 V1(d) = 0 V1(d) = 0
V2(d) = 0 V2(d)−RI2(d) = 0 V2(d) = 0

C.2 Coupled TLs boundary conditions

We express the general boundary conditions for the two CTLs shown in Fig. 8.2 using the

KVLs at the ports of the CTLs as

V1(0) +Rl1 I1(0) = VG1

V2(0) +Rl2 I2(0) = VG2

V1(d)−Rr1 I1(d) = 0 (C.7)

V2(d)−Rr2 I2(d) = 0

Therefore, the simplified boundary condition which describes the three different cases shown

in Fig. 8.3 given in Table C.1. Exploiting the simplified boundary conditions given in Table

C.1 for each case; we find the determinant of matrix A(ω) and consequently the resonance

frequencies.
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