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Abstract 
The objectives of our study were to 1) 
determine the knee angle (40° or 90°) that best 
identifies model parameters, and 2) test the 
predictive accuracy of the model within each 
subject at 20°, 40°, 65°, and 90° of knee 
flexion. The existing model was modified by 
scaling the equation for the force-length 
relationship with the parameter representing 
the magnitude of force. Experiments were 
conducted using a computer-controlled 
stimulator that sent trains of pulses to surface 
electrodes on the thighs of five subjects while 
forces were measured at the ankle. Model 
parameters were identified using non-linear 
optimization, which minimized the sum of 
squares error. The accuracy of the model 
predictions was assessed using linear 
regression analysis for the force-time integral. 
Model accuracy was slightly greater when 
model parameters were identified at 90° rather 
than 40°. Following parameter identification 
at 90°, the average r-squared values for the 
force-time integrals were >0.75, indicating 
that at least 75% of the variability in the 
measurements was explained by the model. 
Because the force model depends explicitly on 
angle and the fatigue model depends explicitly 
on force, the dependence of fatigue on knee 
angle was implicit. The force-fatigue model 
can now be expanded to predict fatigue during 
dynamic contractions. 

 

1  Introduction 
Fatigue is one factor that limits the functionality 
of FES ambulation systems. Although 
electrically stimulated muscle is known to 
fatigue more rapidly than volitionally activated 

muscle [6], an individual’s fatigue dynamics in 
response to electrically elicited contractions is 
currently not predictable. Predictability of the 
effect of pulse patterns and muscle length on 
muscle fatigue would aid in the design of 
control strategies for producing functional limb 
movements over extended periods of time [1].  

Many mathematical models of muscle force 
have been developed [e.g. 7]. The model by 
Ding and colleagues [2] has been validated to 
predict both muscle force and fatigue in 
response to a wide range of clinically relevant 
stimulation patterns in both neurologically 
intact [2] and SCI [3] individuals. Forces have 
been accurately predicted from both non-
fatigued and fatigued muscles. 

The previous studies by Ding et al predicted 
fatigue for isometric contractions at one knee 
angle. Although a force-length relation has been 
incorporated into the force model [4], it has not 
been incorporated in the fatigue model. The 
predictive accuracy of the model in this case 
cannot be assumed because muscle fatigue may 
be related to muscle length [5]. Hence the 
objectives of our study were to 1) determine the 
knee angle (40° or 90°) that best identifies 
model parameters, and 2) test the predictive 
accuracy of the model within each subject at 
20°, 40°, 65°, and 90° of knee flexion. 

 

2  Methods 

2.1 Mathematical Model 
The isometric force-fatigue model developed by 
Ding and colleagues [2, 4] was used for this 
study. The force model describes muscle 
activation and contraction dynamics. The input 
is the time the pulses are delivered and the 
output is the force generated. The force model 
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was modified by moving the parameter 
representing the magnitude of force, Aθ*, 
outside the parabolic equation that accounts for 
the force-length relationship [4]. The fatigue 
model expresses force model parameter 
changes during fatigue. The input is force from 
the force model and the output is Aθ*, Km and 
τ1. 

 

2.2 Experimental procedures 
Five healthy subjects, 3 men (ages 23, 30, and 
30) and 2 women (ages 26 and 32), with no 
history of lower extremity orthopedic problems 
voluntarily participated in this study. This study 
was approved by the University of California 
Human Subjects Review Board.  

Subjects were seated in a backward-inclined 
(15°) chair of a computer-controlled 
dynamometer. Trunk, hips, and thigh were 
strapped to the chair. The distal right leg was 
strapped to the lever arm of the dynamometer. 
Two 7.5 cm x 12.5 cm self-adhesive electrodes 
were placed on the skin of the right thigh. A 
computer-controlled stimulator sent impulses to 
the electrodes.  

Each subject participated in four testing 
sessions during which pulse trains were applied 
to relaxed quadriceps femoris muscles while the 
knee was held fixed at one of four flexion 
angles, 20°, 40°, 65°, or 90°. Successive 
sessions were separated by a minimum of 48 
hours. The pulse amplitude was set to produce 
20% of the subject’s maximum voluntary 
isometric contraction. 

Both pre-fatigue and fatiguing trains of pulses 
were applied. Pre-fatigue trains consisted of a 
50 Hz  constant frequency train (50CFT) 
followed by a 20 Hz doublet frequency train 
(20DFT, 95 ms between doublets), each lasting 
one second and separated by a 10-second rest. 
Five minutes after delivery of the last pair of 
pre-fatigue trains at the last knee angle, 6 pairs 
of fatigue testing (50CFT-20DFT) and 78 
fatiguing (33CFT) trains were applied at that 
knee angle only. The fatigue-related trains were 
on 1 second and off 1 second. 

 

2.3 Parameter Identification 
The force-fatigue model contains twelve 
parameters. Parameter τc was held constant at 
20 ms and parameter R0 was a function of Km 
[2]. The remaining ten parameters Aθ*, a, b, Km, 

τ1, and τ2 from the force model and αA, αKm, ατ1, 
and τfat from the fatigue model required 
identification at either 40° or 90°. Model 
parameters were identified by minimizing the 
sum of squared error. 

 

2.4 Statistics 
Both the preferred knee angle for identification 
of the force-fatigue model parameters and the 
predictive accuracy of the model were 
determined by analysis of the linear regression 
coefficient of determination (r2) and by analysis 
of the root mean square error (RMSE). The 
effect of knee angle was determined by 
comparing the r2 and RMSE values across knee 
angles using two one-factor repeated measures 
ANOVAs. 

 

3  Results 
Predictions by the force-fatigue model were 
more accurate when parameters were identified 
at 90° rather than 40°, as determined from r2 
(Fig. 1) and RMSE analyses. 

Following parameter identification at 90°, 
modelled and measured force-time integrals 
were compared. The average r-squared values 
were >0.75, indicating that at least 75% of the 
variability in the measurements was explained 
by the model (Fig. 1). The average RMSE for 
all trains ranged from 10.8% to 23.3%. No 
significant differences between the angles were 
identified (p > 0.09).   

The dependence of fatigue on knee angle was 
implicit, through force (Fig. 2). Both the pre-
fatigue force and the magnitude of fatigue near 
steady state were greater at 65° than at 90° or 
20°, for both measurements and predictions 
(0.0001<p< 0.04). 

 

4  Discussion and Conclusions 
Muscle fatigue has been shown to vary with 
muscle length [5], so we investigated whether a 
mathematical model that predicts fatigue at one 
knee angle [2] could do so at other knee angles. 
Our results show that fatigue was primarily a 
function of the force generated, not the angle of 
the knee. As a result, the fatigue model worked 
without modification for isometric contractions 
at different knee angles.  
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Figure 1. Average linear regression coefficients of 
determination (r2; + 95% confidence limit). Model 
parameters were identified (ID) at either 40° (black 
bars) or 90° (white bars). *40° ID versus 90° ID, 
0.001 < p < 0.01.  
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Fig. 2. Average (+ SD) force-time integral (FTI) in 
response to 33CF. Forces in B and C were 
normalized to first contraction. Model parameters 
were identified at 90°. *denotes p<0.05 between 
angles. Absolute measurements (A) at 20° and 90° 
were less than at both 40°and 65° (p<0.03). Relative 
measurements (B) at 20° were greater than at both 
40°and 65° (p<0.04). Relative measurements (B) at 
90° were greater than at 65° (p<0.04). Relative 
predictions (C) at 20° and 90° were greater than at 
both 40°and 65° (p<0.015). 

 

The force model required a minor modification 
in that the parameter representing the 
magnitude of force was moved from the 
position of a constant coefficient in the force-
length equation [4] to a position outside of the 
equation. The fatigue model did not require any 
modifications.  

Following identification of model parameters at 
90°, fatigue at each knee angle was reasonably 
accurately predicted by the force-fatigue model. 
Day-to-day differences in the number and types 
of muscle fibers recruited (an inherent 
complication with surface stimulation), in the 
identification of 0° for full leg extension, and in 
the Ca2+ sensitivity of the muscles could have 
contributed to the random error. To allow for 
this random error, a reasonable criterion was 
that the model should account for at least 65% 
of the variance when predicting force at the 
other knee angles. Because this criterion was 
satisfied, this isometric model can now assist in 
the development of a dynamic force-fatigue 
model, as well as in the development of FES 
protocols that minimize fatigue. 
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