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Abstract

Rare Earth Ions and Quantum Dots as Local Optical Probes of Electromagnetic
Coupling in 2D and 3D Systems

by

Christopher George Louis Ferri

Doctor of Philosophy in Physics

University of California, Merced

Michael Scheibner, Chair

Isolated ions and nanoparticles are well understood, and the quantum mechanics that describes
their behavior is well developed. Thus, these objects are ideal as probes for systems whose properties
are poorly understood. This thesis is concerned with developing an understanding of the electronic
and optical properties of rare earth ions and semiconductor nanoparticles and using them as probes.
Particularly, we use what is understood about these probes to remove the effects of well understood
processes from experimental data. The resulting processed data contains information about the
system being probed via that system’s influence on the probe.

This thesis presents two experimental studies. The first is the investigation of the presence
of localized surface plasmons on a wrinkled gold-palladium surface. We deposit semiconductor
nanoparticles on this surface and subsequently measure the optical properties of the nanoparticles to
identify signatures of plasmon-nanoparticle coupling. We then discuss this coupling in the context
of solar energy harvesting. The second study is an investigation of the geometrically frustrated
magnetic phase (spin liquid) of gadolinium gallium garnet. We dope this crystal with a rare earth,
trivalent neodymium, which is optically active. We then track the infrared emission spectrum of
the dopant for signatures of neodymium/spin-liquid coupling. We then discuss the optical effects
measured in the context of measuring and manipulating the spin-protectorate magnetic phase of
gadolinium gallium garnet.

xvii



Chapter 1

Introduction

One of the greatest successes of quantum mechanics has been the description of atomic systems
from first principles, which allows for the prediction of physical properties rather than the phe-
nomenological approaches used to describe the vast majority of systems prior to its invention. With
the invention of computers came the ability to model the behavior of multi-electron systems with
high accuracy. The main thrust of atomic and condensed matter physics in the decades prior to the
year 2000 have been refining models and understanding isolated or weakly coupled atomic systems.

Due to our maturity in understanding the uncoupled and weakly coupled systems, modern con-
densed matter physics has been increasingly interested in the theoretical and experimental study of
strongly coupled electronic systems. Strongly coupled electronic systems promise a new frontier in
computing and energy harvesting and transmission.

In this thesis, we will discuss experimental studies utilizing well understood, optically active
atomic and nanoparticle systems as probes for poorly understood coupled systems, with the pri-
mary aim being to use the probe’s optical properties to extract information about a system. The
fundamental technique we use in these studies is ultraviolet-visible-near-infrared spectroscopy, which
provides information about the state of our probes and how that state deviates from their uncoupled
behavior. We will study the electromagnetic properties of two systems: the first is a study of the
plasmonic properties of a wrinkled metal surface and the second is a study of the magnetic dynamics
of a material with a spin liquid phase which is a geometrically frustrated magnetic phase.

Plasmon Active Surfaces

Plasmons, coherent excitation of a metal’s conduction electrons, have recently been a particularly
active research topic due to their technological applications in optics and sensing. They have been
used in optical applications to image objects smaller than the classical resolution of optics, called
the diffraction limit, using a device called a plasmonic lens [38]. In addition, they have been used in
designs of optical waveguides for optical computing applications [91]. In the realm of sensing, they
have been used to increase the detection sensitivity of Raman spectroscopy to the single molecule
limit via a process known as Surface Enhanced Raman Scattering (SERS) [83]. We will investigate a
wrinkled metal surface to determine its potential application for SERS and solar energy harvesting.
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Introduction 2

The surfaces we will discuss are interesting because they are self-patterning and quickly fabricated
using inexpensive materials.

Spin Liquids

A geometrically frustrated magnetic system is one in which the magnetic moments of the system
have a preferential alignment, but are unable to align due to the geometry of the lattice they are
in. There are several magnetic phases that fall under this description. The one we discuss here is
called a spin liquid. An understanding of the spin liquid phase theoretically and experimentally is
important to developments in a general class of problems known as topologically frustrated systems,
for example topological frustration in protein folding [85]. An understanding of spin liquids does not
just relate to frustrated systems, it is also a way to study superconductivity. The spin dimer ordering
seen in spin liquid phases is directly related to cooper pairing in superconductors [43]. Lastly, spin
liquid materials could potentially be a platform for quantum computation due to pseudo-particle
excitations allowed by the magnetic disorder [40, 67].

Here we will discuss gadolinium gallium garnet. This material has a spin liquid phase, which was
discovered in measurements of specific heat [15, 47, 79], AC magnetic susceptibility [32, 79], muon-
spin relaxation [60] and neutron scattering [70, 102]. Furthermore, it has a unique spin protectorate
magnetic phase [23] which might be useful for implementing quantum computing protocols. The
previously discussed measurements are not capable of addressing individual protectorates, because
they are non-local techniques. Here we discuss the development of an optical probe technique which
could be used to measure the properties and address spin protectorates locally.

Overview

Before we discuss these studies, we will first explore what is understood about the electronic
properties of rare earth ions and semiconductor nanoparticles and how those properties manifest
optically. Chapter 2 will be an introduction into calculating and modeling the time-independent
electronic states of atoms, ions and nanoparticles. In Chapter 3, we will discuss how transitions
between these states are modeled. This will result in a description of the experimental signatures of
these transitions and what to look for when using these systems as probes. Chapter 4 is concerned
with the experimental methods used to study systems spectroscopically.

In the last two chapters, we will discuss experiments on systems with coupling. Chapter 5
will detail the experimental analysis of a system which supports localized surface plasmons using
semiconductor nanoparticles to confirm their presence and the implications of the coupling between
plasmons and nanoparticles to solar energy collection and bio-sensing. Chapter 6 will discuss the
spectroscopy of trivalent neodymium coupled to the spin liquid phase of gadolinium gallium garnet
crystals. This chapter will primarily focus on the optical properties of neodymium in the presence of
a spin liquid. In addition, we will also discuss the impact of this type of experiment on the detection
and diagnosis of other magnetic phases.



Chapter 2

Electronic Structure of Rare Earth
Ions and Semiconductor
Nanoparticles

We begin with a discussion of the quantum states atoms and nanoparticles have. By finding a
quantum description of these systems, we gain an understanding of how their electronic and magnetic
properties manifest optically. Specifically, we will find that atoms in the Lanthenide series (rare earth
atoms) have interesting electronic states that isolate them from vibrations while simultaneously being
sensitive to magnetic fields and that semiconductors have discrete states similar to atoms when their
dimensions are reduced to nanometer scales. These properties enable us to use these systems as
optical probes in the studies discussed in the last two chapters.

2.1 Rare Earth Ions

A quantum description of spectroscopy requires a full treatment of the time dependent Schrödinger
equation. To begin this analysis, we will first identify the solutions of the time independent Hamil-
tonian of multi-electron atoms, which allows us to determine the stationary states of the electrons in
the ion of interest. The full time-dependent solution will then allow us to determine what happens
when transitions between these states, or energy levels, occurs.

2.1.1 Single Electron Wavefunctions

An analysis of atoms in general requires a mathematical program that begins with the wavefunc-
tions describing a single electron in a Coulomb potential and builds up to correlated multi-electron
wavefunctions via a linear combination of single electron wavefunctions and series of approximations
resulting in the addition of perturbations to what is effectively the single electron Hamiltonian.

We begin with the Hamiltonian of a single electron in the spherically symmetric Coulomb po-
tential of a nucleus with Z number of protons and nuclear mass M in a co-moving reference frame:

3



2.1. Rare Earth Ions 4

H =
p2

2µ
− Ze2

4πε0r
=

−~2

2µ
∇2 − Ze2

4πε0r
, (2.1)

where p is the momentum of the electron orbiting the nucleus, µ is the reduced mass of the system,
and r is the radius of the electron relative to the position of the nucleus. The eigenfunctions of this
time-independent Hamiltonian satisfy Schrödinger’s equation

HΨ(r) = EΨ(r), (2.2)

where E is the eigenvalue associated with some eigenfunction Ψ(r), which in this context are referred
to as the energy and energy state of the electron. The eigenfunctions of this Hamiltonian are the well
known hydrogenic wavefunctions, the derivation of which have been detailed in many publications
[11, 20, 30, 86]:

Ψn,l,ml
(r, θ, ϕ) = Rnl(r)Y

ml

l (θ, ϕ), (2.3)

where Rnl(r) is

Rnl(r) =

√(
2Z

naµ

)3
(n− l − 1)!

2n[(n+ l)!]

(
2Zr

naµ

)l

exp

(
−Zr
naµ

)
L2l+1
n−l−1

(
2Zr

naµ

)
, (2.4)

aµ =
mea0
µ

, (2.5)

µ =
mNme

mN +me
, (2.6)

where L2l+1
n−l−1 are the associated Laguerre polynomials, mN is the nuclear mass, me is the electron

mass, and a0 is the Bohr radius. Y ml

l (θ, ϕ) are the spherical harmonics. The eigenenergy of this
solution is

En =
−Z2~2

2µn2a2µ
. (2.7)

The parameters n, l and ml are the quantum numbers for the hydrogen-like atom. n is the
energy level and is an integer between 1 and infinity. l is the orbital angular momentum quantum
number associated with the total angular momentum operator l2 and takes integer values 0 ... n− 1.
In spectroscopy these values are labeled by letters where l = 0, 1, 2, 3, 4, 5... corresponds to s, p, d,
f, g, h... The last quantum number ml is called the magnetic quantum number which quantizes the
z-axis projection of the angular momentum operator lz, it takes values −l,−l+1 ... l−1, l. Examples
of the radial probability distribution of the electron’s position are given in figure 2.1 and examples
of the spherical harmonics are given in figure 2.2.

This does not complete our description of hydrogen-like atoms. We must also include the spin
of the electron in the wavefunction. The associated operator is s2 with quantum number s and
magnetic quantum number ms associated with the z-axis projection of the spin. Electrons are spin-
1/2 particles so the total spin is always 1/2 for a single electron, and ms is either 1/2 (up) or −1/2

(down). The eigenstates are spin vectors typically labeled α and β respectively:

|s = 1/2,ms = 1/2⟩ = |α⟩ =

(
1

0

)
(2.8)

|s = 1/2,ms = −1/2⟩ = |β⟩ =

(
0

1

)
. (2.9)
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Figure 2.1: The radial probability density of the (left) n = 1, (middle) n = 2 and (right) n = 3 states of hydrogen.

Figure 2.2: The real value of Y ml
3 (θ, ϕ), where blue values are negative and yellow positive.

Thus, the complete description of the single electron atom is a product of orbital and spin states

un,l,ml,ms(r) = |n, l,ml, s,ms⟩ = |n, l,ml,ms⟩ = Ψn,l,ml
(r, θ, ϕ) |s,ms⟩ , (2.10)

where the spin quantum number is typically dropped because it can only take the value 1/2. This
completes our description of the single electron atom. All subsequent refinements to the hydrogen-
like Hamiltonian will be considered perturbations which will result in state-mixing between these
hydrogenic wavefunctions.

The first correction we must consider is spin-orbit coupling, which is a special relativistic correc-
tion that is particularly important for rare earth ions because, as we will see later, the multi-electron
states of rare earths are linear combinations of the spin-orbit coupled states. The spin-orbit Hamil-
tonian is [26, 77]

HSO = ζ(r)l · s = ζ(r)(lxsx + lysy + lzsz), (2.11)

ζ(r) =
Ze2

8πε0m2c2r3
. (2.12)

Thus, because lz and sz do not commute with the other components, x and y, of the angular
momentum operators, they also do not commute with the spin-orbit Hamiltonian. This indicates that
the hydrogenic wavefunctions we derived initially are not eigenstates of the spin-orbit Hamiltonian.
We can construct a new operator that resolves this issue:

j = l+ s. (2.13)
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We call j the total angular momentum. We can now rewrite the spin-orbit Hamiltonian in terms of
the total angular momentum:

HSO =
1

2
ζ(r)(j2 − l2 − s2). (2.14)

These angular momentum operators all commute with each other and the hydrogenic Hamilto-
nian, so constructing the appropriate eigenstates of this operator will also be a valid basis for the
hydrogenic Hamiltonian. The cost of being able to diagonalize this system is the construction
of a more complicated set of basis states, which have quantum number j which can take values
|l − s|, |l − s|+ 1, ..., l + s− 1, l + s associated with the j2 operator and magnetic quantum number
mj which takes values −j,−j + 1, ..., j − 1, j associated with the z-projection of the total angular
momentum. These new eigenstates are spin orbitals [11, 53]:

|nlsjmj⟩ =
∑
mlms

|nlsmlms⟩ ⟨lsmlms|lsjmj⟩ , (2.15)

where ⟨lsmlms|lsjmj⟩ are the Clebsh-Gordan coefficients, which are zero for all ml+ms ̸= mj . The
result of spin-orbit coupling is for magnetic states to become mixed, meaning that orbital and spin
angular momentum are no longer conserved quantities but the total angular momentum is. As an
example let us construct the spin orbitals of the 2p state of hydrogen:

|n, l, s, j,mj⟩ (2.16)

|2, 1, 1/2, 1/2, 1/2⟩ = −1√
3
|2, 1, 1/2, 0, α⟩+

√
2

3
|2, 1, 1/2, 1, β⟩ , (2.17)

|2, 1, 1/2, 1/2,−1/2⟩ = −
√

2

3
|2, 1, 1/2,−1, α⟩+ 1√

3
|2, 1, 1/2, 0, β⟩ , (2.18)

|2, 1, 1/2, 3/2, 3/2⟩ = |2, 1, 1/2, 1, α⟩ , (2.19)

|2, 1, 1/2, 3/2,−3/2⟩ = |2, 1, 1/2,−1, β⟩ . (2.20)

As we can see, the only difference between the mj states is the relative weighting of the constituent
hydrogenic wavefunctions, with the |mj | = 1/2 states combinations of the hydrogenic wavefunctions
with ml +ms = ±1/2. Thus, if we were to measure the z-component of the spin or orbital angular
momentum of these states over time, we would find that they fluctuate with only the z-component
of the total angular momentum remaining constant. Also notice that the n and l quantum numbers
remain the same, so the radial distribution of the charge density remains the same.

2.1.2 Multielectron Wavefunctions

We have now built up the necessary machinery to discuss multi-electron atoms. The next level
of complexity to address is multi-electron atoms with non interacting electrons [11]. We can write
the non interacting multi-electron Hamiltonian as:

H =
∑
i

−~2

2µ
∇2

i −
Ze2

4πε0ri
, (2.21)

where i runs over all electrons. Thus, a naive description of the helium atom would be

HHe =
−~2

2µ
∇2

1 −
Ze2

4πε0r1
+

−~2

2µ
∇2

2 −
Ze2

4πε0r2
. (2.22)
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There are no cross terms in this Hamiltonian, so the N-electron wavefunction is simply the product
of hydrogenic wavefunctions, known as the Hartree Product:

Ψ(r1, r2, ..., rN ) = uα(r1)uβ(r2)...uω(rN ), (2.23)

where ri are the position coordinates of electron i and the Greek letters represent some unique
combination of quantum numbers n, l,ml,ms as required by the Pauli exclusion principle. This
wavefunction is not anti-symmetric, which is also required by the Pauli exclusion principle. A new
entity called the Slater determinant guarantees wavefunction anti-symmetry [11, 30, 89]:

Ψ(r1, r2, ..., rN ) =
1√
N !

∣∣∣∣∣∣∣∣∣∣
uα(r1) uβ(r1) · · · uω(r1)

uα(r2) uβ(r2) · · · uω(r2)
...

...
. . .

...
uα(rN ) uβ(rN ) · · · uω(rN )

∣∣∣∣∣∣∣∣∣∣
. (2.24)

For example the ground state of helium is

Ψ(r1, r2) =
1√
2!

∣∣∣∣∣u1,0,0,α(r1) u1,0,0,β(r1)

u1,0,0,α(r2) u1,0,0,β(r2)

∣∣∣∣∣ (2.25)

=
1√
2
(u1,0,0,α(r1)u1,0,0,β(r2)− u1,0,0,β(r1)u1,0,0,α(r2)) (2.26)

=
1√
2
ψ1,0,0(r1)ψ1,0,0(r2)(|α⟩1 |β⟩2 − |β⟩1 |α⟩2). (2.27)

Notice that the positional wavefunctions, ψ, indicate both electrons are in the 1s state. The spin
vectors indicate they are in opposite spin states, but because they are indistinguishable we have an
anti-symmetric expansion of spin vectors rather than a Hartree product.

This is as far as we can go analytically. The next step is to introduce electrostatic interactions
between electrons into the Hamiltonian [30]:

H =
∑
i

−~2

2µ
∇2

i −
Ze2

4πε0ri
+
∑
i>j

e2

4πε0rij
, (2.28)

where rij is the distance between electrons i and j. The introduction of this electron correlation
term makes the solutions of the new Hamiltonian generally non-analytic because it is in the same
class of problems as the Newtonian N-body problem. For small atoms like helium and lithium, there
are strategies for finding the wavefunctions and eigenenergies, but these methods are not generally
applicable to solving the multi-electron Hamiltonian.

The modern strategy for determining these quantities is known as the Hartree-Fock or Self-
Consistent Field Approximation. Instead of treating the electron correlation term explicitly, we
approximate the effect of Coulomb repulsion as a negative charge distribution that acts to screen
the charge of the nucleus. Thus, electron i feels a new potential:

Ui(ri) =

⟨∑
j ̸=i

e2

4πε0rij

⟩
, (2.29)

where the brackets represent a spherical integral over the wavefunctions for each electron j. Thus,
the Hamiltonian is of the form:

H =
∑
i

−~2

2µ
∇2

i −
Ze2

4πε0ri
+ Ui(ri). (2.30)
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Figure 2.3: Example valence electron states of the [He]2s22p2 electron configuration of carbon.

The wavefunctions of this Hamiltonian can be computed, but because of the integral required to
generate the screening potential, the wavefunctions have to be known a priori. To rectify this issue,
we guess a set of trial wavefunctions then use an iterative method to converge on a reasonable set
of solutions. For example, for the ground state of helium we would guess the Slater determinant
given in equation 2.25 as our trial wavefunction. Because the Coulomb interaction term screens
the nuclear charge, we use the nuclear charge Z as the variational parameter for our optimization
[5, 24, 69, 89]. Notice that by only allowing the nuclear charge to vary, the spherical harmonics
remain unperturbed; only the radial functions Rnl of the solution vary because they depend on Z.
We can repeat this process for excited states as well to construct energy level diagrams.

In practice, performing these optimizations is rather difficult, particularly for larger atoms like
the rare earths. Research into ways of performing these computations efficiently and accurately is
still a rich area, particularly in the computation of heavy atoms and the Ui(ri) potential [24, 89].

2.1.3 Russell-Saunders and j-j Coupling

Similar to single-electron atoms, we can now include relativistic effects into our multi-electron
Hamiltonian. We will introduce spin-orbit coupling by summing over the spin-orbit coupling effects
of the individual electrons [41, 42, 53]:

HSO =
∑
i

ζ(ri)li · si, (2.31)

where i is over all electrons. When spin-orbit coupling is a small perturbation, the total orbital
angular momentum L =

∑
i li and spin S =

∑
i si are approximately good quantum numbers. This

is known as Russell-Saunders coupling.
Eigenstates of this system are Slater determinants that include the core electron states and

all possible combinations of valence electron ml and ms states. For example, carbon has electron
configuration [He]2s22p2. We use a shorthand notation for the Slater determinants that represent
the microstates of this system:∣∣([He]2s12p2)LSMLMS

⟩
= (mms

l ,mms

l ), (2.32)

where L =
∑

i li, S =
∑

i si, ML =
∑

iml,i, MS =
∑

ims,i and the entries in parentheses repre-
sent the specific microstate of the valence electrons in the 2p2 electron configuration. Figure 2.3
diagrams several possible microstates of the carbon 2p2 valence electrons and their corresponding
Slater determinants. Microstates which share L and S quantum numbers are called an L-S term. In
spectroscopy, L-S terms are written as

2S+1L, (2.33)
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where 2S + 1 is called the term’s multiplicity and L is written as a letter: S = 0, P = 1, D = 2,
F = 3, G = 4, H = 5, ... analogous to the notation for angular momentum states of the hydrogenic
atom. The [He]2s22p2 configuration of carbon has L-S terms 1D, 3P and 1S. The microstates
associated with these L-S terms are given in table 2.1. The method for computing these L-S terms

Table 2.1: The microstates of the carbon and the L-S terms to which they belong.

1S (0+,0−)
3P (1+,0+) (1−,0+) (1−,0−) (1−,-1−) (0−,-1−) (0−,-1+) (0+,-1+) (1+,-1+)
1D (1+,1−) (1+,0−) (1+,-1−)(0+,-1−)(-1+,-1−)

is given in Tinkham [89].
Finally, analogous to spin-orbit coupling in hydrogen, the total angular momentum J = L+S can

be used to diagonalize the Hamiltonian given in equation 2.31. These wavefunctions are generally
linear combinations of Slater determinants. Every L-S term, assuming L ̸= 0, has 2S + 1 J states
associated with it, where J = |L− S|, |L− S| + 1, ..., L + S. If L = 0, the L-S term is associated
with only one J state, J = S. A Russell-Saunders term symbol specifies values for J :

2S+1LJ , (2.34)

where every Russell-Saunders term symbol is a set of 2J + 1-fold degenerate Slater determinants
with magnetic quantum number MJ . Thus, the 3P term of carbon contains 3 Russell-Saunders
terms: 3P2, 3P1 and 3P0. At this point, it is important to note that a pen-and-paper calculation of
these wavefunctions is usually not useful. Due to the effects of spin-orbit coupling, even the states
associated with L-S terms tend to be linear combinations of Slater determinants, thus for the most
part, the wavefunctions associated with L-S terms and Russell-Saunders terms must be calculated
using a self-consistent field approach [89].

When the effects of spin-orbit coupling cannot be treated as small perturbations, which is usually
the case for atoms with Z > 40, we enter a regime called j-j coupling. In this regime, microstates
of the system are no longer Slater determinants of |nlmlms⟩ states but of |nlsjmj⟩ states. In this
case, we can still use Russell-Saunders term symbols to label sets of MJ microstates [28, 89].

2.1.4 Crystal Field Effects

There are several more corrections we can add to the multi-electron Hamiltonian [53], like nuclear-
spin/electron-spin coupling. We will not be discussing them here, but it is important to note that
these other corrections are needed when performing ab initio calculations to arrive at wavefunctions
and eigenenergies that properly model reality. Instead, we turn our attention to what happens when
we no longer consider the free atom, but collections of atoms in a insulating crystal.

There are many approaches to identifying the behavior of an atom in a solid state. For example,
in covalently bonded materials, valence electrons spread out into charge density waves over the
volume of the crystal. The states of these charge densities are called a band structure, which are
usually calculated using Density Functional Theory [103].
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In materials containing rare earths on the other hand, the rare earth ions are typically ionically
bonded, which means their states can be considered as the free ion states discussed previously
but in an effective electric field. We can use this simplification because doubly and triply ionized
Lanthanides have electron configuration [Xe]4fn. The 4fn valence electrons of Lanthanide ions are
screened from their environment by the 5p6 core electrons, preventing them from participating in
covalent bonds. The screening of 4f electrons by 5p electrons is demonstrated in figure 2.4, which
plots the radial probability density of the 4f and 5p states of hydrogen. This property of rare earth

r (pm)
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nl

|2

×10-3
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1
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Figure 2.4: A comparison of the radial probability density of the 5p and 4f states of hydrogen.

ions makes them uniquely suited for solid state applications, such as in laser gain media and quantum
memories, because they do not interact strongly with their crystallographic environment [45].

The calculation of energy levels of rare earth ions in insulating materials requires that we modify
the electrostatic potential felt by the electrons. The simplest model of the crystal field is to assume
that it is generated by spherically symmetric point charges at a distance R from the central ion [53]:

HCF =
1

4πε0

∑
i

∑
l

Zle
2

|Rl − ri|
, (2.35)

where l runs over all ligand ions, and i runs over all electrons in the central ion. The next refinement
is to decompose this Hamiltonian into a series of spherical harmonics [53]. Qualitatively, this crystal
field acts to lift the 2J+1 degeneracy of the term symbols for the free ion. From group theory
considerations and knowledge of the point symmetry of the site that a specific ion occupies, it
is possible to calculate the amount of levels any given term splits into without performing a full
calculation with the crystal-field Hamiltonian. This approach often has more utility because energy
level calculations for rare-earth ions are usually not performed from first principles, but instead are
often phenomenological fits to experimental spectra [53]. Thus, to properly determine transition
energies, we only need to know the amount of transitions.

Detailed explanations of this process can be found in many books including Dresselhaus et al.
[17] and Powell [73]. Group theory tells us that crystal fields of high symmetry only partially lift
term degeneracy, and low symmetry fields completely lift the degeneracy. For example, the 4I9/2

ground state of Nd3+ in Cs2NaNdCl6, a type of elpasolite, is split into three levels due to the highly
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symmetric octahedral (Oh in Schönflies notation) crystal field of the surrounding Cl− ligands [22]
(figure 2.5).

Figure 2.5: A unit cell of elpasolite with anion coordination polyhedra showing the anion octahedral crystal field
[63].

An example of a low symmetry environment is Nd3+ doped LiYF4, which has four fluorine anions
in S4 symmetry around the neodymium cation [16]. In this system the ten-fold degenerate ground
state is split into 5 two-fold degenerate levels. This is because Nd3+ has Kramer’s degeneracy1,
which can only be lifted with an applied magnetic field [17, 42]. Hence, each level of the ground
state is split into distinct MJ states (±1/2, ±3/2, ±5/2, ±7/2, ±9/2) up to Kramer’s degeneracy.
Group theory can only tell us how many states the terms split into. In order to know how they
are ordered, we would have to calculate the wavefunctions and eigenergies of these states using
Hartree-Fock or some other variational method.

2.2 Semiconductor Nanoparticles

Well defined energy levels that can be addressed optically are not a property unique to atoms. In
semiconductors, discrete energy levels can exist and be engineered when the size of the crystals are
on the order of the de Broglie wavelength of the electron in the lattice, which is on the order of 100nm
or less. Like atoms, this property makes semiconductor nanoparticles, also known as quantum dots
(QDs), similarly useful as probes of their environment.

2.2.1 Quantum Confinement

A complete quantum mechanical model of QDs begins with the usual Hamiltonian terms:

H =
−~2

2m∗∇
2 + V , (2.36)

1An atom is Kramer’s degenerate when the total spin S is a half-integer. [45]
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Figure 2.6: Isoclines of the probability density of an electron in a cubic hard wall potential with nx = 1, 2, 3.

where m∗ is the electron effective mass and V includes terms for the periodic potential of the
lattice ions, Coulomb interactions between electrons and holes, pseudo-particle interactions (like
phonons and plasmons) with electrons, and relativistic corrections like spin-orbit coupling. Finding
the wavefunctions and eigenenergies of this Hamiltonian generally requires a variational approach
similar to the Hartree-Fock method [103].

We can derive the discrete energy level structure of these systems by reducing this Hamiltonian to
the hard wall model. In this model the potential V is flat with infinite barriers, thereby removing the
effects of the underlying crystal structure and correlation effects. The solutions of this Hamiltonian
are particularly important because they usually provide a good ansatz for the envelope functions
used to solve the Bloch equations that are a result of including the crystal structure of the lattice
into the potential.

The wavefunctions of this equation are the well known 3-D particle in a box solution for rectan-
gular prismatic QDs and particle in a sphere solution for spherical QDs [4]. For a particle in a box
these wavefunctions are

Ψnx,ny,nz =


(

8
LxLyLz

)1/2
sin
(

nxπx
Lx

)
sin
(

nyπy
Ly

)
sin
(

nzπz
Lz

)
where (x, y, z) ≤ (Lx, Ly, Lz)

0 otherwise
, (2.37)

with eigenenergy:

Enx,ny,nz =
~2π2

2m∗

(
n2x
L2
x

+
n2y
L2
y

+
n2y
L2
y

)
, (2.38)

where Li is the length of the box in direction i and ni are quantum numbers. Figure 2.6 provides
an example of what the probability density of these solutions looks like.

For a particle in a sphere, the solution is [26]

Ψnlm =


Anl jl(βnlr/R)Y

m
l (θ, ϕ) where r ≤ R

0 otherwise
, (2.39)

where Anl are normalization constants, jl(r) are lth-order Bessel functions of the first kind, βnl is
the nth zero of the lth Bessel function of the first kind, R is the radius of the QD and Y m

l are the
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spherical harmonics. This solution has eigenenergy:

Enl =
~2

2m∗R2
β2
nl. (2.40)

An example of what the probability density of these solutions look like are given in figure 2.7.

Figure 2.7: False color image of the probability amplitude of the solutions for the spherical hard wall potential with
m = 0, 1, 2.

Notice that these solutions localize the electrons to the interior of the nanoparticle; this is called
quantum confinement. A characteristic feature of 0-dimensional quantum confinement is that all
states of the free particles in the system have well defined energies, which are inversely proportional
to the size of the QD squared. Thus, smaller QD nanoparticles will have wider energy level spacings
than larger ones.



Chapter 3

Dipole Transitions

Due to differences in energy between the states of a system, systems will settle into the lowest
energy configuration and remain there. This is the ground state. For a system to occupy states
with energy higher than the ground state, it must absorb energy. Energy can come in many flavors,
thermal and electromagnetic energy being the two most relevant to spectroscopy. Systems also
return to the ground state by emission of these types of energy. To understand how this happens in
condensed matter systems, we will first explore the Lorentz Oscillator to develop a classical picture
of state transitions. Afterward, we will explore the quantum theory that predicts how transitions
between electronic states occur.

3.1 The Lorentz Oscillator Model

Classically, we can picture an atom as a dipole in which the energy levels of the electron lie at
varying distances from the nucleus, i.e., the Bohr model. As a result, due to the charge separation,
the atom has an electric dipole moment:

D = er, (3.1)

where e is the fundamental unit of charge and r is the distance vector that points from the nucleus
to the electron. In general, not all states of an atom have dipole moments, but this model is a good
starting point for developing a physical intuition about the dipole transition process.

We can model the transitions between states as a mass spring system, where the spring’s equilib-
rium position is the radius of the destination energy level. Excitation is modeled as a driving term,
and because we are considering optical absorption, the driving field is sinusoidal. Emission, which
occurs simultaneously for a continuously driven system, is modeled as a damping term which couples
the electron to the electro-magnetic field as well as the local environment, which is also capable of
dissipating energy. We begin our analysis with the damped driven harmonic oscillator:

m
d2D

dt2
+ γ

dD

dt
+ kD = −e2E0 cos(ωt), (3.2)

where D is er and r is the distance of the electron from the nucleus, and the driving term is the
electric field of a photon interacting with the atom. The friction term is interpreted as energy lost

14



3.1. The Lorentz Oscillator Model 15

by the oscillator to the electro-magnetic field, i.e., photons. The solution to this equation is the real
value of

r̃(t) =
−eE0

m

1

ω2
0 − ω2 + iωΓ

eiωt, (3.3)

where ω0 =
√
k/m is the resonance frequency and Γ = γ/m [8, 20]. We can compute the spectrum

of the emitted radiation by computing the cycle-averaged power of the damping term [45]:

< Pdamping >=
ω2e2E2

0

m

[
Γ/2

(ω2 − ω2
0)

2
+ (ωΓ)

2

]
, (3.4)

For radiation in the UV, visible and near infrared, the damping term Γ ≪ ω0. Usually ω0/Γ is on
the order of 1000 or more. In this limit, ω ≈ ω0, thus:

< Pdamping >≈
e2E2

0

4m

[
Γ/2

(ω − ω0)
2
+ (Γ/2)

2

]
. (3.5)

The term in brackets is called the Lorentz-Cauchy distribution or, more commonly in spectroscopy,
the Lorentzian function. The damping term is the full width at half maximum (FWHM) of the
distribution. From this analysis we can see that as damping increases, the linewidth (FWHM) of
the transition increases (figure 3.1), which is a key feature of the dipole transition.
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Figure 3.1: The shape of the Lorentzian with changing FWHM.

Furthermore, we can identify the lineshape of the absorption spectrum of the dipole by noting
that the energy emitted by the oscillator must also be the energy absorbed. Therefore, the cycle
averaged power delivered to the oscillator is simply equation 3.5. We now compute the absorption
by dividing the absorbed power by the power (intensity) of the incident photon:

α(ω) =< Pdamping > /I0 (3.6)

=
1

1/2E2
0

e2E2
0

4m

[
Γ/2

(ω − ω0)
2
+ (Γ/2)

2

]
(3.7)

=
e2

2m

[
Γ/2

(ω − ω0)
2
+ (Γ/2)

2

]
. (3.8)

Thus, the peak of the absorption spectrum occurs at the same frequency as the emission and has
the same exact lineshape.
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3.2 Dipole Transition: The Quantum Formulation

We now move on to a quantum treatment of electronic transitions. This approach allows us to
make predictions about the strength, probability and rate at which transitions between the states of
rare earth ions and quantum dots occur for not only dipole but higher order transitions as well. This
departs from the Lorentz Model, whose only real predictive power is the spectral shape of dipole
transitions. We start by, again, deriving the lineshape of the transitions between two energy levels
but this time by solving the full time-dependent Schrödinger equation. The Hamiltonian used to
generate the time-dependent states of atoms and QDs satisfies

H0Ψ = i~
∂Ψ

∂t
, (3.9)

where Ψ is now a function of spatial and temporal coordinates and H0 is the Hamiltonian of the
system under consideration. The wavefunction Ψ that satisfies this equation is [2, 30, 92, 101]

Ψ =
∑
k

ck(t) |k⟩ exp
(
−iEkt

~

)
, (3.10)

where k is the set of quantum numbers that label the eigenstates of H0, Ek is the eigenenergy of
state |k⟩ and ck(t) is a weighting that satisfies the normalization condition∑

k

|ck(t)|2 = 1. (3.11)

Next, we introduce a new term to the Hamiltonian that describes the interaction of the photon
with the system. We treat this interaction in the single photon limit so it is only a small perturbation
[92, 101], in which case Ψ is approximately a valid solution to

(H0 +H′)Ψ = i~
∂Ψ

∂t
, (3.12)

where H′ is the perturbation. This perturbing Hamiltonian can take the form of electric dipole (E1
transition), electric quadrapole (E2 transition), magnetic dipole (M1 transition), and other higher
order transitions. In fact, this analysis shows that any of the multipole interactions with light will
generate the same lineshape with only their relative intensities and selection rules to distinguish
them. After operating equation 3.12 on the state given in equation 3.10 we arrive at∑

k

ckEk |k⟩ exp
(
−iEkt

~

)
+
∑
k

ckH′ |k⟩ exp
(
−iEkt

~

)
= i~

∑
k

∂ck
∂t

|k⟩ exp
(
−iEkt

~

)
. (3.13)

We now define a state |f⟩ that represents the state being transitioned to. If Ef > Ek, the
transition is an absorption process, and if Ef < Ek, the transition is an emission process. After
operating the final state on equation 3.13 from the left the first sum drops out of because |k⟩ and
|f⟩ are assumed to be orthogonal:

⟨f |
∑
k

ckH′ |k⟩ exp
(
−iEkt

~

)
= ⟨f | i~

∑
k

∂ck
∂t

|k⟩ exp
(
−iEkt

~

)
. (3.14)

As a result of the same orthogonality assumption, this equation reduces to

∂cf
∂t

=
−i
~
∑
k

ck ⟨f |H′ |k⟩ exp
(
i(Ef − Ek)t

~

)
. (3.15)
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Let us consider a transition between an initial state |a⟩ and final state |b⟩:

∂cb
∂t

=
−i
~
ca ⟨b|H′ |a⟩ exp

(
i(Eb − Ea)t

~

)
. (3.16)

For a dipole transition induced by a photon, the perturbation takes the form [11]

H′ = er · E0ε̂ exp(−iωt), (3.17)

where ε̂ is the polarization state of the light. Notice that the photon is treated as a classical EM
wave, hence this analysis is truly only semi-classical. Equation 3.16 becomes

∂cb
∂t

=
−i
~
ca ⟨b|E0e(r · ε̂) |a⟩ exp

(
i(Eb − Ea)t

~

)
exp(−iωt). (3.18)

Thus, we can see that dipole transitions explicitly couple states for which the off-diagonal matrix
element of the dipole operator are non-zero, relative to the incident polarization. We will call this
constant Dba, resulting in:

∂cb
∂t

=
−i
~
caDba exp(i(ωba − ω)t). (3.19)

It can be shown that if Ea > Eb, the coefficient ca varies as

ca(t) = exp

(
−t
2τ

)
, (3.20)

where τ is the excited state lifetime and also the population excited state lifetime [11, 30]. Inserting
equation 3.20 into equation 3.19, we arrive at a partial differential equation for cb:

∂cb
∂t

=
−i
~
Dba exp

(
−i[ω − ωab]t−

t

2τ

)
. (3.21)

For static spectroscopy, we are interested in the population measured after a very long time.
Thus, we wish to compute |cb(∞)|2:

|cb(∞)|2 =

∣∣∣∣∫ ∞

0

∂cb
∂t

dt

∣∣∣∣2 (3.22)

=

∣∣∣∣ −iDba/~
(1/2τ)− i(ω − ωab)

∣∣∣∣2 (3.23)

=
Dba/~

(1/2τ)
2
+ (ω − ωab)2

. (3.24)

We have, again, arrived at the Lorentzian distribution. This lineshape will be identical for higher
order transitions like quadrapole and octapole transitions because the time dependence of H′ that
leads to the Lorentzian shape is the oscillatory portion of the EM wave. The matrix element of
these higher order transitions will scale the total area of the transition because they appear in
the numerator only. Furthermore, we have also derived a very important property of electronic
transitions, in that the linewidth of the emission or absorption spectrum Γ is equal to the inverse of
the population lifetime. This quantity is called the homogeneous linewidth of the transition.

Γ =
1

τ
(3.25)
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Figure 3.2: Sample Lorentzian distributions plotted with (a,b) Γ = 0.5 eV and (c) Γ = 0.0005 eV

3.3 Lineshape Measurements

When measuring the emission or absorption spectra of systems, it is important to keep in mind the
units used. Notice that equation 3.24 was derived from an analysis of the energy of the system. This
means that the lineshape is Lorentzian when plotted as a function of energy or units proportional
to energy:

E = hf = pc, (3.26)

where ω = 2πf , h is Plank’s constant, p is momentum and c is the speed of light in a vacuum.
Thus, plotted as a function of frequency or momentum, the previously derived lineshape will be
Lorentzian. Typically, electron-volts are used for near-UV (UV) and visible (VIS) spectroscopy.

Using units proportional to energy can be at odds with the preferred units for measurement
devices like Czerny-Turner spectrometers and other dispersive measurement devices, whose behavior
is modeled as a function of wavelength. Wavelength is inversely proportional to energy:

E = h
c

λ
= pc, (3.27)

where λ is wavelength, which is typically measured in nanomaters for UV-VIS-Near IR (NIR). Thus,
when measured and plotted in these units, the spectrum of the transition can be heavily skewed.
Figures 3.2a and 3.2b are of the same Lorentzian plotted with a much larger width than would be
measured in most systems to exaggerate the skewing resulting from plotting the spectrum in units
of wavelength. Normal transitions are not so wide. In the limit that Γ ≪ ωab, it can be reasonable
to plot the spectrum in units of wavelength, which is demonstrated in figure 3.2c. But, for precise
measurements of linewidth and center energy, it is important to first convert the wavelength axis of
a spectrum to a quantity proportional to energy before performing any analysis.

For VIS-NIR spectroscopy, the most convenient quantity to use for the wavelength axis is spec-
troscopic wavenumber, usually in units of cm−1 (per cm) and defined as

ν ≡ 1

λ
. (3.28)

These units are convenient because not only are they directly proportional to energy

E = chν, (3.29)

but in the VIS-NIR regime the wavenumber axis is on the order of 10,000 per cm, which means
linewidths are usually in the range of 0.0001 to 1 per cm. This makes these units computation-
ally convenient when using a computer restricted to performing double precision arithmetic because
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rounding errors due to the finite precision of double precision computations are minimized. Al-
ternatively, the same computational benefits can be achieved by picking a good prefix for units
proportional to energy, e.g., µeV. Per cm is the standard unit for VIS-NIR spectroscopy. For low
energy spectroscopy tera- and giga-Hertz are typically used, and for higher energy spectroscopy
electron-volts and milli-electron-volts are standard.

It is also important to remember that to properly relate the Lorentzian linewidth to the excited
state lifetime, the Lorentzian width needs to be converted to units of angular frequency. When
spectra are analyzed in wavenumbers the excited state lifetime is related to the linewidth by

∆ν =
Γ

2πc
=

1

2πcτ
. (3.30)

3.4 Line Broadening and Shifting Mechanisms

We can now turn our attention to how interactions between ensembles of ions or QDs and the
environment in which they are implanted manifest spectroscopically. We will first discuss interactions
that cause spectroscopic line broadening and shifting, which can be used to quantify the effects of
interactions that cause dephasing of quantum states, as well as statistical effects like the distribution
of stress and strain in crystal. We will then discuss the effects common to rare earth doped insulators
and ensembles of QDs, an understanding of which is necessary in order to remove their spectroscopic
signatures from measurements on these systems. Doing so allows us to detect the signatures of novel
behaviors, like the interaction of trivalent neodymium with a fluctuating magnetic lattice, which we
will discuss in Chapter 6.

3.4.1 Phonon-Ion Interactions

Homogeneous broadening, also called lifetime broadening or optical dephasing, occurs when the
Lorentzian linewidth of a transition is broadened due to interactions that result in an increased decay
rate from an excited state to a lower energy state. These interactions will always cause broadening
because the natural lifetime of the isolated particle is always the narrowest a transition spectrum
can be.

Ions in a crystal at finite temperature are subject to the phonon bath of that crystal. Furthermore,
transitions between electronic states are affected by phonon scattering off these particles as well as
phonons emitted or absorbed by these particles during the transition process. In many systems,
these interactions heavily modify optical spectra, particularly in transition metals where the 3d
valence electrons strongly interact with the crystal lattice. In fact, this is what causes the titanium
(III) spectrum in Ti:Sapphire to be so broad, allowing for a tunable laser spectrum over a spectral
range of 700nm to 1µm [45].

For rare earth ions, due to the screening of the 4f valence electrons by the 5p core electrons,
phonon-ion interactions are not a strong effect in the system. Thus, these effects lead to dephasing
of the excited states [33] without the generation of vibronic energy levels that result from the strong
coupling of atomic energy levels and the continuum of phonon states, i.e., their spectra remain
Lorentzian.
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In the theory of phonon-ion interactions, the phonon-ion interaction Hamiltonian appears as a
series over single phonon, double phonon, etc. interactions. The dominant contribution to linebroad-
ening in rare earth doped materials is the Raman two-phonon scattering process. This interaction
describes when a phonon of some energy is absorbed by an ion in an excited state that sends the ion
into a virtual state. This state quickly decays via the emission of a phonon of higher energy than
the incident phonon and radiative decay of the ion into a lower energy state. This process causes
both lineshifting and linebroadening. As a function of temperature, the linebroadening (∆Γ) takes
the form

∆Γ =
kBTD
4π2c~

∫ 1

0

ln

{
1 + 9π2W 2x6

[
e(xTD)/T

(e(xTD)/T − 1)2

]
×
[
g(x)2 +W 2 9π

2

4
x6
]−1

}
dx, (3.31)

where kB is Boltzmann’s Constant, TD is the Debye Temperature of the crystal, W is the dimen-
sionless quadratic coupling constant where −1 < W ≤ ∞ and g(x) is

g(x) = 1 +W

(
1 + 3x2 +

3

2
x3 ln

{
1− x

1 + x

})
. (3.32)

∆Γ will have units of the wavenumber if ~ is in units of eV s, kB is in units of eVK−1 and c is in
units of cm s−1, resulting a prefactor of

kB
4π2c~

= 0.110 618 22 /cmK. (3.33)

The temperature dependence of the energy shift (∆ν) is

∆ν =
kBTD
4π2c~

∫ 1

0

arctan

{
3πWx3g(x)

(e(xTD)/T − 1)
×
[
g(x)2 + coth

(
xTD
2T

)
W 2 9π

2

4
x6
]−1

}
dx, (3.34)

where this is again calculated in units of wavenumber if using the constant given in equation 3.33. It
is important to note that these equations assume the Debye approximation holds for the crystal under
consideration. If the phonon density of states departs from the Debye approximation substantially,
these equations are invalid. To modify them, a more general form of these equations from Hsu and
Skinner’s seminal papers on Optical Dephasing of Rare Earth Ions [33, 34, 35, 36, 37] can be used.

For most rare earth doped crystals, W is close to zero and is rarely larger than 0.1. This is
known as the weak coupling limit. When T ≪ TD, these equations can be approximated as:

∆Γ =
9W 2kBTD

4~c

(
T

TD

)7 ∫ TD/T

0

x6ex

(ex − 1)
2 dx (3.35)

∆ν =
3WkBTD

4π~c

(
T

TD

)4 ∫ TD/T

0

x3

(ex − 1)
dx, (3.36)

which are the forms most typically used in the literature [53, 59, 93, 97]. From these forms, we can
see that the linebroadening will always increase regardless of the sign on W , but negative values of
W result in red shifting of the spectrum and positive values result in blue shifting as a function of
increasing temperature. Positive values of W on the order of 0.1 are seen for many transitions in
rare earth doped systems. This is the case for neodymium-doped yttrium aluminum garnet [50] and
europium-doped yttrium aluminum perovskite [72].
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3.4.2 Inhomogeneous Broadening

Inhomogeneous broadening results from the ensemble of optically active species in a system
experiencing an environment which imparts some random, non uniform shifting of energy levels. The
result is that the lineshape function of the unbroadened ensemble is convolved with the statistical
distribution of the environment.

Crystal Strain

In an ideal crystal, the translational symmetry of the atomic arrangement repeats without de-
fects throughout the volume of the crystal. Under these circumstances, every atom will experience
identical crystal fields to every other atom occupying the same Wyckoff position within a unit cell.
This level of purity is rarely achieved in crystals with any substantial size.

In most crystals we find that, instead, there exist various imperfections. Examples include [64]:

• Dislocations: where lattice planes are deformed within the lattice;

• Vacancies: where atoms are missing within the lattice;

• Anti-site Defects: where, in polyatomic crystals, an atom of one kind substitutes for an atom
of a different kind at a specific point in the lattice;

• Charge Traps: Places where charges accumulate, usually as a result of the previously mentioned
defects.

These defects not only affect the local crystal field symmetry of any atoms located in the defect region
but also warp the crystal, causing stress and strain elsewhere in the crystal. These stresses warp the
local crystal field around atoms which would otherwise experience the crystal field associated with a
perfect crystal. Physically, this means that any atom in the ensemble experiences a random amount
of stark shifting due to random distortions in the crystal field. The way the crystal field around the
optically active atom warps is random and in most cases is drawn from the normal distribution. In
optical measurements of a statistically large ensemble, this results in the lineshape function of the
isolated atom’s transition being convolved with a Gaussian [3, 59, 88]:

f(ν) =

∫ ∞

−∞
G(ν ′)g(ν − ν ′)dν ′. (3.37)

Here g(ν) is the lineshape function of the atomic transition and G(ν) is the Gaussian distribution.
When the transition of interest is a dipole transition, g(ν) is the Lorentzian distribution. Convolved
with a Gaussian, the resulting function is the Voigt distribution.

In the normal course of data analysis, it is computationally inefficient to compute the Voigt
distribution via the convolution integral. Instead, we can use an alternative formulation that is
computationally faster and more accurate:

V (ν; ν0,Γ, σ,A) = A
Re[w(z)]

σ
√
2π

(3.38a)

z =
(ν − ν0) + 2iΓ

σ
√
2

, (3.38b)
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where w(z) is the Faddeeva function, ν0 is the center wavenumber, Γ is the Lorentzian full width at
half maximum, σ is the Gaussian standard deviation and A is the total area of the distribution [39].
It is important to note that when Γ → 0, the line function approaches a pure Gaussian, and when
σ → 0, the function approaches the Lorentzian distribution of the dipole transition as expected. The
amount of inhomogeneous broadening is quantified by the Gaussian full width at half maximum:

Υ ≡ 2σ
√
2 ln(2). (3.39)

Size Distribution

In systems with quantum confinement, like semiconductor quantum dots, the energy levels of the
system are proportional to the dimensions of the system, e.g., the radius of a spherical nanoparticle
(equation 2.40). When an ensemble of these systems are grown, whether chemically or through
epitaxy, any member of the ensemble will have a slightly different geometry relative to the average.
Thus, like an atom in a crystal lattice, the usual lineshape of the energy level transitions will be
convolved with the statistical distribution from which the size of the quantum dots are drawn.
Conveniently, the size of nanoparticles tends to be normally distributed, so the ensemble emission
from semiconductor nanoparticles can be also be modeled as a Voigt distribution. Furthermore, the
inhomogeneous broadening of the ensemble is usually much wider than the homogeneous linewidth.
In this limit, the emission from an ensemble of QDs can usually be approximated as a Gaussian
or in some cases the log-normal distribution (Appendix A) [10, 27]. The Gaussian, Lorentzian and
Voigt distributions are not the only functional forms observed in spectroscopy. There are several
other lineshape functions that are commonly used, which are given in Appendix A.

3.4.3 Förster Resonant Energy Transfer

When measuring an inhomogeneously broadened sample, it is possible for subsets of the emitting
population to transfer energy between each other. This usually results in a redshifting of the en-
semble emission, because the high energy emitters transfer their energy to low energy emitters. One
mechanism for energy transfer is Förster Resonant Energy Transfer, typically referred to as FRET1.

In the photo-physics of fluorophores and quantum dots, electric dipole-dipole interactions are
a particularly important mechanism. Due to its distance dependence, FRET is used as a high
resolution ruler to overcome optical limits in systems that are far too small to view photographically.
Examples include investigations of protein folding [65, 74] and cell membrane composition [46].

Förster Resonant Energy Transfer (FRET) Theory

To understand this process, first consider that the electronic states of a system can process a
dipole moment like we saw in Chapter 3. If we have two systems with dipole moments in close
proximity, their interaction will affect the energy of the system, and therefore the Hamiltonian. We

1Sometimes (typically in biology literature) this mechanism is called Fluorescent Resonant Energy Transfer, this
is a misnomer but it is one readers should be aware of due to its popularity.
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can see this by first identifying the electric potential generated by a dipole:

Φ =
D · r
4πε0r3

, (3.40)

where D is the dipole moment defined in equation 3.1, r is the distance vector between some point
in space and the center of the dipole and r is the magnitude of r. The electric field generated by
this potential is

E = −∇Φ =
1

4πε0

[
3D · r
r5

r− D

r3

]
. (3.41)

The potential energy of a second dipole in this field is

V = −E1 ·D2 =
1

4πε0

[
3(D1 · r)(D2 · r)

r5
− D1 ·D2

r3

]
, (3.42)

where subscripts 1 and 2 label each dipole and r is now the distance between the center of these two
dipoles. From this we can see that this mechanism is Coulombic and not mediated by photons. This
is, therefore, not an emission/absorption process, which is a common misconception about how this
process works.

We next construct a system that includes the Hamiltonians of the individual fluorophores and the
dipole-dipole interaction Hamiltonian. The dipole coupling Hamiltonian is treated as a perturbation
so that the vacuum states of the uncoupled system are approximately good wavefunctions:

Ψ = |d⟩ |a⟩ , (3.43)

where d denotes the wavefunction of the donor fluorophore and a the acceptor. These wavefunctions
are treated generally in this derivation so the two coupled systems do not have to be identical; they
can be atoms, QDs, fluorescent molecules or any combination of these systems. The important
property that needs to be satisfied is that the transition between the ground and excited states of
these systems is dipolar.

Under the assumption that nuclear motion is slow relative to the energy transfer process (Born-
Oppenheimer Approximation) and that vibronic transitions are more likely to occur between elec-
tronic states with significantly overlapping vibrational wavefunctions (Frank-Condon Principle), we
find that the energy transfer rate is

WFRET =

⟨
κ2
⟩

~2r6
|Ddd∗|2|Daa∗|2

∫ +∞

−∞
σ
(a)
abs.σ

(d)
fluor.dω, (3.44)

where W is the transfer rate of the FRET process,
⟨
κ2
⟩

quantifies the relative orientation between
the dipoles, Ddd∗ is the matrix element of the dipole operator between the ground and excited states
of the donor or acceptor, and the integral quantifies the overlap of the absorption spectrum of the
acceptor with the emission spectrum of the donor [62, 76, 90, 92]. From here we can see several
important conditions that need to be satisfied:

1. The transitions experienced by the donor and acceptor must be dipolar (by construction).

2. There must be some, but not necessarily complete, overlap of the absorption and emission
spectra of the fluorophors involved.
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Figure 3.3: (a) An example of emission from an ensemble of QDs with no intra-ensemble FRET. The measured
emission (black line) is the sum of donor and acceptor emission. (b) Measured emission from the same ensemble with
50% energy transfer due to FRET. The dotted curve is the emission with no FRET.

3. The process is strongly distance dependent (1/r6), so the dipoles must be in close proximity.

It is this last property that makes FRET particularly useful as a mechanism for measuring distances
between objects that can be tagged by fluorescent species capable of this type of energy transfer.
Note that because this distance dependence drops off so quickly, the distance between any two
fluorophores is usually no more than 10nm before the FRET transfer rate is longer than the normal
radiative decay rate [92]. Thus, this effect is usually limited to measuring configuration dynamics
on the single nanometer length scale.

Experimental Signatures

When measuring an ensemble of QDs with a distribution of sizes, it is likely that the absorption
spectrum of the largest dots, those with low transition energies, will overlap the emission spectrum of
the smallest dots, those with high transition energies, due to stokes shift2. Thus, when the emission
spectrum of the ensemble is measured, it will appear distorted from its normal distribution (usually
Voigt) due to the higher energy emitters losing their energy to the lower energy emitters. The most
basic signature of this is the peak of the emission spectrum of the ensemble is red shifted relative
to its emission spectrum without FRET. To understand why, it is useful to treat this data as being
generated by two distributions of emitters: donors and acceptors. These individual populations will
then have their own separate lineshapes, usually Voigt, that are then added together to generate the
measured spectrum (figure 3.3a). When FRET is occurring between the donors and acceptors, the
intensity of the donor emission will decrease, resulting in the redshifting of the summed-spectrum
peak (figure 3.3b). Furthermore, by comparing the total area of these two distributions, we have a
qualitative measure of the intra-ensemble FRET.

An alternate approach is to take time-resolved spectroscopic data. The FRET efficiency, a
measure of how probable a donor is likely to decay to its ground state via FRET as opposed to some
other mechanism, can be computed by

ϵ = 1− τFRET

τ0
, (3.45)

2Stokes shift is when the peak of the absorption spectrum is shifted to a higher energy than the emission spectrum
as a result of vibrational coupling of the energy levels in the fluorophore to its electronic levels.
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where τFRET =W−1
FRET is the lifetime of the FRET process and τ0 is the radiative lifetime plus the

lifetimes of all other processes added inversely. Take for example

1

τ0
=

1

τradiative
+

1

τraman
+ ..., (3.46)

where τraman would be the decay time resulting from a Raman-type decay process. To measure
this, one would use a filter to exclude as much of the acceptor emission as possible, then collect
time-resolved intensity traces with a single photon counter or streak camera. Because the decay is
exponential, the traces can be analyzed by fitting a weighted sum of exponential decays. If there
are only two energy transfer processes, the correct model would be

I(t) = I1 exp

(
−t
τ1

)
+ I2 exp

(
−t
τ2

)
+ ...+ In exp

(
−t
τn

)
, (3.47)

where I(t) represents intensity as a function of time, In is the initial intensity of the n-th decay
mechanism, and τn is the lifetime of the n-th decay mechanism. Because FRET is a much faster
process (on the order of 100s of ps) than normal radiative decay (nanoseconds to microseconds),
it is usually trivial to disambiguate which exponential is fitting the FRET decay and which is the
normal radiative decay.



Chapter 4

Spectroscopy and Microscopy
Methods

Spectroscopy is concerned with measuring the colors absorbed, emitted and scattered by a system.
The measurement of light has been one of the most important experimental tools for understanding
the properties of physical systems. From Newton and the solar spectrum [68] to Bunsen and the
spectrum of combusted molecules [9, 48], the study of light emitted by systems has been used to
deduce their fundamental components for nearly 400 years. The dynamics of many systems in nature
can be reduced to electrodynamics and energy transfer into an electromagnetic form. Hence, many
systems can be explored using electromagnetism and excitations of the electromagnetic field, i.e.,
light.

In this chapter we will discuss the optical apparatus used in the studies presented in the last
two chapters. We will discuss these devices in general, their uses, principles of operation and some
experimental considerations when constructing them. Experiment specific details, for example the
specific lasers and spectrometers used in the presented work, will be explained during the discussions
of the experimental results presented in later chapters.

4.1 Fluorescence Spectroscopy

The collection and quantification of light emitted by a system experiencing a dipole transition
is called fluorescence spectroscopy. There are many ways to perform fluorescence spectroscopy. For
example, some systems emit light when a solution is created, which is the principle of operation of
glow sticks. This is called chemiluminescence. For the systems we have discussed (rare earth ions
and quantum dots), luminescence is generated when these systems absorb energy in the form of light
(fluorescence), though plasmons, phonons and other forms of energy can also generate luminescence.
When these systems inevitably return to a low energy state, they often emit light to release the
excess energy. This is fluorescence, and fluorescence carries a lot of information. An experimental
analysis of fluorescence gives us information about the energy levels of a system as discussed in
Chapter 2 and system interactions and energy transfer mechanisms as discussed in Chapter 3.

26
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To perform fluorescence spectroscopy, one requires a light source and a light detector. The
modern fluorescence microscope uses a laser tuned to the energy difference between the energy levels
of interest or a laser of such high energy that it excites a system far above the energy levels of interest
such that it eventually decays through those levels. For example, in the study of neodymium-doped
gadolinium gallium garnet, we use a laser tuned to 808nm so that the Nd ions enter their second
excited state, which then decays into the first excited state, which is the energy level of interest for
the neodymium-doped gadolinium gallium garnet study.

To collect the light, we use a spectrometer. A spectrometer is a device that separates light into
its constituent colors and records the intensity of each color. The most widely used method is to use
a diffraction grating or prism to separate the colors spatially. This spatially separated distribution
of colors is recorded with a camera, which allows this method to take advantage of multiplexed
collection.

Alternatively, a cavity can also be used. When using a cavity like a Fabry-Perot etalon, one
utilizes a photodiode to collect intensity information as a function of cavity length. This information
is then Fourier transformed to arrive at spectroscopic information. This method is typically higher
resolution than the dispersive method, but acquisition times are often longer.

The most basic fluorescence microscope consists of a laser focused by a lens onto the sample
being measured. The focal length and aperture of the lens is chosen taking into consideration the
Abbe diffraction limit:

d =
λ

2n sin(θ)
, (4.1)

where d is the size of the smallest resolvable feature, λ is the wavelength of the excitation, n is the
index of refraction of the medium the light is being focused through (which is typically 1 for air and
thin samples) and θ is the half-angle of the light cone formed by focusing the laser [65, 81]. n sin(θ)
is also called the numerical aperture (NA) of the focusing lens:

NA = n sin(θ) = n sin

(
arctan

(
D

2f

))
≈ nD

2f
, (4.2)

where f is the focal length of the lens and D is its diameter. Thus, the smallest resolvable feature (as
well as the smallest focused spot) is achieved with a low focal length and a large effective aperture
(the circular area the laser fills on back of the lens). For visible spectroscopy, the diffraction limit is
typically around d = λ/2.8, thus green excitation (500 nm − 550nm) can achieve spatial resolution
on the order of 250nm. This limit is important to consider when averaging over many fluorescent
species. When attempting to measure a very dilute sample, it may be necessary to lower the spatial
resolution to create the largest focus spot possible, rather than the smallest.

There are typically three different collection geometries:

1. Reflection Geometry: the excitation lens is used for collection (figure 4.1b);

2. Transmission Geometry: a lens conjugate to the excitation lens is used to collimate the fluo-
rescence on the opposite side of the sample (figure 4.1a);

3. Oblique Geometry: a second lens is placed at a particular angle relative to the excitation lens,
which is used to collimate the fluorescence.
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(b)

Figure 4.1: (a) Fluorescence microscope in transmission geometry: lenses are black; the sample is the red square;
excitation light is blue rays; and fluorescence is depicted as red rays. (b) Fluorescence microscope in reflection
geometry: the optical element depicted with blue and white crosshatching is a partially reflective mirror.

Each of these geometries is important and has its own use cases. In the studies presented in this
thesis, we use reflection geometry for the QD-Plasmon study and transmission geometry for the
neodymium-doped gadolinium gallium garnet study. The collection lens is also chosen considering
the diffraction limit, but using the fluorescence wavelength as opposed to the excitation wavelength.
After being collected, the light is focused into a spectrometer for analysis. Finally, the intensity of
the emitted light is plotted as a function of wavelength or wavenumber. Once recorded, it is possible
to use the theory discussed in the previous chapters to model and analyze the spectrum.

4.2 Absorption Spectroscopy

Absorption spectroscopy is a technique for measuring the energy dissipation mechanisms in a
system, for example, the energy absorbed by an atom to send it to an excited state. Measuring the
absorption of a system requires a tuneable excitation source and a photo-detector. There are several
ways to generate an absorption spectrum. The simplest and most widely used method is to excite
the sample with a lamp with a broad emission spectrum and collect the light transmitted through
the sample with a spectrometer using the setup diagrammed in figure 4.1a. This method has several
benefits:

1. Multiplexed collection and excitation result in very fast data acquisition times.

2. Lamps are incoherent sources, so the effects of time- and polarization- dependent processes
within a sample are averaged out.
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3. This kind of absorption spectrometer can be comparatively inexpensive to purchase or build.

Drawbacks to this method include loss of polarization and temporal information (it’s both a drawback
and a benefit depending on the information one is trying to gather about a system) and spectral
resolution is limited to a few tenths of nanometers when using the average spectrometer.

More advanced absorption spectrometers can be built using tunable lasers or combinations of
tunable lasers and lamps, which are useful for studying nonlinear optical processes; pulsed lasers,
which are useful for measuring ultra-fast absorption processes (transient absorption spectroscopy);
and optical cavities like a Fabry-Perot cavity for constructing ultra-high resolution spectra. The
primary benefit lost when attempting to increase temporal or spectral resolution is multiplexed
collection, which can cause absorption measurements to have increased acquisition times.

After the excitation passes through the sample, its spectrum is measured, as opposed to the spec-
trum of light generated by the sample in the case of a fluorescence measurement. This transmission
spectrum is then compared to the excitation spectrum without the sample present. The absorption
spectrum is generated by computing

α(ν) = 1− Strans(ν)

S0(ν)
, (4.3)

where Strans is the excitation spectrum transmitted through the sample and S0 is the excitation
spectrum without the samples present, typically called the reference spectrum. Often, this spectrum
is presented in units of optical density, which is computed by taking the natural logarithm of the
absorptivity:

OD(ν) = log(1− α(ν)). (4.4)

The optical density is in fact dimensionless. This quantity is usually reported because the absorption
of a solution containing an absorbing species is proportional to the exponential of the concentration
of the species via Beer’s Law:

Strans(ν)

S0(ν)
= exp(σcl), (4.5)

where σ is called the absorption coefficient, c is the fluorophore concentration, and l is the optical
path length in the sample [18]. Thus, absorption plotted as optical density is a direct way to measure
changes in concentration when that quantity is of interest.

4.3 Time Correlated Single Photon Counting

As we discovered in Chapter 3, the excited state of systems which decay via dipole transitions
has an excited state probability that decays exponentially (equation 3.20). Thus, the time at which
any given emitter decays is random, but the distribution from which these events are sampled is
well known. Time Correlated Single Photon Counting (TCSPC) is a technique for measuring this
distribution [94].

To perform TCSPC, a pulsed laser with pulses narrower than the lifetime of the decay is used to
excite a fluorophore. At some time, this fluorophore emits a photon that is collected by a detector
capable of detecting single photons, like an avalanche photodiode or a photomultiplier tube. Timing
electronics then bin the time at which this photon was detected. This process is repeated until
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Figure 4.2: A diagram of the spatial filtering used to achieve focal plane selectivity for a confocal microscope.
The solid rectangles represent the image of different focal planes which that rays which are focused onto a circular
aperture. Only the plane at the correct distance from the pin hole focuses on the pin hole and passes through it,
where it is collected by a detector (stripes).

a histogram of detection times is constructed. Assuming the population measured is composed of
approximately identical emitters, the time resolved trace corresponds to the excited state probability
distribution.

This technique falls under the category of ultra-fast spectroscopy methods. By placing the
photodetector in place of a camera in a spectrometer, it is possible to collect time resolved traces
as a function of wavelength using the fluorescence setups described in the first section. By having
the ability to collect transient information, one loses the multiplexing ability of the camera. This
often is not an issue because it is rarely necessary to collect time resolved traces at the spectral
resolution of the spectrometer. Usually, one only needs to sample several wavelengths within an
inhomogeneously broadened distribution to collect enough information to draw conclusions.

An advanced technique for spectrally multiplexed TCSPC does exist. This technique requires a
streak camera to be placed behind a monochromator or some other dispersive element. Time resolved
traces are recorded by the camera from which it is possible to calculate photon arrival times for each
wavelength simultaneously. The photon arrival times as a function of wavelength are then binned in
software, which generates the TCSPC traces. The details of this technique can be found in Becker
[7]. The downside to this method is primarily cost. Single point detector TCSPC hardware can
be purchased for several thousand dollars at the time of this publication, whereas streak cameras
typically cost hundreds of thousands of dollars and are typically more fragile. Though, where high
resolution spectrally resolved TCPSPC is required, the acquisition time gains from multiplexing
with this technique are likely worth the cost.

4.4 Confocal Microscopy

The ubiquitous method for collecting micrographs of mesoscopic systems is to use a standard
light field microscope. A light field microscope image contains information from nearly all focal
planes within a sample, which results in degraded image quality because these sample planes are
out of focus. They appear blurry and superimposed over the focal plane of interest. This effect can
be mitigated by focusing the image of the sample onto a pinhole, which is usually several microns in
diameter, before it enters the photodetector. This pinhole acts as a filter (figure 4.2) to reject light
from the out-of-focus planes.

The downside to this technique is that a complete image cannot be collected in one exposure.
Because of the pinhole, the sample is measured one point at a time. Thus, confocal microscopes not
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Figure 4.3: A scanning confocal microscope with simultaneous TCSPC and static spectroscopy capabilities.

only consist of a pinhole to filter light but also a method of translating the collection and excitation
optics with respect to the sample. By scanning these optics and collecting intensity information from
individual points on the sample, it is possible to reconstruct an image of the sample. Furthermore,
because the collected photons are restricted to a specific focal plane, it is possible to also change
the focusing distance of the collection lens to get information along all three axes: x, y and z.
Thus, confocal microscopes cannot only form two dimensional images but also three dimensional
tomographs [65].

The requirement that single pixels are collected at any given time when using a confocal mi-
croscope makes these kinds of microscopes ideal for use in spectroscopy because spectroscopy is a
single-point detection technique. By combining the scanning capability of the confocal microscope
and the spectral analysis of a spectrometer, it is possible to make spatially resolved images of spec-
troscopic information with very high spatial selectivity. Furthermore, using beam splitters, it is
possible to collect multiple types of data simultaneously with a confocal microscope. The standard
microscope built for our studies combines both static spectroscopy with TCSPC, allowing both tran-
sient and static measurements to occur simultaneously. This setup is depicted in figure 4.3. Here
the presence of fiber optics is particularly important because their core-cladding interface acts as
the pinhole.

The capabilities of this basic microscope can be extended by including polarizing elements for
polarization resolved measurements, as well as the inclusion of electromagnets and cryostats to house
the sample for magnetic field and temperature resolved measurements. Multiple light sources can
also be included, as well as imaging optics to collect wide field images. Hence, this basic microscope
is easily modified and very versatile.



Chapter 5

Quantum Dot-Plasmon Interaction on
Wrinkled Metal Surfaces

Förster Resonant Energy Transfer is useful as a spectroscopic ruler, as well as a promising
mechanism for energy transfer in solar energy harvesting [29]. The main limitation of FRET is
that, although the energy transfer can be very efficient, it is limited to single nanometer distances.
In this chapter, we will discuss research on enhancing the energy transfer distance of FRET via
coupling to localized surface plasmons. We will discuss the development of a substrate that supports
plasmon excitations and the order of magnitude enhancement of energy transfer distance that results
when quantum dots are deposited on it [19]. Furthermore, we will show how to identify plasmonic
excitations on a surface using quantum dots and how to characterize plasmon travel distances using
plasmon assisted FRET between quantum dots.

5.1 Plasmons & Localized Surface Plasmons

The free electrons in a metal subject to the electro-magnetic field of incident photons can behave
collectively forming a charge density wave [5], called a plasma oscillation. When the thickness of a
metal is thin enough such that it can be treated as a pseudo two-dimensional material, these plasma
oscillations behave as a pseudo-particle called a plasmon. Assuming the metal is oriented in the
x-y plane, a photon traveling toward the metal with some electric field component in the x-y plane
will excite a plasmon subject to momentum and energy conservation [44]. The excited plasmon
will travel in the same direction as the in-plane component of the photon’s Poynting vector. The
electric field generated by the plasmon will have a component along the direction it travels, as well
as an out-of-plane component. Assuming the photon was traveling with some component in the
x-direction, the electric field of the plasmon will be [58, 101]

Ex =
Axk2
ωε0ε2

exp(i(βx+ π/2)− k2z − iωt) (5.1)

Ez =
−Azβ

ωε0ε2
exp(iβx− k2z − iωt), (5.2)
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where Ai are the amplitudes in the i-th direction, β and k2 are related to material constants and
have both real and imaginary components, and ω is the frequency of the incident photon. Because
β and k2 are complex, the electric field will oscillate in both the x- and z- directions. Furthermore,
the magnitude of the electric field will decay exponential away from the surface as well as along the
direction of travel. Due to this exponential dependence, the plasmon field is called an evanescent
wave. These waves are capable of traveling up to hundreds of microns with the correct combination
of dielectrics and metals, but because of the exponential vertical distance dependence, anything
coupling to the plasmonic excitations must be within a few tens of nanometers of the metal surface.

In the case when confinement occurs in three dimensions, plasma excitations will be highly
localized, which is the case for metallic nanoparticles. Similar to quantum confinement in quantum
dots, localized surface plasmons are excited at specific energies resulting in a narrow absorption
spectrum [58].

5.2 Quantum Dot-Plasmon Interactions

In an analysis similar to that for FRET, we can describe the energy of the electric dipole of the
QDs in the electric field of the plasmons as

H = −EPlasmon ·DQD. (5.3)

This plasmon field is oscillatory, so this Hamiltonian has a similar form to the interaction Hamiltonian
of a photon with a dipole. Thus, plasmons can excite and be excited by electric dipole transitions.
A key difference is that the amplitude of the electric field of the plasmon decays exponentially away
from the metal surface. Therefore, QDs need to be close to the metal surface to couple to excited
plasmons, usually within a few tens of nanometers.

From this analysis, we have a theoretical basis for the coupling of non-radiative interactions
between two QDs in close proximity to a metal film. Conceptually, this interaction can be thought
of this way:

1. A QD is put into an excited state.

2. The energy of the excited state is transfered to a surface plasmon.

3. The surface plasmon travels some distance eventually encountering a QD, thus exciting it.

Superficially, this process appears similar to a photon emission/reabsorption-type process and has
a similar condition on energy in that the plasmon excitation from the donor must have a frequency
that overlaps with the absorption spectrum of the acceptor. In fact, this process is more like FRET,
which has the same spectral overlap requirement but is also distance dependent, and the excitation
of the plasmon must occur on a timescale much faster than the radiative decay channel in order for it
to occur. Because plasmons can propagate over micron scale distances, this kind of energy transfer
can occur over much larger distances than FRET. Thus, we call this process plasmon mediated
FRET or plasmon enhanced FRET.
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5.3 Gold-Palladium Plasmon Cavities

A low-cost, high-throughput method of generating patterned metal surfaces was developed by
the Khine Group [21]. These surfaces are generated by sputter coating a thin (30 nm thick)
gold-palladium (AuPd) surface onto a thermoplastic, polydimethylsiloxane (PDMS). When the
PDMS/AuPd substrate is heated, the PDMS contracts while the AuPd expands. The metal is
restricted to the boundaries of the PDMS, so the metal buckles in order to satisfy boundary condi-
tions. If only one parallel set of boundaries is allowed to contract, the metal buckles along only one
direction, resulting in a corrugated surface (uniaxial buckling). If all four boundaries are allowed to
contract, the metal buckles along both directions, resulting in flower-like meso-structures (biaxial
buckling, inset figure 5.1a).

We are interested in identifying whether these structures result in localized surface plasmon
resonance and if they can be used to enhance the electro-optical properties of fluorescent species.
Confirming the existence of these behaviors would allow these substrates to be used in electro-
optic applications like solar energy collection and plasmon-enhanced sensing. Due to the relatively
inexpensive cost of PDMS, metal sputter targets, sputter coaters and ovens required to generate
these substrates, these would be inexpensive alternatives to patterned metal substrates for plasmon-
enhanced optical applications. Furthermore, the fabrication process takes minutes to complete,
making them much faster and easier to fabricate than patterned surfaces. The downside of these
substrates is that their structures are not uniform in size and shape, which can be detrimental to
fundamental physics applications which usually require the well defined structures generated by
micro-patterning.

5.4 Experimental Procedure

We generate biaxially structured AuPd surfaces and flat AuPd surfaces in addition to purchasing
glass slides. We then spin coat a solution of cadmium selenide quantum dots capped with a zinc
sulfide shell (CdSe/ZnS) on these surfaces. We use a range of concentrations-0.5µmol, 0.1µmol and
0.05µmol-and a series of QDs with different radii between 1.9nm-5.6 nm, i.e., five different ensembles
of QDs with emission in the wavelength range 488 nm-620 nm.

We measure these samples in a custom-built confocal microscope capable of spatially resolved
static and time-resolved spectroscopy of the QD emission. The microscope has a diffraction-limited
spatial resolution of ∼ 500nm. For static spectroscopy, we excite the samples with a continuous wave
diode laser emitting at 405nm (Coherent Cube), and we collect emission spectra using an Acton 2-
300i monochromator coupled to a PIXIS 400 thermoelectrically cooled charge-coupled device (CCD),
which provides a spectral resolution of 0.02 nm. For time-resolved spectroscopy, we excite the sample
with a frequency-doubled Ti:Sapphire laser (Coherent Mira 900-D) with emission tuned to 405 nm at
76MHz with 150ps pulses. We collect time resolved traces using a PicoHarp time-correlated single-
photon counting module which has a temporal resolution of 4 ps. We collect absorption spectra with
a Perkin Elmer UV-VIS spectrophotometer with 0.5nm spectral resolution.
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Figure 5.1: (a)(top inset) SEM image of a biaxial AuPd substrate, (bottom inset) 2D FFT of the SEM image,
(center) probability distribution of the length scales present in the SEM. (b) Absorption spectra of flat and wrinkled
AuPd substrates with an arrow indicating the LSP absorption peak of the wrinkled substrate. [19]

5.5 Results

5.5.1 Identifying the Signatures of FRET

To characterize the geometry of the substrates, we perform scanning electron microscopy (in-
set figure 5.1a). The length scales of the substrates are revealed by performing a 2D fast-fourier
transform (FFT) and then radially integrating the transformed image to quantify the sample av-
eraged length scales. The probability distribution of length scales present on the sample (figure
5.1a) demonstrates a diffuse background, indicating a continuum of length scales, with a broad peak
centered around 500nm extending between 200 nm and 1µm. The biaxial structures are on the size
scale of plasmon propagation. Optical absorption (figure 5.1b) of these structures shows a highly
localized peak centered at 580nm, which is expected for localized surface plasmon (LSP) excita-
tions [98]. Optical absorption of flat AuPd substrates shows a response typical of surface plasmon
excitations, which have a broad continuum of states [95].

We next deposit CdSe/ZnS QDs on the wrinkled substrates and perform scanning confocal
spectroscopy. The data are first analyzed by plotting the wavelength at which each spectrum is
maximum at every position, thereby generating a spatially resolved image of the redshift present
on the sample, called a photoluminescence (PL) map, inset figure 5.2a. The preliminary data with
a QD ensemble emitting at 544nm show regions of redshift and no shift relative to the solution
emission. Comparing spectra from these regions, we see that the low energy QDs in the redshifted
region have enhanced emission intensity commensurate with energy transfer from high to low energy
QDs (figure 5.2a) [56, 84]. We repeat these measurements with QDs of different sizes, allowing
us to scan the QD emission spectrum through the substrate’s absorption peak. In figure 5.2b, the
maximum redshift seen in each PL map is plotted as a function of QD diameter. These data indicate
the redshift is maximized for QD ensembles whose peak emission (586nm) overlaps the substrate’s
absorption peak (580nm), which corresponds with our understanding of the QD-plasmon coupling
process which predicts energy transfer is maximized when the transition frequency of the QD is
equal to the frequency of the surface plasmons.

This FRET-like behavior could be plasmon mediated, or it could be due to close packing of
the QDs [55] by the structures on the substrate (unmediated FRET). The latter option is unlikely
because the substrate is structured on the order of 102-103nm, while the QDs have diameters on
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Figure 5.2: (a)(inset) PL map of peak emission wavelength (λpeak) for QDs which emit at 544nm in solution (center)
Emission spectra from the two positions indicated by the square and circle symbols. (b) Maximum observed redshift
(∆λ) as a function of QD diameter for CdSe and PbS QD ensembles. Arrows indicate QDs with (dashed arrow)
544nm emission and (solid arrow) 586nm emission in solution. [19]

the order of a single nanometer. We verify this assumption by depositing lead sulfide (PbS) QDs
on these substrates. The PbS QDs have emission in the NIR but are on the same size scale as
the CdSe/ZnS QDs. Furthermore, when close packed, a 40 nm redshift has been observed for PbS
QDs as a result of FRET [14], so if there is close packing the redshift observed should be more
dramatic with the PbS. When we generate PL maps and extract redshift data for these samples,
we find that there is almost no redshift, indicating the absence of FRET between these dots (figure
5.2b). Consequently, they are not close packing and because their emission does not overlap the
substrate absorption, there is also no plasmon-mediated FRET between them. This test eliminates
the possibility that close packing by the substrate is causing FRET between the CdSe QDs, and
FRET is likely the result of plasmon mediation.

5.5.2 Verifying and Analyzing the Plasmon-Mediated FRET

We can quantify the strength of the FRET process by comparing the emission of the donor and
acceptor populations within the ensemble. We do this by fitting the emission spectra of the QDs
with a bimodal Gaussian distribution, in the approximation that the Lorentzian character of the
dipole transitions is negligibly wide relative to the width of the inhomogeneously broadened ensemble
spectrum. Comparing the areas of the donor and acceptor emissions will provide a figure of merit for
the strength of the FRET process. We perform this test by depositing CdSe/ZnS QDs which emit at
586nm on a glass slide, a flat AuPd substrate and a biaxial AuPd substrate. We generate PL maps
for each of these substrates (figure 5.3a-c), which indicate the emission of these QDs peaks at 586 nm
on the glass slide. On the flat metal, there is a uniform redshift from solution emission, but the
redshift is on the order of 1nm. Finally, on the wrinkled metal, we observe uniform redshifting on
the order of 10nm. Therefore, we hypothesize that the donor emission is most strongly suppressed
on the wrinkled metal due to FRET. In figures 5.3d-f, we have extracted representative emission
spectra from each of these samples. Fitting the bimodal Gaussian model to them, we find that
the donor emission is almost completely suppressed on the wrinkled metal. Furthermore, on the
wrinkled metal, the acceptor emission is enhanced by nearly a factor of three relative to the glass
slide, commensurate with FRET. There is nearly a factor of two enhancement on the flat metal,
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Figure 5.3: PL maps of QDs with solution emission of 586 nm deposited on (a) glass, (b) flat AuPd and (c) wrinkled
AuPd. Bimodal Gaussian fits deconvoluting emission from donor (blue) and acceptor (red) QD populations on (d)
glass, (e) flat AuPd and (f) wrinkled AuPd. [19]

indicating that coupling to LSPs provides a greater enhancement than the surface plasmons present
on the flat metal.

As previously discussed, in addition to the static spectral changes, we expect to see a secondary
decay channel in time-resolved spectroscopic data in the presence of FRET [87] due to the require-
ment that any energy transfer processes must be faster than the radiative decay channel in order for
them to be probable decay modes. We perform TCSPC on each of the previously discussed samples
and plot their intensity-normalized time-resolved traces (figure 5.4). The data taken on the glass
slide is well modeled by a single exponential decay with τ = (11.0± 0.3) ns, further indicating a
lack of close packing at the QD solution concentration. The data taken for the QDs on the metal
substrates are properly modeled by a bi-exponential decay as expected for QD-plasmon coupling.
The mean radiative decay and plasmon-coupling lifetimes are given in table 5.1. The non-radiative
decay rate increases on the wrinkled metal, confirming that energy transfer becomes more probable
on this substrate and corroborating the results of the analysis of the static fluorescence spectroscopy.
Thus, there is energy transfer on the wrinkled metal substrates and it is plasmon mediated.
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Figure 5.4: (a)(inset)Normalized QD emission on (blue) glass and (red) wrinkled surfaces overlayed (black) with
normalized QD absorption on glass depicting emission/absorption overlap due to stokes shifting. (center) TCSPC
traces of QDs on (green) glass, (blue) flat and (red) wrinkled surfaces. (b) Radiative (τ2) and non-radiative (τ1)
lifetimes measured on 10 different flat (open circles) and wrinkled (closed circles) samples. [19]

Table 5.1: A comparison of radiative and plasmon-coupling lifetimes for CdSe/ZnS QD ensembles emitting at
586nm on glass and flat and wrinkled metals.

Substrate τradiative(ns) τplasmon(ns)

Glass 11± 0.3 –
Flat AuPd 10± 0.4 2± 0.2

Wrinkled AuPd 8± 0.4 1.6± 0.07

Table 5.2: A QD concentration dependence correlating inter-dot spacing to spectroscopic redshift.

Concentration (µmol) Mean Particle Distance (nm) Observed Spectral Redshift (nm)

0.05 30-40 0
0.1 20-25 3-5
0.5 10-15 8-10

5.5.3 Distance Dependence of Plasmon-Assisted FRET

Our final set of measurements concerns quantifying how much plasmon resonance enhances the
distance dependence of FRET. In an attempt to quantify the mean interparticle distance, we SEM
and AFM our samples. Unfortunately, SEM resolution is not high enough to detect the QDs, and
the AFM tips are not able to fit into and follow the wrinkles in the metal. Thus, we use an indi-
rect method to quantify interparticle distances. Under the assumption that the mean interparticle
distance is approximately the same for solutions deposited on glass and wrinkled substrates, we
perform a concentration-dependent study of this phenomenon on glass and wrinkled metals. We
generate three QD solutions of ensembles with a peak emission wavelength of 586nm: 0.05µmol,
0.1µmol and 0.5µmol. After depositing these samples on glass, we TEM the ensemble to determine
the mean interparticle distance. We then construct PL maps for the solutions deposited on the
wrinkled metal and glass (figure 5.5) to determine the amount of redshift for each solution. The
results are summarized in table 5.2. For the highest concentration, 0.5µmol, the interparticle
spacing is in the 10 to 15nm range, which correlates to almost complete quenching of the donor
emission and complete enhancement of the acceptor emission, which is indicated by an 8 to 10 nm
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Figure 5.5: PL maps of QDs with solution emission of 586nm deposited on (a) wrinkled metal and (b) glass at
three different solution concentrations. [19]

redshift of the ensemble emission. This result further substantiates the claim that localized sur-
face plasmons are mediating the energy transfer between donor and acceptors because unmediated
FRET between these particles has an upper distance limit of 10 nm between donors and acceptors
[13]. Furthermore, as we decrease the solution concentration, the interparticle spacing increases to
a maximum of 30 to 40 nm, at which point we observe no energy transfer. Thus, plasmon-mediated
FRET is also distance dependent, but the distance scale of the phenomenon is increased by an order
of magnitude over unassisted FRET. This distance dependence is likely limited by the substrate
because the propagation length of plasmons is a function of the plasma frequency of the metal and
the dielectric constant of the PDMS. Therefore, because energy transfer distance is limited to 40 nm
on this substrate, we can infer that the plasmon travel distance is also on this scale.

5.6 Conclusion & Future Directions

In an effort to increase energy transfer efficiencies in photonic devices, we fabricated and char-
acterized microstructured AuPd surfaces. These structures support localized surface plasmon res-
onances. By depositing semiconductor nanoparticles on these surfaces, we were able to verify the
existence of localized surface plasmon resonances. We found that these quantum dots transfer energy
to plasmon excitations, and the plasmons are then capable of transferring energy to the quantum
dots. This plasmon mediated FRET mechanism is optimized by spectral overlap between donor
emission and plasmon/acceptor nanoparticle absorption. This process is also distance dependent
with a maximum distance around 30 to 40 nm which is an order of magnitude increase over normal
FRET. Furthermore, this indicates that plasmon excitations have a maximum travel distance around
40nm on a 30nm thick, AuPd wrinkled metal surface deposited on PDMS.

In the future, this work can be extended by generating different metal alloys and using different
thermoplastics to maximize plasmon travel distances. Furthermore, the wrinkle dimensions can be
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controlled by baking these samples for different amounts of time, which would allow future researchers
to tune the location of the plasmon resonance absorption peak. Thus, studies can also be performed
to generate a range of substrates to optimize energy transfer between emitters of different energies.
One import regime for such a study is designing a substrate with plasmon resonance in the infrared,
which would be valuable for Surface Enhanced Raman Spectroscopy (SERS) studies.

One other direction to take this research would be to generate substrates which are allowed to
shrink only along one direction, which generates uniaxial wrinkles. Similar studies described in the
previous paragraph could be performed. Due to the anisotropy of the wrinkles, it is conceivable
that energy transfer between emitters would be preferentially along the wrinkle direction, i.e., the
substrate acts as a plasmon waveguide. This kind of study could provide a route for increasing the
efficiency of die sensitized solar cells.

In conclusion, we find that there is FRET-like electronic coupling between nanoparticles on these
surfaces, and that this process is mediated by local excitations of the surface’s free electron gas.
Finally, because the propagation lengths of plasmons are material dependent, there is a mechanism
for tuning the behavior of this process by changing the combination of metals, thermoplastics and
QDs used to suit the required application, e.g., solar energy collection.



Chapter 6

Optical Effects of Spin Liquid Phases
on Neodymium (III) in GGG

Strongly correlated electronic systems have become a particularly important field for the devel-
opment of fundamental physics and next generation technologies. Of interest are strongly correlated
magnetic systems that can develop exotic magnetic phases, which have applications in refrigeration
and quantum computing. In this chapter, we will discuss optical measurements on a crystal, gadolin-
ium gallium garnet (GGG), which has geometrically frustrated magnetic phases. Specifically, it has
a spin liquid phase and a spin protectorate phase. We will show that information about the spin
liquid phase can be collected optically via the interaction of the spin liquid phase and dopant ions
(neodymium (III)), which act as a local probe for magnetic measurements within the GGG lattice.

6.1 Geometrically Frustrated Magnetism

Geometrically frustrated magnetic phases develop from a combination of rules for magnetic
moment orientation and a lattice that does not allow these rules to be satisfied. The simplest
example of this is the spin liquid phase, which can be seen on a lattice of triangles with anti-
ferromagnetic Ising spins. In this model, we have spins that can point either up (+1) or down (-1)
situated on the corners of an equilateral triangle. The energy of this configuration is

HIsing = −J
∑
nn

SiSj , (6.1)

where J is called the exchange energy, Sn is the spin (±1) of the n-th spin, and nn indicates the
sum is over nearest neighbors. If J is negative, the lowest energy for this system is attained when
all nearest neighbors are anti-parallel, i.e., anti-ferromagnetic (AFM) coupling. On an equilateral
triangle, it is not possible for every spin to satisfy the AFM coupling requirement simultaneously,
thus the lowest energy state is degenerate (figure 6.1). Because this degeneracy is a result of the
geometry of the lattice, this phenomenon is called geometrically frustrated magnetism.

When a crystal is in this phase, the degeneracy prevents the crystal from settling into a specific
ground state at 0K, so the crystal fluctuates through microstates of the ground state manifold [1].

41
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�

Figure 6.1: Ising spins on an equilateral triangle with anti-ferromagnetic coupling. Both the up and down states of
the purple spin are degenerate.

The degeneracy also scales with the size of the system, so on an infinitely large lattice, there are an
infinity of microstates in the ground state manifold. Furthermore, this phase is also characterized
by a lack of long-range order [66], unlike a true anti-ferromagnetic order, which has spin correlations
on the order of the size of the system at 0K. Thus, traditional magnetic imaging techniques like
magnetic circular dichroism sensitive images cannot detect the magnetic behavior of the system
because any order in the system is far below the diffraction limit.

The qualitative behavior of the 2D anti-ferromagnetic Ising model is also seen in more general
models that are more applicable to real systems. To understand GGG, we have to use the Heisenberg
Hamiltonian:

HHeisenberg = −
∑
nn

J(rij)Si · Sj , (6.2)

where J(rij) is called the exchange integral, which quantifies the spatial overlap of the wavefunctions
of neighboring spins, and Sn is the vector operator that represents some angular momentum quantity
of n-th ion. For rare earth ions in a crystal, these vector operators are the total angular momentum
operator J. To alleviate the inevitable ambiguity that will arise from calling the exchange integral
J , we will relabel it ξij .

In this model, a negative value of ξij will again result in anti-ferromagnetic coupling. Because
these spins are treated as 3D vectors, more complex behaviors can arise. We will now expand the
Heisenberg Hamiltonian to illustrate this added complexity:

HHeisenberg = −
∑
nn

ξij(J
(i)
x J (j)

x + J (i)
y J (j)

y + J (i)
z J (j)

z ). (6.3)

From this expanded Hamiltonian, we can see that if we neglect the x- and y-components of the
total angular momentum, this Hamiltonian reduces to the Ising model where the z-direction is the
quantization axis. Interactions are therefore, between MJ microstates of the Russel-Saunders term
symbols of the nearest neighbor ions. If the microstates of the ion are degenerate, we recover the
spin liquid phase seen in the Ising model and its dynamics. With the introduction of x- and y-
components of the total angular momentum, the magnetic moments of the interacting ions can cant
into the x-y plane. Depending on the lattice, this can result in a well ordered magnetic ground state
that is not frustrated. On a properly structured lattice, these extra terms can result in procession
of the magnetic moments about the z-axis [75, 105]. This is known as a weathervane mode. Thus,
not only does spontaneous spin flipping occur down to 0K, but also spin procession.
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Practically, frustrated magnetic phases do not exist at all temperatures within a material. Ther-
mal energy in the lattice acts to randomize magnetic moments. When the temperature of the lattice
surpasses the energy scale of the exchange integral, the crystal typically enters a paramagnetic phase.
The temperature at which this phase transition occurs is called the Curie-Weiss temperature (Θcw)
[69]. There is also typically a low temperature limit as well, below which crystals tend to enter dis-
ordered phases or cooperative phases with some order. The ratio of the Θcw to the low temperature
phase transition temperature is called the frustration index:

f =
|Θcw|
T

, (6.4)

where Θcw is in absolute values because it is negative for anti-ferromagnetic crystals. The frustration
index is simply a figure of merit to quantify how “frustrated” a lattice is. The larger the frustration
index, the more frustrated a crystal is, with a limit at +∞ which indicates the crystal remains a
spin liquid to 0K. Typically, values of five or greater indicate the presence of a frustrated magnetic
phase [25].

6.2 Gadolinium Gallium Garnet

Gadolinium gallium garnet is a rare earth ionic crystal with garnet structure. It has fundamental
importance to technological development because it is a durable ceramic with almost no absorption
in the optical spectrum [100]. It is primarily used in two applications: as a host for laser gain media
[57] and as a substrate for magnetic memories [31]. It has also been of fundamental importance to
the study of frustrated magnetism because it was one of the first materials discovered with a spin
liquid phase. Thus, our optical study of spin liquid materials uses this material because its spin
liquid phase is well characterized and because other exotic types of magnetic phases exist in this
material that we could potential investigate.

GGG crystalizes in space group Ia3d, which is body center cubic with lattice constant a =

12.382 90Å [78]. The unit cell (figure 6.2a) contains 24 gadolinium ions, 40 gallium ions and 96
oxygen ions, for a total of 203 ions in the unit cell. Isolating the trivalent gadolinium sublattice,
we see that the gadolinium ions form a network of corner-sharing equilateral triangles (figure 6.2b),
which is topologically equivalent to a kagome tiling (figure 6.2c), typically called a hyper-kagome
lattice [52]. Gd3+ has the electron configuration [Xe]4f7 with ground state term Symbol 8S7/2,
and is therefore, a Kramer’s ion. Because it is a Kramer’s ion, the ±MJ degeneracy remains
regardless of the crystal field symmetry, so “up” and “down” states are still accessible. The nearest
neighbor exchange interaction ξij = −1.5K [80], indicating the Gd ions couple anti-ferromagnetically.
Therefore, this crystal satisfies the anti-ferromagnetic interaction and lattice geometry requirements
for a spin liquid phase, which it has below ∼ 2K [70, 71].

This crystal has several other magnetic phases. With no externally applied magnetic field, below
150mK this crystal enters what has been termed a spin protectorate phase [23]. In this phase, islands
of aligned magnetic moments develop in the spin liquid phase. These islands are non interacting
and behave similarly to macroscopic spin systems like magnetic iron-oxide nanoparticles. They are
theorized to nucleate on defect regions in the crystal. With an applied magnetic field below 2K, the
crystal enters a long-range ordered anti-ferromagnetic phase [32].
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(a)

(b)

(c)

Figure 6.2: (a) A unit cell of GGG. The spheres indicate: (purple) gadolinium, (green) gallium and (red) oxygen
ions [63]. (b) The Gd sublattice of GGG projected along the [111] direction. (c) An example of the 2D kagome tiling.
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6.3 Neodymium-doped GGG

In order to explore the spin protectorate phase of GGG, we need a method that is capable of
exploring the local environment of a protectorate at the time scales at which spin dynamics are
likely to occur. Currently, AC magnetic susceptibility measurements are capable of measuring near
the time scales necessary, but it measures the average response of the crystal, which includes the
background spin liquid dynamics. Other techniques, like neutron scattering and muon scattering,
are capable of probing locally but not at the nano- to picosecond time scales at which dynamics are
hypothesized to occur. Thus, we need to develop a technique to probe the local environment of a
crystal in the ultra-fast regime.

Ultra-fast optical measurements are a mature and well developed technique for these time scales.
Unfortunately, due to the diffraction limit, optical measurements are limited to measuring on the
length scale of hundreds of nanometers. To overcome this limit, we use an optically active, magnetic
dopant as a local probe. The behavior of this probe can be measured using ultra-fast measurements,
and at low concentrations single dopants can be measured to provide truly local information.

We use trivalent neodymium as our probe. Nd3+ has several properties that make it ideal for
this system:

1. It is a Kramer’s ion with ground state 4I9/2, so if it couples to the spin liquid phase, it will be
capable of cooperating in the spin dynamics.

2. Its ionic radius (112.3pm) is similar to Gd3+ (107.8pm) [82], so it minimally distorts the GGG
lattice.

3. It emits in the NIR, so its transitions are easily accessible spectroscopically.

For this study, we purchase neodymium-doped GGG (Nd:GGG) in three different concentrations:
1.0, 0.5 and 0.1 at. %. At the highest dopant level, there is less than one dopant ion per unit cell1 of
the crystal. Thus, any Nd-Nd interactions are unlikely to occur in any of these samples. Neodymium
ions preferentially substitute for gadolinium in this lattice. If they do not disrupt the spin liquid
phase, they will be actively participating in the frustrated phase, which departs from a previous study
on manganese-doped GGG. Because manganese is a transition metal, so it substitutes for gallium,
which means it is not a member of the sublattice that forms the spin liquid phase. Linebroadening
was observed for this sample at low temperatures, which was attributed to manganese coupling to
the spin liquid phase [12]. Thus, dephasing should also be seen in the Nd spectrum and because it
substitutes Gd, its dynamics will be correlated with the dynamics of the spin liquid phase.

6.3.1 Spin Liquid Behavior Enhancement

Measurements to confirm that the neodymium dopant does not disrupt the spin liquid phase
were performed by collaborators at the University of Chicago. They measured the AC magnetic
susceptibility of undoped and doped samples. AC magnetic susceptibility is capable of measuring
the effects of driving fluctuating magnetic systems. This technique is similar to performing an
optical absorption measurement in that an oscillating magnetic field is applied to a sample. The

1#Nd per unit cell = 1.0 at % × 24 Gd ions per unit cell = 0.24 Nd per unit cell
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Figure 6.3: Imaginary component of AC Magnetic Susceptibility of undoped and Nd doped GGG plotted as a
function of driving frequency and temperature, showing broad peaks around 50Hz resulting from the spin liquid
phase [99].

frequency of the AC magnetic field is swept, and the complex magnetic susceptibility of the sample is
recorded. The imaginary component of the AC magnetic susceptibility is related to energy dissipation
mechanisms [61], similar to how the optical absorption of a sample is the imaginary component of
the dielectric tensor [6].

The signature of a spin liquid phase in AC magnetic susceptibility is a diffuse peak in the
imaginary susceptibility owing to the range of time scales on which spin fluctuations can occur. The
temperature and concentration-dependent imaginary component of the AC magnetic susceptibility
of Nd:GGG is plotted in figure 6.3. At the highest temperature measured (300mK), which is well
within the spin liquid phase of GGG, the spin liquid response is observed in the doped samples. As
the sample is cooled further, this response disappears for the undoped sample but persists to lower
temperatures for the doped samples. Thus, the doped samples have a higher frustration index than
the undoped samples, indicating that the Nd dopant enhances the frustration in the Gd sublattice
rather than disrupting it [99].

6.3.2 Neodymium (III) Energy Level Structure

The Gd site Nd occupies as a dopant has point group symmetry D2 (orthorhombic, figure 6.4a),
which fully lifts the ten-fold degenerate 4I9/2 ground state and four-fold degenerate 4F3/2 first excited
state up to Kramer’s degeneracy. Thus, the optical spectrum of the first excited to ground state
transitions will consist of ten lines.

Furthermore, with low probability, Nd will substitute for Ga in what will be considered an
anti-site defect2. Gallium takes two inequivalent Wyckoff positions within the lattice, one with
S4 (tetragonal, figure 6.4b) point symmetry and the other with C3i (trigonal, figure 6.4c) point
symmetry. These point groups also have low enough symmetry to fully break the degeneracy of

2An anti-site defect is when an atom takes the place of a different atom within the lattice.
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(a) (b) (c)

Figure 6.4: The oxygen ligand positions surrounding the sites of (a) D2, (b) S4 and (c) C3i point symmetry.

Figure 6.5: Emission spectrum of Nd3+ in GGG doped to 1 at. % concentration at T = 50K.

trivalent neodymium’s ground and first excited states. This is particularly true because Ga and Nd
have vastly different ionic radii, thus the point symmetry of these positions is likely lowered even
further due to lattice distortions. Therefore, there will be ten transitions present in the emission
from each of these anti-site defects. Overall, the total emission summed over each of the three crystal
positions results in 30 spectral lines.

Finally, as macroscopic crystals, there is expected to be a wide distribution of crystal defects
that result in stress and strain in the crystal. Therefore, the optical spectrum measured from these
samples will consist of 30 inhomogeneously broadened lines, resulting from crystal strain, and the ten
transitions emitted from the three crystallographic positions the Nd ions occupy. A raw spectrum
of these levels is plotted in figure 6.5. These 30 transitions are present but heavily overlapping, thus
Voigt fits are necessary to deconvolute each of these transitions.

6.4 Experimental Procedure

To detect the optical signature of the influence of the spin liquid phase on neodymium, we
cool the samples while monitoring the emission from the 4F3/2 →4 I9/2 transition. AC magnetic
susceptibility confirmed that these samples have a spin liquid phase, thus the ground state of Nd
must be participating in it. Due to the spin fluctuations arising not only from the spin-flipping from
the J i

zJ
j
z coupling but also the fluctuations in the x- and y-components of these operators, we expect
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the spin liquid phase will behave as a dephasing mechanism, which means it causes homogeneous
broadening of the optical spectrum.

To perform this study, we place the Nd:GGG crystals in a cryostat capable of achieving tem-
peratures of 5K. The samples are excited using a Coherent Mira 900-D Ti:Sapphire laser tuned
to 808 nm, which is resonant with the absorption peak of the ground-to-second excited state tran-
sition. In contrast to the experimental procedure of the previous chapter in which we used higher
excitation energy than the energy gap between the ground and excited state, here we choose to
use near-resonant excitation. Exciting an atomic system with energies larger than the ground state
absorption peaks results in the atom entering a highly excited state. We choose this near-resonant
excitation because decay pathways from these highly excited states usually generate phonons. En-
ergy difference between highly excited states are small as a result of the inverse n2 dependence of the
eigenenergies of the hydrogenic Hamiltonian. These small energy differences typically have the same
energy scale as the phonon density of states, which is why decay via phonon emission is likely to
occur. These phonons modify the optical properties of ions in the crystal, as seen in figure 6.6a which
exhibits a broad, diffuse background and quenched emission under high energy (532 nm) excitation
as compared to near-resonant (808 nm) excitation. Furthermore, phonons generated as a result of
high energy excitation can cause the GGG to remain paramagnetic, resulting in the disruption of
the spin liquid phase. Therefore, we use near-resonant excitation because it minimally affects the
optical properties of the probe ions and the magnetic state of the lattice.

Under near-resonant excitation the Nd ions are excited to the 4F5/2 state which decays via the
emission of an optical phonon, which has an energy of 882 per cm, to the 4F3/2 first excited state
(figure 6.6b). Under the low excitation power (20 µW) used in this experiment, the single phonon
generated under this excitation scheme negligibly effects the Nd emission spectrum. We use an
Acton 2-300i spectrometer coupled to a thermoelectrically cooled PIXIS 100 CCD, which measures
the spectra with a resolution of 0.2 cm−1. Because we are interested in quantifying the homogeneous
broadening of these samples with the best possible accuracy we measure the fluorescence spectrum
in units of wavenumbers to remove asymmetry caused by using wavelength.

The stark split levels of the 4I9/2 manifold, labeled Z1−Z5, and the levels of the 4F3/2 manifold,
labeled R1 and R2, are closely spaced. Thus, there is a high degree of spectral overlap between the
Z1 through Z4 levels. The Z5 level is separated substantially from the other levels in the ground
state manifold. As a result, we choose to track the emission of the Rn → Z5 levels. This has a
couple of benefits:

1. The energy separation between the Z4 and Z5 level is on the order of 750K; consequently,
thermal excitation between Z1–Z4 to the Z5 level will not be an effect that needs to be
accounted for at the temperature scales of the measurement.

2. Data analysis does not need to include the other transitions in the manifold (figure 6.6c), so
fits to the data are more accurate than fits to the other transitions, which would require fitting
24 transitions simultaneously as opposed to six.
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Figure 6.6: (a) A comparison of the Nd3+ emission under 532nm and 808 nm excitation at 10K with 1 at. %
doping concentration. (b) Energy level diagram of Nd3+ in GGG indicating the excitation (orange arrow) and decay
pathways (blue and red arrows) being measured. (c) The spectrum of the Z5 transitions at 50K with 1 at. % doping
concentration. The solid lines are Voigt fits to the transitions from each of the inequivalent crystal positions that Nd
can occupy.
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Figure 6.7: (a-c) The spectral weight of the R1 (closed squares) and R2 (open squares) to Z5 transitions originating
from the D2, C3i and S4 crystallographic positions as a function of temperature and concentration. The dashed line
indicates 50%. (d-f) The cumulative spectral weights of the total emission from each of the crystallographic positions
in the set of Z5 transitions as a function of temperature and concentration.

6.5 Transition Spectral Weight

To confirm our interpretation that the six peaks in the Rn → Z5 spectrum are from anti-site
dislocations rather than some other defect, like the presence of another kind of atom, we track the
spectral weight of each transition. The first set of spectral weight analysis is calculated by taking
the area parameter of the Voigt fits and computing the total area of each set of R-lines for each
lattice position the Nd ions can occupy. We then divide the area of each transition by the total area
of the set it belongs to:

SW(q, n) =
Aq

Rn

Aq
R1

+Aq
R2

, where q ∈ {D2, C3i, S4}. (6.5)

With this calculation we directly compare the area of each transition at every lattice position,
temperature and concentration. Plotting these spectral weights (figure 6.7), we find that the spectral
weight of the R1 → Z5 and R2 → Z5 lines generally follow the same trends, with slight deviations
occurring between the different lattice positions. Specifically, these spectral weights follow the trend
observed for thermal depopulation of a two-level system, i.e., Fermi-Dirac statistics. In this case, the
two-level system is the R1 and R2 levels of the excited state. Furthermore, because we see this same
functional form, rather than another functional form, not only in the transition for Nd occupying
the D2 position but also for the C3i and S4 positions, we deduce that these transitions result from
Nd occupying other lattice positions.

Next, we can compare the total area of the transitions at each lattice position to the total area of
the six observed lines. This comparison gives us a way to compare the intensity of anti-site emission
to the emission intensity from the proper dopant position. We will call this quantity the cumulative
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Figure 6.8: (a) The homogeneous linewidth of the R1 → Z5 transition as a function of temperature for three doping
concentrations. (b) A comparison of the anomalous linebroadening at low temperatures to the broadening predicted
for the Raman scattering mechanism.

spectral weight:
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, where q ∈ {D2, C3i, S4}. (6.6)

The most noticeable trend is the decrease in the cumulative spectral weight of the emission from
the D2 site with increasing dopant concentration. This behavior corresponds to a relative spectral
weight increase of the C3i site with dopant concentration. In fact, the increase in cumulative spectral
weight at low temperature for the C3i site corresponds to a linear trend with a slope of 0.005 in
units of spectral weight per concentration. This correspondence suggests that at higher dopant con-
centrations, this defect site has a higher probability of being occupied. Interestingly, the cumulative
spectral weight of the S4 site stays constant with increasing dopant concentration. This is likely
because there are 24 C3i positions and 16 S4 positions within the unit cell making the C3i site more
likely to be occupied than the S4 site.

6.6 Optical Signature of Nd-Spin Liquid Coupling

As we cool the samples, the homogeneous linewidth of the R1 → Z5 transition narrows as
expected when phonons freeze out of the crystal. Below 30K the homogeneous linewidth begins
to broaden and continues to do so down to the lowest measured temperatures (figure 6.8a). This
broadening is contrary to the behavior observed in other neodymium (III)-doped crystals in which
the homogeneous linewidth of this transition narrows to a constant value at the lowest temperatures,
a result accounted for by the Raman scattering mechanism [50, 96].

In figure 6.8b, we subtract the narrowest linewidth achieved to highlight the broadening behavior
below 100K. Super-imposed we have plotted the linebroadening caused by the Raman scattering
process, assuming the debye temperature of the crystal is that of GGG (TD = 520K) with a typical
value for the coupling constant for rare-earth doped garnets (W = 0.1). Notice that the Raman
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scattering process completely freezes out by 80K and has no low temperature broadening in the
region where anomalous broadening is observed. Thus, the broadening is not caused by the process
which normally causes dephasing in other Nd-doped crystals. Furthermore, the effect is most dra-
matic for the 1.0 at. % doped sample, which is commensurate with the AC magnetic susceptibility
data which indicates this sample has the largest frustration index.

6.6.1 Nd:GGG Temperature Dynamics

From the homogeneous broadening data, we see that anomalous broadening begins around 40K,
which is much higher than the paramagnetic-to-spin liquid transition temperature of GGG (2K).
This discrepancy can be caused by islands of spin liquid phase nucleating in the paramagnetic phase.
As the temperature of the crystals is reduced, these islands begin to grow until the spin liquid phase
transition where most of the lattice is in the spin liquid phase and where we expect the homoge-
neous linewidth to plateau at some value higher than the natural linewidth of the transition. This
interpretation is supported by Monte Carlo simulations of classical Heisenberg anti-ferromagnets on
a hyper-kagome lattice [105] and a Spin-1/2 Kitaev anti-ferromagnet on a honeycomb lattice [66]. In
these systems, the ordering parameters of these lattices have a sigmoidal dependence as a function
of temperature, which plateaus below the spin liquid transition temperature.

In addition, we can predict the time scale of these dynamics from the homogeneous linewidth.
From the data (figure 6.9), we see dephasing on the order of picoseconds. Because this time scale

Figure 6.9: The low temperature dephasing time calculated from the homogeneous linewidth data for R1 → Z5

emission from the D2 site at all concentrations.

is much faster than the 50Hz dynamics seen in the AC magnetic susceptibility data, we deduce
this result is likely due to spin procession, which is a faster fluctuation than spin flipping in the Jz
component of the total spin.

6.7 Spin Fluctuations as a Pure Dephasing Mechanism

In our model for the spin dynamics at low temperatures, the up and down states are degenerate
in the spin liquid phase. Thus, dephasing caused by spin fluctuations should not cause energy to be
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gained or lost by the Nd ions participating in the spin liquid phase. This mechanism should be a
pure dephasing mechanism. The Raman scattering process would be an example of a process that
is not purely dephasing because it is accompanied by energy shifts due to phonons sending the ion
into a virtual vibronic state with a different energy than the pure electronic state. Therefore, by
tracking the energy of the D2 transition, we expect to see the effect of phonons at high temperature
but no shifting due to the spin liquid coupling at low temperature.

Figure 6.10: R1 → Z5 center energy as a function of temperature and concentration from the D2 site. The raw data
are in squares and the expected behavior (solid lines) calculated using equation 3.34 with TD = 520K and W = 0.1.

We have plotted that data in figure 6.10, which shows redshifting as a function of decreasing
temperature, which is commensurate with the Raman scattering process. Furthermore, there is a
high-temperature deviation between the data and the prediction based on of the Raman scattering
model of Hsu and Skinner [34], which assumes the Debye approximation is correct. This deviation
is likely due to thermal expansion and compression of the crystal [104], which modifies the phonon
density of states. At low temperatures, we see that the center energy decreases to a constant
value as expected. This confirms that we are seeing a pure dephasing mechanism in the form of
neodymium-spin liquid coupling.

6.8 Conclusion & Future Direction

Optical detection of the effects of the spin liquid phase of GGG was demonstrated in the flu-
orescence of trivalent neodymium dopants. Coupling of neodymium to the gadolinium ions via a
Heisenberg interaction allows spin fluctuations to affect the states of the neodymium. This manifests
as a dephasing mechanism whose optical signature is homogeneous broadening of the natural line
width with a simultaneous absence of energy shifting of the first excited-to-ground state transition.
As the temperature of the GGG crystals is reduced, dephasing caused by phonons becomes negli-
gible. Therefore, the only mechanism available for homogeneous broadening at low temperature is
the presence of the spin liquid phase.

Future work based off of this experiment can go in several directions. GGG is still being studied
to understand the structure of the spin protectorate phase present at 150mK. To study this, the
next step would be to repeat the presented measurement using ultra-low doping concentrations
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in order to achieve single dopant detection using conventional optical methods [49]. This should
be done in conjunction with a narrow line width, frequency stabilized, tunable laser as well as an
ultra-high resolution spectrometer, which are needed to measure the true homogeneous linewidth
of the Nd3+ emission which is likely on the order of kHz. In addition, a facility with a dilution
refrigerator should be used to cool the GGG crystals through their spin protectorate phase so Nd-
spin protectorate coupling can be studied. Finally, if coupling between Nd ions and spin protectorates
can be confirmed, this material could potentially be used for quantum information processing. The
narrow line width laser could be used for spin echo type measurements which would be the basis for
a protocol to read and write information to the spin protectorates, similar to the optical protocol
for addressing quantum memories made with rare earth doped ceramics [54].

Studies of other spin liquid materials via rare earth probing would be beneficial for the advance-
ment of our understanding of geometrically frustrated magnetic systems, particularly of magnetic
dynamics. The method detailed here could also be used to identify spin liquid behavior in other
materials. These studies would be particularly important because there are currently only a handful
of materials known to posses a frustrated magnetic phase and these materials have the potential to
be the basis for quantum information processors [51].

In conclusion, we doped the geometrically frustrated magnet, gadolinium gallium garnet, with
low concentrations of trivalent neodymium. The neodymium coupled to the frustrated magnetic
lattice via a Heisenberg interaction. This resulted in the spin fluctuations inherent in the spin liquid
phase to act as a dephasing mechanism, which homogeneously broadens the Nd emission. The
homogeneous linewidth indicates that the time scale of the spin dynamics of GGG are on the order
of 1.2ps and that spin liquid correlations develop as microstates of the lattice well above the 2K
paramagnetic-to-spin liquid phase transition temperature.



Appendix A

Common Spectroscopy Lineshape
Functions

A.1 Lorentzian Distribution

This function typically describes the intensity of a dipole, quadrapole, etc. transition as a function
of frequency.

L(x;x0,Γ, A) =
A

π

Γ/2

(x− x0)
2
+ (Γ/2)

2 (A.1)

x0 is the position of the peak of the distribution.

Γ is the FWHM.

A is the total area of the distribution.

A.2 Fano Distribution

This function arises in situations when a system with discrete energy levels, like a quantum dot,
couples to a system with a continuum of energy levels, like phonons in a crystal. It is important to
note that the scaling parameter Ξ does not necessarily represent the area of the distribution because
it is possible for the area to be unbounded for certain values of q. The Fano distribution reduces to
the Lorentzian distribution when q → ∞.

F (x;x0,Γ, q,Ξ) = Ξ
(q(Γ/2) + x− x0)

2

(Γ/2)
2
+ (x− x0)

2 (A.2)

x0 is the position of the peak of the distribution.

Γ is the FWHM.

Ξ is a scaling factor.
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q is called the Fano parameter.

A.3 Gaussian Distribution

The Gaussian or normal distribution arises in many areas of science, particularly because the
central limit theorem applies to many measurements. In spectroscopy, it is often seen when a random
process acts on an ensemble of emitters, the most famous example being Doppler broadening.

G(x;x0, σ, A) = A exp

(
− (x− x0)

2

2σ2

)
(A.3)

x0 is the position of the peak of the distribution.

σ is the standard distribution of the distribution.

A is the total area of the distribution.

The full width at half maximum of the Gaussian distribution is

Υ = σ
√
8 ln(2). (A.4)

A.4 Voigt Distribution

The Voigt distribution generalizes the Lorentzian and Gaussian distributions allowing one to
model ensembles of emitters that are being acted upon by random processes.

V (x;x0,Γ, σ, A) =

∫ ∞

−∞
G(x ′)L(x− x ′)dx ′ (A.5)

= A
Re[w(z)]

σ
√
2π

(A.6)

where
z =

(x− x0) + iΓ/2

σ
√
2

(A.7)

w(z) is the Faddeeva function.

x0 is the position of the peak of the distribution.

σ is the standard deviation of the distribution, also called the Gaussian width.

Γ is the Lorentzian FWHM.

A is the total area of the distribution.
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A.5 Fano-Gaussian Distribution

Like the Voigt distribution, the Fano-Gaussian distribution allows one to model inhomogeneously
broadened emission from systems experiencing Fano resonance, which is often seen in Raman spec-
troscopy. Note that as the Fano parameter q → ∞, the Fano-Gaussian distribution approaches the
Voigt distribution as we would expect.

FG(x;x0,Γ, σ, q,Ξ) =

∫ ∞

−∞
G(x ′)F (x− x ′)dx ′ (A.8)

=
A

σ
√
2π

{[
1− 1

q2

]
Re[w(z)]− 2

q
Im[w(z)]

}
(A.9)

where
z =

(x− x0) + iΓ/2

σ
√
2

(A.10)

w(z) is the Faddeeva function.

x0 is the position of the peak of the distribution.

σ is the standard deviation of the distribution, also called the Gaussian width.

Γ is the Lorentzian FWHM.

q is the Fano parameter.

Ξ is a scaling parameter.

A.6 Log-Normal Distribution

The log-normal distribution is an asymmetric distribution typically associated with particle size
scaling in solutions.

LN(x;µ, σ,A) =
A

xσ
√
2π

exp

(
− [log(x)− µ]

2

2σ2

)
, x > 0 (A.11)

µ is the location parameters of the peak.

σ is the width parameter of the peak.

A is the area of the distribution.
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