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MASS TRANSFER TO A PLANE BELOW A ROTATING DISK 

Robert Victor Homsy 

Inorganic Materials Research Division, Lawrence Berkeley Laboratory and 
Department of Chemical Engineering; University of California 

Berkeley, California 

ABSTRACT 

Mass transfer to a stationary disk imbedded in a plane below a 

rotating disk is studied both theoretically and experimentally. For 

a disk of uniform surface concentration, a diffusion-layer solution 

is found which breaks down in two regions (one at the center and one 

at the leading edge of the mass-transfer section). The mass-transfer 

rate is solved in these regions; near the center it is the same as 

has been found in the rear region of an axisymmetric bluff object in 

Stokes flow. When the system is treated as an electrochemical system, 

it is found that the current distribution on the electrode becomes 

more nonuniform as the limiting current is approached. An experiment 

is reported in which the local mass-transfer rate was measured using 

electrodeposition of copper at the limiting current. The deposit 

thickness profile shows good agreement with that predicted theoretically. 

The mass-transfer rate at the center of the electrode is higher than 

was expected, owing possibly to natural convection or misalignment of 

the rotating disk above the plane. 
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I. INTRODUCTION 

1.1. Background and Incentive 

" Much work has been done investigating the rate of mass transfer 

to the rear ofaxisynunetric bluff objects in creeping flow. Sih and 

Newmanl examined the breakdown of the diffusion-layer solution at 

the rear of a sphere by a singular perturbation analysis valid at 

high Peclet numbers. They found that many regions of different mass-

transfer mechanisms were required to describe the transport phenomena. 

The mass-transfer rate at the rear was found to be small but not zero, 

as predicted by the diffusion-layer solution. 
2 

Newman later generalized 

the treatment to any two dimensional or axisymmetric bluff object in 

creeping flow. Thus, from a theoretical point of view, the mass-

transfer process at high Schmidt numbers was resolved. There is a 

long history of experimental difficulties in measuring the rate of 

mass transfer in the rear region, primarily due td natural convection 

arising from concentration changes near the surface. 3 Garner and Keey 

measured the rate of dissolution of benzoic acid spheres. Results 

at low Reynolds number flows were obscured by natural convection. 

·4 Dimopoulos measured the rate of mass transfer to a circular cylinder 

using cathodic reduction of ferrocyanide ion. Fluctuations in the 

mass-transfer rate at low flow rates were observed and attributed to 

natural convection caused by temperature variations. More recently, 

5 Sih used a system similar to that used by Dimopoulos, except with 

excesspotasium nitrate instead of sodium hydroxide as supporting 

electrolyte. Elaborate steps were taken to eliminate temperature 
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variations in the system; however, natural convection due to concentra-

tion changes obscured the desired results. Thus, experimental 

verification of the theoretical prediction of the mass-transfer rate 

at the rear of an axisymmetric bluff object has not been made. 

The system of concern in this thesis is shown in Figure I and 

consists of a fluid driven by a rotating disk above a stationary plane. 

Mass transfer is allowed to take place on a coaxial disk imbedded in 

the ,plane. As will be shown herein, the mass-transfer rate to a disk 

of uniform concentration in the region near its center is the same 

2 
as in the rear region of an axisymmetric bluff object in Stokes flow. 

Thus, the plane below a rotating disk appears to be a promising 

experimental system for measuring the local mass-transfer rate in 

this region. 

Electrodeposition of copper at the limiting current seems to be 

a well suited method of measuring the rate of mass transfer to the 

plane. The thickn~ss of the deposit is proportional to the local 

mass-transfer rate. This method, now common in electrochemical 

6 studies, has been used successfully by Marathe and Newman to study 

the current distribution on a rotating disk electrode below the 

limiting current. Natural convection on the plane, which has been 

7 studied extensively on horizontal electrodes by Fenech and Tobias, 

8 9 Wragg, and Wragg and Loomba, would be expected to be in the same 

direction as the forced convection due to the rotating disk. This 

situation is in contrast to the experimental systems mentioned 

previously, where natural convection was,in a direction perpendicular 

to the forced convection flow. 
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L 

Moss-transfer disk 

XBL7212-4966B 

Figure 1-1. Mass-transfer disk imbedded in a stationary plane 

below a rotating disk. 
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1.2. Scope and Structure of the Thesis 

This wor~ deals both theoretically and experimentally with mass 

transfer to a stationary disk imbedded in a plane below a rotating 

disk. Part II deals with the hydrodynamics of the system and with 

mass transfer to a disk of uniform concentration as well as to a disk 

of uniform flux. This section is essentially the same as reported 

10 by Homsy and Newman; however, more detail has been added. In 

part III the system is treated as an electrochemical system in which 

the mass-transfer disk is an electrode. The behavior of the system 

is examined at currents below the limiting current. This work has 

11 been reported by Homsy and Newman. Part IV is devoted to the experi-

mental measurement of the local mass-transfer rate to a plane below 

a rotating disk using e1ectrodeposition of copper at the limiting 

current. 
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II. MASS TRANSFER TO A PLANE BELOW A ROTATING DISK 

This section is based on reference 10. 

Exact solutions to the Navier-Stokesequations in rotating systems 

are often possible and permit the subsequent theoretical treatment of 

heat or mass transfer. The high-Schmidt-number analysis of mass 

transfer from axisymmetric bodies is of special interest in transport 

phenomena since Schmidt numbers for many chemical and electrochemical 

systems are large and a diffusion-layer solution to the equation of 

convective diffusion is possible. 

The system under investigation here consists of a fluid driven by 

a disk which is rotating above a stationary plane. Hass transfer is 

allowed to take place on a coaxial disk imbedded in the plane. The 

system is shown in Figure 1-1. Mellor, Chapple and Stokes12 have 

obtained an exact solution to the equations of motion for this problem. 

For large Schmidt numbers this problem affords an excellent situation 

in which to apply the Lighthill13 transformation to obtain a similarity 

solution to the convective diffusion equation. In this section we 

obtain a diffusion-layer solution and examine the regions in which this 

solution breaks down, so as to provide a complete representation of 

the mass-transfer process. 

Recently Smith and Colton14 have treated the problem of·mass 

transfer between a fluid in solid-body rotation and a coaxial, 

stationary disk. The complete equation of convective diffusion was 

solved for various boundary conditions on the disk at various Schmidt 

numbers. 15 In a companion paper, Colton and Smith report experiments 

conducted on the same system. 
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2.1. Hydrodynamics 

Mellor, Chapple and Stokes
12 

have solved the equations of motion for 

flow between an infinite rotating disk and a stationary plane. The treat-

ment is much the same as for the rotating disk. A von Karman transforma

tion16 reduces the problem to a set of coupled, ordinary differential 

equations. Details of this transformation may be found in Appendix A. 

The radial velocity component is given by 

v = rr2F(I:;) 
r 

(2-1) 

where l:;=y/r2/v. One parameter, a dimensionless separation distance Z, 

remains in the dimensionless problem. 

Z = L/r2/v (2-2) 

The square of this parameter is known as the Ekman number. 

For the treatment to follow we will need the radial velocityderiva~ 

tive F'(O) evaluated at the surface of the plane. Figure 1 shows this 

derivative as a function of the dimens~onless separation distance Z. 

This plot was prepared from the results of Melloret al. and our own 

numerical calculations. These results are also summarized in Table 1. 

The numerical scheme and program may be found :in Appendix A. It should be 

noted that convergence could not be obtained for Z greater than about 10. 

This problem is well known and has been reviewed by Mellor et al. They 

overcame this problem by using a different axial coordinate transformation 

and an iterative numerical procedure. Also contained in Appendix A is the 

asymptotic solution to the Navier-Stokes equations valid for small Z, 

F'(O) = - Z/15 + 0(Z5) . (A-12) 

This solution is approximately 3.5% in error in predicting F'(O) at Z=2. 

For large Z,F'(O) approaches the asymptotic value of -0.1622, which one 
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Figure 2-1. Radial velocity derivative at the surface of the plane asa function of 

dimensionless separation distance. 
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Table 2-1. Numerical results for the radial velocity derivative at the 

surface of the plane at various values of Z. 

z -F'(O) 

* 0.100 0.00666666 

* 0.200 0.0133333 

* 0.500 0.0333289 

* 1.000 0.0665207 

* 1.600 0.105160 

1. 761 0.1119 

* 2.000 0.128850 

3.115 0.1736 

* 3.500 0.178768 

4.382 0.1720 

* 5.000 0.157884 

5.486 0.1447 

6.819 0.1102 

8.240 0.0872 

9.844 0.0842 

*10.00 0.0862980 

10.78 0.1080 

11.36 0.1375 

11.94 0.1692 

13.95 0.1861 

15.44 0.1808 

16.31 0.1758 

18.36 0.(1:603 

00 0.1622 

* Refers to results of our work; all other values were obtained from 
Mellor et a1.12 Their notation may be transformed to ours using 

Z = IR and F'(O) = h"(0)/[g(n.R)]3/2. 
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would obtain for a fluid rotating as a solid body with angular velocity 

w=AJ2 above a stationary plane. This latter problem was first solved by . 

Bodewadt. 17 The flow near the rotating disk has been calculated by Rogers 

and Lance 18 
and corresponds to the problem of a fluid in a state of solid 

body rotation above a rotating disk. The value of \=0.3095 may be deter-

mined from the ratio of the asymptotic value of F'(0)=-0.1622 for large 

Z obtained by Mellor et al. and the value F' (0)=-0.94197 corresponding 

to the Bo'dewadt solution. The same result may be obtained by matching 

the axial velocity for the Bodewadt problem with that studied by Rogers 

and Lance. A similar result has been noted by Tomlan and Hudson. 19 

2.2. Regions of Different Mass-Transfer Mechanisms 

As shown in Figure 1-1, the mass-transfer system consists of a 

stationary disk of uniform concentration which is imbedded in a plane 

below a rotating disk •. At high Schmidt numbers, mass transfer takes place 

in a thin diffusion layer near the surface of the plane. A careful 

analysis shows that there are two more regions (one at the center and one 

at the leading edge of the stationary disk) having different mass-transfer 

mechanisms. A sketch of these regions is shown in Figure 2. 

Region 1: The diffusion layer 

In this region, convection and diffusion normal to the disk are im-

portant, while radial diffusion is negligible. The Lighthill transforma~ 

tion13 provides a similarity solution to the convective diffusion equation, 

20 21 as pointed out by Acrivos. Newman has shown how to apply this trans-

f 22 ormation to an axisymmetric body and more recently to the case of a 

rotating sphere. At high Schmidt numbers, the diffusion layer is thin com-

pared to the hydrodynamic boundary layer. It is then valid to approximate 

the radial velocity in this region by the first term in an expansion in 



Pe=- i F'(O) Sc Re3/2 

1 Pe -112 

X·8 L 7212 - 4964 

Figure 2-2. Regions of different mass-transfer mechanisms on the stationary plane. 
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v = -ySCr) 
r 

C2-3) 

where S = - ov /oy at y=O. With this approximation and the equation 
r 

of continuity, the convective diffusion equation in cylindrical 

coordinates is 

2 
yS de _ ! y2 CrS) I ~ye = D (d e + ! L r de ) 

dr . 2 r ov dy2 r dr dr . C2-4) 

For uniform concentration on the disk and neglect of radial diffusion, 

the Lighthill transformation yields the solution to equation 4 

e = 
1 

1 
f(4/3) 

3 

i n e-X 
o dx 

o 
o 

in terms of the Lighthill similarity variable, 

(2-5) 

C2-6) 

where ~ = r/r is a dimensionless radius and Pe = Sr 3/2rD is a 
o 0 

Pecletnumber. For the problem studied here, we have from equation! 

that S = -r~/~/v F'(O), so that Pe 1 3/2 2 2 F'CO) SC Re and Re = ro ~/v 

is the Reynolds number based on the radius of the mass-transfer disk. 

23 
The function in equation 5 is tabulated by Abramowitz et al. 

The local Nusselt number" is then given by 

= 2~ [ 2Pe Jl
/

3 

f(4/3) 3(1_~3) 
(2-7) 
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Region 2: Central region 

The diffusion-layer solution would be expected to break down in 

a small region near the center of the disk, due to the neglect of 

radial diffusion. In this region none of the components of convection 

or diffusion dominates. If stretched coordinates, 

s = 
r 
r 

o 

4P 1/3 
(~) 

3 
and 

4P .1/3 
Y = L (~) 

r 3 
o 

(2-8) 

are used, all the terms in the equation of convective diffusion, 

equation 4, are of the same order of magnitude. With a new dimension-

less concentration, 

8 
2 

the resulting equation is 

. 8 1/3 
8 r(4/3)( Pe) 

2 3 

ae ae 1. y2 _2 _ 1. YS 2· = 
2-a 82 1 a 
--+-
ay2S as 2 ay 2 as 

subject to the boundary conditions: 

1. e2 = ° at Y = 0, on the disk. 

2. a82/as = 0 at S = 0, at the axis of the system. 

(2-9) 

(2-10) 

3. 8 ~ YS at S 
2 

~ 00 , in order to match with the diffusion-layer 

4. 

solution. 

As Y ~ 00 , the term a2e /Cly2 should become negli'gible. 
2 

This elliptic equation is the same as that solved previously by 

2 Newman for mass transfer at the rear region of a bluff, axisymmetric 

body at high Schmidt numbers. The local Nusselt number for this 

region, 
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. 2 ae I = 1. 778 w
y=o 

(2-11) 

is shown in Figure 3. The value of NU
2 

at the center of the disk is 

1.998, while for large S 

ae 
2 

8Y 
-+ S + 0.4056 

S 

Region 3: Leading-edge region 

as s -+ 00 (2-12) 

In this region, diffusion and radial convection dominate, while 

axial convection is unimportant. This elliptic region, which extends 

beyond the diffusion layer near the leading edge, is even sm.aller than 

the central region, c.f. Figure 2. Leading-edge regions have been 

encountered by Newman
24 

in the high-Peclet-number analysis of the 

Graetz problem with axial diffusion and mass transfer to a plate 

in uniform·shear flow. Substitution of the stretched coordinates, , 

x = (1-~)1P.e and (2-13) 

into the convective diffusion equation 4 yields, in the limit of an 

infinite Peclet number, 

(2-14) 
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Figure 2~3. Local Nusselt number in the region near the 

center of the mass-transfer disk. 
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subject to the boundary conditions: 

1. 03 = 0 at V = 0, X > 0, on the disk. 

2. 'd0/'dV = ° at Y = 0, X < 0, on the plane upstream. 

3. 8
3 

+ 1 as X + _00 or as Y + 00, where concentration is at bulk 

value. 

4. As X + 00, the term should become negligible. 

t 24 
This elliptic problem has been solved by Newman. Figure 4 shows 

the dimensionless mass-transfer rate in the leading-edge region. Near 

~ = 1 the local Nusselt number, 

(2-15) 

y=o 

becomes infinite like l/Il-~ instead of 1/3 
l/(l-~) as predicted by 

the diffusion-layer solution, equation 7. For large X, the mass-

transfer rate matches with the diffusion-layer solution, which in 

terms of the variables of region 3 is 

'dO 
1 2 

1/3 
3 + r (4/3) (9X) as X +.00 

'dV y=o 
(2-16) 

2;3. Composite Solution 

What we have obtained thus far is, in effect, the first term of a 

singular-perturbation expansion for the local Nusselt number. The 

small parameter in this treatment has been l/Pe. A composite solution 

uniformly valid over the entire mass-transfer surface may be obtained 

by adding the solutions for the local Nusselt number in the various 

regions and subtracting the conunon terms, namely the outer limits of 
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the two inner regions 2 and 3. Thus, 

(2"';17) 

Substitution into this equation yields. 

Nu 
c 

~""7:2 -,- j~ [ 2pe
3 
Jl

/
3 

+ 11/3 (~-y821 -s) + he fr (4/3) a~31_ 
r(4/3) l 3(1-~) 2 0 y=o ~ ay y=o 

Fi'gure 5 shows the composite Nusselt number for Pe = 500, a value 

chosen small enough for the central region to be seen, yet large 

enough so that the solution remains asymptotic. The leading-edge 

region is too small to be seen here. 

where 

The average mass-transfer rat~ to the disk can be expressed as 

a = 2 (l3)1/3 = 1.9566 
=-r (~4"7:/ 3'-:-) 

(2-19) 

comes from the diffusion layer. 

The neglected term of order unity comes from a correction to the 

diffusion-layer solution due to inclusion of the next term in the 

radial velocity expansion, equation 3. Such an extension of the 

diffusion-layer solution was carried out by Acrivos and Goddard25 

for a sphere in Stokes flow. Similar but simpler extensions for 

26 27 other geometries are given by Newman and by Mohr and Newman. 
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Figure 2-5. Composite Nusse1t number as a function of dimensionless 

radius" for Pe = 500. 
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Contributions of the elliptic regions to the average Nusselt number 

-1/6 are of even higher order, viz. O(Pe . ) for the leading-edge region 

and O(Pe-2/3 ) for the central region. (These last results require 

consideration of the magnitude of the local Nusselt number in each 

region, the size of each region, and the cancellation of corrections 

to the diffusion-layer solution in Figure 4.) 

2.4. Uniform Flux on the Disk 

Smyrl and Newman28 have shown how to superpose the axisymmetric 

diffusion-layer solution to determine the surface concentration when 

the flux to the surface of the mass-transfer section is specified. 

For the case in which the flux is uniform, the exact solution, 

r 
o 

c (r) -
o - - ~-=---=-r(2/3) 

3 1/3 dcl 
(2Pe) dy f(8) , 

y=O 

is found, where 

f(8) 
1 1_83 

= -In + 
6 (1-8) 3 

1 tan-l (1+28) 

/3 /3 

and 

1 _ ~3 

(2-20) 

(2-21) 

(2-22) 

Figure 6 shows the surface concentration variation in this situation 

as a function of the dimensionless radius. 
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Figure 2-6. Surface composition variation as a function of 

dimensionless radius for the condition of uniform 

flux to the disk. Solution for region 1 for large 

Schmidt numbers. 
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2.5. Discussion 

For the case in which the mass-transfer flux to the disk is 

uniform, the surface concentration decreases monotonically from the 

bulk value at the leading edge to an infinitely negative value at 

the center of the disk. This behavior near ~ = 0 is typical of 

mass-transfer problems with constant wall flux in the region near 

the rear or trailing edge of a bluff object. 

Figure 5 provides a complete representation of the local mass-

transfer rate to a disk which provides a surface of uniform concentra-

tion. The composite Nusselt number is seen to be infinite at the 

leading edge and decreases monotonically to the value 1.998 at the 

center of the disk. A comparison of the results.obtained here may 

be made with the high-Schmidt-number results of Smith and Colton. 14 

They report the dimensionless mass-transfer rate in terms of a Stanton-

number group, which is related to the Nusselt number by 

= Nu r-F' (0)1
1

/
3 

2" l 2Pe J (2-23) 

For large Schmidt numbers, only the diffusion-layer solution contributes 

significantly in the region away from the center and edge. Thus, from 

equation 7 we have 

r(4/3) [
-F 1 (0) Jl

/
3 

3(1_~3) 
(2-24) 

which agrees well with the results of Smith and Colton for large 

Schmidt numbers. The average mass-transfer rate for the same case 

is given by 
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1 [-F' (0)]1/3 
r (4/3) 3 

(2-25) 

which for Bodewadt flow is 0.76114. Smith and Colton found a value 

of 0.168 by numerical solution of the complete partial differential 

equation of convective diffusion. 

The experimental results of Colton and Smith15 show in some 

cases that the mass-transfer rate does not go to zero at the center 

of the disk and thus resemble our Figure 5. However, a quantitative 

comparison suggests that this effect is due to natural convection 

rather than to the elliptic region 2 where radial diffusion is 

important. 

We have mentioned previously that the treatment presented hare 

may be extended to higher order terms in the. expansion for the Nusselt 

number. The diffusion-layer solution may be extended to include the 

second term in the radial velocity expansion, equation 3. The central 

and leading-edge regions must then match with this solution. This 

analysis is not treated here. 

., 
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III. CURRENT DISTRIBUTION ON A PLANE BELOW A ROTATING DISK 

This section is based on reference 11. 

II In this section we will regard the system treated in part II as 

an electrochemical system in which the mass-transfer disk is an 

electrode. The diffusion-layer solution to the equation of convective 

diffusion corresponds to conditions at the limiting current, where 

the ohmic potential drop in the solution can be neglected and the 

concentration of the reactant is zero at the electrode surface. The 

current distribution is then related to the rate of mass transfer 

by Faraday's law. At currents much below the limiting current, it 

is possible to neglect concentration variations near the electrode. 

The current distribution is then determined by the ohmic potential 

drop in the solution and by the electrode overpotentiais. The potential 

thus satisfies Laplace's equation. At currents below but an appreciable 

fraction of the limiting current, concentration variations cannot be 

ignored and. the current distribution is found by solving simultaneously 

for the concentration and potential distributions with electrode 

kinetic expressions applying at the surface of the electrode. We 

28-34 shall apply here the same procedure which has been used previously . 

for various geometries to study the behavior of this system at current 

densities below the limiting current. 

In the treatment of the problem the following assumptions are 

made: 
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1. The working electrode is a coaxial disk imbedded in an 

infinite, insulating plane. 

2. The rotating disk acts as a counter electrode at infinity. 

For the case in which the separation distance between the rotating 

disk and the plane is finite, Laplace's equation should be solved in 

a different way for the potential in the solution outside the diffusion 

layer, in order to account for the fact that the rotating disk is an 

insulator, or another electrode, as the case might be. An attempt 

was made to solve for the potential using the method of images as 

35 applied by Kasper; however, no simple way of summing the infinite 

series of images could be found. 

3. The flow is fully developed and laminar. 

4. Dilute-solution theory applies with constant diffusion 

coefficients, mobilities, and activity coefficients. 

5. Radial diffusion is ne-gligible, i.e., the contributions 

from the central and leading-edge regions will be neglected- (valid 

at high Peclet numbers). 

6. The treatment presented here applies to either metal 

deposition from a single salt solution or electrode reactions with 

an excess of supporting electrolyte. 

3.1. Mathematical Formulation 

28 
The axisymmetric diffusion-layer solution may be superposed 

to yield the concentration derivative evaluated at the electrode 

surface in terms of the derivative of the surface concentration 
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[9D 

dx 
o (3-1) 

where x = r -r is the distance from the edge of the electrode and 
o 

S is given in part II. Substitution for x and S yields 

dcl 
dy y=O 

where </> 

(1_</»1/3 

r [(4/3) o . 
(

2pe)1/3 (l;, dco I . 
3 Jo d<j> </>=</> 

o 

d</> o (3-2) 

The current density normal to the surface of the electrode is 

related to the concentration derivative by Faraday's law, 

i = 
nFD 
1-t 

dcl 
dy y=O 

0-3) 

where n is the number of electrons produced when one reactant ion or 

molecule reacts andt is the transference number. 

The potential in the solution outside the diffusion layer is the 

same as that for the rotating disk. At the surface of the electrode 

the potential is given by29 

¢ 
o 

= 

00 
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where Z = - z+ z_/(z+ - z_) for a single salt and -n with supporting 

electrolyte, P2m(lj!) is the Legendre polynomial of order of order 2m 

and lj! = ~ is the rotational elliptic coordinate at y=O. The 

expansion coefficients B are given by 
m 

B 
m 

= 
ZFr 

-KR-T--
o
- 7T 

(4m+1) [(2m) !] 2 

2(2m m!)4 

where K is the conductivity of the bulk solution. 

(3-5) 

The electrode potential is the sum of the potential drop in the 

solution ~ , the concentration overpotential n , and the surface 
0'· c 

overpotential n , s 

The concentration overpotential is taken to be36 

RT 

ZF 

c c 
[In (~) + t(l - ~)] 

Coo Coo 

(3-6) 

(3-7) 

while the surface overpotential may be related to the current density 

by the Butler-Volmer expression, 

i 
c 

].' (~)y [ (aZF ) 
o Coo . exp ~ ns -exp c- BZF n)] 

RT s 
(3-8) 

where i is the excl)ange current density at the bulk concentration, 
o 

and a, B, and yare kinetic parameters. It is convenient to refer 

the current density to the average limiting current density. The 

limiting current density, found by combining equations 3 and 2-7, is 
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given by 
i 

N S; 
iUm 

0 (3-9) = r (4/3) (1_S;3)1/3 J 

where 2 n ZF Dc 
(2Pe)1/3 00 

N = - (3-10) RTK(l-t) 3 

and 
i r ZF 

, J 0 0 (3-11) = RTK 

are dimensionless parameters. The average limiting current can be 

expressed as 

'2 fl = i
l

. S;dS; 
1m 

o 

i 
= _ =-::~o~ 

r (4/3) 
N 
J 

(3-12) 

Equations 2 to 8 constitute a set of seven equations containing 

the seven unknowns, c , dC/dY at y=O, i, ~ , B , n , and n. The o 0 m c s 

numerical method of calculation is the same as has been used 

32 previously, and is discussed in detail in Appendix B. There are 

six parameters which must be specified in the dimensionless problem: 

N, J, t, a, S, and y, along with the fraction of limiting current we 

wish to study. The latter may be set by specifying the current density 

at the leading edge of the electrode, i(l). Such a choice eliminates 

an iteration loop in the numerical procedure. 
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3.2. Results and Discussion 

Because mass transfer effects are important at higher current 

densities, we have used Tafel polarization (J=O) throughout in cal-

culating the current distributions. Figures 1 and 2 show respectively 

the dimensionless current density and concentration distributions on 

the surface of the electrode for N=lO at various fractions of the 

limiting current. All other parameters were arbitrarily set at 0.5. 

No more than ten iterations were required fo~ the results to converge. 

The dimensionless limiting current distribution, found by combining 

equations 9 and 12, is given by 

(3-13) 

Figures 3 and 4 show the effect of increasing N on the current density 

and surface concentration for a fixed current density at the leading 

edge (i/(i
l

. ) =L429).-The number of iterations required for 
1m 

convergence increased as N was -increased; 23 iterations were needed 

for N=lOO. 

Figure 1 shows that the current density rises monotonically from 

zero at the center of the electrode to a finite value at the leading 

edge for current densities b_elow limit ing. This behavior would be 

expected since both the limiting and primary current distributions 

are infinite at the leading edge of the electrode. The primary 

distribution is given by29 

i/( i
l

. ) = 0.5/A-~2 
- 1m 

(3-14) 
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Figure 3-1. Current distribution for Tafel polarization. 
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Figure 3-2. Surface concentration distribution for Tafel 
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,Figure 3-3. Effec~ of variation of N on the current distribution 

for Tafel polarization. 
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Figure 3-4. Effect of variation of N on the surface concentration 

distribution, for Tafel polarization. 
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The current density becomes more nonuniform as the limiting current is 

approached and may be seen to exceed the limiting current locally 

near the center of the electrode. This latter behavior has been 

29 31 32 34 observed for other geometries. ' " The surface concentration 

increases monotonically from zero at the center of the electrode to 

its bulk value at the leading edge (see Figure 2). As the current 

density approaches its limiting value, the surface concentration tends 

towards zero. Figures 3 and 4 show that as N is increased, both the 

current density and concentration distributions tend to be more uniform, 

as might be expected since the rate of stirring (Peclet number) is 

increased. 
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IV. EXPERIMENTAL MEASUREMENT OF THE RATE OF MASS TRANSFER 
TO A PLANE BELOW A ROTATING DISK 

As was mentioned in the Introduction, electrodeposition of copper 

seems to be ideal for measuring the local mass-transfer rate to the 

plane. Transport in electrochemical systems operated at the limiting 

current with excess supporting electrolyte to suppress ionic migration 

is governed by the same principles which apply to nonelectrolytic mass 

transfer. The concentration of the reactant in such cases is zero at 

the electrode surface. Thus, the thickness of the copper deposited 

on an electrode would be proportional· to the local mass-transfer rate, 

assuming a uniform density of copper. In this section we shall deal 

in detail with the design, operation, and results of an electrochemical 

system to deposit copper on an electrode imbedded in a stationary 

plane below a rotating disk. 

4.1. Apparatus 

The electrochemical system consists of four major pieces of 

equipment: a rotating disk, an electrode imbedded in an insulating. 

plane, an electrolytic cell, and a potentiostat. Figure I is a 

photograph of the equipment, showing the plane suspended below the 

rotating disk. The plane was designed to fit the rotating disk assembly, 

which was manufactured by Pine Instrument Company (Model PIR). The 

disk was driven by a belt, which could be set on various diameter 

pulleys for speed variation from about 0.2 to 5 times the motor drive 

speed (assuming no belt slip). 
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XBB 7312~7132 

Figure 4-1. Rotating disk and stationary plane apparatus. 
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Riddiford37 has made several s~ggestions for the design of a 

rotating disk electrode system, which may be applied here. He suggests 

that the radius of the disk, r
d

, should be much larger than the 

hydrodynamic boundary-layer thickness in order for the flow to 

approximate that predicted for an infinite disk in an infinite 

environment. In our system for small dimensionless separation 

distances Z, this condition has little measuring since the boundary 

layers on the disk and the p~ane meet one another. Thus, for small Z, 

say Z ~ 20, it seems reasonable to require that 

rd »L/2 . (4-1) 

For large Z, separate boundary layers of thickness Iv/0. form on the 

two surfaces, and it is meaningful to speak of the thickness of the 

boundary layer. Thus, for Z > 20 we require that 

rd » Iv/0. (4-2) 

Further, Riddiford suggests that the thickness of the disk and the 

radius of its shaft should be less than 1/15 and 3/10 of the 

radius of the disk, respectively. These conditions insure that the 

fluid above the disk does not swirl, so as to interfere significantly 

with the flow between the disk and the plane. Furthermore, the surface 

of the disk should be smooth and perpendicular to its axis of rotation; 

axial eccentricity should be a minimum. 
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Figure 2(a) shows the dimensions of the rotating disk, its 

radius being 1 inch. The disk was precisely machined from cast epoxy 

resin on a stainless steel shaft. The epoxy resin was made of 

10 parts Resin 826 (Shell Chemical Company) 

1 part LP 3 (accelerator, Thiokol Chemical Company) 

1 part D 40 (catalyst, Furane Plastics Company) 

(by weight) and cured for 16 hours at 65°C after pumping down in a 

vacuum to eliminate bubbles. The error in the perpendicularity of 

the surface of the finished disk to its axis of rotation was less than 

2.5 microns at the outer edge of the disk; this corresponds to an angle 

between them of less than 0.003 degrees. The axial eccentricity was 

less than about 40 microns. 

As may be seen in Figure 1, the stationary plane was suspended 

below the rotating disk by three lucite rods, which were bolted onto 

a horizontal supporting plate (hereafter referred to as plate 1). 

This plate was secured by four knurled-head bolts toa main supporting 

plate 2, which in turn was attached to the vertical assembly post. 

Plate I was slotted for the bolts to allow the plane to be positioned 

horizontally below the rotating disk. Plate 2 could be set at any 

height and angle on the assembly post. 

In order to facilitate easy removal of the electrode for polishing, 

measurement, and inspection, small electrode inserts were made which 

fit into the stationary plane. Figure 2(b) and (c) show the detail 

of the insert and the plane, respectively. The plane was made of lucite, 

and the insert cavity was turned concentric with its outer edge to within 
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15 microns. To form the insert, a copper rod of radius 0.25 cm was 

cast on center in epoxy resin, following the same procedure described 

previously for the rotating disk. The electrode insert fit snugly 

into the plane with an O-ring seal and was held by a bolt, which 

served also as the electrical contact. The copper rod was notched 

prior to casting so that it would not pull through the epoxy resin as 

the bolt was tightened. An insulated wire, attached to a copper 

washer on the securing bolt, passed to the potentiostat through a 

sealed hole, which was drilled radially through the plane. A small 

plug shown in Figure 2(d) was used to seal the bolt cavity, so that 

the only exposed metal surface below the supporting plates was the 

. copper electrode. 

A pyrex cylinder 4 inches deep and 7 inches in diameter served 

as the electrolytic cell. A schematic drawing of the system is shown, 

in Figure 3. The counter electrode was a 2 inch wide strip of 0.01 inch 

copper, which was wrapped around the wall of the cell. A direct-current 

potential was applied between the disk and the counter electrode by 

an electronic potentiostat, manufactured by Wenking Company of West 

Germany (Model 66 TS-l). The applied voltage was steady to ±0.03%. 

Current was measured through an irtternal shunt resistance, the voltage 

drop across which was plotted on a recorder made by E. H. Sargent and 

Company (Model SRG). The counter electrode was used also as the reference 

electrode, since its surface area was much larger than that of the disk 

electrode. 
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The temperature of the electrolyte was maintained constant by 

immersing the whole apparatus ina large constant temperature bath, 

controlled to ±O.loC by a "Thermonitor" made by E; H. Sargent and 

Company (Model SV). A NBS calibrated thermometer was used to measure 

the temperature of the electrolyte. 

The rotating disk was driven by one of the following three motors, 

all of which were manufactured \by Bodine Electric Company: (1) 58 rpm -

Type NSI-12R, (2) 500 rpm-Type NSE-llR and (3) 1800 rpm-Type NCH-34. 

Use of a particular motor was dictated by the rotation speed range 

desired. Motor 2 was a variable speed AC-DC type and was controlled 

by a speed controller made by Dayton Electric Manufacturing Company 

(Mode14X599). In order to eliminate any variation in motor speed, 

which might be caused by fluctuations in the laboratory AC power supply, 

a 115 volt AC voltage regulator made by Raytheon Manufacturing Company 

(Model VR5) was used. 

4.2. Procedure 

A number of techniques for measuring the local thickness of 

deposited surfaces have been reviewed by Marathe and Newman. 6 As a 

first try, a nondestructive method was sought. A "Surfanalyzer" 

(hereafter referred to as SA), an instrument which measures the vertical 

displacement of a probe as it moves horizontally across the surface 

of a specimen, seemed well suited to our needs. The SA was manufactured 

by Clevite Corporation (150 system, Model 21-1120-00) and is capable 

of measuring displacements as small as 25A. Of course, the option was 

always available to us to use a destructive measuring technique such as 
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sectioning the electrode, as was done by Marathe and Newman, since 

the SA probe does not significantly disturb the surface of the specimen. 

Recent studies have been made by Guerrero and Black38 and BroWn39 

investigating the extent of surface damage by probes such as used by 

the SA. Their results will be discussed later in section 4.4. 

The electrode inserts were polished following the same procedure 

described by Marathe and Newman, The inserts were held snuggly in a 

cylindrical jig and polished successively on #0, #00, #000 and #0000 

emery paper using kerosene as a lubricant. The grain size of the last 

paper was 15-20 microns. Next, the electrode was polished on a wheel 

mounted with canvas cloth, using 6 micron diamond paste abrasive at 

moderate speeds and plenty of kerosene to avoid heating. This was 

followed by the same treatment using 1 micron diamond paste abrasive. 

Between each polishing grid and at the finish, the electrode was 

rinsed thoroughly with acetone, followed by water and isopropyl alcohol. 

After polishing, the insert was measured with the SA across its entire 

diameter in perpendicular directions scored on its underside. The 

insert was then set into place in the plane after applying vacuum 

sealing grease made by Apiezon Products (Grade N) to its underside. 

The securing bolt was tightened and the bolt cavity plug inserted and 

sealed with vacuum grease. The plane was ready for positioning below 

the rotating disk. 

There are several theoretical factors which must be considered 

in setting the distance between.the plane and the disk~ First of all, 

the plane must be close enough so that the flow in the region near 

the electrode approximates that predicted for an infinite disk in a 
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semi-infinite environment. This consideration has been discussed 

already in section 4.1 concerning the size of the rotating disk. 

Recall that the radius of the rotating disk was 1 inch. The second 

limitation on the gap size is that it should be much larger than the 

diffusion-layer thickness so that it is valid to assume a linear 

radial velocity profile within the diffusion layer. See equation 2-3. 

This condition may be expressed as 

L » r (3/4 Pe)1/3 
o 

(4-3) 

The gap between the plane and the rotating disk was set to a 

desired distance by positioning the main supporting plate 2 vertically 

on the assembly post and then finely adjusting the bolts on the three 

supporting rods. The distance was measured with a baIlor telescope 

guage, depending on its size. The electrode insert surface could thus 

be set parallel to the upper disk to within 2.5 microns. 

It is essential that the electrode be coaxial with the rotating 

disk, so that the system remains axially symmetric. The plane could 

be positioned by rotating the main supporting plate 2 horizontally on 

the assembly post and by adjusting the supporting plate 1 by loosening 

the four bolts securing it to the main plate 2. A special jig shown 

in Figure 4 was built to center the electrode. The jig was made of 

lucite and fit snugly around a sector of the outer edge and the top of 

the stationary plane. A dial test indicator, which measures the 

displacement of its probe, was mounted on the jig and positioned so 
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Fi gure 4-4. Centering jig for posi t i oning t he ele c t rode coaxial 

with the r ot ating dis k . 
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that its probe rested On the edge of the rotating disk. The indicator 

was manufactured by VME of Japan and was capable of measuring 

displacements of about 25 microns. Prior to assembly, the exact size 

and position of the electrode in the insert was measured with a traveling 

microscope in the perpendicular directions scored on its underside. 

The electrode radius was 0.2S00±0.0000S cm. Any misalignment of the 

electrode in the insert could be corrected by compensation with the 

dial indicator. The same point on the rotating disk was used to 

position the plane at four perpendicular check points. Thus, by 

adjusting the supporting plates and using the centering jig, the 

electrode could be finely centered below the axis of the rotating 

disk. The maximum error was estimated to be ±25 microns, or about 

±l% of the radius of the electrode. The centering process was quite 

tedious and time consuming. 

The cell was then filled with about 2 liters of electrolyte, 

which was prepared from ACS reagent grade copper sulfate, sulfuric 

acid, glycerol and distilled water, and positioned so that the lavel 

was above the surface of the rotating disk. The whole apparatus 

was then lowered into the constant temperature bath and the system 

allowed to equilibrate for at least 30 minutes with the disk rotating 

at a chosen speed. The rotation speed was measured by counting 

revolutions over a time interval for speeds less than 200 rpm. For 

higher speeds a "Strobotac" made by General.Radio Company (Type 631-B) 

was used. The rotation speed was steady to within 0.5% of the rotation 

speed. 
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Two types of experiments were performed, (a) the determination 

of the limiting current and (b) deposition at the limiting current. 

Freshly polished electrodes were used for each run. In the former, 

the potential between the disk and the counter electrode was systematical

ly varied and the current measured, steady state being evidenced by a 

steady eutput on the recorder. The limiting current was, obtained from 

the value of the current at the plateau of the voltage-current curve. 

For a deposition run, the potentiostat was pre-set at the voltage 

corresponding to the limiting current and switched on for a given 

length of time. The deposit time was chosen so that the maximum 

deposit thickness was much less than the boundary-layer thickness, 

in cases where Z>20 and it is meaningful to speak of a boundary layer; 

for cases where Z<20, L/2 was used instead. Following deposition, 

the electrode was removed and measured along the same perpendicular 

directions as before deposition. The net deposit thickness was 

computed from this result and that before deposition. 

4.3. Results 

Four runs are reported, for which the properties of the solutions 

and experimental conditions are summarized in Table 1. Runs 1 to 3 

are concerned with the deposition of copper, while run 4 was designed 

to study the influence of natural convection on the limiting current 

at various rotation speeds. Runs 2 to 4 differ from the first mainly 

by a decrease in the copper sulfate concentration and the addition of 

glycerol in an effort 'to decrease natural convection. The copper 

sulfate concentration was measured e1ectrogravimetrica11y following 
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Table 4-1. Properties of the solutions and experimental conditions. 

[CuS04] [H2SO
4

] [glycerol] \! D,x106 

Scx10-4 Grx10-4 Rax10-7 Run T L (} 

No. (mo1es/,Q,) 2 (cm /sec) 
(OC) (cm) (Q)mo1e) 

1 0.200 1.500 0 0.0117 5.37 25 1.430 0.217 0.1075 1.94 4.21 

2 0.0100 1.453 6.00 0.0788 0.911 22 0.7618 8.65 0.1064 0.00210 0.182 

3 0.0100 1.453 6.00 0.0788 0.911 22 0.3674 8.65 0.1064 0.00210 0.182 

4 0.01344 1.461 6.00 0.0788 0.930 22 0.3674 8.53 0.1064 0.00283 0.241 

I 
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40 the same procedure described by Hsueh. The sulfuric acid concentra-

tion was determined by titration with sodium hydroxide to a methyl 

red endpoint, while the glycerol concentration was determined by 

volume. The viscosity and diffusivity for run 1 were calculated from 

40 correlations reported by Hsueh, which may be found in Appendix C. 

The properties were evaluated at the bulk concentration of all species. 

The viscosity for runs 2 to 4 was calculated from correlations reported 

by Fenech and Tobias,7 also shown in Appendix C. Runs 2 to 4 were 

carried out at 22°C, since the correlations apply at this temperature. 

41 Also, shown in Appendix C are correlations for the copper sulfate-

sulfuric acid-glycerol system at 25°C. The diffusivity for runs 2 to 4 

was measured experimentally with a rotating disk electrode, the 

, 42 
apparatus and procedure for which are described hy Selman. A plot 

of the limiting current density at various rotation speeds is shown in 

Figure 5. The diffusivity was calculated from the slope of this curve 

d h . 21 an t e equatlon, 

i l · 1m 
0.62048 nFDc lIT n2/ 3 v-I / 6 . 

00 
(4:"4) 

It should be noted that the value of the diffusivity calculated from 

the correlations reported by Fenech and Tobias for the solutions of 

run 2 and 3 was 2,4% higher than that measured ,experimentally. Also 

shown in Table 1 are the separation distance between the rotating 

disk and the plane, and the Schmidt, Grashof, and Rayleigh numbers. 

Here, 

Gr = 

3 8gr o"c o 00 

v2 
(4-5) 
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Run No Slope 

2, 3 0.1719 

4 0.2342 
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Figure 4-5. Diffusivity measurement by rotating disk electrode. .. . . 
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Ra Sc Gr , (4-6) 

and 0= (p -p )/(p c ) 
00 0 0 00 

is the concentration densification coefficient, 

also shown in the table. The subscripts 00 and 0 refer to the bulk 

and at the surface of the electrode. The density of the solution 

at the electrode was estimated using the correlations in Appendix C 

and the method of Wilke, Eisenberg, and Tobias43 to determine the 

surface concentration of the species. The Rayleigh number will 

be discussed later in connection with natural convection. 

Table 2 shows the experimental conditions and results for the 

various runs. Runs labeled -0 refer to the condition where the disk 

was not rotated and natural convection prevailed. The first two 

columns show the rotation speed and the measured limiting current to 

the disk electrode, respectively. The next three columns show the 

experimental Reynolds number, dimensionless separation distance, 

and the corresponding value of F'(O), obtained from Figure 2-1. 

The last column shows the theoretical limiting current which was 

obtained from Faraday's law, 

nFDc TIr (Nu) /2 
00 a (4-7) 

using an appropriate (forced-convection or natural-convection) 

expression for the average Nusselt number. Equation 2-19 was used 

for conditions in which the disk was rotated, while the results of 

9 Wragg and Loomba were used for the average Nusse1t number for 
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Table 4-2. Experimental conditions and results for the limiting current. 

Run r2 II' Re Z -F'CO) -F '(0) II' 1mexp exp 1m No. rpm rnA 
rnA 

---------------~-

1-0 0 4.77 0 0 0 co 4.77 

1-1 34.2 4.83 19.2 25.1 0.162 0.305 3.91 

2-0 0 0.0165 0 0 0 ro 0.0183 

2-1 20.83 0.0396 1. 73 4.01 0.178 0.256 0.0351 

3-0 0 0.0165 0 0 0 ro 0.0183 

3-1 29.82 0.0421 2.48 2.31 0.145 0.180 0.0392 

4-0 0 0.0239 0 0 0 ro 0.0267 

4-1 13.22 0.0343 1.10 1.54 0.103 0.130 0.0317 

4-2 29.82 0.0530 2.48 2.31 0.145 0.142 0.0534 

4-3 52.90 0.0726 4.40 3.08 0.171 0.154 0.0752 

4-4 82.80 0.0900 6.88 3.85 0.179 0.150 0.0955 

4-5 118.6 0.108 9.86 4.61 0.166 0.151 0.111 

4-6 162.3 0.119 13.5 5.40 0.146 0.126 0.125 

4-7 210.5 0.129 17.5 6.15 0.128 0.109 0.136 

4-8 267.5 0.l38 22.2 6.93 0.109 0.0930 0.146 

4-9 328 0.148 27.3 7.67 0.0945 0.0845 0.154 

4-10 451 0.172 37.5 9.00 0.0826 0.0823 0.172 

4-11 788 0.268 65.5 11.9 0.167 0.135 0.288 

4-12 905 0.308 75.2 12.7 0.185 0.166 0.319 

4-13 1610 0.410 134 17.0 0.170 0.165 0.414 

4-14 2515 0.525 209 21.2 0.162 0.178 0.509 

.. 
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conditions of natural convection. From experimental work studying 

natural convection on horizontal electrodes, they found 

(Nu > N 0.72 Ral / 4 , 3XI04 < Ra ~ 3x l07 (laminar flow) (4-8) 

{Nu > N O 18 R
· 0.33 

• a , 3X107 < Ra < 1012 (turbulent flow). (4-9) 

Experimental values of F'(O), shown in the next to last column in 

the table, were calculated by combining equations 7, 2-19, and the 

definition of the Peclet number. The resulting expression is 

1m 

-F' (0) . 
exp 

2 

ScRe3/ 2 
exp ( 2Il' )3 

(4-10) 

It should be noted that the rotation speed for all runs was always 

large enough so that the radius of the rotating disk was at least 

an order of magnitude larger than either the hydrodynamic boundary-

layer thickness or L/2, depending on the value of Z. See equations 

1 and 2. Also, the separation distance L was always larger than the 

diffusion-layer thickness by at least a factor of 25. See equation 3. 

Figure 6 shows a typical current-potential polarization curve 

for run 2-0, where natural conviction prevailed, and for run 3-1. 

An example of the experimental output obtained froin the SA, which was 

used to measure the topography of the electrode insert surface, is 

shown in Figure 7 for nun 3-1. The insert was measured in perpendicular 

• 1 

I 

I 
\ j 

I 

I 
I 
I 
I 
i 
I 
I 

! 

I 

1 

j 

- j 

I 
1 

I 
j 

! 
I 

I 
I 

·1 

I 

I 



-53-

0.05 

I::;. 

1::;.1::;. 

I::;. I::;. I::;. I::;. I::;. I::;. 
I::;. 

0.04 I::;. 
I::;. 

I::;. 

I::;. 

0.03 -« 
E -
~ 

0.02 
0 

0 
0 0 0 0 0 0 0 0 

1::;.00 0 0 

0 

0.01 
Run No. IlimeltP (mA) 

0 2-0 0.0165 
0 I::;. 3-1 0.0421 

0 
0 50 100 150 

V (mV) 
XBL741-5479 

Figure ·~-6.· Current-potential polarization curves. 



" 

(0) 

(b) 

I-or -

.-+

. , 

I I 
; i 

. Figure 4-7. 

1·-

': ! 

1:' t! 

t··, 
!·t 

-.: 

f' 

- ~ .:--: 
~. ~ .. ; .-:----.t--: 

; --~~~!-- ;'. I -. ! : 
; ~ i _. 1"' ~-.~ -to 

.: 1 

1·11' 

~ ;·t :. 

~---.;-.---,.-. ',--.--
~ .. - !--~- ;-.-~-t-

...... -r---------. -

~ .- t --

..... ...• ;; I.: .. ; .... 

.j.;-: .. 
f --+. t· -~. -. , 

r -; ttt·~-· ·t:t·~H~:~~-H~~F=r:·:~· .• t-- ~ '-1 
,.t-:! 1 

:f1·n··.;::~-::-:-I·~-:·}:~.:: ::~; ~:~ 

. , ~'j : ; .. 

_~:i_ 

(c) 

(d) 

~ ......... ~_ .. !·L:::::~:==-:=t::::-,--::.:-.:~---····C,'-",; 
,-7-' - -- '-----'-':~::.-:::--:. ·-==I::~::~·:;==:;:.:~t=~~:-:=~::. '-r.. -- ,--. 

,.. 
? 

.. · .. --I~-~·""";' -r:--+ ' 
.-!'-- ~. ~ .• -- _ .. - ........ ,...---·------··t--·--t------ .-._. -----

. " .. 
; •••• :." "4 t ...... 

'I'~' 
.. ~ ~ ~:\ 

~· .. -~"-·~·~.·-· .. I-,-;."·.. .... .. , ..... , --.•. -."' .. ·• .. H·+ .• -
.-------;---~- ... -.... _-_.- ---.- .-- ..... _--- .-.. ---_. 

t~-- ..... -·t·,------- .. - .. 
. .-~-~.-:.-~ ~~-.I~.~~~.=~~.~-~-: ~~:':~ .. ~ 

. , 
···--·--t .•. '----- .. -

.. -...... --.-.. ..0--.-.---

..: .. ;.; :.:-:=t~.:=:l:L·--i 

-... ~ .•. --+ -*'-:.-
--~ . . -: - :-.~--. 
i -:- . : .~--.-:-- ... 
"ti,' ; T-+-~ ~--

_._ ~ -t-- .• 

.,j 
XBL 7312-7154 

Output from the Surfa:nalyzer for run 3-1 showing the surface of the electrode insert in two 

perpendicular directions; 

division) and (b) and (d) 

(a) and (c) are before deposition (vertical scale = 5 microinches/ 

are after deposition (vertical scale = 10 microinches/divi9ion) • 

.. -- ~ -~- -- -_._-_. ------,- ----~---.-.-.-~---.---~--

I 
VI 
~ 
I 



J 

-55-

directions; (a) and (c) show the surface prior to deposition, while 

(b) and (d) depict the shape of the deposited surface. Note that 

the scales of the results in the figure vary. The deposit thickness 

was obtained by averaging the net deposit thickness in the two 

perpendicular directions from output such as is shown in the figure. 

Final experimental results from three runs are shown graphically in 

Figure 8 and are summarized in Table 3. The solid line in the figure 

is the theoretical prediction of the composite Nusselt number divided 

by the average Nusselt number, which were calculated from equations 

2-18 and 2-19 using the experimental value of the Peclet number shown 

in the table. The variation in the theoretical predictions for the 

three runs is too small to be seen in the figure. It should be noted 

that the maximum deposit thickness at the edge of the electrode was 

at least three orders of magnitude less than either the hydrodynamic 

boundary~layer thickness or L/2, depending on the value of Z. The 

average deposit thickness was obtained by graphically integrating the 

experimental data with a polar planimeter, using the relation, 

-I 

(d ) exp = 2 i dl; dl; . (4-11) 

The deposit time /\ is also shown in the table, from which the. theoretical 

average deposit thickness was calculated using Faraday's law with 100% 
, 

current efficiency and assuming a uniform deposit density. Thus, 

( d) = 
I lim MCu /\ 

nFpC TIr u 0 

(4-12) 
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Table 4-3. Conditions and results for deposition of copper. 

Run No. 1-1 2-1 3-1 

l; d/< d ) d/< d ) d/< d ) d/< d ) d/< d ) d/< d > exp exp exp 

.. 
0 0.544 0.042 0.289 0.039 0.131 0.035 

0.1 0.635 0.106 0.367 0.105 0.198 0.104 

0.2 0.480 0.203 0.391 0.203 0.294 0.203 

0.3 0.486 0.305 0.434 0.304 0.326 0.304 

0.4 0.493 0.410 0.463 0.410 0.413 0.410 

0.5 0.480 0.524 0.571 0.524 0.499 0.524 

0.6 0.596 0.652 0.644 0.6')2 0.603 0.651 

0.7 0.778 0.806 0.716 0.806 0.732 0.806 

0.8 0.972 1.017 0.904 1.017 1.057 1.017 

0.9 1.322 1.391 1.323 1.391 1.415 1.391 

1.0 4.639 00 8.851 00 2.266 00 

.I\. (min) 34.7 90 480 

(. d ) (mi crons) 19.6 0.0878 0.330 
exp 

< d )/< d > 0.966 4.58 6.92 

Pex1~~ 1.48 1. 75 2.44 



" 

-58-

whereMCu andPCu are the molecular weight and density of pure, solid 

copper, respectively. The ratio of the theoretical and experimental 

average deposit thickness is shown in the table and provides a mass 

balance check on the electrochemical system. 

Because the deposit for run 2-1 was so thin, there was some question 

as to the accur~cy of the SA results. Therefore, it was decided to 

section the electrode following the procedure used by Marathe and 

6 
Newman, and view its cross section optically. Unfortunately, the 

deposit could not be seen with either a metallographic optical 

microscope at a magnification of 1000 or a scanning electron microscope 

at magnifications up to 10,000 both with and without etching the 

sectioned surface, as described by Marathe and Newman. 

After eight hours had elapsed in run 3-1, small copper dendrites, 

or growths, began to form near the leading edge of the electrode and 

deposition was terminated. 'It was believed that these dendrites 

obscured the shape of the deposit at the leading edge and therefore 

only the inner 90% of the deposit was used to determine its average 

thickness. The following relation was used in place of equation 11, 

210°·9 1°·9 dE; dE; 2 ° dE; d~ 
( d ) = = (4-13) exp 

2 10°·9 2 0.5812 E; d~ 
(1_E;3) 1/3 
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The denominator in the middle expression comes from substituting the 

diffusion-layer solution, equation 2-7, into the expression for the 

average Nusse1t number, equation 2-19, and integrating from 0 to 0.9. 

The data from runs 2-1 and 3-1 were treated in this fashion. 

As was mentioned at the beginning of this section, run 4 was 

designed to study the influence of natural convection. For this run 

the limiting current was measured at various rotation speeds, the 

results from which are summarized in Table 2 and shown graphically 

in Figure 9. The solid line is the theoretical prediction. The 

experimental results forF'(O), shown in Table 2, were multiplied 

by a constant equal to 1.127 and pfotted in Figure 10 as a function of 

dimensionless separation distance. This figure is the same as 

Figure 2-1, the solid line being the theoretical solution of the Navier-

Stokes equations. The rationale for multiplying the data in this 

fashion was so that the results for F'(O) at high rotation speeds, exp 

where natural convection is negligible compared with forced convection, 

may be compared with the theoretical predictions; In this way a 

measure of the importance of natural convection at lower rotation 

speeds could be made. 'The value of the multipying factor was chosen 

for the best least-squares fit of the data with the theoretical values. 

The results of F'(O) were considerably high for runs 4-1 and 4-2, 
exp 

owing to natural convection, and for run 4-14, due possibly to the 

onset of turbulent flow; these results were excluded from the least 

squares treatment. 



-60-

. 0'6r----r--~--,._-.,__-~-___,r__-._-~-___,;__-.,_-....., 

« 
E 

E 

0.4 

0.2 

10 12 14 16 18 20 22 

Z = Lin/v 
XBL 741-5477 

Figure 4-9. The limiting current at various rotation speeds 

for run 4. 
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Figure 4-10. Comparison of experimental and theoretical values 

of the radial velocity derivative at the surface 

of the plane at various rotation speeds. 

Experimental values have been multiplied by 1.127 • 
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4.4. Discussion 

Due to the values of the physical properties of the solutions studied 

here, low rotation speeds were required so as to keep the Peclet number 

as small as possible. Even so, its experimental value was always quite 

large, the smallest being Pe=1.48x l04 for run 1-1. This is about 30 times 

larger than desired for a reasonably large central region; the size of 

this region for Pe=500 maybe seen in Figure 2-5. Recall that the central 

region is of 0(Pe-1 / 3) and decreases as the Peclet number is increased. 

The current-potential polarization curves in Figure 6 shows a long, 

well defined limiting current plateau, thus insuring that the concentration 

of copper sulfate is uniformly zero at the surface of the electrode. 

Natural convection seems to be larger than forced convection in run 

1-1. Table 2 shows that the experimental value of the limiting current 

for natural convection in run 1-0 is only slightly less than that for 

forced convection in run 1-1. Furthermore, the theoretical predictions 

suggest that the limiting current for run 1-0 should be 22% higher than 

that for forced convection in run 1-1. Since the Rayleigh number for 

. 7 
run 1 is larger than the upper limit for laminar flow of Ra=3x lO , 

9 suggested by Wragg and Loomba, the flow should be turbulent for run 1-0. 

Turbulent flow might even by expected on the electrode for run 1-1. 

Experimental evidence of this behavior is shown in Figure 8, where 

the deposit for run 1-1 is nearly uniform and higher than expected 

across the inner half of the electrode. The relative importance of 

forced and natural convection may be assessed by comparing the 

theoretical average mass-transfer rates for each. From equations 

2-19 and 8, assuming laminar natural convection, we have 
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a[_F'(0)/2]1/3 IRe Sc1/ 12 

0.72 Grl / 4 (4-14) 

Note that the viscosity cancels out of the terms involving the Reynolds 

and Grashof numbers. For runs 2 to 4, decreasing the copper sulfate 

concentration by a factor of 20 and adding glycerol, which increased 

the Schmidt number by a factor,of 40, both contributed significantly 

to a decrease in natural compared to forced convection. Accordin~ 

to Table 2 for run 3, the experimental limiting current for forced 

, convection was nearly 2.5 times greater than that for natural convection 

alone. 

As shOwn in Figure 8, the thickness of the copper deposit for 

runs 1 to 3 shows good agreement with that predicted theoretically; 

however, it is higher than expected near the center for all runs. 

This behavior in run 1-1 has been accounted for already by turbulent 

natural convection. As shown in Table 3 for this run, the ratio of 

the theoretical to experimental average deposit thickness < d ) /< d ) exp 

is 'slightly less than unity. This may be explained by assuming the 

deposit to be slightly porous and therefore less dense than pure, 

solid copper. The situation in run 2-1, where the deposit is much 

thinner, is considerably different., Here, < d } /< d ) . = 4.58, exp 

implying that only about 22% of the copper which was expected to be 

deposited could be actually measured with the SA. 

the SA in measuring such thin deposits is poor. 

The accuracy of 

39 
Recently, Brown 

has measured the damage caused by the probe of the SA in traversing 



-64-

thin chromium films. He reports that a groove 0.027 microns deep 

and 0.254 .microns wide was cut in the specimen by one pass of a 

spherical, diamond-tipped probe of radius 2.54 microns and load 50 mg. 

This probe was the same as was used in our experiments. Guerrero and 

38 Black have also measured grooves made by larger probes, using an 

electron scanning microscope. Thus, according to the results of 

Brown, the average deposit thickness for run 2-1; measured by the SA 

to be only 0.0878 microns, may be roughly 25% too low, assuming the 

depth of the groove to be independent of radial position. Most likely 

this is not the case, since the surface of the thicker copper deposit 

near the leading edge of the electrode would be expected to be softer 

than the thin deposit near the center. Run 3-1 was designed to circum-

vent these measurement difficulties by increasing the deposit time 

so as t~ obtain a thicker deposit. 

The deposit measured for run 3-1 shown in Figure 8 is vastly 

improved over previous runs; however, it is still high at the center 

of the electrode. This effect may be caused.by lingering natural 

convection or misalignment of the electrode insert below the rotating 

disk. The effect of natural convection would be expected to be strongest 

locally near the center of the electrode surface, where forced 

convection is small. Wragg and Loomba observed a straight, vertical 

stream rising from the center of the electrode for spatially unrestricted 

laminar natural convection. Misalignment of the c~nter of the electrode 

and an error in the perpendicularity of either the electrode insert 

or the surfac~ of the rotating disk with its axis of rotation may 

cause the shape of the deposit to deform. In an interesting paper, 
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44 Taylor and Saffman have examined the effect upon the flow between 

a plane and a rotating disk due to an error in perpendicularity. 

References to the SA results for run 3-1, shown in Figure 7, indicates 

that the minimum of the deposit occurs approximately at the,center 

of the electrode. In the (b) direction it is roughly 2% off center, 

whereas in the Cd) direction the minimum is exactly on' center. It 

should also be noted that at given radial positions, the deposit 

thickness, measured in the four different directions, varied as much 

as 40% from their average value. This indicates a certain degree of 

asymmetry. As in the previous run, the ratio < d ) j< d ) waS found 
exp 

to be much larger than unity; only about 15% of the copper, which 

was expected to be deposited, could actually be measured. The error 

in the SA results associated with the groove cut in the electrode 

by its probe could only account for about 7% of this discrepancy. 

The remainder of the unaccounted copper may be contained in the 

dendrites which were deposited around the edge of the electrode. 

As shown in Figure 9, the limiting current for run 4 varies roughly 

as predicted when the rotation speed is changed. Such a curve is 

analogous to that shown in Figure 5 for the rotating disk electrode, 

and, unlike the latter, it is linear only for speeds corresponding 

to Z>20, where FICO) is constant. The experimental results of FICO) 

"' .. shown in Table 2 are generally lower than expected most probably 

because of slight e,rrors in the values of the physical properties of 

the solution. Misalignment of the electrode insert below the rotating 

disk and its finite radius may also be contributing factors, here. 
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However, the effect of the latter should decrease as the rotation 

speed is increased, owing to a decrease in the hydrodynamic boundary-

layer thickness. It seems justified, therefore, to multiply the 

F'(O) data by a constant as was done in Figure 10 so as to allow easy 

comparison of the experimental with theoretical results. The shape 

of the corrected data agrees well with theory, although there is 

some scattering at low and high values of Z. At a rotation speed of 

about 30 rpm, the same as was used for deposition in run 3-1, the 

corrected value of F'(O) is about 10% higher than expected, while 
exp 

at the lowest speed of about 13 rpm it is roughly 40% too high. This 

behavior apparently is due to natural convection, At the highest 

speed of 2515 rpm for run 4-14, the limiting current is considerably 

higher than expected. It was at .first suspected that this behavior 

was due to turbulent flow. The onset of turbulence on a free disk has 

been well studied both theoretically and experimentally, the classic 

work being done by Gregory, Stuart, and Walker.
45 46 Shibuya has 

attempted a theoretical hydrodynamic stability analysis for the flow 

between a plane and rotating disk; however, there are serious drawbacks 

to his treatment as noted by Gregory et al. It is generally believed 

that the critical Reynolds number (based on the radius of the rotating 

disk) for the onset of instability decreases as the ratio of separation 

distance to disk radius is decreased., Table 4 shows some results for 

the experimental critical Reynolds number at varying values of L/rd' 

These data were compiled from published results of various workers, 
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Table 4-4. Critical Reynolds number at various valves of L/r d. 

L/rd 

00 

00 

00 

0.217 

0.20 

0.115 

0.112 

0.094 

0.080 

0.0636 

0.0255 

0.0199 

0.0127 

Authors 

Colton and Smith 
Gregory et al. 
Krei th et a1. --
Theodorsen and Regier 
Daily and Nece 
Schultz-Grunow 

rd2n/VXIO-5 Reference 

1.82 [45] 

2.5 [47] 

3.1 [ 48] 

3 [49] 

1.5 [47] 

1.5 [49] 

0.26 [15) 

1.6 

1.5 

1 

1 

0.9 

0.8 

(47) 

(47) 

[49] 

[49] 

[50) 

(49) 

Conditions 

aqueous benzoic acid-torque 
air-china clay 
air-china clay and stethoscope 
air-torque 
water, oil-torque 
water, oil, molasses-torque 
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a brief description of the experimental conditions for which are also· 

shown in the table. The value of the critical Reynolds number at 

L/rd = 0.112 is considerably lower than the rest, owing to the fact 

that a blade impeller was used instead of a smooth rotating disk. 

2 . 4 
For run 4-14, L/r

d 
= 0.145 and.r

d 
D/v = 2xlO , so that it seems 

unlikely that the flow is turbulent anywhere on the disk. The increase 

in the limiting current here may be due to the entrainment of small 

bubbles, which were observed at such high rotation speeds. 
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V. CONCLUSIONS AND RECOMMENDATIONS 

The theoretical treatment in part II of mass transfer to a 

plane below a rotating disk at high Schmidt numbers has shown that 
I 

there are three regions having different mass-transfer mechanisms. 

A uniformly-valid composite solution predicts a local Nusselt number 

which varies monotonically from 1.998 at the center of the mass-

transfer disk to infinity at its leading edge. In part III, where 

the system was treated as an electrochemical system, it was found 

that the current distribution on the electrode becomes more nonuniform 

as the limiting current is approached. The experimental results of 

part IV, in which the local mass-transfer rate was measured using 

electrodeposition of copper at the limiting current, show- good agreement 

with theory. Efforts to reduce natural convection by the addition of 

glycerol to the solution were largely successful. An experimental 

study of the behavior of the system at currents below the limiting 

current was not attempted. 

Several recommendations for additional experiments can be made at 

this time. The experimental value of the Peclet number, which was 

about 30 times larger than desired, could be reduced by operating at 

a higher temperature, 'so as to increase the size of the central region. 

However, the copper sulfate concentration may have to be decreased in 

order to keep natural convection small compared to forced convection. 

See equation 4-14. Several suggestions can be mad~ for eliminating 

natural convection from the system. The whole apparatus could be 

inverted so that the electrode surface would be above the rotating disk. 
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The system would then be stably stratified, since lighter fluid near 

the electrode would be above heavier fluid in the bulk. One possible 

problem might arise, however, if this lighter fluid tends to rise as 

it is convected axially down toward the rotating disk. Of course, 

implementation of this suggestion would require major changes in the 

design of the apparatus. Another possibility involves using an 

electrochemical system similar to that of Dimopoulos 4 and Sih,5 who 

employed cathodic reduction of ferrocyanide ion on sectioned electrodes. 

This reaction procedes so as to produce a density increase at the 

cathode. A small, insulated, ,sectioned disk electrode might be 

imbedded in the inner section of the electrode, for example, the inner 

5% of its radius. In this way the average limiting current and 

mass-transfer rate to the inner disk could be measured, this value 

being nearly equal to its local value, since the latter is approximately 

uniform near the center of the disk. The Peclet number is estimated 
, 3 

to be about 6xlO at a rotation speed of 30 rpm and separation distance 

of 0.5 cm at 25°C for a solution containing equal concentrations of 

0.01 molar potasium ferricyanide and ferrocyanide in 2 molar sodium 

hydroxide. As noted previously, higher temperatures may be used to 

decrease the Peclet number. A problem similar to that mentioned 

already for an inverted system might arise here, if the heavier fluid 

tends to fall as it is convected up towards the rotating disk. The 

coefficient of concentration densification 0 for reactant concentrations 

51 
less than 0.15 molar in 2 molar sodium hydroxide is nearly constant 

and equal to 0.0585 £/mole. This is about one half the value for the 

solutions used in runs 2 and 3. 
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Additional experimental work involving separate research projects 

is required to incorporate the above suggestions. 
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APPENDIX A 

Asymptotic and Numerical Solution of the Navier-Stokes 
Equations for Flow between an Infinite Disk and a Stationary Plane 

A.I. The Navier-Stokes Equations 

The Navier-Stokes e~uations in cylindrical coordinatesS2 reduce 

to a set of coupled, non-linear, ordinary, differential equations by 

the following transformations, 

r; = y/nN , 122 P = ~np(r;) + 2 pn r Q , 

v 
r 

v = IVIT H(1;:) 
y 

(A-I) 

where Q is an unknown constant. The differential equations become 

2F + H' o (A-2) 

F2 _ G2 + HF' = F" _ Q (A-3) 

2FG + HG ' = G'" (A-4) 

pI + HH' = H" (A-S) 

The last equation can be integrated directly to give 

P (A-6) 

in which the integration constant has been arbitrarily set equal to 

zero. The boundary conditions for the system are 

F = G = H = 0 at r; =0 

(A-7) 
F = H = 0, G 1 at r; = Z • 
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A.2. Asymptotic Solution for Small Z 

An asymptotic solution to the system above has beeri obtained by 

53 . 54 . 55 
Stewartson, Grohne, and Lance and Rogers by a regular perturbation 

expansion valid for small Z. In our notation this can be written 

G 

Z2T 3 6 
F = -go (-4 + 9T - 5T ) + O(Z ) 

Z4T 3 4 6 8 
T - 6300 (8 + 35T - 63T + 20T ) + O(Z ) 

H 
Z3T2 3 7 

(2 - 3T + T ) + O(Z ) 
30 

(A-8) 

(A-9) 

(A-IO) 

(A-ll) 

where T=y/L. Note should be made here that there are several sign 

12 
errors in the expression for Ggiven by Mellor, Chapple, and Stokes. 

Differentiation of equation 8 yields 

dF 
-= 
dl; 

at o . (A-12) 

A.3. Numerical Solution 

To solve the system numerically, equations 3 and 4 were linearized 

and the system set in finite-difference form and integrated using a 

56 routine developed by Newman for solving coupled, ordinary, differential 

equations. The following are the notes to the program, KRSNA, which 

is written in FORTRAN language. The program was originally written 

using an axial coordinate system with origin at the rotating disk 

1 
I .• I 
I 

l 

I 
I 
I 
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instead of the stationary plane. The program iterates until either 

convergence is obtained or a maximum number often iterations is 

reached. The convergence criterion is that the relative change in 

the maximuni value of H for successive iterations is less than 10-7. 

The following are the data input cards. 

NJ Number of finite-difference mesh points 

M Determines the number of equally spaced axial positions 
at which the velocity profile is printed out; the number 
of positions = (NJ-1)/M 

H Mesh size 

One blank card terminates the program. 

The following data are printed out. 

ZMAX Z 

NJ Number of finite-difference mesh points 

JCOUNT Number of iterations required for convergence 

Q Q 

HMAX Maximum value of H 

FPO -F' (Z) 

GPO -G' (Z) 

FPZ -F' (0) 

GPZ -G' (0) 

F F 

G G 

H -H 

P P 
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Usually two different mesh sizes corresponding to NJ=IOI and 201 

were used and the results extrapolated to zero mesh size, since the 

error in the finite-difference approximations is of O(H2). 

A listing of the computer program, KRSNA, is shown on the next 

pages. 

I 

I· 

j 
I 

I 
1 

I 
I 

~ ! 

I 
"I 

i 
1 

I 
! 
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PROGRAM KRSNAeINPUT.OUTPUT) 
C PROGRAM FOR FLOW BETWEFN A ROTATING DISK AND A STATIONARY PLANE 

o I MENS ION A e 4.4 ) .8 ( 4 .4) • C ('4 • 401 ) .0 e 4 • 91 • G ( 4 ) • X e 4 .4 1 • Y e 4 • 4 ) 
COMMON A.B.C.D.G.X.Y.N.NJ $ N=4 

101 FORMAT e2I4.F~.4) 

102 FORMAT e4Fl~.~1 

103 FORMAT elHO.* THF NFXT RUN DIn NOT CONVEPGE*) 
104 FORMAT elHo.*ZMAX=*.F7.2.* NJ=*.I4.* JCOUNT=*.I2.* 0=*.E13.5.* 

lHMAX=*.EI3.~/* FPO=*.EI3.~.* GPO=*.E13.5/ 
~* FPZ=*.EI3.~.* GPZ=*.E13.~) 

105 FORMAT e 1 HI) 
106 FORMAT e1Ho.8x.*F*.14X.*G*.14X.*H*.14X.*P*) 

PRINT 105 
READ 101. NJ.M.H $ IFeH.Eo.n.o) STOP $ ZMAX=H*eNJ-l1 
DO 3 J=l.NJ $ DO 2 I=l.N 

2 C e I • J) =0.0 
3 ce2.J)=FLOATCNJ-J)/ FLOATCNJ~l) $ HMAX=O.O $ JCOUNT=0 
4 JCOUNT=JCOUNT+l $ HMAXO=HMAX $ J=O $ DO 5 1=I.N $ DO 5 K=l.N 

y( I .K) =O.n 
~ xe I .K) =0.0 
6 J=J+l $ DO 7 l=l.N $ Gel)=O.O $ DO 7 K=I.N S AeI.K)=O.O $Bel.K)=O. 
7 DeI.K)=O.O $ IFeJ.EO.NJ) GO TO 8 $ 8e4.4)=-1.0 $ oe4.4)=1.0 

IFeJ.NE.l) 1,0 TO 8 $ Bel.1)=1.0 $ 8e2.2)=1.0 $ G(2)=1.0 $8e3.3)=I. 
CALL 8ANDeJ) $ GO TO 6 

8 Ae3.3)=-1.0 $ 8e3.3)=1.0 $ AC3.1)=H $ Ae3.t)=H 
IFeJ.EO.NJ) GO TO 10 $ FP=(CCl.J+I)-Cel.J-l»/2.0 
GP=ece2.J+l)-Ce2~J-l»/2.0 $ DO 9 1=1.2 $ AeI.I)=1.0+0.S*H*ce3.J) 
BeI.I)=-2.0-2.0*H*H*cel.J) 

9 DeI.I)=I.n-n.~*H*~e~.J) $ 8e2.1)=-2.n*H*H*Ce?J) $ 8(?~)=-H*GP 

G(2)=-H*GP*ce~.J)-2.0*H*H*cel.J)*ce?J) $ 8el.4)=-H*H 
8e1.2)=2.0*H*H*ce?,J) ~ BCI.3)=-H*FP 
G(1)=-H*FP*ce3.J)+H*H*CCe?Jl**2-cel.J)**2) 
CALL BANDeJ) $ GO TO 6 

10 8el.1)=1.0 $ 8e2.2)=I. $ 8(4.3)=1.0 $ CALL BANneJ) $ HMAX=O.O 
DO 11 J=I.NJ 

11 IFeAAsece3.J».GT.HMAX) HMAX=ABseCe3,J» 
IFeA8seHMAX-HMAxoj.LT.t.OF-7*HMAX) GO TO 12. 
IFeJCOUNT.LT.I0) GO TO 4 $ PRINT 103 

12 0=ce4,1) $ DO 13 JJ=3.NJ $ J=JJ-1 $ HP=ece3.J+l)-Ce3.J-l»/2.0/H 
13 ce4.J)=HP-0.5*ce3.J)**2$ ce4.1)=0.0 $ Ce4,NJ)=0.0 

FPo=cel,2)/H-0.S*H*eo-l.0) $ GPo=eCe?,2)-Ce2.1»/H 
GPz=-ce2.NJ-l)/H $ FPZ=n.~*O*H-cel.NJ-l)/H 

PRINT 104. 7MAX,NJ,JCOlJNT.0.HMAX.FPO.GPO.FP7.GP7 
PRINT 106 
PRINT 102. e ece I .J). 1=1,4',J=I.NJ.M) 
GO TO 1 $ END 
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SUBROUTINE RANDeJ) $ COMMON A.R.C.b.G.x.V.N.NJ 
DIMENSIONAe4.4).Be4.4).Ce4.401).De4.Q).Ge4).XC4,4).ye4,4). 

tEC4,'5,401) 
101 FORMAT C15HODETERM=0 AT J=,14) 

IF(J.GT.I) GO TO 6 $ NPt= N+t $ DO 2 I~I.N ~ DCI.2*N+l)=GCI) 
DO 2 L~l.N $ LPN=L+N 

2 DCI.LPN)=X(Y.L) $ CALL MATINVCN.2*N+t.DETFRM) 
IF(DETERM.FO.O.O) PRINT 101. J $ DO ~ K=t.N 
ECK.NPI.l)=D(K.?*N+l) ~ DO ~ L=l.N $ ~C~.L.l)=-DC~,L) ~ LPN=L+N 

~ xeK.L)=-DCK.LPN) $ RFTlJRN 
6 IFeJ.GT.2) GO TO 8 $ DO 7 I=I.N $ DO 7 K=I,N $ DO 7 L=l.N 
7 0 e I • K) =0 ( I • K) +A ( I • L ) *x (L. K ) 
8 IF(J.LT.NJ) GO TO 11 $ DO 10 l=l.N $ DO 10 L=l.N 

Gel)=G(I) - YCI.L)*E(L.NPl.J-2) $ DO 10 M=I.N 
to Ael.L)=AeI.L)+ VCI.M)*E(M.L.J-2) 
11 DO 12 1=I.N $ D(I.NPl)=-G(I) $ DO 12 L=l,N 

OCI.NP1)=OCI,NP1) + A(I.L)*E(L,NPl.J-l) $ DO 12 K=t.N 
12 BCI.K)=B(I.K) + A(I.L)*F(L.K.J-l) $ CALL MATINVCN.NPl.DETER~) 

IF(OETERM.FO.O~O) PRINT tOl.J $ DO 1~ K=l.N $ ~O 1~ M=I.NPI 
t'5 ECK.M.J)=-D(K.M) $ IF(J.LT.NJ) RETURN $ DO 17 K=I.N 
t7 CCK.J)=E(K.NPt.J) $ DO 18 JJ=2.NJ $ M=NJ-JJ+l $ DO 18 K=I.N 

C(K.M)=E(K.NPl.M) $ DO 18 L=I.N 
18 C(K.M)=C(K.M) + E(K.L.M)*CCL,M+l) $ DO 19 L=I.N $ DO 19 K=l.N 
19 C(K.l)=C(K.l) + X(K.L)*C(L.3) $ RETunN $ END 

SUBROUTINE MATINVCN.M.DETFRM) $ COMMON A,R.C.D 
C MATRIX INVERSION WITH ACCOMPANYING SOLUTION OF LINEAR FOUATIONS. 

DIMENSIONA(4.4).A(4,4).C(4.40I).DC4,Q).IDC4) 
DETERM=t.n $ DO 1 I=I,N 
IDCI)=O.O $ DO 18 NN=I.N $ RMAX=O.O $ DO 6 I=I.N 
IF(ID( I).NF.O) (;0 TO 6 $ DO 5 J=I.N $ IFClD(J).NF..O) GO TO c:; 
IF(ABS(B(I.J».LT.AMAX) GO TO 5 $ B~AX=ABS(B(r.J» $ IPOW=I$JCOL=J 

5 CONTINUE 
6 CONTINUE 

IF(BMAX) 7.7.8 
7 DETERM=O.O $ RETURN 
8 ID(JCOL)=1 $ IFeJCOL.EO.IROW) GO TO 12 $ DO 10 J=I,N 

SAVE=B(IROW.J) $ A(IROw.J)=RCJCOL.J) 
10 B(JCOL.Jl=SAVE $ DO II K=I.~ $ SAVF=DeIPOW.K) SD(IROW.K)=DCJCOL.Kl 
11 DCJCOL.K)=SAVE 
12 F=I.0/RCJCOL.JCOL) $ DO 1:1 J=I.N 
13 B(JCOL.J)=ACJCOL.J)*F $ DO 14 K=I.M 
14 D(JCOL.K)=OCJCOL.K)*F $ DO 18 I=I.N $ IF(J.FO.JCOL) GO TO 18 

F=B~I.JCOL) $ DO 16 J=I.N 
16 B(I.J)=B(I.J) - F*BCJCOL.J) $ DO 17 K=I.M 
11 D(I.K)=D(I.~) - F*D(JCOL.K) 
18 CONTINUE $ RETURN $ END 

101 10 16000-2 
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APPENDIX B 

Numerical Solution of the Current Distribution 
on a Plane Below a Rotating Disk 

Equations 3-2, 3-3, and 3~12 can be combined to yield 

(iI' ) 
1m i<P 0d0 

(l-<P) 1/3 0 0 

d<p <P=<P 

d<p 

o 
(<P-<P )1/3 

o 

(B-1) 

where 0 = c/c is a dimensionless surface concentration of the o 00 

! 3 
reactant and <P = l-~. By introducing dimensionless overpotentials, 

E 
c 

zFn /RT 
c 

E = zFn /RT s s 

E = E + E = Zfn/RT s c 

equations 3~7 and 3-8 become 

and 

i 

< iI' ) 1m 

E = In 0 + t(1-0 ) 
coo 

= 
aE 

f(4/3)J (e s 
N 

(B-2) 

(B-3) 

(B-4) 

respectively, where J is defined by equation 3-11 and N by equation 

3-10. . Equations 2 to 4 may be subs ti tuted in to equation 1 so as to 

eliminate the current density. The final results is given by the 

integral equaiion, 

o y-a e aE eat (00 -1) _ 0 y+a e -aE eat (1-0
0

) 

o 0 

. i<P d0 
= (1_<p)1/3 . ~ 

o d<p <P=<P 
·0 

d<p 

(B-5) 

o 
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~ 57 
which may be solved by the method developed by Acrivos and Chambre. 

The following numerical procedure was employed: 

1. The concentration at the leading edge of the electrode must 

equal the bulk value. The dimensionless current density was specified 

at the leading edge of the electrode, and the total overpotential 

at this point was calculated from equations 2 to 4. Alternately, 

one can specify the fraction of the limiting current < i ) /< i
l

" ); 
1m 

however, this choice would require an additional interation loop in the 

32 numerical procedure. 

2. As an initial guess, the total overpotential calculated above 

Mas assumed to apply over the entire surface. 

3. Equation 5 was solved for a new surface concentration 

distribution, and the current was then calculated from equation 4. 

4. The expansion coefficients B were calculated from equation 3-5 
m 

using Gaussian quadrature. The potential distribution at the surface 
, 

was then evaluated by equation 3-4. 

5. The electrode potential was determined from equation 3-6, 

~ being evaluated at the leading edge. A new total overpotential 
o 

distribution was then calculated from the same equatio,n. 

6. Steps 3 through 5 were repeated until either convergence was 

obtained or the maximum number of iterations reached. 

The following are the notes to the program, RADHA, which is 

written in FORTRAN language. The convergence criterion is that the 

relative change in B for successive iterations is less than 10-6 , 
o 

while the maximum number of iterations was set at 100. 
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The data input cards are as follows. 

LMAX 

NMAX 

IH 

XCI) 

WeI) 

CUR(l) 

AN 

TPLUS 

ALPHA 

BETA 

GAMMA 

EXCH 

DAMP 

Number of equally spaced ¢ positions at which the 
surface concentration is evaluated and printed out 

Number of terms used in the series for ~ 
o 

Number of points for the Gaussian quadrature 

Gaussian abscissae 

Gaussian weighting factors 

i(1)/([(4/3)( ilim » 

N 

t 

a 

8 

y 

l/J 

A damping factor between zero and unity for speeding up 
the iteration procedure. A value of 1 corresponds to 
no damping, while 0 refers to 100% damping. 

One blank card terminates the program. 

The following data are printed Olit. 

ALPHA, BETA, GAMMA, EXCH, AN, TPLUS, 

V ZFV/RT 

AVG ( i ) /( iUm ) 

R(I) ~ 

C(I) e 
0 

CUR(I) i/( i
l

. ) 
. ~m 

CURA(I) i/< i ) 



ETA(l) 

B(l) 

TAF 

RAT 2 

RAT 1 

JCOUNT 

E 

B 
m 
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Set either 0 or 1; 0 implies Tafel polarization for 
EXCH > 400, while 1 imp1:i,es EXCH < 400. 

<I> (l)K /r < i ) o 00 0 

i(l)/<i} 

Ntmber of iterations required for convergence 

SUBROUTINE THETA solves equation 5 by the method of Acrivos and 

Chambre, while FUNCTION P(N,X) is an external function which computes 

the Legendre polynomial of order N and argument X. 

A listing of the computer program, RADHA, is shown on the next 

pages. 
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PPClGR AIVl Rt\nI-iA C I "PI IT • ()l !TPI'T ) 

CURRENT DISTPIBlJTIOI'J ON A STATTONI\PY PLANE BELO';! A ROTAT!!,I\, 81~1<' 
~IIITH AN INTEGRI\L EnlJATION FOR THE nTFFU~I()N LAYER 
DIMFNSION P~J'C?I) .F~C?I) .C(?()I) .C:URC2r''l) .FC?OI) .PP(?I.?01) .RC:::>:-I) .AA 

1 C 20 0 ) • rm C 20 n ) • X C 4 C ) • ~'J ( 4 n ) • C lJ G C 4 0 ) • P G C ? 1 • 4 n ) • Cll P 1\ C ? ('\ 1 ) 

COIll1MON E. CUR. C • L III! AX • TPLUS. AN. EXCH .I\LPHA. f-'FT 1\ • CA~'I\'A. T ,iF. 1\ A • t 'R. C 1 • C 2 

I.EX 
1~1 FORMAT (6H EPPClQ.14) 

IO? FORMAT C3H N=.FIO.4.10H • 

lFIO.6/4IHO R 
:::>5) ) 

I 0 _~ FORM 1\ T C 3 t 4 ) 

104 FORMAT CQF.R.4) 
10~ FORMAT (7HIALPHA=.FB.4. Q H • 

lXCH=.Ffl.4) 

TPLUS=.FR.4.6H • 

C CUR 

BETA= .FA.II. 1 CH • 

107 FORMAT C 2HOB.FQ."5.5Fll.5/(6Fll.5» 
I~R FORMAT (6EI2.q) 

READ 103. LIII1AX.NIVlAX.IH 

IM=?*IH 
I HP 1 = I H + I 
EX= 2.()/~.() 

no 2 Q L = 1 • L ~1l\ X 

A= L 
AA(L)= 2.~*l\**EX - (A+l.0)**EX - (A-I.O)**FX 

?n DRCL)= A**EX - (A-l.O>**EX 
Clt= I.O/CUIIAX-I) 
no 1 L=l.UJlAX 
Z = (L-l)*DZ 
RCC>=Cl.0-Z)**Cl.0(3.n) 

ETA= SQRTCl.O-R(L)*RCL» 
DO 1 N=l.NMAX 

PPCN.L)= PC2*N-2.ETA) 

no? '" = 1 • "'~11 t\ X 
? PIII1(N)= - O.63661QA/PC2*N-2.0.0)**2 

EX= 1.0/3.0 

C2= 1.11984652 
oF. An lOR. C x C I ) • I = I HP,. 1M) 
READ lOR. CI'I(I)t1=IHPltIM) 

D0341=1.1M 

1 F (I - 1 H ) 3 1 • 3 1 • 3? 

31 I R= 1"1 - I + 1 
XCI)= 0.5- n.5*XCIR) 
1/, ( I ) = \I! ( I Q ) 

GO 10 33 
32 XCI)= 0.5 + O.5*XCI) 

3.~ XX= SORT( l.n-xc I )**?) 

DO :14 N=l.NMAX 
34 PG(N.l)= PC2*N-2.xx) 

CCl)=1.0 
,i READ 104. CURC 1) .AN.TPLUS.ALPHA.UETA.GAIV'MA.EXCH.DAMP 

CURCI) = CUP(1 )*AN/I0.0 
CURl =CLJR( 1 ) 

EXCHI =FXCH 
Cl= C?*C 1.0-CC I» 
IF (CUR C 1 » 4.4.5 

/1 STOP 
S JCO\JNT= 0 

AvG=. 

E 
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TAF= 1.0 
TF (,=-XCH-llOO) 7.7,6 

n TAF= 0.0 
FXCH= I.C 

7 FT/\C=LOGF(C( 1» + TPLUc:,*( I.C-C( I» 

CUR(t)=-CUR(I)*EXCH 

eTAS= -LOGFCTAF-ClJR( I) )/RETA 

8D00J=I.lorj 
F= TAF*EXPC~LPHA*eTAS)-EXPC-RETA*ETAS) 
F-P= TAF*ALPHA -:l-EXP ( I\U")f-1A*ET AS) +OET A*EXP (-RET A*ETA S) 

IF (AHS(CIJR( 1 )-F) - ~.,'":cr('~'~I*ARS(ClJR( I») 1"'.10.9 

o ~TAc,= ETA<--- + (nJR(! )-F)/FP 

In CIJR( 1) =CUQI 
[) I) I I L = I • L r~ 1\ )( 

C(L)= Cll) 

II ElL): ETAC + ETAS 
R(I)= 0.0 
PRINT 105. ALPHA.f3FTA.C;AMMA.EXCHl 

I? Fl OL D = A I 1 ) 
JCOUNT= JcnUNT + 1 

CALL THETA 

n~ In 1=1,1"'" 
LI=CI.O-XCI)**3)/DZ+I 

If> CUG( 1)= C\JPIL 1 )+(CURILI+l )-CLJR(LI) )*(XI I) 
, -R C L T ) ) 

\/ = ~ ( I ) 
DO I~ N=I .NMAX 
QCN)= 0.0 
DO 14 1=1 tiM 

III 8 C N ) = 8 C N) + CUC; ( 1 ) *x ( 1 ) *PC; IN. I ) * \If( I ) 

D(N)= O.5*BCN)*C4*N-~)/P~CN) 
I~ V= V + BCN).PPIN.1) 

DO 18 L=2.LMAX 

PHI = V 

DO 17 N=l.NrIlI\X 

17 PH I = PH I - 8 ("I) *PP C N. L ) 

18 ElL): ElL) + nAIVIP*(PHT-rCL» 

,JEr:>P= 1 
IF IJCOIINT-1(0) IQolq.?O 

10 IF IARSCACI)-ROLO) - 0.G00001*A8S(RCl») 

?O PRINT lnl. JEPR 
?l AVG= - BII)/n.7p~3982/I\N/I.I 1984652 

DO ?2 L= 1 .LMAX 
CLJRCL)= ClJR(L)/AN/l.119P4652 

?? CURAILI=ClIRCL)/AVC; 

RAT!= CliRCI )/AV(; 

RAT2= CV-EIl)')/Pll) 

-R CL I) 

21.?ltl2 

)/(RCLI+I) 

PRINT 1'1? AN,TPLUS.\I.AVG.CRIJ).C(J).CURCJ),OlPACJ),CCJ).J=t.LIVIAX) 

PP I "IT 107, I !3 I r ) , T = 1 • "I"JI AX) • T AF ,P A T 2. R 1\ T 1 
PR I NT 103. ,JeOU"IT 

GO TO 3 
FNO 

, 

j 

J 

I 

j 
1 

I 
I 

j 

I 
I 
I 

1 

I , I 
j 

I 
• 1 

1 
l 
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C,UFJROUT 1I'IE THr:-Ti\ 
SURPnOGRAM FOR rALrl~~TING CONrENTRATIrN 
[)fNlENSION FC?(1) ,CURC?'!I) ,AC2~r) ,nC2r'10) ,THC?"'I) 
C:OIVlM(ll" E,nJD,TH,N7Tl,T,PI\J,r::.X(,"H,AL,er::,CI\M,TAr,r"Q,CI,r:2.:C::Y 

101 F(lRNlAT C17H0NOT CONVERGEn AT,I4) 
N7T= NZTl-l 
nFVM = n.00n) 
07 = 1.()/N7T 
s= TH(I) 
DO 6" NZ = 2,N7T 
Z = (N7- 1 )*D7 
SUM = r,. ° 
IF CN7 .LE. 2) ~O T(l 42 
C:ALC:. c.IJMCTHC..1)*ACf<"» 
DO 40 ..1=3,"'Z 
K = NZ - ..1 + 1 

40 SUM = SUM + TH(..1-l)*ACK) 
42 ETA= ECNZ) 

N..1 = NZ - 1 
DO 56N=1,20 
Xl = TAF*S**CGAM - AL)*EXPCAL*ETA)*EXPCAL*T*CS - I.C» 
DX1 = Xl*C(GAM AL)/S + AL*T) 
X2 = S**CGAM + AE)*EXP(-UF*FTA)*FXPCRE*T*C1.0 - S» 
OX2 = X2*C(GAM + OE)/S - OF*T) 
C3 = t.5 0 *C2*(t.0-Z)**EX/Q7**C \./3.) 
X3= C3*CTH( 1)*BCN..1) + SlJM - S) 
DS= - C(X1-~?)/PN + CC\+X3)*FXCH)/ccnX\-DX?)/PN - C3*EXCH) 
IF (ns) 2.1,1 
OTH=S+DS 
GO TO 3 

2 OTH=S*FXPcns/s) 
_~ CONT I NUE 

CUR(NZ)= PN*(C1+X3) 
IF CAAS(S-DTH) - nFVM*AAS(DTH») 

''56 5 = bTH 
PRINT 101, NZ 

6" TH(NZ) = DTH 
THCN7T I) =0.0 'f.C:IJR(N7T I )=n.o 
RETURN 
FNO 

6r;,60.<=;6 
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FOPTPAN I I FI)t\,JCTJON PP,I •. X) 

CALCULATION OF LEGEt\,JOPE P0LYNOMIALS 
PI= 1.0 
P2= ,X 
IF (N-l l 

p= PI 
PFT'.)PN 

? P= P2 
RETURN 

,~ N '~1 = "I - 1 

1 • .? • 3 

no {I NI J= 1 • I'!'V\ 1 
P=(X*FLOI\TF(2*NIJ+l l*P2-FLOATF(I'JUl*Pl )/FLOATF(",t!+I) 

PI= P2 
1+ P2= P 

RETUPN 
END 

4 I ? I 2('\ 
~R77241751_?116~R4n7C7-119?6975nn7-1?6R'G2'R50-1341n9400('\8-14137792044-1 
4A3075R017_1~494671?~1-16~?55~Ce97-16710566846-172731R2~5?-177R3056~14-1 
R2461?23nR_IR~~~5n~n??-19n2C9RR07n-1932e12RC8J-1957?16RI92-1Q772~995nn-l 
0907?623R7-19982377097-1 
77~n59479A_27703981eI6-27611C3t19n-2747?~169C6-?728865R24n-270611647~0-2 
A7912n458.?_?64Rn4nl'46-?613C6?4249-2574~976ql0-?~3??7q4698-24869580764-2 
43R709nRlq-?3878216797-2334601952R-?27937nn6QR-??2?4~R9919-?164210583R-2 
104q828453-24~21277n9q-3 

16000+1 20000+1 ~noon-l 50~0n-1 508CO-l 5nOOO-l 5000n+2 60000-1 
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APPENDIX C 

Correlations for the Prediction of Physical Properties 

Physical properties data have been correlated by various workers 

for the solutions used here. The expressions take the general form, 

(C-l) 

where p refers to the physical property of the solution and the concen-

trations are in units of moles/~. The coefficients a
o 

to a
9 

are shown 

in Table 1 along with an estimate of the error and the number of 

experimental data used to base the correlation. Also shown are the 

range of concentrations, the temperature, and the source of the 

correlation. The refractive index ~. is included in the last column. 



Table C-1. Coefficients for the correlation of physical prope~ties. 

CuS04-H2S04-water CuS0
4

-H2S04-g1ycero1-water 

p ]..l DX105 P ]..l ]..lD Xl 0 7 P log10v nD 
{g/ em3} (cE) (cm2/sec) (g/cm3) (cp) (dyne) (gjcm3) (cm2/sec) 

a 0.99837 0.90445 0.597 0.9978 0.974 0.7363 1.0025 -0.0234 1.3343 
0 

a1 
0.15020 0.~2999 0.320 0.12755 0.5344 0.02044 0.1531 0.1273 0.0258 

a2 
0.06240 0.13393 -0.0656 0.06406 0.1235 0.00511 0.0589 0.0191 0.0097 

a
3 

0.002276 0.26385 -0.306 0.01820 0.5356 0.05567 

a4 -0.000789 0.030696 -0.00585 -0.00167 0.0556 0.0098 

a5 
-0.006921 0.10308 -0.0088 -0.0212 -0.0028 

a
6 -0.00235 0.1475 0.06530 0.0019 0.0444 0.0102 

a 0.00353 0.2029 0.0094 I 
7 00 

00 

a
8 

0.0414 I 

a9 
0.0119 

% error 0.35 1 0.5 0.5 0.5 0.1 0.8 0.1 

no. data 133 97 25 19 24 19 

[GuS0
4

] O.Ol-sat. 0.01-0.65 0.01-0.65 0.01-0.7 0.01-0.7 0.01-0.7 0.05-0.49 0.05-0.49 0.05-0.49 

[H2SO4] O.OI-sat. 0.01-2.5 0;5-2.5 0.76-1. 7 0.76-1. 7 0.70-1. 7 0-2.0 0-2.0 0-2.0 

[glycerol] 0 0 0 0-5.4 0-5.4 0-5.4 0-5.0 0-5.0 0-5.0 

T(OC) 25°C 25°C 25°C 22 22 22 25 25 25 

source Hsueh [40] Fenech and Tobias [7] Selman [41] 
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NOMENCLATURE 

numerical constant (2-19) 

expansion coefficients for the physical properties correlations (C-l) 

expansion coefficients in the series for the potential 0-5) 

concentrati.on of the reactant, mole/9-

concentration of the reactant at the electrode surface, 

concentration of the reactant in the bulk, mole/9-

deposit thickness, cm 

area-averaged deposit thickness, cm 

2 diffusion coefficient of the reactant, cm /sec 

dimensionless total overpotential (B-2) 

dimensionless concentration overpotential (B-2) 

dimensionless surface overpotential (B-2) 

mole/9-

surface concentration function for uniform wall flux condition (2-21) 

dimensionless radial velocity function (2-1) 

Faraday's constant, 96,487 coulomb/equiv. 

acceleration due to gravity, 980.665 cm/sec 2 

dimensionless tangential velocity (A-I) 

3 2 Grashof number, 8gr Oc /v o 00 

dimensionless axial velocity (A-I) 

2 
normal current density at the electrode surface, amp/cm 

2 
exchange current density, amp/cm (3-8) 

area-averaged current density, amp/cm2 

2 area-averaged limiting current density, amp/cm 



I total current, amp 

II" total limiting current, amp 1m 
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J dimensionless exchange current density (3-11) 

L separation distance between stationary plane and rotating disk, cm 

m index of summation in the series for the potential (3-4) 

MCu molecular weight of copper, 63.546 g/mole 

n number of electrons produced when one reactant ion or molecule 

reacts 

refractive index 

N dimensionless parameter related to the significance of mass 

transfer (3-10) 

Nu Nusselt number 

Nu composite Nusselt number (2-18) 
c 

(Nu) area-averaged Nusselt number (2-19) 

p physical property (C-l) 

P dimensionless pressure (A-I) 

P dynamic pressure, dyne/cm
2 

(A-I) 

P
2m 

Legendre polynomial of order 2m 

Pe Peclet number, -F'(O) SC Re
3

/ 2/2 

Q constant (A-I) 

r radial coordinate, cm 

rd radius of the rotating disk, cm 

r radius of electrode, cm 
o 

R universal gas constant, 8.3143 joule/mole-deg 

Ra Rayleigh number, Sc Gr 

1 

i 

.1 

I 
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2 
Re Reynolds number, r n/v 

o 
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S dimensionless stretched radial coordinate in central region, 

Sc 

r(4 Pe/3)1/3/ r 
o 

Schmidt number, V/D 

St Stanton number (2-23) 

( St ) area-averaged Stanton number (2-25) 

t transference number of reactant 

T absolute temperature, oK 

v radial velocity component, cm/sec 
r 

v axial velocity component, cm/sec 
y 

ve tangential velocity component, cm/sec 

V potential of the electrode, volt (3-6) 

x distance from the edge of the electrode, cm 

x integration variable (2-5) and (3-1) 
o 

X dimensionless stretched radial coordinate in leading-edge region, 

y axial coordinate, cm 

y dimensionless stretched axial coordinate in central region, 

y(4pe/3)1/3/ r 
0 

dimensionless stretched axial coordinate in leading-edge region, 

Zi charge number of species i 

Z dimensionless separation distance between stationary plane and 

rotating disk, L/n/v 
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-n for reactions with excess supporting electrolyte 

a,S,y parameters in the kinetic expression 0-8) 

B (r) radial velocity derivative at the plane, -dV /dY 
r 

r (2/3) the gamma function of 2/3, 1.35412 

r(4/3) the gamma funciton of 4/3, 0.8929'8 

s dimensionless axial coordinate, y/~/v. 

n Lighthill similarity variable (2-6) 

nc concentration overpotential, volt (3-7) 

ns surface overpotential, volt (3-8) 

8 dimensionless radial coordinate, (1_s3)1/3 

at y=o, 

8 dimensionless concentration of the reactant, (c-c )/(c -c ) 
\ 0 ro 0 

8 
o 

dimensionless concentration of the reactant at the electrode 

surface, c Ic o ro 

-1 
sec 

e 
2 

dimensionless stretched concentration for region 2, 82r(4/3)(8Pei3)1/3 

-1 -1 
conductivity of the bulk solution, ohm -cm K 

]l 

v 

p 

ratio of angular velocity of fluid in central core to angular 

velocity of rotating disk at large Z, w/~ 

deposit time, min 

dynamic viscosity, g/cm-sec 

2 
kinematic viscosity, ]lIp, cm Isec 

dimensionless radial coordinate, r/r 
o 

3.14159 

3 
density, g/cm 

PCu density of copper, 8.91 g/cm
3 

j 
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Po density of the solution at the electrode surface, g/cm3 

Poo bulk density of the solution, g/cm3 

a concentration densification coefficient, (poo~p)/(pocoo)' £/mole 

T 'dimensionless axial distance, y/L 

¢o integration variable (3-2) 

~ potential in the bulk extrapolated to the electrode surface, 
o 

volt (3-4) 

~rotational elliptic coordinate at y=O, ~1_~2 

w angular velocity of fluid in central core at large Z, rad/sec 

~ angular velocity of rotating disk, rad/sec 

Subscripts 

1 diffusion layer, region"l 

2 central region 2 

3 leading-edge region 3 

exp experimental 

N natural convection 
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