
UC Irvine
UC Irvine Electronic Theses and Dissertations

Title
Mathematical Modeling of Branching Morphogenesis and Vascular Tumor Growth

Permalink
https://escholarship.org/uc/item/5338c16f

Author
Yan, Huaming

Publication Date
2015
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/5338c16f
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA,
IRVINE

Mathematical Modeling of Branching
Morphogenesis and Vascular Tumor Growth

DISSERTATION

submitted in partial satisfaction of the requirements
for the degree of

DOCTOR OF PHILOSOPHY

in Mathematics

by

Huaming Yan

Dissertation Committee:
Professor John Lowengrub, Chair

Professor Qing Nie
Professor Long Chen

2015



c© 2015 Huaming Yan



Dedication

To

my parents

for your love, support and understanding

ii



Table of Contents

List of Figures viii

List of Tables ix

Acknowledgments x

Curriculum Vitae xi

Abstract of the Dissertation xii

Introduction 1

1 Feedback, Lineages and Self-organizing Morphogenesis 3
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Non-spatial model analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.1 Modeling feedback in lineages . . . . . . . . . . . . . . . . . . . . . . 5
1.2.2 Multimodal feedback and steady-state ultrasensitivity . . . . . . . . . 6
1.2.3 Dynamics beyond the critical φ/γ . . . . . . . . . . . . . . . . . . . . 7
1.2.4 Final state analysis and initial condition dependence . . . . . . . . . 8
1.2.5 Bi-modality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2.6 A three-stage lineage . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3 Spatiotemporal model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3.1 Multispecies interactions . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.3.2 Soft tissue mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3.3 Exogenous source for feedback factors . . . . . . . . . . . . . . . . . . 14

1.4 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.5.1 Bi-modality of growth through endogenous feedback . . . . . . . . . . 16
1.5.2 Exogenous triggering of growth . . . . . . . . . . . . . . . . . . . . . 17
1.5.3 Exogenous suppression of growth . . . . . . . . . . . . . . . . . . . . 18
1.5.4 Tissue dynamics originate from lineage dynamics . . . . . . . . . . . 18
1.5.5 Self-sustaining branch growth . . . . . . . . . . . . . . . . . . . . . . 19
1.5.6 Self-organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

iii

Page



2 Detailed Analysis of Morphogenesis 38
2.1 An n-stage lineage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2 Negative feedback alone does not result in bimodal growth . . . . . . . . . . 39
2.3 Final state analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.4 Bistability of the three stage lineage . . . . . . . . . . . . . . . . . . . . . . . 46
2.5 Evolution of an epithelium with only endogenous feedback . . . . . . . . . . 47
2.6 Evolution of an epithelium with transient exogenous positive feedback . . . . 51
2.7 Evolution of an epithelium with transient exogenous negative feedback . . . 56
2.8 Summary of evolution of an epithelial tissue . . . . . . . . . . . . . . . . . . 61
2.9 Parameters exploration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
2.10 Feedback ratio determines types of structure formation . . . . . . . . . . . . 69

3 Stem Cell-driven Morphogenesis 72
3.1 Epithelium growth driven by stem cells . . . . . . . . . . . . . . . . . . . . . 72
3.2 Elasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
3.3 Local stretching and bending forces . . . . . . . . . . . . . . . . . . . . . . . 77
3.4 Stokes equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4 Feedback, Lineages and Tumor Growth 94
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
4.2 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.2.1 Mass conservation equations and model mechanics . . . . . . . . . . . 96
4.2.2 Tumor cell species . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
4.2.3 Cell substrates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5 Angiogenesis and Tumor Response to Cancer Therapies 108
5.1 Angiogenesis affects tumor size and morphology . . . . . . . . . . . . . . . . 109
5.2 Positive feedback from ECs to SCs enhances tumor growth . . . . . . . . . . 110
5.3 Stem cell transdifferentiation . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.4 Anti-SC therapies control tumor invasion . . . . . . . . . . . . . . . . . . . . 113
5.5 Anti-angiogenic therapy increases tumor invasiveness . . . . . . . . . . . . . 115
5.6 Chemotherapy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.7 gECs increase tumor resistance to therapies . . . . . . . . . . . . . . . . . . 117
5.8 Summary of therapy strategies . . . . . . . . . . . . . . . . . . . . . . . . . . 118
5.9 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

BIBLIOGRAPHY 142

APPENDICES 156

A Model Nondimensionalization in Chapter 1 157

B List of Parameters 159

iv



List of Figures

1.1 Bistability of a two-stage lineage. . . . . . . . . . . . . . . . . . . . . . . . . 25

1.2 Final state analysis of the two-stage lineage. . . . . . . . . . . . . . . . . . . 27

1.3 Summary of possible behaviors with feedback when p > 0.5. . . . . . . . . . 28

1.4 Bistability in a three-stage lineage and spatial bi-modality for different positive

feedback strengths φ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1.5 Evolution of an epithelium with φ = 3.0 and exogenous sources of positive

feedback factors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

1.6 Evolution of epithelia with transient exogenous sources of feedback factors. . 33

1.7 Exogenous signals can also toggle a switch in lineage steady states. . . . . . 34

1.8 Final state ultrasensitivity with respect to feedback and external signals. . . 35

1.9 Feedback ratio determines the types of structures that self-organize. . . . . . 37

2.1 The critical feedback ratio is a constant. . . . . . . . . . . . . . . . . . . . . 42

2.2 The basis for initial condition dependence. . . . . . . . . . . . . . . . . . . . 44

2.3 Final state ultrasensitivity with respect to feedback. . . . . . . . . . . . . . . 45

2.4 The three stage lineage is bistable with respect to φ, γ, χ0(0). . . . . . . . . 46

2.5 Evolution of an initially unperturbed epithelium with positive feedback gain

φ = 3.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.6 Evolution of an initially unperturbed epithelium with positive feedback gain

φ = 4.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.7 The evolution of the cell distributions in an initially unperturbed epithelium

in the presence of a transient, exogenous positive feedback regulator. . . . . 52

2.8 The evolution of CP self-renewal fraction p1 in an initially unperturbed ep-

ithelium in the presence of a transient, exogenous source of positive feedback

factors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

v

Page



2.9 Evolution of an initially unperturbed epithelium with exogenous sources of

positive feedback factors applied for different durations. . . . . . . . . . . . . 54

2.10 A comparison of the ratios of the total amount of positive-to-negative feed-

back in an initially unperturbed epithelium with exogenous sources of positive

feedback factors applied in different lengths. . . . . . . . . . . . . . . . . . . 55

2.11 The evolution of the cell distributions in an initially unperturbed epithelium

in the presence of a transient, exogenous negative feedback regulator. . . . . 57

2.12 The evolution of CP self-renewal fraction p1 in an initially unperturbed ep-

ithelium in the presence of a transient, exogenous source of negative feedback

factors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.13 Evolution of an initially unperturbed epithelium with exogenous sources of

negative feedback factors applied in different strength. . . . . . . . . . . . . . 59

2.14 A comparison of the ratios of the total amount of positive-to-negative feedback

in an initially unperturbed epithelium with exogenous sources of negative

feedback factors applied in different lengths and strength. . . . . . . . . . . . 60

2.15 The area of the epithelium and its cellular components are shown as a function

of time (in CP cell cycles) for the simulations shown in Figs. 1.4 to 1.6 with

positive feedback gain φ = 3.0. . . . . . . . . . . . . . . . . . . . . . . . . . . 63

2.16 The evolution of an initially flat epithelium with exogenous sources of positive

feedback up to T = 12. In addition to TDs, CPs also produce endogenous

negative feedback factors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

2.17 The evolution of an initially flat epithelium with exogenous sources of positive

feedback up to T = 12. In addition to CPs, TDs also produce endogenous

positive feedback factors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

2.18 The evolution of an initially flat epithelium with much smaller diffusivity of

positive feedback factors (DF = 0.01). . . . . . . . . . . . . . . . . . . . . . . 67

2.19 Effect of the uptake of negative feedback factors in stroma. . . . . . . . . . . 68

2.20 A finger of constant width elongates with a continuous exogenous source of

positive feedback factors, see Fig. 1.9 (A-C) in Chapter 1. . . . . . . . . . . . 69

2.21 A finger of constant width elongates with a transient exogenous source of

positive feedback factors that stops T = 15, see Fig. 1.9 (A, D, E) in Chapter 1. 70

2.22 Self-organizing pattern formation can be triggered by initial geometric noise. 71

vi



3.1 Growth of a single-species epithelium driven by stem cells. . . . . . . . . . . 82

3.2 Growth of a multi-species epithelium driven by stem cells. . . . . . . . . . . 83

3.3 Growth of a multi-species epithelium driven by stem cells and endogenous

sources of positive feedback factors. . . . . . . . . . . . . . . . . . . . . . . . 84

3.4 Growth of a multi-species annular epithelium with exogenous sources of CF

outside. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.5 Signed distance function. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.6 Epithelium with elastic force grows in uniform thickness. . . . . . . . . . . . 87

3.7 Epithelium with elastic force and endogenous positive feedback factors grows

in uniform thickness. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.8 Local stretching grows the epithelium in complex shape. . . . . . . . . . . . 89

3.9 Epithelium with small stem cell proliferation, local stretching and elastic forces

grow with uniform thickness. . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.10 Alternative model of local stretching. . . . . . . . . . . . . . . . . . . . . . . 91

3.11 Growth of an annular epithelium where cell movements are governed by a

Stokes equation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.12 Velocity fields and pressure solved by the Stokes equation. . . . . . . . . . . 93

4.1 Effects of different λSCm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.2 Tumor response to different positive feedback gain χ0. . . . . . . . . . . . . . 104

4.3 Tumor response to negative feedback gain ψ0. . . . . . . . . . . . . . . . . . 105

4.4 Effects of different necrosis rates. . . . . . . . . . . . . . . . . . . . . . . . . 106

4.5 Effects of different lysis rates. . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.1 Effects of angiogenesis on tumor growth. . . . . . . . . . . . . . . . . . . . . 122

5.2 Positive feedback from vasculature to stem cells enhances tumor growth. . . 124

5.3 Transdifferentiation from stem cells into gECs enhances tumor growth. . . . 126

5.4 Effects of different branching probability. . . . . . . . . . . . . . . . . . . . . 127

5.5 Spatial distribution of gECs. . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.6 T1 treatments reduce SC fractions and invasiveness by forcing SCs to differ-

entiate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.7 WI treatments reduce SC fractions and invasiveness by disturbing stem cell

niche. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

vii



5.8 Anti-angiogenic therapy reduces the overall tumor size but increases invasive-

ness. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.9 WI treatments may be used as anti-invasive therapies. . . . . . . . . . . . . . 132

5.10 T1 treatments reduce tumor volumes, SC fractions and invasiveness. . . . . . 133

5.11 Traditional chemotherapy reduces the overall volume but not invasiveness. . 134

5.12 gECs increase tumor resistance to therapies. . . . . . . . . . . . . . . . . . . 136

5.13 Summary of therapy strategies. . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.14 Combined therapies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

5.15 Model schematic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

viii



List of Tables

B.1 Common parameters in Chapter 1 . . . . . . . . . . . . . . . . . . . . . . . . 159

B.2 For Figs. 1.4 to 1.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

B.3 For Fig. 1.9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

B.4 Parameters in Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

ix

Page



Acknowledgments

I would like to thank Heyi, Taiji, Tejia, Andy, Heidi, Haoran, Ziwen and Wenhao for your

everlasting love and support. You are my joy and crown. My thanks also go to Peng Sun,

Sino and Yifeng for your help and inspiration in my first years at Irvine.

I would also like to thank my advisor Prof. John Lowengrub for your guidance through

my graduate life. You have been tremendously helpful in my graduate studies and always

providing insightful and knowledgeable advice for my research. It is a great pleasure to work

with you.

I also want to thank Prof. Long Chen and Prof. Qing Nie for being on my committee.

I would like to express my appreciation to my collaborator Sameeran Kunche and Monica

Romero for many useful discussions on our paper.

x



Curriculum Vitae

Huaming Yan

Ph.D. in Mathematics, University of California, Irvine, 2015

M.S. in Mathematics, University of California, Irvine, 2014

B.S. in Mathematics, University of Science and Technology of China, 2010

xi



Abstract of the Dissertation

Mathematical Modeling of Branching Morphogenesis and Vascular

Tumor Growth

By

Huaming Yan

Doctor of Philosophy in Mathematics
University of California, Irvine, 2015

Professor John Lowengrub, Chair

Feedback regulation of cell lineages is known to play an important role in tissue size control,

but the effect in tissue morphogenesis has yet to be explored. We first use a non-spatial model

to show that a combination of positive and negative feedback on stem and/or progenitor cell

self-renewal leads to bistable or bi-modal growth behaviors and ultrasensitivity to external

growth cues. Next, a spatiotemporal model is used to demonstrate spatial patterns such as

local budding and branching arise in this setting, and are not consequences of Turing-type

instabilities. We next extend the model to a three-dimensional hybrid discrete-continuum

model of tumor growth to study the effects of angiogenesis, tumor progression and can-

cer therapies. We account for the crosstalk between the vasculature and cancer stem cells

(CSCs), and CSC transdifferentiation into vascular endothelial cells (gECs), as observed

experimentally. The vasculature stabilizes tumor invasiveness but considerably enhances

growth. A gEC network structure forms spontaneously within the hypoxic core, consisten-

t with experimental findings. The model is then used to study cancer therapeutics. We

demonstrate that traditional anti-angiogenic therapies decelerate tumor growth, but make

the tumor highly invasive. Chemotherapies help to reduce tumor sizes, but cannot control

the invasion. Anti-CSC therapies that promote differentiation or disturb the stem cell niche

effectively reduce tumor invasiveness. However, gECs inherit mutations present in CSCs and

are resistant to traditional therapies. We show that anti-gEC treatments block the support

xii



on CSCs by gECs, and reduce both tumor size and invasiveness. Our study suggests that

therapies targeting the vasculature, CSCs and gECs, when combined, are highly synergistic

and are capable of controlling both tumor size and shape.
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Introduction

Tissue morphogenesis refers to the assembly of tissues into organized spatial structures

through the precise formation of branches, buds, tubes, etc. Processes thought to drive

morphogenesis include localized cell growth [49, 69, 80, 85, 94, 101] and tissue-scale me-

chanical deformation [24, 71, 77, 95, 96]. Locally-produced diffusible factors that negatively

feedback on stem or progenitor cell self-renewal have been shown to grow epithelia to reach

or maintain pre-specified sizes [33, 117] and play a role in morphogenesis [56]. Here, we

consider the possible mechanism that modulation of local feedback control of growth can

drive morphogenesis. In particular, negative feedback control of stem/progenitor renewal is

combined with positive feedback. We will use a non-spatial ODE model to demonstrate that

this combination leads to bistability or bi-modality of growth, and ultrasensitive response

to external growth stimuli. The model is then extended to a multispecies PDE model that

shows spatial patterns of local budding and fingering, where the growth may be either ignited

or extinguished by exogenous signaling factors.

In particular, a simplified model of soft tissue mechanics is used to highlight the effects

of feedback control. The stem cell population is assumed to be constant, restricted to the

basement membrane and provides a influx of cells to the epithelium. We then extend the

feedback regulation to stem cells, allowing the population to change. As a result, stem

cells locally stretch the basement membrane. We will account for more complicated tissue

mechanics including elasticity and focus on the mechanisms needed to enforce a uniform

epithelium thickness.
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Next, we use our multispecies model to study tumor growth and cancer therapies focus-

ing on glioblastoma. Glioblastoma is one of the most aggressive and deadly brain tumors.

They are highly heterogeneous and vascularized, making them difficult to eradicate. Over

the past years, cancer stem cells (CSCs) have been found to play a crucial role in the tu-

mor cell hierarchy. Tumors with high CSC population are more aggressive than those with

fewer or no CSCs [6]. Recently, crosstalk between CSCs and capillaries has been shown to

considerably enhance tumor growth [15], and CSCs can also transdifferentiate into vascular

endothelial cells that maintain the stemness. We will follow [38, 120] and incorporate a

discrete angiogenesis model in the multispecies model. Spatiotemporally changing signaling

factors released by tumor cells, the vasculature and microenvironment regulate cell prolifer-

ation, differentiation and self-renewal. This model is then used to study cancer therapeutics.

We investigate the effectiveness of traditional chemotherapy, anti-angiogenic therapies and

anti-CSC therapies. We demonstrate that treatments targeting CSCs reduce tumor invasive-

ness, while transdifferentiated endothelial cells increase the tumor resistance to traditional

therapies.

This dissertation is organized as follows. Chapters 1 and 2 are reprint of a paper with

Sameeran Kunche, Arthur D. Lander, John S. Lowengrub and Anne L. Calof (in preparation).

In Chapter 3, we account for non-constant stem cell population and investigate the effects of

local basement membrane stretching and elasticity. A Stokes equation model is also briefly

studied. In Chapter 4, we extend our analysis to a three-dimensional mathematical tumor

model, and study parameter variations. In Chapter 5, we incorporate a discrete angiogenesis

model to investigate the effects of vasculature on tumor growth and invasion. The model is

then used to study cancer therapeutics, where several therapy strategies are tested, combined

and compared.

2



Chapter 1

Feedback, Lineages and

Self-organizing Morphogenesis

1.1 Introduction

Tissue morphogenesis refers to the assembly of tissues into organized spatial structures

through the precise formation of branches, buds, tubes, sacs, sheets etc. The processes

thought to drive morphogenesis are many, and include directed cell migration [89], changes

in cell shape [11, 25, 43, 72, 116], localized cell growth [49, 69, 80, 85, 94, 101], and tissue-scale

mechanical deformation [24, 71, 77, 95, 96].

Recently, we described one means by which locally-produced diffusible factors are employed

by growing epithelia to reach or maintain pre-specified sizes. Factors such as GDF11 in

the olfactory epithelium [33, 117] and GDF8/myostatin in muscle [61, 67], exert negative

feedback on the self-renewal probabilities of stem or progenitors cells, and thereby guarantee

an appropriate balance of stem cell divisions between renewal and differentiation, as well

as highly robust steady-state (or cumulative) production of terminally differentiated cells

[56].

Although such factors clearly help control tissue size, a role for them in morphogenesis

is suggested by genetic experiments. For example, in the olfactory epithelium (OE), null

3



mutations in Gdf11 produce excessive anterior branching, and when combined with mutation

of FoxG1 (which on its own leads to agenesis of the OE), loss of Gdf11 partially restores

normal OE growth and branching to different extents, depending upon whether one or two

alleles are removed [51].

Here we consider the possible mechanisms by which modulation of local feedback control of

growth can be used to drive morphogenesis, in particular the formation of sharply demarcated

buds and branches. We show that the propensity to form such structures emerges naturally

in tissues in which negative feedback control of stem/progenitor renewal is combined with

positive feedback. This idea is motivated by the fact that, in many tissues, the same cells

that secrete factors that inhibit self-renewal also secrete ones that stimulate it. For example,

in both OE and muscle, fibroblast growth factors are made locally, and exert effects on stem

and progenitor cell renewal that are opposite to those of GDF11 and GDF8. Furthermore,

in the OE FGF signaling is required for morphogenesis [37, 50].

We refer to the probability of a progenitor self-renewing the progenitor pool, upon division,

instead of differentiating as p, and the utility in negatively regulating this p has been ex-

plored in [56]. All possible choices for p are undesirable for developing tissues and organs,

irrespective of other lineage parameter choices, e.g. the starting cell number or mitosis rate.

A population will either vanish or explode without bound, and even if p were to be set to

exactly 50%, the open-loop lineage would inherently suffer from an inability to compensate

for perturbations, e.g. halving the initial stem cell population will proportionally halve the

final tissue size.

As described previously [56], closing the loop with negative feedback from the size of a dif-

ferentiated cell pool onto the renewal probability of its progenitor (p) removes the need to fix

the intrinsic renewal probability of SC at 50%, nor to make any assumptions about patterns

of SC division symmetry. Instead, perfect population asymmetry emerges spontaneously as

the result of negative feedback such that the terminal cell population is monostable. Such

feedback also leads automatically to ”perfect robustness” of TD cell numbers (insensitivity

to nearly all parameters and initial conditions).

Here we continue studying feedback, but consider instead how a combination of positive and

4



negative feedback control of lineage progression - which we refer to as ”multimodal feedback”

- leads to bistability or bi-modality of growth, and with it the ability for growth to respond

ultrasensitively to external stimuli. We begin by exploring this using simplified non-spatial

models and then go on to develop spatial models, in which these underlying behaviors form

the basis for spontaneous, growth-driven morphogenesis.

1.2 Non-spatial model analysis

1.2.1 Modeling feedback in lineages

We define cell lineages as unbranched, unidirectional pathways of differentiation, beginning

with a stem cell (SC), progressing through some number of self-renewing progenitor stages,

and ending with a non-dividing, terminally differentiated cell (TD; extension of these results

to situations in which lineages branch, or in which cells are allowed to de-differentiate, is

straightforward, but will not be considered at this time). Our analysis of feedback begins

with a two-stage lineage consisting of only SCs and TDs, as illustrated in Fig. 1.1A, but any

number of stages can be modeled.

Following [56], the dynamics of a sufficiently large, ”well-stirred”, population of cells un-

dergoing lineage progression may be written as a system of ordinary differential equations

(see Section 2.1) in which, for cells of each stage i, cell number (or concentration) may be

represented by the variable χi, cell cycle speed by the parameter vi (units of cell doubling per

time), and the self-renewal probability by the parameter pi (0 ≤ pi ≤ 1). In tissues under-

going significant turnover, a rate constant, d, for cell loss or death must also be introduced

(minimally for the TD cell).

Within this framework, feedback or feedforward effects may be represented as dependencies

of parameters upon values of χi. Typically, we will express these dependencies in terms of

multiplication by a Hill function, although the qualitative results do not depend upon this

particular choice.

5



With the possible exception of hematopoietic cells, treating tissues as ”well-stirred” is likely

to be valid only over short spatial scales (on the order of the length scales over which

concentration gradients of diffusible feedback factors decay). Thus, this formulation is most

appropriately seen describing what takes place within a small domain of tissue, rather than

within an entire tissue. For the latter, models that take space into account explicitly are

required.

1.2.2 Multimodal feedback and steady-state ultrasensitivity

The equations below depict the simplest possible cell lineage, illustrated in Fig. 1.1A and

in which a SC (cell type ”0”) gives rise directly to a TD cell (cell type ”1”). In this set of

equations, the unit of time, τ , is taken to be the SC cell cycle length, and the death rate

constant for the TD cell, δ, is expressed relative to the cell cycle rate, i.e. δ = d/v.

dχ0

dτ
= pχ0(τ)− (1− p)χ0(τ)

dχ1

dτ
= 2(1− p)χ0(τ)− δχ1(τ)

(1.1)

Next, to incorporate both positive and negative feedback from TD cells onto SC self-renewal

(Fig. 1.1A), we replace p with p

(
1

1 + γχ1(τ)

)(
φχ1(τ)

1 + φχ1(τ)

)
, where the parameters γ and

φ quantify the strength of the negative and positive feedback, respectively. For non-zero

values of φ, the resulting system has three equilibrium states:

χ∗0 = 0

χ∗1 = 0,
(1.2)

χ∗0 =
δ
(
−γ − φ+ 2pφ−

√
−4γφ+ (γ + φ− 2pφ)2

)
2γφ

χ∗1 =
−γ − φ+ 2pφ−

√
−4γφ+ (γ + φ− 2pφ)2

2γφ
,

(1.3)

χ∗0 =
δ
(
−γ − φ+ 2pφ+

√
−4γφ+ (γ + φ− 2pφ)2

)
2γφ

χ∗1 =
−γ − φ+ 2pφ+

√
−4γφ+ (γ + φ− 2pφ)2

2γφ
.

(1.4)
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Linear stability analysis reveals that the zero solution Eq. (1.2) is unconditionally stable. A

saddle-node bifurcation occurs for the non-zero solutions, so that the third solution Eq. (1.4)

locally stabilizes (Fig. 1.1 B-E). The criterion for bistability is set by the conditions p > 0.5

(stem cells must be capable of renewing more than 50% of the time) and

(1.5)
φ

γ
>

1 + 2
√

2p+ 2p

1− 4p+ 4p2
.

Using the maximum feasible value of 1 for p, we find the minimum value of this ratio to be

≈ 5.8. In other words, for bistability to occur, positive feedback on progenitor self-renewal

must be at least 5.8 times stronger than negative feedback. In contrast, such bimodal

behavior is impossible for a case with only negative feedback (see Section 2.2).

1.2.3 Dynamics beyond the critical φ/γ

Fig. 1.1F plots the trajectories of solutions with different φ/γ ratios starting from an initial

condition without TD cells. In every case the system begins by generating TD cells, but

when φ/γ is not large enough, TD production eventually collapses and both stem and TD

cells go extinct.

This behavior seems surprising, given that spontaneous extinction was not observed when

systems with only negative feedback were modeled (e.g. [56]). The difference is that, in

previous work it was assumed that, absent of any feedback, SCs would exhibit an intrinsic

renewal probability greater than 0.5, whereas here we set only a maximum renewal probabil-

ity for SCs, and require positive feedback in order for SC renewal to achieve a high enough

value to escape eventual extinction.

The transition, in Fig. 1.1F, between maintaining a non-zero steady state and tissue extinc-

tion occurs at the value of φ/γ ≈ 5.8. Altering φ and γ while their ratio remains constant

cannot possibly switch the type of steady state reached (see Fig. 2.1). However, the state to

which the system will be attracted is not solely determined by that ratio, but also by initial

conditions. For example, Fig. 1.1G, which considers a case in which φ/γ = 25, plots the

eventual steady state reached from a variety of initial conditions (different starting numbers
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of SC and TD). It is observed that, if initial SC numbers are too low, only extinction is

possible; when they are above a threshold, either extinction or a robust non-zero steady

state is possible, provided that initial numbers of TD are neither too high or too low.

This behavior can be rationalized: if TD numbers are too low, there is insufficient positive

feedback to keep SC numbers from contracting to the point where the SCs are incapable

of sustaining themselves; if TD numbers are too high, the effect of positive feedback is

saturated and negative feedback dominates, driving SC self-renewal below the threshold for

sustainability. Thus to fully understand the dependence of dynamics on initial conditions,

it becomes important to identify these critical TD values and explore how dynamics change

upon crossing them.

1.2.4 Final state analysis and initial condition dependence

The formalism used above to model tissue growth was developed for tissues that undergo

continuous renewal, such as the OE, epidermis, muscle, etc. Being able to treat these as

steady state systems facilitates analysis, since the values of available steady states are easily

calculated. However, some tissues are largely postmitotic (e.g. the mammalian brain),

consisting of TD cells that do not turnover, and are generated by SC pools that appear

transiently and then (largely) disappear. The behaviors of such systems can be modeled

simply by setting the death rate of TD cells to zero [56] as illustrated in Fig. 1.2A for

Eq. (1.1). Eventually, such systems approach a ”final state” (that is to say a static, rather

than a dynamic equilibrium), at which point SC numbers have fallen to zero, and the size of

the tissue is determined by the total number of TDs that have been made up to that point.

As was previously shown, negative feedback control can dramatically improve the robustness

of the output of final state systems [56].

Although a great deal of the morphogenesis that goes on during development involves self-

renewing tissues, the events of morphogenesis often happen on a time scale that is short rel-

ative to TD cell turnover, suggesting that the dynamics of final state systems may constitute

a more appropriate model with which to investigate the role of feedback in morphogenesis.
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We therefore consider here the effects of mixed positive and negative feedback in final state

systems, and compare them with the observations of the previous section.

For this final state system, lineage dynamics is determined by two critical TD population

sizes: χcritlow1 and χcrithigh1 , whose exact expressions can be found in Section 2.3. It is only

when χ1 is between these two values, that χ0 grows; otherwise, χ0 shrinks to zero. Under-

standing lineage dynamics with respect to these critical values allows us to understand why

initial conditions, seen in Fig. 1.2D, cause leaps in growth to coincide with neither critical

values nor equilibrium solutions. These dynamics can be categorically described by three

cases.

Case 1 (not enough starting cells): If χ1(0) begins below χcritlow1 , χ0 decreases in time. As it

shrinks however, χ1 grows. If χ0 runs out before χ1 reaches χcritlow1 , χ1’s final state remains

below χcritlow1 .

Case 2 (the growth-leap case): If initial χ0(0) is large enough to carry χ1 past χcritlow1 ,

positive feedback then pushes χ1 above χcrithigh1 (see Fig. 2.2 in Section 2.3). Thus, the

growth leap threshold requires fewer initial χ1(0) cells when there are more χ0(0), as seen in

Fig. 1.2D. It is only at the limit of χ0(0) going to zero that the required χ1(0) for a growth

leap approaches χcritlow1 (indicated by the red vertical line in Fig. 1.2D).

Case 3 (an excess of starting TD cells): It is not difficult to see why an excess of χ1(0)

results in population extinctions in Fig. 1.1G. When χ1 begins above χcrithigh1 , χ0 shrinks to

zero. If death is negligible, χ1 reaches a final state. However, when death is not negligible,

χ1 will decay to zero at a rate set by the nondimensional death rate δ.

1.2.5 Bi-modality

The abrupt transition between regimes as a function of initial conditions in Fig. 1.2B is

formally analogous to the abrupt transitions that are the result of bistability in Fig. 1.1,

although the precise relationships between initial conditions and final state are not the same.

However, as final states, which are static and non-dynamic due to SC extinction, are not

bistable steady states, which are in dynamic equilibrium, bi-modality is a more appropriate
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term for their behavior.

Bi-modality here refers to dynamics that give rise to distinctly large or small quantities of cells

as a function of the population sizes themselves. This behavior is rooted in positive feedback,

which by itself would cause cell populations to either cease growing before they had a chance

to start or to explode without bound; neither of these behaviors is particularly helpful for

developing tissues and organs that are large and precise in size. However, combining positive

and negative feedback caps this unbounded growth to yield an ultrasensitivity between two

fixed population sizes either as a bistability or a bi-modality.

Unlike a bistability between homeostatic steady states, bi-modality (due to an ”unstable”

in-between regime) manifests itself as an ultrasensitive switch between large and small final

states. Starting stem cell numbers and both positive and negative feedback gains can be

adjusted to toggle this switch (Fig. 1.2D and Fig. 2.3). Differences between steady state and

final state behaviors using the feedback configurations explored thus far are summarized in

Fig. 1.3. Moving forward, we will explore how systems more complicated than this two-stage

lineage are also ultrasensitive to perturbations to these parameters.

1.2.6 A three-stage lineage

To further emphasize generality of these results, in addition to changing the source of positive

feedback to a progenitor stage, we consider a case in which stem cells are prevented from

vanishing. All of the cases discussed thus far have involved an extinction of the stem cell

population: arrival at a final state or the zero-growth steady state both require a stem cell

extinction. However, stem cell extinctions are not a prerequisite for bi-modal growth. Stem

cells can be clamped at a non-zero equilibrium if their self-renewal and differentiation are

fixed and equal. Indeed, it has been argued that Activinβb regulates stem cells in the OE

to do precisely this [56].

The lineage shown in Fig. 1.4A mixes positive and negative feedback on the self-renewal of

committed progenitors, which are prevented from vanishing by continuously differentiating

stem cells. The concept of a critical φ/γ ratio from Fig. 1.1F recurs here as well, as shown in
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Fig. 1.4C. This model is not as analytically tractable as the two-stage case, but bifurcation

plots of this three-stage case also reveal a bistability (Fig. 1.4D). Here, feedback parameters

or initial conditions toggle a switch between discontinuous steady states in which the low

growth state is no longer one of extinction (see Section 2.4). Thus, bi-modality is still enabled

by positive feedback despite these model alterations.

1.3 Spatiotemporal model

Next, we incorporate a spatial component into the three-stage cell-lineage model, while, as

before, keeping the stem cell population constant and the same sources for the feedback

factors. However, the cell populations are instead modeled as spatiotemporally varying

volume fractions whose fates are determined by soluble feedback factors rather than cell

populations as in the well-stirred case. As such, we define [G] and [F ] as the concentrations

of the negative feedback factor G and positive feedback factor F , respectively. Consistent

with the ODE model, we assume that G is produced by the TD cells while F can be produced

by the CPs and TDs as well as from external sources (e.g. stromal cells) [33, 53, 88].

They diffuse according to quasi-steady reaction-diffusion equations because diffusion occurs

significantly faster (e.g. in minutes) than cell proliferation (e.g. in hours), and they regulate

CP self-renewal, p1.

Epithelial tissue deformation is modeled using the multispecies mixture model from [114,

120], which accounts for soft tissue mechanics, cell motility, cell proliferation, differentiation

and death. SC population χ0 is restricted to the basement membrane (BM) and supplies a

constant influx of cells to the epithelium due to setting p0 = 0.5. CPs and TDs populate

the epithelium between the BM and apical surface (AP), as represented in Fig. 1.4B. The

feedback factors can diffuse freely through the epithelium and into the stroma outside the

BM. Meanwhile at the surface, AP tight junctions impose a no-flux boundary condition for

feedback factors. See Section 1.4 for further details.
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1.3.1 Multispecies interactions

The volume fractions of CPs (χ1) and TDs (χ2) satisfy the mass conservation equation

(1.6)
∂χi
∂t

= −∇ · Ji + Srci −∇ · (uχi),

where i = 1, 2. The flux Ji accounts for interactions among cell species, and u is the mass-

averaged cell velocity. Here we have assumed that the cell densities are matched, that the

cells are tightly packed and that the cells move with the same velocity following [114].

The source term Srci quantifies the net effects of the proliferation, differentiation and death

of the lineage components:

Src1 = v0χ0 + v1(2p1 − 1)χ1,(1.7)

Src2 = 2v1(1− p1)χ1 − dχ2.(1.8)

The self-renewal fraction of the CPs, p1, is regulated by a soluble negative feedback factor G

(e.g. GDF) and a positive feedback factor F (e.g. FGF) instead of directly by the CP and

TD populations in the spatially homogeneous model. We take

(1.9) p1 = p1,min + (p1,max − p1,min)
φ[F ]

1 + φ[F ]

1

1 + γ[G]
,

which is analogous to the feedback in the ODE model. Here p1,min and p1,max are the

minimum and maximum levels of self-renewal, and φ, γ are the positive and negative feedback

gains respectively.

The concentration [F ] satisfies the quasi-steady reaction-diffusion equation

(1.10) 0 = ∇ · (DF∇[F ]) + s1
Fχ1 + s2

Fχ2 − (dF + uFχ1)[F ] + ExtSrcF .

The equation of [G] is identical, but with different coefficients. s1
F and s2

F are the production

rates from CPs (χ1) and TDs (χ2) respectively, dF is the natural decay rate, uF is the uptake

rate by CPs and DF is the diffusion coefficient. The last term represents the effects of an

exogenous source. In the equation for [G], ExtSrcG also includes a sink that models the

binding of G by Follistatin (FST) [58]. A complete list of dimensionless parameters and their

values may be found in Appendix B.
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1.3.2 Soft tissue mechanics

Following [23, 113, 114], we use a simplified model of soft tissue mechanics to obtain the

cell velocity and flux. In particular, we use a generalized Darcy law to describe the passive

motion of cells due to proliferation-induced pressure. This assumes that the tissue can be

treated as a viscous, inertia-less fluid and also models flow through a porous media. Other

constitutive laws and model formulations may be found in [5, 23, 26, 27, 73, 98, 113, 114]

and are expected to yield similar results. We take the cell velocity to be

(1.11) u = −κ
(
∇p− λ

ε
µ∇χT

)
,

where κ is a non-negative cell motility, p is the pressure generated by cell proliferation, µ is

the chemical potential defined as

(1.12) µ =
df

dχ
(χT )− ε2∇2χT ,

where ε measures the thickness of the basement membrane (BM) and apical surface (AP,

both assumed to have the same thickness for simplicity). The parameter λ models the surface

tension (stiffness) of the epithelia interfaces. The surface tension may be different for the BM

and AP surfaces. χT denotes the epithelium volume fraction χT = χ1+χ2; f(χ) =
1

4
χ2(1−χ)2

is a double-well potential. Note that the term
λ

ε
µ∇χT ≈ λBMHBMδΣBM

+ λAPHAP δΣAP
,

where λBM and λAP are the surface tensions of the BM and AP surfaces, HBM and HAP are

the corresponding mean curvatures of the surfaces and δΣBM
, δΣAP

are surface delta functions

localized on the BM and AP, e.g. see [114]. Both terms in Eq. (1.12) model passive cell

motion with the first due to differential proliferation and the second due to cell-cell adhesion.

Finally, the flux Ji is modeled as a generalized Fick’s law [114]:

(1.13) Ji = −Mχi∇µ,

where M represents the magnitude of the flux. Together, these constitutive relations for

the cell velocity and fluxes guarantee that the model is thermodynamically consistent. That

is, the adhesion energy Eadhesion =
1

ε

∫
λ

(
f(χT ) +

ε2

2
|∇χT |2

)
dx ≈ λBMLBM + λAPLAP ,

where LBM and LAP are the lengths of the BM and AP surfaces, is non-increasing in the
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absence of net sources, where the integration is taken over a domain containing the tissue,

see [114].

To solve for the pressure, we assume that the mass conservation equation also holds for

the volume fractions of the stroma (χS) and the fluid domain (χL) exterior to the AP

surface. Defining χNE = χS + χL for non-epithelium domain, we assume 1 = χT + χNE and

correspondingly that JNT = JS + JL = −(J1 + J2). We also assume that there are no net

sources in the stroma or fluid domains, i.e. SrcS = SrcL = 0. Then, summing the volume

fraction equations for the lineage components, the stroma and the fluid, we obtain

(1.14) ∇ · u = Src1 + Src2 = SrcT ,

from which it follows that

(1.15) −∇ · (κ∇p) = SrcT −∇ ·
(
κ
λ

ε
µ∇χT

)
.

1.3.3 Exogenous source for feedback factors

Let T represent the current time in the simulation. Suppose that the exogenous source

for F is applied from time TF1 to TF2, in the way that F is produced in the stroma at

a rate proportional to the difference between [F ] and a target concentration AF with a

proportionality constant αF = 5, namely

(1.16) ExtSrcF = αF (AF − [F ])χS

when TF1 ≤ T ≤ TF2. We take AF as a Gaussian source that moves along the BM:

(1.17) AF = MF exp

{
−(x− xC − 1)2

10
− (y − ȳ)2

10

}
,

where MF measures the magnitude of the exogenous concentration, xC is the leftmost posi-

tion of the BM, and ȳ denotes the location where the Gaussian source is centered. We take

ȳ at one side of the BM in Figs. 1.4 to 1.6, and ȳ at the center of the BM in Fig. 1.9.

The definition of exogenous source of G is analogous, with an additional uptake term in the
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stroma. Supposing the exogenous source for G is applied from time TG1 to TG2, we take

(1.18) ExtSrcG =

 −uG,S[G]χS + αG(AG − [G])χS, TG1 ≤ T ≤ TG2

−uG,S[G]χS, otherwise.

Here uG,S is the uptake rate of [G] by the stroma. Similar to F , G is produced in the stroma

at a rate proportional to its difference from a target concentration

(1.19) AG = MG exp

{
−(x− xC − 1)2

50
− (y − ȳ)2

50

}
,

with proportionality constant αG = 5. Here MG measures the magnitude of the exogenous

concentration.

1.4 Numerical implementation

We solve the system of equations in a rectangular computational domain that contains the

epithelial tissue. We use homogeneous Neumann boundary condition for cell fractions χ1,

χ2 and feedback factors [F ] and [G]. In order to allow the tissue to leave the computational

domain smoothly, we apply homogeneous Dirichlet boundary conditions for the pressure p

and chemical potential µ, following [114]. In addition, we apply a no-flux boundary condition

for feedback factors at the AP. Using the diffuse domain approach in [60, 102], we reformulate

Eq. (1.10) as

0 = ∇ · (DFχ
∗
L∇[F ]) + χ∗L

(
s1
Fχ1 + s2

Fχ2 − (dF + uFχ1)[F ] + ExtSrcF
)

where χ∗L = 1 − χL is the volume fraction for solid domain. The approximation for [G] is

identical except for different coefficients and exogenous sources. Note that [F ] and [G] in

Eq. (1.9) should be taken as χ∗L[F ] and χ∗L[G] respectively.

The stem cell population χ0 ≈ A(t)δΣBM
, where A(t) is chosen to ensure the numbers

of SCs are maintained, even if the shape of BM changes. We take A(t) =
V (0)

V (t)
, where

V (t) =
∫
χ0(t)dx is the population of SCs at time T = t. In this way, the integral

∫
χ0dx is

constant throughout the simulation.
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To solve the system of equations efficiently, we follow [112, 113] and use an adaptive finite-

difference method with an implicit second order Crank-Nicholson time discretization. This

scheme removes the high-order time step constraint, and is found to be stable with ∆t ≈ h in

our context. Spatial derivatives are discretized using central difference approximations. The

advection terms are treated using an upwind weighted ENO scheme [46]. Block structured

Cartesian refinement is used to efficiently resolve the multiple spatial scales, especially in

regions with large gradients (typically around BM and AP). The equations at the implicit

time step are solved using the nonlinear multigrid method, where the equations are reformu-

lated as a system of second order equations. The spatial distribution of cells and feedback

factors are visualized in MATLAB.

1.5 Results

1.5.1 Bi-modality of growth through endogenous feedback

Growth bi-modality in space is determined by a critical φ/γ ratio. Here, two positive feedback

gains (φ = 3.0 and φ = 4.0) are compared while other parameters remain fixed (see Tables B.1

and B.2 for a complete list of parameter values). Initial conditions are set such that the

starting mixture of CP and TD cells initiate exponential, isotropic growth of the epithelial

area (Fig. 1.4E) and the number of CP cells (Fig. 1.4F) and TD cells (Fig. 1.4G). However,

in the φ = 3.0 case, this growth is only transient, while if φ = 4.0, if self-sustains indefinitely.

These two modes of growth agree with our understanding of the φ/γ ratio, i.e. the larger

gain of φ = 4.0 results in a larger sustained φ/γ ratio throughout the tissue, which instead

falls to zero when φ = 3.0 (Fig. 1.4H). We are able to approximate a critical threshold in

the spatial model by calculating the ratio using maxBM φ[F ]/(γ[G] + ε), such that ε = 10−3

is a small number, [F ] and [G] are the concentrations of the positive and negative feedback

regulators, and the maximum is taken along the BM.

Furthermore, despite regulatory factors diffusing and acting non-locally, dynamics still in-

dicate a closed loop feedback system. Insufficient positive feedback (relative to negative
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feedback) causes differentiation of CPs to rise, which increases TD numbers that in turn

increases [G], further suppressing CP self-renewal and inhibiting growth (see Fig. 2.5). The

exact opposite sequence of events occurs when positive feedback is large (Fig. 2.6).

Unlike the ODE models from before, the critical threshold in the spatial model arises spa-

tially from cell numbers via feedback factor concentrations and epithelial geometry. This

nonlinear, multi-scale coupling impedes a straightforward analytical solution for this thresh-

old. Moreover the growing tissue does not even reach a steady state! However, the spatial

aspect of this model enables us to study growth bi-modality as it relates to morphogene-

sis, and so we use the model to explore if regionally distinct states of endogenous feedback

activity can occur simultaneously within this system.

1.5.2 Exogenous triggering of growth

We explore if lineage bi-modality manifests in space with analogous abrupt changes in re-

gional lineage dynamics. To trigger this change in states spatially, we apply exogenous

feedback signals that mimic the effects of diffusible growth factors, which in turn affect cell

numbers. A model of stromal cells producing a positive regulator of epithelial progenitor

self-renewal, such as an FGF, is implemented as an exogenous source of diffusible F in the

stroma that follows the BM. Furthermore, we see that when this application of exogenous F

is nonuniform, i.e. diffusing from a point source, a local outgrowth buds (Fig. 1.5 A,B) from

an initially flat epithelium that could not have grown thus from its own endogenous signals

(φ = 3.0). CP self-renewal locally increases (Fig. 1.5C), and as stem cells remain at the BM

(Fig. 1.5D), CP and TD cells stratify in both apical-basal and planar directions with CPs

moving to the BM (Fig. 1.5E) and TDs to the AP (Fig. 1.5F).

This local growth becomes endogenously self-sustaining. Even if exogenous F is only pro-

duced transiently, ceasing at the 12th cell cycle, epithelial development, as seen in Fig. 1.6A,

proceeds qualitatively identically to that of Fig. 1.5. Cell populations, also in an identical

manner, stratify (Fig. 2.7) such that a higher concentration of CPs, and thus positive feed-

back, near the location of the exogenous source make p1 > 0.5 (at the 12th and subsequent
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cell cycles, see Fig. 2.8), which further reinforces this state of localized growth. Growth can-

not self-sustain if the exogenous source is removed too early and the epithelial area ceases to

grow (Fig. 2.9), as the positive-to-negative feedback ratio falls below the critical threshold

for high growth (Fig. 2.10).

1.5.3 Exogenous suppression of growth

Just as a transient exogenous positive signal can initiate a self-sustaining process of local

epithelial growth, a transient exogenous negative signal G can shut off growth. An ex-

ogenous negative regulator is produced near the bud from the 15th to 18th cell cycle in

Fig. 1.6B, after a transient positive signal was applied to the 12th cell cycle as in Fig. 1.6A,

which forces CPs to differentiate into TDs (Fig. 2.11) and pushes p1 near the BM below

0.5 (Fig. 2.12). Consequently, the epithelium stops growing (Fig. 2.13, black curve) and

the positive-to-negative feedback ratio falls and remains below the critical threshold for self-

sustaining growth (Fig. 2.14, black curve). However, if the exogenous negative signal is not

sufficiently large (Fig. 2.13, pink curve) then growth remains undeterred, further indicating

this exogenous factor is acting through an intrinsic threshold of the system.

1.5.4 Tissue dynamics originate from lineage dynamics

The tissue-scale behaviors observed using these transient exogenous treatments (summarized

by Fig. 2.15) are rooted in lineage dynamics. If we again consider exogenous factors that

mimic the effects of positive or negative feedback but instead within a two-stage well-stirred

lineage (Fig. 1.7A), a similar commitment to one of two dynamical states arises, illustrated in

Fig. 1.7B. Here a system is modeled that, on its own, would generate a small number of TD

cells and subsequently extinguish. However, at an initial time point, if an exogenous factor

that exerts a positive effect on the SC p-value is applied transiently, the system climbs to and

maintains a steady non-zero state, where it will remain indefinitely. However, upon tran-

sient application of an exogenous factor that decreases the SC p-value, the system becomes

irreversibly committed to extinction. Furthermore, the final state system (Fig. 1.8A) reca-
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pitulates our hypothesis regarding the application of growth factors externally: φex induces

a growth leap (Fig. 1.8B) while growth plummets after γex is increased (Fig. 1.8C).

1.5.5 Self-sustaining branch growth

Two types of finger growth, depending on the φ/γ ratio, are revealed upon application of

a local external positive signal, [F ]ex: one self-sustains and the other does not. Both begin

from an initially flat, epithelial geometry (Fig. 1.9A), from which a single branch grows

perpendicularly (see Tables B.1 and B.3 for a complete list of parameter values). The lower

φ/γ = 0.73̄ ratio scenario (Fig. 1.9 B, C and Fig. 2.20) requires a constant exogenous source

of positive regulator, [F ]ex, at the tissues leading edge to maintain its elongation. This edge,

where high progenitor self-renewal is localized, advances linearly and leaves in its wake a

tissue of constant width (Fig. 1.9D). Increasing the ratio to φ/γ = 0.83̄, however, results in

a branch that continues to elongate independently (Fig. 1.9F), even after [F ]ex is removed at

the 15th CP cell cycle. This branch is demarcated by the emergence of three self-sustaining

zones of high self-renewal: two flanking the base of the branch and one at the elongating,

leading edge; the corresponding cell and factor arrangements are shown in Fig. 2.21. Its

width again reaches a constant value, but its growth is exponential (Fig. 1.9F), unlike the

previous case.

These differing rates of elongation highlight two types of expansion of tissue area (represented

by A): interface limited expansion and area-driven expansion. Interface limited expansion

is mathematically represented by dA/dt ∝ L, where L is the characteristic length of the

interface. Given that area is proportional to the square of a characteristic length (A ∝ L2),

it follows that dA/dt ∝ LdL/dt. Consequently, dL/dt is constant when tissue expansion is

interface limited, and moving length measurements move linearly. On the other hand, area-

driven expansion is mathematically represented by dA/dt ∝ A. In this case, dL/dt ∝ L, and

moving length measurements move exponentially.

High p1 and [F ] at the leading edge of the branch in both cases bares a striking resemblance

to the primitive streak in the paraxial mesoderm where self-renewing stem cells are localized
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[75] and maintained by FGF [65], without which mesoderm formation is inhibited [21].

These simulations suggest that regression of the primitive streak is a consequence of this

localization.

1.5.6 Self-organization

We define self-organization as the ability of a system to generate structures through solely

endogenous interactions. Therefore to start these interactions without directly influencing

endogenous parameters, a geometric perturbation is applied to the initial tissue instead.

Periodic patterns emerge from uniformly noisy initial conditions in many Turing systems.

Here, initial geometric noise, similarly, triggers self-organizing pattern formation in the form

of periodically spaced elongating branches (Fig. 1.9H). Note that three neighboring presump-

tive branches at the 50th CP cell cycle merge into one by the 68th cycle (boxed in orange),

thus favoring the stronger, primary branch. However, unlike the short-range activator and

long-range inhibitor requirement of classic Turing patterning [32, 105], this occurs despite

equal diffusivities of antagonistic factors (DF = DG = 0.1).

Furthermore, feedback strength has an influence on the number of branches that emerge.

If sequential formation of branches is spaced sufficiently far apart in time, a single primary

branch can sprout two secondary branches (Fig. 1.9I and Fig. 2.22A). And when the feedback

ratio is increased in Fig. 1.9J (Fig. 2.22B), the same primary branch forms three secondary

branches instead.

1.6 Discussion

The ratio of feedback on p is the controlling feature

Mixing positive and negative feedback to regulate progenitor self-renewal enables growth

bi-modality. The persistence of this discreteness in lineage behavior despite numerous model

alterations highlights its generality. Moreover, spatial discreteness of growth states from
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feedback on p is capable of producing self-organizing morphogenesis, in the form of both

single and multiple elongating branches. To causally link spatial morphogenesis to under-

lying dynamical behaviors, our analysis occurred at multiple levels – within both two and

three-stage lineages, for steady state, final state, and spatial systems, and with variations

on feedback sources. At every step of this analysis, the existence of a threshold between

dynamical states recurred where the sole unchanging feature was regulation of progenitor

self-renewal by positive and negative feedback.

The controlling feature of this threshold is the ratio between the opposing feedback signals.

A critical positive-to-negative ratio of feedback strength delineates two distinct types of

dynamics. Sufficient positive feedback yields a discretely larger output than one dominated

by negative feedback, irrespective of whether the system reaches a steady state or final

state.

This threshold reappears in our spatial analysis, numerically estimated in Figure 3H, for

self-sustaining growth. A switch for starting self-sustaining region of growth is triggered in

numerous ways, i.e. alterations in feedback strength, exogenous signals, local geometries, or

initial cell population sizes. Any of such perturbations create a local zone of high progenitor

self-renewal in which the positive-to-negative feedback ratio breaches the critical threshold.

Subsequently, growth self-sustains and can only be extinguished by reversing the switch’s

growth state, such as with an inhibitory signal. This feature can give rise to a number of

structures, some of which we have explored in Fig. 1.9. The influence of this feedback ratio’s

control is also observed spatially where spatial growth dynamics and tissue geometry change

in response to this ratio.

Comparison with other switch-like spatial systems

Morphogenesis via lineage regulation resembles and yet differs from other threshold-mediated,

spatial systems. For example, the activation of this mechanism functions more broadly than

Turing-type systems, which require a long-range activator and short-range inhibitor. Here,

morphogenesis occurred for a wide variety of parameter values and when the diffusivities of

the positive and negative feedback signals were equal. The switch also remained intact for

alterations to the sources and sinks of the feedback factors, i.e. if both CPs and TDs were
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to produce both positive and negative feedback signal and whether or not stromal cells were

to uptake growth factor (see Section 2.9).

Another spatial phenomenon known to emerge from an underlying threshold is trigger wave

propagation through an excitable medium, e.g. action potentials traveling along axons [39] or

Cdk1 activation across the Xenopus laevis fertilized egg [17]. Unlike trigger waves, however,

where concentrations return to prior values, a morphogenetic wave front here leaves cells

in its wake where they previously did not exist. Despite this difference, this propagating

wave meets the same fundamental objective that is met by many trigger waves – carrying

information rapidly, undegraded, across distances further than the limits of diffusion.

An example of switch-like growth can be seen in the abnormal thickening of the epidermis

during acanthosis, which resembles the increase of epithelial thickness in Fig. 1.5 and is fre-

quently observed in type II diabetes mellitus [4]. Here, increasing insulin levels interact with

insulin-like growth factor (IGF-1) receptors, which, in a manner analogous to increasing γ

or G, inhibits epidermal differentiation [92]. Another example in skin is keloid formation,

where excess tissue growth remains at the site of a healed skin injury. Fibroblasts, which hy-

perproliferate and synthesize collagen in keloids, exhibit a differential response to the growth

factor, TGF-β1, in keloids as opposed to normal dermis also indicating an altered dynam-

ical state [10]. In an example from skeletal muscle, lifelong enhancement of muscle mass,

stem cell number, and force generation is observed following myofiber-associated satellite

cells transplantation, i.e. an initial condition perturbation [36]. A three-stage lineage also

exists in this context, where satellite side population (SP) cells give rise to satellite cells,

which differentiate into myofibers [100]. Furthermore, progenitor self-renewal is known to

be positive regulated by FGF [22] and negatively regulated by myostatin [67]. Our analysis

implies that increasing myostatin would reverse the treatment’s effects.

The model is not tissue specific

A model based on lineage dynamics captures features common to tissues undergoing morpho-

genesis. Our model, for example, does not presume the pre-existence of localized proliferative

zones, which in fact do not always precede morphogenesis [76]. Even if local proliferation is

used to drive morphogenesis, this raises the question of how these zones are maintained. For
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this, experiments have proposed a necessity for directional cell activities via cell migration

or intercalation. This can be seen for example in limb bud formation, which occurs in mes-

enchymal tissue where such movement is possible [12]. Although collective migration and

intercalation do indeed also occur among some epithelial cells, many epithelial tissues are

packed more tightly than mesenchymal tissue, and therefore incapable of drastic cellular re-

arrangements, as evidenced by the tight junctions formed by adjacent cells in epithelia when

assuming barrier/protective roles [29, 99]. Mechanical models for such epithelia however are

again tissue-specific, e.g. the growth-induced buckling and twisting into coils of the intestinal

tract [95] or apical constriction during gastrulation [63]. In our model, uniform proliferation

is permitted and directional cell movements arise and self-sustain through feedback-mediated

lineage growth and subsequent mechanical deformations.

Future directions

Our model is minimal for the sake of being general. Mechanical aspects of the model

presumed as little as possible so as not to influence the final result. Interesting behav-

iors may however emerge from lineage-driven morphogenesis when viscosity, elasticity, and

other mechanical tissue properties are taken into account with more detail. Furthermore,

lineage-growth will often directly interact with additional morphogenesis models. Growth

factor allocation of cell identities during morphogenesis, for example, will inherently result

in the creation of cells with different behavioral properties, i.e. the induction of tip cells

[31, 51, 74, 90] would induce cell migration patterning and modify the outcome of purely

lineage-driven morphogenesis. Lastly, all control systems must contend with performance

trade-offs. Identification of these limitations and how other models may refine or extend

aspects of morphogenesis beyond these limitations is the subject of future work.

23



50 100 150 200

0

0.3

0.6

0.9

Τ

Χ
1
HΤ
L

Φ�Γ = 3

Φ�Γ = 5

Φ�Γ = 7

Φ�Γ = 9

0 0.1 0.2
0

50

150

250

Φ

Χ
1
*

0 0.1 0.2
0

20

40

60

Φ

Χ
0
*

0 0.002 0.004
0

200

400

600

Γ

Χ
0
*

0 0.002 0.004
0

200

400

600

Γ

Χ
1
*

24



Figure 1.1: Bistability of a two-stage lineage. (A) An illustration of lineage dynamics

for stem/progenitor cells χ0 and terminally differentiated (TD) cells χ1 in which feedback

simultaneously promotes self-renewal (p) with a strength given by φ and differentiation (1−p)

with a strength given by γ. The parameter τ = 1/v denotes the SC/CP cell division time (v

is the rate of SC/CP cell division) and τ/δ denotes the time over which TD cell death occurs

(δ = d/v where d is the TD death rate). (B, C, D, E) This feedback configuration yields

bifurcations and bistability in both the SC/CP and TD cell equilibrium populations (G)

Varying initial conditions can result in large steady state populations by either increasing

the number of initial progenitors χ0 or an initial χ1 that falls between two critical values.

Parameter values for (B-D) are δ = 0.2, p = 0.8, φ = 0.05, and γ = 0.002. (F) The steady

state of the lineage is determined by a φ/γ ratio, for which the threshold for non-zero

growth is approximately 5.8, as determined from Eq. (1.5). Here, parameter values were set

to δ = 1, p = 1, and φ = 1; γ is varied from 3 to 9 in increments of 2. The initial conditions

are χ0(0) = 1 and χ1(0) = 0. As seen later, in Figs. 1.4, 2.10 and 2.14, an analogous critical

ratio of positive-to-negative feedback also exists for spatial bifurcations and morphogenesis.
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Figure 1.2: Final state analysis of the two-stage lineage. (A) When cell death is negligible,

such as during embryonic development, lineages with negative feedback on progenitor self-

renewal eventually reach a final state. (B) Without TD cell death, χ1’s final state either

falls below or above a growth leap region bounded by χcritlow1 or χcrithigh1 , within which χ′0

changes sign. (C) The number of stem/progenitor cells χ0 shrinks from the onset when the

initial number of terminally differentiated cells lies above (red line) or below (blue line) the

growth leap region. However, χ0 grows transiently (green line) while χ1 is in the growth

leap region. (D) Growth leaps require smaller χ1(0) for larger χ0(0). In the limit as χ0(0)

tends to zero, the required χ1(0) for a growth leap approaches χcritlow1 , indicated by the red

vertical plane in (D). Parameter values for (B-D) are p = 0.8, φ = 0.05 and γ = 0.002.
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Figure 1.3: Summary of possible behaviors with feedback when p > 0.5. This table summa-

rizes possible steady state and final state behaviors when maximal progenitor self-renewal

is greater than 0.5. Without feedback, the open loop system’s output is largely dependent

on p, the probability that a progenitor cell will divide into an identical cell type instead

of a differentiated cell type. Negative feedback eliminates this dependence on p, but such

systems can only reach a single fixed point in both the steady and final state scenarios. Pos-

itive feedback, on the other hand, permits unbounded growth, which would be detrimental

to achieving precision in tissue and organ growth. Together, however, lineages can growth

to one of two distinct fixed points, which are either bistable (in homeostatic equilibrium) or

bi-modal (i.e. stationary and non-dynamic).
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Figure 1.4: Bistability in a three-stage lineage and spatial bi-modality for different posi-

tive feedback strengths φ. (A) The three-stage lineage includes a constant SC population

resulting from an equally split self-renewal and differentiation probability, while the CP

self-renewal probability p is regulated by a mix of positive feedback from CPs and negative

feedback from TDs. The parameter ξ denotes the division rate of the SCs relative to that of

the CPs. (B) The cells of the lineage reside within the initially straight epithelial domain

of the spatial simulation (not drawn to scale). SCs are confined to the BM. (C) The equi-

librium state is determined by a positive-to-negative feedback ratio, as was seen previously

(Fig. 1.1F) for a 2-stage lineage. Here, φ is varied in increments of 0.25 from 1.5 to 2.25 while

γ is fixed with initial conditions given by χ0(0) = 1, χ1(0) = 4, and χ2(0) = 10. Here, τ is in

units of χ1 cell cycles. (D) The CP and TD stages recapitulate the bistability observed in the

two-stage lineage (Fig. 1.1 C, D) with respect to the feedback gain ratio. Parameters for (C)

and (D) are ξ = 0.09, δ = 0.2, p = 0.75, and γ = 0.02. Next, the total areas of the epithelium

(E), CPs (F) and TDs (G) are shown as functions of time (measured in CP cell cycles),

as they develop spatially for different positive feedback strengths, φ. LG is the diffusional

length of feedback factor G, which is approximated to be about 50 µm. A comparison of the

ratios of the total amount of positive feedback to negative feedback with positive feedback

gains φ = 3.0 and φ = 4.0 is shown in (H). The spatial distribution of CPs, TDs and the

self-renewal fraction of CPs at 0th, 12th and 24th CP cell cycles are shown as insets in (F -

H), respectively. The epithelium with positive feedback gain φ = 3.0 grows exponentially at

early times, but growth is not sustained because the positive feedback factors produced by

CPs are insufficient to sustain CP self-renewal (see (H), green curve). The epithelium with

φ = 4.0 grows similarly at early times and continues to grow exponentially at later times

driven by positive feedback on CP self-renewal. CPs produce enough positive feedback factor

to drive the ratio of positive-to-negative feedback over a critical threshold for self-sustaining

growth (see (H), blue curve). The ratio in (H) is calculated as maxBM φ[F ]/(γ[G]+ε), where

ε = 10−3 is a small number, and the maximum is taken along the BM.
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Figure 1.5: Evolution of an epithelium with φ = 3.0 and exogenous sources of positive feed-

back factors. The spatiotemporal distributions of the positive feedback factors (exogenous:

purple; endogenous: green), the negative feedback factors, the self-renewal fraction of CPs,

the SCs (which are confined to the BM), CPs, and TDs are shown in (A - F) respectively at

the indicated times. The scale bar is in units of the diffusional length of the feedback factor

G (LG), i.e. approximately 50 µm. The exogenous positive feedback factors induce a local

increase in the self-renewal fraction of CPs (e.g., see (C) after the 12th CP cell cycle), which

drives the growth of the epithelium, the development of a bud and the spatial stratification

of the CPs and TDs populations and the feedback regulators.

31



B

CP cell cycles

 12              15              18              24              30             42           

 

10 L
G

1.0 
 

0.5 
 
0.0 

0.5 
 

 

 
0.0 

1.0 
 

0.5 

 
0.0 

 

 

 

 

 

16 
 
 
 6 
 
 
 0 

Positive Regulator 
 
 
 
 
 
 

Negative Regulator 
 
 
 
 
 
 
 

Self-renewal Fraction 

Exogenous Endogenous

BM AP

60 

30 

0 

Self-renewal Fraction 

BM APExogenous Endogenous

Negative Regulator 

0.0 

Positive Regulator 

0.5 

0.0 

1.0 

0.25 

0.0 

0.5 

0.5 

1.0 
10 L

G

CP cell cycles

   0             6               12             15             18                 21 

60 

30 

0 

A 

32



Figure 1.6: Evolution of epithelia with transient exogenous sources of feedback factors. (A)

In the first 12 CP cell cycles, the evolution is identical to that in Fig. 1.5. At the 12th CP

cell cycle, the exogenous source of positive feedback factors is removed. The spatiotemporal

distributions of the positive feedback factors (exogenous: purple; endogenous: green), the

negative feedback factors, and the self-renewal fraction of CPs are shown respectively. The

scale bar is in units of the diffusional length of feedback factor G (LG), i.e. approximately

50 µm. The transient exogenous positive feedback factors are sufficient to increase the CP

self-renewal fraction over a critical threshold and growth and fingering of the epithelium is

sustained even after the exogenous source is removed. (B) In the first 15 CP cell cycles,

the simulation is identical to that in (A), where a transient source of positive factors is

applied to initiate and sustain growth of the epithelium. From the 15th to 18th CP cell

cycle, an exogenous source of negative feedback factors localized at the bud is added. The

spatiotemporal distributions of the positive feedback factors (exogenous: purple; endogenous:

green), the negative feedback factors (exogenous: dark green; endogenous red), and the

self-renewal fraction of the CPs are shown respectively. The negative feedback on the CP

self-renewal fractions induced by the exogenous negative factor is sufficient to extinguish the

growth of the epithelium, even after the exogenous source is removed.
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Figure 1.7: Exogenous signals can also toggle a switch in lineage steady states. (A) Ex-
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Figure 1.8: Final state ultrasensitivity with respect to feedback and external signals. (A)

In a lineage in which cell death is taken to be negligible, the same exogenous treatments

introduced in Fig. 1.7A are modeled as regulators of p. (B,C) As in the case with TD cell

death (Fig. 1.7), external growth factors can also be used to toggle a switch in the final

state: φex induces a leap in final cell numbers (c) while in creasing γex causes the final cell

numbers to plummet (D). Parameter values for (B,C) are p = 0.8, φ = 0.05 and γ = 0.002

with γex = 0 in (B) and φex = 0.06 in (C). The analytical final state is described implicitly

in Eq. (2.8).
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Figure 1.9: Feedback ratio determines the types of structures that self-organize. (A) An

identical initial geometry can give rise to two types of elongation dynamics depending on

the endogenous feedback ratio. (B, C) For a lower ratio, a finger elongates as long as a

continuous positive external signal is applied locally. (D) The length of the finger grows

linearly while its width remains constant. The diffusional length of the feedback factor G

(LG) here is approximately 16 µm. (E, F) If the feedback ratio is higher, a finger self-

sustains its elongation despite the removal of a local positive external signal at the 15th CP

cell cycle. (G) The length of this finger grows exponentially while its width stays constant.

(H) Self-organizing pattern formation triggered by initial geometric noise occurs despite

equal diffusivity of antagonistic factors (DF = DG = 0.1), which is inconsistent with the

requirements of classic Turing patterning. Note that three presumptive branches at the 50th

CP cell cycle merge into one by the 68th cycle (boxed in orange), thus favoring the stronger,

primary finger. (I) A finger can also sprout two secondary branches. (J) Increasing the

feedback ratio increases the number of branches to three, indicating that feedback strengths

can also be used to control higher order branching during morphogenesis.

37



Chapter 2

Detailed Analysis of Morphogenesis

2.1 An n-stage lineage

The dynamics of an arbitrary stage in an n stage lineage can be described generically as a

first-order differential equation where pivi is the proliferation rate, and (1− pi)vi is the rate

at which cells leave via differentiation, and 2(1 − pi)vi is the rate at which differentiating

progenitor cells χi−1 enters a stage χi where i = 1, 2, · · · , n− 1. The lineage starts with χ0,

a stem cell (SC) stage, and ends with χn, a terminally differentiated (TD) stage.

χ̇0(t) = p0v0χ0(t)− (1− p0)v0χ0(t)

χ̇i(t) = 2(1− pi−1)vi−1χi−1(t) + piviχi(t)− (1− pi)viχi(t)

χ̇n(t) = 2(1− pn−1)vn−1χn−1(t)− dχn(t)

(2.1)

Although lineages can theoretically contain any number of stages, a lineage fragments as

spatial constraints sequester ligands from receptors and progeny from parents through the

course of development. Furthermore, selective barriers such as growth inhibition and a

requirement for blood supply are mentioned in [115] as impediments to clonal expansion

where lineages may reach a dead end. Thus, it is not only more amenable for analysis to use

a simple two-stage lineage for Eq. (2.1), but shorter lineages are likely more common than

longer ones.

38



2.2 Negative feedback alone does not result in bimodal

growth

Feedback regulation of self-renewal is modeled using Hill kinetics such that progenitor self-

renewal is a function of the TD population size, in lieu of diffusible factors which nonspatial

ODEs cannot simulate. In the case of negative feedback,
p

1 + γχ1

replaces p in Eq. (2.1)

and γ sets the feedback gain from χ1. Solving for the equilibria yields a trivial zero-growth

solution and a non-zero solution.

χ∗0 = 0, χ∗1 = 0

χ∗0 =
δ(2p− 1)

γ
, χ∗1 =

2p− 1

γ

(2.2)

This system is monostable because only one non-zero stable solution exists. There is no hope

for growth ultrasensitivity (and hence bimodality) if a system’s steady state is monostable

and responds hyperbolically to the gain of a growth factor, which is precisely the case for the

nonzero equilibria (we indicate equilibria with an asterisk). Furthermore, an ultrasensitivity

cannot exist at the lineage’s steady state extinction because its output is continuous at the

p = 1/2 threshold, which delineates the trivial solution when 0 ≤ p < 1/2 from the second

solution when 1/2 < p ≤ 1.

lim
p→ 1

2

δ(2p− 1)

γ
= 0

lim
p→ 1

2

(2p− 1)

γ
= 0

(2.3)

Since both equilibria and their transition point precludes ultrasensitive or discontinuous be-

havior, negative feedback by itself on self-renewal is a poor strategy for achieving differential

growth through the lineage.
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2.3 Final state analysis

We begin by again considering the simplest possible lineage, neglecting TD cell death, and

express positive and negative feedback as before (Fig. 1.2A).

dχ0(τ)

dτ
=

(
2p

(
1

1 + γχ1(τ)

)(
φχ1(τ)

1 + φχ1(tau)

)
− 1

)
χ0(τ),

dχ1(τ)

dτ
= 2

(
1− p

(
1

1 + γχ1(τ)

)(
φχ1(τ)

1 + φχ1(tau)

)
− 1

)
χ0(τ).

(2.4)

It is easy to see that the accumulation of TD cells is just the time integral of the expansion

and contraction of the SC pool, i.e.

(2.5) χ1(τfinal) =

∫ τfinal

0

2

(
1− p

(
1

1 + γχ1(τ)

)(
φχ1(τ)

1 + φχ1(tau)

)
− 1

)
χ0(τ)dτ

where τfinal represents the time at which τ0 converges to 0. We immediately see that a final

state is only possible if, at sufficiently long times, τ ′0(τ) < 0. There are then two interesting

regimes to consider. The first is when τ ′0(τ) < 0 at all times - this is what occurs if there

is only negative feedback on p - while the second is when τ ′0(τ) switches from negative

to positive, which can occur if positive feedback is sufficiently strong relative to negative

feedback. Although the solution for the integral equation Eq. (2.5) can only be expressed

implicitly (Eq. (2.8)), we can still find the values of χ1 at which χ′0(τ) changes sign. As

shown in Eq. (2.6), there are two such values, which we refer to as χcritlow1 and χcrithigh1 . Note

the resemblance of these expressions to those in Eqs. (1.3) and (1.4); moreover the condition

for which χcritlow1 and χcrithigh1 are positive and real corresponds to the same condition on the

φ/γ ratio previously shown to be required for bistability (Eq. (1.5)).

χcritlow1 =
−γ − φ+ 2pφ−

√
−4γφ+ (γ + φ− 2pφ)2

2γφ
,

χcrithigh1 =
−γ − φ+ 2pφ+

√
−4γφ+ (γ + φ− 2pφ)2

2γφ
.

(2.6)

Essentially, the qualitative dynamics of the system represented by Eq. (2.4) can be under-

stood by following the trajectories of χ1 relative to χcritlow1 and χcrithigh1 (see Eq. (2.9). When

either χ1 > χcrithigh1 , or 0 < χ1 < χcritlow1 , χ0 proceeds monotonically to extinction (see

Fig. 1.2C). In contrast, when χ1 lies between χcritlow1 and χcrithigh1 , both χ0 and χ1 grow
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(Fig. 1.2 B, C); this persists until χ1 breaches χcrithigh1 , at which point χ′0(τ) switches signs

and χ0 again monotonically shrinks. We refer to the region between χcritlow1 and χcrithigh1 as

the growth leap regime, because within it both SC and TD cells undergo transient expansion,

whereas outside of it SC pools always contract.

Analytical solutions for the final state

The final state solution for the two-stage lineage model in which self-renewal is only regulated

by negative feedback (where
p

1 + γχ1

replaces p in Eq. (2.1) and γ sets the feedback gain

from χ1) agrees with the steady state; they are both continuously differentiable. It solves

to

(2.7) χ1(∞) = p− 1− pW

exp{p− 1− 2χ0(0) + χ1(0)

p
}(p− 1− χ1(0))

p

 ,

where W is the product log function.

The final state for model presented in Fig. 1.2A, on the other hand, cannot be solved ex-

plicitly. The implicit equation that describes the final state, however, reveals that it is

undefined for certain parameter values, and numerical simulations show that this is where

discontinuous behavior arises (see Fig. 1.2).

χ1(∞) = χ0(0) +
1

2
(χ1(∞) + (2p(γ + φ(1− p)) · · ·

arctan

(
γ + φ(1− p) + 2γφχ1(0)√
−γ2 + 2(1 + p)γφ− (p− 1)2φ2

)
+ · · ·

2p(−γ + φ(p− 1)) arctan

(
γ + φ(1− p) + 2γφχ1(∞)√
−γ2 + 2(1 + p)γφ− (p− 1)2φ2

)
+ · · ·

√
−γ2 + 2(1 + p)γφ− (p− 1)2φ2(−2γχ1(0)− · · ·

p log (1 + χ1(0)(γ + φ(1− p) + γφχ1(0))) + · · ·

p log (1 + χ1(0)(γ + φ(1− p) + γφχ1(∞)))))/ · · ·

2γ
√
−γ2 + 2(1 + p)γφ− (p− 1)2φ2)

(2.8)

The critical feedback ratio is a constant
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Figure 2.1: The critical feedback ratio is a constant. Within each of the bistable states,

parameter choices for φ and γ can control the steady state (A) or the dynamics to the

steady state (A, B), but the critical ratio between the two states remains constant as

indicated by the linear threshold in (C). Parameters and initial conditions were set to p =

1, δ = 1, χ0(0) = 1, and χ1(0) = 0.
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Critical values delineate distinct regions of behavior

The critical values, χcritlow1 and χcrithigh1 from Eq. (2.6), define the direction of χ0’s trajectory

and set χ1’s inflection points wherever dχ0

dt
switches signs.

dχ0

dτ

χ0

< 0 and
d2χ1

dτ 2
< 0 if χcritlow1 > χ1 > 0

d
dχ0

dτ

χ0

dχ1

> 0 and
d2χ1

dτ 2
= 0 if χ1 = χcritlow1

dχ0

dτ

χ0

> 0 and
d2χ1

dτ 2
> 0 if χcrithigh1 > χ1 > χcritlow1

d
dχ0

dτ

χ0

dχ1

< 0 and
d2χ1

dτ 2
= 0 if χ1 = χcrithigh1

dχ0

dτ

χ0

< 0 and
d2χ1

dτ 2
< 0 if χ1 > χcrithigh1

(2.9)

Inspection of these derivatives reveals a discrete separation of growth states. While χ1 is

below χcritlow1 or above χcrithigh1 , χ1 will decelerate from the onset and as χ0 shrinks (Fig. 1.4

(B, C, E)). When χ0 reaches zero, χ1 plateaus to its final state. The region between these

critical values however is where growth leaps occur. Whenever χ1 enters the growth leap

region in between, it is pushed upwards and out. Here, χ0 grows and populates χ1 as it

differentiates until χ1 eventually breaches χcrithigh1 , at which point χ0’s derivative switches

signs and χ0 shrinks to zero (Fig. 1.4D). Upon exiting through χcrithigh1 , χ1 inflects from

concave up to down and is permitted to decelerate to a plateau again.

The basis for initial condition dependence
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Figure 2.2: The basis for initial condition dependence. If enough χ0(0) differentiates into

χ1, χ1 can undergo a growth leap even if χ1(0) was initially insufficient. This is illustrated

in (A) where a growth leap occurs even though χ1(0) = 0. Initial χ0(0) is large enough

to carry χ1 to χcritlow1 , and consequently χ1 leaps to χcrithigh1 . The derivative of the stem

cell population plotted in (B) switches signs (C) as χ1’s curve reaches its inflection points.

Here, its second derivative switches signs (E). Lastly, we can confirm that χ1 is integrating

χ0’s growth because its derivative (D) matches χ0’s trajectory in (B). Parameters values are

p = 0.8, φ = 0.05, and γ = 0.002.

Final state ultrasensitivity with respect to feedback
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Figure 2.3: Final state ultrasensitivity with respect to feedback. (A, B) Positive and

negative feedback strengths on self-renewal can be adjusted to toggle a switch in the final

state. Parameter values are p = 0.8, φ = 0.05, and γ = 0.002.
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2.4 Bistability of the three stage lineage

Figure 2.4: The three stage lineage is bistable with respect to φ, γ, χ0(0). The CP and TD

stages exhibit bistability with respect to positive feedback gain φ ((A) and (B)), negative

feedback gain γ ((C) and (D)), and the stem cell population initial condition ((E) and (F)).

Parameters are ξ = 0.09, δ = 0.2, p1 = 0.75, and φ = 2.5 or γ = 0.02, when not fixed.
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2.5 Evolution of an epithelium with only endogenous

feedback

With endogenous feedback and the positive feedback gain φ = 3.0, the growth is only tran-

sient (Fig. 1.4D). Fig. 2.5 shows the time evolution of positive and negative feedback factors,

the self-renewal fraction p1 and the spatial distribution of SCs, CPs and TDs. Endogenous

sources of positive feedback factors are insufficient to sustain the self-renewal of CPs. As

a result, CPs differentiate into TDs and growth is not self-sustained. When φ = 3.3, the

growth is sustained, exponential and spatially stratified. The evolution is shown in Fig. 2.6.

The CPs, which are uniformly distributed throughout the epithelium, produce sufficient pos-

itive feedback factors to sustain the self-renewal (Fig. 1.4E). The growth of the epithelium

is self-sustained once the ratio is above a critical threshold.
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Figure 2.5: Evolution of an initially unperturbed epithelium with positive feedback gain

φ = 3.0. (A) The positive feedback factors; (B) The negative feedback factors; (C) The

self-renewal fraction of CPs. The corresponding distributions of SCs (D), CPs (E) and TDs

(F) are shown. LG is the diffusional length of feedback factor G. Although at early times

the epithelium grows exponentially and cells spatially organize, the growth is not sustained

as the negative feedback dominates.
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Figure 2.6: Evolution of an initially unperturbed epithelium with positive feedback gain

φ = 4.0. (A) The positive feedback factors; (B) The negative feedback factors; (C) The

self-renewal fraction of CPs. The corresponding distributions of SCs (D), CPs (E) and

TDs cells (F) are shown. LG is the diffusional length of feedback factor G. With the larger

positive feedback gain, growth is self-sustained with SCs and CPs being largely uniformly

distributed throughout the epithelium, although the volume fraction of CPs is slightly larger

at the BM and the volume fraction of TDs is slightly larger at the AP.

2.6 Evolution of an epithelium with transient exoge-

nous positive feedback

With only endogenous sources of feedback factors and the positive feedback gain φ = 3.0,

growth is not sustained. However, growth can be ignited by a transient exogenous source of

positive feedback. Fig. 2.7 shows the time evolution of spatial distributions of SCs, CPs and

TDs. The evolution of feedback factors and the self-renewal fraction of CPs may be found

in Fig. 1.6A in Chapter 1. Similar to Fig. 1.5 in Chapter 1 where a continuous source of

positive feedback factors is applied, the exogenous source induces a bud that grows towards

the source. CPs concentrate at the BM, and the epithelium is spatially stratified. Fig. 2.8

shows that the exogenous source of positive feedback creates a zone where the CP self-

renewal fraction p1 is above 0.5. Fig. 2.9 shows the total area of the epithelium where the

exogenous source is removed at times T = 12, 10 and 8, as labeled. If the exogenous source is

removed on or before T = 10 (in CP cell cycles), the area of total epithelium grows at early

times, but eventually decreases. In contrast, the area steadily increases if the exogenous

source is removed on or after T = 12. This is because when the source is removed, growth

occurs only if the ratio of positive-to-negative feedback is above a critical threshold as seen

in Fig. 2.10.
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Figure 2.7: The evolution of the cell distributions in an initially unperturbed epithelium

in the presence of a transient, exogenous positive feedback regulator. LG is the diffusional

length of feedback factor G. The regulator is applied exogenously until time T = 12. Growth

is sustained, and the cell distributions spatially organize, even after the exogenous source is

removed.
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Figure 2.8: The evolution of CP self-renewal fraction p1 in an initially unperturbed epithe-

lium in the presence of a transient, exogenous source of positive feedback factors. LG is the

diffusional length of feedback factor G. The green contour is the epithelial interface. The

cyan contour represents p1 = 0.5. The exogenous source creates an area with high p1 values,

indicating a high level of CP self-renewal and sustained growth.
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Figure 2.9: Evolution of an initially unperturbed epithelium with exogenous sources of pos-

itive feedback factors applied for different durations. The total areas of the epithelium is

shown as functions of time. LG is the diffusional length of feedback factor G. The exoge-

nous source of positive feedback is removed at TF = 8, 10 and 12 as labeled. Growth is

not sustained if the exogenous source of positive feedback is removed at T = 8 or T = 10.

When the source is removed at T = 12, growth is sustained; the area of total epithelium

keeps increasing. Insets show the morphologies of the epithelia and the spatial distribution

of positive feedback factors at T = 30.
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Figure 2.10: A comparison of the ratios of the total amount of positive-to-negative feedback

in an initially unperturbed epithelium with exogenous sources of positive feedback factors

applied in different lengths. The ratio is calculated as maxBM φ[F ]/(γ[G]+ε), where ε = 10−3

is a small number and the maximum is taken along the BM. The critical threshold predicted

by Fig. 1.4H in Chapter 1 is marked by the dashed line. The exogenous source of positive

feedback is removed at TF = 8, 10 and 12 respectively. When the exogenous source is

removed, the ratio drops due to the removal of positive feedback. If the source is removed

at TF = 8 (black curve) or TF = 10 (red curve), the ratio steadily decreases below the

critical threshold, and growth is not sustained. However, if the source is removed at TF = 12

(green) or continuous (magenta), the ratio stays above the critical threshold. The epithelium

corresponding to the green curve grows out of the computational domain after T = 30, hence

is not shown.
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2.7 Evolution of an epithelium with transient exoge-

nous negative feedback

In Fig. 1.6B, we demonstrated that the growth could be extinguished by a burst of exogenous

negative feedback. Fig. 2.11 shows the time evolution of the spatial distributions of SCs, CPs

and TDs. The evolution of feedback factors and the self-renewal fraction of CPs maybe found

in Fig. 1.6B in Chapter 1. The spatial stratification is lost as CPs differentiate into TDs.

Fig. 2.12 shows that the CP self-renewal fraction p1 is driven below 0.5 by the exogenous

source. Fig. 2.13 shows the dynamics of the total area of epithelium with different strengths of

exogenous negative feedback. If the source is not sufficiently large, growth may be sustained

the epithelium area steadily increases. Fig. 2.14 shows the dynamics of the ratio of positive-

to-negative feedback.
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Figure 2.11: The evolution of the cell distributions in an initially unperturbed epithelium

in the presence of a transient, exogenous negative feedback regulator. LG is the diffusional

length of feedback factor G. Until time T = 15, the simulation is the same as in Fig. 2.7.

From time T = 15 to T = 18, the negative regulator is added exogenously. Growth is

terminated even after the negative regulator is removed, and the epithelium is comprised

primarily of TDs at late times.
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Figure 2.12: The evolution of CP self-renewal fraction p1 in an initially unperturbed epitheli-

um in the presence of a transient, exogenous source of negative feedback factors. The contour

p1 = 0.5 is labeled. LG is the diffusional length of feedback factor G. The exogenous source

of negative feedback drives p1 below 0.5, which induces CPs to differentiate and eliminates

endogenous positive feedback. The growth stops when most of the CPs stop self-renewing.
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Figure 2.13: Evolution of an initially unperturbed epithelium with exogenous sources of

negative feedback factors applied in different strength. The area of total epithelium is plotted

as a function of time. LG is the diffusional length of feedback factor G. From T = 15 to

T = 18, the exogenous negative feedback corresponding to the curve is applied. When

the peak concentration of the exogenous negative feedback factors is 16.0 (black) or 6.0

(blue), the area of total epithelium increases transiently, then steadily drops, indicating that

the growth is not sustained. When the peak is 0.5 (magenta), the area steadily increases,

indicating that growth is still sustained. Insets show the spatial distribution of positive

feedback factors at T = 24.
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Figure 2.14: A comparison of the ratios of the total amount of positive-to-negative feedback

in an initially unperturbed epithelium with exogenous sources of negative feedback factors

applied in different lengths and strength. The ratio is calculated as maxBM φ[F ]/(γ[G] + ε),

where ε = 10−3 is a small number and the maximum is taken along the BM. The critical

threshold predicted by Fig. 1.4H in Chapter 1 is marked by the dashed line. When the exoge-

nous source of positive feedback factors is removed at T = 12, the ratio suddenly decreases

as observed in Fig. 2.10. At T = 15, the ratio drops again because the exogenous negative

feedback is applied. When the peak concentration of the exogenous negative feedback factors

is 16.0 (black) or 6.0 (blue), the ratio drops because most CPs differentiate, and growth is

extinguished. When the peak is 0.5 (magenta), the ratio stays above the critical threshold

after the source is removed, indicating that the growth is sustained (see also Fig. 2.13).
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2.8 Summary of evolution of an epithelial tissue

In Fig. 2.15, the results from Figs. 1.4 to 1.6 in Chapter 1 are summarized concisely.

T
o
ta

l 
A

re
a 

o
f 

E
p
it

h
el

iu
m

 (
L

G
2
) 

400  
      300     
    200        100             0 

10          20           30          40          50 
 CP cell cycles (T)*

Transient 

Positive 

Regulator*

Transient 

Negative 

Regulator* Continuous Exogenous 

Positive Regulator *

Transient Exogenous 

Positive Regulator *

Transient Exogenous 

Negative Regulator *

Endogenous Regulators*

A!

!"&&)4S*,'*91$"&%3*

61



T
o
ta

l 
A

re
a 

o
f 

C
P

s 
(L

G
2
) 

!"&&)4S*,'*91$"&%3*

10          20           30          40          50 
 CP cell cycles (T)*

100  
     80      
 60       40       20      0 

Continuous Exogenous 

Positive Regulator *

Transient Exogenous 

Positive Regulator *

Transient Exogenous 

Negative Regulator *

Endogenous Regulators*

Transient 

Positive 

Regulator*

Transient 

Negative 

Regulator*

B!

62



T
o
ta

l 
A

re
a 

o
f 

T
D

s 
(L

G
2
) 

300  
         200  
         100               0  

!"&&)4S*,'*91$"&%3*

C!

10           20           30          40          50 
 CP cell cycles (T)*

Continuous Exogenous 

Positive Regulator *
Transient Exogenous 

Positive Regulator *

Transient Exogenous 

Negative Regulator *

Endogenous Regulators*

Transient 

Positive 

Regulator*

Transient 

Negative 

Regulator*

Figure 2.15: The area of the epithelium and its cellular components are shown as a function

of time (in CP cell cycles) for the simulations shown in Figs. 1.4 to 1.6 with positive feedback

gain φ = 3.0. In (A), the total areas of the epithelium from Fig. 1.4 (black; no exogenous

signaling factors), from Fig. 1.5 (blue; exogenous source of positive feedback factors), from

Fig. 1.6A (green; transient exogenous source of positive feedback factors), and Fig. 1.6B

(red; transient exogenous source of negative feedback factors) are shown. In (B) and (C)

the corresponding areas of the CPs and TDs, respectively, are shown. Note that the area of

stem cells is conserved in all cases.
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2.9 Parameters exploration

In Chapter 1, endogenous positive feedback factors are produced by CPs, and endogenous

negative feedback factors are produced by TDs. Here we show that similar results can be

obtained if endogenous factors are produced by other cell types. In Fig. 2.16, CPs also

produce negative feedback factors at a rate of 0.3, while the production rate of the negative

factors from TDs is decreased from 0.5 to 0.35. In Fig. 2.17, TDs also produce positive

feedback factors at a rate of 0.5, while the production rate of positive feedback factors

from CPs is decreased from 5.0 to 4.0, in order to remove the excessive positive feedback.

In both cases, the exogenous source of positive feedback is applied up to T = 12. The

exogenous source is sufficient to ignite self-sustained, spatially stratified growth towards the

source.

In Chapter 1, Figs. 1.4 to 1.6 shows the evolution of an initially flat epithelium with equal

diffusivities of positive feedback factors (DF = DG = 1.0). In Fig. 2.18, we demonstrate

that similar evolution can be obtained with DF = 0.01 and slightly smaller production rate

of the positive feedback factor F.

In Chapter 1, negative feedback factors are assumed to be bound in the stroma by Follistatin

(FST), which is modeled by a sink term in the equations. Here we show that similar results

can be obtained if this sink is turned off. Fig. 2.19 shows that if this sink is turned off, the

growth of epithelium is not sustained. However, growth is sustained if the production rate

of negative feedback factor from TDs is decreased from 0.5 to 0.45.
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Figure 2.16: The evolution of an initially flat epithelium with exogenous sources of positive

feedback up to T = 12. In addition to TDs, CPs also produce endogenous negative feedback

factors. TDs produce negative feedback factors at a lower rate in order to remove the extra

negative feedback. The distributions of the positive and negative factors are shown in (A)

and (B), respectively. The self-renewal fraction of CPs is shown in (C). In (D)-(F), the

distributions of CPs and TDs are shown. LG is the diffusional length of feedback factor G.

CPs are less concentrated at the BM, because CPs produce negative feedback factors that

promote differentiation. As a result, the epithelium is less stratified compared to Fig. 1.6 in

the Chapter 1.
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Figure 2.17: The evolution of an initially flat epithelium with exogenous sources of positive

feedback up to T = 12. In addition to CPs, TDs also produce endogenous positive feedback

factors. CPs produce fewer positive feedback factors in order to remove excessive positive

feedback factors. The distributions of the positive and negative factors are shown in (A)

and (B), respectively. The self-renewal fraction of CPs is shown in (C). In (D)-(F), the

distributions of CPs and TDs are shown. LG is the diffusional length of feedback factor G.

CPs are concentrated at the BM, but also appear near the AP, because the positive feedback

factors produced by TDs sustains CP self-renewal. However, the amount of endogenous

positive feedback is insufficient to elevate CP self-renewal above 0.5, so most CPs near the

AP still differentiate into TDs. As a result, the epithelium is still spatially stratified.
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Figure 2.18: The evolution of an initially flat epithelium with much smaller diffusivity of

positive feedback factors (DF = 0.01). The production rate of F is slightly decreased. A

transient exogenous source of feedback factors is applied up to T = 12 as in Fig. 1.6A in the

Chapter 1. The distributions of the positive and negative factors are shown in (A) and (B),

respectively. The self-renewal fraction of CPs is shown in (C). In (D)-(E), the distributions

of CPs and TDs are shown. LG is the diffusional length of feedback factor G. The exogenous

source is sufficient to ignite self-sustained, spatially stratified growth, although the positive

feedback factor F is more sharply stratified across the epithelium.
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Figure 2.19: Effect of the uptake of negative feedback factors in stroma. Evolution of an

initially unperturbed epithelium with exogenous sources of positive feedback factors applied

up to T = 12 (in CP cell cycles). The area of total epithelium is plotted as a function

of time. The term modeling the sink of negative feedback factors by binding with FST.

As a result, the growth of epithelium is not sustained (black) due to excessive negative

feedback factors. However, if TDs produce negative feedback factors at a lower rate, growth

is sustained (green).
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2.10 Feedback ratio determines types of structure for-

mation

Different types of structures arise from bi-modal lineage dynamics. In the case of a s-

ingle growing branch, growth either requires a constant local source of positive regulator

(Fig. 2.20) or, if the feedback ratio is higher, growth self-sustains even if the source if turned

off (Fig. 2.21). Increasing the feedback ratio can also cause the number of secondary branches

sprouting from a primary branch to increase from two to three. (Fig. 2.22).
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Figure 2.20: A finger of constant width elongates with a continuous exogenous source of

positive feedback factors, see Fig. 1.9 (A-C) in Chapter 1. LG is the diffusional length of

negative feedback factor G. Black contour is epithelial interface. (A) Time evolution of

CP self-renewal ratio (black) and exogenous positive feedback factors (purple). (B) Spa-

tial distributions of cell components, positive feedback factors (green: endogenous, purple:

exogenous) and negative feedback factors at T = 75.
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Figure 2.21: A finger of constant width elongates with a transient exogenous source of

positive feedback factors that stops T = 15, see Fig. 1.9 (A, D, E) in Chapter 1. LG is

the diffusional length of negative feedback factor G. Black contour is epithelial interface.

(A) Time evolution of CP self-renewal ratio (black) and exogenous positive feedback factors

(purple). (B) Spatial distributions of cell components, positive feedback factors and negative

feedback factors at T = 59.
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Figure 2.22: Self-organizing pattern formation can be triggered by initial geometric noise. LG

is the diffusional length of negative feedback factor G. Black contour is epithelial interface.

Both panels show the time evolution of endogenous positive feedback factors. (A) A finger

sprouts two secondary branches. See Fig. 1.9 (I) in Chapter 1. (B) With increased feedback

ratio, a finger can sprout three secondary branches. See Fig. 1.9 (J) in Chapter 1.
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Chapter 3

Stem Cell-driven Morphogenesis

In this chapter, we investigate branching morphogenesis driven by stem cells. We will incor-

porate feedback on stem cell self-renewal probability p0, and introduce local stretching on

the basement membrane (BM) to account for the change in stem cell population. We will

also look at the effects of elasticity on uniform epithelium thickness, and briefly investigate

the mechanics governed by Stokes equations.

3.1 Epithelium growth driven by stem cells

We first study the growth of a single-species epithelium. Let φ1 and φ2 be two field functions

for the epithelium. φ1 = 1 in the epithelium and beyond the apical surface (AP), and

φ2 = 1 in the epithelium and stroma beyond the BM. Consequently, the total epithelium

φT = φ1φ2 (Fig. 3.1A). The evolution of φi, i = 1, 2 follows similar soft tissue mechanics in

Section 1.3.2:

(3.1)
∂φi
∂t

= M∇ · (φi∇µi) + Srci,

where M is the cell mobility, µi is the chemical potential

(3.2) µi =
df

dφ
(φi)− ε2∇2φi,
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where f(φ) =
1

4
φ2(1 − φ)2 is a double-well potential, ε is the thickness of BM and AP

interfaces. Srci is the mass exchange term that accounts for cell proliferation from stem

cells restricted to the BM. Instead of setting p0 = 0.5 as Chapter 1, we assume that signaling

factor CF positively feedback on p0:

(3.3) p0 = p0,min + (p0,max − p0,min)
χ0CF

1 + χ0CF
,

where p0,min and p0,max are the minimum and maximum levels of stem cell self-renewal

respectively, and χ0 is the positive gain. When p0 6= 0.5, stem cell population changes

spatiotemporally, and the BM changes its length. Here, we only consider the contribution

of stem cell proliferation to the epithelium:

(3.4) Srci =
1

ε
16φ2

i (1− φi)2 · v0(2p0 − 1) · (−ni,y),

where
1

ε
16φ2

i (1−φi)2 is the stem cell population localized on the interface φi = 0.5, v0 is the

stem cell mitosis rate. ni is the normal vector of interface φi and ni,y is the y component.

We now solve the equations in a rectangular domain [−10, 10]2. φ1 and φ2 satisfy homoge-

neous Neumann condition at all boundaries, and µ satisfy homogeneous Dirichlet condition.

The positive feedback factor, CF , is a exogenous Gaussian source centered at (x, y) = (0, 10)

above the BM (Fig. 3.1B). We take p0,min = 0.5, p0,max = 1, χ0 = 3.5 and v0 = 0.5. As time

evolves in Fig. 3.1C, the epithelium near the boundary does not grow, because CF is nearly

zero there and p0 = p0,min = 0.5 so the source term is zero (Fig. 3.1D). In the middle of the

epithelium, both the BM and AP grow towards the exogenous source, because CF from the

exogenous source drives p0 above 0.5 and Srci > 0. Note that the epithelium thickness is

almost uniform in early times, as the difference in p0 on BM and AP is small.

Next, we incorporate the 3-stage cell lineage discussed in Chapter 1. Instead of mass conser-

vation equations for CPs and TDs, we assume that they satisfy diffusion-reaction-advection

equations:

∂(φTφCP )

∂t
+∇ · (φCPu) = DCP∇(φT∇φCP ) + φTSrcCP

∂(φTφTD)

∂t
+∇ · (φTDu) = DTD∇(φT∇φTD) + φTSrcTD,

(3.5)
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where DCP and DTD are the diffusivities. Note that the term φT in time derivatives, diffusion

and mass exchange terms imposes no-flux boundary condition at epithelium interfaces, by a

diffuse domain approach described in Section 1.4. SrcCP and SrcTD quantify the net effects

of cell proliferation, differentiation and death:

SrcCP =
1

ε
16φ2

1(1− φ1)2 · 2v0(1− p0) + v1(2p1 − 1)φCP

SrcTD = 2v1(1− p1)φCP − dφTD,
(3.6)

where
1

ε
16φ2

1(1− φ1)2 is the stem cell population on the BM, v1 and p1 are the mitosis rate

and self-renewal probability of CPs respectively, d is the apoptosis rate of TDs. We now

assume that p0 also has negative feedback from signaling factor CG:

(3.3’) p0 = p0,min + (p0,max − p0,min)
χ0CF

1 + χ0CF

1

1 + φ0CG
,

where φ0 is the negative feedback gain. p1 is taken similarly:

(3.7) p1 = p1,min + (p1,max − p1,min)
χ1CF

1 + χ1CF

1

1 + φ1CG
,

where p1,min and p1,max are the minimum and maximum levels of CP self-renewal, χ1 and φ1

are the positive and negative gain respectively.

u is a velocity modeling passive cell movement by pressure p (Darcy’s law)

(3.8) u = −∇p.

Assuming that CPs and TDs populate the epithelium (φT = φCP + φTD), the host tissue

φH and water region φW satisfy similar equations as Eq. (3.5), φT + φH + φW = 1 and

SrcH = SrcW = 0, we only account for mass exchange inside the epithelium and add up

Eq. (3.5):

∇ · u = φT (SrcCP + SrcTD) = φT (v1φCP − dφTD),

therefore we solve p by

(3.9) −∇2p = φT (v1φCP − dφTD).
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In addition to exogenous sources of CF , we assume that CPs and TDs release feedback factors

endogenously. In particular,

∂(φ2CF )

∂t
= DF∇(φ2∇CF ) + φ2

(
−uFφCPCF − dFCF + pCPF φCP

)
∂(φ2CG)

∂t
= DG∇(φ2∇CG) + φ2

(
−uGφCPCG − dGCG + pTDG φTD

)
,

(3.10)

where DF , uF , dF and pCPF are the diffusivity, uptake rate by CPs, natural decay and

production rate by CPs of CF , respectively. The parameters for CG is analogous. Note

that similar diffuse domain approaches in Section 1.4 has been applied to enforce no-flux

boundary condition at the AP.

CF and CG satisfy homogeneous Neumann condition at all boundaries, and p satisfies homo-

geneous Dirichlet condition. In addition, to facilitate cells to flow out of the computational

domain, CPs and TDs satisfy boundary condition

(3.11)
∂φCP
∂n

= −φCP ,
∂φTD
∂n

= −φTD

where n is the boundary normal vector.

We now take p1,min = 0.02, p1,max = 1.0, χ1 = 3.0, φ0 = φ1 = 1.0, d = 0.1 and same

parameters in Fig. 3.1. We assume that pTDG = 0.5, and first investigate the evolution with

no endogenous productions of CF . The epithelium shape evolves qualitatively the same, that

the BM does not grow near the boundary, but it grows towards the exogenous source of CF at

the center (Fig. 3.2A). The AP follows the BM, but the epithelium on finger necks is thinner

than elsewhere. The growth speed is slower compared to Fig. 3.1, since negative feedback

from CG on p0 reduces the values on both interfaces (Fig. 3.2B). CPs and TDs stratify in

apical-basal direction as seen in Figs. 1.5 and 1.6, with CPs moving to the BM and TDs

to the AP, since stem cells at the BM differentiate into CPs, and the no-flux condition at

the AP increases the CG concentration, enhancing CP differentiation to TDs there. In the

planar direction, CPs and TDs also stratify. In the middle of epithelium, CPs concentrate

because p1 is increased by the exogenous source of CF . Near the boundary, both CP and

TD population decrease due to the sink in Eq. (3.11).

Next, we investigate the effects of endogenous production of CF by CPs. We take the

epithelium in Fig. 3.2 and set pCPF = 0.3. The center of epithelium grows towards the
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exogenous source with a relatively uniform thickness as seen previously, since exogenous CF

is dominant on the BM and AP in the center (Fig. 3.3). At the sides, the BM moves up since

endogenous CF is higher near the BM and increases p0 (see Fig. 3.6C), while the AP hardly

moves, because CF is almost zero and p0 ≈ 0.5. Consequently, the epithelium thickness at

the sides increases as time evolves. Note that CPs and TDs still stratify in both apical-basal

and planar directions. TDs are closer to the AP, but not concentrated at the AP in late

times (e.g. after T = 16) due to diffusional limits.

In addition to initially flat epithelium, we also grow an annular epithelium under these

assumptions. In Fig. 3.4, an exogenous source of CF is located outside an epithelium in

annulus shape. As time evolves, the epithelium closer to the source grows thicker and moves

towards the source. The area surrounded by the epithelium (lumen) also increases. Cells

further away from the exogenous source also grows due to endogenous CF , but the epithelium

is thinner.

3.2 Elasticity

For the sake of uniform thickness, we now incorporate an elastic force between the BM and

AP that connects the interfaces. The field function φ1 (represents the BM) evolves as before

with additional advection that accounts for elasticity:

(3.12)
∂φ1

∂t
+ u · ∇φ1 = M∇ · (φ1∇µ1) +

1

ε
16φ2

1(1− φ1)2 · v0(2p0 − 1) · (−n1,y).

To solve for φ2 (represents the AP), we first solve a signed distance function to the BM

(3.13) ψτ + S(φ1)(|∇ψ| − 1) = 0

where S(φ1) = 2φ1 − 1 and initial condition ψ(x, 0) = φ1 −
1

2
. Note that ψ(x, 0) = 0 on

the BM, and is positive in the epithelium and negative outside the BM. Then, we define a

template function for φ2:

(3.14) Ψ =
1

2

(
tanh

(
ψ + L

2
√

2ε

)
+ 1

)
,
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where L is the desired epithelium thickness. Next, we solve φ2 as a diffusion-advection

equation

(3.15)
∂φ2

∂t
+ u · ∇φ2 = M∇ · (φ2∇µ2)

where the velocity u = −∇p− A

2
∇(Ψ− φ2)2 accounts for both elasticity and movement by

pressure. A is the elastic constant.

We solve the signed distance function ψ at each time iteration using the algorithms in

[45]. Fig. 3.5 shows an example of ψ to a sinusoidal wave. An epithelium with thickness

L = 1.0 may be subsequently computed by Eq. (3.14). We now incorporate the cell lineage

in Section 3.1 with this elasticity system and take L = 2, pTDG = 0.5 and no endogenous

production of CF (pCPF = 0). As in Fig. 3.2, the sides of BM do not grow since p0 = 0.5

(Fig. 3.6B), while the center moves towards the exogenous source of CF . The AP follows

the BM and creates uniform thickness not only at the finger tip, but also the necks, which

is not observed in Fig. 3.2.

Next, we include endogenous CF production (pCPF = 0.3). The BM at the sides now grows,

since CF produced by CPs increase p0 at the sides (Fig. 3.7B). The AP follows the BM at

a uniform distance, making the entire epithelium move towards the source of CF , and the

finger at the middle is less pronounced.

3.3 Local stretching and bending forces

As stem cells proliferate on the BM, they stretch the BM interface when the population

increases. To model this effect, we introduce a local stretching velocity field. Let κ = µ1/ε

be the curvature of BM interface (φ1 = 0.5), n̂ be the unit outgoing normal. We solve the

Lagrange multiplier localized on the BM:

(3.16) −∇ · (B(φ1)∇Λ) + κ2ΛB(φ1)2 = v0(2p0 − 1)B(φ1),
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where B(φ1) = φ2
1(1− φ1)2. We take the homogeneous Dirichlet condition for Λ. Then, we

incorporate local stretching into the velocity of BM:

(3.12’)
∂φ1

∂t
+ (u + Λκn̂) · ∇φ1 = M∇ · (φ1∇µ1).

We now solve this equation together with Eq. (3.15) and the cell lineage model in Sec-

tion 3.1 with no endogenous production of CF . Instead of an initially flat shape, we start

with a perturbed epithelium with a bump at the center. As time evolves, the perturba-

tion quickly develops small-scale complex local structures, and the BM intersects with itself

(Fig. 3.8A).

Since the BM interface is highly unstable, we now introduce a bending force that reduces the

small-scale structures, following [19]. Consider the following model for the energy associated

with the BM:

(3.17) E =

∫
Ω

f(φ1) +
ε2

2
|∇φ1|2 +

δ2

2
(∆φ1)2dx,

where δ is a bending-like energy coefficient. Then, taking the time derivative of the energy,

we have

Ė =

∫
Ω

φ̇1

(
f ′(φ1)− ε2∆φ1 + δ2∆2φ1

)
dx

where we have integrated by parts and dropped the boundary terms. This gives the new

chemical potential

(3.18) µ̃1 = f ′(φ1)− ε2∆φ1 + δ2∆2φ1.

Instead of Eqs. (3.2) and (3.12’), we now take the evolution law

∂φ1

∂t
+ (u + Λκn̂) · ∇φ1 = M∇ · (φ1∇µ̃1)

µ̃1 = f ′(φ1)− ε2∆φ1 + δ2∆v

v = ∆φ1

(3.19)

and solve this coupled system with δ =
1

2
ε in Fig. 3.8B. At early times, the perturbation

of BM develops into a finger and caused fluctuation in shape nearby. Later, the finger tip

grows into a bulk, which subsequently branches into several developing fingers. The early

fluctuations near the finger grow but do not intersect with the structures in middle.

78



However, the elastic forces cannot always keep the AP at a certain distance from the BM

in Fig. 3.8B, since the shape of BM in the middle is too complex for the AP to follow. We

now reduce v0 to 0.1 since stem cell proliferation powers local stretching, and evolve the

epithelium in Fig. 3.9A. As before, the initial perturbation grows into a finger and makes

the BM nearby to wiggle. Instead of branching, the finger grows in planar direction, and

once the finger expands sufficient planar thickness, the AP is able to follow BM growth, and

the epithelium develops uniform thickness. When the top of the BM grows closer to the

exogenous source of CF , p0 is much higher than elsewhere (Fig. 3.9B), indicating increasing

stem cell population. Consequently, a dent forms to increase the arclength, and later buckles

into a concave. However, the buckling is not observed when no exogenous sources are applied

(Fig. 3.9C).

We note that Eq. (3.19) mimics the effects of bending energy, but may cause problems due

to the non-monotonicity of the profile across the interface, namely, the interface profile is

no longer a hyperbolic tangent (see Fig. 4 in [112]). Alternatively, we can take another

approximation of the bending energy that is more nonlinear, but better approximates the

full bending energy (see [91]):

(3.17’) E =

∫
Ω

f(φ1) +
ε2

2
|∇φ1|2 +

δ2

2ε2
(f ′(φ1)− ε2∆φ1)2dx,

where the additional term models the square of the curvature (bending energy). Note that

Eq. (3.17) is a simplification by setting the f ′(φ1) to zero in the last term and redefining δ.

Taking the time derivative of the energy, we get

Ė =

∫
Ω

φ̇1

((
1 +

δ2

ε2
f ′′(φ1)

)
µ1 − δ2∆µ1

)
dx,

where µ1 = f ′(φ1)− ε2∆φ1. This gives the new chemical potential

(3.18’) µ̂1 =

(
1 +

δ2

ε2
f ′′(φ1)

)
µ1 − δ2∆µ1

and evolution law

∂φ1

∂t
+ (u + Λκn̂) · ∇φ1 = M∇ · (φ1∇µ̂1)

µ̂1 =

(
1 +

δ2

ε2
f ′′(φ1)

)
µ1 − δ2∆µ1

µ1 = f ′(φ1)− ε2∆φ1.

(3.19’)
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We now evolve the epithelium with the same initial perturbation and v0 = 0.3 in Eq. (3.16).

The morphologies are qualitatively similar to Fig. 3.8B. The initial perturbation grows into

a finger that later branches into complex structures. BM nearby bends but do not intersect

with the finger in middle, and the AP follows at sides (see Fig. 3.10).

3.4 Stokes equations

We briefly investigate an alternative mechanics governing cell movement and show our pre-

liminary results. Rather than taking Darcy’s law u = −∇p, we solve the Stokes equation to

obtain u:

(3.20) γ∇(∇ · u) + γ∆u−∇p =
λ

ε
µ∇φT

where ∇ · u = SrcT . We take different surface tensions on the BM and AP, in particular

λBM = −0.2 and λAP = 0.2. Note that by taking the divergence on both sides, we actually

solve

−∆p = −∇ · (2γ∇SrcT ) +∇ ·
(
λ

ε
µ∇φT

)
γ∆u = ∇(p− γSrcT ) +

λ

ε
µ∇φT .

As in Section 3.1, we define two fields functions φ1 for the BM and φ2 for AP:

(3.21)
∂φi
∂t

+∇ · (φiu) = M∇ · (φi∇µi) + φiSrcT

where µi = f ′(φi)− ε2∆φi and i = 1, 2. Denoting φT = φ1φ2 and µ = µ1 + µ2, we define the

evolution law for cell lineage components as

(3.22)
∂φi
∂t

+∇ · (φiu) = M∇ · (φi∇µi) + φTSrci

where i = SC,CP or TD. We take

SrcSC = v0(2p0 − 1)φSC

SrcCP = 2v0(1− p0)φSC + v1(2p1 − 1)φCP

SrcTD = 2v1(1− p1)φCP − dφTD

(3.23)
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where v0 = v1 = d = 1, and self-renewal fractions

p0 = 1.0 · 3CF
1 + 3CF

1

1 + CG

p1 = 0.02 + (1.0− 0.02) · CF
1 + CF

1

1 + CG
.

The feedback factors satisfy

∂CF
∂t

= ∇2CF − φCPCF − CF + 4φSC + φCP

∂CG
∂t

= ∇2CG − φCPCG − CG + φTD.

(3.24)

Cell species and cell substrates satisfy homogeneous Neumann conditions at all boundaries.

We now evolve an annular epithelium with an exogenous source of CF same as Fig. 3.4. We

take homogeneous Neumann conditions for p and u at the left, right and top boundaries,

and homogeneous Dirichlet at the bottom. In early times, the epithelium grows thicker.

Later, cells close to the source of CF move towards the source and elongate the epithelium

(Fig. 3.11). The velocity fields and pressure are plotted in Fig. 3.12. p is increased at the

top of epithelium, since the exogenous source of CF enhances stem cell and CP self-renewal.

In vertical direction, the top of epithelium moves towards the source of CF while the bottom

moves away from the source. In horizontal direction, the epithelium expands at early times

but shrinks later (T = 16). We note that ∇ · u = SrcT = 0 in the area surrounded by the

epithelium (lumen). Consequently, this area does not increase and the epithelium thickness

is not uniform. Resolution of this problem is left to future work.
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Figure 3.1: Growth of a single-species epithelium driven by stem cells. (A) Field functions

φ1 for the BM and φ2 for the AP. The interface is calculated by
1

ε
16φ2

i (1 − φi)
2, i = 1, 2.

Total epithelium φT = φ1φ2. (B) The exogenous source of CF in the stroma above the BM.

Green shows the epithelium interface φT = 0.5. (C) Time evolution of the epithelium. φT

is plotted at indicated times. The BM moves towards the exogenous source, and the AP

follows, resulting in a uniform thickness at early times. Later, the thickness decreases as

the epithelium grows closer to the source. (D-E) p0 at the BM and AP, together with the

contours of interfaces are shown at T = 16. At sides, p0 ≈ 0.5 since CF ≈ 0. At the center,

p0 ≈ 1 on both BM and AP.
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Figure 3.2: Growth of a multi-species epithelium driven by stem cells. The distributions of

p0 on epithelium interfaces, CPs, TDs, p1, CF and CG are shown at indicated times. Green

shows the epithelium boundary φT = 0.5. The morphologies are similar to Fig. 3.1. CPs

and TDs stratify in both planar and basal-apical direction, with CPs moving towards the

BM and TDs moving towards the AP. CG is colocalized with TDs. CP and TD populations

are reduced near the boundary due to the sink condition Eq. (3.11).
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Figure 3.3: Growth of a multi-species epithelium driven by stem cells and endogenous sources

of positive feedback factors. The distributions of p0 on epithelium interfaces, CPs, TDs, p1,

CF and CG are shown at indicated times. Green shows the epithelium boundary φT = 0.5.

The morphologies at the center are similar to Fig. 3.2. At the sides, the BM moves up since

endogenous CF production increases p0 (see Fig. 3.7). However, the AP does not move since

CF ≈ 0 and p0 ≈ 0.5. The epithelium thickness at the sides is increased consequently.

84



T=0 T=8                        T=16                    T=24                      T=32

5LG

Total epithelium

CPs

TDs

P1

CF

CG

Exogenous
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Figure 3.4: Growth of a multi-species annular epithelium with exogenous sources of CF

outside. The distributions of total epithelium, CPs, TDs, p1, CF and CG are shown at

indicated times. Green shows the epithelium boundary φT = 0.5. Both BM and AP closer

to the source move up and the upper part of the epithelium grows in nearly uniform thickness.

The lower part does not grow as much since the level of CF is low. As a result, the area

surrounded by the epithelium (lumen) increases.
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Figure 3.5: Example of signed distance function. (A) A field function φ1 with sinusoidal

interface (green). (B) Signed distance function ψ to the interface of φ1 (black). ψ is positive

when φ1 = 1 and negative when φ1 = 0. (C). The template function Ψ calculated by ψ in

(B) using thickness L = 1.
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Figure 3.6: Evolution with an epithelium with elastic force and pCPF = 0. (A) The distri-

butions of p0 on epithelium interfaces, CPs and TDs are shown at indicated times. With no

endogenous production of CF , the sides do not grow while the center grows due to exoge-

nous CF . Cells stratify as seen before. Note that the epithelium thickness at finger necks

is uniform, which is not observed in Fig. 3.2. (B) p0 at the BM and AP, together with the

contours of interfaces are shown at T = 12. Note that p0 ≈ 0.5 at the sides.
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Figure 3.7: Evolution with an epithelium with elastic force and pCPF = 0.3. (A) The dis-

tributions of p0 on epithelium interfaces, CPs and TDs are shown at indicated times. (B)

p0 at the BM and AP, together with the contours of interfaces are shown at T = 12. With

endogenous production of CF , the BM at the sides grows due to increased p0 in (B). The

AP moves up following the BM as a result of elastic forces.
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B

A

T=0 T=1                                     T=2 T=3                                       T=4

T=0 T=2                                     T=4 T=6                                       T=8

T=10 T=12                                     T=14 T=16                                T=18

Figure 3.8: Local stretching grows the epithelium in complex shape. (A) The distribution

of p0 on epithelium interfaces is shown at indicated times. Local stretching forces create

small-scale complex structures at the BM following an initial shape perturbation, making

the BM intersect with itself. (B) The small-scale structure is resolved by introducing a

bending force. The initial perturbation develops into a finger that subsequently branches.

BM nearby forms bumps that do not intersect the finger at the middle.
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Figure 3.9: Epithelium with small stem cell proliferation, local stretching and elastic forces

grow with uniform thickness. (A) The distribution of p0 on epithelium interfaces are shown

at indicated times. A smaller stem cell mitosis rate is modeled compared to Fig. 3.8. Con-

sequently, the effect of local stretching is reduced, and the finger only develops into a bump

that expands in planar direction. The AP is allowed space to follow the BM by elastic forces

at late times. When the BM is close to exogenous sources of CF , p0 is increased (see (B)) and

the top of BM buckles. Note that this buckling is not observed without exogenous sources

of CF (see (C), where the distribution of p0 on epithelium interfaces is shown at indicated

times.
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Figure 3.10: Alternative model of local stretching in Eqs. (3.17’) to (3.19’).
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T=0 T=4                    T=8                      T=12                   T=16                     T=20

p0

CPs

TDs

P1

CF

CG

5LG

Figure 3.11: Growth of an annular epithelium where cell movements are governed by a

Stokes equation. The distributions of p0, CPs, TDs, p1, CF and CG are shown at indicated

times. Green shows the epithelium interface φT = 0.5; cyan shows p0 = 0.5 contour. The

epithelium grows thicker in early times. Later, cells at the top move towards the source of

CF , elongating the epithelium. The area surrounded by the epithelium (lumen) shrinks as

time evolves. Note that ∇ · u = SrcT = 0 in the lumen.
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Figure 3.12: Velocity fields and pressure solved by the Stokes equation in Fig. 3.11 are shown

at indicated times. The exogenous source of CF enhances stem cell and CP self-renewal, thus

increasing the pressure at the top. In horizontal directions, the epithelium expands at T = 8

but tends to shrink at later times (T = 16). In vertical directions, the top of epithelium

moves towards the source of CF while the bottom moves away from the source.
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Chapter 4

Feedback, Lineages and Tumor

Growth

4.1 Introduction

Glioblastoma is one of the most aggressive and deadly brain tumors that causes more than

ten thousand deaths each year in the United States. According to the American Brain

Tumor Association, glioblastoma and astrocytoma account for 76% gliomas. They are highly

heterogeneous and vascularized, making them difficult to be eradicated. Over the past years,

the cell heterogeneity in glioblastoma has been extensively studied [3, 13, 42, 62, 70, 87, 97,

110, 111, 118, 119]. Stem cells are found to play a crucial role in cell hierarchy that tumors

with high stem cell population are more aggressive than those with fewer or no stem cells [6].

Moreover, glioblastoma stem cells (gSCs) are responsible for the resistance to radiotherapy

and chemotherapy. It has also been observed that higher initial populations of gSCs result

in more aggressive tumors [3].

According to [6], gSCs have three main characteristics: they are capable of self-renewal, i.e.

they are able to give rise to cells with the same characteristics in the progeny. gSCs are

multipotent, meaning that they can differentiate into other cell hierarchies in the tumor and

may initiate several cell lineages. gSCs are also able to produce tumors when implanted in
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animal models.

In neurogenesis, it has been observed by several groups that the microenvironment of neural

stem cells (nSCs) is important in maintaining their stemness. In particular, endothelial cells

(ECs) from capillaries secrete factors that stimulate the self-renewal and proliferation of stem

cells. Moreover, nSCs were found close to capillaries. In this case, endothelial cells have to

be in direct contact with nSCs [64, 83, 84, 103].

The crosstalk between the nSC niche and capillaries motivated similar studies in glioma [15].

Nestin+ cells are located closer to the capillaries, and gSCs cultured with ECs maintain their

proliferation and self-renewal properties. In addition, gSCs do not require direct contact with

ECs. These findings opened a lot of questions on the mechanisms involved in the EC-gSC

crosstalk. Possible signals include Perivascular nitric oxide [18, 28], Hedgehog pathway [118]

and Interleukin-8 signaling by diffusion [42], and Notch pathway that requires cell-cell contact

[40, 122].

Recent studies in [87, 111] have found that cells facing the lumen of some vessels in glioma

were p53 positive, i.e. they carried tumor-cell mutations. When culturing gCSCs in en-

dothelial cell conditions, the cells showed EC phenotype and expressed endothelial factors.

However, this was not observed on non-stem cell lines. This finding suggests that glioblas-

toma cells participate actively in the tumor niche and neovasculature formation. These new

transdifferentiated cells have been found in the core of the tumors and particularly close

to the hypoxic regions [66]. It has been hypothesized that transdifferentiation might be

related to hypoxic conditions but many questions regarding these new endothelial cells still

remain.

A number of numerical methods have been developed to model tumor growth [7, 59, 82, 86,

93, 104, 114, 120, 121]. Here, we follow the works in [38, 120] and incorporate a multispecies

cell lineage in vascularized tumor. Spatiotemporally changing signaling factors released by

tumor cells, the vasculature and microenvironment regulate cell proliferation, differentiation

and self-renewal. In particular, gSCs produce a short-range activator that promotes self

renewal (e.g. Wnt [47, 106]), and a long-range inhibitor (e.g. Dkk [14, 35, 57]) that consti-

tutes a Turing-type pattern formation system. Terminally differentiated cells (TDs) release
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factors (e.g. TGF-β superfamily members [68]) that negatively feedback on stem cells and

committed progenitors (CPs). Oxygen/nutrient delivery from microvasculature also provides

positive feedback tumor cell proliferation.

The crosstalk between gSCs and capillaries is modeled as a combined signaling factor that

enhances stem cell proliferation and self-renewal. gSCs may transdifferentiate into glioma en-

dothelial cells (gECs) as a branched fate. gECs may as well join the vasculature in providing

positive feedback on stem cells. The vessel network is implemented as a discrete angiogen-

esis model. Hypoxia positively feedback on ECs through vascular endothelial growth factor

(VEGF) [3], while tumor cells also negatively feedback on ECs through pressure-induced

vessel crushing.

In this chapter, we first investigate the growth of avascular tumors. Section 4.2 presents

a three-dimensional hybrid continuum-discrete model that accounts for multispecies tumor

progression. In Section 4.3, we study the effects of parameter variations. Next, in Chapter 5,

we investigate the effects of angiogenesis, transdifferentiation, the crosstalk between gSCs

and the vasculature, and the tumor reaction to therapies. In Section 5.9 we summarize our

results and discuss future work.

4.2 Mathematical model

4.2.1 Mass conservation equations and model mechanics

We adapt the three dimensional multispecies tumor mixture model described in [114, 120],

where tumor cells are tightly packed and cell species are modeled as volume fractions. Let

φSC , φCP , φTD, φD and φH be the volume fractions of SCs, CPs, TDs, dead cells and host

tissue respectively. The volume fraction of total tumor cells φT = φSC + φCP + φTD + φD.

We assume that the fractions of solid region (φS = φT + φH) and water (φW ) are constant

and add up to 1.
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The volume fractions satisfy mass conservation equation

(4.1)
∂φi
∂t

+∇ · (usφi) = −∇ · Ji + Srci,

where i = SC,CP, TD,D or T . For each component, we introduce an adhesion energy

(4.2) E =
γ

ε

∫
Ω

f(φT ) + ε2 |∇φT |2 dx,

where γ measures cell to cell adhesion, f(φT ) = 1
4
φ2
T (1−φT )2 is a double-well potential that

delineates the phase separation of the tumor (φT ≈ 1) and host tissues (φT ≈ 0). Ji is taken

to be the generalized Fick’s law

(4.3) Ji = −Mi∇
(
δE

δφi

)
,

where Mi is the cell mobility, δE/δφi are variational derivatives of the adhesion energy:

(4.4)
δE

δφi
=
γ

ε

(
f ′(φT )− ε2∇2φT

)
.

us is the mass-averaged velocity of solid components defined by Darcy’s law

(4.5) us = −
(
∇p− δE

δφi
∇φT

)
,

where p is the solid pressure. To solve for p, we assume that SrcH = 0, e.g. homeostasis. By

adding up Eq. (4.1) for all cell components and defining SrcT = SrcSC + SrcCP + SrcTD +

SrcD as the mass exchange term for total tumor cells, we have

∇ · us = SrcT ,

and therefore

(4.6) −∇2p = SrcT −∇
(
δE

δφi
∇φT

)
.

It can be shown that Eqs. (4.3) to (4.5) guarantee that in the absence of mass sources, the

adhesion energy Eq. (4.2) is nonincreasing in time [114]. The water pressure q and fluid

velocity uw satisfy

−∇2q = −SrcT

uw = −∇q.
(4.7)
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4.2.2 Tumor cell species

Following [120], we assume that SCs and CPs self-renew with probability p0 and p1 respec-

tively when they divide, and their division rates are proportional to the nutrient level n.

SCs, CPs and TDs undergo necrosis when nutrient levels are insufficient to support their

viability. TDs also die by apoptosis, and the source term of dead cells consists of necrosis,

apoptosis and cell lysis into water. The mass exchange terms for cell components are

SrcSC = λSCm nφSC · (2p0 − 1)− λSCn H(n′ − n)φSC

SrcCP = λSCm nφSC · 2(1− p0) + λCPm nφCP · (2p1 − 1)− λCPn H(n′ − n)φCP

SrcTD = λCPm nφCP · 2(1− p1)− λTDn H(n′ − n)φTD − λTDa φTD

SrcDC = λSCn H(n′ − n)φSC + λCPn H(n′ − n)φCP + λTDn H(n′ − n)φTD

+ λTDa φTD − λLφD.

(4.8)

Here λSCm and λCPm are the mitosis rates of SCs and CPs respectively. λTDa is the apoptosis

rate of TDs, and λL is the lysis rate of dead cells. λSCn , λCPn and λTDn are the necrosis rates

of SCs, CPs and TDs respectively, H(x) is the Heaviside function (H(x) = 1 when x > 0;

H(x) = 0 otherwise), and n′ is the minimal nutrient level to support cell viability. The

mass exchange term of total tumor is the sum of Eq. (4.8) and accounts for SC and CP

proliferation as well as cell lysis:

(4.9) SrcT = λSCm nφSC + λCPm nφCP − λLφD

We assume that the proliferation and differentiation of tumor cells are regulated by soluble

factors that feedback on mitosis rates and self-renewal fractions [56, 120]. In particular, the

SC self-renewal fraction p0 is positively regulated by self-renewal promoter (CW , e.g. Wnts,

BMP and Notch [2, 79]) and negatively regulated by differentiation promoter T1 (CT1 , e.g.

TGF-β superfamily members [68]). We take

(4.10) p0 = pmin0 + (pmax0 − pmin0 ) · χW0 CW
1 + χW0 CW

· 1

1 + ψ0CT1
,

where pmin0 and pmax0 are the minimum and maximum levels of SC self-renewal respective-

ly, χW0 is the positive feedback gain by CW , and ψ0 is the negative feedback gain by T1.
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Analogously, we take the CP self-renewal fraction

(4.11) p1 = pmin1 + (pmax1 − pmin1 ) · χW1 CW
1 + χW1 CW

· 1

1 + ψ1CT2
.

pmin1 and pmax1 are the minimum and maximum levels of CP self-renewal, respectively. χW1

is the positive feedback gain by CW . Here we assume that a different signaling factor T2

negatively feedbacks on p1 with gain ψ1.

4.2.3 Cell substrates

We follow [120] and use a generalized Gierer-Meinhardt model for Turing-type pattern for-

mation [32, 105]. In particular, we assume that Wnt (CW ) is a short range activator, and

CWI is a long range inhibitor of Wnt (e.g. Dkk [14, 35, 57]). Assuming that both CW and

CWI are produced by SCs [34, 54, 107] and their production rates are proportional to the

nutrient level, we take the system of reaction-diffusion equations

∂CW
∂t

+∇ · (uwCW ) = ∇(DW∇CW ) + γ̄F (CW , CWI),

∂CWI

∂t
+∇ · (uwCWI) = ∇(DWI∇CWI) + γ̄G(CW , CWI).

(4.12)

Here ∇ · (uwCW ) and ∇ · (uwCWI) are advection terms, DW and DWI are the diffusivity of

Wnt and Wnt inhibitor respectively. γ̄ = 25.0 is the reaction rate. We take the reaction

terms

F (CW , CWI) = pW
C2
W

CWI

nφSC − dWCW + u0n(φT − φD)

G(CW , CWI) = pWIC
2
WnφSC − dWICWI ,

where pW , pWI , dW and dWI are the production and natural decay rates of Wnt and its

inhibitor respectively. u0 models a low-level, nutrient-dependent production of Wnt from all

viable cells.

The nutrient concentration n satisfies a quasi-steady state equation, because nutrient diffu-

sion (minutes) occurs significantly faster than cell proliferation (days):

(4.13) 0 = ∇(Dn∇n)−
(
uSCn φSC + uCPn φCP + uTDn φTD

)
n+ pHn Q(φT )(n̄− n)
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Here Dn is the diffusivity of nutrient, uSCn , uCPn and uTDn are the uptake rates by SCs, CPs

and TDs respectively. The function Q(φT ) ≈ 1−φT approximates the characteristic function

of the host tissue. pHn is the production rates by the host tissue. n̄ = 1.0 is the nutrient

concentration in the microenvironment.

As in the case of n, we assume that negative feedback regulators T1 and T2 diffuse rapidly,

and the time derivatives and advection terms may be neglected. Note that some TGF-β

superfamily members such as Activin diffuse over long ranges [48]. We take

0 = ∇(DT1∇CT1)−
(
uSCT1 φSC + dT1

)
CT1 + pT1φTD

0 = ∇(DT2∇CT2)−
(
uCPT2 φCP + dT2

)
CT2 + pT2φTD,

(4.14)

where DT1 , dT1 and pT1 are the diffusivity, natural decay and production rates of T1 respec-

tively. Herewe have assumed that T1 is produced by TDs. uT1 is the uptake rate by SCs.

The equation of T2 is analogous except that uCPT2 is the uptake rate by CPs, as T2 negatively

regulates CP self-renewal probability.

These equations are solved in a cuboid domain using the three-dimensional extension of

numerical methods described in Section 1.4. Homogeneous Neumann conditions are applied

for tumor cell species, CW and CWI at all boundaries. Nutrient concentration n satisfies

n = 1 at boundaries, and CT1 and CT2 satisfy homogeneous Dirichlet conditions.

4.3 Results

We now test the tumor response to parameter variations. The tumor begins as a perturbed

avascular bulk that consists of uniformly distributed 10% SCs, 25% CPs, 60% TDs and 5%

dead cells. We assume that tumor cells undergo necrosis at a same rate λL = 0.2, namely

λSCn = λCPn = λTDn = λL.

We first test the effects of different stem cell mitosis rates λSCm in Fig. 4.1. Increasing

λSCm enhances tumor growth since stem cells divide faster and more differentiated cells are

produced in given time. Small values of λSCm (e.g. 0.1) decrease the tumor size in early times

and eventually stabilize the tumor into a nodule that consists about 50% stem cells. An
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intermediate division rate (e.g. 0.3) makes the tumor to grow at late times, and stem cells

cluster near the boundary due to Wnt-WI pattern formation system. These clusters grow

into multiple bumps where stem cells are concentrated at the tip. The bumps develop into

growing fingers with higher values of λSCm (e.g. 0.5), and the growth is led by the stem cell

niche at the tip. This has been observed experimentally in [1]. At late times, these fingers

tend to detach from the tumor and form independently moving tumors with a stem cell

niche, which indicates malicious invasion. Although stem cell fractions are reduced as the

tumor grows larger in size, these detaching fingers suggest increased tumor invasiveness. To

measure the invasiveness, we compute the dimensionless ratio of surface area against volume

(shape factor). We take 3
√

36π
S

V 2/3
where S is the surface area and V is the volume of the

tumor. This factor quantifies the deviation from the spherical shape and is normalized so that

a sphere has factor 1. Larger λSCm dramatically increases the shape factor by considerably

increasing the surface area. This complex morphology allows the tumor to gain access to

cell substrates (e.g. nutrients) from the host environment through its increased surface area

[30].

Next, we investigate the tumor response to different feedback gains on stem cells. We first

fix negative feedback gain on stem cells ψ0 = 1 and vary the positive gain χ0. Higher levels

of χ0 increase the self-renewal probability of stem cells, raise stem cell fractions (Fig. 4.2B)

and bring more progeny cells into the tumor. As a result, the tumors grow significantly

larger in size (χ0 = 10 results in approximately 6-fold increase in size, compared to χ0 = 1).

In addition, stem cell clusters grow much larger and split into clusters that continue to split

when χ0 = 10, which were also observed in murine salivary glands [41]. The shape factors

are consequently increased by this complex geometry.

To study the effects of different negative feedback gains, we fix χ0 = 1 and evolve the tumor

with different ψ0. Larger ψ0 promotes stem cell differentiation to TDs that eventually die.

We note that the maximum CP self-renewal probability, pmax1 = 0.45 < 0.5 so CPs cannot

support the tumor growth on their own. Therefore, the overall tumor volume is decreased

as the negative feedback gain on stem cells becomes stronger. Large ψ0 (e.g. 10) effectively

shrink stem cell clusters near the boundary, and the tumor degenerates into a slowly growing
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nodule. Interestingly, stem cell and TD fractions tend to converge to a common level at late

times (Fig. 4.3 B,C) although the tumor volumes behave distinctly, suggesting that these

fractions may be insensitive to varying negative feedback on stem cells. This has been

observed in [120]. Tumor invasiveness is also reduced by the negative feedback. However,

even with ψ0 = 10 the shape factor is still growing, suggesting possible later invasion.

We now turn to the effects of cell death on tumor progression and start with changing

the necrosis rate. Higher levels of necrosis reduce the tumor size, as expected, because a

larger number of viable cells are turned into dead cells that undergo lysis. Stem cell clusters

are not obviously affected, since they are located near the tumor boundary where nutrient

supplies are sufficient (see Fig. 4.4B, insets showing nutrients and φSC = 0.3 boundary).

Volume fractions of stem cell even increase as a result of reduced tumor sizes. When the

necrosis rate λN = 0.4, the tumor breaks apart since cells connecting the tumor are killed,

indicating greater invasiveness although the shape factor behaves similarly to other cases.

Consequently, lack of nutrient supplies may increase the possibility of invasion. We note

that similar findings are discussed in Section 5.1, where angiogenesis brings in nutrients in

the hypoxic core and stabilizes the tumor, but at the expenses of enhanced growth.

Lastly, we look at different lysis rates λL in Fig. 4.5. Higher lysis rates reduce tumor volumes

since dead cells are removed. Stem cell fractions increase similarly to Fig. 4.4, since the tumor

shrinks and stem cells are not affected directly. Fingers tend to break apart from the tumor

and develop into independent tumors with large lysis rates (e.g. λL = 1), although shape

factors are reduced. Note that when lysis is minimum (e.g. λL = 0.1), the tumor consists

of approximately 50% dead cells (Fig. 4.5C), but the tumor is still actively growing as stem

cell clusters still lead the growth of fingers.
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A

C

B

Figure 4.1: Effects of different λSCm . The overall tumor sizes (A), volume fractions of stem

cells (B) and shape factors (C) are shown as a function of time, respectively, for different

values of λSCm . Insets in (A-B) show tumor cell distributions (blue: φT = 0.5 isosurfaces;

green: φCP = 0.25; red: φSC = 0.3; gray: φTD = 0.35) and tumor morphologies (yellow:

φT = 0.5 isosurfaces) in (C). The shape factor is calculated by 3
√

36π
S

V 2/3
where S is the

surface area and V is the volume of the tumor. Small values of λSCm stabilize both tumor

size and invasiveness, while tumors with larger λSCm grow larger in size, and develop multiple

fingers driven by stem cell clusters that dramatically increase invasiveness. At late times,

fingers tend to develop into small independent tumors.
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C
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Figure 4.2: Tumor response to different positive feedback gain χ0. The overall tumor sizes

(A), volume fractions of stem cells (B) and shape factors (C) are shown as a function of

time, respectively, for different values of positive feedback gain χ0. Tumors with larger χ0

grow larger in size and have higher stem cell fractions. Large positive feedback gains (e.g.

χ0 = 10) make stem cell clusters grow larger and split, indicating higher invasiveness as seen

in (C).
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Figure 4.3: Tumor response to different negative feedback gain ψ0. The overall tumor sizes

(A), volume fractions of stem cells (B), TDs (C) and shape factors (D) are shown as a

function of time, respectively, for different values of negative feedback gain ψ0. Insets in (C)

show φTD = 0.35 isosurfaces in gray. Increasing ψ0 shrinks the tumor and stem cell clusters,

and eventually stabilizes the tumor growth and invasiveness. Stem cell and TD fractions

tend to converge to a common level despite different tumor sizes.
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Figure 4.4: Effects of different necrosis rates. The overall tumor sizes (A), volume fractions

of stem cells (B), dead cells (C) and shape factors (D) are shown as a function of time,

respectively, for different values of necrosis rate λN . Insets in (C) show φD = 0.2 isosurfaces

in yellow. Tumors with higher necrosis rates grow smaller in size as necrosis removes viable

cells. Dead cell fractions are consequently increased. However, high levels of necrosis break

apart the tumor and increase stem cell fractions, indicating increased invasiveness despite

the shape factors are only slightly reduced. Insets in (B) show the 2D slice of nutrient

concentration at indicated times. Green contour shows the tumor boundary φT = 0.5; black

contour shows φSC = 0.3.
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Figure 4.5: Effects of different lysis rates. The overall tumor sizes (A), volume fractions

of stem cells (B), dead cells (C) and shape factors (D) are shown as a function of time,

respectively, for different values of lysis rate λL. Insets in (C) show φD = 0.2 isosurfaces in

yellow. Higher levels of λL reduce tumor size by removing dead cells. Stem cell fractions

increase as stem cells are not affected directly and the overall volume is smaller. Fingers tend

to break apart into independent tumors with larger λL although shape factors are reduced.
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Chapter 5

Angiogenesis and Tumor Response to

Cancer Therapies

We now adapt the angiogenesis model in [113] that is independent of the computational

grid for previous continuum. This model generates a vascular network stimulated by soluble

angiogenic regulators (e.g. vascular endothelial growth factor, VEGF [3]). We assume that

viable cells in the hypoxic core produce VEGF, CV . In particular,

(5.1) 0 = ∇(DV∇CV )− dVCV + pVH(ñ− n)(φT − φD),

where DV , dV and pV are the diffusivity, natural decay and production rates of VEGF

respectively. H(x) is the Heaviside function. ñ is the hypoxia threshold so that viable cells

produce VEGF when the nutrient level n < ñ. We note that ñ should be larger than the

necrotic threshold n′ in Eq. (4.8).

Vessel sprout sites are selected at a constant probability once the VEGF concentration is

higher than a threshold. The tip of vessels moves in circular random walk. At each time

step, the tip has a fixed probability to branch into two leading endothelial cells that continue

to develop into new vessels. Once a leading cell crosses the path of another vessel, the two

vessels may connect and form loops, and begin to deliver cell substrates, e.g. nutrients to the

tumor. The contribution from all vessel segments that supply cell substrates is integrated to

obtain the effective vascular density ρFV . We refer to [113] for further details. The nutrient
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concentration now has a new source term:

(4.13’) 0 = ∇(Dn∇n)−
(
uSCn φSC + uCPn φCP + uTDn φTD

)
n+

(
pHn Q(φT ) + pVn ρFV

)
(n̄− n),

where pVn is the nutrient supply rate from the vasculature. Other parameters are same as

Eq. (4.13).

5.1 Angiogenesis affects tumor size and morphology

We now take the tumor in Chapter 4 with λSCm = 0.5, χ0 = 1, ψ0 = 0.1 and λL = 1 to

investigate the effects of angiogenesis on tumor growth. Necrosis is neglected and we take

hypoxia threshold ñ = 0.5 for VEGF production. The evolution is shown in Fig. 5.1 (green).

As seen in Fig. 4.1, stem cells are localized in clusters near the tumor boundary at early

stages, which later develop into multiple fingers and drive the tumor invasion. Note that

low nutrient levels in the avascular tumor (around 0.2 compared to 1.0 in host, see Fig. 5.1D

insets) indicate a hypoxic core in the center. In contrast, in the vascularized tumor, cells

in the hypoxic core produce VEGF that promotes vessel formation. Once the vasculature

is formed around T = 37, it provides additional nutrient supply through functional vessels

in the core (Fig. 5.1D, insets on blue curve) and facilitates cell proliferation. Consequently,

the tumor grows larger in size and the gaps between fingers are less pronounced. The shape

factor is thus controlled compared to the avascular case (Fig. 5.1C, blue). This has been

observed experimentally in [8, 55]. The nutrient supply from the vasculature is quantified

by the nutrient heterogeneity in Fig. 5.1D. We take

∫
Ω
n|∇n|φTdx∫

Ω
φTdx

, where n|∇n| measures

the spatial variation weighted by the nutrient concentration, and the fraction averages the

variation among the tumor. The vascular tumor exhibits larger nutrient heterogeneity, since

the vessel network provides additional spatial variation inside the tumor.
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5.2 Positive feedback from ECs to SCs enhances tumor

growth

In Fig. 5.1B, the stem cell fraction decreases at late times since stem cells are localized at

finger tips while the overall tumor volume grows. However, the fraction decreases further

once the vasculature is formed, because the nutrient supply from the vasculature promotes

stem cell differentiation. We now compensate this effect by accounting for the crosstalk

between stem cells and the vasculature. In brain tumor, primary human endothelial cells

(pHECs) are found to help maintain the cancer stem cell pool through soluble factors, and

increase the size of tumor spheres [15], suggesting positive feedback from pHECs to stem

cells. Here, we investigate the combined effect of possible mechanisms in [42, 118, 122], and

assume that the vasculature produces a cell substrate F that promotes stem cell self-renewal

and proliferation:

(5.2)
∂CF
∂t

+∇ · (uwCF ) = ∇(DF∇CF ) + pVF ρV (F̄ − F )− dFCF ,

where ∇ · (uwCF ) models the advection, DF and dF are the diffusivity and natural decay

rate of F respectively. ρV is the vessel density, and pVF is the production rate by vessels.

F̄ = 1.0 is the concentration of F in the vasculature. We take

(4.10’) p0 = pmin0 + (pmax0 − pmin0 ) · χW0 CW + χF0 CF
1 + χW0 CW + χF0 CF

· 1

1 + ψ0CT1
,

where χF0 is the positive feedback gain by CF and other parameters are the same as Eq. (4.10).

In addition, the mitosis rate of stem cells is changed to

(5.3) λSCm = λ̄SCm

(
1 + ∆F

m ·
χFmCF

1 + χFmCF

)
,

where λ̄SCm is the base mitosis rate, ∆F
m is the maximum fold change and χFm is the positive

feedback gain by CF .

We now take the vascular tumor in Fig. 5.1 and incorporate the positive feedback from

the vasculature on stem cells. After the vessels form around T = 37, the substrate F

is produced by the vasculature and concentrates in the center of tumor where the vessel
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density is highest, and increases the self-renewal probability and mitosis rates of stem cells

(see Fig. 5.2G). Consequently, stem cells form a new cluster in the center and the volume

fraction is increased (Fig. 5.2B). The tumor grows much larger in size (Fig. 5.2A, blue),

consistent with [15]. The shape factor is further decreased (Fig. 5.2C, blue) as the crosstalk

brings in more vessels and nutrient supply. Note that vessels are crushed when pressure

is excessive (e.g. T=50, blue). As a result, the nutrient heterogeneity is decreased as the

crushing of function vessels reduces the amount of nutrient supply in the tumor.

5.3 Stem cell transdifferentiation

We now account for multiple origins of tumor neovascularization. Glioblastoma is found to

be highly angiogenic, in which glioma cancer stem cells (gCSCs) may differentiate into glioma

endothelial cells (gECs), and gSCs cultured under endothelial differentiation conditions de-

velop morphological, phenotypical and functional features of ECs [87]. Similar results have

been seen in [62, 111, 119]. Together, this suggests a branched lineage model, that cancer

stem cells may transdifferentiate into vascular endothelial cells in addition to differentiated

tumor cells [66]. We note that this model is not fully verified [16, 20].

We now introduce a new cell type φEC for gECs that satisfies the mass conservation equation

Eq. (4.1). To account for the transdifferentiation from gSCs to gECs, the mass exchange

terms in Eq. (4.8) are changed to

SrcEC = λSCm nφSC · 2r

SrcCP = λSCm nφSC · 2(1− p0 − r) + λCPm nφCP · (2p1 − 1)
(4.8’)

where r is the transdifferentiation (branching) probability. In addition, gECs may produce

the substrate F that positively feedbacks on stem cells:

(5.2’)
∂CF
∂t

+∇ · (uwCF ) = ∇(DF∇CF ) +
(
pECF φEC + pVF ρV

)
(F̄ − F )− dFCF ,

where pECF is the production rate by gECs.

Assuming no gECs initially and constant branching probability r = 0.05, we now evolve

the vascular tumor in Fig. 5.1 with different sources of F. The incorporation of gECs does
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not change the results qualitatively when F is not being produced (SF = 0, Fig. 5.3, green

curves), in that the stem cell fraction still decreases after the vasculature forms. When F is

produced by the vessels (SF = V , blue curves), the tumor grows larger, stem cell fraction

increases and the shape factor is reduced after the vasculature forms, as observed in Fig. 5.2.

We note that gECs slightly increase the overall tumor size and stem cell fraction. For

example, the tumor volume at T = 50 is approximately 350L2 with r = 0.05, compared to

roughly 300L2 when r = 0 in Fig. 5.2.

When both gECs and the vessels produce substrate F and positively feedback on stem cells

(SF = V + EC), the tumor grows much larger in size (almost 2.5-fold compared to no

feedback at T=50, see Fig. 5.3A, red), which has been observed in [87]. Stem cell fractions

are increased from the beginning as a result of positive feedback from gECs. After the

vasculature forms, the fraction continues to grow as stem cells cluster in the center. The

shape factor is smallest compared to other cases after the vasculature forms, suggesting that

the tumor is least invasive although it grows largest in size. The vasculature also forms earlier

(around T = 29 compared to T = 35, see Fig. 5.3D), but vessel crushing brings the number

of functional vessels to a similar level (Fig. 5.3E). Consequently, the nutrient heterogeneity

is reduced in late times.

Next, we investigate the effects of different values of branching probability r. We assume

that the crosstalk with stem cells is mediated by CF , which either positively or negatively

feedback on r:

(5.4) r = rmin +
(
rmax − rmin

)
· χFCF

1 + χFCF

or

(5.4’) r = rmin +
(
rmax − rmin

)
· 1

1 + ψFCF
.

Here rmin and rmax are the minimum and maximum levels of transdifferentiation, χF and

ψF are the positive and negative feedback gain, respectively. We take rmin = 0.05 to be the

value in Fig. 5.3, rmax = 0.1 and pmax0 = 0.9.

We now evolve the tumor with both gECs and the vasculature producing substrate F (SF =

V +EC) in Fig. 5.4. With either positive or negative feedback on r, the tumor grows larger
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in size as r ≥ 0.05 in both cases. Negative feedback on r unexpectedly yields largest tumor

size throughout the evolution, and largest volume fraction of stem cells and gECs before

approximately T = 40, suggesting a nonlinear effect in the feedback on r. Positive feedback

on r results in larger stem cell and gEC fractions after T = 40, but the overall tumor volume

grows at roughly the same speed as the tumor with negative feedback (see Fig. 5.4A, black

and red). In addition, both positive and negative feedback on r reduce the invasiveness

after the vasculature forms until around T = 40, after which the shape factors begin to

rise, indicating that the tumors are becoming aggressive in size and invasion. Note that by

blocking the feedback on r and reducing its value to a minimal level, both invasiveness and

the overall size are controlled.

We note that gECs spontaneously form a network structure within the tumor (Fig. 5.5A),

consistent with [87, 119]. Additionally, most gECs are located within the hypoxic core

n < ñ = 0.5 (Fig. 5.5B), which has also been observed in [119]. We compute the percentage

of these gECs by

∫
Ω
φECH(ñ− n)dx∫

Ω
φECdx

, where H(x) is the Heaviside function. The percentage

drops around T = 35 as the vasculature forms and releases nutrients in the tumor, and

consequently gECs in the center are not hypoxic. The percentage rises around T = 40 due

to reduced nutrient production, since functional vessels are crushed.

5.4 Anti-SC therapies control tumor invasion

We now study the the effectiveness of different therapy strategies and how the tumors recover

after therapies are stopped. We take the vascular tumor with constant transdifferentiation

probability r = 0.05, and positive feedback on stem cells from both the vasculature and

gECs (SF = V +EC in Fig. 5.3) as our base (control) case, and assume that therapies start

from T = 50, at which point the vasculature has formed and affected the tumor evolution

for some time.

We start from anti-SC treatments since stem cells plays an important role in tumor inva-

sion. Differentiation therapies have been investigated in both experimental [9, 78, 108] and

simulation works [120]. Here, we consider the extreme case where the host tissue releases
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stem cell differentiation promoter T1 in full contact with the tumor:

(4.14’) 0 = ∇(DT1∇CT1)−
(
uSCT1 φSC + dT1

)
CT1 + pT1φTD + pHT1φH ,

where pHT1 is the production rate by the host and other parameters are the same as E-

q. (4.14).

We now apply different levels of T1 treatments continuously, and summarize the effects

in Fig. 5.6. T1 from the host is able to diffuse across the tumor because decay rates are

minimum (uSCT1 = 0.05, dT1 = 0), forcing stem cell clusters both near the tumor boundary

and in the center to differentiate (Fig. 5.6D). Consequently, volume fractions of stem cells

are significantly reduced. The shape factor is also controlled as the fingers are not lead by

stem cell clusters and cease to grow. This behavior has been observed in [120] where tumors

treated with large amounts of differentiation promoters invade less aggressively. The overall

volume only changes marginally at the time shown, because the vessel network still releases

nutrients that support cell proliferation. We expect the tumor growth to come to a stop

because the maximum CP self-renewal probability pmax1 = 0.45 < 0.5.

Another therapy strategy is to disturb the stem cell niche through Wnt inhibitor (WI).

Analogous to T1 treatments, we modify the reaction term of CWI in Eq. (4.12) as

G(CW , CWI) = pWIC
2
WnφSC − dWICWI + pHWIφH ,

where pHWI is the production by the host. We now test different levels of pHWI in Fig. 5.7.

Higher levels of WI treatments (e.g. pHWI = 1) kill stem cell niches near the boundary as

excessive amounts of WI disturb the Wnt-WI pattern formating system. However, WI from

the host cannot diffuse into the center of tumor (Fig. 5.7D) as the decay term dWI = 1. As

a result, the stem cell fractions are not reduced as much as T1 treatments, and the overall

tumor volume is only marginally affected. The shape factor is also reduced (Fig. 5.7C)

considerably, since WI treatments remove stem cell clusters near the tumor boundary which

otherwise lead the fingers to grow.
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5.5 Anti-angiogenic therapy increases tumor invasive-

ness

Since Anti-SC treatments alone cannot effectively control tumor sizes, alternative therapies

may be necessary. We have demonstrated in Section 5.1 that angiogenesis enhances tumor

growth and reduces invasiveness, so anti-angiogenic therapies could help in controlling the

growth in size. We test an extreme case where the vasculature is removed completely from

the tumor, and new vessels are not allowed to form with this anti-angiogenic therapy applied

continuously. After the therapy starts at T = 50, the overall volume grows at a slower

speed (Fig. 5.8A), for example, the treated tumor takes ≈ 62 time units to grow into a

size of 1200L2, compared to only ≈ 18 units for the control. The stem cell cluster in

the center persists after the removal of vessels, despite the loss of positive feedback from

the vasculature. In fact, the nutrient level n is reduced in the center after vessels are

removed (Fig. 5.8D), which inhibits stem cell proliferation. As a result, the tumor still

grows, and stem cell fractions are not effectively reduced. Near the tumor boundary, stem

cell clusters are not affected by the removal of vessels and develop into growing fingers as seen

in the avascular tumor in Fig. 5.1, considerably increasing tumor invasiveness. This suggests

that anti-angiogenic therapies could make the tumor highly invasive, consistent with both

experimental and clinical findings [70, 81].

To circumvent this problem, we combine anti-angiogenic therapy with anti-SC therapies that

reduce invasiveness. At T = 50, we apply both anti-angiogenic therapy and host productions

of WI. The tumor volumes are controlled in early times, and stem cell fractions decrease as WI

treatments become stronger (Fig. 5.9A), because stem cell niches near the tumor boundary

are removed and fingers stop to grow. However, even with high levels of WI productions

(e.g. pHWI = 0.75 and pHWI = 1), the stem cell cluster in the center is not affected by the

Dkk treatment and persists as seen in Fig. 5.7. Consequently, at late times the tumor grows

steadily as a bulk, with transdifferentiated gECs surrounding and maintaining the stem cell

niche in the center (Fig. 5.9D). We note that large WI treatments significantly reduce tumor

invasiveness (Fig. 5.9C) as they eradicate all fingers and stem cell niches near the boundary,
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and grow the tumor in a spherical shape.

Alternatively, we combine anti-angiogenic therapy with differentiation therapy through T1.

Large T1 productions (e.g. pHT1 = 0.4) affect stem cell clusters near the boundary as well as

in the center, as seen in Fig. 5.6. In addition, as the removal of vasculature blocks nutrient

supplies in the tumor, cell proliferation is stalled (Fig. 5.10D). This leaves a small amount

of stem cells in the center (not seen in Fig. 5.6) but shrinks the tumor due to apoptosis.

Stem cell fraction is also greatly reduced. Tumor invasion is effectively controlled since stem

cell clusters originally at finger tips differentiate and no longer drive finger growth. We note

that fingers degenerate into small bumps under T1 treatment (Fig. 5.10C, insets), while Dkk

treatments eradicates all fingers.

5.6 Chemotherapy

We now turn to traditional chemotherapy that kills all viable tumor cells. Similar therapies

have been studied experimentally [97, 109, 110] and numerically [120]. Here, we assume that

a chemotherapy agent CCT is produced by the host tissue, and increases the death rates of

all tumor cell species. We take

∂CCT
∂t

+∇ · (uwCCT ) = ∇(DCT∇CCT ) + pCTφH

− dCTCCT −
(
uSCCTφSC + uCPCT φCP + uTDCT φTD + uECCT φEC

)
CCT ,

(5.5)

where DCT , dCT and pCT are the diffusivity, natural decay rate and production rate by

the host, respectively. uiCT is the uptake rate by cell type i, where i = SC,CP, TD or

EC. In addition, we assume that the death rates of stem cells and CPs are proportional

to their effective mitosis rate, λSCm and λCPm respectively, ECs die proportionally to the

transdifferentiation rate r, and TDs die faster than its original apoptosis rate:
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λSCa = λSCm n · 1

2

CCT
1 + CCT

λCPa = λCPm n · 1

2

CCT
1 + CCT

λTDa = λ̃TDa

(
1 +

1

2

CCT
1 + CCT

)
λECa = r · 1

2

CCT
1 + CCT

.

(5.6)

We now combine the anti-angiogenic therapy in Fig. 5.8 and different levels of chemothera-

pies. As the production rates of CCT gets higher, the tumor volumes are effectively controlled

(Fig. 5.11) since CCT directly kills all tumor cell types. Stem cell niches either in the center

or around tumor boundary are not affected, and the volume fractions behave similarly across

all production rates we tested, presumably because their death rate is increased proportion-

ally to the mitosis rate. The effect on invasiveness is also marginal although the tumor grows

smaller in size.

5.7 gECs increase tumor resistance to therapies

In Section 5.3, we demonstrated that transdifferentiated gECs enhance tumor growth and

result in more compact tumors. We now investigate their effects on cancer therapies. For each

therapy strategy we have studied, we apply an additional anti-gEC therapy simultaneously

from T = 50 by making the host tissue release an agent CL that increases the death rate of

gECs. We take

(5.7)
∂CL
∂t

+∇ · (uwCL) = ∇(DL∇CL) + pLφH − dLCL − uLφECCL,

where DL, dL and pL are the diffusivity, natural decay rate and production rate by the host,

respectively. CL is uptaken by gECs at rate uL.

We now treat the tumors in Figs. 5.8 to 5.11 by an additional anti-gEC therapy with pL =

1. This removes transdifferentiated gECs surrounding the stem cell niche in the center

(see Fig. 5.12A, insets). Consequently, the positive feedback from gECs on stem cells is
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suppressed. Since the vasculature is also removed, the crosstalk between the vessel network

and stem cells is effectively blocked. As a result, the tumors grow much smaller (more

than halved in size for all cases), especially for pWI = 1 where the tumor otherwise grows

larger than the control before therapies. This suggests that gECs increase the resistance

against cancer therapies, consistent with experimental findings in [13, 44]. The shape factors,

however, are increased except for the case with pWI = 1 where the tumor already has a

spherical shape. We note that gECs are mostly distributed at the necks between finger tips

and the tumor and support the connection (Fig. 5.12D). When these gECs are removed

by the therapy, cells at the necks are easier to differentiate and die, and the fingers tend

to from the tumor (Fig. 5.12E). This has also been observed in [120] where intermediate

amounts of T1 treatment are applied. In our cases, gECs support these connections so we

do not observe similar effects in Figs. 5.6 and 5.10. When chemotherapy is also coupled

(last group, yellow), these fingers have already detached at the time shown, and turned into

independently moving nodules with a stem cell niche which could be highly invasive.

5.8 Summary of therapy strategies

The performance of above therapies is summarized in Fig. 5.13. We focus on the overall

tumor sizes, stem cell fractions and shape factors, and plot these indicators relatively to

the tumor just before the therapy starts. Anti-angiogenic therapy alone cannot stop the

tumor from growing, and dramatically increases the invasiveness. To reduce invasion and

control tumor size, anti-SC treatments are required additionally. T1 treatments work as

differentiation therapies that force stem cell niches near the boundary and in the center to

differentiate. Tumor volumes, stem cell fractions and invasiveness are effectively reduced

as T1 production gets stronger. WI treatments disturb stem cell niches only close to the

boundary even with large WI productions, thus inhibit tumor invasion, but cannot prevent

the tumor sizes from rebounding. Anti-gEC treatments control tumor sizes by blocking

the positive feedback from gECs to stem cells, but potentially turn fingers into independent

tumors by killing gECs supporting the finger necks. Chemotherapies also control tumor sizes
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by killing cells directly, but tend to detach fingers from the tumor and enhance invasion as

well.

We now test the effectiveness of combined therapies. When chemotherapy is combined

with anti-gEC therapy, the tumor volume is reduced, but fingers break apart from the

tumor. However, when a large T1 treatment (pT1 = 0.4) is applied as well, chemotherapy

removes bumps near the tumor boundary and reduces invasiveness (Fig. 5.14C, 3rd group).

Similar effects are observed when anti-gEC and T1 treatment are applied together. When

WI treatment is applied with large production rates (e.g. pWI = 1), the tumor grows in a

spherical shape but with a large stem cell niche at the center and surrounding gECs. We

have shown in Fig. 5.12 that additional anti-gEC treatments reduce tumor sizes and shrink

the niche at the center. Here, however, chemotherapy has little effect on the stem cell niche

and gECs (Fig. 5.14B, second last group) although it is able to reduce the tumor volume.

Anti-gEC treatment is required to reduce both tumor size and the stem cell niche. The

tumor shape is closer to a sphere, suggesting effective therapy outcome.

5.9 Discussion

We have developed and tested a hybrid continuum-discrete multispecies model on vascular

tumor invasion and tumor responses to cancer therapies. Tumor cells and substrate species

are treated as continuum, while the vasculature is treated as discrete quantities. The model

accounts for feedback control on a branched cell lineage through soluble signaling factors

produced by tumor cells, host tissue and the vasculature. In addition to the normal lineage

progression, cancer stem cells transdifferentiate into gECs that maintain the stem cell niche

together with the vasculature. Tumor cells in the hypoxic core positively feedback to the

vessel network through VEGF. The vasculature also receives negative feedback from the

tumor through pressure. Nutrient delivery from the vasculature provides positive feedback

on cancer cell proliferation. The model is summarized in Fig. 5.15.

We have demonstrated that avascular tumors invade aggressively by increasing their surface

area to gain access to nutrient supplies from the host. Angiogenesis restrains tumor invasion
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through nutrient supplies from functional vessels, which result in faster growth as a tradeoff.

The crosstalk between the vascular network and stem cells is also shown to enhance tumor

growth and stem cell fractions, but reduce the tumor invasiveness. Consequently, traditional

anti-angiogenic therapy helps to slow down the growth in size, but makes the tumor highly

invasive.

Stem cell patterning plays an important role in tumor invasion, as stem cells cluster near the

boundary and develop into invasive fingers, which has been observed both in experiments [1]

and modeling works [120]. Anti-SC therapies therefore can be used as anti-invasive therapies.

This can be done by disturbing the stem cell niche, for example, Wnt inhibitor treatments

disrupt pattern formation near the tumor boundary and subsequently eradicate the fingers.

However, this treatment cannot affect the stem cell cluster at the center of tumor and enables

the tumor to grow steadily in size. Alternatively, differentiation therapies by T1 force stem

cells to differentiate, which effectively remove the fingers and reduce tumor sizes.

Transdifferentiated gECs are shown to increase tumor size and number of vessels. In addi-

tion, gECs inherit mutations present in stem cells and do not depend on VEGF signaling,

making the tumor resistant to traditional anti-angiogenic therapies [13, 44]. Since gECs also

positively feedback on stem cell proliferation and self-renewal, anti-gEC therapies effective-

ly reduce stem cell fractions and tumor sizes. The invasiveness, however, is increased by

treating gECs which may turn fingers into new tumors free to migrate. Chemotherapy has

similar effects by killing cells supporting the finger necks.

Our results suggest that combined therapies are able to control both tumor size and invasion.

Anti-SC therapies play an important role in reducing stem cell fractions as well as invasion.

Tumor sizes may be further decreased by applying additional chemotherapy or anti-gEC

treatments. However, when anti-SC therapies are not applied, cancer therapies may enhance

invasion by turning fingers into multiple small tumors. This has been seen in anti-angiogenic

therapies [8, 55] and chemotherapies.

Our anti-angiogenic therapy was implemented as the most effective case, where the vascu-

lature is completely removed and no vessels can form thereafter. However, a small amount

of function vessels delivering nutrients to the tumor may help to control the invasion, risk-
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ing larger tumor in size. In practice, anti-VEGF binding is a candidate of anti-angiogenic

therapies, which reduces positive feedback to the vasculature [52]. Anti-stem cell therapies

and chemotherapies can also be administered through functional vessels rather than from

the host. Implementation of these therapy strategies are left to future work.
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Figure 5.1: Vascular tumor grows faster but more compact. The overall tumor sizes (A),

volume fractions of stem cells (B), shape factors (C) and nutrient heterogeneity (D) are

shown as a function of time, respectively. Insets in (A) show the spatial distribution of tumor

cells (blue: φT = 0.5 isosurfaces; green: φCP = 0.25; red: φSC = 0.3) and vasculature (red

dots: sprout roots; grey: sprouts; blue: functional vessels; green dots: anastomosis points)

at T = 0, 20, 37, 60 and 80. After the vasculature forms around T = 37, functional vessels

in the vascular tumor release nutrients that facilitate cell proliferation. The tumor grows

larger in size, and the stem cell fraction decreases consequently. Nutrient supplies from the

vasculature also stabilize tumor invasiveness. In (D), the nutrient heterogeneity is calculated

by

∫
Ω
n|∇n|φTdx∫

Ω
φTdx

. Insets show the 2D slice of nutrient distribution at z = 20.
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Figure 5.2: Positive feedback from vasculature to stem cells enhances tumor growth. The

overall tumor sizes (A), volume fractions of stem cells (B), shape factors (C), nutrient het-

erogeneity (D), numbers of functional vessels (E) and all vessels (F) are shown as a function

of time, respectively, with (SF = V ) or without (SF = 0) positive feedback from the vascu-

lature to stem cells. The 2D slice distributions of CF , p0, λSCm and φSC at z = 20 are shown

at T = 45 and T = 59 in (G). The vasculature produces substrate F that promotes stem

cell self-renewal and proliferation, especially at the center of tumor, consequently increases

the tumor volume and stem cell fraction. The invasiveness is further controlled as the tumor

grows more compact. The nutrient heterogeneity becomes smaller since functional vessels

crush inside.
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Figure 5.3: Transdifferentiation from stem cells into gECs increases both overall tumor sizes

and stem cell fractions. The overall tumor sizes (A), volume fractions of stem cells (B), shape

factors (C), numbers of all vessels (D), functional vessels (E) and nutrient heterogeneity (F)

are shown as a function of time, respectively, for no positive feedback on stem cells (SF = 0),

only the vasculature provides positive feedback (SF = V ) or both vasculature and gECs

provide positive feedback (SF = V + EC). Insets in (A) now show isosurfaces φEC = 0.1 in

yellow. Positive feedback from both gECs and the vasculature further increases the tumor

volume and stem cell fraction, and decreases the shape factor. Vasculature forms earlier and

has larger number of vessels. Functional vessels also suffer from crushing. Consequently, the

nutrient heterogeneity is reduced at late times.
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Figure 5.4: Effects of different branching probability. The overall tumor sizes (A), volume

fractions of stem cells (B), gECs (C) and shape factors (D) are shown as a function of time,

respectively, for no transdifferentiation (r = 0), constant branching probability (r = 0.05),

positive and negative feedback on r. Negative feedback on r yields largest tumor volume

throughout the evolution, and largest stem cell and gEC fractions at early times. After

around T = 40, the tumor with positive feedback on r has larger fractions of stem cells and

gECs. Feedback on r puts the shape factors under control at early times, but tumors become

more invasive later on.
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Tumor boundary

Endothelial Cells
A B

Figure 5.5: Spatial distribution of gECs. (A) gECs form a network spontaneously within

the tumor. 3D isosurfaces of φEC = 0.1 and the 2D slices of φEC at z = 20 are shown.

(B) Most gECs are located in the hypoxic core (n < ñ = 0.5) with either constant or

variable branching probability. The percentage of φEC in the hypoxic core is calculated by∫
Ω
φECH(ñ− n)dx∫

Ω
φECdx

and plotted as a function of time for different values of r in Fig. 5.4.

The percentage drops around T = 35 due to nutrient productions from the vasculature, and

rises back after T = 40 as a result of vessel crushing and reduced nutrient supply.
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Figure 5.6: T1 treatments reduce SC fractions and invasiveness by forcing stem cells to

differentiate. The time evolutions of the overall volumes (A), stem cell fractions (B) and

shape factors (C) are shown as a function of time, respectively, for no therapies applied

(Control) and different levels of host production of T1. In (D), 2D slices of T1 and stem

cell distributions are shown for pHT1 = 0.4 at indicated times. T1 diffuses into the center of

the tumor, which forces all stem cell clusters to differentiate and considerably reduces stem

cell fractions and shape factors. The overall volume hardly changes as CPs still proliferate

powered by nutrient supplies from the vasculature.
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Figure 5.7: WI treatment reduces SC fractions and invasiveness by disturbing stem cell niche.

The time evolutions of the overall volumes (A), stem cell fractions (B) and shape factors

(C) are shown as a function of time, respectively, for no therapies applied (Control) and

different levels of host production of WI. In (D), 2D slices of WI and stem cell distributions

are shown for pWI = 1 at indicated times. Since WI hardly diffuses into the center of tumor,

stem cell niche at the center is not affected, and continues to transdifferentiate into gECs

that maintain its stemness. Consequently, stem cell fractions are not reduced as much as

T1 treatments. The invasiveness decreases since WI eradicates stem cell clusters near the

boundary.
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Figure 5.8: Anti-angiogenic therapy reduces the overall tumor size but increases invasiveness.

The time evolutions of the overall volumes (A), stem cell fractions (B) and shape factors

(C) are shown as a function of time. Blue curves show the evolution of the tumor with

SF = V +EC and r = 0.05 in Fig. 5.3 (Control). In (D), 2D slices of nutrient concentration

and effective stem cell mitosis rate nλSCm are shown at T = 70. In Control, the overall

volume grows rapidly and the shape factor is well controlled by the vasculature. When the

vasculature is removed at T = 50 and new vessels are not allowed to form (green), the tumor

volume grows slower, but the shape factor increases dramatically as stem cell spots near the

boundary develop into multiple fingers that drive the invasiveness.
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Figure 5.9: WI treatments increase tumor volume and stem cell fractions, but reduce the

invasiveness. The time evolutions of the overall volumes (A), stem cell fractions (B) and

shape factors (C) are shown as a function of time, respectively, for no therapies applied

(Control) and different levels of host production of WI coupled with anti-angiogenic therapy

in Fig. 5.8. In (D), 2D slices of stem cell and gEC distribution at are shown for pHWI = 1

at indicated times. The tumor volumes are controlled in early times as WI treatments

become stronger. High levels of WI treatments (e.g. pHWI = 1, purple) disturb the stem

cell niche and the clusters near the boundary, but cannot affect the cluster in the center.

Transdifferentiated gECs are located near the tumor boundary and maintain the stemness.

Consequently, the tumor volume grows at late times. The shape factors are significantly

reduced by high levels of treatments, as stem cell clusters near the boundary are removed

and the tumor grows with a spherical shape.
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Figure 5.10: T1 treatments reduce tumor volumes, SC fractions and invasiveness. The time

evolutions of the overall volumes (A), stem cell fractions (B) and shape factors (C) are

shown as a function of time, respectively, for no therapies applied (Control) and different

levels of host production of T1 coupled with anti-angiogenic therapy in Fig. 5.8. In (D),

2D slices of nutrient concentration and effective stem cell mitosis rate nλSCm are shown for

pHT1 = 0.4 at T = 70. High levels of T1 production are able to affect the stem cell cluster

in the center, thus significantly reducing the overall volume and stem cell fraction. A small

amount of stem cells remain at the center due to reduced mitosis rates. The shape factors

decrease as the stem cell spots near the boundary stop to grow.
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Figure 5.11: Traditional chemotherapies are able to reduce the overall volume, but makes

no significant difference on invasiveness. The time evolutions of the overall volumes (A),

stem cell fractions (B) and shape factors (C) are shown as a function of time, respectively,

for no therapies applied (Control) and different levels of host production of CCT coupled

with anti-angiogenic therapy in Fig. 5.8. The tumor volume decreases with higher levels of

chemotherapy because cell death is enhanced. Stem cell fractions evolve similarly despite

different sizes. The shape factors are reduced only marginally by chemotherapies.
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Figure 5.12: gECs increase tumor resistance to therapies. The overall tumor sizes (A), stem

cell fractions (B) and shape factors (C) at T = 120 are plotted relatively to the untreated

tumor in Fig. 5.8 at T = 50. The tumors treated with anti-angiogenic therapy (AA) in

Fig. 5.8, WI treatments with pHWI = 0.5 and pHWI = 1 in Fig. 5.9, T1 treatments with pHT1 = 0.4

in Fig. 5.10 and chemotherapies with pCT = 0.5 in Fig. 5.11 are shown in blue bars. Yellow

bars show the corresponding tumor treated additionally with anti-EC therapy from T = 50

with pL = 1. Insets above the bars in (A-B) show the corresponding cell distributions (blue:

tumor; red: stem cells; green: CPs; yellow: gECs) and tumor morphologies in (C). (D)

shows the 2D slice of gECs when the tumor is treated with or without anti-gEC therapy. In

each group, anti-EC therapies considerably reduce the tumor size. Note that when pHWI = 1,

the tumor grows larger in size than the untreated case, while anti-EC therapy significantly

shrinks the tumor. Stem cell fractions are also reduced since anti-EC therapies block the

positive feedback from gECs. However, shape factors are increased (except for pDH = 1)

as fingers tend to break apart, indicating greater invasiveness, because gECs at the neck of

finger are killed by anti-gEC therapies (see (D)).
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Figure 5.13: Summary of therapy strategies. The overall tumor sizes (A), stem cell fractions

(B) and shape factors (C) at T = 120 are plotted relatively to the untreated tumor in Fig. 5.8

at T = 50. The tumors treated with anti-angiogenic therapy (AA) in Fig. 5.8, WI treatments

in Fig. 5.9, T1 treatments in Fig. 5.10 and chemotherapies in Fig. 5.11 with different levels of

host production are shown in groups. Insets above the bars in (A-B) show the corresponding

cell distributions and tumor morphologies in (C). All therapies reduce tumor volumes as

treatment gets stronger. Anti-angiogenic therapy alone cannot reduce the tumor size and

increases tumor invasiveness. T1 treatments reduce tumor sizes and stem cell fractions, and

high levels of treatment effectively control the invasiveness. WI treatments behave similarly

with T1 on tumor sizes and invasiveness, but large treatments increase the stem cell fraction

and the tumor rebound in volume at late times. Anti-gEC therapy tends to saturate in

treatment levels and fingers tend to break apart from the tumor. Chemotherapy has a

similar effect in terms of invasion, and the effects on stem cell fractions are only marginal.
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Figure 5.14: Effects of combined therapies. The overall tumor sizes (A), stem cell fractions

(B) and shape factors (C) at T = 120 are plotted relatively to the untreated tumor in

Fig. 5.8 at T = 50. The tumors treated with anti-angiogenic therapy (AA) in Fig. 5.8, WI

treatments with pHWI = 1 in Fig. 5.9, T1 treatments with pHT1 = 0.4 in Fig. 5.10, and combined

anti-EC treatments for these cases are shown in blue bars. Yellow bars show the correspond-

ing tumor treated additionally with chemotherapy (pCT = 0.5) from T = 50. Insets above

the bars in (A-B) show the corresponding cell distributions, and tumor morphologies in (C).

Chemotherapy reduces the size of all tumors, and increases invasiveness since fingers break

apart from the tumor, unless strong anti-SC treatments are also applied. T1 treatments

cannot remove bumps degenerated from fingers, even when anti-gEC treatments are cou-

pled. When chemotherapy is applied, these bumps are removed and the tumors grow in a

spherical shape. WI treatments eradicate all fingers from the surface but leave gECs near

the boundary, and chemotherapy cannot remove these gECs. Anti-gEC effectively target

these gECs and reduce tumor sizes.
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Figure 5.15: Model schematic. Background shows the slice of a vascularized colon tumor

spheroid made in 15% methylcellulose with sw620 and fibroblasts cells, and embedded in

natural colon extracellular matrix together with endothelial progenitor cells (EPCs, red).

Colon metastatic cell line (sw620) was transduced in green. After two days, endothelial cells

(ECs) started to form a vascular network surrounding the tumor with some ECs passing

through the tumor. It can be observed that some tumor cells are located inside vessels close

to the tumor spheroid, possibly indicating tumor cell migration through the vessel network.
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APPENDICES



Appendix A

Model Nondimensionalization in

Chapter 1

Let L and T be the length and time scale respectively. We denote ∇′ = ∇/L as the

dimensionless gradient and t′ = t/T as the dimensionless time. Following [113], we rewrite

the equation for the dimensionless G concentration [G]′:

0 =
DG

L2uG
∆′[G]′ +

s1
G

uG
χ1 +

s2
G

uG
χ2 −

(
dG
uG

+ χ1

)
[G]′.

Let the diffusion length LG =
√
DG/uG. By choosing the length scale L = LG and defining

dimensionless production rate siG = siG/uG, i = 1, 2 and natural decay rate d′G = dG/uG, the

equation for [G]′ can be rewritten as

(A.1) 0 = ∆′[G]′ + s1′

Gχ1 + s2′

Gχ2 − (d′G + χ1)[G]′.

Analogously, the equation for F can be rewritten as

(A.2) 0 = ∆′[F ]′ + s1′

Fχ1 + s2′

Fχ2 − (d′F + χ1)[F ]′

where the dimensionless diffusion coefficient is D′F =
DFuG
DGuF

, the production rate is siF =

siF/uF , i = 1, 2 and the natural decay rate is d′F = dF/uF .

Next, we nondimensionalize the equation for χ1 and χ2. Let u′ = u/(L/T ), M ′ = M/M̄ and

µ′ = µ/µ̄ be the dimensionless cell velocity, mobility and chemical potential respectively. We
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rewrite the equation for χ1 as

1

Tv1

(
∂χ1

∂t′
+∇′ · (u′χ1)

)
=

M̄µ̄

L2v1

∇′ · (M ′χ1∇′µ′) +
v0χ0

v1

+ (2p1 − 1)χ1.

We choose the time scale T =
1

v1

and
M̄µ̄

L2v1

= 1. With the dimensionless stem cell division

rate v′0 = v0/v1, the equation of χ1 is rewritten as

(A.3)
∂χ1

∂t′
+∇′ · (u′χ1) = ∇′ · (M ′χ1∇′µ′) + v′0χ0 + (2p1 − 1)χ1.

Analogously, with the dimensionless death rate of χ2 as d′ = d/v, the equation of χ2 is

rewritten as

(A.4)
∂χ2

∂t′
+∇′ · (u′χ2) = ∇′ · (M ′χ2∇′µ′) + 2(1− p1)χ1 − d′χ2.

The dimensionless velocity u′ satisfies

L

T
u′ = −κp̄

L
∇′p′ + κµ̄

L

λ

ε
µ′∇′χT

where p′ = p/p̄ is the dimensionless pressure. We choose p̄ = µ̄ =
L2

κT ′
, then

u′ = −∇′p′ + λ

ε
µ′∇′χT ,(A.5)

µ′ =

(
df

dχ
(χT )− ε2∇′2χT

)
(A.6)

The dimensionless equations in Section 1.3 are obtained by dropping the prime notation in

(A.1)-(A.6).
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Appendix B

List of Parameters

Table B.1: Common parameters in Chapter 1

Cell Mobility M = 5.0

Adhesion force at BM λ1 = −0.03

Adhesion force at AP λ2 = 0.2

Diffuse interface thickness ε = 0.05

Minimum CP self-renewal probability p1,min = 0.02

Maximum CP self-renewal probability p1,max = 1.0

TDs death rate d = 0.02

Production rate of F by CPs s1
F = 5.25

Production rate of F by TDs s2
F = 0

Natural decay rate of F dF = 1.0

Production rate of G by CPs s1
G = 0

Production rate of G by TDs s2
G = 0.5

Natural decay rate of G dG = 1.0
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Table B.2: For Figs. 1.4 to 1.6

Stem cell division rate v0 = 0.01

Positive feedback gain φ = 3.0 or 4.0

Negative feedback gain γ = 1.0

Diffusivity of F DF = 1.0

Diffusivity of G DG = 1.0

Uptake rate of G by stroma uG,s = 1.0

Exogenous F applied from TF1 = 0

Exogenous F stops at TF2 = 12

Magnitude of exogenous F MF = 60.0

Exogenous G applied from TG1 = 15

Exogenous G stops at TG2 = 18

Magnitude of exogenous G MF = 16.0
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Table B.3: For Fig. 1.9

Stem cell division rate v0 = 0.1

Positive feedback gain (self sustained) φ = 2.5

Negative feedback gain (self sustained) γ = 3.0

Positive feedback gain (continuous exogenous source) φ = 2.2

Negative feedback gain (continuous exogenous source) γ = 3.0

Positive feedback gain (2 fingers / taller domain) φ = 3.0

Negative feedback gain (2 fingers / taller domain) γ = 5.0

Positive feedback gain (3 fingers) φ = 3.5

Negative feedback gain (3 fingers) γ = 5.0

Diffusivity of F DF = 0.1

Diffusivity of G DG = 0.1

Uptake rate of G by stroma uG,s = 600.0

Exogenous F applied from TF1 = 0

Exogenous F stops at TF2 = 15

Magnitude of exogenous F MF = 160.0
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Table B.4: Parameters in Chapter 5

General parameters

Cell Mobility M = 10.0

Adhesion force γ = −0.1

Diffuse interface thickness ε = 0.05

Tumor Species

Stem cell base mitosis rate λ̄SCm = 0.5

CP mitosis rate λCPm = 0.71

TD death rate λ̃TDa = 0.2

Feedback control

Maximum fold change of λSCm by F ∆F
m = 1.0

Positive feedback gain on λSCm by F χFm = 2.0

Minimum SC self-renewal probability p0,min = 0.2

Maximum SC self-renewal probability p0,max = 1.0

Positive feedback gain on p0 by Wnt χW0 = 1.0

Positive feedback gain on p0 by F χF0 = 2.0

Negative feedback gain on p0 by T1 ψ0 = 0.1

Minimum CP self-renewal probability p1,min = 0.2

Maximum CP self-renewal probability p1,max = 0.45

Positive feedback gain on p1 by Wnt χW1 = 1.0

Negative feedback gain on p1 by T2 ψ1 = 0.1

Transdifferentiation probability (when constant) r = 0.05
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Nutrient

Diffusivity Dn = 0.5

Uptake rate by SCs, CPs and TDs un = 1.0

Production rate by host tissue pn = 0.5

Hypoxic region threshold ñ = 0.5

VEGF

Diffusivity DV = 1.0

Natural decay rate dV = 2.0

Production rate by hypoxic cells pV = 1.0

Pattern formation

Diffusivity of Wnt DW = 1.0

Production rate of Wnt pW = 1.0

Natural decay rate of Wnt dW = 1.0

Leak term of Wnt u0 = 0.2

Diffusivity of WI DWI = 25.0

Production rate of WI pWI = 1.0

Natural decay rate of WI dWI = 1.0

Reaction rate γ̄ = 25.0

Cell substrate F

Diffusivity of F DF = 1.0

Production rate by gECs pECF = 3.0

Production rate by vessels pVF = 0.2

Natural decay rate of F dF = 1.0

T1 and T2

Diffusivity DT1 = DT2 = 1.0

Production rate by TDs pT1 = pT2 = 0.1

Uptake rate by host uT1 = uT2 = 0.05

Uptake rate of T1 by SCs uSCT1 = 0.1

Uptake rate of T2 by CPs uCPT2 = 0.1
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gEC therapy factor L

Diffusivity DL = 1.0

Natural decay rate dL = 1.0

Production rate by host tissue pL = 1.0

Uptake rate by gECs uL = 1.0

Chemotherapy factor CT

Diffusivity DCT = 1.0

Natural decay rate dCT = 1.0

Production rate by host tissue pCT = 1.0

Uptake rate by SCs uSCCT = 0.5

Uptake rate by CPs uCPCT = 0.71

Uptake rate by TDs uTDCT = 1.0

Uptake rate by ECs uECCT = 0.05
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