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Introduction

~ The ?édiaﬁion of light by an elgctfon uniformly moving

with the veloéity of light in a optiéally isotrdpic bcdvaas
observed by Cerenkbvl énd the theory'wés‘worked out by Frank and
Tammz. Latef Ginsburg3 iﬁvestigated this problem for uniaxial
crystals when the electron moves along and perpendicular to the
opfic axis.: ‘ o | |

| Thgvpurposé éf th;s ?apér is to invéstigate the case when
the electron or proton moves in an arbitrary direction with respect
to the optic axis. We will use the Hamilton method in the electro-
dynamics bf anisotropic media developed by Ginsburgh.. It will be
shown that the present thed;y reduces to the special cases when the
electron travels along and perpendicular to thé’optic axis.

Propagation Vector and Electric Field Vector.

Introducing.the previous results by Ginsburg

% €5, (a;,\i)j' 20 i:z1,2 j=1,2,3.
2 2 |
§6j<a,\i)j, =1
(an) . ( - 0
2 850em) ),
0.

Zj’gj(a’l)j(a’z)j

(1)

(2)

(3)

(&)
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o w2

(bai)j'.: eﬁ(aﬁi) (5)

j
The i indices indicate the direction of polarization and
the j indices refer to the direction of the system of principal
axes of the polarigzation ellipsoid. €j are the principal dielectric
constants, aps are properly normalized vectors of electric field -
strength bf'plane‘Wéves which may propagaﬁe in the crystal. bﬂi aré
related to (ahi)wby (5). | } . |
" (1) follows from div B = 0 of Maxwell equations.
(2) is a normalization condition
"~ (3) means that'ﬁotiérbitrary directions of vectors 2y aAZ
are chosen but definite ones relating to K, .
(4) follows from the fact we chose bays 532 which are
orthogonal v o '
' It was also shown that
v, cos 64 = _c ‘where 6,; 1is the angle
e i - |
between sz and Vg . L - . ‘ - (6)
The energy of radiated waves having polarizg}iqn of kind i
and within an éngle range §, §+ df
sty 2 s s 202 |
H, f¢) = e t .Sy(voai(eo ¢5"/)) ni (gos ¢; V’QV
i V- d
2” e v :
o)
(7)
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Radiation in Un1ax1al Crystal

Wlth reference to F1g 1,
cos 60 = f( + mm* + nn'
, c'osieo,',.-;; sing sine& cos (7’ ﬂ)-}- cos*f cose

& 5+8 ¢

[¢]

& = &

2 optic Axs

(8)
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(KA) is the projection of K, on the xz plane,
X% SR ST

(Ky)

(CV

(Kz)z

z a.xis, 'KA_ » bg

= K, siny cos yl =
= Ky s1n‘( sinq_v, =
= Kﬁ cos Y =

are in the same plane

Kj cos T cos g

) Ka Sin?’

Ky cqg_?- sin ¢

(9)
(10)

(11)

because extraordinary waves are

polarized in the principal plane. From (1) and (4), it follows that

by, is in the

xyi"“ plane .

Hence using (5) we have from the geometry

(
(

(
(

(

aAQ)x = a, sinx
a“)y = 22 gés X
a’lg")-z =0

a v). = .b)e‘ cos ¥ cos |

Aelx T T— 7 "

alg)yj = _z& cos Y.: sin M
) (o] -

- (12)

- (3)

It is obvious that (12) and (13) Sati;faY- (3). Now let us consider the

0 ray. Substituting (12) into (2) .

a

-
Aor =

——

bor =

(14)
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Cos 8, 4y~ COS.8 = . ¢ =1
n : n
voﬁo K fo ;‘ﬂo

r

ATE ..
(15)
In order to find (7), we now shall calculate (v, ¢ ay;)
. o igini s g2 5 ~
(VQ . alo_) = Yy cos*-‘y = —ei cos” ¢ using (14).
From (8), by moving Ky to by, which is in the same _d'irect‘-,ion‘-as"“‘

& . by (5)’

sin (”5) sin& cos (x +§ - _20: )+ cos ¥ coset

\

cos }

cos }

sin - sin (x#A) - "'as‘“*f'f:x-z (16)

~ Subsituting the 2nd form of (9), (10) and (12) into (1),
cos N cos¢f sin X+'sin 7 cos X = O-

or

. 2. 2, . . 2 2
S, B cos p cos @ .cos cos
o cos® % - v o Y cos'd

sind‘r-ﬁ- coSZT cos“@ - 1- GOSZT sin2¢

(7

- Again with the aid of (8)

cos T = sinY cos W cos 4 cos.y sing. - - - (18)
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b
In order to write cos X and hence cos t as a function of & 8. . which
determine the position vector of the velocity and ¢ and numerical

| constants A : Eor; we will eliminate the other variables using (9),
- (10), (11), (18) as well as (8). |
From (9) and (11)

cos ¥ = sin @ sin)¥ cos

Substituting in (18)

4 2__ _ . |
cos ¥ = sin¥Y cos'q( cos ¢ctss%n ¢) = sinX cos
: _ cos

| (19)
From (19) and (10),
2 2. ; 2 - '
sin” ¥ sin )z + (sinY cosn ) =1 (20)

cos“g

Now we have from (8), _2(9); (10)

cos 8, = sind cos‘:g-- sin Y cos Y) + sing( sinf sin¥ sin¥)
+ tan @ cos& sin (cos" .
= (sine cos B + tan ¢ cos« ) sin )’cosv?
+ S,in«O( siﬁ ﬂ sin g sinr’ o
cos €, = Ax +By I (21)
‘where A = sin& cos ,8-}- tan g coseX
B = sing{ sin f
X = sin Y cos v]
y = sin y sin ?]
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Substituting x y in (19), (20)

cos (19%)
Ty w
_z. Faae e
cos @ S : » :
From (19)' and (17) :
, L, .
cos “ ¥ = X (17)¢
2

Solving (21) and (20)"

A cos ¢ cos O A cos, cosh¢ + cos ¢(B - cos e )(B 1— £3cos ¢)

B4 4% cos” g

i

v 2 2 2
A cos'2¢ cos eoi B cos -/B + A cos™ g -.cos 6,

B‘-r A< coszﬁ
- (22)
'Substltuting for A, cos e ‘B, we flnally have

,; cos @

(s:.ne( cos,@ cos Qf -f cosq sin ¢) [8 7/,_.

X=

(51n°§ Sln}B) + (sn.nO( cosﬂ cos @+ cos'm( sin ¢)

sino( sinlg cosfl 1fs 1no( (cos ¢=.,os% 31n2¢)+51n ¢+51n&gcosﬁ31n¢cos¢a :;
) i’; A&

(81no( 31nf ) + (s:Lne( cos,@ cos ¢ +- cos&( sin 55)

(221)



—N

- UCRL-1286

A

From equation (16)

0082 “g

sinzg( sinz(x-f ﬂ ) = sinzo("cos‘?x sinQP(tan X cotﬁ + l)

| _ _ - ,_ N | |
coszy = sinze( cosx sinzﬂ ( [L - cos X cotp +1 ' - (16')
, - .cos X - ' _
where coszx = J_xz :
‘ 1- ;(‘ tan @

~and X' is given by (22'),
. . str -
‘Substituting (14), (16') into (7) and we have H_~(f).: Now let us
consider the two particular cases ' '
- (a) Electron moves alorig the optic axis
.O(z,e = 0 ‘(Fig'.l)
cosz f = 0 | |
g 7 . -y -
f Vgt 3) = 0

sty
A Hs I‘(¢) = 0 (3
. © . s
(b) Electron moves perpendicular to the optic axis.

A= f = 7 (Fig. 1) | Az0, B=1l

1

+41 - . . cos @
’ . ;OEO. , : .

2,- ) cosz¢6-'-'l) | 2 (1- ]_‘).
‘cos X = Ze_o _ cos ff ( .‘;zzo

1 - (1 -le ,)sinzd cv082¢'+'§2]-£— sin2¢

X

£

o]

(23)
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cos f - sin (;(+1r’) = cos?'( %’—x-ng‘) - coszx

- Using (14), (23)

S
- 2 2. cos @ | 1’ - v 5 ) _
(Vo = %o) = v, o (24)

8 (0082¢+ _2_.6_. sin ;25 )

0. ©

Substituting (15) and (24) into (7)‘

B () _.._2 v av. ()

° 2
cos” ¢+ _sin ¢

- 00_.

We shall now consider the e, ray. (See Fig. 2).

Z  optic Axis
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We will first find cosine of the angle 'eoe between v,
and a normal to the radiated waves.

Refractive index of extraordinary waves may be expressed as

1 - cos? Tcoszg-+ sin° 7 + 0052 g sj_.n2¢ (25)
w2 2 (7 |
’Iae(?‘; ¢) ’ 3 e ) E (o}

Substituting (19')

i = 1~ )('2 tan2¢ v+ | XZ‘ tanzg (251)
— :
Nae & %

where X = sin rcos}]

From (6)

' 1. = ﬂ: cosveOe | | (6')
.' Qae | |

Combining (25'), (6f), and (22)

_ 2 2 -1
R~ 0 1
Xz = po °%% Toe. Ee
‘ | -
)

2 0 .
tan¢(?°
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2 2 . 3 7/; 2 2, 2
- {A cos @ cos eoe‘!‘_ 2AB cos” ¢ cos@ - B+ A"cos"f - cos eo.e_ 1
(B*+ A’cos'$ |

+3B 'cosz¢(B21“’ A20032¢ - COS 60)_}2, s
(B Aleesp 2

A coslf¢ - Bzc'os2¢ - T o ‘>c:03260e
2 2 2 2 2,1 1 '
B 4 A ang( g - :
B 4 A%cos” § ) ﬁ_ag g(E, '&e) |

| L
o 1 .
A g2 cos2¢ g
+. _'Bz-fAchssz" + ta.n2¢ (_l_ — 1 ) )
—_—
M
. - 2 2 L
=+ .;AB c053¢ A cos eoe ~/B +A cosz¢ - ‘-coszeoe
(B+A cos2¢) o ’
S—— . ' (26)
L zz-f.-'M = Nz -/B + A cos ¢'-=_,z2' . .where 1z = cos 8¢
sguaring
2 2 22 2 2.y 2 2 o
(L 1'N)z_h-l'{2LM-,=.N (B + Avcos¢)} z+ M = 0 . (27)

¢

sz’ +Q22+ M2 - 0
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& cos2 8pe = QT Q2 - l.PlVI2 : | ) S (28)

where QP are given by (27); MNL by (26); and AB by (21).
Row let us check the two particular éases.
(a) Electron moves. along optic axis.

= B =0 Y A=tang 1§=o

2

Fo

L-...-cosz- - > T T
sin @ tan'd (& £, )
1
) Ee'
M - .
= T2 1.1
, tan¢('3° E’e)
N-0O
2
P=-1L
Q 2LM
2 o T '3 ‘
"o C_OSee = -g: 0-2' - ( (28')
° Loegs &2 - Be |
1 - —
_»eo l+&v2( E/o)
e o

(b) Electron moves perpendicular to the optic axis

o(:,p:'? A=0 «.B=1

o

2, 1_ 1)
tan¢(6° 6e

L= - cosz¢ -
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2 E .2
v Ee{-‘.;zge"l‘zf) sin ¢}

oe

(2811)

These results follow from.the fact that the equation giving
thé index of refraction of the e ray reduces to the correct forms
réspectively for the two particv:.ular‘ cases,r. .

From the geometry and the -féct ' b)e lies in:plane 'z, k,

and perpendicular to Kk,

(agg), = ;lg cos Kéos vI = ax, sin Yy cosy]l
o o
b | 13 » . ] " .
(aae)y = 'élg cos Vs?l_n YI = aae sin Ke Sll:”] - - (29)
o) .
A, = - Z_e_ sin Y = 3y, cos ¥e
e ' B
Using (8) o ,
cos ¥ = sin ¥, sing co_s(YI -8B )-I-. cos ¥ . cosek (30)

Now, from (29) 2nd form and (2) .
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~Lh-

2 _ L t'» o (31)
| aae 5osin% X, + Ee cosli\(e % '
also
~ tan Y = - E— ctg {e' - v (32)

o

Substituting (29), (12) into (3) and (4)

tanx = - tan-\z

since the quantity appears in the squared form in the final answers s we
will let

sin x

sin Y]
cos rl

We will express cos Y in terms of o , ﬂ cos 8., by reduéing the |

(33)

Cos X

unknowns to the previous case.

Equatlons (9), (ll) and (33) give

tan ¥ = ctg

Py (34)
From (32) artd (34) _
tg g
(gos X) (35)

(R

Combining (30); (32), (33), (34), and (35)

cos ‘f' = cos ’o’e(sinc( cos{ﬁ cos X tan b’e+ sine sinﬂsin X tan A’e-{- cos )
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ctg
cos ¥ = |_ ( ) ( - s:me( cosP tan¢ ——- cos ;(
: . €
\Gst) (=) » -
. ' oo ZE l
- sino( sinptang ZE cos X Y1 - cos2;(+_-cos°<)

)
(36)
where '
2 2 . '
cos X - R - : _ - (17)
1=~ ’)(2 tan2¢' : e

and~ X is given by (22). Cos 6, in x is from (28).
Substituting (35) into (31)

2 | | étg'?ﬁ 2+(£e)2 _
aze = . 1 » - = cos x ?0 . (3]_')

' Co+ (ée-eo)cos-){_e : €e {ee + ctgg Zf
: : 1€, cos X |

Hence from (31'). and (36)

2 2 2
(?O d 5’13), = v, aae cos + : 2
fetg ¢ e
098 ( - sin éosﬁﬁaf} 1) EE cosz)(
| « Z

(ctg g ~ — e
cos - :
- sin®{ sinftan @ £ cos X '/ ; - cos X+4cos < )

o

(37)
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Substituting (37) and (28) into (7) and we have H:tr(fd) )

Let us consider particular cases.

(a) Electron moves along optic axis. '
d( = p = 0 A=tan @, B=0, = cthScoseoe

0052 X = | 6o

¢ tag2¢(£o’g§ - 1)

2
(’v’o, %6)2 v2 . cos ¥
601‘- (Eé - 56) Gos> b’e

= Y

2 N
cos ‘(; is given by (35) H :
c (3 o '
l -« 57—/ : :
2 2 ,
oo (\7") . -a.")e) = vy _ Vo 5oI‘ '
' éE

e

(b) Electron moves perpendicular to optic axis.

Q2
n

p_;j{l_- Az-0 B=z1

2

, 2
cos § 1 = cos O

x
"

oe

2 2
cos x = _1 - cos Boe

2
1+ tan> § cos 0,
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2 2
2 (1 - .
(;: .'_zie) = Yo cos X —
E 1+£_Ocos‘2@
°< Ee cos x)

2 2 2
vo(l - cos“8 ) cos CI

i

Eocos g1 - cos?eoaég ctg2¢+29_ coszeoe)(;+ tan2¢ cos‘?'eoe)
: e % o

2 ( .2 2 2
v. (1 --%& ) C__ sin @ |
° £ev§ v2£ . (3

o0

2
[CAR N

fo(éoszgf‘ + 5 022 sin’g )

OVO

Substituting (:7:) ° Z;e) and h/le from (6') and (28) in (7), we
str
have H, (#) for the general case.
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,Appendix

The general result by Ginsburg

str 2. > - 2 2 | _'. | |
H, = _c<t a: (8, @) n.(e_, #)yd-ng ‘uniaxial crystal
. Z%Zo R )-21 ° : ‘ S S

" . For isotrépié body, assdming vector gi _to.pé'CCmplanate'to the vectors

. -
?; and kh . we get,

str | : - .
H1 e vot j; 7/(1 - )dv which is Tamms formula -
(Y) 2
2 ”b2 0171 radiation only if 1 - —:ri%g————~430
' Vo 0 (7)

With an angle range @, @ + df the energy radiated

B L —T‘ S(Vo a; (8, ¢, 'V) 7’1 (e, ¢)V)7fd-r
1 2W v,

t
Ratio of Hi‘r by Ginsburg and Tamm

Special cases:

(a) Electron moves along optic axis.
str

H - 0
or

H ® Vot j (1-__ ¢ ){ + 1= e Zdy
ST = A ( | é;rm).
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We now want to integrate this expressing 8e and éor as a function
of '7/ o <Howeirer, we may neglect dispersion and let -.56 and 801'
be constants. Then the percentage difference of Ginsburg and Tamm

results will be

str . str
Y dH(; -dHT ( - c2 ) §l+ c? 1 - EE
: L Uin . amm 28 ,
(Y) = dy tdY . = Vo %r s VO o E’OI‘
| .st r
4 Tamm (1_ - c? )
Vo Gor

which can easily be seen.

¥ = 100 - _c° 1 -4
‘ Vo ge Eor
v '
for 340 Mev l?_-_- ‘o = 0.68,
c ‘
Rutile TiO,: pbsitive crystal
ng = 2.9029 €, = 8.
n, = 2.6158 | 601’.‘ = 6.81

= 1ool1-Z:—g% I - 6%.

(0.68)% g.11

(b) Electron perpendicular to. optic axis.

Hoo (g) : ——232v°£ '51’(1 P av
or = — TET 3
2e Eor Vo cosz¢+ ¢ sin @
. 3
v

o O



UCRL-1286

=21~

RS L IR
o S R
V :

2fc o >
é (cos gy 31n2¢)(008 §+ & sin’ ¢ )
. Vogor 6OI‘
(1) g=0
HStr(O) = (l-
or
£°%0) = o
1) g-T
2
str
o (_{é) = 0
str . o ey &t 2 2
Y - ){1-—2——@-e)§
zﬁg . -vo% e €or
:ezvtS{(l—c ){l-_g__ (l-e)}
27 U _voge Eor
(1) ¢;o
BRI
(11) 7= g 340 Mev F- 0.68
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¥ 5 10 [

22%

Angle

I. Tamm

cos 8, = _1 = 1 = 0.562 9,
Fon ' - 0.68 x 2.616

55° J51

II. Ginsburg

(a) cos 8,4

0.562 0,5 = 55° 45"

- — | — 250
CQS ﬁo;e - f {_‘ £e ) - 0.612 606— 52 16'
. | ot e (-5

‘ ﬁ:
‘b
o
(o]
~—

~(b) o
1) ¢ = o0
cos © - 0.562 850 55 L5!
cos 6 I === = o 507 o = 590.52'
oe Poq?e ~Joe
(1) ¢ - ¥
cos & = 0.562 80 = 55° 45!
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) 0
56 550 .

€o = 0.5459





