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CERENKOV RADIATION 

Katswni Tanaka 

Physics Department, University of California 
Berkeley, California 

May 7, 1951 

Introduction 

The radiation of light by an electron uniformly moving 

with the velocity of light ina optically isotropic body was 
1 

observed by Cerenkov and the theory was worked out by Frank and 

Tamm
2

• Later GinsbUrg
3 

investigated this problem for uniaxial 

crystals when the electron moves along and perpendicular to the 

optic axis. 

The purpose of this paper is to investigate the case whEm 

the electron or proton moves in an arbitrary direction with respect 

to the optic axis. We will use the Hamilton method in the electro­

dynamics of anisotropic media~developed by Ginspurg4. It will be 

shown that the present theory reduces to the special cases when the 

electron travels along and perpendicular to the optic axis. 

Propagation Vector and Electric Field Vector. 
. 4 

Introducing the previous results by Ginsburg 

~eJ.(K).). (a~"). = 0 
j J.'~ J 

,,2 2 
-G €'J.(a ~ .).. = 
. . " ~ J 
J 

2; £,.(a"'l) . (a:A.J . . J J .-~ J 
J . 

1 ' 

- 0 

i = 1, 2. j = 1,2,3. 
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(b~. ).- E
J
. (a;t .. ) ~ 

"'1 J 1 J 

The i indices indlcate the direction of polarization and 

the j indices refer to the direction of the system of principal 

axes of the polarization ellipsoid. €j are the principal dielectric 

constants. a~i are properly normalized vectors of electric field 

strength of plane waves which may propagate in the crystal. bAi are 

related to (a>ti)' by (5). 

(l)·follows from div B::: 0 of Maxwell equations. 

(2) is a normalization condition 

(3) means that not arbitrary directions of vectors a~l a}.2 

are chosen but definite ones relating to K,\ • 

(4) follows from the fact we chose b-\l' b~2 which are 

orthogonal 

It was also shown that 

Vo cos 90i ~ c 
ni>d 

where 60i is the angle 

The energy of radiated waves having polarizC\tj,on of kind i 

and within an angle range ¢~ ¢ + d¢ 

( 5) 

(6) 

H~tf¢) 2: S -:S>-$> 
(eo ¢, v') )2 2 

¢, -Vi~.r ::: e t (Vo a i ni (90 , 
1 2 2ft c v 

0 'Y 
i,_' (7) 
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Radiation in Uniaxial Crystai. 

With reference. ,to Fig. 1, '., ' 

cos e -, R (' +- rom t + nn' 
o 

UCRL-1286 

cos e 6 ' ='; siri{ sinDC' cos(_~:-#) 4- 'cos Y' coso< 

Ex - £ = &. Co - -: 
y ~ 

E.z = ~e 

opt. it. hIS 

(8) 
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(K~)xz is the prpjr?tion of KA on the xz pl,.ane. 

(K~) = K" _sin ycos ~ = K~ cos l'cos ¢ (9) 
x 

, (K;l)y = K). sin'-( sin ~ = Kit sin t (10) 

(K1J z = K~ cos '(" = KA co~ l' sin ¢ (11) 

z axis,KA , b~ are in the same plane because extraordinar,y waves are 

polarized in the principal plane. From (1) and (4), it follows that 
" t 

bA#\I is in thexyi plane. 

Hence us~pg (5) we have from the geometry-

. (12) 

b : 

(aA~)X - • ~e cos y cos yt -
0 

(aAe)y = bAe cos y sin '1 (13) 
E:o 

(ale) z = _ b'\e si.n'l( 
. i.e 

It is obvious that (12) and (13) satisfay (3). Now let us consider the 

o ray. Substituting (12) into (2) 

2 
a )or =...1... 

for 
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, From (6): '. ," '. 

c: 

.:) . 

i 
/0 ?)o 

-" '-I:' 
~oi~,; 

(15) 

~ _ 2 
In order to find (7), we now shall calculate (vo • aJi) 

... ~ 2 2'"2" '2"';V~' 2 
(v 0 • a,to) - v 0 a,\o cos', = r cos J using (14). 

, 0 

From (B), by moving K,l to bAo which is in the same direction ,as , 

aAo ~Y (5), 

cos J -- sin (~ ) 

;; . 

sin r:I. ' cos (x +- p- rr) + cos 
,.2; , 

, , as ' ~ , '= X - 7t 
2 

TI' 
-2 

Subsituting the 2nd form of (9), (10) and (12) into (i); 

or 

cos.-r cos~ sin X. + sin l co's X _0,' 

, 2 
cos .x = 2 ' 2 " 2¢ 

sin 'Col- COS-{ cos 

2 2 
,cos l' cos ¢ 

1 2.". 2¢ - cos , S1n 

- Again with the aid of (B) 

cos r = sin Y' cos '~Vcos ¢ +- ,COS\ Y sin ¢ -

coso(. 
1 

(16) 

(17) 

(lB) 
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In order to write cos X. and hence cos r as a function of oJ. .p . which 

determine the position vector of the velocity and ¢ and numerical 
'. 

constants ~o (or' we will eliminate the other variables using (9), 

(10), (11), (la) as well as (a). 

From (9) and (11) 

cos (" = sin ¢sini cos n 
. cos . 

, . 

Substituting in (la) 

cos "'r 

From (19) and (10), 

Now we have from (a), (9), (10) 

sin r cos ~. 
cos ¢ 

(20) 

cos 60 = sino( cos~ sin '( cos ~ .. +- sin~ sin! sin 'tr sin~ 

where 

+ tan ¢ cose( sin '(' cos ~ . 

- (sin ~ cos. ~ + tan ¢ C()S 0( ) sin ~ cos ry 

+ sin·o( sin pSin". sin ~ 

cos eo = A x + B y 

A = . sin~ cos ~.+ tan ¢ cosO( 

B = sino{ sin P 
x = sin 'C cos , 

y = sin '( sin ~ 

(21) 
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Substituting x y in (19), (20)' 

cos r = 
. .. ~ ~ '. 

x 
cos ~ . 

2 2 
x t» y-, 1 . 2 

cos ¢ .. 

From (19)' and (17) 

cos 2 X = 

Solving (21) and (20)i 

. 2 .. 
X ' 

(20 U ) 

2 2 4 2 . 22 2' 2 ~. 
X = A cos ¢ cos e~ A cos90cos ¢ -t cos ¢(B -. cos 90 ) (B ,f" A cos ¢) 

222 
,B :,+A . cos ¢ 

= A col¢ cos 9
0 
t B cos¢ / B2+ A2 cos

2 ¢ ~. cos
2 ~o 

B2 t A2 cos2¢ 

Substituting for A,cos'90,B, we finally have 

. .2 cos ¢ . 
(sino( cos f cos ,¢ f cos~ sin ¢) (do {Go .' 

X= 2' 2 
(sinO\ sinf) -r (sin 0( cos p cos ¢+ cos~ sin ¢) 

(22) 

1 
't sino{ sin f cos¢. sin~ (cos2¢-cos~sin2¢)+sin2¢tsin4l(co~sin¢cos¢-~ 
_ .. '.. 2 .'. . ,'. 2 

(sin 0{ sin f ) + (sin~ cos f3 co~ 91. + cos 0{ sin 91) 

(22' ) 
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From equation (16) 

cos
2 1 = sin

2
c( sin

2
{,(+ P) = sin

2
o(' cos'x sin2p(tan X cot!, + 1/ 

2 
cos y = sin2c( cos2;,( sin2, (4- cos~ cot, t 1)2 

, ,cos X 

where 
2 

cos X = ,c' -1-_-,>11'"""' t~-n2-¢-'-

and .)(" is given by (22'). 

str 
Substituting (14), (16') into (7) arid we have Ho (¢) •. Now let us 

consider the two particular cases 

Ca) Electron moves along the optic axis 

. (b) 

d..=fI = 0 
2' 

(Fig. 1) 

cos j =0 

... (~ • a10r) = 0 

.~ H
str 

(¢) = 0 (3 
o 

Electron moves perpendicular to the optic axis. 

0{ = (d = tr (Fig. 1) 
2' 

.)( = ±/l -1,,\ · COB ~ 
o 0 

A = 0, B:: 1 

(16' ) 

(23) 



2 
cos 1 

Using (14), (23) 

-9-

Substituting (15) and (24) into (7) 

str i·v t 
H (¢) o 

o 
= 27tc2 

UCRL-1286 

2 = cos ( r - .x - 1r) 
. '2' ~. 

2 
:: cos-.x 

We shall now consider the e, ray. (See Figo 2). 

y 

" / 
/ 
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We will first find cosine of the angle aoe between vo 

and a normal to the radiated waves. 

Refractive index of extraordinary waves may be expressed as 

1 

Substituting (19') 

1 .'V 2 2ri \12 2ri 1 -" tan)!l .,. ,. tan_)!I (25') 

c,ef,o 

where x = sin (fcos, 

From (6) 
2 = fJ. cos a 

ro' oe 

Combining (25'), (6'), and (22) 

2 2 1 
A cos e --r o oe. E-e 

2¢ (. 1 _ 1 ) tan ~ -C-
o "'e 
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( 2 4 2, 3' ". f2B2-l. 2 2 . 2 = {A cos ¢ cos aoe t. 2AB cos ¢ cosa
oe 

1B~, A cos ¢ = cos aoe 
lsz+ A1(,o.i; ):t 

2222221 
TBcos ¢(B t A cos ¢ - cos 80 ) J ' ' , 

, ,", (81 + Atc,os1.; J'L '. , . 

~
2 4 2 2 

A cos ¢ - B cos ¢= 
.2 2 2 2 
i3 t A cos ¢) .. 

-+ (- ~2 ~os2~ , + 2 i,-~_le--"""l--.) " 
\ -:8 :ot A co~ ¢, tan ¢ (~ - -) 

'. 0 f,e 

-------.. --_./ 
M 

3, 122,2 2 =.... 2AB cos ¢ cos e . B + A cos ¢ - 'cos aoe - 2 2 2 2 oe 
(B .... A cos ¢) 
~ (26) 

,N 

squaring 

2 2 4 f 2 2 (L t- N )z, t 2IJ:1 ~.N (B,+ 

~ " - __ --__ .1 

2 2 } A cos ¢) 

~ 

. where z::: cos aoe 

2 2 
Z T M o 
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•••. cos2 e -_ -Q t: I Q2 - 4P~ oe 
2P 

where QP are given by (27); MNL by (26); and AB by (21). 

How let us check the two particular cases. 

2 
. t cos e ,# . oe 

(a) Electron moves. along optic' axis. 

<=\= 13=0 :. A = tan ¢ 
·2 

cos20 L=~ _ 

sin ¢ 

N = 0 
2 

P:L 

Q = 21M 

2 
= - M - c 

L - e v 2 
e 0 

1 
~e 

Po 
2 1 - 1 

tan ¢ (F -;-) 
~o ~e 

1 

2 .f, 

l+~ (1 - ~) 
~.v ~ 

e 0 

B = 0 

, (3 

(b) Electron moves perpendicular to the optic axis 

o(=f3=r A = 0 

L = - ~: 
cos

2¢ - 2 1 
tan ¢ ( l-

o 
1 ) 
E.e 

B = 1 

(2S) 

(2S' ) 



• 2 e = 
• # cos oe 

M= coi¢+ 

2 
P :: L 

Q = 21M 
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1 

6 e 

(3 

These results follow from the fact that the equation 'giving' 

the index of refraction of the e ray reduces to the correct forms 

respectively for the two particular cases. 

From the geometry and the fact bAe lies inplanez, kA 

and perpendicular to kA 

() b~e a:l = "e x -Co 
cos 'l) cos ~' = a;t sin '( cos 'rI : 

e e ( 

(a"e)y = 
b
Ae cos osin ~ = ai'le stn'l) sin~ (29) 

to e 

(a~ ) 
b = - ~e sin '( - all cos r e z 
le 

- e . e 

Using (B) 

cos t = sin ~ sin~ cos(~ - (3 ) + cos .~ . coso( (30) 

,Now, from (29) 2nd form and (2) 



also 

2 
a~ = 

-14-

1 
r 2 & 2 
~ sin '( + "" cos '( o , e e e 

f., 
tan 'b' = - ~ ctg "(. ,f" e 

o 

Substituting (29), (12) into (3) and (4) 

tan x = - tan'~ 

UCRL-1286 

(32) 

since the quantity appears in the squared form in the final answers, we 

will let 

sin x - sin ~ 

~, 1 (33) 
cos x = cos 

We will express cos *" in terms of ~ ,p cos eoe by reducing the 

unknowns to the previous cas~. 

Equations (9), (11), and (33) give 

tan '( . = 

From (32) and (34) 

cos b"e = 

ctg ¢ 1 
cos x 

fctE; ¢)2 
\~os X , 
'(ctg ¢ \ 2 + (-&e _)2 

cos xJ to 

Combining (30), (32), (33), (34), and (35) 

(34) 

,(35) 

cos " = cos 'lfe(sin~ cos ~ cos X tan ~ + sinO( sinp sin X tan cre+ coso( ) 



cos t = 

where 
2 

cos X -

UCRL-1286 
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. A ¢e ·2 ( - sin~ cosr tan E e cos X 
. o. 

- sin~ sin ~ tan¢~ e cos X -( 1 - cos
2
,l( +cos ~ ) 

o 
(36) 

2 2¢. 1 - .?< tan 

and X is given by (22). Cos 80e in X is from (28). 

Substituting (35) into (31) 

= 1 
.. . 2 

(, t (6 - c.. )cos '{ o e oe 

Hence from (31') and (36) 

v 2 
.(. ctg ¢ ) 2 

o cos){ , 
= 

~ ')
2 (C ) ctg ¢ . t.e 2 

cos X + ~ ... (31' ) = 
e.e ((e +(ctd)2j . f \.cos X 

o 

. e 2 
( - sine\ cos p tan ¢ £: cos.x 

- sin; sin~ tan ¢ :. cos X f c cos :X+cos ~ ) 
o 
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() () ( ) Hestr(d) . Substituting 37 and 2S into 7 and we have ~ 

Let us consider particular cases. 

(a) Electron moves along optic axis. 

0( -- (J = 0 

2 
cos .x = [,0 

C e 
tan2¢(! p2 

o 0 - 1) 

-1' ~ 2 2 
2 

(v • a'\e) = vo· cos "( e 
0 

eo+ (Ce - Co) 

2 
cos ~ is given by (35) 

2 
1 -,.,..;c~_ 

..., ... 2 2 - v'2 e 
,', (vo • a~) :: vo ___ o_..;;.o~r 

(3 

A = tan ¢, 

cos
2 

t"e 

B = 0, A = ctg¢cos90e 

(b) Electron moves perpendicular to optic axis. 

0( - (J - 1t A = ° B = 1 - -
2 

¢ -F~ ·2 
X = cos cos 60e 

2 2 
cos x = 1 - cos Soe 

. 2 2 
1 t tan ¢ cos 60e 
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2 2 
v (1 - COS X ) o 

222 = vo(l - cos 90e) cos 90e 

= 

E. cos2¢(1 -o 

UCRL-1236 

(3 

Substituting 
str 

have Hi (¢) 

... ~ 2 2 
( v 0 0 a~ e) and fl,\ e from (6 I) and (23) in ( 7) :I 

for the general case. 
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Appendix 

The general result by Ginsburg 

UCRL-1286 

uniaxial crystal 

. For isotropic body, assuming vector 
... 
al to be complanate to the vectors 

-t. .., 
v 0 and k", we get, 

which is Tamins formula . 

c.~ 
radiation only if 1 - 2 2 

v 0 nl (Tj 

With an angle range ¢, ¢ + d¢ the energy radiated 

str 
H. = 

J. 2 . 
21/"c vo 

Ratio of H~tr by Ginsburg and Tamm 

Special cases: 

(a) Electron moves alortg optic axis. 

Hstr _ 0 
or -

r 
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We now want to integrate this expressing £ and E as a function e or 

of .. -Y .. However, we may neglect dispersion and lete.and B e or 

be constants~ Then the percentage difference of Ginsburg and Tamm 

results will be 

dH
str str 

-dH 

= d,;rin dyTamm 

dH
str 

d;!·arum 

which can easily be seen. 

0= 100 • 

for 340 Mev 

Rutile Ti02 : positive crystal 

ne = 2.9029 

= 6%. 

(b) Electron perpendicular to optic axis. 

str 
Hor (¢) (1'(1 - e c

2 
2 ) J I or Vo 

.2 
cos ¢ 

sin ¢ 
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(i) ¢ = 0 

Hstr(O) e~ot S y 2 
= (1 _ e ) d-y 

or 
:tire 2 e v2 

or 0 

H:tr(O) = 0 . 
. " 

(ii) ¢- 11 
2" 

.. 

H
str

( ~ ) = 0 
or . 

(i) ¢ = 0 

((= 0 .' '. 

(ii) ¢= 7t 340 Mev f= 0.68 
2 
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(
1'" 1 ). . 2 e . f 0 or 

= 22% 

Angle 

I. Tamm 

cos 60 = -1- = 1 - 0.562 
pon 0.6S x 2.616 

II. Ginsburg 

(a) cos 600 - 0.562 

cos 60e 
1 .~. 1 

- .Bo,e; 1 + 1 
I ( . e 82 

e ,0 
= 0.612 

(b) 
(i) ¢ - 0 -

cos 600 - 0.562 aoo = 55
0 

45' -

cos 60e 
- 1 0 
-
~ 

- 0.507 ,aoe = 59 32' 

(ii) ¢ = 11 
2 

cos aoo 
- 0.562 600 = 55

0 
45' "':' 
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= 005459 

o 
- 56 55' . 




