
UC San Diego
UC San Diego Electronic Theses and Dissertations

Title
NC ball maps and changes of variables

Permalink
https://escholarship.org/uc/item/53g6n8tv

Author
Slinglend, Nicholas A.

Publication Date
2010
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/53g6n8tv
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA, SAN DIEGO

NC Ball Maps and Changes of Variables

A dissertation submitted in partial satisfaction of the

requirements for the degree

Doctor of Philosophy

in

Mathematics

by

Nicholas A. Slinglend

Committee in charge:

Professor J. William Helton, Chair
Professor Jim Agler
Professor Robert Bitmead
Professor Peter Ebenfelt
Professor Robert Skelton

2010



Copyright

Nicholas A. Slinglend, 2010

All rights reserved.



The dissertation of Nicholas A. Slinglend is ap-

proved, and it is acceptable in quality and form

for publication on microfilm:

Chair

University of California, San Diego

2010

iii



TABLE OF CONTENTS

Signature Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Vita and Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Ball Maps and Changes of Variables . . . . . . . . . . . . . . . . . . 1
1.2 Symmetric and Mixed Variables and Changes of Variables . . . . . 5
1.3 A Realization for Noncommmutative Rational Expressions . . . . . 8

2 Definitions and Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1 Definitions and Notation for Balls and Multi-discs . . . . . . . . . . 11
2.2 Polynomials, Analytic Maps, and Their Domains . . . . . . . . . . 14
2.3 Some Basic Facts . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.4 Compositions of NC Analytic Functions . . . . . . . . . . . . . . . 22

3 Classification of NC Ball Maps and NC Mixed Ball Maps . . . . . . . . . 25
3.1 Definitions, Examples and a Simply Stated NC Ball Map Result . . 26
3.2 Equivalence of the Bi-disc and the Mixed Matrix Ball . . . . . . . . 27
3.3 Linear Fractional Transformation of a Ball . . . . . . . . . . . . . . 31
3.4 NC Full Isometries . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.4.1 NC Full Isometry Definition and Preliminaries . . . . . . . . 36
3.4.2 NC Full Isometry Classification . . . . . . . . . . . . . . . . 44
3.4.3 Algebraic NC Full Isometries . . . . . . . . . . . . . . . . . 51

3.5 Analytically Composing Functions . . . . . . . . . . . . . . . . . . . 65
3.6 NC Bi-disc Map Classification . . . . . . . . . . . . . . . . . . . . . 66

3.6.1 Definition of NC Complex Bi-disc Maps . . . . . . . . . . . 68
3.6.2 Lemmas for Proving Theorem 3.6.1 . . . . . . . . . . . . . . 71
3.6.3 Proof of NC Bi-disc Map Classification: Theorem 3.6.1 . . . 75

3.7 NC Ball Map Classification . . . . . . . . . . . . . . . . . . . . . . 78
3.8 NC Mixed Ball Map Classification . . . . . . . . . . . . . . . . . . . 79

3.8.1 NC Mixed Ball Maps from the β-ball to the β-ball for all β . 82
3.8.2 Example: Computing h for a Simple NC Mixed Ball Map . . 84

iv



4 NC Bianalytic Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.1 Preliminary Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.2 Sets Bianalytic to a Ball: Proof of Theorem 4.0.5 . . . . . . . . . . 93
4.3 Invertible NC Analytic Functions . . . . . . . . . . . . . . . . . . . 94
4.4 Maps Involving Symmetric Variables . . . . . . . . . . . . . . . . . 95

4.4.1 Lemmas for Proving Proposition 4.4.2 . . . . . . . . . . . . 97
4.4.2 Proof of Proposition 4.4.2 . . . . . . . . . . . . . . . . . . . 101
4.4.3 Stronger Assumptions Lead to a More Rigid Structure . . . 102

5 A Realization for Noncommutative Rational Expressions . . . . . . . . . 107
5.1 Symmetric Rational Functions in Symmetric Variables and LMIs . . 110
5.2 A Representation of Functions in R∗(x) . . . . . . . . . . . . . . . . 112

5.2.1 Some Properties of Z(x, xT ) . . . . . . . . . . . . . . . . . . 112
5.2.2 The Existence Theorem . . . . . . . . . . . . . . . . . . . . 114

5.3 The Pencil Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
5.3.1 The Realization Theorem . . . . . . . . . . . . . . . . . . . 114

5.4 Matrix Valued Rational Functions . . . . . . . . . . . . . . . . . . . 115
5.4.1 Generalizing Theorem 5.2.2 . . . . . . . . . . . . . . . . . . 115
5.4.2 Generalizing Theorem 3.1 . . . . . . . . . . . . . . . . . . . 116

5.5 Symbolic Computation of Realizations . . . . . . . . . . . . . . . . 116

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

v



LIST OF FIGURES

Figure 4.1: This figure shows the composition of two NC bianalytic maps
to obtain R̂. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

vi



ACKNOWLEDGEMENTS

I would like to thank Professor J. William Helton, advisor and chair of my dis-

sertation committee, for his support, guidance, and patience. In addition, I would

like to thank Victor Vinnikov, Scott McCollough, and Igor Klep for contribut-

ing their thoughtful advice on NC analytic functions. Thanks to John Shopple

for helping to implement the NC rational expression realization in NCAlgebra, a

package for Mathematica.

This material is based in part upon work supported by a grant from the National

Science Foundation during several summers of my residency at the University of

California, San Diego. Any opinions, findings, and conclusions or recommendations

expressed in this material are those of the author and do not necessarily reflect the

views of the National Science Foundation.

Chapter 3, in part, is a reprint of materials from ”Noncommutative Ball Maps”

in Journal of Functional Analysis, Volume 257, July 2009, Helton, J. William; Klep,

Igor; McCollough, Scott; Slinglend, Nick [HKMS09]. Written permission for the

use of this material has been obtained from the co-authors.

vii



VITA

1996 BS, Wayne State University

2003 MA, University of California, San Diego

2004 CPhil, University of California, San Diego

2006-2010 Assistant Professor of Mathematics, San Diego City
College

2010 PhD, University of California, San Diego

viii



ABSTRACT OF THE DISSERTATION

NC Ball Maps and Changes of Variables

by

Nicholas A. Slinglend

Doctor of Philosophy in Mathematics

University of California San Diego, 2010

Professor J. William Helton, Chair

In this dissertation, we analyze problems set in a dimension-free, noncommutative

setting. To be more specific, we use a class of functions defined by power series in

noncommutative variables and evaluate these functions on sets of matrices of all

sizes – hence the dimension-free term. These types of functions have recently been

used in the study of dimension-free linear system engineering problems [HP07],

[CHSY03].

Here we analyze a class of functions called NC analytic with the intention of

understanding changes of variables in dimension-free classes of problems in matrix

variables. To this end, we force geometric constraints on our analytic functions

and ask how this affects the algebraic structure of the series defining them. In

particular, we present a characterization of maps that send dimension-free matrix

balls to dimension-free matrix balls and carry the boundary to the boundary. We

study this problem in various cases restricting the variables (and matrices) to have

additional symmetric structure and in cases where the variables (and matrices)

have no such restrictions. These characterizations are then used to study the more

general question of understanding when a dimension-free set is bianalytic to a

dimension-free ball.

In addition to our study of NC analytic functions, we present a result on a

representation of noncommutative rational expressions. Recently there have been

studies linking convexity of noncommutative rational functions to linear matrix

ix



inequalities, LMIs [HMV06]. The algorithm presented in the final chapter of the

thesis presents a necessary step to automatically converting inequalities involving

convex rational expressions into LMIs.
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1 Introduction

Much of this thesis is dedicated to classifying maps defined by noncommutative

variables which behave well on sets of matrices of all sizes. The hope of these clas-

sifications is to help us understand changes of variables in this noncommutative

setting. This understanding may aid in the study of “dimension-free” systems engi-

neering problems. Our attempt is to define and classify “analytic” noncommutative

maps which respect some geometric constraints which hold on sets of matrices of

all dimensions. In particular, we have studied classes of analytic maps that carry

a dimension-free ball to a dimension-free ball with the boundary mapping to the

boundary. We then use this classification to try to answer some basic questions

regarding when a dimension-free set is bianalytic to a convex dimension-free set.

1.1 Ball Maps and Changes of Variables

One of the major developments in linear systems engineering in the 1990’s

was to utilize matrix inequalities in problem solving. Techniques for turning com-

plicated matrix inequalities into computationally nicer matrix inequalities were

required and have been studied [SIG98], [Par00]. This has sparked interest in un-

derstanding polynomial and rational functions in noncommutative variables and

their use in matrix inequalities. More recently it has been shown, for instance, that

many convex matrix inequalities in the dimension-free setting built from noncom-

mutative rational functions are equivalent to linear matrix inequalities [HMV06].

This result links the computationally nice linear matrix inequality to the more

complicated rational matrix inequalities. We think that the study of changes of

variables from dimension-free sets to dimension-free convex sets may be useful in

1
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this area. See [HP07] or [CHSY03] for a more detailed description of dimension-free

problems and their relation to linear systems and control theory.

Our study of analytic maps that carry a dimension-free ball to a dimension-free

ball with the boundary mapping to the boundary is related to a classical question

from complex analysis. D’Angelo and others have attempted to classify many of

the proper holomorphic rational maps from C
N to C

M carrying the ball to the ball

and mapping the sphere to the sphere [D’A92]. In the case where N = M = 1 these

maps are all linear fractional transformations. When the dimension ofM > 2N−2,

there are more interesting examples of proper rational holomorphic maps from C
N

to C
M . It turns out that the geometric conditions in the dimension-free setting

force a much more rigid structure and the resulting NC analytic maps are simpler

[HKMS09].

As a first example, suppose that (x1, . . . , xG, x
T
1 , . . . , x

T
G) is a list of noncom-

muting variables. By noncommuting we mean that xixj 6= xjxi. In this case, the

variables (x1, . . . , xG, x
T
1 , . . . , x

T
G) are nonsymmetric since xj 6= xT

j . The case where

some variables are symmetric will also be handled later. Suppose that w is in the

free group generated by 2G generators {e1, . . . , e2G}. We define

xej :=




xj if j ≤ G,

xT
j−G if j > G.

and extend the definition so that if w = ej1 · · · ejK then

xw = xej1 · · · xejK .

By taking real linear combinations of terms xw we thus create polynomials (and

series) in the NC variables (x1, . . . , xG, x
T
1 , . . . , x

T
G). We will be substituting ma-

trices of all compatible sizes for the variables to create polynomial functions. If a

polynomial p(x) is symmetric, we define its positivity domain Dp as the set of all

matrix tuples X such that p(X) � 0.

We will say that a function f is NC analytic in the variables (x1, . . . , xG) if

f(x) :=
∑

w∈W

awx
w
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with aw ∈ R
K and the sum absolutely convergent on matrix balls (we will use the

operator norm) of a fixed radius for all sizes of matrices. The set W consists of

all words in the free group generated by {e1, . . . , eG} and thus all terms xw are

free of any transposed letters xT
j . We say that f is a unit NC ball map if it is NC

analytic and carries the unit matrix ball to the unit matrix ball with boundary to

boundary in each dimension.

Now we give the flavor of some of our results.

Result 1.1.1. The map 


x1

...

xG




f7→




f1(x)
...

fK(x)




is a unit NC ball map with f(0) = 0 if and only if f(x) = Ax for some A ∈ R
K×G

such that ATA = I.

This Corollary will be stated formally and proved later in Section 3.7. The

result says that a large class of the unit NC ball maps are simply linear isometries.

We extend these results to the more general case that allows for some symmetric

variables as well. The results in the mixed variable case are similar however the

“isometries” that define the ball maps are a bit different than the case above.

These classifications of NC ball maps are used to study changes of variables

in the dimension-free setting. The changes of variables happen on sets defined

in terms of NC polynomials. In particular, we examine a procedure, the SoS

Construction , for finding an NC bianalytic map between positivity domains of a

nice class of NC polynomials and a canonical convex polynomial. The proof of the

result hinges on the classification of unit NC ball maps stated previously. We will

state the version of the result that deals with functions depending on nonsymmetric

variables only. Later we will discuss the case when some symmetric variables are

allowed as well.

We say that a polynomial in noncommuting variables is hereditary if all trans-

posed letters appear to the left of all non-transposed letters in each term. As an

example, the polynomial

3xT
1 x

T
2 x2x1 + xT

1 x1
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is hereditary. We say that a polynomial p(x) is matrix positive if p(X) is a pos-

itive definite matrix for each matrix tuple X ∈ (RN×N)G and for all dimensions

N. There is a result that says all matrix positive polynomials in noncommuting

variables can be written as a sum of squares of noncommuting polynomials [Hel02].

Moreover, if p(x) is a matrix positive hereditary polynomial, then there exist ana-

lytic polynomials r1(x), . . . , rK(x) for some K so that

p(x) =
K∑

j=1

rj(x)
T rj(x).

The minimum number of terms, K, required in the decomposition is easily obtain-

able since the Gram Representation for hereditary polynomials is unique [Hel02]

and K is the rank of the Gram matrix. The process of taking a positive hereditary

polynomial p(x) as an input and producing a minimal sized vector of NC analytic

polynomials

r(x) =




r1(x)
...

rK(x)




will be called the SoS Construction and is possible for all positive hereditary poly-

nomials. See Theorem 4.0.5 for a formal statement and proof of how the SoS

Construction will give a map from a positivity domain of an NC polynomial to a

ball.

Result 1.1.2. Consider the polynomial p(x) in the NC variables

(x1, . . . , xG)

where p(x) is an NC hereditary, matrix positive polynomial such that p(0) = 0 and

suppose a > 0. Define q(x) := a2 − p(x) and

d(x) := a2 −
G∑

j=1

xT
j xj.

Then the SoS Construction applied to p(x) will construct an NC bianalytic map

r(x) =




r1(x)
...

vG(x)



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between Dq and Dd mapping 0 to 0 or one does not exist.

1.2 Symmetric and Mixed Variables and Changes

of Variables

This thesis is a study of a class of functions that are inspired by work on dimen-

sionless problems in the theory of linear systems and control. When we consider

problems in control and systems theory we see that some of these noncommuting

variables that we are trying to model and understand have additional structure.

What we often see is a function depending on some symmetric and some non-

symmetric variables. We have considered problems similar to those described in

the previous section but posed in the case of some variables being symmetric and

some nonsymmetric – this is what we shall refer to as the mixed variable case.

After a bit of study, we notice that analytic functions of nonsymmetric variables

have more rigid structure than those of just symmetric variables. An analogy that

usually works is to say that NC analytic functions of nonsymmetric variables are

to complex analytic maps as NC analytic functions of symmetric variables are to

real analytic maps.

To state a simple result on changes of variables, we will first define a certain

“linear fractional” map in the NC variables (u, v) = (u1, . . . , uK , v1, . . . , vK). Define

f(u, v) := v − (I − vvT )1/2u(1− vTu)−1(1− vTv)1/2. (1.1)

This map is discussed in detail in Section 3.3. When fixing N and a V ∈ (RN×N)K ,

the map

u 7→ f(u, V )

maps the unit matrix ball to itself, maps the boundary to the boundary, and sends

V to 0.

To proceed, we describe the generalization of the isometries used in Result

1.1.1. We have called this class of isometric maps, used to classify ball maps and

changes of variables in the mixed NC variable case, NC full isometries. These NC
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full isometries are quite similar to the complete isometries of C∗-algebras [Pau02].

Suppose that 


x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)




is an NC analytic map in (x1, . . . , xG1
, y1, . . . , yG2

) with yj = yTj and h(x, y) is

linear in x. Suppose that h(X, Y ) converges for all ‖Y ‖ < β and all X which

are real-valued matrix tuples of compatible dimension. Suppose that N ∈ N and

Y ∈ (SRN×N)G2 is such that h(X, Y ) converges for all X ∈ (RN×N)G1 . For n ∈ N

define the map

hn(·, Y ) : RnNG1×nN → R
nNK×nN (1.2)

so that if

X =




X(1, 1) . . . X(1, n)
...

. . .
...

X(n, 1) . . . X(n, n)


 (1.3)

where X(i, j) ∈ (RN×N)G1 for all 1 ≤ i, j ≤ n, then

hn(X, Y ) :=




h(X(1, 1), Y ) . . . h(X(1, n), Y )
...

. . .
...

h(X(n, 1), Y ) . . . h(X(n, n), Y )


 . (1.4)

If for all N ∈ N and for all Y ∈ (SRN×N)G2 with ‖Y ‖ < β

‖hn(X, Y )‖ = ‖X‖ (1.5)

for all X ∈ R
nNG1×nN we say that h(x, y) is an NC n-full isometry. If h(x, y) is an

NC n-full isometry for all n ∈ N then h(x, y) is an NC full isometry. Properties

and characterizations of NC full isometries are investigated in Section 3.4. The

following result is properly stated and proven in Section 4.4 as Proposition 4.4.1.
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Result 1.2.1. Consider a polynomial p(x, y) in the NC mixed variables

(x1, . . . , xG1
, y1, . . . , yG2

).

Suppose that p(x, y) is a hereditary, matrix positive polynomial such that

p(x, y) =
K∑

j=1

rTj (x, y)rj(x, y) (1.6)

for some K and some NC analytic polynomials

r1(x, y), . . . , rK(x, y).

Suppose p(0, 0) = 0. Suppose that a, b > 0 are real numbers and

R : Da2−p(x,y) → MBG1,G2

b (1.7)

is an NC bianalytic map. Then the map

(x, y) 7→ f(
1

a
(W (bx(1− b2yTy)1/2, by),

1

a
W (0, by))

is an NC full isometry, where f is the linear fractional map defined in Equation

(1.1) and

W (x, y) := (r ◦R−1)(x, y). (1.8)

With further assumptions on the bianalytic map in the previous result, we

obtain a finer stucture. The result below is stated in detail in Theorem 4.4.6.

Result 1.2.2. Suppose that

r(x, y) =




r1(x, y)
...

rK(x, y)




is a vector of analytic polynomials and that

p(x, y) := rT (x, y)r(x, y).

Suppose that R is an NC bianalytic map defined on (RN×N)G1 × (SRN×N)G2 for

all N such that R induces an NC bianalytic correspondence between Dα−p and

MBα(H) for all positive matrices α. Define

W := r ◦R−1 and g(y) := W (0, y).
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Under a few more technical assumptions we obtain the following results: Then

h(z, u) := W (z, u)− g(u)

is an NC full isometry in z. Also we have

r(x, y) = Ω̃(y)R(x, y)

where for Y ∈ (SRN×N)G2, the operator Ω̃(Y ) is an isometry on

R
NG1 ⊕Range(Rsym(Y ))

1.3 A Realization for Noncommmutative Ratio-

nal Expressions

As mentioned earlier, there has been a connection made between many linear

control theory problems and matrix inequalities. Much work was done in the 1990s

to convert particular matrix inequalities into the computationally nicer linear ma-

trix inequalities (LMIs). More recently in [HMV06], there was a result connecting

LMIs to matrix inequalities from noncommutative convex rational expressions in

symmetric variables. This more recent result gives hope that there may be some

general algorithm to automatically convert noncommutative convex rational in-

equalities into LMIs. One of the results in this paper represents a first step in an

algorithm to automatically convert noncommutative convex rational expressions

in symmetric variables into LMIs.

Again, let x = {x1, . . . , xG} denote noncommuting variables. Let N∗(x) denote

the free R-algebra on the 2G generators {x, xT} = {x1, . . . , xG, x
T
1 , . . . , x

T
G}, i.e. the

noncommutative polynomials on those 2G generators. The algebra has a natural

involution determined by xj 7→ xT
j , x

T
j 7→ xj, and

(xj1 · · · xjn)
T = xT

jn · · · xT
j1
.

Let p(x, xT )−1 denote the inverse of p(x, xT ) satisfying p(x, xT )−1p(x, xT ) = 1 =

p(x, xT )p(x, xT )−1. Let the NC rational expressions of {x, xT} with real coefficients,



9

denoted by R∗(x), be the closure of the NC polynomials, N∗(x), under finite

numbers of inversions, products, transposes, and sums. For a d×d matrix L(x, xT )

call L a NC linear pencil if the entries of L are polynomials in N∗(x) of degree one

or less. See Theorem 5.3.1 for a full statement and proof of the result below.

Result 1.3.1. Suppose that r(x, xT ) is an NC rational expression. Then there

exists an NC linear pencil L(x, xT ) such that r(x, xT ) is the Schur complement of

L(x, xT ).

The fact that all symmetric NC rational functions can be realized as the Schur

complement of a symmetric NC linear pencil is not a new result. In [BR88], there

is a proof of an equivalent realization using formal power series to represent the

rational expressions. We will give a more constructive proof that all symmetric

NC rational functions are Schur complements of NC linear pencils. From this

easy proof an algorithm for constructing the pencil in question readily follows.

The resulting algorithm has been implemented under the NC Algebra package for

Mathematica.



2 Definitions and Basics

In this chapter we state definitions for many of the main objects in the thesis.

In particular we introduce the class of NC analytic functions and define notation

used for domains of NC analytic functions. In addition we prove several basic

lemmas that are useful for understanding NC analytic functions.

Suppose that (x1, . . . , xG) is a list of noncommuting variables orNC variables.

By noncommuting we mean that xixj 6= xjxi. In this thesis we will consider classes

of maps defined in terms of these noncommuting variables. These classes of maps

will be defined on domains consisting of sets of matrix tuples. With this in mind,

we define an involution on the variables consistent with the conjugate transpose

involution defined on matrices with complex entries. The involution will be denoted

by xT
i since we will generally (but not always) be evaluating maps on tuples of

matrices with real entries. At times we will consider NC symmetric variables,

that is, variables yj such that yj = yTj . As one may suspect, maps defined in terms

of symmetric variables will have their domains restricted to tuples of symmetric

matrices. By NC mixed variables we mean a list of variables

(x1, . . . , xG1
, y1, . . . , yG2

)

such that (x1, . . . , xG) are NC variables and (y1, . . . , yG2
) are NC symmetric vari-

ables. As a rule in this thesis, the variables G,G1, and G2 will be reserved for the

number of unknowns. The variables G and G1 will represent the number of NC

variables and G2 will represent the number of symmetric NC variables.

10
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2.1 Definitions and Notation for Balls and Multi-

discs

We will be evaluating maps defined in terms of NC (symmetric, mixed) variables

on sets of tuples of (symmetric, mixed) square matrices of all sizes. So when we

use the term “ball” we mean the union over all size of balls of tuples of (symmetric,

mixed) square matrices. The notation that we use to refer to these dimension-free

matrix balls follows. We use the notation R
N×N to refer to N by N real matrices

and SRN×N to refer to symmetric N by N real matrices. Since the sets that we

will be evaluating our maps on are disjoint unions of sets with different topologies,

we will use the topology already associated with each set. In particular, if

(X1, . . . , XG1
, Y1, . . . , YG2

) ∈ (RN×N)G1 × (SRN×N)G2

the topology on (RN×N)G1 × (SRN×N)G2 is determined by the operator norm of




X1

...

XG1

Y1

...

YG2




viewed as a map from R
N to R

N(G1+G2). When we refer to the boundary or interior

of a dimension-free set, we are referring to the disjoint union of boundaries or

interiors taken over all sizes of square matrices.

The following is a list of some of the common sets that we will be using as

domains for functions of NC variables. We will always consider balls centered at

the 0 tuple.

• We will often restrict functions to be defined on matrices of a fixed size. The

notation for a ball of G1-tuples of N ×N real matrices with total norm less

than a is

BG1

a (N) := {X ∈ (RN×N)G1 : ‖X‖ < a}
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• Our notation for a dimension-free matrix ball of G1-tuples of real matrices

with total norm less than a is

BG1

a :=
∞⋃

N=1

BG1

a (N)

• For functions defined in terms of symmetric variables, we will need domains

of symmetric matrix tuples. The notation for a ball ofG2-tuples of symmetric

N ×N real matrices with norm less than a is

SBG2

a (N) := {Y ∈ (SRN×N)G2 : ‖Y ‖ < a}

• Our notation for a dimension-free matrix ball of G2-tuples of real symmetric

matrices with total norm less than a is

SBG2

a :=
∞⋃

N=1

SBG2

a (N)

• The notation for G1-tuples of N ×N complex matrices with total norm less

than a is

CBG1

a (N) := {X ∈ (CN×N)G1 : ‖X‖ < a}

• And similar to the earlier cases, our notation for G1-tuples of complex ma-

trices with total norm less than a is

CBG1

a :=
∞⋃

N=1

CBG1

a (N)

• At times we will consider functions of some symmetric NC variables and some

free NC variables. In this case, we will need to consider “mixed balls.” Our

notation for a mixed ball with G1-tuples of N × N matrices and G2-tuples

of symmetric N ×N matrices with total norm less than a is

MBG1,G2

a (N) := {(X, Y ) ∈ (RN×N)G1 × (SRN×N)G2 : ‖(X, Y )‖ < a}

• Our notation for a dimension-free mixed ball with G1-tuples of free matrices

and G2-tuples of symmetric matrices with total norm less than a is

MBG1,G2

a :=
∞⋃

N=1

MBG1,G2

a (N)
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• When we use functions of some symmetric and some free NC variables we will

at times consider domains that are similar to bi-discs. For us, a bi-disc will

refer to the product of one dimension-free ball of G1-tuples of free matrices

with a dimension-free ball of G2-tuples of symmetric matrices. We use the

� symbol to mean the union over all dimensions of products taken in each

dimension. In the case that the G1-tuples of free matrices are real matrices

with total norm less than 1 and the G2-tuples of real symmetric matrices

have total norm less that β, we use the notation

BG1

1 � SBG2

β :=
∞⋃

N=1

BG1

1 (N)× SBG2

β (N)

and we refer to this as the (1, β) matrix bi-disc.

• In the case that the G1-tuples of free matrices are complex matrices with

total norm less than 1 and the G2-tuples of real symmetric matrices have

total norm less that β, we use the notation

CBG1

1 � SBG2

β :=
∞⋃

N=1

CBG1

1 (N)× SBG2

β (N)

and call this the (1, β) complex matrix bi-disc.

• We will use a matrix multi-disk occasionally when studying functions of G

NC variables. Our notation for the matrix multi-disc of G-tuples of N ×N

real matrices each component of norm less that ε is

D
G
ε (N) := {X ∈ (RN×N)G : ‖Xj‖ < ε}

• Our notation for the dimension-free matrix multi-disc of G-tuples of matrices

where each component has norm less than ε is

D
G
ε :=

∞⋃

N=1

D
G
ε (N)
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2.2 Polynomials, Analytic Maps, and Their Do-

mains

Suppose that (x1, . . . , xG) are NC variables. Suppose that w is in the free

semigroup generated by 2G generators {e1, . . . , e2G}. We say that

w = ej1 · · · ejK

is a word of length K. We denote the length of a word by |w|. We define

xej :=




xj if j ≤ G,

xT
j−G if j > G.

Thus if w = ej1 · · · ejK then

xw = xej1 · · · xejK

Also we define x∅ = 1. By taking real linear combinations of terms xw we thus

create polynomials in the NC variables (x1, . . . , xG, x
T
1 , . . . , x

T
G). We will refer to a

polynomial in the NC variables (x1, . . . , xG, x
T
1 , . . . , x

T
G) with coefficients in R as

an NC polynomial.

To define the involution in terms of these words, we first define an involution

on the generators of the free group. To this end we define

eTj :=




ej+G if j ≤ G,

ej−G if j > G.
(2.1)

Thus if

xw := xej1 ···ejK ,

then

(xw)T := xeTjK
···eTj1 .

Now we extend the transpose linearly. The transpose involution is consistent with

the transpose in matrix algebra. As an example, consider the polynomial

p(x) = 2x1x
T
2 + xT

2 x
T
2 x3.
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The polynomial pT (x) = p(x)T is given by

pT (x) = p(x)T = 2x2x
T
1 + xT

3 x
2
2.

If p(x) is an NC polynomial whose words are made up only from the NC vari-

ables (x1, . . . , xG) (that is, there are no transposed variables in any terms) then

we say the NC polynomial is analytic. If we are dealing with polynomials in NC

symmetric variables only, all NC polynomials in symmetric variables would be ana-

lytic. If p(x, y) is a polynomial in the NC mixed variables (x1, . . . , xG1
, y1, . . . , yG2

)

(notice that no term has transposed factors xT
j ,) then p(x, y) is also considered

analytic.

If p(x) is an NC polynomial whose terms are all of the form

(xw1)Txw2

for analytic xw1 and xw2 , then we say that p(x) is hereditary. Another way to

characterize hereditary NC polynomials is to say that any transposed letters that

appear in a term must appear to the left of all non-transposed letters. For example,

the polynomial

p(x) = xT
1 x

T
2 x1 − 3xT

2 x1x2

is a hereditary NC polynomial. If p(x, y) is a polynomial in the NC mixed variables

(x1, . . . , xG1
, xT

1 , . . . , x
T
G1
, y1, . . . , yG2

)

whose terms are of the form ((x, y)w1)T (x, y)w2 for analytic (x, y)w1 and (x, y)w2 ,

then p(x, y) is also called hereditary.

There has been interest in the area of NC polynomials and real semialgebraic

geometry of late. In particular, much research has been devoted to functions

defined by NC polynomials on dimensionless sets such as those previously discussed

[HMP05]. For a symmetric polynomial in the NC variables (x1, . . . , xG, x
T
1 , . . . , x

T
G),

p(x), we define the positivity domain of p, denoted Dp, to be

Dp :=
⋃

N≥1

{X ∈ (RN×N)G : p(X) � 0}.
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Similarly, if p(x, y) is a polynomial in the NC mixed variables

(x1, . . . , xG1
, xT

1 , . . . , x
T
G1
, y1, . . . , yG2

),

then the positivity domain of p is defined to be

Dp :=
⋃

N≥1

{(X, Y ) ∈ (RN×N)G1 × (SRN×N)G2 : p(X, Y ) � 0}.

For the rest of this paper we will use the convention that p(X) � 0 means p(X) is a

positive definite matrix and p(X) � 0 means that p(X) is a positive semi-definite

matrix. We will use the term “binding” to describe a matrix inequality that is

specifically non-strict. That is, an inequality A � 0 is binding if there exists a

vector v such that Av = 0.

The idea of NC analytic maps extend the ideas of maps defined by NC analytic

polynomials. We consider series in the NC variables (x1, . . . , xG), that is sums of

the form ∑

|w|≥0

awx
w

where aw ∈ R
K for some K. Alternatively, we could write the series as

∑

|w|≥0

aw ⊗ xw

to emphasize that

awx
w :=




aw,1x
w

...

aw,Kx
w


 .

Notice that there are no transposed variables in these series. We define an NC

analytic function, f , in the NC variables (x1, . . . , xG) to be a function

f : BG
ε →

⋃

N≥1

(RN×N)K

for some ε > 0 and K ∈ N where

f(x) =
∑

|w|≥0

awx
w
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and this series converges absolutely on BG
ε . We can also consider series in NC

symmetric and mixed variables and define a similar notion of analyticity. For the

NC symmetric variable case, we consider sums of the form

∑

|w|≥0

awy
w

where (y1, . . . , yG2
) are NC symmetric variables and aw ∈ R

K for some K. If such

a series converges absolutely on SBG2

ε for some ε > 0, then the function

f : SBG2

ε →
⋃

N≥1

(RN×N)K

by

f(y) =
∑

|w|≥0

awy
w

is called an NC analytic function as well. In the mixed variable case, we consider

sums of the form ∑

|w|≥0

aw(x, y)
w

with the same convergence criteria for mixed balls as above. The important feature

of analytic functions in NC mixed variables is that the terms in the series expansion

have no transposed xT
j factors. An NC analytic function,f , from G variables to

G variables is NC bianalytic if it has an inverse function that is NC analytic.

This idea applies in an obvious way also to the cases of NC symmetric and mixed

variables as well. It turns out that properties of NC analytic functions in symmetric

variables are similar to properties of real analytic functions; whereas properties of

NC analytic functions are much nicer and follow along the lines of holomorphic

functions of complex variables.

2.3 Some Basic Facts

The following results state that if an NC analytic function is identically zero

on some dimensionless open set, then its series expansion must be identically zero.

This result holds regardless of the case of symmetric, mixed, or unrestricted NC

variables.
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Lemma 2.3.1. Suppose that




x1

...

xG




p7→




p1(x)
...

pK(x)




where p is NC analytic on SBG2

δ . Suppose that J ⊆ SBG2

δ is a dimension-free open

set in the sense that for all N the set

J ∩ (SRN×N)G

is open in (SRN×N)G. If p(X) ≡ 0 on J , then p(x) = 0. Instead, we may define

the dimension-free open set J to be an open set of tuples of self-adjoint operators

on a Hilbert space and obtain the same result that p(x) = 0.

Proof. Suppose that X ∈ J ∩ (SRN×N)G. Consider the function

P (t) := p(tX) =
∞∑

k=0

hk(X)tk

where hk are homogeneous polynomials of degree k who sum to p. Since J ∩
(SRN×N)G is open, there is a neighborhood of 1, W1 ⊆ R, such that P (t) =

p(tX) = 0 whenever t ∈ W1. Thus the coefficients of the series expansion for P

are equal to 0; that is,

hk(X) = 0

for all k. Since hk(X) = 0 for all X ∈ J and all k, we conclude hk(x) = 0 for all

k. So

p(x) =
∞∑

k=0

hk(x) = 0.

Notice that if we instead fix X to be a tuple of operators on a Hilbert space, the

argument is still valid. ••

Corollary 2.3.2. Suppose that




x1

...

xG1




p7→




p1(x)
...

pK(x)



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where p is NC analytic on BG1

δ . Suppose that J ⊆ BG1

δ is a dimensionless open set

in the sense that for all N the set

J ∩ (RN×N)G

is open in (RN×N)G. If p(X) ≡ 0 on J , then p(x) = 0.

Corollary 2.3.3. Suppose that



x1

...

xG1

y1
...

yG2




p7→




p1(x)
...

pK(x)




where p is NC analytic on MBG1,G2

δ . Suppose that J ⊆ MBG1,G2

δ is a dimensionless

open set in the sense that for all N the set

J ∩ (RN×N)G1 × (SRN×N)G2

is open in (RN×N)G1 × (SRN×N)G2 . If p(X) ≡ 0 on J , then p(x) = 0.

The next result says that NC analytic maps are continuous when restricted to

matrices of a fixed size.

Lemma 2.3.4. Suppose that



x1

...

xG1




p7→




p1(x)
...

pK(x)




where p is NC analytic on BG1

δ . Then p restricted to BG1

δ (N) is continuous for all

N .

Proof. Clearly, if p were a polynomial function the result would hold. Write p as

a series of homogeneous polynomials

p(x) =
∞∑

n=1

hn(x).
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Let ε > 0. Fix ‖X0‖ = δ and consider any sequence {Xj} ⊆ BG1

δ′ (N) ⊆ BG1

δ (N)

such that Xj → X0. Since the series defining p converges uniformly on BG1

δ′ (N),

there is some M such that

‖
∑

n≥M

hn(X)‖ <
ε

3

for all X ∈ BG1

δ′ (N). Since
∑M−1

n=0 hn(x) is continuous, there is some M ′ such that

‖
M−1∑

n=0

hn(X
0)−

M−1∑

n=0

hn(X
j)‖ <

ε

3

when j > M ′. Thus

‖p(X0)−p(Xj)‖ ≤ ‖
M−1∑

n=0

hn(X
0)−

M−1∑

n=0

hn(X
j)‖+‖

∑

n≥M

hn(X
0)‖+‖

∑

n≥M

hn(X
j)‖ < ε

when j > M ′. ••

The study of directional derivatives of functions between Banach spaces is clas-

sical and many preliminaries can be found in [HP74]. This can be useful when deal-

ing with NC analytic functions as well – see the proof of Lemma 4.4.4. To define

the directional derivative for an NC analytic function, suppose that (x1, . . . , xG)

are NC variables and

f(x) =
∑

w

fwx
w

with fw ∈ R
K and f(X) converging absolutely when X ∈ BG

ε . Then the direc-

tional derivative of f at X ∈ (RN×N)G in direction H ∈ (RN×N)G is defined to

be

∂Hf(X) :=
d

dt

∣∣∣
t=0

f(X + tH)

when the limit exists.

Proposition 2.3.5. If f is NC analytic then there is a dimensionless neighborhood

of 0, U , such that ∂Hf(X) exists for all H ∈ (RN×N)G, whenever X ∈ U(N).

Proof. For a fixed X ∈ BG
ε and any corresponding direction H define

F (t) := f(X + tH).

Notice that there is an interval, J , containing 0 such that F converges absolutely

and uniformly on J. Thus F ′(0) exists and is equal to ∂Hf(X). ••
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Lemma 2.3.6. Suppose that




x1

...

xG1




f7→




f1(x)
...

fK(x)




where f is NC analytic and

f(x) =
∑

w

fwx
w = C + Ax+

∞∑

n=2

pn(x)

where C ∈ R
K , A ∈ R

K×G and pn are K-vectors of homogeneous polynomials of

degree n. Then

1. ∂hf(0) = Ah.

2. For any fixed N, the function f ∈ C1((RN×N)G1 , (RN×N)K)

Proof. Notice that for any X ∈ BG1

ε (N), any direction H ∈ (RN×N)G1 and any

vector v we have

f(X + tH)v =
∞∑

j=0

pj(X + tH)v =
∞∑

j=0

tjsj(X,H)v

for some absolutely convergent series sj(X,H) and for all t ∈ J where J is some

interval containing 0. We notice that

t 7→
∞∑

j=0

tjsj(X,H)v

is C∞ and that ∂Hf(X) = s1(X, Y ). Notice that s1(0, H) = (A× IN)H = ∂Hf(0).

Notice also that the map

S : (RN×N)G1 7→ L((RN×N)G1 , (RN×N)K)

by

∂Hf(X) = S(X)H

is continuous by Lemma 2.3.4. ••
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2.4 Compositions of NC Analytic Functions

One difficulty we have encountered while studying NC analytic functions in-

volves the basic idea of compositions of two NC analytic functions. In particular,

we would like to say that ”the composition of two NC analytic functions is NC

analytic.” However, this has been a difficult claim to verify.1

It is worthy to note that the NC analytic functions on a fixed dimension-free

domain form an algebra. It helps prove a useful corollary about a ceratin type of

composition of NC analytic functions.

Lemma 2.4.1. Suppose that

F : D → WF and H : D → WH

are NC analytic where D is a dimension-free set containing 0. Then

1. the function F +H is NC analytic on D

2. and the function FH is NC analytic on D.

Proof. The proofs of these two facts are quite easy. Suppose that

F (x) =
∑

w

Fwx
w and G(x) =

∑

w

Gwx
w.

Notice that for a fixed X ∈ D we have

∑

w

‖FwX
w +GwX

w‖ ≤
∑

w

‖FwX
w‖+

∑

w

‖GwX
w‖ < ∞.

For the second fact, we will follow an elementary argument for a similar fact about

series of numbers [Rud76]. Pick an order for the words w (which order does not

matter since the sums converge absolutely) and define

A :=
∑

n≥0

an :=
∑

w

FwX
w and B :=

∑

n≥0

bn :=
∑

w

GwX
w.

1A recent result of V. Vinikov tells us that compositions of compatible NC analytic functions

converge on some dimension-free neighborhood of the origin. However, the series given by the

composition G ◦ F is not guaranteed to converge on the entire domain of F by Vinikov’s result.
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Now define for each k ≥ 0,

ck =
k∑

n=0

anbk−n.

Clearly,

‖ck‖ ≤
k∑

n=0

‖an‖‖bk−n‖

and therefore ∑

k≥0

‖ck‖

converges since the series ∑

n≥0

an and
∑

n≥0

bn

converge absolutely [Rud76]. To see that

∑

n≥0

cn = AB

define

An :=
n∑

k=0

ak, Bn :=
n∑

k=0

bk, Cn :=
n∑

k=0

ck, βn = Bn −B.

Then

Cn = a0b0 + (a0b1 + a1b0) + . . .+ (a0bn + a1bn−1 + . . .+ anb0)

= a0Bn + a1Bn−1 + . . .+ anB0

= a0(B + βn) + a1(B + βn−1) + . . .+ an(B + β0)

= AnB + a0βn + a1βn−1 + . . .+ anβ0

Define

γn := a0βn + a1βn−1 + . . .+ anβ0.

It suffices to show that

lim
n→∞

γn = 0.

Let ε > 0 and define

α =
∑

n≥0

‖an‖.
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We know that βn → 0 so choose N such that ‖βn‖ < ε for n ≥ N. Now notice

‖γn‖ ≤ ‖anβ0 + . . .+ an−NβN‖+ ‖an−N−1βN+1 + . . .+ a0βn‖
≤ ‖anβ0 + . . .+ an−NβN‖+ εα.

Keep N fixed and let n → ∞ to see

lim sup
n→∞

‖γn‖ ≤ εα.

Thus γn → 0 and

Cn → AB.

••

Here is a useful corollary. This says that composing an NC analytic function

with an NC analytic polynomial results in an NC analytic map.

Corollary 2.4.2. Suppose that

F : DF → WF and H : WF ⊆ DH → WH

where F and H are NC analytic, 0 ∈ DF , and H(x) is a polynomial. Then the

composition H ◦ F has a series expansion that converges absolutely on DF and is

thus NC analytic.

Proof. Notice that the composition of a polynomial with an NC analytic function

results in some finite combination of sums and products of NC analytic functions,

which is again NC analytic by Lemma 2.4.1 ••

In lieu of a general result on compositions, we will make some assumptions to

guarantee that our NC analytic functions compose to produce an NC analytic func-

tion. For exact details of the assumptions, referred to as analytically composing

functions, see Section 3.5.



3 Classification of NC Ball Maps

and NC Mixed Ball Maps

One pursuit in classical several complex variables has involved the issue of when

a domain in C
n is bianalytic to a ball in C

n. Results here are fragmentary for the

general case. A more successful pursuit has been in the classification of analytic

maps of the ball in C
n into the ball in C

m which map the boundary into the

boundary [D’A92]. In this chapter we pursue some similar classification questions.

In particular, we give classifications of NC ball maps and NC mixed ball maps.

An NC ball map is an NC analytic map defined in terms of non-symmetric

variables that maps a matrix ball to a matrix ball and carries the boundary to

the boundary for all sizes of square matrix tuples. A NC mixed ball map is an

NC analytic map defined in terms of some symmetric and some non-symmetric

variables that maps a mixed matrix ball to a mixed matrix ball and carries the

boundary to the boundary for all sizes of square matrix tuples.

The classification shows that the structure of NC ball maps are quite rigid in

that they can be classified by a fairly small class of isometries. To this end, in

Section 3.4, we introduce the notion of and characterize NC full isometries – these

are similar to the complete isometries of C∗-algebras [Pau02]. In Section 3.6 we

introduce the class of maps defined as NC bi-disc maps and show that a subclass

of these maps are equivalent to NC full isometries. In the end, we obtain our

classification of NC ball maps (and NC mixed ball maps) by using a change of

variables to create an NC bi-disc map that is also an NC full isometry.

Parts of this chapter are included in [HKMS09] which deals with the clas-

sification of NC ball maps which are matrix valued functions of non-symmetric

25
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variables.

3.1 Definitions, Examples and a Simply Stated

NC Ball Map Result

In order to define NC mixed ball maps specifically, suppose that

(x1, . . . , xG1
, y1, . . . , yG2

)

are NC mixed variables with yj = yTj for all 1 ≤ j ≤ G2. Suppose that the map

(x1, . . . , xG1
, y1, . . . , yG2

)
p7→ (r1, . . . , rK1

, q1, . . . , qK2
)

is NC analytic with qj = qTj for all 1 ≤ j ≤ K2. We will call such maps p NC

mixed ball maps from the β-ball to the α-ball if the following properties

hold:

1. For all N , if X ∈ (RN×N)G1 and Y ∈ (SRN×N)G2 with ‖(X, Y )‖ < β, then

p(X, Y ) converges absolutely and ‖p(X, Y )‖ < α.

2. For all N , if X ∈ (RN×N)G1 and Y ∈ (SRN×N)G2 with ‖(X, Y )‖ = β and

‖Y ‖ < β, then lim
δ↑1

p(δX, Y ) exists and ‖lim
δ↑1

p(δX, Y )‖ = α.

Suppose that the map

(x1, . . . , xG)
p7→ (p1, . . . , pK) (3.1)

is NC analytic. We will call such a map p an NC ball map from the β-ball to

the α-ball if the following properties hold:

1. For all N , if X ∈ (RN×N)G with ‖X‖ < β, then p(X) converges absolutely

and ‖p(X)‖ < α.

2. For all N , if X ∈ (RN×N)G with ‖X‖ = β, then lim
δ↑1

p(δX) exists and

‖lim
δ↑1

p(δX)‖ = α.
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In the cases that α = β = 1, we will refer to unit NC mixed ball maps and

unit NC ball maps. In this chapter we will classify NC mixed ball maps. We

will perform this classification of mixed ball maps via a classification of something

called bi-disc maps found in Section 3.6.

We will also classify NC ball maps. A unit NC ball map, p, such that p(0) = 0

is a linear isometry as formulated in the following Corollary.

Corollary 3.1.1. The map



x1

...

xG




p7→




p1(x)
...

pK(x)




is a unit NC ball map with p(0) = 0 if and only if p(x) = Ax for some A ∈ R
K×G

such that ATA = I.

This Corollary will be proved later in Section 3.7.

When the map, p, does depend on some symmetric variables yj the maps can

be more complicated. An example is the following NC analytic map

(
x

y

)
p7→




sin(y)x

cos(y)x

y




where y = yT and sin(y) and cos(y) are defined by their Taylor series expansions

about 0. Notice that

‖p(X, Y )‖ = ‖(X, Y )‖

for all matrix pairs (X, Y ) ∈ R
N×N × SRN×N and all N .

3.2 Equivalence of the Bi-disc and the Mixed

Matrix Ball

We define the (α, β) matrix bi-disc, BG1

α � SBG2

β , in the following way

BG1

α � SBG2

β :=
∞⋃

N=1

BG1

α (N)× SBG2

β (N).
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That is, the matrix bi-disc is the union over all dimensions of the product of a non-

symmetric matrix ball and a symmetric matrix ball in each dimension. Similarly

we define the (α, β) complex matrix bi-disc, CBG1

α �SBG2

β , in the following way

CBG1

α � SBG2

β :=
∞⋃

N=1

CBG1

α (N)× SBG2

β (N).

In the following lemma we will need to include some of the ”boundary” of the

bi-disc. Namely, let

BG1
α � SBG2

β :=
∞⋃

N=1

BG1
α (N)× SBG2

β (N).

So we have taken the union over all dimensions of the product of a non-symmetric,

closed matrix ball and a symmetric ball in each dimension.

The following lemma gives an example of an NC bi-analytic map between a

matrix bi-disc and a matrix ball carrying a piece of the boundary of the bi-disc

to a piece of the boundary of the ball. This change of variables is key to the

classification of NC mixed ball maps via the classification of bi-disc maps.

For a positive definite matrix A, we refer to A1/2 as the unique positive definite

matrix such that A1/2A1/2 = A.

Lemma 3.2.1. Let N ∈ N and β > 0. Define the set

ΓN
β := {(X, Y ) ∈ (RN×N)G1 × (SRN×N)G2 : ‖(X, Y )‖ ≤ β and ‖Y ‖ < β}. (3.2)

Define the map

φN,β : BG1

1 (N)× SBG2

β (N) → ΓN
β (3.3)

by

φN,β(X, Y ) = (X(β2I − Y TY )1/2, Y ). (3.4)

1. If (X, Y ) ∈ ∂BG1

1 (N)× SBG2

β (N), then

φN,β(X, Y ) ∈ ΓN and ‖φN,β(X, Y )‖ = β.

2. If (X, Y ) ∈ BG1

1 (N)× SBG2

β (N), then

φN,β(X, Y ) ∈ ΓN and ‖φN,β(X, Y )‖ < β.
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3. The map φN,β has a power series expansion about (0, 0) converging absolutely

on BG1

1 (N)× SBG2

β (N) and this series expansion is the same for all N . I.e.

the map φN,β is the restriction of some NC analytic map φβ that converges

absolutely on BG1

1 � SBG2

β

4. The map φβ is invertible and the inverse is NC analytic.

Proof. 1. Suppose that (X, Y ) ∈ ∂BG1

1 (N)× SBG2

β (N). Then

I −XTX � 0 (3.5)

with binding. Now since

β2I − Y TY � 0 (3.6)

then

I � XTX (3.7)

with binding is equivalent to

β2I − Y TY � (β2I − Y TY )1/2XTX(β2I − Y TY )1/2 (3.8)

with binding. This is equivalent to

β2I � (β2I − Y TY )1/2XTX(β2I − Y TY )1/2 + Y TY

with binding. Thus

‖(X(β2I − Y TY )1/2, Y )‖ = β and φN,β(X, Y ) ∈ ΓN
β .

2. Suppose that (X, Y ) ∈ BN
1,G1

× SBN
β,G2

. Then

I −XTX � 0. (3.9)

Now since

β2I − Y TY � 0 (3.10)

then

I � XTX (3.11)

is equivalent to

β2I − Y TY � (β2I − Y TY )1/2XTX(β2I − Y TY )1/2. (3.12)

Thus ‖(X(I − Y TY )1/2, Y )‖ < β and φN,β(X, Y ) ∈ ΓN
β .
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3. To see that φN,β has a convergent power series expansion on ΓN
β we need only

show that G(Y ) =
√

β2I − Y TY has a convergent power series on SBG2

β .

Suppose g : (−β2, β2) ⊆ R → (0, β
√
2) ⊆ R and g(t) =

√
β2 − t. Recall the

Taylor series expansion of g about 0 is

g(t) = β −
∞∑

k=1

(2(k − 1))!

22k−1(k − 1)!k!
β−(2k−1)tk. (3.13)

The radius of convergence for this series is β2. Now if Y ∈ SBG2

β , then the

series g(Y TY ) converges absolutely.

To see that g(Y TY ) � 0, first let U be a real orthogonal matrix such that

UTDU = Y TY with D = diag(λ1, . . . , λN). (3.14)

Then

g(Y TY ) = UTg(D)U (3.15)

with g(D) = diag(g(λ1), . . . , g(λN)). Since g(λj) > 0 for each j,

g(Y TY ) � 0.

Notice that

g(Y TY )2 = UT g(D)2U = UT (β2I −D)U = β2I − Y TY.

Thus the series expansion for G(Y ) is given by a rearrangement of

G(Y ) = βI −
∞∑

k=1

(2(k − 1))!

22k−1(k − 1)!k!
β−(2k−1)(Y 2

1 + . . .+ Y 2
G2
)k. (3.16)

Noting that this sum is free of the matrix size N gives the desired result.

4. Notice that

φ−1
β (X, Y ) = (X(β2I − Y TY )−1/2, Y ).

Consider the power series for

g : (−β, β) → (
1

2β
,∞) (3.17)
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where

g(t) =
1

β − t
(3.18)

expanded about 0. This series has radius of convergence β. Now we have for

Y ∈ SBG2

β (N) that

β2I � Y TY. (3.19)

So

βI � (β2I − Y TY )1/2 � 0. (3.20)

Thus ‖βI − (β2I − Y TY )1/2‖ < β. Thus

(β2I − Y TY )−1/2 = (βI − (βI − (β2I − Y TY )1/2))−1 (3.21)

and the series g(βI − (β2I − Y TY )1/2)) converges absolutely.

To see the series converges to (β2I − Y TY )−1/2 first choose an orthogonal U

such that

UTDU = (β2I − Y TY )1/2

and where D is a diagonal matrix of the eigenvalues of (β2I−Y TY )1/2. Then

g(βI − (β2I − Y TY )1/2)) = g(UT (βI −D)U)

= UTg(βI −D)U = UT (βI − (βI −D))−1U

= UTD−1U = (β2I − Y TY )−1/2.

(3.22)

••

3.3 Linear Fractional Transformation of a Ball

Let K ∈ N. Suppose that u = (u1, . . . , uK) and v = (v1, . . . , vK) are K-vectors

of NC variables. Define now the function

f(u, v) = v − (I − vvT )1/2u(1− vTu)−1(1− vTv)1/2. (3.23)

Notice that if K = 1, v = vT , and u and v commute, then

f(u, v) =
v − u

1− uv
. (3.24)



32

Now fix v ∈ C where |v| < 1 and consider the map

C 3 u 7→ f(u, v) ∈ C. (3.25)

The map in Equation (3.25) is a linear fractional map that maps the unit disc to

the unit disc, maps the unit circle to the unit circle, and maps v to 0.

The geometric interpretation of the map in NC variables in Equation (3.23) is

similar. Suppose we fix N ∈ N and V ∈ (RN×N)K with ‖V ‖ < 1 and consider the

map

u 7→ f(u, V ). (3.26)

The first part of Lemma 3.3.1 tells us that the map defined in Equation(3.26) maps

the unit ball of K-tuples of N ×N matrices to the unit ball of K-tuples of N ×N

matrices carrying the boundary to the boundary. The third part of Lemma 3.3.1

tells us that f(V, V ) = 0; that is, the map given in Equation (3.26) takes V to 0.

Lemma 3.3.1. Suppose that N ∈ N and V ∈ (RN×N)K with ‖V ‖ < 1.

1. Then U 7→ f(U, V ) maps the unit ball in (RN×N)K to the unit ball in

(RN×N)K with boundary to boundary.

2. If U ∈ (RN×N)K with ‖U‖ ≤ 1, then f(f(U, V ), V ) = U.

3. f(V, V ) = 0

Proof. The proof is motivated by linear system theory but an understanding of

system theory is not needed to read the proof.

1. Suppose that

i =




i1
...

iK+1


 and o =




o1
...

oK+1


 (3.27)

where oj, ij ∈ R
N for all j. Suppose that

(a) Mi = o
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(b) −Uo1 =




i2
...

iK+1




where

M :=

(
(I − V TV )1/2 −V T

V (I − V V T )1/2

)
(3.28)

and U ∈ (RN×N)K with ‖U‖ ≤ 1. Notice that by the definition of M we have

MTM = I. So

‖i1‖2 + · · ·+ ‖iK+1‖2 = ‖o1‖2 + · · ·+ ‖oK+1‖2 (3.29)

for any input i. Also we may solve, since I−V TU is invertible, for (o2, . . . , oK+1)

in terms of i1 to obtain



o2
...

oK+1


 = f(U, V )i1. (3.30)

Case 1. Suppose ‖U‖ < 1. Then

‖o1‖2 > ‖i2‖2 + · · ·+ ‖iK+1‖2

and thus from Equation (3.29) we have

‖o2‖2 + · · ·+ ‖oK+1‖2 < ‖i1‖2.

Thus ‖f(U, V )‖ < 1.

Case 2. Suppose ‖U‖ = 1. Now since

‖o1‖2 ≥ ‖i2‖2 + · · ·+ ‖iK+1‖2

we have also that

‖o2‖2 + · · ·+ ‖oK+1‖2 ≤ ‖i1‖2.

So ‖f(U, V )‖ ≤ 1. Note that there exists some nonzero y such that

‖Uy‖ = ‖y‖. By Equation (3.29) we have that

‖i1‖2 = ‖o2‖2 + · · ·+ ‖oK+1‖2
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whenever ‖Uo1‖2 = ‖o1‖2. Let

i =

(
(I − V TV )−1/2(I − V TU)y

−Uy

)
. (3.31)

Then

Mi =

(
y

V (I − V TV )−1/2(I − V TU)y − (I − V V T )1/2Uy

)
. (3.32)

So o1 = y and ‖Uo1‖ = ‖o1‖ since y was chosen such that ‖y‖ = ‖Uy‖.
Thus

‖i2‖2 + · · ·+ ‖iK+1‖2 = ‖o1‖2 6= 0

and ‖f(U, V )‖ = 1.

2. Define

F := f(U, V ) = V − (I − V V T )1/2U(I − V TU)−1(I − V TV )1/2

First notice that

I − V TF = I − V TV + V T (I − V V T )1/2U(I − V TU)−1(I − V TV )1/2

= (I − V TV ) + (I − V TV )1/2V TU(I − V TU)−1(I − V TV )1/2

= (I − V TV )1/2(I − V TU)(I − V TU)−1(I − V TV )1/2 + . . .

. . . (I − V TV )1/2V TU(I − V TU)−1(I − V TV )1/2

= (I − V TV )1/2(I − V TU)−1(I − V TV )1/2

So

(I − V TF )−1 = (1− V TV )−1/2(I − V TU)(I − V TV )−1/2.

We use this and elementary calculations to obtain

f(F, V ) = V − (I − V V T )1/2F (I − V TF )−1(I − V TV )1/2

= V − (I − V V T )1/2F (I − V TV )−1/2(I − V TU)

= V − (I − V V T )1/2V (I − V TV )−1/2(I − V TU) + (I − V V T )U

= V − V (I − V TU) + U − V V TU = U
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3. Notice that

f(V, V ) = V − (I − V V T )1/2V (I − V TV )−1(I − V TV )1/2

= V − (I − V V T )1/2V (I − V TV )−1/2

= V − V (I − V TV )1/2(I − V TV )−1/2 = 0.

••

3.4 NC Full Isometries

Our classification of NC ball maps will be done in terms of NC full isome-

tries. An NC full isometry is an NC analytic function in some NC variables

x = (x1, . . . , xG1
) and some NC symmetric variables y = (y1, . . . , yG2

). An NC

full isometry is like a complete isometry of C∗-algebras in that, for each fixed Y ,

we define a sequence of functions such that

• each map is linear in x

• each map has an isometric mapping property

• the dimension of the domain (for x) increases without bound as we move

forward in the sequence.

We present a few classifications of NC full isometries. The first classification

involves the form of an NC full isometry when a fixed value of Y is chosen. The

second classification works for all values of y and says more about the structure of

the series defining the NC full isometry. Both depend on previous classifications

of complete isometries of C∗-algebras due to their similarities [Arv76], [Pau02].
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3.4.1 NC Full Isometry Definition and Preliminaries

Suppose that 


x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)




is an NC analytic map in (x1, . . . , xG1
, y1, . . . , yG2

) with yj = yTj and h(x, y) is

linear in x. Suppose that h(X, Y ) converges for all Y ∈ SBG2

β and all X which

are real-valued matrix tuples of compatible dimension. Suppose that N ∈ N and

Y ∈ (SRN×N)G2 is such that h(X, Y ) converges for all X ∈ (RN×N)G1 . For n ∈ N

define the map

hn(·, Y ) : RnNG1×nN → R
nNK×nN (3.33)

so that if

X =




X(1, 1) . . . X(1, n)
...

. . .
...

X(n, 1) . . . X(n, n)


 (3.34)

where X(i, j) ∈ (RN×N)G1 for all 1 ≤ i, j ≤ n, then

hn(X, Y ) :=




h(X(1, 1), Y ) . . . h(X(1, n), Y )
...

. . .
...

h(X(n, 1), Y ) . . . h(X(n, n), Y )


 . (3.35)

If for all N ∈ N and for all Y ∈ SBG2

β ∩ (SRN×N)G2

‖hn(X, Y )‖ = ‖X‖ (3.36)

for all X ∈ R
nNG1×nN we say that h(x, y) is an NC n-full isometry. If h(x, y) is

an NC n-full isometry for all n ∈ N then h(x, y) is an NC full isometry.

We can classify NC full isometries without any dependence on symmetric y

very easily. Notice that, with no dependence on symmetric y, an NC full isometry

is at least a linear isometry from R
G1 to R

K . Due to the series expansion, NC full
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isometries with no dependence on symmetric y are simply represented by linear

isometries mapping R
G1 → R

K . Thus the classification of NC ball maps (no

dependence on symmetric y) is simpler than the classification of NC mixed ball

maps since it is accomplished using linear isometries of RG1 to R
K rather than NC

full isometries.

Notice the similarity between NC full isometries and complete isometries of

C∗-algebras [Pau02]. Suppose A and B are C∗-algebras and φ : A → B is a map.

We can define a new map φn : An×n → Bn×n by

φn((ai,j)) = (φ(ai,j))

where An×n and Bn×n are n×nmatrices with components from A or B respectively.

A map φ is a complete isometry if ‖φn‖ = 1 for all n. If sup
n
‖φn‖ is finite, we say

that φ is completely bounded. Also, there is a norm on the completely bounded

maps between two C∗-algebras defined by ‖φ‖cb = sup
n
‖φn‖.

We will use these NC full isometries in our classification of NC bi-disc maps.

In particular, all normalized NC bi-disc maps are NC full isometries as we shall

see later in Theorem 3.6.1. As a concrete example of an NC full isometry consider




x1

x2

y




h7→




(sin y)x1

(cos y)x1

x2


 (3.37)

where sin y and cos y are defined by their series expansions about 0 and where

yT = y.

Here are two results that we need from the literature. We would like for these

results to be stated for real C∗-algebras but they unfortunately have not been

stated this way. However each result does carry over to an analogous result for

real C∗-algebras. For examples of treatments of real C∗-algebras see [Goo82],

[HMP06]. The first is a result from Paulsen’s book (Theorem 8.4) [Pau02].

Theorem 3.4.1. Let A be a C∗-algebra with unit, and let φ : A → B(H) be a

completely bounded map. Then there exists a Hilbert space K, a ∗-homomorphism

π : A → B(K), and bounded operators Vi : H → K, i = 1, 2, with ‖φ‖cb = ‖V1‖‖V2‖
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such that

φ(a) = V ∗
1 π(a)V2

for all a ∈ A. Moreover if ‖φ‖cb = 1, then the Vi’s can be taken to be isometries.

We also need a result classifying ∗-homomorphisms of a particular type from

Arveson’s book [Arv76].

Theorem 3.4.2. Every representation of C(H), the compact operators on a Hilbert

space H, is equivalent to a multiple of the identity representation.

Here we include a Lemma that shows that we can use real or complex numbers

when defining an NC full isometry and each definition results in the same class

of functions. Suppose that h(x, y) is defined by a convergent series expansion as

earlier. Suppose that N ∈ N and Y ∈ (SRN×N)G2 is such that h(X, Y ) converges

for all X ∈ (CN×N)G1 . For n ∈ N define the map

hn(·, Y ) : CnNG1×nN → C
nNK×nN (3.38)

so that if

X =




X(1, 1) . . . X(1, n)
...

. . .
...

X(n, 1) . . . X(n, n)


 (3.39)

where X(i, j) ∈ (CN×N)G1 for all 1 ≤ i, j ≤ n, then

hn(X, Y ) :=




h(X(1, 1), Y ) . . . h(X(1, n), Y )
...

. . .
...

h(X(n, 1), Y ) . . . h(X(n, n), Y )


 . (3.40)

If for all N ∈ N and for all Y ∈ SBG2

β ∩ (SRN×N)G2

‖hn(X, Y )‖ = ‖X‖ (3.41)

for all X ∈ C
nNG1×nN we say that h(x, y) is an NC C, n-full isometry. If h(x, y)

is an NC n-full isometry for all n ∈ N then h(x, y) is an NC C-full isometry. As

a consequence of the next lemma, we will not need to distinguish between NC full

isometries and NC C-full isometries.
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Lemma 3.4.3. NC full isometries are NC C-full isometries and vice versa.

Proof. Clearly if h is an NC C-full isometry, then h is an NC full isometry. Now

suppose, in order to reach a contradiction, that h is not an NC C-full isometry and

h is an NC full isometry. That is, suppose there exists an n such that h is not an

NC C, n-full isometry. Recall that for any N there is an isomorphism

π : CN×N →
{(( ak,j bk,j

−bk,j ak,j

))N,N

k=1,j=1

: ak,j , bk,j ∈ R

}
⊂ R

2N×2N .

Suppose there exists a matrix Z ∈ C
NG1n×Nn and Y ∈ SBG2

β such that

‖Z‖ 6= ‖hn(Z, Y )‖.

But we quickly reach a contradiction when we note

‖Z‖ =

∥∥∥∥∥∥∥∥




π(Z1)
...

π(ZG1
)




∥∥∥∥∥∥∥∥
=

∥∥∥∥∥∥∥∥
hn







π(Z1)
...

π(ZG1
)


 ,




π(Y1)
...

π(YG2
)







∥∥∥∥∥∥∥∥
= ‖hn(Z, Y ).‖

••

We can now present a preliminary classification result of NC full isometries

that follows from the above classification theorems of complete isometries. This

is a first step towards our main classification of NC full isometries, see Theorem

3.4.9.

Lemma 3.4.4. Suppose that




x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)


 (3.42)

is an NC full isometry for Y ∈ SBG2

δ . Then for each Y ∈ SBG2

δ (N) there exist
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1. M1, . . . ,MG1
∈ N such that Mi ≥ K

2. matrices Ui,left ∈ R
MiN×NK and Ui,right ∈ R

MiN×N such that UT
i,leftUi,left = I

and UT
i,rightUi,right = I for each i = 1, . . . , G1

such that

h(X, Y ) =

G1∑

i=1

UT
i,left(IMi

⊗Xi)Ui,right (3.43)

for all X ∈ (RN×N)G1 .

Proof. Fix Y ∈ SBG2

δ (N). Define for i = 1, . . . , G1 the linear map

Ji,Y (Xi) := h







0
...

Xi

...

0




, Y




. (3.44)

Notice that we have

h(X, Y ) =

G1∑

i=1

Ji,Y (Xi) (3.45)

Define

Pi,Y (Xi) :=
(
Ji,Y (Xi) 0 · · · 0

)
. (3.46)

We see that each Pi,Y : RN×N → R
NK×NK is a complete isometry of real C∗-

algebras and thus ‖Pi,Y ‖cb = 1. Notice also

G1∑

i=1

Pi,Y (Xi) =
(
h(X, Y ) 0 · · · 0

)
. (3.47)

Now we use Theorem 3.4.1 on each Pi,Y (Xi); i.e. there exist M1, . . . ,MG1
≥ K,

*-homomorphisms π1, . . . , πG1
such that

πi : R
N×N → R

MiN×MiN

and isometries Vi,1, Vi,2 ∈ R
MiN×KN for i = 1, . . . , G1 such that

G1∑

i=1

Pi,Y (Xi) =

G1∑

i=1

V T
i,1πi(Xi)Vi,2. (3.48)
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By a theorem of Arveson, stated as Theorem 3.4.2, for each i = 1, . . . , G1, there

exists an isometry Wi ∈ R
MiN×MiN such that

πi(Xi) = W T
i (IMi

⊗Xi)Wi. (3.49)

Define

Ui,j := WiVi,j ∈ R
MiN×KN (3.50)

and notice that UT
i,jUi,j = IKN . Now from Equation (3.48) we have

(
h(X, Y ) 0 . . . 0

)
=

G1∑

i=1

Pi,Y (Xi) =

G1∑

i=1

UT
i,1(IMi

⊗Xi)Ui,2. (3.51)

••

Notice that not all maps of the form given by Equation 3.78 are NC full isome-

tries. As an example consider the map

(
X

Y

)
h7→
(
0 I

)(X 0

0 X

)(
I

0

)
= 0 (3.52)

where Y = Y T .

The next Lemma states that NC full isometries map isometries to isometries.

Lemma 3.4.5. Suppose that h(x, y) is an NC full isometry on SBG2

β . If X∗X = I,

then

h(X, Y )∗h(X, Y ) = I.

Proof. Suppose that Y ∈ SBG2

β (N)and that X ∈ (CN×N)G1 is such that X∗X = I.

Define {vj}Nj=1 ⊆ C
NG1 to be the set of vectors satisfying

X =
(
v1 · · · vN

)
. (3.53)

Notice that {vj}Nj=1 is an orthonormal set. Now define matrices M1, . . . ,MN ∈
(CN×N)K such that

M1 := h(
(
v1 0 · · · 0

)
, Y ),M2 := h(

(
0 v2 0 · · · 0

)
, Y ), etc. (3.54)
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Notice that

h(X, Y ) =
N∑

j=1

Mj (3.55)

since h is linear in X and that ‖Mj‖ = 1.

For N ≥ 2, define D
N−1 ⊆ C

N−1 by

D
N−1 := {(z1, . . . , zN−1) : |zj| ≤ 1, j = 1, . . . , N − 1}. (3.56)

Define the map

F : DN−1 → (CN×N)K (3.57)

by

F (z) :=
N−1∑

j=1

zjMj +MN = h(
(
z1v1 . . . zN−1vN−1 vN

)
, Y ). (3.58)

Notice that for z ∈ D
N−1

‖
(
z1v1 . . . zN−1vN−1 vN

)
‖ = 1 (3.59)

and so ‖F (z)‖ = 1 for all z ∈ D
N−1.

Since ‖MN‖ = 1 we may choose uN ∈ C
N such that

‖uN‖ = 1 and ‖MNuN‖ = ‖F (0)‖ = ‖MN‖ = 1.

Now note that

g(z) := F (z)uN (3.60)

obtains a maximum at 0 in the interior of DN−1 and is thus constant on D
N−1

[Sha92]. In particular note that MjuN = 0 for j 6= N.

Similarly define unit vectors u1, . . . , uN−1 such that Mjuk = 0 for j 6= k and

such that ‖Mjuj‖ = 1. We now show that {uj}Nj=1 is an orthogonal set. To see

that u∗
juk = 0 for j 6= k write uj = w1 + w2 for w1 ∈ nullspace(Mj) and w2 ∈

nullspace(Mj)
⊥. Then

‖uj‖2 = 1 = ‖w1‖2 + ‖w2‖2

and, in particular, ‖w2‖ ≤ 1. Also we have

‖Mjuj‖ = 1 = ‖Mjw2‖ ≤ ‖Mj‖ · ‖w2‖ = ‖w2‖. (3.61)
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Thus ‖w2‖ = 1 and so ‖w1‖ = 0. Thus uj = w2 ∈ nullspace(Mj)
⊥. Since for k 6= j,

Mjuk = 0 we have that uj ⊥ uk. Thus the matrix U defined by

U :=
(
u1 . . . uN

)
(3.62)

is unitary.

Now notice that

h(X, Y )U =
(
M1u1 . . . MNuN

)
. (3.63)

Suppose j 6= k. Then

h((0, . . . , uj, . . . , uk, . . . , 0), Y ) = Mj +Mk. (3.64)

So since ‖(0, . . . , uj, . . . , uk, . . . , 0)‖ = 1 then ‖Mj + Mk‖ = 1. Thus, to see that

Mjuj ⊥ Mkuk, notice that

1 = ‖(Mj +Mk)U‖ = ‖
(
Mjuj Mkuk

)
‖ (3.65)

since

Mjul = 0 = Mkul

when l 6= j and l 6= k. Now

(
Mjuj Mkuk

)∗ (
Mjuj Mkuk

)
=

(
1 (Mjuj)

∗Mkuk

(Mkuk)
∗Mjuj 1

)
. (3.66)

Thus

Eigs

(
1 (Mjuj)

∗Mkuk

(Mkuk)
∗Mjuj 1

)
= {1± |(Mjuj)

∗MkuK |2} (3.67)

and

1 = ‖(Mj +Mk)U‖ =
√

1 + |(Mjuj)∗Mkuk|2. (3.68)

Thus Mjuj ⊥ Mkuk for j 6= k and so

U∗h(X, Y )∗h(X, Y )U =
(
M1u1 . . . MNuN

)∗ (
M1u1 . . . MNuN

)
= I. (3.69)

To complete the proof we note that

(h(X, Y ))∗h(X, Y ) = U(U∗(h(X, Y ))∗h(X, Y )U)U∗ = UU∗ = I. (3.70)

••
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The following lemma will aid in proving the uniqueness of our later classifica-

tions.

Lemma 3.4.6. Suppose nonzero matrices A,U ∈ R
NK×NG1 and B, V ∈ R

N×N

satisfy

AXB = UXV (3.71)

for all X ∈ (RN×N)G1. Then

A = tU and B =
V

t

for some scalar t.

Proof. Consider vectors

v1 ∈ R
NK , v2 ∈ R

NG1 , v3, v4 ∈ R
N .

Take X = v2v
T
3 . Then

vT1 Av2v
T
3 Bv4 = vT1 Uv2v

T
3 V v4.

So
vT1 Av2
vT1 Uv2

=
vT3 V v4
vT3 Bv4

=: t.

••

3.4.2 NC Full Isometry Classification

The following lemma gives our main NC full isometry classification for the one

x variable case.

Lemma 3.4.7. Suppose that




x

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)



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Fix Y ∈ SBG2

δ (N). Then

h(X, Y ) = UT
l XUr

where Ur an isometry on R
N and where UT

l is an isometry from R
N to R

KN for all

X ∈ (RN×N)G1. This representation is unique up to multiplication by some scalar,

α. That is, if

h(X, Y ) = UT
l,1XU1

r = UT
l,2XU2

r ,

then

UT
l,1 = αUT

l,2 and αU1
r = U2

r .

Proof. Fix Y ∈ SBG2

δ (N). Then by Lemma 3.4.4

h(X, Y ) = ŨT
left(IM ⊗X)Ũright (3.72)

where Ũleft in R
MN×KN , Ũright ∈ R

MN×N and

ŨT
leftŨleft = IKN and ŨT

rightŨright = IN .

To this point we only used that h is a ”full contraction.” Now we use the 1-full

isometry property.

Define Rright := range Ũright and Rleft := range Ũleft. Given t = (t1, · · · , tM)

and tj ∈ R the subspace diagM(t,RN) is defined by

diagM(t,RN) := {




t1µ

t2µ
...

tMµ




: µ ∈ R
N}.

Lemma 3.4.8. Suppose that Rright and Ũright are as described above in the proof

of Lemma 3.4.7.

1. Rright has the form Rright = diagM(t,RN) for some

t = (t1, . . . , tM) ∈ R
M , tj ∈ R, with t normalized to make

∑M
j |tj|2 = 1.
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2. Ũright has the form

Ũright =




t1Ur

t2Ur

...

tMUr




(3.73)

with Ur an isometry in R
N×N and each tj ∈ R, with

∑
j |tj|2 = 1.

Proof. Pick ν ∈ Rright with ‖ν‖ = 1 and decompose it compatibly with IM ⊗X,

namely, ν =




ν1
...

νM


. Let ρ be the rank one partial isometry which takes a given

(arbitrary) vector η in R
N to a given (arbitrary) vector, µ, of the same length.

That is, ‖ρη‖ = ‖η‖ and ρη = µ. Observe that ‖(IM ⊗ ρ)ν‖ is less than ‖ν‖

unless ν = e(t, η) for some η in R
N , with e defined by e(t, η) =




t1η
...

tMη


 and

t = (t1, . . . , tM) where tj are some scalars such that

t21 + . . .+ t2M = 1.

This follows because ‖ρνj‖ < ‖νj‖ unless νj is collinear with η. This implies

that if we maximize ‖UT
left(IM ⊗ ρ)ν‖ over norm 1 vectors ν in Rright we get

‖ŨT
left(IM⊗ρ)Ũright‖ < 1 unless e(t, η) ∈ Rright. Since h(ρ, Y ) is a partial isometry,

1 = ‖h(ρ, Y )‖ = ‖ŨT
left(IM ⊗ ρ)Ũright‖,

we have proved: if η ∈ R
N , then there is vector t(η) 6= 0 in R

M for which

e(t(η), η) ∈ Rright. That is, Rright contains all scalar multiples of vectors of the

form

e(t(η), η) =




t1(η) η
...

tM(η) η


 , (3.74)

with some nonzero tj(η), for each η.

Define Rj to be the range of the component [Ũright]j of Ũright. The sentence

above implies that if η is in R
N , then it is in Rj for some j; thus RN is the union
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of the subspaces Rj, j = 1, · · · ,M . This can only happen if one of the spaces

is itself all of RN ; wlog we take R1 = R
N . Thus [Ũright]1 is invertible, denote its

inverse by B.

Given η ∈ R
N there exists w ∈ R

N such that η = [Ũright]1w and



t1(η) Bη

t2(η) Bη
...

tM(η) Bη




= (IM ⊗ B) e(t(η), η) =




w

B[Ũright]2w
...

B[Ũright]Mw




. (3.75)

Here t1(η) is not zero for any η 6= 0, since R1 = R
N . From which we get for each j

tj(η) Bη = t1(η) B[Ũright]j Bη

for all η. Equivalently,
tj(η)

t1(η)
η = [Ũright]j Bη.

Conspicuously, every vector is an eigenvector of the matrix [Ũright]j B. Thus

[Ũright]j B = tjIN , so [Ũright]j = tjB
−1 = tj[Ũright]1, where we emphasize that

t is independent of η. Rescaling the t and B simultaneously gives us the desired

representation (3.73). That Ur is unitary comes from Uright being unitary. ••

To finish the proof of Lemma 3.4.7, notice

h(X, Y ) = ŨT
left(IM ⊗X)




t1Ur

...

tMUr




= ŨT
left




t1XUr

...

tMXUr


 = ŨT

left




t1IN
...

tMIN


XUr.

(3.76)

So defining

UT
l := ŨT

left




t1IN
...

tMIN




gives the desired result.

The uniqueness of the representation follows directly from Lemma 3.4.6. ••
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The following theorem generalizes the previous lemma to the case of several

x-variables and is our main classification result of this section.

Theorem 3.4.9. Suppose that




x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)


 (3.77)

is an NC full isometry for Y ∈ SBG2

δ . Then for each Y ∈ SBG2

δ (N) there exist ma-

trices Ui,left ∈ R
N×NK and Ur ∈ R

N×N with the properties for each i = 1, . . . , G1:

1. UT
i,left is an isometry

2. Ui,left U
T
j,left = 0 if i 6= j

3. Ur U
T
r = UT

r Ur = IN

producing the representation

h(X, Y ) =

G1∑

i=1

UT
i,leftXiUr = UT

leftXUr (3.78)

for all X ∈ (RN×N)G1 and where

UT
left = [UT

1,left . . . UT
G1,left

]. (3.79)

This representation is unique in the following sense. If

h(X, Y ) = UT
left,1XU1

r = UT
left,2XU2

r , (3.80)

then there exists a scalar, α, such that

UT
left,1 = αUT

left,2 and αU1
r = U2

r .

Conversely, every such h is a full isometry.
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Proof. First we prove the converse. Consider

h(X, Y )Th(X, Y ) =

G1∑

i=1

(XiUr)
TUi,leftU

T
i,leftXiUr

since Uj,leftU
T
i,left = 0 when i 6= j. Since UT

i,left is an isometry on R
NMi is

h(X, Y )Th(X, Y ) = UT
r

[
G1∑

i=1

XT
i Xi

]
Ur (3.81)

From this we see that the inequality
G1∑
i=1

XT
i Xi ≤ IN (and its binding case) implies

the same for h(X, Y )Th(X, Y ). Thus

‖h(X, Y )‖ = ‖X‖.

This proves the converse direction.

To prove the forward direction, use Lemma 3.4.7 to obtain for h the represen-

tation for a fixed Y ∈ SBG2

δ (N) for N ≥ 2

h(X, Y ) =

G1∑

i=1

UT
i,leftXiU

i
r (3.82)

with UT
i,left and U i

r both isometries. (Note that the N = 1 case is trivial.)

Set Xi = siU
i
r
T
for each i, where si is a complex scalar. Then for any w in R

N .

h(X, Y )w =

G1∑

i=1

siU
T
i,leftw (3.83)

Thus if
G1∑
i=1

|si|2 = 1, we have

G1∑

i=1

X∗
i Xi =

G1∑

i=1

|si|2IN = IN .

So by Lemma 3.4.5

‖w‖2 = wTh(X, Y )∗h(X, Y )w =

G1∑

i,j=1

sisj w
TUi,leftU

T
j,leftw.
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Which, using that Ui,leftU
T
i,left = IN , says

‖w‖2 =
G1∑

i=1

|si|2‖w‖2 +
G1∑

i,j=1 and i 6=j

sisj w
TUi,leftU

T
j,leftw.

So we have
G1∑

i,j=1 and i 6=j

sisj w
TUi,leftU

T
j,leftw = 0.

Since this holds for all normalized s, we have proved wTUi,leftU
T
j,leftw = 0 for i 6= j,

that is, Ui,leftU
T
j,left = 0.

Next we analyze U i
r. Calculate

h(X, Y )Th(X, Y ) =

G1∑

i=1

(U i
r)

TXT
i XiU

i
r (3.84)

Suppose that X1 = P1 and X2 = P2 are projections such that X1 + X2 = I. Let

Xj = 0 for all other j. Define

Q1 = (U1
r )

TP1U
1
r and Q2 = (U2

r )
TP2U

2
r .

Then by Lemma 3.4.5

h(X, Y )Th(X, Y ) = Q1 +Q2 = I.

By definition, Q1 and Q2 are projections. Thus

Q1Q2 = Q1(I −Q1) = 0. (3.85)

Now the range of Q1 is orthogonal to the range of Q2 iff the range of P1 is

orthogonal to the range of U1
r (U

2
r )

TP2U
2
r (U

1
r )

T . Thus

I − P1 = P2 = U1
r (U

2
r )

TP2U
2
r (U

1
r )

T .

That is, for all projections P

P = U1
r (U

2
r )

TPU2
r (U

1
r )

T .

Suppose that A is a symmetric matrix. Then using the spectral decomposition of

A we have that

A = U1
r (U

2
r )

TAU2
r (U

1
r )

T .
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From this, we have that the isometric matrix U2
r (U

1
r )

T is a scalar multiple of the

identity. Thus U1
r = α2U

2
r for some α2 such that |α2| = 1.

Notice that the uniqueness here follows directly from Lemma 3.4.6.

••

3.4.3 Algebraic NC Full Isometries

In the previous section we classified maps h(·, Y ) on matrices for any substituted

value Y. Now we go from matrix structure to algebraic structure. The following

proposition gives a sufficient condition for an NC full isometry.

Proposition 3.4.10. Suppose that



x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)


 (3.86)

and that

h(x, y) = UT
left(y)xUright(y) (3.87)

where UT
left(y) is a K ×G1 matrix of series convergent on SBG2

δ such that

Uleft(Y )UT
left(Y ) = I

for all Y ∈ SBG2

δ (N) and Uright(y) is a series convergent on SBG2

δ such that

UT
right(Y )Uright(Y ) = I

for all Y ∈ SBG2

δ (N). Then h(x, y) is an NC full isometry.

Proof. It suffices to show that h(x, y) is an NC n-full isometry for each n. Suppose

Y ∈ SBG2

δ (N). Suppose

X =




X1,1 . . . X1,n

...
. . .

...

Xn,1 . . . Xn,n


 (3.88)
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where each Xi,j ∈ (RN×N)G1 . Then

hn(X, Y ) =




h(X1,1, Y ) . . . h(X1,n, Y )
...

. . .
...

h(Xn,1, Y ) . . . h(Xn,n, Y )




=




UT
left(Y )X1,1Uright(Y ) . . . UT

left(Y )X1,nUright(Y )
...

. . .
...

UT
left(Y )Xn,1Uright(Y ) . . . UT

left(Y )Xn,nUright(Y )




= (In ⊗ UT
left(Y ))X(In ⊗ Uright(Y )).

Thus

hT
n (X, Y )hn(X, Y ) = (In ⊗ Uright(Y ))TX

T
X(In ⊗ Uright(Y )).

Since

(In ⊗ Uright(Y ))T (In ⊗ Uright(Y )) = I

and

(In ⊗ Uright(Y )) ∈ R
nN×nN

we have that

‖hn(X, Y )‖ = ‖X‖.

••

We would like to say that the hypotheses of the previous result are necessary

and sufficient for NC full isometries. However, we unfortunately have to add a few

assumptions to prove the next result. It is still possible that the hypotheses of the

previous result are necessary and sufficient for NC full isometries.

Let us revisit a concrete example of an NC full isometry and show that it can be

written in the form of Equation 3.78 and in the form of Equation 3.87.. Consider




x1

x2

y




h7→




(sin y)x1

(cos y)x1

x2


 (3.89)
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where sin y and cos y are defined by their series expansions about 0 and where

yT = y. Suppose that Y ∈ SRN×N and X ∈ (RN×N)2. Notice that

h(X, Y ) =




sinY − cosY 0

cosY sinY 0

0 0 I


 (I3 ⊗X1)




I

0

0


+




0 0 I

0 I 0

I 0 0


 (I3 ⊗X2)




I

0

0




=




sinY − cosY 0

cosY sinY 0

0 0 I







X1 0 0

0 X1 0

0 0 X1







I

0

0




+




0 0 I

0 I 0

I 0 0







X2 0 0

0 X2 0

0 0 X2







I

0

0




=




sinY 0

cosY 0

0 I




(
X1

X2

)
.

Notice that this map h(x, y) has been written in the form of Equation 3.78 and in

the form of Equation 3.87.

Lemma 3.4.11. Suppose that

h(x, y) =
∑

w∈Wy

(
awi,j(y)

)K,G1

i,j=1
xyw (3.90)

is an NC full isometry. Here Wy is the set of all words in y and each awi,j(y) is a

convergent series on SBG2

β . Then

H(x, y) := Aφ(y) :=
(
aφi,j(y)

)K,G1

i,j=1
x

is an NC full isometry – here φ denotes the empty word.

Proof. Suppose

(X, Y ) ∈ (RN×N)G1 × SBG2

β (N)

and define

X̃j :=

(
0 0

Xj 0

)
and Ỹk :=

(
0 0

0 Yk

)
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for all 1 ≤ j ≤ G1 and 1 ≤ k ≤ G2. Notice that X̃jỸk = 0 for all j, k. So

h
(
X̃, Ỹ

)
=

(
0 0

H(X, Y ) 0

)
.

Now notice

‖X‖ =
∥∥∥X̃
∥∥∥

by construction, ∥∥∥X̃
∥∥∥ =

∥∥∥h
(
X̃, Ỹ

)∥∥∥

since h(x, y) is an NC full isometry in x, and

∥∥∥h(X̃, Ỹ )
∥∥∥ = ‖H(X, Y )‖.

Thus ‖H(X, Y )‖ = ‖X‖ and H(x, y) is an NC 1-full isometry in x.

Let n ∈ N. Suppose Y ∈ SBG2(N). Suppose

X =




X(1, 1) . . . X(1, n)
...

. . .
...

X(n, 1) . . . X(n, n)


 ∈ R

nNG1×nN .

Define

X̃ :=

((
X̃k(i, j)

)G1

k=1

)n,n

i,j=1

:=



(

0 0

Xk(i, j) 0

)G1

k=1




n,n

i,j=1

and

Ỹj :=

(
0 0

0 Yj

)
.

Then

hn

(
X̃, Ỹ

)
=
(
h
(
X̃(i, j), Ỹ

))n,n
i,j=1

=

((
0 0

H(X(i, j), Y ) 0

))n,n

i,j=1

.

Thus ∥∥∥hn

(
X̃, Ỹ

)∥∥∥ =
∥∥Hn

(
X, Y

)∥∥ .

Noting that ∥∥∥hn

(
X̃, Ỹ

)∥∥∥ =
∥∥∥X̃
∥∥∥ =

∥∥X
∥∥
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since hn(x, y) is an NC n-full isometry in x, we have that

∥∥Hn

(
X, Y

)∥∥ =
∥∥X
∥∥ .

Therefore H(x, y) is an NC full isometry in x.

Alternatively, we could prove the lemma by simply showing thatAT
φ (Y )Aφ(Y ) =

I for each Y ∈ SBG2

δ and therefore H(x, y) = Aφ(y)x is an NC full isometry in x.

••

To prove a more general result about the series structure of NC full isometries,

we will need a few definitions. Recall we consider h(x, y) which are power series

in x, y, and are full isometries, thus linear in x. We can express h as

h(x, y) =
J∑

i,j

aij(y)xib
i
j(y) (3.91)

where J = ∞. In the case where J < ∞ and the functions aij(y) and bij(y) are

given by NC rational functions, we say that h has an NC mixed finite rational

expansion.

Let H be an infinite dimensional Hilbert space. We will use L(H) to denote

bounded linear operators on H and SL(H) to denote self-adjoint bounded linear

operators. Define ML(H)G1,G2

δ to be the set of all tuples (X, Y ) such that Xi ∈
L(H) for 1 ≤ i ≤ G1, Yj ∈ SL(H) for 1 ≤ j ≤ G2 and

‖(X, Y )‖ < δ

where (X, Y ) is considered an operator from H to
G1+G2⊕
j=1

H and the norm is the

corresponding operator norm.

Now we will define a condition similar to the geometric mapping condition on

NC full isometries. Suppose that for G2-tuples of symmetric operators,Y , on H
with norm less than β, h(X, Y ) converges absolutely, is linear in x, and that

‖h(X, Y )‖ = ‖X‖

for all G1-tuples of bounded operators X. Then we will say h is a mixed H-space

isometry.
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It may be the case that assuming that h is an NC full isometry is equivalent

to h being a mixed H-space isometry. A similar condition has been shown for

the noncommutative Schur-Agler class [AKV06] and may be true for this class of

functions.

We will present a few lemmas before the main result of the section.

Lemma 3.4.12. Suppose that



x1

...

xG1

y1
...

yG2




7→ g(x, y) :=
∑

w

gw(x, y)
w (3.92)

for some gw ∈ R
K and that g(X, Y ) converges absolutely for (X, Y ) ∈ ML(H)G1,G2

δ .

Suppose that {(Xn, Y n)}n is a sequence in ML(H)G1,G2

δ converging in the strong

operator topology to (X0, Y 0) ∈ ML(H)G1,G2

δ . Then

g(Xn, Y n) → g(X0, Y 0)

in the strong operator topology. Also, if {(Xn, Y n)}n is a sequence in ML(H)G1,G2

δ

converging in the operator topology to (X0, Y 0) ∈ ML(H)G1,G2

δ , then

g(Xn, Y n) → g(X0, Y 0)

in the operator topology.

Proof. Since finite sums and products of strongly convergent sequences converge

in the strong operator topology, the result holds for polynomials. Let ε > 0. Now

suppose that v ∈ H. Then

‖
∑

w

(gw(X
n, Y n)w − gw(X

0, Y 0)w)v‖ ≤
∑

w

‖(gw(Xn, Y n)w − gw(X
0, Y 0)w)v‖.

(3.93)

There exists M such that

∑

|w|>M

‖(gw(Xn, Y n)w − gw(X
0, Y 0)w)v‖ <

ε

2
.
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Let CM be equal to the number of words less than or equal to length M . By SOT

continuity of polynomials, there is an N such that for all w

‖(gw(Xn, Y n)w − gw(X
0, Y 0)w)v‖ <

ε

2CM

for all n > N. Thus for n > N we have

‖
∑

w

(gw(X
n, Y n)w − gw(X

0, Y 0)w)v‖ < ε.

The proof of the result in the operator topology case uses the same estimates

as above. ••

To prove the main result of this section, we need a result about series which

commute with all other series. Namely, they are trivial.

Lemma 3.4.13. Suppose that

g(y) :=
∑

w∈Wy

gwy
w (3.94)

where y = (y1, . . . yG2
), G2 > 1, and yj = yTj . Suppose that for Yj ∈ SL(H) with

‖Y ‖ < α the series g(Y ) converges absolutely. If there exists some Y 0 and β > 0

such that Y 0
j ∈ SL(H), ‖Y 0‖ < α, and

Yjg(Y ) = g(Y )Yj

for all j and Y ∈ (SL(H))G2 such that ‖Y − Y 0‖ < β and ‖Y ‖ < α, then g is

constant.

Proof. Suppose that v is a nonempty word such that gv 6= 0. W.l.o.g. suppose that

v ends in 2. So v = (v′, 2) for some word v′. Since

y1g(y)− g(y)y1 = 0

on some dimension-free, open set, then by Lemma 2.3.1

∑

w

awy
w = y1g(y)− g(y)y1 = 0

and aw = 0 for all w. But notice that says

a(1,v) = a(1,v′,2) = gv = 0

and we reach a contradiction. ••
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Now follows the main result of this section on the algebraic form of NC full

isometries. Notice that the extra hypotheses that h is a mixed H-space isometry

and that it has an NC mixed finite rational expansion may be weakened.

Theorem 3.4.14. Suppose



x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)




is a mixed H-space isometry for Y ∈ (SL(H))G2 with ‖Y ‖ < β. Suppose that

h(x, y) has an NC mixed finite rational expansion. Then

h(x, y) = a(y)xb(y)

where b(y)b(y)∗ = I = b(y)∗b(y) and a(y)a(y)∗ = I. Here b(y) is a series in y while

a(y) is a K ×G1 matrix of series in y.

Proof. We will prove the result in two cases based on the number of variables:

either G1 = 1 or G1 > 1.

Case 1. Suppose x = x1. In our notation h is

h(x, y) =
J∑

j

aj(y)xbj(y) (3.95)

Suppose J is the smallest possible number of terms over all representations

of the form (3.95) for h and the functions making up aj(y) and bj(y) are

rational.

Lemma 3.4.15. Let Y be a G2-tuple of symmetric operators on H. Then

h(X, Y ) = Ul(Y )XUr(Y )

for some isometric operator on H, Ur(Y ), and some isometry Ul(Y ) mapping

H to HK .
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Proof. Suppose that Y (n) are symmetric finite rank operators converging to

Y in the SOT. Then by Lemma 3.4.12, h(X, Y (n)) converge to h(X, Y ) in

the SOT for each X. By Theorem 3.4.9, there exist Ul(Y
(n)) and Ur(Y

(n))

such that h(X, Y (n)) = Ul(Y
(n))XUr(Y

(n)). Let u ∈ H such that ‖u‖ = 1.

Notice it is not possible that

lim
n→∞

< u,Ur(Y
(n))v >= 0

for all v. Suppose that for all v we have

lim
n→∞

< u,Ur(Y
(n))v >= 0.

Then for w ∈ H such that ‖wu∗‖ = 1,

h(wu∗, Y )v = lim
n→∞

Ul(Y
(n))wu∗Ur(Y

(n))v = 0

for all v and thus ‖h(wuT , Y )‖ = 0, a contradiction.

Choose v ∈ H such that

lim
n→∞

< u,Ur(Y
(n))v > 6= 0.

We will now restrict our attention to a subsequence for which< u,Ur(Y
(n))v >

converges to a number other than 0. That is,

lim
k→∞

< u,Ur(Y
(nk))v >= c.

Suppose that for w ∈ H we define

L(w) :=
1

c
h(wuT , Y )v =

1

c
lim
k→∞

Ul(Y
(nk))wuTUr(Y

(nk))v.

Then

L(w) = Ul(Y )w

since

lim
k→∞

Ul(Y
(nk))w

uTUr(Y
(nk))v

c
= lim

k→∞
Ul(Y

(nk))w = Ul(Y )w.

Notice that since each Ul(Y
(nk)) is unitary, the limit, Ul(Y ), is also unitary.
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By taking a subsequence of this subsequence and reworking the above argu-

ment for hT , we see that there is a unitary Ur(Y ) such that

lim
j→∞

Ur(Y
(nkj

)) = Ur(Y ).

In particular, we see that

lim
j→∞

h(X, Y (nkj
)) = Ul(Y )XUr(Y ) = h(X, Y ).

••

Fix Y ∈ (SL(H))G2 . Start by using Lemma 3.4.15 to obtain

[
∑

i

ai(Y )Xbi(Y )][
∑

j

bj(Y )∗X∗aj(Y )∗]

= h(X, Y )h(X, Y )∗ = Ul(Y )XX∗Ul(Y )∗
(3.96)

where Ul(Y ) is an isometry (whose dependence on Y may not be algebraic).

We now require a few more lemmas.

Lemma 3.4.16. For all vectors w ∈ HK

Ul(Y )∗w ∈ span{aj(Y )∗w}Jj=1.

Proof. Suppose not for some w ∈ HK . Notice that Ul(Y )∗w 6= 0. Suppose

that

span{aj(Y )∗w}Jj=1 6= {0}.

Then for any vectors µ1, µ2 ∈ H, there exists an operator X∗ such that

µ1 = X∗Ul(Y )∗w and µ2 = X∗aj(Y )∗w

for each j where aj(Y )∗w 6= 0. Now by Equation (3.96) we see that

<

J∑

j=1

bj(Y )∗µ2,

J∑

j=1

bj(Y )∗µ2 >= ‖µ1‖2.

We have reached a contradiction since this equation must hold for all vectors

µ1, µ2 ∈ H. Suppose that

span{aj(Y )w}Jj=1 = {0}.
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Then for any vector µ ∈ H, there exists an operator X such that

µ = X∗Ul(Y )∗w.

Now by Equation (3.96) we see that

0 = ‖µ‖2.

This is a contradiction. ••

So for each w ∈ HK there exist scalars λj(Y,w) making

Ul(Y )∗w =
J∑

j=1

λj(Y, w)aj(Y )∗w. (3.97)

Next define the set

N := {Y ∈ (SL(H))G2 : ∃w ∈ HK s.t. {aj(Y )∗w}Jj=1 are linearly independent}.
(3.98)

Case a. Suppose N is not empty and that the vectors a1(Y )∗w, . . . , aJ(Y )∗w

are linearly independent. Then for any set of vectors µj, j = 1, · · · , J in H
we can find an operator X∗ which makes

µ1 = X∗a1(Y )∗w, · · · , µJ = X∗aJ(Y )∗w.

We now use Equation (3.96 ) to say

0 = w∗Ul(Y )XX∗Ul(Y )∗w −
J∑

i,j=1

w∗ai(Y )Xbi(Y )bj(Y )∗X ∗ aj(Y )∗

Now using Equation (3.97), we have

0 =
J∑

i,j=1

w∗ai(Y )X
[
λi(Y,w)λj(Y,w)I − bi(Y )bj(Y )∗

]
X∗aj(Y )∗w.

So
J∑

i,j=1

µ∗
i [λi(Y, w)λj(Y, w)I − bi(Y )bj(Y )∗]µj = 0.

This implies for all 1 ≤ i, j ≤ J

λi(Y,w)λj(Y, w)I − bi(Y )bj(Y )∗ = 0. (3.99)
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Lemma 3.4.17. The set N is open.

Proof. Suppose that Y ∈ N. W.L.O.G. take |w| = 1. Suppose that a > 0 is

such that

min
|λ|=1

‖
J∑

j=1

λjaj(Y )∗w‖ = a.

Since the a∗j are continuous there exists α > 0 such that

‖aj(Y )∗ − aj(Ỹ )∗‖ <
a

2
whenever ‖Y − Ỹ ‖ < α

for all j = 1, . . . , J. Now let Ỹ ∈ (SL(H))G2 such that ‖Y − Ỹ ‖ < α and

‖Y ‖ < δ. Let λ ∈ R
J such that |λ| = 1. Then

‖
J∑

j=1

λjaj(Ỹ )∗w‖ ≥ ‖
J∑

j=1

λjaj(Y )∗w‖ ≥ a (3.100)

or

‖
J∑

j=1

λjaj(Ỹ )∗w‖ < ‖
J∑

j=1

λjaj(Y )∗w‖. (3.101)

Suppose that

‖
J∑

j=1

λjaj(Ỹ )∗w‖ < ‖
J∑

j=1

λjaj(Y )∗w‖. (3.102)

Then

‖
J∑

j=1

λjaj(Y )∗w‖−‖
J∑

j=1

λjaj(Ỹ )∗w‖ ≤ ‖
J∑

j=1

λj[aj(Y )∗−aj(Ỹ )∗]w‖ (3.103)

and

‖
J∑

j=1

λjaj(Y )∗w‖ −
J∑

j=1

|λj| ‖[aj(Y )∗ − aj(Ỹ )∗]‖ |w| ≤ ‖
J∑

j=1

λjaj(Ỹ )∗w‖.

(3.104)

Notice

0 < a− a

2
≤ ‖

J∑

j=1

λjaj(Y )∗w‖ −
J∑

j=1

|λj| ‖[aj(Y )∗ − aj(Ỹ )∗]‖ |w|. (3.105)

Thus for all λ ∈ R
J with |λ| = 1 we have that

0 < ‖
J∑

j=1

λjaj(Ỹ )∗w‖. (3.106)

Thus NN is open. ••
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Thus the equation

λi(Y,w)λj(Y,w)I = bi(Y )bj(Y )∗

implies the function given by bi(y)bj(y)
∗ commutes with all series f(Y ) for all

G2-tuples of symmetric operators with norm less than β. Thus the function

given by bi(y)bj(y)
∗ is constant by Lemma 3.4.13. We now have

cbj(y) = bi(y)

for some constant c and rescaling gives the desired result.

Case b. Suppose that NN is empty. Then for Y ∈ SBG2

β (N) every w makes

a1(Y )∗w, · · · , aJ(Y )∗w linearly dependent. Then from [HMV06], we see that

a1(y), . . . , aJ(y) are linearly dependent. This contradicts the minimality of

J.

This finishes the proof of Theorem 3.4.14 for the one variable case.

Case 2. Suppose that x = (x1, . . . , xG1
) for G1 > 1. Start by applying the one variable

case of this result to each h(xj, y) to obtain

h(x, y) =
J∑

i

ai(y)xib
i(y) (3.107)

with ai(Y )ai(Y )∗ = I and bi(Y )∗bi(Y ) = I for each tuple Y ∈ (SL(H))G2 .

We need to show that

ai(Y )aj(Y )∗ = 0 for i 6= j and bi(Y ) = tib
1(Y )

where ti are scalars.

Fix Y ∈ (SL(H))G2 . Set Xi = sib
i(Y )

∗
for each i, where si is a complex

scalar. Then for any w in H

h(X, Y )w =

G1∑

i=1

sia
i(Y )w (3.108)

Thus if
G1∑
i=1

|si|2 = 1, we have

G1∑

i=1

X∗
i Xi =

G1∑

i=1

|si|2IN = IN .
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Using Lemma 3.4.5, we can see that h(X, Y ) is an isometry. Thus

‖w‖2 = < h(X, Y )w, h(X, Y )w > =

G1∑

i,j=1

< sia
i(Y )w, sja

j(Y )w > .

Which, using that ai(Y )ai(Y )∗ = I, says

‖w‖2 =
G1∑

i=1

s2i ‖w‖2 +
G1∑

i,j=1 and i 6=j

< sia
i(Y )w, sja

j(Y )w > .

We now have
G1∑

i,j=1

< sia
i(Y )w, sja

j(Y )w >= 0.

Since this holds for all normalized s, we have proved < ai(Y )w, aj(Y )w >= 0

for i 6= j, that is, ai(Y )aj(Y )∗ = 0.

Next we analyze bi(Y ). Calculate

h(X, Y )∗h(X, Y ) =

G1∑

i=1

bi(Y )∗X∗
i Xib

i(Y ) (3.109)

Suppose that X1 = P1 and X2 = P2 are projections such that P1 + P2 = I.

Let Xj = 0 for all other j. Define

Q1 = b1(Y )∗P1b
1(Y ) and Q2 = b2(Y )∗P2b

2(Y ).

Then by Lemma 3.4.5

h(X, Y )∗h(X, Y ) = Q1 +Q2 = I.

By definition, Q1 and Q2 are projections. Thus

Q1Q2 = Q1(I −Q1) = 0. (3.110)

Now the range of Q1 is orthogonal to the range of Q2 iff the range of P1 is

orthogonal to the range of b1(Y )b2(Y )∗P2b
2(Y )b1(Y )∗. Thus

I − P1 = P2 = b1(Y )b2(Y )∗P2b
2(Y )b1(Y )∗.
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That is, for all projections P

P = b1(Y )b2(Y )∗Pb2(Y )b1(Y )∗.

Suppose that A is a symmetric operator on H. Then using the spectral

decomposition of A we have that

A = b1(Y )b2(Y )∗A b2(Y )b1(Y )∗.

From this, we have that the isometric operator b2(Y )b1(Y )∗ is a scalar mul-

tiple of the identity. Thus α2b
2(Y ) = b1(Y ) for some α2 such that |α2| = 1.

••

3.5 Analytically Composing Functions

At this point we will need to make a few assumptions which guarantee that

certain compositions of NC analytic functions are again NC analytic. We will

call this condition analytically composing and will refer to the analytically

composing condition by number. Please refer to the list below for details on the

assumptions. Here the map f refers to the linear fractional map defined in Equation

(3.23.)

1. An NC analytic function h(x, y) is analytically composing - 1 if the map

(x, y) 7→ f(h(x, y), h(0, y))

is NC analytic whenever h is an NC mixed analytic map from the (1,1) matrix

bi-disc to the unit ball BK
1 .

2. An NC analytic function h(x, y) is analytically composing - 2 if the map

(x, y) 7→ f(h(x(1− yTy)−1/2, y), g(y))

is NC analytic for every NC analytic g mapping SBG2

1 to BK
1 and whenever

h maps the (1, 1) matrix bi-disc to the unit ball BK
1 .
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3. An NC analytic function p(x, y) is analytically composing - 3 if the map

(x, y) 7→ f(p(x(1− yTy)1/2, y), p(0, y))

is NC analytic when p is a unit mixed NC ball map.

4. An NC analytic function p(x) is analytically composing - 4 if the map

x 7→ p
(
af
(x
a
, c
))

is NC analytic when p is an NC analytic map defined on BG1

a for some a > 0

and any constant c.

It is likely that as the subject progresses the assumptions will be removed or

bypassed because of more sophisticated definitions.

3.6 NC Bi-disc Map Classification

In order to classify NC mixed ball maps we need to first understand the fol-

lowing class of maps called NC bi-disc maps. These maps take the matrix bi-disc

to the ball and have a condition on mapping part of the boundary of the matrix

bi-disc to the boundary of the ball. Noting this mapping condition, it may be more

appropriate to name this class of maps “NC bi-disc to ball maps” but we will use

the shorter name “NC bi-disc maps.”

It will be shown later that we may view NC mixed ball maps as NC bi-disc

maps due to a change of variables. We classify the NC bi-disc maps in terms of

NC full isometries.

Suppose that 


x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)


 (3.111)
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is an NC analytic map on BG1

1 �SBG2

β . We say that h(x, y) is an NC bi-disc map

when h(x, y) has the following properties:

1. For all N and Y ∈ SBG2

β (N) the map

x 7→ h(x, Y )

maps BG1

1 (N) into BK
1 (N).

2. For all N and Y ∈ SBG2

β (N) the map

x 7→ h(x, Y )

has the property that if X ∈ ∂BG1

1 (N), then

lim
δ↑1

h(δX, Y ) exists and is in ∂BK
1 (N).

If h(x, y) is an NC bi-disc map and h(0, y) = 0, then we say that h(x, y) is a

normalized NC bi-disc map.

As an example of such a normalized NC bi-disc map, consider

(
x

y

)
p7→
(
sin(y)x

cos(y)x

)

where y = yT . Notice that

‖p(X, Y )‖ = ‖X‖

for all pairs (X, Y ) in the (1, 1) matrix bi-disc. Another example is the class of

NC ball maps sending 0 to 0.

For an NC bi-disc map




x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)


 (3.112)
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and each n ≥ 0, define K-vectors whose entries are series homogeneous of degree

n in x, hn(x, y) such that

h(x, y) =:
∞∑

n=0

hn(x, y). (3.113)

Theorem 3.6.1. 1. Suppose that



x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)


 (3.114)

is an NC bi-disc map defined on the (1, β) matrix bi-disc. Suppose that h(x, y)

is analytically composing - 1. Define the map

H(x, y) = f(h(x, y), h(0, y)) (3.115)

where f is defined in Equation (3.23). Then H(x, y) is a normalized NC

bi-disc map.

2. Suppose h(x, y) is a normalized NC bi-disc map defined on the (1, β) matrix

bi-disc. Then

(a) h(x, y) is homogeneous degree 1 in x, that is h(x, y) = h1(x, y)

(b) h(x, y) is an NC full isometry.

In particular, normalized NC bi-disc maps are NC full isometries.

We will prove this theorem in Section 3.6.3

3.6.1 Definition of NC Complex Bi-disc Maps

We will now give an equivalent definition of NC bi-disc maps. Suppose that

the map

(x1, . . . , xG1
, y1, . . . , yG2

)
h7→ (h1, . . . , hK)
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is NC analytic. We will call such a map h an NC C-bi-disc map if the following

properties hold for some β > 0:

1. For all N and Y ∈ SBG2

β (N) the map

x 7→ h(x, Y )

maps CBG1

1 (N) into CBK
1 (N).

2. For all N and Y ∈ SBG2

β (N) the map

x 7→ h(x, Y )

has the property that if X ∈ ∂CBG1

1 (N), then

lim
δ↑1

h(δX, Y ) exists and is in ∂CBK
1 .

Lemma 3.6.2. NC bi-disc maps are NC C-bi-disc maps and vice versa.

Proof. Clearly if h is an NC C-bi-disc map, then h is an NC bi-disc map. Now

suppose, in order to reach a contradiction, that h is an NC bi-disc map and not

an NC C-bi-disc map. Define K-vectors of homogeneous degree n polynomials

hn(x, y) so that

h(x, y) =
∞∑

n=0

hn(x, y).

Recall that for any N there is an isomorphism

π : CN×N →
{(( ak,j bk,j

−bk,j ak,j

))N,N

k=1,j=1

: ak,j , bk,j ∈ R

}
⊂ R

2N×2N .

So if H ∈ C
N×N is Hermitian, then H = UΛU∗ where U is unitary and

Λ =diag{λ1, . . . , λN}. Thus π(H) = π(U)π(Λ)πT (U) and eigs(H) =eigs(π(H)).

Case 1. Suppose that there exists some Z ∈ (CN×N)G1 and W ∈ (SRN×N)G2 such

that ‖Z‖ < 1, ‖W‖ < 1 and ‖h(Z,W )‖ ≥ 1. Define

X := (π(Z1), . . . , π(ZG1
)) and Y := (π(W1), . . . , π(WG2

))
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Then notice

XTX = π(Z∗Z) and Y TY = π(W ∗W ).

Thus

‖X‖ = ‖Z‖ and ‖Y ‖ = ‖W‖.

Now we would like to show that ‖h(X, Y )‖ = ‖h(Z,W )‖. Let ε > 0. Choose

M so that if we define

g(x, y) :=




g1(x, y)
...

gK(x, y)


 :=

M∑

j=0

hj(x, y),

then | ‖h(X, Y )‖ − ‖g(X, Y )‖ | < ε/2 and | ‖h(Z,W )‖ − ‖g(Z,W )‖ | < ε/2.

Notice that gi(X, Y ) = π(gi(Z,W )) for all i. So

K∑

i=1

gTi (X, Y )gi(X, Y ) = π

(
K∑

i=1

g∗i (Z,W )gi(Z,W )

)
.

Thus we have that

‖g(X, Y )‖ = ‖g(Z,W )‖ and | ‖h(X, Y )‖ − ‖h(Z,W )‖ | < ε.

Thus ‖h(X, Y )‖ = ‖h(Z,W )‖ ≥ 1. We now have a contradiction with the

assumption that h is an NC bi-disc map.

Case 2. Suppose that there exists some Z ∈ (CN×N)G1 and W ∈ (SRN×N)G2 such

that ‖W‖ < 1, ‖Z‖ = 1 and lim
δ↑1

‖h(δZ,W )‖ 6= 1. Suppose that δ < 1 and

define X := (π(Z1), . . . , π(ZG1
)) and Y = (π(W1), . . . , π(WG2

)). Then just

as in Case 1 we have that ‖X‖ = ‖Z‖ = 1, ‖Y ‖ = ‖W‖ and ‖h(δX, Y )‖ =

‖h(δZ,W )‖ for all δ < 1. Thus lim
δ↑1

‖h(δX, Y )‖ 6= 1 and we reach a contra-

diction with the assumption that h is a bi-disc map.

••
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3.6.2 Lemmas for Proving Theorem 3.6.1

We will need a few lemmas to prove Theorem 3.6.1.

Lemma 3.6.3. Suppose (X, Y ) ∈ BG1

1 �SBG2

β and X 6= 0. Define the pair (X, Y )

by

Xj :=

(
0

Xj

‖X‖

0 0

)
(3.116)

and

Y j :=

(
Yj 0

0 Yj

)
. (3.117)

Suppose that w is a word in (x, y) with degree in x greater than or equal to 2. Then

(X, Y )w = 0.

Proof. Suppose that w is a word in (x, y) with degree in x greater than or equal

to 2. Write w = w1w2 where w1 is degree 2 in x. Then

w1 = α1xjα2xkα3

for some αl words in y and some j, k. So then

(X, Y )w1 = Y
α1

XjY
α2

XkY
α3

(3.118)

=

(
Y α1 0

0 Y α1

)(
0

Xj

‖X‖

0 0

)(
Y α2 0

0 Y α2

)(
0 Xk

‖X‖

0 0

)(
Y α3 0

0 Y α3

)
= 0. (3.119)

Thus

(X, Y )w = (X, Y )w1(X, Y )w2 = 0. (3.120)

••

Lemma 3.6.4. Suppose that h(x, y) is a normalized NC bi-disc map on BG1

1 �

SBG2

β .Then

‖h1(X, Y )‖ = ‖X‖ (3.121)

for all (X, Y ) ∈ BG1

1 � SBG2

β . In particular, h1(x, y) is a normalized NC bi-disc

map on BG1

1 � SBG2

β .
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Proof. Suppose (X, Y ) ∈ BG1

1 � SBG2

β and X 6= 0. Now define the pair (X, Y ) by

Xj :=

(
0

Xj

‖X‖

0 0

)
(3.122)

and

Y j :=

(
Yj 0

0 Yj

)
. (3.123)

Notice that

‖X‖ = 1 and ‖Y ‖ = ‖Y ‖

and so ‖lim
δ↑1

h(δX, Y )‖ = 1. Also note that

hn(δX, Y ) = 0 (3.124)

for n ≥ 2 by Lemma 3.6.3. Thus

lim
δ↑1

h(δX, Y ) =




(
0

h1
1
(X,Y )

‖X‖

0 0

)

...(
0

h1
K(X,Y )

‖X‖

0 0

)




. (3.125)

Thus

‖h1(X, Y )‖ = ‖X‖.

••

Lemma 3.6.5. Suppose that h(x, y) is a normalized NC bi-disc map defined on

CBG1

1 � SBG2

β , N ∈ N, and that Y ∈ SBG2

β (N). If X∗X = I, then

h1(X, Y )∗h1(X, Y ) = I.

Proof. Suppose that Y ∈ SBG2

β (N)and that X ∈ (CN×N)G1 is such that X∗X = I.

Define {vj}Nj=1 ⊆ C
NG1 to be the set of vectors satisfying

X =
(
v1 · · · vN

)
. (3.126)
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Notice that {vj}Nj=1 is an orthonormal set. Now define matrices M1, . . . ,MN ∈
(CN×N)K such that

M1 := h1(
(
v1 0 · · · 0

)
, Y ),M2 := h1(

(
0 v2 0 · · · 0

)
, Y ), etc. (3.127)

Notice that

h1(X, Y ) =
N∑

j=1

Mj (3.128)

since h1 is linear in X and that ‖Mj‖ = 1 by Lemma 3.6.4.

For N ≥ 2, define D
N−1 ⊆ C

N−1 by

D
N−1 := {(z1, . . . , zN−1) : |zj| ≤ 1, j = 1, . . . , N − 1}. (3.129)

Define the map

F : DN−1 → (CN×N)K (3.130)

by

F (z) :=
N−1∑

j=1

zjMj +MN = h1(
(
z1v1 . . . zN−1vN−1 vN

)
, Y ). (3.131)

Notice that for z ∈ D
N−1

‖
(
z1v1 . . . zN−1vN−1 vN

)
‖ = 1 (3.132)

and so ‖F (z)‖ = 1 for all z ∈ D
N−1 by Lemma 3.6.4. Since ‖MN‖ = 1 we may

choose uN ∈ C
N such that

‖uN‖ = 1 and ‖MNuN‖ = ‖F (0)‖ = ‖MN‖ = 1.

Now note that

g(z) := F (z)uN (3.133)

obtains a maximum at 0 in the interior of DN−1 and is thus constant on D
N−1

[Sha92]. In particular note that MjuN = 0 for j 6= N.

Similarly define unit vectors u1, . . . , uN−1 such that Mjuk = 0 for j 6= k and

such that ‖Mjuj‖ = 1. We now show that {uj}Nj=1 is an orthogonal set. To see
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that u∗
juk = 0 for j 6= k write uj = w1 + w2 for w1 ∈ nullspace(Mj) and w2 ∈

nullspace(Mj)
⊥. Then

‖uj‖2 = 1 = ‖w1‖2 + ‖w2‖2

and, in particular, ‖w2‖ ≤ 1. Also we have

‖Mjuj‖ = 1 = ‖Mjw2‖ ≤ ‖Mj‖ · ‖w2‖ = ‖w2‖. (3.134)

Thus ‖w2‖ = 1 and so ‖w1‖ = 0. Thus uj = w2 ∈ nullspace(Mj)
⊥. Since for k 6= j,

Mjuk = 0 we have that uj ⊥ uk. Thus the matrix U defined by

U :=
(
u1 . . . uN

)
(3.135)

is unitary.

Now notice that

h1(X, Y )U =
(
M1u1 . . . MNuN

)
. (3.136)

Suppose j 6= k. Then

h1((0, . . . , uj, . . . , uk, . . . , 0), Y ) = Mj +Mk. (3.137)

So since ‖(0, . . . , uj, . . . , uk, . . . , 0)‖ = 1 then ‖Mj + Mk‖ = 1. Thus, to see that

Mjuj ⊥ Mkuk, notice that

1 = ‖(Mj +Mk)U‖ = ‖
(
Mjuj Mkuk

)
‖ (3.138)

since

Mjul = 0 = Mkul

when l 6= j and l 6= k. Now

(
Mjuj Mkuk

)∗ (
Mjuj Mkuk

)
=

(
1 (Mjuj)

∗Mkuk

(Mkuk)
∗Mjuj 1

)
. (3.139)

Thus

Eigs

(
1 (Mjuj)

∗Mkuk

(Mkuk)
∗Mjuj 1

)
= {1± |(Mjuj)

∗MkuK |2} (3.140)
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and

1 = ‖(Mj +Mk)U‖ =
√

1 + |(Mjuj)∗Mkuk|2. (3.141)

Thus Mjuj ⊥ Mkuk for j 6= k and so

U∗h1(X, Y )∗h1(X, Y )U =
(
M1u1 . . . MNuN

)∗ (
M1u1 . . . MNuN

)
= I.

(3.142)

To complete the proof we note that

h1(X, Y )∗h1(X, Y ) = U(U∗h1(X, Y )∗h1(X, Y )U)U∗ = UU∗ = I. (3.143)

••

3.6.3 Proof of NC Bi-disc Map Classification: Theorem

3.6.1

The proof of this result uses a technique found in [Phi68].

The analyticity of H follows from the assumption that h is analytically com-

posing - 1. From the third part of Lemma 3.3.1, we see that H(0, y) = 0.

Now we fix N ∈ N and Y ∈ SBG2

β (N) and consider the map

X 7→ H(X, Y ) (3.144)

for X ∈ BG1

1 (N). By Lemma 3.3.1, we see that if ‖X‖ < 1, then ‖H(X, Y )‖ < 1.

Similarly by Lemma 3.3.1, if ‖X‖ = 1, then lim
δ↑1

‖H(δX, Y )‖ = 1. Thus H is a

normalized NC bi-disc map.

Suppose that 


x1

...

xG1

y1
...

yG2




h7→




h1(x, y)
...

hK(x, y)


 (3.145)

is a normalized NC bi-disc map.
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1. We will show that h is homogeneous degree one in x. Fix N ≥ 1. Let

X ∈ (RN×N)G1 and Y ∈ SBG2

β (N) so that ‖X‖ = 1. Then for all 0 < δ < 1

and 0 ≤ θ ≤ 2π we have

0 ≤ I − h∗(δeiθX, Y )h(δeiθX, Y ).

Here we are using Lemma 3.6.2; the equivalence of NC bi-disc maps and NC

C-bi-disc maps. So for each 0 < δ < 1,

0 ≤
∫ 2π

0

(I − h∗(δeiθX, Y )h(δeiθX, Y ))dθ

= I − δ2h1(X, Y )Th1(X, Y )−
∞∑

n=2

hn(δX, Y )Thn(δX, Y ).

Case 1. Suppose that XTX = I. Then we have that

0 ≤ lim
δ↑1

(I − δ2h1(X, Y )Th1(X, Y )−
∞∑

n=2

hn(δX, Y )Thn(δX, Y )).

By Lemma 3.4.5

h1(X, Y )Th1(X, Y ) = I (3.146)

and so

0 ≤ −lim
δ↑1

∞∑

n=2

hn(δX, Y )Thn(δX, Y ).

So lim
δ↑1

hn(δX, Y ) = 0 for all n > 1 when X is an isometry.

Case 2. Suppose that XTX 6= I. Write X in polar form so that X = ZJ where

Z∗Z = I and J ≥ 0. Then by the Spectral Theorem we may write for

some M that

J = c1E1 + . . .+ cMEM

where Ei is a projection for all i,
M∑
i=1

Ei = I, the numbers ci are the

eigenvalues of J (and thus the ci are the eigenvalues of X), and ElEi = 0

for all i 6= l. So defining Wi := ZEi for 1 ≤ i ≤ M we have X =
M∑
i=1

ciWi

where
∑
i

W ∗
i Wi = I. Define φn : CM → C

NK×N by

φn(z1, . . . , zM) = lim
δ↑1

hn(
M∑

i=1

δziWi, Y ) for each n ≥ 2.
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Notice that φn is analytic in the poly-disk,

D = {z ∈ C
M : |zi| ≤ 1, ∀i}.

Suppose that z ∈ ∂D and |zj| = 1 for all j, then

(
M∑

i=1

ziWi)
∗

M∑

i=1

ziWi = I.

As in Case 1, we have that

0 ≤ −lim
δ↑1

∞∑

n=2

hn

(
M∑

i=1

δziWi, Y

)∗

hn

(
M∑

i=1

δziWi, Y

)
= −

∞∑

n=2

φ∗
n(z)φα(z).

Thus φn(z) ≡ 0 on the skeleton of D for all n > 1. So φn ≡ 0 in D

[Sha92]. Since c = (c1, . . . , cM) ∈ D we have that 0 = φn(c) = hn(X, Y )

for all n > 1.

By the two cases above we have that hn(x, y) = 0 for all n > 1.

2. We will now show that h is an NC full isometry. Suppose n,N ∈ N and

Y ∈ SBG2

β (N). Then for all X ∈ (CN×N)G1 the series h(X, Y ) is absolutely

convergent. Now write

h(X, Y ) =
∞∑

k=1

Ak(Y )Xbk(Y ) (3.147)

for some block K ×G1 matrices Ak(Y ) whose entries are absolutely conver-

gent series in Y and for some absolutely convergent series in Y , bk(Y ). Now

suppose that

X =




X(1, 1) . . . X(1, n)
...

. . .
...

X(n, 1) . . . X(n, n)


 ∈ C

nNG1×nN . (3.148)

Define

Y =




In ⊗ Y1

...

In ⊗ YG2


 (3.149)
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and notice that for all k

Ak(Y ) = In ⊗ Ak(Y ) and bk(Y ) = In ⊗ bk(Y ) (3.150)

Then

hn(X, Y ) =




h(X(1, 1), Y ) . . . h(X(1, n), Y )
...

. . .
...

h(X(n, 1), Y ) . . . h(X(n, n), Y )




=




∞∑
k=1

Ak(Y )X(1, 1)bk(Y ) . . .
∞∑
k=1

Ak(Y )X(1, n)bk(Y )

...
. . .

...
∞∑
k=1

Ak(Y )X(n, 1)bk(Y ) . . .
∞∑
k=1

Ak(Y )X(n, n)bk(Y )




=
∞∑

k=1

(In ⊗ Ak(Y ))X(In ⊗ bk(Y ))

=
∞∑

k=1

Ak(Y )Xbk(Y ) = h(X, Y ).

(3.151)

Since h is a normalized NC bi-disc map and ‖Y ‖ < 1, by Lemma 3.6.4 and

using part (a) we have that

‖hn(X, Y )‖ = ‖h(X, Y )‖ = ‖X‖. (3.152)

Thus h is an NC full isometry.

3.7 NC Ball Map Classification

In this section we will classify NC ball maps. The key to this classification is

to view NC ball maps as NC bi-disc maps and to use the classification in Theorem

3.6.1.

Corollary 3.7.1. The map




x1

...

xG




p7→




p1(x)
...

pK(x)



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is an NC ball map from the β-ball to the α-ball mapping 0 to 0 if and only if there

exists some matrix A ∈ R
K×G such that ATA = I and

p(x) =
α

β
Ax.

Proof. Define the map 


x1

...

xG

y




h7→ p(βx)

α
(3.153)

for y = yT . Notice h(x, y) is a normalized NC bi-disc map. Thus by Theorem 3.6.1,

the map h(x, y) is an NC full isometry. So h(x, y) = Ax for some A ∈ R
K×G with

ATA = I. So
p(βx)

α
= Ax

and thus

p(x) =
α

β
Ax

••

3.8 NC Mixed Ball Map Classification

In this section we classify NC mixed ball maps. The classification is in terms

of NC bi-disc maps and uses the linear fractional map discussed in Section 3.3

Theorem 3.8.1. Suppose the map

(x1, . . . , xG1
, y1, . . . , yG2

)
p7→ (r1, . . . , rK)

where yTj = yj for all j is a NC mixed ball map from the β ball to the α ball with

the analytically composing - 3 property. Then

h(x, y) := f

(
1

α
p(βx(1− yTy)1/2, βy),

1

α
p(0, βy)

)
(3.154)

is an NC full isometry for Y ∈ SBG2

1 where

f(u, v) = v − (I − vvT )1/2u(1− vTu)−1(1− vTv)1/2. (3.155)
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Conversely, if h(x, y) is an NC full isometry with the analytically composing prop-

erty - 2 and g(y) is a symmetric unit ball map, then

p(x, y) = f(h(x(1− yTy)−1/2, y), g(y))

is an NC mixed unit ball map.

Proof. (=⇒)

The NC analyticity of h follows since p is analytically composing - 3. Suppose that

p(x, y) is an NC mixed ball map and (X, Y ) ∈ BG1

1 (N)× SBG2

1 (N) for some N .

Case 1. Suppose ‖X‖ < 1. Then by Lemma 3.2.1, ‖(βX
√
I − Y TY , βY )‖ < β. Thus

∥∥ 1
α
p(βX

√
I − Y TY , βY )

∥∥ < 1 and by Lemma 3.3.1

∥∥∥∥f
(
1

α
p(βX

√
I − Y TY , βY ),

1

α
p(0, Y )

)∥∥∥∥ < 1.

Case 2. Suppose ‖X‖ = 1. Then by Lemma 3.2.1, ‖(βX
√
I − Y TY , βY )‖ = β. So

lim
δ↑1

h(δX, Y ) = f

(
lim
δ↑1

1

α
p(δβX

√
I − Y TY , βY ),

1

α
p(0, βY )

)
. (3.156)

Since p is an NC mixed ball map ‖lim
δ↑1

1
α
p(δβX

√
I − Y TY , βY )‖ = 1. Thus

by Lemma 3.3.1 ,

lim
δ↑1

h(δX, Y )

exists and

‖lim
δ↑1

h(δX, Y )‖ = 1.

(⇐=)

Suppose that h(x, y) is an NC full isometry. Then h(x, y) is an NC bi-disc map

and by Lemma 3.3.1. Define

p(x, y) = f(h(x(1− yTy)−1/2, y), g(y)).

Analyticity of p follows from the analytically composing - 2 property of h. The

claim is that p is an NC unit mixed ball map.
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Case 1. Suppose that ‖(X, Y )‖ < 1. Then by Lemma 3.2.1

(X(I − Y TY )−1/2, Y ) ∈ BG1

1 (N)× SBG2

1 (N). (3.157)

Thus

‖h(X(I − Y TY )−1/2, Y )‖ < 1

since h is an NC bi-disc map and

‖p(X, Y )‖ = ‖f(h(X(I − Y TY )−1/2, Y ), g(Y ))‖ < 1 (3.158)

by Lemma 3.3.1.

Case 2. Suppose that ‖(X, Y )‖ = 1 and ‖Y ‖ < 1. Then

XTX + Y TY � I (3.159)

with binding. Thus

XTX � I − Y TY (3.160)

with binding. Since Y TY ≺ I,

(I − Y TY )−1/2XTX(I − Y TY )−1/2 � I (3.161)

with binding. Thus

(X(I − Y TY )−1/2, Y ) ∈ ∂BG1

1 (N)× SBG2

1 (N). (3.162)

So

lim
δ↑1

p(δX, Y ) = f(lim
δ↑1

h(δX(I − Y TY )−1/2, Y ), g(Y )).

Since h is an NC bi-disc map

‖lim
δ↑1

h(δX(I − Y TY )−1/2, Y )‖ = 1

and so

‖lim
δ↑1

p(δX, Y )‖ = ‖f(lim
δ↑1

h(δX(I − Y TY )−1/2, Y ), g(Y ))‖ = 1 (3.163)

by Lemma 3.3.1.

••
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3.8.1 NC Mixed Ball Maps from the β-ball to the β-ball

for all β

In this section we investigate the property of NC analytic maps that act as

mixed ball maps on all sizes of balls.

Lemma 3.8.2. Suppose that


x1

...

xG1

y1
...

yG2




W7→




W1(x, y)
...

WK(x, y)


 (3.164)

is an NC mixed ball map from MBG1,G2

β to BK
β for all β > 0. Define

g(y) := W (0, y). (3.165)

Suppose that for each β > 0

(x, y) 7→ 1

β
W (βx, βy)

is analytically composing - 3. For fixed β > 0, define

h[β](x, y) := f(
1

β
W (βx(1− yTy)1/2, βy),

1

β
g(βy))

= f(
1

β
W (x(β2 − β2yTy)1/2, βy),

1

β
g(βy)).

(3.166)

Then

lim
β→∞

h[β](βX(β2 − Y TY )−1/2,
Y

β
) = g(Y )−W (X, Y ).

Proof. Suppose that β > ‖Y ‖. Notice that h[β](x, y) is an NC full isometry by

Theorem 3.8.1. Then we have from Equation (3.166) that

βh[β]

(
X(β2 − Y TY )−1/2,

Y

β

)
= h[β]

(
βX(β2 − Y TY )−1/2,

Y

β

)

= βf

(
W (X, Y )

β
,
g(Y )

β

)

= g(Y )−
(
I − g(Y )g(Y )T

β2

) 1

2

W (X, Y )

(
I − g(Y )TW (X, Y )

β2

)−1(
I − g(Y )T (Y )

β2

) 1

2

.

(3.167)
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Now take the limit as β → ∞ in Equation (3.167) above to arrive at

lim
β→∞

h[β]

(
βX(β2 − Y TY )−1/2,

Y

β

)
= g(Y )−W (X, Y ).

••

Theorem 3.8.3. Suppose that



x1

...

xG1

y1
...

yG2




W7→




W1(x, y)
...

WK(x, y)


 (3.168)

is an NC mixed ball map from MBG1,G2

β to BK
β for all β > 0. Define

g(y) := W (0, y).

Suppose that for each β > 0

(x, y) 7→ 1

β
W (βx, βy)

is analytically composing - 3. Then

h(x, y) := g(y)−W (x, y)

is an NC full isometry. Moreover, if we assume that g(y) − W (x, y) has an NC

mixed finite rational expansion and is a mixed H-space isometry, then

W (x, y) = g(y)− U(y)xV (y) (3.169)

where U(y) is a K×G1 matrix whose entries are series in y with the property that

for each Y ∈ SBG2

β

UT (Y )U(Y ) = I

and V (y) is analytic on SBG2

β and maps G2 symmetric variables to G1 variables

such that for each Y ∈ SBG2

β ,

V T (Y )V (Y ) = I.
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Proof. For fixed β > 0, define

h[β](x, y) := f

(
1

β
W (βx(1− yTy)1/2, βy),

1

β
g(βy)

)

= f

(
1

β
W (x(β2 − β2yTy)1/2, βy),

1

β
g(βy)

)
.

(3.170)

By Theorem 3.8.1 h[β](x, y) is an NC full isometry in x for each β > 0.

Suppose that N ∈ N, Y ∈ (SRN×N)G2 , and X ∈ (RN×N)G1 . By Lemma 3.8.2

we have

lim
β→∞

h[β]

(
βX(β2 − Y TY )−1/2,

Y

β

)
= g(Y )−W (X, Y ) = h(X, Y ).

Thus

lim
β→∞

∥∥∥∥h[β]
(
βX(β2 − Y TY )−1/2,

Y

β

)∥∥∥∥ = ‖h(X, Y )‖ (3.171)

Since each h[β](x, y) is an NC full isometry,

lim
β→∞

∥∥∥∥h[β]
(
βX(β2 − Y TY )−1/2,

Y

β

)∥∥∥∥ = lim
β→∞

‖βX(β2 − Y TY )−1/2‖ = ‖X‖.
(3.172)

So from Equations (3.171) and (3.172) we see that ‖h(X, Y )‖ = ‖X‖. Note that

h(0, y) = 0 so that h(x, y) is a normalized NC bi-disc map. Thus h(x, y) is an NC

full isometry by Theorem 3.6.1.

The remaining conclusion in the result is a direct corollary to Theorem 3.4.14.

••

3.8.2 Example: Computing h for a Simple NC Mixed Ball

Map

Consider the NC mixed ball map given by

(
x

y

)
W7→




sin(y)x

cos(y)x

y




where y = yT . Here we emphasize that we have one NC variable and one symmetric

NC variable. Notice that W is an NC mixed ball map from the β-ball to the β-ball
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for all β > 0. Thus for each β > 0, there exists an NC full isometry h[β](x, y) such

that

h[β](x, y) := f(
1

β
W (βx(1− yTy)1/2, βy),

1

β
g(βy))

= f(
1

β
W (x(β2 − β2yTy)1/2, βy),

1

β
g(βy))

(3.173)

where we define

g(y) := W (0, y) =




0

0

y


 .

Now we compute h[β] for a fixed β > 0. To begin we compute

1

β
W (βx(1− yTy)1/2, βy)[1− 1

β2
g(βy)TW (βx(1− yTy)1/2, βy)]−1

=




sin(βy)x(1− y2)1/2

cos(βy)x(1− y2)1/2

y





1−

(
0 0 y

)



sin(βy)x(1− y2)1/2

cos(βy)x(1− y2)1/2

y







−1

=




sin(βy)x(1− y2)1/2(1− y2)−1

cos(βy)x(1− y2)1/2(1− y2)−1

y(1− y2)−1


 .

(3.174)

Also notice that

(I − g(βy)

β

g(βy)T

β
)1/2 =


I −




0

0

y



(
0 0 y

)



1/2

=


I −




0 0 0

0 0 0

0 0 y2







1/2

=




1 0 0

0 1 0

0 0 (1− y2)1/2




(3.175)

while

(1− g(βy)T

β

g(βy)

β
)1/2 = (1− y2)1/2. (3.176)
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Therefore

h[β](x, y) = f(
1

β
W (βx(1− yTy)1/2, βy),

1

β
g(βy))

=




0

0

y


−




1 0 0

0 1 0

0 0 (1− y2)1/2







sin(βy)x(1− y2)1/2(1− y2)−1(1− y2)1/2

cos(βy)x(1− y2)1/2(1− y2)−1(1− y2)1/2

y(1− y2)−1(1− y2)1/2


 .

(3.177)

So we conclude

h[β](x, y) =




− sin(βy)x

− cos(βy)x

0


 .

Now notice for any fixed (X, Y ) that

lim
β→∞

h[β](βX(β2 − Y TY )−1/2,
Y

β
) = lim

β→∞




− sin(Y )X(I − Y TY
β2 )−1/2

− cos(Y )X(I − Y TY
β2 )−1/2

0




=




− sin(Y )X

− cos(Y )X

0


 = g(Y )−W (X, Y )

(3.178)

as predicted in Theorem 3.8.3.

Chapter 3, in part, is a reprint of materials from ”Noncommutative Ball Maps”

in Journal of Functional Analysis, Volume 257, July 2009, Helton, J. William; Klep,

Igor; McCollough, Scott; Slinglend, Nick [HKMS09]. Written permission for the

use of this material from the co-authors has been received.



4 NC Bianalytic Maps

A major pursuit in the study of several complex variables has been to un-

derstand when a set is bianalytic to a ball. In this section we examine some

noncommutative versions of this problem.

To properly state our versions of this problem, we will recall some definitions.

We will say an NC analytic map, p(x), is NC bianalytic if p : C → D has an

NC analytic inverse and there exists ε, δ > 0 such that BG
ε ⊆ C and BG

δ ⊆ D.

Suppose that p(x), q(x) are NC analytic polynomials. Then we say that p(x) is

0-local bianalytic to q(x) if there exists some ε > 0 and an NC bianalytic map

R : BG
ε → D such that R(0) = 0 and p(X) = (q ◦R)(X) for all X ∈ BG

ε .

We are interested in knowing when the positivity set Dp of a given symmetric

noncommutative polynomial p is bianalytic to a noncommutative ball BG
ε . This

is a special case of the important question of understanding bianalyticity to a

positivity set Dq which is convex.

For an NC analytic function h in G variables x = (x1, . . . , xG) to be convex,

we require that

th(X) + (1− t)h(W ) � h(tX + (1− t)W ) for 0 ≤ t ≤ 1

on all tuples X,W ∈ (Rn×n)G and all dimensions n. “Convexity” in this dimension-

free setting is a very rigid constraint.

For example, it has been shown that convex polynomial functions must have

degree two or less [HM04]. It has also been shown that dimension-free matrix

inequalities defined by convex rational expressions in symmetric noncommuting

variables are equivalent to linear matrix inequalities [HMV06]. Recently it was

proved [HM09] that if q is a noncommutative symmetric polynomial, irreducible in

87
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a certain sense and if the positivity set Dq is convex, then the set is a “generalized

ball”, namely, it is a set of the form

Dq = ∪
n
{X ∈ R

nG×n : 1−X∗Q1,nX −X tQ2,n(X
t)∗ � 0}, (4.1)

where Qi,n ∈ R
nG×nG, Qi,n � 0, X =




X1

...

XG


, X∗ = (X∗

1 , . . . , X
∗
G) and X t =

(X1, . . . , XG) is the unadjointed transpose. Note the case where Q1,n = InG and

Q2,n = 0 collapses to the ordinary unit dimension-free ball, BG
1 . Thus determining

which Dp are bianalytic to a mixed ball settles a major convex case.

In this chapter we present an answer to the following question.

Qmap: When is the domain Dq NC bianalytic to a matrix ball, B, and what is the

map between the domains?

In solving the above problem we use some theory that is analogous to the

aforementioned classification problem in several complex variables. The classical

problem asks what is the structure of a map from the unit ball Cm to the unit ball

in C
n that is holomorphic and maps 0 to 0 and the boundary sphere of one ball

to the boundary sphere of the other ball [D’A92]. The analogue to this problem

involves classifying NC ball maps. This classification of NC ball maps can be found

in Section 3.7. The NC ball map result that we have found useful in answering the

earlier questions follows.

Corollary 4.0.4. An NC analytic map



x1

...

xG




p7→




p1(x)
...

pK(x)




is a ball map from the β-ball to the α-ball such that p(0) = 0 iff p(x) = α
β
Ax for

some A ∈ R
K×G such that ATA = I.

Note that this is a restatement of Corollary 3.1.1.

Playing a key role in our solution to the above problem Qmap is a procedure, we

call the SoS Construction . Consider the given polynomial p(x) in the NC variables

(x1, . . . , xG)
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where p(x) is a matrix positive, hereditary polynomial and p(0) = 0. Note that

there is no dependence on symmetric variables in this case. Since p(x) is hereditary

and matrix positive, there are algorithms to write p(x) as the sum of squares of

analytic polynomials

r(x) :=




r1(x)
...

rK(x)




for some minimal number of terms K [Hel02]. This process of writing p(x) as a

minimal sum of squares will be referred to by the term the SoS Construction

Our result to Qmap without symmetric variables is as follows

Theorem 4.0.5. Consider the polynomial p(x) in the NC variables

(x1, . . . , xG)

where p(x) is an NC hereditary, matrix positive polynomial such that p(0) = 0 and

suppose a > 0. Define q(x) := a2 − p(x) and d(x) := a2 − cG(x) where

cG(x) :=
G∑

j=1

xT
j xj.

Then the SoS Construction will construct a polynomial NC bianalytic map, R :

Dq → Dd, mapping 0 to 0 or one does not exist. This polynomial map R is unique

up to some unitary transformation.

The proof follows in Section 4.2.

One further consideration for the question Qmap involves the dependence upon

symmetric variables yj = yTj . We may ask: for a polynomial q(x, y), when is Dq

NC bianalytic to a mixed matrix ball?

In Section 4.4, we present some results similar to the above for the mixed

variable case. In Proposition 4.4.1 we relate the NC bianalytic maps between

positivity domains to NC full isometries. While the SoS Construction has not

been generalized to the mixed variable case completely, Proposition 4.4.2 relates

the question of bianalytic positivity domains to the SoS Construction . Further, if

we add stronger hypotheses on the bianalytic maps between positivity domains in

the mixed variable case, we obtain Proposition 4.4.6.



90

4.1 Preliminary Results

Here are a few Lemmas to help prove some of the other results in the chapter.

Referring to Theorem 4.0.5, the condition that the NC bianalytic map takes 0

to 0 may seem restrictive but the restriction can be overcome.

Lemma 4.1.1. Consider the polynomial p(x) in the NC variables

(x1, . . . , xG)

where p(x) is an NC hereditary, matrix positive polynomial such that p(0) = 0 and

suppose a > 0. Define q(x) := a2 − p(x) and d(x) := a2 − cG(x) where

cG(x) :=
G∑

j=1

xT
j xj.

Suppose that

R : Dq → Dd = BG1

a (4.2)

is an NC bianalytic map that is analytically composing -1. Suppose that R−1 is

analytically composing-4. Then the map

R̂ : Dq → Dd = BG1

a (4.3)

defined by

R̂(x) = af

(
R(x)

a
,
R(0)

a

)
(4.4)

is an NC bianalytic map such that R̂(0) = 0, where f is defined in Equation (3.23).

Proof. Notice that

R̂−1(x) = R−1

(
af

(
x

a
,
R(0)

a

))
. (4.5)

To see that

(R̂ ◦ R̂−1)(x) = x and (R̂−1 ◦ R̂)(x) = x (4.6)

use Lemma 3.3.1. The NC analyticity of R̂ and R̂−1 follows from Lemma 3.2.1 and

the analytically composing assumptions. ••
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0 0

1 a

0R(0)
a

R
a

f(   , 
R(0)

)aa
Dq

Figure 4.1: This figure shows the composition of two NC bianalytic maps to obtain
R̂.

In fact the NC bianalytic maps between Dq and Dd which map 0 to 0 are unique

up to an isometric linear transformation.

Lemma 4.1.2. Consider the polynomial p(x) in the NC variables

(x1, . . . , xG)

where p(x) is an NC hereditary, matrix positive polynomial such that p(0) = 0 and

suppose a > 0. Define q(x) := a2 − p(x) and d(x) := a2 − cG(x) where

cG(x) :=
G∑

j=1

xT
j xj.

Suppose that R(x) and R̂(x) are two bianalytic maps between Dq and Dd such that

R(0) = 0 and R̂(0) = 0. Suppose that R ◦ R̂−1 is NC analytic.

1. Then there exists some matrix A ∈ R
G×G such that ATA = I and R(x) =

AR̂(x).

2. If A ∈ R
G×G such that ATA = I, then AR(x) is a bianalytic map between

Dq and Dd and AR(0) = 0.

Proof. 1. Notice that the map

R ◦ R̂−1 : Dd → Dd (4.7)

is an NC ball map. Thus by Corollary 4.0.4 there exists a matrix A ∈ R
G×G

such that ATA = I and

(R ◦ R̂−1)(x) = Ax. (4.8)
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Thus

R(x) = AR̂(x).

2. Notice that

RT (x)R(x) = RT (x)ATAR(x)

and that

(AR)−1(x) = R−1(ATx).

••

Similarly we will need the following lemma relating a sum of squares decompo-

sition to NC bianalytic maps. This is again a simple result of Corollary 4.0.4.

Lemma 4.1.3. Consider the polynomial p(x) in the NC variables

(x1, . . . , xG)

where p(x) is an NC hereditary, matrix positive polynomial such that p(0) = 0 and

suppose a > 0. Define q(x) := a2 − p(x). Suppose that

R : Dq → BG1

a

gives a bianalytic map between the two domains. Suppose that there exist analytic

polynomials

r1(x), . . . , rG(x)

such that

p(x) =
G∑

j=1

rTj (x)rj(x) = rT (x)r(x).

Then there exists some matrix A ∈ R
G×G such that ATA = I and r(x) = AR(x).

In particular, Lemma 4.1.2 says that r(x) gives an NC bianalytic map between Dq

and BG1

a .

Proof. Notice that r ◦ R−1 is an NC ball map from BG1

a to BG1

a – the analyticity

follows from Corollary 2.4.2. Thus by Corollary 4.0.4 there exists a matrix A ∈
R

G×G such that ATA = I and

(r ◦R−1)(x) = Ax. (4.9)
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Thus

r(x) = AR(x).

••

4.2 Sets Bianalytic to a Ball: Proof of Theorem

4.0.5

Consider the polynomial p(x) in the NC variables

(x1, . . . , xG)

where p(x) is a hereditary, matrix positive polynomial and p(0) = 0. Suppose that

a > 0 and Da2−p(x) is bianalytic to BG
a = Da−cG(x). Suppose that

R : Da2−p(x) → BG
a (4.10)

is an NC bianalytic map such that R(0) = 0. The assumption that R(0) = 0 is

justified by Lemma 4.1.1. Since p(x) is hereditary and matrix positive, there exist

analytic polynomials r1(x), . . . , rK(x) such that

p(x) =
K∑

j=1

rTj (x)rj(x) = rT (x)r(x)

for some K [HMP05].

Then the map

r ◦R−1 : BG
a → BK

a (4.11)

is NC analytic by Corollary 2.4.2, is an NC ball map, and (r ◦R−1)(0) = 0. Thus

(r ◦R−1)(x) = Ax (4.12)

for some A ∈ R
K×G such that ATA = I by Corollary 4.0.4. Thus

r(x) = AR(x) (4.13)

and

p(x) = RT (x)R(x). (4.14)
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To see that R(x) is a vector of polynomials, first, for each j = 1, . . . , G and

each n ∈ N, define homogeneous polynomials of degree n, Hj,n(x), such that

Rj(x) =:
∞∑

n=0

Hj,n(x). (4.15)

For each n, let Hn(x) denote the vector of polynomials

Hn(x) =




H1,n(x)
...

HG,n(x)


 . (4.16)

Suppose that

M := max{degree(rj(x)) : j = 1, . . . , K}. (4.17)

Then for n > M we have by Equation (4.13) that

0 = AHn(x). (4.18)

Thus Hn(x) ≡ 0 since A is an isometry and R(x) is a vector of polynomials. The

uniqueness now follows from Lemma 4.1.3.

4.3 Invertible NC Analytic Functions

The output of the SoS Construction is an NC analytic function. Theorem 4.0.5

says that this output is a bianalytic map if one exists. One question that remains

when looking at the output of the SoS Construction is whether or not the output

is invertible “near 0.” As a partial answer to this question we have the following

result.

Proposition 4.3.1. Suppose that x = (x1, . . . , xG) is a vector of NC variables and

that

p(x) =




p1(x)
...

pG(x)



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is an NC analytic map such that p(0) = 0. Write

p(x) =
∞∑

j=1

Hj(x) = Ax+
∞∑

j=2

Hj(x)

for some vectors of homogeneous degree j polynomials Hj(x) and some matrix

A ∈ R
G×G. If p : BG

ε → D is invertible for some ε > 0, then A is invertible.

Proof: Suppose that p : BG
ε → D is invertible for some ε > 0 and that A is

not invertible. Let v ∈ R
G be a null vector for A such that 0 < ‖v‖ < ε. Define

X ∈ (R2×2)G such that

Xi :=

(
0 vi

0 0

)
.

Then 0 < ‖X‖ < ε and p(X) = 0 = p(0). I.e. p(x) is not one-to-one on BG
ε and

we have reached a contradiction. ••

4.4 Maps Involving Symmetric Variables

In this section we will examine the Qmap question posed in this chapter’s intro-

duction concerning the effect of having some dependence on symmetric variables.

In particular, consider a polynomial p(x, y) in the NC mixed variables

(x1, . . . , xG1
, y1, . . . , yG2

)

where yj = yTj for all j. Also suppose that p(x, y) is a matrix-positive, hereditary

polynomial and p(0, 0) = 0. We would like to determine when Da2−p(x,y) is NC

bianalytic to the mixed matrix ball MBG1,G2

b . The following results give an answer

to this question.

Proposition 4.4.1. Consider the polynomial p(x, y) in the NC mixed variables

(x1, . . . , xG1
, y1, . . . , yG2

)

where p(x, y) is a hereditary, matrix positive polynomial and p(0, 0) = 0. Suppose

that a, b > 0 and

R : Da2−p(x,y) → MBG1,G2

b (4.19)
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is an NC bianalytic map. Then there are NC analytic polynomials

r1(x, y), . . . , rK(x, y)

such that

p(x, y) =
K∑

j=1

rTj (x, y)rj(x, y) = rT (x, y)r(x, y) (4.20)

for some K and the map

(x, y) 7→ f

(
1

a
(W (bx(1− yTy)1/2, by),

1

a
W (0, by)

)

is an NC full isometry, where f is the linear fractional map defined in Equation

(3.155) and

W (x, y) := (r ◦R−1)(x, y) (4.21)

is analytically composing - 3.

Proof. Notice that

MBG1,G2

b = Db2−cG1+G2
(x,y)

where cG1+G2
is defined by

cG1+G2
(x, y) :=

G1∑

j=1

xT
j xj +

G2∑

j=1

y2j

Since p(x, y) is hereditary and matrix positive, there exist analytic polynomials

r1(x, y), . . . , rK(x, y)

such that

p(x, y) =
K∑

j=1

rTj (x, y)rj(x, y) = rT (x, y)r(x, y) (4.22)

for some K [HMP05]. Define an NC analytic function

W (x, y) := (r ◦R−1)(x, y)

– note W is NC analytic by Corollary 2.4.2. To see that W (x, y) is an NC mixed

ball map, suppose that (X, Y ) ∈ BG1,G2

b . Then

a2I − (p ◦R−1)(X, Y ) � 0
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and

‖(r ◦R−1)(X, Y )‖ < a.

Now suppose that (X, Y ) ∈ ∂BG1,G2

b and ‖Y ‖ < 1. Then

a2I − (p ◦R−1)(X, Y ) � 0

with binding and

‖lim
δ↑1

(r ◦R−1)(δX, Y )‖ = a.

So W (x, y) is a NC mixed ball map from the b-ball to the a-ball. By Theorem

3.8.1, the map

(x, y) 7→ f

(
1

a
W (bx(1− yTy)1/2, by),

1

a
W (0, by)

)

is a normalized bi-disc map – and hence an NC full isometry – for all vectors of

NC analytic polynomials r(x, y) satisfying Equation (4.20) , where f is the linear

fractional map defined in Equation (3.155). ••

Proposition 4.4.2. Suppose that p(x, y) in the NC mixed variables

(x1, . . . , xG1
, y1, . . . , yG2

)

is a matrix positive, hereditary polynomial. Suppose that D1−p(x,y) is NC bianalytic

to MBG1,G2

1 . Define the matrix positive, hereditary polynomial r(x) = p(x, 0). Then

D1−r(x) is bianalytic to BG1

1 .

The proof follows in Section 4.4.2.

As a Corollary, we have that the SoS Construction can be applied to this mixed

NC variable case. Recall that the SoS Construction will find an NC bianalytic map

between D1−r(x) and BG1

1 or one does not exist. If no such map exists, then Dq is

not NC bianalytic to MBG1,G2

1 .

4.4.1 Lemmas for Proving Proposition 4.4.2

Lemma 4.4.3. Suppose that p(x, y) is NC analytic in the NC mixed variables

(x1, . . . , xG1
, y1, . . . , yG2

)
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and that

p(X, Y ) = (p(X, Y ))T

for all (X, Y ) ∈ BG1,G2

ε . Then there exists some NC analytic g(y) such that

p(x, y) = g(y).

Proof. First write

p(x, y) = q(x) + g(y) + h(x, y)

where

h(x, y) =
∑

w∈W

aw{x, y}w

and W is the set of all words with at least one letter in x and at least one letter in

y. Then there exists for each n ≥ 1 a series hn(x, y) that is homogeneous degree n

in x and so that

h(x, y) =
∞∑

n=1

hn(x, y).

We now prove strong restrictions on q(x) and h(x, y).

Claim 1. q(x) = 0

Suppose not. Then there is some word of minimal degree, w, so that aw 6= 0.

Let d = |w|. Thus we may choose X ∈ (RN×N)G1 such that

∑

|w|=d

awX
w 6= 0. (4.23)

Now define the block (d+ 1)× (d+ 1) nilpotent matrix for each j by

Xj :=




0 Xj 0 . . . 0

0 0 Xj 0 . . . 0
...

. . . . . .

0 . . . Xj

0 . . . 0




. (4.24)

Then, since p(x, 0) contains no transposes,

p(X, 0) =




g(0)
∑

|w|=d

awX
w

...
. . .

0 . . . g(0)


 .
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Since ∑

|w|=d

awX
w 6= 0

we contradict that p(x, y) = (p(x, y))T .

Claim 2. h(x, y) = 0

Suppose not. Then there is a minimal d so that hd(x, y) 6= 0. Define the

block (d+ 1)× (d+ 1) matrices

Xj =




0 Xj 0 . . . 0

0 0 Xj 0 . . . 0
...

. . . . . .

0 . . . Xj

0 . . . 0




, Yi =




Y i 0
. . .

0 Y i




where Y i = Y
T

i for each 1 ≤ j ≤ G1 and 1 ≤ i ≤ G2. Then

p(X, Y ) =




g(Y ) hd(X, Y )
. . .

0 g(Y )


 .

Since hd(X, Y ) 6= 0 we contradict that p(x, y) = (p(x, y))T .

••

Lemma 4.4.4. Suppose that p(x, y) is a matrix positive hereditary polynomial.

Define q(x, y) = 1−p(x, y). Suppose that Dq is NC bianalytic to MBG1,G2

1 and that

H(x, y) =




H1(x, y)
...

HG1
(x, y)

HG1+1(y)
...

HG1+G2
(y)




=

(
H̃(x, y)

Ĥ(y)

)

where Hj(y) = Hj(y)
T for j > G1 is such an NC bianalytic map. If Ĥ(Y ) = 0,

then Y = 0.
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Proof. First define

ZN := {Y ∈ (SRN×N)G2 : Ĥ(Y ) = 0}.

Claim 1. For each N , the set ZN is connected.

Suppose not. Then there exist some open sets U1 and U2 and some N such

that

U1 ∩ U2 = ∅, ZN ⊆ U1 ∪ U2, U1 ∩ ZN 6= ∅, U2 ∩ ZN 6= ∅.

Now for i = 1, 2 define

Vi = {(X, Y ) : (X, Y ) ∈ Dq and Y ∈ Ui}.

Fix i. Let (X, Y ) ∈ Vi. Then since Dq ∩ (RN×N)G1 × (SRN×N)G2 is open and

Ui is open there is some δ > 0 such that

Bδ(X, Y ) ⊆ Dq ∩ (RN×N)G1 × (SRN×N)G2 and Bδ(Y ) ⊆ Ui.

Thus Bδ(X, Y ) ⊆ Vi and each Vi is open.

Notice V1 ∩ V2 = ∅. Since H−1 is continuous, H is an open map. Thus

H(V1) ∩H(V2) = ∅, BG1

1 (N)× {0} ⊆ H(V1) ∪H(V2),

H(V1) ∩ BG1

1 (N)× {0} 6= ∅, H(V2) ∩ BG1

1 (N)× {0} 6= ∅.

Thus BG1

1 (N)× {0} is disconnected and we have a contradiction.

Now write

H(x, y) =

(
A B

0 C

)(
x

y

)
+

∞∑

m=2

hm(x, y)

for some A ∈ R
G1×G1 , B ∈ R

G1×G2 , C ∈ R
G2×G2 , and vectors of polynomials,hm,

homogeneous degree m in (x, y). Suppose that for some N the set ZN 6= {0}.

Claim 2. The matrix A is invertible.

Suppose not. Then let v 6= 0 be a null vector for A. Define

Xi :=

(
0 tvi

0 0

)
, Yj := 0
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for 1 ≤ i ≤ G1 and 1 ≤ j ≤ G2. Then H(X, Y ) = 0 for all t. Thus H

is not one-to-one in any neighborhood of (0, 0). This contradicts that H is

invertible.

Since A is invertible and using Lemma 2.3.6, there exists some open set,U , such

that 0 ∈ U ⊆ (RN×N)G1 and H̃(U × {0}) is open by the inverse mapping theorem

[Ma95]. Now assuming ZN 6= {0} there exist yk ∈ ZN − {0} such that yk → 0.

Notice that for all k we have H̃(0, yk) /∈ H̃(U×{0}). But then since H̃ is continuous

H̃(0, yk) → (0, 0) ∈ H̃(U × {0}), a contradiction. ••

4.4.2 Proof of Proposition 4.4.2

Since Dq is NC bianalytic to MBG1,G2

1 , there exists an NC analytic map H

defined on Dq with an NC analytic inverse and with the property that H(0) = 0.

Suppose

H(x, y) =




H1(x, y)
...

HG1
(x, y)

HG1+1(y)
...

HG1+G2
(y)




=

(
H̃(x, y)

Ĥ(y)

)

where Hj(y) = Hj(y)
T for j > G1. Now define

h(x) :=




H1(x, 0)
...

HG1
(x, 0)


 = H̃(x, 0).

By Lemma 4.4.4 we know that if Ĥ(Y ) = 0 then Y = 0. Recall r(x) := p(x, 0). So

we have that h maps D1−r(x) onto BG1

1 . Thus h is a bijection between D1−r(x) and

BG1

1 , h(0) = 0, and h has an NC analytic inverse. ••
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4.4.3 Stronger Assumptions Lead to a More Rigid Struc-

ture

We will need to define a new type of dimension-free set to proceed with the

proof of the following theorem. Suppose that α ∈ R
N×N is a positive definite

matrix. Define the set MBG1,G2

α as follows. Let

MBG1,G2

α (n) := {(X, Y ) ∈ (RnN×nN)G1 × S(RnN×nN)G2 : XTX + Y TY ≺ In ⊗ α}

and define

MBG1,G2

α :=
⋃

n≥1

MBG1,G2

α (n)

Similarly we can define a new type of positivity domain for an NC polynomial.

Suppose that p(x, y) is a symmetric NC polynomial. Let

Dα−p(x,y)(n) := {(X, Y ) ∈ (RnN×nN)G1 × S(RnN×nN)G2 : p(X, Y ) ≺ In ⊗ α}.

Now define

Dα−p(x,y) :=
⋃

n≥1

Dα−p(x,y)(n).

Before stating and proving the last result of this chapter, we will need the

following lemma.

Lemma 4.4.5. Let B be a symmetric positive operator on real Hilbert space H.

Fix v ∈ H and define αt,M := tvvT +M(I− vvT ). Then there is a t∗ ∈ R such that

if t > t∗, there is Mt such that

B � αt,Mt
and

lim
t↓t∗

< αt,Mt
w,w >− < Bw,w >= 0

iff w ∈ span{v}.

Proof. Partition B with respect to span{v} and span{v}⊥, with B =

(
a β

βT γ

)

and note

αt,Mt
−B =

(
t− a −β

−βT MtI − γ

)
.
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Take t > t∗ = a and Mt > γ, then Et � 0 iff the Schur complement inequality

t− a− β(MtI − γ)−1βT � 0

holds; which can always be achieved by selecting large enough Mt. Clearly, as

t ↓ t∗ we have Mt → ∞. Partition w as

w = sv +

(
0

w2

)
=

(
s

w2

)

for some s ∈ R and

(
0

w2

)
∈ span{v}⊥, and observe

et(w) :=

〈
(αt,Mt

−B)

(
s

w2

)
,

(
s

w2

)〉
= (t−α)‖sv‖2−2s < w2, β

T > + < (MtI−γ)w2, w2 >

Clearly lim
t↓t∗=α

et(w) =




0 if w2 = 0

∞ if w2 6= 0.
••

Theorem 4.4.6. Suppose that

r(x, y) =




r1(x, y)
...

rK(x, y)




is a vector of analytic polynomials and that

p(x, y) := rT (x, y)r(x, y).

Suppose that R is an NC bianalytic map defined on (RN×N)G1 × (SRN×N)G2 for

all N such that R induces an NC bianalytic correspondence between Dα−p(x,y) and

MBG1,G2

α for all positive matrices α. Define

W := r ◦R−1 and g(y) := W (0, y).

Suppose that for each β > 0

(x, y) 7→ 1

β
W (βx, βy)
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is analytically composing - 3. Then

h(z, u) := W (z, u)− g(u)

is an NC full isometry in z. Moreover, suppose that h(z, u) := W (z, u)− g(u) has

finite mixed expansion (this is the same as assuming that R−1 has a finite mixed

expansion) and is a mixed H-space isometry. Then

r(x, y) = Ω̃(y)R(x, y)

where for Y ∈ (SRN×N)G2, the operator Ω̃(Y ) is an isometry on

R
NG1 ⊕Range(Rsym(Y ))

Proof. The function W is NC analytic by Corollary 2.4.2. Notice that W is a

mixed NC ball map from MBG1,G2

β to MBG1,G2

β for all β > 0. So by Theorem 3.8.3

we see that h is a full isometry in z.

Now we use the stronger ball map property based on symmetric α. Given unit

vector v in R
N ; define αt,M := tvvT +M(I − vvT ). Select t∗ such that for t > t∗

there exist Mt ∈ R so that

UTU + ZTZ � αt,Mt

and

[UTU + ZTZ]w · w = lim
t↓t∗

αt,Mt
w · w

if w ∈ span{v}. This is possible due to Lemma 4.4.5. Thus for given v we

have binding for αt,Mt
in the limit only at v. The ball map property implies if

(Z,U) ∈ MBG1,G2

αt,Mt
(N) for all t > t∗, then W T (Z,U)W (Z,U) � αt,Mt

for all t > t∗

and

W T (Z,U)W (Z,U) � lim
t↓t∗

αt,Mt

binds exactly at v. Thus

< [g(U)T g(U) + g(U)Th(Z,U) + h(Z,U)Tg(U)

+ h(Z,U)Th(Z,U)]v, v >=< [UTU + ZTZ]v, v >
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Replace Z by −Z, which, since h is linear in z, gives

< [g(U)Th(U,Z) + h(U,Z)T g(U)]v, v >= 0.

This holds for any v, U, and Z. So gTh+ hTg = 0.

< [g(U)Tg(U) + h(Z,U)Th(Z,U)]v, v >=< [UTU + ZTZ]v, v > (4.25)

The hypotheses we set on the full isometry h and Theorem 3.8.3 yield that h

has the form

h(u, z) = S(u)zV (u) (4.26)

where S(U)TS(U) = I and V T (U)V (U) = I for all U ∈ (SRN×N)G2 . Now we set

z = 0 and obtain from Equation (4.25)

< g(U)T g(U)v, v >=< UTUv, v >,

that is, ‖g(U)v‖ = ‖Uv‖ for all U ∈ (SRN×N)G2 , v ∈ R
N . Also we have from

Equation (4.25)

‖g(U)v‖2+ < V (U)TZTZV (U)v, v >= ‖Uv‖2+ < ZTZv, v > (4.27)

So V (U)TZTZV (U) = ZTZ for all Z. Since V (U)T = V (U)−1 we have V (U) is a

scalar multiple of the identity.

Now we “ process” g(u). Write it as g(u) =




g1(u)
...

gK(u)


 where each gi(u) is a

power series. Consider a gi(u) and write it as

gi(u) =

G2∑

j=1

gi,j(u)uj.

Notice that gi(0) = 0 since g(0) = 0. Set

C(u) := (gi,j(u)) i=1,...,K
j=1,...,G2

.
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Set

Ω(u) := (S(u) C(u))

where S(u) is defined in Equation (4.26). Then W (u, z) = Ω(u)

(
z

u

)
. Also by

Equation (4.27) we have

∥∥∥∥∥Ω(U)

(
Z

U

)
v

∥∥∥∥∥ =

∥∥∥∥∥

(
Z

U

)
v

∥∥∥∥∥

for all v.

For any v we can take Z to make Zv equal to any vector. Thus Ω(U) is an

isometry on R
G1·N ⊕RangeU.

Define

Rsym(x, y) :=




RG1+1(x, y)
...

RG1+G2
(x, y)




By Lemma 4.4.3 Rsym(x, y) = Rsym(y) since each component of Rsym(x, y) is

symmetric-matrix-valued. Thus we know

r(x, y) = Ω(Rsym(y))R(x, y)

and

Ω̃ = Ω ◦Rsym.

••



5 A Realization for

Noncommutative Rational

Expressions

In control theory applications of optimization problems, one comes across con-

straints on noncommuting variables in the form of matrix inequalities involving

rational functions of matrix variables. The inequality

PA+ ATP + (PB + CTD)R−1(PB + CTD)T + CTC < 0

is an example of an inequality involving a rational function of several matrix vari-

ables. Since matrix multiplication does not commute, we must deal with these

rational functions of matrix variables as rational functions in noncommuting in-

determinants when manipulating these expressions algebraically. When these in-

equalities involving rational functions of matrix variables can be written in the form

of linear matrix inequalities, there are reliable numerical algorithms for finding op-

timal solutions in a feasibility domain. To this end, it is in our interest to study

the relationships between positivity sets of rational functions in noncommuting

variables and LMIs.

Consider x = (x1, . . . , xG) a vector of NC variables. Define an NC linear

pencil as a function, L(x, xT ), that can be written as

L(x, xT ) = A0 +

g∑

i=1

Aixi + Fix
T
i

107
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for some matrices A0, Ai, Fi ∈ R
m×m for some m. For example if x = (x1, x2), then

L(x, xT ) :=

(
x1 + xT

1 x2

xT
2 1

)

=

(
1 0

0 0

)
x1 +

(
1 0

0 0

)
xT
1 +

(
0 1

0 0

)
x2 +

(
0 0

1 0

)
xT
2 +

(
0 0

0 1

)

is an NC linear pencil. Also notice that a Schur complement of L(x, xT ) is

r(x, xT ) := x1 + xT
1 − x2x

T
2 .

Using some basic facts about Schur complements we can conclude that for any

tuple of m×m matrices (X1, X2),

L(X,XT ) > 0 iff r(X,XT ) > 0.

The types of realizations that we will be discussing involve writing NC rational

expressions as Schur complements of NC linear pencils. See Theorem 5.3.1

Result 5.0.7. Suppose that r(x, xT ) is a symmetric NC rational expression. Then

there exists a symmetric NC linear pencil L(x, xT ) such that r(x, xT ) is the Schur

complement of L(x, xT ). In the case that all of the xi are symmetric, there exists

a symmetric NC linear pencil L(x) whose Schur complement is r(x).

The fact that all symmetric NC rational expressions can be realized as the

Schur complement of a symmetric NC linear pencil is not a new result [BR88].

The question of how one can construct such a linear pencil is answered in this

chapter. We will give a more constructive proof that all symmetric NC rational

expressions are Schur complements of NC linear pencils. From this easy proof an

algorithm for constructing the pencil in question readily follows. The resulting

algorithm has been implemented under the NC Algebra package for Mathematica.

To prove that all symmetric NC rational functions are realizable as Schur com-

plements of linear pencils, we will first need a different type of realization. We say

that a rational function, r(x, xT ), has a CKB representation if there exist some

d ∈ N, B,C ∈ R
d and a d× d NC linear pencil K(x, xT ) so that

r(x, xT ) = CTK(x, xT )−1B.
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For example consider again

r(x, xT ) := x1 + xT
1 − x2x

T
2 .

Using Lemma 2.1 one can see that

r(x, xT ) = CTK(x, xT )−1B

when

C =




0

1

0

1

0

0




, K(x, xT ) =




x1 + xT
1 1 0 0 0 0

1 0 0 0 0 0

0 0 x2 −1 0 0

0 0 −1 0 0 1

0 0 0 0 xT
2 1

0 0 0 0 1 0




and B =




0

1

0

0

0

1




.

Result 5.0.8. All NC rational expressions have a CKB representation.

See Lemma 5.2.2 for a proof of the above result. Given a symmetric rational

function we use this CKB representation to find a symmetric NC linear pencil

whose Schur complement is the given rational function.

Again, let x = {x1, . . . , xG} denote NC variables. Let N∗(x) denote the free

R-algebra on the 2G generators {x, xT} = {x1, . . . , xG, x
T
1 , . . . , x

T
G}, i.e. the non-

commutative polynomials on those 2G generators. The algebra has a natural

involution determined by xj 7→ xT
j , x

T
j 7→ xj, and

(xj1 · · · xjn)
T = xT

jn · · · xT
j1
.

Let p(x, xT )−1 denote the inverse of p(x, xT ) satisfying p(x, xT )−1p(x, xT ) = 1 =

p(x, xT )p(x, xT )−1 and thus (p(x, xT )−1)T = (p(x, xT )T )−1. We say that p(x, xT ) ∈
N∗(x, x

T ) is symmetric if p(x, xT ) = (p(x, xT ))T . Let the NC rational expres-

sions of {x, xT} with real coefficients, 1 denoted by R∗(x), be the closure of

N∗(x) under finite numbers of inversions, products, transposes, and sums. Define

1We do not address the complicated issue of when two rational expressions are the same.

Fortunately it is not needed here since there may be many different realizations for a single

rational function.
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r(x, xT ) to be symmetric if (r(x, xT ))T = r(x, xT ). When the xi are assumed

to be symmetric denote the polynomials as N (x) and the rational expressions as

R(x).

This chapter describes elementary constructions of “system realizations” of

multivariable noncommutative symmetric rational functions. The type of system

realization that we produce is most easily defined as a Schur complement of a

symmetric NC linear pencil where these new terms are defined as below.

We say that a d × d matrix L(x) (or L(x, xT ))) is a NC linear pencil if the

entries of L are polynomials in N (x) (or N ∗(x)) of degree one or less.

Recall that if M =

(
A B

C D

)
is a block 2× 2 matrix, then

M−1 =

(
A−1 + A−1BS−1

1 CA−1 −A−1BS−1
1

−S−1
1 CA−1 S−1

1

)
(5.1)

when A and S1 = D − CA−1B are invertible. Or equivalently,

M−1 =

(
S−1
2 −S−1

2 BD−1

−D−1CS−1
2 D−1 +D−1CS−1

2 BD−1

)
(5.2)

when D and S2 = A − BD−1C are invertible. The matrices S1 and S2 are called

Schur complements of M .

5.1 Symmetric Rational Functions in Symmetric

Variables and LMIs

In many practical optimization problems when one can write inequality con-

straints in the form of linear matrix inequalities, there are very reliable numerical

algorithms to solve the optimization problem. One big problem of interest would

be to write a set of inequality constraints given as positivity domains of convex

rational functions in the form of an LMI.

Given a rational function r(x) in symmetric NC variables x = (x1, . . . , xg) we

can define the positivity domain of r to be

Dr := {X ∈ R
NG×N : N ≥ 1, r(X) > 0 and XT

i = Xi}.
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The component of Dr containing 0 we will denote as D0
r . Given a symmetric NC

linear pencil L(x) define similarly

DL := {X ∈ R
NG×N : N ≥ 1, L(X) > 0 and XT

i = Xi}.

Finding a symmetric NC linear pencil L(x) so that DL = D0
r is what is meant by

writing the positivity set of a rational function as an LMI.

In [HMV06], the authors give a complete classification of matrix convex rational

expressions (see their Theorem 3.3) by representing such r in terms of a symmetric

linear pencil

Lγ(x) := Id −
∑

j

Ajxj +

(
0d−1 0

0 −1 + γ − r(0)

)

in the noncommuting variables xj, where Aj are symmetric D × D matrices.

Namely, for γ a real number, γ − r is a Schur complement of the linear pencil

Lγ. Moreover, given a matrix convex r, the set consisting of G tuples X of RN×N

symmetric matrices

{X : r(X)− γI is negative definite} (5.3)

has component containing 0 which is the same as the “negativity set”,

{X : Lγ(X) is negative definite} (5.4)

for Lγ.

Given a symmetric convex rational function r(x) it is not difficult to show that

the algorithm presented in this paper will produce a Schur complement realization

for r(x). If that realization were “minimal” and “unpinned,” then as a consequence

of the above result the sublevel sets for r(x) will be equivalent to LMIs. So we

faced two clear problems with this initial realization.

1. Our realization is not necessarily minimal. The issue of taking our realization

and writing an equivalent minimal realization is not difficult however.

2. After we find a minimal realization it may well be a pinned realization. There

is an unpinning algorithm.

Algorithms to minimize and unpin the realizations for symmetric convex rational

expressions of symmetric variables have been implemented in NCAlgebra.
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5.2 A Representation of Functions in R∗(x)

In this section we will show that for every r(x, xT ) ∈ R∗(x) there exist vectors

C and B in R
d and a d × d NC linear pencil K(x, xT ) such that r(x, xT ) =

CTK(x, xT )−1B. We will call such a function r(x, xT ) CKB representable and

let Z(x, xT ) denote the set of CKB representable functions in R∗(x).

5.2.1 Some Properties of Z(x, xT )

Lemma 5.2.1. 1. Suppose that r(x, xT ) ∈ N∗(x) is a degree one or less poly-

nomial.

Then r(x, xT ) ∈ Z(x, xT ).

2. Suppose that

r1(x, x
T ) = CT

1 K1(x, x
T )−1B1 ∈ Z(x, xT )

and

r2(x, x
T ) = CT

2 K2(x, x
T )−1B2 ∈ Z(x, xT )

for some NC linear pencils K1(x, x
T ) and K2(x, x

T ). Then

(a) r1(x, x
T ) + r2(x, x

T ) ∈ Z(x, xT ),

(b) r1(x, x
T )r2(x, x

T ) ∈ Z(x, xT ), and

(c) (r1(x, x
T ))T ∈ Z(x, xT ).

3. Suppose that r(x, xT ) = CTK(x, xT )−1B for some NC linear pencil K(x, xT )

and that r(x, xT ) 6= 0. Then r(x, xT )−1 ∈ Z(x, xT ).

Proof. The proof gives constructions for each of the above items.

1. Suppose that r(x, xT ) ∈ N∗(x) and r is degree one or less. Then

r(x, xT ) =
(
1 0

)(0 1

1 −r(x, xT )

)−1(
1

0

)
. (5.5)

So r ∈ Z(x, xT ).
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2. (a) Notice that r1(x, x
T ) + r2(x, x

T ) =

(
CT

1 CT
2

)(K1(x, x
T ) 0

0 K2(x, x
T )

)−1(
B1

B2

)
. (5.6)

So r1(x, x
T ) + r2(x, x

T ) ∈ Z(x, xT ).

(b) Notice that

(
−K1(x, x

T ) B1C
T
2

0 K2(x, x
T )

)−1

=

(
−K1(x, x

T )−1 K1(x, x
T )−1B1C

T
2 K2(x, x

T )−1

0 K2(x, x
T )−1

)
.

So then
(
CT

1 0
)(−K1(x, x

T ) B1C
T
2

0 K2(x, x
T )

)−1(
0

B2

)
(5.7)

= CT
1 (K1(x, x

T )−1B1C
T
2 K2(x, x

T )−1)B2 = r1(x, x
T )r2(x, x

T ).

Thus r1(x, x
T )r2(x, x

T ) ∈ Z(x, xT ).

(c) Since

(r1(x, x
T ))T = BT

1 K1(x, x
T )−TC1, (5.8)

we have that (r1(x, x
T ))T ∈ Z(x, xT ).

3. Notice that by equation 5.1,

(
0 1

)(−K(x, xT ) B

CT 0

)−1(
0

1

)
= (CTK(x, xT )−1B)−1 = r(x, xT )−1

(5.9)

when r(x, xT ) 6= 0. Thus when r(x, xT ) 6= 0, we have r(x, xT )−1 ∈ Z(x, xT ).

••
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5.2.2 The Existence Theorem

Theorem 5.2.2. Every r(x, xT ) ∈ R∗(x) is CKB representable.

Proof. By Lemma 2.1.1 we see that all NC polynomials of degree one or less are

CKB representable. Thus since each p(x) ∈ N∗(x) can be written as a finite sum

of finite products of degree one or less NC polynomials and by Lemma 2.1.2, we

have that N∗(x) ⊆ Z(x, xT ). Therefore by the closure properties of Lemma 2.1.2

and Lemma 2.1.3 and the construction of R∗(x) we have that R∗(x) ⊆ Z(x, xT ).

••

5.3 The Pencil Result

In this section we will prove that any symmetric r(x, xT ) ∈ R∗(x) can be

written as a Schur complement of some symmetric NC linear pencil.

5.3.1 The Realization Theorem

Theorem 5.3.1. Suppose that r(x, xT ) ∈ R∗(x) is symmetric. Then there exists

a symmetric NC linear pencil L(x, xT ) such that r(x, xT ) is the Schur complement

of L(x, xT ). In the case that all of the xi are symmetric, there exists a symmetric

NC linear pencil L(x) whose Schur complement is r(x).

Proof. From Proposition 5.2.2, there exist C,B ∈ R
d and a d× d NC linear pencil

G(x, xT ) such that 1
2
r(x, xT ) = CTG(x, xT )−1B. Define now

L(x, xT ) =




0 BT CT

B 0 G(x, xT )

C (G(x, xT ))T 0


 . (5.10)

Notice that

(
BT CT

)( 0 G(x, xT )

(G(x, xT ))T 0

)−1(
B

C

)

= CTG(x, xT )−1B +BT (G(x, xT ))−TC = r(x, xT )

and L(x, xT ) is symmetric. ••
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5.4 Matrix Valued Rational Functions

In this section we will show that both Theorem 5.2.2 and Theorem 5.3.1 gen-

eralize to the case of matrix valued rational functions. By matrix valued rational

functions we mean m× n matrices W (x, xT ) with coefficents in R∗(x).

5.4.1 Generalizing Theorem 5.2.2

To begin, we must extend what is meant by CKB representable. IfW (x, xT ) is a

m×n matrix valued rational function, then W (x, xT ) is called CKB representable

when there exist d ∈ N,CT ∈ R
m×d,B ∈ R

d×n, and a d × d NC linear pencil

S(x, xT ) such that W (x, xT ) = C
T
S(x, xT )−1

B.

Theorem 5.4.1. Every matrix valued rational function is CKB representable.

Proof. Suppose that W (x, xT ) = (ri,j(x, x
T ))m,n

i,j=1 for some ri,j(x, x
T ) ∈ R∗(x).

Then by Theorem 5.2.2 for each i, j there exist Ci,j, Bi,j ∈ R
di,j and a di,j ×di,j NC

linear pencil Gi,j(x, x
T ) such that ri,j(x, x

T ) = CT
i,jGi,j(x, x

T )−1Bi,j. Now define

C
T :=




CT
1,1 · · · CT

1,n 0 · · · 0 · · · 0 · · · 0

0 · · · 0 CT
2,1 · · · CT

2,n · · · 0 · · · 0
...

. . .
...

0 · · · 0 0 · · · 0 · · · CT
m,1 · · · CT

m,n




,

S(x, xT ) :=




G1,1 · · · 0
...

. . .
...

0 · · · G1,n

0 · · · 0
...

. . .
...

0 · · · 0

· · ·
0 · · · 0
...

. . .
...

0 · · · 0

0 · · · 0
...

. . .
...

0 · · · 0

G2,1 · · · 0
...

. . .
...

0 · · · G2,n

· · ·
0 · · · 0
...

. . .
...

0 · · · 0
...

...
. . .

...

0 · · · 0
...

. . .
...

0 · · · 0

0 · · · 0
...

. . .
...

0 · · · 0

· · ·
Gm,1 · · · 0
...

. . .
...

0 · · · Gm,n




,
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B :=




B1,1 · · · 0
...

. . .
...

0 · · · B1,n

B2,1 · · · 0
...

. . .
...

0 · · · B2,n

...

Bm,1 · · · 0
...

. . .
...

0 · · · Bm,n




.

Let d =
m,n∑
i,j=1

di,j. Notice that CT ∈ R
m×d,B ∈ R

d×n, and S(x, xT ) is a d × d NC

linear pencil. In addition it is an easy computation to show that W (x, xT ) =

C
T
S(x, xT )−1

B. Thus we have that every matrix valued rational function is CKB

representable. ••

5.4.2 Generalizing Theorem 3.1

Theorem 5.4.2. Suppose that W (x, xT ) ∈ Mm(R∗(x)) is symmetric. Then there

exists a symmetric NC linear pencil L(x, xT ) such that

W (x, xT ) = Schur Complement(L(x, xT )).

In the case that all of the xi are symmetric, there exists a symmetric NC linear

pencil L(x) whose Schur complement is W (x).

Proof. By Theorem 5.4.1 there exist d ∈ N, CT
1 ∈ R

m×d, B1 ∈ R
d×m, and a d × d

NC linear pencil G1(x, x
T ) such that 1

2
W (x, xT ) = CT

1 G1(x, x
T )−1B1. From this

point the proof follows identically to that of Proposition 5.3.1. ••

5.5 Symbolic Computation of Realizations

The theorems in this chapter convert readily to computer algorithms for finding

realizations. In fact they were enhanced and implemented by John Shopple under
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the NC Algebra package for Mathematica.
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