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ABSTRACT 

The Arndt-MacGregor (Livermore) nucleon-nucleon phase shifts 

and mixing parameters for partial waves through J = 4 are fitted 

in the energy range 0 to 400 MeV by separable potentials. We have 

demanded that the partial-wave scattering amplitudes resulting from 

our potentials have singularities only for real negative values of 

the complex energy variable, in addition to the .usual right-hand 

unitarity cut guaranteed by the Lippman-Schwinger formalism. We have 

also demanded that the appropriate partial-wave amplitudes contain the 

deuteron pole and the singlet antibound state pole at the correct 

energies. The use of these fits in probing the off-energy-shell 

behavior of scattering amplitudes is discussed. 
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I. INTRODUCTION 

The main reason for the use of non-local separable potentials 

to describe the interaction between particles is their extreme conven­

ience and simplicity. Also separable potentials provide a simple 

extension of the two-body scattering ~mplitude off the energy shell, 

because the separable potential form factors determine the off-energy 

shell behavior of the scattering amplitude in a relatively transparent 

manner. 

A representation of the off-energy-shell two-body partial-wave 

transition amplitude for a particular process should satisfy five 

general non-dynamical requirements. l In the case of nucleon-nucleon 

scattering, we shall shown that separable potential forms may be 

chosen which lead to scattering amplitudes that fulfill these conditions. 

The five requirements are: 

(i) Reduction. The off-energy .shell amplitude must reduce to 

the correct on-shell amplitude. In potential theory, this condition 

is met by fitting the parameters of a given potential form to the 

experimental value of the on-shell scattering amplitude expressed in 

terms of phase shifts and mixing parameters. 

(ii) Unitarity. The amplitude must satisfy off-energy-shell 

two-particle elastic unitarity. If the amplitude is generated from 

a potential by the Lippmann-Schwinger equation, this requirement is 

automatically fulfilled. 
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(iii) Analyticity. The off-energy-shell amplitude 

T££I (p, p'; E) should be an analytic function of the center-of-mass 

kinetic energy E, with the only singularities in E being the right-

hand unitarity cut and bound state or resonance poles. It should be 

analytic in the c.m. momentum p(pl) when p2 > 0 (p,2 > 0) and it 

should have singularities when 2 <0 and p,2 < 0, which become the p 

left-hand or driving singularities of the on-shell amplitude when p 

and p' are on the energy shell. In addition, we take the position 

that the on-shell analyticity properties of any model scattering 

amplitude should be as close as possible to the analytic properties 
. 2 

known from relativistic theory. In the nucleon-nucleon case, this 

means that the on-shell amplitude should have driving singularities 

only for real negative values of E. 

(iv) Time Reversal Invariance. 

(v) Proper Threshold Behavior. 

We shall see that requirements (iii), (iv), and (v) can be 

met by a judicious choice of the functional form of the separable 

potential which generat~s the scattering amplitude. 

Tabakin3 has done an earlier fit to nucleon-nucleon scattering 

data by using a geparable potential of the same general form as ours. 

It was the success of the Tabakin potential in a number ·of calculations 

which prompted the more extensive fits presented herein. 

We will display three different separable potential fits to, 

the nucleon-nucleon scattering data between 0 and 400 MeV and discuss 

" .-,; 
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their application to the study of the qualitative off-energy-shell 

behavior of partial-wave amplitudes. It would be a most unlikely 

coincidence if a particular separable potential model were to reproduce 

exactly the scattering amplitude which occurs in nature. However, 

4 Noyes has shown that the usual local potential models are not adequate' 

to explain the observed nucleon-nucleon scattering amplitude. Therefore, 

a potential model description of the nucleon-nucleon interaction must 

employ a non-local potential. Non-local separable potentials are the 

simplest type of non-local potentials, they are 'Very convenient, and 

we may hope that they give a good approximation to the exact off-energy-

shell scattering amplitude. 

II. BASIC EQ.UATIONS AND CONVENTIONS 

To enhance the utility of our results, we shall set forth in 

considerable detail the basic equations and conventions used in our 

work. Generally, we follow the conventions of Goldberger and Watson. 5 

We deal with the non-relativistic two-particle partial-wave 

Lippmann-Schwinger equation for nucleon-nucleon scattering, which for 

uncoupled waves is 

CD . 2 
dq Vt(p, q) Tt(q, pI; k2 ) 

~ 
q 

2 2 k - q + iE 

(1) 

where the c.m. kinetic energy E = ~2k2/2~ and ~ is the reduced mass 

of the two nucleons. For coupled waves, the Lippmann-Schwinger 

equation is 

' . 
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00 

J 
o 

The partial-wave transition amplitude orT matrix obtained 

from the Lippmann';'Schwinger equation ·satisfies the off-energy-shell 

·elastic two-particle unitarity relation in the form 

for uncoupled waves and 

J+l' 

(2) 

ImTU ' (p, p'; k
2

) = -rr PEL T,ei (p, k; k
2

) 'T~,e(k, p' ; k
2

) (4) 

i=J-l 

for coupled waves,where 2 
P = IJ.k/ll • 
E 

We have used time reversal 

invariance to cast the unitarity relation in the forms (3) and (4). 

The partial-wave . S matrix is related to the partial-wave T 

matrix by 

For uncoupled waves S,e(k2) = S,e,e(k2). and the S matrix is expressed 

in .terms of the phase shifts by 

2iDl (k
2
) . 

e. (6) 



) or sin Combining (5) and (6) 

gives 

Alternately, we can express the T matrix in terms of the phase shifts 

as 
1 US,e(k

2
) 

_ -- e sin 
rr PE 

2 . 2 
1m Ti(k )/Re T,eCk). For coupled waves, we use the 

stapp6 parameterization of the S matrix 

cos 2E i sin 

S 

2i6J +l e cos 2E 

Then, the coupled wave phase shifts and mixing parameters are given in 

terms of the T-matrix elements by 

, 

, 

sin 2E , 
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2 
TJ+l,J_i(k ). 

We consider a separable potential model of the nucleon-nucleon 

interaction in which 

This is not a complex potential, since £' - £ is zero or two in the 

nucleon-nucleon case, and the factor is included~erely to 

change the sign of the off-diagonal elements of the potential matrix 

in the coupled wave case. 

For uncoupled waves i~ which we have a single term separable 

= 
00 

1 - 2!J.t.. J 
fl2 

o 

22, 
dq q g£ (q) 

k2 _ q2 + i€ 

, 

where \ = +1 gives a repulsive potential and ~ = -1 gives .an 

(8) 

attractive potential. For a two-term separable potential in uncoupled 

waves we find 

'( "k
2

) T.£ p, P ; 
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where 

and 

[
1 - ~ 

1}2 

CD 

J 
o k

2 2 
- q + if 

, 

In the general case of coupled waves, insertion of the potential (7) 

into the Lippmann-Schwinger equation (2) yields 

( '. k 2 ) " ce '-£ ) ( , • k 2 ) / ( k 2 ) T.e.e'P' p , =1. N.e.e' p, p '. DJ ' (10) 

where 



and 
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~ \"" J dq q h j q 

[ 

J+l Q) 2 2() 

1 + 2 ~' , 2 2 . 
~ j=J-l 0 k - q + lE 

J+l 'CD 2 2 ] 

- h.e (p) h.e I (p_I) 1 - ~ ) 2 2 . 
[ 

2 ~ J dq q g j, (q) 

~ ~ 0' k - q + lE 
j=J-l 

[
1 -'~ 

112 

J+l 

L 
j=J-l 

t 
- J+l 

l+~ L 
' 11 j=J-l 

Q) 2 2()] 
J 

dq q - gj q 

22. 
Ok -q+lE 

[ 

J+l Q) _ 2 () () ] 2 ~ \"' J dq q gi q h j q , 
+ 2 ~ 22' 

~ • J' 1 '0 k - q + iE , J= - - -

For J = 1, the triplet scattering length at' the triplet 

effective range r t and the deuteron binding energy are related by7 

10' 
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(11) 

where the deuteron binding energy is 2 2 
ED = 11 ~ /2fl.· In the 

partial wave, the position of the singlet antibound state (or virtual 

state) is related to the singlet effective range and the singlet 

scattering length by 

1 

(1 - [1 - (2r /a ) J2}/r s s s (12) 

The singlet antibound state occurs at on the second 

or unphysical sheet of the complex energy Riemann surface, because the 

experimental values of a s and r s lead to a negative value of ~ 

in Eq. 12. 8 

The scattering lengths are obtained from the T matrix as 

follows: 

a lim ~ ~ Re TO(k2) , 
s k~ 0 2 ~2 

where is the transition amplitude for scattering and 

2 
Too(k) is the transition matrix element for J 1, £ J!,' o. 
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The Schrodinger equation in momentum space for the deuteron 

wave function is 

\jrD~) 

where (L.L)2/211 ' th d t· b' d' ~L~ ~ ~s e eu eron ~n ~ngenergy. We write the deuteron 

wave function as 

J+l 

L (14) 

£=;,J-l 

and the potential as 

where are the normalized eigenfunctions of J, J = M . z 

and £ given by Hulthen and sugawara9 and ex denotes the quantum 

numbers J = 1, I = 0, S = 1 of the deuteron. Combining (13), (14), 

and (15), we obtain the Schrodinger equation for the "radial" part of 

the deuteron wave function in momentum space: 

00 J L VU,(k,k') wex£,(k' )k,2 dk'. 

° .£' 

,~. 

1"'. 
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Using the potential (7), we find 
J. 

where the normalization constants A and B are given by 

J+l 

~ 

with 

J+l Q) 

g,/(k)k
2

dk 
G ~ k:l f := 

£2 k2 + ~2 
, 

0 

J+l /'0 gj(k) hj(k) k
2

dk 
M ~ L := 

fJ.2 Ok2 + ~2 . £:=J-l 

The normalization is 

.1, 

1 
-;') 



-12-

whence the deuteron D state probability is 

co 

PD 
:= J k2 2 dk wCX2 (k) " 

0 

Taking the Fourier transform of the deuteron wave function 

according to 

we find 

where 

ik"r d3k e "" ""-
/VI' 

J+l ; . L ucxt(r) <lllMe(9r , ¢r' 1), 
t==.J-l 

The normalization of wcxt(k) insures the normalization 

The deuteron quadrupole moment is given in terms of these radial,wave 

functions by9 

co Q) 

J o I 

" 

", 
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In momentum space, this formula becomes 

Q, 

1 
20 

We take for the nucleon mass M the average of the neutron 

and proton masses so 2 
== Mc 938.903 MeV and ~c = 197.32 

MeV F.
10 

We take the deuteron binding energy ED = 2.22452 MeV and. 

the triplet scattering length at = 5.396 F, which yields a triplet 

effective range r t = 1.726 F.7 We set the singlet anti-bound state 

at an energy EV = -0.0665 MeV on the second sheet of the complex 

energy Riemann surface and we take the singlet scattering length 

a s This yields a singlet effective range r s 

vle have fitted our potentials to the Arndt-MacGregor nucleon-

nucleon phase shifts obtained at Livermore. We fit all partial waves 

through J = 4. 11 According to the standard impact parameter argument 

the partial wave £ = 5 does not contribute significantly to nucleon-

nucleon scattering below a kinetic energy of about 500 MeV. We feel 

that our fits should be useful for energies up to 400 MeV and certainly 

for all energies below the meson production threshold at 270 MeV. 
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III., POTENTIAL SHAPES 

Although the unitarity requirement for off-energy-shell 

scattering amplitudes is automatically met in the Lippmann~Schwinger 

formulation of potential scattering theory, and reduction to the 

correct on-shell amplitude is guaranteed by choosing the potential 

parameters suitably; the requirements of time reversal invariance, 

analyticity,and correct threshold behavior must be satisfied by proper 

choice of the -functional form of the separable potential. 

Time 'reversal invariance, is ensured by qur separable potential 

(7). Therefore we ~ust sati~f'y the analyticity and threshold require­

ments 'by building ,them into the forrrifactors gg(p) and h£(P). Note 

that different functional forms for these form factors lead to di'fferent 

off-energy-shell behavior'and different high'-energy behavior of the 

phase shifts. 

We know that theon-shell partial-wave amplitudes must go to 

zero as (k2 )£ when k2 ~O, where E =~2k2/2~ is the kinetic 

energy. To obtain the correct threshold behavior, Eqs. (8), (9), and 

(10) show that we must have h£(p) ~ pf and g£(p) rv (p),g as' p2 ,~O. 

In addition, we will demand that g,g(p) and h £ (p) have singularities 

only for 2 
real and negative, that model scattering amplitudes' p so our 

will have analyticity properties as close as possible to those of the 

true nucleon-nucleon scattering amplitude on the energy shell~ 
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In the following work we consider the family of form factor 

.e 2 2) (£+n)/2 " () .e f.e (p) ~ p / (p + a , wh1.ch behave as f.e p ~ p when 

and have a singularity at 2 
P 

2 -a • Furthermore, 

as p -. ro. 

We also consider the form 

f.e (p) 

where Q,.e (x) is the Legendre function of the second kind, which was 

f " t d b Mit 12 l.rs propose y ra. This form has the correct threshold 

behavior and goes as 
221.. 2 

[(In p )/p J2 as p --? 00. Theon-shell Born 

approximation to the transition amplitude obtained from a separable 

potential with this Mitra 'form factor is identical to that arising from 

a superposition of Yukawa pOtentials. In addition, the Mitra form 

factor leads to an on-shell transition amplitude which has a cut along 
, 2 

the negative real energy axis, beginning at k2 = - ~. Thus, this 

last separable potential form has more realistic analyticity properties 

than the preceding forms. 

IV. FITS TO THE NUCLEON-NUCLEON DATA 

We have fit the Arndt-MacGregor (Livermore) nucleon-nucleon 

phase shifts for laboratory kinetic energy from 0 to 400 MeV for the 

partial waves through J = 4. 
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The fitting was done on a CDc-6600 electronic computer at 

Lawrence Radiation Laboratory using a least-squares minimization 

program LSQMIN developed by Eric Beals. For each phase parameter we 

used 50 data points at 8-MeV intervals in the range 0 to 400 MeV 

laboratory kinetic energy E. The program LSQMIN searches for the 

values of tpe input parameters which minimize the sum of the squares 

of the residuals 

:::: 

for uncoupled waves, and 

. 2 rn 
:i::::l 

50 
+ .~ [€;XPt(E

i
) 

i=l 

for coupled waves. 

, 

50 

- €~it(Ei)]2 + L [O;:it(Ei ) 

i::::l 

_ ofit(E.)]2 
J+l l 

All of our fits were made with the basic separable potential 

form VU'(p, p') :::: [iCe'-,e)] [g,e(p) g:e'(p') - h,e(p) h,e'(p')], An 

attempt was made to fit all the scattering data by using three of the 

form factors 'mentioned in Section III. In Case I, g,e(p) and h.e(p) 

,-' 
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C £/( 2 2)(£+1)/2 ( ) ( ) were taken as p p + a • In Case II, g£ P and h£ p 

£ 2 + a2)(£+2)/2. were of the form C p /(p These shapes correspond to 

the first two members n = 1 and n = 2 of the family of form factor 

shapes discussed in Section III. Finally, in Case III, g£(p) and 

h£(P) were taken to be of the Mitra form 

With this approach, we obtained fits to most of the partial-wave 

phase shifts. However, in the partial waves and reasonable 

fits could be found only if we used the following special repulsive 

form factors: 

Case I: c 

Case II: II,R( ) g£ p c 

Case III: g~II,R(p) = 

2 
P 

2 2 
P + a 

2 
p 

2 2 
p + a ( 2 2) (£+2)/2 p + a 

, 

2 2 2 [ G
2 C· 2 )] ~ (p /[p + Cfl /4)]} 2 Q.e 1 + ~ • 

rtP 2p 

In Case III, this introduces a pole at the beginning of the repulsive 

force cut in the on-shell amplitude. These. special repulsive form 

factors go to zero as 2 
p -)0 faster than the corresponding attractive 

form factors, while both types of form factor have the same behavior 
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2 as p ~ CD. Therefore, at low energies, the potential will be mainly 

attractive and will have the correct threshold behavior, and the 

repulsive potential will become important only at high energies. 

We have also used these special repulsive form factors in the 

3S1 fit labelled SR and for the £ = 0 repulsion in the fit to 

the coupled waves J = 1 which is labelled SR. 

The parameters which fit the phase shifts are given in 

Tables I to VI, and we have included the values of, rn2 
since a 

comparison of these numbers for a single partial-wave or coupled-wave 

system J + 1, J - 1 gives an, indication of the relative goodness 

of fit of the three types .of p'aramet'erization. We have displayed our 

fits to the phase parameters graphically in Figs. 1 to ~5, where the 

curve marked 6. is the data value of the phase parameter in degrees 

and is read with the left-hand scale. The other curves are the absolute 

error (fitted value minus data value) in degrees of the various fits 

and,are read with the right-hand scale. The dashed curve represents 

the Case I fit, the solid curve marks the Case II fit, and the 

dotted curve indicates the Case III fit. 

For the convenience of those who would like to use these fits 

'with the scheme truncated at a lower value of J, we have fit the 

coupled waves and 3 F4, assuming o and 

neglecting 0J+l in each case. Thus one can discard higher partial 

"Taves at any point. These results are presented in Tables VII to IX 

and Figs. 26 to 30. 

".' 
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In the partial wave 180, we must fit the three low energy 

parameters (scattering length, virtual (anti-bound) state pole 

position, and effective rartge) as well as the phase shift. Only two 

of these +ow-eriergy parameters are independent and we choose the 

scattering length to be -23.678 F and the anti-bound pole at 

Ev -0.0665 MeV on the second sheet of the complex energy Riemann 

surface, which implies a singlet effective range of 2.729 F. To fit 

this wave, we note that the anti-bound state pole on the second or 

unphysical sheet leads to a zero in the 8 matrix at the corresponding 

position on the physical sheet of the complex energy surface. The 

condition that the 8 matrix have a zero at ~:= -0.0665 MeV was 

used to obtain the attractive coupling strength. We then searched for 

the values of the repulsive coupling strength and the attractive and 

repulsive inverse ranges which give the best fit to the phase shift 

and the scattering length. Effective range theory was then used to 

determine the value of the effective range produced by the separable 

potential model. Our amplitudes are, therefore, guaranteed to contain 

the anti-bound state pole at the correct position on the unphysicai 

sheet. 

If we consider the partial wave 381 as uncoupled, we demand 

that the 8 matrix have the deuteron pole at E
D

:= -2.22452 MeV on 

the physical sheet. This is obtained by forcing the denominator 

function D to have a zero at the pole position. This condition 

(D := 0) was used to determined the attractive coupling strength. 
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Thenour·search programs determined the values of the remaining three 

parameters which gave the be.st fit the phase shift and scattering 

length. Later we obtain the effective range from the relation (11) 

in Section II. 

When we at last consider the coupled waves 3S ,and 
1 

we again guarantee the correct binding energy for the deuteron by 

obtaining the attractive strength in t =0 from the condition that 

D := 0 'at ED -2.22452 MeV. Next we searched for the values of the 

remaining seven parameters which yielded the best fit to the phase 

shifts, mixing parameter, scattering length, deuteron quadrupole 

moment, and D state pr.obability. The effective range was ,obtained 

as before, from Eq. (11). Since the quadrupole moment of the deuteron 

depends on the off-energy-shell behavior of the two-nucleon interaction, 

we weighted this quantitity so that our searching routines were heavily 

biased in favor of those parameter sets that led to a nearly correct 

quadrupole moment. We found that the resulting D state probabilities 

were quite low. However, since the available estimates of the D 

state probability are imprecise and seem to be somewhat model dependent, 

Vie do not feel that these low D state probabilities constitute a 

serious drawback. 

Table X gives the low-energy parameters resulting from our 

fits. 

For the coupled waves J:= 2 and J:= 4, we were able to : 

.reproduce the phase shifts and mixing parameters with four parameters: 
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a repulsive strength and inverse range in .. J + 1 and a repuisi ve 

strength and inverse range in J -1. In.the coupled waves J = 3, we 

need six parameters to fit the phase shifts and mixing parameters. 

Since there is no attractive force for J + 1, our separable potential 

formalism guarantees that the mixing parameter is positive. Note that 

if we had taken only the repulsion needed to reproduce and the 

attraction needed to fit 3D3 , this attempt at a four parameter fit 

would have E3 = O. 

We would like to point out that our fits to the important 

1 phase parameters PI' 3 
Sl' and deviate from the energy-

dependent data curves in the same way as the energy-independent data 

points of the Livermore phase shift analysis. 

Generally speaking, our Type II fits seem to be the most 

successful and this is particularly fortunate since all the relevant 

integrals can be done analytically for £ = 0 and £ = 2. The Type III 

fits are the. least successful, except in the higher partial waves. 

We have not given values of x.2 since this number is meaningless 

without some knowledge of the error in the input data, which is not 

available for the Livermore energy-dependent phase shift. 

Once the best values of the separable-potential parameters 

were found, it seemed desirable to have an independent check on our 

work. Therefore, the separable potentials were put into computer 

programs that solve the Lippmann-Schwinger Eqs. (1) and (2) as complex 
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matrix inversion problems. The latter programs were developed completely 

independently of the present work. Since the values of the T matrices 

and phase parameters calculated from the two app~oachesagree, this 

constitutes an independent check of our results. 

V. USE OF FITS 

These fits can be used in a straightforward manner.to reproduce 

the on-shell scattering amplitude. The separable-potential approach 

also provides a convenient extension of the scattering amplitude off 

the energy shell. 

For calculations invOlving off-energy-shell nucleon-nucleon 

scattering amplitudes, we sug~est the following approach. In our 

separable-potential formalism, 

where R,' for uncoupled waves. Thus, when 

(16) 

where 

and 

.. -
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= 1. 

Now, we can use Eq. (16) in calculations with F
U

' (p, pI; k
2) 

2 
obtained from the separable potential model and, T££,(k) expressed 

directly in terms of the experimental phase shifts and mixing parameters. 

Of course, the expression for TU'(P, p'; k2) in Eq. (16) is still 

separable in the incident arid outgoing momenta p andp I . Similarly, 
, 2 

o we have N££, (kO ) ::: 0 and 

T (i) (k 2) 
££' 0 

2~ 2 (i)( 2) 
for k ~ kO ' where N££, kO and T (i)(k 2) 

U' 0 
are the first 

derivatives of Np£,(k
2

) and evaluated at 2 2 
k ::: kO • ,Thus, 

we have, for k2 ~' k 2, o 

2 0(, 2) (i)( 2), T££I (p, p' ; k) ::: F££, p,p; k T££I kO ' 

where 

F O(p p' ,. k2) ££1 , ( I k2)/N(i)(k 2) N££, p, P ; ££1 0' 

and again the off-shell amplitude is given by the product of a separable 

factor obtained from the separable potential model and a quantity 

dependent only on the on-shell scattering data. 
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, 
By using Eqs. (16) and (17)·, the exact experimentally 

determined scattering amplitude for k
2 > 0, in terms of the phase 

shifts and mixingparameters, can be inserted into calculations and the 

model dependence will lie only in the treatment of the region k
2 < 0 

and of off-energy-shell effects. The desirability of this separation 

between on-shell and off-shell effects is indicated by recent p-p 

b;emsstrahlung . calculations .13 
. . . ". . 

In these calculations, the small 

differences between the on-shell predictions of various potentials 

seem to influence the results as much as the inclusion of off-energy-

shell effects. With our approach any difference in the results of two 

potential models will be a consequence only of differences in off-energy-

shell predictions. Although similar separations of on-shell and off­

shell behavior can be made for local potentials,l they are much 

simpler and easier to use. in a separable-potential formalism. 

If we use several different models for the off-energy-shell 

scattering amplitude in a single calculation, we should get an indica-

tion of the dependence of the calculation on off-energy-shell behavior 

and k2 < 0 behavior. This is particularly true in the approach we 

have proposed, where we know that the on-shell amplitude for k
2 > Q 

is represented exactly, and the only possible difference between the 

different calculations lies in k2 < 0 or off-energy-shell effects. 

. We might find that many calculations 'are relatively insensitive to the 

details of the off-energy-shell behavior of scattering amplitudes. 

r, 
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The fits we have given will go immediately into any calcula­

tions involving nucleons that have been set up to use separable poten­

tials and, in particular, they can be used directly in calculations 

based on the Tabakin potential. Some of the integrals involved in 

our fits will have to be done numerically and put into computing 

machines in tabular form, but this is a very simple matter. 
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Table I. Case I fits to nucleon-nucleon phase shifts in uncoupled 

partial waves. These partial waves are fitted by the separable 

potential 

where the form factors are 

h1,(p) C 1,/( 2 2)(1,+1)/2 
AP P + aA 

except in the partial waves 180 and where the repulsive form 

factor is 

C 1,+2/( 2 2)Ce+3)/2 
R"P p + ~ 

The units of the attractive "inverse range" a
A 

and the repulsive 

"inverse range" ~ are inverse fermis (F-l , IF::= 10-13 cm). 

The units of the attractive coupling strength CA and the repulsive 

coupling strength C
R 

are (MeV F)1/2. Dashes indicate that a 

form factor is to be set equal to zero. rn2 is the sum of the 

squares of the residuals 

at the 50 data points spaced at 8-MeV intervals in the range 

o to 400 MeV. 
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Table I (Continued). 

Repulsive potential Attractive potential 
12arameters Earameters . 

~(F-l) CR(MeV F)172 -1 CA(MeV F)172 ru2 Partial wave aA(F ) 

Singlet 

IS 
0 2.1a 500.0a 

0·786 .5. 420 698.2 

.lp 
1 1.539 100.0 596.9 

ID 
. 2 1. 456 4.931 8.972 

IF 
3 

0.544 .1.491 0.708 

IG 
4 0·990 1.979 0.0893 

Triplet 

3p 
0 1.64a 100.0a 0.957 5. 415 81.83 

3p 
1 1.574 19·64 38.39 

3D 2 1.059 5·784 36.32 

3F 0.849 2.410 -- 0.0871 3 

3G 4 1.085 4·555 4. 205 
... 

a Special repulsive form factor must be used. 

~ .. 
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Table II. Case II fits to nucleon-nucleon phase shifts in uncoupled 

partial waves. These partial waves are fitted by the separable 

potential 

where the form factors are 

() C f, / ( 2 2) (f, +2) /2 
gf, P = RP P + ~ . . h ( ) _ C £/(.2 2)(1+2)/a 

£ p - AP P + aA ' 

except in the partial waves and where the repulsive form 

factor is 

R 
g f, (p) C £+2/( 2 2 )(£+4)/2 

RP p + a R . 

The units of the attractive "inverse range" a
A 

and the repulsive 

"inverse range" ~ are inverse fermis (F-l , IF = 10-13 cm). 

The units of the attractive coupling strengthCA and the repulsive 

coupling strength C
R 

are (MeV F-l )1/2. Dashes indicate that a 

form factor is to be set equal to zero. LR2 is the sum of the 

squares of the residuals 

at the 50 data points spaced at 8-MeV intervals in the range 

o to 400 MeV. 
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Table II (Continued) . 

,. 
Repulsive potential Attractive potential 

;earameters ;earametE::rs 

Partial wave ~(F-l) C (MeV F-l )1/2 . (-1 C
A 

(MeVF-l )1/2 . rn2 aA F ) R 

Singlet 

1 . 
So 3.874a 679.3

a 
0·991 7. 049 1284.8 

Ip 
1 2·951 500 •0 76.94 

1 
D2 1.986 21.98 . 14.55 

IF 
3 

00906 ·3.926 0.157 

IG 
4 1.333 6.982 0.251 . 

Tri;elet 

3' 
Po 20527a 330.2a 1.117 8.348 5.674 

3 
PI 2.177 43.87 55. 47 

3D 2 1.566 23·15 147.2 

3F 
3 

1.235 7·574 0.968 

3 G4 1.439 17·78 8.883 

a Special repulsive form factor must be used. 
.... 
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Table III. Case III fits to nucleon-nucleon phase shifts in uncoupled 

partial waves. These_ partial waves are fitted by the separable 

potential 

where the form factors are 

GR [~2 Q£ Q+ ~:)r h£(P) " GA L> Q£ ~ + ~:)r 
except in the partial waves 

form factor is 

R g.e (p) 2 

2 + ~ 
p 1+ 

18 and 3p where the repulsive o 0 

The units of the attractive "inverse range" ~A and the repu"isive 

"inverse range" ~ are inverse fermis (F-l , IF 10 ... :1;3 cm). 

The units of the attractive coupling-strength G
A 

and the repulsive 

coupling strength GR are (MeV F)1/2. Dashes indicate that a 

form factor is to be set equal to -zero. rn2 is the sum of the 

squares of the residuals 

at the 50 data points spaced at 8-MeV intervals in the range 

o to 400 MeV. 
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Table III (Continued). 

Repulsive potential Attractive potential 
parameters parameters 

~R(F-l) G' (MeV F)1/2 -I GA(Mev F)1/2 rn2 -Partial. wave ~A (F- ) R 

Singlet 

IS 
0 2.319

a 21.50a 1.203 9.416 1805.9 

Ip 
1 0.931 465·7 2406.1 

ID 
2 1. 453 10.86 3.434 

IF 
3 

.00330 2.645 2.562 

1 -
0.820 - 5·316 0.0018 G .. 4 

Triplet 

3 -
Po 1.800a 200.0a 1.550 29·00 . 386.7 

3 -
PI 1.193 500.0 187.6 

3
D2 0.912 10.49 3.884 

3F 
3 

0.666 5·583 0.216 

3G 4 0.926 11.48 0·573 

a Special repulsive form factor must be used. 
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Table IV. Case I f1 t.? to nuclcon-nuclf::on phu.::e TJarameters in coupled partial waves. 'l11es€ partial waves ure .f! ttf.'d by the s£,par'3.l,1€, 

potential 

'where the form factors are 

eKcept in the SR rits to the J = 1 system, where the repulsive form factor for J - 1 (e = 0) is 

R _ C R !+2/['; (R)2]«+3)/2 ge - 2 P P + a e 

The units of the attractive "inverse ranges" and and the repulsive "inverse ranges" and are inverse ferreis 

(F-
1

, IF = 10-
1

:; em). The units of the attractive coupling strengths ~+l and C~_l and the repUlsive coupling strengths 

c:i+l and ~-l . are 

, 
(JileV ·FF·. Dashes indicate that a form factor is to be set equal to zero. rn2 is the sum of the squares 

of the residuals, 

50 

n>.2 '" L t:5~':it(E1) - 5§:{(E1)]2 + [€~XPt(Ei) - €~1t(E1)]2 + r5~~t(Ei) - 5~:{(E1J]2) , 

i=1 

at the 50 data pOints .::pace at 8 MeV intez:vals in the range 0 to 1100 MeV. 

Parameters for , = J + 1 Parameters for e • J .- 1 

RepulSive parameters Attractive parameters Repulsive parameters Attractive parameters 

Coupled 

~ (MeV F).J syste!ll "~+1 (F-
1

) C~+l (/<leV F)~ "~+1 (F-
1

) "~-1 (F-
1

) ci_l (MeV F)~ a~_l (F-
1

) ~-1 (MeV F)~ J+1 

J = 1 0.849 19·57 0.747 10.81 3·836 21.)15 0.984 9.7'5 11 

J = 1 SR 1.059 62.62 0.885 13.07 1. 841a 59.63" 1.h6 10·72 

J = 2 0.:;51 0·727 1. 111:; '5.010 

J = 3 1.019 11.311 7 0.899 3.311 2 1.165 11.(,28 

.J = I, O.COl( 0.,,6 1.5111 3.9(,1, 

Ii Special repu,lsive form factor must be used. 

L'.R2 

2271. 3 

1392·7 

11.16 . 

IO.2'l 

(;·7°11 
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7able V. CaGe II fits to r..ucleon-nucleon phase parameters in coupled partial waves. These partial wavet are fitted by t,he se-parable potential 

',Jhere the form factor::: are 

except; in the SR fits to ~he J ="1 system, where the repulsive form factor for J - 1 (£ = 0) .is 

The units of the attractive "inverse ranges" and and the repulsive "inverse ranges" and are inveT!"e fermil:1 

(F-
1

, IF = 10-13 em). The units of the attractive coupling strengths ~+l and ~-l and the repulsive co~l'ing strengths C~+l 

1 . 

and~_l are (MeV/F)'":>. Dashes indicat'e that a form factor is 'to be set equal to zero". 1S the sum of the squares of the 

residuals, 

50 

nl L [[5~:it(Ei) - 5~~i(Ei»)2 + [€~XPt(Ei) - €~1t(E1)]2 + [5~~t(E1) - 5~~i(Ei»)2) 
1,1 

at the 50 data points spaced at 8 MeV intervals in the range 0 to 400 MeV. 

ParameterS for , = J + 1 Parameters for , = J ,;. 1 

Repu1.si ve paran'.eters Att~acti ve par~eters RePl.:llsive parameters Attractive parameters 
Coupled 

system a~+l (F~l) C~+l (MeV/F)~ a~+l (F-
1

) ~+1 (MeV/F)!,. a~_l (F-
1

) C~_l (MeV/F)} ·a~_l (F-
1

) ~~1 (MeV/F)'\ 

J = 1 1.283 49.11 1.174 3/~·07 3·308 81.68 1.979 1+1.h2 

J = 1 SR 1.410 33·20 0.838 4.760 2.l111a 60.21a 1.288 1,.18 

J = 2 0.932 2.134 2.09/1 ~1.8·~ 

J = 3 1·357 13·92 1.387 11.46 1.641 17·86 

.J , 4 0.898 2·330 1.935 17.45 

a Special repuldve form factor !'llUst be used. 

10.02 
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TaGle VI. Cnse III f1 ts to nllcleor,-nucleon phase parameters in coupled partial waves. These partial waves are f1 tted by the :;eparable 

poterltia~ 

I-Ihere the forrr. factors are 

vlhere ~~(x) is the Legendre function of the second kind. In the SR fits to the J == 1 system, the repulsive form faclor for 

J - 1 (t = 0) is 

gIR(p) = [p2 + ~::::2/4] {c~2 Qe [1 + (~:)2J r 
'n.e unit!: of the attractive "inverse ranges" A 

llJ+l and and the repulsive "inverse ranges" 
R 

!-lJ+l and are inverse 

fermis (F-
1

, IF'''' 10-13 em). The units of the attractive coupling strengths ~+l and G~_l and the repulsive. coupling streng,tlls 

Gi+l and Gi_l are (MeV F)l, Dashes indicate that a form factor is to be set equal to zero! rn2 
is the sum of the squares of the 

residuals, 

50 

rn2 = L [[5~':it(Ei) - 5~~{(Ei)12 + [<~XPt(Ei) - <~it(Ei)12 + [5~~t(Ei) - 5~=i(Eid) , 

1=1 

at the 50 data pOints spaced at 8 MeV intervals in the range 0 to 400 MeV. 

Parameters for t = J + 1 Parameters for , = J - 1 

Repulsive parameters Attractive parameters Repulsive parameters Attractive parameters 

Coupled. 

syste:n "~," (F-
1

) G~+l (r>1eV F)~- "~+1 (F-
1

,) 

J = 1 0.617 49 . .51 0.507 

J = 1 SR 0.594 1 115.5 0·512 

J • 2 0.334 

:: = : 0.8iJ7 16.84 

,- = .!.. 0·360 

a =}:eci9.1 repulsive form factor must be used. 

G~," (MeV F)% "~-1 (F-
1

) G~_l (MeV F)f< 

16,51 5·502 52.32 

17. 47 3.276" 145.3& 

1.163 

0.655 6.811, 

1.463 

P~-l (F-
1

) 

O·97h 

1.320 

l.h46 

1.055 

1.)46 

~'" (MeV F)b 

13. 11 2 

13·31 

8.9112 

9.21,6 

11.33 

28.')2 

6,132 

6.{)(iA 



Table VII. Case I fits to nucleon-nucleon phase shifts in coupled waves, 

assuming€,J = 0 and neglecting 5,J+l. These partial waves are 

fitted by the separable potential 

where the form factors·· are 

gj,(pJ == hj,(P) 
.1, 2 2 (£+1) /2 

== CAP / (p + aA ) , 

except in the SR fits to the partial wave 3S1, where the repulsive 

form factor is 

The units of the at:tractive "inverse range" a
A 

and the repulsive 

"inverse range" ~are inverse fermis (F-l, IF == 10-13 cm). 

The .units of the attractive coupling strength CA and the repulsive 

coupling strength CR are (MeV F)1/2. Dashes indicate that a form 

factor is to be set equal to zero. LR2 is the sum of the squares 

of the residuals 

50 
LR2 L [5 /XPt(E

i
) - 51, fit(E

i
) J2 , 

i==l· 

at the 50 data points spaced at 8-MeV intervals in the range 

o to 400 MeV. 
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Table VII (Continued). 

Partial wave 

3S 1 

3S 1 SR 

3p 
2 

3D 
3 

3F 4 

Repulsive potential 
parameters 

2.230 75·58 

2.036a 76.46a 

Attractive potential 
parameters 

2.044 70.48 

1·735 12.45 

1.406 5. 007 

1.836 4.647 

1.562 4.176 

a Special repulsive form factor must be used. 

;":,,, • 'Y' 

174.6 

179.8. 

4.933 

0. 0470 

0.154 



Table VIII . Case II fits' to nucleon-nucleon phase shifts in coupled 

waves, assuming E
J

;:; 0 and neglecting 0J+l' These partial waves 

are fitted by the separable potential 

where the form factors are 

C '£/( 2. 2) (£+2) /2 
RP P +~ , 

except in the 8:R fits to the partial wave 

form factor is 

R g.e (p) C .£ +2/( 2 2) (£+4) /2 
RP p +~ • 

3 

2)(.£+2)/2 + a
A 

8
1

, where the repulsive 

The units of the attractive "inverse range" a
A 

and the repulsive 

"inverse range" ~ are inverse fermis (F-
l , IF = 10-13 cm).· The 

units of the attractive coupling strength CA and the repulsive 

coupling strength CR are (MeV F-1 )1/2. Dashes.indicate that .a 

form factor is to be set equal to zero. 2:R,2 is the sum of the 

squares of the residuals 

50 

2:R,2 .= L [o/XPt (Ei ) - 0.£ fit (Ei)]2 

i=l 

at the 50 data points spaced at 8-MeV intervals in the range 

o to 400 MeV. 
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Table VIII (Continued). 

Repulsive potential Attractive potential 
;earameters parameters 

Partial wave 
~(F-l) CR(MeV F-l )1/2 ( -1 aA F ) C

A
(MeVF-l )1/2 

rn2 

3S 1 2.624 84.69 2.176 68.10 164.9 

3S 1 SR 2.515a 62.67a 1.330 13.82 186.6 

3p 
2 2.080 21.62 0·310 

3D 
3 

2·366 22.50 0.020 

3F 4 1.977 18·51 0·319 

a Special repulsive form factor must be used. 
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Table IX. Case III fits to nucleon-nucleon phase shifts in coupled 

waves, assuming E
J 

== 0 and neglecting 0J+l' These partial waves 

are fitted by the separable potential 

where the form factors are 

except in the SR fits to the partial wave 3S1 , where the repulsive 

form factor is 

The units of the attractive "inverse range" IJ.
A 

and the repulsive 

"inverse range" IJ.R are inverse fermis (F-l , IF == 10-13 cm). 

The units of the attractive coupling strength GA and the repulsive 

coupling strength are Dashes indicate that a 

form factor is to be set equal to zero. LR2 is the sum of the 

squares of the residuals 

, 

at the 50 data points spaced at 8-MeV intervals ih the range 

o to 400 MeV. 
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Table IX (Continued). 

Repulsive potential Attractive potential 
parameters parameters 

Partial wave 
. 1 

flR(F- ) GR(MeV Fl72 -1 
flA(F ) GA(MeV F)172 rn2 

3S 1 l~. 326 300.0 1.818 39.52 690.8 

3S SR 3.387
a 

1 
200.0a 3·092 28.27 646.2 

3p -- 1. 437 8.952 22·90 2 

3D 
3 

2.048 11.96 0.248 

3F 4 1.620 12.14 0. 0158 

a Special repulsive form factor must be used. 
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Table X. 
. S-

Low-energy parameters. .. 

Experiment 

Case I fit 

Case II fit 

Case III fit 

lSO parameters 

Singlet scattering length 
a (fermis) s 

-23.678 

-23.679 

-23.677 

-23·681 

Singlet effective range 
r (fermis) s 

2.729 

2·728 

2·731 

2·722 

381 parameters (coupling to 3Dl neglected) 

Triplet ~cattering length· Ti-iplet scattering length 
at (fermis) r t (fermis) 

Experiment 5.396 1.726 

Case I fit 5·391 1.719 

with SR 5.394 1·'723 

Case II fit ·5·393 1.722 

With SR 5·567 1.938 

Case III fit 5. 406 1·739 

with SR 5 .. 411. 1.745 

a All £'its to the partial waves contain a singlet anti-bound 

state pole at E = -0.0665 MeV on the second or' unphysical sheet 

of the complex energy Riemann surface. 

All fits to the J = 1 coupled wave 'system and to the 

partial wave neglecting tpe coupling to contain the deuteron 

pole at E = 2.22452 MeV on the physical sheet of the complex 

energy Riemann surface. 



Table X (Continued). 

J = 1 parameters 

Triplet Triplet Deuteron 
scattering effective Deuteron D state 
length at range r t quadrupole2 probabili ty 

(fermis) (fermis) moment (F-) (%) 

Experiment 5.396 . 1.726 0.278 

Case I fit 5.655 2.042 0.277 0·7 

with SR 5. 482 1.834 0.276 1.0 

Case II fit 5.394 1.723 0.278 1.1 

with SR 5·592 1.968 0.278 0.8 

Case III fit 5·988 2.409 0.278 0·5 

with SR 5.634 2.018 0.276 0.5 
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FIGURE .CAPTIONS 

Fig. 1. Fits to the singlet phase shift lSO with special repulsive 

form factors. The curve marked ~ is the data value of the 

phase parameter in degrees and is read with the left-hand 

scale. The other curves are the absolute error (fitted value 

minus data value) in degrees of the various -fits and are read 

With the right-hand scale. The dashed curve represents the 

Case I fit, the solid curve marks the Case II fit, and the 

ddtted curve indicates the Case III fit. 

Fig. 2. Fits to the singlet phase shift 1 
, Pl ,· Description of curves 

is as for Fig. 1. 

Fig·,3· Fits to the singlet phase shift 1 
D2 • Description, of curves 

is as for Fig. 1. 

Fig. 4. Fits to the singlet phase shift 1 
F3· Description of curves 

is as for Fig. 1. 

Fig. 5. Fits to the singlet phase shift 1 
G4· Description of curves 

is as for Fig. 1. 

Fig. 6. Fits tb the (uncoupled) triplet phase s0ift 3Po with special 

repulsive form factors. Description of curves is as for Fig. 1. 

Fig. 7. Fits to the (uncoupled) triplet phase shift Description 

of curves is as for Fig. 1. 

Fig. 8. Fits to the (uncoupled) triplet phase shift Description 

of curves is as for Fig. 1. 

" 



Fig. 9. Fits to the (uncoupled) triplet phase shift Description 

of curves is as for Fig. 1. 

Fig. 10. Fits to the (uncoupled) triplet phase shift Description 

of curves is as for Fig. 1. 

Fig. 11. Fits to the triplet phase shift 3S 1 (J 1 coupled waves). 

Description of curves is as for Fig. 1. 

Fig. 12. Fits to the triplet mixing parameter El (J = 1 coupled 

waves) . Description of curves is as for Fig. 1. 

Fig. 13· Fits to the triplet phase shift 3D 1 (J = 1 coupled waves) . 

Description of curves is as for Fig. 1. 

Fig. 14. SR fits to the triplet phase shift 3S 1 (J = 1 coupled 

waves) with special repulsive form factor in .£ = O. 

Description of curves is as for Fig. 1. 

Fig. 15· SR fits to the triplet mixing parameter El (J = 1 coupled 

waves) with special repulsive form factor in .£ = O. 

Description of curves is as for Fig. 1. 

Fig. 16. SR fits to the triplet phase shift 3D 1 (J = 1 coupled 

waves) with special repulsive form factor in .£ = O. Descrip-

tion of' curves is as for Fig. 1. 

Fig. 17. Fits to the triplet phase shift 3 P2 ' (J 2 coupled waves). 

Description of curves is as for Fig. 1. 

Fig. 18. Fits to the triplet mixing parameters E2 (J = 2 coupled 

waves) • Description of curves is as for Fig. 1. 

Fig. 19. Fits to the triplet phase shift 3F 2 (J = 2 coupled waves). 

Description of curves is as for Fig. 1. 
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Fig. 20. Fits to the triplet phase shift 3D 
3 

(J = 3 coupled waves). 

Description of curves is as for Fig. 1. 

Fig. 21. Fits to the triplet mixing parameter E3 (J = 3 cQupled 

waves) • Description of curves is as for Fig. 1. 

Fig. 22. Fits to the tri.plet phase shift 3G ' 
3 

(J = 3 coupled waves). 

Description of curves is as for Fig. 1. 

Fig. 23· Fits to the triplet phase shift 3F 4 (J 4 coupled waves). 

Descripti.on of curves is as for Fig. 1. 

Fig. 24. Fits to the triplet m:lxing parameter E4 (J = 4 coupled 

w~ves) • Description of curves is as for Fig. 1. 

Fig. 25. Fits to the triplet phase shift (J= 4 coupled waves). 

Description of curves is as for Fig. 1. 

Fig. 26'. Fits to the triplet phase shift 38 
1 

(assuming E1 = 0 and 

3 ) 
-, 

neglecting 1) Dl . D~scription of curves is as for Fig. 1. 

Fig. 27. 8R fits to the triplet phase shift, 381 , (assuming, El =0 

and neglecting 1)3Dl ) with special repulsive fQrm factor. 

Description of' curves is as for Fig. 1. 

'Fig. 28. Fits, to the triplet phase shif't 3p 
2 (assuming E2 = 0 and 

neglecting 3 ' 1) F
2

). Description of curves is as for Fig. 1. 

Fig. 29. Fits to the triplet phase shift 3D 
3 

(assuming , E3 = 0 and 

neglecting 1)3G3 ) . Description of curves is as f'or Fig. 1. 

Fig. 30. Fits to the triplet pha~e shift 3F 4 (assuming E4 =0 and 

neglecting 53H4) . Description of curves is as for Fig. 1. 

i 
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This report was prepared ,as an account of Government 
sponsored work. Neither the United States, nor the Com­
mISSIon, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

8. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes ,any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






