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Abstract

Off-axis and pin-loading of fiber-reinforced oxide composites

by

Paul Grant Christodoulou

Fiber-reinforced ceramic matrix composites (CMCs) exhibit high strengths at high tem-

peratures, making them attractive for use in turbine engines. The present work explores the

inelastic deformation response of two 0°/90° oxide CMCs with a focus on strains in pin-loaded

specimens in the vicinity of contact points. An existing phenomenological elastic-plastic model

is adapted to describe the behavior of the oxide CMCs. The model is calibrated using a new

procedure involving data from uniaxial tension tests in 0°/90°, 15°/75°, and ±45° orientations

as well as Iosipescu shear tests in the 0°/90° orientation. The model is assessed by comparing

the evolving strain fields in pin-loaded specimens obtained experimentally (using digital image

correlation) with those computed by finite element analysis (using the calibrated constitutive

model). The inelastic constitutive law provides a more accurate representation of local strain

fields than those obtained assuming purely elastic behavior.
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Chapter 1

Introduction

Ceramic matrix composites (CMCs) are promising candidate materials for high-temperature

structural applications due to their high operating temperatures, high specific strengths, and

enhanced acoustic damping relative to their metal counterparts [1,2]. CMCs owe their strength

to the use of small-diameter ceramic fibers. Such fibers are much stronger than bulk materials

because the largest flaw is limited by the fiber diameter.

The key to damage-tolerance in CMCs is the existence of a weak interface between the

matrix and fibers, which causes matrix cracks to deflect into the interface instead of propagating

into the fibers [2–5]. Some interfaces are inherently weak, e.g. carbon fibers do not bond to

glass matrices. Other interfaces, however, are inherently strong. The two predominant fiber

coating materials used to weaken the interfaces (especially in SiC-based composites) are boron

nitride and pyrolytic carbon [6]. Fugitive coatings that leave a narrow gap between the fiber

and matrix have also been pursued [2, 7, 8].

An alternate method to enabling damage tolerance relies on utilizing matrix porosity.

Porous matrices isolate the fibers from cracks within both the matrix and neighboring fibers.

The crack front extends sequentially from one structural unit to another, separated by air.

Fiber fracture within the composite therefore occurs similarly to fiber fracture in a dry fiber

bundle (ie. in the absence of a matrix) [2,4]. Without fiber coatings to ensure weak interfaces,
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Introduction Chapter 1

the strength and fracture toughness of porous-matrix CMCs generally decrease as the matrix

is densified [7, 9].

The use of oxides as both fiber and matrix materials is being explored for components in

oxidizing environments, because of the inherent stability of the oxides. Oxide CMCs also exhibit

superior resistance to salt corrosion and molten glass at their use temperatures relative to SiC-

based CMCs. In addition, oxide CMCs have lower cost-to-weight ratios for the constituent

powders and fibers. This cost benefit comes at the expense of lower mechanical properties

relative to SiC-based systems [3]. For example, the highest performance Nextel™ oxide fibers

have specific strengths of 0.57-0.74 MPa m3/kg [10], whereas Nicalon™ SiC fibers have specific

strengths of 1.0-1.3 MPa m3/kg [11].

Oxide CMCs are commercially manufactured by infiltrating woven fiber cloths with a dis-

persed ceramic particle slurry, stacked, warm molded in an autoclave, and sintered at tempera-

tures around 1000°C to remove organics and decompose (pyrolyze) any monazite precursor [2].

Sintering typically occurs at 1000-1200°C, to avoid damaging the fibers, which degrade at higher

temperatures. This process can create near-net shape and complex parts relatively inexpen-

sively [3].

While they are inexpensive relative to their SiC counterparts, oxide CMCs are susceptible to

creep, because the interatomic bonding in oxides is primarily ionic [3,12]. The use of oxides with

sluggish sintering kinetics (such as mullite or yttrium-based oxides) mitigates the densification

of the material at use temperatures [2, 7, 13–15]. However, the thermal stability of the fibers

limits the upper use temperatures to below that of their SiC-based counterparts. In addition to

the limit of use temperatures, the toughness afforded by the porosity in fiber-dominated loading

modes comes at the cost of off-axis properties. Porous CMCs are also weaker in compression

than their dense counterparts, due to the increased propensity for fiber buckling [2].

The primary concern of the present study is the deformation behavior of porous-matrix

oxide CMCs under multi-axial loading states with particular focus on pin-loading. Pin-loading

is a mechanical attachment scheme commonly used to connect CMC components to metallic
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Introduction Chapter 1

components [16]. While pinned loading has been studied in metals and polymer matrix com-

posites [17–21], there has been little research reported on CMCs; almost all such studies involve

SiC-based composites [22,23] or chemical attachments.

The thesis is organized in the following way. Chapter 2 describes the two composite ma-

terials used in the experimental part of this work. Chapter 3 discusses the adaptation and

refinement of a plane-stress elastic-plastic constitutive model for CMCs with in-plane cubic

symmetry [24, 25] as well as an improved method for model calibration. Chapter 4 describes

the results from pin-loading tests as well as the use of the adapted constitutive model for

describing the local deformation response in the vicinity of the pins. Here the local strain

fields obtained by 3D digital image correlation (DIC) are compared with corresponding FEA

simulations. Finally, Chapter 5 summarizes the key findings of this work.

3



Chapter 2

Materials

Two porous all-oxide CMCs, denoted M1 and M2, were studied. The first, M1 (FW12, Keramik-

blech®), was manufactured by Walter E.C. Pritzkow Spezialkeramik and supplied by Siemens.

It consisted of 12 layers of Nextel™ 610 alumina fibers (1500 denier), woven into an 8-harness

satin weave (8HSW) and embedded in a matrix of 85% alumina and 15% 3YSZ (3 mol% yttria

stabilized zirconia) [26]. The plate thicknesses varied between 2.8 mm and 3.1 mm. The second

material, M2, was manufactured and supplied by Siemens. Each plate consisted of either 11

or 12 layers of Nextel™ 720 alumina-mullite fibers (1500 denier), woven into an 8HSW and

embedded in a matrix of pure alumina. The plate thicknesses varied between 2.8 and 3.2 mm.

Polished sections of the two composites were imaged in an FEI Nova NanoSEM with a

backscatter detector for compositional contrast. Images of transverse sections through both

materials, shown in Figures 2.1-2.4, reveal large voids in the matrix-rich regions between fiber

layers. Material M2 contained larger pores and more variability across the plate. Images of

in-plane sections, shown in Figures 2.2 and 2.4, reveal cracks emanating from pores in M1 and

cracks parallel to the edges of pores in M2. In both sections, cracks connecting neighboring

lamina through matrix-rich regions were evident. These observations serve as a baseline for

assessing damage within test specimens after failure.
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2 mm

500 μm500 μm

a)a)

b) c)b) c)

Figure 2.1: Cross-section of material M1. Pores with dimensions comparable to the tow width
are highlighted in (b) while mud cracks in other regions are shown in (c).
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2 mm

Figure 2.2: In-plane view of material M1. Cracks appear to emanate radially from the pores.
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2 mm

Figure 2.3: Cross-section of material M2. Here pores are larger and more common than in
M1 and regions where fibers in the tows are separate from the matrix are more prevalent.
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2 mm

1 mm 500 μm

a)a)

c)b)b) c)

Figure 2.4: In-plane view of material M2. Large pores are highlighted in (b) and mud cracks
parallel to pore edges are shown in (c).
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Chapter 3

The inelastic constitutive model

3.1 Model basics

A nonlinear constitutive model developed by Rajan et al. [24,25] was adapted for use with

the mechanical tests described below. The model describes the deformation response of CMCs

with in-plane cubic symmetry under monotonic, plane-stress loading conditions. The inputs to

the model are the experimental stress-strain responses for 0°/90° tension and 0°/90° shear, as

well as three parameters to indicate the proportional limits of the 0°/90° tension, ±45° tension,

and 0°/90° shear. The latter parameters are determined by comparing the proportional limits

to one another and finding the constants, C, that satisfy

C0σ0 = C45σ45 = Csτ0 (3.1)

Subscripted numerical values (0, 45) represent the smallest angle between the loading direction

and the fiber direction, while the stresses, σ0, σ45, and τ0, are the cracking stresses, or propor-

tional limits, for the three respective loadings. Subscripted numerical values listed as 1, 2, or

6, correspond to normal stress/strain values in the two fiber directions (1, 2), and the shear

stress/strain (6), using the fiber directions as a frame of reference.

The constitutive model describes the in-plane strains as functions of in-plane stresses in the
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The inelastic constitutive model Chapter 3

primary axes (the two fiber directions), where ε1 and σ1 are the normal strain and stress in one

of the fiber directions of the simulated material, and ε2, σ2, ε6, and σ6 are the normal stress

in strain in the other fiber and shear stress and strain, respectively. The strains are calculated

via a compliance matrix:


ε1

ε2

ε6

 =


ε0(σ̄/C0)
σ̄/C0

ε0T (σ̄/C0)
σ̄/C0

0

ε0T (σ̄/C0)
σ̄/C0

ε0(σ̄/C0)
σ̄/C0

0

0 0 εS(σ̄/CS )
σ̄/CS



σ1

σ2

σ6

 (3.2)

where ε0(σ) and ε0T (σ) are the experimental axial and transverse strain response in the com-

posite in the 0°/90° orientation, and εS(σ) is the experimental in-plane shear response. The

effective stress σ̄ relates the stresses in the 0°/90°, ±45°, and shear configurations:

σ̄ =
√
C2

0 (R (σ1)−R (σ2))2 +
(
4C2

45 − C2
S

)
R (σ1)R (σ2) + C2

Sσ
2
6 (3.3)

The ramp function (R(σ) = (|σ|+ σ) /2) is used to prevent compressive inelasticity.

3.2 Determining input parameters

The method used by Rajan et al. [24,25] to determine the C values was to first estimate the

cracking stresses of all configurations, then use Equation 3.1 to find initial C values. These C

values and the experimental stress-strain response from 0°/90° tension and Iosipescu tests were

used as inputs to the model to ensure that the simulated 0°/90° and ±45° tensile and shear

response coincided well with the original experiments, followed by any necessary adjustments

to the C values. The current method, described in detail below, involves a least-squares fit

of various monotonic uniaxial tests to determine all C values. This methodology proved to

be more robust than that employed in previous studies [24, 25]. Three fitting procedures were

performed to determine the cracking stress ratios and, by extension, the C values.

In this section, variables within parentheses indicate inputs to a function. If C0, CS , and
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C45 are listed as inputs, the functions represent predicted results from Equation 3.2 and can

be fit to experimental data to extract C values. Thus, εS (σ,C0, CS , C45) is the predicted shear

response based on the model. Otherwise, each function is a strain-stress input function: e.g.

εS (σ) is the experimental Iosipescu response. In all cases C0=1 for convenience.

The next few sections list equivalency equations for the predicted response, given the C

constants and input curves. As a first example, the predicted response of a 0°/90° tension test

is always taken to be the experimental response that is used as input, i.e.:

ε0 (σ,C0, CS , C45) ≡ ε0 (σ)

ε0T (σ,C0, CS , C45) ≡ ε0T (σ)

(3.4)

This is found simply by finding the strains in the primary axes, ε1 and ε2, using Equation

3.2, applying a stress in one of the primary axes. Given an applied stress σ1, the equations

yield

ε1 = ε0 (σ1)

ε2 = ε0T (σ1)

(3.5)

There is no need to rotate the axes to match the applied stress and principal axes of the

material. The predicted response (the entire curve) in the axial direction will be written as

ε0 (σ,C0, CS , C45).

The first two methods involve three input curves: the axial and transverse strains in

0°/90° tension and the Iosipescu shear response. These are the input curves to the original

model. The input curves are linear interpolations of smoothed averages of the experimental

results.

11
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3.2.1 Method 1

The first method involves fitting the ±45° axial/transverse response to the experimental

0°/90° and shear responses using the preceding analyses:

ε45 (σ,C0, CS , C45) + ε45T (σ,C0, CS , C45) =
C0

C45

[
ε0

(
C45

C0
σ

)
+ ε0T

(
C45

C0
σ

)]
(3.6)

and

ε45 (σ,C0, CS , C45)− ε45T (σ,C0, CS , C45) =
CS

2C45
εS

(
C45

CS
σ

)
(3.7)

The predicted response in ±45° tension can be described by the equations on the right side

of each equation and, by fitting the equations on the right to the experimental curves of the

±45° tension test, the pertinent constants can be extracted. Fitting the experimental curves

with Equation 3.7 yields CS/C45, while C45 is obtained via Equation 3.6.

3.2.2 Method 2

The predicted response of the ±45° test relies primarily on the initial slope, not the onset of

inelasticity, because the inelasticity in the 0°/90° tensile test is minimal. The predicted response

of the ±45° test is insensitive to the fit of Equation 3.6, and sensitive to CS/C45 (from Equation

3.7). The expected response of a tensile test in any orientation between 0°/90° or ±45° , however,

changes with a simultaneous change in value of CS and C45, as shown in Figure 3.1.

For this example, the 0°/90° tensile and shear responses are those for a SiC/SiCN composite

(S200H), detailed in Rajan et al. [25]. Here the expected responses for 0°/90°, 15°/75°, and

±45° tension and ±45° shear test are shown for the same value of CS/C45 as that reported

in the previous studies (shown as dashed lines), but changing the individual values of CS and

C45(doubling and halving the reported values, shown by solid and dotted lines, respectively).

Response curves were determined in Mathematica [27] via manipulation of the constitutive

relationships, rotating the coordinate system into and out of the fiber plane as necessary. These

results agree with finite element simulations of dogbone samples. In the FEA simulation, the

12
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0°/90°

15°/75°

±45°

Shear

increasing C45, CS

Figure 3.1: The expected response of a 15°/75° oriented tensile test varies with a change in the
actual C values, whereas little change occurs in the predicted ±45° oriented tensile response
while the value of CS/C45 is retained. The predicted response of 0°/90° tension and shear
remain unchanged, because these are direct inputs to the model. The 0°/90° tension and
Iosipescu shear responses shown here are the input curves used for S200H in Rajan et al. [25]

constitutive relationship was implemented in a user material subroutine (UMAT) in commercial

FE-solver Abaqus [28]. As can be seen in the figure, while there is a slight change in the

±45° oriented sample, more change occurs in the 15°/75° oriented test. No change occurs in

the 0°/90° oriented tensile and Iosipescu shear responses, as expected.

The second method, as a consequence, involves fitting the axial 15°/75° response. CS/C45

is determined by fitting with Equation 3.7, and then the magnitudes relative to C0 are found by

fitting the interpolation functions to the 15°/75° test data. The expected axial tensile response

for a 15°/75° tensile test is

ε15 (σ,C0, C45, CS) =

14ε0

(
σ
2

√
3C0

2 + C45
2
)

+ CSεs

(
σ

2CS

√
3C0

2 + C45
2
)

+ 2ε0T

(
σ
2

√
3C0

2 + C45
2
)

8
√

3C0
2 + C45

2

(3.8)
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Defining C15=1
2

√
3C0

2 + C45
2 yields

ε15 (σ,C0, C15, CS) =
C0

8C15

[
7ε0

(
C15

C0
σ

)
+ ε0T

(
C15

C0
σ

)]
+

CS
16C15

εS

(
C15

CS
σ

)
(3.9)

This equation is used while keeping CS/C45 fixed.

Equation 3.6 is not used.

3.2.3 Method 3

The third method resulted from a desire to obviate the need to run an Iosipescu test, because

the test is difficult to perform and analyze. It involves the rearrangement of Equation 3.7 to

express the expected response of the shear test in terms of the axial and transverse strains in

the ±45° tensile test, which can be used in place of εs (σ) in Equation 3.2:

εs (σ,C0, CS , C45) =
2C45

CS

[
ε45

(
CS
C45

σ

)
− ε45T

(
CS
C45

σ

)]
(3.10)

This results in the following predicted 15°/75° response:

ε15 (σ,C0, C15, C45) =

C0

8C15

[
7ε0

(
C15

C0
σ

)
+ ε0T

(
C15

C0
σ

)]
+

C45

8C15

[
ε45

(
C15

C45
σ

)
− ε45T

(
C15

C45
σ

)] (3.11)

Now the predicted tensile responses in the fiber direction are independent of the CS value.

But CS reappears once σ is negative, because the ramp function suppresses inelasticity due to

tensile damage. The difference between the axial and transverse strains for ±45° compression

is

ε45 (σ < 0, C0, CS , C45)− ε45T (σ < 0, C0, CS , C45) =

− 2C45

CS

[
ε45

(
CS

2C45
|σ|
)
− ε45T

(
CS

2C45
|σ|
)] (3.12)
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The predicted difference between the axial and transverse strains therefore relates directly to

the shear response without inelasticity:

ε45 (σ < 0, C0, CS , C45)− ε45T (σ < 0, C0, CS , C45) = −εs
(
|σ|
2

)
(3.13)

This method involves fitting the ±45° compression and 15°/75° tensile experimental responses

via equations 3.11 and 3.12. Table 3.1 summarizes the methods and equations used.

Method C0 CS/C45 CS , C45

1 1 Eqn. 3.7 Eqn. 3.6
2 1 Eqn. 3.7 Eqn. 3.8/3.9
3 1 Eqn. 3.12 Eqn. 3.11 (C15 also determined)

Table 3.1: Summary of the equations used for each fit. In each case, C0 is set to 1, for convenience.

In this form, the model predicts that the compressive inelasticity is dictated by shear in-

elasticity; it neglects other possible sources of inelasticity such as crushing and densification

around pores.

3.3 Experimental procedures

3.3.1 Mechanical tests

Tests in tension, compression, and shear were performed to calibrate the model. Tension

tests were performed in 0°/90°, 15°/75°, and ±45° orientations while compression tests were

performed in 0°/90° and ±45° orientations. The 0°/90° shear response was obtained from

Iosipescu tests.

A dog-bone geometry, with gauge width and length of 10 and 25 mm, respectively, was

used for tension tests. Straight-sided bars with gauge dimensions of 12×25 mm were used for

compression tests. Fiberglass tabs were adhered to test samples using a commercial epoxy.

Hydraulic wedge grips held the tabs during testing. All strains were obtained using digital

image correlation (DIC), as described below.

The geometry of the Iosipescu test specimens was essentially the same as that described in

15



The inelastic constitutive model Chapter 3

ASTM D5379, with the exception that the angle of the notch was chosen to be 105° (in contrast

to 90°, recommended by the standard), as in Rajan et al. [25]. The specimen was loaded using

a standard Iosipescu test fixture (Wyoming Test Fixtures, Inc.). Iosipescu specimens were

instrumented with a stacked [0°/90°] strain gauge rosette (Vishay Micro Measurements, L2A-

13-125WW-120) oriented at ±45° to the fiber direction on one surface and prepared for DIC

on the other. The strains on the two faces were subsequently averaged, thereby eliminating

St. Venant and torsional effects.

The displacement rate in all cases was 0.05 mm/min.

3.3.2 DIC

DIC is an optical non-contact technique that requires a speckle pattern on the specimen

surface. To reduce light reflections from the surface, a layer of white paint was applied to most

specimens via airbrush until the surface appeared matte. Some of the initial tension tests lacked

the white base coat; the black speckles were visible against the white color of the composite

material. Black speckles with sizes in the range of 30-100 μm were applied via airbrush to one

face on each specimen.

Images were captured via two digital cameras (Point Grey Research Grasshopper), each

with a CCD resolution of 2248×2048 px and a 70-180 mm lens (Nickon ED AF Micro Nikkor).

The angle between cameras ranged between 15° and 25°. The light was cross-polarized during

many of the tests, as in LePage et al. [29], to further reduce reflections and improve image

quality.

The resulting images were analyzed using Correlated Solutions Vic-3D software (Correlated

Solutions, Inc.). The step size and subset size were typically 3 px and 31 px, respectively,

corresponding to approximately 0.05 mm and 0.5 mm. For context, the tow width was about

1 mm. Global axial strains in uniaxial tension and compression tests were obtained from five

virtual extensometers spaced evenly along both the axial and transverse directions and averaged

accordingly. For the Iosipescu shear tests, shear strains were calculated over a rectangular area,
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0.8 mm wide, between the two notches, as in Rajan et al. [25].

3.4 Results and discussion

Stress-strain curves and smoothed averages for tension, compression, and shear tests of M1

and M2 are shown in Figure 3.2 and Figure 3.3.

The strengths between orientations differ significantly, but at the same orientation the

tensile and compressive strengths of M1 are similar: the strength is higher (210 MPa in tension,

228 MPa in compression) of 0°/90° tests than those of ±45° tests (76 MPa in tension, 90

MPa in compression). Compressive failure occurred at higher stresses and with less inelastic

behavior prior to failure. In contrast, the 0°/90° tensile strength of M2 is 147 MPa, while

the 0°/90° compressive strength is lower at 94 MPa. The tensile and compressive strength for

±45° tests on M2 were much more similar: M2 failed in tension at 42 MPa and in compression

at 55 MPa. Like M1, M2 experienced less inelasticity prior to failure (most notably in the

±45° tests). The two Iosipescu tests performed on M2 did not indicate a consistent response,

although the ±45° tension tests also yielded inconsistent results, indicating inconsistent shear

properties.

The averaged values for moduli, Poisson’s ratio, ultimate tensile strength (UTS), and failure

strain at the UTS of the 0°/90° tension, compression, and Iosipescu tests are shown in Figure

3.4. The elastic constants extracted for M1, which were used to model the composite in the next

chapter, were E1=E2=94.0 GPa, ν12=0.02, and G12=18.7 GPa. The elastic constants for M2

were E1=E2=67.8 GPa, ν12=0.04, and G12=21.8 GPa. The 0°/90° tensile, compressive, and

shear strengths (210 MPa, 228 MPa, and 52.9 MPa for M1 and 147 MPa, 94 MPa, and 28 MPa

for M2, respectively) were used to make a preliminary failure mechanism map for pin-loading

tests in the next chapter. Compared to M1, the strengths in all configurations of M2 are lower,

especially in the 0°/90° compression tests. Strains at failure are comparable in tension and

compression, while the shear strain at peak stress is lower in M2 than M1. The average strain

at peak load is likely underpredicted for M2 due to a spurious drop in stress that occurred near

17
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Figure 3.2: The uniaxial stress-strain response of M1 in (a) tension and (b) compression show
that there was little inelasticity in the 0°/90° tensile response, and less in the 0°/90° com-
pressive response. The composite was compliant in (c) shear, and experienced significant
plastic deformation (≈0.75%) prior to softening. Averaged curves (which were used for the
constitutive model) are shown as dark lines.
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Figure 3.3: The uniaxial stress-strain response of M2 was similar to M1. M2 was weaker than
M1 in all orientations, and the shear specimen experienced less plastic strain (≈0.3%) prior
to softening.
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Figure 3.4: Values for the ultimate strength and the strain at that stress of the averaged
0°/90° response of tension, compression, and Iosipescu tests. M2 was weaker than M1 in all
configurations, and the greatest disparity in strength occurred in compression. Compared to
M1, the strain at peak stress of M2 was higher in tension (possibly due to the porosity allowing
uncorrelated fiber failure), but lower in compression and shear.

the peak stress during one of the Iosipescu tests performed on the composite. Compared to M1,

M2 was more compliant in 0°/90° tension but stiffer in shear. M2 also has a greater Poisson’s

ratio, ν12.

Figure 3.4 shows the averaged experimental response and predicted response using each of

the three fitting methods of a) ±45° tension, b) 15°/75° tension, c) ±45° compression, and d)

Iosipescu tests performed on M1. The C values found in the methods are approximately twice

in magnitude as the first method (Figure 3.4). All three fitting methods yielded a CS/C45

ratio of approximately 1.4, which adequately fit the ±45° tensile response shown in Figure 3.4a.

The first method, which excludes the 15°/75° tensile test, underestimates the strength of the

15°/75° tensile test and overestimates the initial strain of the ±45° compression tests. The fit

of the 15°/75° tensile response, shown in Figure 3.4b, improved in the methods that involved

the 15°/75° tensile response. There was no significant change in the fit of the ±45° compressive

response (Figure 3.4c), while fitting the results of the ±45° compression test (method three)

yielded a poor fit for the shear strength (Figure 3.4d).

Figure 3.4 shows the averaged experimental response and predicted response using each

of the three fitting methods of the tests shown in Figure 3.4, but as performed on M2. The

latter two methods, as in M1, yielded higher values for CS AND C45 than the first method
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Figure 3.5: Simulated results using different constant determination methods compared to
a) ±45° tension, b) 15°/75° tension, c) ±45° compression (the sign is flipped), and d) the
Iosipescu tests performed on M1. The second method predicted the maximum stress/strain
pair in each case, and provided the best overall fit. The first method yielded adequate fits for
all “verification” tests except the 15°/75° tension test, where the model underpredicted the
maximum stress by more than 25%. The third method overpredicted the shear stresses above
the elastic limit, but did not yield significant changes in fit compared to the second method.
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Figure 3.6: C values for M1 and M2 lie within 1 and 6. The second and third methods to
determine the constants yielded higher C values. All three methods yielded a CS/C45 value of
approximately 1.4 for M1; for M2, CS/C45 was near 2, but the methods did not yield similar
values as in the case for M1. The higher C values for M2 indicate more matrix-/shear-dominant
behavior than in M1.

(C values shown in 3.4). Each fitting method yielded a smaller CS/C45 starting and finishing

around 2. The first two methods, which use the shear response of M2, produced predictions

that were stiffer and had a higher cracking stress than the ±45° tensile response. Method 1

underestimated the strength of the 15°/75° tensile test and the ±45° compression tests. The fit

of the 15°/75° tensile response, shown in Figure 3.4b, improved in the methods that involved

the 15°/75° tensile response. The third method most accurately predicted the strength for all

the tests shown except for the Iosipescu test, for which it overpredicted the strength past the

limit of inelasticity.

Because the second method yielded the best overall fits, pin-loaded test simulations in the

following chapter were completed with CS and C45 values of 3.6 and 2.5 for M1 and 5.4 and 3.7

for M2, with the original input curves (0°/90° tension and 0°/90°shear response) described in

Section 3.1. Performing an additional tension test on a specimen orientated between 0°/90° and

±45° to calibrate the model is suggested in the future.

Finally, we can ask ourselves if it is possible to replace the Iosipescu response as an input

with the ±45° compression response using Equation 3.13. Figure 3.4 compares the right- and

left-hand sides of the equation for both M1 and M2. The extrapolation of the final two points

is shown to highlight that curves do not coincide at a single peak stress for M1. This implies

that some mechanism other than shear contributes to the inelasticity of M1. M2 appears to be
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Figure 3.7: Simulated results using different constant determination methods compared to a)
±45° tension, b) 15°/75° tension, c) ±45° compression (the sign is flipped), and d) the Iosipescu
tests performed on M2. The second method predicted the maximum stress/strain pair in
±45° tension and shear, and underpredicted the strength in the other two tests, but yielded
the best overall fit. The first method performed well except in the case of the 15°/75° ten-
sion test, where the model underpredicted the maximum stress. The third method overpre-
dicted the shear stresses beyond the limit of proportionality, but yielded better results for the
15°/75° tension and ±45° compression.
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Figure 3.8: Both sides of Equation 3.13 are plotted for (a) M1 and (b) M2. The extrapolation
of the last two points are shown as dashed lines. The shear curve of M2 (with the stresses
increased by a factor of 2) rested on (as opposed to above or below) the curve of the stress as
a function of the difference of the axial and transverse strains in ±45° compression, indicating
that shear inelasticity accounts for the majority of the composite’s inelasticity. While the
curves match initially, the inelasticity of M1 during the ±45° compression test likely stems
from another mechanism, as of yet unknown.

shear-dominated because the two curves for that CMC coincide well.
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Chapter 4

Bearing tests

4.1 Pin-loading in CMCs

Pin-loading tests on oxide CMCs are an important, and as of yet relatively unexplored, test

which involves interactions between CMCs and mechanical fasteners. In general, three primary

variables determines the behavior of mechanically fastened joints [21]: material parameters (e.g.

fiber, matrix, layup), fastener parameters (e.g. tolerance, hole size), and design parameters (e.g.

geometry, loading conditions). Potential in-plane failure occurs via a combination of compres-

sive failure above the pin contact in the direction of the pin load, shear failure propagating in

the same directions as the pin load starting at ∼±45° from the contact point, or net-section

tensile failure propagating 90° from the pin contact point to the outer edge of the specimen

(Figure 4.1). Because it involves compression on top of shear and tension, pin-loading is more

complex than uniaxial open hole or notch tests. In this work, “failure” will refer to the point

at which the peak load is obtained, although the onset of inelasticity will be discussed as well.

The geometry of the component plays a role in failure mechanism, particularly the proximity

of the hole to the nearest edge, and the size of the hole itself. Two ratios are used to generalize

behavior for various component and hole sizes: the width-to-hole-diameter ratio, and the edge-

to-hole-diameter ratio. Assuming the geometry shown in Figure 4.1, the “width” is measured

perpendicular to the loading direction on either side of the center of the hole (i.e. the tensile
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Figure 4.1: Planes of interest of pin-load tests. The shear and tension planes are marked
in reference to the loading (compressive) plane. The pin contact (the region of interest for
compressive failure) is at the hole boundary along the loading plane, here shown at the top of
the hole.

cross section), and the edge length, e, is the distance from the center of the hole to the edge

that lies in the direction and perpendicular to the loading direction (i.e. the compressive cross

section). Decreasing the width-to-hole-diameter and edge-to-whole-diameter ratios increases

the likelihood that tensile and shear failure will occur, respectively. Conversely, as these ratios

increase, compressive failure is more likely. Thus, in an infinite plate the specimen would

fail in compression. Compressive failure is associated with the greatest load-carrying capacity

[17,20,21].

Hyer and Klange found that pin flexibility did not have an appreciable effect on stress dis-

tribution, meaning that a rigid pin assumption was typically valid [30], but Hyer et al. later

determined that pin stiffness did slightly affect the load capacity of holes with significant clear-

ance [31].

Camanho and Matthews [32] found through simulations using plane stress models that

radial stress increased with hole clearance, and stresses near the hole increased with friction.

Shear strains in particular increased with friction, but the radial stresses were not conclusively

affected by friction. They noted that the pin and hole constitute a Hertzian-type contact until

the pin made full contact. Additionally, shear and hoop stresses increased with decreasing edge-
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to-diameter ratios, while peak bearing stress was unchanged above a threshold. This threshold

ratio of edge-to-diameter ratio, e/d, was 4.

In a review by Camanho and Matthews [17], the authors conclude that 3D modeling is

necessary because of the effects of interlaminar shear on the material behavior. Matthews et

al. [33] found that the maximum through-thickness tensile stress of a 3D simulation was 7%

of the bearing stress at the pin contact, in agreement with experimental work. Camanho and

Matthews [17] postulate that friction redistributes both the load and the position of the main

load-carrying fibers away from the bearing plane towards the net-tension plane, increasing the

likelihood of tensile failure. Despite this conclusion, 3D models lack developed work because of

their computational cost and complexity, and as such failure prediction is often completed with

2D models. Generally speaking, failure prediction yields conservative estimates of strength in

laminates. Standard failure criteria based on point-stress or -strain underestimate laminate

strength in situations were delamination occurs and the redistribution of stress in and out of

the plane reduces stress concentration.

Point-stress forms are often used to determine the angle, and thus type, of failure initiation

in pin-loading. For example, Chang et al. [16] used a 2D FEA simulation with the Yamada-Sun

failure criterion: (
σ1

σ∗T

)2

+
(σ6

τ∗

)2
= q2 (4.1)

The failure criterion calculates a point stress along an arc around the hole boundary, some

distance away. The ”point” is measured at any given angle along the arc, where the arc is

rc(θ) = d/2 + d0t + (d0c + d0t) cos θ (4.2)

where θ is measured from the hole top and d0c and d0t are characteristic distances in compression

and tension, respectively, defining the radius of the arc at 0°and 90°. The radii are determined

by performing compression and tension tests on notched samples. In simulations, the angle θ

where q first exceeds 1 determines the predicted failure mode. If θ is near 0°, then the material
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with that geometry is expected to fail in compression. When θ approaches 45° and 90°, shear and

compressive failure are predicted. Chang et al. found that the stresses predicted by simulations

usually agreed with experimental stresses to within about 10%, a metric that was improved when

non-linear shear behavior was incorporated into the simulations. Similar methods have been

followed and tested in PMCs in the following years, and others have expanded the characteristic

lengths to include a shear length [18].

In addition to these point-stress forms, progressive-damage models, such as the one discussed

in this work, have been used extensively in 3D simulations to predict failure regions [22–25]. It

is worthwhile to apply this model to pin loading geometry do evaluate the model’s ability to

capture the inelastic behavior of oxide CMCs. Ultimately, this chapter seeks to test a method

to predict strain/damage development and ultimate failure of pinned oxide CMC components.

4.2 Geometry dependence

To help orient ourselves, it is useful to first estimate how specimen geometry may determine

failure mode. To determine the most probable failure mode of a specimen with a given geometry,

the stresses around the hole may be compared to one another at any given load. An approximate

delineation between failure modes can be derived given a sample (shown in figure 4.2) with hole

diameter 2a, specimen width of 2w, distance between the center of the hole and top edge, e,

and out-of-plane thickness of the sample, t. A load P is applied via the pin. The area of interest

for compressive failure is the projected area above the pin (2at); the area for shear failure is

vertically along the specimen, starting at 45 degrees from the hole top (2
(
e−a
√

2/2
)
t); and the

area for tensile failure is the net-section area (2(w−a)t). These areas do not perfectly represent

where failure occurs: for instance, the maximum shear strains follow a curved path, indicated

in Figure 4.1. However, this only results in a small increase in the area analyzed, and this

analysis is not intended to diagnose or predict, but rather illustrate how one might expect the

failure of the composites in this work to differ, given their material properties. In addition to

these assumed areas, stresses in areas of interest are assumed to be uniform and inelasticity
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is ignored. In reality, we expect that matrix cracking or other mechanisms of inelasticity will

contribute to stress redistribution [22,34].

The force per unit thickness can be assessed for one specimen:

P/t = 2 (W − a)σT = 2aσC = 2
(
e− a

√
2/2
)
τS (4.3)

where σT is the stress in tension, σC is the stress in compression, and τS is the shear stress.

When the critical stress of failure (here taken to be the ultimate strength in 0°/90° compression,

tension or shear, denoted by σ∗) is reached, the composite is assumed to fail. Three boundary

equations can be derived that show the delineation of the three failure modes:

w/a = σ∗C/σ
∗
T + 1 (4.4)

at the tensile-compressive boundary,

e/a = σ∗C/τ
∗
S +
√

2/2 (4.5)

at the shear-compressive regions, and

w/a = (τ∗S/σ
∗
T ) (e/a−

√
2/2) + 1 (4.6)

at the shear-tensile boundary. Figure 4.2 shows the assumed boundaries for M1 and M2 (using

the ultimate strengths shown in Figure 3.4), as well as points that represent the geometries

tested in this chapter, described in the following section. The plot begins at 1 because the

physical limits of the specimen dictate that the width and edge length must be larger than

the diameter of the hole. According to Godwin and Matthews, most PMCs achieve bearing

strength (compressive failure) when e/a exceeded 6 and w/a exceeded 4 [21]. This analysis

indicates bearing strength would be achieved in M1 when e/a exceeds 5 and w/a exceeds 2,

and in M2 when e/a exceeds 4 and w/a exceeds 1.5. Note that higher values of either ratio

29



Bearing tests Chapter 4

e

2W

2a

Compression

Shear

Tension

1 4 532
1

11

10

9

8

7

6

4

3

2

5

low e/a
(M1)

high e/a
(M1)

moderate e/a
M1

M2

low e/a
(M2)

high e/a
(M2)

Width, W/a

E
dg

e 
Le

ng
th

, e
/a

moderate e/a

Figure 4.2: This schematic, which maps the dependence of failure mode on the geometry
in pin-loaded tests, shows the prevalence of tension and shear failure as holes approach the
edges of the specimen. The boundaries are calculated based on the average ultimate strength
in 0°/90° tension, compression, and Iosipescu tests, determined in Section 3.4. The symbols
on the figure indicate the nominal dimensions of the tests performed, normalized by sample
thickness. The geometries tested were designed to probe the shear-compression transition by
changing the hole position in the specimen.

indicate a higher ratio between the compressive strength and the corresponding strength (tensile

or shear), and are thus stronger in compression, but do not indicate the bearing stress itself.

4.3 Experimental procedure

The pin-loading tests were modified from the procedure described in ASTM D5961/D5961M-

13 [35]. Specimens were rectangular and flat of width 2w and length h, with a circular hole

with radius 2a closer to one of the shorter edges of the specimen (i.e. e<h/2) and tabbed on the

opposite edge (as in the left side of Figure 4.3). Three different geometries for each composite

were tested to probe the shear-compressive failure transition (shown as symbols in Figure 4.2).
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All specimens were 100 mm in height. The specimens varied in e/a ratios: the high, moderate,

and low e/a specimens had a top-to-hole-center distance, e, of 9.5 mm, 19.0 mm, 38.1 mm,

respectively. Square fiberglass tabs with an edge length of 25 mm were adhered to the speci-

mens (as in Section 3.3) on the front and back face of the specimen, on the bottom edge of the

specimen. The width, 2w, of all M1 specimens was 38.1 mm. The width of the moderate e/a

M2 specimens was 38.1 mm, while the width of the high and low e/a M2 specimens was 25.4

mm, because test coupons with that geometry had already been machined. The hole in each

specimen was nominally centered between the long edges of the specimen, and had a diameter

2a=7.9.

Specimens were placed in a special fixture (comprised of A-2 tool steel) attached to the top

of the load frame. The top end of the specimen was held within the fixture by a pin placed

through the hole in the specimen. A hydraulic wedge grip held the tabbed end. As the grip

descended, the fixture held the pin through the specimen in place, and the pin then applied a

load to the specimen. Testing terminated post-peak when the load dropped more than 10% of

the peak load. The fixture has an opening (as opposed to being a flat plate with a hole in it)

to image the region around the pin for DIC. The region around the hole was prepared for DIC

as described in Chapter 3.

Post-failure SEM figures were collected using the methods described in Chapter 2, but in the

case of the in-plane moderate e/a specimen of M2, the images were collected on the Tri-Beam

microscope at UC Santa Barbara (FEI Versa), and figures were stitched together in GIMP.

4.4 Finite element analysis

To test the viability of the constitutive law and constants discussed in Chapter 3 to the

pin loading tests, finite element analyses (FEA) were performed in commercial FEA solver

Abaqus/Standard (Version 6.16-1, Dassault Systèmes). A half-symmetry model (y-axis sym-

metry) was employed with four-node, quadrilateral, plane-stress elements. The geometry was

defined to match the nominal dimensions of each of the three tests. A rigid pin was simulated
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Figure 4.3: The pin-loaded test is a modification of the ASTM standard, and this diagram
shows the region where the specimen was imaged for DIC.
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Tab

Figure 4.4: Boundary conditions and mesh for the Abaqus simulation. Only the gray region
was modeled. The hole location shown is consistent with the nominal dimensions of the
moderate e/a specimens.

with zero friction and a hard pressure-overclosure contact interaction to minimize the pene-

tration of the hole boundary surface into the pin surface. The pin was simulated first without

clearance; clearance simulations involved a pin diameter of 7.93 mm, which is consistent with the

actual pin, and a misfit clearance of 0.5% and 1%, the latter of which represents the maximum

clearance in all of the tests performed on M1. A convergence study was completed to determine

an appropriate mesh size. The geometry and mesh used for the moderate edge-to-diameter

ratio specimen is shown in Figure 4.4.

A load was applied incrementally in 5 MPa increments to the bottom edge of the specimen,

opposite the edge of the pin; the edge was constrained to maintain alignment in the vertical (y)

direction. The load of the last increment just exceeded the failure load of the specimen.
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To ensure that the constitutive model is an improvement over a generic elastic material,

simulations were performed for each geometry, involving an elastic laminar material with elastic

constants shown in Figure 3.4. An out-of-plane shear modulus of G23=G13=5 GPa was arbi-

trarily chosen to fufill Abaqus’ requirement to perform the simulation, but plane stress results

are independent of this chosen value.

The constitutive model was implemented in a user material subroutine (UMAT) for use in

Abaqus. The values for the C constants were found via the second fitting method described in

Section 3.4, and the average 0°/90° tensile and shear response, shown in the same section, were

used as inputs. These constants and input curves represented the best fit for the composite, as

mentioned in the previous chapter.

4.5 Analysis of displacements and failure criterion

The data from the DIC and FEA were interpolated and evaluated on a common grid in

x-y space. On the interior of the grid, strains were computed using central differentiation with

respect to the spatial coordinate. Forward/reverse differentiation was used on the edges of the

grid. These strains were then averaged with a Gaussian filter using a filter length of 2 mm.

The standard deviation of the filter was 0.5 mm.

In addition to determining the local strains, pseudo-failure regions were delineated where

the local strain exceeded a critical value of a strain metric. The metric is essentially the

Yamada-Sun criterion from Chang et al. [16] adapted to strains:

(
εyy/ε

∗
yy

)2
+
(
γxy/γ

∗
xy

)2
= 1 (4.7)

where ε∗yy is the axial strain at failure in 0°/90° tension or compression (depending on the sign

of the stress) and γ∗xy is the strain at the peak load in the Iosipescu tests. These quantities are

the strains displayed in Figure 3.4. Values without asterisks are the current local strains in the

experiment or simulation.
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4.6 Results and discussion

The results in this next section are couched in terms of load and actuator displacement.

The stiffness of the fixture and load train were unknown. To correct for the system compliance

of the load frame and fixture, pin displacements were calculated via DIC in one test for each

composite (both moderate e/a specimens). Pin displacements could not be calculated when

cross-polarized light was used, because the steel pin showed no contrast.

M1

Figure 4.5 shows the bearing stress, taken as the load normalized by the projected hole cross

section (P/(2at)), for each pin-loaded test plotted as a function of displacement normalized by

the hole diameter (δ/(2a)) of M1. The displacement of the pin (extrapolated from the data

collected on the moderate e/a specimen, discussed above) has been subtracted from the total

displacement. The load-carrying capacity of the CMC increased as e/a increased.

One of the high e/a specimens exhibited a sudden load drop after the peak load was attained

(indicated by a dashed line in Figure 4.5). The high e/a test with filled symbols also experienced

a sudden load drop. In the figure, the post peak points appear to increase in displacement more

than the raw data points do because the displacement of the pin is subtracted from the raw data

solely based on the load-displacement relationship on loading, and post-peak pin displacement

data were not collectable for the high e/a tests. Because this sudden load drop is consistent

with failure in compression, the failure mode is likely highly compressive. Because compressive

failure depends only on the area above the hole, and not the hole’s proximity to an edge, peak

stress would not likely increase for specimens with greater e/a values than that of the high e/a

tests. As e/a decreased, failure became more graceful, with the specimen with the lowest e/a

having a the slowest softening post-peak. This slow softening is likely due to the fact the failure

mode is highly shear-dominated.

While simple simulations of dogbones agree well with the uniaxial tests, the displacement

in these pin-loaded test experiments exceeded that of their predictions, even when the pin

displacement is accounted for. Figures 4.5(b)-(d) show each individual geometry’s inelastic
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Figure 4.5: (a) Bearing stress and normalized displacement curves of M1 show that load-car-
rying capacity increased with e/a. In addition, specimens tested with a high e/a exhibited
a sudden load drop, whereas the specimen with the lowest e/a exhibited gradual post-peak
softening. (b-d) Show experiments of each nominal geometry and the predicted responses
using the Rajan model. The inelastic strain at the peak loads and the elastic limit are under-
predicted. The elastic limit is underpredicted most by the 0% clearance simulation.
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displacement compared to the inelastic FEA predictions. All elastic-plastic models underpredict

the inelastic strain at the peak loads of each test. The onset of inelasticity is lower in the

simulations of the moderate e/a specimens in every case. The 0% misfit simulation, however,

underpredicts the onset of inelasticity the most. The effects of clearance appear to reverse as

the edge length increases: while increasing clearance increases the cracking stress in the high

e/a simulations, cracking stress appears to decrease when clearance is increased in the low e/a

specimen.

The out-of-plane deformation at peak load for all pin-loaded tests performed on M1 are

shown in Figure 4.6. Because specimens were unconstrained in the z direction and could twist,

the left and right edges of the sample are assumed to have zero out-of-plane deformation, and

the linear interpolation between the actual displacements of the edges have been subtracted

to isolate deformation. During the load drop of the high e/a sample represented with open

symbols, the lateral expansion in the region directly above the pin increased from 7% at peak

load (shown in 4.6) to 15%.

Figure 4.7 shows strain distributions for one of the two low e/a specimens shown previously

(open symbols in Figure 4.5) at 90% and 100% peak load (90 and 100 MPa, respectively),

juxtaposed with FEA simulations of the same geometry. The simulations are trimmed to the

rectangular viewing window of the pin-loaded test experiment, and the top right corner of the

specimen relative to the top left image is indicated in dashed lines. For the low and moderate

e/a specimens, the top surface was visible. The approximate position and actual size of the

hole is shown on the DIC images. Normal and shear strains are shown on top and bottom. The

scale bar labeled hf is the filter length, at 2 mm. The remaining black lines drawn on top of

the strain maps depict where the combined strain exceeds the failure strains in the 0°/90° bulk

tests, as mentioned in Section 4.5.

The Rajan model (labeled “plastic”) is an improvement on the elastic FEA predictions that

are shown in the second columns in figure4.7; the elastic model does not predict failure of M1 at

either stress. The results shown in Figures 4.7-4.9 indicate that clearance must also be accounted
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Figure 4.6: Out-of-plane displacements resulting from bending or inelastic deformation at
the peak load of each test performed on M1. The displacement in the low e/a specimens is
negligible, while the displacement in the high e/a specimens is roughly 7% in the open-symbol
specimen.
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for to approximate the local shear response of the specimens. Shear and normal strains increased

with the presence of plasticity and clearance in the model. In general, however, the Rajan model

underpredicts both the extent and magnitude of shear deformation, particularly at peak load.

The fields corresponding to the specimens represented by open symbols in Figure 4.5 are in the

appendix.

DIC strain fields show the development of localized vertical shear bands in specimens that

develop upward towards the top of the specimen in specimens with lower e/a values (Figures 4.7

and 4.8). Significant compressive strains develop above the hole in the sample with the lowest

e/a, but the region of compressive strain does not reach the extent of the shear strains. The

compressive strain region above the pin expands in the specimen with the highest e/a (Figure

4.9). The magnitudes of compressive strain are overpredicted in all simulations, but the failure

boundaries (particularly the Yamada-Sun-like boundary) are more appropriate. In simulations,

clearance plays less of a role in the upward expansion of the failure boundaries due to shear

in the high e/a specimens. In the experiments, in which there are no measured clearances,

the strains directly above the pin contact are highest and the shear strains are lowest in this

specimen. Correspondingly, the compressive failure bounds of the high e/a simulations agree

most closely with the simulations without clearance.

Figures 4.10 and 4.11 show micrographs of regions of interest in a moderate and high e/a

specimen, respectively. Cracks at ±45° to the loading direction are visible in the moderate

e/a specimen, which appeared to fail via shear. The cracks that were present in the pristine

composite were sparser and propagated primarily radially from the pores (see Figure 2.2). The

effect on the fibers is unclear, since the matrix is porous in those regions.

The cross-section of the high e/a specimen directly above the pin, Figure 4.11, shows fiber

buckling directly above the hole in 4.11(c) and delamination cracking, visible in 4.11(a) and

(b). This confirms the compressive nature of failure in this test.

M2

Figure 4.12 shows the bearing stress-displacement curve for the pin-loaded tests performed
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Figure 4.7: Local strain fields of experimental and simulated M1 specimens with low e/a.
Clearance and plasticity must both be accounted for to approximate the local shear response
of the specimens. The Rajan model is an improvement over the FEA predictions. The
first column of images shows strain distributions measured experimentally for one of the
two specimens (filled symbols in Figure 4.5) at 90% and 100% peak load (90 and 100 MPa,
respectively). The simulations are trimmed to the rectangular viewing window, and the top
right corner of the specimen relative to the top left image is indicated in dashed lines. The
approximate hole location is shown in the experimental images. There was no clearance (i.e.
2a=7.93mm), but the strain fields were comparable only in the 1% misfit simulation.
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Figure 4.8: Local strain fields in experimental and simulated M1 specimens of moderate e/a
(filled symbols). Even at 90% (175 MPa), the model with plasticity and clearance underpre-
dicts the extent of the “failed” shear and tensile regions. It also overpredicts the extend of
compressive plasticity. The top right corner of the specimen relative to top left image in the
first column is indicated in dashed lines. At peak load, the experimental tensile strains and
failure boundaries are greater than those of the simulations, indicating that cracking may have
occurred in the composite. The measured hole diameter was 8.00 mm, equating to a misfit
clearance of 0.9% relative to the hole.
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Figure 4.9: Local strain fields in experimental and simulated M1 specimens with high e/a
(filled symbols). The plastic simulations offer reasonable predictions of the failure regions,
indicating that the failure radius in compression might be ≈9.5mm and 6 mm from the center
and top edge of the hole. This radius is much greater than most predictions of failure radius
in polymers. As in other figures, the top of the specimen is not visible in this figure, and the
dashed line represents the top right corner from the first image in the second row. There was
no measurable clearance in the sample.
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Figure 4.10: In-plane view of a tested moderate e/a specimen of M1 above the pin. In (a), the
failure boundary at peak load in that test has been superimposed on the figure. The blown
up view (c) shows a particularly cracked region, with 45° angle cracks, which indicate shear
failure. While cracks are common in a pristine specimen, this angle and extent of cracking
appear to be unique to this tested specimen.
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Figure 4.11: The cross-section of the region above the hole of a tested high e/a specimen of
M1 shows clear delamination (a,b) and fiber buckling (c), characteristic of compressive failure.
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on M2. The displacement of the pin measured via DIC and extrapolated from a moderate

e/a specimen has been subtracted from the total displacement. As with M1, the load-carrying

capacity of the composite increases as e/a increases. The high e/a specimen exhibited a sudden

load drop after the peak load was attained. The low e/a specimen had a significantly lower

stiffness and plateaued below 25 MPa.

As e/a decreased, failure became much more graceful, with the specimen with the lowest

e/a exhibiting nearly elastic-perfectly inelastic behavior. This slow softening is likely due to

the fact the failure mode is highly shear-dominated.

Figures 4.12(b)-(d) show each individual geometry’s inelastic displacement compared to

the inelastic FEA predictions. Unlike for M1, the strains at peak load are not consistently

underpredicted for all test configurations. The inelastic strain at the peak load in the high e/a

specimen are nearly identical when clearance is included. All inelastic simulations, regardless of

clearance, over-predict the inelasticity above 50 MPa. The model underpredicts strains slightly

prior to the peak in the moderate e/a specimen depicted with filled symbols. The predicted

stress at the onset of inelasticity is more than 100% higher than measured in the specimen with

the low e/a. As observed in M1, the effects of clearance appear to reverse as the edge length

changes.

Figure 4.13 shows strain distributions of the low e/a specimen juxtaposed with FEA simu-

lations of the same geometry at 20 MPa and 25 MPa. No significant difference between strain

distributions is apparent among any of the simulations because these values fall below the elas-

tic limit. In the specimen, the normal strains appear to alternate every 2 mm between regions

of high tensile strain to regions with high compressive strains, with no clear cause. Figures 4.14

and 4.15 show results similar to Figures 4.7-4.7 in that clearance and inelasticity are necessary

to approximate the behavior of the composite. The strain distributions of the specimens corre-

sponding to the remaining moderate e/a specimen shown in Figure 4.12 with open symbols are

in the appendix. The DIC strain fields show the development of localized vertical shear bands

in specimens that develop upward towards the top of the specimen in specimens with lower e/a
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Figure 4.12: The initial slope of the high and moderate e/a specimens in bearing stress and
normalized displacement curves of M2 (a) are similar. The low e/a specimen had a much lower
stiffness, and plateaued at 25 MPa. Similar high load-bearing and sudden post-peak softening
were found in the high e/a specimen as compared to the M1. Unlike for M1, the inelastic
strains predicted in (b) the high and (c) moderate e/a specimens are much closer in terms of
the macroscopic displacement at peak stress. The extent of inelasticity is underpredicted in
the (d) low e/a specimen, showing no inelastic strains at the peak load.
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Figure 4.13: Local strain fields of experimental and simulated M2 specimens with low e/a.
The predictions are identical to that of an elastic material, albeit with some effects due to
clearance, because none of the elastic-plastic models predict inelasticity at such low stresses
(Figure 4.12(d). The top right corner of the specimen relative to the top left image is indicated
in dashed lines, which corresponds closely to the marked boundary boxes’ right corners in every
image. The measured hole diameter indicates that this specimen had a high clearance of 6.3%.
Alternating regions of high tension and compression can be found along the shear bands, but
may not be individual shear cracks, because they appear to be closer to 90° relative to the
loading direction.

values (Figures 4.13 and 4.14). In all cases where this occurs in M2, the normal strains manifest

in a pattern that alters between tensile and compressive strains. The compressive strain above

the pin doesn’t appear to develop in the specimen with the highest e/a (Figure 4.15), and faint

alternating bands are seen in the normal strains. The predictions overestimate the compressive

strains of this latter test, but the failure boundaries are appropriate.

The out-of-plane expansion during the load drop of the high e/a sample was less than that

of M1; the out-of-plane expansion of the the high e/a sample of M2 was similar to that of the

moderate e/a specimens of M1. In general, the out-of-plane displacement of M2 shows the

opposite trends compared to M1: a large out-of-plane displacement was present in the low e/a

specimen at peak load, and less out-of-plane displacement was present as e/a increased.

Figures 4.17 and 4.18 show micrographs of a moderate and high e/a specimen of M2,

respectively. In the moderate e/a specimen, which appeared to fail via shear, there are cracks
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Figure 4.14: Local strain fields of experimental and simulated M2 specimens with moderate
e/as (filled symbols). Even at 90% (80 MPa) peak stress, the model with plasticity and
clearance underpredicts the extent of the “failed” shear regions, overpredicting the extent of
compressive straining, as with M1. The top right corner of the specimen relative to top left
image in the first column is indicated in dashed lines. There was a misfit clearance of 0.1%
relative to the hole.
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Figure 4.15: Local strain fields of experimental and simulated M2 specimens with high e/a.
The inelastic simulations predict a failure radius in compression of ≈10.2 mm and 6 mm from
the hole center and top, respectively. These values are similar to those of M1. The top of the
specimen is not visible in this figure, and the dashed line represents the top right corner of
the specimen in the second row. The measured hole diameter does not indicate the presence
of clearance.
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Figure 4.16: Out-of-plane displacements resulting from bending or plastic deformation at peak
load in M2. The displacement in the moderate and high e/a specimens is negligible, while the
displacement in the low e/a specimens exceeds 7%
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propagating at 45° to the loading direction, which are most clearly visible in 4.17(c). The

45° angle cracks emanate from cracks that run parallel to the pore edges. These latter cracks

were likely present in the pristine sample, given that Figure 2.4 shows that cracks primarily ran

parallel to the pore borders. No apparent clues exist as to what caused the bands of alternating

strains in the DIC strain maps on the surface; this alternating may only be present on the

surface lamina, which was polished away to achieve a flat specimen for microscopy.

The cross-section of the high e/a specimen directly above the pin, Figure 4.18, shows fiber

buckling directly above the hole in 4.11(b) and4.11(c), and a large delamination crack running

through the center of the specimen, visible in 4.11(a). This is similar to the behavior of M1,

indicating that this sample achieved bearing strength and failed by compression.

Figure 4.19 shows that M1 and M2 undergo a transition from shear-dominated to compression-

dominated behavior around e/a=6, consistent with the findings of Godwin and Matthews [21].

The visual guides in the figure assume a linear increase up to the plateaued compression-

dominated regime. More tests would have to be performed to confirm this transition. M2,

consistent with the behavior exhibited in Chapter 3, failed at a lower stress in all pin-loaded

tests.
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Figure 4.17: In-plane view of a tested moderate e/a specimen of M2 above the pin. The (c)
blown up view shows a particularly cracked region, with 45° angle cracks, which indicate shear
failure. While cracks are common in a pristine specimen, this angle and extent of cracking
appear to be unique to this region.
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Figure 4.18: Cross-section of the region above the hole of a tested high e/a specimen of M2.
Micrographs in (a) and (b) show delamination (b) and (c) contain examples of fiber buckling.
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Figure 4.19: Graph of peak load vs e/a for M1 and M2. The transition to compression-domi-
nated failure occurs around e/a=6 for both CMCs. M2, consistent with its uniaxial behavior,
exhibits a lower strength in all geometries.
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Discussion and Conclusions

CMC behavior is often grouped into one of three classes of behaviors. The Class I behavior is

characterized by fiber bridging and pull-out, and is considered to be damage-intolerant. Two

classes of damage-tolerant CMC behavior exists, termed Class II and Class III, corresponding

to failure that is matrix- or fiber-dominated, respectively. Class III behavior, which would be

typical of a CMC with a porous matrix, is associated with lower initial moduli and inelastic

strains in pure tension (in the case of a 0°/90° weave, this would correspond to 0°/90°-oriented

tension). The opposite is true for Class II behavior. Class III CMCs exhibit some notch

sensitivity, and the formation of shear bands beyond the cracking strength of the matrix. These

composites also deform at lower stresses in shear loading than in±45° tension, implying a greater

dependence on matrix shear. The inelastic strain in on-axis loading is due more to random fiber

failure than to matrix cracking [2,22]. Their method of failure (i.e.by forming shear bands and

having a greater dependence on matrix shear) is often called shear-dominated failure.

5.1 Model expansion and off-axis loading

Lower CS/C45 indicate that either the cracking or the maximum stress in ±45° tension

tests are lower relative to the Iosipescu test. Higher values of CS and C45 indicate that tensile

inelasticity, in contrast to shear inelasticity, dominates in tension. Fiber failure, as opposed
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to matrix cracking, tends to dominate tensile inelasticity in class III CMCs [2, 22]. Laminate

theory constrains the initial slopes of the test, and thus C values do not affect the predicted

elasticity. A lower limit to both CS and C45 is 1, which would imply that the cracking stress

in shear and 0°/90° tension are identical.

While attempting to calibrate the Rajan model, a more reliable method for determining

constants was discovered. By determining the cracking stress ratio between the 0°/90° Iosipescu

test and the ±45° tension test and then using the 0°/90° tensile and 0°/90° Iosipescu shear

response as inputs to match the predicted and experimental axial 15°/75° tensile response, the

model better captured the behavior of several uniaxial tests. This improvement implies that the

“cracking stress” in 0°/90° tension of these oxide CMCs is the onset of failure in the fibers. As

a consequence of this fiber failure, the behavior of the CMCs was not adequately captured by

directly comparing the ±45° tensile response to the 0°/90°-oriented response. Further modelling

of Class III CMCs would likely benefit from applying the new fitting method, as described in

Chapter 3. Class II CMCs, such as the SiC-based CMCs that were used to develop the Rajan

model, tend to be more insensitive to changes in the specific C values, and thus the change

in fitting algorithm would not likely result in drastic changes in the predicted response. The

model more accurately captured the response of uniaxial compression and tensile tests using the

±45° compressive response and the scaled ±45° tensile curve. It is also theoretically possible

to replace the shear response required as input to the model with the scaled ±45° tensile curve

by fitting to the ±45° compression response for a class II composite. The Iosipescu test, which

requires a special fixture, could then be omitted in favor of ±45° tension and compression

tests. However, we did not have success with that method in both composites, and thus cannot

recommended this substitution. And while the ±45° tensile response cannot be equated to the

shear response directly, as is suggested in the PMC ASTM standard D3518/D3518M-13 [36], the

±45° tensile response can be used with some success to predict the ±45° compressive response,

as in Equation 3.13. Comparing compression tests, the ultimate strength is more likely to be

achieved in a ±45° compression test, unlike in a 0°/90° compression test, where buckling is likely
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to occur in a thin plate specimen. As a consequence, ±45° compression tests are recommended

over 0°/90° compression tests. Four or more orientations are suggested to robustly calibrate the

model.

5.2 Bearing tests

From our simple analysis in the beginning, the basic geometry map did not accurately pre-

dict the transition from shear to compressive failure, which is to be expected, as the values for

maximum stress represent averages of multiple tests. The load at failure increased with increas-

ing edge length, which was expected. Future studies could be repeated with more variation in

the edge length, to confirm the theoretical plateau of bearing strength.

A brief survey of the state-of-the-art in pin-loaded tests in the PMC community indi-

cates that 3-D models (which are cumbersome, complicated, and computationally costly) are

necessary to predict the mode and load at failure. Using our 2D model, shear strains are

underpredicted–at least when shear failure occurs. The strain predictions at 90% stress in both

the low and moderate e/a specimens of M1 and the moderate e/a specimens of M2 are much

closer than at the peak stress. The concentration of strains with clearance is consistent with

studies on PMCs and, moreover, clearance is necessary to predict the local strains seen in both

M1 and M2. Interestingly, while the magnitude of the compressive strain directly above the

hole exceeds the predicted amount, the idea of a point-strain criterion may be most appro-

priate for compressive failure, given the more accurate failure boundaries in the samples that

failed by compression. The lateral expansion in compressive failure typically invalidates the as-

sumption of plane-stress, as discussed by Camanho and Matthews [17]. However, out-of-planes

displacement were large in many cases where the model captured the in-plane behavior of the

composites. This model was not intended to predict post-failure behavior, and as such the large

lateral expansion in the compressive specimens would not be relevant.

We have confirmed that compressive failure occurs in a plate where the hole is remote from

the edges of the specimen and is indeed associated with the highest load at failure. Inelasticity
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plays a large role in pin-loaded test of these oxide CMCs, as it does in PMCs. The inelas-

tic Rajan model accurately captured the boundaries of failure regions in specimens that had

compression-dominated failure, indicating that full 3D models of this system are unnecessary,

and that compressive inelasticity is not a necessary addition to the model for complex loads.

Clearance also plays a key role: it increased the magnitudes of the strains in simulations. With

additional clearance, shear and tensile strains approached the experimental response, indicat-

ing that clearance is necessary to fully capture the behavior of both composites. The model,

however, underpredicted shear strains in shear-dominated failure; the amount of inelasticity

exhibited in shear-type failure is greater than that of an Iosipescu test of either M1 or M2.

We are unable to obviate the need to complete an Iosipescu test, as inelasticity in compression

exceeds that already present in shear plasticity, as evident by tests in ±45° compression. The

large gradients in load, however, violate the assumption of proportional loading, particularly as

inelasticity occurs. Future studies on tensile-dominated CMCs are necessary to ascertain the

robustness of this model.
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Additional Bearing Figures
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Figure A.1: Local strain fields in experimental and simulated M1 specimens with a low e/a
(open symbols in Figure 4.5) at 90% and 100% peak load (85 and 95 MPa, respectively).
The simulations are trimmed to the rectangular viewing window, and the top right corner
of the specimen relative to the top left image is indicated in dashed lines. The was no
clearance measured, however, the simulations with 1% clearance most closely match the failure
boundary. Normal strains are homogeneous in the shear planes, unlike that seen in M2.
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Figure A.2: Local strain fields in experimental and simulated M1 specimens with a moderate
e/a (open symbols). The top right corner of the specimen relative to top left image in the
first column is indicated in dashed lines. The inelastic model overpredicts the extent of the
compressive failure bounds, and underpredicts the extent of the failure boundary in shear
at the 195 MPa. At the peak load, there was a high tensile load in the experiments, which
indicates the onset of cracking, that is not present in any prediction. This measured hole
diameter was 7.97 mm, indicating a misfit clearance of 0.5% relative to the hole.
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Figure A.3: Local strain fields in experimental and simulated M1 specimens with a high e/a
(open symbols). The inelastic simulations with 0% misfit predict a failure radius 11 mm
from the hole center, while the experimental failure radius was ≈8mm from the hole center.
The dashed line represents the top right corner from the first image in the second row. The
measurements of the specimen and pin indicate no clearance.
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Figure A.4: Local strain fields in experimental and simulated M2 specimens with a moderate
e/a (open symbols). Bands that alter vertically between compression and tension and that
extend 4 mm horizontally appear in the normal strain fields, as in the other specimens. The
model overpredicts the extent of compression in the test, but predicts the magnitude of shear
strains in the 1% clearance simulation. The clearance in this specimen was 0.1% relative to
the hole.
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