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ABSTRACT OF THE DISSERTATION

On Fairness and Interpretability in Matrix and Tensor Methods for Stratified Data

by

Zerrin Vural
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2026

Professor Deanna Needell, Chair

This dissertation develops and analyzes methods for interpretable and fair machine learn-
ing that account for stratified data. We investigate two settings in which data may exhibit
meaningful differences across groups or sources. First, we propose and analyze Stratified Non-
Negative Tensor Factorization, a tensor factorization method that incorporates stratum-level
information while learning globally shared topics and stratum-dependent shifts. We develop
an efficient multiplicative-update algorithm, incorporate total-variation regularization for
image denoising, and demonstrate its effectiveness on synthetic and real-world datasets. Sec-
ond, we investigate fairness in matrix completion via nuclear norm minimization. We show
empirically that minority or structurally distinct groups can experience disproportionately
higher reconstruction error under a globally shared low-rank model. We formalize statistical
parity and equal opportunity for matrix completion and evaluate fairness-metric regular-
ization and a group-aware formulation for addressing reconstruction disparities. Numerical
experiments on synthetic and real datasets demonstrate the trade-offs between parity-based
fairness and group-wise reconstruction accuracy. Together, these works demonstrate the

value of accounting for local, group-specific structure alongside globally shared information,
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and develops approaches for incorporating this balance into matrix and tensor methods

toward improved fairness and interpretability.
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CHAPTER 1

Introduction

Machine learning methods are increasingly prevalent in today’s data-driven world, en-
abling the extraction of meaningful information from large and complex datasets and inform-
ing decision-making across a wide range of applications. Many machine learning methods
rely on structural assumptions, such as low-rankness, sparsity, or non-negativity, to make
learning computationally tractable and to obtain useful representations of data. However,
the effectiveness of these assumptions can depend on how well the assumed structure reflects
the underlying data. This dissertation studies two methods in machine learning applied to
settings in which data contain group- or stratum-level structure. A common thread of the
two works presented is the challenge of balancing information specific to individual groups
within a dataset with information shared globally across the data. This work therefore

explores how global models can be enhanced by considering group-specific structure.

The first part of the dissertation considers this question in the context of interpretable
representation learning. Non-Negative Matrix Factorization and Non-Negative Tensor Fac-
torization decompose high-dimensional non-negative data into low-rank, non-negative com-
ponents that admit interpretable parts-based representations. These methods have been
widely used to extract interpretable features from large-scale datasets, including topics from
text corpora and visual features from image data. Standard Non-Negative Matrix Factor-
ization and Non-Negative Tensor Factorization are formulated to treat all observations as
though they arise from a common underlying source. Incorporating stratum-level data struc-

ture into the factorization provides an opportunity to capture additional information present



in the data.

Stratified Non-Negative Matrix Factorization addresses source heterogeneity in matrix-
valued data by jointly learning global topics shared across strata as well as stratum-dependent
shifts. In Chapter |2} we extend this framework to tensor-valued data, introducing Stratified
Non-Negative Tensor Factorization. By operating directly on tensors, this factorization pre-
serves the geometric structure of higher-order data, such as the spatial axes of an image, that
would otherwise be lost through flattening. We develop an efficient multiplicative-update
algorithm and incorporate mode-specific total-variation regularization for image denoising.
We demonstrate the method on text and image data, showing that Stratified Non-Negative
Tensor Factorization can recover interpretable structure with fewer learnable parameters
than its matrix counterpart. These results demonstrate the benefits of leveraging globally
shared structure alongside stratum-level variation while preserving the natural structure of

tensor-valued data.

In the second work of this dissertation, we investigate fairness in matrix completion
via nuclear norm minimization, a method for recovering a low-rank matrix from a small
sample of its entries. Implicit in this method is the assumption that a single low-rank model
adequately recovers the entire matrix. When the data contain groups that exhibit different
underlying structure, however, this assumption may result in disparities in reconstruction
accuracy across groups. In particular, smaller or structurally distinct groups may experience

larger reconstruction errors.

Chapter (3] investigates the resulting disparities through the lens of accuracy-based fair-
ness. We show empirically that minority or structurally distinct groups can experience
disproportionately larger reconstruction errors under a single globally optimal low-rank solu-
tion. We use synthetic data constructions that interpolate between groups with shared latent
structure and groups with increasingly distinct latent structure, as well as real data from
the MovieLens 100K dataset, to identify two mechanisms that contribute to these dispari-

ties: population imbalance, in which a group’s smaller representation allows majority-group



structure to dominate the global solution, and group-specific structure, in which a group’s
structure requires more latent dimensions than the global objective allocates to it. Notably,
disparities arising from group-specific structure can persist even when groups are equally

represented.

These observations motivate the question of how fairness can be incorporated into matrix
completion. We formalize two parity-based fairness criteria, statistical parity and equal
opportunity, in the matrix completion setting and investigate two approaches for addressing
disparities: fairness-metric regularization and a group-aware formulation that separately
regularizes the submatrices corresponding to each group. We present numerical experiments
on synthetic and real datasets to evaluate the trade-offs associated with enforcing parity-
based fairness and its impact on group-wise reconstruction accuracy. Our results demonstrate
that enforcing parity does not, in all cases, imply improved accuracy-based fairness, and that

the effectiveness of the fairness interventions depends on the source of disparity.

Each chapter is written to be self-contained, with its own introduction, notation, and
discussion of related work. The remainder of Chapter [1] provides additional mathematical
and contextual background for the subsequent chapters. Chapter [2| is based on joint work
with Alexander Sietsema, James Chapman, Yotam Yaniv, and Prof. Deanna Needell and
is a version of [SVC24]. Chapter |3]is based on joint work with Dr. Minxin Zhang and
Prof. Deanna Needell. Chapter |4 summarizes the contributions of both works and discusses

directions for future research.

1.1 Introduction to Non-negative Matrix and Tensor Factorization

Non-negative Matrix Factorization (NMF) has found applications across a broad range of
domains, including topic modeling, image and hyperspectral data analysis, audio signal pro-
cessing, and biological data analysis |Gil20, Dev08|. Across these applications, its low-rank,

non-negative factorization often yields components with meaningful, parts-based represen-



tations [LS99, ILS00, [Gill4]. We begin with a brief introduction to NMF and describe its
extension to tensor-valued data. We then introduce the stratified setting, in which observa-
tions arise from multiple sources that share common structure while exhibiting source-specific

variation.

1.1.1 Non-negative Matrix Factorization

Consider a collection of non-negative observations stored in a matrix A € R™*" where
the rows correspond to samples and the columns correspond to variables. NMF seeks a
low-rank approximation of A subject to nonnegativity constraints. Because the learned
factors are non-negative, each observation is represented as an additive combination of the
learned components, with the contribution of each component determined by a non-negative
coefficient. This structure can lead to interpretable representations in which individual

components correspond to meaningful features or parts of the data.

A particularly illustrative example of the interpretability of NMF is its application to
image data. Grayscale and RGB images are naturally represented by non-negative pixel
intensities, making them well suited to this method. When NMF is applied to a collection of
facial images, the learned components can correspond to localized features such as eyes, noses,
mouths, or mustaches. Each facial image is then represented as a non-negative combination

of these learned features. Figure illustrates NMF for facial image data.

The interpretability associated with nonnegativity can be illustrated by comparing NMF
with other representations. Figure|l.2|shows the same facial image approximated using vector
quantization (VQ), NMF, and principal component analysis (PCA). Each of these methods
factorize data into a matrix of basis elements and a corresponding matrix of coefficients. In
vector quantization, the coefficient vector for each image is subject to a unary constraint, so
that each image is represented by a single dictionary element. In this example, the dictio-
nary elements are prototypical whole faces rather than individual parts. PCA instead allows

each image to be represented as a linear combination of multiple basis elements, resulting

4
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Figure 1.1: NMF applied to facial image data. Each image is approximated by a non-negative
combination of learned dictionary elements, which can correspond to localized parts of a
face. The weights of the dictionary elements determine the contribution of each part to an
individual image. Adapted from Figure 1 of |LS99]. The notation in this illustration follows
the column-wise convention of the original work, in which W contains basis images and H
contains the corresponding feature weights. Elsewhere in this dissertation, observations are
represented by rows of the data matrix, with W containing the encodings and H the basis
elements.

Lee DD, Seung HS. “Learning the parts of objects by non-negative matrix factorization.” |Nature, 401,
788-791 (1999), Springer Nature. Reproduced with permission from Springer Nature.

1

in a more distributed representation. Because PCA permits entries of arbitrary signs, the
basis elements can combine through both addition and cancellation, making individual basis
elements less intuitive to interpret. In contrast, the nonnegativity constraints in NMF allow
multiple components to contribute to a reconstruction, but only through additive combina-
tions. This is results in a parts-based representation, in which individual components can

correspond to recognizable parts of a face [LS99].

The NMF problem can be formulated as follows. Given a non-negative data matrix
A € R™ " NMF seeks non-negative factor matrices W € R™*" and H € R"" that minimize
the squared Frobenius reconstruction error:

. 2
wiin A= WH||E, (1.1.1)

where 7 < min{m,n} is the prescribed factorization rank. The matrix H contains the
learned basis elements, while W contains the coefficients used to combine basis elements to
approximate each observation. We refer to H as the topics matrix and W as the coding

matrix throughout this dissertation. Figure [1.3] illustrates this factorization in the image
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Figure 1.2: The same face approximated using vector quantization (top), NMF (middle), and
principal component analysis (bottom). The learned dictionary is shown in the center column
and the corresponding coefficients are shown to the right. NMF produces a parts-based
representation, whereas vector quantization and PCA produce more holistic representations.
Adapted from Figure 1 of [LS99).

Lee DD, Seung HS. “Learning the parts of objects by non-negative matrix factorization.” |Nature, 401,
788-791 (1999), Springer Naturd. Reproduced with permission from Springer Nature.

setting. Each row of A corresponds to an image, and each column corresponds to a pixel
location. Thus, a row of H represents a learned feature, while a row of W contains the

weights of all learned features for a particular image.

The squared Frobenius reconstruction error is one possible choice of reconstruction loss
for the NMF objective. For example [LS00] considers both the squared Euclidean loss and
the generalized Kullback-Leibler divergence, which can be optimized using similar iterative

approaches.

The optimization problem in ([1.1.1)) is not jointly convex in (W, H), although it is convex
in either factor when the other is held fixed. Thus, an alternating minimization approach can
be used to seek local minima by fixing one factor while updating the other . Denote

the objective function as

1
FOVH) = S| A= WH]?.

To derive the iterative updates for H, first suppose that W is fixed. The gradient of f with
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Figure 1.3: The NMF factorization A ~ W H for image data, with rows of A indexing images
and columns indexing pixel locations. The rows of H represent learned components, while
the rows of W contain the corresponding feature weights for each image.

respect to H is then
VufW,H)=W'WH - WTA.

The standard gradient-descent update for each entry H;; takes the form

Hij < Hy; = ni; (Vu f(W, H)),;,
where 7;; denotes the step size. However, an additive update does not necessarily preserve

the nonnegativity constraint on H. If we choose an entry-dependent step size of the form

= WTWH),
and substitute this scaling into the gradient-descent update, we arrive at the following

multiplicative-update rule:
(WTA)y

This multiplicative update can be viewed as separating the positive and negative com-

ponents of the gradient and placing the absolute value of the negative component in the



numerator of the multiplicative factor and the positive component in the denominator. This

construction can be applied when optimizing W, resulting in the multiplicative updates:

which are applied alternately, with each factor updated while the other is held fixed.

When initialized with non-negative factors, these updates preserve nonnegativity because
each entry is multiplied by a ratio of non-negative quantities. Multiplicative updates are also
attractive due to their ease of implementation and favorable monotonicity properties. Under
the multiplicative update rules, the objective function f is nonincreasing, as follows from a

majorization-minimization argument [LS00].

1.1.2 Non-negative Tensor Factorization

A tensor is a d-way array, where d is referred to as the order of the tensor and the different
dimensions of a tensor are referred to as modes. Tensors of order d > 3 are referred to as
higher-order tensors. For example, a vector is a 1-way array, while a matrix is a 2-way array,
with its rows and columns corresponding to two modes. Higher-order data can be reshaped
into lower-order representations, allowing existing lower-order factorization methods to be
applied. For example, a tensor-valued observation can be vectorized, or flattened across a
single mode, and the resulting vectors arranged as the rows or columns of a matrix. Non-
Negative Tensor Factorization (NTF) instead operates directly on higher-order tensor data,
extending the low-rank, parts-based representation of NMF while preserving the natural
multi-way structure of the data. Retaining this structure allows relationships associated
with individual modes to be incorporated directly into the factorization and lends itself to
mode-specific modeling and regularization. For example, in image analysis, regularization

can be imposed directly along the spatial modes, allowing the factorization to incorporate



spatial structure that would be obscured by vectorization.

For example, a collection of two-dimensional images can be represented as a matrix,
with one dimension indexing the vectorized images and the other indexing the pixels, as
illustrated in Figure [I.3] Alternatively, the same collection can be represented as a three-
mode tensor, with one mode indexing samples and the remaining two modes representing
the spatial dimensions of each image. Therefore, tensor factorizations are valuable methods

to obtain a low-rank representation of higher-order data.

A common approach to tensor factorization is the CANDECOMP/PARAFAC (CP) de-
composition, which represents a tensor as a sum of rank-one tensors [CC70l Har70, [KB09].
A rank-one tensor is formed by taking the outer product of one vector from each mode.
Thus, for an n-way tensor, a rank-one tensor has the foom A = ! ® ©?> ® --- ® u™, where

u® € R%. The CP decomposition approximates a tensor as a sum of 7 rank-one tensors as
T
~ E n k
Jj=1

The rank of a tensor is defined as the smallest such r for which this representation is exact.
This quantity is also referred to as the CP-rank. More generally, a CP decomposition can
use a prescribed number r of rank-one components to approximate a tensor. Figure

illustrates the CP decomposition in the three-mode case.

NTF imposes elementwise nonnegativity on the components of the CP decomposition.
For a non-negative tensor A € R‘fx"'Xd", NTF seeks non-negative vectors uf € R% that

minimize )
min
{uf>0}

(1.1.4)

T
n k
A E Q=11
=1

F
Asin NMF, the components of the factorization can be interpreted as features of the data
and corresponding feature weights for each sample. The interpretation of these components

depends on how the modes of the tensor are assigned to aspects of the data. In the image
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Figure 1.4: The non-negative CP decomposition of a three-mode tensor as a sum of r rank-
one components, each formed by the outer product of one non-negative vector from each
mode.

and text experiments considered in this dissertation, one mode indexes samples, while the
remaining modes represent the variables associated with each observation. For example,
if the sample mode has dimension m, then the vector in the factorization corresponding
to this mode has dimension m and contains feature weights for each sample. The vectors
corresponding to the remaining modes have dimensions determined by the shape of each

sample and describe the learned features along the corresponding dimensions.

The non-negative CP problem is again nonconvex, but multiplicative-update rules can
be derived by extending the same approach used for NMF [SHO05]. As in the matrix setting,

these updates preserve nonnegativity while iteratively reducing the reconstruction error.

1.1.3 Factorization for Stratified Data

Many datasets contain observations collected from multiple sources, or strata. Stratified
factorization provides a framework for modeling such data by learning information shared

across strata as well as information specific to each stratum.

To motivate this setting, consider NMF for topic modeling, which aims to identify un-
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derlying topics or themes in a collection of documents. For this application, the rows of the
data matrix A correspond to documents and the columns correspond to words that appear
within the collection of documents. Entry A;; records the number of occurrences of word j in
document i. The rows of H represent topics, with each row assigning a non-negative weight
to every word in the vocabulary. The words with the largest values in a given row iden-
tify the words most strongly associated with that topic and provide a human-interpretable
description of its content. The rows of W give the corresponding topic weights for each doc-
ument, indicating which topics are most strongly represented in each document. Figure (1.5
illustrates this application.

A = w H

words topics words

topics

R

documents
documents

———’ N— ——
coding matrix topics matrix

Figure 1.5: The NMF factorization A ~ W H for topic modeling, with rows of A indexing
documents and columns indexing words. The rows of H represent learned topics, while the
rows of W contain the corresponding topic weights for each document.

Now suppose that the documents are collected from multiple sources, such as different
news organizations. Documents from different sources may discuss many of the same topics,
while differing in the topics they emphasize and in the language associated with those topics.
NTF represents all documents using the same collection of topics and does not explicitly

distinguish information shared across sources from information specific to a particular source.

The idea of considering shared and stratum-level information for NMF was introduced

in [CYN23|. Suppose the data are partitioned into s strata, indexed by i = 1,...,s, with

11



data matrix A(i) corresponding to stratum i. The Stratified-NMF formulation proposed
in [CYN23| solves

mln ZHA —1v(i —VV(@)HHjJ (1.1.5)

Here, H is a global topics matrix shared across all strata, while W (i) is a coding matrix
learned separately for each stratum. The vector v(i) provides stratum-level information
through the term 1v®7 which assumes the same additive shift to every sample within
stratum ¢. Thus, the model retains a common set of topics while allowing each stratum
to exhibit additional source-specific features. We refer to the vectors v(i) as stratum-level
features and to the rows of H as global topics. Figure illustrates the Stratified-NMF

decomposition for 3 strata.

A@)~ 1 v@)"+W(@E) H

E T
1=1 E
i=a ~H e + ©
=3 E

——

strata features coding matrix global topics

Figure 1.6: The Stratified-NMF decomposition where i indexes strata. The global topics
matrix H is shared across all strata, while the coding matrices W@ and stratum-level features
v® are stratum dependent.

The same idea can be extended to the tensor setting introduced above. This extension
is the focus of Chapter [2| where we develop Stratified-NTF. The resulting decomposition is
illustrated in Figure As in Stratified-NMF, the sample mode contains a vector of ones,

so that the stratum-level features are added uniformly across samples within each stratum.
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The remaining modes encode the stratum-level features and global topics through sums of

rank-one tensor components.

Unlike Stratified-NMF, where a single rank-one stratum-level feature is learned for each
stratum, Stratified-NTF allows each stratum to have a tunable rank /(7). This additional
flexibility is useful because a single rank-one tensor component imposes a stronger structural
restriction than a rank-one matrix component. Consequently, a single component may be
insufficient to represent a complex stratum-level feature, and multiple rank-one components

can be combined to obtain a richer, more interpretable representation.

Chapter [2| derives a multiplicative-update algorithm for this model and for a total-
variation-regularized extension. The resulting method is demonstrated on text and image
data, where we examine the ability of Stratified-NTF to recover interpretable global and

stratum-level structure while preserving the multiway organization of the data.

r'(i

) ,
A@@) =) 100002 @u(i)} +) w(i); @k ® k]
) k=1 j=1

e

2 ,,,f(i) r -
1 oo
R Jege=—+Y | e le
/ — = O
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strata features coding vector global topics

Figure 1.7: Stratified-NTF, where i indexes strata. The data tensors A®) are approximated
using stratum-level features specific to each stratum, and topics shared across strata. The
stratum-level features are formed by taking the outer product with a vector of ones in
the mode indexing samples, reflecting the modeling assumption that each feature is shared
uniformly across samples within its stratum.
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1.2 Introduction to Matrix Completion

We now introduce mathematical and contextual background for the second part of this

dissertation: fairness in matrix completion.

Many data analysis problems involve matrices whose entries are only partially observed.
Matrix completion addresses this problem by seeking to recover an unknown matrix from
only a subset of its entries. Given a partially observed matrix M € R™*"  the goal is to
construct a matrix X that agrees with M on the observed entries and accurately estimates
the unobserved ones. This problem arises in a variety of applications, including collabora-

tive filtering, recommender systems, remote sensing, control systems, and computer vision

[CP10].

In general, recovering the unobserved entries of a matrix is impossible. However, if
the underlying matrix can be assumed to be low rank, or approximately low rank, matrix
completion becomes possible. Under suitable conditions on the matrix and the sampling
pattern, a relatively small number of observed entries can suffice for accurate, and in some

settings exact, recovery.

A useful application for illustrating the matrix completion problem is recommender sys-
tems. Consider, for example, a movie recommendation system in which each row of a rating
matrix M corresponds to a user, each column corresponds to a movie, and an entry Mj;
records the rating assigned by user ¢ to movie j. Since users typically rate only a small subset
of available movies, the resulting matrix contains many unobserved entries. The underlying
rating matrix may be assumed to be approximately low rank, since users’ preferences can
often be described by a relatively small number of underlying factors, such as preferences
for different genres or styles of movies. Under this assumption, the observed ratings provide
information about the unobserved ratings. If the rating matrix could be completed accu-
rately, a streaming service could use the estimated ratings to provide personalized movie

recommendations to its users.
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1.2.1 Low-Rank Matrix Completion

The intuition that low-rank structure allows a matrix to be recovered from relatively few
observations can be understood through a degrees-of-freedom argument. Consider a matrix

M € R™ "™ of fixed rank r, with singular value decomposition
M =UxVT,

where U € R™*" and V € R™*" have orthonormal columns, and 3 € R"™" is diagonal. The
r diagonal entries of 3 contribute r degrees of freedom, while the orthonormal matrices U
and V contribute (mr — @) and (m’ — w> degrees of freedom, respectively, due to
the orthonormality constraints. Thus, a rank-r matrix has r(m +n — r) degrees of freedom.
When r < min{m, n}, this is substantially smaller than the mn entries required to specify
an arbitrary m x n matrix. Thus, a low-rank matrix is determined by substantially fewer

parameters than an arbitrary matrix of the same dimensions.

Low rank alone, however, does not guarantee that a matrix can be completed. Consider

the rank-one matrix

-xl x2 CEY xn-
Mooxro |0 O 0
0 0 0

Although M is low rank, all of its nonzero entries are concentrated in a single row. If
even all but one first row is unobserved, the missing value cannot be determined from the
remaining entries: any value assigned to that entry produces a matrix of the same rank-one
form that is consistent with the other observations. Thus, exact recovery of M requires every
entry of the first row to be observed. Similarly, if an entire row or column is unobserved,
matrix completion becomes impossible. In particular, the observation pattern must provide

sufficient information about the entries that determine the low-rank matrix.
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For this reason, theoretical analyses of matrix completion impose conditions on both
the low-rank matrix and the sampling pattern. A common assumption is that the observed
entries are sampled uniformly at random, so that particular rows or columns are not sys-
tematically under-observed, though recovery guarantees for deterministic and non-uniform
sampling patterns have been established [FNP2I]. In addition, an incoherence condition
requires the singular vectors of M to be sufficiently spread across their coordinates rather
than concentrated on a small subset. Informally, this prevents the information in a low-rank
matrix from being concentrated in only a few rows or columns, as in the example above. Un-
der suitable incoherence and sampling conditions, the observed entries can contain sufficient

information for recovery [CP10].

1.2.2 Nuclear Norm Minimization

To formulate the matrix completion problem precisely, let {2 C [m] x [n] denote the set
of observed entries. Define the associated sampling operator P : R™*" — R™*" entrywise
by

X'ij> (Z>]) € Q7
[Po(X)]i; =
0, otherwise.
The observed entries of M are represented by the projection Pqo(M), where unobserved

entries are set to zero. Ideally, one would seek the lowest-rank matrix consistent with these

observations by solving

Xr%in rank(X) subject to Po(X) = Po(M). (1.2.1)
c mxXn

However, rank minimization is nonconvex and NP-hard problem. A common approach is to

replace rank minimization with the following convex relaxation

min || X]|. subject to Po(X) = Po(M). (1.2.2)

XGR’H’LX n
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Recall that the nuclear norm of a matrix is the sum of its singular values, | X|[, = S 5, (X).

This can also be viewed as the ¢; norm of the vector of singular values of a matrix. Just as ¢,
minimization promotes sparse vectors by penalizing the magnitudes of their entries, nuclear
norm minimization promotes matrices with a small number of nonzero singular values, which

corresponds to low rank.

Candes and Recht established that, for a broad class of low-rank matrices satisfying suit-
able incoherence assumptions and observed at sufficiently many uniformly sampled entries,
nuclear norm minimization exactly recovers the underlying matrix with high probability
[CRO9]. Subsequent work established sharper recovery guarantees and showed that nu-
clear norm minimization remains effective when the observed entries are corrupted by noise
[CP10]. In particular, under suitable conditions, an n x n rank-r matrix can be recovered
from approximately nrlog®(n) noisy observations, with reconstruction error proportional to
the noise level [CP10]. Thus, nuclear norm minimization provides both a computationally
tractable formulation and a theoretically justified approach to recovering low-rank matrices

from incomplete observations.

1.2.3 Matrix Completion with Heterogeneous Data

The standard formulation in (|1.2.2]) seeks a single low-rank representation that agrees
with all of the observed entries. However, in many applications, the rows of a data matrix
may belong to distinct groups or populations. These populations may differ in their rep-
resentation in the data, their observation patterns, or the latent structure underlying their
entries. For example, if one population is represented by substantially fewer observed en-
tries, the reconstruction of that population may be based on less information than that of
other groups in the data. Alternatively, different populations may exhibit latent structures
that are not equally well represented by a single global low-rank model. Because standard
nuclear norm minimization minimizes the aggregate reconstruction error across all observed

entries, it does not explicitly account for how that error is distributed across groups. As a re-
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sult, minimizing the overall reconstruction error can yield different reconstruction accuracies

across populations.

This observation is particularly relevant in recommender systems and other applications
in which matrix completion produces predictions about individuals. Systematically less ac-
curate predictions for one population can result in differences in the quality of information,
opportunities, or resources provided to different groups. Such differences may be particu-
larly consequential in domains such as healthcare, education, and financial services. This

motivates evaluating and improving the fairness of matrix completion.

1.2.4 Fairness in Matrix Completion

The question of whether a machine learning method performs equitably across popula-
tions is part of a broader literature on fairness in machine learning. The appropriate notion
of fairness depends on application and context. Therefore, it is difficult to characterize a
universal definition of fairness. Instead, different definitions capture different notions of

equitable treatment.

One family of criteria considers the distribution of model outcomes across groups. In
binary classification, for example, statistical parity is a parity-based criterion that requires
the probability of a positive prediction to be the same across groups, or equivalently, that
the prediction be independent of group membership [BHN23|. Other criteria evaluate model
predictions conditioned on true outcomes. For example, equal opportunity is an accuracy-
based criterion that requires the true-positive rate to be the same across groups [HPS16b|.
The motivating goal of Chapter |3|is to improve fairness in reconstruction error across groups,

which we refer to as error-based fairness.

For matrix completion, these notions take different forms. Our adaptation of statistical
parity requires the reconstructed item-wise means to be similar across groups. Our adapta-

tion of equal opportunity instead requires the error in the estimated item-wise group means
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to be similar across groups. We evaluate error-based fairness by comparing the group-wise

RMSE:s of the completed matrix.

Fairness disparities can arise from different characteristics of the data. Population im-
balance refers to differences in the number of rows represented by different groups, while
observation bias refers to differences in the observation patterns across groups. In addition,
groups may differ in their latent structure, so that a single low-rank representation may
describe some groups more accurately than others. These sources of disparity can affect the

reconstruction accuracy experienced by different groups.

Fairness interventions in machine learning can generally be classified as pre-processing,
in-processing, or post-processing methods. Pre-processing methods modify the data before
model training, for example by reweighting or resampling observations. In-processing meth-
ods modify the learning procedure or objective to account for fairness while fitting the model.
Post-processing methods modify the model’s predictions after training to satisfy a desired

fairness criterion.

In this dissertation, we focus on in-processing approaches to error-based fairness in ma-
trix completion. We consider fairness regularization based on statistical parity and equal
opportunity, as well as a group-aware nuclear norm objective that assigns separate nuclear
norm terms to the submatrices corresponding to each group in addition to the overall nuclear
norm. We investigate how these approaches affect overall and group-wise reconstruction ac-
curacy under different sources of disparity, and whether improvements in parity-based or

accuracy-based fairness translate into improved error-based fairness.
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CHAPTER 2

Stratified Non-negative Tensor Factorization

2.1 Introduction

Unsupervised methods for understanding large, multi-modal datasets have become in-
creasingly important as data complexity has continued to grow. Non-negative matrix fac-
torization (NMF) and non-negative tensor factorization (NTF) for higher-mode data are
popular methods for factorizing large-scale data into interpretable, low-rank components
[SHO5, LS00, [LS99]. Given a non-negative data matrix A € R7*", NMF decomposes the

data into non-negative factor matrices W € R7"*" and H € R*" that minimize the objective
argmin ||A — WH||3. (2.1.1)
W,H

In this work, the data matrix is organized with rows corresponding to samples and
columns corresponding to variables. The topics matrix H gives a correspondence between
topics and variables, and the coding matrix W weights how much each topic is represented
in the samples. While this decomposition applies directly to data when each sample is struc-
tured as a vector, it fails to accommodate data with tensor-like structure without reshaping.
For example, flattening an image into a vector removes the spatial structure contained im-
plicitly within the tensor. One approach to address this problem is the Non-negative CAN-
DECOMP/PARAFAC (CP) tensor Decomposition (NCPD), which extends NMF to handle
tensor data by approximating a mode-n data tensor A € RELl o by rank-r components

[CCT70l Har70]. In particular, NCPD solves the minimization problem
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arglknin | A— Z Rp_1ub |7 (2.1.2)

J Jj=1
where uf € Rfﬁ“ denotes the kth vector used to form the jth rank-one outer product. In this

work, we use rank to denote the CP-rank [KB09).

In some settings it is desirable to account for data obtained from different sources. For
example, data from hospitals across different states reflect separate populations, or exper-
iments run on different equipment may have varying error distributions. In these cases we
may wish to use stratified methods, which can learn both stratum-dependent information
as well as shared information across different sources [HHMb53|. The recent Stratified-NMF
method extends NMF to consider stratified data that share global topics but differ by positive

stratum-dependent shifts, and demonstrates improved performance across data modalities

[CYN23).

Given s strata and data matrices for each stratum A(:), 1 < i < s, Stratified-NMF

minimizes the objective

gmin Y [|A(i) — 1o(i)" — W (i) H||%,

ar
v(i),W(i),H —

such that
v(i)T >0, W(i) >0, H>0, V1<i<s,

where 1,, € R is the vector of all ones, v(7) is the stratum-dependent shift for each stratum,
W (i) is the coding matrix for each stratum, and H is the global topics matrix. In this
formulation, topics are learned across strata globally, while also allowing for the model to

learn characteristics unique to each strata in the vectors v(i) (stratum-level features).

In this paper, we create a Stratified-NTF method that extends Stratified-NMF to tensor
data in order to leverage both geometric information contained in tensor data as well as strat-

ification to handle heterogeneous datasets. We derive multiplicative updates to efficiently
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optimize the objective as is common of NMF and its variants. In experiments, we demon-
strate the effectiveness and interpretability of the method and compare it to existing algo-
rithms. Finally, we derive multiplicative updates for Stratified-NTF with TV-regularization

and evaluate it on noisy image data. The code for this paper is made publicly availableE].

2.2 Proposed Method

Given a non-negative set of data tensors A(i) € Ril(i)XHZ:Q d’“, we propose the following

Stratified-NTF objective:

argmin Z | A1) — 14,6 @ V(1) — Zw(i)j ® H;ll7, (2.2.1)
V(&),w(@);,H; = j=1
where
r'(i)
V(i) =Y V(i);, V(i) = R, v(i)f, Hj =&, bk,
j=1
such that

(i)t € RY, w(i); € REY, hb € RY, Vi, j, k.

We define V(i); to be the rank-one strata tensors that we sum over to get rank r’'(¢)
stratum-level features V(7). Note that V(i) produces strata tensors analogous to the stratum-
level features v(i) obtained in Stratified-NMF which learn information common to each

sample in the stratum.

We additionally extend the method to include higher-rank decomposition of the stratum-
dependent shifts. This is necessary in the tensor setting since rank-one feature information
may underfit the data [SHO5]. For example, when modeling image data, a single outer

product can only generate axis-aligned pixel clusters in the image. By increasing the rank,

1

Code can be found at https://github.com/alexandersietsema/Stratified-NTF
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the stratum-level features can learn sums of such clusters to represent more complex strata

specific information.

We derive multiplicative updates to efficiently optimize the objective. Let

B(i) = 14,0 @ V(i) + Y _w(i); ® H; (2.2.2)

j=1

be the Stratified-NTF approximation of A(z). Then the multiplicative updates are

T Ej ZaES"' V(i)l,aA(i)j,aJrkeT

U(@)sz — U(i)lk Zj ZQGST V(i)l,aB(i)j,a—i-keT (223>
. o Daes HiaA(D)ka

w (1) < w(i)1k S HiaBi)ea (2.2.4)

b 2ij 2oaes (W) @ H)jaA(D) jatke, (2.2.5)

ES i Yaes (WD) @ H)j.aB(i) jatke,
where S is the set of length n — 1 multi-indices, and S is the set of length n — 1 multi-indices
with the 7th entry 0. We use the convention that the zeroth index of a vector is defined to be
1 for ease of notation and we use e; to denote the jth standard basis vector. These updates
are written entry-wise for each vector and computed for all [, k, 7 indexed as in . The

B(i) tensor is computed based on the existing values as in (2.2.2)) in each update step.

2.2.1 Regularization

In this section, we develop a Total Variation (TV) regularized version of Stratified-NTF
for image denoising [RO94]. TV regularization is widely utilized in image processing and has
been effectively applied in tensor decompositions for promoting smoothness in applications
such as hyperspectral unmixing [XQZ19]. Unlike NMF methods, which require flattening

images into a single mode, tensor methods retain spatial information which we can directly
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apply regularization to. We apply regularization to the global topic parameters H of form

A llrv = Z Piger = (2.2.6)

For application to 3-mode image data, we regularize separately over h? and h?, the spatial

modes of H, as

argmin ZHA ) — g, @ V(i Z )i @ Hjll%

V(@),w(i); My 3= =

= (2.2.7)
+ A3 (Ihllry + [1hllrv) -
l
The gradient of the TV term for fixed 7 is
—sign(hj, — hiy)

—Sign(th,Q - hzT,1) + Sign(th,1 - th,o)

—Sign(hzT,g - hzT,z) + sign(h[g - hzT,1)
V| |lrv = : : (2.2.8)

—sign(hi ., — hi,) +sign(h], — hi,_ ;)

Sign(thT - hzT,qu)

We define VT||h]||rv and V7||A]||rv to be the vector of positive and negative entries of the

gradient, respectively, and zeros elsewhere as

VR v = max {0, V||A][[7v} (2.2.9)

Volhi v = —min {V[[A]||zv, 0}, (2.2.10)

where max and min are evaluated entry-wise. This results in the regularized multiplicative

update equation
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22152 0es (W(EIQOH) 0 A(D) jatke, + AV [R] ||y
i acs WD) @H1) . aB (D) atke, + AV BT ||y

Ikl (2.2.11)

We normalize each h] after each update to stabilize the method. This is a standard
technique in ¢;-norm regularization for NMF methods [EK04]. The full algorithm is shown
in Algorithm [1

Algorithm 1 Stratified-NTF Multiplicative Update Algorithm

1: Input: Data A(i) € Ril OxITima di g6, <1 < s, decomposition ranks r,r/(i), number of
iterations IV, number of strata updates per iteration M, regularization strength A

2: Initialize v(1)} € R% w(i); € Rﬁl:(i), S R% for
1<yj<r 1< <7(1)

3: for N iterations do

4 for M iterations do

5: for 7 modes do

6: Update v(i)™ Vi in each entry according to
7: end for

8 end for

9 Update w(i); Vi, j in each entry and rank according to (2.2.4))
10: for 7 modes do

11: if regularization then

12: Update A} Vj in each entry according to
13: Normalize h] Vj

14: else

15: Update hj Vj in each entry according to
16: end if

17: end for

18: end for

2.3 Experimental Results

In this section, we demonstrate the effectiveness and interpretability of Stratified-NTF

applied to text and image data. When computing the updates (2.2.3)), (2.2.4)), (2.2.5)), we

clip each numerator and denominator to machine precision tolerance to avoid zero values for

numerical stability [KPA19]. All parameters are randomly initialized from independent and
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identically distributed [0, 1] uniform distributions. We compute V(i) updates twice in each

iteration, corresponding to the choice M = 2 in Line 4 of Algorithm [l

2.3.1 20 Newsgroups

We first apply Stratified-NTF to the 20 newsgroups dataset [RLO8]. The dataset con-
tains document data from 20 newsgroups of various super-categories and sub-categories as
summarized in Table [2.1] We preprocess the data by removing headers, footers, and quotes,
and applying TF-IDF vectorization for the top 5000 words, ignoring words which appear
in over 95% of the documents. We construct our dataset with strata consisting of the five

super-categories, and for each stratum we construct the data tensor with axes specified by

sub-category x document x word.

The learned parameters of the Stratified-NTF method should thus represent the corre-
spondence between each learned topic and each corresponding mode. In particular, w(i);
learns the correspondence between the jth topic and each sub-category for a super-category
1, h? learns the correspondence between the jth topic and each document, and h? learns
the correspondence between the jth topic and each word. This three-mode representation
allows us to characterize topics in finer detail than is possible with existing matrix methods,
which have only two modes in which to learn topic information. As the factorization is
non-negative, these parameters yield a naturally interpretable linear representation of the

data tensor as a product of the sub-category, document, and word correspondences.

In order for the document dimension to align between tensors of different strata, we
choose 100 documents for each sub-category. We apply Stratified-NTF to this dataset with
strata rank 3 and topic rank 5 for 11 iterations. Because of the natural sparsity of text data,

we observe almost immediate convergence.

In Table we identify the top three highest correspondence words for each strata
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Super-category Sub-categories

Combuters Graphics MS Windows PC Hardware
P Mac Hardware X Windows
. Autos Motorcycles  Baseball
Recreation
Hockey
Science Crypto Electronics Medicine
Space
Politics Guns Middle East ~ Miscellaneous
Religion Atheism Christianity =~ Miscellaneous

Table 2.1: Super-categories and sub-categories for the 20 Newsgroups dataset.

feature, that is, the words corresponding to the three highest values in each v(z)g’ We see
that the stratum-level features capture relevant topic information for each stratum. For
example, the “Recreation” stratum contains features corresponding to the sports-related
“Hockey” and “Baseball” sub-categories (the feature “Players”, “Year”, “Flyers”) as well
as to the “Motorcycles” sub-category (the feature “Bike”, “Miles”, “Game”). Similarly, the
“science” stratum contains a feature related to the “Crypto” sub-category (the feature “Key”,

“Private”, “Keys”).

Similarly, we can identify the highest correspondence documents for each strata feature
by finding the largest values in the document mode for v(i)?. We see that such docu-
ments are indeed topical: for example, for the hockey-related feature (“Players”, “Year”,
“Flyers”), the document corresponding to the largest value of v(2)? in the “Hockey” mode
discusses a potential player trade between the Philadelphia Flyers and Quebec Nordiques in
the National Hockey League. While this requires human interpretation of the stratum-level
features to identify the correct sub-category mode in which to find the related document, this
demonstrates that the learned stratum-level features also reflect the content of individual
documents. Overall, we observe that for this dataset, the method is able to identify inter-

pretable stratum-level features that are both relevant to the super-category of each stratum,

as well as relevant to the sub-categories contained in each stratum’s data tensor.
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Super-category 1 2 3
Thanks Use Mail
Computers Files Apps Windows
Window Tift Problem
Players Year Flyers
Recreation Bike Miles Game
Car Think Ya
Key Private Keys
Science Clipper Chip Encryption
Space Electronics Amp
Armenians Armenian  Firearms
Politics Turkish Gun Government
Armenian  Armenians Gay
Sin People Christian
Religion God Jesus Father
Objective ~ Morality Moral

Table 2.2: The top three most relevant words learned for each strata feature. The three rows
within a super-category i correspond to each of v(i)3, v(7)3, v(7)3.

2.3.2 Olivetti Faces

In this section, we compare the performance of NTF, Stratified-NMF, and Stratified-
NTF on the Olivetti Faces Dataset constructed by AT&T Laboratories Cambridge [SH94]
as provided by the scikit-learn package [PVGII]. The Olivetti Faces Dataset consists of 10
images of each of 40 individuals taken from multiple angles all of dimension 64 x 64. To
create our stratified dataset, we stratify over each individual to create 40 data tensors where

each stratum is of dimension 10 x 64 x 64.

As a baseline comparison, we use a standard NTF implementation from Tensorly [KPA19]
with the loss updated to provide loss values matching . Since NTF is not a stratified
method, we input the data tensor concatenated across strata of shape 400 x 64 x 64. For
Stratified-NMF, we flatten the data tensor across the last two dimensions to create data
matrices for each stratum of shape 10 x 4096. In order to make fair comparisons across

methods, we pick hyperparameters for each method to yield as close to the same total
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Stratified-NTF NTF  Stratified-NMF

Topic rank 40 186 1
Strata rank 15 - 1
Total params ~97K ~98K ~168K

Table 2.3: Learnable parameters for Stratified-NTF, NTF, and Stratified-NMF on the faces
experiment.

1 —o— NTF
1 Stratified-NMF
1004 % —% - Stratified-NTF

Loss

108 E

102 E

0 200 400 600 800 1000
Iterations

Figure 2.1: Loss plots for NTF, Stratified-NMF, and Stratified-NTF run for 1000 iterations
on the Olivetti faces dataset. The rapid convergence shows that multiplicative updates are
able to efficiently optimize the objective, matching existing methods.

number of learnable parameters, as shown in Table Note that as Stratified-NMF uses
flattened data, each rank is an entire image, so the closest possible comparison uses a strata
feature rank of 1 (fixed in Stratified-NMF) and a topic rank of 1 for a total of ~168K

parameters.

Figure compares the convergence of each method over 1000 iterations. The mul-
tiplicative update method for Stratified-NTF described in Algorithm converges on the
Olivetti dataset with a final loss of 74.115. We see nearly immediate convergence, which

highlights the efficiency of the multiplicative updates. This outperforms Stratified-NMF,
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which obtains a final loss of 107.921 on this dataset. We also see that NTF modestly out-
performs Stratified-NTF. This is not unexpected: though the total number of parameters is
similar for each method, for a particular image, Stratified-NTF has access to only 65 total
topics (the global topics and one set of stratum-level features). On the other hand, NTF
has access to all 186 topics, so NTF has more flexibility for a given image. However, these
performance gains are offset by the added interpretability of learning both global and local

information as provided by stratified methods.

(a) Ground truth (b) NTF (c) Stratified-NMF (d) Stratified-NTF

Figure 2.2: Reconstruction comparison of NTF, Stratified-NMF, and Stratified-NTF on the
first (top) and fourth (bottom) images from the first stratum. The NTF and Stratified-
NTF reconstructions appear qualitatively similar, while the Stratified-NMF reconstructions
fail to capture the different viewing angle between the two images due to differences in
parameterization.

Figure shows a comparison of the resulting reconstructions from each method for the
first pair of images of the first individual with different viewing angles. Qualitatively, we see
that NTF and Stratified-NTF perform similarly, while the Stratified-NMF reconstruction is

far less detailed and displays color banding around the edges of the face. Additionally, recon-
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structed images for Stratified-NMF appear front-facing while the tensor methods are able
to capture the change in head angle. This highlights the added expressiveness of Stratified-
NTF compared to Stratified-NMF, even while using only just over half the same number of
parameters. This indicates that the tensor methods may be more memory-efficient for this

dataset.

2.3.3 Noisy, watermarked MNIST

To evaluate the performance of Stratified-NTF with TV-regularization, we conduct an
experiment on a noisy, watermarked version of the MNIST dataset [LCB10]. The MNIST
dataset consists of images of handwritten digits from the Torchvision library [MR10], which
we rescale to floating-point values between 0 and 1. To construct our experiment data, we
create two strata: the first consists of 100 images of 1’s and 100 images of 2’s, all with a
text watermark overlay of the word “ONE” positioned at the top of the image. The second
stratum consists of 100 images of 2’s and 100 images of 3’s, all with a text watermark
overlay of the word “TWQO” at the bottom of the image. We add salt-and-pepper noise to
all images by randomly setting pixels of each image to 0 and 1, both with probability 0.15.
We note that TV regularization is a standard technique for removing salt-and-pepper noise
[Rod13|, [Nik04]. We run TV-regularized Stratified NTF on this dataset across regularization
parameters of A = 0.0,5.0,10.0, each for 100 iterations with strata feature rank 100 and

topic rank 100.

As the text watermarks are present uniformly in each image of each stratum, we expect
the stratum-level features to identify and separate out the watermarks, effectively performing
watermark removal on the dataset. As the strata differ in the contained digits as well as
the watermarks, Stratified-NTF must capture both the fine detail of the text as well as the
larger forms of the digits. By regularizing only the topic parameters, we expect to denoise
the digits while not affecting text learned by the stratum-level features. Unlike the topic

parameters, the stratum-level features are added uniformly to each image in each stratum,
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so they cannot overfit to the image-specific noise patterns. Therefore regularization should

only be necessary in the H; tensors to achieve denoising in all of the learned parameters.

In Fig. [2.3] we compare the reconstructions of the first image in each stratum across
noise levels. We observe that increasing the regularization parameter significantly reduces
the amount of noise present in the reconstructions, while also preserving the text water-
marks. The digit 1 in the first stratum images (top row) is significantly clearer with higher
regularization parameters, while the digit 2 in the second stratum (bottom row) is quite
blurry. We suspect that this is due to the shape of the digits interacting with the total vari-
ation of the topics: the digit 1 is nearly convex, which has a naturally lower total variation
than the top and loop of the digit 2, so the model may have an easier time reconstructing
the 1 in the presence of the regularization, especially given the high level of corruption in

the data.

Overall, while this formulation of TV regularization does not lead to dramatic improve-
ments in reconstruction quality, we are still able to see the desired denoising effects. We note
that this is a simple example to demonstrate the flexibility of mode-specific regularization
compared to matrix methods like Stratified-NMF'; there are a number of spatial and tem-
poral regularization techniques for tensor factorizations which may be introduced [ABC17],
as well as classical regularization approaches for NMF which may be extended to the tensor

case [SGI1T].

2.4 Discussion

The extension of NTF and Stratified-NMF to Stratified-NTF allows practitioners to com-
bine the benefits of both methods. Practitioners can now leverage geometric priors in tensor
data through an explicit tensor representation and with regularization, while also handling
heterogeneous data. This work also opens the door to some important open questions re-

garding

32



_—

(a) Watermarked (b) Noisy
Data Watermarked Data

Figure 2.3: Reconstruction comparison of TV-regularized Stratified-NTF on noisy water-
marked data across different regularization parameters A. Each column shows the first image
of the first stratum (top) and of the second stratum (bottom). We observe that stronger
regularization decreases noise in the resulting reconstructions.

e Principled understanding of hyperparameter choices
e Investigation of additional regularization methods
e Regularization interacting between stratum-level features and global features

e Proofs of convergence of the multiplicative updates [SHO5L [CYN23| [Lin07].

2.5 Conclusion

In this work, we extend the Stratified-NMF method into a stratified non-negative tensor
decomposition. Stratified-NTF can learn both global and local information from multi-modal
data from different sources. We develop multiplicative update rules for the method as well
as for a total-variation regularized variant. We demonstrate the effectiveness of the standard
method on text and image data, and demonstrate the regularized method’s effectiveness for

noise reduction on noisy, watermarked image data.
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CHAPTER 3

On the Fairness of Matrix Completion

3.1 Introduction

Machine learning systems are increasingly used to make predictions and support decisions
across a wide range of domains, including healthcare, finance, education, criminal justice,
and advertising. As these systems have become more influential, there is increasing recog-
nition that data-driven systems can produce or perpetuate biased or unfair outcomes. Such
outcomes can arise from multiple sources, including bias in the data and bias introduced by
algorithmic choices. A substantial body of work has developed around fairness in machine
learning, proposing a variety of fairness definitions and interventions [BHN23, MMS21]. In
this work, we focus on disparities in how machine learning models perform across different
populations represented in a dataset. Models are generally optimized for overall perfor-
mance, which does not necessarily ensure equitable treatment across groups. What is con-
sidered fair is often application-dependent, and different fairness definitions impose different,
and sometimes competing, requirements. Since fairness choices rest with human designers,

understanding the trade-offs introduced by fairness objectives is an important area of study.

In this work, we focus on matrix completion, a problem in data analysis that seeks to infer
unobserved entries of a matrix from a sparse set of observations. Matrix completion arises in
a variety of applications, including imaging, computer vision, genomics, and recommender
systems [CP10]. Specifically, we consider matrix completion via nuclear norm minimization,

a convex optimization method that can recover an unknown low-rank matrix from a relatively
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small number of observed entries. Nuclear norm minimization provides a convex relaxation
of rank minimization and is therefore well suited to settings in which the underlying data are
reasonably modeled as low rank. However, when data contain distinct populations, a single
global low-rank model may not represent all groups equally well. In particular, if groups
differ in their observation rates, underlying distributions, noise levels, or relationships among
features, the global reconstruction may favor majority group patterns that are more strongly

represented in the data and yield less accurate recovery for other groups [KGN24].

These disparities can be consequential when predictions are used for downstream de-
cisions. For example, in healthcare applications, statistical models are used to estimate
disease risk or inform treatment decisions. a model that performs well overall may neverthe-
less produce less accurate predictions for a minority population. Evaluating only aggregate
performance may therefore obscure disparities in the quality of predictions across groups and

contribute to inequities in patient care.

Such concerns motivate the development of fairness criteria for various machine learning
tasks. Fairness in machine learning has been studied in classification and regression settings
[ZVR17, [ZWS13], and more recent work has considered fairness in recommender systems
[BCD19, [TA22, [YH17, ILCX23| WMZ23]. These works study how fairness criteria can be
incorporated into predictive models or used to evaluate disparities in model outcomes across
groups. Traditionally, matrix completion methods focus primarily on accurately predict-
ing missing entries. Evaluating fairness in matrix completion predictions remains relatively
less explored. Recent work has adapted parity- and accuracy-based criteria to define fair-
ness metrics for collaborative filtering [YHI17]. This motivates our study of optimization
approaches and fairness metrics for matrix completion, and of how different fairness crite-
ria and formulations affect overall and group-wise reconstruction accuracy, particularly for

minority groups.
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3.1.1 Contribution

This work makes several contributions to the study of fairness in matrix completion.
First, we formalize two commonly studied fairness criteria, statistical parity and equal op-
portunity, in the matrix completion setting. We incorporate these criteria into the nuclear
norm objective for matrix completion through regularization, and additionally study the
fairness of a group-aware matrix completion objective that separately regularizes the subma-
trices corresponding to different groups, allowing the model to accommodate group-specific
low-rank structure. We then use synthetic and real data experiments to systematically in-
vestigate how population imbalance and differences in group-specific structure contribute to
disparities in reconstruction accuracy, and how these disparities are affected by different fair-
ness interventions. Our results show that the effectiveness of a fairness intervention depends
on both the source of disparity and the fairness criterion being enforced: some interventions
reduce disparities in reconstruction accuracy in particular settings, while others have little
effect or can even worsen them. More broadly, our findings demonstrate that satisfying a
parity-based fairness criterion does not necessarily lead to improved fairness in reconstruc-
tion error, highlighting the importance of evaluating fairness objectives in relation to the

underlying data structure and the particular notion of fairness being targeted.

3.1.2 Organization

In Section |3.2] we review related work on fairness in machine learning, with an emphasis
on fairness in recommender systems. Section provides the mathematical background for
matrix completion via nuclear norm minimization and formalizes statistical parity and equal
opportunity for the matrix completion setting. In Section |3.4] we present two in-processing
approaches for incorporating fairness into matrix completion: fairness-metric regularization
and a group-aware matrix completion objective. Section presents numerical experiments

on a range of synthetic and real datasets to evaluate the group-wise reconstruction accuracy
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of these approaches under different sources of disparity. Section [3.5.6] concludes with a

discussion of the main findings and directions for future work.

3.2 Related Works

3.2.1 Fairness Metrics in Machine Learning

Data used to train machine learning systems can be biased in several, often overlapping
ways. A demographic group may be underrepresented in the data (population imbalance), a
group may have systematically fewer observed labels or ratings (observation bias), different
groups’ data may be corrupted by different levels of noise, or groups may genuinely differ in
their underlying distributions [YH17]. Fairness criteria provide different ways to formalize

and evaluate disparities that arise from such sources.

Parity-based criteria require that model outputs be statistically independent of a pro-
tected attribute. The most common such criterion, statistical parity (sometimes refered to
as demographic parity), requires that for a binary decision Y e {0,1} and binary protected

attribute Z € {z, 2'},
Pr{Y =1|Z=2}=Pr{Y =1|2Z="2}.

[HPS16a] note two limitations of this criterion, following [DHPI1I]: it does not itself guar-
antee fairness, since it permits accepting qualified individuals in one group while accepting
unqualified individuals in another, so long as acceptance rates match; and it can reduce
utility when the true outcome Y is genuinely correlated with A, since the ideal predictor

A

Y =Y may itself violate statistical parity without being discriminatory.

Other parity-based criteria instead condition on the true outcome. As defined by [HPS16al,

a predictor Y satisfies equalized odds with respect to Z and true outcome Y if Y and Z are
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independent conditional on Y. In the binary case, this is amounts to requiring
Pr{Y =1|Z=2Y=y}=Pr{Y =1|Z2=2Y =y}, ye{0,1},

i.e. equal true positive and false positive rates across groups.

Equal opportunity is the corresponding relaxation obtained by requiring only equal true-
positive rates (y = 1). It is generally easier to satisfy than equalized odds because it does not
additionally constrain predictions for negative instances. Equal opportunity is described as
an accuracy-based fairness criterion because it compares a measure of predictive performance

acCross groups.

These criteria illustrate that fairness can be defined with respect to different aspects of
a prediction, and that the choice of criterion depends on the goals and assumptions of the
application. To our knowledge, statistical parity and equal opportunity have not previously
been formulated explicitly for the matrix completion setting. In this work, we formalize
these two criteria for matrix completion. We refer to the goal of achieving comparable
reconstruction error across groups as error-based fairness. Specifically, we evaluate error-
based fairness by comparing group-wise reconstruction errors in the completed matrix using
the group-wise RMSE defined in . We then investigate whether enforcing parity-based

or accuracy-based criteria also improves error-based fairness across demographic groups.

3.2.2 Fairness Notions in Recommender Systems

Fairness in recommender systems can be broadly considered from the perspectives of user
fairness and item or provider fairness. User fairness focuses on whether different groups
of users receive comparable recommendation quality or treatment, regardless of sensitive
attributes such as race, gender, or age. Item or provider fairness, by contrast, focuses on the
fair representation and exposure of items or providers in recommendation results [BSO18§].

For example, [TA22] considers the Gini index of average predicted scores as a measure of
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inequality in item exposure.

Within user fairness, statistical parity may be appropriate when differences in recom-
mendations across groups are viewed as reflecting bias rather than genuine differences in
preferences that a recommender system should preserve. As [YHI17] describe, for example,
in a course recommendation setting, one may wish to recommend STEM courses to female
and male students at equal rates if observed gender differences in historical enrollment are
attributed to structural and societal barriers rather than to underlying differences in inter-
est. In such a setting, enforcing statistical parity intentionally prevents the recommendation

system from reproducing disparities present in the observed data.

Alternatively, one may focus on having prediction accuracy be comparable across groups.
For example, in an educational assessment setting, one may seek to predict students’ exam
scores with comparable accuracy across demographic groups while still allowing the groups
to have different underlying score distributions. This motivates considering accuracy-based

fairness criteria, such as equal opportunity.

Additional notions of fairness have been considered in matrix-factorization-based collab-
orative filtering. [YHI17] propose four fairness metrics—value unfairness, absolute unfairness,
underestimation unfairness, and overestimation unfairness—that measure different forms of

signed and unsigned prediction error across groups.

The existing literature thus illustrates that fairness in recommendation can concern either
the distribution of predictions across groups or the accuracy of those predictions. This
distinction is particularly relevant to matrix completion, where demographic groups may
differ in their representation in the observed data and in the structure underlying their

entries.
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3.2.3 Fairness in Unsupervised Learning

In unsupervised learning settings, such as dimensionality reduction and matrix factor-
ization, fairness-aware objectives have been proposed that seek a common representation
with comparable reconstruction quality across demographic groups. Samadi et al. [STMI§]
introduce Fair PCA, which seeks a single low-dimensional representation that minimizes
the maximum average reconstruction loss across groups. This formulation addresses a po-
tential limitation of standard PCA, whose global objective may place greater emphasis on
groups that contribute more to the overall reconstruction loss. Tantipongpipat et al. [TSS20]
subsequently generalize this framework through a multi-criteria formulation that considers

multiple group-level objectives.

Kassab et al. [KGN24] extend a similar perspective to nonnegative matrix factorization
through Fairer-NMF. Their approach minimizes the maximum relative reconstruction loss
across groups, with the loss normalized to account for differences in group size and intrinsic
complexity. This work is particularly relevant to matrix completion because it also demon-
strates that disparities in reconstruction accuracy can arise not only from differences in group
representation, but also from differences in the complexity of group-specific data. Inspired
by these works, we likewise consider a group-aware formulation of the matrix completion

objective and evaluate how it affects reconstruction accuracy across groups.

3.2.4 Matrix Estimation with Group Structure

Several works have considered how information about groups or other attributes can be
incorporated into matrix estimation. Side information refers to information about the rows
or columns of a matrix beyond the observed matrix entries, such as categorical group mem-
bership or other observed attributes. Herbster et al. [HPT20] study online matrix completion
with side information and show that the quality of the side information can affect the com-

plexity of the matrix completion problem. In particular, when side information is predictive
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of the underlying factorization, their notion of quasi-dimension can be substantially smaller
than the corresponding complexity in the absence of informative side information. This sug-
gests that information associated with groups or other observed attributes can be useful for
recovering the underlying structure of a matrix. However, incorporating categorical group
membership directly as side information also requires specifying how that information re-
lates to the matrix. If that assumed relationship does not accurately describe the data, the

resulting estimator can be biased.

A related approach is proposed by Golubovic et al. [GSA26)] through Group-Aware Matriz
Estimation (GAME), a framework for matrix estimation with multiple, potentially overlap-
ping groups that applies group-specific nuclear norm penalties while jointly estimating the
full matrix. This approach uses categorical group information to identify submatrices that
may exhibit distinct low-rank structure without assuming a particular mechanism through
which group membership generates the observed entries. The resulting objective allows
subgroup-specific structure to be preserved while sharing information across groups, and
their theoretical and empirical results demonstrate benefits when groups exhibit distinct
low-rank structure or uneven observation patterns. Our work considers a related setting in
which demographic groups may differ in their representation and underlying structure, but
focuses specifically on measuring fairness in reconstruction accuracy between groups rather

than solely on minimizing overall reconstruction error.

3.2.5 Impossibility Results in Fairness

Kleinberg et al. [KMR16] show that, for risk scores predicting a binary outcome, three
natural fairness conditions—calibration within each group, balance of average scores for the
positive class, and balance of average scores for the negative class—cannot generally be sat-
isfied simultaneously. All three conditions can hold only in special cases, such as when the
groups have equal base rates or the outcome can be predicted perfectly. Pleiss et al. [PRW17]

extend this analysis by showing that even a relaxed error-parity condition, requiring equality
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of a weighted combination of group error rates rather than point-wise equality of the rate, is
generally incompatible with calibration. In their relaxed setting, the only feasible solution
may involve randomly withholding predictions for some individuals, which is an undesirable
consequence in practice, particularly in sensitive domains such as healthcare or criminal

justice.

These results demonstrate that natural fairness criteria can be mutually incompatible
and that imposing one criterion may require sacrificing another desirable property. More
broadly, Foulds and Pan [FP20] discuss why parity-based criteria should not be viewed as
universally appropriate measures of fairness. The suitability of parity-based criteria depends
on the application, the source of observed disparities, and the particular notion of fairness

one seeks to achieve.

These considerations are particularly relevant when applying parity-based criteria to
matrix completion. Enforcing parity in the distribution of predictions may introduce a trade-
off between parity and reconstruction accuracy. This motivates our study of whether parity-
based criteria improve error-based fairness in matrix completion and under what conditions

such improvements occur.

3.3 Background

3.3.1 Notation

We use boldface upper-case Latin letters to denote matrices. For example, X € R"™*"
denotes an m x n real matrix. Vectors are denoted using boldface lower-case letters, such as
v. For a matrix X, the Frobenius norm is denoted by ||X||r, and the nuclear norm is denoted
by ||X]||.. We write 1,, € R™ for the all-ones vector and denote the index set [n] :=1,...,n.
Throughout, M denotes the true matrix, whose entries are only partially observed, and X
denotes the optimization variable in a matrix completion problem. We write X* for an

estimate of M obtained by solving such a problem.
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In this work, we consider fairness in the comparison of algorithm performance across
two mutually exclusive groups defined by a group-specific attribute, although the framework
can be extended to comparisons among an arbitrary number of groups. We consider a data
matrix X with m samples and n features, where each sample belongs to either group A or B.
We write G4, Gp C [m] for the index sets of rows belonging to groups A and B, respectively,
and let my = |Ga| and mp = |Gp| denote respective group sizes. In most of this work,
groups A and B form a disjoint partition of the rows, so that G4 NG = PandG,UGp = [m],
in which case my4 + mp = m. Unless otherwise stated, we assume this partition. Under this
assumption, we write X in block form as

Xa
X — ER™™ X, eRT X € RMEXT

Xp

3.3.2 Matrix Completion

Given a partially observed matrix M € R™ " let Q C [m] x [n] be the set of indices
of the observed entries in M. The goal of matrix completion is often to recover a low-rank
approximation of M based on available information {M;; : (7, ) € Q} . Define the sampling

operator Py(+) by

Xij, (i,7) €Q
[Po(X))i; = (3.3.1)
0, otherwise.
The matrix completion problem may be formulated as a rank minimization problem of the

form

Xr%in rank (X) subject to Po(X) = Po(M). (3.3.2)
e mXn
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However, the problem in (3.3.2)) is nonconvex and NP-hard. A popular convex relaxation of

(3.3.2)) is the nuclear norm minimization problem of the form

Xr%in |X]|, subject to Po(X) = Po(M). (3.3.3)
e mXn

Recall that the nuclear norm is defined as [|X]|, = S™MM™™ 4,(X), where 0;(X) are the
singular values of the matrix X. Thus, the nuclear norm can be thought of as the /;-norm
of the singular values of a matrix. Since minimizing the ¢;-norm is well known to promote
sparsity, the objective in (3.3.3]) encourages solutions X* with many zero singular values. As
the rank of a matrix is equal to the number of its nonzero singular values, minimizing the
nuclear norm therefore promotes low-rank solutions. More formally, the nuclear norm is the
convex envelope of the rank function over the unit spectral-norm ball, making it the tightest
convex relaxation of rank minimization on that set. Replacing the rank objective with the

nuclear norm therefore transforms the original NP-hard optimization problem into a convex

optimization problem with linear constraints that can be solved efficiently.

Candes and Plan [CP10] established that recovers M exactly under appropriate
rank and incoherence conditions and with sufficiently many observations. The convexity of
allows it to be formulated as a semidefinite program (SDP) using the standard char-
acterization of the nuclear norm as the optimal value of a semidefinite optimization problem
[Faz02]. For modestly sized problems, this SDP formulation can be solved to high accuracy
using interior-point methods. For larger-scale problems, first-order methods are often pre-
ferred, including Singular Value Thresholding [CCS10], an iterative soft-thresholding scheme
applied to the singular values of the current iterate, and the Soft-Impute algorithm [MHT10].
In this work, we solve the matrix completion problem using CVXPY [DB16] with the SCS

solver [OCP16], a first-order operator-splitting method for conic optimization.

In practice, the observed data may contain noise. One can assume noise in the observed
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entries of a matrix Y and model this as
Y, =M;;+2Z;, (i,j)€,

where Z represents additive noise restricted to the observed entries. Rather than requiring an
exact fit to the observations as in (3.3.3)), a noise-tolerant formulation allows for a prescribed

level of discrepancy:

xlﬁin IIX]|, subject to ||Po(X —Y)| <é. (3.3.4)
E mXn

where 0 > 0 bounds the magnitude of the noise on the observed entries [CP10]. Equivalently,
this may be reformulated in Lagrange form as

) 1
min, | Po(X = Y)|[% + AX, (3.3.5)

XGRmX n

where A > 0 is a regularization parameter. Candes and Plan [CP10] showed that nuclear
norm minimization provides stable recovery when the observed entries are corrupted by
sufficiently small noise, with reconstruction error controlled by the noise level. Throughout
this work, we use the equality-constrained formulation . We therefore do not explicitly
model observation noise, though the frameworks considered here can be easily adapted to

accommodate noisy observations.

In collaborative filtering, matrix completion is also commonly approached through matrix
factorization, in which the partially observed user-item interaction matrix is approximated
by a product of low-rank factor matrices [KBV09, [TA22]. Although our work focuses on
nuclear norm minimization, similar fairness considerations could be investigated for matrix-

factorization formulations.
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3.3.3 Fairness Metrics for Matrix Completion

We now adapt statistical parity and equal opportunity to the matrix completion setting.
Suppose each entry X;; is associated with a binary group-defining attribute Z € {z,2'}
according to the group membership of its row. That is, Z = z for i € G4 and Z = 2/ for

1 € Gg. We use this attribute to define group-wise averages of the reconstructed entries.
EX} | Z=2=EX};| Z="7] (3.3.6)

The corresponding empirical condition can be written for each column

1 * 1 *
Gl GZQA Xy, = Gl > X, (3.3.7)

1€Gp

where j is fixed. Thus, statistical parity requires the reconstructed values to have the same

group-wise average for each column.

Similarly, we adapt equal opportunity to the matrix completion setting by considering
reconstruction error relative to the underlying matrix M. Specifically, we require the group-

wise mean reconstruction error to be equal across groups:
E[ij | Z=2]-EM,;; | Z==z] = E[X;‘j | Z=2]-EM,; | Z="7]. (3.3.8)

Since M is only partially observed, its group-wise means must be estimated from the observed

entries. Define the set of observed row indices in column j as
Q ={ielm]:(ij) e,
and define the set of columns for which at least one entry is observed in both groups as
J={j€lnl: 19409 >0, [G5NQ;[ > 0}.
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For each j € J, the empirical equal opportunity condition is

’gA|Z ' \gAﬂ Z Mi; | = |gB|Z j |gBﬂ Z M;; | . (3.3.9)

1€G A ZGQ ne; 1€Gp zegBﬂQ

Unlike statistical parity, equal opportunity allows systematic differences in average val-
ues between groups while seeking to prevent the reconstruction procedure from introducing
systematic differences in mean error. Neither criterion directly imposes any constraint on the
magnitude of reconstruction error across groups. We therefore investigate whether enforcing

equal opportunity can also improve error-based fairness in matrix completion.

In the fairness literature, statistical parity and equal opportunity are also commonly
referred to as fairness metrics. In the matrix completion setting, however, satisfying these
metrics does not necessarily correspond to our stated measure of fairness: comparable recon-
struction accuracy across groups. In Section we investigate two approaches for incorpo-
rating statistical parity and equal opportunity into matrix completion: fairness-metric reg-
ularization, which incorporates these criteria directly into the matrix completion objective,
and a group-aware objective that allows each group’s low-rank structure to be regularized
separately. We examine whether, and under what conditions, enforcing these parity-based

criteria affects reconstruction accuracy across demographic groups.

3.4 Methods

Fairness interventions in machine learning are broadly categorized as pre-processing, in-
processing, or post-processing methods, depending on whether fairness is addressed through
the input data, incorporated directly into the learning objective, or applied to the model’s
outputs after training, respectively |[CH24]. The approaches considered in this work are
all in-processing methods, in that they incorporate group information or fairness metrics

directly into the matrix completion optimization problem.

We consider two approaches for addressing disparities in reconstruction across demo-
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graphic groups. First, we incorporate two parity-based fairness criteria, statistical parity and
equal opportunity, directly into the objective through fairness metric reqularization. Sec-
ond, Group-Aware Matriz Completion incorporates group-specific structure into the matrix
completion objective, allowing the reconstruction to account for differences in the underlying

structure of each group.

The resulting methods allow us to examine different ways of addressing group-level dis-
parities in matrix completion, and in particular to compare group-aware modeling with

approaches that explicitly enforce parity-based fairness criteria.

3.4.1 Fairness Metric Regularization

Section defines statistical parity (Eq. (3.3.7)) and equal opportunity (Eq. (3.3.9))

in terms of the reconstruction X* and the underlying matrix M for the two-group setting.
We now incorporate each criterion as a regularization penalty F(X) added to the nuclear
norm minimization objective:

Xrﬁin 1X] + A F(X) subject to Po(X) = Po(M). (3.4.1)
cRmMXn

For statistical parity and equal opportunity, we denote the corresponding fairness penal-
ties by Fsp and Fgo, with regularization parameters Agp and Ago, respectively. These
parameters control the trade-off between minimizing the nuclear norm and encouraging the

corresponding fairness criterion.
Statistical Parity

To encourage statistical parity in the completed matrix, we seek to make the average

reconstructed values of the two demographic groups similar across the matrix. We aggregate
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the per-column discrepancy and penalize deviations from parity. Specifically, we define

1= (Dico, Xij  Dicg Xz‘j)2
X) = — A — 5 . 3.4.2

Equal Opportunity

To encourage equal opportunity, we penalize differences in the mean prediction error
between groups. Because the entries of M are only partially observed, we estimate the

group-wise means of M using the observed entries. Using the sets {}; and J defined in
Section we define

2
[(Zie% Xij ZiEQAﬂQj Mij) _ (ZZEQB Xij ZiEGBﬂﬂj M”)} . (3.4.3)

1Gal 1Ga N Qy

|GB| G N Q]

1
Feo(X) = = >
17| 4
JjET

Thus, Fgo penalizes differences between the reconstructed-minus-observed group means

across the columns for which both groups have observed entries.

Both Fgp and Fgo are convex in X. Consequently, adding either penalty to the objective

with a nonnegative weight preserves the convexity of the optimization problem.

We penalize the per-column group gap using an /5 (squared) penalty rather than an ¢;
(absolute-value) penalty for both criteria. An ¢; penalty encourages sparsity and can drive
most column-wise gaps to zero while allowing a relatively large gap to remain on a small
number of columns. An /5 penalty instead penalizes large gaps quadratically, discouraging
any single column from retaining a large disparity. We therefore use the ¢5 penalty through-
out as a more conservative choice that discourages solutions in which a small number of

columns remain highly disparate despite small average differences across the matrix.

3.4.2 Group-Aware Matrix Completion

Standard nuclear norm minimization assumes that a single low-rank model adequately
represents all groups within the data. In practice, however, different demographic groups

may exhibit distinct latent structure or varying levels of complexity. When one group is
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substantially underrepresented, the shared low-rank model may place greater emphasis on
the structure of the majority group, potentially resulting in higher reconstruction error for

the minority group.

The Group-Aware Matriz Estimation (GAME) framework of [GSA26] extends nuclear
norm minimization to matrix estimation with multiple and possibly overlapping groups.
GAME applies group-specific nuclear norm penalties to the corresponding group submatrices.
In the general GAME formulation, a row may belong to multiple groups, and the overlap

among groups allows information to be shared across the corresponding submatrices.

We consider a specialized form of the GAME objective for two mutually exclusive groups.
Specifically, we take the set of categories to be G = {A, B, [m|}, where [m] denotes the group
containing all rows. We enforce agreement with the observed entries as an equality constraint

and seek to minimize

Xéﬁlﬁm A4l Xalls + A1 X« + Ap[| X[« subject to  Po(X) = Po(M). (3.4.4)

Recall that X4 and Xp denote the submatrices corresponding to groups A and B, respec-
tively. The group-specific nuclear norms allow the low-rank structure within each group to be
regularized separately, while the all-row nuclear norm encourages a low-rank representation

shared across the full matrix.

The relative weights determine the balance between group-specific and shared low-rank
structure. In the limiting case A, — oo, the all-row nuclear norm dominates, recovering
the standard nuclear norm minimization formulation. In contrast, when Ay, — 0, the
objective separates into independent nuclear norm minimization problems for the two groups.
Intermediate values allow the estimator to balance group-specific structure with structure

shared across the groups.

The theoretical analysis of GAME motivates category-specific weights whose dominant

dependence is on the number of observations in each category. In particular, Theorem 3.5
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of |[GSA26] gives a weight scaling of the form

N \/nglog(mg+n)+Rlog(mﬁr”)? (3.4.5)

9 ~ :
Komin m  min(mg,n) Komin

where m,, is the number of rows in category g, N is the total number of observed entries |2,
o and R are parameters associated with the subexponential noise model, and k,;, denotes
the minimum row-overlap multiplicity. Under uniform sampling, the expected number of
observations in category g is

N
N, = 7:‘9,

Thus, the first term in (3.4.5) has a /N, dependence on the number of observations in

category g. Following this dependence, we use the practical weighting heuristic

N= N, g€ {ABm]), (3.4.6)

where N, denotes the number of observed training entries in category g. In our experiments,

this quantity is computed directly from the observed training entries.

3.5 Numerical Experiments

3.5.1 Experimental Setup

We analyze fairness in reconstruction accuracy across groups for the two methods in-
troduced in Section [3.4f group-aware matrix completion and fairness metric regularization.
We conduct experiments on synthetic low-rank data and on real data from the MovieLens
100K dataset, a widely used benchmark for recommender systems. We continue to consider
a binary partition of the data into two mutually exclusive groups, labeled A and B, as de-
scribed in Section [3.3.1] We designate group A as the group of interest, due to population

imbalance and group-specific structure that differs from group B’s. In our experiments, we
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vary the size of group A, denoted by my,, as a fraction of the total number of rows m, with
ma < mpg. When m < mp, we refer to A as the minority group. The methods and analysis

can be extended naturally to more than two groups and to non-exclusive group assignments.

Following [YH17], we consider population imbalance as one potential source of disparities
in reconstruction accuracy by varying the proportion of the focal group in the dataset.
We also consider settings in which the groups differ in the complexity of their underlying
structure, allowing us to distinguish disparities associated with group representation from

those arising from data complexity

We evaluate reconstruction accuracy using the root mean squared error (RMSE), com-
puted separately for each group on the corresponding held-out entries. Let st C €2 denote

the held-out subset of observed entries used for evaluation. For each group g € {A, B},

Qg,test = {(17]) € Qtest 1€ gg}

Definition 3.5.1 (Group-wise RMSE). The group-wise RMSE of an estimate X* against

the true matric M is

1
RMSEg = m Z (X:] - Mz‘j)27 g€ {A7 B}'
g,tes

(ivj)EQg,test

We use RMSE rather than relative Frobenius norm error because relative error normalizes
by the magnitude of the true entries. In our experiments, groups have entries on the same
scale but may differ in their average values. This normalization can therefore make groups
with smaller mean values appear to have larger relative error even when their absolute
reconstruction quality is comparable. Conversely, when group means are similar, relative
error can obscure differences in absolute reconstruction quality. RMSE avoids these effects
by measuring reconstruction error in the original units of the data. It also normalizes by the

number of held-out entries rather than the magnitude of the corresponding group submatrix,
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making it suitable for comparing groups of different sizes.

We control the difficulty of each completion problem by varying the fraction of entries
used for training. We denote this fraction by the observation rate p and define the corre-
sponding masking rate as ¢ := 1 — p. Thus, for synthetic data, the masking rate is defined
with respect to all entries of the underlying matrix, while for MovieLens it is defined with
respect to the naturally observed ratings. In both cases, the masking rate determines the
fraction of available entries withheld from training and used for evaluation. We use uniform
random masking on the entire matrix, applying the same observation rate to both groups,

so that the masking mechanism itself does not introduce observation bias between groups.

We vary the masking rate from 0.1 to 0.8 across experiments. For each masking rate, we
perform 20 independent trials and report the mean group-wise RMSE across trials. Synthetic

experiments use 100 x 100 matrices, while MovieL.ens experiments use 300 x 300 matrices.

For experiments with vanilla nuclear norm minimization, we vary the representation of
the focal group A to study the effect of population imbalance on reconstruction accuracy.

We consider minority-group fractions ranging from 10% to 50%.

For method-comparison experiments, the minority-group fraction is fixed at 20% of the
rows in each dataset. The training and test masks are drawn uniformly at random at the
beginning of each trial and are shared across all methods. For synthetic experiments, the
factor matrices used to generate each matrix are also drawn independently at the beginning of
each trial. For real-data experiments, the MovieLens matrix is fixed and only the train/test

mask varies across trials.

3.5.2 Synthetic Datasets

For the synthetic experiments, we partition the rows of the data matrix into two groups

and generate each group from its own low-rank factorization. As illustrated in Figure |3.1}
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we write

M — My _ UusVa |
Mp UpVp

where, for each group g € {A, B}, the factor matrices U, € R™*" and V, € R"*"
represent the sample and feature factors, respectively, with entries sampled independently
from N(0,1). The rank of the full matrix r satisfies r := rank (M) < r4 + rp with equality
when the row spaces of M4 and Mp are linearly independent. Unless otherwise stated, all

synthetic experiments use 100 x 100 matrices with r4 = rg = 4.

n I
VvV
m, M, U, A
_ _ V
men - - 8
mg M, U,
rg

Figure 3.1: Illustration of synthetic data construction for the two group setting. The matrix
M is partitioned into submatrices M 4 and Mg, each generated from its own factor matrices
U, and V,. The group-specific ranks are r4 and rp, while the full matrix has rank at most
raA+TpB.

The synthetic datasets are designed to form a progression from shared to increasingly
distinct latent structure between groups. Table summarizes the key properties of each
data model. The Shared V dataset represents groups with identical item factor matrices,
so both groups share the same latent feature structure. The Perturbed V and FExtended
Minority V datasets introduce increasing structural differences through perturbations and
additional latent dimensions, respectively. The Approximately Orthogonal and Orthogonal
Groups datasets represent increasingly distinct group-specific latent structures, with the

latter enforcing exact orthogonality between the groups.
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The Shifted Means dataset serves a different purpose. The two groups share the same
latent structure but have different mean shifts, providing a setting in which statistical parity
can conflict with the underlying group means without introducing substantial differences in
low-rank structure. This dataset therefore provides a useful setting for examining the effects

of parity-based fairness criteria.

These data models allow us to empirically examine two potential sources of disparities
in reconstruction accuracy: population imbalance, in which a group’s smaller representation
may result in less influence on the global solution, and group-specific structure, in which
differences in latent structure between groups can lead to disparities even when groups are
equally represented. We vary the minority-group fraction of the data in experiments with
vanilla nuclear norm minimization to assess how the effect of group size on reconstruction
disparities varies across data models. We then evaluate the two fairness interventions across

datasets.

Table 3.1: Synthetic data models used for experiments.The datasets form a progression from
maximally shared to completely independent latent structure between groups. The ranks
reported correspond to the setting r4 = rp

Dataset Construction rank (M)
Shared V M, = U,V (shared item factor) A
Shifted Means UV with group-wise mean shifts ra+1
Perturbed V V,=V+EE;~N(0,1) rAa+TpH
Extended Minority V V 4 augmented with k£ additional dimensions 74 + k
Approximately Orthogonal V4, Vg drawn independently rA+Tp
Orthogonal Groups row(Vpg) C row(M )+ ra+Tg
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3.5.2.1 Shared V

The Shared V dataset uses a common item factor matrix for both groups. Starting from
the general construction, we write

M ULV U
4 R I sl I VAR § V4

Mjp UpV Usp

M =

The group-specific ranks are set to be equal, r4 = rp, thus the rank of the full matrix
satisfies r < r4, since the row spaces of both M 4 and Mp are contained in the row space of
the common matrix V. Under the random Gaussian construction used here, V has rank r4
with probability one, and thus »r = r4 = 4. This dataset represents a simplistic setting in
which the two groups do not have distinct latent structure: they are simply partitions of a

common low-rank matrix generated from the shared factor matrix V.
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Figure 3.2: Reconstruction accuracy of vanilla nuclear norm minimization on the Shared V
dataset as a function of masking rate for varying minority group size. The group-wise RMSE
for groups A and B remains nearly identical across minority-group fractions, indicating
negligible disparity in reconstruction accuracy. The underlying matrix has rank r = 4.

Figure|3.2|shows negligible error disparity across all minority fractions. Since both groups
share the same item factor matrix V, the data have no group-specific latent structure. The
global low-rank model therefore captures the underlying structure of both groups without a

meaningful disparity in reconstruction accuracy.
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3.5.2.2 Shifted Means

The Shifted Means dataset uses the same shared latent structure as the Shared V dataset
but introduces different group-wise mean shifts. We set the mean shifts to be us = 1.0,
g = 5.0. The data can be formulated as

M — MA _ UAV+,uA1mA12 :UV_|_ ,uAlmAlg ’

MB UBV+/4LB1mB]-I MB]-mB]-;Zr
where 1,,, € R™ and 1, € R" denote all-ones vectors of the appropriate dimensions. The
group-wise mean-shift term has rank one, so r < ry + 1. With r, = rg = 4 and the
randomized factor construction used here, the full matrix has rank r = 5 with probability

one.

Group A: 10% Group A: 20% Group A: 30% Group A: 40% Group A: 50%
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Figure 3.3: Reconstruction accuracy of vanilla nuclear norm minimization on the Shifted
Means dataset as a function of masking rate for varying minority group size. The group-
wise RMSE for groups A and B remains similar except at high masking rates, with little
dependence on minority-group fraction. The underlying matrix has rank r = 5.

The mean shifts introduce a systematic difference in the true group means without in-
troducing group-specific latent feature structure. As shown in Figure [3.3] vanilla nuclear
norm minimization exhibits reconstruction error disparity only at very high masking rates,
with little dependence on minority-group size. This dataset provides a setting for studying

parity-based criteria when the groups have genuinely different mean values.
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3.5.2.3 Perturbed V

In the Perturbed V dataset, we perturb group A’s item factor matrix by additive Gaussian
noise. Specifically, let
V,=V+E,

where E € R™*" has entries sampled independently from A(0,1), while group B retains
the unperturbed item factor matrix V. The resulting matrix is

v (M| |UaV+E)

MB U BV
We set r4 = rg = 4. Since the two groups generally have distinct item-factor subspaces, the
full matrix has rank r = r4 + rg = 8 with probability one. This construction introduces
group-specific latent structure while retaining some shared structure through factor matrix
V.
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Figure 3.4: Reconstruction accuracy of vanilla nuclear norm minimization on the Perturbed
V dataset as a function of masking rate for varying minority group size. The underlying
matrix has rank r = 8, with ry =rg = 4.

Figure|3.4]shows a clear disparity in reconstruction accuracy between the two groups. The
disparity is most pronounced when group A is a small minority within the data and decreases
as the groups approach equal size, suggesting that population imbalance contributes to the
disparity. Notably, the gap persists when m4 = mp, indicating that differences in group-

specific structure contribute to the disparity in addition to population imbalance.
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3.5.2.4 Extended Minority V

In the Extended Minority V dataset, group A has additional latent structure beyond the
subspace shared by the two groups. Specifically, the item factors for group A are augmented

with k additional dimensions. Define

¥ _ Vv e ]R(TA—&-I::)XTL7
Vextra
with Uy € Rmax(rath)  Then
M - Ma| U,V
Mpg UgV

We set r4 =rp,sor <ry+ k. With r4, = rg = 4 and k = 2, the construction has r = 6
with probability one.
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Figure 3.5: Reconstruction accuracy of vanilla nuclear norm minimization on the Extended
Minority V dataset as a function of masking rate for varying minority group size. The
underlying matrix has rank r = 6, with r4 =rg =4 and k = 2.

Figure|3.5|shows a persistent disparity in reconstruction accuracy between the two groups.
Group A has more complex latent structure than group B and exhibits higher reconstruction
error across the minority-group fractions considered. The error gap therefore reflects the
combined effects of population imbalance and differences in group-specific latent structure.
Notably, the disparity persists when m 4 = mpg, showing that group-specific structure alone

can produce unequal reconstruction accuracy even when the groups are equally represented.
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3.5.2.5 Approximately Orthogonal

In the Approximately Orthogonal dataset, each group has its own independently sampled

user and item factor matrices:

My UaVy
Mp UpVp

M =

Since V4 and Vp are sampled independently from N(0,1), their row spaces are approx-
imately orthogonal when r, < n. Thus, with r4 = rp = 4, the full matrix has rank
r =ra+rp = 8 with probability one. This dataset represents groups with distinct latent
item-factor structure and relatively little overlap between their row spaces.
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Figure 3.6: Reconstruction accuracy of vanilla nuclear norm minimization on the Approx-
imately Orthogonal dataset as a function of masking rate for varying minority group size.
The underlying matrix has rank r» = 8, with ry = rp = 4.

Figure [3.6| shows a disparity in reconstruction accuracy that is most pronounced when
group A is a small minority and decreases as the groups approach equal size. When m, =
mp, there is no meaningful disparity gap, indicating that neither group disadvantaged by its
representation in the global low-rank model when the groups are equally represented. This

suggests that population imbalance contributes substantially to the disparity.

3.5.2.6 Orthogonal Groups

The Orthogonal Groups dataset enforces orthogonality between the latent structures of

the two groups. Specifically, the item factors for group B are constructed to lie in the
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orthogonal complement of the row space of M 4:

M 4 UaVy
Mp UpVp

M = row(Vg) C row(My)™*.

Y

The matrix Vg is constructed by selecting rg basis vectors from the orthogonal complement
of row(M,). Consequently, the row spaces of M4 and Mp are orthogonal and M AME =0.
With r4 = rg = 4, the full matrix has rank r =r4 + rp = 8.
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Figure 3.7: Reconstruction accuracy of vanilla nuclear norm minimization on the Orthogonal
Groups dataset as a function of masking rate for varying minority group size. The underlying
matrix has rank r = 8, with ry = rg = 4.

Figure shows a similar dependence on group size, with larger disparities when group
A is a smaller fraction of the data, suggesting that population imbalance contributes sub-
stantially to the disparity. When m 4 = mp, there is no disparity gap, indicating that neither
group is strongly disadvantaged by its representation in the global low-rank model when the

groups are equally represented.

3.5.3 MovieLens 100K

The MovieLens 100K dataset [HK15] is a widely used benchmark for collaborative filter-
ing containing 100, 000 ratings from 943 users on 1,682 movies, with ratings on a discrete
1-5 scale. We select a subset of 300 users and 300 items and partitioning users by gender.
We designate female users as group A and male users as group B. To study the effect of

group size on disparities in reconstruction accuracy, we vary the female fraction from 10%
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to 50% of the total user population, as in the synthetic experiments. For each fraction, a

new subset of users is selected while maintaining a total of 300 users.

The rating matrix is naturally sparse, with missing rates ranging from 86%-88% for group
A and 83%-84% for group B across the different group proportions. Average ratings are also
similar across groups, with female users having average ratings ranging from 3.65-3.71 and
male users from 3.68-3.69. Thus, the groups have similar rating scales and comparable

proportions of observed ratings, although the underlying latent structure of the data is

unknown.
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Figure 3.8: Reconstruction accuracy of vanilla nuclear norm minimization on the MovieLens
100K dataset as a function of masking rate for varying female-user fractions. Group A
denotes female users and group B denotes male users.

Figure [3.8] shows that group A has higher reconstruction error than group B across
the range of group proportions considered. This disparity persists even when female users
constitute a majority of the selected users; the error gap does not disappear until the female
fraction exceeds approximately 70%. This suggests that, in addition to population imbalance,

differences in group-specific rating patterns may contribute to the disparity.

3.5.4 Fairness Metric Regularization Experiments

We evaluate the effects of statistical parity and equal opportunity regularization on re-
construction accuracy across the synthetic and MovieLens datasets. For both criteria, we
use the regularized nuclear norm minimization formulation

min || X]|« + A F(X) subject to Po(X) = Po(M), (3.5.1)
XERan
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where F(X) denotes either the statistical parity or equal opportunity penalty defined in
Section [3.4.1] Synthetic experiments use 100 x 100 matrices, while MovieLens experiments
use 300 x 300 matrices, with the minority group comprising 20% of the rows, consistent with

the experimental setup described above.

3.5.4.1 Synthetic Data Experiments

We first examine the effect of the fairness-penalty weight. For synthetic datasets, we
consider a range of penalty weights for both statistical parity and equal opportunity, at a
fixed masking rate of 0.7, as shown in Figure 3.9 As the penalty weight increases, the
reconstruction error of both groups monotonically increases relative to the vanilla nuclear
norm minimization baseline. The increase in error is disproportionately larger for group A,
resulting in an increased disparity in reconstruction error between the groups. Since the
penalty sweeps do not identify a weight that improves reconstruction accuracy, we select
Asp = 100 and Agp = 100 for the method-comparison experiments, unless otherwise stated.
This choice provides a common penalty weight at which the effects of the fairness penalties

are clearly visible and facilitates comparison across datasets.

We compare vanilla nuclear norm minimization with statistical parity and equal oppor-
tunity regularization across the six synthetic datasets. The results are reported in Fig-
ures [3.10H3.12, with each figure showing the group-wise RMSE as a function of masking rate

for a fixed minority-group fraction of 20%.

We first consider the Shared V and Shifted Means datasets, for which vanilla nuclear norm
minimization exhibits little or no reconstruction error disparity. Both fairness penalties
increase reconstruction error for both groups in these settings. Under statistical parity,
the increase is larger for the minority group, introducing a disparity where little or none
existed under vanilla nuclear norm minimization. On Shared V, this occurs despite the
groups sharing the same underlying latent structure, indicating that the fairness penalties

can reduce reconstruction accuracy even when the unregularized solution already provides
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(b) Equal opportunity regularization.

Figure 3.9: Effect of the fairness-penalty weight on synthetic datasets for statistical parity
(top) and equal opportunity regularization (bottom). The plots show group-wise RMSE as
a function of the penalty weight at a fixed masking rate of 0.7.
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comparable accuracy across groups.

RMSE vs Masking Rate: Shared V
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RMSE vs Masking Rate: Shifted Means
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(b) Shifted Means.

Figure 3.10: Group-wise RMSE as a function of masking rate. Methods are presented from
left to right as vanilla nuclear norm minimization, statistical parity regularization, and equal
opportunity regularization. The minority-group fraction is fixed at 20%. For the Shifted
Means dataset, Agp = 10 is used because Agp = 100 produced an unstable solution. For all
other synthetic datasets, Asp = Ago = 100.

We next consider the Perturbed V and Extended Minority V datasets, both of which
exhibit reconstruction error disparities under vanilla nuclear norm minimization. In the Per-
turbed V setting, both fairness penalties increase the minority-group RMSE while leaving
the majority-group RMSE approximately unchanged, so the existing disparity is not re-
duced. A similar pattern occurs on Extended Minority V, where both penalties increase the
minority-group RMSE. In these settings, enforcing parity in group-level averages therefore
does not improve error-based fairness and instead comes at the expense of minority-group

reconstruction accuracy.
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Figure 3.11: Group-wise RMSE as a function of masking rate. Methods are presented from
left to right as vanilla nuclear norm minimization, statistical parity regularization, and equal

opportunity regularization. The minority-group fraction is fixed at 20%.
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Perturbed V and Extended Minority V datasets, A\sp = Ago = 100.
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Finally, we consider the Approximately Orthogonal and Orthogonal Groups datasets,
which differ in whether the group-specific latent subspaces are approximately or exactly
orthogonal. On Approximately Orthogonal data, statistical parity produces little meaningful
change in either group’s RMSE, whereas equal opportunity increases reconstruction error for
both groups. On Orthogonal Groups, we see a similar trend. Thus, neither fairness criterion

improves the reconstruction error disparity in these settings.
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(b) Orthogonal Groups.

Figure 3.12: Group-wise RMSE as a function of masking rate. Methods are presented from
left to right as vanilla nuclear norm minimization, statistical parity regularization, and equal
opportunity regularization. The minority-group fraction is fixed at 20%. For both the
Approximately Orthogonal and Orthogonal Groups datasets, Asp = Ago = 100.

Overall, the synthetic experiments show that fairness regularization does not consistently
improve reconstruction accuracy across groups. In the Shifted Means dataset, the worsening
effect of statistical parity is expected because the two groups are constructed to have different

true means, making exact recovery incompatible with statistical parity. This incompatibil-
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ity explains the lower statistical parity penalty weight, Asp = 10, required to obtain stable
results on the Shifted Means dataset. However, surprisingly, statistical parity also increases
reconstruction error in the other synthetic settings, where the groups have similar under-
lying mean values. In settings where vanilla nuclear norm minimization already provides
comparable reconstruction accuracy, imposing statistical parity or equal opportunity can
increase reconstruction error for both groups while creating a disparity where little or none
previously existed. In settings where vanilla nuclear norm minimization exhibits a disparity,
the fairness penalties generally increase the error gap by disproportionately increasing the

reconstruction error of the minority group.

3.5.4.2 MovieLens Experiments

The MovieLens results differ from those of the synthetic experiments. We first examine
the effect of the fairness-penalty weight on reconstruction. Figure shows the group-
wise RMSE as the penalty weight increases for both statistical parity and equal opportunity

regularization.
Group-wise RMSE vs Penalty Weight: MovielLens
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Figure 3.13: Group-wise RMSE as a function of the fairness-penalty weight on the MovieLens
100K dataset for statistical parity and equal opportunity regularization. The minority-group
fraction is fixed at 20% and the masking rate is fixed at 0.7. The selected penalty weights
are )\SP = 100 and )\EO = 25.
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For equal opportunity, the penalty-weight sweep identifies a range in which the minority-
group reconstruction error decreases while the majority-group error increases only slightly,
decreasing the error gap between the two groups. Among the penalty weights considered,
Ago = 25 provides the largest reduction in the group-wise error gap, and we therefore use
this value for the method-comparison experiments. For statistical parity, increasing the
penalty weight similarly reduces minority-group RMSE and narrows the group-wise error
gap, at the cost of a small increase in majority-group RMSE. We select A\sp = 100 for the

method-comparison experiments.

Figure |3.14] compares group-wise reconstruction accuracy under vanilla nuclear norm
minimization, statistical parity regularization, and equal opportunity regularization. Both
fairness regularizers slightly reduce the reconstruction error of group A while causing only
a small increase in the error of group B. Consequently, both methods narrow the group-
wise error gap. Under the error-based fairness criterion considered here, this constitutes an

improvement in fairness, although accompanied by a small increase in majority-group error.
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Figure 3.14: Group-wise RMSE as a function of masking rate. Methods are presented from
left to right as vanilla nuclear norm minimization, statistical parity regularization, and equal
opportunity regularization. The minority-group fraction is fixed at 20%, with Agp = 100 and
Ago = 25. Both fairness metric regularizers reduce minority-group RMSE and narrow the
group-wise error gap relative to vanilla nuclear norm minimization, with a small increase in
majority-group RMSE.

Figure directly compares the absolute group-wise RMSE gap, |RMSE4 — RMSEp|,

across the three methods. At a masking rate of 0.8, statistical parity reduces the error gap
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by approximately 5% relative to vanilla nuclear norm minimization. Equal opportunity also

reduces the group-wise error gap across all masking rates, although the effect is smaller.

Group-wise RMSE Gap: MovielLens
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—o— NNM
—&— NNM + SP
== NNM + EO

0.225 A

0.200 A

0.175 A

0.150 A

0.125 A

0.100 A

|[RMSE, — RMSEg|

0.075 A

0.050 A

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
masking rate

Figure 3.15: Absolute group-wise RMSE gap, |RMSE4 — RMSEg|, as a function of masking
rate on the MovieLens 100K dataset under vanilla nuclear norm minimization, statistical

parity regularization, and equal opportunity regularization. The minority-group fraction is
fixed at 20%, with /\SP = 100 and /\EO = 25.

The behavior of statistical parity on MovieLens differs from that observed across the syn-
thetic datasets. Average ratings are nearly identical across gender groups, with us =~ 3.69
and up ~ 3.68, and the two groups have comparable proportions of observed ratings. Thus,
the observed ratings are approximately consistent with statistical parity, and enforcing sta-
tistical parity improves error-based fairness on MovieLens. This contrasts with the synthetic
datasets that also have similar group means but for which statistical parity does not improve

reconstruction-error disparities.

As the underlying latent structure of the MovieLens data is unknown, the group means
and observation rates alone cannot fully explain the different effects of fairness regularization
across datasets. Nevertheless, the MovieLens experiments demonstrate that parity-based

regularization can improve error-based fairness in a real-data setting, suggesting potential
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for these approaches and motivating further investigation into the settings in which they can

be effective.

3.5.5 Group-Aware Matrix Completion Experiments

We evaluate the Group-Aware objective introduced in Eq. across the synthetic
and MovieLens datasets. We use the weighting scheme described in Section [3.2.4] with the
weights for each experiment reported in the corresponding figure headings. As described in
Section [3.5.1] synthetic experiments use 100 x 100 matrices, while MovieLens experiments
use 300 x 300 matrices. Unless otherwise specified, the minority group comprises 20% of the

TOWwWS.

3.5.5.1 Synthetic Data Experiments

We first consider the Shifted Means and Shared V datasets, for which vanilla nuclear norm
minimization exhibits little or no reconstruction-error disparity. As shown in Figure[3.16] the
Group-Aware objective increases the reconstruction error of both groups in these settings
and therefore does not provide an accuracy or fairness improvement over vanilla nuclear
norm minimization. This is consistent with the fact that the two groups either share the
same underlying latent structure or differ only through a mean shift, so separating the

group-specific nuclear norm terms does not provide an apparent advantage.

We next consider the Perturbed V and Extended Minority V datasets, both of which
exhibit reconstruction-error disparities under vanilla nuclear norm minimization. As shown
in Figure [3.17] on Perturbed V, the Group-Aware objective reduces the reconstruction error
of both groups, with a larger reduction for the majority group. However, the improvement
in overall reconstruction accuracy does not translate into a reduction in the group-wise error
gap. On Extended Minority V, the Group-Aware objective decreases the majority-group

reconstruction error while slightly increasing the minority-group error, resulting in worsened
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Figure 3.16: Group-wise RMSE and the absolute difference in RMSE between groups as a
function of masking rate for the Group-Aware objective on the Shared V and Shifted Means
datasets, compared with vanilla nuclear norm minimization. The minority-group fraction is

fixed at 20%.
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error-based fairness. These results illustrate that allowing group-specific low-rank struc-
ture to be regularized separately can improve reconstruction accuracy without necessarily
improving comparability of reconstruction error across groups.

RMSE vs. Masking Rate: Perturbed V
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(a) Perturbed V.

RMSE vs. Masking Rate: Extended Minority V
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(b) Extended Minority V.

Figure 3.17: Group-wise RMSE and the absolute difference in RMSE between groups as a
function of masking rate for the Group-Aware objective on the Perturbed V and Extended
Minority V datasets, compared with vanilla nuclear norm minimization. The minority-group
fraction is fixed at 20%.

We then consider the Approximately Orthogonal and Orthogonal Groups datasets, where
the groups have relatively little or no overlap in their latent structures. As shown in Fig-
ure [3.18] on Approximately Orthogonal, the Group-Aware objective reduces reconstruction
error for both groups, with the improvement benefiting the majority group more strongly.
Despite this improvement in overall reconstruction accuracy, the group-wise error gap is not

reduced. The method behaves similarly on the Orthogonal Groups dataset.
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RMSE vs. Masking Rate: Approximately Orthogonal
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(a) Approximately Orthogonal.

RMSE vs. Masking Rate: Orthogonal Groups
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(b) Orthogonal Groups.

Figure 3.18: Group-wise RMSE and the absolute difference in RMSE between groups as a
function of masking rate for the Group-Aware objective on the Approximately Orthogonal
and Orthogonal Groups datasets, compared with vanilla nuclear norm minimization. The
minority-group fraction is fixed at 20%.
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3.5.5.2 MovieLens Experiments

For the MovieLens experiments, the Group-Aware objective produces little meaningful
change in either group’s reconstruction error, beyond a slight increase in minority group
error at high masking rates. As shown in Figure [3.19] the corresponding group-wise error
gap slightly increases at high masking rates.

RMSE vs. Masking Rate: MovieLens
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Figure 3.19: Group-wise RMSE and the absolute difference in RMSE between groups as a
function of masking rate for the Group-Aware objective on the MovieLens 100K dataset,
compared with vanilla nuclear norm minimization. The minority-group fraction is fixed at

20%.

The GAME method [GSA26] was originally developed to improve global reconstruction
accuracy by accounting for group-specific low-rank structure. The authors of GAME report
the greatest benefits when subgroups exhibit distinct low-rank structure, which is consistent
with the improvements in overall reconstruction accuracy observed for the Perturbed V and
Approximately Orthogonal datasets in our experiments. However, these improvements do
not necessarily translate into improved error-based fairness. In particular, the Group-Aware
objective can reduce reconstruction error more substantially for the majority group, leaving

the gap in reconstruction accuracy unchanged or increased.

Our experiments use a weighting heuristic inspired by the GAME work, in which each
group’s weight is proportional to the square root of its number of observed entries. Under
uniform masking, this gives the majority group a larger group-specific weight, placing more

emphasis on its regularization. While this weighting may be appropriate for the original
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goal of improving overall reconstruction accuracy, it does not explicitly target comparability
of reconstruction error across groups. An alternative weighting scheme that places greater
emphasis on the smaller or more difficult-to-reconstruct group may therefore have greater
potential for improving error-based fairness. In our two-group formulation, this could be
explored by assigning a larger weight to group A than to group B. Investigating how group-
specific weights should be selected to balance global reconstruction accuracy and error-based

fairness is a direction for future work.

3.5.6 Conclusion

Table summarizes the empirical findings across the synthetic and MovieLens datasets.
The experiments show that reconstruction accuracy can differ substantially across groups
even when a single low-rank model provides a good overall fit. In the synthetic experiments,
varying the relative size of the two groups and the relationship between their latent structures
allows us to examine two sources of disparity: population imbalance and group-specific
structure. Population imbalance is reflected in the dependence of the reconstruction-error
gap on group size, while differences in group-specific structure can produce disparities that
persist even when the groups are equally represented. The MovieLens experiments provide
a corresponding real-data example in which female users have higher reconstruction error

than male users even when female users constitute the larger group.

We then evaluated two approaches for incorporating group information or fairness criteria
into matrix completion. The fairness-regularization experiments demonstrate that enforcing
statistical parity or equal opportunity does not necessarily improve error-based fairness. On
the synthetic datasets, the fairness penalties generally increase reconstruction error for the
minority group and, in some cases, introduce a disparity where little or none existed under
unregularized nuclear norm minimization. The Shifted Means dataset provides an expected
example of this behavior because its two groups have different true means, making exact re-

covery incompatible with statistical parity. However, statistical parity also fails to improve

76



reconstruction-error disparities in the other synthetic settings where group means have sim-
ilar values. On the MovieLens data, however, both statistical parity and equal opportunity
reduce the reconstruction-error gap while producing only a small increase in majority-group
error. Thus, the effectiveness of a fairness criterion depends on its relationship to the under-

lying data and to the particular notion of fairness being evaluated.

The Group-Aware objective improves reconstruction accuracy in some settings with dis-
tinct group-specific latent structure, however, these improvements do not consistently re-
duce disparities in reconstruction error across groups. In several settings, improvements in
reconstruction accuracy are concentrated more strongly in the majority group, leaving the
group-wise error gap largely unchanged or increasing it. The weighting scheme used in our
experiments places greater weight on larger groups under uniform masking, which does not
explicitly target comparable reconstruction accuracy across groups. Alternative choices of
group-specific weights may therefore provide an avenue for balancing overall reconstruction

accuracy with error-based fairness, and provide a direction for future work.

Table 3.2: Summary of empirical findings by dataset and method. For each dataset, we
report whether vanilla nuclear norm minimization (nuclear norm minimization) exhibits a
group-wise reconstruction error gap, the primary source of the disparity, and the change in
group-wise reconstruction error under each fairness intervention relative to vanilla nuclear
norm minimization. Here, 1 denotes an increase in error, | denotes a decrease in error, and
~ denotes no meaningful change. Two arrows indicate a larger change for the indicated
group relative to the other group.

Dataset Vanilla NNM Primary source Group-aware NNM + EO NNM + SP
error gap of disparity objective

Shifted Means None None 1 both 1 both ™ minority, T majority
Shared V None None 1 both 1 both 11 minority, T majority
Perturbed V Yes Both & minority, | majority 1 minority, ~ majority 7 minority, ~ majority
Extended Minority V Yes Both 1 minority, | majority 1 both 1 minority, T majority
Approx. Orthogonal Yes Population imbalance 1 both T both ~ both
Orthogonal Groups Yes Population imbalance ~ both 1 minority, ~ majority ~ both
MovieLens 100K Yes Group-specific structure =~ both } minority, ~ majority | minority, &~ majority

Overall, the only setting in which we observed an improvement in error-based fairness
was the MovieLens experiment, where both statistical parity and equal opportunity reduced

the group-wise reconstruction-error gap at the cost of a marginal increase in majority-group

7



error. This result suggests potential for fairness regularization in real-data settings and
motivates further investigation into the data characteristics and regularization strategies

under which such improvements can be achieved.
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CHAPTER 4

Conclusion

This dissertation developed and analyzed methods for accounting for group or source
specific structure in matrix and tensor models. In the first part, we developed Stratified
Non-negative Tensor Factorization that learns globally shared and stratum-level structures.
In the second, we studied fairness in matrix completion via nuclear norm minimization,
identifying sources of disparities in reconstruction accuracy across groups and evaluating

approaches for addressing these disparities.

Chapter [2 developed Stratified Non-Negative Tensor Factorization, an extension of Strat-
ified Non-Negative Matrix Factorization to tensor-valued data. Stratified Non-Negative Ten-
sor Factorization jointly models globally shared topics and stratum-level features while pre-
serving the geometric structure of tensor-valued data. This allows the method to recover
both structure common to all data sources and structure specific to each source without flat-
tening the data. We derived multiplicative update rules for the unregularized objective and
for a total-variation-regularized variant, and showed that the explicit tensor representation
makes mode-specific regularization possible. Applying total variation regularization to the
spatial modes of the global topics allows the method to effectively denoise image content
while preserving stratum-level watermarks. Empirically, the method produces interpretable
stratum-level features on text data and outperforms Stratified Non-Negative Matrix Fac-
torization on image data with substantially fewer learnable parameters, indicating that the
tensor representation can provide greater representational efficiency for the settings consid-

ered.
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Chapter |3| studied fairness in matrix completion through the lens of group-wise recon-
struction accuracy. We showed that nuclear norm minimization can produce disparities in
reconstruction accuracy when the data exhibit population imbalance or group-specific latent
structure. In particular, disparities arising from group-specific structure can persist even
when groups are equally represented. We formalized statistical parity and equal opportu-
nity for the matrix completion setting, and investigated two approaches for incorporating
fairness and group information into the reconstruction objective: fairness-metric regulariza-
tion and a group-aware matrix completion formulation. Our experiments demonstrate that
the effectiveness of these approaches depends on the underlying data structure and the fair-
ness criterion being considered. Fairness-metric regularization did not consistently improve
error-based fairness on the synthetic datasets, while it reduced disparities in reconstruction
accuracy on the MovieLens data. The group-aware formulation improved reconstruction ac-
curacy in some settings with distinct group-specific structure, but did not consistently reduce
disparities between groups. These results demonstrate that group information can affect the
behavior of matrix completion in meaningful ways, with different objectives offering different

trade-offs between reconstruction accuracy and fairness metrics across groups.

As machine learning methods continue to be applied to increasingly large and complex
datasets, large-scale models can provide valuable insight by revealing patterns at the popu-
lation level. However, accurately representing individual- or group-level features can require
attention to structure that may be obscured by global patterns. Accounting for meaningful
local structure can therefore complement population-level trends and lead to more robust
representations and predictions. This thesis demonstrates the value of accounting for group-
or source-specific structure in machine learning. Doing so can lead to more flexible and
interpretable methods or provide ways to evaluate fairness at the group level and, in some

settings, improve it, providing a step toward fairer machine learning systems.
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