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Flow visualization is one of the main methods of understanding flow behavior in experimental 

fluid mechanics. Most of the visualization methods provide good qualitative information about 

the flow behavior. With the developments in computer sciences especially in the fields of artificial 

intelligence and computer vision, image processing has been used as an important tool in 

experimental fluid mechanics to quantify the qualitative data obtained by flow visualization. This 

thesis first summarizes various flow visualization methods. One of the most common use of 

computer vision is in Particle Image Velocimetry (PIV). PIV uses block matching algorithm to detect 

motion of the fluid between two frames by calculating the displacement of small particle groups. 

PIV has many downsides and is not applicable in numerous fluid mechanic studies such as two 

phase flow. Because of the downsides of PIV it is often better to use other visualization technics 
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and more advanced image processing algorithms. Therefore, instead of block matching algorithms 

we investigate more advanced algorithms such as optical flow measurements that can provide 

flow properties for variety of applications. Next, we modify the existing algorithms and apply them 

to study bubble behavior in a turbulent flow. Using the optical flow and edge detection 

algorithms, perimeter velocity of the bubble, and geometric properties of the bubble were 

obtained in various frames. It was found that the turbulent intensity of the bubble’s perimeter 

velocity is converging to a common value when the bubble breaks and reaches its smallest 

possible size. Based on this finding we use bubble movement to evaluate turbulent flow 

properties in two phase flow. Future work may include integration of all involved techniques for 

further optimizations of parameters involved.  
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1 Introduction  

Flow visualization is an important tool in fluid dynamic research. The interest on flow 

visualization has been existed since research on fluid mechanic.  Flow visualization has 

been used in various fields of science, like engineering, medical science, aerodynamics 

and etc.  Some believe that visualizing and analyzing flow has priority over detailed 

measurement and mathematical modeling. Flow visualization techniques existed for long 

time. These methods are a great way to give a qualitative way of understanding the flow 

field. And getting quantitative data from the flow could be challenging. 

In the recent decades, computer process power and image capturing has become 

more advanced and easy to use. Nowadays, digital image recording devices exist 

everywhere and it is easy to use. Because of this improvement in computer digital 

technology, Image processing has become an important research topic in fields of 

engineering. For example, the robot’s which are able to track a line and flow the line, or 

face recognition technique. The field of research is usually referred as machine vision or 

computer vision. 

Fluid mechanics, also adopted these techniques, to help on quantifying the data’s 

obtained by flow visualization. The famous methods that exited for a long time, are 

Particle Image Velocimetry (PIV), and Particle tracking velocimetry (PTV). However, these 
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methods exited for more than a decade and usually have not been adapted by the most 

recent algorithms that exist in computer vision. 

In this thesis, it has been tried to adapt the most recent and popular computer vision 

algorithms to flow visualization techniques. And try to develop concepts and methods for 

Velocimetry.  

The process that we take is like how human brain encounters with flow visualization. 

This process consists of three main stages of seeing the flow, processing the flow, 

interpreting the flow. Human brain and the eye do these three stages. If we want to apply 

similarity to the human brain encounter, and computer encounter, the three stages are 

as follows 

Digital imaging of flow visualization 

This is the first and crucial step in flow visualization using computer. During these 

steps we use digital image recording devices to help us get images and pictures of the 

flow, either directly using optical property of the flow or by using indirect methods such 

as adding tracer objects into the flow. The advantage of digital imaging is that it helps to 

get video and images using higher frame rates and with better resolution  

Computer vision algorithms  
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When an Image has been recorded and stored in the computer, the procedure of 

image processing.  There are varieties of tools, algorithms that will do the image 

processing. These methods also known as Computer vision will help and teach the 

computer to recognize different and important parts of the flow. It could be teaching 

computer to see a bubble or helping the computer to calculate velocity of a moving 

object. As mentioned before, the algorithms for computer vision themselves are a great 

field of research and developing new computer vision algorithms is not the in the interest 

of this research. And we use the most common and existing computer algorithms  

Interpreting the flow  

This step of the process is the most important part and requires knowledge of fluid 

mechanics. In this step, the data from the previous step will be processed generally base 

on the physical phenomena of the flow. The data processing could give various 

information of the flow, for example, the turbulent properties of the flow. 

When using DNS or CFD algorithms, it is possible to obtain all of the information, 

which is being generated from the first two steps.  And the 3rd step is usually the same 

for both Numerical simulation of the flow and using computer vision algorithm.
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2 Fundamentals of fluid motion  

2.1 Introduction  

Fluid dynamics, or fluid motion is a sub discipline of fluid mechanics that deals with 

flow of fluids. In the study of the flow visualization, the fundamentals of fluid dynamics 

are very important. 

In order to understand and solve fluid dynamic problems, generally three 

conservation laws are used. In fluid dynamics, these laws can be represented by applying 

control mass concept to a fluid parcel or by applying concept of control volume in a 

specific location of flow. Using each of the concepts and applying them to conservation 

laws we will get the following governing equations. [1] 

 Mass continuity  

The rate of change of mass inside the control volume must be equal to net rate of flow 

into the volume.   

In tensor notation, the equation can be written as  

 
𝜕𝜌

𝜕𝑡
+ (𝜌𝑈𝑖),𝑖 = 0 

 Conservation of momentum  
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Applying Newton’s 2nd law for control volume the equation of conservation of 

momentum will become  

 𝜌
𝜕𝑈𝑖

𝜕𝑡
+ 𝑈𝑗𝜌(𝑈𝑖),𝑗 = 𝜎𝑖𝑗,𝑗 + 𝜌𝑓𝑖 

 Conservation of energy  

Applying 1st Law of Thermodynamic to control volume, the equation of conservation 

of momentum will become  

 
𝜌𝜕𝐸

𝜕𝑡
+ 𝜌𝑢𝑗𝐸,𝑗 = 𝜎𝑖𝑗𝑈𝑗,𝑖 − 𝑞𝑗,𝑗 

2.2 Nature of fluid  

The above mentioned governing equations are universal and can be used for any type 

of fluid with any flow condition.  However base on the type of the fluid, the equation 

could be simplified. 

2.2.1 Shearing stress  

The shearing stress 𝜎𝑖𝑗 could be related to shear rate𝑈𝑖,𝑗  . The relation could be 

shown in Figure 1-1  
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Figure 2.1 Relation of Shear stress and Shear rate [2] 

Since the most common fluids are Newtonian, we consider and discuss Newtonian 

fluid. For Newtonian fluid, the shearing stress could be modeled as  

 𝜎𝑖𝑗 = −𝑃𝛿𝑖𝑗 + 𝜆𝛿𝑖𝑗𝑈𝑘,𝑘 + 𝜇(𝑈𝑖,𝑗 + 𝑈𝑗,𝑖) 

𝜇 is viscosity and 𝜆 is “second viscosity coefficient “ 

2.2.2 Compressibility  

Compressibility is measure of change of volume or density of fluid under the change of 

pressure and temperature. Modulus for compressibility is defined as ratio of the relative volume 

change of fluid to change of pressure [2] [3] 
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 𝛽 =
1

𝐾
= −

1

𝑉
(
𝑑𝑉

𝑑𝑝
) =

1

𝜌
(
𝑑𝜌

𝑑𝑝
) 

Where K is the modulus of elasticity or bulk modulus of fluid. The compressibility of liquids 

are small, for water K=2.2 GPa. In the gases the modulus is equal or is in order of pressure. For air 

K= 0.14 MPa. It means that air is 20000 times more compressible than water. 

In the flowing fluid of velocity U, the Δ𝑝 is in order of 0.5𝜌𝑈2. Therefore  

 
𝑑𝜌

𝜌
=

𝑑𝑝

𝐾
∝
𝜌𝑈2

𝐾
=

𝑈2

𝑎2
 

Where a is speed of sound. If the velocity is small enough comparing to speed of 

sound, we could consider the flow to be incompressible. 

The other way to represent compressibility is by the definition of divergence of 

velocity. The physical meaning of divergence of velocity represents the relative change of 

volume of fluid parcel in unit time. Therefore for an incompressible flow, we can say  

 𝑈𝑖,𝑖 = 0 

2.3 Governing equation for incompressible Newtonian fluids  

Assuming the fluid to be Newtonian and incompressible flow the governing equation 

will be simplified to the following forms. [1] 

 Conservation of mass (continuity) 
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𝜕𝜌

𝜕𝑡
+𝑈𝑖𝜌,𝑖 = 0  

 𝑈𝑖,𝑖 = 0 

 Conservation of momentum (Navier-Stokes equation) 

 
𝜕𝑈𝑖

𝜕𝑡
+𝑈𝑗𝑈𝑖,𝑗 = −

1

𝜌
𝑃𝑖 + 𝑔𝛿𝑖3 + 𝜈𝑈_(𝑖, 𝑗𝑗)  

 Conservation of energy  

In conservation of energy, if energy is modeled as  𝐸 = 𝐶𝑣𝑇 and 𝑞,𝑗𝑗 base on Fourier’s 

law of diffusion (𝑞𝑗,𝑗 = −𝑘𝑇,𝑗𝑗) the conservation of energy equation will become  

 
𝜕𝑇

𝜕𝑡
+𝑈𝑖𝑇,𝑖 = 𝛼𝑇,𝑗𝑗 +

𝜈

𝑐𝑉
𝛷𝑣 

𝛼 Is thermal diffusitivity and 𝛷𝑣 is dissipation function  

2.4 Similarity and Scaling  

One of the fundamental problems in fluid mechanics is scaling. It is difficult to do 

experiments on big objects like ships and aircrafts in the laboratory. Therefore scaled 

down versions of these models are being used. In order to use the scaled versions, it is 

vital to change the parameters in a way that will keep the same condition for the flow.  

In order to achieve this goal, we use non-dimensional numbers to represent condition 

of the flow. There are various non-dimensional number defines that represent the 



 

9 

 

condition of the flow. The most common and important Non-dimensional numbers are 

Reynolds number and Froude Number. 

2.4.1 Reynolds Number 

There are various ways to represent this number. The most common way of 

representation of this number is based on the ratio of inertia force of the fluid and friction 

force  

 𝑅𝑒 =
𝐼𝑛𝑒𝑟𝑡𝑖𝑎 𝐹𝑜𝑟𝑐𝑒

𝐹𝑟𝑖𝑐𝑡𝑖𝑜𝑛 𝑓𝑜𝑟𝑐𝑒 
=

𝜌𝑈2

𝑙
𝜇𝑈

𝑙2

=
𝑈𝑙

𝜈
 

2.4.2 Froude Number  

In some cases, the effect of gravitational force on the flow is very important such as 

in case of fire. The Froude number represents the ratio of Inertia force to Gravitational 

force. 

 𝐹𝑟 =
𝑈

√𝑔𝑙
 

In laboratory experiments it is usually impossible to match the Reynolds number and 

the Froude number, therefore the Froude’s number will be tried to be identical to real 

experiments. 
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2.4.3 Non-dimensional Navier-Stokes  

Using the concept of similarity and scaling and referring each parameter of Navier-

Stokes equation, to a reference value; we will obtain the following equation [1] 

 𝑆𝑡
𝜕𝑈𝑗

∗

𝜕𝑡∗
+ 𝑈𝑗

∗. 𝑈𝑖,𝑗
∗ = −𝐸𝑢(𝑃𝑖

∗) − 𝐹𝑟−2. �̂� +
1

𝑅𝑒
𝑈𝑖
∗
𝑗𝑗

 

Where 𝑆𝑡 is the Strouhal number and it is a measure of non-stationary of the flow; 

𝐸𝑢is the Euler number and expresses the relation of local pressure drop over a kinetic 

energy per volume,𝐹𝑟 is the Froude number and 𝑅𝑒 is the Reynolds number.  
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2.5 Creeping flow  

By definition the condition in which Reynolds number is small.  Less than unity, is 

called Creeping flow. Reynolds number less than 1 sates that viscous forces are more 

effective than inertia forces, so for creeping flows, the Navier-Stokes equation can be 

simplified and be rewritten as: 

 𝑃𝑖 = 𝜇𝑈𝑖 ,𝑗𝑗 

2.6 Turbulence  

2.6.1 Introduction 

 Laminar flows are usually unidirectional flows, which the fluid travels in layers and 

there is no mixing in the layers. In these flows, viscosity and viscous diffusion is dominant 

and inertia effects of flow are negligible. Based on the model, these flows usually have 

straightforward solutions. 

When the velocity of fluid increases, the layers of flow starts mixing, and this mixing 

causes eddies and irregularities. “Eddie containing flow”, is also known as turbulent flow. 

In turbulent flow, eddies will cause the mixing between the layers, in which it will lead to 

transport of momentum between layers. The first visualization of this effect can be seen 
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in the experiments done by [4] a better visualization can be seen by the experiments done 

by [5]. 

One of the fundamental, theories related to turbulence is by Kolmogorov [6] 

Kolmogorov states that the energy that is being imported in large scale, create big eddies, 

and these eddies will cause smaller eddies and this goes on until the smallest Eddie, which 

the Eddie dissipates to heat.  Base on this theory, we usually have three main section of 

observation and modeling. Energy injection region, Energy transfer region, Energy 

dissipation region.  

Eddies and turbulence, increases the complicity of solving the Navier-Stokes equation. 

Various procedures, has been used to model the turbulence. These procedure have both 

modeling of specific turbulent region, or using direct numerical solving of that specific 

region. The procedures, and their approach can be seen in the following table  

 

Figure 2.2 Illustration of eddy momentum transfer 

  



 

13 

 

 

Table.1 Classification of Turbulent prediction procedure 

 

 
  

 

Large Eddy Scale 

(Energy containing 

Range ) 

Energy transfer 

(Inertial Range)  

Dissipation 

scale 

(dissipation 

Range) 

Direct Numerical 

Simulation 
Resolved 

Large Eddy 

Simulation 
Resolved Modeled 

Reynolds 

Averaged Navier-

Stokes 

Resolved Modeled 
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2.6.2 Reynolds’s Averaged Navier-Stokes (RANS) 

This method is the classical approach of solving Navier-Stokes equation. In RANS 

procedure, the dissipation scale region and energy flux region is modeled based on mean 

properties of flow.  Therefore it is important to average the properties. Usually one of 

these following methods is used for averaging  

 Time average   

If 𝛷 is any property of the fluid if we select a time reference 𝑇 

 �̅� =
1

𝑇
∫ 𝜙𝑑𝑡
𝑇

0
 

 Spatial average  

If 𝛷 is any property of the fluid if we select a length reference L 

 �̅� =
1

𝐿
∫ 𝜙𝑑𝑥
𝐿

0
 

 Ensemble average  

 �̅� =
∑ 𝛷𝑖
𝑁
1

𝑁
 

Using any of the averaging above, we can describe any property as mean term and 

fluctuating term. This decomposition is known as Reynolds decomposition. 
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 𝛷 = �̅� + 𝛷′ 

Applying Reynolds decomposition to Navier- Stokes equation and averaging 

the equation, we will get the following equation [6] 

 
𝜕𝑈𝑖̅̅ ̅

𝜕𝑡
+ �̅�𝑗�̅�𝑖𝑗 =

1

𝜌
�̅�,𝑖 + �̅�𝑖 + 𝜈𝑈�̅�,𝑗𝑗−𝑈𝑗

′𝑈𝑖
′̅̅ ̅̅ ̅̅
,𝑗

 

Averaged Navier-Stokes equation is also known as Reynolds equation. The 

averaging caused a new term −𝑈𝑗′𝑈𝑖′̅̅ ̅̅ ̅̅ ̅̅ ̅
,𝑗

 appear. This term is Reynolds stress. 

Reynolds stress states the effect of velocity fluctuation on net momentum 

transfer. 

In order to resolve for the averaged velocity, it is important to find a model 

that relates the Reynolds stress to the mean flow. There are various models to 

relate the Reynolds stresses.  

For laminar flow we know  

 �̅�𝑖𝑗 = −𝜈(𝑈𝑖,𝑗
̅̅ ̅̅̅ + 𝑈𝑗,𝑖

̅̅ ̅̅ ) 

For Reynolds stresses we can use the same procedure for modeling as well. 

We introduce 𝐾𝑚 as eddy viscosity, which is defined as  

 𝐾𝑚 = −
𝑈𝑖
′𝑈𝑗

′

𝑈𝑖,𝑗

̅̅ ̅̅ ̅
 

The more general way to model the expression for Reynolds stress is like [6]  
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 𝑈𝑖𝑈𝑗̅̅ ̅̅ ̅̅ = −𝐾𝑚 (𝑈𝑖 ,𝑗 + 𝑈𝑗,𝑖 ) +
2

3
𝑇𝐾𝐸. 𝛿𝑖𝑗 

where TKE, is the Turbulent Kinetic Energy and is expressed as : 

 𝑇𝐾𝐸 =
𝑈𝑖′𝑈𝑖′

2

̅̅ ̅̅ ̅̅ ̅̅ ̅
 

However, the challenge is solving for 𝐾𝑚. The models for Reynolds stresses, 

actually models 𝐾𝑚. 

2.6.3 The K-E model  

 In this model we suggest velocity to be function of TKE Therefore  

 𝑈 ∝ 𝑇𝐾𝐸
1

2 

 𝐾𝑚 ∝ 𝑇𝐾𝐸
1

2 ∗ 𝐿 ∝
𝑇𝐾𝐸2

𝜖
 

 This model relates 𝐾𝑚 to TKE [8]and𝜖, which 𝜖 is dissipation of TKE.  

2.6.4 Turbulence Kinetic Energy (TKE) 

In order to solve for 𝐾𝑚, it is  crucial to solve for TKE first. Based on definition 

of TKE, governing equation for TKE can be obtained to be [6] 
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𝜕𝑇𝐾𝐸

𝜕𝑡
+ �̅�𝐽(𝑇𝐾𝐸),𝐽 = −𝑈𝑖′𝑈𝑗′̅̅ ̅̅ ̅̅ . 𝑈𝑖,𝑗

̅̅ ̅̅̅ − [
𝑈𝑗′𝑈𝑖′𝑈𝑖′

2
],𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
− [
1

𝜌
𝑃′𝑈𝑖′̅̅ ̅̅ ̅̅ ]

,𝑖

+ 𝜈𝑈𝑖′𝑈𝑖′,𝑗𝑗 
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝑏′𝑈3

′̅̅ ̅̅ ̅̅  

 
𝐷𝑇𝐾𝐸

𝐷𝑡
= 𝑃𝑇𝐾𝐸 + 𝑇𝑇𝐾𝐸 + 𝑌 + 𝐵 

 

where 𝑃𝑇𝐾𝐸=−𝑈𝑖
′𝑈𝑗

′̅̅ ̅̅ ̅̅ . 𝑈𝑖,𝑗
̅̅ ̅̅̅ is production of Turbulent Kinetic Energy by Reynolds 

Stresses, 𝑇𝑇𝐾𝐸 = −[𝑈𝑗′𝑈𝑖′𝑈𝑖′ 2⁄̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]
𝐽
− [𝑃′𝑈𝑖′̅̅ ̅̅ ̅̅ ̅̅ 𝜌]⁄

,𝑖
 is transport of TKE by turbulent 

pressure gradient and turbulent advection,𝑌 = 𝜈𝑈𝑖′𝑈𝑖′,𝑗𝑗 
̅̅ ̅̅ ̅̅ ̅̅ ̅̅  is dissipation of TKE to 

heat and 𝐵 = 𝑏′𝑈3
′̅̅ ̅̅ ̅̅  is gain or destruction of  TKE by buoyancy.  

The dissipation part of TKE equation can be simplified to  

 𝜈𝑈𝑖
′𝑈𝑖

′
,𝑗𝑗
 ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜈[𝑇𝐾𝐸𝑗𝑗̅̅ ̅̅ ̅̅ ̅̅ − 𝑈𝑖,𝑗𝑈𝑖,𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅] 

 

Defining 𝜖 = 0.5. 𝜈[𝑈𝑖,𝑗 + 𝑈𝑗,𝑖]
2
 and rate of strain as 𝑆𝑖𝑗 = −0.5(𝑈𝑖,𝑗 +𝑈𝑗,𝑖) therefore  

 𝜖 = −2𝜈𝑆𝑖𝑗𝑆𝑖𝑗̅̅ ̅̅ ̅̅ ̅ 

The dissipation part could be written  
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 𝑌 =  𝜈𝑈𝑖
′𝑈𝑖

′
,𝑗𝑗
 ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜈 [𝑇𝐾𝐸𝑗𝑗̅̅ ̅̅ ̅̅ ̅̅ + 𝑈�̅�𝑗𝑈𝑗𝑖

̅̅ ̅̅ ] + 𝜖 

2.6.5 Dissipation equation  

The dissipation was defined as 𝜖 = −2𝜈𝑆𝑖𝑗𝑆𝑖𝑗̅̅ ̅̅ ̅̅ ̅  in equation 2.29.starting from the RANS 

equation, the equation for dissipation could be written as [8] 

 

𝜌𝐷𝜖

𝐷𝑡
= −2𝜇 [𝑈𝑖′,𝑘 𝑈𝑗′,𝑘̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅+ 𝑈𝑘

′
,𝑖
𝑈𝑘
′
𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅]
𝜕𝑈𝑖
𝜕𝑥𝑗

− 2𝜇𝑈𝑘
′𝑈𝑖′,𝑗

̅̅ ̅̅ ̅̅ ̅̅
𝜕𝑈𝑖

𝜕𝑥𝑘𝜕𝑥𝑗
− 2𝜇𝑈𝑖′,𝑘𝑈𝑖,𝑚

′ 𝑈𝑘
′
,𝑚

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

− 2𝜇𝜈𝑈𝑖′,𝑘𝑚𝑈𝑖
′
,𝑘𝑚

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ +
𝜕

𝜕𝑥𝑗
(
𝜇𝜕𝜖

𝜕𝑥𝑗
− 𝜇𝑈𝑗′𝑈𝑖′,𝑚𝑈,𝑚

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ − 2𝜈𝑃𝑚′ 𝑈𝑗′,𝑚)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

  

2.6.6 Turbulence Intensity  

The value of fluctuation velocity is a good indication of turbulence.  We define the 

ratio of root mean square of fluctuating velocity to average velocity as Turbulence 

intensity  

 𝐼 =
√𝑈𝑖

′2̅̅ ̅̅ ̅

𝑈𝑖̅̅ ̅
 

The other way to define intensity is base on the energy. The ratio of TKE to mean 

kinetic energy is defined as turbulent intensity as well. 
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 𝐼𝑒 =
𝑇𝐾𝐸

𝑀𝐾𝐸
 

2.7 Boundary layer  

The momentum diffusivity = 𝜇/𝜌 , determines how long momentum will be 

transferred by viscous effects. This distance is known as viscous boundary layer. In general 

boundary layer is defined as the distance in which the property is being transferred. 

2.7.1 Laminar momentum boundary layer  

The length that the momentum will diffuse because of viscous effects is called the 

viscous boundary layer. When fluid passes a solid surface, the velocity of the fluid 

increases from 0 to the external velocity. After this length of, the flow could be considered 

inviscid or frictionless flow. 

This length could be defined as  

 𝛿 ∝ √𝜈𝑡 

 
𝛿

𝐿
∝

1

√𝑅𝑒
 

by this definition we could see that with increase of the velocity, The Thickness of the 

laminar boundary layer will decrease . 
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2.7.2 Turbulent boundary layer thickness  

In turbulent flows, Eddie effects are more dominant than viscous effects. Therefore, 

the turbulent boundary layer is defined as the length that Momentum is being diffused 

by eddies. The expression is similar to laminar flow  

 𝛿𝑙 = √𝐾𝑚. 𝑡 

2.8 Helmholtz equation and theorem   

For an incompressible flow, the physical meaning of 𝛻 × 𝑈 is Vorticity. 

 𝛻 × 𝑈 = 2 × 𝜔 

Applying this transformation to the Navier-Stokes we will get the following governing 

equation for vortices  

 
𝐷𝜔𝑖

𝐷𝑡
=

𝜕𝜔𝑖

𝜕𝑡
+ 𝑈𝑗𝜔𝑖,𝑗 = 𝜔𝑗𝑈𝑖 ,𝑗 + 𝜈𝜔𝑖,𝑗𝑗 

Let us consider a vortex tube  

 

Figure 2. 3 Vortex Tube 

Vortex line  

𝐴1 𝐴2 

𝐴3 
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Let’s introduce the circulation, also known as strength of vortex as 

 𝛤 = ∫𝜔𝑖𝑑𝐴 = ∫𝜔𝑖,𝑖𝑑𝑣 = 0 

 𝛤 = ∫𝜔𝑑𝐴1 + ∫𝜔𝑑𝐴2 + ∫𝜔𝑑𝐴3 = 0  

Since A is the surface enclosing the volume, 𝐴3is defined as surface that it is  normal 

is perpendicular to 𝜔.So, 𝜔. 𝑑𝐴3 = 0. The equation above will be simplified to  

 𝛤1 = ∫𝜔𝑑𝐴1 = 𝛤2 = ∫𝜔𝑑𝐴2 

Equation 1 

Therefore we realize that 𝛤 is constant through any cross section of vortex 

tube. This statement is known as The Helmholtz Theorem. 
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3 Flow visualization 

3.1 Introduction  

Flow visualization is an important tool in fluid dynamic research. The interest on 

visualizing the flow exists since research on fluid mechanic itself.  Flow visualization is 

being used in various fields of science, such as engineering, medical sciences, 

aerodynamics, etc. Flow visualization is so important that some believe visualizing and 

analyzing flow has priority over detailed measurement and mathematical modeling. 

Generally fluids are transparent and it is hard to see their movement. However, fluid 

flow can be calculated based on the effects of fluid on foreign objects. For example, 

looking at the speed of moving clouds will lead to calculation of wind speed. We can also 

study the flow, based on moving objects or even some times we can analyze the flow by 

sound. 

Another way to study flow properties, is by using flow measurements. Flow 

measurements can be done in various ways. Flow measurements provide quantitative 

data of the flow. In contrast, flow visualization will provide qualitative information for 

whole field of view of the fluid. In order to get quantitative data for the flow secondary 

processing is required. 
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Visualizing the flow is not necessary the result of experiments. For example, DNS or 

CFD results can be shown as flow visualization. 

There are two generations of flow visualization. The first generation is the classical 

approach to flow visualization that includes all the technics since Leonardo da Vinci, which 

give qualitative understanding on fluid flow. Merzkirch [1] has classified these generation 

into three basic categories of adding foreign matter, optical technics, addition of heat and 

energy. Yang [2] has classified this generation into four groups of wall tracing, tuft, tracer, 

and optical flow. The second-generation methods are the methods in which the flow 

visualization is possible only by processing the raw data. No flow could be visualized by 

the raw data themselves. 

In order to investigate each of the methods, it is important to first understand some 

of definitions in flow visualization. 

 Path line:   

When using control mass concept, path line is the path, which a specific control mass 

will travel from its initial location to final location. In fluid dynamics, fluid parcel is the 

control mass and the path line will indicate the path which a fluid parcel will travel. Path 

lines could be generated in fluid by adding small particles and the fluid motion could be 

estimated by capturing images of the motion of the particle in a known exposure time. 
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However, path lines are mostly useful when there is a flow with low, or no mixing between 

the layers. These flows are also known as laminar flows 

 Streak line:  

Streak line is locus of fluid parcels, which have passed a known location. Streak line 

could be observed by injecting a tracer dye at a specific location. The connection between 

the tracers passing from the fixed point is called the streak line. 

 Timeline : 

Timelines are formed from a series of particles that are being released perpendicular 

to the flow field.  These released particles are serving as markers.  The structure and 

placement of these particle markers will vary along the line because of the flow field, 

therefore, the flow field could be predicted from the deformation of the structure of such 

line. Timelines could be specified as end point of series of path lines which have the same 

starting time. 

 Streamline : 

Streamlines are family of curves which are tangent to the velocity (displacement) 

vector of the flow in a specific time  
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 Vortex line  

Vortex lines are family of curves, which are tangent to the vortices vector of the flow 

in a specific time  

The first generation flow visualization has been categorized in various methods. 

However, the most two important methods are addition of foreign matter or tracer 

method, and optical methods. 

3.2 Addition of foreign matter  

Because of the transparency of the fluid, it is hard to inspect fluid motion directly 

without any special tool. One of the most common methods for visualization is adding 

foreign material to the flow. These materials are known as tracers. 

After adding tracer to fluid, estimation of fluid motion could be done, by observing 

the effect of the flow on a foreign material. 

Tracers could be classified into three categories; Direct injection of foreign material, 

Chemical reaction and electrical tracers. 

3.2.1 Direct injection of tracer  

In this method, Tracer is directly injected to the fluid and the flow velocity is estimated 

by observing the effects of flow on the tracer. Base on the application the tracer could be 

in all three phases of solid, liquid and gases. 
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3.2.2 Addition of solid particle to flow  

In this method, solid particles are added to the flow. These solid particles move along 

the flow. When adding solid particles it can be assumed that particles concentration is 

low enough to distinguish each of the particles. Then the velocity for individual particle is 

measured. The velocity of solid particle usually differs from the actual velocity of the flow. 

However, in some cases, this variation could be small so we can use this method to 

estimate the velocity of flow. To find the applicable cases we have to start to find motion 

of a single particle in the flow. 

 Particle dynamics  

To study the particle motion in a flow, we write the force balance on individual 

particle. One of the most common equations used is the modified Maxey-Riley equation. 

This equation is for a particle moving with low Reynolds number in an unsteady 

homogenous flow field [3] is 

 𝑚𝑝 [
𝜕𝑉𝑖

𝜕𝑡
+ 𝑉𝑗. 𝑉𝑖,𝑗] = 𝐹𝐺𝐵 + 𝐹𝐷 + 𝐹𝐻 + 𝐹𝐴𝑀 + 𝐹𝐹𝑆 +

𝐹𝐿  

where  𝐹𝐺𝐵 = (1 6).⁄ 𝜋𝑑𝑝
3(𝜌𝑝 − 𝜌𝑓). 𝑔𝛿𝑖3 is the weight of the particle minus the 

buoyancy force; 𝐹𝐷 = 3𝜋𝜇𝑓𝑑𝑝𝛷(𝑉𝑖 − 𝑈𝑖) is drag force on solid particle .Here the drag 
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force is given by the Stock’s law for motionless sphere extended to unsteady flow and 

modified by the factor 𝜙; 

  𝛷𝑧 =

{
 
 

 
 1 +

3

16
𝑅𝑒𝑝                                                          𝑅𝑒𝑝 ≤ 0.01

1 + 0.131𝑅𝑒𝑝
0.82−0.05𝐿𝑜𝑔10

𝑅𝑒𝑝

         0.01 ≤ 𝑅𝑒𝑝 ≤ 20

1 + 0.1925𝑅𝑒𝑝
0.6305                             20 ≤ 𝑅𝑒𝑝 ≤ 260

 

where 𝑅𝑒𝑝 is particle slip Reynolds number 𝑅𝑒𝑝 = |𝑈 − 𝑉|𝑑𝑝 𝜈𝑓⁄  

The history term:𝐹𝐻 = 3𝜋𝜇𝑓 ∫ 𝐾(𝑡 − 𝜏)[𝜕(𝑈𝑖 − 𝑉𝑖) 𝜕𝑡⁄ + 𝑉𝑗(𝑈𝑖 − 𝑉𝑖),𝑗]𝑑𝜏
𝑡

−∞
 

considers the effect which particle surface remembers the velocity difference between 

the free stream velocity, and particle velocity, Where K is a kernel function.  

Moreover, in equation 3.1 𝐹𝐴𝑀 = 𝑚𝑝𝜌𝑓 2𝜌𝑝⁄ [𝜕𝑈𝑖 𝜕𝑡 ⁄ + 𝑈𝑗𝑈𝑖 ,𝑗 − 𝜕𝑉𝑖 𝜕𝑡⁄ − 𝑉𝑗𝑉𝑖 ,𝑗] is 

the added mass with the Auton-Hunt-Prudhomme modification for finite Reynolds 

number; 𝐹𝐹𝑆 = 𝑚𝑓 [𝜕𝑈𝑖 𝜕𝑡⁄ + 𝑈𝑗𝑈𝑖 ,𝑗]is the net force on the particle due to the variation 

of fluid stress around the particle and 𝐹𝐿 is the lift force. 

In the equations 𝑈𝑖represents velocity of the fluid, and 𝑉𝑖 represents velocity of the 

solid particle. Therefore the particle dynamic equation could be re written as  

 
 𝜕𝑉𝑖

𝜕𝑡
≈

�̅�−1

�̅�
𝑔 +

𝑈𝑖−𝑉𝑖
𝜏0
𝛷

+
𝐹𝐻+𝐹𝐴𝑀+𝐹𝐹𝑆+𝐹𝐿

𝑚𝑝
 

Where  �̅� = 𝜌𝑝 𝜌𝑓⁄   is the density ratio and 𝜏0 = 𝜌𝑝𝑑𝑝
2 18𝜈𝑓𝜌𝑓⁄  is the time constant  

If we neglect the effect of 𝐹𝐻 + 𝐹𝐴𝑀 + 𝐹𝐹𝑆 + 𝐹𝐿  the equation will be simplified to  
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𝜕𝑉𝑖

𝜕𝑡
≈

�̅�−1

�̅�
𝑔 +

𝑈𝑖−𝑉𝑖
𝜏0
𝛷

 

In this equation we see there is always a difference between particle velocity and the 

flow velocity, solving the differential equation we get  

 𝑈𝑖 − 𝑉𝑖 = 𝐶1𝑒
−
𝑡𝜙

𝜏0 +
�̅�−1

�̅�
𝑔. 𝑡 

From this equation, in order fluid velocity and particle velocity to be the same, the 

particle has to have same density as water, and also the particle should be small so the 

exponential function will be zero  

 Illumination  

The next crucial step is particle illumination. The most common illumination system is 

the light sheet technic. In this method, particles in a thin plane sheet in the flow are 

illuminated. This sheet can be created by light sources with appropriated lenses and mask. 

This sheet can also be created with a laser beam and a cylindrical lens.  

With the light sheet, only two velocity components can be visualized. These velocities 

could be obtained by recording of this window, which is also known as the time window. 

However, the light sheet could only help to get two velocity components of the flow and 

will not give enough information for the 3rd velocity component. 

In order to get a 3rd velocity component, modification to the light sheet method can 

be done as suggested by Van Meel & Vermij [4]. In this method, particles are illuminated 
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with several sheets instead of one sheet. These sheets have different colors, therefore, 

when particles pass different sheets, their color changes, and base on the color change, 

it is  possible to estimate the third velocity component. 

 Particle seeding  

The concentration of the particles makes a huge impact in the flow visualization. 

Having higher concentration of particle in flow, could lead to better illumination. 

However, by having too high concentration of particle, the Brownian motion of the 

particles will increase and lead to diffusion of the particle in the liquid, regardless of the 

mean flow. Also, high concentration will lead to disturbance in the flow, and will change 

the flow properties. 

As mentioned before, the smaller the size of the seeding particle, closer the flow 

velocity and particle velocities are. However, when we have small particle, is also harder 

to illuminate them and record the small particles.  

As mentioned, seeding particle selection could be tricky. In general there should be 

an optimization between all the concerns, and this optimization should be made in a way 

that having high enough concentration of particle and big enough particles for good 

illumination.  
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3.2.3 Addition of liquid dye into the flow  

One of the most common flow visualization technique is the dye injection. In this 

method, dye is injected to a specific layer of the fluid. The dye will travel with the fluid. 

This method is only applicable in laminar flow, because there is no mixing of layers in 

laminar flow, and the dye will not mix between layers by Eddie movement. However, 

other properties of the dye, such as diffusivity and buoyancy are still important. To 

understand visualization of dye in fluid it is best to start with governing equation evolving 

a dye in flow. 

 Dye Behavior in the flow  

Let us consider adding a specific dye to a flow. The dye has density 𝜌𝐴, and Molecular 

weight 𝑀𝐴, and the dye is non-reactive. The volumetric flow rate of the dye is �̇�𝐴. Base on 

these properties of the dye, the concentration of the dye will be defined as  

 𝐶𝐴 =

�̇�𝐴𝜌𝐴
𝑀𝑎𝐴

�̇�𝑓
 

where �̇�𝑓 is volumetric flow rate of the flow. 

Base on Fick’s law, in fluid dynamics, the governing equation for the dye will be 

defined as [5] 
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𝜕𝐶𝐴

𝜕𝑡
+𝑈𝑖𝐶𝐴,𝑖 = 𝐷𝐴𝐶𝐴,𝑗𝑗 

𝐷𝐴 is molecular diffusion of dye, into the flow.  The dimension for molecular diffusivity 

is same as all other diffusivities such as momentum and is 𝑙𝑒𝑛𝑔ℎ𝑡2 𝑡𝑖𝑚𝑒 ⁄ . In liquids, 

diffusivity is highly function of concentration. Diffusion for liquids is defined using 

empirical equations. For dilute solution of dye in the flow, and non-electrolytes1, the 

empirical equation is provided by Wilke and Chang [6]  

 𝐷𝐴𝐵 =
117.3∗10−18(𝜙𝑀𝐵)

0.5𝑇

𝜇𝜉𝐴
0.6 

where 𝐷𝐴𝐵  is diffusivity of A in very dilute solution of solvent B [𝑚2 𝑠]⁄ , 𝑀𝐵 is 

molecular weight of solvent [𝑘𝑔 𝑘𝑚𝑜𝑙⁄ ], T is temperature [K], 𝜇 is solution viscosity 

[𝑘𝑔 𝑚. 𝑠⁄ ], 𝜉𝐴is the solute molal volume at normal boiling point [𝑚3 𝑘𝑚𝑜𝑙 ⁄ ], and 𝜙 is 

associated factor for the solvent. 

For flow visualization the solvent B is the actual fluid that we want to visualize by 

adding dye. The associate experimental data could be found in handbooks [7] [8] 

As mentioned, the equation is only valid for very dilute solutions, and is not function 

of the concentration of the liquid. Generally added dye to flow is considered diluted. 

                                                      

1 Electrolytes are solution that carries ions and are electrically conductive.  
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However, if more dye is added for the visualization the complexity of the diffusion 

equation will increase [5] 

The physical meaning of molecular diffusivity, like the viscous diffusivity is, the time 

that it takes for the dye to molecularly diffuse to specific distance.  In flow visualization 

application, low diffusive dye is used so the dye only be transferred by the mean flow. If 

we use the same non-dimension technics of Navier-Stokes equation, governing equation 

of dye concentration we will have the following equation  

 𝑆𝑡 .
𝜕𝑋𝑎

𝜕𝑡′
+ 𝑈′. 𝛻′𝑋𝑎 =

1

𝑅𝑒𝑆𝑐
. 𝛻2′𝑋𝑎 

where 𝑋𝑎is molecular fraction, 𝑆𝑡is Strouhal number and 𝑆𝑐 = 𝜈 𝐷⁄  is the Schmitt 

number, which is the indication of ratio of momentum diffusivity and mass diffusivity. In 

order to have a good and accurate visualization of the fluid; 𝑅𝑒𝑆𝑐 also known as mass 

Peclet number has to be much larger than unity. The condition of this statement to be 

true is either having a high Reynolds number, which indicates high turbulence of the flow 

and layer mixing which the dye will not be moving in the layers anymore, and turbulent 

eddies will mix the dye. The other condition is that the dye has a very large Schmitt 

number which indicates that the dye has to have much higher momentum diffusivity than 

molecular diffusivity. 
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Adding dye to the flow is a good way for qualitative measurement of the flow. 

However unlike solid particles, they would not provide information related to velocity of 

the flow.  

There is no direct method of calculating velocity of the flow, however the velocity of 

the flow could be calculated based on the concentration gradient of the dye in the flow. 

In order to find the velocity profile of the flow, its necessary find an estimate of 

concentration profile of the dye in the flow. For this propose it is necessary to conduct an 

optical method for concentration measurements.   

 Absorbance in an absorbing solution   

By definition absorbance is a process which a chemical specie in a transparent 

medium selectively decreases the intensity of certain frequency of electromagnetic 

radiation [9]. Also the transmittance is defined as the fraction of radiation transmitted by 

the medium [9]. And is defined as: 𝑇 = 𝑃/ 𝑃0 
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where 𝑃0 is the energy of radiation applied to the medium, and 𝑃 is the portion which 

have been transmitted by the light  

Therefore, the absorbance is defined as log (1 ⁄ 𝑇) and could be written as  

 𝐴 = − 𝑙𝑜𝑔(𝑇) = 𝑙𝑜𝑔(
𝑃0

𝑃
) 

 Beer’s law for monochromic radiation  

For a monochromic radiation the absorbance is directly proportional to the path that 

light takes, and concentration of the specific specie [9]. When the Concentration is 

described in molar the beer lambert law could be represented as  

 𝐴 = 𝜖𝑏𝐶 

Where 𝜖 is molar absorptivity and has units of 𝐿 𝑚𝑜𝑙. 𝐶𝑚⁄ , 𝑏 is the path length in 

centimeters and 𝐶 is the molar concentration. 

Figure 3. 1 Loss of intensity of beam of radiation from P0 to P 
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 Beer’s law for polychromatic light  

For a polychromatic light, the beer’s law will not hold by itself, and should be  

Modified, the modified beer’s law for polychromatic light could be described as [9] 

 𝐴𝑚 = 𝑙𝑜𝑔
∑𝑃𝑖

0

∑𝑃𝑖
= 𝑙𝑜𝑔

∑𝑃𝑖
0

∑𝑃𝑖
010𝜖𝑖𝑏𝐶

 

 Application of beer law in quantitative flow visualization  

Recalling Fick’s law in fluid dynamics, for a highly turbulent, or non-diffusive dye we 

have the following equation  

 
𝜕𝐶𝐴

𝜕𝑡
+𝑈𝑖𝐶𝐴,𝑖 = 0 

Applying Beer’s law for monochromic radiation the equation will change to  

 

 
𝜕𝐴

𝜕𝑡
+ 𝑈𝑖𝐴,𝑖 = 0 

A is the absorbance of the solution. Calculating the absorbance of the dye could help 

on finding the solution for velocity𝑈𝑖. There are several algorithms for solving this 

equation, and it will be discussed in the optical flow chapter. 
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 Buoyancy effect on dye 

The consideration made on flow visualization were made base on the fact that dye 

has the same density of water and there is no buoyancy effects on the movement of the 

dye. However, in real situations the dyes have specific gravity higher than one, which 

makes the dye settle under the actual fluid. Adding dye to ethanol, or methanol to 

decrease the specific gravity does the specific gravity modification. Another method of 

changing buoyancy of the dye is by heating the dye. Heating the dye will cause the specific 

gravity of to decrease. 

 

 Methods of dye injection  

There are various methods of dye injection in to the flow. The most common method 

is by releasing dye through a needle or small tube. This method has the advantage of 

mobility and the dye could be injected anywhere in the flow. Its drawback is that the 

probe will cause disturbance in the flow, therefore the injection is done usually far away 

from the interest point of view 

In this injection method dye is usually pushed into the probe by gravity force or by 

pressure force. The pressure force injection is more common because there is more 

control on the dye injection. Either way, the exit velocity of the dye should be the same 

as the flow velocity. If the injection velocity is higher than the flow velocity, a jet is created 
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and will cause the dye to form a mushroom-like structure. In the same way, when the dye 

injection is slower than the flow velocity, wake structures are formed. When the correct 

exit velocity is reached, the dye should appear as smooth line. 

 

Figure 3. 2 Dye structure when injecting dye with probe 

Another method for dye injection is coating a test model with concentration of dye 

and alcohol. After the alcohol evaporates, the dye will remain on surface of the model. 

After injecting the model in a slow moving flow, the flow will wash out the dye and letting 

the flow structure to be observed.  An example of this model is coating a string with dye 

and alcohol. The string should be small enough so that the wake behind the flow still is 

laminar. When the string is imputed into the flow, the dye will be washed and form 

several thin sheets. [10] 

 

Jet Structure 

Wake Structure 

Smooth Structure 

Injection Probe  
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3.2.4 Flow visualization of air  

One of the most interesting topics, in flow visualization, is visualization of airflow.  

One of the common methods in airflow visualization is direct injection of the smoke. 

Smokes are usually the result of a combustion reaction. Other methods include fog 

generation using fog machines or creating small particles from evaporating oils. In general 

small solid and liquid particle that are injected into gas and observed because of light 

reflection from their surfaces are considered as smokes. 

Smokes should meet the same criteria as the other direct injection method. 

3.2.5 Electrical tracers 

In this method, electrical current through the fluid makes the flow visible. [2]. This 

method is divided into two major categories of direct electricity effect such as spark 

tracing and electric discharge methods, and other category is the indirect effect of 

electricity, which electricity causes a secondary phenomenon and that phenomenon will 

lead to flow visualization. The most common method in this category is hydrogen bubbles. 

3.2.6 Spark-tracing method 

The flow visualization method of creating electric spark and using them as a tracer, is 

called spark-tracing method [2]. This flow visualization method can be done by putting 

electrodes in to gas flow. Applying high voltages to the electrodes will create sparks that 



 

40 

 

will travel with the gas flow. Figure 3.3 shows an example of visualizing flow around a golf 

ball using the spark-tracing method. 

The other generation of this method is spark-line-straightening method. In this 

method spark line is created in a fine wire. And the lines are simultaneously visualized by 

putting fine particle in the gas flow. 

 

3.2.7 Electric-discharge method  

When we have an electric discharge in the gas, the emission of the light varies 

according to the density of the gas [2]. This method is used in gas phase flows. Base on 

 

Figure 3. 3 Using spark tracing method to visualize flow around golf ball. Re=7*108 

[15] 
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the gas pressure and electrode shapes, this method is sub categorized in spark discharge 

method, glow discharge method and electron beam method.  

 Spark discharge 

Spark discharge method is used in atmospheric pressure gas flows. However this 

method can be done in smaller pressure ranges up to 0.01 mmHg [2]. The anode of the 

electric surface will be on the surface of an electric insulator like Bakelite and the cathode 

is to be placed in the free stream. When the Thyratron is triggered on, high voltages will 

be applied to the electric circuit. And electric discharge occurs. In the spark-discharge 

method, if we have a pointed electrode on the surface (anode), the spark discharge will 

have linear shape, but if the electrode is a line electrode, the shape of the discharge will 

be planar. 

 Glow-discharge method  

This method is done in very low-pressure gases. (0.1-0.0001mmHg) [2]. In this method 

gas is excited by high voltages altering electric field which cause the gas be ionized 

 Electron beam method  

This method is for even lower pressure gases (near vacuum pressure) [2]. In this 

method electrons are being shot into the flow field, and the lower density of the electrons 

are be shown on a fluorescence screen as an image. From the image pattern the flow field 

can be obtained. 
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3.2.8 Flow visualization using electrochemical methods 

The indirect use of electricity in flow visualization is by creating phenomena in a flow 

by electricity and using the created phenomena to create visualization. The most common 

method is by causing the electricity to create an electrochemical reaction and visualizing 

the flow by using the reaction products. The electrochemical reaction is usually done in 

aqueous2 solutions, but other ionized solution could work as well. 

 Hydrogen bubble for flow visualization  

One of the most common electrochemical reactions in water is electrolysis of water. 

Putting anodes and cathodes in the water does this method.  Because of the natural 

oxidation- reduction reaction in the water hydrogen and oxygen bubbles are formed. The 

movement and alignment of the hydrogen bubbles will be processed in order obtain 

velocity field measurements. 

                                                      

2 Any solution in water is called aqueous solution 
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Figure 3. 4 Simple configuration of hydrogen bubbles for flow visualization 

 Principle of water electrolysis 

Water is a solution of ions in forms of 𝐻3𝑂
+and𝑂𝐻−. And the overall charge of the 

water is 0, which indicates the same amount of positive and negative charge in the water. 

When an electric current is passed through water, because of ion property of the water, 

oxidation reaction will occur in the anode and reduction reaction will happen in the 

cathode. From such process Hydrogen is produced in the cathode.  The coupled half 

reaction are  

 

Flow Direction  
Hydrogen  

Bubbles  

_ 

+ 
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 {
2𝐻𝑎𝑔

+ + 2𝑒− → 𝐻2𝑔                      (𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑐𝑎𝑡ℎ𝑜𝑑𝑒)

2𝐻2𝑂(𝐿) → 𝑂2𝑔 + 4𝐻𝑎𝑞
+ + 4𝑒−   (𝑂𝑥𝑖𝑑𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑎𝑛𝑛𝑜𝑑𝑒)

 

 {
2𝐻2𝑂(𝐿) + 2𝑒

− → 𝐻2(𝑔) + 2𝑂𝐻𝑎𝑔
−        (𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑐𝑎𝑡ℎ𝑜𝑑𝑒)

4𝑂𝐻𝑎𝑞
− → 𝑂2(𝑔) + 2𝐻2𝑂𝑙  + 4𝑒

−       (𝑂𝑥𝑖𝑑𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑎𝑛𝑛𝑜𝑑𝑒)
 

For any of these reaction the overall equation is  2𝐻2𝑂(𝐿) → 2𝐻2(𝑔) + 𝑂2𝑔  

 Hydrogen probes 

In order to create the hydrogen for the flow visualization, the anode, which creates 

the oxygen, is left outside of the region of the interest. For the cathode, unusually a wire 

shaped cathode is used. The wire could be vertical or horizontal depending on type of 

visualization but horizontal wire is more common. Hydrogen bubbles created by the 

probe forms a line, which will travel through the flow. When the line of hydrogen bubble 

inters the flow, the flow properties can be visualized base on deformation of the hydrogen 

bubbles. Example of using hydrogen bubble probes for flow visualization could be seen in 

figure 3.5. In figure 3.5  hydrogen probe was used to visual turbulent flow over a flat plate 

at the viscous sub layer. 
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Figure 3. 5 Visualization of Structure of viscous sub of turbulent flow over flat plate using Hydrogen bubbles. 

Flow is from top to bottom and the hydrogen probe is parallel to the plate and normal to direction of flow. Picture 

from [11] 

3.2.9 Flow visualization using chemical reaction  

Another way of studying flow properties with foreign material is by adding reacting 

dye in a flow. Due to the mixing caused by the flow, chemical reactions will happen 

between the reacting dye and the main flowing fluid. Usually because of such reaction 

the dye will change color and can be visualized. Such visualization can help flow 

visualization. In chemical sciences the phenomena that cause change in color is called 

Chromism. There are vast majority of Chromism phenomena. 

However the most common one used in flow visualizations are acid-base reaction or 

Halochromism, heat induced chemical reaction or Thermochromism reactions, light 

based chemical reaction or Photochromism reactions and electric based chemical 

reactions or Electrochromism reactions.  
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3.2.10 Halochromism  

Color change because of change of pH known as Halochromism. Halochromism is one 

of the most common chemical reaction based flow visualization. For example when 

Bromthymol blue is added to water, when decreasing the PH of the solution by injecting 

acid, the indicator color will change from blue to yellow. This change of color will help on 

visualizing the reacting flow. 

3.2.11 Thermochromism 

In general color change by adding heat is known as Thermochromism. When a 

Thermochromism dye is added to a fluid. It will be sensitive to heat change and base on 

the heat change its color will change. Leuco dye and liquid crystals are good example of 

such phenomena  

3.2.12 Photochromism 

The color change because of adding light is known as Photochromism. Phtochromic 

dyes absorb certain range of light wave and are transparent to other waves. Usually the 

photochromic dye absorbs UV, and therefore makes it visible. 

3.2.13 Electrochromism 

By definition Electrochromism is a phenomenon that electricity causes change of 

color. Use of electricity for flow visualization has been discussed in creating hydrogen 
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bubble. In Electrochromism, Electricity will cause a color changing chemical reaction. One 

of the famous Electrochromism used in flow visualization is by adding thymol blue. The 

thymol blue solution is naturally yellow and orange. In the cathode because of the 

reduction reaction, The local pH will change, and because of the change of solution to 

alkaline, the thymol blue will change to blue, near the cathode. Therefore, a line of blue 

dye will be moving inside orange-yellowish environment, and the movement of the blue 

dye could be used for flow visualization. 

3.2.14 Other Chromism methods 

As mentioned, any phenomenon that causes change in color is called Chromism. 

Other than the mentioned methods, there are other methods for color change. Which 

may have not used in the flow visualization. Other than velocity profile, shear stress and 

pressure gradient is important for flow visualization. Because of this importance, in some 

researches pressure and shear stress may be studied separately.  

For understanding these properties of the flow, other visualization technic has been 

developed. This technics are based on Piezochromism and Tribochromism. Using 

Rheoscopic fluid, is a good example of Tribochromism. This fluid was invented by Paul 

Matisse and mostly used for visualizing Taylor-Couette flows and Rayleigh-Benard 

convections. This fluid has crystalline platelets and when this patelets experience shear 
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stress they align in direction of the shear stress. The platelets facing toward the observer 

will direct light and has white color and the rest have black color.  
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3.3 Optical method of flow visualization  

3.3.1 Introduction to optical properties of flow 

The pervious section of flow visualization, the methods of flow visualization by adding 

foreign material was discussed. In optical method of flow visualization there is no need to 

add foreign material to the flow since the flow properties are estimated based on the 

information of light beam. In visible spectra information of light beam depends on the 

refractive index of the fluid. Naked eye cannot see changes in refractive index, Therefore 

some special optical method should be established so that these changes could be seen 

and detected. 

The change in Refractive index is caused by density changes in the flow, but 

sometimes the density change could be result of streaming birefringence. 

Some of the phenomena that could lead to density changes in flow can happen in the 

following cases 

A) Compressible flow 

As we know in fluids compressibility is defined as 𝛽 = 1 𝐾⁄ = 𝑑𝜌 𝜌𝑑𝑝⁄   thus relative 

change of density of fluid could be represented as𝑑𝜌 𝜌⁄ = 𝑑𝑝 𝐾⁄ .  Since the change of 

pressure in high speed flows is proportional to 0.5𝜌𝑈2, therefore the change in density 
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will be 𝑑𝜌 𝜌⁄ = 𝑈2 𝑎2⁄ . Where “a” is speed of sound. Moreover any dramatic change in 

density is called shockwave and most often happens in compressible flows. 

B) Convective heat transfer  

Density of the fluid is highly effected by temperature. For example, in gas, density of 

gas is proportional to temperature base on equation of state for gases which for ideal gas 

this relation is  

 𝜌 =
𝑀𝑃

𝑅𝑇
 

Where 𝜌density of gas is, 𝑀 is molecular weight of gas, 𝑅 is universal gas constant, P 

is pressure of gas and T is temperature of gas. As we see change in temperature of gas 

could result in density change. Usually natural convention will lead to temperature 

change.  

C) Mixing  

When two fluids with different densities mix, density of each local point of the mixture 

is different base on the concentration of the mixture. This difference will result into 

different optical properties of the flow. 

D) Reaction-Combustion 

A chemical reaction, especially combustion, could be combination of all the discussed 

phenomena. Heat release in combustion could result in change in temperature. The 



 

51 

 

mixing of the flow usually leads to mixing effect of combustion and at last in gas based 

combustion compressibility effects are significant.  

E) Stratified flow 

A flow which has density distribution in different direction is called a stratified flow. 

The density profile usually causes vertical motions in the fluid which is different from any 

motion or flow of the fluid. 

3.3.2 Relation between refractive index and fluid density  

Light is an electromagnetic wave. If we assume that light has electric field vector of 𝐸, 

and it describes an oscillating field, the field vector could be written as [1] 

 𝐸 = 𝐸0𝑒
𝑖2𝜋𝑓𝑡 

where 𝐸0 is the amplitude, 𝑓 is the frequency and t is the time.  If this electric field 

hits a molecule it will cause a dipole moment on the molecule. This dipole moment could 

be written as 𝑃 = 𝛼𝐸 where 𝛼 is electronic polarizibility. 

Classical radiation interaction theory of Lorentz, relates 𝑃 and 𝐸 by model of induced 

harmonic oscillator. Doing so the following equation could be reached 
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 𝑃 =
𝑞2𝐸

4𝜋2𝑚𝑒
∑

𝛺𝑖

𝑓𝑖
2−𝑓2

 

where q is charge of electron, 𝑚𝑒is mass of electron, Ωi is oscillator strength, 𝑓𝑖  is 

resonant frequencies and 𝑓 is the frequency of light. This equation is valid only when the 

two frequencies have big difference. 

In general the moment and electric field generated by surrounding molecules could 

affect the dipole moment. Therefore effective electric field in general is written by [1] 

𝐸𝑒𝑓𝑓 = 𝐸 + (4 3⁄ )𝜋𝑃 where P is the net moment dipole of the molecules. In a fluid with 

molecules of number density, based on Lorentz theory we have 𝑝 = 𝛼𝑁(𝐸 + (4 3⁄ )𝜋𝑃). 

Also using relation 

 𝑝 =
(𝜖−1)𝐸

4𝜋
 

were 𝜖 is dielectric constant of medium. Solving for 𝜖 as function of 𝑁𝛼 and defining 

N based on the density of fluid in the following form [1] 

 𝑁 =
𝜌𝐿

𝑀
 

where L is Loschmidt’s number3 and defining refractive index as 𝑛 = √𝜖  the following 

expression can be reached [1]  

                                                      

3 Loschmidt’s number is defined as number of particles of an ideal gas in a given volume, at standard 

temperature and pressure Loschmidt’s number is 2.6867805 ∗ 1025 𝑝𝑒𝑟 𝑐𝑢𝑏𝑖𝑐 𝑚𝑒𝑡𝑒𝑟 
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𝑛2−1

𝑛2+2
=

𝜌𝐿𝑞2

3𝜋𝑚𝑒𝑀
∑

𝛺𝑖

𝑓𝑖
2−𝑓2

 

In this relation the refractive index of the fluid is described base on density and 

molecular properties of the fluid. This expression is often known as Clausius-Mosotti, and 

can be used for both gases and liquids. 

For gases since refractive index is close to one, the Clausius-Mosotti equation can 

simplified to  

 𝑛 − 1 =
𝜌𝐿𝑞2

2𝜋𝑚𝑒𝑀
∑

𝛺𝑖

𝑓𝑖
2−𝑓2

 

or it could be written as [1] 

 𝑛 − 1 = 𝐾𝜌 

This equation is known as Gladstone-Dale relation, where 𝐾 is the Gladstone-Dale 

constant. K is function of some of the properties of gas as well as frequency of the light 

that is being used. Usually K has weak dependency of wavelength.  

Since the Gladstone-Dale is a linear equation, it could be used for getting the 

refractive index of a mixture base on superposition law. In general Gladstone-Dale could 

be written as [1] 

 𝑛 − 1 = ∑𝐾𝑖𝜌𝑖 

where sub index 𝑖 represent the property of each species. 
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The definition of refractive index is how speed of light changes in different material 

and is defined as 

 𝑛 =
𝑐0

𝑐
 

Where 𝑐0 is speed of light in a vacuum and 𝑐 is speed of light in the medium. 

3.3.3 Light propagation in a heterogeneous medium 

When light travels in vacuum or in a transparent homogenous medium, it moves in 

straight lines. As we know light is electromagnetic wave , because of this property of light, 

we can define a surface named wave front which is defined as location of electromagnetic 

wave of same wave. For a point source light, light is emitted radically near the point 

source and has a circle profile, when we get far away from the point source, we assume 

that the light beams are traveling in parallel lines and the wave front is a plane 

perpendicular these lines. 

As we know, in a heterogeneous mixture, the density of the fluid is not the same 

everywhere in the mixture, and therefore the refractive index will not be the same 

everywhere in medium. Because of this phenomena, the light will no longer move in 

straight lines and the wave front does not have spherical or plane shapes. 

For example in figure 3.6 , when an incoming light array enters a heterogeneous 

medium from a homogenous medium, because of change in the reflection indexes , the 
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light beam will be deflected with angle of 𝛼 and the wave front will be moved from its 

original location and it is  not planar anymore. If the wave front has a displacement of L, 

and the light array will contact the wave front in point M the deflection angle could be 

obtained by [2] 

 𝛼 =
𝑑𝐿

𝑑𝑀
 

 

Figure 3. 6 Light propagation into heterogeneous medium  

Using this technic the light deviation could be visualized, and since this deformation 

is a function of the heterogeneous medium property, using proper visualization method 

will cause better understanding of flow properties. 

Getting in more details, for example in figure 3.7, as the light arrays enter a 

heterogeneous medium, because of gradient in refractive index, the change in wave front 

could be written as  
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 {
𝛥𝑥1 = 𝑐𝛥𝑡 = (

𝑐0

𝑛1
)𝛥𝑡

𝛥𝑥2 = 𝑐𝛥𝑡 = (
𝑐0

𝑛2
)𝛥𝑡

 

And since the gradient of refractive is such that 𝑛2 > 𝑛1 therefore Δ𝑥1 > Δ𝑥2. This 

result is known as Huygen’s principle which states “Light rays, always normal to the local 

speed of light, are bent toward the zone of higher refractive index (zones of higher density 

in gases)”. 

Figure 3.7  Effect of gradient of refractive index on wave front 

If we make a closer look, as it can be seen in figure 3.8, the refractive angle Δ𝜖 can be 

defined as  

Y 

Δ𝑥1 

Δ𝑥2 

y1 

y2 

X 

t1 t1 + Δ𝑡 
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 𝑡𝑎𝑛(𝛥𝜖) =
𝛥𝑥1−𝛥𝑥2

𝑦1−𝑦2
 

Replacing the displacements with equation from wave front distance equations, 

assuming it is a small angle, the equation will change to  

 𝑡𝑎𝑛(𝛥𝜖) = 𝛥𝜖 =

𝑐0
𝑛1
.𝛥𝑡−

𝑐0
𝑛2
.𝛥𝑡

𝛥𝑦
 

Also Δ𝑡 = Δ𝑥. 𝑛 𝑐0⁄  

Therefore we have  

 𝛥𝜖 =
𝑛

𝑛1𝑛2

𝑛1−𝑛2

𝛥𝑦
𝛥𝑥 

For a very small Δy and Δ𝑧 the following differential equation will be formed  

 
𝑑𝜖

𝑑𝑥
=

1

𝑛
(
𝑑𝑛

𝑑𝑦
) 

Replacing change of refractive angle with slope of refracted ray the following equation 

will be formed 

 
𝑑2𝑦

𝑑𝑥2
=

1

𝑛

𝑑𝑛

𝑑𝑦
 

And the angular ray deflection could be written as  

 𝜖 =
1

𝑛
∫
𝜕𝑛

𝜕𝑦
𝑑𝑥 

In general the refractive index on heterogonous medium is in all directions, therefore 

there is a unique angle of ray deflection in each direction. 
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Figure 3.8. Close up look on refractive angle 

3.3.4 Optical visualization methods 

3.3.5 Shadowgraph technique  

Shadowgraphy is the simplest method of flow visualization using optical behavior of 

heterogeneous fluid. Shadowgraphy could be seen in daily life as well. In a sunny day the 

shadow of a very clean window could be seen that has some dark lines. This dark lines 

represent the deformation of light because of heterogeneous property of glass.  

For flow visualization, the glass window could be changed to be a heterogeneous flow 

like a Bunsen burner flame, and the light source could be replaced by a point light source. 

This configuration could be seen in the following figure (Figure 3.9) 

𝑦1 

𝑦2 
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Figure 3.9 Shadowgraph principle: a light ray passing through a heterogeneous medium 

The red lines represent light beam direction without any flame and blue lines 

represent light beam after having the flame. As it can be seen the light is deflected by 

angle of 𝛼 and hit is  the screen (E) at A’. Point A represents the location of light beam 

without the heterogeneous medium. The deflection 𝛼 represent the change in optical 

property in the plane P. from such changes the flow in plane P could be visualized in plane 

E.  

For recording purposes the plane E is usually a retro reflective material4, rather than 

usual white screen, because the white screen reflects the light in other direction rather 

                                                      

4 Retro reflective material is material which reflects light back to its source with a minimum scattering  
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than the screen. Following configuration could be used when using retro refractive screen 

and camera. 

 

 

(a) 

 

(b) 
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( c ) 

Figure 3.10 Shadow graph configuration with retro reflective screen (a) when camera is close the light source 

,(b) a beam separator is used to collect the reflected light , (c)  small mirror plane placed at center of camera lens 

image is formed by condensing image of the light source to point S’ 

 

 

Shadow images can also be obtained by direct observation. In this method, the screen 

is replaced with a lens. This lens will form the image of light source S in S’ when the lens 

of the recording camera (O) is located. The location of image camera and lens (L) is 

important because the misplacement of the location will lead to the cancellation of 

shadowgraph sensitivity. An example of using shadowgraph for visualizing Helium and 

nitrogen mixing layer could be seen in figure 3.12. 
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Figure 3. 11 shadowgraph arrangement for direct observation 

 

Figure 3. 12 Helium nitrogen mixing layer visualization with shadowgraph image from [12] 

3.3.6 Schlieren imaging 

Schlieren is a German word for “streaks” and first was observed by Robert Hooke. The 

configuration of this method is close to shadowgraph method and can be seen in figure 

3.13. The density gradient in the test section causes the displacement of the light source 

image, and the image mask intercepts part of the source image. In general the image mask 

will block half of the light of the light source and the deviation of density in test section 

will cause the image of the light source to shift up and down, therefore the knife will block 

P 

O 

L 
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less amount of the image or more amount of the image source image. This deviation will 

cause darker and brighter spots to appear. An example of Schlieren method for 

visualization of human cough can be seen in figure 3.14. 

 

Figure 3. 13simple arrangement for Schlieren method 

Light source  

Test section  

Image of source 

Image mask  

Image of test section  
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Figure 3. 14human cough visualization with schlieren method image from [13] 

3.3.7 Background Oriented Schlieren (BOS) 

Background oriented Schlieren should be categorized as 2nd generation of 

visualization since visualization data in this method is obtained only after processing the 

images. However, since BOS principle is based on Gladstone-Dale equation, and it is  

based on white light visualization like schlieren method it is categorized under Schlieren 

method. This method emphasized that the image blur of background will be different with 

and without heterogeneous flow. [14] 
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Figure 3. 15 Optical setup for BOS 

As it can be seen in figure (BOS), if a lens is in front of background plane to record its 

blur, the lines that the blur the beam will take the red path lines. As we know a 

heterogeneous flow can result into change in refractive index of the flow field. Therefore, 

the assumption of having the heterogeneous flow in between the background and the 

lens will cause the light beam to deflect from the red line, to the blue line. The amount of 

this deflection is related to the change in refractive index, and density change. If the 

deflection is  𝜖 , this deflection is magnified by the lens to Δ𝑦  , and the relation of Δ𝑦 and 

𝜖 could be expressed as  

 𝛥𝑦 = 𝑍𝐷𝑀𝜖 

Where 𝑀 is the magnification of the lens and could be written as  

𝑍𝐷 
𝑍𝐴 

𝑍𝐵 

𝑍𝑖 
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 𝑀 =
𝑓

𝑍𝐷+𝑍𝐴−𝑓
=

𝑍𝑖

𝑍𝐵
  

substituting this to Δ𝑦  we get  

 𝛥𝑦 = 𝑍𝐷
𝑓

𝑍𝐷+𝑍𝐴−𝑓
𝜖 

Because the lens is focused on the background the following equation could be 

applied   

 
1

𝑓
=

1

𝑍𝑖
+

1

𝑍𝐵
 

The maximum Δ𝑦 can be obtained by maximizing 𝑍𝐷 or decreasing 𝑍𝐴 in equation 

3.35.However, decrease of 𝑍𝐴 has some restriction. 

  

Figure 3. 16 Focusing position and image blur 

 For the best resolution of density, it would be best if 𝑍𝑖
′ is obtained from the following 

equation 
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1

𝑓
=

1

𝑍𝑖′
+

1

𝑍𝐴
 

Assuming the magnification of a point is 𝑀′ = 𝑍𝑖′ 𝑍⁄ 𝐴
, doing so formula for a blur at 

a point 𝑍𝐴 will be  

 𝑑𝑖 = 𝑑𝐴(1 +
1

𝑓
𝑀′(𝑓 − 𝑍𝐴)) 

Where 𝑑𝑖 is diameter of projected point on the plane, and 𝑑𝐴 is diameter of the lens. 

Figure 3.17 shows a simple process of flow visualization using BOS.  
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(a) (b) 

( c ) 

Figure 3. 17 , process of flow visualization using BOS , (a) and (b) source images , (c) processed image using 

block matching method  [14] 
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4 Computer vision  

Computer vision is a field of research which includes various method of acquiring and 

processing real life images. Computer vision could be seen in real life application such as face 

recognition or traffic cameras. Computer vision is used in other industries and research 

applications as well. Because of this importance of computer vision, there are various related 

research involving algorithm development for computer vision. In purpose of this research 

computer vision research has been divided into two categories of image processing and Motion 

estimation. Image processing is done for preprocessing part of the application and the main 

objective of research which is velocity estimation is done in second category which is motion 

estimation.  

4.1 Image processing algorithms  

When trying to use computer vision algorithms, generally it is necessary to use some 

algorithms to preprocess the images. These algorithms may vary based on application of research. 

The two most famous algorithms that have been used in this research are: 

4.1.1 Edge detection  

Edge detection in name for the set of algorithms which helps to identify boundaries of a given 

object. Edge detection is done by detecting intensity discontinuities of an image. The famous 

algorithms are Sobel, Canny, Prewitt and Robert and fuzzy logic. 
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4.1.2 Region detection and labeling  

Another set of useful algorithms in image processing is region detection and labeling. These 

set of algorithms identify the region of binary images and labels the boundary by numbers. 

Knowing these properties of each boundary could later lead to other important properties of the 

region such as area, perimeter, location of centroid and etc. 

4.2 Computer vision algorithms for velocity measurements 

4.2.1 Block matching algorithm  

The most common algorithm for motion estimation in fluid mechanic is block matching 

algorithm. In this method velocity will be calculated based on the movement of objects between 

two frames of picture. To do so the first frame is taken as reference frame, and the reference 

frame is divided into sub blocks of size (NXN). After finding the best match of source block of the 

reference frame in the secondary image, the velocity vector can be estimated base on the 

displacement of the block between two frames. This procedure will be done for all the blocks of 

the source picture and motion will be estimated base on this displacement 

4.2.2 The best match between the block  

Finding the best match between the blocks is the most important part of this algorithm. Base 

on the application and sensitivity of motion estimation the definition of the best match could be 

different. For example, when applying block matching to PIV images, the best match could be 
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define as the block which has more than 50% of particles of the original block, however in some 

application this assumption may not be correct and cause significant error.  

In general the matching criteria of two blocks is based on mean square error and mean 

absolute difference.  

Mean square Error (MSE) 

 𝑀𝑆𝐸 =
1

𝑁2
∑ ∑ (𝐶𝑖𝑗 − 𝑅𝑖𝑗)

2𝑛−1
𝑖=0

𝑛−1
𝑖=0 

Mean Absolute difference (MAD) 

 𝑀𝐴𝐷 =
1

𝑁2
∑ ∑ (𝐶𝑖𝑗 − 𝑅𝑖𝑗)

𝑛−1
𝑖=0

𝑛−1
𝑖=0 

Where N is the size of the block, 𝑅𝑖𝑗  is the intensity of the pixels of the reference block and 

𝐶𝑖𝑗 is the pixel intensity of current frame. 

After knowing the best criteria for block matching, it is  then important to know how to find 

the best block. The simplest method will be searching anywhere, this method will be accurate, 

but at the same time it could be very time consuming. There are various searching algorithms 

developed for finding the best block and each of them have their own specification. 

4.2.3 Optical flow algorithms  

As discussed, block matching algorithm is a useful method for defining motion estimation 

between two images. However, with grow of image capturing technology the resolution of the 
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images have increased and caused increase in the number of pixels in each frame. This growth 

cause higher computing power and more time consuming.  

The other algorithm category that has been very important recently especially in 

computer vision research, is optical flow algorithms. This category of algorithms is based 

on relative motion of object and viewer. The concept arises from James J. Gibson’s papers 

on visual stimulus provided to animals moving in the world. [1] [2] 

Since velocity in a planar field has two components, it is  impossible to calculate the velocity 

of each point individually in optical flow algorithms. Therefore, additional constraints should be 

used to describe velocity of each point. 

4.2.4 Conservation image brightness equation  

The fundamental equation of optical flow, could be known as conservation of brightness. This 

conservation of brightness states that if an object in picture frame is selected and the object is 

followed with the object, the brightness of object will not change when there is no change of 

brightness caused by the environment. To state this equation mathematically the material 

derivative concept is used and the equation will have the following equation [3] 

 
𝐷𝐼

𝐷𝑡
=

𝜕𝐼

𝜕𝑡
+ 𝑈𝑖𝐸𝑖 = 0 

Writing this equation in vector format will have following format  

 (𝐼𝑥 , 𝐼𝑦). (𝑢, 𝑣) = −
𝜕𝐼

𝜕𝑡
  

Therefore the magnitude of the velocity could be calculated to be  
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 −
𝜕𝐼

𝜕𝑡
 

√𝐼𝑥
2+𝐼𝑦

2
 

Conservation of brightness is a conceptual concept that is not always correct because the 

outside light pattern has a lot of effect on brightness. Therefore usually this equation is known as 

the optical flow equation. Moreover, this method could be a good estimation for very small 

movement between the frames. 

The conservation of brightness equation will be a good calculation for magnitude of 

velocity but in order to obtain velocity vectors it is  necessary to introduce another 

condition. There could be various conditions, and each of the conditions will have their 

own algorithm. The topic of finding the second condition and also modifying the 

conservation of brightness equation, is an important topic of research in field of computer 

vision. In this section only the two fundamental algorithm of this topic will be introduced 

4.2.5 Horn-Schunck algorithm  

Horn-schnuck algorithm [3] is one of the fundamental algorithm in optical flow measurements 

and many algorithms are based on it. Horn-Schnuck introduced another constraint for optical 

calculation known as the smoothness constraint. This algorithm is based on the assumption that 

for a very slow movement, the square of the gradient of velocity will be minimum  
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 (
𝜕𝑢

𝜕𝑥
)
2
+ (

𝜕𝑢

𝜕𝑦
)
2
 𝑎𝑛𝑑 (

𝜕𝑣

𝜕𝑥
)
2
+ (

𝜕𝑣

𝜕𝑦
)
2

 

Using these two condition the system of equation could be solved with method of minimizing 

the sum of error in the two condition.  

The error of the brightness equation could be  

 𝛦𝐼 = 𝐼𝑥𝑈 + 𝐼𝑦𝑉 + 𝐼𝑡 

And error of calculating the smoothness of velocity flow could be written as 

 𝛦𝑆
2 = (

𝜕𝑢

𝜕𝑥
)
2
+ (

𝜕𝑢

𝜕𝑦
)
2
+ (

𝜕𝑣

𝜕𝑥
)
2
+ (

𝜕𝑣

𝜕𝑦
)
2

 

Both of the errors are not zero, therefore summing of this two equation and adding a factor 

of 𝛼2 the summation of the error around the whole field will be  

 𝛦2 = ∬𝛦𝐼
2 + 𝛼2𝛦𝑆

2  𝑑𝑥𝑑𝑦 

Using multi-dimensional Euler Lagrange equations the following system of equations will be 

reached 

 𝐼𝑥(𝐼𝑥𝑈 + 𝐼𝑦𝑉 + 𝐼𝑡) − 𝛼
2𝛻2𝑢 = 0 

 𝐼𝑦(𝐼𝑥𝑈 + 𝐼𝑦𝑉 + 𝐼𝑡) − 𝛼
2𝛻2𝑣 = 0 

Using approximation of Laplace of velocity as an average velocity of surrounding pixels as 

 𝛻2𝑢 ≈ 𝜅(�̅� − 𝑢) 𝑎𝑛𝑑 𝛻2𝑣 ≈ 𝜅(�̅� − 𝑣) 

Doing so the system can be simplified as  
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 (𝛼2 + 𝐼𝑥
2)𝑢 + 𝐼𝑥𝐼𝑦𝑣 = 𝛼

2�̅� − 𝐼𝑥𝐼𝑡 

 𝐼𝑥𝐼𝑦𝑢 + (𝐼𝑦
2 + 𝛼2)𝑣 = 𝛼2�̅� − 𝐼𝑦𝐼𝑡 

Velocity components can be obtained from this linear equation. Solving for velocity 

components the following equations will be obtained 

 (𝛼2 + 𝐼𝑥
2 + 𝐼𝑦

2)𝑢 = +(𝛼2 + 𝐼𝑦
2)�̅� − 𝐼𝑥𝐼𝑦�̅� − 𝐼𝑥𝐼𝑡 

 (𝛼2 + 𝐼𝑥
2 + 𝐼𝑦

2)𝑣 = +(𝛼2 + 𝐼𝑥
2)�̅� − 𝐼𝑥𝐼𝑦�̅� − 𝐼𝑦𝐼𝑡 

Using iteration the values for 𝑢 and 𝑣 could be obtained.  

The advantage of Horn-Schunck algorithm is that the calculation of all pixel is done at the 

same time. However, as mentioned the assumption was done only to have easier calculation and 

adapting and finding the suitable smoothness coefficient 𝛼 could be challenging and hard to 

obtain.  

4.2.6 Lucas-Kanade method 

Another fundamental algorithm for solving optical flow equation is Lucas-Kanade’s method 

[4]. This method assumes that the motion between the two frames in slow and the optical velocity 

is constant in each small blocks of the image frame. Writing the optical flow equation for each 

point of the window we will have the set of system of equation in matrix format 
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 [

𝐼𝑥(𝑃1) 𝐼𝑦(𝑃1)

⋮ ⋮
𝐼𝑥(𝑃𝑛) 𝐼𝑦(𝑃𝑛)

] . [
𝑢
𝑣
] = [

−𝐼𝑡(𝑃1)
⋮

−𝐼𝑡(𝑃𝑛)
] 

Where 𝑃𝑛 indicates the pixel inside the block window. Simplifying the equation could be 

written as 𝑣 = 𝑏 . 

 This system of equation has more equation than unknowns therefore using the 

principle of “Least squares”, multiplying both sides by transpose matrix𝐴𝑇, the following 

equation will be reached 

 𝐴𝑇𝐴𝑣 = 𝐴𝑇𝑏 

The velocity matrix could be solved and it would be  

 𝑣 = (𝐴𝑇𝐴)−1𝐴𝑇𝑏 

The computation will be as  

 [
𝑢
𝑣
] =

[
∑ 𝐼𝑥(𝑝𝑖)

2
𝑖 ∑ 𝐼𝑦(𝑝𝑖)𝐼𝑥(𝑝𝑖)𝑖

∑ 𝐼𝑦(𝑝𝑖)𝐼𝑥(𝑝𝑖)𝑖 ∑ 𝐼𝑥(𝑝𝑖)
2

𝑖
]

−1

[
−∑ 𝐼𝑥(𝑝𝑖)𝐼𝑡(𝑞𝑖)𝑖

−∑ 𝐼𝑦(𝑝𝑖)𝐼𝑡(𝑞𝑖)𝑖
] 

 

This method make the pixels in the window have the same importance. The further 

development of this equation is by using distribution matrices and solving for the velocity vector. 
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4.2.7 Optical flow and fluid flow  

The optical flow method of calculation states that the velocity between two frames can be 

calculated based on brightness intensity gradient 

 
𝐷𝐼

𝐷𝑡
=

𝜕𝐼

𝜕𝑡
+ 𝑈𝑖𝐸𝑖 = 0 

This is the first and primary condition for Optical flow calculation. This equation is a general 

equation for any moving object. As it can be seen this equation is in the same format of Fick’s law 

for flows with high Peclet number. The equation for such flow is like  

 
𝐷𝐶

𝐷𝑡
=

𝜕𝐶

𝜕𝑡
+ 𝑈𝑖𝐶 = 0 

The similarity of these two equation is the first sign of reliability of optical flow calculation for 

fluid flow. Using this relation is easy and fast to obtain magnitude of velocity of the flow. 

As mentioned earlier, Horn-Schunck presented a secondary condition for measurements of 

velocity components. This condition is known as smoothness and is stated as 

 (
𝜕𝑢

𝜕𝑥
)
2
+ (

𝜕𝑢

𝜕𝑦
)
2
 𝑎𝑛𝑑 (

𝜕𝑣

𝜕𝑥
)
2
+ (

𝜕𝑣

𝜕𝑦
)
2

 

The other method of representation of smoothness condition is as minimizing ∇2𝑢 and∇2𝑣. 

This representation of the smoothness condition will result into the same answer as the previous 

one.  Looking at the Laplacian form of representation, it can be seen that this two terms appear 

in the Navier-Stokes equation. However the condition for Laplacian to be close to zero is not 

always true. As it is known the only condition that is possible to state that the Laplacian of velocity 

could be estimated to be close to zero is for fully turbulent flows and potential flows. This 
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assumption is not valid for rotational flows. However, using a good estimation of smoothness 

constant, it is possible to obtain velocity for rotational flows. 

The Lucas-Kanade method for optical flow, divides the frame window to smaller 

windows, in which he assumes that they all have the same velocity component. This 

assumption could be related to the Kolmogorov’s length scale. The size of the box should 

always be smaller than the Kolmogorov’s scale. Therefore this algorithm could mostly be 

used for potential flows, and for turbulent flows the size of the windows should be smaller 

than the Kolmogorov’s length scale. 

4.2.8 Relation between motion field and optical flow  

As it can be seen in fluid motion equation, the fluid motion like all motions is 3D but only a 2D 

plane is observed for velocity measurements. 

Other than the motion projection, the location and specification of the point could be 

important as well. Assume a square, which is moved with 2D velocity V from one time to 

another time as it is shown in figure 4.1. Four general locations are pinpointed. 

Investigating how the brightness of this four points change, will lead to knowing the 

difference between the optical flow and actual motion. 
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Figure 4. 1 Comparison of Motion field and Optical flow for a simple unified square 
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Table 2 1 Specification of general points in Optical flow 

As seen in the table, based on the location of the points, the best locations in which actual 

object motion and optical flow are the same are at the edge or corner of the object. Therefore, 

the objects that have the most corners and are small will give the best result.  

Point Description Optical flow 

Movement 

Actual motion 

A A general point inside 

the object which will remain 

inside the object in both 

times  

No movement 

 

B General point in vertical line  
 

C General point in horizontal 

line  
  

D General point of the 

edge  
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4.2.9 Visualization of velocity  

The solution of the velocity measurements algorithms is usually in form of a complex number 

or 𝑢 + 𝑣𝑖. In order to observe, analyze the data and check the reliability of the algorithms, it is  

necessary to conduct method of visualization of the complex number. 

4.2.10 Vector visualization of velocity  

The most famous method of visualization of velocity is by using vectors. The vectors show the 

actual velocity of the flowing fluid and are very easy to obtain. Vector visualization is more 

common when using block based algorithms such as Lucas-Kanade and block matching 

algorithms. 

4.2.11 Color visualization of velocity  

The other method of visualizing velocity profiles is by using colors. In this method a 

complex number is shown as a color and based on the color is easy to obtain the 

magnitude and direction of the velocity and could be used mostly in algorithms based on 

smoothness such as Horn-Schnuck.  
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5 Application of computer vision in study of bubble interaction in turbulent 

flow 

5.1 Introduction 

The interaction between bubbles and a turbulent flow is important in various processes and 

can give good understanding on turbulent properties of a flow. The usual bubbles that have been 

used for such purposes are hydrogen bubble. Hydrogen bubbles are small and will remain in their 

spherical form because of their small size. Thus hydrogen bubbles there are the ideal case for flow 

visualization. However, producing hydrogen bubbles is complicated and requires electrolysis of 

water.  

The simplest and more convenient method of creating bubbles in water is by creating air 

bubbles. Air bubbles could be created in liquid by directly injecting air with an appropriate flow 

rate inside the water. The term “appropriate” specify that the flow rate of the gas should not 

cause entrainment5 [foot note] in the fluid. The size of the bubble depends on the flow rate of the 

air. Typically the term air bubbles apply to small size bubbles and when the bubble gets bigger it 

is mostly known as slug. In this research term bubble is used for both cases. 

Air bubbles could have various sizes and their shape will not be necessary spherical and the 

bigger the bubble becomes, it is less likely of it to be spherical. Therefore, it makes it more difficult 

                                                      

5 Entrainment is a phenomena where the gas flows is high enough that will move the liquid. 
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to use air bubbles for visualizing the turbulent flow. However, when air bubble is formed and 

moves inside a turbulent flow, the shape of the bubble starts to deform. The deformation of 

bubble is mainly because of the shear stress on the bubble surface. It could be said that the shear 

stress on bubble surface, is related to local properties of the flow as well. Because of this cause 

and effect relation, it can be said that local properties of flow cause the deformation of the 

bubble. 

Since bubble deformation is because of flow properties at each location, there is a possibility 

to use air bubble deformation as a visualization and measurement method for local properties of 

a turbulent flow. In order to investigate this method as a possible testing method, we set up an 

experiment using remote controlled boat propeller in a water channel. We then induced air 

bubbles into the jet and used a high speed camera to record the video of the bubble movement 

and behavior. 

5.2 Video preprocessing  

Before processing the images is necessary to perform some image editing. Image 

editing is useful, because it will lead to canceling unnecessary information from the 

images.  As it could be seen from the raw image in figure 5.1, the images contain 

information of injection probe, propeller, boat, rudder, gray background and also 

bubbles. Our point is to obtain clear image of the bubble by itself, and remove any extra 

artifacts from the image. To do so following steps was done for preprocessing the video 
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Step 1) Specifying region of interest  

The region of interest in the raw video images is the location which bubble exist in all frames. 

After tracing bubble in many frames, a suitable region of interest was developed and the images 

were cropped to that specific region. The final image could be seen in figure 5.2. 

Figure 5. 1 Raw images obtained from high speed camera 

Figure 5. 2 creating region of interest emphasizing on bubbles 
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Step 2) Developing negative image 

Taking a closer look to Figure 5.2 we are able to see and detect the black bubble in a black 

and white background. However identifying the black bubbles in black background is hard, 

therefore a negative image of the bubble was developed. For this purpose any gray scale value 

has been replaced by its negative value and figure 5.3 was formed 

 

Figure 5. 3 negative image with white background 

Step 3) Developing binary images 

This step is one of the crucial steps in the preprocessing. In this step a logical brightness 

threshold was developed, which helps the computer identify bubbles from the background. And 

if a position in an image had higher brightness it was related it was marked as logical value of 

“true” and the other positions were marked as “false”. These logical value created a binary image 

such as figure 5.4.  
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Figure 5. 4 Binary image of bubbles 

Step 4) image filtering  

After developing the binary images. There are still some unnecessary parts of the image. For 

example small white dots appear in the images is an artifact from the experiment and it should 

be removed. To do so it is  necessary to create a filter to mask out the unnecessary region. Thus 

at  first image 5.5 was created. Image 5.5 consist of all possible position of white spot that could 

appear.  
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Figure 5. 5 Summation of images of the binary image 

As it can be seen the path of the bubble movement in all frames could be seen in figure 5.5. 

In order to cancel out the unnecessary white spots, the path of the bubble will be canceled out to 

create a reference image of figure 5.6 

 

Figure 5. 6 Reference image 

After doing so the reference image will be subtracted from all the images to form the bubble 

images. Figure 5.7 illustrate the result of this process. 
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Figure 5. 7 Binary images of bubbles after filtering 

Step 5) Edge detection 

As it has been discussed before, the aim of this research is to develop a mechanism to study 

turbulent property of the flow base on bubble deformation. Bubble deformation happens on 

bubble perimeters. Hence for understanding the deformation of the bubble is better to process 

an image in such way to show only the perimeter of bubble. This procedure is called edge 

detection.  There are various algorithms for edge detection but in purpose of this research and 

ease of usage Sobel method was used. Applying Sobel method to the binary images images such 

as figure 5.8 were obtained 
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Figure 5. 8 Images of bubble perimeter 

The main goal of preprocessing was to develop images which will cause of increase of 

main processing speed and also cancel out all the unnecessary information and it should 

be unique for all images in a video. 

5.3 Video processing  

Video processing is the main step of this research. The goal of the video processing is to obtain 

the necessary information from the videos. The information that should be extracted from the 

videos should be help to relate bubble deformation to turbulent properties of the flow. The 

following step was taken to obtain the necessary information  

Step 1) Bubble identification and labeling  

The first step is developing a procedure that makes it possible to name each individual bubble 

in a way that the bubble could be called by its name. This procedure could be done by labeling 
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bubbles with numbers in each individual frame of the video. Bubbles could be identified based on 

the number and the frame it is located at in a form of  

(5.1     ) 𝐵𝑢𝑏𝑏𝑙𝑒(𝑛, 𝑡) ≈ (𝑛, 𝑡) 

Where “n” is the bubble number and “t” refers to as the frame which the image is being 

processed.  

Step 2) Bubble counting  

One of the first result of Bubble labeling is that it could help us to cunt the number of bubbles 

in each individual frame. The number of bubble in each frame is defines by maximum number 

that 𝐵𝑢𝑏𝑏𝑙𝑒(𝑛, 𝑡) hold in that specific frame.  

(5.2     ) 𝑁𝐵𝑢𝑏𝑏𝑙𝑒𝑠(𝑡) = 𝑀𝑎𝑥(𝑛, 𝑡) 

Step 3) Identifying geometry properties of each individual bubble 

Bubble deformation is related to change of the shape of the bubble. Thus it is  crucial to get 

geometry properties of the bubble in order to study this effect. These properties are Perimeter, 

Area and equivalent diameter 

a) Perimeter  

In the computer processing the perimeter of the bubble is defined as number of pixel that 

exist in perimeter of each individual bubble. Since the edge detection has been done, the 

perimeters of bubble is number of pixel in edge of an image. Perimeter of the images is shown as 

𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛, 𝑡) and has units of [𝑝𝑖𝑥𝑒𝑙] 
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b) Area 

Area of a bubble can be defined as number of pixel that exist inside each individual bubble. 

Area of bubble is shown as 𝐴𝑟𝑒𝑎(𝑛, 𝑡) and has units of[𝑝𝑖𝑥𝑒𝑙2]. 

c) Equivalent diameter  

Equivalent diameter of bubble is defined as the diameter of a circle which will have the same 

area of the bubble.  

(5.3     ) 𝐸𝑞𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟(𝑛, 𝑡) = √
4.𝐴𝑟𝑒𝑎(𝑛,𝑡)

𝜋
 

Step 4) Perimeter Velocity measurements for bubble  

Another very important property is the perimeter velocity. When bubble enters the turbulent 

region the perimeter velocity of the bubble will be affected by the turbulent properties of the 

flows. Block matching algorithms is not that much effective in bubble perimeter velocity 

measurements because of the bubble breakup. Therefore, the perimeter velocity could be 

obtained using the optical flow algorithms and specifically the Horn-Schunk algorithm6. Using this 

algorithm we were able to obtain the perimeter velocity of each individual bubble. The perimeter 

velocity will be exported as a complex number in form of 𝑃𝑒𝑟𝑖𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦(𝑛, 𝑡) =

                                                      

6 The smoothness coefficient was assumed to be 1 because it was assumed that the viscous effect of 

the perimeter velocity is negligible. 
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𝑃𝑒𝑟𝑖𝐻𝑜𝑟𝑖𝑧𝑒𝑛𝑡𝑎𝑙(𝑛, 𝑡) + 𝑃𝑒𝑟𝑖𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙(𝑛, 𝑡). 𝑖.For visualizing this velocity vectors were used. 

Figure 5.8 shows the visualization of perimeter velocity of bubbles in 4 different frames. 

(a) (b) 

(c) (d) 

Figure 5. 9 visualization of bubble perimeter velocity using vectors (a)t=88(frame) (b)t=89(frame) (c) 

90(frame) (d) t=91(frame)  
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5.4 Post video processing  

After processing the videos, important properties of bubble such as perimeter, area, and 

perimeter velocity were obtained. The data’s should be processed in order to analyze how the 

properties change in the flow. The data analysis process is categorized in to two section of 

geometric analysis and velocity analysis. 

5.4.1 Geometric shape analysis 

As mentioned, bubbles have various shapes and the most stabilized form of the bubble is 

when the bubble has spherical shape. It is mostly common to use sphericity measurement for 

understanding   bubble’s shape [1]. Sphericity is a measure how spherical an object is, and it is 

defined as a ratio of the surface area of a sphere with the same volume of given bubble to the 

surface area of the bubble [2] 

(5.4     ) 𝑉𝑝 =
4

3
. 𝜋(𝐷𝑝)

3
 

(5.5     ) 𝜙 =
𝜋
1
3(6𝑉𝑝)

2
3

𝐴𝑝
 

Where 𝑉𝑝  is the volume of a sphere with the same equivalent diameter 𝐷𝑝 and 𝐴𝑝is bubble 

surface area. For sphere the sphericity is 1. Any particles that are not sphere will have sphericity 

less than one .However, sphericity measurement is useful only for 3-D calculation. When 

capturing bubbles using high speed camera, bubble is projected on a 2-D screen. Therefore the 

shape of the projected image should be compared with circles, circularity of the shape has to be 

measured. Circularity is a measure how close to circle the shape of the bubble is. 
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(5.6     ) 𝑐 =
𝜋𝑑𝐴

𝑃𝑝
 

(5.7     ) 𝑑𝐴 = √
4𝐴𝑝

𝜋
 

 

where 𝑑𝐴is the diameter of a bubble with the same area, 𝐴𝑝is projected area of the bubble 

and 𝑃𝑝 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑢𝑏𝑏le However since sometimes it is  difficult to obtain the 

circularity of an irregular shape, operational circularity has been defined. The operational 

circularity is defined as the ratio of the projected area of the bubble, divided by the smallest 

sphere that contains the bubble 

(5.8     ) 𝑐𝑜𝑝 = √
4𝐴𝑝

𝜋𝐿𝑚𝑎𝑥
2 

where 𝐿𝑚𝑎𝑥 is the longest dimension of the bubble. 

Circularity and operational circularity for each bubble, will have the following format  

(5.9     ) 𝑐(𝑛, 𝑡) = 𝜋 ∗
𝐸𝑞𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)

𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
 

(5.10     ) 𝑐𝑜𝑝(𝑛, 𝑡) = √
4𝐴𝑟𝑒𝑎(𝑛,𝑡)

𝜋𝐿𝑚𝑎𝑥(𝑛,𝑡)2
 

Base on theory both value should be lower than one and any calculation of higher than one 

states there is an error in calculation. And that data should be fixed or removed.  
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In order to compare circularity and operational circularity of the bubble in different frames it 

is required to take average of the circularity and operational circularity of the bubbles in each 

individual frame to have a good estimation of their changes with time  

(5.11     ) 𝑐̅(𝑡) =
∑ 𝑐(𝑖,𝑡)𝑖=𝑛
𝑖=1

𝑛
 

(5.12     ) 𝑐𝑜𝑝̅̅ ̅̅ (𝑡) =
∑ 𝑐𝑜𝑝(𝑖,𝑡)
𝑖=𝑛
𝑖=1

𝑛
 

Figure  5.10 shows the mean  circularity calculated for all the frames. As it can be seen in some 

points it consist of value higher than one which is not reasonable and is because for very small 

bubbles no perimeter exist for the bubble  

 

Figure 5. 10 Value of mean Circularity in all 3000 frame 

Because of this error in calculation of circularity is more reasonable to use operational 

circularity to compare the shape of the bubbles in different frames. Figure 5.11 shows the values 

for mean operational circularity in all frames 
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Figure 5. 11 Value of mean operational circularity in all 3000 frames 

In order to investigate more on the changes in the circularity, the experiment divided in to 3 

section. The sections were divided in order to investigate the changes of mean operational 

circularity and break up of one bubble that enters the capturing frame. The changes of mean 

operation circularity can be seen in figure 5.12 
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(a) 

 

(b) 

 

(c) 



 

101 

 

Figure 5. 12 the changes in operational circularity (a) for first 650 frames. (b) for frame 650 to 1730 (c) for 

frame 2100 to 3000 
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5.4.2 Perimeter velocity analysis  

 The Horn-Schunck algorithm made it possible to calculate perimeter velocity of the each 

individual bubble. In order to analyze perimeter velocity, it is  necessary to use a relation that best 

express the turbulent properties of the flow base on the velocity. 

Recalling from chapter two when using Reynolds Averaged Navier-Stokes (RANS) ,Velocity 

was defined as an average value and fluctuating value 𝑈𝑖 = 𝑈�̅� +𝑈𝑖 ′ and the average value could 

be represented as in various methods and one of the methods is based on Ensemble average 𝑈�̅� =

∑ 𝑈𝑖(𝑗)
𝑁
𝑗=1 𝑁⁄ . Where “j” show a point in the bubble parameter. Applying this method to each 

velocity component and velocity magnitude the following equation will be formed.  

(5.13     ) 𝑉𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅(𝑛, 𝑡) =
∑ 𝑃𝑒𝑟𝑖𝑉(𝑖,𝑛,𝑡)
𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
𝑖=1

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
 

 

(5.14     ) 𝐻𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ (𝑛, 𝑡) =
∑ 𝑃𝑒𝑟𝑖𝐻(𝑖,𝑛,𝑡)
𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
𝑖=1

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
 

(5.15     ) 𝑀𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅(𝑛, 𝑡) =
∑ |𝑃𝑒𝑟𝑖𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦(𝑖,𝑛,𝑡)|
𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
𝑖=1

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
 

Based on Reynolds decomposition, fluctuating velocity at each point ”i “in the parameter 

could be written as  
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(5.16     ) 𝑉𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦′(𝑖, 𝑛, 𝑡) = 𝑃𝑒𝑟𝑖𝑉(𝑖, 𝑛, 𝑡) − 𝑉 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ (𝑛, 𝑡) 

(5.17     ) 𝐻𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦′(𝑖, 𝑛, 𝑡) = 𝑃𝑒𝑟𝑖𝐻(𝑖, 𝑛, 𝑡) − 𝐻 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ (𝑛, 𝑡) 

| 𝑃𝑒𝑟𝑖𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦|′(𝑖, 𝑛, 𝑡) = |𝑃𝑒𝑟𝑖𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦|(𝑖, 𝑛, 𝑡) − 𝑀𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅(𝑛, 𝑡) 

(5.18     )  

Based on above definition is possible to obtain values for the Turbulent Intensity and 

Turbulent Kinetic Energy  

(5.19     ) 𝑇𝐾𝐸(𝑛, 𝑡) =
∑

𝑉𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦′(𝑖,𝑛,𝑡)2+𝐻𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦′(𝑖,𝑛,𝑡)2  

2

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
𝑖=1

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
 

(5.20     ) 𝑇𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡 − 𝐼𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦(𝑛, 𝑡) =

∑ |𝑃𝑒𝑟𝑖𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦|′
2
(𝑖,𝑛,𝑡)

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)
𝑖=1

𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟(𝑛,𝑡)

𝑀𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅(𝑛,𝑡)
  

In order to compare Turbulent Kinetic Energy and Turbulent-Intensity between various 

frames it is necessary to develop an average of TKE and Turbulence Intensity value of various 

bubbles. 

(5.21     ) 𝑇𝐾𝐸̅̅ ̅̅ ̅̅ =
∑ 𝑇𝐾𝐸(𝑖,𝑡)𝑖=𝑛
𝑖=1

𝑛
 

(5.22     ) 𝑇𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡 𝐼𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =
∑ 𝑇𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡−𝐼𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦(𝑖,𝑡)𝑖=𝑛
𝑖=1

𝑛
 

Figure 5.13 shows the changes in turbulence intensity of bubbles perimeter in all frames. 
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Figure 5. 13 Turbulent intensity of bubble perimeter 

For the same reason that has been made in the geometry analysis, the time frame has been 

divided to three smaller steps for comparison. Figure 5.14 illustrates the results. 
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(a) 

(b) 

(c)  
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Figure 5. 14 the changes in Turbulent intensity (a) for first 650 frames. (b) for frame 650 to 1730 (c) for frame 

2100 to 3000 
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