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Abstract

Strong Correlation Through Selected Configuration Interaction: From Molecules to
Extended Systems

by

Carlos Mejuto Zaera

Doctor of Philosophy in Chemistry

University of California, Berkeley

Professor K. Birgitta Whaley, Chair

The theoretical description of many-body systems, be it molecular or extended, from first
principles has been one of the principal goals of the physical sciences since the advent of quan-
tum mechanics. This is unfortunately an exceptionally complicated endeavour, especially so
in the so called “strongly correlated” systems. These are characterized by their qualitative
behavior being dominated by particle-particle interactions, which precludes their accurate
description using effective one-body approaches, such as Kohn-Sham density-functional the-
ory. As a consequence of their remarkable complexity, strongly correlated materials present
a wide palette of exciting collective phenomena of huge technological interest. Paradigmatic
examples are high temperature superconductors based on transition metal oxides or pnic-
tides, materials presenting colossal magnetoresistance, or iron/molybdenum based catalytic
centers in biological systems. With the ample range of potential applications in mind, from
energy conversion and storage to the development of new principles for information pro-
cessing devices, great interdisciplinary effort, combining condensed matter physics, quantum
chemistry and materials science, has been dedicated over the last decades to devising and
applying accurate theoretical and numerical approaches for the description and prediction
of electronic properties arising from strong correlation.

Unfortunately, due to the rich variety of physical and chemical principles which can result in
strongly correlated behavior, there is currently no single method which can be successfully
applied to all correlated many-body systems. On the contrary, a broad toolkit composed of
analytical theories and computational approaches has been developed over the years, each
based on a different heuristic to simplify the solution of the problem, and therefore each
being applicable accurately on a different class of many-body system. In this thesis, we
have refined and developed one such tool in the many-body toolbox: the adaptive sampling
configuration interaction (ASCI) method. This is an exceptionally efficient selective configu-
ration interaction approach, originally formulated to provide accurate ground state energies
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of molecular systems with a moderate computational cost. Here, we further extend the ASCI
framework to compute accurate spectral properties, accessible through the one-body Green’s
function, allowing us to study excited state properties as well as to apply ASCI to extended
systems by using it as impurity solver within the dynamical mean-field theory (DMFT).
This makes ASCI noticeably versatile, and we employ it to contribute to open problems
in quantum computation, molecular physics and computational condensed matter theory.
This wide applicability shows ASCI to be a useful new addition to the many-body theory
tool-set. In particular the ASCI-DMFT approach introduced here holds great promise for
the ab initio study of strongly correlated materials.
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y Papá. Me habéis inculcado la curiosidad e inquietud académicas, la responsabilidad y
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Chapter 1

Introduction

This thesis revolves around the development and application of novel and efficient com-
putational methods to accurately describe the properties of strongly-correlated quantum
many-body systems. The ultimate goal is contributing to an interdisciplinary and widely
impactful scientific endeavour: Understanding the properties of materials1. This is arguably
one of the most influential fields in the physical and chemical sciences. Indeed, the advent
and application of novel materials shaped the early development of human society, and we
even classify historical periods using the name of the most prominent material at the time
(e.g. Bronze Age, Iron Age...). This extensive influence continues to modern times, the last
century being heavily characterized by the understanding and harnessing of electronic prop-
erties of materials, accompanying the formulation of quantum mechanics, and culminating
in revolutionary inventions such as the transistor or the light-emitting diode. Currently, we
are experiencing what may be called the dawn of the era of quantum materials, the prop-
erties of which need to be explained through collective effects, trascending single-electron
descriptions. These systems host novel and intriguing phases of matter, as well as trans-
port properties which enable exciting avenues for technological advances [1]. Examples of
quantum materials are transition metal oxides [2, 3], two-dimensional materials and van der
Waals heterostructures [4–7], or topological materials [8–11].

Among the zoo of quantum materials, a particular group has become the center of much
of current condensed matter and quantum chemistry research: the so-called “strongly cor-
related” systems. While there is no mathematically rigorous definition for what constitutes
strong correlation, the following phenomenological description is generally accepted2: a solid
or molecule is considered to present strong correlation if its qualitative behavior is domi-
nated by the electron-electron interactions [12]. This can happen when there are several
competing phases [13], such as different kinds of magnetic order or conductivity. A common
manifestation of competing orders is the interplay between kinetic energy, which stabilizes a

1Here and throughout, material is a collective term encompassing anything between single molecules and
extended systems such as liquids and solids.

2In Chapter 2, Section 2.3, we will discuss the nature of strong correlation in some detail, providing an
example-driven description of its physical origins.
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Figure 1.1: Schematic representation of the one-band Hubbard model on a one-dimensional
lattice. The blue circles corresponds to the lattice sites, straight arrows represent electrons
with spin up or down. The curved arrows symbolize the hopping term in the Hamiltonian,
with amplitude t, which accounts for electrons moving to one of their neighboring sites. Note
that an electron cannot move into a site which already contains another electron of the same
spin. The red shades represent the Coulomb repulsion, of magnitude U , when two electrons
are found on the same site. See text for details.

system through particle delocalization, and the Coulomb potential, which favors localization
and lattice formation. For a concrete, as well as paradigmatic example, let us consider the
one-dimensional Hubbard model (see Chapter 4 in [14]). This is a lattice model for electrons
in a periodic solid, with a single orbital per site (i.e. one degree of freedom per unit cell, or
one band), which only includes the following terms in the system Hamiltonian: A hopping
term, allowing an electron to jump from the site it resides on to any of its nearest neighbors,
and a local, Coulomb term, which penalizes the simultaneous presence of two electrons being
on the same site3. The energy scale of the hopping and local Coulomb terms are given by t
and U respectively, see Fig. 1.1.

The Coulomb and hopping terms in the Hamiltonian promote different physics. In the
limit U → 0, the electrons become non-interacting, and the ground state is well represented
by a Fermi sea of plane waves, i.e. completely delocalized electrons, essentially a gapless
metallic system. On the other hand, when t → 0, the sites become independent of each
other, and the system reduces to a collection of unconnected “atoms”, essentially an insulator.
Between these two simple limits, when both hopping and Coulomb terms are of comparable
magnitude, the system can in principle develop different phases due to the competition of
these two opposite behaviors, and the balance between those is decided by the value of
parameters such as temperature or particle filling. This situation can become so complex,
that to date there is no exact solution for the phase-diagram of the two-dimensional Hubbard
model. This picture of a complicated electronic structure arising from competing orders is
common among all strongly correlated systems, and as a result they present several properties
which are at the same time theoretically enticing, and technologically appealing. To mention

3The Hubbard model can be thought of as an effective Hamiltonian to describe the physics of valence
electron holes in fourth row transition metal oxides. The site orbitals correspond here to a single 3d orbital in
each metal center, which are indeed poorly shielded from the atomic nucleus and thus have a predominantly
local Coulomb repulsion. The hopping term then models the transport of the hole between metal centers,
passing by the oxygen atoms between them. This model is a coarse simplification, not exclusively because
it only considers one d orbital per metal atom, out of all five of them.
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a few: high temperature superconductivity [15–17], colossal magnetoresistance (i.e. materials
whose electric resistivity increases by orders of magnitude upon introduction of a small
external magnetic field) [18, 19], metal-insulator phase transitions [20], unusual resistivity
in the presence of magnetic impurities (often referred to with the collective term of Kondo
physics) [21, 22] or highly tunable catalytical properties [23–25]. It is this wide range of
interesting phenomena which inspires the huge body of research in strong correlation.

Formally, to completely understand the physical behavior of a many-body system, one
needs to solve an N -body problem, where N is the number of electrons and nuclei in the
system4. This grows quickly from N ∼ O(10) in simple molecules to N ∼ O (1023) in a solid,
and in either case solving the full many-body problem exactly becomes computationally
intractable. One of the most impactful successes in condensed matter theory and quantum
chemistry in the last century was the realization that, for a wide range of systems, the full
N -body problem could be satisfactorily approximated by N coupled one-body problems.
This is the simplification behind mean-field theories such as Hartree-Fock [26, 27], or other
effective one-body methods such as Kohn-Sham density functional theory (KS-DFT) [28,
29]. Effectively, these methods substitute the electron-electron interactions by an effective
one-body potential. This simplified description cannot capture strongly correlated behavior,
since the latter relies on the explicit many-body character of the interaction. It is therefore
necessary to develop methods beyond effective one-body theories.

There is a long history of attempts to capture strongly correlated effects, with advances
coming from both the physics community’s interest in solids, and the chemistry community’s
in molecules and clusters, with numerous cases of idea-exchange and cross fertilization [12,
30–33]. We will briefly review some of the most popular methods in Chapter 2, Section 2.3,
but for now let us consider the following: Among the wide collection of theoretical and
computational methods to treat strongly correlated systems, there is no one approach that
works for every system. Each technique is based on a different heuristic, which leverages
some more or less complicated property of a subclass of many-body systems to simplify the
solution of the N -body problem. These properties may be the spatially localized nature
of the strongly correlated degrees of freedom, the entanglement structure of the system’s
ground state, the existence of an effective one-body system “closely connected” to the actual
fully interacting system, the amenability of the ground state wave function to be captured
by a physically motivated, computationally tractable parametrizable Ansatz, and the list
continues. Different computational approaches exists that exploit these properties, such as
dynamical mean-field theory (DMFT), the density-matrix renormalization group (DMRG)
approach, many-body perturbation theory (MBPT), or variational quantum Monte Carlo
(vQMC) techniques, to mention a few. In order to theoretically disentangle the properties
of a given many-body system which presents strong correlation accurately, it is necessary to
have some understanding of the characteristic properties of that system. There is, to this
day, no black-box, one-size-fits-all method. And conversely, there are plenty of systems for

4Depending of the problem of interest, it is possible to decouple the nuclear and electronic motion. We
will briefly discuss this in Chapter 2, Section 2.1.
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which no single method gives a definite answer, making comparative studies in which several
complementary methods are used to investigate the same physical system particularly rele-
vant to discern both the inherent complexities of the system, and analyzing the advantages
and deficiencies of each method [34–38].

The work in this dissertation is centered around a particular method for strong correla-
tion: the adaptive sampling configuration interaction (ASCI) algorithm [39–41]. This is an
efficient, accurate method which works best for systems with a moderate number of strongly
correlated degrees of freedom. The heuristic it is based upon is the following: If only a
moderate number of degrees of freedom dictate the qualitative behavior of the system, then
it should be possible to formulate a compact approximation to its ground state in terms of
those degrees of freedom. This notion will be made computationally explicit in Chapter 3.
Initially, it was developed to determine ground state energies of molecular systems, and it
was shown to be on par with gold standard methods such as the DMRG, at a competitive
cost [39]. In the scope of this thesis, we have further extended the method beyond the tra-
ditional realm of quantum chemistry, and have applied it to contribute to open problems in
the fields of quantum computation, molecular physics and condensed matter.

The methodological aspects of this thesis comprise the development of an algorithm
to compute Green’s functions within the ASCI framework, inheriting the efficiency and
accuracy that characterize ASCI ground state energy calculations. With this new capability,
we assessed the potential practicality of the quantum phase estimation (QPE) algorithm
to simulate many-body systems on a quantum computer [42]. Further, we investigated
molecular photo-emission spectra (PES) beyond the single quasiparticle regime, probing the
nature of multi-quasiparticle interactions [43]. In the scope of that project, we used ASCI to
inform the development of many-body perturbation theory, showing that vertex corrected
GWΓ is capable of capturing multi-quasiparticle spectral features. Finally, in the condensed
matter front, we coupled ASCI to dynamical mean-field theory (DMFT), an embedding
method to treat strong correlation in extended systems [44, 45]. This makes it possible to
use ASCI to compute spectral quantities in solid state systems, such as densities of states
or band structures, and paves the way to the fully ab initio treatment of strongly correlated
quantum materials with ASCI.

The projects discussed in this thesis correspond to the following papers [42–45]:

• “Postponing the orthogonality catastrophe: efficient state preparation for electronic
structure simulations on quantum devices”, N. M. Tubman, CMZ, J. M. Epstein,
D. Hait, D. S. Levine, W. Huggins, Z. Jiang, J. R. McClean, R. Babbush, M. Head-
Gordon, K B. Whaley, arXiv:1809.05523.

• “Communication: Are multi-quasiparticle interactions important in molecular ioniza-
tion?”, CMZ, G. Weng, M. Romanova, S. J. Cotton, K. B. Whaley, N. M. Tubman,
V. Vlček, J. Chem. Phys. 154, 121101 (2021).

• “Dynamical mean field theory simulations with the adaptive sampling configuration
interaction method”, CMZ, N. M. Tubman, K. B. Whaley, Phys. Rev. B 100, 125165

https://arxiv.org/abs/1809.05523
https://arxiv.org/abs/1809.05523
https://arxiv.org/abs/1809.05523
https://arxiv.org/abs/1809.05523
https://aip.scitation.org/doi/full/10.1063/5.0044060
https://aip.scitation.org/doi/full/10.1063/5.0044060
https://aip.scitation.org/doi/full/10.1063/5.0044060
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.125165
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.125165
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.125165
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(2019).

• “Efficient hybridization fitting for dynamical mean-field theory via semi-definite relax-
ation”, CMZ, L. Zepeda-Núñez, M. Lindsey, N. M. Tubman, K. B. Whaley, L. Lin,
Phys. Rev. B 101, 035143 (2020).

This thesis is organized as follows: In Chapter 2 we provide a brief review of many-body
physics, with emphasis on the solution of the electronic structure problem in the presence of
strong correlation. In Chapter 3 we discuss the ASCI method in detail, and the particular
algorithmic developments performed during the completion of this thesis. The following
chapters are reviews of the projects enumerated above: Chapter 4 discusses the QPE paper,
Chapter 5 the molecular PES, and Chapter 6 the DMFT projects. Finally, Chapter 7 presents
some concluding words and outlook.

On the chapter structure

The “project-chapters” of this thesis, i.e. Chapters 4- 6, are meant to be self-contained,
such that each can be read independently from each other5. To this end, they all follow
the same four-section structure. The opening section corresponds to a brief review of the
relevant theoretical concepts, meant as a gentle, humble, and by no means comprehensive
introduction to the fields of quantum computation for many-body systems (Chapter 4),
many-body perturbation theory (Chapter 5), and dynamical mean-field theory (Chapter 6).
This is then followed by a statement of the precise scientific question that the project meant
to answer, giving the context and reason for the research. The third section is a concise
summary of the main results, taken from the corresponding publications.

The final section of each chapter, labeled “Discussion and Perspective”, is an attempt to
not only offer concluding remarks, but also reflect on the work and results that comprised
each project. This is following the spirit of Polya’s method in “How to solve it” [46], and
will try to answer questions in the line of: What was learned performing the work? What
went well? What could have been done differently? What can be done with the results?
Are there similar scientific questions that can be approached with the same, or equivalent
methods? Hopefully, the “Discussion and Perspective” section will satisfactorily touch upon
several of these points, and serve as a useful reflection on the process that involves a scientific
publication.

5Nevertheless, they presume some degree of familiarity with the concepts in the review chapters, i.e.
Chapters 2 and 3

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.125165
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.125165
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.035143
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.035143
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.035143
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Chapter 2

Many-Body Physics and Electronic
Correlation

The main topic of this thesis is solving the quantum N -body problem in the regime of strong
correlation, i.e. where effective one-body theories do not give a qualitatively correct answer.
This is an exceptionally difficult challenge, which lies at the core of much of modern con-
densed matter, molecular physics and quantum chemistry. The exact solution of the general
problem is highly complicated for N = 3, and to this day impossible beyond that. This seems
to paint a grim picture for the theoretical description of molecules, where N ∼ 10−100, and
solids, where N ∼ 1023. Fortunately, however, this general solution is also unnecessary [47],
just as in the case of classical statistical mechanics [48, 49], since in reality we are inter-
ested on very particular aspects of the behavior of many-body systems, such as: Is a given
configuration stable? Is the equilibrium configuration of the system magnetic, conducting,
insulating, superconducting? How does it interact with light? How difficult is it to modify
its chemical identity? This type of query can be often answered accurately with an ap-
proximated solution of the N -body problem. Nonetheless, developing such approximations,
as well as choosing what approximation to employ on a given system, are far from trivial
endeavors.

In this chapter, we want to present a simplified overview of the quantum many-body
problem. There is an extensive palette of literature dealing with the this subject from differ-
ent angles, ranging from conceptual introductions [50, 51] to mathematically formal discus-
sions [52, 53], from traditional reviews [27, 30, 54] to more modern perspectives [55, 56], from
focusing on model systems and phenomenology [57, 58] to application driven treatments [12,
26, 29]. It would be absurd to attempt a comprehensive coverage of this multi-faceted topic,
so instead we present a brief, concept driven review, with later focus on different numerical
approaches of systems presenting strong correlation. This will be by design biased by the
author’s perspective, and we kindly refer the reader to the selected literature cited above
and throughout the text for a more complete picture1.

1We would be remiss at this point not to mention the excellent resource offered by the webpage of
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This chapter is organized as follows: In Section 2.1 we present the basic mathematical
structure of the quantum many-body problem and its formal solution, followed in Section 2.2
with the relation between the mathematical solution and the usual experimental observables
of importance. These two sections will serve to introduce the main players in the many-
body stage, such as the Hamiltonian, the many-body wave function, the concept of second
quantization, and correlation functons such as the one-body Green’s function. We will
then proceed with a brief overview of numerical methods to solve the many-body problem
in Section 2.3, where after touching upon effective one-body theories, we will attempt a
phenomenological definition of strong correlation, as well present computational approaches
to accurately capture it. Summarizing remarks in Section 2.4 conclude the chapter.

2.1 The electronic structure problem

In essence, as far as equilibrium properties are concerned, and for non-relativistic systems, the
quantum many-body problem reduces to solving the time-independent Schrödinger equation
(TISE) [60]

H |Ψn〉 = En |Ψn〉 , (2.1)

where H is the system Hamiltonian, |Ψn〉 is the n-th energy eigenstate2 with correspond-
ing energy eigenvalue En, where we have assumed for simplicity of notation a countable
spectrum. For most problems of interest in condensed matter physics and theoretical chem-
istry, the Hamiltonian in question describes a system of non-relativistic electrons and nuclei,
and follows the expression

H = Te+ Tn+ Vn−n+ Vn−e+ Ve−e,

=
Ne∑
i=1

−1

2
∆i +

Nn∑
I=1

− 1

2mI

∆I +
Nn∑
I<J

ZIZJ
RI,J

−
Ne,Nn∑
i,I

ZI
ri,I

+
Ne∑
i<j

1

ri,j
.

(2.2)

Here we use atomic units, and identify the electronic and nuclear kinetic energies (Te
and Tn respectively), as well as nuclear-nuclear, electronic-nuclear, and electronic-electronic
Coulomb interactions (Vn−n, Ve−n and Ve−e). The second line in Eq. (2.2) represents the
Hamiltonian in the position representation for a system of Ne electrons and Nn nuclei, where
small letters are used to denote electronic degrees of freedom, such as the Laplacian for the

the “Autumn School on Correlated Electrons”, which takes place yearly at the Jülich Research Center
in Germany [59]. The written lecture notes, which are collected as books available online, are excellent
pedagogical references which both serve as introductory material and put the reader up to date to understand
state-of-the-art literature. These lectures are focused on the strong correlation problem.

2A note on notation: We will refer to the ket |Ψn〉 indistinctly as state or wave function. This is formally
incorrect, since the ket |Ψn〉 is the state vector, and the wave function is its projection into the position
representation Ψn(~x) = 〈~x|Ψn〉. We will occasionally neglect this subtlety throught the dissertation to keep
the text simple and readable.
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i-th electron ∆i or the distance ri,j between electrons i and j, and capital letters denote
nuclear degrees of freedom, such as the nuclear mass mI , charge ZI or internuclear distance
RI,J . The distance between electron i and nucleus I is given by ri,I .

As noted above, Eq. (2.1) with the Hamiltonian in Eq. (2.2) applies formally to non-
relativistic systems only, and describes a priori exclusively non-dynamical properties. How-
ever, for most systems of interest in condensed matter physics and chemistry, the relativistic
effects can be recovered perturbatively [60], and solutions to time-dependent problems can be
constructed from the static solutions to the TISE [61], and thus Eq. (2.1) and (2.2) together
are sometimes referred to as the “theory of almost everything”. The general, exact solution
of the TISE is however not known for Ne + Nn > 2, and it is not numerically reachable
either. In fact, the computational complexity of solving Eq. (2.1) increases exponentially
with the number of particles, or degrees of freedom in general, as will become clear later
on. It is worth noting that the interaction terms, the latter three in Eq. (2.2), are the ones
responsible for this complexity, which makes it imperative to introduce approximations.

The first approximation that we will introduce, ubiquitous in the study of electronic
properties of many-body systems, is the Born-Oppenheimer approximation. Effectively, this
proposes uncoupling the electronic and nuclear motions, and is physically motivated by the
enormous difference between the electron and nucleon inertial masses me−/mp+,n0 ∼ 5 ·10−4.
As a consequence, when interested in electronic properties, it is usually a good approximation
to treat the nuclei as fix, and concentrate initially on the electronic part of the Hamiltonian3

He = Te+ Vn−n+ Vn−e+ Ve−e,

=
Ne∑
i=1

− 1

2mI

∆I +
Nn∑
I<J

ZIZJ
RI,J

−
Ne,Nn∑
i,I

ZI
ri,I

+
Ne∑
i<j

1

ri,j
,

(2.3)

which defines an electronic TISE which is parametrically dependent on the nuclear co-

ordinates
{
~RI

}Nn
I=1

. This then defines in turn an effective TISE for the nuclear degrees of

freedom, and the total wave function can be described as an unentangled product state be-
tween electronic and nuclear degrees of freedom. In this work, we will obviate this final step,
and concentrate exclusively on the electronic TISE, defined by the electronic Hamiltonian.
This may depend on a number of parameters, including elements such as the nuclear po-
sitions or external electro-magnetic fields. Now, the only term in the Hamiltonian making
solving the TISE a many-body problem is Ve−e, since the first and third terms in Eq. (2.3)
are the sum of several operators, each acting on a single electron, and the second term is

just an additive constant depending on the parameters
{
~RI

}Nn
I=1

4.

While being the most natural, the spatial representation in which we have written the
Hamiltonians in Eq. (2.2) and (2.3) is not the most convenient for a theoretical study. On

3For a derivation, and discussion of the validity of the Born-Oppenheimer approximation, we refer to
Chapter 12 in [61].

4It is not uncommon to see this last constant additive term removed from the definition of the electronic
Hamiltonian in Eq. (2.3), since it does not affect the physics of the electrons.
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the one hand, we need to know the total number of electrons beforehand5. While this seems
natural a priori, there are several situations in which it is desirable to have a Hamiltonian
formulation which allows for a variable number of electrons. The most obvious of these are
open systems coupled to a particle reservoir, for instance when studying a representative
section of a fluid or solid, but even in isolated molecules it can be useful, for example
when studying processes such as ionization phenomena. On the other hand, in the spatial
representation we have to impose exchange symmetry on the many-body wave function
ψn({~ri}) = 〈{~ri} |ψn〉 explicitly. Exchange symmetry reflects a fundamental property of
many-Fermion wave functions, namely that they are anti-symmetric upon the permutation
of any two identical Fermions (see Chapter 7 in [62]), e.g. two electrons in the system. This
means that for any pair (i, j) of electrons, any electronic wave function has to fulfill

Pi,j ψn({~ri}) = −ψn({~ri}), (2.4)

where Pi,j permuted electrons i and j. This can be easily done by forming Slater de-
terminants [27], but still it would be useful to work in a formalism that implemented the
anti-symmetry automatically. Both these simplifications, arbitrary particle numbers and
automatic exchange symmetry, are obtained when formulating the many-body problem in
second quantization (see Part 1, particularly Chapter 1 in [63] for a detailed discussion, or
Chapter 2.4 in [27] for a concise review).

Here, we briefly enumerate the basic ingredients of the second quantization formulation.
The main actors are a set of creation operators

{
c†α
}

, where the index α labels a basis of
single-particle states, or orbitals. This single-particle basis may be a set of delta functions
in real space, completely delocalized planes waves, or any other complete set of quantum
states that describes a single electron6. In general, for a system in the continuum7, an infinite
number of single-particle states is necessary. In actual computations, the basis is thus usually
truncated.

Defining |0〉 to be the state of zero electrons, also called the vacuum, the effective defini-
tion of the creation operators

{
c†α
}

is the statement that the kets

|α〉 = c†α |0〉 , (2.5)

correspond to single-electron states, for which the electron present is in the α orbital. For
example, if we choose α to represent a position state at ~xα, then we will have 〈~x|α〉 = δ(3)(~x− ~xα).
Similarly, α could be a composite index for the eigenstates of the Hydrogen atom. A many-
electron state can then be formed intuitively by the subsequent application of creation op-
erators

5The number of nuclei as well, but since these have been demoted to parameters, there is no need for
further flexibility.

6It is not necessary a priori for the single-particle basis to be orthonormal, but we will assume it to be
for simplicity.

7For example a single Hydrogen atom in three dimensional space.
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|~α〉 =

(
Ne∏
i=1

c†αi

)
|0〉 . (2.6)

We borrow the nomenclature of the position representation and call states like the one
in Eq. (2.6), derived from a single chain of creation operators, as Slater determinants.

This way of writing many-electron states clearly seems to cover the issue of allowing an
arbitrary number of particles, since this only depends on the length of the creation operator
chain in front of the vacuum state. To deal with the anti-symmetry of many-electron states,
we now impose the following anti-commutation relations between the creation operators and
their Hermitian conjugates8

{
c†α, c

†
β

}
= {cα, cβ} = 0,{

cα, c
†
β

}
= δα,β,

(2.7)

where {A,B} = AB + BA, and δα,β is the Kronecker delta symbol. Clearly, the anti-
commutation relations in the first line of Eq. (2.7) ensure exchange symmetry, since they
imply

|α, β〉 = c†αc
†
β |0〉 = −c†βc

†
α |0〉 = − |β, α〉 , (2.8)

when α 6= β. Remarkably, they impose a much richer structure into the creation op-
erators. In particular, the second line in Eq. (2.7) gives the Hermitian conjugates of the
creation operators the meaning of annihilation operators. To see this, we first reason that if
c†α increases the number of particles in a state by one, then its Hermitian conjugate neces-
sarily has to decrease it by one. It is thus natural to impose a final condition on the creation
operators

cα |0〉 = 0, (2.9)

for all single-particle states α. In other words, the annihilation operators should destroy
the vacuum state, since there is no physical meaning to a state with a negative number of
particles. With this, we can confirm that indeed cα erases an electron in the α state (if
present), since e.g.

cα |α〉 = cαc
†
α |0〉 =

(
1− c†αcα

)
|0〉 = |0〉 . (2.10)

In summary, using creation/annihilation operators allows us to conveniently express
many-electron states with arbitrary number of electrons and in-built anti-symmetry in a

8For normalized single-particle states.
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chosen single-particle basis9. Any phenomenon derived from anti-symmetry, such as the
Pauli exclusion principle, can be derived easily in the language of creation/annihilation op-
erators (i.e. second quantization). A general many-electron state can be written as a linear
combination of Slater determinants, such as the one in Eq. (2.6)

|ψ〉 =
∑
~α

D~α |~α〉 , (2.11)

where D~α are the expansion coefficients.
Having expressed quantum states in the language of creation/annihilation operators, we

only need to translate operators to have a working representation of quantum mechanics. For
operators that conserve the number of particles, which are the ones we encountered before
introducing second quantization, this can be done by classifying operators by the number of
electrons on which they act. One-body operators O(1), such as the kinetic energy of a single
electron, or its interaction with a background charge density, can be written as [27]

O(1) ≡
∑
α,β

Oα,β c
†
αcβ, (2.12)

where Oα,β = 〈α|O(1)|β〉, and similarly a two-body operator O(1, 2) can be written as

O(1, 2) ≡ 1

2

∑
α,β,γ,δ

Oα,β,γ,δ c
†
αc
†
βcδcγ, (2.13)

where Oα,β,γ,δ = 〈α, β|O(1, 2)|γ, δ〉. This ordering of the creation/annihilation operators,
as well as the overall 1

2
factor in Eq. (2.13), ensure that expectation values evaluate to the

same numbers in first and second quantization [27]. One can translate similarly N -body
operators, and beyond that, the language of second quantization allows the introduction of
operators that change the number of particles, such as c†αc

†
β

10.
We can finally write the electronic Hamiltonian in second quantization, for some single-

particle basis, as

He =
∑
α,β

tα,β c
†
αcβ +

1

2

∑
α,β,γ,δ

Uα,β,γ,δ c
†
αc
†
βcδcγ + E0(

{
~R
}

), (2.14)

where the one-body terms tα,β originate from the one-body part of the Hamiltonian
h(1) = −1

2
∆1 −

∑
I

ZI
R1,I

, the two-body terms Uα,β,γ,δ come from the Coulomb interaction

between electrons h(1, 2) = 1
r1,2

, and we have allowed for a parametric background energy

9Similarly, we can introduce creation/annihilation operators for identical Bosons. These will re-
quire symmetric wave functions upon the exchange of two identical particles, and thus the Bosonic cre-
ation/annihilation operators obey commutation relations, completely analogous to those in Eq. (2.7) where
the anti-commutator {·, ·} is substituted by a commutator [·, ·].

10These are important, for instance, in the theory of superconductivity [58].



CHAPTER 2. MANY-BODY PHYSICS AND ELECTRONIC CORRELATION 12

term E0(
{
~R
}

), e.g. the electrostatic nuclear repulsion in a molecule. The Hamiltonian in

Eq. (2.14) is applicable for a system with an arbitrary number of electrons.
The second quantization formalism is particularly useful to propose concrete model

Hamiltonians. For instance, the Hamiltonian for the one-band Hubbard model described
in Chapter 1, see Fig. 1.1, can be summarized compactly as

HHub = −t
∑
〈α,β〉,σ

c†α,σcβ,σ + U
∑
α

nα,↑nβ,↓, (2.15)

where we have written out the spin degree of freedom σ = {↑, ↓} explicitly, such that α
only labels the lattice site. The brackets in the first sum restrict it to nearest neighbor sites
only, and we have introduced the number counting operator for orbital α, nα,σ = c†α,σcα,σ.
Clearly, the first term corresponds to the hopping of electrons between neighboring sites,
since it contains one annihilation operator followed by a creation operator. It is easy to
verify that, for Fermions, the number operators nβ act on a determinant |~α〉 in the {α}
single-particle basis as follows

nβ |~α〉 =

{
|~α〉 β ∈ ~α
0 β /∈ ~α

(2.16)

Thus, the second term contributes an energy U to each doubly occupied orbital, and
we find indeed the two energy contributions that we assigned to the Hubbard model in the
previous chapter.

There is a further conceptual advantage of the second quantized formulation of quantum
mechanics: It transparently separates the Hamiltonian into one-body and two-body terms,
tα,β and Uα,β,γ,δ. This is particularly convenient, since it is the presence of the latter that
complicates the solution of the TISE. Indeed, if the Hamiltonian only has one-body terms,
it is always possible to simplify it by rotating the orbital basis such that the resulting tα,β

is diagonal, i.e. tα,β
R−→ εαδα,β, where δα,β is the Kronecker Delta symbol. After performing

such a rotation on the creation/annihilation operators cα
R−→ c̃α, the Hamiltonian becomes

H1B =
∑
α,β

tα,β c
†
αcβ

R−→
∑
α

εα ñα, (2.17)

which clearly represents a system of non-interacting electrons, living in orbitals with
single-particle energies εα. These orbital energies are the eigenvalues of the tα,β matrix in
the original single-particle basis. This is essentially the method to determine single-particle
band structures in non-interacting periodic lattice models [64].

It is meaningful at this point to write the many-body Hamiltonian in Eq. (2.14) in
the basis of creation/annihilation operators in real space, usually called the field operators
c† (~r)σ. Essentially, c† (~r)σ creates an electron of spin σ at position ~r. Given our complete
set of single-particle states |α〉 = c†α |0〉 defined above, the field operators are defined by
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c† (~r)σ =
∑
α∈σ

α (~r) c†α, (2.18)

where α (~r) = 〈~r|α〉, and α ∈ σ denotes that the sum only goes over the single particle
states α which have the desired spin quantum number σ. In this basis, we can write the
many-body Hamiltonian in Eq. (2.14), up to an additive constant and omitting the spin
indices, as

He =

∫
d3~r1 c

† (~r1)h (~r1) c (~r1) +
1

2

∫
d3~r1d3~r2 c

† (~r1) c† (~r2) v (~r1, ~r2) c (~r2) c (~r1) , (2.19)

where h (~r1) = −1
2
∆1−

∑
I

ZI
R1,I

and v(~r1, ~r2) = 1
|~r1−~r2| . We see that the second quantized

Hamiltonian in the basis of field operators is the most similar to the first quantized Hamil-
tonian we started with, since we are essentially using the same basis of single-particle states
to write it down: the eigenstates of the position operator.

Since Eq. (2.11) corresponds to the most general (possibly N -particle) state, solving the
TISE in Eq. (2.1) for the electronic Hamiltonian in Eq. (2.14) corresponds to finding the

coefficient vectors ~D =


...
D~α
...

 defining the Slater determinant expansions in Eq. (2.11) for

the eigenstates of He. The exponential scaling problem becomes now obvious. For a finite size
system, by which we mean that a finite set of single-particle states {|α〉}Norbα=1 spans the one-
electron space, the number of Ne-electron states is equal to

(
Norb
Ne

)
. This takes its largest value

for Ne = Norb/2, and scales exponentially for Norb →∞. Thus, an exponentially increasing
amount of information (i.e. complex numbers D~α) are needed to describe even one single
state. Symmetries can simplify the general structure of Eq. (2.11), e.g. the eigenstates of a
Hamiltonian conserving the particle number as the one in Eq. (2.14) are composed of Slater
determinants with a definite particle number. Nonetheless, even employing symmetries, the
exponential scaling problem persists. This seems like an unsolvable situation, but in the next
section we argue that this complexity of the general many-body state is not an impediment
to studying many-body systems.

2.2 Connecting theory and experiment

In the last section, we have presented the mathematical framework of the quantum many-
body problem, using the particularly advantageous language of second quantization, and
reached a fairly discouraging conclusion: Describing a given many-body state exactly requires
an exponential amount of information in the number of degrees of freedom, i.e. single-particle
states and electrons. When facing such a daunting task, it is important to remind ourselves
what it is that we are actually seeking to extract from the solution of the TISE in Eq. (2.1).
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In fact, when interested in systems at equilibrium, we are after a set of relatively simple
quantities: We may be interested for example in the stability/reactivity of a compound, the
phase of matter that the system is at in equilibrium, or how it will respond to an external
influence. In this section, we will argue that the information behind these queries represents
only a minute amount of everything encoded in the system’s many-body state, and thus
there may be hope to extract only the pieces of information that we care about, without
having to solve the full problem exactly. In this discussion, and in fact for the rest of the
chapter and the whole dissertation, we will make the further simplification of assuming the
system at zero temperature T = 0. In this way, we will only need concern ourselves with
the ground state of the many-body system, i.e. the eigenstate |Ψ0〉 in Eq. (2.1) with the
minimal energy E0, instead of a thermal ensemble. While this simplifies the discussion and
calculations, it does not fundamentally alter the consequences of this section: we do not
need the full exponentially large information in the exact many-body state to answer the
common questions we are after in condensed matter physics or quantum chemistry.

Let us briefly analyze the concrete examples on the previous paragraph. When interested
in stability or reactivity of say a molecular system, we are effectively looking for energy dif-

ferences between different nuclear geometries
{
~RI

}
, some corresponding for instance to reac-

tion barriers between meta-stable states [65]. Within the Born-Oppenheimer approximation,
these can be obtained by mapping the parametric dependence on the nuclear geometry of

particular electronic states En

({
~RI

})
, which is usually referred to as the potential energy

surface. While undoubtedly multi-dimensional in the parameter space
{
~RI

}
, regarding the

electronic degrees of freedom these potential energy surfaces are just numbers, so they are
only a small part of all the information encoded in the corresponding eigenstates |Ψn〉.

Understanding and classifying phases of matter, such as different kinds of magnetic
order, can be traced back to computing order parameters [66]11. These are usually ex-
pectation values of one- or two-body operators, such as the average local magnetization12

m =
∑

i∈sites〈ni,↑−ni,↓〉. For one- or two-body operators conserving the number of particles,
these can be related to the one- and two-body reduced density matrices, defined for the
ground state as

ρ
(1)
α,β = 〈Ψ0|c†αcβ|Ψ0〉 ,

ρ
(2)
α,β,γ,δ = 〈Ψ0|c†αc

†
βcδcγ|Ψ0〉 .

(2.20)

We can clearly write ground state expectation values for any number-conserving one-
and two-body operator using ρ(1) and ρ(2) with Eq. (2.12)- (2.13). For example, the energy
of a given system can be computed using these two matrices and the one- and two-body
Hamiltonian terms in Eq. (2.14), and clearly the magnetization order parameter mentioned

11Neglecting topological phases of matter for the sake of simplicity
12The arrows here refer to the eigenstates of a spin 1

2 degree of freedom.
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above also falls in this category. The study of some phases, such as superconductivity, may
require non-number-conserving operators, such as pairing operators (see for example Ch. 13
in [67]), but these are still just simple expectation values, again a small set of numbers when
compared to the full complexity of the many-body state.

Finally, we are also interested in how the system will respond to an external stimulus.
For example, to study optical and electronic properties, it is often important to understand
how an external electro-magnetic field will propagate through our system. This is typically

encoded in the dielectric constant ε
(
~r, ~r′, ω

)
, also called dielectric permitivity. Among other

things, ε
(
~r, ~r′, ω

)
relates the Coulomb potential inside the system W (~r, ω) to the Coulomb

potential in vacuum v (~r, ω), usually called the bare Coulomb potential 13 according to (see
Ch. 5 in [12])

W (~r, ω) =

∫
d3~r′ ε−1

(
~r, ~r′, ω

)
v
(
~r′, ω

)
. (2.21)

In the above equation, W (~r, ω) develops a non-trivial frequency dependency through the
dielectric constant, and this accounts for processes such as screening, i.e. the decrease of
the Coulomb field’s reach from infinite to a finite length scale due to the presence of electric
charges in the system.

Studying the response of a system to a general external influence is a highly non-trivial
problem, but under the assumption of the external drive being weak, the task simplifies. By
weak, we mean that the energy scale of the external force is smaller than the typical energy
scale in the system, such that the change of the expectation values of the system is, to a
good approximation, linearly proportional to this external drive 14. Within this assumption,
in the framework of the so called linear response theory (see Chapter 5 in [12], Chapter 7
in [53] or Chapter 4 in [68]), one usually considers a (generally time dependent) perturbation
Hp(t) = φ(t)B, where φ(t) is a function encoding the time dependency and energy scale of
the perturbation and B is the perturbation operator. The expectation value of some other
operator A is then given by

〈A〉(t) = 〈A〉φ=0(t) +

∫ ∞
−∞

dt′ χA,B(t− t′)φ(t′), (2.22)

where 〈A〉φ=0(t) is the expectation value of A when there is no external perturbation15,

13This is just the Fourier transform to frequency space of the instantaneous Coulomb potential
v (~r, t) = δ(t) 1

|~r| . The delta function δ(t) enforces the instantaneous nature of the Coulomb interaction.
14In fact, the relation between the bare and screened Coulomb interaction in Eq. (2.21) works under this

assumption.
15〈A〉φ=0(t) is in general time dependent. In the Schrödinger picture this is ascribed to the time evolution

of the state of the system, which in equilibrium at T = 0 is the ground state, and in the Heisenberg picture
to the time evolution of the operator A itself.
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and χA,B(t−t′) is called the response function, also the susceptibility16. In a sense, Eq. (2.22)
is the definition of χA,B(t− t′), and gives concrete mathematical shape to the statement “for
weak external perturbations, the response of the system is linear in the perturbation φ(t)”.
In other words, Eq. (2.22) is essentially a Taylor expansion of the general expectation value
〈A〉(t) truncated at first order in φ(t), the zeroth order term being the expectation value
without perturbation 〈A〉φ=0(t). The key physical quantity describing the response is the
susceptibility χA,B(t− t′), which follows

χA,B(t− t′) = −iθ(t− t′)〈[A(t), B(t′)]〉φ=0, (2.23)

where θ(t−t′) is the Heaviside step function, making sure that the external force at times
t′ > t does not affect the expectation value of A at time t, and [A(t), B(t′)] is the commutator
between A(t) and B(t′). Without any derivation, the important concept for our purposes is
the realization that, within some assumptions, the response of the system to external forces
is given by expectation values17! Indeed, the susceptibility function is hiding nothing else
than expectation values of chains of creation/annihilation operators, once we write the A
and B operators in second quantization. This relation between the response of a system to
an external field φ(t) and expectation values in the absence of φ(t) represents the physical
content of the fluctuation-dissipation theorem (see Ch. 7.2 in [53]).

We can consider the concrete example of the dielectric function ε
(
~r, ~r′, ω

)
introduced

above. Following section 5.5 in [12], we will study the effect of an external potential
vext (~r, t) on the charge density of the system. In this case, the external perturbation is
just the Coulomb interaction of the system’s charge density with the external field, given

by φ(t)B(t) → vext

(
~r′, t′

)
n
(
~r′, t′

)
, and the system operator that we want to follow is the

charge density operator A(t)→ n (~r, t)18. Thus, we can compute the induced charge density
in the system δn (~r, t) = 〈n(~r, t)〉 − 〈n(~r, t)〉vext=0 from Eq. (2.22) as

δn (~r, t) =

∫
d3~r′dt′ χn,n

(
~r, t; ~r′, t′

)
vext

(
~r′, t′

)
, (2.24)

with the charge-charge susceptibility determined through Eq. (2.23) as

χn,n

(
~r, t; ~r′, t′

)
= −iθ(t− t′)〈

[
n (~r, t) , n(~r′, t′)

]
〉vext=0. (2.25)

With this, we can determine the electric potential inside the system W (~r, t), which is
just the external field plus the induced field

16When in writing χA,B(t − t′) depending only on time differences we have further assumed that the
system presents time-translational invariance.

17And importantly, these expectation values are taken in the absence of the external forces!
18Here, we use the number operator in the spatial basis n (~r) =

∑
sigma c

†(~r)σc(~r)σ =
∑
α |α(~r)|2 c†αcα,

where α (~r) = 〈~r|c†α|0〉. The time-dependency is to be understood in terms of the Heisenberg representation
n (~r, t) = eiHtn (~r) e−iHt
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W (~r, t) = vext(~r, t) +

∫
d3~r′dt′ v

(
~r − ~r′, t− t′

)
δn(~r′, t′)

= vext(~r, t) +

∫
d3~r′dt′

∫
d3 ~r′′dt′′ v

(
~r − ~r′, t− t′

)
χn,n

(
~r′, t′; ~r′′, t′′

)
vext

(
~r′′, t′′

)
.

(2.26)

Comparing with Eq. (2.21), we can identify the dielectric constant in the time domain as

ε−1
(
~r, t; ~r′, t′

)
= δ(3)(~r′−~r)δ(t′−t)+

∫
d3 ~r′′dt′′ v

(
~r − ~r′′, t− t′′

)
χn,n

(
~r′′, t′′; ~r′, t′

)
. (2.27)

The Fourier transform of Eq. (2.27) gives ε−1(~r, ~r′, ω), since in equilibrium the charge-
charge susceptibility only depends on time differences. From this example, we see that it
is possible to obtain information about the response of the system to external stimuli from
simplex expectation values. It seems thus that within the full exponentially complex many-
body state |Ψ0〉, we are only really interested in a minuscule fraction of the information.

It appears that the answers to a wide variety of questions about the physical and chemical
nature of a many-body system ultimately reduce to evaluating expectation values of finite
chains of creation/annihilation operators, most typically including two or four such operators.
Thus, it seems that it would be advantageous to reformulate the many-body problem in terms
of this kind of expectation value, which are usually referred to as correlation functions.
The prototypical example is a correlation function with one creation and one annihilation
operator, which may be called a one-body (or one-point) correlation function. Within these,
a special place is taken by the so called causal one-body Green’s function G(t, t′)α,β, which
for the ground state19 is defined as

G(t, t′)α,β = −i 〈Ψ0|T
[
cα(t)c†β(t′)

]
|Ψ0〉 . (2.28)

Here, we have introduced the time ordering operator T , which acts on a pair of Fermionic
creation/annihilation operators as

T
[
cα(t)c†β(t′)

]{cα(t)c†β(t′) t > t′

−c†β(t′)cα(t) t < t′
(2.29)

with a plus sign for Bosons in the t < t′ case. A chain of more than two operators is simi-
larly reordered by time, and acquires the sign corresponding to the underlying permutation.

19This definition can be extended to finite temperature by substituting the expectation value 〈Ψ0| · |Ψ0〉
by a thermal average 〈·〉T = 1

ZTr
[
e−β(H−µN)·

]
. Here T denotes the temperature, β = 1

kBT
is the inverse

temperature, Tr denotes a trace over some complete set of many-body states (such as the Hamiltonian
eigenvalues), H is the Hamiltonian as given in Eq. (2.19), N =

∫
d3~r n(~r) is the total number operator, and

µ is the chemical potential. Z = Tr
[
e−β(H−µN)

]
is the so-called partition function, which plays the role of

a normalization constant.
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It is the presence of the time ordering operator that makes G(t, t′)α,β in Eq. (2.28) “causal”
(see Chapter 3 in [52], or Chapter 7 in [58]), and the name “Green’s function” comes from
it’s relation to the solution of the TISE in Eq. (2.1) [69]. There are several types of Green’s
functions (see Chapter 5-6 in [56] and Chapter 7 in [58]), with slight twists on the definition
in Eq. (2.28), which appear in various aspects of the many-body problem, but we will focus
in this thesis on the causal Green’s function, and omit the term “causal” henceforth.

As shown by its definition in Eq. (2.28), the Green’s function is related to the amplitude
of the following process: Starting from the ground state, add an electron with single-particle
state |β〉 at time t′ to the system, and then remove at a later time20 t an electron in state
|α〉 in such a way that the system returns to the ground state configuration. It is intuitive to
imagine that this type of auto-correlation function is directly related to single-electron ex-
periments, such as photo-electron spectroscopy (PES) [70] or scanning tunneling microscopy
(STM) [71, 72]. In a sense, the Green’s function is a register of the systems response to the
addition/removal of an electron, and as such it must hold information about the spectrum
of the many-body system. We will confirm this explicitly below. Before that, however, it is
worth mentioning that knowing the all (α, β) components of the ground state Green’s func-
tion G(t, t′), understood here as a matrix in orbital space, gives direct access to the ground
state expectation values of all one-body operators. Indeed, it can be shown (see Chapter 3
in [52]) that the ground state expectation value of the operator O(1) in Eq. (2.12) can be
written as

〈Ψ0|O(1)|Ψ0〉 = −i lim
t′→t+

tr O(1)G(t, t′), (2.30)

where tr denotes the trace over orbital space for the product of the O(1)α,β and G(t, t′)α,β
matrices, and the minus sign arises only for Fermionic operators. This relation between the
one-body Green’s function and expectation values should not come as too much of a surprise,
however, since, as argued above, the expectation value of any one-body operator can be
accessed from the expectation values of chains of two creation/annihilation operators, and
these are found in the Green’s function matrix. What is more remarkable is that the ground
state energy can also be recovered from the ground state Green’s function, even though this
is a sum of one- and two-body operators! Indeed, it can be shown (see Chapter 3 in [52])
that the expression for the ground state energy follows, in atomic units and for a system of
electrons,

E0 = −1

2
i

∫
d~r lim

t′→t+
lim
~r′→~r

[
i
∂

∂t
− 1

2
∆~r

](
G(~rt, ~r′t′)↑,↑ +G(~rt, ~r′t′)↓,↓

)
, (2.31)

where we have changed the orbital basis of the Green’s function from the generic indices
α to the spin-spatial basis (~r, σ), i.e.

G(~rt, ~r′t′)σ,σ′ = −i 〈Ψ0|T
[
c(~r, t)σc

†(~r′, t′)σ′
]
|Ψ0〉 , (2.32)

20Enforced by the time ordering operator. Otherwise first remove an electron, and subsequently add a
second one at a later time.
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where σ = {↑, ↓} denotes the spin degree of freedom. Thus, the sum over diagonal spin
elements, and the integral over all space with the lim~r′→~r are nothing but a trace over orbital
space, such as that represented as tr in Eq. (2.30). Eq. (2.31) is usually referred to as the
Galiitski-Migdal formula.

The expectation values and ground state energy are all useful static properties, but
the Green’s function in Eq. (2.28) also encodes some dynamic information, in other words
information about the energy spectrum of the system. For a system with time translational
invariance, e.g. systems in equilibrium, the Green’s function elements only depend on the
time difference G(t, t′)α,β = G(t − t′)α,β, and we can compute its Fourier transform into
frequency space

G(ω)α,β =

∫
dt eiωtG(t)α,β, (2.33)

which in turn can be shown to follow the expression

G(ω)α,β = 〈ΨN
0 |cα

1

ω − (H − EN
0 ) + iη

c†β|Ψ
N
0 〉

+ 〈ΨN
0 |c
†
β

1

ω + (H − EN
0 )− iη

cα|ΨN
0 〉 ,

(2.34)

where we have defined the number of particles in the ground state to be N , which we
can always do if the Hamiltonian H conserves the total number of particles21, and thus
rewrite the ground state and ground state energies as |ΨN

0 〉 and EN
0 respectively. Further,

η is an integrating factor to perform the Fourier transform. The Green’s function elements
split into two terms, one which “lives” in the N + 1 particle sector usually called the particle
component of the Green’s function22, and the other in the N−1 particle sector called the hole
component. The presence of these two elements arises from the presence of the time ordering
operator in Eq. (2.28). By inserting resolutions of identity in terms of the eigenstates of H,
Eq. (2.34) can be rewritten as

G(ω)α,β =
∑
n

〈ΨN
0 |cα|ΨN+1

n 〉 〈ΨN+1
n |c†β|ΨN

0 〉
ω − (EN+1

n − EN
0 ) + iη

+
∑
n

〈ΨN
0 |c
†
β|ΨN−1

n 〉 〈ΨN−1
n |cα|ΨN

0 〉
ω + (EN−1

n − EN
0 )− iη

,

(2.35)

where |ΨM
n 〉 is a the n-th eigenstate of the system Hamiltonian with M particles, EM

n is
the corresponding Hamiltonian eigenvalue. Eq. (2.35) is usually referred to as the Källén-
Lehmann spectral representation. The Green’s function elements are thus composed of

21The space spanned by the |ΨM
n 〉 eigenstates of a particle conserving Hamiltonian for fixed M is often

called the M -particle sector.
22Note that the matrix element of the resolvent in the first component of Eq. (2.34) is evaluated with

states of N + 1 particles.
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a sum of poles, at transition energies between the ground state |ΨN
0 〉 and Hamiltonian

eigenstates with N ± 1 particles, such that the overlaps 〈ΨN
0 |cα|ΨN+1

n 〉 〈ΨN+1
n |c†β|ΨN

0 〉 (or

〈ΨN
0 |c
†
β|ΨN−1

n 〉 〈ΨN−1
n |cα|ΨN

0 〉) do not vanish. The diagonal elements G(ω)α,α thus contain

poles at positive frequencies ω > 0 weighted by the transition probabilities
∣∣〈ΨN+1

n |c†α|ΨN
0 〉
∣∣2,

which effectively quantify the probability of accessing the excited, anionic state |ΨN+1
n 〉 upon

adding an electron in state |α〉23 into the system ground state. Similarly, at negative frequen-

cies ω < 0 it presents poles weighted with transition probabilities
∣∣〈ΨN−1

n |cα|ΨN
0 〉
∣∣2, where

a cationic state is accessed upon extracting an electron from state |α〉. The fact that the
particle component of the Green’s function only contributes to the positive frequency axis,
while the hole component only contributes to the negative frequency axis, is only strictly
true if |ΨN

0 〉 is the true ground state of the system, i.e. if EN
0 is the minimal eigenstate of

the Hamiltonian.
The relation of the Green’s function to charged excitations, i.e. electron addition/removal,

makes it useful to obtain spectral opto-electronic properties of the system, such as band struc-
tures or densities of states. For instance, in a periodic system such as a solid we may choose
the single-particle basis as the crystal momentum basis, where c†~k,σ generates an electron of

spin σ and momentum ~k. Due to the spatial translational invariance, the Green’s function
becomes diagonal in this basis, and it may be written as G(ω)~k,~k ≡ G(~k, ω). We can then
define the momentum-resolved spectral function of the system as

A(~k, ω) =
1

π

∣∣∣= [G(~k, ω)
]∣∣∣ , (2.36)

where = denotes the imaginary part of a complex quantity. Inserting the Lehmann
representation of the Green’s function, see Eq. (2.35), this becomes a set of Lorentzian
functions centered at the transition energies for adding/removing an electron of a particular
momentum, namely

A(~k, ω) =
1

π

∑
n

∣∣∣〈ΨN+1
n |c†~k|Ψ

N
0 〉
∣∣∣2 η

[ω − (EN+1
n − EN

0 )]
2

+ η2

+
1

π

∑
n

∣∣〈ΨN−1
n |c~k|Ψ

N
0 〉
∣∣2 η

[ω + (EN−1
n − EN

0 )]
2

+ η2
.

(2.37)

The position of the peaks in the spectral function appear at frequencies for which the
real part of the denominators in the Green’s function sum over states vanish (the transition
energies in Eq. (2.35)), while the imaginary part of these denominators determines the peak
widths (η in Eq. (2.35)). If |ΨN

0 〉 is the true ground state of the system, i.e. the state with
lowest energy in all particle sectors, then the particle component of the spectral function

23Whether the existence of individual electrons in single-particle states is a meaningful concept depends
on the system, here we use this language to interpret the mathematical expression. In Chapter 5, Section 5.1,
we discuss this issue in some detail.
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(first line in Eq. (2.37)) has poles only at positive frequencies, while the hole component
(second line in Eq. (2.37)) has poles only at negative frequencies. Up to inclusion of nuclear
effects, this is exactly what is measured in an angular resolved photo-emission spectrum
(ARPES) [16]24. From the spectral function, one can read off direct and indirect gaps for

ionizing processes. Integrating the momentum-resolved spectral function A(~k, ω) over the
first Brillouin zone (BZ) gives the density of states for the single-particle spectrum ρ(ω)

ρ(ω) =
1

VBZ

∫
BZ

d~k A(~k, ω), (2.38)

where VBZ is the volume of the first Brillouin zone. Indeed, ρ(ω) counts how many single-
particle transitions from the ground state |ΨN

0 〉 can be accessed at an energy ω, considering

particles and holes of any momentum state ~k. In a non-periodic system, it is possible to
define an equivalent density of states by taking the trace of the imaginary part of the Green’s
function over all single-particle states.

As we have seen in this section, it seems that the Green’s function in Eq. (2.28) is all
we really need to compute several physical quantities of interest, such as the ground state
energy, transition energies for charged excitations, or one-body expectation values. Expec-
tation values of two-body operators, linear susceptibilities such as the dielectric constant, or
transition energies for neutral excitations can be accessed by computing two-body Green’s
functions, i.e. Green’s functions involving two pairs of creation/annihilation operators25.
While more complicated than one-body Green’s functions, these are still far less complex
than the full many-body state. Since we can answer most physical and chemical questions
from the simpler n-body Green’s functions (n-body correlation functions), it seems that the
way forward would be to find an effective way of determining them, avoiding ideally the
actual computation of the ground state wave function. Unfortunately, it turns out that
computing exact Green’s functions is just as complex as exact wave functions, and approx-
imations have to be made to solve the TISE in any case. However, approximations based
on the Green’s function or on the wave function are likely to have different properties, and
thus be more or less desirable depending on the system of interest. In the next section, we
will give a non-exhaustive, biased and brief review on different methods to solve the many-
body problem, some which will be still based on computing the ground state wave function,
and some that will target the simpler Green’s function. We will see that these methods are
complementary, each being valid on a different type of many-body system.

24In a non-interacting system, the Lorentzians map out the band structure of the periodic system.
25Indeed, the charge-charge correlaton function χn,n in Eq. (2.25) includes two creation and two annihi-

lation operators, through the number operators n(~r, t). It is thus a particular component of the two-body
Green’s function.
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2.3 Solving the Schrödinger Equation

From the discussion in the previous section, we know that to answer questions about the
physical and chemical nature of a many-body system it suffices to have access to one- and two-
particle Green’s functions, instead of the exponentially complex many-body wave functions.
However, computing the Green’s functions exactly is in general just as hard as the eigenstates,
so there is no way around using approximative treatments. This is the point in which
many-body physics becomes especially hard for newcomers: There exists a wide zoo of
analytical and numerical methods to approach the many-body problem, each based on a
different heuristic, and thus applicable to a different kind of many-body system26. Knowing
which one to use in each case requires both a basic understanding of the physical principles
underlying the main properties of interest, as well as a broad knowledge of the different
possible approaches in order to select the most efficient one.

In this section, we want to briefly present a modest, but hopefully representative, selection
of methods based on fundamentally different heuristics. The focus will be exclusively on the
conceptual descriptions, and no derivations or technical discussions will be given, where we
refer to the relevant literature of each method. Those approaches that are employed in the
projects presented later in this thesis, namely ASCI, GW and DMFT, will be described in
more detail in their corresponding chapters. Still, the nature of this review will be biased
by design towards the preference and experience of the author, and as such we want to
start referring the interested reader to the wide methodological literature in many-body
physics [12, 26–33, 59].

Before getting into the approximative methods, let us first briefly mention the brute-
force strategy: exact diagonalization (ED) [73], known in the chemistry literature as full
configuration interaction (FCI). This method is only applicable to finite size systems, and
relies on choosing a matrix representation for the system Hamiltonian in the full Hilbert
space27 of Slater determinants in Eq. (2.6). The matrix elements of the second quantized
Hamiltonian in Eq. (2.14) can be computed, using the so-called Slater-Condon rules [27, 74],
and then numerically diagonalized. For this step, the natural sparsity of the Hamiltonian
in a Slater determinant basis is exploited to accelerate the computation, and often iterative
methods such as the Lanczos (see Chapter 8 in [75]) or Davidson [76] algorithms are employed
to determine the lowest few Hamiltonian eigenstates. While numerically exact, this method
is limited to a small number of orbital degrees of freedom α due to the exponential scaling of
the Hilbert space size. The typical cutoff is at one billion determinants. This imposes severe
finite-size effects when applying ED to realistic systems. Nonetheless, being straightforward
to implement and exact, it is still currently used in as disparate fields as dynamics of many-
body systems [77–79] and embedding methods (see below), to mention two examples.

26The fact that each method is referred to with a different acronym, which are not often illuminating,
does not help either.

27Note that this Hilbert space can be reduced by exploiting symmetries, such as defining the particle
number and/or total spin of the state we are trying to describe.
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Figure 2.1: Schematic representation of a mean-field theory (MFT) approximation. The
N -electron problem of interest, represented on the left side of the figure by several grey dots
with minus signs, is mapped self-consistently into an effective one-body problem, right side
of the figure. The presence of multiple particles is modeled in the mean-field approximation
with an effective field Veff , shown as a green cloud. The effective field is determined self-
consistently (SCF). See text for details.

Effective One-Body Theories

Arguably one of the most important successes in many-body physics in the last century
was the realization that the N body-problem presented by the TISE in Eq. (2.1) can, in a
wide variety of systems, be satisfactorily simplified by reducing it to, or substituting it by,
N coupled one-body problems. This is the main idea behind mean-field theories [66], and
the main simplification in Kohn-Sham DFT [28, 29]. We will discuss these two different
approaches.

Mean-field theory - Hartree-Fock

The main idea behind mean-field theories is reducing the N -body problem into a set of N
coupled one-body problems. Once this simplification is done, the solution of the “many-
body” problem becomes trivial. Since we have removed all explicit interactions, the ground
state is a single Slater determinant in which we fill orbitals α so as to minimize the total
energy. These orbitals are found by solving the one-body Schrödinger equation of the mean-
field model. Consider for comparison the ground state of the non-interacting electron gas,
the Fermi-sea state (see Chapter 1 in [80]). This is just a single determinant of all plane
wave states until the Fermi energy, which is defined by the system density. The one-body
Schrödinger equation in this case is just the equation for a single free electron, which indeed
has plane waves as solution.

To turn this scheme into an approximation for an interacting many-body system, we need
to include the effect that the different particles have on each other’s motion in some way.
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This can be done by substituting the presence of all particles (but one) with an effective
potential, the eponymous mean-field. This potential is responsible for modeling the effective
collective influence that each particle feels from the presence of the others. In a way, we
make the explicit N -body problem into an implicit N -body problem. The effective potential
defines the one-body Schrödinger equation that we solve to obtain the one-body orbitals.
There is one complication compared to the free electron gas example above, arising from
the underlying particle interactions that we intend to approximate: Since the motion of the
particle that we consider explicitly in the one-body equation does, in the real many-body
system, affect the other particles, it is necessary to impose some response of the effective
field on the state of our single particle. In other words, the effective field has to depend on
the single particle orbitals, which are the solutions of the one-body Schrödinger equation,
in turn defined by the effective field. This results in a non-linear Schrödinger-like equation,
in which the effective potential depends on the one-particle wave functions we are trying to
find, and which is usually solved iteratively. This is commonly referred to as a self-consistent
field (SCF) approach. A schematic representation is shown in Fig. 2.1.

The mean-field approach is employed beyond quantum many-body physics, most fa-
mously to study classical phase transitions (see Chapter 2 in [66], or Chapter 5 in [81]), but
in the context of the many-electron problem is usually referred to as Hartree-Fock (HF) the-
ory (see Chapter 3 in [27], Chapter 10 in [26] or Chapter 2 in [80]). The non-linear one-body
equation, known as the HF equation, reads[

h+
∑
β∈occ

Jβ −Kβ

]
|α〉 = εα |α〉 , (2.39)

where the one-body operator in square brackets is referred to as Fock operator, |α〉 is
the α-th mean-field, single-particle orbital28, and εα is the single-particle energy of the α-th
orbital. The Fock operator is composed of three terms, the first is the one-body part of the
electronic Hamiltonian in Eq. (2.3), namely in the spatial representation h = −1

2
∆−

∑
I
ZI
rI

,
where rI is the distance of the single electron to the I-th nucleus. The other two terms, the
Coulomb operator Jβ and exchange operator Kβ represent the effective field produced by
the electron in orbital β, and thus the sum over β only goes over occupied orbitals, hence
the β ∈ occ range. These are defined in the spatial representation as

Jβ =

∫
d~r′ φ∗β(~r′)

1

|~r − ~r′|
φβ(~r′),

Kβ =

∫
d~r′ φ∗β(~r′)

1

|~r − ~r′|
P~r,~r′φβ(~r),

(2.40)

where φβ(~r) = 〈~r|β〉 is the wave function of orbital β in the spatial representation, and

P~r,~r′ permutes the orbitals of electrons at ~r and ~r′. Thus, Jβ corresponds to the classical

28Usually called HF orbitals.
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Coulomb interaction between two charge densities, and Kβ is the exchange correction coming
from the anti-symmetry of identical Fermion wave functions. These have opposite signs,
since the exchange term is effectively avoiding electrons of equal spin29 to occupy the same
orbital, which may be intuitively imagined as preventing them from occupying the same
region of space, thus reducing the Coulomb repulsion between them. It is simple to check
that (Jα −Kα) |α〉 = 0, avoiding self-interactions. 30

We see in Eq. (2.40) how the single-particle orbitals |α〉 enter the definition of the Fock
operator explicitly, making this a non-linear differential equation. As a consequence, solving
the HF equations turns effectively into an optimization problem, and finding the global
minimum is far from trivial (see Chapter 10 in [26]). Indeed, even given a possible fix point
of the SCF process, checking whether it is the global minimum is not possible in general.
The SCF method may be prone to falling into local minima, with severe dependencies on
the initial guess for the orbital basis. Nonetheless, the HF approximation is still much
more accessible than the fully interacting many-body problem, and due to its moderate
computational scaling can be applied to fairly large systems.

The HF solution of a given many-body system neglects correlation effects31, like any
mean-field treatment. This is the price to pay for substituting dynamical degrees of freedom
(most electrons) for a static potential. There is some degree of inter-particle correlation
included, such as the anti-symmetry imposed by using a Slater determinant as a solution, but
beyond that any effect that the electrons have on each other only enters implicitly through
the effective potential. Still, there are several systems for which the HF approximation is
a reasonable one, such as closed shell32 molecules in their equilibrium geometry containing
elements from the first few rows of the main groups in the periodic table. For those that
HF is not a good approximation, it can still provide a good single-particle basis to use in
more accurate calculations. Thus, at least in the quantum chemistry field, HF lies deep in
the heart of many-body methods.

29Indeed, note that the β and α orbital labels include the spin degree of freedom, and that due to the
permutation operator in the exchange operator, when evaluating the exchange interaction we integrate the
spin degrees of freedom of orbitals α and β with each other, giving zero if they are different due to the
orthogonality of spin eigenfunctions.

30We want to note that there is an alternative way of thinking of the HF approximation, besides the
“effective potential” picture given above. It can be understood as a variational approach to the many-body
ground state, in which the variational Ansatz for the wave function is a single Slater determinant. The
optimization parameters here are the single-particle orbitals. It is in this context that the HF equation in
Eq. (2.39) is usually derived. Thus, HF can also be considered as the search for the variationally best single
determinant ground state wave function.

31The term “correlation” means several things in physics, and is not mathematically defined in the context
of many-body systems, but we will attempt at a phenomenological definition of it later in this chapter. For
now, we simply mention that a common definition of the “correlation energy” in a system is the difference
between the HF energy and the energy of the true many-body ground state.

32This means that all electrons in the system are paired by spin.
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Density functional theory

We want to briefly describe now arguably the most popular and widely used computational
method to deal with the many-body problem: density functional theory (DFT) [28, 29].
Formally, this is not an effective one-body theory, but its most common practical imple-
mentation, Kohn-Sham DFT (KS-DFT) is, so we will cover it here before moving on to
explicit many-body methods. In its essence, DFT should probably be considered more as a
theoretical paradigm, i.e. a way of formulating the many-body problem, alternative to the
wave function or Green’s function based perspectives we have adopted in Section 2.2, rather
than as a numerical method. Indeed, the basic premise is that for a many-electron system,
be it a molecule or a solid, the ground state energy can be written exactly as a functional of
the system’s electron density n (~r), bypassing the need of invoking the wave function. This
is the content of the Hohenberg-Kohn theorem, formulated originally in the context of the
homogeneous electron gas (HEG) [82]. Reformulating the ground state many-body problem
in terms of the electron density corresponds to a radical simplification, since this is just a
three-dimensional quantity, which should be compared to the exponentially complex many-
body ground state wave function. Further, it is possible to endow the ground state energy
density functional with a variational principle, allowing to transform the search for the true
ground state density into an optimization problem. While the Hohenberg-Kohn theorems
are exact, they only offer an existence proof for the true density functional, without referring
to its precise mathematical form. Moreover, while some exact properties of the functional
can be derived [28, 29], to this day the exact density functional is not known. Thus, the
actual implementation of the DFT approach is always approximate.

Without going into details, the basic idea is that there is a need to approximate the true
ground state energy density functional. Essentially, the true ground state energy density
functional E0 [n (~r)] can be thought of as composed of the following terms

E0 [n (~r)] = T [n (~r)] + Vext [n (~r)] + VJ [n (~r)] + Vxc [n (~r)] , (2.41)

The Coulomb component of the electrostatic interaction energy VJ [n (~r)], as well as any
external one-body potential Vext [n (~r)], such as that produced by the nuclei, can be evaluated
exactly always. These are in effect the classical terms of the electrostatic interaction, missing
quantum mechanical corrections such as the exchange interaction produced by the Fermionic
anti-symmetry, c.f. Eq. (2.40). The exchange and correlation terms of the interaction are
thus formally collected under the (appropriately named) exchange-correlation functional
Vxc [n (~r)]. The kinetic energy component of the functional is given by T [n (~r)], and while it
is just a one-body energy term, its exact form as a density functional is not known. Thus,
to apply DFT one needs to approximate both the kinetic energy term and the exchange-
correlation component of the electrostatic interaction.

The most widely used approach relies on proposing an auxiliary problem of non-interacting
electrons, such that the ground state charge density of the auxiliary and original problems
coincide. By the Hohenberg-Kohn theorem, the ground state energy of the original system
can then be determined from the charge density of the auxiliary problem. This is the premise
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behind KS-DFT [83]. Using an auxiliary system of non-interacting electrons allows to evalu-
ate the kinetic energy component of the functional easily T [n (~r)] for the auxiliary system, by
exploiting the fact that in a non-interacting system the ground state wave function is a single
Slater determinant. This of course neglects correlation effects in the kinetic energy, since the
electrons in the actual system of interest are interacting, and thus the exchange correlation
functional also has to account for corrections to the kinetic energy term. The approximation
then relies on proposing a concrete mathematical expression for the exchange-correlation
functional, estimating as best as possible the exchange and correlation corrections to kinetic
and potential energies. Given a concrete exchange-correlation functional estimate, this gen-
erates a one-body potential for the auxiliary system of non-interacting electrons, giving a
non-linear Schrödinger like equation like the one at the core of the HF mean-field treatment,
which can thus be solved self-consistently.

At first glance, it may seem thus that KS-DFT is just another mean-field approach, like
HF. However, the fundamental difference relies in the fact that we are proposing an exchange-
correlation functional which, if exact, would account for the full energy of the fully interacting
system, as proven by Hohenberg and Kohn. Thus, while it is true that we are introducing
an effective one-body problem, the fact that this is an auxiliary problem and not a direct
approximation to the original system allows the flexibility to include quantum fluctuations
beyond what a mean-field theory permits, leveraging the existence of a true ground state
density functional. The computational cost however is comparable to HF, and thus KS-
DFT represents a very efficient ground state energy method, provided a good exchange-
correlation functional approximation can be found. Since its first proposal, there has been
an extensive development of exchange-correlation functionals, of different complexity and
occasionally adapted to work on different types of systems. Further, there has also been work
on computing quantities beyond ground state energies on the basis of the DFT formalism,
e.g. excited state energies, electrostatic properties, such as dipole moments or polarizations,
or energy dissipation on metallic surfaces to mention a few [84–89]. Over the years, DFT has
grown to become the go-to approach for the first principles description of molecular and solid
state systems. Still, as any other approximation, KS-DFT based approaches do not capture
all physical phenomena accurately, and in particular struggles in systems requiring more than
a single Slater determinant for a qualitative description. This may be systems presenting
competing orders or excitation channels, as well as systems presenting bond breaking or
charge transfer processes. The rest of this chapter will be dedicated to the various types of
heuristics developed to account for these more challenging effects, which are usually collected
under the not rigorously defined term of strong correlation33.

33It should be noted that, complementarily to the methodologies which we will review in the rest of the
chapter, there has been recent developments on a DFT framework capable of capturing spectral properties
in strongly correlated systems, such as impurity Anderson models and the Hubbard model in the infinite
dimensional limit [90–93]. This approach, called i-DFT, was originally devised to describe electronic steady-
state transport [94].
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The problem of strong correlation

While effective one-body theories such as HF or KS-DFT represent accurate and compu-
tationally affordable approximations for a wide variety of systems, they cannot capture all
physical phenomena of interest. In particular, the underlying single Slater determinant de-
scription of the many-body ground state precludes the complete inclusion of correlation
effects between the different electrons. Both HF and KS-DFT account for some part of the
electronic correlation, HF including the exact exchange interaction, and DFT approxima-
tion the exchage-correlation functional, but the neglected effects dominate the qualitative
behavior of several types of materials, which are usually referred to as strongly correlated.

Strong correlation appears typically in system presenting (i) competing orders or exci-
tation channels, as well as (ii) a multi-reference34 character of the many-body eigenstates.
These features are often found in transition metal oxides and other quantum materials, as
well as molecular systems with several transition metal centers or away from their equilibrium
geometry, and result in complex and relevant physical phenomena such as unconventional
superconductivity [15–17], colossal magnetoresistance [18, 19], local magnetic moment for-
mation [21, 22], or the catalytical properties of transition metal complexes found in biological
systems [23–25].

We will now discuss the concept of strong correlation in some detail, before proceeding to
enumerate some numerical approaches developed to capture strong correlation in many-body
systems.

What is strong correlation?

Strong correlation is a buzz-word that is found often in the condensed matter and quantum
chemistry literature, but which lacks a rigorous mathematical definition. In fact, most
attempts at defining strong correlation are based on specifying what systems are not strongly
correlated, i.e. those that can be treated with an effective one-body theory, rather than
providing a defining characteristic of what a strongly correlated system is. However, the
concept of correlation in many-body systems can be presented in an understandable way from
a phenomenological perspective. We will try to provide here an example-driven discussion of
the concept of correlation in many-electron systems, and will complement it with a tentative
definition of strong correlation from a computational point of view.

On the phenomenological perspective, the fundamental notion is that correlated electronic
systems are those whose behavior is dominated by the electron-electron interaction, and
therefore cannot be qualitatively described by an effective one-body potential for all electrons.
This is the case for example in systems presenting competing orders, such as transition metal
oxides. These are characterized by a delicate balance between qualitatively different phases
of matter, such as anti-ferromagnetic insulators, paramagnetic metals, or unconventional
superconductors [95–97]. Which one corresponds to the ground state is usually decided
by slight changes in external parameters, e.g. temperature, pressure or particle doping,

34Meaning multi Slater determinant, such as the general expansion in Eq. (2.11).
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resulting in rich phase diagrams which are particularly difficult to capture with any single
theoretical method [34]. Intuitively, these competing phases tend to arise in systems with an
approximately equal balance between localized and delocalized electronic character. In the
case of the transition metal oxides this originates from the valence electrons formally coming
from the metal center 3d orbitals, which are localized, and their ability to “hop” between
metal centers through the bridging oxygen p orbitals [57]35. This balance between the free
metal and atomic limits gives rise to rich magnetic and conducting phenomena, such as
Kondo [98] or Mott [20] physics. The interplay between localization and delocalization also
occurs in small molecular systems, particularly when driving them towards the dissociation
limit. Indeed, in the case of stretching a bond, before arriving at the fully dissociated system,
the electrons involved in the chemical bond will experience the same dichotomy of being able
to hop between two centers, which are nonetheless evolving towards being two disconnected
(hence localized) entities. As a result, effective one-body theories can struggle to describe
the dissociation behavior of systems as deceivingly simple as a hydrogen molecule [27].

Dominant correlation effects are not exclusive to ground state properties, and indeed
systems which can host different type of collective excitations, such as polarons, plasmons
or strongly renormalized electrons, are usually not well described by a one-body effective
potential either. Quantum materials usually present this type of complex excitation spec-
trum, endowing them with promising technological properties, and making them difficult to
describe theoretically [99–105]. This is also the case in molecular systems, which can show
signatures of multiple competing excitation channels in the inner valence region of their
photo-emission spectra [106, 107]. This will be the central topic of the project covered in
Chapter 5.

For the sake of completeness, we want to note that the phenomenological perspective
given in the previous paragraphs can be related to the notion of Fermi-liquid theory [80, 108].
A Fermi-liquid is essentially a fully interacting, many-Fermion system which is adiabatically
connected to a non-interacting, mean-field Hamiltonian by turning on the Fermion-Fermion
interactions. Since adiabatic connection implies that there is a one-to-one map between the
eigenstates of the mean-field and fully interacting systems, one can interpret the effect of
the interaction as simply changing, formally “renormalizing”, the quantitative aspects of
the system, such as effective masses or interaction coupling strengths. The systems with
competing phases/excitation channels, or multi-determinant eigenstate character that we
have described above are essentially examples of many-Fermion systems in which such an
adiabatic connection to a mean-field, i.e. effective one-body, system is not possible36.

From a computational perspective, a simple definition for correlation usually found in
the quantum chemistry literature is as follows [27]: given the HF energy of a many-body
system, the difference of this with the true ground state energy is the correlation energy εcorr.
Since the HF approach is variational, the so defined correlation energy is strictly negative.

35Compare with the preliminary discussion in Chapter 1.
36We will return to the concept of Fermi-liquids and adiabatic connection when discussing quasiparticle

physics in Chapter 5.
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A system would then be correlated if the magnitude of the correlation energy accounts for
qualitative effects in the systems behavior. In chemical applications, one is usually interested
in converging energies to within ∼ 1 mHa37. However, since computing the true HF energy of
a general many-body system is far from trivial, this definition is also of limited practicality,
besides defining a reference point to compare post-HF approaches. As mentioned above,
this definition, as well as the Fermi-liquid one, are based on stating which systems are not
correlated, and thus we prefer to return to the phenomenological perspective to characterize
correlation as the presence of competing orders/excitation channels, or a qualitative multi-
determinant character of the many-body eigenstate.

Having a phenomenological picture of what we mean with correlation, it is conceptually
useful to introduce a further refinement into our framework, in the form of the distinction
between static and dynamic correlations. These are terms commonly found in the quantum
chemistry and many-body physics literature which, just as the concept of correlation itself,
have no rigorous mathematical definition. However, conceptually, dynamical correlation cor-
responds to that which can be captured perturbatively from a qualitatively correct, effective
one-body reference state, while static correlation accounts for the non-perturbative many-
body behavior of the system. To further refine this notion, it is useful to invoke the general
expression of a many-body eigenstate as a linear combination of Slater determinants, see
Eq. (2.11), with expansion coefficients D~α.

Given the expansion in Eq. (2.11), we can identify the dynamic correlation as originat-
ing from the presence of a large set of determinants |~α〉 with minute expansion coefficients
D~α. Having small coefficients, each of these determinants individually is unimportant to-
wards the description of the many-body state. However, all of them together can have a
sizeable contribution to the total energy and other properties. It is in this regard that we
consider dynamical correlation perturbative: Given a qualitatively decent Ansatz (those de-
terminants with large coefficients), we can compute a quantitative correction to expectation
values as sums over the individually unimportant determinants. Dynamical correlation is
characteristically responsible for collective effects, such as screening38.

Conversely, static correlation is then identified as originating from a handful of determi-
nants |~α〉, all with sizeable coefficients D~α towards the full many-body expansion. This is
the multi-reference character that fails to be captured by effective one-body theories, which
rely on an underlying single Slater determinant description. The resulting effects cannot
be captured perturbatively, since there is no sense of a “small parameter” around which to

37This threshold arises from the consideration that, within the Eyring equation (see Chapter 22 in [109]),
a change of ∼ 1 mHa in a reaction enthalpy at room temperature corresponds to a change by a factor of ∼ 3
in the corresponding reaction rate.

38The term dynamical correlation comes from a slightly different, though in practice equivalent definition:
That correlation which can be captured by adding an effective, frequency-dependent one-body potential to
our effective one-body reference state, is called dynamical. A non-trivial frequency dependence of this
effective potential translates into a non-trivial time-dependence, hence the name dynamical. Essentially, this
definition reduces again to: dynamical correlation is that which can be captured perturbatively. Indeed,
below we will see that at the core of many-body perturbation theory lies the proposal of effective, frequency-
dependent one-body potentials to capture effects beyond effective one-body theories.



CHAPTER 2. MANY-BODY PHYSICS AND ELECTRONIC CORRELATION 31

perform a perturbative expansion: All determinants with sizeable coefficients are equally
important, and need to be included beforehand. Static correlation is behind the complexity
of bond breaking processes, Kondo physics or Mott metal-insulator transitions.

After this discussion on the nature of correlation in general, we are still left with the
question of what correlation should be considered “strong”. While we are unaware of any
definite consensus on this in the condensed matter or quantum chemistry communities, for
the purposes of this thesis we will consider strong correlation to refer to correlated effects
which cannot be captured by a low order perturbative expansion from a mean-field Ansatz.
This includes all static correlation, and part of dynamic correlation. The reason behind
specifying the low order expansion is the fact that including these allows for describing
competing excitation channels in spectral properties, as those concerning Chapter 5.

Since the definition of correlation is mostly phenomenological, it is no surprise that the
vast majority of methodologies developed to capture it rely on heuristical arguments. Due
to their approximate nature, all these methods have limited applicability, working well for
some systems and failing to accurately describe others. For the study of strongly correlated
many-body systems it is therefore necessary to be familiar with the conceptual heuristic
behind several methods, as well as having some basic understanding of the properties of the
system of interest, in order to choose the right method in each situation. We now give a
brief survey on different methods for strong correlation, based on various heuristics.

Configuration Interaction

The basic premise behind the configuration interaction (CI) approach [110] is to perform a
truncated ED calculation. Assuming a priori that there exists a computationally manageable
number of Slater determinants which are actually important for the many-body ground
state39, the idea is to include only those in the matrix representation of the Hamiltonian.
Then, the ground state approximation can be computed as the lowest eigenstate of the
projected Hamiltonian, projected into a truncated region of the full Hilbert space. The
question is how to choose the truncation, such that we can obtain an accurate ground state
approximation without having to include more determinants than we can computationally
handle. In the traditional formulation (see Chapter 4 in [27], or Chapter 11 in [26]), one starts
from a reference single determinant state, usually the HF determinant, and then includes
additional determinants obtained by moving electrons in the reference determinant from
occupied into unoccupied orbitals. These are usually referred to as “excitations”, classified
by the number of electrons moved with respect to the reference state. If only one electron
is moved, they are called “singles”, for two electrons “doubles”, and so on. Depending on
how many sets of excitations one adds, one ends with different CI schemes: CI-singles (CIS),
CI-singles-and-double (CISD), . . . Each addition of a extra class of excitations provides a
variationally better ground state estimate, and if we add as many excitation types are there
are electrons, we recover the ED limit, or full-CI (FCI).

39In some chosen single-particle basis.
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Deviations from the simple scheme presented above are common. The reference state
can be a linear combination of several Slater determinants, in the so-called multi-reference
CI (MRCI) [111]. Moreover, more sophisticated schemes to identifying important determi-
nants have been developed. In particular, so called selected CI (SCI) approaches attempt to
identify important determinants with more complicated heuristics than just their distance
from a reference set of determinants. These may use perturbative estimates to choose new
determinants iteratively [112, 113], or explore determinant space using Monte Carlo sam-
pling [114]. In this thesis, we employ and further develop one of these SCI approaches, the
recently developed adaptive sampling configuration interaction (ASCI) approach [39]. We
describe this method in detail in Chapter 3.

By the very nature of the truncation scheme, CI methods are ideal to treat static corre-
lation, as long as this only requires a computationally manageable number of determinants
(typically up to 106 − 107 determinants). However, they struggle to capture dynamic cor-
relation in systems where the set of individually unimportant determinants becomes too
large. The contribution of this final “tail” of unimportant determinants can nonetheless be
recovered with a subsequent perturbative treatment on top of the CI approach, see below.

In general, CI based approaches can offer extremely accurate ground state estimates,
but their applicability is severely limited by the underlying exponential scaling of the ED
treatment that they truncate. Indeed, while the truncation alleviates the computational
complexity of the ED approach, it does not resolve it. Rather, it extends the range of
systems that can be described with ED accuracy. As we will see in Chapter 4-6, CI based
methods can play an important role in the study of ground state and excited state properties
of many-body systems, both molecular and extended. As a rule of thumb, CI methods tend
to be useful for systems of moderate size which are characterized by static correlation, as
well as to benchmark more approximate methods.

Perturbation Theory

Perturbation theory is an approximative framework based on identifying the relevant energy
scales in the Hamiltonian H of the problem at hand. Provided the exact solution for the
dominant contribution of H is accessible, the effect of the rest of the Hamiltonian contri-
butions can be estimated as a sum of correction terms of successively higher order in some
expansion parameter (see Chapter 11 in [60]). This parameter is typically a coupling con-
stant reflecting the “smallness” of the non-dominating contributions of the Hamiltonian, for
instance a dimensionless ratio between the typical energy scales of these with the dominant
Hamiltonian component. The perturbative series, i.e. the sum of correction terms at dif-
ferent orders in the expansion parameter, is typically truncated at some finite order. If the
value of the expansion parameter is within the convergence radius of the series, performing
the perturbative treatment to infinite order should formally recover the exact solution. This
is practically never done, be it because performing the sum to infinite order is not computa-
tionally doable, or because the value of the expansion parameter is outside the convergence
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radius of the series40. Within many-body physics, this often translates to starting from an
effective one-body theory, such as HF or KS-DFT, and treating the neglected component of
the many-body Coulomb repulsion as a perturbative correction. By the definition we gave
above, this captures dynamic correlation, and further we consider this strong correlation if
it can only be recovered by computing high order terms in the perturbative expansion.

Perturbative corrections can be formulated just for the ground state energy alone. When
applied on top of the HF state as a reference, this gives rise to the Møller-Plesset method
MP-n (see Chapter 6 in [27]), where n corresponds to the order at which the perturbative
expansion is truncated. There are also perturbative expressions for the correlation energy
starting from a multi-determinant reference state, such as the CASPT2 method [115–117]
where PT2 refers to a second order perturbative expansion, and CAS identifies the structure
of multi-determinant reference41.

It is also possible to formulate a perturbative expansion around the Green’s function,
starting from some reference Hamiltonian for which we can compute the exact Green’s func-
tion G0(ω). Typically, this is a one-body effective Hamiltonian H0, mean-field or otherwise,
which can always be diagonalized according to Eq. (2.17). In the diagonalized basis {c̃α}, the
ground state wave function is a single determinant, often called Fermi-sea state in solid-state
physics, following

|Ψ0
GS〉 =

∏
α∈FS

c̃†α |0〉 , (2.42)

where the condition α ∈ FS denotes the occupied orbitals, those in the Fermi-sea. In an
N particle system, this correspond to the N orbitals with smallest orbital energy εα, while
in a system of fixed chemical potential µ42 these are all orbitals with εα ≤ µ. For the fixed
particle case, let us choose µ such that it also fulfills εα ≤ µ only for those orbitals in the
Fermi-sea. From this simplified ground state and Hamiltonian, we can evaluate the matrix
elements of the one-body Green’s function in Eq. (2.34) as

G0(ω)α,β =
δα,β

ω − µ− εα
. (2.43)

The goal is then to build the full system Green’s function G(ω) from the reference G0(ω)
and the neglected component of the Coulomb interaction v(~r). For this, one introduces
the self-energy Σ(ω), which is the difference between the true and reference inverse Green’s
function, formally defined through the Dyson equation

Σ(ω) = G−1
0 (ω)−G−1(ω), (2.44)

40In this case, adding successive terms in the perturbative series is likely to produce worse results than
an earlier truncation, since convergence to the true solution is no longer to be expected.

41CAS stands for complete active space, which essentially means to perform ED on a restricted set of all
the orbitals in the Hamiltonian.

42Which enters in the Hamiltonian as −µ
∑
α nα.
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which should be understood as a matrix equation in orbital space. So defined, as the
difference of the Green’s function inverses, Σ(ω) has clearly units of energy, hence the name.
From the Dyson equation, it is clear that the self-energy produces a “power series”-like
succession of correction terms on top of the reference G0(ω) to build the fully interacting
Green’s function. Indeed, we can rewrite Eq. (2.44) as

G(ω) = G0(ω) [1− Σ(ω)G0]−1

= G0(ω) +G0(ω)Σ(ω)G0(ω) +G0(ω)Σ(ω)G0(ω)Σ(ω)G0(ω) + · · · ,
(2.45)

which is very reminiscent of a perturbative expansion. Beyond a simple way of encoding
the perturbative correction, Σ(ω) can be interpreted physically as an effective, dynamical
(i.e. frequency dependent), potential for the electrons of the reference Hamiltonian H0.
Indeed, from Eq. (2.34) we know that the one-body Green’s function essentially follows
G−1(ω) ∼ ω −H, and plugging Eq. (2.43) in Eq. (2.44) we find

G−1(ω)α,β = (ω − εα − µ) δα,β − Σ(ω)α,β. (2.46)

From this, we can interpret that the role of the self-energy is modify the reference Hamil-
tonian H0 =

∑
α εαc̃

†
αc̃α, by adding a frequency dependent term and generating the effective

Hamiltonian

Heff (ω) = H0 +
∑
α,β

Σ(ω)α,β c̃
†
αc̃β. (2.47)

While Heff (ω) seems to be a one-body Hamiltonian, the frequency dependency of Σ(ω)
allows to account for many-body effects. Ideally, we want to propose a self-energy such that
Heff (ω) generates the same one- and two-body correlation functions as H.

Besides offering this interpretation as an effective potential, Eq. (2.46) gives us an alter-
native intuition regarding the role of the self-energy with respect to the single-particle states.
As discussed previously, the imaginary part of the self-energy is related to the spectral func-
tion A(ω) (c.f. Eq. (2.36)), and this in turn corresponds to an ARPES spectrum, i.e. it
represents the dispersion relation of single-particle excitations in the system. For the case of
a non-interacting Green’s function, such as the reference G0, Eq. (2.43) teaches us that the
spectral functions corresponds to single delta-peaks centered at the single-particle energies
εα + µ. Now, the fact that these peaks are infinitely sharp means that the corresponding
eigenstates have an infinite lifetime. Indeed, from the energy-time uncertainty principle (see
e.g. Ch. 3.15 in [60]) we know that the lifetime of a quantum state is inversely proportional
to its energy uncertainty. In this case, the single-particle states that A(ω) probes are also en-
ergy eigenstates, so they have vanishing energy uncertainty and thus infinite lifetimes. This
is what we expect from a non-interacting system: all particles are independent and cannot
exchange energy, thus once a particle is created in a particular energy state, it will stay in it
forever. The introduction of the self-energy in Eq. (2.46) changes this picture. Let us assume
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for simplicity a diagonal self-energy in the reference orbital space, i.e. Σ(ω)α,β = Σ(ω)αδα,β,
then the full Green’s function will also be diagonal and we can write its matrix elements as

G(ω)α,α =
1

(ω − εα − µ)− Σ(ω)α,α
. (2.48)

Now, when computing the spectral function A(ω)α = 1
π
|=G(ω)α,α|, the peaks will shift

due to the presence of the self-energy. As seen in Eq. (2.37), the peaks in A(ω)α occur at
energies for which the real part of the Green’s function denominator vanishes. For the non-
interacting Green’s function in Eq. (2.43), this condition is fulfilled for ω = εα + µ. For the
interacting Green’s function in Eq. (2.48), the real part of the denominator vanishes when

(ω − εα − µ)−<Σ(ω)α,α
!

= 0, where < denotes the real part of a complex quantity. Hence,
in the presence of interactions the peaks in the spectral function shift from εα to ε̃α, fulfilling
the following relation

ε̃α = εα + µ+ <Σ(ε̃α)α,α. (2.49)

Thus, the energy of the single-particle excitations are shifted by the real part of the
self-energy. At the same time, the corresponding peak acquires a finite width, which is
proportional to =Σ(ε̃α)α,α, c.f. Eq. (2.37). This means that the imaginary part of the
self-energy results in finite lifetimes for the single-particle excitations. This ties in with
the interpretation of the self-energy as an effective potential. This potential allows the,
originally non-interacting, single particle states to exchange energy. These are thus not
energy eigenstates any longer, and they decay with time. In a sense, the self-energy induces
scattering events between the reference single-particle states.

In many-body perturbation theory, the problem of finding the true system’s Green’s
function is thus shifted to approximating the self-energy. We can formulate some of the
approximations described above in terms for particular self-energy estimates. In particular,
the Hartree-Fock approach reduces to approximating the self-energy as a sum of two simple
terms. To write them down, we choose as orbital basis the spin-spatial basis defined by the
field operators in Eq. (2.18), namely Σ(ω)α,β → Σ(~rt; ~r′t′)σ,σ′ . In this basis, the Hartree-Fock
approximation corresponds to

ΣHF (~r, t; ~r′, t′)σ,σ =ΣH(~r, t; ~r′, t′)σ,σ + Σx(~r, t; ~r′, t
′)σ,σ

=− iδ(t− t′)δ(3)(~r − ~r′)
∫

d3 ~r′′dt′′ v(~r − ~r′′, t− t′′)G(~r′′t′′, ~r′′
+
t′′+)σ,σ

+ iv(~r − ~r, t− t′)G(~rt, ~r′, t′)σ,σ′ .

(2.50)

The first term in Eq. (2.50), the Hartree-term, represents the local43, classical electrostatic
field induced by the charge density of particles of spin σ in the system. Indeed, according to

43Hence the presence of the delta functions in time and space.
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Eq. (2.30) −iG(~rt, ~r+t+)σ,σ = n (~r, t). The second term, the exchange-term or Fock-term, is
the non-local potential due to the exchange correction between equal spin electrons, arising
from fermionic antisymmetry. This has opposite sign to the Hartree term. Since in Eq. (2.50)
the self-energy depends on the Green’s function, which we in turn determine from the self-
energy, we recover the self-consistent condition that we discussed in Eq. (2.39), and this is
an equivalent formulation of the Hartree-Fock approximation.

Traditional many-body perturbation theory attempts to formulate more accurate ap-
proximation to the self energy as perturbative expansions in terms of Feynman diagrams.
Here, we will not get into the details of diagrammatic methods and instead refer to the
literature [12, 50, 52].

Some of the most widely applied Green’s function perturbative approaches are based
on Hedin’s equations [118–120]. These are a set of coupled equations that, together with
Dyson’s equation in Eq. (2.44), offer a closed expression to determine the self-energy of the
full system, and thus Green’s function. We will derive this equations in Ch. 5, and here
we will just state them and give a physical interpretation to each term appearing in them.
Choosing as reference G0(ω) the non-interacting Green’s function, i.e. the Green’s function
considering only the one-body terms of the Hamiltonian, Hedin’s equations can be written
as [121]

Γ(1, 2; 3) = δ(1, 2)δ(1, 3)

+

∫
d(4, 5, 6, 7)

δ [Σxc(1, 2)]

δ [G(4, 5)]
G(4, 6)G(7, 5)Γ(6, 7; 3), (2.51)

P (1, 2) = −i
∫

d(3, 4)G(2, 3)G(4, 2)Γ(3, 4; 1), (2.52)

W (1, 2) = v(1, 2) +

∫
d(3, 4)v(1, 3)P (3, 4)W (4, 2), (2.53)

Σ(1, 2) = ΣH(1, 2) + i

∫
d(3, 4)W (1+, 3)G(1, 4)Γ(4, 2; 3). (2.54)

Here, we use an abbreviated notation for the spin-spatial basis, omitting the spin degree of
freedom and writing G(1, 2) ≡ G(~r1t1, ~r2t2), further we have written the Coulomb interaction

term as v(1, 2) = δ(t1−t2)
|~r1−~r2| , the delta function enforcing its instantaneous nature44. Further,

we have introduced the exchange-correlation self-energy Σxc(1, 2) = Σ(1, 2)−ΣH(1, 2), which
fulfills in many-body perturbation theory a similar role than that of the exchange-correlation
functional in DFT.

Besides the self-energy and Green’s function, there are three central magnitudes in
Eq. (2.51)-(2.54): the interaction vertex Γ(1, 2; 3), the polarization function P (1, 2) and
the screened interaction W (1, 2). Let us briefly motivate their physical significance

44Within a non-relativistic treatment.
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1. We already introduced the screened Coulomb interaction W (1, 2) in Eq. (2.21) in the
frequency domain, and Eq. (2.26) in the time domain. In a system with spatial and
time translational symmetries, we should understand the two space-time arguments
in W (1, 2) as entering just through the differences ~r1 − ~r2 and t1 − t2. The screened
Coulomb interaction differs from the bare interaction v(1, 2) through the presence of
screening, which is described through the Dyson-like Eq. (2.53), in which the polariza-
tion P (1, 2) fulfilling the role of a self-energy45.

2. The polarization P (1, 2) fulfills essentially the same role than the dielectric func-
tion ε−1(1, 2), which we defined in Eq. (2.21) and related to correlation functions in
Eq. (2.27). Using P (1, 2) instead of ε−1(1, 2) is just a matter of computational conve-
nience. From Eq. (2.53) and Eq. (2.27), we can see that these quantities are related by
ε(1, 2) = δ(1, 2)−

∫
d(3) v(1, 3)P (3, 2). Thus, P (1, 2) is responsible for describing the

response of the system to external electric fields, encoding for example screening effects.

3. The interaction vertex Γ(1, 2; 3) is the least simple quantity to both interpret and

computationally evaluate, due to the presence of the functional derivative δ[Σxc(1,2)]
δ[G(4,5)]

.
However, we can interpret its meaning from the role it plays in the equation for the
self-energy Eq. (2.54). As we have discussed previously, the self-energy represents an
effective potential for the degrees of freedom in the reference Hamiltonian. Here the
reference Hamiltonian corresponds to non-interacting electrons. The first term of the
self-energy in Eq. (2.54), ΣH(1, 2), is independent of the interaction vertex. It simply
recovers the classical, one-body electrostatic average potential from the Hartree approx-
imation. The next term in Eq. (2.54), which includes Γ(4, 2; 3), expands this potential
by including the effective interaction W (1, 2) and Green’s function G(1,4), which alone
recover the direct exchange (see Eq. (2.50)), and further correcting the Hartree poten-
tial with screening (by virtue of using W (1, 2) instead of v(1, 2)). However, that alone
(i.e. if Γ(4, 2; 3) was not present) would still keep the interaction between electrons
essentially classical, except for the exchange term which just accounts for the Femionic
nature of the electrons. After all, besides exchange, the electrons only experience an
external effective potential W (1, 2), which though dynamical, does not account for
electron-electron correlations explicitly. These many-body correlations are recovered
by the interaction vertex Γ(4, 2; 3), which thus essentially encodes particle-particle in-
teractions [122].

Equations Eq. (2.51)-(2.54) and Eq. (2.44) can in theory be solved self-consistently to
provide the true system’s self-energy and Green’s function. Starting from the non-interacting
Green’s function G(ω) ≡ G0(ω), and correspondingly Σ(ω) ≡ 0 in Eq. (2.51), each successive
iteration through the five equations include higher order terms in a perturbative expansion46.

45Indeed, we can rewrite Eq. (2.53) in frequency space, assuming time translational symmetry, as
P (ω) = v−1(ω)−W−1(ω), which has the same structure as the Dyson equation in Eq. (2.44).

46These five equations are sometimes referred to as Hedin’s pentagon.
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Doing so systematically is a computationally intractable task, since after each iteration the
functional dependency of the self-energy from the Green’s function becomes more complex,
and thus taking the functional derivative in Eq. (2.51) soon becomes impossible. Thus,
approximations on this scheme have to be introduced. The most famous is the GW ap-
proximation, which simplifies the interaction vertex by setting Γ(1, 2; 3) = δ(1, 2)δ(1, 3)
throughout the self-consistent procedure, bypassing Eq. (2.51). This therefore neglects the
particle-particle interaction components that Γ encodes, resulting in an effectively low-order
perturbative expansion, precluding among other things the description of competing excita-
tion channels. A detailed discussion of this is presented in Chapter 5.

Perturbative treatments such as GW or MP-n are computationally efficient approaches
to capture dynamical correlation. If high order expansion terms can be reliably calculated,
for instance recovering some of the interaction vertex Γ into the GW approximation, it is
formally possible to capture some strongly correlated features with them. However, a per-
turbative treatment cannot change the qualitative properties of its reference states radically,
since doing so puts the very validity of a “perturbative correction” in question. Thus, phe-
nomena which are not connected to some simple reference state are not describable with
perturbation theory. This includes local moment formation in Kondo systems (see Chapter
7 in [58]), Mott metal-insulator transitions [20], or correlated physics in low-dimensional
systems [123, 124].

Monte Carlo Methods

Monte Carlo (MC) methods are widely used in classical and quantum physics [125–130]. The
common denominator among the different flavors of MC approach is leveraging some sort of
stochastic sampling to simplify the solution of a numerical problem, often after formulating
this as an integral over some phase space. Within the quantum many-electron problem, this
reduces the computational scaling, making it possible to access large finite size systems. This
simplification comes at the prize of introducing statistical noise, which needs to be taken
into careful consideration. For the purposes of the many-electron problem, MC methods can
arguably be classified into two main categories [131]: variational MC and projective MC47.

Variational MC (see Chapter 23 in [12] or Chapter 3-5 in [13]) refers generally to the
application of stochastic sampling to efficiently evaluate the energy expectation values that
arise in a variational ground state calculation. Given a parametrized Ansatz for the ground
state wave function |Ψ( ~A)〉, minimizing the expectation value

E0( ~A) =
〈Ψ( ~A)|H|Ψ( ~A)〉
〈Ψ( ~A)|Ψ( ~A)〉

, (2.55)

can result in an accurate ground state estimate, provided the Ansatz is flexible enough
to describe the important properties of the true ground state wave function. This results

47There are MC approaches that escape this classification. Examples are the full-CI quantum MC
(FCIQMC) method [114, 132], which samples Hilbert space truncations, or the diagrammatic MC (diag-
MC) [133, 134], which samples the diagrammatic perturbative expansion of the self-energy stochastically.
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in a generally complex optimization problem, which requires some understanding of the
qualitative physics of the system of interest in order to propose a reasonable Ansatz wave
function. Still, given the advantageous computational scaling of the stochastic sampling,
variational MC can be applied with relatively complex Ansätze on some of the largest system
sizes that methods for strong correlation can handle. Consequently, upon applying careful
finite-size error and optimization convergence analysis [135–137], variational MC can provide
accurate results which can be extrapolated to the thermodynamic limit.

Projective MC (see Chapter 24 in [12] ) methods are those that use stochastic sampling
to effectively project some trial state |ΨT 〉 into the true ground state |Ψ0〉 of a many body
system by applying the imaginary time evolution

|Ψ0〉 ∝ lim
τ→∞

e−τH |ΨT 〉 . (2.56)

The most prominent examples of projective MC techniques are diffusion MC (DMC) [138],
path integral ground state MC (PIGS-MC) [139, 140], and auxiliary-field quantum MC
(AFQMC) [141, 142]. Similarly to variational MC, projective approaches suffer an intrin-
sic bias from the choice of the trial wave function, although this should formally become
negligible in the infinite imaginary time limit. Generally, provided a trial wave function
with a reasonable overlap with the true ground state, projective MC approaches result in
more faithful ground state expectation values than variational MC. It is therefore a common
strategy to perform an initial variational MC calculation with a flexible Ansatz, followed by
a projective MC technique using the optimized variational wave function as trial state [135].

While MC approaches can offer in principle exceptionally accurate results in large systems
close to the thermodynamic limit, there is a fundamental problem plaguing the stochastic
treatment of many-Fermion systems: the sign problem [129, 143, 144]. In essence, in general
Fermionic problems it is not possible to systematically propose a positive definite function
to interpret as a probability distribution over which to perform the MC sampling efficiently.
While ad hoc fixes can be introduced, the problem remains that converging the statistical er-
ror requires a number of samples which increases exponentially with decreasing temperature.
As a result, the major limitation of MC approaches for the many-electron problem is the
sign problem, and faithful extrapolations to the thermodynamic limit can only be performed
in some cases48. The development of algorithms to alleviate or avoid the sign problem is an
active field of research [145].

Exploiting entanglement structure - DMRG

Among the variational Ansätze to describe the many-body problem, one class deserves es-
pecial attention due to the extreme efficiency with which it can describe a wide range of
ground states: tensor-network based Ansätze ([146, 147], and Chapters 16-17 in [148]). Ten-
sor network wave functions are a class of systematic variational Ansätze which exploit the

48It should be noted that the sign problem does not exists in Bosonic systems, and thus MC approaches
are the go-to methods for those.
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interaction “geometry” to effectively optimize the variational flexibility of the Ansatz. By
“geometry” we mean effectively the connectivity of the two-body terms in the second quan-
tized Hamiltonian in Eq. (2.14), in which each orbital can be considered as a vertex in a
graph, with the interactions as edges. Very accurate ground state energies and wave function
estimates can be obtained with a moderate number of variational parameters, once the right
Ansatz is chosen. Futher, the structure of these wave functions is such that the evaluation
of expectation values can be computed efficiently. The most prominent and widely used
example of tensor network Ansätze are matrix product states, within the density matrix
renormalization group (DMRG) approach [149–151].

While DMRG was originally formulated as a renormalization group approach [98], it was
eventually realized that its remarkable efficiency is related to the scaling of entanglement in
ground states of gapped many-body systems [152], i.e. systems for which the first the ground
state and first excited states remain separate by a finite energy gap in the thermodynamic
limit. In these systems, the entanglement between the two parts of a system bipartition
scales as the area of the boundary between the two parts. Since entanglement is, effectively,
a measure of the correlation between the two parts [153, 154]49, this essentially means that
correlations do not increase extensively towards the thermodynamic limit in gapped systems.
Thus, this ground states should be simpler to describe than a general many-body state, which
may have arbitrarily complex correlations. It is this simplicity that is leveraged by the matrix
product wave function Ansatz. Since the entanglement scales as the area of the boundary
between the two sub-parts of the bipartition of choice, it follows that DMRG becomes more
efficient for lower dimensional systems. In particular for one-dimensional systems, where the
boundary of any bipartition is of constant size, DMRG becomes extremely efficient, allowing
essentially exact results which can be extrapolated to the thermodynamic limit.

In essence, tensor network methods such as DMRG are ideal in one-dimensional, gapped
systems. By construction, they can capture both static and dynamic correlation, the amount
of the latter that is accurately recovered depending on the so called “bond dimension” param-
eter. This parameter is analogous to the number of determinants included in a CI approach,
determining the computational cost of the DMRG calculation and setting a limit on what
can be practically accomplished. Typical approaches towards higher dimensional systems
involve different tensor network geometries [155–157], or applying one-dimensional matrix
product states to quasi-one-dimensional systems, such as cylinders of small radius [158, 159].
The scaling of tensor network methods in two- or three dimensional systems is not as favor-
able as in one-dimensions, but they can still offer useful complementary results due to their
unique underlying heuristic based on entanglement scaling.

Embedding methods

While all the methods we have discussed so far are arguably straightforward to apply to
finite-size systems, reaching the thermodynamic limit in periodic extended systems is not

49It can be understood as a quantifiable answer to the question: Given a system bipartition, how far is a
given quantum state from being a direct product between the two corresponding sub-parts?
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trivial. In non-interacting, or effective one-body theories, the thermodynamic limit can be
achieved exactly by performing an average over twisted boundary conditions [160–162]. This
effectively corresponds to reconstructing the full electronic band structure by sampling all
different k-points, which are independent from each other in any one-body theory. In fully
interacting systems/models, this is an approximation, and the traditional approach towards
the thermodynamic limit involves computing the quantities of interest in increasingly larger
clusters, i.e. finite-size fragments of the full system. The inifinite-size limit can then be
accessed by extrapolation, within a confidence interval determined by careful finite-size error
analysis. Alternatively, once can estimate thermodynamic limit properties directly within
the context of embedding theories.

The basic premise common to all embedding theories is the following: Given a system
that is too large to treat with a fully-correlated method50, one starts by identifying a set of
important degrees of freedom, typically those that an intuitive/qualitative understanding of
the system assigns as responsible for the phenomenon that we want to describe. This subset,
which is usually called impurity, fragment, or cluster, is then treated with a fully-correlated
method, which can be any of the approaches described above. The effect of the rest of the
system, the environment of the cluster, is then recovered using a lower level of theory, which
usually involves some type of effective one-body treatment. Thus, while the correlations
within the cluster are captured exactly, the effect of quantum fluctuations involving orbitals
outside the cluster is only accounted for approximately. This type of “unbalanced” approach,
in which some degrees of freedom are treated more exactly than others, is usually justified
with a notion of “locality”, arguing that the dominant contributions to the qualitative be-
havior of the full system are captured by the cluster degrees of freedom alone. The different
embedding methods rely on different heuristics to establish this notion of locality. Some of
the most prominent examples of embedding theories include: dynamical mean-field theory
(DMFT) [163, 164], density matrix embedding theory (DMET) [165–170], self-energy embed-
ding theory (SEET) [171–176], and density functional embedding theory DFET [177–183].
We will cover DMFT in detail in Chapter 6, and here we will just give a couple sentences
about the basic premise of each method. It is worth noting as a general remark that, despite
the motivation given here, embedding methods are not exclusively applicable to extended
systems, indeed DMET and SEET are extensively used to study complex molecular systems,
and DMFT has been explored for this application as well [184].

The underlying heuristic behind DMFT relies on leveraging simplifications of the infi-
nite dimensional limit, where the self-energy of lattice Hamiltonians such as the Hubbard
model becomes exactly local [185–188]. Thus, in essence performing DMFT is equivalent to
studying the infinite dimensional limit of a given lattice system. This is the same concept
behind any mean-field theory [66], with the important difference that the environment of the
cluster in DMFT is substituted by a non-interacting, frequency-dependent bath, allowing for
time-dependent fluctuations beyond the cluster. As a result, the DMFT framework allows
for treating localized and delocalized energy contributions on the same footing, through the

50This means, something beyond a one-body effective theory.
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explicit description of the cluster and the frequency dependence of the bath, and thus it can
capture non-perturbative signatures of strong correlation (both static and dynamic) such as
Kondo and Mott physics. Consequently, DMFT is a widely successful approach to describe
strong correlation in lattice models and ab initio descriptions of materials alike. We will
discuss this method in greater detail in Chapter 6.

DMET uses a very different notion of “locality”: it exploits the entanglement structure for
an orbital bipartition in the many-body ground state to propose a formally exact simplified
auxiliary system of cluster plus finite-size bath. Formally, the bath contains exactly as many
orbitals as the cluster, making it much simpler than its DMFT counterpart, which in general
has a more complex frequency dependence. Unfortunately, building the exact finite-size bath
requires knowledge of the full ground state wave function, and thus an approximate approach
has to be taken instead. The construction of the approximate bath revolves around matching
the density matrix of the model and original systems, hence the name of the method. DMET
has shown to give very accurate static properties for many-body systems, such as energies
or frequency independent expectation values. While it is possible to obtain reasonably
smooth spectral functions from the finite-size DMET bath [189], to capture spectral features
of strong correlation in general, such as the Mott metal-insulator phase transition, seems
to require a significant increase in its computational complexity, effectively extending the
number of bath degrees of freedom, and eventually recovering the same complexity as the
DMFT formalism [190].

SEET, and DFET rely on intuition, i.e. previous knowledge of the origin of the qualitative
behavior of the system in terms of its orbitals, to choose which degrees of freedom to treat
with a fully correlated method, such as ED or CI based approaches. The rest of the system,
molecular or extended, is then treated with a lower level theory, usually HF in SEET or DFT
in DFET, and the two levels of theory are combined, making careful considerations on double
counting, to compute either the full self-energy (in SEET) or the total system energy (in
DFET). DFET has been predominantly used to study surface reactions on metals, treating
the frontier orbitals of the adsorbate together with the metal atoms at the adsorption region
as the cluster, while SEET has been used for both molecular and homogeneous solid state
systems.

While this is dependent on the fully-correlated method used to treat the cluster, em-
bedding approaches are usually employed to capture static correlation, i.e. the qualitative
behavior produced by the cluster orbitals not simply connected to some effective one-body
theory. While dynamic correlation as pertaining to the interaction with the environment
is recovered by the low level treatment of the bath, making quantitative predictions within
chemical accuracy a priori possible, this is still computationally challenging. The most
important applications of embedding theories to date have thus centered around unveiling
the qualitative picture of non-perturbative strongly correlated behaviours. Only recently
have fully ab initio formulations of embedding approaches become computationally feasi-
ble [191–193], with initial applications involving weakly correlated systems. The possibility
of performing ab initio embedding treatments of strongly correlated systems seems to be an
exciting possibility for the near future.
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2.4 Discussion and Perspective

In this chapter, we have seen that the quantum many-body problem is exceptionally complex
and multifaceted, especially so in the case of strong correlation, where an effective one-body
theory does not capture the qualitative behavior of the system of interest. While only
superficially, we have given a taste of the extensive set of theoretical approaches that exist
to deal with strong correlation, each based on a different heuristic and thus working on a
particular kind of system. There are many more methods in current use, in particular we
have focused our review on computational approaches, neglecting the extensive literature on
analytical methods. Still, this should make a compelling argument that studying a many-
body system presenting strong correlation requires both a non-trivial degree of intuition
about the physical properties of the system, as well as a deep and wide understanding of
the theoretical formalisms existing. Only when both conditions are met can an informed
decision be made about what method to use for which system, and a critical assessment
be met about the obtained results. This last part is particularly crucial: Every time we
make a calculation, pass a system through a computational approach, we will get a result.
Analyzing the result and determining whether it is a faithful representation of the physical
nature of the system, or at least the aspect of it that we are interested in, is an intrinsic
part of any theoretical study, just as important if not more than the actual calculation itself.
The possibility of comparing the outcome of different methods on the same system certainly
helps in this task, giving us a sense of what properties methods are good at describing, and
at what properties they fail at [34–38].

In this thesis, we present a particular method to deal with strong correlation, the adaptive
sampling configuration interaction (ASCI) approach. We introduce its original formulation,
expand its capabilities to accurately describe spectral properties, and show on three examples
how it can be used to contribute to open questions in quantum computation, molecular
physics and condensed matter theory. The range of topics on which we applied the method
is just a feature of the ubiquity of the many-body problem in the physical sciences. We
show that ASCI makes thus a worthy addition to the library of methodologies that we have
sketched in this chapter.
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Chapter 3

Adaptive Sampling Configuration
Interaction

In this chapter, we briefly discuss the adaptive sampling configuration interaction (ASCI)
algorithm and the developments on top of the original formulation [39–41] that were per-
formed during this thesis. ASCI is an example of selected configuration interaction (CI)
approach, which we introduced in Chapter 2 Section 2.3 as a truncated exact diagonaliza-
tion (ED) method. The main idea behind the ASCI algorithm is the construction of an
optimal Hilbert space truncation for a given size to describe the ground state of a many-
body system, i.e. finding the most important Slater determinants for the ground state wave
function. This provides for an efficient and compact ground state representation, which we
exploited in this thesis to obtain an efficient and compact Green’s function representation.

The main drawback of ED-based methodologies is the exponential scaling with the num-
ber of system degrees of freedom, i.e. orbitals. This is no different for ASCI, and despite
its efficiency it is still exponentially scaling. However, the compact ground state approxima-
tion that ASCI provides has pushed the exponential wall, increasing the palette of systems
which can be treated with near-to ED accuracy [42–45, 194–196]. The ASCI algorithm per-
forms best for systems with (a) high Hamiltonian connectivity1 and (b) a modest number of
strongly correlated degrees of freedom. The first factor influences the efficiency of the search
for important determinants, and the second conditions the existence of a computationally
manageable number of important determinants2. As a result, ASCI is especially suited to
capture static correlation. We will go over these points in detail in this chapter.

The ASCI algorithm was originally designed as a method for quantum chemistry, and
as such the initial applications were all centered around the study of ground state energies
of molecular systems. During the work of this thesis, we have extended the method to the
realm of extended systems, such as lattice Hamiltonians or solids, by enabling the calculation
of ground state Green’s functions with ASCI. As noted in Chapter 2 Section 2.2, the one-

1In the sense of having a dense Uα,β,γ,δ two-body matrix, see Eq. (2.14).
2In some single-particle basis
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body Green’s function, or one-body correlator, gives access to spectral functions, i.e. band
structures and densities of states. With this new capability, we were able to inform the
development of other methods capable of treating systems larger than those ASCI can handle,
see Chapters 4 and 5, and we further showed that ASCI can be used as an efficient impurity
solver for DMFT, see Chapter 6. Using ASCI within an embedding method, such as DMFT,
extends its applicability from finite-size systems to extended ones.

In this chapter, we review the ASCI algorithm for ground states and Green’s functions.
Section 3.1 describes the original ASCI ground state method, and Section 3.2 presents the
algorithm to compute Green’s functions introduced during the development of this thesis.
Finally Section 3.3 offers some concluding remarks.

3.1 ASCI for Ground States

The ASCI algorithm, originally proposed in [39], iteratively finds an optimal Hilbert space
truncation T N , also called target space, to approximate the ground state wave function of
some many-body system. This truncation T N is a set of Slater determinants in some single-
particle basis, with

∣∣T N ∣∣ elements. The superscript N represents the number of electrons in
the system, since we assume conservation of the total particle number. A key ingredient to
the ASCI formulation is the search space, or core space, CN . This is a subset of the truncation
T N , starting from which new determinants are found in the iterative search for the optimal
truncation. ASCI takes as input a many-body Hamiltonian H in second quantization, see
Eq. (2.14), the desired truncation size

∣∣T N ∣∣, and a number
∣∣CN ∣∣ defining the search space

CN , see below. It then returns the optimal truncation T N of the desired size, together with
the ground state energy and wave function in that truncation. This truncation may be in a
different single-particle basis than that used to define the Hamiltonian, as we will discuss in
this section.

The heuristic behind the design of the algorithm is as follows: provided that there exists
a moderate3 number of important determinants to qualitatively describe the ground state
wave function, these are likely to be connected through a small number of applications of
H. In the language of second quantization, we expect important determinants to differ from
each other by the occupation of a small number of orbitals. If this is the case, then it should
be possible to find these determinants from perturbative corrections from a good trial wave
function, such as the Hartree-Fock determinant.

Naturally, there is no reason to believe a priori that the existence of such a small set
of important determinants is guaranteed for the ground state of a general Hamiltonian.
However, the Hamiltonians that typically appear in condensed matter physics or quantum
chemistry seem to present surprisingly simple ground state wave functions, as indicated
by the success of tensor network approaches [146, 151] or FCIQMC [197, 198]4. It is this

3Meaning computationally tractable.
4And in fact, it is worth noting that ASCI was originally designed as a deterministic alternative to

FCIQMC.
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simplicity which encourages the use of methods such as ASCI, and which a posteriori justifies
its applicability.

The algorithm

The ASCI algorithm is an iterative method, and each iteration can be broadly divided into
the following steps: Start the simulation from some trial truncation5; Compute the ground
state wave function in the given truncation; Explore neighbouring determinants by applying
the Hamiltonian, Rank the newly found determinants and the ones in the trial truncation
together; Truncate the list, keeping only the most important determinants according to the
ranking; Repeat if not converged. Convergence is checked by comparing the ground state
energy in two consecutive iterations. A graphical representation of a single ASCI iteration is
given in Fig. 3.1, where different Hilbert space truncations are represented as colored blobs.
We now describe each step in detail.

1. Start: The i-th iteration of the ASCI algorithm starts with a trial truncation T Ni , see
e.g. the green blob in the upper sub figure of Fig. 3.1. For the first iteration, this trial
truncation has to be defined, and may be composed of one or several determinants. The
initial trial truncation T N0 plays a crucial role, since choosing a poor starting point can
result in ASCI not finding the optimal truncation. For a wide palette of systems, the
closed-shell Hartree-Fock determinant provides a sufficiently good starting point [40],
but this is not true in general. An example where a different starting truncation is
necessary is given by systems which present anti-ferromagnetic order, such as half-filled
Hubbard models in the large U limit or transition metal chalcogenides (i.e. oxides or
sulfides). In these cases, starting from a high-spin, spin-ordered determinant can be
necessary in order to obtain a faithful description of the true ground state, even if this
ground state is a spin singlet.

2. Compute: Given a trial truncation T Ni , the Hamiltonian is projected onto that subspace

of the full Hilbert space, and the ground state energy EN,i
0 and wave function |ΨN,i

0 〉
of the projected Hamiltonian are computed. This can be done using any numerical
method which exploits the sparsity of many-body Hamiltonians in Slater determinant
bases, such as the Lanczos method, see Ch. 8 in [75] or Ch. 7 in [13].

3. Explore: In this step, the goal is to check whether there are important determinants
for the true ground state wave function which may not be included in the current trial
truncation T Ni . For that, one could find all determinants that connect to T Ni through
the Hamiltonian H. In other words, one constructs all single and double excitations
from the determinants in T Ni . Here one exploits the heuristic that important deter-
minants are likely to be connected through the Hamiltonian. This exploration step
generates a larger set of determinants T N,

′

i which includes the original T Ni .

5Usually, in the first step this is a single determinant



CHAPTER 3. ADAPTIVE SAMPLING CONFIGURATION INTERACTION 47

Figure 3.1: Graphical representation of an ASCI iteration for a Hamiltonian H. The full
Hilbert space is represented as a blue ellipsoidal shape, different truncations are colored
blobs inside of it. The elongated red blob corresponds to the target, optimal truncation,
the rounder green blod is the current truncation. The ground state approximation in the
iteration is denoted as |Ψi

0〉, where i is the iteration index. After the “Rank & Truncate”
step, the new truncation (green) is closer to the optimal one. See text for details.

However, if one were to build the single and double excitations from all determinants
in T Ni , the size of T N,

′

i could become computationally intractable for systems with a
large number of orbitals. Consequently, one usually only searches over the singles and
doubles for a subset of T Ni , the core space CNi . This corresponds to the determinants
in T Ni with the largest coefficients in |ΨN,i

0 〉. One may choose a fixed size
∣∣CNi ∣∣ for the

core space, or include in it determinants ordered by ground state coefficient until a
minimum overlap threshold with |ΨN,i

0 〉 is achieved6. In either case, the size of the core
space is a parameter meant to make the determinant search in ASCI more efficient.

4. Ranking: Having the extended set T N,
′

i , it is necessary to have a quantifiable measure
for the importance of each determinant towards the ground state description. For those
determinants within T Ni , the coefficients in the current approximate ground state |ΨN,i

0 〉
6Say, CNi is meant to include all important determinants that make up 90% of the i-th ground state wave

function approximation.
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suffice. While it would be in principle possible to project the Hamiltonian onto T N,
′

i

and compute the ground state wave function in this larger space, this becomes quickly
computationally intractable. Instead, it would be useful to have a systematic way to
approximate the importance of the new determinants in T N,

′

i .

Let us consider for a moment that we had knowledge of the true ground state |ΨN
0 〉 in

the full, exponentially large, determinant basis. This would correspond to an expansion

|ΨN
0 〉 =

∑
α

aα |Dα〉 , (3.1)

with coefficients aα and determinants |Dα〉. The ground state wave function fulfills the
time independent Schrödinger equation, which can be rewritten in the determinant
basis after some simple manipulations as

aα =

∑
β 6=αHα,β aβ

EN
0 −Hα,α

, (3.2)

where we have introduced the matrix elements Hi,j = 〈Di|H|Dj〉. Eq. (3.2) effectively
states that we can compute any one coefficient of the full ground state wave function
if we know all other coefficients. Now, at no point do we have access to the full
wave function, but only to the approximation |ΨN,i

0 〉, which is a determinant expansion
restricted to T Ni

|ΨN,i
0 〉 =

∑
α∈T Ni

aiα |Dα〉 . (3.3)

At convergence, if we have indeed found all important determinants, we will expect
ai→∞α ≈ aα, and that all determinants not in the final truncation T N will have negligible
coefficients. Knowing this, it seems that a valid approximation for the coefficients
outside of the i-th truncation will be

aiα ≈
∑

β∈T Ni
Hα,β a

i
β

EN,i
0 −Hα,α

. (3.4)

Note that here we do not need to specify β 6= α, since we are assuming that α /∈ T Ni .

With this equation, one can estimate the importance of the determinants in T N,
′

i which

are not also in T Ni . This allows the formulation of a ranking of the full T N,
′

i space.

We want to note that the estimation formula in Eq. (3.4) corresponds to a first order
perturbative correction to the wave function in Eq. (3.3) [112, 199, 200], where the
perturbation connects the current truncation T Ni with the rest of the Hilbert space.
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5. Truncate: Having a ranking for all elements in T N,
′

i , provided by the coefficients in

Eq. (3.3) and Eq. (3.4), T N,
′

i is truncated by picking the
∣∣T N ∣∣ highest ranking de-

terminants. This generates the new truncation T Ni+1, onto which the Hamiltonian can

be projected. If the new ground state energy EN,i+1
0 is close enough to EN,i

0 , i.e.∣∣∣EN,i+1
0 − EN,i

0

∣∣∣ ≤ δ for some user defined tolerance δ, then the ASCI algorithm termi-

nates.

This is the main structure of the ASCI algorithm for ground states. The converged
truncation T N provides the final ground state energy and wave function EN

0 and |ΨN
0 〉. A

brief pseudo-code description of the algorithm is shown in Alg. 1.

Algorithm 1 ASCI algorithm for ground states (G.S.)

Input: Hamiltonian H, truncation size
∣∣T N ∣∣, core space size

∣∣CN ∣∣, initial trial truncation
T N0 , tolerance δ

Output: optimal truncation T N , G.S. energy EN
0 , G.S. wave function |ΨN

0 〉
EN,0

0 , |ΨN,0
0 〉 ← H, T N0 via Lanczos

i = 0
EN,−1

0 = EN,0
0 + 1000

while
∣∣∣EN,i

0 − EN,i−1
0

∣∣∣ ≤ δ do

T N,
′

i ← CNi ⊂ T Ni by exploring singles and doubles

aiβ ← EN,i
0 , |ΨN,i

0 〉 for β ∈ T N,
′

i \ T Ni by ranking in Eq. (3.4)
i = i+ 1
T Ni ← T

N,′

i−1 by truncating

EN,i
0 , |ΨN,i

0 〉 ← H, T Ni via Lanczos
end while

Advanced Considerations

The original formulation of ASCI [39] follows roughly Alg. 1. Since then, numerical refine-
ments have been made to improve the computational efficiency of the ground state compu-
tation step [41] and the energy accuracy [40]. Here we touch briefly on some of them.

A particularly important point which we have not touched upon in the previous subsection
is the matter of what basis of single-particle states to use. When defining the Hamiltonian
for the algorithm input, we make a choice of single-particle basis, which is usually the
Hartree-Fock basis for molecular systems, or the spatial or plane-wave bases for lattice or
model Hamiltonians. While we can stick with the initial set of single-particle states for the
whole calculation, ideally we would choose a basis that minimizes the number of important
determinants7. While we cannot know which single-particle basis will be optimal a priori,

7Consider for instance the toy model of non-interacting electrons in a 1-d lattice with periodic boundary
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the quantum chemistry literature identifies one basis as being often advantageous to the
convergence of CI based methods: the natural orbital basis [201–204].

Natural orbitals are the single-particle basis which diagonalizes the ground state one-
particle reduced density matrix ρ(1), whose matrix elements are

ρ
(1)
i,j = 〈ΨN

0 |c
†
icj|ΨN

0 〉 . (3.5)

Thus, in principle, to determine natural orbitals one has to first know the true ground
state of the system. Still, one can compute an approximate one-particle reduced density
matrix by substituting the true ground state in Eq. (3.5) by an approximation, and then
determine an approximate natural orbital basis by diagonalizing the resulting matrix.

The natural orbital basis is useful because it can split orbitals in inactive, active and
secondary orbitals. Inactive orbitals are those which are exactly filled in the ground state
wave function (i.e. those for which the spin summed occupation number is 2), and conversely
secondary orbitals are those which are exactly empty in the ground state wave function
(i.e. those for which the occupation number is 0). Orbitals that are neither inactive nor
secondary are called active. If this structure can be realized, it necessarily restricts the
number of important determinants. Indeed, all important determinants for the ground state
must have the inactive orbitals full, and the secondary empty, and these are a subset of
the full Hilbert space. Working with natural orbitals can therefore make the ASCI search
more efficient. Practically, natural orbital rotations can be included at later ASCI iterations,
once the ground state approximate is starting to converge. Then one can at each iteration
compute ρ(1), diagonalize it and rotate the Hamiltonian to the new single-particle basis. The
ASCI algorithm proceeds in the way described in Alg. 1, where the determinants in T Ni keep
the same occupation numbers, but in the new orbital basis. At convergence, if the algorithm
succeeds, the final single-particle basis is a good approximation for the true natural orbitals.

It is worth noting that while useful in many situations, natural orbitals are not always
the ideal basis for the ASCI calculation. Depending on the properties of the system, such as
the presence of long range magnetic order, it may be advantageous to work on a localized
basis in real or momentum space [42, 205].

Another possibility to make the ASCI search faster is to limit the exploration step by
only considering single and double excitations from and to a subset of the system’s orbitals.
When working in natural orbitals, it becomes straightforward to perform the ASCI search
exclusively in the active space, since the inactive and secondary orbitals only enter the
ground state wave function as a non-entangled product state component8. This exponentially
reduces the size of the effective Hilbert space over which to search. In many physically

conditions. In the single-particle basis of plane waves, the ground state is given by a single determinant, the
Fermi-sea state. On the other hand, in the real space basis the ground state is an equally weighted linear
combination of all Slater determinants in the Hilbert space. While this example is a pathological “worst
case” scenario, it is a good illustration of the effect that the single particle basis can have in the number of
important determinants of the ground state wave function.

8With this, we mean that the ground state wave function looks in terms of occupation numbers as
|ΨN

0 〉 ≡ |22 . . . 2〉 ⊗ |ΦNact
0 〉 ⊗ |00 . . . 0〉, where |ΦNact

0 〉 is the wave function component in the active space.
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relevant situations, a mixture of physical/chemical intuition and preliminary calculations
can help identify such an active space structure. This “active space” strategy is not limited
to natural orbitals, but this particular single-particle basis allows to identify such structure
systematically.

Another factor to keep in mind when dealing with truncated wave function approxi-
mations, such as ASCI, is the danger of breaking symmetries of the system. Symmetries
arise from the Hamiltonian operator commuting with another, which is usually called the
generator of the symmtery [206, 207]. Examples would be the total spin operator S2

tot in non-
relativistic systems, or the lattice spatial translation operator T~a in periodic crystals. Now,
issues arise when projecting the operators into the T N truncation, since the projection may
break commutativity. This is especially likely when the size of the truncation is small, and
results in the eigenstates of the projected Hamiltonian breaking the symmetries of the full
Hamiltonian. A prototypical symptom of such symmetry breaking is the converged ASCI
ground state not being a pure spin sate, which may be due to a symmetry breaking due
to truncation9. It should be noted than this symmetry breaking may not be an important
detriment of the ASCI solution. For example, in molecular systems without local magnetic
moments, the variational energy gain that accompanies the spin symmetry breaking can be
acceptable, even desirable, especially if energies are the only observable of interest. However,
when the qualitative properties of the system depend of the symmetry in question, e.g. when
studying the phase diagram of a model Hamiltonian, or when comparing different spin states
of molecular systems, the issue of symmetry breaking requires consideration. In these cases,
the most straightforward remedy is to extend the ASCI truncation T N until the symmetries
are recovered.

Finally, we want to comment on a technical aspect which applies to any selected config-
uration interaction approach: while they tend to capture static correlation accurately10, the
energy convergence towards the full CI limit can be slow due to a dynamical contribution.
In other words, there can be a unwieldy number of non-important determinants, i.e. deter-
minants with negligible ground state coefficients, which still together add up to a sizeable
contribution to the total energy. Recovering this dynamical correction by increasing the
truncation T N would be inefficient, since the number of determinants involved in it can be
one or two orders of magnitude larger than T N itself. Instead, this final energy contribu-
tion can be captured perturbatively, and there have been technical advancements to do so
efficiently in the ASCI framework [40].

9This kind of symmetry breaking can also happen if the ground state is degenerate. For simplicity, we
will not consider such a scenario

10Indeed, this is almost by definition. Selected CI approaches such as ASCI work by finding all important
determinants, which are assumed to be not so many as to make computing the ground state of the sparse
Hamiltonian intractable.
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Performance and Applicability

The ASCI algorithm provides with highly compact wave function representations, allowing
the accurate calculation of ground state energies and wave functions for systems beyond the
ED capabilities, effectively pushing the exponential wall back11. As a result, it has been
widely applied in molecular systems, showing comparable accuracy with complementary
state-of-the-art methods such as DMRG [38, 42, 194–196].

Given the structure of the algorithm as described above, we can expect ASCI to perform
well for systems which have (i) a moderate number of strongly correlated degrees of freedom,
(ii) high Hamiltonian connectivity. The former point determines the maximal number of im-
portant determinants for the ground state wave function, and is the hidden parameter with
respect to which ASCI has a hard exponential scaling. In contrast, adding weakly corre-
lated degrees of freedom is not a severe complication, since these can usually be transformed
away with a natural orbital transformation. The Hamiltonian connectivity determines the
efficiency of the Hilbert space exploration, since in each iteration we only find knew deter-
minants connected to the current truncation through the Hamiltonian. Thus, systems with
a very sparse two-body interaction term Ui,j,k,l in Eq. (2.14), such as the one-band Hubbard
model in the spatial basis, can suffer from an inefficient search, resulting in a slow energy
convergence with each iteration. This can be problematic in model Hamiltonians, but may
be remedied by changing the single-particle basis, for instance to natural orbitals.

We illustrate the ASCI procedure for calculations on many-orbital Anderson impurity
models, which lie at the core of the dynamical mean-field theory (DMFT) approach for
strong correlation. Briefly, DMFT is an embedding method that substitutes a lattice Hamil-
tonian by a simpler impurity model, such that this impurity Hamiltonian describes the local
properties of the lattice accurately, see Ch. 6 for details. Here, we consider the impurity mod-
els that arise from a DMFT calculation of the one- and two-dimensional Hubbard models.
The impurity Hamiltonian in this case follows

H = −t
∑
〈α,β〉,σ

c†α,σcβ,σ + U
Nc∑
α=1

nα,↑nα,↓ +

Nb∑
p=1

εpnp +

Nc,Np∑
α=1,p=1,σ

Vα,p
(
c†α,σcp,σ + h.c.

)
. (3.6)

Here, we define two types of orbitals: Nc impurity sites, labeled with Greek letters, and
Nb bath sites, labeled with p. Further, np = np,↑ + np,↓. From Eq. (3.6), the impurity
orbitals represent essentially a finite size slab of the Hubbard model (c.f. Eq. (2.15)), with
hopping parameter t and Coulomb repulsion U . On the other hand, the bath orbitals are
non-interacting, and have orbital energies εp. The bath and impurity orbitals are coupled
linearly through the so-called hybridization or coupling terms Vα,p. The physical meaning of
this coupling in the context of DMFT will be explained in detail in Chapter 6, but basically
the bath represents the embedding of a finite slab of the Hubbard model into the full lattice,
i.e. they approximate the coupling between the impurity sites with the rest of the lattice.

11Albeit not eliminating it.
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(a) 1d, Nc = 1, Nb = 11. (b) 2d, Nc = 4, Nb = 8.

Figure 3.2: Absolute coefficients for all determinants in the ground state wave function
for multi-site impurity models from a DMFT calculation on a one-dimensional (left) and
a two-dimensional square lattice (right) Hubbard model at half-filling and U = 8 t. The
number of impurity sites is Nc, the number of baths is Nb. The determinants are ordered
by the exact wave function coefficients, represented in all subfigures by the blue dashed line.
Each subfigure presents the corresponding wave-function coefficients for ASCI calculations
using different truncation sizes as red dots, with T N = 250, 500, 1000, and 3000. The
estimated coefficients as computed according to Eq. (3.4) are presented as orange circles.
Taken from [44].

In this section, we can treat Eq. (3.6) as some many-body Hamiltonian defined for a finite
system (as for a molecule), which we shall use to illustrate how ASCI works and to show
how well it performs in extracting the dominant determinants of a configuration interaction
solution. The presence of the U term in Eq. (3.6) can make this impurity model strongly
correlated.

To exemplify how well ASCI identifies important determinants, in Fig. 3.2 we present
the absolute coefficients of the determinants found for target spaces of different sizes (tdets
refers to

∣∣T N ∣∣ in the figure) in two impurity models: the left panel shows an Nc = 1, Nb = 11
impurity model with U = 8 t and 12 electrons (6 with spin up, and 6 with spin down), while
the right panel corresponds to a Nc = 2× 2 two-dimensional, square impurity with Nb = 8,
U = 8 t and again 12 electrons, half spin up and half spin down. The numerical values of the
bath energies and couplings are determined by self-consistently converging DMFT calcula-
tions, in which the impurity sites are embedded on the one-dimensional and two-dimensional
Hubbard models respectively, see [44] and Chapter 6 for details12. Strong correlation is ex-

12Essentially, in the DMFT approach we perform an iterative optimization of the bath parameters, such
that at convergence the ground state Green’s function of the impurity model in Eq. (3.6) coincides with
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pected at this U/t ratio and particle filling for the one-band Hubbard model [34]. This num-

ber of electrons and orbitals corresponds to a total Hilbert space size of

(
12
6

)2

= 853776,

and thus the system can be solved exactly and used as a benchmark for ASCI. As can
be seen in each sub-figure, the truncated ASCI wave function coefficients (red dots) are in
great agreement with the exact coefficients (blue dashed line), and ASCI does in fact find
determinants in order of importance. Indeed, by increasing the truncation, i.e. the target
space size, ASCI progressively finds the important determinants in the right order, and their
magnitudes are in excellent agreement with the exact results, even when originating from a
truncated Hamiltonian. The quality of the coefficient estimation in Eq. (3.4) can also be dis-
cerned in the figure. The estimated coefficients (orange dots) follow roughly the true curve,
justifying the heuristic that important determinants are indeed connected to each other. It
is this systematic identification of important determinants, and correct capture of the true
ground state coefficients, which allows ASCI to provide accurate ground state energies and
wave functions with moderately sized truncations. Examples of how ASCI energies compare
to other state-of-the-art methods can be found in [39–42].

Beyond being used as a stand-alone ED approximant, ASCI has also been shown to
provide for an efficient solver in multi-configuration self-consistent field (MCSCF, see Ch.
12 in [26]) methods, which can be understood as a multi-configurational generalization of
Hartree-Fock. Instead of variationally optimizing the single-particle basis using a single
determinant Ansatz (c.f. Ch. 2), MCSCF allows for a multi-determinant wave function
Ansatz. While this makes the variational parameter more flexible, and in particular allows
to include for static correlation, it also results in a computationally more demanding method,
since the underlying problem to solve is many-body. Using ASCI allows the treatment of
large active spaces of up to ∼ 50 electrons in ∼ 50 orbitals within MCSCF [196], while the
previous state of the art revolved around active spaces with ∼ 22 electrons in ∼ 22 orbitals.

While undeniably a very powerful method, ASCI is not without its own shortcomings.
As mentioned previously, it is still an exponentially scaling approach, so it can only be used
in systems having a moderate number of strongly correlated degrees of freedom. “Moderate”
here can mean anything between 20 and 50 single-particle states, depending of the type of
correlation, e.g. the type of order and interactions between the strongly correlated degrees
of freedom. Further, as a truncated method, ASCI is susceptible to breaking Hamiltonian
symmetries, as discussed in the previous subsection.

As an iterative optimization approach, where the target quantity is the ground state
energy, it is also possible for ASCI to get stuck in “local minima”, i.e. sub-optimal truncations

the local Green’s function of the Hubbard lattice. By local Green’s function, we refer to the lattice Green’s
functionG(ω)i,j evaluated at lattice sites i, j restricted to a small cluster of the infinite lattice, in the examples
of Fig. (3.2) these clusters are a single lattice site (left) and a 2 × 2 square (right). In each iteration, the
ground state of an impurity model with new values for the bath energies and couplings is computed, and
whether the corresponding impurity Green’s function matches the local lattice Green’s function is checked.
This results in a self-consistent procedure, described in detail in Ch. 6. There, we used ASCI to solve the
impurity model in each iteration.
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which appear as fix-points of the ASCI exploration-ranking-truncation cycle. One may fall
into these local minima by starting from an initial determinant far away from the important
ones, distance here measured in terms of how many electronic excitations are needed to
change one determinant into another. This can be remedied by exploiting previous knowledge
about the relevant degrees of freedom in the true ground state, although the Hartree-Fock
determinant is more often than not an acceptable starting point. Premature natural orbital
rotations can increase the chances of falling into local minima, so it is important to only
introduce natural orbitals after the ground state energy is qualitatively correct.

Those technical complications notwithstanding, the worst case scenario for ASCI lies ar-
guably within the assumption that all important determinants are closely connected through
the Hamiltonian. In situations where the distance between important determinants is exten-
sive, i.e. the number of necessary excitations to connect those determinants is proportional
to the number of degrees of freedom, then the exponential wall hits the exploration step,
and not only the ground state calculation step. This may result in ASCI concentrating only
on a single patch of the Hilbert space, neglecting other regions of equivalent relevance, and
giving a qualitatively wrong ground state approximation. It is only fair to note that this is
a limitation of any kind of selected CI approach, and not of ASCI in particular.

3.2 ASCI for Green’s function and spectra

Motivated by the efficient ground state wave function truncation in ASCI, we turn to the
calculation of ground state one-body Green’s functions Gα,β(ω) in the truncated basis. In
Ref. [44], we showed that the rapid convergence of the ground state energy is inherited by
the Green’s function, allowing to access accurate spectral properties of finite-size many-body
systems efficiently.

The main idea is to evaluate the frequency dependent Green’s function matrix elements
by computing the resolvents (c.f. Eq. (2.34))

Gα,β(ω) = 〈ΨN
0 |cα

1

ω − (H − EN
0 ) + iη

c†β|Ψ
N
0 〉+ 〈ΨN

0 |c
†
β

1

ω + (H − EN
0 )− iη

cα|ΨN
0 〉 ,

= Gp
α,β(ω) +Gh

α,β(ω),

(3.7)

where H is the system Hamiltonian, |ΨN
0 〉, EN

0 are the ground state wave function and
energy as obtained from ASCI, and η is a numerical broadening factor. We refer to the
first term in Eq. (3.7) as the particle component of the Green’s function Gp

α,β(ω), and to

the second term as the hole component Gh
α,β(ω). The main difficulty to evaluate Eq. (3.7)

accurately with a truncated wave function lies in the need to invert the Hamiltonian. This
inversion generates formally an infinite number of powers of H, connecting the kets on the
right hand side of the equation with all determinants in the Hilbert space. As a consequence,
we need to expand the ASCI truncation in order to compute the Green’s function. In a finite
frequency region close to ω = 0, i.e. in an energy window around EN

0 , it turns out that we
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only need to add a finite set of excitations to get accurate results. The motivation behind this
can be explained by looking at the Lehman representation of the Green’s function, presented
in Eq. (2.35) and repeated here for convenience

Gα,β(ω) =
∑
n

〈ΨN
0 |cα|ΨN+1

n 〉 〈ΨN+1
n |c†β|ΨN

0 〉
ω − (EN+1

n − EN
0 ) + iη

+
∑
n

〈ΨN
0 |c
†
β|ΨN−1

n 〉 〈ΨN−1
n |cα|ΨN

0 〉
ω + (EN−1

n − EN
0 )− iη

.

(3.8)

Along the real frequency axis, Eq. (3.8) corresponds to a sum of poles at frequencies
corresponding to transitions between eigenstates of the system from an N particle state to
an N ± 1 particle state. In a frequency window around ω = 0, which corresponds to low
energy transitions, it is not unreasonable to expect that the excited state wave functions
|ΨN±1

n 〉 will be similar to the ground state |ΨN
0 〉. Thus, constructing a truncated space

starting from the ASCI truncation, which is taylored for |ΨN
0 〉, is likely to be a successful

strategy. In this section, we will confirm that this is indeed the case.
Before discussing the algorithm to compute Green’s functions in detail, we note that

while the particle component of the Green’s function Gp
α,β(ω)13 lives in the N + 1 particle

sector, the hole component Gh
α,β(ω)14 lives in the N − 1 particle sector. Consequently, we

need to build two new truncations T N±1 to compute the particle and hole components of
the Green’s function separately.

Algorithm

The Green’s function calculation is performed separately for the hole and particle compo-
nents. The only difference in each case is the number of particles in the Hilbert space, but
otherwise the method is absolutely identical. For simplicity, we will write this description
from the point of view of the hole component (N − 1 particle sector). The computation
of the matrix elements Gh

α,β(ω) is divided into two steps: Build the Green’s function trun-
cation T N−1, and Evaluate the resolvent in that truncation. For the latter, we use either
Lanczos [208, 209] or band Lanczos [210].

1. Build: The simplest truncation to compute the matrix element Gh
α,β(ω) would cor-

respond to acting on T N with cα and cβ, giving the “naive” partial15 truncations

T N−1,0
α ≡ cαT N and T N−1,0

β ≡ cβT N . The union of these two truncations would build

then a possible truncation to compute Gh
α,β(ω). This simple truncation is, however,

13c.f. the first term in Eq. (3.7), or the first sum in Eq. (3.8).
14c.f. the second term in Eq. (3.7), or the second sum in Eq. (3.8).
15Naive because this is the simplest approach, and as we will see not the most accurate. Partial because

T N−1,0
α is a truncation based on the action of a single annihilation operator.
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usually not very accurate. This is because the ASCI truncation T N , upon which the
naive partial truncations T N−1,0

α are built, is designed to capture expectation values of
the Hamiltonian accurately, but evaluating the resolvent in Eq. (3.7) involves higher
powers of the Hamiltonian. For that reason, it is necessary to complement the T N−1,0

α

truncations with additional determinants.

Given a naive truncation T N−1,0
α , we complement it by adding “layers” of single exci-

tations. One layer corresponds to choosing a subset of T N−1,0
α , and forming all single

excited determinants from that subset. This subset is typically chosen as all determi-
nants in T N−1,0

α with a ground state wave function coefficient above some threshold.
The addition of layers can be repeated, adding as layers sequentially, until the sub-
sequent Green’s function element converges. To capture low-energy Green’s function
features, i.e. within a frequency window around ω = 0, a handful of layers are usually
enough.

In [43, 44] we have seen that one or two layers typically suffice for molecular systems
and impurity models. This is quite fortunate, since the size of the truncation increases
exponentially with the number of layers, but it is no coincidence. The fast Green’s
function convergence around ω = 0 is inherited by the compact ground state truncation
provided by ASCI. The growth of the truncation with the number of layers can be
further improved by exploiting an active space structure. If in the ground state wave
function there are orbitals which are fully occupied, or fully empty, these are not likely
to be relevant for the low energy Green’s function properties, in the same way as they
were not relevant for the ground state energy. It is thus a good approximation to
consider single excitations from and to active orbitals only. We reach thus the final
partial truncations T N−1

α by adding l layers of single excitations to T N−1,0
α , considering

only active orbitals. We note that in the limit of performing ED, i.e. ASCI with no
truncation, one single layer is enough to recover the full N − 1 Hilbert space starting
from any one of the partial truncations T N−1,0

α .

We have described a way to build the truncation to compute one matrix element
Gh
α,β(ω). To compute the full matrix, one can either build a different truncation for each

element, or make a common truncation by forming the union of all partial truncations
∪α T N−1

α . The former strategy has the advantage that each single truncation is in
general smaller than the union of all of them16, making the subsequent evaluation
of the matrix elements computationally less expensive. On the other hand, using a
common basis for all elements improves the quality of magnitudes that depend on
inter-dependencies of all matrix elements, e.g. the self-energy Σα,β(ω), which involves
inverting the Green’s function. Which strategy to use is therefore purely a matter of
problem-dependent convenience.

2. Evaluate: Once a truncation T N−1 for the Green’s function has been built, we can
project the Hamiltonian onto that truncation and evaluate the resolvent in Eq. (3.7)

16Although, as noted above, in the ED limit all partial truncations are equal.
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using the Lanczos algorhtm. We can either evaluate each matrix element separately
using Lanczos [208, 209], or the whole matrix at the same time using band Lanc-
zos [210]. Which method to use is a matter of convenience. Generally band Lanczos is
computationally less expensive, since it calculates all matrix elements in roughly the
same number of iterations, at the price of being more memory intensive, linearly so in
the number of rows in the Green’s function matrix. Both are Krylov methods based
on the same principle. Here, we will briefly sketch how simple Lanczos can be used
to compute one Green’s function matrix element, and refer to [43, 210] for details on
band Lanczos.

Basically, the Lanczos method is an iterative approach that takes as input a Hermitian
matrix, say our projected Hamiltonian H − EN

0 , and a vector |x〉, in our case e.g.
|x〉 = cα |ΨN

0 〉, and maps H into a tridiagonal matrix H̃m. Let H be an M×M matrix,
where M is the size of the Green’s function truncation, and H̃m is an m ×m matrix,
where m is the number of Lanczos iterations. After m iterations, Lanczos performs
the map

H, |x〉 Lanczos m its.−−−−−−−−→ H̃m =



α1 β1 0 0 · · · 0 0
β1 α1 β2 0 · · · 0 0
0 β2 α3 β3 · · · 0 0
0 0 β3 α4 0 0
...

...
...

. . .
...

0 0 0 0 αm−1 βm−1

0 0 0 0 · · · βm−1 αm


. (3.9)

The coefficients αi and βj are found iteratively by acting with H on the reference
vector |x〉, and building in this way an orthonormal set {|vi〉}mi=1. The trick relies on
building this set such that projecting H onto it results in the tridiagonal matrix H̃m, i.e.(
H̃m

)
i,j

= 〈vi|H|vj〉. The first vector of the set is defined to be |v1〉 = |x〉 /||x||, where

|| |x〉 || is the norm of |x〉. The i + 1 vector is then formed by acting with H on |vi〉,
and orthonormalizing with respect to all previous {|vj〉}ij=1. Since H is Hermitian, the

orthonormalization condition takes a particularly simple form, namely the recursion17

βi |vi+1〉 = H |vi〉 − αi |vi〉 − βi−1 |vi−1〉 , (3.10)

where αi = 〈vi|H|vi〉 and βi = ||H |vi〉 − αi |vi〉 − βi−1 |vi−1〉 ||. It is easy to check by
induction that the recursion in Eq. (3.10) generates an orthonormal basis18. Further,

17To use this recursion to get |v2〉, we define |v0〉 = 0.
18Indeed, the definition of βi = ||H |vi〉 − αi |vi〉 − βi−1 |vi−1〉 || assures that |vi+1〉 is normalized, and

orthogonality follows from the Hermiticity of H.
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rewriting Eq. (3.10) as

H |vi〉 = βi |vi+1〉+ αi |vi〉+ βi−1 |vi−1〉 , (3.11)

shows that the matrix H̃m is tri-diagonal, since it is the projection of H onto the set
{|vi〉}mi=1.

The smaller matrix H̃m has very particular properties. For the calculation of the
resolvent in Eq. (3.7), the most important are [210]

(
H̃m

)k
|x〉 = Hk |x〉 , for 0 ≤ k ≤ m− 1, (3.12)

〈x|
(
H̃m

)k
|x〉 = 〈x|Hk|x〉 , for 0 ≤ k ≤ 2m− 1, m odd (3.13)

for 0 ≤ k ≤ 2m− 2, m even.

These equations mean that the first ∼ 2m moments of the tridiagonal Hamiltonian H̃m

with the input vector |x〉 exactly match those of the full Hamiltonian. Consequently,
we can substitute H with H̃m in Eq. (3.7) for a diagonal Green’s function element
Gα,α(ω) and get a very accurate approximation close to ω = 0 for a small m. The
reason is that the corresponding spectral function Aα(ω) = − 1

π
=Gα,α(ω) has the same

first 2m + 1 moments as the exact spectral function19. Off-diagonal matrix elements
of the Green’s function can be computed in this way as well, by noting that

〈ΨN
0 |(c†α ± c

†
β)

1

ω + (H − EN
0 )− iη

(cα ± cβ) |ΨN
0 〉 = Gh

α,α(ω) +Gh
β,β(ω)

±Gh
α,β(ω)±Gh

β,α(ω).

(3.14)

Typically, as few as ∼ 100−1000 Lanczos iterations are enough to converge the Green’s
function elements. A further advantage comes from the tridiagonal form of the ma-
trix H̃m. This allows computing the diagonal Green’s function element exactly as a
continued fraction expression

Gh
α,α(ω) =

〈ΨN
0 |cαc†α|ΨN

0 〉
ω − α1 − β2

1

ω−α2−
β2
2

ω−α3−···

. (3.15)

19Here, the n-th moment of Aα(ω) refers to the integral
∫

dω ωnAα(ω), which for the ground state Green’s
function can be easily shown [208] to be

∫
dω ωnAα(ω) = 〈ΨN

0 |c†αHncα|ΨN
0 〉.
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This further means that we only need to perform Lanczos once for each matrix element,
and then we can evaluate the Green’s function at any frequency ω in the complex
plane using Eq. (3.15). This method needs to be repeated for each matrix element
separately, but the calculations can be done in parallel. Alternatively, band Lanczos
can be used [43, 210], which is a generalization of Lanczos in which the input has
several vectors |x1〉 , |x2〉 , . . . , and the resulting matrix H̃m is not tridiagonal but band-
diagonal.

We summarize the ASCI Green’s function algorithm for the hole component in Alg. 2,
assuming a common basis for all Green’s function elements. The corresponding algorithm for
the particle component is obtained by changing annihilation operators by creation operators.

Algorithm 2 ASCI algorithm for ground state hole Green’s function via Lanczos.

Input: Hamiltonian H, ASCI T N , EN
0 , |ΨN

0 〉, orbital list {cα}α, frequency grid {ωj}j, nr.
of layers l, nr. of Lanczos iterations m

Output: Green’s function matrix Gh
α,β(ω) in specified orbitals and frequency grid

T N−1,0
α ≡ cαT N naive truncations for all α
T N−1
α ← T N−1,0

α via l layers of single excitations
T N−1 = ∪αT N−1

α

for all Orbitals α do
|x〉 ← cα |ΨN

0 〉
H̃m ← H − EN

0 , |x〉 via Lanczos
Gh
α,α(ω)← H̃m, {ωj}j via Eq. (3.15)

end for
for all Pairs {α, β} do
|±〉 ← (cα ± cβ) |ΨN

0 〉
H̃±m ← H − EN

0 , |±〉 via Lanczos
Gh
±,±(ω)← H̃±m, {ωj}j via Eq. (3.15)

Gh
α,β(ω)← Gh

α,α(ω), Gh
β,β(ω), Gh

±,±(ω) via Eq. (3.14)
end for

Performance

As we have shown in [44, 45] for impurity models, and in [43] for molecular systems, Alg. 2
allows for an efficient and accurate calculation of ground state wave functions in many-body
systems, inheriting all advantages and issues of the ASCI method for ground states. The most
notable property is the quick convergence of Green’s functions and self-energies with the size
of the ASCI truncation T N , even with only one or two excitation layers. We exemplify this
convergence in Fig. 3.3, where we show the imaginary part of a diagonal self-energy element
for different truncation sizes and in the exact limit. Here, we consider the Nc = 2 × 2 and
Nb = 8 impurity model from the right panel of Fig. 3.2. Looking at a self-energy element
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Figure 3.3: Imaginary part of a diagonal self-energy element for a (2×2) impurity Anderson
model with 8 baths, resulting from a DMFT calculation on the two dimensional square
lattice Hubbard model at half filling with U = 8 t. The solid lines are results from ASCI
calculations with different truncation sizes (we give the percentage of the full Hilbert space
that was neglected), and the dashed line corresponds to the exact result. In this case, the full
Hilbert space has 853776 determinants, the largest truncated space keeping just the most
important 1000. This is the number of determinants in the ASCI calculation, which was
expanded in each case with one layer of excitations to compute the Green’s function.

is a more stringent test than just a Green’s function element, since the self-energy requires
inverting the Green’s function. Thus, any small error in the Green’s function can be enhanced
in the inversion process. Still, we see that it is possible to obtain great agreement with the
exact result while keeping less than 1% of the full Hilbert space. This drastic truncation
greatly reduces the computational complexity, and enables the accurate treatment of systems
with many more strongly correlated orbitals than with ED (FCI). Moreover, just as ASCI
can be widely applied for molecular and extended systems [40], Green’s functions for all
those systems can in principle be accessed from the ASCI wave function.

On the other hand, this method to compute Green’s functions also inherits the weaknesses
of the ASCI approach discussed in the previous section. Those systems with which ASCI
struggles will present difficulties for the Green’s function calculation as well. In particular,
the computational burden of calculating the Green’s function is larger than the corresponding
ASCI ground state method, and thus systems for which the ASCI ground state energy is
accessible may be beyond what the ASCI Green’s function algorithm can treat accurately.
Still, for the typical impurity models found in DMFT [44, 45] and for the ω < 0 region of
small molecule’s Green’s functions [43], Alg. 2 gives accurate results efficiently.

There is a physical limitation to ED based approaches to Green’s functions, such as the
ASCI approach detailed above, that it is important to mention here: They do not provide a
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straightforward access to life times. As discussed in Chapter 2, Section 2.2, the finite peak
width in the imaginary part of the Green’s function is related to finite quasiparticle life times,
originating from the decay channels for the quasiparticle into a continuum of other states.
In a finite-size representation as those accessible with ED or ASCI, there is no continuum
of states, and thus also no finite life times20. Indeed, the broadening of the spectral features
in ED or ASCI Green’s functions is caused by the parameter η, the value of which is not
determined by any physical relation, but by choice to make the spectra appear realistic. At
this point, it is not clear whether it is fundamentally impossible to have finite quasiparticle
life times in an ASCI Green’s function21, or whether there is a way to effectively include
the effect of a continuum of relaxation channels. Even when coupled with an embedding
method such as DMFT, the truncation of the embedding bath precludes the appearance of
true finite life times, unless it becomes computationally possible to include a large enough,
though finite, number of bath orbitals, distributed along frequency space more densely than
the frequency grid used to sample the Green’s function.

Extending ASCI for the efficient computation of accurate ground state Green’s functions
has proven to be a useful step to increase the method’s applicability to the realm of spec-
tral properties and solid state systems. ASCI represents one of the currently most efficient
ED-based impurity solvers for DMFT [44, 45], and further has been used to inform the
development of many-body perturbation theory algorithms to study satellite spectral fea-
tures [43]. Moreover, the access of spectral magnitudes, such as densities of states or band
structures, allow for a direct comparison to experimental techniques, e.g. (angle-resolved)
photo-emission spectroscopy [16, 211]. In the following chapters, we present examples of
applications of ground state and Green’s function ASCI calculations across quantum com-
putation, molecular physics and condensed matter.

3.3 Discussion and Perspective

In this chapter, we have described the ASCI algorithm in detail. ASCI is a particularly
efficient selected configuration interaction method, which allows for a compact representation
of the ground state wave function of a finite-size many-body system. We have further shown
how to extend ASCI to compute equally compact representations of ground state Green’s
functions. This compactness, measured in the number of Slater determinants needed for
an accurate ground state energy and Green’s function, enables ASCI to push, though not
eliminate, the exponential wall of ED based methods, making systems beyond the reach of
ED or traditional CI approaches computationally tractable. In general, ASCI is likely to be
useful for systems which have a moderate number of important strongly correlated degrees
of freedom, and for which it is possible to propose a decent trial ground state approximation
to initialize the iterative construction of the optimal truncation.

20A possible way to introduce quasiparticle decay would be to add an effective, non-Hermitian absorbing
term to the Hamiltonian, but this would bring undetermined parameters to the calculations.

21Without ad hoc methods such as broadening factors η or non-Hermitian Hamiltonians.
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Identifying the relevant degrees of freedom requires some intuition of the physics of the
system, but this task can in many cases be traced back to the occupation numbers of each
orbital, and thus to the concept of an active space structure in quantum chemistry, or
proximity to the Fermi level in solid state physics. Indeed, orbitals which are nearly full
or nearly empty in the ground state (bands that are well below or well above the Fermi
level) do not need to be considered explicitly in the ASCI calculation, since they do not
affect the low energy behavior of the system. They occupied orbitals (bands) rather define
the effective Hamiltonian that the relevant degrees of freedom experience. These are those
orbitals which are close to half-full (those bands that are close to the Fermi level). An
approximate classification of the degrees of freedom in these classes can be obtained from low-
level calculations, in the simplest case from mean-field or DFT treatments. While these will
typically provide qualitatively correct classifications, it is important to check for consistency
within the ASCI treatment. This means, after the ASCI calculation is performed, one
can compute the orbital occupations or spectral function and check that the classification
proposed a priori does not change. Otherwise, the new classification obtained from this first
ASCI calculation can be used in a subsequent, refined ASCI treatment, ideally converging
to the most accurate identification of relevant degrees of freedom.

The efficiency of the ASCI representation relies on an effective search through Hilbert
space to identify the important determinants in the ground state wave function. Therefore,
any attempt to improve ASCI will likely have to address the exploration step. As discussed
in Section 3.1, ASCI struggles the most if there exist important determinants which are
far apart, meaning it takes an extensive number of single-electron excitations to transform
from one into the other. The exploration algorithm described here is quite local, in the
sense that at each iteration we only look around the current truncation T Ni , and this makes
wide spread important determinants hard to find22. Since the search is driven by the system
Hamiltonian, it may be advantageous to use a different Hamiltonian for the exploration step,
at least in some iterations, to force ASCI to explore new regions of configuration space and
thus potentially escape from “local baisins”.

As discussed above, in some cases the ASCI approximation may suffer from a further
impediment to the qualitative description of the system’s ground state: truncation induced
symmetry breaking. This becomes a problem when we want to study states of defined
symmetry, be it e.g. to explore the phase diagram of a model Hamiltonian, or to compare
the stability of different spin states in a molecular system. For this situations, it would be
advantageous to modify the ASCI algorithm in such a way that it systematically provided
symmetric ground states, ideally |ΨN

0 〉 being an eigenstate of the symmetry generator for a
user-specified eigenvalue. There are several possibilities to address the symmetry breaking
in ASCI. A simple post-processing step to alleviate the problem would be increasing the
truncation by adding determinants connected to T N through a single application of the
symmetry generator, in some ways a one layer version of the approach we described in

22Increasing the size of the truncation eventually solves this complication, but this strategy becomes
computationally intractable quickly.
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the Green’s function algorithm. Alternatively, one could expand the ASCI wave function
in a set of linear combinations of Slater determinants, each an eigenstate of the generator
with the wanted eigenvalue, and modify the ASCI search to return a list of this symmetric
linear combinations instead of simple determinants. This would solve the issue, but would
make the Hamiltonian projection more cumbersome. Another possibility could be to use an
effective Hamiltonian, by adding a “Lagrange multiplyer”-like term to promote a symmetric
truncation. For example, in the case of total spin conservation one could use H + aS2

tot,
and tuning the parameter a could drive the ASCI method to balance minimizing the energy
and the total spin, potentially restricting the search to states with the smallest possible spin
eigenvalue.
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Chapter 4

Ground State Structure - State
Preparation

This project [42] concerns the use of ASCI to assess the complexity of preparing ground
state approximations for many-body systems on a quantum computer. This is a necessary
step in the quantum phase estimation (QPE) method, a quantum algorithm for computing
the ground state energy of a given Hamiltonian [212, 213]. The success probability for QPE
depends on preparing a trial wave function with sufficient overlap with the true ground
state of the Hamiltonian of interest. We show that (i) it is possible to prepare multi-
determinant wave functions with > 50% overlap with the true GS (using ASCI) for a wide
palette of relevant systems in quantum chemistry and condensed matter, and (ii) these
multi-determinant wave functions can be prepared efficiently on a quantum computer.

This work was performed in collaboration with members of the Head-Gordon and Whaley
groups in the UC Berkeley chemistry department and with the quantum computation group
at Google. The individual contribution of this dissertation’s author was the extension of
ASCI to lattice models and embedding methods, by developing the algorithm to compute
ground state Green’s functions described in Chapter 3, Section 3.2, allowing the investigation
of ground state preparation for Hubbard and impurity Anderson models. This work is
available as:

• “Postponing the orthogonality catastrophe: efficient state preparation for electronic
structure simulations on quantum devices”, N. M. Tubman, CMZ, J. M. Epstein,
D. Hait, D. S. Levine, W. Huggins, Z. Jiang, J. R. McClean, R. Babbush, M. Head-
Gordon, K B. Whaley, arXiv:1809.05523.

In Section 4.1 we give a brief introduction to quantum computation for many-body sys-
tems, followed by a statement of the problem addressed by this project in Sec. 4.2. Then,
Section 4.3 briefly summarizes the main findings in [42], with focus on the Hubbard and
impurity models. Finally, Section 4.4 offers some concluding remarks.

https://arxiv.org/abs/1809.05523
https://arxiv.org/abs/1809.05523
https://arxiv.org/abs/1809.05523
https://arxiv.org/abs/1809.05523
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4.1 Theory - Quantum Simulation of Many-Body

Systems

Quantum computation is the collective term to designate the field of research attempting
to leverage the special properties of quantum mechanical systems, such as entanglement
or superposition states, for computational purposes [214–216]. This is an interdisciplinary
programme, which lies at the intersection of physics, computer science, chemistry and en-
gineering. It has been theoretically shown that a computational model based on quantum
systems could offer substantial advantages when compared to a classical computation in
such disparate areas as: cryptography [217, 218], information transport [219, 220], search
processes [221], and, most importantly for this dissertation, the simulation of quantum me-
chanical systems [222, 223]. Realizing the promise of quantum computation experimentally is
still an active endeavour, which is starting to show the first examples where a proper “quan-
tum computer” can realize calculations beyond the reach of a classical one [224]. While these
initial applications are of limited practical use, they are fundamental milestones along the
path towards a full-scale quantum computer. In this section, we provide a brief review of
the relevant concepts in quantum computation with regards to the simulation of many-body
systems in general, and to the setting of our project [42] in particular.

While in classical computation the unit of information is the “bit”, a register which can
hold exactly two values, usually labelled “0” and “1”, in quantum computation the basic
unit is the “qubit”. A qubit is, essentially, a quantum two-level system, with eigenstates
labeled as |0〉 and |1〉. The fundamental difference to its classical counterpart is the fact
that a qubit can exist not only in the states |0〉 and |1〉, but also in any linear superposition
of the two. Further, collections of multiple qubits, often called “registers”, can also exist in
superposition states, allowing different qubits to become entangled1. Using this possibility of
superposition as a resource, and combining it with interference effects, allows for the special
flexibility of quantum computation, offering in some applications a computational advantage
to classical approaches.

Having qubits as the registers to store information, the second main ingredient for quan-
tum computation are the “gates” to operate on those qubits. Gates in quantum computation
are, analogously to the classical case, some simple to implement operations on a given set of
qubits. Sequences of such gates can then be designed to build algorithms, just like transistor-
based gates are used in classical computation. In the quantum setting, the gates correspond
to unitary transformations, that map one state of a set of qubits into another 2. Being uni-
tary, they can be envisioned as time-propagation operators under some Hermitian operator,
i.e. a Hamiltonian, such as

1Entanglement characterizes essentially the presence of non-classical correlations between the degrees of
freedom of the system. For a gentle introduction, with immediate applications to quantum computation, see
for example Chapter 5 in [225].

2In a sense, this is more restrictive than in classical computation, where an algorithm can be an arbitrary
map from bitstrings to bitstrings.
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Figure 4.1: Abstract quantum circuit, representing the general structure in Eq. (4.2).

U = eiHt. (4.1)

Here, both the “Hamiltonian” H and “time” t encode the action of the unitary gate, or
set of gates. Any quantum algorithm can thus, at its core, be seen as a “time” propagation
of a many body system

|Ψ〉 Quantum Algo.−−−−−−−−→ |Φ〉 = U |Ψ〉 = eiHt |Ψ〉 , (4.2)

and these are usually represented as circuits3, which illustrate the sequential application
of gates which forms the full algorithm, see Fig. 4.1. For practical purposes, it is important
to consider the difficulty of implementing arbitrary unitary operations on a set of qubits. It
can be shown that there exist finite sets of one-qubit gates such that any possible unitary
acting on a single qubit can be efficiently approximated with them [226], efficiently meaning
that the approximation only takes a small number of applications of the gates belonging to
the set. Similarly, general multi-qubit gates, and thus quantum circuits, can be decomposed
accurately into short sequences of one- and two-qubit gates belonging to so called “universal
gate sets”.

The simplistic representation of a circuit in Eq. (4.2) hides a multitude of challenging
research programmes, from devising reliable and scalable qubit candidates, through designing
quantum algorithms and decomposing them into a basic set of one- and two- qubit gates,
to developing the control capabilities to apply a desired gate, and many more. However,
thinking of quantum algorithms in terms of time evolution of many-body systems as shown
in Eq. (4.2) makes a particular realization seemingly evident: quantum computation should
be the natural framework to simulate many-body quantum systems.

Quantum Computation for Many-Body Physics

When applied to the simulation of quantum many-body systems, quantum computation
solves in principle the exponential scaling problem we discussed in Chapter 2. Indeed, while
storing the coefficients for all Slater determinants in the Hilbert space of an electronic system

3The final step of any quantum algorithm involves a measurement to extract a classical output, with
which to construct the answer to the problem at hand. While this is a trivial step in classical computation,
it is an intrinsic part of quantum algorithms.
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requires an exponential amount of memory in the number of system degrees of freedom Norb
4,

it is in principle possible to store the same amount of information in a number of qubits which
scales linearly with Norb. Indeed, each qubit can be chosen to represent one spin orbital, such
that the |0〉 and |1〉 states correspond to that orbital being empty or full respectively [227,
228]. Qubits thus offer a natural encoding for many-Fermion states in second quantization.

The downside of this idea lies on the immense technical challenges behind identifying
real quantum systems that behave as two-level systems, faithfully controlling these systems
in order to prepare precise quantum states as well as act on them with particular unitary
gates, and proposing technologically feasible platforms to build setups with hundreds or thou-
sands of qubit systems, which is necessary to perform simulations beyond what is already
achievable through classical computation [229, 230]. Despite these daunting technological
challenges, there have been several encouraging first experiments showing the feasibility of
performing simulations of many-body systems on quantum platforms [231–235]. Starting
from these proof-of-principle experiments, the ultimate goal is the realization of “fault tol-
erant” quantum computation, i.e. quantum computation with in-built error correction. At
current estimates, this will require platforms including thousands to millions of qubits [229],
most of them introducing the necessary redundancies to account for error correction.

Let us briefly mention the simplest way to map a many-body problem, defined by a
Hamiltonian in second quantization as in Eq. (2.14), into the qubit language of the quantum
computer. The usual framework for describing qubit states is the language of spin 1

2
systems,

identifying for instance |0〉 ≡ |↓〉 and |1〉 ≡ |↑〉, and assigning to each qubit α one spin orbital.
Here |↑〉 is the eigenstate of the σz operator with eigenvalue +1, and |↓〉 is correspondingly
the eigenstate with eigenvalue −1. As we mentioned in Chapter 2, Section 2.1, we can define
any state and operator using creation/annihilation operators, so the main goal corresponds
to finding the equivalent operators for spin 1

2
systems. Given the identification above, it

is clear that the creation operator will be proportional to a qubit (spin) ladder operator
c†α ∝ σ+

α
5, and consequently cα ∝ σ−α . Indeed, for example, σ+

α maps |↓〉 → |↑〉, and destroys
|↑〉. The only issue is that the σ+

α operators for different qubits commute with each other,
while Fermionic creation operators anti-commute. The anti-commutation relations can be
recovered by attaching a non-local string of σz,β operators to σ+

α . Indeed, it is easy to check
that

c†α ≡

(∏
β<α

σz,β

)
σ+
α , (4.3)

fulfills the necessary Fermionic anti-commutation relations. Here, to write β < α, we have
to choose a convention regarding the order of the orbitals (qubits). After that, what each σz,β

4One double precision number per Slater determinant, and there are a combinatorial number of deter-
minants for a system of Nel in Norb orbitals.

5As a reminder, σ+ = S+ = Sx + iSy. In matrix representation, in the basis of eigenvectors of the spin z

operator, these become σ+ ≡
(

0 h̄
0 0

)
and σ− ≡

(
0 0
h̄ 0

)
. Note that in this basis we have Sz = h̄

2

(
1 0
0 −1

)
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operator does is picking up a −1 factor for each occupied orbital before α, preserving thus
the anti-commutation relations. Eq. (4.3) is called the Jordan-Wigner transformation, and it
is essentially just a representation of Fermionic creation/annihilation operators in the space
of spin operators, which form a natural language for qubit degrees of freedom. This is not
the only possible encoding [230], and in fact the non-local string of σz,β operators is not ideal
for technical reasons. However, this suffices to show that it is possible to translate a many-
body problem into the qubit language of quantum computation. In principle, given such
a translation, it is possible to propose unitary gates corresponding to any unitary operator
written in terms of creation/annihilation operators, such as the time translation operator.
That being said, proposing efficient circuits which are actually experimentally realizable is
a daunting challenge, and an active field of research [236–238].

Provided that we can encode a quantum many-body system into a quantum computer,
the next step is to design sequences of gates, or algorithms, to extract physical information
of interest, such as correlation functions or Hamiltonian eigenvalues. There is a wide palette
of quantum algorithms devised to perform quantum chemistry on quantum computers [222,
230]. For the purposes of this project we concentrated on one of the first proposed algorithms
to extract ground state energies: the Quantum Phase Estimation (QPE) algoritm [212, 213].

Quantum Phase estimation

The QPE algorithm can be used to determine the ground state energy of a Hamiltonian H,
and, in its original formulation, uses as input an implementation of eiHt 6 and a trial state
|ΨT 〉 with non-zero overlap with the true ground state of H. The larger the overlap of the
trial state, the more efficient the algorithm is, since it effectively performs a projective mea-
surement of the system Hamiltonian H. In it’s original implementation [212], the technical
requirements for QPE are a gate implementation for the controlled Hamiltonian evolution7,
as well as enough qubits to prepare |ΨT 〉. Further, a set of p ancilla qubits are needed, in
which the binary representation of the ground state energy E0 will be stored at the end of the
algorithm. Thus, the desired accuracy in the ground state energy determines the number of
ancilla qubits necessary. Further, QPE requires the implementation of the inverse Quantum
Fourier Transform (iQFT) [214]. We will not go into the details of the iQFT, and instead
will describe the QPE algorithm and simply state where the iQFT is needed.

The QPE algorithm, for a circuit representation see Fig. 4.2, performs as follows [214,
230]:

• The quantum register is initialized to |00 . . . 0〉 ⊗ |ΨT 〉, where the first ket corresponds
to the p ancillary qubits.

6Modern proposals suggest implementing ei arccos(H)t, which has the same eigenvalues as eiHt.
7Controlled gates are gates that act on a set of qubits depending on the state of an additional, ancillary

qubit. If the ancillary qubit is set to |1〉, then the controlled gate applies, otherwise it does not. For instance,
a controlled U gate acts on 1√

2
(|0〉+ |1〉) |Ψ〉 to give 1√

2
(|0〉 |Ψ〉+ |1〉U |Ψ〉).
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Figure 4.2: Circuit for the Quantum Phase Estimation (QPE) algorithm [212, 214, 230], using
four ancillary qubits. Had. stands for Hadamard gate, iQFT for inverse Quantum Fourier
Transform, and the gauge symbols stand for quantum measurements in the computational
basis. The black dots lie at the ancillary qubit of a controlled quantum gate. See text for
details.

• A single Hadamard gate acts on each ancillary qubit. This corresponds to the map
|0〉 → 1√

2
(|0〉+ |1〉). Thus, after the action of all Hadamard gates, the qubits are in

the state

|00 . . . 0〉 ⊗ |ΨT 〉
Had.−−→ 1√

2p

2p−1∑
x=0

|x〉 |ΨT 〉 , (4.4)

where x are all the integers that can be represented with p bits.

• Next, for each ancillary qubit, we apply a controlled Hamiltonian evolution e−2πiH2n

with n = 0, 1, . . . , p− 1, as shown in Fig. 4.2. This effectively results in

1√
2p

2p−1∑
x=0

|x〉 |ΨT 〉
Cont. Evol.−−−−−−→ 1√

2p

2p−1∑
x=0

|x〉 e−2πiHx |ΨT 〉 . (4.5)

Now, we can expand |ΨT 〉 in the basis of eigenstates of H {|α〉} with eigenvalues Eα
as |ΨT 〉 =

∑
α aα |α〉, such that we can write

1√
2p

2p−1∑
x=0

|x〉 e−2πiHx |ΨT 〉 =
1√
2p

2p−1∑
x=0

∑
α

|x〉 e−2πiEαxaα |α〉 . (4.6)

Choosing the index α to be ordered by energy, the overlap with the ground state is
|a0|2.
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• Finally, the inverse Quantum Fourier Transform comes into play. Effectively, it imple-
ments the following map

1√
2p

2p−1∑
x=0

e−2πiMx |x〉 iQFT−−−→ |bin(M)〉 , (4.7)

where M is some real number and bin(M) its binary representation with p bits. Con-
sequently, applying the iQFT on Eq. (4.6) we obtain

1√
2p

2p−1∑
x=0

∑
α

|x〉 e−2πiEαxaα |α〉
iQFT−−−→

∑
α

aα |bin(Eα)〉 |α〉 . (4.8)

Thus, we end with a linear superposition of all Hamiltonian eigenstates present in
the trial state |ΨT 〉, where the ancillary qubits encode the binary representation (up
to p bits) of the corresponding eigen-energies. Measuring the ancillary qubits in the
computational basis8 will collapse the system into eigenstate |α〉 with probability |aα|2,
providing the Eα energy. If the trial state is the true ground state, i.e. if |a0|2 = 1,
then the QPE algorithm is guaranteed to provide the ground state energy, and thus
one would need only to apply it once9. For general trial states with |a0|2 < 1, it will be
necessary on average to repeat the algorithm ∼ 1

|a0|2
times in order to actually measure

the ground state energy. Therefore, to obtain the ground state with high probability
and as few measurements as possible, it is necessary to propose trial states with large
ground state overlap. For |a0|2 ≥ 0.5, the QPE algorithm will only need to be repeated
on average twice as often as if the trial state was the exact ground state.

The algorithm as presented above corresponds to the original formulation of QPE [212],
and since improvements have been devised to make it more amenable to an actual experi-
mental implementation [213]. Still, QPE is not a viable quantum algorithm for near-term
quantum devices. Nonetheless, it has received wide attention, and has been protagonist of de-
tailed estimations of the resources necessary for an actual quantum simulation of many-body
systems beyond the capabilities of classical algorithms [229]. Additionally, it is a straightfor-
ward example of how quantum computers can be of use for solving the many-body problem.

8This means, in the basis spanned by the states |↑〉, |↓〉.
9In fact, this is only the case if the ground state energy E0 can be written exactly with a p bit binary

representation. If this is not the case, it is still possible to obtain a good p-bit approximation for E0 high
probability, if we increase the number of ancillary qubits. It can be shown, see Chapter 5 in [214], that to
get a p-bit approximation of E0 with probability 1− ε requires p′ = p+ dlog2

(
2 + 1

2ε

)
e ancillary qubits. It

is also important to note that since the probability of success is less than one, it is in general necessary to
repeat the QPE algorithm multiple times to obtain the E0 estimate.
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4.2 The Issue - Preparing Ground State

Approximations

In the current era of initial non-trivial implementations of quantum simulations of many-body
systems [231–234], it is exceptionally important to accurately estimate the resources that a
particular quantum simulation is going to demand. This is a fundamental step to identifying
what systems are currently treatable with a quantum simulation, and sets clear goals for
future developments towards the solution of many-body problems beyond the capability of
current classical algorithms.

Recently [229], a case study was made for a catalytic center responsible for nitrogen
fixation in biological systems [239], the iron-molybdenum cofactor FeMoco [240, 241]. This
system is able to reduce molecular nitrogen into ammonia at ambient conditions, while the
equivalent reaction in reactors requires expensively high pressure and temperature. This
remarkable electro-chemical versatility relies on the complicated electronic structure of the
FeMoco complex, which with seven iron and one molybdenum atoms is a textbook example of
a strongly correlated electronic system10. Understanding the electronic structure of FeMoco
is thus at the same time theoretically challenging and technologically relevant.

In [229], the case was made that FeMoco may be a paradigmatic example of a system
that a future quantum computer would help understand. It presented a detailed study of
the resources needed to perform a realistic QPE study of this system, with estimates of
circuit depth and number of gates. However, an estimation of the complexity of preparing a
trial state |ΨT 〉 with sufficient overlap with the true ground state was missing. As shown in
the previous section, the success probability of the QPE algorithm depends directly on this
overlap. Thus, whether a QPE treatment is practically possible or not depends strongly on
the quality of the trial wave function.

This is not a problem exclusive to FeMoco, but in general to the QPE treatment of
many-body quantum systems. Particularly for extended systems, it is expected that any
trial wave function built as a product state of sub-system wave functions will be orthogonal
to the true ground state for a large enough number of particles [242, 243]. This notion
is sometimes referred to as the Van Vleck orthogonality catastrophe. Proposing effective
trial wave functions is thus both a critical step for QPE, and a hard problem in many-body
systems. Still, there was hole in the quantum algorithm literature regarding the systematic
preparation of trial wave functions with sufficient ground state overlap. In a collaborative
effort between UC Berkeley and the Google quantum computing group, we performed a
thorough study of the state preparation problem [42]. This can be understood as a general
study of the structure of multi-determinant wave functions in many-body quantum systems,
with immediate application to the QPE algorithm. In the next section, we summarize the
main findings of the study, with focus on the wave function approximations rather than on

10First row transition metals mean valence d-electrons, which are spatially localized and thus dominated
by electron-electron interactions. This is the same motivation that justifies the presence of strong correlation
in transition metal chalcogenides, such as copper oxides or iron pnictides.
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the quantum algorithm implementation.

4.3 The Solution - Multi-Determinant Wave

Functions with Large Overlap

The central ingredient to propose trial states with sufficient ground state overlap systemat-
ically is the ASCI algorithm, which we employed to find the most important determinants
for the ground state wave function of several systems across the quantum chemistry and
condensed matter communities. These included simple molecules, catalytic centers, finite
size implementations of the three dimensional homogeneous electron gas and two dimen-
sional square lattice Hubbard models, as well as the multi-orbital impurity Anderson models
typically encountered in dynamical mean-field theory simulations. We investigated whether
the ASCI approximations with different truncation sizes would suffice as trial state for QPE,
and further proposed a quantum algorithm to prepare multi-determinant wave functions
efficiently on quantum computers.

We first briefly summarize the systems studied and their relevance, and then follow to
discuss the results regarding how good trial wave functions different ASCI truncations are.

Systems Studied

First, we studied the G1 molecule set as proof of principle. This is composed of several small
molecules [244] with main group atoms, and we treated them with the cc-pvDz and cc-pvTz
basis sets. Though these molecules only have a handful of comparatively light atoms, the
many-body Hilbert spaces with the cc-pvTz basis are too large to be treated exactly. We
further investigated three diatomic molecules at different bond lengths, the multi-reference
character of the true ground state increasing naturally towards the dissociation limit.

Second, we studied more challenging molecules, occurring in enzymatic catalytic com-
plexes, and which include transition metal centers (namely iron). These are iron(II)-porphyrin
and the FeMoco cofactor central to the study in [229]. These systems were meant as rep-
resentative quantum chemical systems for which quantum computers may be necessary to
accurately describe the ground state properties.

Third, we considered finite sized instances of the homogenous electron gas (HEG) [80],
also referred to as jellium model, or uniform electron gas. This is a ubiquitous toy model
in condensed matter physics, corresponding to a gas of interacting electrons in a homoge-
neously charged background that ensures charge neutrality. The electronic Hamiltonian, i.e.
neglecting for simplicity the interaction with the background, reads in atomic units and real
space

HHEG =
∑
i

−1

2
∆i +

∑
i<j

1

ri,j
, (4.9)
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where ri,j is the distance between electrons i and j 11. The HEG is parametrized by the
electron density ρ, given usually in terms of the dimensionless rs parameter, defined as the
radius of the d-dimensional sphere containing one electron on average divided by the Bohr
radius aB. In three dimensions, this corresponds to

rs =
1

aB

(
3

4πρ

) 1
3

. (4.10)

The HEG has played a decisive role in the development of density functional theory,
the physics of the HEG being the central building block in the local density approximation
to the exchange-correlation density functional [28, 29, 245]. Further, the HEG is a useful
model to study phases of matter in electronic systems. The rs parameter allows to tune the
“degree” of strong correlation present, and consequently the three dimensional HEG can host
a paramagnetic Fermi liquid phase at small rs, followed by a spin polarized Fermi liquid at
intermediate rs, and ending on a Wigner crystal at large rs [246–248]. The two dimensional
HEG can host exotic phases of matter when submerged in magnetic fields [249], making it a
central part of modern theoretical condensed matter physics. Despite the great theoretical
interest in the HEG, its precise phase diagram is still no definitely mapped out. This,
together with the tunability of the model through rs, makes it a particularly appropriate
system for our state preparation study.

Fourth, we studied finite size instances of the fermionic one-band Hubbard model in two
dimensions and square lattices. This is a minimal model for itinerant electrons with local
interactions [20, 34, 57, 250, 251], and its Hamiltonian in real space follows

HHub = −t
∑
〈i,j〉,σ

c†i,σcj,σ + U
∑
i

ni,↑nj,↓, (4.11)

where t is the hopping amplitude12, U is the local Coulomb repulsion, and the brackets
symbolizing a sum over nearest neighbors only. In momentum space, for the two dimensional
square lattice, the Hamiltonian reads

HHub = −2t
∑
~k,σ

[cos(2kx) + cos(2ky)]n~k,σ +
U

N

∑
~k,~p,~q

c†~k+~q,↑
c~k,↑c

†
~p−~q,↓c~p,↓, (4.12)

where N is the number of lattice sites.
The Hubbard model 13 has been a central character in the study of strongly correlated

phenomena in periodic systems, since by tuning the U/t ratio it is possible to change from a
paramagnetic Fermi liquid system into an anti-ferromagnetic Mott insulator. It has played

11It is worth noting that for an infinite system, the electronic energy as given in Eq. (4.9) diverges. This
divergence is exactly cancelled by the interactions with the charged background, which have been neglected
in Eq. (4.9).

12The probability of an electron jumping between two neighbouring lattice sites being proportional to t2.
13And extended versions thereof, see Ch. 4 and 5 in [14]
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a central role in the study of metal-insulator phase transitions [20], high-temperature super-
conductivity [15], the phase diagram of cuprate materials [252–254], and insulator-insulator
phase transitions [255–257] among other manifestations of strong correlation. The corre-
sponding interest in understanding the precise properties of the ground state of the Hubbard
model have spawned a large number of studies [34, 258–261], using different numerical tech-
niques. Investigating the feasibility of treating the Hubbard model on a quantum computer
is thus a timely and interesting effort.

Finally, we studied (multi-orbital) impurity Anderson models (AIM), which are gener-
alizations of the original single impurity model for magnetic intercalations in metals [262].
The Hamiltonian can be written as

HAnd = Himp +
∑
b,σ

εbnb,σ +
∑
i,b

Vi,b

(
c†icb + h.c.

)
, (4.13)

where i runs over impurity orbitals, which are governed by the impurity Hamiltonian
Himp, and b runs over bath orbitals, defined by the bath energies εb and the couplings to the
impurities Vi,p. In the original single impurity model, Himp = εi(ni,↑ + ni,↓) + Uni,↑ni,↓.

The impurity Anderson model was instrumental to the understanding of the Kondo effect
in metals with magnetic impurities [58, 98, 262], and also plays a central role in embedding
methods such as dynamical mean-field theory (DMFT) [163, 164]. Given the recent proposals
to perform DMFT calculations using hybrid quantum-classical algorithms [263], and the more
recent initial experimental realizations of such hybrid approaches [232, 233], as well as the
implementation of ASCI as an impurity solver in DMFT [44], it is appropriate to include
impurity Anderson models in our state preparation study. Here, Himp will correspond to a
finite slab of a two-dimensional Hubbard model.

Results

The main result in the paper is that for all systems studies, a multi-determinant trial wave
function with as few as 100-1000 determinants can have an overlap with the true ground state
of ∼ 50%. This in turn means that it is possible to apply the QPE algorithm efficiently to
this wide palette of systems. The choice of single-particle basis can be crucial to obtain a trial
wave function with large overlap and a small number of determinants, since as discussed in
detail in Chapter 3 this affects the efficiency of the ASCI search. For the molecular systems,
the canonical Hartree-Fock (HF) basis proved to be a good choice, for the HEG a plane-
wave basis, for the AIM a real space basis, and for the Hubbard model choosing between
plane-wave and real space bases is dependent on the U/t ratio. In the paper, we introduce
a quantum algorithm to prepare such multi-determinant trial wave functions effectively in
a quantum computer. Since this dissertation is concerned primarily with the electronic
structure of strongly-correlated many-body systems, we will not give the state preparation
algorithm, and refer instead to the publication [42]. Instead, we will discuss the ground state
trial wave functions in detail.
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Figure 4.3: Convergence of largest coefficient in the ASCI wave function and of the ASCI
energy as a function of the truncation size for two systems. Taken from [42].

For each system, we proceeded by computing the ASCI ground state with the largest
truncation that was computationally tractable, in lieu of obtaining the best approximation
to the true ground sate in each case. We then consider how much of the total ASCI ground
state was covered by small truncations, i.e. 1-1000 determinants. That way we could access
for instance the overlap of the HF determinant with the full ASCI wave function for the G1
molecules, or the number of determinants needed to account for ∼ 50% of the full ground
state in the finite-size Hubbard models. Since performing an ED calculation is not computa-
tionally feasible for most of these systems, one may wonder whether the best ASCI ground
state has converged the coefficients of the most important determinants. Otherwise, the
estimations described above may not be representative of the overlaps with the true ground
state. Fortunately, we observed that the coefficients of the most important determinants
converge quite rapidly with the ASCI truncation, even faster than the energy, see Fig. 4.3
and Fig. 3.2. Consequently, we are confident of the overlaps reported in this work as being
representative of the overlaps with the true ground states.

For the G1 molecules, the HF determinant alone is most of the full wave function, as
can be seen in Fig. 4.4 for the cc-pvTz basis set results. It is not surprising that the HF
determinant corresponds to at least 80% of the full wave function for these systems, since
they are mostly closed shell molecules, which do not present significant degrees of static
correlation. The general trend seems to indicate that the more electrons in the system, the
smaller the overlap of the HF determinant. We note that these findings are not strongly
basis set dependent, and as shown in the inset of Fig. 4.4, the difference in the HF overlaps
between the cc-pvTZ and cc-pvDz are practically negligible.
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Figure 4.4: Overlap squared of the Hartree-Fock (HF) determinant with the ASCI ground
state wave function for the G1 molecules, in the cc-pvTz basis set. The molecules are ordered
by the number of electrons in them. Inset shows the difference between the HF overlaps in
the cc-pvDz and cc-pvTz basis sets.

The multi-reference character of these molecular systems can be enhanced by stretching
bonds beyond their equilibrium geometry, and we did so for a three diatomic systems: HF, N2

and Cr2. In general, increasing the bond length decreases the HF overlap, and the intensity
of that decrease depends on the nature of the bond broken. Breaking a simple single bond
such as that in HF is less dramatic than the strongly correlated multiple bond in Cr2. In
bond stretched geometries, it is necessary to use more than one determinant for the trial
wave function to have significant overlap with the true ground state.

The iron based complexes, Fe(II)-porphyrin and FeMoco, are more strongly correlated
than the G1 molecules due to the presence of valence d-electrons. As a consequence, one
expects that several determinants will be necessary to reconstruct a sizeable component
of the true ground state wave function. However, an additional problem arises from the
computational complexity of these systems. In these complexes, there can be up to hundreds
of electrons and orbitals, and thus it is necessary to introduce an active space structure
to limit the ASCI calculation. Using the active space presented in [229], we obtained a
surprisingly high overlap of the HF determinant with the full ground state wave function,
above 70% for several spin states. In contrast to that, when changing the active space to
that of [264] the HF overlaps decrease to being below 10%. These strong dependence on
the active space makes it difficult to produce a definitive statement about the complexity of
trial wave functions for these transition metal systems. At the very least, they are likely to
require multi determinant trial states to obtain a sizeable overlap with the true ground state,
and their remarkable complexity reinforces their identification as targets for future quantum
computers.
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In the HEG case, the rs parameter allows us to tune the system between a weakly
correlated paramagnetic Fermi liquid at small rs and more exotic phases of matter at lower
densities (high rs). We investigated the overlap squared of the most important determinant
in the ASCI wave function for two- and three-dimensional, finite-size HEG instances in the
plane-wave basis with rs ranging from 0.5 to 10. We observed the expected decrease of the
overlap squared of the most important determinant with increasing rs, which starts at ∼ 90%
of the full wave function in the high density limit, and drops to below 50% somewhere between
rs = 2 and rs = 5. This rapid decrease in the three-dimensional case is interesting, since
the first phase transition to a spin-polarized Fermi liquid is not expected to take place until
rs ∼ 18 [80]. Nevertheless, on the two-dimensional instance with 10 electrons in 69 orbitals,
we observed that the most important ∼ 1000 determinants account for approximately 50%
of the full wave function up to rs = 10. It is to be expected that near term quantum devices
will thus be able to look at the HEG model with QPE in non-trivial14 regions of the phase
diagram.

The U/t ratio in the Hubbard model offers a similar possibility to tune the degree of
strong correlation, in the same was as the rs parameter in the HEG. We studied different
finite-size instances of the Hubbard model with periodic boundary conditions, namely 4× 4,
5 × 5 and 6 × 6 square clusters, at different U/t ratios between 1 and 8, and at different
particle fillings between half-filling, i.e. one particle per site, 50% in Fig. 4.5, and one-eighth
filling, i.e. one particle for every four sites, 13% in the Figure. This spans distinct phases of
matter, from a paramagnetic metal at low U/t or low filling, to an anti-ferromagnetic Mott
insulator at high U/t and half-filling. In Fig. 4.5 (a) and (d) we show the overlap squared of
the single most important determinant for those different cases using a plane-wave (PW) and
real space (Sp) bases respectively, and Fig. 4.5 (b) and (c) show the accumulated overlap of
the most important 105 in the ASCI ground state for the 6×6 cluster and different U/t ratios
for quarter filling and half-filling respectively. The plane wave ASCI wave functions were
computed with a full truncation fo 107 determinants, the spatial basis with 105 determinants.

For the plane wave (PW) basis results, the general trend is that for low U/t and low
filling fraction less determinants are necessary to recover ∼ 50% of the full ASCI wave
function. Indeed, at one-eighth filling for the 6× 6 cluster, the most important determinant
accounts for over 60% of the full wave function for all interaction strengths studied (see
Fig. 4.5 (a)), and at one-quarter filling the first ∼100 determinants suffice to recover for
50% of the full wave function, see Fig. 4.5 (b). This is not entirely surprising, since at
low particle filling or low U/t the kinetic energy dominates the system’s behavior, and fully
delocalized plane waves minimize the kinetic energy. At half-filling and high U/t however, the
anti-ferromagnetic Mott insulating state becomes more stable. This is a spatially localized
electron configuration, in which each site has exactly one electron, and any pair of electrons
in neighboring sites have opposite spin15. Consequently, at U/t = 8 and half-filling the plane

14I.e. away from rs ∼ 1.
15This is possible in a two-dimensional square lattice, but is not generally possible in any geometry.

Geometries where such an arrangement is not possible are often called “magnetically frustrated”.
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Figure 4.5: Overlaps squared for the two-dimensional, square lattice, finite-sized Hubbard
model using up to 107 determinants in the plane wave (PW) basis and up to 105 determinants
in the spatial basis (Sp). Particle fillings are giving as percentages, e.g. half-filling is given
as 50% and one-eighth filling as 12.5% ≈ 13%. (a) Squared overlap of the most important
determinant and the ASCI ground state Hubbard models of different size (4x4, 5x5 and 6x6),
ratio U/t (from 1 to 8) and electron filling (from 13% to 50 %) using the PW basis. (b) and
(c) show the squared overlap between the first 105 determinants and the ASCI groudn state
for the 6x6 system at quarter and half filling respectively. The overlaps for the PW basis are
shown in filled circles, the ones for the Sp basis in hollow squares. (d) shows the squared
overlap between the most important determinant and the ASCI ground state for Hubbard
models of different size as in (a) using the Sp basis. Taken from [42].

wave basis is inefficient, i.e. it requires more than 104 determinants to recover the full ASCI
ground state (see Fig. 4.5 (a) and (c)). In contrast, the spatial basis (Sp) performs well in
this limit, the most important determinant accounting for 15−25% of the full wave function
(see Fig. 4.5 (d)), and as few as 102 determinants being enough to reconstruct ∼ 50% of it
(see Fig. 4.5 (c)).

It is worth noting that the trends described in the previous paragraph are not perfectly
followed between clusters of different sizes. In particular, the plane-wave shows very sharp
changes between contiguous particle fillings and cluster sizes. These are however finite-size
effects, related to the degeneracy structure of the kinetic energy for the plane wave states.
Consider for example the overlaps squared for the most important determinant in the 6× 6
cluster at 20% filling in Fig. 4.5 (a). These are much smaller than the overlaps for 13%
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Figure 4.6: Six most important determinants for the plane wave ASCI ground state of the
6×6 two dimensional, square lattice Hubbard model at 20% filling and U/t = 1. Each circle
corresponds to one momentum state, its occupation is symbolized by arrows representing
electrons with a particular spin state. Spin up is represented with a red arrow, spin down
with a blue arrow. The color map corresponds to the kinetic energy of each degree of freedom
as given in Eq. (4.12). Taken from [42].
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or 25%, apparently breaking the previously established trend: one would expect 20% to
have larger overlaps than 25%, since the electron density is less, and thus the electron-
electron interactions matter less. The reason for the low overlaps at 20% filling is that
there are six determinants with the same kinetic energy, all of which have approximately
the same coefficient in the ASCI ground state, the six of them being thus equally important
determinants in the expansion. Together, they make for ∼ 90% of the wave function, which
falls better in the general trend. This degeneracy becomes easy to understand by plotting
the kinetic energies of the plane-wave states and assigning them electrons in an Aufbau-
principle scheme, see Fig. 4.6. All configurations shown in the Figure are degenerate in the
non-interacting limit. In the low U/t limit, it is not surprising that these six configurations
are still the most important determinants, and that they have roughly equal coefficients.
This “shell effect” is a finite size effect, and can be also seen in the spatial basis, consider
the kinks in the Sp curves in Fig. 4.5 (c). Neglecting these artificial finite-size effects, the
trends described above hold.

The important conclusion is thus: Choosing the appropriate single-particle basis16, it is
possible to prepare a multi-determinant trial wave functions with an overlap of ∼ 50% with
the true ground state. This trial states only need to include 100-1000 determinants across a
wide range of phase space, at least for finite-sized Hubbard model clusters of moderate size.

Performing QPE studies in finite-sized Hubbard clusters should thus be possible. This
would allow access to the ground state of the Hubbard model close to the thermodynamic
limit by increasing the size of the clusters at a fix electron density. An alternative strategy
to reach this limit relies on employing embedding methods, such as DMFT. The quantum
computer would then be used to study the ground state of an AIM [263]. Consequently, we
studied the squared overlap of the most important determinant in the ASCI ground state
of the AIM that appear in cluster DMFT calculations of the Hubbard model at U/t = 8
for different particle fillings n in the spatial basis. In Fig. 4.7 we show the squared overlap
of the most important determinant in the ASCI ground state for the multi-orbital AIM of
different sizes, both in the number of impurity sites Nc = Nx ×Ny and the number of bath
orbitals Nb. Each point in the figure corresponds to the average over several cluster DMFT
iterations. In general, we observe the same trend as in finite-size Hubbard clusters: the closer
to half-filling, the larger the squared overlap of the most important determinant. This is
reasonable, since we are considering impurity models for the anti-ferromagnetic Mott phase
(U/t = 8). This trend seems to transcend the size of the impurity and the number of baths,
as it should since it corresponds to a property of the underlying thermodynamic limit of the
Hubbard model. The AIM from DMFT calculations should therefore be also accessible to
the QPE algorithm, at least from the state preparation point of view.

As we have seen in different examples from quantum chemistry and condensed matter
physics, including simple and complex molecular systems, as well as model Hamiltonians
such as the HEG, Hubbard model and AIM, it is indeed possible to prepare a trial wave
function with sufficient overlap with the true ground state to perform an efficient QPE

16Which may require some degree of physical intuition of the system.
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Figure 4.7: Overlap squared of the most important determinant in the ASCI ground state for
different multi-orbital impurity Anderson models appearing in cluster DMFT calculations of
the two dimensional, square lattice Hubbard model at U/t = 8 and different particle fillings
n. Each point corresponds to an average over several cluster DMFT iterations. The models
differ by the size of the impurity cluster Nx×Ny and the number of bath orbitals Nb. Taken
from [42].

calculation of the ground state energy in a quantum computer. Indeed, the ASCI algorithm
provides a systematic way of preparing such multi-determinant trial wave function, provided
one chooses an appropriate single-particle basis, which requires some understanding of the
physics that characterize the system. The only missing piece is then to propose a quantum
algorithm to prepare such multi-determinant trial wave functions efficiently on a quantum
computer. We proposed such an algorithm in our paper [42], which scales essentially linearly
in the number of determinants, and painted thus a very appealing picture for the impact
that the QPE algorithm may have for the solution of the many-body problem.

4.4 Discussion and Perspective

Besides the implications for QPE and quantum computing, this project makes a compelling
case for the wide applicability of the ASCI method for ground states, showing a large palette
of systems on which it can be applied accurately. Further, it highlights some of the technical
aspects that have to be kept in mind when applying ASCI.

For example, the different convergence behavior of the determinant coefficients compared
to the ASCI ground state energy is reflective of the convergence properties of selected con-
figuration interaction approaches mentioned in Chapter 3. Indeed, this is most likely a
consequence of the common presence of a large set of determinants with negligible ground
state coefficients, which can be neglected without altering noticeably the magnitude of the
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coefficients of the important determinants found by ASCI, but which nonetheless contribute
in a sizeable manner to the energy. As discussed in Section 3.1 of Chapter 3, this energy
contribution can be estimated using perturbation theory, without having to include all the
small-coefficient determinants in the ASCI truncation explicitly.

More importantly, the results discussed above illustrate the importance of the single-
particle basis towards an accurate ASCI truncation, see the differences between the plane-
wave and real space bases for the Hubbard model clusters in Fig. 4.5. Similarly, the results for
the transition metal systems show that choosing an active space can also be a delicate matter,
the qualitative ground state structure changing wildly depending on the choice made. These
two cases indicate that the choice of single-particle basis and active space can be a critical step
for involved ASCI calculations. It is imperative to choose them in such a way as to include
all important physical degrees of freedom in the active space over which ASCI performs
the determinant search. Ideally, one would want to make such a decision as systematic as
possible, rather than depending on an a priori understanding of the ground state properties
of the system. To this end, ASCI was adapted as solver within a multi-configuration self-
consisten field (MCSCF) optimization [26, 196]. MCSCF is a multi-reference generalization
of Hartree-Fock, which variationally optimizes the single-particle basis for a multi-reference
ground state Ansatz in some active space. The initial results show that this ASCI-SCF
method can indeed optimize the single-particle basis efficiently, and thus shows promise to
make the choice of basis more systematic. Still, it is important to note that even ASCI-SCF
is far from a black-box method, since one still has to choose a finite active space for the
calculation.

Having established that the ASCI algorithm provides with efficient ground state repre-
sentations in a wide variety of many-body systems, the natural continuation would be: Can
we also obtain accurate excited states with ASCI? In principle, the ASCI algorithm as is
already offers the possibility of accessing excited states. When computing the ground state
of the truncated Hamiltonian with Lanczos, one can also obtain low-lying excited states17.
Still, the ASCI truncation is optimized for the ground state, and thus the quality of the
low-lying excited states of the truncated Hamiltonian is questionable. Ideally, one would
try to propose a modified ASCI search to target Hamiltonian eigenstates in a particular
energy window, since it is reasonable to expect that the dominant determinants will change
at different energy scales. Similar approaches have been explored in selected CI techniques
recently [113, 265, 266], so that there may be a feasible way of adapting such techniques into
the efficient ASCI framework. An immediate application of such an extension would be to
investigate the practicality of the QPE algorithm for excited states.

Finally, one can ask whether there are other aspects of quantum computation for the
many-body problem that ASCI could help clarify. An application of quantum computers
orthogonal to the calculation of energies is the simulation of real time dynamics in many-
body systems. Indeed, the general form of a quantum circuit as shown in Eq. (4.2) suggests
that quantum computers should be a natural environment to perform dynamics. Encoding

17Eventually using a band Lanczos method [210].
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a finite-size system in a qubit register, this would be equivalent to performing ED dynam-
ics [77, 267, 268], which is a popular method limited by the exponential scaling of exact
diagonalization. Since ASCI is effectively a truncated ED method for ground state energies,
the question poses itself whether ASCI can also be employed to truncate ED dynamics,
extending its applicability. Such an ASCI-dynamics method could help characterize the
complexity of dynamics simulations in quantum computers. Moreover, this would also be
relevant to the state preparation problem, in the form adiabatic state preparation [269] and
quantum annealing [270]. As initial applications, we have recently used a rudimentary ASCI
dynamics implementation18 to asses the efficiency of real-time evolution based quantum al-
gorithms for Hamiltonian eigenstate extraction [271], as well as ground state adiabatic state
preparation [272]. The latter can be used as pre-processing step, starting from the multi-
determinant wave functions explored in this chapter, to further increase the overlap of the
reference state to the true ground state and reduce the resource cost in a subsequent QPE
algorithm.

18Essentially determining a Hilbert space truncation for the many-body ground state, and performing ED
dynamics in this reduced space.
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Chapter 5

Excited State Structure -
Multi-Quasiparticle Effects in
Molecular Ionization

In this project [43], we investigated a manifestation of electronic correlation in the excited
state structure of many-body systems: the presence of multi-quasiparticle features in the
satellite signals of photo-emission spectra (PES). These departures from the simple quasi-
particle behavior are frequent in system presenting competing orders or excitation channels.
Quantum materials seem to be characterized by the presence of such multi-quasiparticle ef-
fects [99–105], and thus there is increasing interest in their accurate theoretical descriptions.
This is an open challenge, and popular methods to treat large materials such as GW -based
approaches often struggle with satellite features [273, 274].

We investigate the nature of multi-quasiparticle effects in the PES spectra of closed
shell molecular systems, which despite their deceiving simplicity are expected to present
departures from the simple quasiparticle picture [106, 107]. We use ASCI to obtain accurate
Green’s functions for small molecular systems, unveiling the presence of a rich satellite
structure in the inner valence region of the spectrum. Further, and combine these ASCI
results with GW [118–120] and vertex corrected GWΓ [275–278] to identify what physical
ingredients are missing in GW to account for the satellite peaks. We show that GWΓ
recovers the dynamically induced exchange and excitonic interactions1 necessary to capture
the multi-quasiparticle regime. Moreover, the complementary ASCI and GWΓ approaches
allow us to recognize a non-trivial entanglement structure in the excited states corresponding
to the satellite peaks.

This work was a collaboration with the Vlček group at UCSB, who provided with the
GW and GWΓ calculations, while the contribution of this dissertation’s author was the
ASCI component of the study. This work is available as

1This means particle-hole interactions, which are a type of quasiparticle interaction.Other include hole-
hole or particle-particle interactions, which would be included in self-consistent formulations of GWΓ.
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• “Communication: Are multi-quasiparticle interactions important in molecular ioniza-
tion?”, CMZ, G. Weng, M. Romanova, S. J. Cotton, K. B. Whaley, N. M. Tubman,
V. Vlček, J. Chem. Phys. 154, 121101 (2021).

In Section 5.1 we briefly review PES and the basics of many-body perturbation theory,
around GW and GWΓ, pertinent to this project. Section 5.2 then states the questions
addressed in this work, followed in Section 5.3 by a summary of the main findings in the
paper [43]. Finally, Section 5.4 provides some concluding remarks and outlook.

5.1 Theory - Many-Body Perturbation Theory for

Photo-emission Spectra

Photo-emission spectra, both direct and inverse, are invaluable experimental probes of the
electronic structure of materials, and thus of transport and opto-electronic properties. They
offer direct access to ionization potentials, electron affinities or band gaps [279–281], dynam-
ics of photo-excited systems [282], and even to the band structure of periodic solids in their
angular resolved variation (ARPES) [16, 211]. Interpreting the results of PES to relate them
to the transport properties of charge-carriers is a non-trivial task, and comparison to theo-
retical predictions helps immensely. In this section, we review the physics of PES shortly,
and connect the experiment to theory through the Green’s function. We also discuss the
difficulties of the theoretical description in many-body perturbative treatments, in particular
GW and GWΓ.

Photo-emission Spectra and the Quasiparticle Concept

The basic principle behind PES is as follows (see Fig. 5.1 for a schematic representation of
the experimental setup): a sample of material is irradiated with light of a precise frequency.
If the energy of the photons is larger than the binding energy of any of the electrons inside
the sample, these may be ejected. Emitted electrons are collected, and their kinetic energy
determined. From the difference of the kinetic energy measured and the frequency of the
incident photon, the electron binding energy can be inferred. With sophisticated detectors, it
is possible to determine the components of the momentum of the ejected electron, together
with the kinetic energy. Under some assumptions [16], one can then infer not only the
binding energy of the electron, but the momentum it had when inside the sample. Such a
momentum is only well defined in periodic samples, e.g. crystalline solids, and in these cases
it is then possible to measure the dispersion relation of the electrons in the material, i.e. the
relationship between the binding energy and the crystal momentum ε(~k). This corresponds
to the band structure in a non-interacting, or effectively mean-field, system [54]. Inverse PES
corresponds to the opposite situation: An electron beam of definite kinetic energy incides
into the sample. If some of those electrons relax into bound states inside the sample, photons

https://aip.scitation.org/doi/full/10.1063/5.0044060
https://aip.scitation.org/doi/full/10.1063/5.0044060
https://aip.scitation.org/doi/full/10.1063/5.0044060


CHAPTER 5. EXCITED STATE STRUCTURE - MULTI-QUASIPARTICLE EFFECTS
IN MOLECULAR IONIZATION 87

Figure 5.1: Schematic representation of an angular resolved photo-emission spectroscopy
(ARPES) experiment. An electron (blue circle) is emitted from the sample upon excitation
with light. By detecting the electrons kinetic energy, incident angle, and knowing the photon
energy, it is possible to infer information about the band structure of the system. Here, we
show a one-dimensional band structure for weakly interacting electrons in a periodic box of
length a. The ARPES spectrum will be able to measure the band structure below the Fermi
energy εF , since the sample will only have a marginal amount of thermally excited electrons
with higher energy than εF . To measure the band structure above the Fermi energy one
needs to perform inverse-ARPES. See text for details.

are emitted with a characteristic frequency, which can then be measured to infer the binding
energy of the anionic states.

From the previous description, extracting ionization potentials from a PES should be
straightforward, similarly electron affinities from inverse PES. Making a histogram of the
measured binding energies for the emitted electrons, peaks will appear for the ionization po-
tentials of different single-particle states. Of course, this thought process is already surrep-
titiously making an important assumption, namely that there are meaningful single-particle
states to begin with. A priori, there is no need for the energy of a single electron to be well
defined in a many-body system. This is only the case if the quantum state of the system,
which we shall assume the ground state for simplicity, is adiabatically connected to some
mean-field state, i.e. a Slater determinant state in some single-particle basis2. This is the
basic idea behind Landau’s Fermi liquid theory [80, 108], and if this condition is fulfilled the
ground state of the fully interacting system is well approximated by a dominant determinant

2When we say adiabatically connected, we mean that it is possible to connect the actual system Hamil-
tonian and a mean-field one with a path in Hamiltonian space, such that the system’s ground state does not
become degenerate with any other state along that path.
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in some single-particle basis, which may be very different from the mean field determinant,
and which may also be accompanied by less important determinants in the ground state wave
function. The corresponding single-particle states are usually referred to as quasiparticles,
and the change from the mean-field to the fulling interacting single-particle states is usually
referred to as “dressing” of the mean-field particles [50].

Physically, the interactions change the quasiparticle energies from the mean-field values
to the ones in the real system, and give the quasiparticles a finite lifetime3. While the mean-
field single-particle states have an infinite lifetime because they are completely uncoupled
from one another, the quasiparticles in the fully interacting system do present some degree
of coupling, through which a quasiparticle state may decay into other states. This gives
the quasiparticle peaks in the PES a finite width. Nevertheless, if the peak width is small
compared to the quasiparticle energy, then the concept of single-electron energies, or orbitals,
is well defined 4. The PES then presents one sharp peak per electron in the system5, which
may further be displaced from its mean-field value due to the particle interactions. This is the
simple quasiparticle picture, but not all systems behave in this way. A signature of electronic
correlation is the distribution of spectral weight between more peaks than there are electrons,
corresponding to multiple competing excitation channels in the system. In our determinant
picture, these may be brought upon by the presence of several important determinants in the
ground state wave function, corresponding to various excitation channels. If these multiple
peaks are still sharp, they can be interpreted as different collective excitations with well
defined energy, for example charge oscillations such as plasmons [283]. Still, some of the
spectral weight may be collected under broad, incoherent features, escaping a quasiparticle
interpretation.

The same considerations apply to momentum resolved quasiparticle energies, in other
words dispersion relations or band structures. In a mean-field, or otherwise non-interacting
system, the band structure is infinitely sharp, and at each momentum value there are as
many peaks as particles in the system6. In the case of a one-dimensional chain of lattice
spacing a with one orbital per site, the dispersion relation follows ε(k) = −2t cos(ka), where t
is the hopping amplitude, a measure of the kinetic energy. This would correspond to a single,
infinitely sharp band in an ARPES spectrum (c.f. the heat-map in Fig. 5.1). When going to
an interacting one-dimensional chain of the same spacing, if the quasiparticle picture is valid,
the ARPES spectrum will show qualitatively the same dispersion relation, but with a finite
width and possibly displaced bands. Deviations from this simple quasiparticle picture may
include the appearance of additional bands, e.g. the development of Mott bands in the one-
dimensional, one-band Hubbard model at half-filling [284], or the appearance of two separate

3Hence the name. They are not quite particles, since they have a finite lifetime, they decay eventually
into other states.

4This can be thought of as an uncertainty argument. If the energy uncertainty produced by the finite
lifetime is of the order of magnitude or larger than the quasiparticle energy itself, then there is no hope of
measuring that signal. And if it cannot be measured, then it has little physical significance.

5Or per electron in the unit cell, in the case of periodic systems.
6Or unit cell.
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bands for spin and charge excitations in one-dimensional systems [285], a manifestation of
spin-charge separation [124].

We may present a simplified summary of the previous paragraphs as follows: non-
interacting and mean-field systems are identified by PES spectra with infinitely sharp peaks,
one per electron in the system and corresponding to single-particle states with infinite life-
times. In real systems, particle interactions may complicate the spectrum in several ways.
The most harmless follows the simple quasiparticle picture, in which the spectrum looks
essentially mean-field, but the peaks may be displaced and have a finite width due to in-
teraction induced quasiparticle decay. Beyond this simple quasiparticle picture, in strongly
correlated systems, additional peaks may appear due to the presence of competing excitation
channels, or due to the interaction between still well-defined qusiparticle excitations. It is
this additional complexity which makes PES and ARPES spectra valuable to probe quasi-
particle interactions and competing phases. Eventually, an extreme level of correlation may
make regions of the spectrum completely featureless.

It is important to note that these departures from the simple quasiparticle picture are not
exclusive to complicated systems, such as transition metal oxides or large catalytic centers.
Even deceivingly simple small, closed-shell molecules can present subtle, though definite
deviations from the quasiparticle physics, even though their ground states are essentially
not strongly correlated. In particular, it was already pointed out in the 80ies that the inner
valence region of molecular PES, i.e. the region corresponding to valence electrons more
strongly bound than the highest occupied molecular orbital (HOMO), can present satellite
features harboring a breakdown of the quasiparticle picture [106, 107]. In this case, these
features can be interpreted as arising from the structure of the excited state manifold, which
may include various interacting quasiparticles. The accurate study of PES of such simple
molecular systems as NH3 or N2 may thus offer important insights into multi-quasiparticle
effects, and thus help further the understanding of transport properties of quantum materials,
where such effects are ubiquitous.

Connecting the rich PES spectra of many-body systems to the underlying quasiparti-
cle interactions requires an accurate theoretical description. At the same time however, we
want to ultimately apply any gained theoretical insight to understanding complex, extended
quantum materials. It is thus crucial to leverage highly accurate methods such as ASCI,
which pay their accuracy by being only applicable to systems of moderate size, and use the
insights obtained with them to inform the development of less computationally demanding
approaches. A very popular candidate for the latter is many-body perturbation theory, in
particular the GW approximation [118–120] and related methods [275–278]. In the next sub-
section we discuss how to approach PES theoretically, with special emphasis on perturbation
theory, and the strengths and limitations of GW -like approaches.

Many-Body Perturbation Theory Perspective

The central quantity in many-body perturbation theory, and in much of many-body physics,
is the Green’s function G(ω)α,β defined in Chapter 2, Section 2.2. In particular, one can
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relate the ground state Green’s function directly to the zero-temperature PES by inspecting
the Lehman spectral representation in Eq. (2.35) for a diagonal element

Gα,α(ω) =
∑
n

∣∣〈ΨN+1
n |c†α|ΨN

0 〉
∣∣2

ω − (EN+1
n − EN

0 ) + iη

+
∑
n

∣∣〈ΨN−1
n |cα|ΨN

0 〉
∣∣2

ω + (EN−1
n − EN

0 )− iη
.

(5.1)

Indeed, the second sum on the right hand side, which corresponds to the hole compo-
nent of the Green’s function Gh(ω)α,α, has poles for each possible transition between the N
particle ground state |ΨN

0 〉 and an N − 1 particle eigenstate |ΨN−1
n 〉, as long as the overlap

〈ΨN−1
n |cα|ΨN

0 〉 does not vanish. The square of this overlap can be interpreted as the probabil-
ity of the system to collapse into the N − 1 eigenstate |ΨN−1

n 〉 immediately after exctraction
of an electron in orbital α. The PES spectrum is then related to the corresponding spectral
weight

A(ω)α =
1

π

∣∣= [Gh(ω)α,α
]∣∣ ,

=
1

π

∑
n

∣∣〈ΨN−1
n |cα|ΨN

0 〉
∣∣2 η

(ω + (EN−1
n − EN

0 ))
2

+ η2
.

(5.2)

This “orbital resolved” spectral weight is of course not experimentally observable7, and
the direct access to the PES spectrum is given by the trace over all orbitals in Eq. (5.2)

A(ω) =
∑
α

A(ω)α =
1

π
tr
∣∣= [Gh(ω)

]∣∣ . (5.3)

When claiming that Eq. (5.3) is equivalent to the PES, we are neglecting any contribution
to the spectrum coming from the nuclear motion. This is an approximation, since in general
the vibrational state manifold of a system will have measurable signatures, provided enough
spectral resolution, especially in systems with strong coupling between the electronic and
vibrational degrees of freedom. Thus, any quantitative comparison to experiment should in
principle consider vibrational corrections. Here, we are concerned with the description of
the electronic motion exclusively, and will therefore neglect vibrational contributions to the
PES and take Eq. (5.3) as our effective spectrum8.

There is an important technical aspect to the Lehman representation as written in
Eq. (5.1) which we want to bring up: It does not account for finite lifetimes in finite-sized

7After all, it depends on the arbitrary basis of single-particle states |α〉.
8This is typically referred to as the intrinsic spectrum, while the extrinsic spectrum includes vibrational,

as well as environmental effects, being thus directly comparable to experiment [286].
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systems with Hermitian Hamiltonians. Indeed Eq. (5.2) seems to suggest that the spectral
line width is exclusively given by η, which we have introduced in Chapter 2 as an infinitesi-
mal integration factor. A physical width to the spectrum can only come from a continuum of
states EN−1

n with several states per arbitrary η frequency spacing, impossible in a finite-size
system, or alternatively from an imaginary component to the energy EN−1

n , which would
imply a non-Hermitian underlying Hamiltonian. As discussed in Chapter 3, Section 3.2, this
makes it unclear how to extract lifetimes from ED-based Green’s functions, such as those
accessible through ASCI. To simulate finite lifetimes, it is important to have an effective
continuum of states.

We now turn to the computation of Green’s functions in many-body perturbation theory.
The basic idea is to start from some mean-field state for which we can compute an exact
Green’s function G0(ω)α,β. Being a mean-field Green’s function, this will represent true
particle states with infinite lifetimes. The fully interacting Green’s function G(ω)α,β is then
approached through a correction term, called the self-energy Σ(ω)α,β. This is defined in the
Dyson equation [12]

Σ(ω) = G−1
0 (ω)−G−1(ω), (5.4)

which should be understood as a matrix equation in orbital space. As discussed in Ch. 2,
Section 2.3, the defining the self-energy as a ratio of inverse Green’s functions allows us to
write the full G(ω) as a power series with G0(ω) and Σ(ω), namely

G(ω) = G0(ω) [1− Σ(ω)G0]−1

= G0(ω) +G0(ω)Σ(ω)G0(ω) +G0(ω)Σ(ω)G0(ω)Σ(ω)G0(ω) + · · · .
(5.5)

This is reminiscent of a perturbative expansion in Σ(ω). It is also worth noting that the
Dyson equation written as in Eq. (5.5) is essentially equivalent to the Lippmann-Schwinger
equation in scattering theory, see e.g. Ch. 6 in [62], which arises as a treatment of the
scattering problem using time-dependent perturbation theory. In this sense, the self-energy
can be understood as a scattering potential, subjecting the quasiparticles defined by the
reference Green’s function G0(ω) to non-trivial dynamics. Through the resulting scattering
events, the reference quasiparticles, usually called bare quasiparticles, can exchange energy,
developing thus finite lifetimes. This is a scattering-based intuition behind the interpretation
of the self-energy as an effective, dynamical potential presented in Eq. (2.46) and Eq. (2.47).

The self-energy now governs the PES spectrum, modifying the one obtained from the
mean-field Green’s function G0(ω)α,β. Indeed, remembering that in the basis of mean-field
states

G−1
0 (ω)α,β = (ω − εα) δα,β, (5.6)
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where εα is the energy of the α-th mean-field single-particle state, and δα,β is the Kro-
necker delta symbol, and assuming a diagonal self energy for simplicity9, we can rewrite the
Dyson Eq. (5.4) to find

G(ω)α,α =
1

(ω − εα)− Σ(ω)α,α
, (5.7)

The effect of the self-energy becomes now clear. Its real part shifts the pole of the
diagonal Green’s function from the mean-field value εα to ωP,α = εα + <Σ(ωP,α)α,α, while
the imaginary part provides for a finite lifetime of the α-th pole, assuming the calculation is
accounting for a continuum of states. If the lifetime broadening governed by =Σ(ωP,α)α,α is
smaller than the pole energy ωP,α, then it becomes physically meaningful to interpret that
pole as a quasiparticle. This formalizes on mathematical grounds the notions of the previous
subsection. This generalizes for non-diagonal self-energies: the simplest action of the self-
energy is shifting the quasiparticle poles, and producing finite lifetimes. We can write a
symbolic generalization of Eq. (5.7) as

G(ω)α,α =
1

(ω − εα)− Σ(ω)α,α −∆(ω)α
, (5.8)

where the ∆(ω)α term accounts for the effect of the off-diagonal self-energy elements,
which effectively couple different orbitals to each other. Depending on the frequency struc-
ture of the self-energy, it may generate multiple poles, if the condition

<Σ(ωP,α)α,α + <∆(ωP,α)α = (ωP,α − εα) , (5.9)

is fulfilled at several frequencies ωP,α. As before, when Eq. (5.9) is fulfilled at frequencies
for which =Σ(ωP,α)α,α + =∆(ωP,α)α is small compared to wP,α, the corresponding excita-
tion can be interpreted as a well defined quasiparticle. Eq. (5.9) is called the quasiparticle
equation.

Hedin’s Equations and the GW Approximation

The goal of many-body perturbation theory is to estimate the self-energy Σ(ω)α,β using the
mean-field Green’s function G0(ω)α,β and the Coulomb interaction. A popular family of
approaches derive, as mentioned in Chapter 2 Section 2.3, from the formally exact Hedin’s
equations [84, 118, 121]. Here, we will derive these equations by writing the equation of
motion of the one-body Green’s function. This derivation closely follows Ch. 10 and 11
of [12]. This is a rather technical endeavor, and while it is not without a measure of physical
insight, it can be safely skipped on a first reading.

9We use this approximation here just to simplify the notation and make the interpretation of the self-
energy more transparent. Nonetheless, this is an often employed approximation.
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Equation of Motion for the one-body Green’s Function

For now, we will write the Green’s function in the time domain, as well as in the spatial-spin
basis introduced in Ch. 2, Sec. 2.3, Eq. (2.18), i.e. we will write G(ω)α,β → G (~r1t1;~r2t2)σ1,σ2

,
where σi denotes the spin quantum number along the z direction of orbital i. Further, we will
introduce a shorthand notation for the space-time-spin degrees of freedom (~r1, t1, σ1) → 1.
With this notation, we have

G (~r1t1;~r2t2)σ1,σ2
→ G(1, 2),∑

σ=↑,↓

∫
d3~rdt→

∫
d(1),

δ(3)(~r1 − ~r2)δ(t1 − t2)δσ1,σ2 → δ(1, 2)

(5.10)

In this spatial-spin basis, the Hamiltonian follows, see Eq. (2.19)

H =

∫
d3~r1 c

† (~r1)h (~r1) c (~r1) +
1

2

∫
d3~r1d3~r2 c

† (~r1) c† (~r2) v (~r1, ~r2) c (~r2) c (~r1) , (5.11)

where h (~r1) = −1
2
∆1 + vext (~r) with some external potential vext (~r), and v(~r1, ~r2) =

1
|~r1−~r2| . Now, the time dependency in the Green’s function G(1, 2) comes from using the

creation/annihilation operators c† (~r) in the Heisenberg picture, i.e.

c† (~r1, t1) = eiHt1c† (~r1) e−iHt1 → c†(1). (5.12)

To determine the equation of motion for G(1, 2) = −i〈T
[
c(1)c†(2)

]
〉0, we thus need to

find the equation of motion for the field operators c†(1). This can be done simply by applying
the Heisenberg equation of motion for operators (see e.g. Ch. 3.12 in [60]), which gives

i
∂

∂t1
c(1) = h (~r1) c(1) +

∫
d3~r2 v (~r1, ~r2) c† (~r2, t1) c (~r2, t1) c (~r1, t1) . (5.13)

The time ordering operator in the definition of the one-body Green’s function can be
written out explicitly as

G(1, 2) = −iθ(t1 − t2)〈c(1)c†(2)〉0 + iθ(t2 − t1)〈c†(2)c(1)〉0, (5.14)

where θ(t1 − t2) is the Heaviside step-function. Since it is a step function at t1 = t2, its
derivative follows ∂

∂t1
θ(t1− t2) = δ(t1− t2). Thus, applying ∂

∂t1
to Eq. (5.14), and doing some

minor term reordering, we find the following equation of motion for the one-body Green’s
function

[
i
∂

∂t1
− h (~r1)

]
G(1, 2) + i

∫
d3~r3 v (~r1, ~r3)G2

(
1, 3; 2, 3+

)∣∣∣∣
t3=t+1

= δ(1, 2). (5.15)
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Here f(1+) refers to the limit limη→0+ f(~r1, t1 + η). In the above equation we have
introduced the two-body Green’s function

G2(1, 2; 1′, 2′) = −〈T
[
c(1)c(2)c†(2′)c†(1′)

]
〉0, (5.16)

which, according to the discussion in Ch. 2, Sec. 2.2, contains information about lin-
ear response functions and neutral excitations in the systems. It is common to define the
two-particle correlation function L(1, 2; 1′, 2′) = −G2(1, 2; 1′, 2′) +G(1, 1′)G(2, 2′), which re-
tains only the truly two-body correlations in G2(1, 2; 1′, 2′), subtracting out the uncorrelated
component G(1, 1′)G(2, 2′).

It is not surprising that the two-body Green’s function appears in the equation of mo-
tion of G(1, 2) through the electronic interaction v(~r1, ~r2). After all, the one-body Green’s
function G(1, 2) contains information of the one-body spectrum, this means the energy and
dynamics10 of single particle excitations on top of the many-body ground state. Clearly, in
an interacting system, these single particle dynamics will be influenced by the effect of all
other particles. In other words, the motion of the particles is correlated. Conversely, in an
effective one-body Hamiltonian where v(~r1, ~r2) = 0, the motion of each single particle excita-
tion will be completely uncorrelated, and the equation of motion for this effective one-body
Green’s function is simply [

i
∂

∂t1
− h (~r1)

]
G0(1, 2) = δ(1, 2). (5.17)

This is nothing but Eq. (5.6) in a different basis, and in the time domain. Note that
h(~r1) need to be the non-interacting Hamiltonian of the many-electron problem, but can
instead be a more sophisticated effective one-body approximation to the full Hamiltonian
(such as the Hartree-Fock or Kohn-Sham Hamiltonians). Thus, in the example of the Hartree
approximation, we can include the classical electrostatic interaction between a single electron
an the average charge density produced by all other electrons. This amounts to choosing as
effective one-body Hamiltonian

hHartree(1) = −1

2
∆1 + vext(1) +

∫
d(2)v(1, 2)n(2), (5.18)

where n(2) is the charge density at (~r2, t2), we allow the external potential to be time
dependent, and v(1, 2) = δ(t1 − t2) 1

|~r1−~r2| . Indeed, we recognize the Hartree potential vH(1)

as the last term in Eq. (5.18), namley
∫

d(2) v(1, 2)n(2), which is just the classical Coulomb
interaction, neglecting exchange symmetry11.

10Related through the time-energy uncertainty principle.
11It is not uncommon to find the Hartree potential written as vH(1) = −i

∫
d(2)v(1, 2)G(2, 2+), which is

just using the fact that the Green’s function in real space fulfills n(2) = −iG(2, 2+), which can be derived
from Eq. (2.30) in the real space representation. Indeed, this is the way we wrote this potential in the
Hartree-Fock self-energy in Eq. (2.50).
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Using Eq. (5.17), we can rewrite the equation of motion for the Green’s function in
Eq. (5.15) as

G(1, 2) = G0(1, 2)− i
∫

d(3, 4) G0(1, 3)v(3, 4)G2(3, 4+; 2, 4++), (5.19)

where just like f(1+) refers to a limit limη→0+ f(~r1, t1 + η), f(1++) stands for
limη→0+ f(~r1, t1 + 2η). It seems that to solve the equation of motion for G(1, 2), we need
to know the equation of motion for G2(1, 2; 3, 4). Unfortunately, it is not hard to predict
that, in turn, the equation of motion for G2(1, 2; 3, 4) will involve a higher order correlation
function, one with six creation/annihilation operators. Luckily, we only need a specific type
of two-body Green’s function component, namely G2(1, 2; 3, 2+). It is possible to write this
terms as a functional derivative of G(1, 2) with respect to a local, external potential u(3),
allowing us to reach a closed equation of motion, albeit of integro-differential form.

Simplifying the EOM - The Functional Derivative Formulation

Formulating correlation functions, such as the two-body Green’s function, in terms of func-
tional derivatives is a common simplification in classical and quantum field theories (see e.g.
Ch. 8 in [12], or [287, 288]). This can be regarded as a generalization of the formulation
of statistical mechanics in terms of potentials: there, magnitudes of interest such as aver-
age particle number, magnetization or temperature are written as derivatives of a partition
function, or in turn of a thermodynamic potential. The same can be done for correlation
functions in the many-body problem12.

Considering for now the finite temperature case, the average expectation value of a given
operator O can be expressed as a trace with respect to the thermal density matrix e−β(H−µN).
We write this as

〈O〉T =
1

Z
Tr
[
O e−β(H−µN)

]
, (5.20)

where β = 1/(kBT ), with the Boltzmann constant kB and temperature T , H defined as
in Eq. (5.11), N =

∫
d(1) n(1) being the total number operator, and Z = Tr

[
e−β(H−µN)

]
the

partition function, which plays the role of a normalization constant. Most of equilibrium sta-
tistical mechanics can be formulated in terms of such partition functions, or alternatively in
terms of thermodynamic potentials Ω, which are defined as Ω = − 1

β
ln(Z). From finite tem-

perature expectation values such as that in Eq. (5.20), we can recover the zero temperature
ones 〈·〉0 by setting T → 0 at the end of the calculation13.

12Indeed, drawing a line between statistical mechanics and the quantum many-body problem is just
splitting hairs.

13When considering the thermodynamic limit, there are subtleties regarding the order in which to take
the different limits, such as N → ∞ and T → 0. We will not get into these here, the interested reader is
referred to Ch. 9 in [12] and references therein.
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Now, we want to write the expectation value in Eq. (5.20) as derivative over some poten-
tial function. The trick to accomplishing this relies in modifying the underlying potential Ω
by an external source term −uO, where u is a scalar. We define thus the modified potential

Ω(u) = − 1

β
ln Tr

[
e−β(H−µN)e−uO

]
. (5.21)

We recover the actual thermodynamic potential of interest Ω by setting u = 0. With
the above defined potential Ω(u), it is not difficult to check that the expectation value in
Eq. (5.20) can now be written as

〈O〉T = β
∂Ω(u)

∂u

∣∣∣∣
u=0

, (5.22)

where we set the external source term u to zero after computing the derivative.
Now, we want to write the one-body and two-body Green’s functions in terms of deriva-

tives. In the finite temperature case, the one-body Green’s function can be written as

G(1, 2) = −i〈T
[
c(1)c†(2)

]
〉T

= −i 1

Z
Tr
{
T
[
(e−β(H−µN)c(1)c†(2)

]}
.

(5.23)

In the above equation, the time ordering operator acts also on the creation/annihilation
operators in the exponential e−β(H−µN), which are defined at t = 0. To write the Green’s
function as a derivative, we have to, again, define an extended thermodynamic potential
including an external source term, analogously as we did in Eq. (5.21). Since the operators
for which we compute the expectation value have space-time dependency, the source term
will in turn be also a function of the position in space-time. Thus, the potential becomes a
functional, instead of a simple function, and it reads

Ω [u] = − 1

β
ln Tr

[
e−β(H−µN)T ei

∫
d(1,2) u(1,2)c†(1)c(2)

]
. (5.24)

We can now write the Green’s function G(1, 2) as a functional derivative of the potential
Ω[u], namely

G(1, 2) = β
δ[Ω[u]]

δ[u(2, 1)]

∣∣∣∣
u=0

, (5.25)

where we introduce the notation δ[·]
δ[u]

for a functional derivative. Similarly, it is easy to

check that the two-particle correlation function L(1, 2; 1′, 2′) = −G2(1, 2; 1′, 2′)+G(1, 1′)G(2, 2′)
can be written as a second functional derivative of Ω[u]

L(1, 2; 1′, 2′) = β
δ2[Ω[u]]

δ[u(1′, 1)]δ[u(2′, 2)]

∣∣∣∣
u=0

=
δ[Gu(1, 1

′)]

δ[u(2′, 2)]

∣∣∣∣
u=0

. (5.26)
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In the second line, we have used Eq. (5.25) to write L as a functional derivative of
Gu(1, 2) = G(1, 2)[u], and the limit u = 0 is only taken after the second functional derivative
is computed.

Armed with Eq. (5.26), we can now propose a closed equation of motion for the one-body
Green’s function. Starting from Eq. (5.19), we write the two-body Green’s function in terms
of the two-body correlation function L, resulting in

G(1, 2) = G0(1, 2)− i
∫

d(3, 4)G0(1, 3)v(3, 4)G(3, 2)G(4+, 4++)

+ i

∫
d(3, 4)G0(1, 3)v(3, 4)L(3, 4+; 2, 4++),

= G0(1, 2) +

∫
d(3)G0(1, 3)vH(3)G(3, 2) + i

∫
d(3, 4)G0(1, 3)v(3, 4)L(3, 4+; 2, 4++).

(5.27)

In the second equality, we have recognized the Hartree potential in the first integral
term. This gives us another mathematical perspective into the intuition behind the Hartree
approximation: it corresponds to assuming no true two-body correlations in the electronic
motion, i.e. L(1, 2; 1′, 2′) = 0, as corresponding of a mean-field theory.

We can now write Eq. (5.27) as a closed integro-differential equation by writing L as a
functional derivative. Note that only a particular component of the general L(1, 2; 1′, 2′) is
needed, namely L(1, 2; 1′, 2+), and hence we do not need to include a non-local source term
u(1, 2), but instead a local one u(1) ≡ u(1, 1+) (c.f. Eq. (5.26)). We can thus interpret the
source term as an external, electrostatic potential

∫
d(1) u(1)n(1) added into the Hamilto-

nian, which we will set to zero at the end of the calculation. This results in the following
closed equation of motion for the one-body Green’s function in the presence of an external
potential Gu(1, 2)

Gu(1, 2) = G0(1, 2) +

∫
d(3) G0(1, 3) [vH(3) + u(3)]Gu(3, 2)

+ i

∫
d(3, 4) G0(1, 3)v(3, 4)

δ [Gu(3, 2)]

δ[u(4+)]
.

(5.28)

By solving Eq. (5.28), and setting u = 0, we recover the system’s Green’s function G(1, 2).
In a sense, the fact that the non-trivial Green’s function dynamics arises from a functional
derivative with respect to an external electrostatic field u(1) is in itself illuminating. Indeed,
the Hartree and u terms in the first line of Eq. (5.28) represent the classical, uncorrelated
behaviour of the electronic system: each electron feels the effective mean-field electrostatic
repulsion of the rest of electrons, as well as any given external potential u. Still, the response
is completely classical, since it does not take into account the exchange interaction derived
from the Pauli exclusion principle. It further neglects all correlations, not only due to the
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presence of the average electrostatic field vH(1), but also because there is not explicit (dy-
namic) reaction of the average charge density in the system to the presence of the external
potential u(1). It is the functional derivative term which includes the non-trivial contribu-
tions of the electronic response to external fields, including those derived from exchange and
electronic interaction. In a sense, it plays the role of the exchange-correlation functional in
the density functional theory formalism (c.f. Ch. 2). Further, since it encodes the response of
the system to an external field, it should be related to the dielectric susceptibility ε−1(1, 2),
and charge-charge response function χ(1, 2), introduced in Eq. (2.21) and Eq. (2.25). Indeed,
one can easily show (see Ch. 5 in [12]) that the two-body correlation function L(1, 2; 1′, 2′)
contains the χ(1, 2) response function in it’s diagonal terms L(1, 2; 1+, 2+).

The goal of many-body perturbation theory is now expressed in terms of approximating
the functional derivative δ[Gu(3,2)]

δ[u(4+)]
, in other words approximating the system’s response to

external electrostatic potentials. The core of theGW approximation corresponds to assuming
that this response is essentially classical, i.e. uncorrelated in the same way as the Hartree
potential vH(1), but including screening effects. This screening corresponds to a decay of
the magnitude of the electrostatic field through the sample, introduced by the polarization
of the system, i.e. the rearrangement of the charges (electrons) in the system in response to
an external field. Before proceeding to derive the GW equation, though, we will formulate
the self-energy Σ(1, 2) in terms of the functional derivative in Eq. (5.28).

From the GF EOM to the Self-Energy - Deriving Hedin’s Equations

Eq. (5.28) gives a close, integro-differential equation for the one-body Green’s function. We
want to find an approximate solution for this equation, by including perturbative corrections
into a reference Green’s function G0(1, 2). The perturbative corrections take the form of
the self-energy defined in Eq. (5.4), which as discussed above can be understood as an
effective, dynamical potential for the particles described by G0(1, 2). Now, we can read off
the expression for Σ(1, 2) from Eq. (5.28). To do this, the simplest approach is to rewrite
the Dyson equation in Eq. (5.5) in the spatial representation as

G(1, 2) = G0(1, 2) +

∫
d(3, 4) G0(1, 3)Σ(3, 4)G(4, 2). (5.29)

Comparing Eq. (5.29) and Eq. (5.28), we readily recognize

Σ(1, 2) = [vH(1) + u(1)] δ(1, 2) + i

∫
d(3, 4) v(1, 4)

δ[G(1, 3)]

δ[u(4+)]
G−1(3, 2),

= [vH(1) + u(1)] δ(1, 2)− i
∫

d(3, 4) v(1, 4)G(1, 3)
δ[G−1(3, 2)]

δ[u(4+)]
,

= u(1)δ(1, 2) + ΣH(1, 2) + Σxc(1, 2),

(5.30)

where we have dropped the explicit dependency on u, and implicitly take the limit u = 0
at the end of the calculation. Between the first and second equality, we have applied the
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chain rule for the functional derivative of an inverse. In the last equality, we have defined
the Hartree and exchange-correlation self-energies, consistently with previous discussions as

ΣH(1, 2) = vH(1)δ(1, 2) = −iδ(1, 2)

∫
d(3) v(1, 3)G(3, 3+),

Σxc(1, 2) = −i
∫

d(3, 4) v(1, 4)G(1, 3)
δ[G−1(3, 2)]

δ[u(4+)]
.

(5.31)

The Hartree self-energy encodes the classical electrostatic potential vH(1) produced by
the average electron distribution, the total classical potential including as well as any addi-
tional external potential vcl(1) = vH(1)+u(1). The exchange-correlation self-energy contains
all many-body effects, including the non-local exchange potential, the electronic interactions,
as well as the response of the system to the aforementioned external potential. We can further
divide the exchange-correlation self-energy into an exchange and correlation components, by
plugging the Dyson equation G−1(1, 2) = G−1

0 (1, 2)−Σ(1, 2) into the second line of Eq. (5.31)

Σxc(1, 2) = Σx(1, 2) + Σc(1, 2),

= −i
∫

d(3, 4) v(1, 4)G(1, 3)
δ[G−1

0 (3, 2)− Σ(3, 2)]

δ[u(4+)]
,

= iv(1, 2)G(1, 2) + i

∫
d(3, 4) v(1, 4)G(1, 3)

δ[ΣH(3, 2) + Σxc(3, 2)]

δ[u(4+)]
,

(5.32)

where in the last equality we have used Eq. (5.30). We recognize iv(1, 2)G(1, 2) as
the non-local exchange term in Hartree-Fock theory, c.f. Eq. (2.50), and identify the rest
as the correlation self-energy. All these exchange-correlation many-body interaction terms
are essentially encoded in the functional derivative of G−1(1, 2) with respect to the ex-
ternal potential u(1), and this is sometimes referred to as the reducible vertex function

Γ̃(1, 2; 3) = − δ[G−1(1,2)]
δ[u(3)]

, leading to the following expression for Σxc(1, 2)

Σxc(1, 2) = i

∫
d(3, 4) v(1, 4)G(1, 3)Γ̃(3, 2; 4). (5.33)

Having these relations, one could imagine to compute an approximate self-energy step-
by-step by iterating through Eq. (5.30) and Eq. (5.29). As a first step, we may choose the
reference Green’s function G0(1, 2) as initial point, which results in a first reducible vertex
Γ̃(1, 2; 3) → δ(1, 3)δ(2, 3). This and G(1, 2) → G0(1, 2) can be plugged into the right-hand
side of Eq. (5.30), to start the iteration. Each new iteration would add higher order interac-
tion terms through the recomputation of the reducible vertex, essentially providing a pertur-
bative expansion. This corresponds however a perturbation expansion in the full Coulomb
interaction v(1, 2), also called bare Coulomb interaction. This means that it presumes the
electron-electron interaction to be smaller in magnitude to the one-body components of the
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full Hamiltonian in Eq. (5.11). It is not hard to predict that this is not an advisable pro-
cedure: the bare Coulomb interaction is not a perturbation, it is typically of comparable
magnitude to kinetic energy and external potential terms. Instead, to make a perturbative
treatment reliable, we should include as many terms as we can into the reference Green’s
function.

To do this, and considering extended systems, it seems natural to try to make the pertur-
bative expansion in terms of the screened Coulomb interaction, as defined e.g. in Eq. (2.26).
The screened Coulomb interaction arises from the response of the system to an external
potential, which includes reordering of the charge density n(1), polarizing the system. The
magnitude that describes this system response to an external potential u(1) is the inverse di-
electric function ε−1(1, 2). This dielectric function describes the change of the total classical
potential inside the system, as discussed in Ch. 2, according to

ε−1(1, 2) =
δ[vcl(1)]

δ[u(2)]
=
δ[u(1) + vH(1)]

δ[u(2)]
= δ(1, 2) +

∫
d(3) v(1, 3)χ(3, 2), (5.34)

where χ(1, 2) = −iθ(t1 − t2)〈[n(1), n(2)]〉 is the charge-charge susceptibility defined in
Eq. (2.25), and in the final equality we have used Eq. (2.24) and the definition of the Hartree-
potential. The screened Coulomb interaction W (1, 2) then follows as a linear response to
the external field as

W (1, 2) =

∫
d(3) ε−1(1, 3)v(3, 2). (5.35)

Now, we would like to expand the exchange-correltation self-energy Σxc(1, 2) analogously
to Eq. (5.33), but using the screened W (1, 2) instead of the bare v(1, 2). To do this, we just
need to define the irreducible interaction vertex Γ(1, 2; 3), just interaction vertex henceforth,
as

Γ(1, 2; 3) = −δ[G
−1(1, 2)]

δ[vcl(3)]
. (5.36)

This has an equivalent form to the reducible vertex Γ̃(1, 2; 3), but considers the change of
the inverse Green’s function with respect to the full classical potential, not only an external
source. The exchange-correlation self-energy can then be expanded as

Σxc(1, 2) = i

∫
d(3, 4)W (1, 4)G(1, 3)Γ(3, 2; 4). (5.37)

Expanding in the screened, instead of bare, Coulomb interaction should provide with a
more reliable perturbative scheme. Still, after introducing W (1, 2), we do not have a closed
set of equations anymore. To compute W (1, 2), we need ε−1(1, 2), or rather the charge-
charge response function χ(1, 2). We require a closed expression for χ(1, 2). From Ch. 2, we
now that the charge-charge response function is the linear rate in which the charge density
changes upon the action of an external potential u(1), which means
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χ(1, 2) =
δ[n(1)]

δ[u(2)]
=

∫
d(3)

δ[n(1)]

δ[vcl(3)]

δ[vcl(3)]

δ[u(2)]
=

∫
d(3) P (1, 3)ε−1(3, 2). (5.38)

In the second equality, we have used a chain rule, and in the final equality we have
introduced the irreducible polarizability P (1, 2)

P (1, 2) =
δ[n(1)]

δ[vcl(2)]
. (5.39)

Unlike the charge-charge response function χ(1, 2), the irreducible polarizability P (1, 2)
captures the change of the charge density by a change of the total classical potential, including
thus as well the reorganization due to an external source which gives rise to screening. We
can obtain an equation for P (1, 2) in terms of the interaction vertex Γ(1, 2; 3) by simple
manipulations

P (1, 2) =
δ[n(1)]

δ[vcl(2)]

= −iδ[G(1, 1+)]

δ[vcl(2)]
,

= −i
∫

d(3, 4)G(1, 3)
δ[G−1(3, 4)]

δ[vcl(2)]
G(4, 1+)

= −i
∫

d(3, 4)G(1, 3)G(4, 1+)Γ(3, 4; 2),

(5.40)

where in the third equality we have used the chain rule.
Plugging Eq. (5.34) in Eq. (5.35), and using Eq. (5.38), we obtain a Dyson-like equation

for W (1, 2)

W (1, 2) = v(1, 2) +

∫
d(3, 4) v(1, 3)χ(3, 4)v(4, 2),

= v(1, 2) +

∫
d(3, 4) v(1, 3)P (3, 4)W (4, 2).

(5.41)

Here, the irreducible polarizability P (1, 2) plays the role of the self-energy for W (1, 2),
and indeed we may rewrite Eq. (5.41) as P (1, 2) = v−1(1, 2)−W−1(1, 2).

Taking together Eq. (5.41), (5.40), (5.36), (5.37) and (5.29), we have a closed expression
for the total Green’s function, expressed through a self-energy which is in turn expanded in
terms of the screened Coulomb interaction. To arrive at Hedin’s equations as introduced in
Ch. (2), we just need to perform a final manipulation on the interaction vertex Γ(1, 2; 3)
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Γ(1, 2; 3) = −δ [G−1(1, 2)]

δ[vcl(3)]
,

= −
δ
[
G−1

0 (1, 2)− Σ(1, 2)
]

δ[vcl(3)]
,

= −δ(1, 2)δ(1, 3) +
δ [Σxc(1, 2)]

δ[vcl(3)]
,

= −δ(1, 2)δ(1, 3) +

∫
d(4, 5)

δ [Σxc(1, 2)]

δ[G(4, 5)]

δ [G(4, 5)]

δ[vcl(3)]
,

= −δ(1, 2)δ(1, 3) +

∫
d(4, 5, 6, 7)

δ [Σxc(1, 2)]

δ[G(4, 5)]
G(4, 6)

δ [G−1(6, 7)]

δ[vcl(3)]
G(7, 5),

= −δ(1, 2)δ(1, 3) +

∫
d(4, 5, 6, 7)

δ [Σxc(1, 2)]

δ[G(4, 5)]
G(4, 6)G(7, 5)Γ(6, 7; 3),

(5.42)

where in the second equality we have used the Dyson Eq. (5.4), and in the third equality
we have used the decomposition of the self-energy into Hartree and exchange-correlation
components in Eq. (5.30). The Hartree self-energy term provides a trivial, local interac-
tion vertex δ(1, 2)δ(1, 3), while the exchange-correlation component includes the many-body
interaction effects. The final two equalities follow from applications of the chain rule.

From Hedin’s Equations to the GW approximation - Screened Interactions

We thus arrive at the Hedin equations, as we stated them in Ch. 2. Indeed, collecting
Eq. (5.42), (5.40), (5.41), and (5.37) we have

Γ(1, 2; 3) = δ(1, 2)δ(1, 3)

+

∫
d(4, 5, 6, 7)

δ [Σxc(1, 2)]

δ [G(4, 5)]
G(4, 6)G(7, 5)Γ(6, 7; 3), (5.43)

P (1, 2) = −i
∫

d(3, 4)G(2, 3)G(4, 2)Γ(3, 4; 1), (5.44)

W (1, 2) = v(1, 2) +

∫
d(3, 4)v(1, 3)P (3, 4)W (4, 2), (5.45)

Σ(1, 2) = ΣH(1, 2) + i

∫
d(3, 4)W (1+, 3)G(1, 4)Γ(4, 2; 3), (5.46)

Equations (5.43)- (5.46) together with the Dyson equation (5.4) form a closed set of equa-
tions to completely determine the Green’s function G(ω). This is expressed with respect to
a reference, non-interacting Green’s function G0(1, 2), and expands the exchange-correlation
self-energy Σxc(1, 2) in terms of the screened Coulomb interaction W (1, 2). The classical,
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local interaction between each electron and the average charge density of all other electrons
is captured by the Hartree self-energy ΣH(1, 2) = δ(1, 2)

∫
d(3) v(1, 3)n(3), while quantum

and many-body effects are captured through the second term in Eq. (5.46), the exchange-
correlation self energy. This is the term governed by the interaction vertex Γ(1, 2; 3), which
we see is responsible to account for exchange, as well as particle-particle interactions. These
enter the self-energy explicitly, modifying the effective single-electron potential, and also
enter in the response of the system to external charge densities through the irreducible po-
larization P (1, 2) in Eq. (5.44), modifying the screening of the Coulomb interaction. The
interaction vertex affects the electronic dynamics in two related ways: direct electron-electron
interactions, and modifying the Coulomb potential inside the system.

Hedin’s equations can be used as a self-consistent recipe to compute the Green’s function.
One can start with the non-interacting Green’s function as a guess for the full Green’s
function, i.e. G(1, 2) ≡ G0(1, 2), and consistently with Eq. (5.4) Σ(1, 2) ≡ 0. The non-
interacting Green’s function and self-energy can be inserted in Eq. (5.43) to get an interaction
vertex Γ, which can then in turn be used in Eq. (5.44) to get a polarization P , and so on
through Eq. (5.45) and Eq. (5.46) in order to get a new self-energy. The new self-energy can
then be plugged into the Dyson Eq. (5.4) to give a new Green’s function. The process can
then be iterated until self-consistency in the Green’s function is reached.

Solving this set of coupled equations self-consistently provides with the true self-energy Σ
and Green’s function G. Needless to say, this is a daunting, and in fact as-of-yet impossible
task. Instead, several approximations are introduced in practice. We want to briefly review
the effect of some of those approximations with respect to describing multi-quasiparticle
effects in the PES.

Arguably the most popular approximation to Hedin’s equations is the GW scheme [119,
120], which corresponds to neglecting the higher order terms in the interaction vertex Γ
altogether, and assuming

Γ(1, 2; 3) ≈ δ(1, 2)δ(1, 3). (5.47)

This simplifies the problem greatly, as already discussed limiting the electronic interac-
tions to the classical Hartree potential. This approximation also affects the polarization,
reducing it to P (1, 2)→ −iG(2, 1)G(1, 2). Essentially, the response of the system to the
external potentials amounts in the GW approximation to the uncorrelated motion of elec-
tron/hole pairs, producing screening due to the presence of a charge density within the
system, but not including their interactions. This produces a simplified screened potential
W (1, 2), which dresses the Green’s function to give the GW self-energy

Σ(1, 2)
GW approx.−−−−−−−→ ΣH(1, 2) + iG(1, 2)W (1+, 2). (5.48)

This self-energy has the exact same form as the self-energy from the Hartree-Fock ap-
proximation, c.f. Eq. (2.50) and Eq. (5.32), substituting the bare Coulomb interaction with
the screened interaction W (1, 2). It is in this sense that the GW approximation is some-
times referred to as “Hartree-Fock with screening”. Essentially, all interactions in GW are
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classical, plus the exchange term due to Fermionic indistinguishability, and the only kind of
many-body effects beyond Hartree-Fock appears through the uncorrelated screening of the
Coulomb interaction.

While the GW approximation represents a very important simplification, it still leaves a
complex self-consistent problem to solve, i.e. we still need to iterate through the equations,
collecting progressively higher order terms from the self-energy corrections. This is still a
computationally hard task. Consequently, the most popular approach further neglects the
self-consistency, performing only one iteration through Eq. (5.44)- (5.46). This scheme is
commonly referred to as the G0W0, or “one-shot”, approach [119]. Interestingly, it turns out
that performing the GW scheme self-consistently is not guaranteed to improve upon G0W0,
sometimes even making the comparison to experimental spectra worse [275, 278, 289]. As
a result, a somewhat ad hoc “best G-best W” philosophy is often followed [121], in which
the G0W0 scheme is performed with the combination of G0 and approximation to Eq. (5.45)
which provides the best agreement with experiment. The GW approximation is notably
known for solving the band gap problem in DFT for most traditional semiconductors [84],
and it has been extensively applied to determine HOMO-LUMO gaps in molecular systems as
well [290]. This correction is due to the inclusion of both the exact exchange, and accounting
for the screened interaction, which reduces the self-interaction error present in many DFT
functionals.

Beyond GW - Recovering the Interaction Vertex

While very widely used and successful, the GW approximation limits the spectral features
that the perturbative self-energy can capture. The interaction vertex Γ is the term in Hedin’s
equations describing exciton coupling, i.e. electron-hole interactions, and multi-quasiparticle
interactions [12, 84, 122, 275, 278, 291–293], and thus neglecting all its higher order terms
precludes the description of quasiparticle interactions beyond classical charge-charge repul-
sion. This severely limits the description of spectral features beyond the simple quasiparticle
picture. For instance, while multiple solutions to the quasiparticle equation (Eq. (5.9)) are
in principle possible in GW , they can turn out to be artifacts produced by the absence of
the coupling terms in Γ [273, 274].

An approach to go beyond GW without reintroducing the interaction vertex, in par-
ticular regarding the existence of multiple quasiparticle poles, is the so called cumulant
expansion [294–296]. This treatment typically assumes the presence of a dominant bosonic
mode, such as a plasmon, that the fermionic quasiparticle described by G(ω) can couple to.
The result is the introduction of a periodic structure of satellites accompanying the main
quasiparticle peak. Each satellite corresponds to the quasiparticle coexisting with one, two,
three,... excitations in the bosonic mode, producing a regular, equidistant satellite structure.
This assumes a weak coupling between the bosonic mode and the fermionic quasiparticle,
but is a good approximation for certain systems, such as alkali metals [294]14.

14Recent approaches have been proposed [297, 298], which account for non-linear cumulant contributions,
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Nonetheless, ideally one would want to describe more general types of multi-quasiparticle
states. For that, it becomes necessary to recover the excitonic and induced dynamical ex-
change interactions15 goverened by the interaction vertex Γ. To this end multiple approxima-
tive approaches have been developed to recover the vertex corrections. These include, among
others, deriving the vertex correction from both local and non-local exchange-correlation
functionals [121, 299, 300] or applying the T -matrix formalism to include particle-particle
interactions16 beyond GW [301]. These different methods have been met with varied degrees
of success, but in general are ad hoc and of limited applicability. Moreover, recovering vertex
corrections in both the screened Coulomb interaction W (Eq. (5.45)) and the self-energy Σ
(Eq. (5.46)), even in these approximate ways, can be computationally prohibitive. Thus, it
is often the case that the more inexpensive option of only correcting the screened interaction
is taken. It should be noted, however, that this has been shown not to improve the GW
ionization potential in solids [302], and in fact to worsen the ones in molecules [289].

Only recently, one-shot implementations of systematic vertex corrections have been in-
troduced, including the full exchange contribution to the vertex correction, but neglecting
still the correlation component [275, 278]. To understand this approximation to the ver-
tex correction intuitively, it is advantageous to change the formulation of Hedin’s equations
in Eq. (5.43)-(5.46). Indeed, while as they stand Hedin’s equations make formulating the
GW approximation very compact17, it is not clear how to propose systematically better
approximations to the interaction vertex. Thus, we return instead to the expression for the
exchange-correlation self-energy in Eq. 5.32, and will approximate the correlation component
of the self-energy systematically [278].

As stated in Eq. (5.32), the exchange-correlation self-energy can be written in terms of
a functional derivative of the total self-energy ΣT (1, 2) = ΣH(1, 2) + Σxc(1, 2) as

Σxc(1, 2) = iv(1, 2)G(1, 2) + i

∫
d(3, 4) v(1, 4)G(1, 3)

δ [ΣT (3, 2)]

δ[u(4+)]
, (5.49)

where the first term is the non-local exchange potential in Hartree-Fock theory, and as a
reminder u(1) is an external source introduced to define the functional derivatives, which is
set equal to zero at the end of the calculation. As written in Eq. (5.49), we are computing the
exact exchange-correlation self-energy. We can introduce approximations by simplifying the

relaxing the condition of a single bosonic mode. This allows for the description of more complex satellite
structures, beyond the periodic ones described above. However, the underlying assumption of weak coupling
between the fermionic and bosonic modes is likely still required, since these studies have been limited to core
electron spectroscopy.

15We refer to these as induced dynamical exchange, since the direct Fock exchange is already accounted for
in the GW approximation. However, electron-hole interactions can further screen this exchange, and provide
it with a non-trivial frequency dependency, which we try to convey in the expression induced dynamical
exchange.

16Particle-particle interactions are prominent in low-density systems, while particle-hole interactions are
expected to be dominant in high-density cases, e.g. molecular systems.

17As we have seen it amounts to Γ(1, 2; 3) → δ(1, 2)δ(1, 3), which in turn means that Σxc(1, 2) →
iG(1, 2)W (1+, 2).
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functional derivative in the second term, since it is in this term that the interaction vertex
Γ(1, 2; 3) is implicitly hidden [278]. To this end, it is convenient to rewrite this functional
derivative of the total self-energy using the chain rule as

δ [ΣT (1, 2)]

δ[u(3)]
=

∫
d(4, 5)

δ [ΣT (1, 2)]

δ[G(4, 5)]

δ [G(4, 5)]

δ[u(3)]
. (5.50)

In this framework, the GW approximation amounts to simplifying ΣT (1, 2) = ΣH(1, 2) in
the functional derivative, i.e. assuming that only classical charge-charge interactions enter
in the exchange-correlation self-energy. Under this approximation, we get

Σxc(1, 2)
GW approx.−−−−−−−→ iv(1, 2+)G(1, 2) + i

∫
d(3, 4, 5, 6) v(1, 4)G(1, 3)

δ [ΣH(3, 2)]

δ[G(5, 6)]

δ [G(5, 6)]

δ[u(4+)]
,

= iv(1, 2+)G(1, 2) +

∫
d(3, 4, 5, 6) v(1, 4)G(1, 3)δ(2, 3)v(3, 6)δ(5, 6)

δ [G(5, 6)]

δ[u(4+)]
,

= iv(1, 2+)G(1, 2) +

∫
d(4, 5) v(1, 4)G(1, 2)v(5, 2+)

δ [G(5, 5+)]

δ[u(4+)]
,

= iv(1, 2+)G(1, 2) + i

∫
d(4, 5) v(1, 4)v(5, 2+)χ(5, 4) G(1, 2),

= i

[
v(1, 2+) +

∫
d(4, 5) v(1, 4)χ(5, 4)v(5, 2+)

]
G(1, 2),

= iG(1, 2)W (1, 2+),

(5.51)

recovering the GW self-energy in Eq. (5.48). From the first to the second line, we have
used the expression for the ΣH(1, 2) = δ(1, 2)vH(1), from the third to fourth line we have used
the definition of the charge-charge susceptibility in Eq. (5.38), and in the last equality we
have used the linear response expression for the screened Coulomb potential from Eq. (5.35).

From this perspective into the GW approximation, at least for the self-energy18, it
is more simple to imagine a better approximation, including many-body vertex correc-
tions: Approximating the total self-energy in the functional derivative of Eq. (5.49) as
ΣT (1, 2)→ ΣH(1, 2) + Σx(1, 2), including exchange effects. This type of vertex correction
will recover induced dynamic exchange, and thus recover some of the many-quasiparticle
interactions of the full interaction vertex Γ(1, 2; 3). We refer to it thus as GWΓx. Using this
approximation, we have

δ [ΣT (1, 2)]

δ[G(4, 5)]

GWΓx approx−−−−−−−−→ δ [ΣH(1, 2) + Σx(1, 2)]

δ[G(4, 5)]
,

= −v(2, 5)δ(4, 5)δ(1, 2) + v(1, 2)δ(5, 2)δ(4, 1),

(5.52)

18We still need the Dyson-like equations for the screened Coulomb interaction W (1, 2) in Eq. (5.45)
and (5.44).
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which in turn results in an exchange-correlation self-energy following

Σxc(1, 2)
GWΓx approx.−−−−−−−−→ iG(1, 2)W (1, 2+)

+i

∫
d(4, 5) v(1, 4)G(1, 5)v(5, 2)

δ [G(5, 2)]

δ[u(4)]
.

(5.53)

This comprises the vertex corrected GWΓx approach [275, 278]. Intuitively, the differ-
ence between GW and GWΓx can be understood in the following way: In GW , we keep only
the Hartree term in the total self-energy. Consequently, the electron (or hole) quasiparticles
described by the GW approximation can only interact with each other through classical
charge-charge interactions. In contrast, the GWΓx approach recovers the interaction vertex
terms accounting for the fact that the electron (hole) quasiparticles are Fermionic, reintroduc-
ing their non-classical exchange interaction. The recovered many-body effects are captured
in the functional derivative in the second term of Eq. (5.53). Similarly to GW , the GWΓx
approach should be solved self-consistently. Given the computational complexity of such an
endeavour, the studies performed so far have neglected the self-consistency, employing a one-
shot G0W0Γx [275, 278]. Nevertheless, this one-shot approach is equivalent to performing
one full iteration through the five Hedin’s equations, starting from the Hartree-Fock Green’s
function as reference and including the high-order terms of the interaction vertex. It is in
this sense that we call this implementation of vertex corrected GW systematic.

Further vertex corrections can in principle be added, by recovering terms of the corre-
lation component of the self-energy Σc(1, 2). How to do this in a way that systematically
improves the physical predictions is however an unsolved problem, since there is no closed
expression for Σc(1, 2) in the same way as there is one for the exchange part Σx(1, 2). A
priori, the correlation contributions would be recovered through self-consistency, which is
still an intractable approach.

In the rest of this chapter will refer to the systematic approach including the exchange
component of the vertex correction as GWΓ, and G0W0Γ in its one-shot version, dropping
the x subscript for brevity. The first studies with this method [275, 278] show that the
systematic vertex correction generally improves the main quasiparticle energies for HOMO
ionizations in molecular systems. Still, a rigorous study of the spectral features beyond
quasiparticle energies is missing in the literature. In particular, it is important to test
whether these novel, more reliable implementations of the vertex corrections can indeed
capture the multi-quasiparticle interactions.

5.2 The Issue - Capturing Multi-Quasiparticle Effects

within GW and GWΓ

The wild zoo of many-body perturbation theory approximations to the vertex correction
clearly calls for a thorough study of the physical effects that GWΓ spectra capture beyond
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GW , particularly in regards to multi-quasiparticle phenomena. Further, a systematic and
reliable study of multi-quasiparticle spectral features is relevant independently of the GW
approach, since these are dominant effects in quantum materials [99–105]. To this end, we
investigated PES spectra of closed-shell molecular systems, which can in principle present
signatures beyond single quasiparticle physics in the inner valence spectral region [106, 107].
In these relatively small, finite-size systems, we can employ the ASCI algorithm to compute
accurate Green’s functions and thus complement GW and GWΓ results. In this work, we do
not study core spectra, since these are mostly of single quasiparticle behavior and have been
previously addressed in the GW literature [303, 304], as well as with non-linear cumulant
expansion approaches [297, 298].

The ASCI and perturbative approaches (GW and GWΓ) offer complementary probes
to the many-body spectra. On the one hand, ASCI provides with extremely accurate19

Green’s functions, serving as the effectively reference value for the perturbative results.
However, as discussed above and in Chapter 3, Section 3.2, the ASCI Green’s functions give
no straightforward access to quasi-particle lifetimes, since it can only include a strictly finite
number of degrees of freedom. Further, the exponential scaling of the ASCI method limits
it to small, finite size systems. On the other hand, the GW and GWΓ approaches employed
in this work can be scaled to extended systems [276–278, 295, 305], and can describe finite
lifetimes since it effectively includes a near-to-continuum of states20. However, it is necessary
to justify the validity of the perturbative treatment. Comparing the ASCI and GW/GWΓ
results allows us to determine whether the physical ingredients that the vertex correction
recovers are indeed enough to describe multi-quasiparticle effects.

In this work [43], our ASCI results unveil a rich satellite structure in the inner valence
region of the molecular PES, confirming the expectation in [106, 107]. Comparing to the GW
andGWΓ spectra, we show that the vertex corrections included in our implementation indeed
account for the necessary quasiparticle interactions to describe for the multi-quasiparticle
spectral features qualitatively, while simple GW fails to do so. Moreover, the ASCI and
GWΓ results suggest a non-trivial entanglement structure in the excited states underlying
the the satellite peaks, opposite to the weakly coupled regime presumed by approximations
such as the traditional cumulant expansion [294–296].

5.3 The Solution - Combining ASCI and GWΓ

We compute the hole-component of the ground state Green’s function, and from this the
spectral function A(ω) using Eq. (5.3), for five closed-shell molecules: CH4, C2H2, NH3,
H2O and N2. For the ASCI calculations, we use non-augmented and augmented correlation
consistent Dunning basis sets, namely cc-pvXz and aug-cc-pvXz (X = D, T, Q)21 [306, 307].
We converge the ASCI ground state and then compute the Green’s function as described

19Essentially ED-quality, see Chapter 3.
20By virtue of working with a dense, real space grid as basis set for the electronic Hamiltonian.
21Except for CH4, for which technical difficulties precluded the use of the aug-cc-pvQz basis set.
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Figure 5.2: Upper panels: Spectral weights A(ω), see Eq. (5.3), for CH4, NH3 and H2O
computed from ASCI (shaded area), G0W0 (orange, dot-dashed line) and G0W0Γ (green
solid line). The outer valence region, i.e. those peaks close to the HOMO, in turn the
closest peak to ω = 0 eV, follow the single quasiparticle (SQP) theory, while the inner
valence region, at the most negative frequencies, present multi-quasiparticle (MQP) effects.
The ASCI results are computed with the aug-cc-pvQz basis for NH3 and H2O, and aug-cc-
pvTz for CH4. Lower pannels: Real part of the diagonal self-energy components, shifted
by the corresponding Hartree-Fock energies ε0

i , for G0W0 (orange, dot-dashed line) and
G0W0Γ (green solid line). Each component is numbered with a roman numeral, “I” always
corresponding to the HOMO orbital and “IV” to the inner valence orbital. The blue dashed
line corresponds to the y = ω curve, and the points at which it cuts the self-energy curves
are solutions to the quasiparticle equation Eq. (5.9). The vertical dashed lines mark the
ASCI quasiparticle energies. See text for details.

in Chapter 3, Section 3.2, using a frequency grid of spacing 0.05 eV, and a broadening
factor η ∼ 0.5eV. For each “orbital resolved” spectral function A(ω)α

22, we identify the
position of the largest peak as the corresponding main quasiparticle energy, and compute
extrapolations to the complete basis set limit following the prescription in [308]. For these
systems, a Hilbert space truncation of ∼ 105 determinants is enough to converge the main
peaks in A(ω) to within 0.15 eV, meaning that the positions of the main peaks change
by no more than 0.15 eV upon an increase of the truncation size by a factor of 5. When
present, the position of satellite peaks have less satisfactory convergence than the main
quasiparticle peaks towards the complete basis set limit, and thus we will limit the analysis

22Here we use ASCI’s natural orbitals.
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here to a qualitative level when considering the satellite features. The G0W0 and G0W0Γ
are performed starting from the Hartree-Fock (HF) solution in a real-space implementation,
using a dense grid covering a volume centered around the molecule, and several times larger
than the molecular dimensions. The actual many-body perturbation theory approaches
are performed in a real-space, real-time stochastic implementation detailed in [277, 278].
Here, we assume diagonal self-energies. Convergence details for all methods are given in the
supplementary material of [43].

We show the ASCI, G0W0 and G0W0Γ spectral weights A(ω) for CH4, NH3 and H2O in
the upper panels of Fig. 5.2. The ASCI spectra clearly show two different regimes: close to
the HOMO peak, i.e. the peak closest to ω = 0 eV, the spectra show single quasiparticle
(SQP) behavior. This corresponds to a unique, sharp peak per electron, as discussed in
Sec. 5.1. However, the inner valence region, i.e. region furthest from ω = 0 eV, presents no-
ticeable deviations from the SQP behavior in both NH3 and H2O. Indeed, in the inner valence
region the main quasiparticle peak is broader, with part of its spectral intensity distributed
amongst several satellite peaks, a clear signal of multi-qausiparticle (MQP) physics. Having
established the presence of MQP physics, we want to investigate the nature of the MQP
states, namely whether the different quasiparticles present are weakly or strongly coupled.
By weakly coupled, we imagine an MQP excited state formed by a hole and neutral excita-
tion which form essentially an unentangled product state. Conversely, in the case of strong
coupling it would not be possible to propose a product state wave function separating the
hole and neutral excitation components of the excited states. If weakly coupled, the MQP
satellites should be accessible by simple approaches such as the cumulant expansion [294–
296]. Furthermore, we will test whether the vertex corrected GWΓ, as implemented con-
sidering only induced exchange interactions, indeed recovers the quasiparticle interactions
needed to describe MQP spectral features.

We start answering the latter question, comparing the perturbative results to the ASCI
spectra. As can be seen in the upper panels of Fig. 5.2, both G0W0 and G0W0Γ match
the main features of the ASCI spectra. For a more quantitative analysis, we present a
comparison of the main quasiparticle energies for all orbitals and all molecules between the
ASCI extrapolated results and the perturbative methods in Fig. 5.3. We also include the
HF eigenvalues23 for reference. We shade the energy scales where the spectra present MQP
effects in yellow, which corresponds for all systems to the innermost valence excitation, in
other words the excitation furthest away from ω = 0 eV. The inset in Fig. 5.3 presents
the mean absolute deviation (MAD) with the ASCI values for the HOMO quasiparticle
energies and the all other quasiparticle energies. The HOMO excitations are the most SQP-
like, and thus we expect that a perturbative treatment on top of HF will do particularly
well here. Surprisingly, we observe that G0W0 improves the HF quasiparticle energies only
marginally, both presenting a MAD short of ∼ 1 eV, and only upon inclusion of the vertex
correction do we lower the MAD to ∼ 0.3 eV. The possible interpretation suggests itself
that, even in the simple SQP regime, the excitonic interactions recovered by Γ may be

23Which we remind correspond to mean-field particles with infinite lifetimes.
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Figure 5.3: Quasiparticle energies for all valence orbitals and all molecules studied. We com-
pare the ASCI energies in the x-axis with different approximations in the y-axis: Hartree-
Fock (hollow symbols), G0W0 (half-hollow symbols) and G0W0Γ (full symbols). The ASCI
results are extrapolated to the complete basis set limit following [308]. Different molecules
are represented with different symbol shapes and colors. The region of the spectra present-
ing multi-quasiparticle effects is shaded yellow. There, the quasiparticle energy provided
corresponds to the energy of the largest peak in the region. The inset presents the mean
absolute deviation (MAD) of the quasiparticle energies in the different approximations with
the ASCI results, showing the HOMO quasiparticle energies separated from the rest. See
text for details.
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important for a quantitative description of the spectrum. This seems a priori a plausible
explanation, especially since in localized systems, such as molecules, electrons and holes have
large overlaps. However, recovering electron-hole interactions in the screened Coulomb term
W in GW approaches is known to have little (if not adverse) effects on quasiparticle energies
in molecules [275, 278, 289]. Therefore, here it is more likely that the reason for G0W0Γ
being significantly better in the SQP regime is error cancellation. The GW approximation is
plagued by the so called “self-polarization” error, which is partially alleviated by recovering
the interaction vertex [309, 310].

While previous studies only focused on the HOMO quasiparticles [275, 278], we also look
at the inner valence states. The mean-field HF results are quite unsatisfactory here, with a
MAD of ∼ 2 eV (see inset of Fig. 5.3). Still, even in the MQP regime, the ASCI spectra show
one dominant peak for each orbital (in Fig. 5.2 at -23 eV for CH4, -27 eV for NH3 and -33
eV for H2O), with spectral weight redistributed to satellite peaks in the innermost24 valence
orbital. The higher the magnitude25 of the inner valence quasiparticle energy, the more
satellite features are present, the more extreme cases of H2O and N2 presenting satellites as
far from the main peak as ∼ 10 eV. Still, the presence of dominant peaks suggests that a
perturbative treatment is still viable. Indeed, the G0W0 approximation recovers much of the
correlation neglected in HF, reducing the MAD by half. Introducing the vertex corrections
further improves the agreement to a MAD below 0.5 eV. In summary, we see that the vertex
corrections improve the main quasiparticle energies for all energy scales studied, both in the
SQP and MQP regimes.

Now we can turn our attention towards the satellite features and the interpretation of the
MQP regime, i.e. for the innermost valence orbital. Given the presence of a single dominant
peak even in this regime, the satellite features can be interpreted as an excited state composed
of the hole quasiparticle generated by ejecting the electron of the innermost valence orbitals,
plus an additional optical, charge-neutral excitation. In a solid system, such an excitation
can be a collective bosonic mode, e.g. a plasmon, but in a molecular systems it is probably
best to picture an excitation of a different electron from an occupied to a virtual orbital, an
“exciton”. Whatever the nature of this second excitation, or quasiparticle, it is interesting to
study if we can infer from our ASCI or perturbative results whether the hole and the second
quasiparticle are weakly or strongly coupled. When calling the coupling “weak”, we refer
to the excited state wave function being well approximated qualitatively by an unentangled
direct product between the hole and second quasiparticle states. Conversely, in the case of
strong coupling we refer to an intrinsically entangled hole+neutral-quasiparticle state. Just
from the spectrum alone, it is not clear how to distinguish between these two cases. After
all, the spectral function A(ω) in Eq. (5.3) only includes the position of the poles, and the
probability of the excitation (encoded in the overlap terms 〈ΨN−1

n |cα|ΨN
0 〉), but has no direct

information of the structure of the excited states |ΨN−1
n 〉. Therefore, we do not yet know of

a straightforward way to derive this information from the ASCI results. However, analyzing

24I.e. furthes away from ω = 0 eV.
25And more negative the frequency.
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the G0W0 and G0W0Γ self-energies Σ(ω)α,α may shed some light in this conundrum.
We show the real part of the G0W0 and G0W0Γ diagonal self-energy components for all

valence orbitals of CH4, NH3 and H2O in the lower panels of Fig. 5.2. The innermost valence
orbital is labelled by ’IV’ in all molecules. We also show the line y = ω as a blue, dashed
line. The points where the blue line cuts the self-energy curves are graphical solutions for
the quasiparticle equation in Eq. (5.9), and thus correspond to the positions of the peaks
in the G0W0 and G0W0Γ spectra in the upper panels of Fig. 5.2. We see immediately that
the innermost valence G0W0 self-energies (orange, dot-dashed lines) only have one real pole,
while the G0W0Γ self-energies (green, solid lines) have multiple poles. The G0W0 pole is
surrounded by two “pseudo-poles”, i.e. frequencies at which the self-energy curve and blue,
dashed line almost touch, approximately fulfilling Eq. (5.9), combined with a large imaginary
self-energy (not shown). The true pole and two “pseudo-poles” are marked with arrows in
the NH3 self-energy (see lower, central panel of Fig. 5.2). This pole structure results in a
three peak structure in the G0W0 spectra, see inset in the upper central panel of Fig. 5.2
where all peaks are marked with arrows. The G0W0 satellite peaks are about an order of
magnitude smaller than the main quasiparticle peak. Similar structures have been observed
in solid state systems [294, 296, 311].

For most systems studied, the main quasiparticle peak in the G0W0 spectrum actually
corresponds to one of these “pseudo-poles”, not to the true pole as one could expect. For
example, for NH3 the main G0W0 quasiparticle peak is signalled by the darkest arrow in the
inset of the central upper panel of Fig. 5.2, and this corresponds to the “pseudo-pole” marked
by the dark arrow in the lower central panel. The only exception is N2, for which the self-
energy presents two true poles, one of them corresponding to the main quasiparticle peak in
the spectrum. In our G0W0 calculations, due to technical details of the implementation [276–
278, 295, 312] artificially dampening the magnitude of the self-energy oscillations, some of
these “pseudo-poles” may be actual poles, i.e. true crossings. Still there is a clear and simple
structure to the G0W0 self-energies, resulting in a regular three-peak structure artifact in
the spectrum, and this does not match with the ASCI results, which show rather irregular
satellite structures.

Now, what is the physical difference between a true pole and a “pseudo-pole”? While
both produce maxima in the spectral function A(ω), only true poles alter the mathematical
pole structure of the Green’s function. For example, when computing ground state or thermal
averages as frequency integrals over the Green’s function, see Chapter 2 Section 2.2, only true
poles will contribute to the result, which can be seen immediately by solving the involved
integrals using the residue theorem [53, 313]. Consequently, only true poles may be identified
with actual quasiparticles. In contrast, a “pseudo-pole” is rather the result of the main
quasiparticle, a hole in the innermost orbital in this case, weakly coupled to an additional
neutral excitation. Thus, it seems that the way to distinguish between strongly and weakly
correlated MQP states lies within the difference between true poles and “pseudo-poles” in the
self-energy. Ideally, we would extract the identity of each peak as pole or “pseudo-pole” from
the fully-correlated ASCI method. This is however not straightforward, since, as discussed
in Sec. 5.1 and Chapter 3 Sec. 3.2, the ASCI Green’s functions are purely real, and thus all
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poles in ASCI are true poles. This is an artifact of the absence of finite lifetimes, and not
reflective of the true nature of the excited states.

The G0W0Γ self-energies in the lower panels of Fig. 5.2 (green, solid lines) show a much
more complex structure than their G0W0 counterparts. The most obvious result of the
inclusion of the interaction vertex is a sharpening of the self-energy features, resulting in
multiple true poles for all systems. The number of true poles increases with higher energy
of the innermost valence state26. Thus, the H2O self-energy shows several true poles, which
result in the very rich satellite structure of the G0W0Γ spectrum. For NH3 we also observe
a much more irregular satellite peak structure for the G0W0Γ results, see inset in the upper
central panel of Fig. 5.2, which matches qualitatively the ASCI spectrum. There are still
“pseudo-poles” in the vertex corrected spectra, for instance in the ∼ −30 eV region for H2O,
which are again a result of an appoximately fulfilled Eq. (5.9) and a large imaginary part of
the self-energy (not shown).

The irregular satellite structure of the G0W0Γ, consistent with the accurate ASCI results,
together with promotion of most “pseudo-poles” to true poles upon the inclusion of the quasi-
particle interactions in the vertex correction, suggest that the MQP states underlying the
satellite features are strongly coupled, entangled multi-quasiparticle states. It is important
to note that the wild oscillatory behavior of the H2O self energy in Fig. 5.2, similar to that
in N2, is partly a consequence of the one-shot nature of our G0W0Γ calculation. Indeed, not
performing the self-consistency neglects the screening ot the quasiparticle interactions intro-
duced by Γ. This screening is likely to smooth out the self-energy oscillations, by reducing
the magnitude of the excitonic interactions.

Nevertheless, recovering the screeing in the vertex interactions should not affect the
qualitative conclusions drawn above. The vertex corrections derived from the exchange
interaction do indeed introduce the necessary quasiparticle interactions to capture the MQP
region of the spectrum qualitatively correctly. G0W0Γ can reproduce the irregular and rich
satellite structure for the inner valence region observed in ASCI, and further suggests a
non-trivial entanglement structure of the underlying MQP states. This is the first time that
this type of systematic vertex correction is shown to recover the correct satellite structre in
many-body spectrum.

As a final note, we want to point out an intriguing feature present in the vertex corrected
self-energies of NH3 and H2O, see lower panels of Fig. 5.2. The self-energy of the innermost
orbital, labelled as “IV”, shows noticeable features which are resonant with the true poles of
some of the other orbitals, and thus resonant with the quasiparticle energies of those other
orbitals. This resonances, absent in the G0W0 self-energies, seem to suggest that the vertex
correction are introducing inter-orbital couplings, which would appear as a non-zero ∆(ω)α
in Eq. (5.8). The ASCI spectra show a similar resonance, where the orbital resolved spectral
weight A(ω)α (see Eq. (5.2)) of the innermost valence orbital has a small resonant peak at the
position of the main peak of a different orbital, see Fig. 5.4. For the ASCI result, this is rather
a statement about the orbital-mixing in the natural orbital basis, see Chapter 3 Sec. 3.1, and

26In other words, with more negative frequency.
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(a) NH3. Resonance between orbitals 4 and 1. (b) H2O. Resonance between orbitals 4 and 2.

Figure 5.4: Hole component of the orbital resolved spectral function A(ω)α for two molecules,
computed with ASCI using the aug-cc-pvQz basis set. We use a broadening factor of ∼ 0.5
eV. These two molecules show small resonances between the orbital furthest away from the
HOMO (shown with an arrow) and another orbital. Adapted from [43].

rotating the ASCI Green’s function to the HF basis eliminates this resonances. This basis
dependence is of no physical importance, since the orbital resolved spectral weights are not
observable. Still, the presence of resonances in the G0W0Γ self-energies, which are computed
in the HF basis, suggests that there may be some non-trivial, i.e. basis independent, degree of
inter-orbital mixing at the level of the self-energy. Whether this is a measure of quasiparticle
interaction, or indeed whether this has any physical significance beyond the choice of single-
particle basis, remains for now an open question.

5.4 Discussion and Perspective

In this work, we have shown that G0W0Γx, which systematically introduces vertex correc-
tions due to the exact exchange component of the self-energy, includes the quasiparticle
interactions needed to qualitatively recover MQP physics in molecular ionization spectra.
As a consequence of the one-shot, i.e. not self-consistent, formulation of our implemen-
tation, those recovered interactions are unscreened, likely resulting in the wild oscillatory
behavior of the self-energies at high energy scales. Recovering the screening effect, through
attempts at self-consistency or otherwise, is thus the next logical step to make the pertur-
bative method quantitative. A perturbative approach such as GWΓ has better scaling than
ASCI, which is exponential, and thus will prove an invaluable tool to the study of extended
materials. After establishing that the vertex correction captures MQP physics in molecules,
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it will be interesting to investigate whether it can also describe this kind of effect in solids
or lattice models.

Regarding ASCI, this project is a fine example of how a pure ground state method can
be used to infer information about excited state properties through the Green’s function.
The most unfortunate shortcoming of the current ASCI G(ω) is the lack of finite lifetimes,
or in other words the fact that it is purely real. Here, this issue precluded a definitive
identification of each satellite feature as a “pseudo-pole” or a true pole, as well as making
direct comparisons between the ASCI and perturbative self-energies unproductive. It would
be interesting to explore whether it is generally possible to describe finite lifetimes within the
ASCI approach. A valid solution would be including a non-Hermitian absorbing potential
term to the Hamiltonian [314], though this would need a sound physical motivation to
avoid changing the arbitrary parameter η by another arbitrary parameter describing the
absorbing potential. Alternatively, an embedding-like approach introducing several bath
degrees of freedom may be a viable option to introduce an effective continuum of states into
the calculation [315, 316]. This relates to the development of the ASCI-DMFT method,
which is the central topic of the next chapter.

Finally, the theoretical consideration regarding the quasiparticle coupling strength un-
derlying the MQP satellites has mainly been qualitative in this work. It remains an open
issue to formalize the description of the MQP excited states, with emphasis on identifying
a clear entanglement structure between the different quasiparticles. Such a formalism may
make it possible to distinguish weak and strong quasiparticle coupling with ASCI without
the need of finite lifetimes. However, its importance would reach beyond this identification,
since it would allow for a systematic characterization of MQP phenomena, potentially mak-
ing experimental interpretation more transparent and the design of new theoretical heuristics
more systematic.
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Chapter 6

From Finite-Size to Extended
Systems - ASCI-DMFT

In these papers [44, 45], we promoted the ASCI method from the realm of finite-sized sys-
tems, such as molecules, to that of extended systems, e.g. lattice Hamiltonians and solids,
by adapting it as impurity solver in the dynamical mean-field theory (DMFT) approach [31,
32, 163, 164, 317, 318]. DMFT is a non-perturbative method to treat strong correlation
that belongs to the family of embedding approaches. This means that it singles out a frag-
ment of the full system of interest, which it treats as exactly as computationally possible,
while the rest of the system is represented by a non-interacting bath. Mathematically, this
corresponds to self-consistently mapping an extended lattice Hamiltonian into a, sometimes
multi-orbital, impurity Anderson model, until the one-body Green’s function of the impu-
rity model corresponds to that of the original system. While exact in the limit of infinite
dimensions, or infinite coordination number, this becomes an approximation in two or three
dimensions1. The reliability of DMFT depends partly on being able to include all important,
i.e. strongly correlated, lattice degrees of freedom into the impurity, and on being able to
find the right bath self-consistently.

We show that ASCI is an efficient impurity solver for exact Hamiltonian based DMFT,
allowing to include more correlated and bath orbitals than other state-of-the-art ED-based
solvers [285, 319]. At the core of the self-consistency condition in Hamiltonian based DMFT
lies the bath optimization problem, which corresponds to a non-linear, high-dimensional
least-square fitting problem. This is a non-trivial part of the DMFT cycle, which has
nonetheless received relatively little attention in the literature [208, 320]. We develop and
characterize a novel optimization method to find an optimal self-consistent bath, which alle-
viates most of the numerical instabilities presented by the bath optimization implementations
in the current DMFT literature. Our optimization method is based on semi-definite relax-
ation (SDR) [321–323] and leverages highly efficient conical optimizers [324], which allows
for the reliable treatment of as many as ∼ 50 bath orbitals, whereas standard approaches

1A very successful one in several cases.
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only include ∼ 8. The combination of the ASCI impurity solver and SDR optimization in
ASCI-DMFT has great potential for the treatment of strongly correlated materials.

The SDR optimization project was a collaboration with members of the UC Berkeley
mathematics department, who developed the method. I adapted the ASCI algorithm as an
impurity solver for DMFT, developing the Green’s function method described in Chapter 3
Sec. 3.2, and characterized the SDR method with respect to its usefulness within the DMFT
framework. These papers [44, 45] are published as

• “Dynamical mean field theory simulations with the adaptive sampling configuration
interaction method”, CMZ, N. M. Tubman, K. B. Whaley, Phys. Rev. B 100, 125165
(2019).

• “Efficient hybridization fitting for dynamical mean-field theory via semi-definite relax-
ation”, CMZ, L. Zepeda-Núñez, M. Lindsey, N. M. Tubman, K. B. Whaley, L. Lin,
Phys. Rev. B 101, 035143 (2020).

In Section 6.1 we briefly review the DMFT method, with special emphasis on Hamiltonian
based DMFT and the bath optimization problem. Section 6.2 defines the questions addressed
in this work, while Section 6.3 summarizes the main results in [44, 45]. Finally, Section 6.4
presents some concluding remarks and possible future steps.

6.1 Theory - DMFT, Embedding from the Infinite

Dimensional Limit

As we sketched in Chapter 2, Section 2.3, the main idea behind treating a many-body system
with any embedding method is to choose a finite number Nc of its degrees of freedom, which
we will collectively refer to as the impurity or the cluster 2, and complementing this by an
effective representation of the rest of the system, which can be referred to as the bath. The
bath is defined by a set of parameters, which are usually chosen self consistently such that the
auxiliary system of cluster plus bath represents in some defined way the physical properties
of the original system of interest. We show a schematic representation of the embedding
approach in Fig. 6.1. If the bath is chosen to be a simple effective potential Veff , this
reduces effectively to a (multi-site) mean-field theory treatment of the system [53, 58, 66],
which characteristically misses quantum fluctuations beyond the Nc degrees of freedom of the
cluster. These quantum fluctuations beyond the cluster can be recovered by making the bath
a dynamical quantity, in other words a frequency dependent potential or equivalently a set of
non-interacting degrees of freedom [12]. This is what is done in embedding methods such as
DMFT3 [163, 164, 325], DMET [165, 166, 168, 326], or SEET [171, 172, 174, 175], whose main

2We will refer to the cluster degrees of freedom as: impurity/cluster sites/orbitals. We will reserve
“cluster” for multi-orbital impurities, and “site” to refer to orbitals in distinct spatial positions.

3Hence the name, dynamical mean-field theory.

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.125165
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.125165
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.125165
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.035143
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.035143
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.035143
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Figure 6.1: Schematic representation of an embedding process. Left is the system of interest
defined by a Hamiltonian Hsys, represented as a lattice model with blue circles for the sites
(or orbitals), and orange wavy lines for the terms in Hsys. In any embedding method, a
subset of the system’s degrees of freedom (DOFs) is chosen, here the central 2 × 2 cluster
represented with a yellow shade. If the environment of the system may be substituted by a
static effective field Veff , given the typical mean-field theory (MFT) Ansatz, or by a set of
non-interacting bath DOFs, represented here by green circles. The latter option, to which
dynamical mean-field theory (DMFT) belongs, generates a dynamical bath potential in the
auxiliary system. In either case, the (static or dynamic) bath is chosen self-consistently
(SCF) such that the physics of the auxiliary system of cluster plus bath corresponds to that
of the original system. See text for details.
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computational difference is the central quantity they employ to establish the self-consistency
condition, namely the Green’s function, density matrix and self-energy respectively. All these
methods have been widely applied to the many-body problem [34, 167, 169, 176, 258, 327–
331]. Here, we will focus on DMFT, but it is worth noting that the developments established
in [44, 45] can be readily applied to DMET and SEET as well.

Dynamical Mean-Field Theory - Basic Premise

DMFT is arguably one of the most popular embedding methods for strong correlation, having
been widely applied to the study of model Hamiltonians and real materials alike [332–339],
and since its first formulation as a single impurity method has spawned several derived
approaches to include impurity clusters and the correlations beyond these [193, 325, 340–
347]. Here, we use DMFT as a collective term for the original single-impurity method and
its cluster extension, cellular DMFT (cDMFT) [342].

Originally conceived in the framework of strongly correlated lattice systems in the limit
of infinite dimensions [185–188], DMFT relies on the spatial locality of the self-energy in
this limit [163]. Exploiting this locality, DMFT maps the original system of interest into an
Anderson impurity model (AIM), see the schematic representation in Fig. 6.1. The mapping
is defined by the bath, which in turn is parametrized by the hybridization function ∆(ω).
This is the component of the non-interacting Green’s function of the AIM due to the bath
degrees of freedom. Finding the AIM, i.e. the bath, to which the original system maps is
done self-consistently, the hybridization function being the variable quantity to tune. Upon
achieving self-consistency, the Green’s function of the AIM corresponds to the local Green’s
function of the original system, local here meaning “restricted to the impurity site”. The AIM
Green’s function can then be used to obtain spectral information, or one-body expectation
values. In the infinite dimensional limit, the DMFT mapping becomes exact, i.e. there
indeed exists an AIM with the same local Green’s function as the original system of interest.

For finite dimensional systems, the locality of the self-energy underlying the DMFT
mapping becomes an approximation, which nevertheless has been shown to give reasonable
results. This should not be too surprising a priori, since this is the same principle observed
for traditional mean-field theories within the context of the upper-critical dimension [214].
The reliability of DMFT in finite dimensions can be improved by including several degrees
of freedom of the original system into the impurity, making a cluster, or multi-orbital, AIM
(see for example the 2 × 2 cluster in Fig. 6.1). This can become particularly critical when
attempting to describe multi-orbital physics, like orbital selective order and transitions in
Hund’s metals [348–350]. Alternatively, beyond-DMFT corrections can be applied to recover
correlations beyond the impurity cluster [347]. One of the main physical reasons at the core
of DMFT’s success is its ability to treat localized and delocalized phenomena, high- and
low-frequency effects, on the same footing through the AIM formalism, which enables the
capture of non-perturbative, strongly correlated phenomena such as Mott transitions or
Kondo resonances [163]. This can be understood intuitively from the asymmetry of the
Anderson impurity model system: composed of an interacting many-body component (the
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impurity) and a frequency dependent effective potential (the hybridization function generated
by the bath), the mapped AIM has two distinct components capable by construction of
capturing static and dynamical correlation respectively. It thus provides with an elegant
bridge between the weakly and strongly coupled physics in the system of interest, treating
both on the same footing within the AIM Hamiltonian.

From a computational point of view, there are different flavors of DMFT, depending on
how the impurity model, i.e. the auxiliary system of cluster plus bath, is solved. These flavors
can be broadly divided into two classes: Quantum Monte Carlo (QMC) based solvers [129,
320] and Hamiltonian based solvers, including ED [351], numerical renormalization group
(NRG) [352–354], DRMG and tensor-network based methods [355–362], coupled-cluster
(CC) [191, 192, 363] and CI [44, 285, 315, 339, 364]. These two types of solvers are comple-
mentary, each with its own strengths and weaknesses, which we will briefly mention below.
What follows is a brief description of the DMFT framework, focusing on conceptual under-
standing rather than rigour, and providing an algorithmic description of the implementation
for Hamiltonian based DMFT. For more detailed discussions, see [163, 164, 319, 325].

DMFT Algorithm - Find an Ideal AIM Self-Consistently

As outlined above, the basic idea in DMFT is as follows: Given a system of interest, which
without loss of generality we will assume to be a lattice Hamiltonian such as the two-
dimensional Hubbard model, we choose a subset of Nc of its degrees of freedom, say a 2× 2
cluster as in Fig. 6.1. DMFT is then tasked with finding an optimal bath for those Nc

degrees of freedom, and thus an optimal 2 × 2 AIM, such that the Green’s function of the
AIM corresponds to the local Green’s function of the full lattice. This is done in a self-
consistently cycle, each iteration proposing a new bath. The bath of the AIM is completely
characterized by the hybridization function ∆(ω)α,β, where α and β correspond to impurity
orbitals. This function is the component of the effective non-interacting impurity Green’s
function G0(ω)α,β coming from the bath degrees of freedom4. In general, the bath corresponds
to a continuum of degrees of freedom, which affect the uncorrelated motion of the electrons
in the cluster through the “dynamical” potential ∆(ω)α,β. This dynamical potential recovers
some of the correlations between the electrons in the cluster and the rets of the system.

Thus, at the start of a given DMFT iteration, we have access to the effective non-
interacting impurity Green’s function G0(ω)α,β. This in turn defines the one-body part of

4There is an important distinction to be made here. When we say non-interacting impurity Green’s
function, we do not mean the Green’s function G0(ω)α,β of the AIM when the interactions are set to zero.
G0(ω)α,β does not include any bath contributions, if α and β are both impurity orbitals. After all, for
any non-interacting system G0,−1(ω)α,β = (ω − µ)δα,β − hα,β , where µ is the chemical potential and hα,β
is the one-body Hamiltonian term for orbitals α and β. Instead G0(ω)α,β corresponds to G0(ω)α,β (for
α, β restricted to impurity orbitals) plus the effect of the bath on the non-interacting impurity electrons.
This corresponds to an additional, frequency dependent term, which is indeed the hybridization function
∆(ω)α,β , which effectively comes from integrating out the non-interacting bath degrees of freedom in the
system’s action. See for comparison Chapter 4 in [53], Chapter 7 in [58] or Chapter 7 in [12].
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the impurity system’s action S0
imp

5, and thus together with the interaction terms in the cluster
completely defines the AIM Hamiltonian Himp. The impurity Hamiltonian is then solved,
which means the fully interacting impurity Green’s function Gimp(ω)α,β. This computation
may be done with QMC, or with a Hamiltonian based method. More to this below.

G0(ω)
Himp Solver−−−−−−−→ Gimp(ω). (6.1)

From the impurity Green’s function Gimp(ω) and the non-interacting Green’s function
G0(ω), the impurity self-energy can be computed from its definition (through Dyson’s equa-
tion, c.f. Eq. (2.44))

Σimp(ω) = G0,−1(ω)−G−1
imp(ω). (6.2)

Here is where the DMFT approximation comes into play. To close the self-consisten cycle,
we need to compute the local Green’s function of the original lattice Glatt(~R0, ω), where ~R0

symbolizes that we restrict the Green’s function to the cluster orbitals. To do this, we invoke
the local self-energy approximation at the core of DMFT, and compute the lattice Green’s
function in momentum space Glatt(~k, ω) as

Glatt(~k, ω)α,β =
[
(ω − µ− iη)1− h(~k)− Σimp(ω)

]−1

α,β
, (6.3)

where µ is the chemical potential of the impurity model6, η an integrating factor, 1 is
the unit matrix in impurity orbital space and h(~k) the non-interacting part of the lattice

Hamiltonian in momentum space, both h(~k) and Σimp(ω) also matrices in impurity orbital
space. Note that in Eq. (6.3) the self-energy is momentum independent. This is the local
self-energy approximation in the DMFT method, effectively assuming that Σimp(ω) is block-
diagonal in momentum space7.

From the lattice Green’s function in momentum space, we can compute the local lattice
Green’s function through an integral along the first Brilloin zone (BZ)

Glatt(~R0, ω)α,β =
1

VBZ

∫
BZ

d~k Glatt(~k, ω)α,β, (6.4)

where VBZ is the volume of the first Brillouin zone. Finally, this gives a new non-
interacting Green’s function

5Again, thinking in terms of a path integral formalism, see Chapter 4 in [53].
6The value of the chemical potential in the impurity model Hamiltonian, which enters Himp as

−µ
∑Nc

α nα, is set fixed by choosing a target particle filling in the cluster. This means, to simulate a
lattice with a definite particle filling n, the value of µ has to be found that 1

Nc

∑
α〈nα〉0 = n. In general this

has to be done by trial-and-error, see [364], but in some cases, symmetries of the system can be exploited to
determine the value of the impurity model chemical potential.

7The local self-energy approximation in DMFT results in finite-size effects depending on the cluster size.
Different cluster DMFT approaches have different scaling with the number of impurity orbitals Nc [208, 325],

the finite-size error of the cDMFT method that we consider in this chapter scaling as O
(

1
Nc

)
.
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G0,new,−1(ω)α,β = G−1
latt(

~R0, ω)α,β − Σ(ω)α,β. (6.5)

The self-consistency condition reduces to comparing G0,new(ω)α,β to the previous G0(ω)α,β.
If they differ, G0,new(ω)α,β defines a new impurity Hamiltonian, and a new iteration can
be started. Otherwise, self-consistency is reached and the optimal AIM has been found.
Glatt(~k, ω)α,β can then be used to compute spectral quantities, and one-body expectation
values of the original lattice model, at least within the DMFT approximation. For a periodic
lattice, the translational symmetry broken by choosing a finite cluster can be recovered by
a periodization scheme, such as [285, 365, 366]

Gp
latt(

~k, ω) =
1

Nc

Nc∑
α,β=1

ei
~k·(~rα−~rβ)Glatt(~k, ω)α,β, (6.6)

where Nc is the number of cluster sites and ~rα is the position of the α-th site in the
cluster. The equation above corresponds to a system with one orbital per site. For multi-band
systems, the same equation can be applied for each inter-orbital Green’s function component
separately. From this Green’s function, the momentum-resolved spectral function A(~k, ω)
can be computed, following

A(~k, ω) = − 1

π

∣∣∣= [Gp
latt(

~k, ω)
]∣∣∣ , (6.7)

which corresponds, neglecting phononic and extrinsic effects [286], to the ARPES signal
of the lattice. From this, the density of states can be computed by integrating over the first
Brillouin zone.

We have discussed the general structure of a DMFT iteration for a periodic system.
Now, depending on the nature of the impurity solver, there are important technicalities that
critically affect what systems can be handled, and the reliability of the DMFT approach.
We turn now to look at the two types of solvers: QMC and Hamiltonian based solvers.

Different Solvers - QMC vs Hamiltonian based

As discussed in the previous subsection, a fundamental step in the DMFT procedure is
computing the Green’s function of a given impurity model, see Eq. (6.1). This can be done
in various ways, and in essence any of the methods described in Chapter 2, Section 2.3
are susceptible of being used if they give access to a Green’s function. Choosing the right
impurity solver is a critical step however, because it will decide the complexity of impurity
model that can be treated, in other words how many of the original system’s degrees of
freedom can be included in the cluster. Since the introduction of DMFT, two families of
solvers have been used predominantly [163]: QMC solvers, and Hamiltonian based solvers.
We will now briefly discuss the main advantages and shortcomings of these two varieties.

QMC solvers revolve around the evaluation of the impurity Green’s function within the
path integral formalism. The original solvers were based on the Hirsch-Fye algorithm [163],
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but modern implementations employ the continuous-time diagramatic QMC method [129].
As is usual with QMC methods, these solvers present favorable computational scaling, and
they can evaluate the impurity Green’s function, in principle, at arbitrary finite temperatures.
Additionally, when using a QMC solver there is no need to invoke the bath hybridization
function ∆(ω)α,β explicitly, since this enters the system’s action only through G0(ω)α,β.
There is thus no limitation to the complexity of the bath degrees of freedom8, and these are
represented by a continuous function. However, QMC solvers can only compute the Green’s
function explicitly in the imaginary frequency axis, i.e. they can only evaluate Gimp(iωn)
where ωn are the Matsubara frequencies at some finite inverse temperature β (see Ch. 4
in [53])

ωn =
(2n+ 1)π

β
. (6.8)

To then compute spectral quantities, such as band structures or densities of states, it
is necessary to analytically continue the imaginary frequency Green’s function to the real
frequency axis. While an old notion, this is a mathematically ill-defined problem, and an
active sub-field of research is dedicated to determining the most reliable method to analyti-
cally continue Green’s functions [367–371]. Moreover, QMC solvers suffer from the Fermionic
sign problem [129], which makes the accurate computation of the impurity Green’s function
exponentially difficult at low temperatures for general Hamiltonians. While this has made
it traditionally hard for QMC solvers to treat multi-orbital impurity models at low temper-
ature, there are active recent developments towards the search for QMC implementations
alleviating the sign problem in this limit [145].

Hamiltonian based solvers operate without the path integral formalism by writing the
impurity Hamiltonian Himp explicitly. This allows using a variety of methods to compute
the impurity Green’s function, such as ED [320, 351], numerical renormalization group
(NRG) [352–354], DRMG and tensor network-based approaches [355–362], CC [191, 192,
363] and CI [44, 285, 315, 339, 364]. This avoids both the analytical continuation and sign
error problems, since all these solvers can work with general Hamiltonians on the real fre-
quency axis directly and are not formulated in terms of a stochastic sampling. Their scaling
is generally worse than that of QMC solvers, and thus even though the sign problem is
not present, the maximal size of the cluster is typically severely limited. This issue notwith-
standing, perhaps the most characteristic complication that arises when using a Hamiltonian
based solver is the bath truncation. Indeed, a general impurity Hamiltonian would require
an infinite number of non-interacting bath orbitals to describe the most general hybridiza-
tion function ∆(ω)α,β. However, Hamiltonian based solvers can only treat a finite number of
orbitals. As a consequence, the hybridization function needs to be approximated as a sum
of the contribution of a finite number Nb of bath orbitals. The impurity Hamiltonian then
becomes

8In a sense which will become clearer once we discuss Hamiltonian based solvers.
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Himp = Hc +

Nb∑
p=1

εpnp +
Nc∑
α=1

Nb∑
p=1

(
Vα,pc

†
αcp + h.c.

)
, (6.9)

where p runs over bath degrees of freedom, defined by the bath energies εp and couplings
to the impurity sites Vα,p, and Hc is the cluster Hamiltonian. For this Hamiltonian, the bath
hybridization function can be shown to equal to (see e.g. Ch. 7 in [58])

∆Bath(ω)α,β =

Nb∑
p=1

V ∗α,pVβ,p

ω − εp
. (6.10)

The discretization of the hybridization function introduces an additional approximation
to the DMFT framework. As a further difference with QMC approaches, Hamiltonian based
solvers work naturally in the zero temperature limit, by computing the ground state Green’s
function. Accessing finite temperature Green’s functions is in principle possible, but in
practice limited to low temperatures where only a few excited states are necessary [320,
372].

In summary, both QMC and Hamiltonian based solvers present complementary ap-
proaches that together allow the mapping of full phase diagrams. QMC solvers offer nu-
merically exact results when the sign error is not severe or present (in the high temperature
limit, or for systems with special symmetries, such as particle-hole symmetry). Meanwhile,
Hamiltonian based solvers work on general Hamiltonians, particularly well at zero or low
temperature. In the rest of the section and chapter, we will focus on the challenges found
when using Hamiltonian based solvers.

Hamiltonian Based DMFT - Scaling and Fitting Problem

Hamiltonian based solvers rely on the discretization of the bath, see Eq. (6.10), to define the
impurity Hamiltonian in terms of the Nb(Nc + 1) bath parameters {εp, Vα,p}p=Nb,α=Nc

p=1,α=1 , see
Eq. (6.9). Thus, in Hamiltonian based DMFT the self-consistent iteration is looking for the
optimal set of bath energies and couplings.

From the impurity Hamiltonian Himp we can access the impurity Green’s function
Gimp(ω)α,β, and follow the steps described in Eq. (6.2)- (6.4). Here, the non-interacting
Green’s function fulfills

G0,−1(ω)α,β = (ω − µ)δα,β − hc,α,β −∆Bath(ω)α,β, (6.11)

where hc,α,β is the non-interacting component of Hc
9. At the end of the iteration, in-

stead of computing the new G0,new(ω)α,β, we extract the new hybridization function from

Glatt(~R0, ω)α,β according to

9In Eq. (6.11) it becomes evident how the hybridization function is just the part of the effective, non-
interacting Green’s function coming from the bath degrees of freedom.
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∆new(ω)α,β = (ω − µ)δα,β − hc,α,β −G−1
latt(

~R0, ω)α,β − Σimp(ω)α,β. (6.12)

If ∆new(ω)α,β coincides with the previous hybridization function, then self-consistency has

been reached. Otherwise, we need to extract a new set of bath parameters {εp, Vα,p}p=Nb,α=Nc
p=1,α=1

from the new hybridization function. This is done by fitting ∆new(ω)α,β to Eq. (6.10),
which corresponds to a non-linear, non-convex least-squares optimization problem with cost
function

J ({εp, Vα,p}) =
1

Nω

√√√√ Nω∑
n=1

g(ω) ‖∆new(ωn)−∆Bath(ωn)‖2
F , (6.13)

where ∆Bath(ωn) corresponds to the analytical expression in Eq (6.10), ωn represents
grid of Nω frequency points over which to sample the hybridization function, F denotes the
matrix Frobenius norm and g(ω) corresponds to an optional weight factor. From solving the
optimization problem

min
εp,Vα,p

J ({εp, Vα,p}p=Nb,α=Nc
p=1,α=1 ), (6.14)

we can get a new set of bath parameters, defining a new impurity Hamiltonian with
which to start the next iteration.

While using Hamiltonian based methods allows computing of the impurity Green’s func-
tion directly in the real frequency axis, the bath discretization brings upon a series of com-
plications

1. Truncating the bath is an approximation on top of DMFT, and thus it is imperative
to check this approximation at the end of the calculation. This amounts to performing
DMFT computations with increasing Nb to asses the possible finite-size effects. The
larger Nb, the more difficult to solve the impurity model. While it is less computa-
tionally expensive than adding cluster sites, since bath orbitals are non-interacting,
the scaling of the impurity solver limits the maximal amount of orbitals which can
be included in Himp in Eq. (6.9). Usually, fully correlated solvers such as ED or CI
based solvers are limited to ∼ 8 bath orbitals [319, 320]. There are exceptions, such
a very efficient algebraic bath representation which works for impurity models with
Nc = 1 [315, 316], or coupled-cluster solvers which can treat up to ∼ 100 baths [191,
192]. Here, one has to bear in mind that traditional single-reference coupled cluster
approaches struggle to treat strong correlation [373], and indeed this type of solver has
been shown to have difficulties treating strongly correlated impurity models [374].

2. Renouncing to the formally infinite number of bath degrees of freedom recovers the
inability to describe finite life times with finite-sized Hamiltonians already discussed in
Chapter 3, Section 3.2. It is necessary then to introduce a numerical broadening factor
η in the equations above, effectively making the substitution ω → ω+ iη. Without this
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additional factor, the spectra would be a sum of infinitely sharp δ functions. Arguably,
one can recover the continuum limit partially, by including enough bath orbitals such
that the energies εp are distributed along the frequency region of interest more densely
than the sampling grid {ωn}, but this approach is again limited by the capability of
the solver.

3. Finally, the optimization problem present in Eq. (6.14) is highly non-trivial. Being
non-convex and non-linear, it is easy to fall into local minima, and the result of the
fit can be strongly dependent on the initial guess. To simplify the optimization, the
hybridization functions are usually sampled along the imaginary frequency axis during
the DMFT iteration [163]. This way, the poles in the real axis are avoided, and the
function to fit is smooth and well behaved, decaying as ∝

∣∣ 1
ω

∣∣. However, the price to
pay is a smearing of the physical information. Even when one is exclusively interested
in low energy spectral properties, which are around ω = 0 in the real axis, these
become homogeneously distributed along the full imaginary frequency axis, since the
Green’s function at the imaginary frequency iωn is related to the real frequency Green’s
function by

G(iωn) = − 1

π

∫ ∞
−∞

dω
=(G(ω))

iωn − ω
. (6.15)

Consequently, it is as important to fit the hybridization function at the iωn → 0,
which encodes information such as spectral gaps, and iωn → ∞ which contains the
information about sum rules, which are integrals over the full real frequency axis such
as

− 1

π

∫ ∞
−∞

dω =(G(ω)) = 1. (6.16)

As a consequence of this delocalization of physical information, the qualitative result
of the DMFT calculation can depend on the frequency grid used to sample the hy-
bridization function [375]. While alleviated, the dependency on the initial guess and
the proclivity to getting trapped in local minima persists in the imaginary frequency
axis, and as result typical optimizations in DMFT need to be repeated several times
to find the best fit parameters [339], employ mathematically ad hoc approaches to
simplify the fit [319], or exploit symmetries or other information that is available a
priori about the solution of the system [208, 320, 375], potentially biasing the solution
towards a particular type of phase of matter.

Alternative methods to fit on the real axis directly have been met with partial suc-
cess [191, 315], often increasing the number of bath parameters significantly, and ap-
proaches leveraging compact bath representations have also been proposed [376–379].
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These issues with the bath optimization are especially worrying when we remember that
the fit is responsible for the fulfillment of self-consistency. In other words, it is the fit which
leads the DMFT simulation to the right AIM. Being stuck in a local minima can correspond
to ending with a fix point that does not correspond to the true qualitative physics of the
system of interest.

In conclusion, Hamiltonian solvers are versatile, working on general Hamiltonians at the
zero temperature limit, but suffer from the scaling of computational complexity with the
number of orbitals, and are plagued by the complications of the bath discretization and
subsequent fitting problem. Still, their complementary nature to QMC solvers keeps them
as main players in the DMFT literature.

6.2 The Issue - Search for Accurate Impurity Solvers

and Reliable Fitting

As discussed in the previous section, there are two fronts on which Hamiltonian based DMFT
impurity solvers need to be improved: (a) increasing their computational efficiency to allow
for larger impurities and baths, allowing to reach both the continuous bath limit and includ-
ing all relevant system degrees of freedom in the impurity, (b) improving the bath fitting
step to make it more systematic and reliable, ideally towards the continuum bath limit. In
these papers [44, 45], we worked on these two accounts.

On the side of the solver, we used the compact ground state and Green’s function rep-
resentation that the ASCI algorithm offers (see Chapter 3), to propose a highly efficient
impurity solver. Indeed, we showed that ASCI-DMFT represents the most efficient configu-
ration interaction based solver available to date, allowing to treat larger baths and clusters
than equivalent state-of-the-art solvers [285, 315, 319].

For the fitting problem, we developed and characterized a novel optimization algorithm
based on semi-definite relaxation (SDR) [321–323] that addresses the problems presented in
the previous section. In particular, the SDR fit is systematically improvable, more efficient
than the optimization methods typically employed in DMFT, and empirically10 robust to
initial conditions, the choice of the frequency grid, and symmetry constraints. One of the
most surprising properties of the SDR fit is the emergence of symmetries in the bath param-
eters, which reflect the geometry of the cluster. This symmetries have to be imposed in the
optimization approaches used in the literature [208, 320, 375]. These symmetries generalize
to large baths and clusters, which can be handled accurately with the ASCI impurity solver.
As a result, using ASCI and the SDR fit, it is possible to treat systems with Nb ∼ 50 reliably,
while the typical baths for fit-based DMFT have Nb ∼ 8− 16 [285, 319, 375].

10By which we mean that we have systematically corroborated the properties, but did not mathematically
proof them.
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(a) (2× 2, 8). (b) (3× 3, 19).

Figure 6.2: Imaginary part of the (0, 0) component of the impurity self-energy =Σimp(ω)0,0

along the imaginary frequency axis, for two different ASCI-DMFT calculations of the 2d,
square lattice Hubbard model at half-filling and U/t = 8, using different truncation sizes for
ASCI. The Green’s functions are computed with a single layer of excitations (see Chapter 3,
Section 3.2). In the (2× 2, 8) calculation (left panel), the full Hilbert space contains 853776
determinants. Adapted from [44]. See text for details.

6.3 The Solution - ASCI Impurity Solver and

Semi-Definite Relaxation Fitting

We proceed to summarize the main findings in [44, 45]. In the following, all DMFT calcu-
lations are performed on the two-dimensional, square lattice Hubbard model at half-filling
and U/t = 8. This model presents particle-hole symmetry at half-filling, which fixes the
impurity model chemical potential to be µ = −U/2. Different cluster geometries (Nx ×Ny)
and bath sizes Nb are employed, which we label as (Nx ×Ny, Nb).

Improving the Impurity Solver

As described in Chapter 3, Section 3.2, we have developed an algorithm to compute ground
state Green’s functions from an ASCI truncation. The Green’s function inherits the rapid
convergence with the truncation size that the ground state energy presents, which allows to
compute accurate Green’s functions at a reduced computational cost. With this capability, it
is only natural to employ ASCI as impurity solver within DMFT, to improve upon previously
developed configuration interaction based solvers [285, 315, 319].

In Fig. 6.2, we show the convergence of the imaginary part of the (0, 0) impurity self-
energy component along the imaginary frequency axis, as a function of the ASCI truncation
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(a) (2× 2, 24), Imaginary axis. (b) (2× 2, 24), Real axis.

Figure 6.3: Imaginary part of the (0, 0) component of the impurity self-energy =Σimp(ω)0,0

for along the imaginary (left) and real (right) frequency axis for ASCI-DMFT calculations of
the 2d, square lattice Hubbard model at half-filling and U/t = 8 and a (2× 2, 24) impurity
model, using different numbers of layers in the Green’s function calculation(see Chapter 3,
Section 3.2). The inset in the left panel shows the difference between the self-energies
computed with one and two layers with respect to the one computed with three layers.
Adapted from [44]. See text for details.

size, for two impurity models: a (2 × 2, 8) (left panel) and a (3 × 3, 19) (right panel). In
the (2 × 2, 8) model at half-filling, which is routinely used in ED-DMFT studies [327, 375,
380], the full Hilbert space has 854776 determinants, and the results in Fig. 6.2a show that
as little as ∼ 3% of the full space is enough to get an accurate self-energy representation
along the imaginary frequency axis. This carries on to clusters where exact diagonalization
is not possible, see the (3 × 3, 19) results in Fig. 6.2b. There, at half-filling the full Hilbert
space comprises 1.6 · 1015 determinants, but ASCI results using only a million determinants
already show clear quantitative convergence.

Besides the convergence on the size of the ASCI truncation, it is important to check the
convergence of the impurity Green’s function and self-energy as a function of the number
of excitation layers in the ASCI Green’s function calculation11. This is slightly different for
the imaginary and real frequency axes, and thus we present the convergence behavior for
both in Fig 6.3 on the example of a (2 × 2, 24) DMFT calculation. Along the imaginary
frequency axis, a single layer of excitations is sufficient to converge the Green’s function and
self-energy, see left panel in Fig. 6.3a. Indeed, as can be seen in the inset of the figure,
there is only a negligible difference between adding one, two or three layers. Along the real
frequency axis, on the other hand, one layer is not enough, see Fig. 6.3b. Still two to three

11See Chapter 3, Section 3.2.
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layers are enough for a satisfactory convergence of the pole structure. It is interesting to
note that even with only one layer, the self-energies in Fig. 6.3b are all causal, i.e. they are
negative at all frequencies, while equivalent configuration interaction based methods may
need to include up to 4 layers of iterations to obtain causal self-energies [285]. This suggests
that ASCI is identifying relevant determinants at the ground state level more efficiently, such
that a smaller number of excitation layers in the Green’s function calculation is necessary
to describe the pole structure qualitatively correctly. Still, in more complex impurities
(or in molecular systems, see Chapter 5), ASCI may also present causality issues in small
truncations. These can be alleviated by computing the Green’s function using the band
Lanczos approach described in Chapter 3, Section 3.2, instead of the simple (one-band)
Lanczos method.

The rapid convergence of ASCI Green’s functions with the truncation size and num-
ber of excitation layers allows to treat impurity models accurately with more cluster sites
and bath orbitals than other configuration interaction based methods. In [44], we com-

puted the momentum resolved, periodized spectral function A(~k, ω) (see Eq. (6.7)) for a
(3 × 3, 19) impurity, which has both a larger cluster and bath than the impurity models
treated with previously reported approaches [285], and we also performed a systematic bath

size convergence study on the momentum-resolved, periodized spectral function A(~k, ω) of
the (2× 2) cluster, see Fig. 6.4. This is an important step in any Hamiltonian based DMFT
calculation, since the bath discretization is an approximation which introduces finite-size
effects.

However, the bath discretization study unveiled a worrying trend: The spectra function
showed a discontinuous behavior as a function of the number of baths for the main band
at the Γ point, which from Nb = 12 to Nb = 16 splits into a shallow band at ∼ −6 t,
and a parabolic band at ∼ −5 t, staying split also for Nb = 24. We later showed [45] that
this irregular behavior is an artifact of the optimization method used in [44], namely the
BOBYQA implementation in the nlopt library [381, 382]. Furthermore, while rapid for ∼ 8
baths, the BOBYQA method became extremely time consuming for Nb = 24, making it the
bottleneck of the calculation [44]. This was partly because we did not exploit the system’s
symmetries to reduce the number of fitting parameters, as is commonly done [208, 320, 375].
While a valid approach, ideally one would need to use no a priori information for the fit,
in order to describe phases with broken symmetries without computational biases. Thus,
we invested efforts in developing more efficient optimization algorithms for DMFT. We now
turn to review these [45].

Improving the Fit

The basic idea behind the SDR fitting method is simplifying the optimization problem in

Eq. (6.14), which attempts to optimize both the bath energies εp and couplings ~Vp ≡


V1,p

V2,p

· · ·
VNc,p
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Figure 6.4: Momentum resolved, periodized, spectral function A(~k, ω) (see Eq. (6.7)) for
DMFT calculations on the 2d, square lattice Hubbard model at half-filling and U/t = 8,
using a (2× 2) cluster and different baths Nb = 8, 12, 16, 24. The spectral function is shown
along straight lines between the corners of the first Brillouin zone. During the DMFT self-
consistency, the hybridization functions were sampled in a linear frequency grid with 50
points equidistant in the range iωn/t ∈ [0, 40]. Adapted from [44]. See text for details.
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simultaneously. Instead, our method optimizes the energies and couplings separately and in
an iterative (in a sense, self-consistent) fashion. In each iteration, the couplings are optimized
for a constant set of energies, and then the energies for a constant set of couplings. This
is repeated until the cost function in Eq. 6.13, for which we set g(ω) = 1, reaches some
threshold value.

This splitting of the optimization problem allows us to use two different types of fitting
approaches for the energies and the couplings. In particular, the optimization problem for
the couplings at constant baths becomes a convex problem12 [321–323], which enables the
use of state-of-the-art conical solvers for that step [324, 383, 384]. The fit of bath energies at
constant couplings is then solves using the BFGS algorithm [385], with analytical gradients
computed from Eq. (6.13). Leveraging these highly efficient optimization methods provides
with a fast and reliable bath fitting method.

It should be noted that, as is the case in any instance of semi-definite relaxation, the split-
optimization problem does not have, in general, the same global minimum as the original
optimization problem. However, as we show bellow, the SDR fit provides for a very efficient
minimization of the cost function, which makes this theoretical concern negligible, at least
for the systems studied.

The second ingredient to the SDR fit is the “relaxation” of the ansatz for the hybridization
function in Eq. (6.10). When writing the bath couplings as vectors in impurity space ~Vp, we
can change the notation for the hybridization function matrix and rewrite Eq. (6.10) as

∆(ω) =

Nb∑
p=1

~Vp~V
t
p

ω − εp
, (6.17)

where here, and henceforth, we will assume that the bath couplings are real. Eq. (6.17)

presents the hybridization matrix as a sum of positive, semi-definite rank-one matrices ~Vp~V
t
p .

Now, by “relaxing” the Ansatz, we mean rewriting Eq. (6.17) as

∆(ω) =

Np∑
`=1

X`

ω − λ`
, (6.18)

where X` are Np positive, semi-definite matrices of rank ≥ 1, and we call λ` “poles”.
This is completely equivalent to Eq. (6.10), with the only difference that for each pole λ`
there are rank(X`) degenerate bath orbitals with εp = λ`, and with couplings encoded in
the X` matrices. This is a more general bath parametrization [386] than that presented in
Eq. (6.10), which will result in a very flexible bath optimization routine13.

The SDR fit then substitutes the optimization problem in Eq. (6.14) by the two-step
process

12Hence, the name “semi-definite relaxation”.
13After all, for a fix number of poles Np we have O(NpN

2
c ) instead of O(NpNc) fitting parameters.
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Jpol({λ`}Npl=1) = min
X`�0
JSDR({λ`, X`}Np`=1),

{λ̂`}Np`=1 = arg min
{λ`}

Np
`=1⊂R

Jpol({λ`}Np`=1),
(6.19)

where

JSDR({λ`, X`}Np`=1) =
1

Nω

√√√√ Nω∑
n=1

∥∥∥∥∥∆(iωn)−
Np∑
`=1

X`

iωn − λ`

∥∥∥∥∥
2

F

, (6.20)

over some imaginary frequency grid {iωn}. The optimizations in Eq. (6.19) are solved
iteratively to give the optimal poles λ̂`. After the optimal poles are found, a final optimization
takes place to find the best X̂` matrices. The corresponding couplings ~Vp can then be
recovered without any significant additional cost by performing the eigenvalue decomposition
of the X̂` matrices, such that

Np∑
`=1

X̂`

ω − λ̂`
=

Np∑
`=1

N∑̀
r=1

~Q`,rΛ`,r
~Qt
`,r

ω − λ̂`
=

Neff
b∑

p=1

~Vp~V
t
p

ω − εp
, (6.21)

where ~Q`,r and Λ`,r are the N` = rank(X`) ≤ Nc eigenvectors and eigenvalues of X`

respectively, and N eff
b is equal to the sum of the ranks of all X̂` matrices, which is at most

NcNp. In fact, for cluster DMFT it can be shown that only the sites at the boundary of the
cluster couple to the baths [208], and thus N eff

b is at most N ′cNp, where N ′c is the number
of boundary cluster orbitals. The number of baths is thus determined by the fit, and the
parameter to define is rather the number of poles Np, i.e. the number of non-degenerate
bath energies.

The bath obtained from the SDR fit can be further truncated by neglecting the eigenvec-
tors ~Q`,r of X` with eigenvalues Λ`,r below some threshold δ, which we choose to be δ = 10−5.
Minimizing the number of baths, without losing accuracy in the optimization, helps ease the
complexity of computing the impurity Green’s function. Still, as we will discuss below, for
Np ≤ 10 we observed that the best optimizations return full rank matrices X`, resulting in
the maximal possible bath size N eff

b = N ′cNp.
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Algorithm 3 Pseudo-code for the SDR optimization. Taken from [45].

Input: Initial guess {λ`}Np`=1

Output: {λ̂`, X̂`}Np`=1

while ‖∇Jpol({λ`}Np`=1)‖ > εtol do

X ′` ← arg minX`�0 JSDR({λ̂`, X`}Np`=1) by solving the SDR problem in the first line of
Eq. (6.19)

λ` ← BFGS(λ`,∇Jpol({λ`}Np`=1)), where ∇Jpol is computed using analytical gradients
and X ′`

end while
λ̂` ← λ`
X̂` ← arg minX`�0 JSDR({λ̂`, X`}Np`=1)

We summarize the SDR fitting algorithm in Alg. 3. The input corresponds of some guess
for the pole energies λ`, while the initial guess forX` are always taken to be a random, positive
semi-definite matrices. The two-step optimization in Eq. (6.19) is repeated iteratively until
the cost function in Eq. (6.13), with g(ω) = 1, reaches a predefined tolerance. We now turn
to show the most important properties of the SDR fit, when applied to the hybridization
functions that come up in cluster DMFT calculations.

First, let us consider the fit separately from its effect on the convergence of the DMFT
calculation. For that, we use sample hybridization functions from DMFT iterations with
various cluster sizes to test the SDR fit quality for different number of poles Np. In Fig. 6.5
we show the imaginary part of diagonal and off-diagonal matrix elements of one such sample
hybridization function, for a (2 × 2) cluster, as a blue solid line with dots, and the SDR
fitted hybridization functions (see Eq. (6.21)) as solid lines. The fit improves systematically
with increasing number of poles, capturing accurately both the diagonal and off-diagonal
elements (Note the difference in scale between the two matrix elements). In Table 6.1, we
present the final fitting errors and timings for SDR optimizations on hybridization functions
for (2× 2) and (3× 3) clusters, which quantitatively exemplify the systematic improvement
of the fit quality upon increase of the number of poles, and show that for these impurity
models the SDR fit takes at most a couple of minutes. This small timing is already a great
success, since, as noted in the previous section, for other optimizers such as BOBYQA the
fit can become the computational bottleneck with as few as 24 baths in the (2× 2) cluster,
which here corresponds to Np = 6.

We also present as comparison in Table 6.1 the timings and final fit errors for two state-
of-the-art optimization methods: the quasi-Newton method BFGS, and the derivative-free
BOBYQA. While SDR only requires as input the Np pole energies, BFGS and BOBYQA
also require to specify guess values for the bath couplings. In SDR, the initial bath coupling
values are chosen randomly, so we did the same for BFGS and BOBYQA to give a fair
comparison. It should be noted however, that as a consequence the final fit errors shown for
BFGS and BOBYQA may not be the best possible results, since the performance of these
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(2× 2) (3× 3)
SDR BFGS BOBYQA SDR BFGS BOBYQA

Np [s] Error [s] Error [s] Error [s] Error [s] Error [s] Error
2 5 2.18e-3 4 1.09e-1 28 2.18e-3 8 2.16e-3 87 9.24e-2 19729 1.17e-2
3 17 1.59e-3 5 9.98e-2 989 1.47e-3 16 1.57e-3 183 2.72e-2 21429 1.15e-2
4 8 2.88e-4 33 4.90e-3 2717 1.29e-4 14 3.97e-4 262 5.10e-3 31889 1.15e-2
5 7 2.64e-4 48 3.30e-3 5535 1.43e-4 24 2.93e-4 363 1.50e-3 40528 1.15e-2
6 27 1.75e-5 56 3.43e-4 1060 1.14e-4 29 5.99e-5 458 1.20e-3 > 24h –
7 46 1.14e-5 69 2.27e-4 1629 9.64e-5 68 4.04e-5 522 1.10e-3 75922 1.15e-2
8 28 2.50e-6 79 9.92e-5 1790 7.83e-5 102 5.41e-5 617 1.10e-3 > 24h –
9 96 1.56e-6 87 9.87e-5 2633 5.35e-5 56 5.26e-5 651 1.10e-3 45882 1.15e-2

10 39 1.50e-6 113 6.09e-5 1844 7.41e-5 129 3.08e-5 798 1.10e-3 84600 1.15e-2

Table 6.1: Timings in seconds and final fit errors for the hybridization function fit using the
SDR, quasi-Newton (BFGS), and derivative-free (BOBYQA) methods as a function of the
number of poles Np. When using BFGS or BOBYQA, the number of baths Nb corresponds
to Np times the number of sites in the cluster boundary N

′
c. The same set of initial bath

energies were used for all fits. The BFGS method was allowed to perform 2000 iterations.
Taken from [45].

methods can depend strongly on the initial guess. As we will show below, however, SDR
seems to be robust with respect to the initial guess, making the comparison meaningful14.
We limited the number of BFGS iterations to 2000. The results in Table 6.1 show that the
SDR fit results in fitting errors comparable or better to those of the other two methods, at
a small fraction of the computational time. This is the payoff resulting from splitting the
optimization problem into two steps, and leveraging state-of-the-art conic optimizers.

Beyond being a more efficient and effective optimization method for hybridization func-
tions than traditional approaches, the SDR fit seems to be robust with respect to the initial
guess for the optimization. As described above, the SDR method only requires the pole
energies as input parameters, i.e. the non-degenerate bath energies. We investigated the de-
pendency of the fit quality on these initial pole energies. In Fig. 6.6 we show the logarithm
of the final fitting error for several SDR optimizations on a sample (3 × 3) hybridization
function with two and three poles, for different initial pole energies {λp}2,3

p=1. For the scatter
plots (Fig. 6.6a and 6.6c), each circle corresponds to a different optimization, and we per-
formed about 1000 different optimizations. In each case, the initial pole energies were drawn
from a uniform distribution in the range [−10 t, 10 t]. We also perform a linear interpolation
of these results, which we show in Fig. 6.6b and 6.6d. In the color scheme employed, darker
colors correspond to better fits. As can be seen, the fit quality is largely independent on

14In other words, we are trying to develop a method that does not need fine tuning to provide good fitting.
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(a) Diagonal element. (b) Off-diagonal element.

Figure 6.5: Fit to the imaginary part of the impurity hybridization function ∆(ω), showing a
diagonal (left) and off-diagonal (right) element, from a (2×2) cluster impurity model for the
2d, square lattice Hubbard model at half-filling and U/t = 8. The blue line with dots shows
the hybridization function to be fit, and the solid lines the results of the SDR fit for different
numbers of poles Np =, 4 (orange), 8 (green), 12 (red). The inset of the left sub-figure shows
the error of the fitted hybridization functions. Not the difference in magnitude between the
diagonal and off-diagonal components. Taken from [45]. See text for details.

the initial guess, and most optimizations converged to equivalently good fitting parameters.
The only exception is given along the main diagonal, when all initial pole energies are close
to each other. This would be a poor initial guess for any optimization method, however,
since the effect of the environment on the cluster is unlikely to be centered around a single
energy value. Further, for all the impurity models considered in [45], we observed that op-
timal fits are also characterized by resulting in full-rank X` matrices, while less optimal fits
(such as those resulting in the light colored circles in Fig. 6.6) converge to matrices X` with
rank smaller than its maximal value N ′c (i.e. the number of boundary cluster sites). More
remarkably, we observed that when SDR converges to optimal fit parameters, these fit pa-
rameters are always the same. This means that all the dark circles in Fig. 6.6 correspond to
SDR optimizations converging to the exact same bath parameters, e.g. to within a maximal
standard deviation of 10−4 for the pole energies.

We want to note that the “rate of success” of the SDR optimization, defined as the ratio
of optimal fits to total number of fits in a large number of test optimizations with different
initial conditions (such as those shown in Fig. 6.6), decreases with the number of poles. For
the sample (3×3) hybridization function, this rate of success is∼ 88% for two and three poles,
but drops to ∼ 55% at four poles. This is just an indication of the increase in complexity
of the optimization problem with the number of poles. This complication notwithstanding,



CHAPTER 6. FROM FINITE-SIZE TO EXTENDED SYSTEMS - ASCI-DMFT 138

(a) Np = 2, scatter plot. (b) Np = 2, linear interpolation.

(c) Np = 3, scatter plot. (d) Np = 3, linear interpolation.

Figure 6.6: Logarithm of the fitting error for the hybridization function of a (3× 3) cluster
using Np = 2 (panels 6.6a and 6.6b) and Np = 3 (panels 6.6c and 6.6d) as a function of the
initial guess for the pole energies. We show results for over 1000 initial points for each Np,
with the initial guess for the pole energies drawn randomly from a uniform distribution in
the [−10 t, 10 t] interval. The best fits have the darkest color. We report both the actual
data as scatter plots and linearly interpolated heat maps. Taken from [45]. See text for
details.
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Figure 6.7: Break in the SDR degeneracy structure between baths upon performing a BFGS
optimization after the SDR fit. Results for a (3 × 3) cluster with 2 poles. The level lines
shown on the left correspond to the 2 SDR poles, the 16 lines in the right to the BFGS bath
energies (the central site does not couple to the baths [208]). Taken from [45]. See text for
details.

the impressive robustness with respect to the initial guess for the optimization is of crucial
importance in DMFT calculations, since it reduces the bias in the self-consistency. This
increases the reliability of the DMFT results, and will facilitate the investigation of systems
presenting competing orders.

Since SDR is based on substituting the original optimization problem in Eq. (6.14) for
the split problem in Eq. (6.19), the optimal SDR solution does not need to correspond to
the global minimum of Eq. (6.14). In particular, breaking the degenerate pole structure is
likely to improve the fit. Indeed, performing an additional BFGS optimization after the SDR
fit, considering simultaneously all bath energies and couplings, results in a slight spreading
of the bath energies, see Fig. 6.7. However, in most cases this further optimization only
improves the cost function marginally, as can be seen in Tab. 6.2, while potentially doubling
or tripling the computational time. Thus, it seems that an additional BFGS step after the
SDR fit is not worth the cost. Nonetheless, it could be potentially useful in the final stages
of the DMFT self-consistency, to broaden the spectral features by slightly breaking the bath
degeneracy.
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(a) (2×2) cluster. (b) (2×3) cluster.

(c) (2×4) cluster. (d) (1×6) cluster.

Figure 6.8: Converged pole energies from ASCI-DMFT calculations using the SDR fit for
clusters of different size with Np = 2, 4, 6. These are DMFT calculations on the 2d, square
lattice Hubbard model at half-filling and U / t = 8. Note that clusters with different numbers
of impurities have different numbers of bath orbitals for the same number of poles. Thus,
6 poles corresponds to 24 bath orbitals for the (2 × 2) cluster, but 48 bath orbitals for the
(2× 4) cluster. Taken from [45]. See text for details.
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(2× 2) (3× 3)
Np Error Reduction Time [s] Error Reduction Time [s]

2 1.0 0.4 1.2 14
3 1.0 2 1.2 78
4 2.9 3 3.6 96
5 4.1 17 3.6 104
6 1.1 1 1.5 148
7 4.2 25 1.2 151
8 1.4 2 2.0 195
9 1.1 1 2.1 219

10 1.0 1 1.5 223

Table 6.2: Error reduction (multiplicative improvement) and timing for BFGS optimizations
on top of a converged SDR fit for (2 × 2) and (3 × 3) hybridization functions, for different
numbers of poles. Taken from [45]. See text for details.

The final property of the SDR fit, considered independently of the DMFT simulation,
that we study is the convergence of the bath parameters with the number of poles. Ideally,
adding new poles, and thus new non-degenerate bath orbitals, would not change the previous
baths significantly. Indeed, this is of paramount importance to justify the bath truncation
in Hamiltonian based DMFT, and can be motivated physically by assigning different bath
orbitals to different energy scales. The most important bath orbitals are those that affect
the low energy properties of the impurity model, and adding more baths on top of those
should extend the energy window in which the impurity Green’s function reproduces the lo-
cal lattice Green’s function Glatt(~R0, ω). We observe that the SDR optimization presents this
low-energy bath convergence with increasing number of poles, both for a given hybridization
function and in fully converged DMFT calculations. We show results for the latter conver-
gence in Fig. 6.8, for several different cluster geometries and number of poles. As can be
seen in the figure, additional baths span larger energy windows around the chemical poten-
tial (shifted to be at 0 t), without significantly changing the low energy baths, justifying a
posteriori the bath discretization.

We want to present two final properties of the SDR fit, these two important within
the context of full DMFT simulations. The first concerns symmetry. As mentioned above,
most optimization methods used in the literature impose symmetry constraints on the bath
parameters to converge the fit, which inevitably biases the results [320, 375]. Particularly in
systems with competing orders, it would be desirable to have a fit capable of dealing with
general bath parametrizations such that it may choose the most stable phase. We observe
that the SDR fit fulfills this condition, and indeed the converged bath parameters recover
the symmetry of the cluster without constraining the optimization. In Fig. 6.9, we present
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Figure 6.9: Absolute value of the bath couplings |Vα,p| for a (2×2) cluster DMFT calculation
with 24 baths (Np = 6). Each subplot corresponds to one site in the (2×2) cluster, the
circles representing the different bath sites. The energy of each bath site is represented on
the y-axis, while the color encodes the absolute value of the coupling |Vα,p| between the baths
and the cluster sites. Taken from [45]. See text for details.
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a graphical representation of the converged bath parameters εp, ~Vp of a (2 × 2, 24) DMFT
calculation on the two-dimensional, square lattice hubbard model at half-filling and U/t = 8,
using the SDR fit with six poles for the optimization. Each subfigure corresponds to one of
the (2×2) impurity sites, and the circles represent the bath orbitals. The vertical position of
the circles within each subplot represents the bath energies, showing the degeneracy structure
of the SDR scheme. The absolute value of the bath couplings Vα,p is then represented with the
circle colors, the couplings of all baths to the (1, 1) site V0,p shown in the lower-left sub-figure.
As can be seen in Fig. 6.9, the bath couplings respect the Z4 symmetry of the (2×2) cluster,
with all impurity sites being coupled to equivalent baths. Equivalent here does not mean that
the p-th bath couples equally with all four impurity sites, but rather that all degenerate sets of
four baths include the same coupling parameters for all four impurities. It is the degeneracy
structure that allows enough flexibility, through permutations within each degenerate set, to
keep the symmetry while accurately fitting both diagonal and off-diagonal matrix elements
of the hybridization function. Keeping symmetry in highly-symmetric clusters, such as the
(2×2), can also be done by finding appropriate impurity orbital rotations to diagonalize the
hybridization function. This is however not possible for general cluster geometries. In [45],
we show that SDR also recovers the remaining symmetry for rectangular clusters. We want
to stress that in no point in the optimization do we give the fit any explicit information of
the symmetry of the cluster, SDR seems to remarkably recognize the symmetry from the
properties of the hybridization function alone.

The final point that we want to address is the dependency of the DMFT convergence
on the frequency grid on which the hybridization function is sampled. The origin of this
dependency has been already explained in Section 6.1, and it relates to the fact that physical
information gets “smeared out”, or delocalized, along the full imaginary frequency axis.
Thus, when performing the hybridization fit along the imaginary frequency axis to avoid
the poles in the real axis, one must choose a grid that captures both the iω → 0+ and the
iω → ∞ limits of the hybridization function accurately. Somewhat counterintuitively, this
is more likely to be a problem in the large bath limit15, since here the optimization problem
is more complex. This can result in discontinuous behavior towards the infinite bath limit
of spectral properties, as seen in [44] or Fig. 6.4, with larger baths resulting in worse results.
We will show now that the flexibility and efficiency of the SDR scheme resolves this issues,
making it robust to the choice of frequency grid in the large bath limit.

We use the (2× 2) cluster DMFT on the two-dimensional, square-lattice Hubbard model
at half filling and U/t = 8 with Nb = 8, 12, 16, 24 (i.e. Np = 2, 3, 4, 6) as our test bed.
Repeating the same DMFT calculations in Fig. 6.4, using SDR instead of BOBYQA for the
optimization results in the spectral functions shown in Fig. 6.10. One immediately observed
that changing to SDR resolves the band splitting artifact at the Γ point for the large bath
Nb = 24 calculation (i.e. Np = 6), but the Nb = 16 (i.e. Np = 4) case still presents it. These
calculations were done sampling the hybridization function in a linear frequency grid of 50
equidistant points in the [0, 40 t] interval. We explored the effect of the frequency grid for the

15Although this type of issue have been reported for small baths as well [375].
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Figure 6.10: Momentum resolved, periodized, spectral function A(~k, ω) (see Eq. (6.7)) from
DMFT calculations on the 2d, square lattice Hubbard model at half-filling and U/t = 8,
using a (2× 2) cluster and different baths Nb = 8, 12, 16, 24 using the SDR fit. The spectral
function is shown along straight lines between the corners of the first Brillouin zone. During
the DMFT self-consistency, the hybridization functions were sampled in a linear frequency
grid with 50 points equidistant in the range iωn/t ∈ [0, 40]. Taken from [45]. See text for
details.
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Figure 6.11: Momentum resolved, periodized, spectral function A(~k, ω) (see Eq. (6.7)) from
DMFT calculations on the 2d, square lattice Hubbard model at half-filling and U/t = 8,
using a (2 × 2) cluster and Nb = 16 using the SDR fit with different frequency grids. The
spectral function is shown along straight lines between the corners of the first Brillouin zone.
Taken from [45]. See text for details on the frequency grids.

Nb = 16 case by performing DMFT calculations using three additional grids: a logarithmic
grid16 of 50 points in the [0, 40 t] interval (Log Grid), and two linear grids of Matsubara
frequencies (see Eq. (6.8)) with “inverse temperature” β = 600 t with cutoff frequency
iωmax = 2 t, 10 t. The resulting spectral functions are shown in Fig. 6.11, which show the
same band splitting at the Γ point except for the grid with small cutoff (iωn = 2 t), which
shows the correct band structure. This clearly suggests that the reason for the discontinuous
behavior of the spectrum as a function of the number of baths relies on the optimization
method, in particular on the sampling grid for the hybridization function. To further discern
the origin of this issue, we present the resulting DMFT converged imaginary part of a
diagonal matrix element of the hybridization function along the imaginary frequency axis
for all three different grids in Fig. 6.12.

To the eye, there is no appreciable difference between the hybridization functions for the
three different grids with Nb = 16, i.e. Log Grid (green dots), iωmax = 2 t (orange dots) and

16Meant to give more importance to the low frequency behavior, which encodes spectral information such
as band gaps.
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Figure 6.12: Imaginary part of the first diagonal component of the hybridization function
∆(ω)α,β along the imaginary frequency axis from DMFT calculations on the 2d, square
lattice Hubbard model at half-filling and U/t = 8, using a (2 × 2) cluster and Nb = 16 and
different frequency grids (dots), as well as Nb = 24 for a linear frequency grid of 50 points
equidistant in the iωn/t ∈ [0, 40] range (dashed line) using the SDR fit.Taken from [45]. See
text for details on the frequency grids.

iωmax = 10 t (blue dots). In fact, the average absolute difference between them for iω ≤ 2 t
is ∼ 2 · 10−4. When we continue all hybridizations to the large iω limit however, see inset in
Fig. 6.12, it becomes clear that the fit with cutoff at iωmax = 2 t has a different asymptotic
behavior. This shows that the issue producing the artificial band splitting is the inability
of the fit at Nb = 16 to accurately describe at the same time the iω → 0+ and iω → ∞
limits simultaneously, overfitting the low frequency behavior. However, it seems that this
comes at the price of missing the long frequency behavior by O(10−2), which apparently
induces the band splitting. For smaller baths, Nb = 8, 12, there are presumably not enough
fitting parameters to overfit the low frequency regime, and the band splitting is fortuitously
avoided. Conversely, in the large bath limit, Nb = 24, there are enough parameters to fit
both limits accurately (see red dashed line in Fig. 6.12 and inset), such that even the simple
linear grid of 50 points in the [0, 40 t] interval produces satisfactory results. We further
tested the same different frequency grids in the Nb = 24 case than we did for Nb = 16, and
all converge to the correct band structure. This shows that the SDR fit is indeed robust to
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Figure 6.13: Momentum resolved, periodized, spectral function A(~k, ω) (see Eq. (6.7)) from
DMFT calculations on the 2d, square lattice Hubbard model at half-filling and U/t = 8,
using a (2× 2) cluster and different baths Nb = 8, 12, 16, 24 using the SDR fit. The spectral
function is shown along straight lines between the corners of the first Brillouin zone. During
the DMFT self-consistency, the hybridization functions were sampled in a linear frequency
grid with 50 points equidistant in the range iωn/t ∈ [0, 40] for Np = 8, 12, 24, and Matsubara

frequencies ωn = (2n+1)π
β

with β = 600 and cutoff frequency iωn = 2 t. Taken from [45]. See
text for details.
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the frequency grid, provided enough bath parameters (e.g. a large enough number of poles
Np) is employed. To present the continuous development of the spectral function towards
the continuum bath limit, we show in Fig. 6.13 the same spectral functions as shown in
Fig. 6.10, except for using the iωmax = 2 t cutoff grid for the Nb = 16 calculation.

In summary, we show that the novel SDR hybridization fit for DMFT is efficient and
effective, empirically robust with respect to the initial guess for the optimization and the
sampling grid for the hybridization function, and that it can automatically recognize cluster
symmetries and presents rapid convergence of the low energy bath energies with increasing
number of baths. These properties alleviate many of the technical difficulties which plague
current implementations of Hamiltonian based DMFT.

6.4 Discussion and Perspective

We have discussed that using ASCI as impurity solver, and SDR as optimization method,
offers a powerful framework for performing Hamiltonian based DMFT calculations. Within
ASCI-DMFT, it is now possible to consider larger impurity clusters, and adding up to ∼ 50
bath orbitals which can be fit reliably. This opens new interesting avenues for physical
studies and methodological advances.

On the physics side, it is now possible to study complicated downfolded model Hamilto-
nians for strongly correlated materials, such as the cuprate high temperature superconductor
models proposed in [387, 388]. ASCI-DMFT can provide accurate momentum resolved spec-
tral functions for (2 × 2) clusters for the 3-band models proposed in [387], and (1 × 2)
clusters for the 5-band models, which can then be directly compared to ARPES results on
those materials. This can potentially contribute to developing heuristics for the design of
novel superconducting materials. ASCI-DMFT can be further employed to study model
Hamiltonians to explore other exotic phases of matter, such as quantum spin liquids [389],
extending on previous embedding work on these systems [167]. Moreover, coupling ASCI-
DMFT with ab initio approaches such as DFT [164, 328] or GW [390, 391] opens an exciting
possible avenue to treat strong correlation in materials bypassing model Hamiltonians.

On the methodological side, there are further developments to be made on both the solver
and fitting fronts. Regarding the solver, it would be interesting to explore ways to improve
ASCI, such that it can treat larger clusters and baths. Particularly for the baths, recovering
as much of the continuum limit as possible is a long standing goal in Hamiltonian based
DMFT, the closest thing that has been previously done is including up to ∼ 100 baths,
albeit only for one impurity with a fully-correlated solver [315, 316]. Given that the baths
are non-interacting, it seems that it should be possible to exploit an active-space structure
to include the effect of ∼ 100 baths in ASCI as inactive or secondary orbitals. The influence
of the baths on the impurity degrees of freedom can then be partially recovered using a
multi-configurational self-consistent field (MCSCF) approach, for which initial ASCI imple-
mentations have been promising [196]. Applying thus an ASCI-SCF technique as impurity
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solver has the potential of extending the range of ASCI-DMFT at least to the continuum
bath limit, maybe to large clusters as well.

Even if the solver can handle accurately ∼ 100 baths, it is necessary to develop an opti-
mization method to extract enough information from the hybridization function to reliably
fit all the corresponding energies and couplings. There are minor modifications that can
be implemented on the SDR method to improve its scalability, such as fitting sequentially
different sets of baths on different regions of the hybridization function, instead of all of
them simultaneously. Nevertheless, it would be equally interesting to explore the possibility
of fitting along the real frequency axis, as is done in other methods [191, 192, 315], where
the physical information of interest is encoded locally. In the real axis, bath energies can be
read-off from the poles of the hybridization function, leaving then the convex optimization
problem for the couplings. Thus, extending SDR to work on the real frequency axis may be
a useful alternative to reach the continuum bath limit.

Finally, we should note that the way of recovering the continuum bath limit may not lie
in an optimization problem at all. There have been a handful of alternative proposals for
determining effective bath parametrizations relevant to the continuum limit [378, 379], some
of them allegedly working on exact diagonalization solvers, corresponding thus to a partic-
ularly small number of baths [376, 377]. For complex materials, going to large impurities
is unavoidable, and thus the possibility of combining this alternative bath parametrization
schemes with ASCI may prove a fruitful endeavor.
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Chapter 7

Conclusion

As the projects summarized in Chapters 4- 6 illustrate, the ASCI approach is a versatile
tool to accurately describe strong correlation in a wide variety of molecular and extended
systems of interest.

The ASCI truncation immensely decreases the computational complexity of determining
ground state energies, providing accurate results in those systems for which a moderate num-
ber (i.e. a few million) of Slater determinants capture the main qualitative features of the
ground state wave function. While still being inherently limited by the underlying exponen-
tial scaling, ASCI significantly extends the range of systems that can be studied with high
accuracy. Further, identifying the subset of important determinants for the ground state
description serves as a straightforward diagnostic tool towards understanding the physical
origin of ground state properties. Indeed, when successful, ASCI returns a compact and
accurate wave function, which can be used to compute any static expectation value and cor-
relation function straightforwardly, giving information about the ground state phase through
the evaluation order parameters. Moreover, when the Slater determinants are formulated in
terms of a single-particle basis with simple interpretation, e.g. a spatially localized basis,
or a plane-wave basis, then it can be possible to derive physical intuition from the identity
of the most important determinants, and the ground state wave function coefficients. This
was exploited for instance in Chapter 4 to understand the finite size effects in the finite-size
Hubbard model cluster calculations in the plane-wave basis.

Beyond static properties such as energies and order parameters, we have extended ASCI
to evaluate spectral features through the efficient computation of ground state Green’s func-
tions. It is now possible to use ASCI to obtain information about low lying excited states
through the Lehman representation of the Green’s function. Thus, we inferred for example
a non-trivial quasiparticle entanglement structure in the excited states of closed-shell molec-
ular systems in Chapter 5, by combining ASCI with vertex-corrected GW to understand
the satellite structure of photo-emission spectra. In a similar way as with the ground state
wave function, it should be possible to use the list of determinants obtained in the Green’s
function calculation to analyze the excited state properties more directly, though this has
not been attempted yet.



CHAPTER 7. CONCLUSION 151

Moreover, the ASCI-DMFT framework has a huge untapped potential to transport the
impact that ASCI has shown in molecular systems to the realm of solids and extended mate-
rials. As it currently stands, ASCI-DMFT can be employed to study toy Hamiltonians and
downfolded models to explore possible exotic phases of matter, and to identify of the minimal
ingredients necessary to realize them. A further extension through coupling to an ab initio
approach in the spirit of DFT+DMFT or GW+DMFT would allow for a unified treatment
of realistic materials from first principles. While obvious candidates would be cuprate or iron
based high temperature superconductors1, another interesting application would entail the
study of materials presenting both topological order and strong correlation, e.g. intrinsically
magnetic topological insulators [392–395]. While topological materials are typically stud-
ied with Kohn-Sham DFT, the recent rise of studies of topological materials with magnetic
impurities call for a theoretical treatment capable of capturing strong correlation. The under-
standing of the interplay between topology and strong correlation is being steadily formed,
with some of the existing studies applying DMFT to model Hamiltonians [396–398], and ab
initio calculations with accurate spectral functions, as are possible with ASCI-DMFT, are
likely to constitute important contributions to address questions about specific materials.

Another avenue where an embedding method for strongly correlated systems is likely
to make interesting contributions lies within the field of surface chemistry. There has been
extensive efforts to describe absorption/desorption events in metallic surfaces, which are
beyond the reach of weakly correlated approaches. Several of those leverage the concept of
embedding to account for strong correlation in the absorption potential energy surfaces [177,
178, 180, 182, 183, 399]. Beyond pure energetics, there seems to be renewed interest [400]
to recast adsorption problems into impurity models [401], with the perspective of describing
challenging non-adiabatic dynamics on metallic surfaces [402–404]. Both fronts require an
efficient impurity solver that can accurately describe as many correlated degrees of freedom
as possible, and in that regard ASCI is likely to be a useful candidate [405].

A last interesting potential application of the ASCI framework that we would like to
point out lies in the field of out-of-equilibrium correlated systems. This includes the study
of driven correlated materials, which can host novel phases of matter of technological inter-
est [406–408], as well as the investigation of quench dynamics as they relate to thermalization
and entanglement growth [77–79]. Given the complexity of describing static properties in
correlated systems, it is not hard to imagine that simulating dynamics for these is a daunt-
ing task. Consequently, one of the most popular theoretical approaches is performing ED
dynamics [267, 268], which though exact severely limits the number of degrees of freedom
which can be included. To extend the range of systems which can be simulated, truncation
approaches for dynamics have been developed following the same principles as those used
for static calculations, such as FCIQMC [114] and selected CI [266]. In the same spirit,
it is only natural to expect that a truncated dynamics approach based on the ASCI algo-
rithm should make an interesting contribution to the methodological development. Here the

1Obvious partly since these are long standing open challenges in condensed matter physics, and partly
because the initial applications of ASCI to iron-based system are encouraging [196].
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“adaptive” component of a time-dependent ASCI would consist of choosing the truncation,
and underlying single-particle basis, to compactify the wave function representation of the
evolved state at all times, and in this regard seems to be related to other optimized dynamics
methods such as MCTDH [409]. To this regard, we have started preliminary studies, using
a rudimentary, non-adaptive version of what time-dependent ASCI can become2, and have
used it to asses quantum algorithms based on time evolution [271, 272].

In conclusion, the ASCI method represents a worthy addition to the extensive zoo of
heuristics for treating strong correlation in quantum many-body systems. It has its place
in the study of systems which have a moderate number (∼ 20) of important correlated
degrees of freedom, i.e. which dominate the physics and chemistry of the system. The effect
of additional, weakly correlated degrees of freedom can be included perturbatively, or in
an embedding approach. On its own and in combination with complementary theoretical
approaches, ASCI has contributed to open questions across molecular physics, condensed
matter and quantum computation, and its future holds promise for exciting developments
towards materials science and many-body dynamics as well.

2Essentially, we determine a Hilbert space truncation for the Hamiltonian ground state with regular
ASCI, and perform ED dynamics on this reduced space. While this is likely to suffice to model short-time
adiabatic dynamics, more general time evolution will require an adaptively changing truncation.
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lattices in MoS2/WSe2 hetero-bilayers”. In: Science advances 3.1 (2017), e1601459.

[6] Yuan Cao et al. “Unconventional superconductivity in magic-angle graphene super-
lattices”. In: Nature 556.7699 (2018), pp. 43–50.

[7] Ming Xie and Allan H MacDonald. “Nature of the correlated insulator states in
twisted bilayer graphene”. In: Physical Review Letters 124.9 (2020), p. 097601.

[8] YL Chen et al. “Experimental realization of a three-dimensional topological insulator,
Bi2Te3”. In: science 325.5937 (2009), pp. 178–181.

[9] Dong-Xia Qu et al. “Quantum oscillations and Hall anomaly of surface states in the
topological insulator Bi2Te3”. In: Science 329.5993 (2010), pp. 821–824.

[10] Mahdi Hajlaoui et al. “Ultrafast surface carrier dynamics in the topological insulator
Bi2Te3”. In: Nano letters 12.7 (2012), pp. 3532–3536.

[11] Yoichi Ando and Liang Fu. “Topological crystalline insulators and topological super-
conductors: From concepts to materials”. In: Annu. Rev. Condens. Matter Phys. 6.1
(2015), pp. 361–381.

[12] Richard M. Martin, Lucia Reining, and David M. Ceperley. Interacting Electrons:
Theory and Computational Approaches. Cambridge University Press, 2016. doi: 10.
1017/CBO9781139050807.

[13] Eva Pavarini, Erik Koch, and Shiwei Zhang. Many-Body Methods for Real Materials.
Verlag des Forschungszentrum Jülich, 2019.
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[201] Per-Olov Löwdin. “Quantum theory of many-particle systems. I. Physical interpreta-
tions by means of density matrices, natural spin-orbitals, and convergence problems in
the method of configurational interaction”. In: Physical Review 97.6 (1955), p. 1474.
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