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ABSTRACT OF THE DISSERTATION

On the Societal Impact of

Human-Technology Interaction

by

Jian Gao
Doctor of Philosophy in Management
University of California, Los Angeles, 2024

Professor Francisco Castro Altamirano, Chair

As technology continues to advance rapidly, understanding its broader societal implica-
tions becomes increasingly important. This thesis explores the intersection between human
and emerging technologies—specifically generative artificial intelligence (Al), autonomous
vehicles (AVs), and hybrid marketplaces—and their potential impacts on society. Through
three interconnected studies, we investigate how these technologies influence user behavior,

market dynamics, and service quality, providing valuable insights for policymakers.

In Chapter 2, we delve into the interaction between humans and generative AI. While
generative Al can boost productivity, the content it produces may not always align with user
preferences. To study this effect, we introduce a Bayesian framework where heterogeneous
users decide how much information to share with the AI, balancing a trade-off between output
fidelity and communication cost. We reveal that these interactions can lead to societal
challenges such as homogenization and bias. Our findings highlight the risk of reduced
diversity in outputs, especially when Al-generated content is used to train the next generation

of Al systems, potentially resulting in a “homogenization death spiral.” We also assess the
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impact of Al bias, demonstrating how Al biases can lead to societal bias. Importantly, we

suggest that facilitating human-Al interactions can mitigate these risks.

Chapter 3 investigates the societal effects of introducing AVs into a ride-hailing market
which is currently served by human drivers (HVs). We develop a game-theoretical queueing
model in which a platform aims to maximize its profit while HVs make strategic joining
decisions. Our analysis indicates that incorporating AVs may degrade service levels, as the
platform may prioritize AVs, negatively impacting HVs’ earnings and driving them out of
the market. We then reveal that this reduction in service level is not uniform in a city:
high-demand areas, such as downtown areas, may maintain reasonable service levels, while
remote areas may experience a large decline in service level. Then, using New York City data,
we build a highly detailed simulation of the operations of a ride-hailing platform to further
validate our theoretical model in a more realistic setting and demonstrate the additional
effects on service levels. This study underscores the importance of balancing profitability

with service quality when introducing AVs in the transportation sector.

In Chapter 4, we extend the analysis of Chapter 3 and focus on the strategic decisions
of profit-maximizing firms operating in “hybrid marketplaces” consisting of both private
and flexible supply agents. The firm can decide the number of private agents to employ,
paying them regardless of their work, while flexible agents make their own revenue and pay a
commission to the firm. We develop a general framework for supply prioritization, applicable
to any firm using a mix of employees (private agents) and contractors (flexible agents), and
capable of handling complex supply management policies. Our findings show that without
prioritization, using hybrid supply is not optimal. However, effective prioritization strategies
can enhance profitability by increasing the productivity of private agents, albeit at the cost of
reducing flexible supply participation. Therefore, the firm tends to prioritize private supply
in “over-supplied” markets, but may prioritize flexible supply in “under-supplied” markets,
where a slight increase of supply increases can significantly impact outcomes. These insights

highlight the critical role of prioritization in managing hybrid supply in markets.
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CHAPTER 1

Introduction

In recent years, machine learning and artificial intelligence (Al) have propelled advancements
in autonomous technologies that present new opportunities that enhance productivity by
assisting or even replacing human labor. However, they also present a lot of challenges for
society. For example, generative Als can aid in tasks like writing, coding, and designing; and
autonomous vehicles (AV) are expected to improve the efficiency of our transportation system
with reduced costs. However, the individual and societal implications of these technologies
may be more intricate, encompassing potential risks and raising critical questions that involve
social welfare and fairness. In this context, this thesis aims to comprehend the multifaceted

impacts that emerge from the interaction between humans and these new technologies.

Specifically, our goal is to provide valuable insights into autonomous technologies for
policymakers and other stakeholders by integrating principles from operations research, eco-
nomics, statistics, information theory, and computer science. Thus far, this thesis has focused
on (1) modeling complex real-world systems and the strategic behavior of relevant stakehold-
ers in the context of employing autonomous technologies; (2) and better understanding how
strategic decisions impact all stakeholders and society at large. We also constructed simu-
lations that more closely mirror the realistic system to support and extend the theoretical

results from the model.

This thesis is organized as follows. Chapter 2 discusses a timely topic regarding generative
Als: the potential societal consequences when users interact with Al systems. To this end,

we develop a parsimonious Bayesian model in which users with heterogeneous preference



rationally decide how much information to share with the AlI, balancing output fidelity and
communication costs. In Chapter 3, we present a game-theoretical queueing model and
a numerical simulation to understand the optimal strategy for a ride-hailing platform to
manage a hybrid fleet composed of human-driven vehicles (HV) and AVs. This chapter aims
to assess the aggregate-level consequences of introducing AVs in a city in terms of service
levels. Chapter 4 generalizes the previous analysis by examining how a profit-maximizing firm
prioritizes its supply in a “hybrid marketplace” comprising both private and flexible supply
agents. We conclude this thesis in Chapter 5. Detailed proofs and additional numerical

results are provided in the appendices for further reference.

In the following sections, we will outline the main ideas explored in each chapter.

1.1 Human-AI Interactions and Societal Pitfalls

As people start using generative Al to become more productive, this new work paradigm
may also lead to undesirable side effects. In particular, the boost in productivity may come
at the expense of users’ idiosyncrasies, such as personal style, tastes, and preferences that
we would naturally express without AI. To let users express their preferences, many Al
systems (e.g., ChatGPT) allow users to interact with Als, and users can review and edit the
Al-generated output themselves. However, aligning a user’s intentions with an Al’s output
can take time. For example, when generating a picture with an Al, it could be difficult to
describe everything about colors, shapes, and styles by articulating more detailed prompts
to better align the Al output with our preferences. Thus, there exists a trade-off between

Al output fidelity and communication cost.

To study the societal effect of this interaction, we introduce a Bayesian framework in
which each rational user can exchange information with the Al to align its output with their
heterogeneous preferences. The Al has a knowledge of the distribution of preferences in the

population and uses a Bayesian update to create an output with maximal expected fidelity



given the information shared by the user. Users choose the amount of information they share

to maximize their utility, balancing the communication cost with the output fidelity.

We show that the interplay between these individual-level decisions and Al training may
lead to societal challenges: homogenization and bias. First, we prove that the Al-generated
output distribution has a lower variance than the users’ preference distribution. This phe-
nomenon is exacerbated when Al-generated content is used to train the next generation of
Al: we show numerically that the users’ rational decisions and the AI’s training process can
mutually reinforce each other, leading to a homogenization “death spiral”. Additionally, we
also study the effects of Al bias, identifying who benefits or loses when using an Al model
that does not accurately reflect the population preference distribution. We show that the
censoring type of bias (e.g., biasing against the more unique preferences) only slightly im-
proves the utility of common-preference users but significantly reduces the utility of unique
users. Directional biases (e.g., a slightly left-leaning AI) are detrimental to users whose

preferences are opposite to the Al bias, leading to a societal bias.

Nonetheless, our research also demonstrates that creating models that improve human-Al
interactions can significantly limit these risks and preserve population diversity. For example,
a clearer interface and guidance about how to articulate a good prompt can incentivize users

to provide more information, thereby better matching their original preferences.

1.2 Autonomous Vehicles in Ride-Hailing and the Threat of Spa-

tial Inequalities

When ride-hailing platforms start to adopt self-driving cars, they will likely have to manage a
mixed fleet of HVs and AVs. The purpose of this work is to describe some potential challenges
that could arise for a ride-hailing platform operating a mixed fleet of HVs and AVs. Because
the two types of vehicles have very different costs for the platform, the platform will need

to design cost-effective dispatch strategies to maximize its profit. We want to understand



these strategies and their impact on key performance metrics such as the service level and

the spatial equality of access to transportation.

To this end, we develop a game-theoretical queueing model in which a revenue maximizer
platform and vehicles interact in two stages. In the first stage, given a certain number of
AVs, humans drivers decide to join the platform by gauging their earning rates against an
outside option. The number of HVs is therefore decided by a wage equilibrium. In the second
stage, the platform organizes two queues—one for each vehicle type—and decides how to
distribute new requests between the vehicles in the queues in order to maximize its profit
rate. This two-stage setting captures that in practice, drivers make joining decisions on a

longer time scale than platform’s matching decisions, which are made much more frequently.

Our results demonstrate that the introduction of AVs may deteriorate the service level.
As the platform incorporates AVs, it may prioritize them to maximize profit, which affects
the earnings of HVs and drives them out of the market. More precisely, we find that when
the platform uses the optimal allocation policy, the presence of AVs decreases the earning
of HVs and therefore expels them from the market. This substitution is disproportionate in
that one additional unit of AVs leads to more than one unit of HVs leaving the platform,

which, in turn, causes an overall service level decline.

We then reveal that the reduction of service level is not homogeneous across areas in a
city: while the more profitable high-demand areas, such as downtown areas, may see a high
concentration of vehicles and reasonable service levels, remote locations may suffer from a
drop in service level. The reason behind it is that a revenue-maximizing platform will try to
distribute AVs in the areas with higher demand, which will in turn push the HVs to lower-
demand areas. As a result, the earning rate of HVs is reduced not only due to the additional

number of AVs in the market, but also because they end up in less profitable areas.

Using New York City data, we build a simulation that more closely resembles the oper-
ations of a ride-hailing platform. For instance, each vehicle is simulated individually within

the city network. The simulation also assumes that customers have a utility model to choose

4



between requesting an AV or an HV, while the platform can influence their choices through
a differentiated pricing strategy. We confirm that our theoretical results from the queueing
model still hold. Urban areas and airports reap most of the benefits of the introduction of
AVs, while suburban areas experience low service levels. We also demonstrate additional
effects on service levels that also lead to spatial inequality, such as distance between areas

and demand imbalance.

1.3 Supply Prioritization in Hybrid Marketplaces

In this paper, we develop a general framework to study how a profit-maximizing firm pri-
oritizes its supply in a “hybrid marketplace” composed of both private and flexible supply
agents. The firm can choose how many private agents to operate and pay them regardless of
their work. Flexible agents, on the other hand, make their own revenue, pay a commission
rate to the firm, and enter or exit the marketplace in equilibrium. For example, private
agents can be AVs or employees, and flexible agents can be HVs or contractors. Instead of
focusing on any complex pricing/matching/supply management policies, we try to discern
general principles and effects through the revenue change that supply prioritization implies
for all stakeholders. For instance, prioritizing private agents would yield more revenue from

private agents than when agents are treated equally.

Our main results show that prioritization strategies can make it optimal for the firm
to operate a hybrid marketplace, even if the private supply is costly. Prioritizing private
supply makes private agents particularly productive—justifying the firm’s investment—but
comes at the expense of flexible supply that may flee the market. Hence, the firm prioritizes
private supply when the market is “over-supplied,” but it may also prioritize flexible supply in
“under-supplied” markets in which a slight increase in supply can have a significant impact.
Our results provide a general understanding of the advantages of hybrid marketplaces and

the key role of supply prioritization.



CHAPTER 2

Human-AI Interactions and Societal Pitfalls

2.1 Introduction

Generative artificial intelligence (AI) systems, particularly large language models (LLMs),
have improved at a rapid pace. For example, ChatGPT recently showcased its advanced
capacity to perform complex tasks and human-like behaviors (OpenAl, 2023b), reaching 100
million users within two months of its 2022 launch (Hu, 2023). This progress is not limited to
text generation, as demonstrated by other recent generative Al systems such as Midjourney
(Midjourney, 2023) (a text-to-image generative Al) and GitHub Copilot (Github, 2023)
(an Al pair programmer that can autocomplete code). Eloundou et al. (2023) estimated
that about 80% of the U.S. workforce could be affected by the introduction of LLMs, and
19% of the workers may have at least 50% of their tasks impacted. In particular, Al can
make users more productive by generating complex content in seconds, while users can
simply communicate their preferences. For example, Noy and Zhang (2023) highlighted that
ChatGPT can substantially improve productivity in writing tasks, and GitHub claims that

Copilot increases developer productivity by up to 55% (Kalliamvakou, 2023).

However, content generated with the help of Al is not exactly the same as content gener-
ated without AI. The boost in productivity may come at the expense of users’ idiosyncrasies,
such as personal style and tastes, preferences we would naturally express without Al. To let
users express their preferences, many Al systems let users edit their prompt (e.g., Midjour-

ney) or allow more natural interactions (e.g., ChatGPT), and users can always review and



edit the Al-generated output themselves (Vaithilingam et al., 2022). However, aligning a
user’s intentions with an AI’s output can take time and may not always be worth it if the
AT’s first or default output “does the job.” Consider a simple example where we use Copilot
to code a Python function that calculates the sum of numbers in a nested list. Figure 2.1
shows that Copilot’s default output (the first to the left) was correct and functional. How-
ever, it did not correspond to our own way of writing the same function given enough time (at
the bottom of the figure). To push Copilot to better match our style, we could provide more
information by articulating a more detailed prompt. However, the figure shows this may re-
quire many steps, which goes against the goal of being more productive. Similarly, Lingard
(2023) described guiding ChatGPT through incremental prompting. In essence, users’ time
and effort to convey information about their desired outcome to an Al can enhance the out-
put’s alignment with their preferences, albeit at the expense of an increased communication

cost. In short, users face a trade-off between Al output fidelity' and communication cost.?

Different users may respond to this trade-off differently, but those who value productivity
more than fidelity will rely on AI more and willingly let go of their own preferences. We
are interested in the potential societal consequences of these choices. First, working with Al
may be more beneficial for some users than others: in the Copilot example, users who prefer
the default output would not even need to communicate with the Al to have high fidelity
to their preferences. Second, as users do not share complete preferences with the Al and let
it “choose” for them, the produced content may be, on average, homogenized towards the
ATD’s default choices. For example, ChatGPT has been trained with reinforcement learning

from human feedback (RLHF) (Kinsella, 2023) to have a specific tone and language. If

INotice that output fidelity does not measure the “quality” of the output; instead, it measures how much
the output deviates from a user’s personal preference. In particular, we focus on scenarios where users already
know how to complete the task without A, and the output is always correct (e.g., a software engineer’s code
does the job). However, there are many ways to achieve the same outcome (e.g., the engineer’s coding style).

2In fact, the importance and the associated costs of communicating with Als have given rise to a new pro-
fession called prompt engineering (Mok, 2023), and spurred the creation of novel marketplaces like Prompt-
Base (URL: https://promptbase.com/).



Successive
Prompts

Function to return
the sum of numbers
in a nested list

Make it shorter by
using a generator
expression

Make sure you check
if the element is
a list by using
isinstance()

def sum_nested(1lst): def sum_nested(lst):
total = @ return sum(sum_nested(x)
for element in lst: if type(x) == list

def sum_nested(lst):
return sum(sum_nested(x)
if isinstance(x, list)

Copilot’s
Output

if type(element) == list: else x for x in lst) else x for x in lst)
total += sum_nested(element)

else:
total += element
return total

Our solution
without Al:

my_solution = lambda x: sum(my_solution(i) if isinstance(i, list) else i for i in x)

Figure 2.1: The incremental information provided to align GitHub Copilot’s Python code
output with our preference. While the initial output in Attempt 1 is functional, it signifi-

cantly differs from our solution without Al. Bridging the gap requires several iterations.

students use ChatGPT’s help for their homework, their writing style may be influenced by
ChatGPT’s. More generally, Als are built by a few but used by many, and there is a risk
any Al bias could turn into a societal bias. The Al training process may involve censoring
(e.g., the choice of the dataset) and human input (e.g., RLHF), which could intentionally
or unintentionally lead to bias. For example, some studies discuss ChatGPT’s inclination
towards left-leaning political stances (Hartmann et al., 2023; Motoki et al., 2023; Rozado,
2023). All in all, because of the benefits of increased productivity and the balance between
output fidelity and communication costs, users could willingly produce less diverse content

that is vulnerable to potential Al biases.

We propose a Bayesian model to study the societal consequences of human-Al interac-
tions. For a given task, rational users can exchange information with the Al to align its
output with their heterogeneous preferences. The AI has a knowledge of the distribution
of preferences in the population and uses a Bayesian update to create the optimal output
with maximal expected fidelity given the information shared by the user. Users choose the
amount of information they share to maximize their utility, balancing the cost of communi-

cation with the fidelity of the output. In this setting, we aim to formalize and evaluate the



societal risks of homogenization and Al bias and how they could be mitigated.

When solving for each user’s optimal decision, we find that their use of Al depends on how
“unique” they are. Users with more common preferences simply accept the default output,
avoiding any communication costs at the expense of a small fidelity mismatch. In contrast,
users with more unique preferences share information with the Al to reduce fidelity errors,
albeit with higher communication costs. And the most unique users do not benefit from
the Al and simply perform the task themselves. Interestingly, we find that for less common
users, their fidelity improves with the uniqueness of their preferences. In other words, when
we compare two users with relatively unique preferences (neither the most common nor the
most unique), the user with the most unique preferences between the two will experience

better fidelity.

To establish the homogenization effect, we prove that any output resulting from human-
Al interactions is less unique than what a user would have done without AI. This is confirmed
at the population level, where the Al-generated output distribution has a lower variance than
the users’ preference distribution. This phenomenon is exacerbated when Al-generated con-
tent is used to train the next generation of Al: we show that the users’ rational decisions
and the Al’s training process can mutually reinforce each other, leading to a homogeniza-
tion “death spiral.” However, we also demonstrate that facilitating human-Al interaction
by offering improved means for users to express their preferences can serve as a valuable
tool in mitigating this effect and preserving population diversity. For example, Open Al
has experimented with custom instructions (OpenAl, 2023a) and voiced-based interactions

(OpenAl, 2023c), while Jina AT offers tools that optimize prompts.?

We also study the effects of Al bias, identifying who benefits or loses when using an Al
model that does not accurately reflect the population preference distribution. At the pop-

ulation level, the censoring type of bias (e.g., biasing against the more unique preferences)

3E.g., automatic prompt optimization such as Prompt Perfect (URL: https://promptperfect.jina.ai/).



negatively impacts the population utility as whole, especially users with uncommon prefer-
ences who rely on Al interactivity the most. This may seem counter-intuitive as we might
assume that the majority with common preferences would benefit from censorship. Yet, our
findings reveal that the benefits for this majority are marginal, while the harm to the minor-
ity with unique preferences is substantial, leading to an overall loss in the population utility.
On the other hand, directional biases (e.g., a slightly left-leaning AI) are not as harmful in
terms of utility, but any directional bias will influence the users’ chosen output, leading to
a societal bias. On the positive side, the user interactions with the Al partially counter the
effects of Al bias, highlighting the need to consider human decisions to fully understand the

impact of generative Al.

We show that tasks that are either hard to do without Al (e.g., image generation) or
for which speed is particularly important (e.g., grammar correction) are especially sensitive
to the risks of homogenization and bias. However, our research demonstrates that creating
models that facilitate human-AT interactions can significantly limit these risks and preserve

the population preference diversity.

2.2 Literature review

Related studies on the issues of homogenization and bias. A few studies have a
focus related to the homogenization issue (e.g., Anderson et al. (2024); Bommasani et al.
(2022); Chaney et al. (2018); Doshi and Hauser (2024); Padmakumar and He (2024); Saatci
and Wilson (2017); Shumailov et al. (2023)). Recent empirical research indicates that gener-
ative Al may reduce the diversity of outputs, which aligns with our findings (Anderson et al.,
2024; Doshi and Hauser, 2024; Padmakumar and He, 2024). For example, Doshi and Hauser
(2024) found that while generative Al can improve the quality and enjoyment of written
articles, it also makes the stories more similar to each other than those written solely by

humans. Some other studies have examined how the training process of an Al may reduce

10



the diversity of Al-generated content (Bommasani et al., 2022; Shumailov et al., 2023). Shu-
mailov et al. (2023) observed that the tails of the original content distribution disappear
when Als are successively trained from Al-generated content (they call it model collapse).
Also, Bommasani et al. (2022) demonstrate that algorithmic systems built on the same data
or models tend to homogenize outcomes. Moreover, before the launch of ChatGPT, a similar
homogenization issue has also been discussed in the literature of recommendation systems
(Chaney et al., 2018). By using a simulation, Chaney et al. (2018) show that a feedback
loop, where a recommendation system is trained on data from users already exposed to Al

recommendations, may homogenize user behavior.

On the other hand, the issue of bias in generative Al has also been shown (Hartmann
et al., 2023; Motoki et al., 2023; Rozado, 2023), with empirical evidence of its impact on
cognitive processes (Bhat et al., 2023; Jakesch et al., 2023). For example, Rozado (2023)
implemented 15 different political orientation tests to ChatGPT. The author found that
ChatGPT’s answers manifested a preference for left-leaning opinions in 14 of the 15 tests.
Bhat et al. (2023) discovered that people may incorporate Al suggestions into their writing,
even when they disagree with the suggestions overall. Similarly, Jakesch et al. (2023) showed
that biased language models could influence the opinions expressed in people’s writing and

shift their viewpoints.

In contrast to these studies, our research examines the causes of homogenization and bias
from a human-centric perspective by using a modeling approach. Specifically, we employ a
Bayesian model to explore how users’ rational decision-making when interacting with Als
affects these issues. Our findings underscore the importance of enhancing Al usability and
encouraging users to share more information to address these societal challenges. To the best
of our knowledge, our paper is the first modeling study that employs such a human-centric

perspective to understand the societal consequences of generative Als.
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Related studies on human-AI interactions. Our paper is also related to some recent
modeling studies about human-AT interaction in operations management (e.g., Agrawal et al.
(2018); Bastani et al. (2022); Boyaci et al. (2023); Chen et al. (2022); Dai and Singh (2023);
de Véricourt and Gurkan (2023); Ibrahim et al. (2021); Mclaughlin and Spiess (2023)).
Essentially, their primary focus lies in examining the potential impact of the coexistence
of humans and an Al on performance, such as accuracy, and exploring how the predictive
performance can be enhanced or hindered compared to decisions made solely by humans
or Al. For example, de Véricourt and Gurkan (2023) consider the human-Al interactions
in which a human agent supervises an Al to make some high-stakes decisions. They show
that the agent may be subject to a verification bias and hesitates forever whether the Al
performs better than the agent because the agent can overrule the AI before observing
the correctness of the AI's predictions. Ibrahim et al. (2021) build a stylized model to
analyze how human judgments can improve Al predictions. In the paper of Boyaci et al.
(2023), the authors consider a situation in which a human agent has to spend a cognitive
cost collecting information in a decision process, whereas an Al can provide him with some
additional information without cognitive cost. They show that the Al input can improve
the overall accuracy of human decisions but may incur a higher propensity for certain types
of errors. These papers primarily focus on decision-making when human and AI options
exist separately. In contrast, our paper considers a more interactive setting, where users
can provide a generative Al with more information to improve the Al’s outputs but have to

spend a communication cost.

Related studies on generative Als. With the popularity of ChatGPT, many scholars
have engaged in research on its impact on people’s lives and in their respective fields, such
as labor markets (Eloundou et al., 2023), marketing (Brand et al., 2023), healthcare (Sal-
lam, 2023), and so on. Most of the research uses empirical analysis to investigate whether

generative Al, represented by ChatGPT, can truly bring us more benefits and conveniences.
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For instance, Noy and Zhang (2023) show that ChatGPT can substantially improve produc-
tivity in mid-level professional writing tasks. Binz and Schulz (2023) tested GPT-3 with
some experiments from the cognitive psychology literature. They find that GPT-3 can solve
many of those tasks well and even sometimes outperform humans’ performance. Our study
approaches this question from a different angle. Through a modeling method, we attempt
to foreshadow how our lives may change under the widespread application of generative Als

due to people’s rational decision-making when interacting with Als.

We assume that the output of Als depends on the information provided by users. In
fact, many empirical studies have observed that Als are quite sensitive to users’ inputs (Binz
and Schulz, 2023; Brand et al., 2023; Liu et al., 2023). For example, Brand et al. (2023),
who adopted ChatGPT to conduct marketing research, found that GPT is sensitive to the
phrasing of queries in their empirical work. When querying GPT with a list of options, they
found that GPT is more likely to choose the first option. Denny et al. (2023) also indicated

that sending proper prompts is critical for the performance of Copilot.

Related studies on the modeling approach. The way we model the human-Al interac-
tion shares similarities with the frameworks of information design (Kamenica and Gentzkow,
2011), costly persuasion (Gentzkow and Kamenica, 2014), the theory of rational inattention
(Sims, 2003), as well as the interpretation of LLMs with Bayesian inference (Wei et al.,
2021; Xie et al., 2022). The user’s decision is modeled similarly to an information design
process (Alizamir et al., 2020; de Véricourt et al., 2021). The sender (i.e., the user) sends
a signal to the receiver (i.e., the AI) to inform the receiver about a true state (i.e., the
user’s preference). The utility of the sender is determined by the receiver’s decision (i.e.,
the Al’s output). Additionally, we employ the framework of costly persuasion (Gentzkow
and Kamenica, 2014) and the theory of rational inattention (Sims, 2003) to model the user’s
communication cost when sending the signal. In particular, we follow the standard way in

the literature to model the cost of information as the expected reduction in entropy. This
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assumption can also be found in other modeling papers, such as the cognitive cost defined
in Boyact et al. (2023). Note that we assume the reduction in entropy is relative to the
population distribution of users’ preferences (see Section 2.3) instead of Al’s prior (defined
in Section 2.3). As Gentzkow and Kamenica (2014) suggested, the reduction in entropy can
be defined relative to any proper fixed reference belief. So we use the population distribution
of users’ preferences as the fixed reference belief to indicate that the communication cost is
independent of AI’s prior but relevant to the difficulty of distinguishing a user’s preference
from the others. Furthermore, we model the Al's behavior as a Bayesian inference (Wei
et al., 2021; Xie et al., 2022). For instance, Xie et al. (2022) interpret that the in-context
learning of an LLM can be viewed as an implicit Bayesian inference. The prior of the LLM
is formulated during training. Conditional on a prompt, the LLM characterizes a posterior

distribution to make an output.

2.3 Model Setup

We develop a Bayesian model to represent the process of working with generative Al on
a given task. Users have preferences on how to complete the task, and the AI knows the
population’s distribution of these preferences (through its training). Each user can also
interact with the Al to share information about her specific preferences. This interaction will
help the AI produce an output closer to what a user would have done without AI, leading
to a better output fidelity. However, sharing information requires effort, which entails a
communication cost. Users must choose how much information they share to balance the

benefits of fidelity and the cost of communication.

User preferences and Fidelity We use # € R to denote a user’s specific preference,
and we assume that € is normally distributed in the population: 6 ~ N(ug,03). Here

1 represents the average population preference and oy the diversity of the population’s
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preferences. In practice, the users’ preferences should be represented by a high-dimensional
space, but we will interpret 6 as a specific feature of a user’s preferences, as illustrated in

the following example.

Example 1 (News Article). A journalist would like to write an article about a piece of
breaking news and wants to use ChatGPT to write faster. # measures the political orientation
of the article this journalist would have written without AL If 8 > uy, the journalist is more
right-leaning than the average journalist. When using Al, the journalist may be able to write

faster but may not meet her exact political orientation 6 (low fidelity).

We will refer to a “user 8” to describe a user with preference #, and to an “output 64”
to refer to an Al’s output matching some preference 6,4. We define the output’s fidelity loss
as (0 —04)?, and we interpret it as a loss in utility for a user 6 receiving an output 4 (users
prefer an output matching their preference). For example, if 4 = 6 — 1, the AI of Example 1
outputs a more left-leaning article than the journalist’s preferred political orientation, and

the fidelity loss is 1.

AT Bayesian Inference We model the interaction between a user and Al as an exchange
of information about #. The AI has a prior belief of the population distribution of #. This
belief corresponds to a normal distribution N(u4,0%) with density wa(-). To capture that
the AT has been trained on a representative dataset, we assume that the Al’s prior is exactly
the population distribution, pua = uy and 04 = 04 (this assumption is relaxed in Section 2.6
to study the effects of a biased AI). We model the exchange of information between a user
0 and the AI as with normal distributions: the user shares a noisy signal ¢ = 0 + ¢, where
€g ~ N(0,07), and the Al refines its belief using Bayes’ rule: |g ~ m4(:|¢). It then returns

the optimal output with the maximum expected fidelity:

o

2 2’
oy + 0y o

Q
QN

02 cHA-. (21)

q

64 £ argmin E[(6 — 0)°|q] = E[6]q] =
0

N
+
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Note that 04 is a weighted average between ¢ and the prior mean (Berger, 1985), which is
a random variable since ¢ is noisy. Additionally, a lower value of o, corresponds to more
information shared with the Al: if o, = 0, then the user 6 shares her exact preference, and
the AI returns 04 = 6. In the limit o0, — 400, the signal is uninformative, and the Al

outputs the mean of its prior, 04 = 4.

The fidelity error of a user 0 given o, is the expected output fidelity, denoted by:
e(0,0,) = E[(04 — 0)%]0). (2.2)
We can decompose it into two terms,
e(0,0,) = Var(04|0) + [E(04]0) — 0]*.

For a user #, the first term corresponds to the variability in the AI’s output that stems
from the information exchange, while the second term is the impact of the bias in the Al
response, which will be a focus of the paper. In the context of Example 1, the bias is high

if the Al-written article consistently leans more to the left than the journalist orientation.

Information and Communication Cost Given an exchange of information parametrized
by o4, we measure the “communication cost” of the user to share this information with the
Al Following standard assumptions in the rational inattention (Sims, 2003) and costly per-
suasion (Gentzkow and Kamenica, 2014) literature, we assume the communication cost to be
proportional to the expected reduction in the AI uncertainty of € relative to the population

distribution of 6 given o,:

N (0,) £ A[H(0)- [qu)n—Alln(w— 1n<

\/

)| = (i

where A > 0 is the marginal cost of communication, I(o,) is the mutual information, and
H(-) denotes the differential entropy. Intuitively, I(o,) corresponds to the “amount of in-

formation” the user shares about her preference 6. Note that sharing the exact value of
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0 (o, = 0) requires an infinite amount of information I = +o00. Conversely, providing an
uninformative signal about 6 (o, — +00) requires no information / = 0. To interpret this
situation, remember that our model assumes that the Al knows the task description and that
the human-Al interaction is about sharing user preferences. Without preference information,
the AT uses its knowledge of the preference distribution to return a “default” output for the
task, ua = pg (e.g., the first answer of ChatGPT) . In Example 1, ChatGPT would write
an article that expresses an “average” political orientation that does not necessarily reflect
the journalist’s views. And, in the GitHub Copilot coding example of Figure 2.1, the initial
Copilot’s output is a default function that does not consider the user’s specific preference.

In both cases, the Al requires more information to deliver better fidelity.

User’s decision Each user 6 chooses the information I they share with the Al (parametrized
by o,) to minimize their utility loss | given by the sum of the fidelity error and the commu-
nication cost

1(0,0,) = e(0,0,) + X (0,). (2.3)

That is, a user # chooses an optimal 02(9) that minimizes her utility loss,

ox(0) £ argminl(0,0,). (2.4)

q =50
Importantly, A\ controls the tradeoff between fidelity error and communication cost, and we
will refer to it as the cost of human-Al interactions. A task has a low A if it is particularly
easy to interact with the Al and share preferences (e.g., a chat interface like ChatGPT or
voice-based interactions (OpenAl, 2023c)) and/or if users care a lot about fidelity. A\ will
be high if users care more about minimizing effort than matching their specific preferences.

Because the task of Example 1 is about breaking news, the journalist may be in a hurry and

have a high .

Choosing to work with AI If the cost of human-Al interaction is high and fidelity is

important, a user might be better off not using the Al and doing the work herself. In this
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case, the output would have no fidelity error by definition. However, manual work takes
time, which we model as a fixed utility cost I' > 0 that depends on the task but is the same

for everyone.

If T is smaller than the expected utility loss [(6,07), then a user 6 will not use the AL
We define the output 6* chosen by a user 6 and the corresponding expected utility loss [* as:

04(0,0) ifl(0,07) <T
0~ & (6,0) 110, 22) , "2 min(l(0,07),T). (2.5)

0 otherwise

2.4 Human-AI Interactions and Homogenization

A consequence of our model is that different users may interact with the Al differently,
sharing varying amounts of information about their preferences or even choosing not to use
the AI. We first describe these individual-level choices and then study their implied societal

consequences and how to mitigate them.

2.4.1 Individual Level: Heterogeneous Use of Al

Analyzing the optimal decision of each user 6 requires solving Problem (2.4), and the results
are presented in Proposition 1. Users’ choices depend on their uniqueness, the distance of
their preference @ to the population mean jy, d(0) = |6 — j19|. We note that the derivation
of 0y (0), presented in Appendix A.1, is non-trivial as Equation (2.3) is neither concave nor

convex.*

Proposition 1. Optimal user strategies solving Equation (2.5) have the following charac-

teristics:

4We present the proofs for all the statements in Appendix A.2.
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1. More unique users have a higher utility loss: [* increases® in d(6).

2. More unique users interact more with the AT (if they choose to use it): AI* increases

in d(6).

3. Users use the Al if they are below a uniqueness threshold 7, > 0: d(0) < 7, <
1(8,0,) <T.

4. Users that use Al are characterized by another uniqueness threshold 7; such that:

(a) If d(#) < 74, users choose the default Al output (I* = 0) and their fidelity error

e(0,0}) increases with their uniqueness d(6).

(b) If d(0) > 74, users interact with Al (I* > 0) and their fidelity error decreases with

their uniqueness.

15,

fidelity error e* .- T 4 user preference 6

— communication cost A\I* — AT’s default output pg |t

1 -« utility loss [* 2| |[—expected output E[6*|6] |

i 0 ; !

05| i fi 5 5 : i 5

o/ ~2 i i

0 3 : : -4 : : : !

-5 -4 -3 -2 -1 O 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5
user preference 6 user preference 6
(a) (b)
(a) (b)

Figure 2.2: The black dashed vertical lines are at d(f) = 74, and the black dotted vertical
lines are at d(0) = 7,. The white region indicates the users who choose the default output;
the yellow region indicates those who send information to the AI; the red region indicates

those not using AI. We use g = 0,09 =1, A\ =1, =1.4.

5 All references to “increasing” or “decreasing” functions are meant in a weak sense (i.e., “non-decreasing”).
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The main takeaway from Proposition 1 is that users with more “common” preferences
have a utility advantage (Item 1) and choose to interact less with the AI (Item 2). The
fundamental driver of this, crucial throughout the paper, is that more common users can
have a small fidelity error with limited shared information. There are three types of users:
users who use Al but do not share information, those who share information, and users who
do not use Al. The most common users, with d(f) < 7; as described in Item 4a, accept
the default output of the Al, zero communication cost but rapidly increasing fidelity error
as these users become more unique, and the default output 04 = ps becomes worse (see
the region in the center of Figure 2.2. Users with 8 > 7, then choose to interact with
the AI (Item 4b), which will reduce their fidelity error at the expense of communication
cost (Item 2). Indeed, as illustrated in Figure 2.2 (a), while the fidelity error (green curve)
dominates the utility loss of users with common preferences, more unique users prefer to
pay an increasing communication cost (red curve) that dominates a decreasing fidelity error.
Interacting with the Al eventually reaches such high communication costs for the most unique
users (d(0) > 7,) that the no-Al option becomes preferable (Item 3) as shown in the red area

of Figure 2.2 (a).

Many users have a positive fidelity error, so the Al’s output may not always align perfectly
with a user’s preference. The next proposition shows that this output is misaligned in a
specific way: on average, a user’s chosen output 6* tends to revert toward the population’s

mean preference.

Proposition 2. The expected chosen output E[0*|0] of any user 6 is closer to the popula-
tion’s mean than their actual preference: |E[0*|0] — pa| < |0 — pg]. Moreover, the inequality

is strict for almost all users that use the Al: when d(f) < 7, and 0 # py.

We illustrate this result in Figure 2.2 (b). The most common users (with d(0) < 7)
provide an uninformative signal to the Al (I* = 0) and accept the Al's default output
04 = g, which is a direct revert to the mean. As users become more unique, they interact

with the Al (I* > 0), which mitigates the mean reversion in the AI’s output. However,
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it doesn’t completely vanish due to the high communication cost. The mean reversion
disappears only for those very unique users who choose to work themselves and not to use
the Al In Example 1, a journalist with 6 > py would write a (slightly) more left-leaning
article than her preference. As discussed in the next section, this can be an issue at the

population level.

2.4.2 Societal Level: Homogenization

In a world without AI, the distribution of people’s output would exactly match the distri-
bution of their preference 6§ ~ N(ug,02). However, with Al, the output is 6*, which does
not have the same distribution, as we saw that users of Al tend to choose an output closer
to the mean py. At the population level, this leads to homogenization, where the output

distribution has a lower variance than the distribution of preferences.

Theorem 1. When everyone uses Al (I' — 400), the variance of the population output is
lower than the variance of the population preferences, Var(6*) < Var(0), and strictly de-
creases in the cost of human-Al interactions A. In the general case (I' < 4+00), limy_,0 Var(6*)

Var(0) and limy_, o Var(6*) < Var(6).
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Figure 2.3: We use g =0, 09 = 1.

Theorem 1 formalizes the risk of homogenization and points to its solution. When ev-

eryone uses Al (I' = 400), reducing the cost of human-Al interactions A encourages users
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to interact more with the Al and share their specific preferences more accurately, limiting
homogenization and helping to preserve the population’s diversity. When A — 0, there is no
more homogenization as users can share their precise preference for free. The case I' < +o00
is more involved, as some users renounce the Al when the cost of human-Al interactions
is high, partially improving the chosen output’s diversity. We illustrate it in Figure 2.3
and present a more in-depth analysis in Appendix A.5. An interesting special case is when
I' < +00 and A\ — 4o00. Only two types of users remain: those who complete the task
themselves and those who accept the default Al output, leading to homogenization on aver-
age. In all cases, Theorem 1 underscores that enhancing the interactivity of Al tools (e.g.,
through better interfaces, multi-modal inputs, or real-time feedback mechanisms) to achieve
a sufficiently low A is an effective strategy to encourage users toward higher fidelity, reduce

homogenization, and ultimately, preserve population preference diversity.

2.5 Al-generated content and the “Death Spiral” of Homogeniza-

tion

While homogenization can easily be perceived as a negative societal outcome, we argue it
may also have long-term consequences. As more and more content becomes Al-generated,
this content could be used to train the next generation of Al. Because of the homogenization
issue, this would lead to an incorrect Al distribution of human preference (the AI’s prior).
The next Al generation would be even more likely to return homogenized outputs, resulting
in a “death spiral” of homogenization, a dreadful outcome for human preference diversity,
where the diversity of outputs is diminishing over time. We study this phenomenon within
our model, considering a self-training loop where the population’s output distribution at

time ¢ becomes the Al prior at time ¢ + 1 (as illustrated in Figure 2.4).

This model is not tractable, as our analysis does not apply when the AI has a non-

normal prior, which happens after the first iteration of the self-training loop. Therefore, we

22



decides new optimal o (step 1) enerates (step 2
User 0 ! AT Model & ( ) Output 6*

becomes training data
(step 3)

user learns
AT behavior (step 4)

AT updates its prior 74

Figure 2.4: Steps in each iteration of the self-training loop.

further simplify our model to understand the effects within a self-training loop. We then use
simulations to verify the theoretical results from the simplified model and conduct robustness

tests in more complex scenarios.

2.5.1 A simplified model

Since the difficulty arises from non-normal priors after the first iteration, we assume that
the user preference 6 follows a three-point distribution with support © £ {—v,0,v} and a
probability mass at zero pg:
(1—po)/2 if0=—v
m(0) = { po if =0
(1—pp)/2 ifO=v

Let 7%, (0) denote the Al prior at time ¢ and 7% (0|q, o,) denote the posterior after receiving
a signal ¢ ~ 0+ ¢, where ¢, ~ N(0,0,). In line with the original model setup, the Al output
given ¢ at time ¢ maximizes the expected fidelity:
0% = argmin E[(6—0)*|q] = arg min Z(é — 0)°7"(0q, 0,)
beco 00  peo
The user’s decision is also as defined in Section 2.3. That is, a user € needs to find O'Z;t that

solves

minl*(6,0,) = €'(0,0,) + M (0, 0,)

where €'(0,0,) = E[(0", — 0)?|6] is the fidelity error and A (0,0,) = \[H(0) — E[H(0]q)]] is

the communication cost. And a user 6 can still choose to work without the AI if the utility
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loss of using Al is too high. As defined in Section 2.3, the output 6* is:

g _ 041(0,0%) ifl1'(0,07) <T

0 otherwise
Importantly, in a self-training loop, the Al outputs are reused to train the next generation
of Al, so this means that the Al prior at time ¢ + 1 becomes the unconditional distribution

of 9*t:
P(* = —v) if=—v

O ES POt =0) if6=0

PO =v) iff=v
Note that the initial AI prior is still assumed to be the same with the population distribution
of 0 (i.e., 7% (0) = my(#)). We then define the phenomenon of the homogenization death spiral

as follows.

Definition 1 (Homogenization Death Spiral). The homogenization death spiral is a phe-

nomenon where the variance of outputs, Var(6*"), is monotonically decreasing in time ¢.

This model simplifies the original model in a self-training loop but is still able to maintain
the key properties. Users are still facing a trade-off between fidelity error and communication
cost, defined as before. Users’ preferences remain heterogenous: some preferences are more
unique (i.e., § = —v and 6 = v), while the others are more common (6 = 0). We refer to 6§ =0
as the common users and to § = —v or 6 = v as the unique users. The only difference is that
the population distribution of # and the Al prior are constrained to a discrete support with
three points. This simplification enables us to further analyze the effects of a self-training

loop and how a homogenization death spiral emerges.

2.5.2 Factors affecting the homogenization death spiral

With the simplified model, we are able to comprehend the driving forces behind a homoge-

nization death spiral. As a preliminary result, the following lemma illustrates the behavior
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of the common users and the symmetry of the Al prior.

Lemma 1. It is optimal for the common users to accept the default output, and the Al

prior remains symmetric. That is, V¢, 07(0) = co and 7, (—v) = 74 (v).

Lemma 1 is intuitive because the common users can achieve zero utility loss by accepting
the default output without making any effort. Given o,, the unique user’s utility loss is the
same, whether € = —v or 6 = v, as long as the Al prior at time ¢ is symmetric, leading to a
symmetric Al prior in the next iteration. Building on Lemma 1, we can prove the following

corollary.

Corollary 1. Vt, Var(6*) < Var(d), and Var(0*) = Var(0) if and only if o}'(-v) =
ort(v) = 0.

q

We can view Corollary 1 as an analogy to Theorem 1 in the simplified model. It demon-
strates that the diversity of outputs is reduced because users cannot fully exert effort to

share information about their preferences.

With the above foundations, let us now focus on a single iteration with any symmetric
AT prior 7% (6). This analysis will help us understand how the Al prior at time ¢ 4+ 1 depends
on the previous iteration at time ¢. The following proposition illustrates how the variables
at time t may affect the variance of outputs at time ¢ + 1. Note that Proposition 3 assumes

I' = oo and does not consider the user’s optimization problem to isolate the effect of variables.

Proposition 3. Suppose I' = oo and 7Y (—v) = 74 (v). Holding o}(—v) = o} (v) = o, for

some o0,, we have:

1. Var(64") monotonically increases in Var(6%).

2. Var(9!) monotonically decreases in o,

The first result in Proposition 3 indicates that an increase or decrease in the variance

of outputs has a lasting impact, influencing the variances of outputs in subsequent periods
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in the same direction. Intuitively, if the Al focuses predominantly on the majority and its
prior becomes more concentrated around the average, it becomes more difficult for unique
users to reduce fidelity error. Consequently, the Al is more likely to generate outputs close
to the average, further concentrating the distribution of outputs around the average. On the
other hand, the second result in Proposition 3 suggests that making efforts to share more
information acts as a counterforce against homogenization, increasing the variance of outputs.
As previously illustrated in Section 2.4.2, sharing more information effectively preserves
the diversity of outputs and mitigates homogenization in the first period. Proposition 3
demonstrates that this effect of information sharing is consistent across all periods in a self-
training loop. Essentially, this proposition highlights the long-term impact of users’ efforts
in maintaining output diversity. If users keep o, constant and do not react to homogenized
outputs in the current iteration, this homogenization issue will propagate through all future

iterations, reducing output diversity within each period.

Nonetheless, Proposition 3 does not explain how the variance of outputs may change
period by period. The following theorem illustrates the major forces that lead to or prevent

the homogenization death spiral.

Theorem 2. When everyone uses Al, the homogenization death spiral exists if users cannot
share more information than the last iteration. That is, when I' = oo, Vt, Var(Q*(t“)) <
Var(0*) if i1 (0) > oi(6) for any 6. In contrast, there exists a case where the homogeniza-

tion death spiral does not exist if one of the following conditions is true:

1. T' is small enough.

2. T' = 0o but the users with 6 # 0 share sufficiently more information than the previous

iteration.

The first part of Theorem 2 highlights the importance of sharing sufficient information
to maintain output diversity in a self-training loop. If users cannot share more information

than in the last iteration, the diversity of outputs will be lower than in the last iteration.

26



As demonstrated in Proposition 3, since the Al always tends to cater to the majority, the
distribution of generated outputs will be more concentrated on the average than the Al
prior if users cannot share extra information. This further makes it more difficult for users
to reduce their fidelity errors in subsequent iterations, creating a snowball effect that mono-
tonically reduces output diversity. However, the second part of Theorem 2 identifies factors
that counteract this reduction in diversity. First, when I' is finite, there are scenarios where
users choose to use the Al at time ¢ but opt to work without the Al at time ¢ + 1. Manual
work can restore output diversity, leading to a higher variance than the previous iteration
and breaking the homogenization death spiral. Additionally, even if all the users continue
to use the AI, there are cases where users are willing to exert sufficient effort and share
enough information if the cost of human-Al interaction is low enough. Sharing sufficient
information can also preserve output diversity and disrupt the homogenization death spiral.
Overall, these counterforces interact to each other, potentially resulting in varying levels of

output variance across iterations.

Theorem 2 demonstrates that manual work and sharing sufficient information are two
effective strategies for breaking the homogenization death spiral. Otherwise, the homoge-
nization death spiral persists, and the diversity of outputs will continue to diminish over
time. From a social planner’s perspective, this implies the importance of encouraging indi-
vidual contributions without Al and facilitating efficient human-AI interactions to prevent

the homogenization death spiral.

The limitation of Theorem 2 is that it does not precisely indicate how the diversity of
outputs changes over time due to the complexity of solving the users’ optimization problems,
even in the simplified model. Nonetheless, we further investigate the existence of the homog-
enization death spiral in more complex settings by using numerical methods as robustness

tests, which are presented in the following section.
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2.5.3 Robustness tests

In the numerical experiments, we first discretize the continuous population distribution of
0 and the continuous distribution of ¢ by the Lloyd-Max algorithm (Gallager et al., 2008)
to achieve computational tractability. Starting with the initial prior 79 () = 74(6), we nu-
merically compute the posterior 7%6|q, o, for given ¢ and o,. This enables us to determine
0% |q, 0, We then derive the fidelity error and the communication cost, as defined in Sec-
tion 2.3 for any o,. Subsequently, we numerically find the optimal o for each ¢ at time ¢
and calculate P(6* = 6). At the beginning of the next iteration, the AI prior is updated
t+1

to m, " (0) = P(0* = 0). These steps are repeated until a specified number of iterations is

reached. A detailed description can be found in Appendix A.3.

The original model Let us first revisit our original model where the population distribu-
tion of # and the Al prior are normally distributed. As shown in Figure 2.5, if everyone uses
the AI (i.e., I' = 4+00), the variance of outputs the variance of outputs decreases over time.
This decrease is most pronounced during the first iteration when users initially begin utiliz-
ing the AI. Then, there is a slight recovery in variance as users share more information than
they did in the first iteration. However, this is short-lived, and the ”death spiral” persists,
leading to a continuous and monotonic decrease in output variance. This occurs because
users’ efforts are insufficient to enhance the diversity of outputs, causing the distribution
of generated outputs to converge increasingly toward the mean. This means that as the
AD’s prior becomes increasingly erroneous, the communication cost necessary to reduce the
fidelity error becomes unmanageable, and more and more users start to accept the default

output until we converge to a more and more homogenized world.

Nonetheless, we can also observe that the homogenization death spiral can be mitigated
when the cost of human-Al interaction, A, is small or the manual cost, I', is low. As illus-

trated in Figure 2.5 (a), when everyone uses the Al a lower X results in a higher curve,
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Figure 2.5: The iterative change of the variance of 6%. We use g = 0, g9 = 1. (a) I' = o0;

(b) ' =10; (¢) I' =2 . A full simulation description is provided in Appendix A.3.
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indicating that facilitating human-AI interaction can slow down the homogenization death
spiral. A small \ acts as a counterforce against the death spiral, encouraging users to share
more information with the Al, thereby increasing the diversity of outputs, as discussed in
Theorem 2. When I is finite (see Figure 2.5 (b)), the death spiral phenomenon still appears
initially, making it increasingly difficult for users to reduce the fidelity error. As the fidelity
error accumulates, the users with very unique preferences experience significant utility loss
and eventually choose to do the work themselves, partially recovering the output diversity.
This recovery in diversity subsequently changes the Al prior and reduces the fidelity error
for the other users, further enhancing output diversity in subsequent iterations. However,
once the diversity of outputs is sufficiently restored, the users tend to rely on the Al again,
causing the homogenization death spiral to reoccur. These cyclic patterns repeat over time.
Moreover, when I' is extremely low (see Figure 2.5 (c)), a lot of users opt to do the work
manually, maintaining a constant level of output diversity. Nonetheless, the diversity of
outputs is still less than the original because some users continue to accept the default out-
put. Additionally, notice that in this case, increasing A initially exacerbates the death spiral
and reduces the output variance at each iteration. However, once \ becomes sufficiently
large, further increases lead to more users abandoning the Al and doing the work manually,
partially restoring the output diversity. This observation aligns with our findings in Sec-
tion 2.4.2. Figure 2.5 confirms that the theoretical results from Section 2.5.2 remain valid in
our original setting with a normal distribution of . The death spiral exists and the output
diversity decreases over time, but promoting efficient human-Al interactions and lowering

the cost of manual work can effectively mitigate the death spiral.

In what follows, we further test the robustness of our results in more complex scenarios.
Specifically, we examine two additional cases. First, we explore the situation where the
decision to use the Al is made retrospectively rather than prospectively. Second, we inves-
tigate scenarios where the distribution of users’ preferences is more complex than a normal

distribution.
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Ex-post decision of accepting the AI output In the original model presented in Sec-
tion 2.3, we focus on the situation where the users make an ex-ante decision about whether
to use the Al to assist their work. These decisions are prospective and based on the expec-
tation of utility loss. However, in other scenarios, users might make more myopic decisions,
choosing whether to use the Al after seeing its output, which is an ex-post decision. That
is, after observing the AI output 64 and the realized fidelity error, (6 — 64)?, the user will
decide to accept the Al output if the realized fidelity error is less than the fixed utility cost
I'. Otherwise, the user will ignore the Al output and do the work manually. Hence, the
output 6 chosen by a user 6 is:

5o 04](0,0,) if (0 —04)*<T |
0 otherwise
In addition, since the user decides o, prior to deciding whether to accept the Al output, she
must evaluate the expected fidelity error by considering the potential future acceptance of
the AI output:

&(0,0,) 2 E[(6—6)?6].

So the utility loss of interacting with an AI becomes
i(eu aq) £ &(0,0,) + M (o).
A user 6 chooses an optimal G; () to minimizes her utility loss,

&;(f) £ arg min 1(0,0,).
0420
This different sequence of decisions further complicates the theoretical analysis due to the

increased difficulty of solving the optimization problem. However, we demonstrate that our

results remain valid through a numerical study, as illustrated in Figure 2.6.

Figure 2.6 confirms our theoretical results in this specific setting. It demonstrates that

the diversity of outputs continues to decrease over time when everyone relies on the Al
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Figure 2.6: The iterative change of the variance of 6% with an ex-post decision of accepting

the AI output. We use g =0, 09 = 1. (a) I' = o00; (b) I' = 10; (c) I' = 2.
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However, facilitating human-AT interaction and encouraging users to perform more manual
work effectively counteract the homogenization death spiral. Notably, when I' = 10, the
variance change in Figure 2.6 is less pronounced than in Figure 2.5. This is because, with
ex-post decisions, the users tend to abandon the Al output earlier, rather than continuously
accepting it until the expected fidelity error has significantly accumulated. As a result, the

changes in the variance of outputs are less dramatic over time.

Other population distribution of users’ preferences To further test the robustness
of our results, we implement numerical studies using different population distributions of
users’ preferences. Specifically, we consider three additional types of distributions: uniform,
a distribution with two symmetric peaks, and a distribution with two asymmetric peaks.
The uniform distribution represents an extreme case where every preference has the same
density in the population, meaning that there is no majority preference. A distribution with
two symmetric peaks features two large groups of people whose preferences are on opposite
sides and have the same density, potentially causing mutual reactions that alter the overall
distribution of generated outputs. In contrast, a distribution with two asymmetric peaks
also has two large groups of people with preferences on opposite sides, but the preferences
in one of the groups are more concentrated while the other group’s preferences are more
diverse. This implies that one group has more homogeneous preferences, whereas the other
group’s preferences are more varied. The instances of the last two distribution types are

illustrated in Figure 2.7.

We present the numerical results in Figure 2.8 and Figure 2.9. Regardless of the assumed
distribution of 6, our insights remain consistent. The diversity of outputs continues to
diminish over time when everyone uses the Al. However, a low A or a low I' can effectively

mitigate the homogenization death spiral.

Our findings about the homogenization death spiral offer a different perspective than

the technical explanation for the homogenization problem in Shumailov et al. (2023) (they
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call it model collapse), where the authors suggest the problem is caused by sampling and
approximation errors. Our model also indicates that human and technical factors may mu-
tually reinforce each other, potentially leading to an exacerbated homogenization problem.
In our model, the homogenization loop is due to technical factors, the misspecified Al prior,
and human behavior, who maximize their utility and are willing to let go of their specificity
to limit the communication costs. We also offer a solution: creating models facilitating

human-AT interactions (i.e., low ) can significantly slow down the homogenization process.

2.6 Human-Al Interactions and Al Bias

The homogenization phenomenon shows that the use of Al “influences” the user outputs, in
the sense that 0* # 6 for many users 6. This is potentially concerning, as any choices made
in the Al training, any bias it might have, would then influence the users’ choice of output.

Indeed, generative Als are not necessarily trained to reflect the population’s preferences
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exactly. For example, the Al’s training data may be censored to avoid illegal or dangerous
behavior (Thompson, 2023). Moreover, the training of LLMs uses Reinforcement Learning
from Human Feedback (Ziegler et al., 2020), in which a small group of humans “teach”
the model what output is preferable. These training choices of a few can then influence
the output of the entire population interacting with AI. We model this potential Al “bias”
via an Al prior that does not exactly reflect the population’s preference distribution (i.e.,
fa # Hg or o4 # 0y), leaving the true user preference distribution and the rest of the
Bayesian inference unchanged. We refer to pua # pg as a directional bias and to o4 < oy
as a censoring bias. In Example 1, the AI may have a slight bias towards a political side
(directional bias), or it may avoid extreme political views (censoring bias). We first discuss
how the two types of Al bias affect users and the effectiveness of human-Al interactions. We
then evaluate how much influence a biased Al can have on society and ways to mitigate this

influence.

2.6.1 Al Bias and User Utility

A biased AI may be less useful for some users but may also help others, as summarized

below.

Proposition 4. The utility loss [* of a user § changes when with a biased Al as follows:
1. the directional bias favors users the Al is biased towards: [* strictly increases with
la —0l;

2. the censoring bias benefits users with common preferences: [* strictly increases in o4

when o4 > |ua — 0|, and strictly decreases in 04 when o4 < |a — ).

Item 1 of the proposition states that directional bias is detrimental to users of the “oppo-
site” direction. In Example 1, if the Al is slightly right-leaning, a left-leaning journalist may

need more communication cost to obtain an article they will be satisfied with. However, a
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right-leaning journalist could be directly satisfied with the default output. The ideal case for
user 0 is u4 = 6, as the default Al output would correspond to a perfect utility I* = 0. Item 2
states a similar result for the censoring bias. To clarify it, suppose pa = g, and consider
a user with “common” preferences less than a standard deviation away from the mean, i.e.,
|t — 0] < 0p. Then she would be better off if a slight censoring is used, with o4 such that
lpg — 0| < 04 < 9. When reducing o4, the Al is more likely to return outputs closer to the
mean, benefiting this user. However, this hurts users with more unique preferences, who will
need more communication costs to maintain a reasonable fidelity or will stop using the Al
Therefore, both types of bias can increase some users’ utility loss and decrease others’. The
next results consider the aggregate-level consequences of bias and its effect on the population

utility, defined as the expected utility loss E[l*] taken across the users 6.

Proposition 5. Directional and censoring bias have contrasting effects on the population

utility:

1. A small directional bias has a limited negative effect on the population utility:

oOF|l*
L = 0 and E[l*] is minimized at g4 = pe.
éWA HA=HO,0A=0¢
2. A small censoring bias can have a stronger negative impact: for example,
OF|l*
oBI] < 0 when A\ > 207 and I' — oo.
00’,4 HA=H,0A=0g

The proposition first shows that, while any directional bias hurts the population utility,
a small directional bias has a negligible effect. Intuitively, if us = pg + € for € > 0 small,
slightly less than half of the users (above 4 + €/2) benefit from the bias because they have
a lower communication cost for the same fidelity, while the other half (below py) is hurt
because of an increased communication cost for the same fidelity. These two populations

balance each other, which limits the total loss of utility.

The case of censoring bias (Item 2 of Proposition 5) is maybe more surprising. Unlike

the effect directional bias, setting 04 = 0y (an unbiased prior) does not generally minimize
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the population utility loss E[l*]. Both the proposition and Figure 2.10 (a) show that when
[' — +o0, it is preferable to have o4 > 0y (the opposite of censoring). Remember from
Section 2.4.1 that there are two types of user behavior when I' — +o00: using the default
Al output or interacting with the AI, and the choice of o4 only influences the utility of the
interacting users. Therefore, the Al Bayesian update is more accurate when the choice of
o4 better represents the interacting users, who are the ones with more unique preferences
(Proposition 1). This is why choosing o4 > 0y improves the population utility. This effect
is illustrated in Figure 2.10 (b): when increasing o4, common-preference users do not lose
utility, but more unique users see a large improvement in utility loss. While this result may
have implications for the design of interactive Al, it also warns against the potential negative
effects of censoring bias. Decreasing o, is particularly hurtful to the most unique users,
who rely on human-Al interactions the most. While censoring can be useful in preventing
dangerous or illegal uses of Al, our results also highlight the importance of training Al on

datasets that reflect a wide range of preferences.
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2.6.2 Al Bias Becomes Societal Bias

Another interpretation of Item 1 of Proposition 5 is that a small directional bias |4 —pug| > 0
(referred to as AI bias in this section) may be hard to detect in practice, as it does not
strongly affect the population’s utility. However, it may still significantly influence the user
output 6*. For example, users who accept the default output (I* = 0) have 6* = p 4, directly
inheriting the AI bias. On the other hand, users may choose to share more information to
correct this bias and maintain a high-fidelity output. To study which effect dominates, we
analyze the consequences of the Al bias on the societal bias, defined as the bias of the output

distribution: |E[0*] — uel.
Theorem 3. Given the Al bias |ua — pa| and the societal bias |E[0*] — ],
1. the societal bias is lower than the Al bias,
2. the societal bias is minimized when A — 0 or I' — 0: |E[0*] — pg| = 0,
3. the societal bias is mazimized when X\ — +oo and I' — +o00: |E[0*] — pg| = |ppa — pol,

4. if everyone uses AI (I' — +00), the societal bias increases with the cost of human-Al

interactions \.
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Figure 2.11: We use g =0, ppa = 1, 09 = 04 = 1 (e.g., the Al bias is |ua — ug| = 1).

This theorem is illustrated in Figure 2.11 and shows an encouraging result: human-Al

interactions can partially prevent Al bias from becoming societal bias. For example, a left-
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wing journalist in Example 1 may increase their interactions with the AI to correct the
output if the Al is biased to the right. This is particularly true when either the cost of
human-Al interactions, A, or the cost of not using Al T, is low. It is much easier for users
to correct bias if they can easily interact or simply stop using Al. However, Theorem 3 also
comes with a warning. For larger tasks that are painful to do without Al (high I'), and if the
human-Al interactions are not efficient (high ), rational users will simply accept the Al bias,
which will be fully converted into a societal bias. For example, generative Al systems that
favor speed over interactivity (e.g., the Al writing assistant Grammarly) or tackle complex
tasks with limited interactivity (e.g., the image generator Midjourney) may fall into this
category. Any bias they introduce may have a stronger influence on societal output than

systems designed for interactivity (e.g., ChatGPT).

2.7 Conclusions

The widespread introduction of generative Al enables significant productivity gains. How-
ever, we show that the power of these tools may lead users to accept homogenized or biased
outputs and abandon their idiosyncrasies, even when given the possibility to communicate
their preferences. At the societal level, this can lead to homogenization (reinforced by train-
ing loop effects) and the potential influence of Al training choices on the societal output.
These risks are particularly strong for labor-intensive tasks (e.g., image/sound generation) or
with Al tools that favor speed over preference-sharing (e.g., grammar correction). Nonethe-
less, we also show that enabling easier human-Al communication and training the AI on
diverse data can significantly limit these negative effects, allowing the best of both worlds:

high productivity and human diversity.

The topic studied in this work combines technical and behavioral complexity, as we need
to capture how the Al tool works and how users interact with it. Our Bayesian framework

is a simplified representation of this interaction that still enables nontrivial insights, but
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there are effects we do not capture. For example, it is a simplification to assume that
a one-dimensional normal distribution can represent the vast space of human preferences
and outputs and that the complexity of human-Al communication can be represented as a
simple normal signal and Bayesian inference. We also assume all users have the same no-Al
utility loss I', and the same human-Al interaction cost A for a given task. Nonetheless, we
believe our framework is versatile enough to study deeper variants and is a first step towards

understanding the societal consequences of human-Al interactions.

Recent empirical studies examine the multifaceted implications of generative Als across
various domains, such as education (Baidoo-Anu and Owusu Ansah, 2023), labor markets
(Eloundou et al., 2023), and marketing (Brand et al., 2023). Understanding the general
effects of user behaviors while interfacing with an Al remains an open question that is
difficult to study empirically. We hope our analytical approach highlights the importance of
adopting a human-centric perspective rather than solely focusing on Al technology. Indeed,
while Als could surpass human abilities in various aspects (Binz and Schulz, 2023; Chen
et al., 2023; Webb et al., 2023), their impact may largely depend on how we employ them.
The interaction with Als could offer a novel medium for production and creation but also
introduce an extra risk: Als may filter and even replace our original preferences, styles, and
tastes, thereby leading to a world dictated by the AI creators’ perspective — a potentially
homogenized and biased world. Improving human-AI interactions and encouraging users to

authentically voice their unique views is crucial to avoid these societal pitfalls.
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CHAPTER 3

Autonomous Vehicles in Ride-Hailing and the Threat

of Spatial Inequalities

3.1 Introduction

Ride-hailing platforms such as Lyft, DiDi, and Uber have become an integral part of urban
transportation systems. In New York City, for example, these platforms average an impres-
sive 700K daily trips and 80K unique drivers per month.! This is not a surprise: commuters
can now go seamlessly from point A to point B using their smartphones. Drivers have control
over their schedules, and, more importantly, anyone can be a driver. This has brought an
unprecedented but well-grounded sense of reliability among users, who almost certainly will

get a ride upon request no matter where they are.

Meanwhile, advances in the development of autonomous vehicles (AVs) are gathering
interest, foreshadowing a fundamental change in the ride-hailing industry. AVs may lead to
a substantial decrease in operating cost per mile (Fagnant and Kockelman, 2018; Hazan et al.,
2016; Litman, 2023) and can be controlled centrally, which improves reliability. This has
led several platforms, such as DiDi and Lyft, but also others, such as Google and Amazon,
to invest in self-driving car technology (DiDi, 2023; Lyft, 2024; Uber, 2024). Uber signed a
10-year deal with Motional (Davalos, 2022) to pair Motional’s AV technology with Uber’s

delivery and ride-hailing platform. Amazon’s Zoox started testing its ride-hailing service

!Source: NYC TLC data. https://wwwl.nyc.gov/assets/tlc/downloads/pdf/2020-tlc-factbook.
pdf
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on the streets of Las Vegas in June 2023 (Ludlow, 2023). Furthermore, Waymo is already
operating a ride-hailing service with fully autonomous rides in Phoenix, AZ, San Francisco,

CA, and Los Angeles, CA (Waymo, 2024).

As platforms introduce AVs more broadly in cities, they will likely face limitations that
can prevent them from switching to a fully autonomous service. For example, AVs can
only operate in areas with highly detailed mapping; they can also be subject to weather
limitations. The significant investment this new technology requires may also limit the
number of vehicles available (Litman, 2023). Furthermore, some riders may also simply
prefer HVs to AVs. Therefore, as we transition to a fully autonomous world, the ride-hailing
industry will likely change to an operational mode characterized by an augmented fleet
composed of a mix of HVs and AVs. Indeed, Lyft anticipates that their first generation of
self-driving service will be deployed on a hybrid AV network that includes human drivers
(Hur, 2022). Uber and Waymo have created a partnership that makes it possible for Uber

riders to hail a fully autonomous Waymo ride within the Uber App in Phoenix, AZ.?

The different economic structures of these two types of supply, coupled with the trade-off
between a platform’s profitability and service reliability (e.g., having a low wait time and a
high match rate), raise the question of how operating a mixed fleet can impact riders and
drivers. First, the participation of human drivers must be secured through sufficiently high
incentives and pay. Second, while autonomous vehicles do not need to be incentivized, the
platform must incur the cost of buying and maintaining them. In principle, as a platform
introduces AVs, it may prefer to lean more on them because they are a sunk cost, and
using them is potentially more profitable than paying for HVs. However, AV deployment
can impact human participation, which, in turn, risks negatively affecting reliability. This
potential impact on reliability may affect different regions in a city differently, creating spatial

inequality of access to transportation. If the AVs primarily focus on high-demand areas like

2link accessed on May 18th 2024: https://waymo.com/blog/2023/10/the-waymo-driver-now-available-on-
uber-in-phoenix/

44



downtowns and airports, the reduction in human participation could particularly negatively

affect low-demand regions such as the outskirts of a city.

In this study, we aim to shed light on the impact of the introduction of self-driving cars
in the fleet of a ride-hailing platform. We are interested in how the coexistence of AVs and
HVs, as well as the gradual adoption of AVs by the platform, may affect the platform’s
supply management and key operational metrics. In particular, we seek to elucidate the
impact of HVs participation decisions and the subsequent consequences on service levels and

spatial equality in access to transportation across different regions.

3.1.1 Main Contributions

We first develop a game-theoretical queueing model that parsimoniously captures key aspects
of the mixed-fleet management problem faced by a platform. This model enables us to
illustrate the potential consequences of introducing AVs. While we limit the complexity
of the model to enable formal analysis, we then validate and extend our findings using a
highly detailed and more realistic simulation using New York City data. In the model, the
platform acts as a leader that determines the distribution of its fleet across locations and, at
each location, decides how to match new requests with either AVs or HVs to maximize its
profit rate. Human drivers are the followers who, given the platform’s policy, decide whether
to join the platform by gauging their potential earning rates against an outside option. A
wage equilibrium, therefore, determines the number of HVs participating. We focus on the
effects of operational controls by assuming that market prices are fixed, the per-trip and
vehicle-type profits are exogenously given, and AVs are more profitable than HVs. However,

we relax these assumptions later in the simulation study.

We uncover a paradoxical effect: the introduction of autonomous vehicles may deteriorate
the platforms’ reliability. Because the marginal cost of operating HVs is higher (drivers need
to be paid), a profit-maximizing platform should prioritize AVs, i.e., prefer to assign new

requests to AVs rather than HVs. However, this decreases the earnings of HVs, which
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Figure 3.1: Estimates of service level degradation if 8,000 AVs were introduced in New York
City, based on a detailed vehicle-level simulation. Darker shaded areas experience a higher
service degradation. Service level degradation is measured as the relative decrease in the
number of successfully served trips. Note that suburban areas are much more affected than

central areas.

incentivizes more human drivers to leave the platform than otherwise would have without
prioritization which causes an overall service level decline. As the platform introduces more
AVs, the service level continues to decrease until it is no longer profitable for the platform to
prioritize its AV fleet. The newly added AVs are then treated equally to human drivers, and
the service level remains unchanged until the supply of AVs drives all the HVs out of the
market. Then, the service level begins to recover as the platform increases its AV fleet. We
also uncover some cases where the platform should not prioritize AVs and should prioritize
HVs instead. This happens when the driver-pay ratio is small (i.e., the platform’s commission

rate is high), although our simulations show this is not likely to happen in practice.

We also demonstrate that the service level degradation described above is not homoge-

46



neous across locations in a city. In particular, high-demand locations are less affected than
low-demand locations, and this discrepancy increases when the platform introduces (and
prioritizes) more AVs. The reason behind these findings is that an AV prioritizing policy
not only prioritizes AVs in dispatch but also tries to maintain them in areas with higher
demand, pushing de-prioritized vehicles to lower-demand areas. Indeed, it is more profitable
to operate AVs with high utilization, which is achievable in high-demand areas. For example,
if a request goes to the outskirts of a city, it would not be efficient to assign it to an AV
as it would likely have to come back empty: the platform would, therefore, choose dispatch
and relocation policies that try to maintain the AVs in high-demand areas. Consequently,
the earnings of HVs are reduced not only because of the additional number of AVs in the

market but also because they are deprioritized and relegated to less profitable areas.

To show that the learnings from this theoretically tractable model are robust to more
realistic settings, we designed a simulation study in New York City. Using publicly available
historical ride-hailing data in NYC, we simulate the fleet management problem of a ride-
hailing company introducing AVs in NYC. The simulation retains the critical driving features
of the queueing model, such as a profit-maximizing platform and HVs joining decisions.
However, to approximate a real-world scenario, it also adds many features that are absent in
the model. For example, vehicles are simulated individually inside the city network, and we
use a state-of-the-art relocation policy when they are idle. Customers’ preferences are also
modeled in detail with a random utility model, and can choose whether to request an AV or
an HVs. However, the platform can still influence the customer’s choice between AVs and
HVs by using a differentiated pricing policy. Despite the modeling differences, we find results
that are consistent with our main results. Urban areas with higher demand benefit the most
from the introduction of AVs, experiencing improved service levels. In contrast, suburban

areas with lower demand experience a degradation in service levels (see Figure 3.1).

Furthermore, the simulation delivers additional insights that are only available in a more

granular spatial setting. First, as the platform introduces AVs, the average ETA (passenger
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wait time) increases significantly and disproportionately in more remote areas, which is
consistent with service level changes. Also, we observe that the service level may be affected
by other spatial factors, such as distance between areas and demand imbalance. The service
level of a low-demand area can be positively influenced if this area is closer to high-demand
areas or has more incoming than outgoing trips. As a result, the most seriously affected areas
are those that have low demand, receive fewer incoming trips, and are far from high-demand

regions.

Our work shows that pure profit maximization when introducing AVs could lead to
undesirable and maybe unexpected social outcomes, suggesting that careful regulation should

be considered.

3.1.2 Related literature

Related studies on autonomous vehicles. Numerous studies consider various challenges in
technology, safety, travel behavior, public transportation, environment, and governance,
among others, that could arise in society due to the presence of autonomous vehicles. We refer
the reader to the surveys by Hussain and Zeadally (2019), Ma et al. (2020), and Narayanan
et al. (2020) for excellent discussions of these aspects. The common denominator in these
works is their focus on autonomous vehicles rather than a mixed-fleet system with both au-
tonomous vehicles and strategic human drivers. Some of these works describe the potential
benefits that AVs can bring to society. For example, Fernandes and Nunes (2010) suggest
that the platooning of AVs could cause a significant increase in capacity for both urban
roads and highways. Similarly, Mirzaeian et al. (2021) use a queueing model to demonstrate
the potential congestion reduction on multi-lane highways. Additionally, Baron et al. (2022)
investigate the impact of AVs on social welfare in terms of connectivity, comfort, and collab-
orative consumption in a system in which some households free their driving time by using
AVs while others spend time driving. And Reed et al. (2022) demonstrate that autonomous

vehicles can improve package delivery services. With the help of an autonomous-assisted
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system, a delivery person may spend less time searching for parking or walking back to a
parking spot.

In this study, we depart from the studies mentioned above by considering a mixed-fleet
ride-hailing platform that owns an AV fleet and has to set proper incentives for HVs to
join the market. We show that introducing AVs may hurt accessibility to transportation as
measured by a city-wide service level reduction that affects suburban areas more negatively.
A primary distinguishing factor of our work is a wage equilibrium constraint that ensures

driver earnings are high enough.

Only a few attempts have been made to analyze the impact of AVs in the ride-hailing
market. Siddiq and Taylor (2022) study the influence of AVs on the competition between
two ride-hailing companies, where only one of the companies has access to AVs. The authors
analyze how access to AVs affects platform profit, agent welfare, and social welfare. Lian
and van Ryzin (2022) consider a market with different dispatch platform designs (common
vs. independent) and different AV competition levels (monopoly vs. competitive). They
investigate how various market designs affect the equilibrium price and social welfare. The
authors establish that a common market with both AVs and HVs is plausible because AVs
with high fixed costs are less flexible and may not serve all demands cost-effectively. They
also show that the lower operating cost of AVs may not necessarily lead to a lower-price
ride-hailing market. Ostrovsky and Schwarz (2019) discuss the interdependence between
AVs, road pricing, and carpooling. They demonstrate that due to the overall progress in
information technology, AVs can make road pricing and carpooling more convenient and
attractive. Lanzetti et al. (2023) analyze the equilibrium outcome in terms of market share
in a system with multiple competing transportation modes, including AVs. They show that
depending on policy constraints and market conditions, a ride-hailing system with AVs may
benefit or harm public transportation in terms of market share. Mirzaeian et al. (2021)
studies the impact of AVs on highway congestion through a queueing model and compares

two policies: a designated-lane policy for AVs and an integrated policy with mixed traffic.
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In contrast to these studies, our work focuses on the change of operational decisions (e.g.,
matching) of the platform when introducing AVs and their consequences on service levels at

a system-wide level and a more granular, location-wise level.

In the context of operational decisions, Benjaafar et al. (2023) use a fluid model to
characterize the optimal re-routing decision of the platform with a mixed fleet of AVs and
HVs and show that the introduction of AVs may not necessarily harm drivers. In their model,
the prioritization policies always match one of two types of vehicles without considering
the destination of trips or allowing partial prioritization. In contrast, our model optimizes
both the matching and the allocation of vehicles by using independent queues, and our
prioritization policies may be partial, meaning that we allow for a continuum of prioritization
levels. And we also show that HVs may not be harmed if the pay ratio is low enough. Finally,
Freund et al. (2022) adopt a sequential game model and show that AVs may be under-utilized
to ensure HVs remain engaged in the market when platforms outsource AVs. To avoid an
unbounded profit loss, they propose a prioritization contract that increases the utilization
of AVs. Our study assumes that the platform owns AVs and also shows that if the number
of AVs is large enough, it may be optimal for the platform to partially prioritize AVs to
maximize profit rather than fully prioritize them all the time. Nonetheless, we optimize
matching and allocation strategies and focus on the impact of such a prioritization policy

on service levels in terms of system-wide and spatial variation.

Related studies on ride-hailing systems. Several papers in the ride-hailing literature have
studied the problem of matching riders to drivers. Closest to our work are the papers that
use a queueing modeling approach to capture the operational controls of the platform to
determine matching between riders and drivers (see, e.g., Banerjee et al. (2018), Kanoria
and Qian (2020), Ozkan and Ward (2020), Hu and Zhou (2022)). Typically, this space
focuses on determining an optimal matching policy with human drivers only. In our work,
however, we assume there are multiple sources of supply with different economic structures

in the system we study. In this setting, matching requires careful balancing of the earnings
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of human drivers and the profit of the platform, which, all else being equal, may improve

when one type of supply is prioritized over the other.

In addition, our work is broadly related to the study of how the performance of a ride-
hailing market is affected by other platform controls, such as repositioning and admission
control (see, e.g., Braverman et al. (2019), Afeche et al. (2023) and Wang et al. (2022)).
In our queueing model, we assume the platform can directly determine the allocation of
vehicles to different locations, which can be seen as an outcome implied by these levers.
This allows us to focus on how the prioritization and allocation of vehicles may affect service
levels. In particular, Afeche et al. (2023) show that it may be optimal for the platform to
strategically reject demand at a low-demand location and induce drivers to reposition to a
high-demand area. We show that the platform prefers to serve ride requests with AVs in
high-demand locations. At the same time, HVs are relegated to low-demand areas, leading
to the spatial inequality of service level degradation. Moreover, while our primary focus in
the queueing model is on the matching and allocation policy, we also incorporate a pricing
policy within our simulation. Consequently, our work is also related to studies on pricing in
ride-hailing platforms (e.g., Castillo et al. (2017), Bimpikis et al. (2019), Besbes et al. (2021),
Hu et al. (2022), Cachon et al. (2022)). For example, Cachon et al. (2022) examine the key
trade-offs between a centralized pricing strategy managed by the ride-hailing platform and
a decentralized pricing strategy determined by the drivers. Bimpikis et al. (2019) focus on
spatial price discrimination on a ride-sharing platform and show that location-based pricing

can significantly benefit the platform when demand is unbalanced.

Several other studies also consider the inclusion of multiple types of vehicles on ride-
hailing platforms. For instance, Lu et al. (2024) explores the optimal regulatory strategy for
maximizing total welfare by considering the coexistence of traditional taxi services, which
operate through both street-hailing and platform-based modes, and private car drivers, who
serve consumers exclusively via the platform. Additionally, Fatehi (2024) investigates the

optimal policy of a profit-maximizing platform that manages a mixed fleet of electric vehicles
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and traditional internal combustion engine vehicles.

Related studies on blended workforces. AVs and HVs can be seen as two labor forces
with different incentive structures: AVs are owned by the platform, while HVs must be
incentivized to participate in the market. In this sense, our work is also related to the
emerging literature on blended workforces in the gig economy (see, e.g., Dong and Ibrahim
(2020), Lobel et al. (2024), He and Goh (2022), Chakravarty (2021), Castro et al. (2022) and
Hu et al. (2023)). For instance, Hu et al. (2023) addresses the classification of workers in the
on-demand economy with two types of workers: full-timers and part-timers. Their analysis
reveals that classifying all gig workers as employees can reduce the welfare of full-timers
due to undercut by profit-maximizing companies Notably, our work shares some similarities
to Krishnan et al. (2022), which studies an actual implementation of a blended workforce
using prioritization. The authors explain how a ride-hailing platform should classify the
drivers into “priority drivers,” prioritized by the matching system to have higher earnings

7

and regular “flexible drivers.” This study also considers a blended workforce and optimal
prioritization strategies. Still, our focus is on the service level impact of introducing AVs in
a ride-hailing market where the platform has to determine how to treat different types of

vehicles and their corresponding spatial distribution.

Methodology. In terms of methodology, we solve our multi-location queueing model using
the achievable region approach. In the context of stochastic optimization, this approach
seeks the solution to a stochastic optimization problem by identifying a feasible performance
space and solving the problem within this space. For example, Bertsimas (1995) use this
method to describe the achievable region of a multi-class queueing control problem as a
convex polyhedron and yield a mathematical program for which efficient algorithms are
available. We refer the reader to Bertsimas and Nino-Mora (1996), and Dacre et al. (1999)
for additional results related to this approach. In our work, we adopt the achievable region
approach to determine the feasible supply arrival rates at each location that can emerge from

different dispatch policies. Once we obtain the optimal arrival rates, we can reverse-engineer
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the corresponding dispatch policy (c.f., Section 3.3).

The remainder of this chapter is organized as follows. In Section 3.2, we present a game-
theoretic queueing model for a hybrid system with AVs and HVs. In Section 3.3, we interpret
how to solve the problem using the achievable region approach. In Section 3.4, we derive
macro-level insights from the queueing model. And Section 3.5 reveals the spatial disparity
of service level. In Section 3.6, we present a simulation study of New York City to illustrate
that our main results still hold in a more realistic setting and further discuss some additional

spatial effects observed in the simulation. We conclude in Section 3.7.

3.2 Model Setup

In this section, we formulate the problem faced by a ride-hailing platform that operates a
mixed fleet of human and autonomous vehicles using a game-theoretical queueing model.
This model is simple enough to obtain precise results yet rich enough to capture the funda-
mental trade-offs that emerge in this mixed fleet setting. We note that our goal here is to
introduce a parsimonious model that enables us to reveal insights rather than capture all
the nuances of a ride-hailing system. Later in Section 3.6, we demonstrate the robustness of
our findings in the queueing model in a large-scale simulation using NYC data.

Trip requests. Requests for trips arrive to a city with locations j € {1,..., L} according

to a Poisson process with rate p = {,uj}JL:l, where L is the number of locations in the city.
The average duration of trips departing from location j is 7;. We consider impatient riders
who will leave the system immediately if, upon arrival, they are not assigned a ride. For

example, a rider may be able to find a ride on a different platform.

AV and HV fleets. We let N4 and Ny be the steady-state average numbers of AVs and
HVs that operate in the city, including both idle vehicles and those serving requests. N4
is considered as an exogenous quantity, and our goal is to study how changes in N, will

affect the platform’s service levels across locations. (In Section 3.4 we discuss the choice
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of the optimal N4 when it is a tactical decision the firm must make.) On the other hand,
Ny is set endogenously as drivers decide whether to join or exit the platform, following a
wage equilibrium that we formally introduce below (c.f., Equation (3.4)). We model vehicles
becoming available at each location j as independent Poisson processes with arrival rates
Aa = {da ke, for AVs and Ay £ {Ay;}, for HVs. They queue at the location and are
dispatched to incoming requests following dispatch policies set by the firm. We next discuss

how these arrival rates are set. Figure 3.2 illustrates this queueing setup.

Ha -
AV

aadi — [P ——()— ||y
22

Figure 3.2: Queueing Model Structure

Dispatch policy and vehicle balancing. Let II denote a set of dispatch policies 7 € II
the platform can use. II is general, and we allow any dispatch policy: they may be idling,
they may vary by location, they may prioritize one vehicle type over the other, and they
may be randomized. A dispatch policy 7 then induces an expected steady-state waiting
time function W (Aa;, An;) for vehicle type i at location j (Section 3.3 derives an explicit
expression). We will assume that the platform can perfectly control vehicle distribution
over locations. While this control is more limited in practice, the combination of pricing,
dispatch, and relocation policies are levers platforms can use to influence the vehicle’s spatial
distribution significantly — as shown in our realistic simulations. Formally, we assume the

platform can balance the vehicles across locations without limitation as long as the total
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number of vehicles is maintained. That is, for given N4 and Ny, the platform can choose
vehicle arrival rates A4 ; and Ay ; for each location j that are consistent with their respective
average number of vehicles (via Little’s Law). Let N;; denote the steady-state average
number of vehicles of type ¢ in location j. N;; depends on the vehicle arrival rates and the

dispatch policy and can be obtained from Little’s Law as:
(Tj+Wi7,rj(>\A7j7>\H7j)) 'Ai,j :Ni,j7 (&S {A7H}7 JE {L---aL}a (31)

where 7; + W/ (A4 j, Am,;) is the expected time that vehicles of type i in location j spend
waiting and then serving a customer. The platform can choose any A4, Ay, and 7 as long
as the total number of vehicles of each type across locations is maintained:

L
j=1
Note that Equation (3.2) is the only constraint that affects the locations jointly, as it repre-
sents the need for the platform to balance its fleet across the locations. Note that our model
can be interpreted as a fized-population-mean model, which approximates the dynamics of
a closed network of queues. In a closed network, given the number of vehicles, the routing
probabilities, and a matching and relocation policy, the arrival rates of vehicles to each lo-
cation are determined. A fixed-population-mean model approximates such a network by an
open network of queues with Poisson arrivals in which the arrival rates are such that they
make the average number of vehicles (overall and at each location) consistent with the exact
number of vehicles in the closed queueing network. We refer the reader to Whitt (1984) for
more detail about this approach and approximation guarantees. In Section 3.6, we build a

simulation that explicitly captures vehicles’ dynamics and does not assume perfect vehicle

balancing.

Service level. The service level at location j, p;, is given by

jed{l,... L} (3.3)

)\A,' +)\H,‘
Pj_ga

= m
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This corresponds to the fraction of requests that the platform can serve at location j.

Revenue and profit. We assume that the revenue from each human driver trip is shared
between the platform and the driver. Human drivers keep a fraction v € (0, 1) of the revenue
of the trip,> whereas the platform keeps all the revenue from each AV trip. Nonetheless, the
platform has to pay a capital cost of AVs, Cy, per hour, and an additional hourly operational
cost of AVs, ¢y, for each AV trip. Let P4 > 0 and Py > 0 denote the hourly price rate
from each AV and HV trip, respectively.* Then, the platform’s hourly profit at location j
stemming from AVs is given by (P4 —ca) - 7; - Aa;, while its hourly profit at location j from
HVsis (1 — )Py - 7; - Am;. The platform’s total profit is given by

L L
RA—F(l—’y)RH—CANAéZ(PA—CA)~Tj-)\A’j—i-(l—’y)ZPH'Tj‘)\H’j—CANA,

j=1 j=1

where we define Ry £ Ele(PA —c4) - Tj - A and Ry = Zle Py - 1j - Ap;. We also
assume that using AVs is marginally more profitable for the platform than using HVs (i.e.,
Py —ca>(1—7)Pg).

Human wage equilibrium. The number of HVs, Ny, is decided by a wage equilibrium
(see e.g., Hall et al. (2021)). In particular, the expected total earnings of HVs must be equal

to their total opportunity cost at equilibrium:

L
’}/'RH:’)/'ZPH'TJ")\HJ:T'NH, (34)

j=1
where r € (0, Py) denotes the corresponding reserve earnings of drivers, i.e., what they
could make outside the system. If YRy < rNpg, some drivers would leave the system, and

Ny would decrease until YRy > rNg, or Ny = 0. Conversely, if yRyg > r Ny, more human

3In practice, Uber takes a 25% commission (y = 0.75): https://www.uber.com/gh/en/drive/basics/
tracking-your-earnings/, last accessed: 2022-12-02

4In the queueing model, we focus on operational controls and assume that the prices are exogenously
chosen such that riders are indifferent between AVs and HVs. However, we will relax this assumption in
Section 3.6 and show that the main results hold when the platform controls the pricing policy to affect riders’
preferences.
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drivers would be willing to join the platform, and Ny would increase until YRy < rNp.

Therefore, at equilibrium, Ny must verify YRy = rNy.

Platform’s problem. The platform chooses a dispatch policy = and balances the vehicles
to maximize its hourly profit given the average number N, of AVs available and anticipating
the human driver equilibrium. Because we focus on how the service level is impacted as more
AVs are introduced to the market, the number of AVs, Ny, is assumed to be exogenously
given and C4 is omitted in most of our results except for Proposition 9 where we discuss the
optimal N4. The platform’s main problem is

L L
sup Z (Pa—ca)Tj- Aaj+ —V)ZPHTJ")‘HJ

m€Il, N 5,Ai,5,

L
ZNi,j =N;, i€{A H},
j=1
(Tj + VVZ‘Z’()‘A,]'?)‘H,]')) ’ )\i,j = Ni,j> (S {Aa H}a ] € {17 B 7L}7
L
¥y Pu-7-du; =7 Nu,
j=1

)\A,j + )\H,j S [O,Mj), JE {1,...,L}.
(M)

One of the main challenges in analyzing Problem (M) and deriving insights from its solution
is that the space of policies is general, and, therefore, we do not have available closed-
form expressions for the waiting times. To tackle this challenge, in Section 3.3, we use the
achievable region approach (Bertsimas (1995), Dacre et al. (1999)) to obtain a reformulation
of Problem (M). This allows us to establish a sharp characterization of the per-location and

city-wide service levels.
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3.3 Solution to the Queueing Model

In this section, we develop a tractable approach to solve (M). The first step is to reduce

the space of feasible policies to the space of non-idling policies.

Lemma 2 (Optimality of non-idling policies). The optimal dispatch policy in (M) is non-
idling.

All the proofs of the study are available in the appendix. Intuitively, rejecting requests
leads to delays in the form of longer idle times for vehicles and, consequently, to lower

platform profit.

Lemma 2 is an intuitive but necessary result: as vehicles are always dispatched when a
request arrives, our model coincides with that of a matching queue setting in which, at each
location j, drivers wait to be matched to requests that arrive at rate p;. In turn, the total

waiting time of drivers at location j, W7 (Aa;, Anj), satisfies
1
Hi— Aaj — /\H,j'

WT (A, Aig) = (3.5)

This expression holds for any non-idling policy and is what makes our model tractable. It
can be obtained from the traditional M/M/1 average wait time, as we can interpret the next

vehicle to be dispatched as "being served” and ignore the vehicle type.

We now demonstrate how to transform Problem (M) into a simplified form that can
enable theoretical analysis. We use the “achievable region approach” from the stochastic
optimization literature (see, e.g., Bertsimas (1995) and Dacre et al. (1999)). In this approach,
instead of directly solving over the space of policies II, we optimize over an alternative space
of a judiciously chosen metric that varies with the policy choice. More precisely, we choose
the total throughput rate of each location j, A; = A4 ; + Ag; as the metric and provide a

reformulation of (M) that uses {);}}_, as variables instead of A4 and Ap.

First, we note that the objective in Problem (M) can be cast purely in terms of {)\j}le.

In fact, from Equation (3.5), we have that the average waiting time at each location j across
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types is W; = 1/(p; —A;). In turn, Little’s law and the wage equilibrium constraint translate

into

Jj=1

L
1
Z <Tj+/L-—)\<> *Aj=Na+ Ny and TNH:PVPH'ZTJ"()V_)\AJ)'
J ]

j=1
These identities allow us to reformulate the objective of (M) in terms of {A;}F;:
L L

Z(p_A)'Tj')‘j—Ff-NA—f'Z ‘)\j

— 2\
j:l j:l NJ J

where p = Py —cy and 7 2 7[Py — cq — (1 — ¥)Py]/(vPy).

Second, note that given the above, if we can fully characterize the achievable values of
{A;}f-1, we would be able to solve problem (M) in the space of rates rather than in the
space of policies (contingent on being able to find a policy that implements the optimal
rates). We can accomplish this by exploiting Little’s law and the wage equilibrium. Indeed,
we establish that the achievable values of {}; }]L:1 lie in a bounded polyhedron of R” that has
extreme points that come from two natural policies in II: one that always matches requests
to AVs first—it fully prioritizes AVs—and another that always matches requests to HVs
first—it fully prioritizes HVs. Among non-idling policies, full prioritization of AVs leads to
the lowest total number of vehicles because it creates fewer incentives for HVs to join the
platform by giving an advantage to AVs. In contrast, by fully prioritizing HVs, we provide
maximal incentives for this type of vehicle to join, and hence, the total number of vehicles
in the system is maximized. Hence, the total number of vehicles in service, Zle Tj A,
from fully prioritizing AVs is lower than the total number of vehicles in service from fully
prioritizing HVs, and these are the lowest and largest possible total number of vehicles in
service. Letting )\; and /\;- be the throughput rate at location j from fully prioritizing AVs

and HVs respectively,® the following proposition summarizes this discussion.

5See Appendix B.1.2 for the precise definition of /\} and )\;E-.
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Proposition 6 (Achievable Region). Let A be an optimal solution to (M) then
L L L
A € ./4. = {{)\j}]Ll € R_Li_ . ZTj/\;r' S ZTj . )‘j S ZTJ)\EE} .
j=1 Jj=1 J=1

Proposition 6 leads to the following reformulation of Problem (M) in which we now

optimize over the rates {\;}_,, given by
L Loy
max Y (p— 7)1\ + 7Ny —7 ]
O Y le B — A
(M)
/\jE[O,/Lj), jE{l,,L}

Problem (M'’) represents an upper bound of Problem (M). However, in principle, the
feasible region may contain rates that do not correspond to a dispatch policy. We show that
the latter is not true. When the rates are such that total revenue hits one of the boundaries in
A, the corresponding dispatch policy will be to prioritize either AVs or HVs fully. When the
rates are in the interior of A, then the corresponding dispatch policy will partially prioritize
vehicles; for example, each request will be prioritized towards AVs with a certain probability.
Hence, the optimal solution to Problem (M) can be implemented in the original Problem

(M). The following proposition formalizes this.

Proposition 7 (Reformulation). Problem (M) is equivalent to Problem (M’).

3.4 One Location: Impact of AVs on Service Level

We now use the tractable formulation of the previous section to derive insights. At this point,
we focus on a model with L = 1 location to build intuition and understand the impact of
the AV supply N4 and the pay ratio v on the service level. We will switch to L > 1 in the
following section to study the spatial effects. Therefore, we omit the location subscript in

this section.
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Figure 3.3: Service level and number of HVs for the optimal policy. We use L =1, u = 30,
Py=9Pys=8and cy =05,r=27=1.

We start with a study of a numerical solution to an instance of Problem (M), shown in
Figure 3.3. We then present formal results that support our observations. The left panel of
the figure shows the service level change as we vary N4 and v. When 7 is high enough (here,
v > 0.4), we identify three phases as the number of AVs increases: the service level first
decreases, then stabilizes, and then increases again. For smaller values of N4, the platform
uses a dispatch policy that fully prioritizes AVs, which reduces the service level. Indeed,
as shown in the right panel of Figure 3.3, prioritizing AVs lowers the earnings of human
drivers and drives them out of the market at a higher rate than AVs enter the market:
fewer cars are available, which lowers the service level. However, reducing the number of
HVs reaches a breakeven point, where the hit on revenue due to the lack of HVs is higher
than the cost advantage of prioritizing AVs. At this point, the platform reduces the AV
prioritization, leading to the flat part of the curves in the left panel of Figure 3.3. Note
that the platform “partially prioritizes” the AVs less and less as N4 increases in a way that
maintains a constant service level (the flat part of each curve in the figure), which decreases
in 7. Interestingly this optimal partial prioritization is set so that each added AV substitutes
exactly one HV in equilibrium. However, when the number of AVs is sufficiently high, the

HVs are entirely driven out of the market. In this third phase, the service level increases
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with N4 because all HVs are gone, and the total number of vehicles grows. We summarize

these observations in the following theorem.

Theorem 4 (AVs can reduce the service level). If v is large enough and there are HVs in
the market at equilibrium, then as N increases, the service level decays until the number of
AVs is sufficiently high. After that, the service level stays constant and then increases when
the number of AVs reaches a threshold. At that point, HVs are completely driven out of the

market.

To better understand this result, we can use Little’s law to relate the service level to the

total number of vehicles:

Aa+ Ay _p
=M=y 1—p

Noa+ Ny =W"Aa, Ag) - (Aa + Ag) =

where p = (Aa + Ag)/p is the service level in the system. Therefore, the service level is
simply an increasing function of the total number of vehicles. In turn, the total number of
vehicles is a function of the platform’s prioritization policy. If the platform prioritizes AVs,
it will “starve” the HVs. Any additional AV supply will quickly reduce the number of HVs,
potentially far more than one HV for each AV, reducing the total supply and, therefore, the
service level. This happens up to the point where this supply loss is too costly, and the
platform will then reduce the AV prioritization to maintain the number of vehicles. The
figure shows the driving force behind the reduction in service levels. Fully prioritizing AVs

expels HVs quickly. The higher « is (costly HVs), the faster the optimal policy expels HVs.

Such an AV prioritization policy is only helpful if v is not too low. When ~ is low (y < 0.4
in Figure 3.3), an entirely different strategy is optimal. Indeed, when  is low (HVs are not
paid much), the trips served with HVs are more profitable for the platform than when v takes
a higher value. Even a slight deprioritization of HVs may lead to a massive loss due to HVs
leaving the market in equilibrium. Hence, even if HV trips are more costly than AV trips, it
is still preferable to avoid reducing the requests sent to HVs. Accordingly, fully prioritizing

HVs guarantees that we are not losing HVs when adding AVs (they are not affected by the
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extra supply), which increases the total number of vehicles available and, hence, the service

level. We formalize this insight in the following proposition:

Proposition 8 (Prioritizing HVs can increase the service level). When v and N4 are suffi-

ciently small, it is optimal to prioritize HVs, and the service level increases in Ny4.

Prioritizing HVs may seem counter-intuitive because if the platform were myopic and
considered that Ny was constant, it would prioritize AVs as they are cheaper. As a conse-
quence, Proposition 8 is the result of the platform anticipating the equilibrium behavior of
the drivers. However, we expect this situation to be rare in practice. Indeed, a low pay ratio
v is not the norm, as it would mean that the platform does not have enough drivers and has
a much lower service level (see the left panel of Figure 3.3 when N4 = 0), which would not

be practical in a competitive setting.

Finally, suppose the platform can decide the supply of N4 when the capital cost of AVs is
C'4 per vehicle-hour. That is, we modify problem (M) so that N4 is now a decision variable
of the platform, and we add a cost —C'4 - N4 to the objective function. The following result

describes the optimal solution to this optimization problem:

Proposition 9 (Optimality of operating AVs only). Under the optimal choice of N4, HVs
are entirely replaced with AVs (e.g., Ny = 0) if and only if Cy < 7. If C4 > 7, the platform
may operate both AVs and HVs (i.e., it is possible to have N4, Ng > 0).

As mentioned in Section 3.1, the initial launch of commercial AVs may be limited, ex-
pensive, and risky, so the cost of AVs might be high (e.g., C4 > 7) in the early days of AV
deployment (Litman, 2023). Even in that case, Proposition 9 states that it could be optimal
to operate a mixed fleet with N4 > 0, motivating the research question of this work. If AVs
become cheaper than HVs, however, using human drivers is not profitable. In Figure 3.4,
we illustrate Proposition 9 and show the profits that the platform can earn for each value
of Ny and ~, where N}(7) is the optimal number of AVs given v. Compared with the right

panel in Figure 3.3, we can see that in this example, N () is always less than the threshold
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Figure 3.4: Profit for the optimal policies with respect to Ny. We use L = 1, u = 30,
Py =9,Py=8and cy =0.5,C4y = 1.5,7 = 2,7 = 1. Nj(7) is the optimal number of AVs

given the value of ~.

of N4 such that all the HVs leave the market, confirming that a hybrid solution using both

AVs and HVs can be optimal when Cy > 7.

Intuitively, although the cost of AVs is higher than 7, the platform is still able to use
the AVs more efficiently than the HVs thanks to the use of prioritization. There are two
cases here: for high values of 7, it can be profitable to introduce AVs and prioritize them,
whereas, for low values of 7, it can be profitable to introduce AVs while still prioritizing
HVs. Remember from the human driver equilibrium (Equation (3.4)) that, for fixed r and
HV revenue, the HV supply Np is an increasing function of v — drivers are paid more,
so there are more drivers. If v is high, Ny may be “too high” compared to what is really
needed. Therefore, we can invest in expensive AVs and prioritize them so that they serve as
many rides as possible: even if Cy4 > 7, each AV-hour can be much more productive than
HV-hours, justifying the investment. This is possible because Ny is too high, and we can
withstand the loss of human drivers due to AV prioritization. However, as v decreases, this
is not the case anymore, and N} decreases correspondingly. When + is particularly small,

the platform will start to prioritize HVs: in that case, Ny is too small in equilibrium (we
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are not paying them enough), so we want to prioritize the HVs to preserve the few cheap
HVs. However, it is still worth introducing the more expensive AVs because there are still a

lot of profitable rides left to serve, as we can see N;(0.27) > N3(0.3).

3.5 Multiple Locations: Spatial Inequality

In the previous section, we established that introducing AVs can adversely impact the system-
wide service level (despite increasing the platform’s profit). In this subsection, we explore
the spatial dimension of this effect. In particular, we are interested in understanding how

the service levels in different regions in a city are affected by the introduction of AVs.

Consider our initial setting with multiple locations and, without loss of generality, suppose
that p;7; > pja74 for j € {1,..., L —1}. Our model can illustrate a region with a range
of demand density, from urban areas with high demand (j = 1) to rural areas with low
demand (j = L).% Let p5(N4) be the service level of the optimal solution to Problem (M)
at location j for a given N4. The following result establishes a form of spatial inequality

across locations.

Theorem 5 (Spatial inequality of the service level). In any optimal solution of Problem

(M), higher-demand locations have a higher service level: ¥j < L, p5(Na) = pj,1(Na)).

Additionally, out of all locations j that have positive supply in the optimal solution (N 4 ;+

Npgj > 0), the change of service level with respect to N4 is larger in low-demand locations

. op’ ap*
(i-e., Iar5| < 15351)-

Theorem 5 establishes that different locations in a city are affected differently by the
introduction of AVs. The first part of the theorem is not the most surprising: no matter

whether HVs are present in the optimal solution, locations with high demand have better

6In 2019, 45% of the urban residents in the US have used a ride-hailing app while only 19% of Americans
living in rural zones have done so (Jiang, 2019).
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service levels than locations with low demand. Intuitively, high-demand areas are more
profitable than low-demand areas because of economies of scale: we can achieve the same
service level with a higher vehicle utilization in a high-demand area. Hence, the platform
is better off serving more trips there regardless of the number of AVs. But the second
part of Theorem 4 introduces a worse and more novel effect. Adding AVs to a given city
will worsen the spatial inequalities, affecting the low-demand locations more than the high-
demand locations. Essentially, the platform will choose to concentrate the AVs into the more
profitable areas to maximize profit. But introducing AVs will make HVs leave, mainly at
the expense of the less profitable areas, which will lose more drivers and end up experiencing
the most significant reduction of service level. The following result sheds light on the driving

force behind this.

Proposition 10 (Imbalance of driver concentration). When + is high enough, and Ny is
low enough, the platform fully prioritizes AVs across locations. When this happens, as

we add AVs, they will concentrate on high-demand locations, and HVs will leave higher-

ONa
N

ON4,j+1

N, > 0 and

demand locations more than the low-demand ones. That is, >

ONp
N4

ONH j1

st <.

<

This is the multi-location extension to Theorem 4. Because 7 is high, the platform ben-
efits from prioritizing AVs when introducing them. But in the case of spatial heterogeneity,

the platform will concentrate them in high-demand locations where they can get the highest

ONa,j
ON

ONA,j+1

2 ON 4y

utilization: Therefore, there is not a lot of demand left for humans to
8NH7]' g 8NH7j+1 )

7 ONy ON 4

serve in high-demand locations, and they are relocated to low-demand ones
Overall, the total number of vehicles decreases, and so does the service level. However, the
increase of AVs in high-demand areas is enough to lead to a lower service level reduction
compared to low-demand areas. Therefore, Proposition 10 reveals another form of spatial
inequality. The introduction of AVs affects not only the service quality but also the distri-
bution of the types of vehicles. To increase the utilization of AVs and maximize profit, the

platform prefers to deploy AVs in busier downtown areas. At the same time, human drivers
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have to concentrate on the outskirts or other less dense areas.
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Figure 3.5: An example with two locations M and S, where location M has a more demand
than location S. We use P4 = 1.9, Py = 2,c4 = 0.1,r = 07,7y = 75 = 1, and puy =
30, us = 10,v = 0.5.

In Figure 3.5, we consider an example with two locations M and S, where location M has
more demand than location S (i.e., up7ar > ps7s). Figure 3.5a is the multi-location version
of Figure 3.3: it illustrates Theorem 5 and shows that the low-demand location has a lower
service level and is more negatively affected by the introduction of AVs. Figure 3.5b depicts
the maximum loss of service level for various values of j;, which is the difference between
the service level when there are only HVs in the market (i.e., N4 = 0) and when the service
level reaches the minimum point for some value of N4. We can see that the maximum losses

of the service level at the two locations M and S increase in puy, even if we do not change
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the demand at this location. This is another form of unfairness and coupling between the
two locations. The decrease in service level at the low-demand location is more substantial
if the demand at the high-demand location becomes larger. As the difference in hourly trips
between M and S increases, the platform finds it profitable to dedicate even more of the M
demand to AVs at the expense of the service level of location S. The following proposition

confirms this result.

Proposition 11 (Maximum loss of service level). Suppose that ¢, j are two locations such
that Ng; + Ng; > 0 (e.g., positive supply) for any N4, and that ¢ < j (¢ has higher
demand). Then, the maximum loss of service level is larger at j. Additionally, as u;7; — oo,

the maximum loss at j converges to while the maximum loss at ¢ converges to

o
w7 (p—7)’
Zero.

All in all, the service level in low-demand locations can be severely affected compared to

high-demand locations.

Finally, Figure 3.5¢ shows the number of different vehicles across locations. As AVs enter
the market, they are allocated to the high-demand location, which forces some HVs to leave
both the high and low-demand locations. When N, exceeds some threshold, AVs start to
enter S, and the decline rate of Ny reduces at M but rises at S. The growth rate of Ny
and the exit rate of Ny are always larger in location M than in location S, when AVs are
fully prioritized. This further showcases the spatial inequality effect: the platform prefers to
operate high-demand locations with AVs, which, in turn, relegates HVs to the low-demand,

less profitable, locations.

3.6 Simulation Study

While our queueing model is chosen to be tractable and illustrate important effects, it does
not account for some realistic factors in a ride-sharing market, such as pricing, pick-up times,

and vehicle relocation. In particular, our model assumed that the platform could “assign”
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any vehicle type to any customer, and we did not consider the customer preferences and
sensitivity to prices, waiting time, and vehicle type. To confirm our queueing model findings
in settings that do account for these factors, we develop a ride-hailing simulator using New
York City (NYC) data. The simulation study not only serves as a robustness check for
our theoretical results of the queueing model, but it also reveals additional, more granular,

spatial effects of introducing AVs on service levels.

3.6.1 Simulation Description

We now describe the dataset and the simulation design, emphasizing the extra features that
are missing in the queueing model. Some details are omitted for the sake of brevity, a

complete description is available in Appendix B.3 in the appendix.

3.6.1.1 Data Processing

To estimate the parameters in our model, we use the New York City Open Data platform to
access the historical record of High-Volume For-Hire Vehicle (HVFHV) data.” For each trip
in NYC, this data contains the origin, destination, and request time stamp for Lyft, Uber,
and Via (the three leading ride-hailing platforms in NYC in 2020). For a more balanced
demand distribution across the city (inflow and outflow are similar within zones), we consider
the trip data between 11 AM and 1 PM during workdays in January 2020 (the month
before the coronavirus led to a significant drop in demand), which corresponds to a total
of 1,093,431 recorded trips.® For privacy reasons, the exact origin and destination of each
trip are unavailable, but we have access to their “taxi zones.” NYC is divided into 257

such zones, as illustrated in Figure 3.6. To generate exact locations and travel time, we use

"https://data.cityofnewyork.us/Transportation/2020-High-Volume-FHV-Trip-Records/yrt9-5
8g8, last accessed: 2022-12-08.

8In Section 3.6.1.2, we will discuss how demand imbalance may influence our results.
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OpenStreetMap? to obtain the road network of NYC, which can be visualized in Figure 3.6c.
We assume that each trip starts and ends in a uniformly random intersection from the origin
and destination zone, respectively (c.f. Appendix B.3.1). Figure 3.6a illustrates the demand
density, which is obtained by dividing the hourly trips of a zone by its area,'?. We assume
that the driver pay ratio is v = 75% and we set their reserve earnings to be r = $33 per
hour, which is derived from NYC data as discussed in Appendix B.3 in the appendix.
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Figure 3.6: Inputs to the fleet balancing problem in NYC, for each zone.

3.6.1.2 Simulation

Our simulation shares many features with the queuing model, such as driver earning equi-
librium, commission rate, and a profit-maximizing firm. However, a key distinctive feature
is the incorporation of the dynamic vehicle evolution within a realistic spatial environment.
For each customer taking a ride, we assign a vehicle to pick them up and transport them

along the network to their destination. Subsequently, the vehicle may either remain idle,

Yhttps://osmnx.readthedocs.io/en/stable/, last accessed: 2022-12-08.

10For the airports, we used an estimate of the “driving area” of 1km? rather than counting the full airport
area, because the driving area in an airport is usually much smaller than its actual area
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serve another customer, or reposition. In addition to integrating the spatial dynamics of a
ride-hailing company’s operations, we enrich our model by considering customer sensitivity
to pricing, pickup times and vehicle type, pricing strategies, and vehicle relocation. Next,

we discuss how we incorporate these aspects in the simulator and then its limitations.

Customer’s decision. Mirroring the typical interface of ridesharing platforms providing
multiple transportation options, we assume that a customer facing a decision to travel has
three options: selecting the nearest available HV, selecting the nearest available AV, or
canceling the trip altogether. This choice is determined by a utility model that takes into
account the vehicle type, hourly pricing, travel time from the origin to the destination, and
the estimated time of arrival (ETA). Specifically, for a customer i requesting a trip, the

customer’s utility U; ; when assigned a vehicle j is given by:
Ui £ [ag + 015 an Av — (Pa,iljis an AV + Priliis an nv)| X travel time; + a;ETA, ;

where ag > 0 represents the utility of being transported by an HV (per unit of time), 6
is a correction term if the vehicle is an AV. For example, a positive 0 represents the fact
that passengers prefer AVs to HVs, everything else being equal., P4, and Pp; are the price
rates (to be chosen by the platform) shown for customer i for AVs and HVs, respectively.
Therefore, if AVs are more cost-efficient for the platform, it can choose Py; < P, to
incentivize the passengers to choose this option — the AV prioritization can be achieved
through pricing rather than the direct operational prioritization of the queueing model.
Finally, a; < 0 models the customer’s sensitivity to waiting time before pickup: for example,
even if customers prefer AVs and the AV price is advantageous, they could still prefer to

request an HV if the closest one is much closer than the AV counterpart.

The utility U; ; measures a consumer’s surplus from riding vehicle j in dollars. If the
utility for any available vehicle j is negative, the consumer will cancel the request. If at
least one available vehicle j yields a positive U, ;, the customer will choose the option that
maximizes her utility, which is equivalent to choosing the nearest available AV or HV after

considering pricing and vehicle preferences. The selected vehicle then proceeds to the pickup
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location and transports the customer to her destination. Upon completing the trip, the
vehicle will wait at the destination for the next request or follow a relocation mechanism

that we will describe later.

In our baseline simulation setting, we assume that the customers are indifferent between
AVs and HVs (i.e., 8 = $0/hour), and that the operational cost of AVs is negligible (i.e.,
ca = $0/hour). In addition, we set ay = $80/hour, a; = —$20/hour. These numbers are
chosen such that, in an HV-only market at equilibrium, a firm choosing a uniform price rate
would choose Py; = $75/hour to maximize profit, resulting in an overall service level (the
fraction of fulfilled requests in NYC) of about p = 90%. We will explore the robustness of

our results by varying these parameters in Section 3.6.3.

Pricing and Prioritization. In contrast to the queuing model, in the simulation, cus-
tomers can choose the type of vehicle they want to take, and the platform can only influence
customers’ choices through a pricing policy. Due to the complexity of the system (mixed
fleet and extremely large state space), we limit ourselves to a manageable set of pricing
policies that nonetheless enable the platform to prioritize AVs or HVs and to affect the re-
spective distributions of AVs and HVs in the city. For example, our set of policies allows the
platform to potentially keep the AVs in the high-demand areas (downtown) by preventing
the use of AVs for rides that lead to low-demand areas. Our main limitation is that we
need to run thousands of highly detailed simulations to evaluate HV equilibria, and we chose
the "richest” set of policies that we could still optimize over within less than one month of

computation on a university cluster.

We let the price rate P4, (or Pp ;) offered to customer ¢ to be equal to a base price that
is identical for all the trips, plus an adjustment depending on whether the destination of a
trip is Manhattan (i.e., the area with the highest demand). That is, for any customer 7, the

price rates are

Ptype,i = Ptype,base + 6type(2 X 1destination of i is in Manhattan — 1) typff € {A7 H}
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where Pyype pase is the base price of vehicle-type “type”, dyype is the destination-based adjust-

ment, and 1gestination of i is in Manhattan 1S an indicator function.

This four-parameter (Pa pase, P pase, 04, 0pr) class of pricing policies is rich enough to give
the platform the flexibility to both prioritize and allocate (to a particular region) any specific
type of vehicle. For example, choosing P4 pase < P pase allows the platform to increase the
utilization of AVs by offering a discount. Additionally, choosing d4 < 0 means that the
AV price is increased if the request destination is outside Manhattan and decreased if it is
inside Manhattan. This means that the platform is trying to concentrate the AVs in the
higher-demand areas, incentivizing customers towards AVs if they want to go to or stay
within Manhattan. We solve for a pricing policy through a two-stage grid search: we first
find the best (profit-wise) Pa pase and Py pase assuming d4 = 0 = 0 then fix these base price
rates and optimize d4 and dy in the second search. This is computationally intensive: for
example, given a value of Py pgse, P pase, We run a grid of full platform simulations for various
values of Ny (the number of human drivers). We find the Ny that satisfies the human driver
earning equilibrium (with an average hourly earning r) and evaluate the platform profit for
this one particular simulation. We then repeat this process on a grid of values P4 pgse, P pase
to find the pricing policy that maximizes the equilibrium platform profit. We then repeat

this entire process to learn the destination pricing corrections d4,dg.

Relocation. Without relocation, most drivers would end up in the same area given enough
simulation time, potentially leading to large driver imbalances in the city. To prevent this, we
consider a simple relocation policy that periodically relocates vehicles to maintain a balanced
distribution. Each vehicle has an exponential clock (with a mean of 2 hours). Once the
clock’s time is up, and the vehicle is idle, the vehicle is (instantaneously) relocated to a zone
that is sampled according to the demand distribution. That is, the probability of choosing
the zone is its hourly trips divided by the total hourly trips in the city, and, therefore,
vehicles are more likely to reposition to high-demand locations (Afeche et al., 2023). Then

the vehicle will be relocated to one of the nodes within the zone, which is uniformly selected
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at random. After relocation, a new clock is generated, and the vehicle will restart its work.
This can also be interpreted as drivers leaving the platform after driving for a while and new
drivers becoming available in the city. While we used this simplified relocation policy for
tractability, we checked the robustness of this approach by implementing a state-of-the-art

relocation algorithm in Section 3.6.3.

Limitations. In this simulation study, we account for pricing, customer preferences and
demand patterns, and spatial aspects such as pick-up times, travel times, and relocation.
Most of our choices were meant to implement a model that is as realistic as possible, given
our computation limitations. In each run, the simulation must process approximately one
million requests and track the status of about ten thousand vehicles in the NYC traffic
network with about forty thousand nodes. In addition, we need many runs to find the
equilibrium number of HVs for any choice of pricing policy and to repeat this hundreds of
times to obtain the optimal price rates. While these computational limitations restricted
the set of pricing and relocation policies we could consider, our approach was to provide
the platform with enough differentiated control on the hybrid fleet to be able to observe the
potential spatial inequalities profit maximization would lead to. We provide a more detailed
description of the simulator iterations and the equilibrium and price rate computation in

Appendix B.3.2.

3.6.2 Confirmation of the Queueing Model Insight

The theoretical results and insights from the queueing theoretical model continue to hold in
the more realistic simulated setting. Indeed, when AVs are added to the fleet, the platform
chooses to prioritize AVs (through attractive pricing) and maintain them in high-demand
areas (with destination-based price discounts). As a consequence, HVs leave faster, and
the service level decreases in a way that is not homogeneous across the city. We focus on
showing the consequence of these policies on the service levels, human drivers, and spatial

inequalities.
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Figure 3.7a shows the service level in NYC as a function of the number of autonomous
vehicles, where the service level is defined as the number of served requests divided by the
total number of requests. With 0 AVs, there are 14,000 HVs at equilibrium,'* and the overall
service level is 90.2%, but this number diminishes quickly as more AVs are introduced, forcing
human vehicles out of the market (see Figure 3.7c). At 8,000 AVs, almost all the HVs leave,
and the overall service level reduces to 68.7%. The decrease in service level disproportionately
affects the more remote locations. Times Square loses 8.4% in service level, whereas a more
remote zone like Central Harlem loses 31.1% in service level.'? Figure 3.8a shows a more
detailed view of the service level for each zone of New York City. The spatial inequality of
service level degradation is striking. As confirmed in Figure 3.1, the service level is degraded
by up to 39% in the suburban areas, while the airports and Manhattan maintain a good
service level. Notice that some remote zones in Staten Island have a smaller service level
degradation because their service levels when N4 = 0 are already very low. Their service

levels hardly reduce further since they can often find vehicle supply from other zones.

All numbers correspond to the platform’s profit-maximizing policy given N,4. In partic-
ular, as shown in Figure 3.7d, the platform profit is increasing in N4 despite the negative
consequences of the service level. Indeed, more AVs are always preferable (when considering
N4 exogenous and therefore not including the AV capital cost Cy4), and the degradation in
service levels indicates that the platform is simply willing to serve fewer customers in order

to use higher-margin AVs more.

Another service quality metric that the simulator enables us to measure is the average
time it takes for a vehicle to pick up a customer (i.e., ETA), which we show across NYC

in Figure 3.7b. With 0 AVs, the typical wait time is 1.3 minutes,'® but the average ETA

11We explain how an equilibrium N is found in Appendix B.3.1 in the appendix.

12Note that we selected Times Square and Central Harlem to represent high-demand and low-demand
zones, respectively. Historically, Times Square is at the heart of the busiest area in Manhattan, while
Central Harlem is an under-served area located at the northern boundary of Manhattan.

13These wait times are lower than practice because our travel time estimates are optimistic (see the
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Figure 3.8: Detailed view of the results for each zone in NYC when introducing AVs.

increases quickly as more AVs are introduced. At 8,000 AVs, customers will have to wait
about 3.2 minutes on average before a vehicle arrives. Similar to the spatial inequality of
the service level, the increase in the average ETA is also disproportionately higher in remote
zones, as shown in Figure 3.7b and Figure 3.8b. The average ETA in Times Square only
rises by 0.6 minutes, whereas the average ETA can increase by up to 3 minutes in suburban

areas.

3.6.3 Robustness Check

We now simulate various scenarios with different parameters, including changes in customer
preferences for vehicle types (i.e., #), the operational cost of AVs (i.e., c4), and the pay ratio
(i.e., 7). Our objective is to assess the impact of these adjustments on our main insights.
For each robustness test, we alter only the specific parameter under examination (refer to
the first column in Table 3.1) and maintain the other parameters the same as the baseline
simulation setting. In Table 3.1, we report the service level with N4 = 0 and the service

level change of increasing N4 from 0 to 8,000 in NYC and some specific areas such as Times

appendix).
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Square (TS) and Central Harlem (CH). For a more granular view of these results, we have

included detailed plots in Appendix B.4.1, offering a visual representation of the robustness

checks.
Service level with N4y =0 Service level change with N4 = 8,000
NYC TS CH NYC TS CH
60 —24.0% —12.4% —33.5%
10 —-199% —-7.7% —30.2%
Customer 0 —21.6% —8.4% —31.2%
preferences: 0, ~15.0%  —4.3% —23.7%
—40 —-131% -3.5% —19.8%
90.2% 99.0% 88.6%
—60 +4.4%  +1.1% +8.5%
0 —21.6% —8.4% —31.2%
AV operational 10 —16.5% —5.3% —25.2%
cost €4 40 ~15.8% —5.4% —21.7%
60 +4.0%  +1.0% +7.4%
75% | 90.2%  99.0% 88.6% —21.6% —8.4% —31.2%
Pay ratiory ~ 60% | 81.2% 96.7% 72.5% -102% —5.4% —13.8%
50% | 46.6% 69.4% 43.7% +18.3% +17.2% +10.2%

Table 3.1: The service levels in the robustness tests with different parameters. The first
column indicates the parameter that we change in each robustness test. “NYC” represents
the overall New York city, “T'S” represents “Time Square”, and ”CH” represents “Central

Harlem”.

As we can see, our main insights hold in most of the cases: the introduction of AVs
leads to a decline in service levels, with a pronounced disparity in the impact between high-
demand (TS) and low-demand areas (CH). This decline is more significant when AVs are

more “profitable” (i.e., high v and low c4) or more “attractive” to customers (i.e., high 6).
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Profitability allows the platform to lower AV prices (P,), thereby attracting more customers
to choose AVs. Similarly, a higher customer preference for AVs results in increased AV
usage, even at higher prices. The utilization of AVs is higher in both scenarios, leading to
the exit of HVs and the reduction in service levels. However, we also observed some scenarios
where the introduction of AVs leads to an increase, rather than a decrease, in service levels.
This occurs particularly when AVs are considerably less profitable or attractive compared
to HVs. If v is quite low or ¢4 is high, HVs are comparatively so cheap that the platform
is willing to increase the utilization of HVs instead of AVs. This is consistent with what
we found in Figure 3.3 and Proposition 8. Similarly, if customers have a strong aversion to
AVs (low 0), reducing P4 cannot effectively increase the utilization of AVs. In both of the
cases, the utilization of HVs is higher and the service levels are increased. Nonetheless, as
shown in Appendix B.4.2, the spatial inequality proved in Theorem 5 holds in all the cases,
as we can see that the service levels change more significantly in low-demand areas than in

high-demand areas in general.

We also implement an alternative HV relocation strategy in which we solve a linear
program that finds the relocation of vehicles that optimizes the total revenue of HVs as in-
troduced in Braverman et al. (2019).'* While the alternative relocation method can increase
the total revenue of HVs, the service level still declines and the spatial inequality of the
degradation still exists. Specifically, the overall service level in NYC drops from 89.8% to
70.3%, with Times Square experiencing a decrease from 94.3% to 90.7%, and Central Harlem
from 90.2% to 60.3%.

3.6.4 Other Spatial Effects on Service Level

The simulation validates our analysis in Section 3.4 and Section 3.5, but it also uncovers

more granular effects on service levels. In this subsection, we discuss two additional effects

14 A comprehensive explanation is available in Appendix B.3.
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and complement our understanding of how and why the introduction of AVs may affect

service levels.

Distance between zones. When a high-demand zone and a low-demand zone are close,
their service quality will interact. The low-demand zone can benefit from the supply in the
high-demand zone, while the high-demand zone will be harmed due to the loss of supply for
serving requests in the low-demand zone. For instance, as shown in Figure 3.6a, the Upper
East Side (north) in Upper Manhattan is a high-demand zone with a demand of 278 trips
per km?, while Alphabet City in Midtown Manhattan has a relatively lower demand with
a density of only about 113 hourly trips per km?. However, the service level is reduced by
18.9% in Alphabet City, whereas the service level degradation is 24.4% in the Upper East
Side (north), as shown in Figure 3.1. Because Alphabet City is close to more high-demand
zones in Midtown Manhattan, the requests originating from Alphabet City can be timely
fulfilled by the supply in its nearby zones. In contrast, the Upper East Side (north) is far
from the most high-demand zones in Midtown and Downtown Manhattan and closer to the
low-demand zones in the north. Vehicles in the Upper East Side (north) may be dispatched

to serve the requests in the nearby low-demand zones, reducing its service level.

Demand imbalance. Demand imbalance, defined as the density of demand arriving in
a zone (i.e., incoming trips) minus the density of demand leaving that zone (i.e., outgoing
trips), can also influence the spatial inequality of service level. When the incoming trips are
more than the outgoing trips in a zone (e.g., business areas during the morning rush hour),
this zone is oversupplied and has a higher service level because more vehicles with riders
are arriving there, but fewer riders want to leave there. Similarly, when the outgoing trips
are more than the incoming trips in a zone (e.g., residential areas during the morning rush
hour), the zone is undersupplied, and riders can hardly find an available vehicle. To see
this, we repeated the experiment with another dataset for the morning rush hour (7 AM -
9 AM) during the workdays in January 2020. The results are shown in Figure 3.9. We can

see that the demand distribution during the morning is similar to that during the middle
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Figure 3.9: To show the effect of demand imbalance on service levels, we repeated the
experiment by using the dataset for the morning rush hour (7 AM - 9 AM) during the
workdays in January 2020.

of the day, where Manhattan and the airports have the highest demand density. However,
compared with Figure 3.6b, Figure 3.9b shows the demand is much more imbalanced during
the morning because many requests are from residential to business areas. For example, as
shown in Figure 3.9b, the business areas such as the financial district, the Midtown, and the
north of Queens borough have more incoming than outgoing trips. As a result, for these
areas, the service levels shown in Figure 3.9c are higher than the service levels shown in

Figure 3.8a.

3.7 Conclusion

We model a ride-hailing mixed fleet management problem in the presence of AVs using a
queueing model. Specifically, a profit-maximizing platform chooses how to serve requests
and maximize its profit through its fleet of AVs and HVs, while human drivers decide to join
the platform based on their equilibrium earnings. This model is simple enough to derive the

platform’s optimal dispatch policy yet still rich enough to illustrate the critical interaction
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of dispatch policies, driver wage equilibrium, and geospatial service levels.

We derive two main insights from this model. First, we reveal that introducing AVs may
lead to decreased service levels (which can be interpreted as a measure of service reliability in
the ride-hailing market). We explain that when the pay ratio is not too small, the platform
chooses a profit-maximizing policy that prioritizes AVs, decreasing HV revenue and driving
them out of the market. More HVs leave than AVs are added, which lowers the total supply
and the service level. Prioritizing AVs is optimal because serving a ride with an AV has a
higher profit margin, and the corresponding added profit because of prioritization is worth
the loss of demand and revenue due to the decreased total supply. Second, we show that
the service level deterioration may be particularly severe at remote or low-demand locations.
Indeed, it is also profit-maximizing for the platform to concentrate its AVs on high-demand
areas. This leaves HVs in charge of the low-demand areas, but HVs are also leaving the

market, which particularly negatively affects the low-demand area service level.

These findings are confirmed in a highly detailed large-scale simulation in New York City;,
which corresponds to a much more realistic setting. We also show that our results are robust
to a variety of settings and passenger preferences. Intuitively, the loss of service level and its
spatial imbalance are a first-order consequence of three factors: (a) the platform maximizes
profit, (¢) AVs have a higher profit margin per ride than HVs, and (c¢) the platform is able
to prioritize the use of AVs (through direct control or incentives). This is why we expect
our findings to be robust to a variety of settings that we have not necessarily explored and
could potentially even occur if the AVs and HVs are operated by different platforms, as the
AV platform should still concentrate their vehicles in higher demand areas and use its profit
advantage to cannibalize demand from the HV platform and push human drivers to lower

demand areas.

We hope this work sheds on the perhaps counter-intuitive effects of the rise of AV fleets

and helps foreshadow and prevent its potentially mixed impact on on-demand transportation.
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CHAPTER 4

Supply Prioritization in Hybrid Marketplaces

4.1 Introduction

The growth of the gig economy and the rise of labor marketplaces have enabled many in-
dustries to use independent contractors instead of traditional employee workforces. The
question of worker categorization is particularly relevant for ridesharing platforms. Recent
debates demonstrate that some drivers prefer the flexibility of contractor models, whereas
others would prefer to become employees (Solis, 2021). Interestingly, the two models can be
combined, and companies can use hybrid workforces, a mix of employees and contractors.
For instance, e-commerce companies such as Amazon use a combination of traditionally em-
ployed delivery drivers with crowdsourced alternatives, allowing them to expand their logis-
tics network and lower costs (Dolan, 2022). A survey conducted by Harvard Business School
and Boston Consulting Group reports that almost 90% of business leaders consider digital
technology platforms and using a hybrid workforce as imperative tools for their competitive
advantage (Fuller et al., 2020). The use of contractors to supplement existing employees has
also become particularly attractive during the COVID-19 pandemic: workers value flexible
schedules, and firms face increasingly erratic demand patterns (Fuller et al. (2020), Ogg
(2021)).

The use of hybrid workforces is not limited to employee/contractor models, however. For
example, consider the case of the deployment of autonomous vehicles (AVs). Advantages of

AVs include a substantial decrease in operating cost per mile (Hazan et al. (2016), Fagnant
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and Kockelman (2018), Litman (2023)) and improved reliability stemming from complete
control of the vehicle. The latent potential of this new technology has led several ride-hailing
platforms such as Lyft and Uber (Uber (2016), Lyft (2024)), but also others such as Google
and Amazon, to invest in self-driving cars (Dave and Jin (2021), Hawkins (2021)). Some
ride-hailing platforms, such as Lyft (Lyft, 2021), anticipate that they will need to operate a

mixed fleet, combining autonomous vehicles with a human driver contractor marketplace.

Regardless of the specific context, there are commonalities that are fundamental to hybrid
marketplaces. The acquisition and operation of autonomous vehicles is not unlike hiring
employees. A firm commits and economically sustains a staffing level of private agents (e.g.,
the number of autonomous vehicles or employees) regardless of the actual revenue generated
by these workers. A firm can also source its supply from flexible agents or contractors who
are self-scheduled, can freely join the platform, and are paid based on the amount of work
or service they deliver. In the case of platforms, typically, the firm takes a commission
and must ensure that these workers are incentivized to join the market. While flexible and
private supply agents have intrinsic differences, their presence is a general feature of hybrid
marketplaces. This is true for a wide range of applications, including ride-hailing, freelance

labor marketplaces, food delivery services, or short-term home rental services like AirBnB.

While these two types of supply have different economic structures that may make the
operations of a hybrid workforce advantageous (Lobel et al., 2024), a hybrid workforce is
not without its challenges. A firm can set its level of private supply precisely, but this
represents a significant commitment as hiring or purchasing decisions have high fixed costs
and lead time. The firm does not directly set the flexible supply, but it must incentivize
flexible supply agents to join the marketplace through proper incentives. The hourly cost
is another source of distinction. In some settings, the hourly costs of private supply can
be higher than the typical hourly flexible supply earnings. For example, Uber estimates
that classifying its workers as employees would increase costs significantly (Khosrowshahi,

2020). In other situations, private supply can be less expensive. For example, the capital
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and variable hourly costs of autonomous vehicles are expected to be less expensive than the
typical hourly earnings of human drivers (Fagnant and Kockelman (2018), Litman (2023)).
The firm thus faces a complex management problem characterized by the interplay between
different economic incentives and cost structures: Giving priority to the flexible supply can
incentivize a desired staffing level, but this might be too costly. Prioritizing the private
supply might lower the firm’s costs, but it can reduce the overall supply. Not acknowledging
this interplay and ignoring the fundamental differences between the different kinds of supply
agents can lead to marketplaces that are chronically over- or under-supplied, thus hurting

the firm’s profitability.

In this work, we consider a profit-maximizing firm that has access to both private and
flexible supply. The firm considers the advantages and limitations of its supply alternatives
to make two crucial decisions: staffing and supply management. The firm must decide the
supply mix (staffing): should it operate both types of supply, or only one? How many private
supply agents should the firm hire? Given the presence of both private and flexible supply,
the firm must make decisions (e.g., pricing and matching) that affect the revenue generated
by each supply type (supply management): should the firm treat them differently or equally?
In the context of ride-hailing, should the firm use pricing and dynamic matching policies that
treat employees and contractors differently? For example, given that employees are a “sunk
cost,” the firm may want to prioritize them when possible instead of paying for contractor
work. However, this choice is not evident as prioritization typically introduces inefficiencies
in the marketplace. In ride-hailing, it may lead to higher wait times for the customers, as a
policy that prioritizes employees could favor dispatching an employee even if they are not the
closest available driver. Additionally, de-prioritizing contractors may lower the number of
contractors willing to join the marketplace. Therefore, the management of hybrid workforces

may necessitate a change in the traditional management of marketplaces and companies.

We aim to answer these questions and elucidate the complex interactions between mar-

ketplace staffing and supply management policies. While hybrid marketplaces present unique
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challenges, we will show that there is a general, tractable structure to this problem. Based
on the characteristics of the firm, we will be able to quantify the advantage of managing a
hybrid workforce, and in particular to show the key role of supply prioritization in hybrid

marketplaces.

In our model, the firm first makes its staffing decision, i.e., determines the amount of
private supply it needs and whether it should also use flexible supply. It also sets its policies:
all the rules, processes, and algorithms that link available supply to expected revenue, such
as pricing and online matching policies in a ride-hailing application. These policies may
consider the type of supply available and even prioritize one supply type in some way, such
as giving private agents more work. The firm also sets its commission rate—the fraction of
revenue it will take from its flexible agents. Based on these first-stage decisions, the flexible
agents join the marketplace by gauging their earnings from joining (based on the pay ratio)
against an outside option. Therefore the firm can optimize the level of private supply, but

flexible supply is set in equilibrium.

4.1.1 Main Contributions

A general axiomatic approach. We develop a general modeling framework that captures
a wide range of applications and firms’ decisions. A main challenge is that every market
has its own set of unique characteristics and policies available to firms. This can render
the study of supply prioritization policies highly dependent on a given application. For
example, such policies would correspond to the choice of pricing and dispatch algorithms in
ridesharing or the way properties are listed and presented to customers in AirBnB. Modeling
a firm’s operations explicitly (for example, with a queueing model) is typical in the literature
but it makes results and insights application-dependent. Instead, we focus on macro-level
quantities implied by the firm’s operations and implemented policies. We study how the firm
staffs and prioritizes its supply agents, not by analyzing specific policies but by assessing

the revenue achieved by the different supply types. We introduce various realistic axioms on
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the behavior of the achievable revenues, and prove general results that lead to managerial
implications that seem to be fundamental for hybrid marketplaces. A critical insight is that
complex supply management policies can be modeled generally by focusing on the outcome

they induce on the macro-level quantities rather than the details of their implementation.

Optimal staffing decistons. One of our main contributions is to characterize the optimal
staffing decisions of the firm. The firm needs to choose its most profitable option: being
a traditional flexible-only marketplace, investing in private supply and operating a hybrid
marketplace, or using private supply only. The most simple case is when private supply is
cheap, specifically when the hourly cost of private supply is lower than the flexible supply
reserve wage (their best outside option). In that case, it is optimal for the firm to operate
private supply only. If private supply is expensive, the optimal staffing policy depends on
how precisely the firm can control its flexible supply marketplace. The firm should stay
flexible-only if it can precisely set its commission rate so that the flexible supply level is
optimal for the market—mneither over-supplied nor under-supplied. These two first cases are
reassuring as they correspond to the most common staffing models (hybrid staffing is still
rare in practice). However, most marketplaces rarely adapt their commission rate to current
supply conditions. Uber and Lyft are chronically over-supplied or under-supplied as the
flexible supply best outside option can change over time. The platforms cannot adapt their
commission fast enough to compensate. In that case, we show that hybrid marketplaces may
be optimal, even if private supply is expensive. We show that three factors contribute to mak-
ing hybrid marketplaces particularly advantageous: (a) a moderate cost of private supply,
(b) the imbalance of the flexible supply market (e.g., significantly over-supplied or under-
supplied), and (c¢) the access to complex supply management policies that can significantly
prioritize supply. As discussed below, our central insight is that this last condition—access

to supply prioritization—is crucial for the viability of a hybrid marketplace.

The key role of prioritization policies. Being able to prioritize one supply type is es-

sential for hybrid supply to be optimal. We present a complete characterization of “equal-
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treatment” policies, e.g., policies that do not prioritize one type of supply over the other.
These results show that a hybrid supply staffing strategy cannot be optimal without prior-
itization. Nonetheless, a firm using prioritization strategies has to balance complex effects.
Suppose that a firm chooses to invest in expensive private agents. It can then try to pri-
oritize them to increase their productivity and make this investment worthwhile. However,
this would come at the expense of flexible supply, reducing their earnings. Flexible supply
would then exit the market, impacting the potential revenue that the firm can achieve and
potentially erasing the positive effect of prioritizing private supply. A surprising reverse
strategy can also work: the firm could decide to de-prioritize the expensive private supply
to increase the revenue of flexible supply. This approach may seem questionable as private
supply would have low productivity, but the added flexible supply revenue could grow the
amount of flexible supply available in equilibrium. Actually, if demand is elastic enough to
the availability of supply, this may trigger a positive “snowball effect”. The extra flexible
supply revenue from prioritization leads to an increased flexible supply, leading to a further
increase in demand/revenue, leading to a further increase in flexible supply. Therefore, at
equilibrium, a small amount of flexible supply prioritization can potentially add a lot of flex-
ible supply and revenue to the market. This effect can be strong enough to compensate for
the low productivity of the private supply and therefore increase profit overall. We confirm
this intuition with a sharp result. In a hybrid marketplace, if the flexible supply market
is “over-supplied” (even slightly), then it is always optimal to use strategies that prioritize
private supply. Conversely, if the flexible supply market is “under-supplied”, it is optimal to

prioritize flexible supply.

The limitations of prioritization. Even if prioritization strategies are optimal when both
private and flexible supply is present, it is not clear whether it is worth it for the firm to
pay for the expensive private supply. For hybrid staffing to be optimal, the increase in profit
from prioritization needs to be high enough to compensate for the private supply costs.

Two limitations of prioritization strategies can prevent this from being the case. First, we
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show that the only way prioritization policies can increase profit significantly is if the flexible
supply market is not too close to being perfectly balanced. That is, the flexible market needs
to be over-supplied or under-supplied enough for hybrid supply to be optimal. Second, using
prioritization policies also introduces inefficiencies in the marketplace. Consider the example
of the prioritization of autonomous vehicles in ride sharing. A ride request may have a human
driver nearby (flexible supply). However, the platform may instead choose to assign a further
away autonomous vehicle if it is trying to prioritize these vehicles. This increase in wait time
would increase the probability of customer cancellation and, therefore, reduce the expected
revenue that the firm would obtain from this match. We confirm this intuition by showing
that prioritization policies may introduce inefficiencies that can reduce the expected revenue
of the firm. Our final theorem quantifies these effects and establishes the conditions for the
optimality of a hybrid marketplace: the firm needs to be able to prioritize supply enough,
with a low enough level of prioritization inefficiency, and a flexible supply market that is

imbalanced enough.

The remainder of this chapter is organized as follows. In Section 4.1.2, we review the
related literature. In Section 4.2, we present our axiomatic framework with minimal assump-
tions for a hybrid marketplace. In Section 4.3, the equal treatment policies are characterized
and utilized as a foundation to analyze the more complex prioritization policies. We dis-
cuss the optimality of prioritization given constant private supply in Section 4.4. And in
Section 4.5, we show that a hybrid marketplace may be optimal only with a prioritization

policy. We conclude in Section 4.6.

4.1.2 Related Literature

Blended workforce literature. Our work is related to the emerging literature on blended
workforce in the gig economy. Dong and Ibrahim (2020) study a cost-minimizing staffing
problem where the manager has to decide how many full-time employees and flexible con-

tractors to staff in order to balance operating costs, varying demand patterns, and supply
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uncertainty. They derive staffing policies based on fluid and stochastic formulations within
a queueing framework. Lobel et al. (2024) investigate how the firm should staff its oper-
ations with employees and contractors with unknown demand distribution. The authors
consider two scenarios where the company may or may not adjust the contractor wage after
observing the state of the world. They show that contractors’ flexibility can help the firm
choose the optimal contractor utilization despite demand uncertainty. In this sense, using
employees can perform arbitrarily worse than using contractors. He and Goh (2022) use a
model of last-mile parcel delivery to elucidate how the demand should be allocated between
employees and freelancers. They illustrate that the influence of acquiring freelancers on the
system’s profit depends on the mean and variance of the cross-network effect, which depicts
how demand increases with the size of the freelancers pool. Chakravarty (2021) studies a
ride-hailing platform with blended driver capacity and compares two particular forms of
demand rationing: preferential rationing and driver-agnostic rationing. In addition, some
other studies also examine how to minimize production costs with mixed labor force available

(e.g., Kesavan et al. (2014) and Bhandari et al. (2008)).

Additionally, Hu et al. (2023) develop a queueing model to investigate the question
of whether long-term workers in a gig economy can benefit from being reclassified. The
authors point out that undercutting and overjoining are two fundamental issues when all
the workers have the same classification. To offset these issues, they propose a hybrid
mode with a discriminatory scheme where long term workers are prioritized over ad hoc
workers. In contrast, we focus on supply prioritization itself and study optimal prioritization
strategies. Krishnan et al. (2022) is the only paper that, to our knowledge, studies an
actual implementation of a blended workforce using prioritization. This work describes
how the ridesharing firm Lyft separates the drivers into “priority drivers,” prioritized by
the matching system to have higher earnings, and regular “flexible drivers.” While the
priority drivers are not precisely “private” agents, this paper shares similarities with our

work. It gives a compelling practical example of the tradeoffs of prioritization, with its
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revenue inefficiencies and interaction with flexible supply equilibrium. Our work generally
contributes to this burgeoning literature by proposing a more general model which allows for
any form of prioritization and unspecified operational decisions. We are the first to describe
the joint optimal staffing and operational policy decisions in this broad context. Our general
setting enables us to achieve a broad understanding of the interactions between the firm’s

supply management policies and the state of its flexible supply market.

Self-scheduling capacity literature. More broadly, our work relates to the literature on
self-scheduling capacity, as our flexible supply agents are self-scheduled and join the firm
based on their equilibrium earnings. Gurvich et al. (2019) study the capacity management
of a ride-hailing market with self-scheduling drivers. They illustrate that the firm may
incur extra costs and the customers may receive less service as a result of self-scheduling.
Cachon et al. (2017) discuss different pricing schemes with self-scheduling providers and
uncertain demand. They show that surge pricing can benefit all the stakeholders with self-
scheduling capacity. Cachon et al. (2021) investigates how online service platforms should
choose between the centralized and decentralized control of price. The authors find that
under a simple commission structure, this decision relies on the competition among the
servers and how much servers value setting prices independently. Ibrahim (2018) considers
a staffing queueing problem with a random number of servers and impatient customers.
It proposes making delay announcements to control customer abandonment behavior and
mitigate the cost due to the uncertainty of servers. In the paper of Afeche et al. (2023), the
authors study a ride-sharing problem of matching riders with self-scheduling drivers by using
a game-theoretic fluid model. They point out that despite excess supply, it may be optimal
for the company to reject requests at a low-demand location to induce repositioning to a
high-demand location. Taylor (2018) adopts a queueing system to analyze how the delay
sensitivity and agent independence affect the optimal price and wage of the firm. The paper
of Benjaafar et al. (2022) examines how the labor welfare is influenced when firms expand

the labor pool and impose a wage floor. And Hu and Zhou (2020) discusses the performance
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of a fixed commission contract with respect to demand and supply elasticity. Our study uses
the concept of self-scheduling capacity through the notion of flexible supply equilibrium.
However, we also incorporate private agents, and focus on the interaction between them and

the resulting prioritization implications. a

4.2 Model

We consider a firm that uses two types of supply to generate revenue. Private supply is fully
controlled by the firm, while flexible supply must be secured through proper incentives. Our
goal is to understand how a profit-maximizing firm should choose its supply mix and how it
should use these two types of supply to generate revenue. For example, the firm could use
supply management policies that prioritize the use of its private or flexible supply. In order
to capture a wide variety of realistic settings, we study these questions in the context of an

axiomatic framework with minimal assumptions.

We consider the firm’s operations over a relatively long time-frame (e.g., a year). Nonethe-
less, this duration is short enough for the labor market conditions to be considered stationary.
Specifically, the cost of private supply and the equilibrium earnings of flexible supply will
be assumed stationary, as discussed later. At the beginning of the time-frame, the firm
chooses how to operate its supply. The firm can choose any feasible operational policy that
it can implement and influence how its supply generates revenue. For example, a ride-hailing
platform can choose the ride pricing policy, the dynamic matching algorithm that matches
drivers with requests, or even its routing suggestions to the available drivers. Additionally,
the firm decides how much to invest in its private supply (e.g., how many employees to
hire or autonomous vehicles to invest in). The firm wants to find the decisions that will
maximize its expected earnings for the time-frame, considering that the customers and the
flexible supply will react to its decisions. To model this choice, we will focus on macro-level

quantities such as the expected profit/revenue of the firm or the number of supply-hours
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over the time-frame.

Supply. Let Nr and Np be the total expected number of available hours of flexible and
private supply over the time horizon, including both the idle hours and the hours when they
serve customers. In particular, Np represents the available hours during which flexible supply
agents are willing to work for the firm — as we explain below, N is endogenous and decided
by flexible agents in equilibrium. The firm can control Nz indirectly via incentives such as
its compensation policy. Np represents the available hours of the private supply. Np is either
optimally selected by the firm at the beginning of the time period, or may be exogenously
given (for example, a ride-hailing company may already own a fleet of autonomous vehicles).
In particular, the expected supply-hours Np and Nrp may be arbitrarily distributed over the
time horizon based on the scheduling decisions of the firm, and the self-scheduling choices

of flexible supply.

Policies and revenue. The firm manages revenue and supply using various operational
decisions and algorithms, such as matching, pricing, and routing in the context of ride-
hailing. We will refer to these choices as the policy of the firm. Let m € II be the policy
chosen by the firm, where II is the set of all policies that the firm can choose from to use
over the time horizon. We note that II is general, and may contain any complex policy
that this specific firm can use within its technological limits. Over the time horizon, the
firm will generate an expected revenue, which we assume can be attributed to its two types
of supply: Rp, Rp are the expected revenue earned because of private and flexible supply,
respectively, and Rp + Rp is the total revenue of the firm. For example, in ride-hailing,
these revenues would correspond to the expected sum of the prices customers are paying for
being served by either supply source. This revenue varies with the choice of policy 7 and
the available supply; we use the notation RT(Np, Np) and R} (Np, Np) to highlight this
dependence. Intuitively, given fixed (Np, Nr), a pricing strategy may increase or decrease
both Rp, Rr depending on the demand response. We do not explicitly model the variety of

specific operational policies or the demand response to these policies. Instead, we encode
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their implied outcomes in the revenue functions, R%.(Np, Ng) and RE(Np, Ng). Note that
Rp and Rp are typically not “independent”: for example, if a ride-hailing firm chooses a
matching strategy that prioritizes private agents at the expense of flexible agents, this would

increase Rp and decrease Rp.

These functions must satisfy some natural properties. First, if one supply type is un-
available, there should be no corresponding revenue. Second, the total revenue the firm can
garner is upper bounded. Indeed, the maximum willingness to pay for service in a given
time horizon is trivially upper-bounded, no matter how perfect the service is or how large
is the available supply. Formally, there exists M > 0 such that for any policy = € II and

Np, Nr > 0 the firm’s revenue functions verify:

Rp(0,Np) =0 and Rjp(Np,0)=0; and Rp(Np,Ng)+ Rp(Np, Np) < M.

Flexible supply equilibrium. As with many service firms (e.g., ride-hailing or food de-
livery), we assume that the revenue from the service provided by a flexible agent is shared
between the firm and the agent, with a pay ratio v > 0 (e.g., 1 — v is the commission rate
of the firm). The flexible supply agents’ total expected earnings over the time horizon are
vRp, and the firm’s share is (1 —v)Rp. Note that we allow v > 1, which would correspond

to subsidizing this supply source. We can now define the average hourly earnings of flexible

supply as:

. RE(Np,Nr)
N

if Np > 0;

0 if Np = 0.
Following the empirical work of Hall et al. (2021), we assume that the flexible supply market
is very elastic, that flexible supply decides to enter and exit the market based on its average
earnings. Formally, let » > 0 be the reserve earnings of flexible agents for the time horizon,
i.e., what they could make per hour not working for the firm. Suppose that Np > 0 then

flexible supply average hourly earning within the system is yRpr/Npg (where Rp is a notation

shortcut for REL.(Np, Np)) If yRp/Npr < r, some flexible agents working for the firm are
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not making enough. These agents would spend less time working for the firm or even not
work at all and, therefore, Np would decrease until r < yRp/Np, or Np = 0. Conversely,
if r < yRp/Np, more flexible agents would be willing to work for the firm, and yRr/Np

would decrease until r > yRpr/Npg. Therefore, in equilibrium, Ng must be verify:

Any Np satisfying the equation above is an equilibrium.!

Given Np,v and 7, we use
E™(Np,v) to denote the set of possible equilibria i.e., solutions to eq. (4.1). Note that
Hall et al. (2021) finds that flexible supply takes several weeks to reach an equilibrium in
ride-hailing. As we are assuming that flexible supply is in equilibrium, we need our time

horizon to be large enough for flexible supply to react to the firm’s decisions, yet small

enough for r to be considered constant.

Profit Maximization. The firm wants to maximize its profit over the time horizon. As
mentioned above, the firm keeps (1 —v)Rp from the total revenue generated by the flexible
supply. In the meantime, the firm keeps the totality of its private supply revenue; however,
we assume that each private supply hour costs Cp > 0 to the firm. This cost may represent
fixed or amortized capital costs (e.g., if private supply represents autonomous vehicles in
ride-hailing) and variable costs associated with this source of supply (e.g., employees’ hourly

pay if private supply represents employee hours).

Given the above, the firm first chooses Np,~ and 7, and then flexible supply reacts in
equilibrium by setting Ng € £7(Np, ). The firm anticipates the flexible supply equilibrium

and chooses a policy that maximizes its profit:

max R}(NP, NF) + (1 — ’}/)R;(Np, NF) — CPNP, s.t NF S SW(NP,’)/). (42)

7€lly>0,Np>0
In Problem (4.2) the firm can completely control all the levers at its disposal, i.e., the policy,

the flexible supply hours, and the pay ratio. However, it is not evident that the firm can

!Formally, an equilibrium satisfies: Np >0 = yR%(Np, Nr) = rNg. In our setting, this is equivalent
to eq. (4.1).
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perfectly set Np and +y, depending on the setting of interest. This work will study (4.2) when

Np and vy are either optimized or exogenous, for the reasons described below.

Choice of Np Recall that Np is the available hours of private supply agents. Assuming
that the firm can optimize Np is a good model if the time horizon is long enough for the firm
to change its staffing strategy entirely. As discussed previously, the horizon is typically long
if C), and r are relatively stationary compared to the time for the firm to adapt its private
supply staffing. Nonetheless, there are settings where it is slow to change private supply or
when C), and r change quickly. For example, hiring and firing employees can be slow, and in
our example of autonomous vehicles in ride-hailing, firms may build an autonomous vehicle
fleet slowly over time (Litman (2023)). Additionally, C, and r have also changed quickly
during the Covid-19 pandemic, and ride-hailing platforms suddenly experienced a severe lack
of supply. In these settings with a shorter time horizon or fixed private supply, considering
that IV, is fixed and exogenous is a preferable model: the firm enters the time period with
a certain number of private supply hours available. The question is how to use it best to
maximize profit. Consequently, we will study both the fixed and optimal Np cases, as we

believe they offer complementary insights.

Choice of v We have a similar modeling issue with the choice of the flexible supply pay
ratio v, or equivalently the firm’s commission rate 1 —~. Indeed, it can often be challenging
for a marketplace to update its pay ratio, especially in a competitive landscape. For example,
in the ride-hailing industry, the pay ratio is usually set between 75% and 85%?2. This pay ratio
did not change during the Covid-19 pandemic despite essential changes in the supply market.
Therefore, it may be preferable to consider that v is fixed and exogenous. Additionally, we
will show in the study that the ability to set an optimal v is equivalent to the ability to set
the optimal flexible supply amount in the market. However, marketplaces often go through
long-term over-supplied or under-supplied conditions, suggesting that modeling v as optimal

may not be a realistic model. Nonetheless, the case where v is set optimally by the firm is

2https://ride.guru/content/resources/driver-payout-take-home.
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also crucial to understanding longer-term horizons. We will, therefore, study both the fixed

and optimal 7 cases, as we believe they also offer complementary insights.

4.2.1 Problem Reformulation Via the Achievable Revenues Set

The profit maximization Problem (4.2) is not particularly easy to manipulate as the set
of policies II is a rather abstract object. Instead, we will prove that a more manageable
formulation that only involves interpretable quantities is equivalent. This reformulation
optimizes over the space achievable revenue outcomes of the policies rather than the space

of policies themselves.

For all supply hours pairs Np, N , we define the achievable revenues set:
AR(Np, Nr) £ {(Rp, Rp) € R* : 37 € T, Rp = REp(Np, Np), Rp = Rip(Np, Nr)}.

That is, AR(Np, Nr) is the set of all the revenue pairs that are achievable by policies in
I1, given that the available supply hours are Np and Np. With some abuse of terminology,
we will refer to the elements of the achievable revenues set as policies. For fixed v > 0, and

Np > 0, remember that the firm profit maximization problem (4.2) is:
I?Eal_}[(Rg(Np, NF) + (1 — ’)/)R}(Np, NF) — CPNP, s.t NF € SW(NP,’}/). (2’)
We can now recast Problem (4.2) in terms of Rp, Rp and Np.

Lemma 3 (Problem Reformulation). Problem (2’) is equivalent to the following optimization

problem:

max Rp—l—(l—’y)RF—Cpr
Rp,Rp,NF

s.t. TNF = ’}/RF, (43)

(Rp, Rp) € AR(Np, Np).

All the proofs of the study are available in the appendix. The lemma establishes that any

optimal policy in Problem (2’) corresponds to an optimal set of supply hours and revenues
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Rp, Rp, N in Problem (4.3). Conversely, given any optimal solution of Problem (4.3), we
can reconstruct another solution that is feasible and optimal in Problem (2’). An immediate
corollary of Lemma 3 is that the reformulation also works if the firm optimizes over v and Np.
This reformulation will be the focus of the rest of the study, as it dramatically simplifies the
optimization problem. It reduces the dimensionality of the problem, from the more abstract
space of policies II to R? ; and the objective function is a simple linear combination of the
three variables. However, note that the achievable revenues sets AR(Np, Nr) now hide most
of the complexity of the problem as they are equivalent to a general constraint on the feasible
space. Nevertheless, we will impose natural structural properties on AR(Np, Nr), allowing

us to characterize the solutions of Problem (4.3).

A first structural property that we will impose on the achievable revenues set, and perhaps
the most crucial assumption of this study, is its symmetry. We first present the assumption
in formal terms and then describe its justification. We will assume that the two supply types
are symmetric in how the firm can use them to generate revenue. Any total revenue Rp+ Rp
that is feasible for a firm when it has some supply Np, N available can also be achieved
with only one type of supply or any other supply mix, but the same total number of supply
hours. To formalize this, we first define AR(N) to be the set of achievable revenues of a

“single-type” policy only using flexible supply for any N > 0:
VN >0, AR(N) £ {Rp|(0,Rp) € AR(0,N)}.
Then the symmetry condition can be stated as follows.

Assumption 1 (Symmetry of supply types). The feasible total revenues that the firm can

achieve is a function of the total supply hours available. It is independent of supply mix.

YNp, Ny >0, {Rp + Rp|(Rp, Rr) € AR(Np, Np)} = AR(Np + Np).

This leads to a much more intuitive definition of AR(N)3: it is the set of achievable total

revenue with NV total supply hours, regardless of the supply mix.

3Note that AR(N) and AR(Np, Nr) are different.
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This assumption is particularly strong; we discuss next that it holds when there is no
fundamental operational difference between the two types of supply, except for their staffing
mechanism: they are “symmetric”. A simple way of understanding what we mean by sym-
metry is to compare two situations. (i) One in which the firm has access to Np and Np
supply hours from each type, and (ii) another with the same total supply hours but only
flexible agents, that is, Np = 0 and N = Np + Np. Consider a given policy in situation
(i) with corresponding average revenues Rp and Rp, and total revenue given by Rp + Rp.
If the two types of supply are operationally equivalent (e.g., customers are indifferent to
the supply type, the supply agents work with the same efficiency, etc.), then the firm can
actually replicate this policy in situation (i) with only flexible supply. Indeed, even if
only flexible supply is available, the firm can randomly pretend that some flexible agents are
instead private and use the previous policy. Because the agents are operationally equivalent,
this new policy will achieve the same total revenue R} = Rp + Rp. Similarly, given a policy
in situation (ii), the firm can replicate it in the mixed-supply world by simply ignoring
the type of supply and applying the same policy. Therefore, if we suppose that the supply
types are “symmetric”, Assumption 1 must be true, and this is the intuition behind the

assumption.

This symmetry assumption is often not exactly true in practice. In ride-hailing, riders
may be reluctant to use autonomous vehicles, and autonomous vehicles may only be able to
operate in some areas of a city. In that case, the two types of supply are not symmetric,
and the firm would not be able to achieve the same revenue with autonomous vehicles as
it achieves with human drivers. Or on the contrary, a firm using employees may have more
control over their work hours than a firm using self-scheduled contractors. This increased
control could make employees more efficient and generate more revenues than contractors.
However, all of these asymmetric effects are application specific. Using the strong Assump-
tion 1, we can isolate the effect of the staffing and control policies of the supply type from

the inherent application-dependent superiority of one type of supply. Assuming that agents
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are interchangeable, we exclude such external factors to focus on the main intuition behind
the optimal staffing and control of private and flexible supply. Nonetheless, it is easy to
model specific situations with supply asymmetry using the tools of this study, as we show
in Appendix C.6 of the Appendix where we study a special case and show that most of the

results and insights of the study still hold in that case.

4.2.2 Definition of Equal Treatment and Prioritization Policies

Now that our model and main assumption are defined, we are going to partition the firm
policies into three categories: private supply prioritization, flexible supply prioritization
and equal treatment. Because our reformulation focuses on achievable outcomes, we will not
directly describe what it means for a policy to prioritize a supply type. Instead, we will define
prioritization based on a policy’s impact on the two supply-type expected hourly revenue.
The firm prioritizes private supply if the chosen policy leads to a higher expected revenue per
supply hour Rp/Np than flexible supply, and flexible supply prioritization happens if Rr/Ng
is higher. There are many realistic settings where a firm can easily prioritize one type of
supply: for example, a ride-sharing matching policy can easily match to private agents first,
and Krishnan et al. (2022) describe a practical implementation. Naturally, prioritization
has a counterpart: equal treatment. A policy that satisfies equal treatment leads to the
same average hourly revenue for both types of supply (when the flexible supply is in the
market). This definition works well when the two types of supply are present (Ng, Np > 0),
but the special case Nr = 0 needs a little more care, as described in our formal definition of

prioritization:

Definition 2 (Prioritization and Equal treatment). For Np > 0 we say that (Rp, Rp) €
AR(Np, Nr)

1. (Prioritizing Flexible Supply.) prioritizes flexible supply if and only if

Rp Rp
N 0 and — < —
> U an Nr < NF,
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2. (Prioritizing Private Supply.) and that it prioritizes private supply if and only if

Rp Rp Rp r
N 0 and — > — Np=0and — > —.
r > U an No NF7 or F an Ny > 5

In any other case, we say that (Rp, Rr) satisfies equal treatment and we use ET (Np, Ng) C

AR(Np, Nr) to denote the set of equal treatment revenue pairs.

The only potentially surprising aspect of this definition is the case Ny = 0. One may
think that when only private supply is available, talking about prioritization is not well
defined and the policy can only be equal-treatment. Nonetheless, our definition characterizes
situations with Ng = 0 and and ]1;2/_112 > % as private supply prioritization. In this situation,
the average revenue of the market is strictly above %, which happens to be our flexible
supply equilibrium hourly revenue (see the wage equilibrium equation (4.1)). Therefore, in
an open flexible supply marketplace, the flexible supply would like to join the marketplace.
The only way the platform can prevent this flexible supply from entering is to actively block
it, by prioritizing private supply and dropping the potential flexible supply revenue under
the wage equilibrium or just shutting down the flexible marketplace entirely. These types

of “blocking” policies are evidently not equal-treatment, so we classify this case as private

supply prioritization. This choice will also significantly simplify our main results.

Equal treatment will play a key role in our study of prioritization. These policies are
a natural benchmark; all policies that do not consider the supply type are equal treatment
policies. Section 4.3 study these policies in detail and describe what is achievable by the firm
without prioritization. For example, in a ride-hailing market, equal treatment can emerge
when pricing, matching and routing decisions do not depend on the agent type. And while
Sections 4.4 and 4.5 focus on prioritization policies, equal treatment policies are still used as

a benchmark.

The introduction of equal treatment policies leads to a natural extension of Assump-
tion 1. Remember that we said that this assumption holds if the two types of supply are

“symmetric”, and the assumption states that the achievable total revenues only depend on
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the total supply, regardless of the type. Suppose that we have the supply Np, Nr, and let
R € AR(Np+ Nr) be an achievable revenue given the available supply. From Assumption 1,
we know that this revenue R could also be achieved if all our supply was flexible, that is, with
N = Np + Np and Np = 0. As a thought experiment, we consider the policy used in that
case when we only have flexible supply, and we use it in the original two types setting with

Np, Nr. Because the policy does not distinguish between supply types, we expect that the

. _Np
Np+Np

expected revenue from each type is proportional to its availability, that is, Rp = R
and Rp = R- ﬁ This is equivalent to Rp N = RpNp, that is, we have equal treatment
as introduced in Definition 2. Therefore, we just presented evidence that any achievable
revenue is also achievable in a two-type setting with an equal treatment policy, as we can

use one-type policies and they become equal-treatment when used in a two-types setting.

We formalize this intuition as a last structural assumption.

Assumption 2 (Equal-treatment policies can achieve any feasible revenue). Given any
supply Np > 0, Ngp > 0, any achievable revenue R € AR(Np + Np) is achievable by an

equal treatment policy.

3 (RP,RF) S ST(NP,NF), Rp+ Rr = R.

4.3 Hybrid Marketplaces without Prioritization

Now that our model is defined, we will first restrict the firm to the use of equal treatment
policies. Equal-treatment policies are the most intuitive, and we will be able to derive the
optimal staffing and policy decisions in this case. This analysis will serve as a foundation
to study the more complex prioritization policies. For any 7 and Np, an optimal equal
treatment solution must therefore solve the following optimization problem, which is the

equivalent of (4.3) replacing AR with the more restricted 7

Definition 3 (Optimal equal treatment policy). Given fixed Np,v > 0, an optimal equal
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treatment policy, denoted by (NE, RE, RE), is defined as the optimal solution to the problem:

1— — N,
ypmax Rp+ (1 —v)Rp — CpNp

s.t. (RP,RF) S 5T(NP,NF), (44)

’)/RF ZTNF.

4.3.1 Full Characterization of Optimal Equal Treatment Policies

A full characterization of an optimal solution to Problem (4.4) includes a complete description
of the optimal mixed of supply types Np and Np, their revenues Rp, Rp, and the optimal
firm’s profit. A central quantity that we will need to this end is the maximum revenue that
the firm can achieve for a given number of total supply hours N. We define the mazimum

revenue function R(-) : R, — R as:

R(N) = max AR(N).A

Recall that AR(N) is the set of achievable revenues when there are N supply hours
available (under Assumption 1, this is independent of the supply mix). Achieving R(N)
means that the firm must use a policy that gets the most revenue from the available supply.
In the context of ride-hailing, this would mean the use of an optimal pricing and matching
strategy. Note that Assumption 2 implies that R(N) is always achievable with an equal

treatment policy. For simplicity, we will assume that R(-) is continuous.’

It is possible that there is no feasible solution of Problem (4.4) that is able to maintain
a flexible supply market (e.g., when Ng > 0). This can happen if Np is too high, or if there
is generally not enough revenue in the market for the flexible supply. Our first intermediate

result characterizes the situations where solutions with hybrid supply exist.

4The definition of R(-) implicitly assumes that the maximum in AR(N) always exists for any N.

®Many results do not require this assumption, see the proofs for more details.
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Lemma 4 (Existence of equal treatment solutions with hybrid supply). Suppose Assump-
tion 1 and Assumption 2 hold. Then, Problem (4.4) has a feasible solution with Np > 0 if
and only if there exists N > Np such that rN < yR(N).

Intuitively, under equal treatment with hybrid supply, the average hourly revenue of each
supply type equals the total average hourly revenue: Rr/Np = Rp/Np = (Rp+ Rp)/(Np+
Nr). For any total supply hours N, the latter quantity is bounded above by R(N)/N.
In turn, if R(N)/N < r/v then flexible supply will not enter the market in equilibrium.
Conversely, when R(N)/N > r/v for some N > Np, Assumption 2 implies the existence
of an equal treatment policy with N — Np > 0 flexible supply hours and r /7 total average

earnings.

We now define another extremely important and intuitive quantity:

N £ max{N |yR(N) = rN}.

N is the maximum total supply hours that can lead to a revenue that is consistent with
the flexible agent’s wage equilibrium. An interpretation of N is that it is highest possible
amount of flexible supply in a flexible supply equilibrium: in most practical case N would
be the expected amount of flexible supply in a flexible supply marketplace under an optimal
revenue policy. Note that the “only if” part in the lemma can be equivalently stated as
Np < N , using the continuity of R. Intuitively, if N > Np then it is possible that flexible
agents enter the market under an equal treatment policy, as their average hourly revenue
would be the same as the total average hourly revenue. However, when N < Np the market
is saturated by private supply agents and any equal treatment policy will lead to zero flexible
agents in equilibrium. With this notation, we are now able to fully characterize the solutions

to Problem (4.4):

Proposition 12 (Full characterization of equal treatment policies). Suppose Assumption 1
and Assumption 2 hold. For any 0 < v < 1 and Np > 0 the optimal solution of Problem
(4.4) can be fully described as:
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1. (Supply) NEZ = (N — Np)* and

2. (Profit)
(1=7)R(N) + (r — Cp)Np, Np < N;

R(Np) — CpNp, Np > N.

3. (Supply revenue)

R =rNp/y, RE =R(N)—RE Np<N;

RE =R(Np), RE=0, Np > N.

Proposition 12 completely solves Problem (4.4), but is also an natural result. Suppose
that we start with Np = 0, we only have flexible supply, so as we have seen before, we
can achieve the best possible equilibrium revenue Rp = ﬁ([\? ), with a total equilibrium
supply Np = N. Suppose now that we add some private supply but less than the previous
equilibrium flexible supply: Np < N. Consider the solution where we keep the same total
supply, and the private supply replaces the flexible supply, e.g., Np = N-—N p. We still use
this total supply the same way, therefore the total revenue is unchanged: Rp + Rp = E(ﬁ ).
As a consequence, the average revenue of supply in the market is still R(N)/N = r/y. The
policy is equal treatment, so the flexible supply’s average revenue is also Rp/Np = r/v:
this is still a feasible equilibrium, and therefore this solution is feasible! Proposition 12 also
proves that this is the optimal solution for Np < N. Consider now the case N p = N.
There is too much total supply, and no equal treatment policy can generate enough revenue
to satisfy the equilibrium flexible supply earnings: we must have Nr = 0. Consequently,

the firm only tries to use the private supply in the best possible way, and the revenue is

RP - R(Np)
Note that the only hybrid optimal solutions with Np > 0 and Nrp > 0 happen when

0 < Np < N. And we just discussed that the firm’s total revenue and total supply are

independent of Np for these solutions: we always have Np + Np = N and Rp + Ry = }_%(N ).
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So the revenue is unchanged when we add or remove private supply, and for each unit
of private supply added, we remove precisely one unit of flexible supply in equilibrium.
However, the profit may change as the supply cost is not constant. The firm pays Cp for
each hour of private supply and r for each hour of flexible supply in equilibrium. Combining
these facts, for each added hour of private supply in hybrid solutions, the profit changes
by r — Cp, as can be seen in the profit closed form of Problem (4.4) for Np < N. Tt is
always optimal to increase Np if Cp < r and decrease Np otherwise, but this would lead to
Np > N or N, p = 0 and the solution would not be hybrid anymore. In summary, we just
proved a crucial negative result. If we can optimize over Np, hybrid marketplaces cannot
be better than flexible-only and private-only marketplaces if we only use equal treatment

policies. Formally, if we modify Problem (4.4) to allow the firm to choose the optimal Np:

max Rp—i-(l—”}/)RF—CPNp
Np,Np2>20,Rp,Rp
s.t. (Rp, RF) € ST(NP, NF), (45)
’}/RF = T’NF.

Theorem 6 (Optimality of single-type supply under equal treatment). Suppose Assump-
tion 1 and Assumption 2 hold. Given any v > 0, there exists an optimal solution to Prob-

lem (4.5) with either Np =0 or Ny = 0.

A direct consequence is that single-type policies are also optimal if the firm can choose

4.3.2 Optimality of Equal Treatment Policies

We now assume that the firm can choose an optimal pay ratio 7, and is not restricted

anymore to equal treatment policies. In this setting, for any Np, the optimal profit of the

6We discussed the relevance of this setting in Section 4.2.
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firm is:

max Rp+ (1 —7)Rr — CpNp
v,Nr,Rp,RF

st. (Rp,Rp) € AR(Np, Np), (4.6)
")/RF = TNF.

We will show that it is possible to achieve the optimal profit of Problem 4.6 using equal
treatment policies. Therefore, despite the fundamental incentive differences that distinguish
the supply types, the firm should not use any form of prioritization. First, to build intuition
and simplify Problem 4.6, we show that choosing the pay ratio 7 is equivalent to choosing

the equilibrium flexible supply Ng:

Lemma 5 (Flexible v problem reformulation). Suppose Assumption 1 and Assumption 2
hold. For any Np, Problem (4.6) is equivalent to:

NFI,I}ZE}:},(RF RP + RF — T’NF — CPNP (47)

s.t. (RP,RF) S AR(NP,NF)

With the optimal choice v = rNp/Rp if Rp > 0, v = 0 otherwise.

The ability of the firm to set any Np makes flexible supply very similar to private supply.
Notice the symmetry in (4.7): the only difference between private and flexible supply is that
private supply costs Cp whereas flexible supply has an (indirect) cost 7. Now, consider the
case where we fix Np and Ng. The objective function of Problem (4.7) then simply maximizes
the total revenue Rp + Rp, e.g., max{Rp + Rr|(Rp, Rr) € AR(Np, Nr)}. Furthermore,
Assumptions 1 and 2 state that equal treatment can achieve any feasible total revenue given

NP,NFZ
{RP + Rp | (Rp, RF) € AR(NP, NF)} = {RP + Rp | (Rp, RF) S ST(NP, NF)}

Therefore, we can replace AR with £T in Problem (4.7): the firm does not need to use

prioritization policies.e
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Theorem 7 (Optimality of equal treatment). Under Assumptions 1 and 2, for any Np > 0,
if the firm can choose v, then an equal treatment policy can achieve the optimal profit. That

is, there exists an optimal solution of Problem (4.6) verifying (Rp, Rr) € ET (Np, Np).

While we derived this result, it can be counter-intuitive. The two types of supply are
fundamentally different, and Np is “fixed”, so the cost of private supply is a “sunk” cost.
Therefore, it costs nothing for the firm to use private supply, while it needs to pay the flexible
supply for the same work. Therefore one might expect that the firm would want to prioritize
private supply as it is “cheaper” to use it. Our result proves that this is not true, as long as
the firm can choose the ideal 7, which is equivalent to complete control of the flexible supply,
as shown in Lemma 5. The firm should, in particular, achieve the highest possible revenue
with its available supply, regardless of the contractor costs; and equal treatment policies can

always maximize the revenue.

Under an optimal ~, we proved that the firm can limit itself to equal treatment policies.
Suppose that the firm can also choose its private staffing Np. We can combine the previous
result with Theorem 6 to immediately show that the firm does not need to operate the two

types of supply. In fact, we can show a more precise result:

Corollary 2 (Hybrid is not optimal). Suppose that the firm chooses the pay ratio -, the

private supply Np and can choose any policy. The optimal profit is:

max Rp+ (1 —~)Rr — CpNp
PY?RP7RF?NP7NF

s.t. T‘NF = ’}/RF, (48>
(Rp, Rp) € AR(Np, Np).

If Assumption 1 holds, then any optimal solutions verify Ny = 0 if Cp < r and Np = 0 if

Cp>r.

The result establishes that the firm uses the “cheapest” type of supply. The reformulation
(4.7) conveys this intuition, as the two supply types only differ in their hourly cost Cp and
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r; this is essentially why the firm should only use the cheapest type. This section suggests
that using hybrid supply and complex prioritization strategies is unnecessary. Nevertheless,
as discussed in Section 4.2, it is often a more realistic model to consider that ~ is fixed and
exogenous rather than optimized. As we will show in the following sections, prioritization

and hybrid supply will then be essential.

4.4 Optimality of Supply Prioritization

We now consider the case where the pay-out ratio v is fixed in (0,1) and not necessarily
optimal. We will establish that equal treatment policies may no longer be optimal for
profit, and we will characterize how supply should be prioritized. Specifically, this section
characterizes the firm’s optimal policies given any private supply Np; we will discuss the
optimal choice of Np in the following section. Prioritization policies are significantly more
challenging to study because they are application-dependent. To obtain general results with
minimal assumptions, we will use a sensitivity analysis to see if the firm should deviate from
the best equal-treatment policy and slightly prioritize private or flexible supply to increase
profit. We will then recover a general result and fully characterize when the firm should
prioritize private or flexible supply. But first, we will reformulate the optimization problem

(4.3) (recall that (4.3) has fixed Np and ) to simplify the subsequent analysis.

4.4.1 Reformulation to a one-dimensional optimization problem

To reformulate Problem (4.3) into a one-dimensional problem, we decompose it into several
stages. Recall that (4.3) is a three-dimensional optimization problem over Rp, Rp, Np. We
first fix Np and Rp and derive the optimal private supply revenue Rp, and we then obtain
the optimal Ng given Rp. This approach allows us to characterize the optimal profit as
a function of Rp. For the first step, given fixed and feasible Np and Rp, notice that it

is optimal for the firm to choose a policy that maximizes the private supply revenue Rp.
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Specifically, we define the mazimal private supply revenue function, Rp(Np, Rp), and its

domain, D, by
Ep(NF, RF) £ maX{Rp ’ (RP, RF) S AR(NP, NF)}, (NF, RF) eD (49)

where

D = {(NF7RF) | ElRP, (RP7 RF) S AR(NP, NF)} .

The domain D captures that the revenue Ry should be feasible with the supply N for some
policy and some Np, but note that it does not impose the flexible supply equilibrium. Given
(Ng, Rp), the firm will always chooses a policy that guarantees Rp = Rp(Np, Rr). We can
then optimize over the feasible pairs of (Ng, Rr) in D that satisfy the equilibrium condition.
Given Rp, N is uniquely determined by the equilibrium equation rNg = yRp. Therefore,
the optimal Rp in equilibrium is Rp(yRr/7, Rr), and we can use this to obtain the optimal

profit as a function of Rp:

Proposition 13 (Reformulation to a one-dimensional problem). Given Np > 0 and v €
(0,1), optimal solutions of Problem (4.3) verify Rp = Rp(Np, Rr) and the problem is
equivalent to:

max Profit(Rp), (4.10)
Rp st. (WRp/r,Rp)ED

where Profit(Rr) = Rp(yRp/r, Rr) + (1 — v)Rr — CpNp is the optimal profit given fixed
Rp.

We now only need to find the feasible Rr that maximizes profit. We next show that this
choice is particularly interpretable. For example, recall that the optimal equal treatment
policy verifies Rp = RE (see Definition 3 ). Actually, we can derive that there is no better
choice of policy verifying Rp = RE and Profit(RE) is the profit of the optimal equal treatment
policy. Generally, we are able to characterize the type of the optimal policy as a function of

RFZ

Proposition 14. Suppose Assumption 1 and Assumption 2 hold. Then, given an optimal

solution Rp of Problem (4.10), any policy achieving the optimal profit Profit(Rg) is:

110



1. a private supply prioritization policy if Rp < RE,
2. a flexible supply prioritization policy if Rp > RE,
3. an equal treatment policy if Rp = RE.

To see why the proposition holds, consider an optimal solution to Problem (4.10) with
strictly less flexible revenue than the optimal equal treatment solution, Rp < RE, but with
higher profit, Profit(Rr) > Profit(R%). Under Proposition 14, we must have Rp > RE,
otherwise both Rp < RE and Ry < RE would imply Profit(Rp) < Profit(RE). Therefore,
Rp/Np > RE/Np (Np is fixed). Under equal treatment, the private and flexible supply
average hourly revenues equal r/v. However, in equilibrium, any policy preserves the same
flexible supply average hourly revenue, /. Hence we have Rp/Np > Rp/Np, which means

that the firm prioritizes its private supply.

Proposition 14 provides a simple way of assessing whether an optimal solution is a prior-
itization or equal treatment policy: compare the flexible supply revenue of any policy with
that of the optimal equal treatment policy. Nonetheless, deriving optimal Ry means solving
(4.10), which is problem-specific and arbitrarily complex. Instead, the next subsection uses
the gradient of Profit(-) at RE to present an intuitive and simpler characterization of the

optimality of prioritization.

4.4.2 Optimality of Prioritization

Suppose that the firm implements the optimal equal treatment solution and contemplates
whether it should deviate in order to increase profit. For example, the firm could start to
slightly prioritize its private supply. Any small change in the policy would result in a small
change, dRp, in the corresponding flexible supply revenue, R, at equilibrium. The flexible
supply revenue would move from RE to RE+dRp. From Proposition 14, we know that if this
deviation leads to a higher profit, profit(R% + dRy) > Profit( RE), then an equal treatment

policy is not optimal. In general, if Profit(-) is differentiable and its gradient is not 0 at R%
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then a prioritization policy is optimal. To this end, we make the following minimal regularity
assumptions which will enable us to perform sensitivity analysis around the optimal equal

treatment solution.
Assumption 3. NEZ RE Rp(-,-) and R(-) satisfy the following properties:

(1) NE>o0.
(2) (NE, RE) is an interior point of D.
(3) Rp(-,-) is differentiable at (NE, RE).

(4) R(N) is differentiable at N.

In Assumption 3, (1) means that flexible supply agents are willing to work for the firm
under an equal treatment policy. As discussed in Lemma 4, this is equivalent to Np < N
(see also Proposition 12). Condition (2) means that it is feasible to slightly reduce or
increase the number of flexible agent hours and their revenue (e.g., by prioritizing flexible
supply slightly). Finally, the differentiability of Rp(-,-) and R(-) in (8) and (4) is a
natural technical assumption that is only required locally around the optimal equal treatment
solution. Surprisingly, these conditions are enough to obtain an intuitive characterization of

the optimality of prioritization.

Theorem 8 (Optimality of Prioritization). Suppose Assumption 1, Assumption 2 and As-

sumption 8 hold. Then Profit(-) is differentiable in Rp = RE and its gradient is given by:

dProfit , 1—
) = (I

/

(N) — 1) (4.11)

and, therefore,

(a) if El(ﬁ) < r, there exists a policy that prioritizes private supply and has higher profit

than any equal treatment policies.
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(b) If E/(N) > r, there exists a policy that prioritizes flexible supply and has higher profit

than any equal treatment policies.

Theorem 8 proves that if }_%,(N ) # r, then the platform should deviate from equal treat-
ment policies and use prioritization. Remember that N is the total supply of the optimal
equal treatment policy, and R(]T/' ) is the total revenue. Therefore, R,(Kf ) is the marginal
revenue of supply for the platform in the optimal equal treatment policy: how much extra
revenue we can generate if we had one more unit of supply available. Remember that flexi-
ble supply costs r per hour in equilibrium, i.e., it is the marginal cost of increasing flexible
supply. Since the private supply hours are fixed, a change in total supply hours can only
come from flexible hours. The theorem then states that if the marginal revenue of adding a
flexible supply hour is dominated by their marginal cost, then it is better for the firm to deter
flexible supply entry by prioritizing its private supply, and vice-versa. In sum, Theorem 8
provides an intuitive and crisp characterization of the optimality of prioritization, and en-
tails thinking about the marginal benefits and costs of incentivizing/deterring flexible supply

agents by means of prioritization alone. The next subsection will formalize this intuition.

Notice that Theorem 8 establishes conditions under which prioritization is always better
than equal treatment. However, our description of which supply type should be prioritized is
only valid for small deviations around the optimal equal treatment policy. It is for example
possible in some settings that the optimal policy prioritizes private supply even if R/(N ) >
Nonetheless, if R(-) is concave, we can extend our result and prove our strongest result: the
relationship between }_%/(N ) and r uniquely determines the type of prioritization. Note that a
concave maximum revenue function is a natural model for many applications, where supply

has diminishing returns to scale.

Theorem 9 (Complete Characterization of Prioritization). Under the assumptions of The-

orem 8, if R(N) is also strictly concave, then any optimal policies are:

e equal treatment policies if}_BI(N) =r,
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e private supply prioritization policies if _R,(N) <r,

e flexible supply prioritization policies if }_%/(N) > T

4.4.3 Characteristics of Supply Prioritization

We want to build on Theorem 9 better understand the use of prioritization policies. First, if
the firm could choose the optimal pay ratio v, it would solve Problem 4.6, with an optimal
solution (v*, N3, Rb, R%) (which is equal-treatment, using Theorem 7). Let N* £ Np + N
be the associated optimal total supply hours. Then Theorem 8 implies that we have E/(]V *) =
r. Intuitively, N* is the “optimal” level of supply, in that the marginal revenue of supply
_R,(N ) is equal to the marginal cost of supply r (this is the cost of flexible supply as Np
is fixed). However, if v # ~* is fixed and not optimal, the firm does not have enough
control over the flexible supply. Under equal-treatment policies, it may be over-supplied
when N > N* or under-supplied when N < N*. The following result shows that we can
adapt Theorem 9 and characterize the use of prioritization policies in terms of the supply

levels of the market.

Proposition 15 (Prioritization corrects supply imbalance.). Under the assumptions of The-

orem 9, we have:

F/(]V ) = r if and only if N = N*. (perfectly-supplied market, equal treatment is optimal)

_, ~

R (N) < rif and only if N > N*. (over-supplied market, private-prioritization is optimal)

_, ~

R (N) > r if and only if N < N*. (under-supplied market, flexible-prioritization is optimal)

Moreover, compared to the optimal equal treatment policy, optimal private supply priori-
tization policies always reduce the total supply, and optimal flexible supply prioritization

policies always increase the total supply.

When the market is over-supplied (N >N *), the firm should prioritize its private supply.

This will lower the flexible supply revenue, which will decrease the total supply available in
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equilibrium. In other words, we increase profit by increasing the productivity of private
supply, and the associated loss of flexible supply is not important because we have too much
supply. Conversely, when the market is under-supplied, we can prioritize flexible supply to
increase the total supply and revenue significantly in equilibrium. As the market is under-
supplied, the substantial revenue increase due to added flexible supply in equilibrium more
than compensates for the loss of private supply revenue. Overall, our result states that

prioritization can increase profit by trying to restore the supply balance in the market.

It is worth noticing that there are potential downsides related to implementing prioriti-
zation policies. First, firms may forget to anticipate equilibrium effects and always prioritize
private supply. Indeed, it can be tempting for a firm that just hired employees to keep
them as busy as possible instead of using contractors. This strategy would work in the
short term before contractors choose to leave the market. Formally, given fixed Np, Np and
under Assumptions 1,2,4, the firm can always increase profit by prioritizing private sup-
ply and will always decrease profit by prioritizing flexible supply. However, once the new
equilibrium is reached, private supply prioritization will actually reduce profit if N <N *
while flexible supply prioritization will increase profit. Another potential negative impact
of profit-maximizing prioritization strategies is their consequences on supply and revenue.
For instance, prioritizing private agents may improve the firm’s profit, but it also reduces its
available supply and total revenue (affecting its service levels), which may not be desirable.

We formalize this intuition in Proposition 19 in the Appendix.

So far, we have proved that, given existing private supply Np, the firm could increase
profit with prioritization policies. Nevertheless, it is not clear that this increase in profit is

enough to justify operating a hybrid marketplace, as we will explore in the following section.
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4.5 Optimality of Hybrid Marketplaces

This section investigates whether it is optimal for the firm to use both private and flexible
supply. We already showed in Corollary 2 that using hybrid supply is not optimal if the
firm can choose the optimal 7. Furthermore, even if 7 is fixed, Theorem 6 shows that hybrid
supply is not optimal if we limit ourselves to equal treatment policies. We will show that,
with fixed =, hybrid marketplaces can actually be optimal if we use prioritization policies.

We will study the following problem, with fixed v € (0, 1) and optimal Np:

max Rp—l-(l—’}/)RF—Opr

Rp,Rp,Np,Np

(Rp, RF) € AR(NP, NF)

Our goal is to understand if Np > 0, Np > 0 can be optimal in (4.12), and we will see that

this question is complex and needs careful modeling of prioritization policies.

4.5.1 Flexible supply is not needed if private supply is cheap.

When C), < r, the solution to Problem (4.12) is simple:

Proposition 16 (Cheap private supply is optimal). Suppose Assumption 1 holds. If Cp < r,

all optimal solutions to Problem (4.12) verify Ny = 0.

The intuition behind this result is also simple. Remember that if the platform can choose
v, Lemma 5 shows that the two types of supply are “symmetric”, as the firm can fully control
Np and Np. Therefore, fixing v imposes an additional constraint on flexible supply, making
it less useful and creating potential over-supply or under-supply situations. Therefore, if

Cp < r, private supply is cheaper and easier to control: the firm should only use it.

In the case of ride-hailing, it is because autonomous vehicles are expected to have a lower

operating cost (i.e., Cp < r) ((Hazan et al., 2016), (Fagnant and Kockelman, 2018), (Litman,
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2023)) that the industry is working on introducing this new supply source. Our proposition

then shows that this has the potential of making human drivers disappear from the market.

4.5.2 The inefficiency of prioritization

In the case Cp > r, we will prove that it is not necessarily optimal to have Np = 0. Nonethe-
less, the firm will need to deviate significantly from equal treatment strategies to increase
profit enough to justify the higher cost of private supply. This strong prioritization may,
in turn, introduce certain inefficiencies. In ride-hailing, prioritizing a given driver means
that we may have to match them to arriving riders even if other de-prioritized drivers are
closer. Therefore, implementing prioritization would increase the riders’ average wait time
compared to optimal equal treatment strategies. In turn, riders with an extended pickup
time are more likely to cancel or switch to another app, and therefore prioritization would
lead to revenue losses. (Krishnan et al., 2022) describes this phenomenon empirically for the
ride-sharing platform Lyft. This phenomenon is also true in our model; prioritization may
prevent the firm from achieving the maximum revenue attainable with its supply. Formally
defining this ‘prioritization inefficiency” effect is a necessary first step toward understand-
ing the optimality of hybrid marketplaces. Let a > 0 denote the level of private supply

prioritization:

é RP/NP
/7

The level of private supply prioritization measures how different the average revenue of

«

private supply is from the average revenue of flexible supply in equilibrium. Recall that by
Equation (4.1), the average revenue of flexible supply (i.e. Rr/Np) equals r/~. Therefore,
given a feasible solution of (4.12) with Ng > 0, if & = 1, the two types of supply are equally
treated; if @ > 1, the private supply is prioritized; and if o < 1, the flexible supply is
prioritized. However, not all prioritization levels a are feasible given an available supply.
We say the prioritization level « is achievable given the supply (Np, Ng) if and only if there
exists Rr > 0 such that (arNp/v, Rp) € AR(Np, NF).
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Given a supply (Np, Ng) and a chosen feasible level of prioritization «, we now define
the corresponding efficiency loss AR“(Np, Np) > 0. It is the gap between the maximum
revenue achievable without fixing «, e.g., R(Np+ Nr), and the maximum revenue achievable

with a:

AR*(Np,Np) 2 min R(Np+ Np) —arNp/y — Rp
e (4.13)
s.t. (OéTNp/’y, RF) € AR(NP, NF)

Note that the private supply revenue under prioritization « is Rp = arNp/~, and (4.13)
finds the maximum flexible revenue Rp compatible with this prioritization. AR*(Np, Np) is
the firm’s revenue loss induced by a given private supply prioritization level. As we expect
the inefficiency loss to scale with the amount of (de-)prioritized private supply, a quantity
of interest is the ratio between the efficiency loss and the available private supply hours.
We normalize this ratio with the equilibrium flexible earnings r, and define the coefficient of

prioritization inefficiency f*(Np, Ngp) = 0:

2 AR (Np, Np)
TNP

B*(Np,Nr)

To better understand the meaning of a and (¢, consider an optimal equal treatment
solution with supply Np, Np > 0 (e.g., an optimal solution to Problem 4.4) As we have
Rp/Np = Rr/Np = r/~, this corresponds to & = 1. And because of Proposition 12, we know
that the total revenue Rp + Rp = R(Np + Np) is maximal and therefore 5'(Np, Nr) = 0.
In summary, there is no prioritization and no efficiency loss. Suppose now that, fixing the
same available supply (Np, Nr), the firm decides to prioritize private supply and double their
revenue, e.g., Rp/Np = 2(r/7) and a = 2. If we are in a situation where $%(Np, Np) = 0,
then there is no inefficiency and the total revenue stays equal to r/v(Ng + Np): we have
Rr =1/v(Np — Np). Suppose now that there is an inefficiency 8*(Np, Np) = 1. Then, the
total revenue is now reduced by r Np, which means that we have Ry = r/(Np— Np) —rNp.
In other words, to double the revenue of each private supply hour, we pay the equivalent of the

flexible hourly earnings 7 in prioritization inefficiencies. In short, the notation a, 5% captures
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the fact that the firms can choose various levels of prioritization, each choice corresponding

to a particular inefficiency that is application-dependent.

4.5.3 Introducing expensive private supply to increase profit

We now have the tools to introduce our main result. We define Profit(Np) to be the optimal
firm profit with private supply Np given a fixed v, that is, the optimal objective of Prob-
lem (4.3). In the case of “expensive” private supply, Cp > r, we want to know when a firm
should still invest in private supply and choose Np > 0. This question is particularly rele-
vant: marketplaces may wonder if they should hire employees, despite their higher costs. We
again use a sensitivity analysis approach and find when Profit(dNp) > Profit(0) for a small
amount of private supply dNp. Formally, we want to evaluate the derivative d?Tojt(N p=0)
and understand when it is positive. We will need a few technical assumptions to make sure

that d?cht(N p = 0) is well defined. In particular, our prioritization parameters o and ¢

must be well-defined in the limit where Np is very small:

Definition 4. We say that a and % are well-defined at Np = 0 if:

(1) There exists a neighborhood of point (Np = 0, Ny = N) such that « is achievable at

any point in the neighborhood.

(2) %(-,-) is continuous in a neighborhood of (0, N), and B¢ is the limit of 8%(-,-) at
(0, N).

(3) The continuous extension of 32(-,-) is differentiable at point (0, N) .

These conditions are purely technical and should hold in most settings. For example,
without Condition (1), the statement “the firm can prioritize an infinitesimal amount of
private supply at level @” would not have any mathematical meaning. Condition (2)and (3)
are two technical assumptions to make sure that the inefficiency coefficient is well defined

for infinitely small Np, and to ensure that %‘?(N p = 0) is well defined. When « and
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B*(Np, Np) are well-defined at Np = 0, it is mathematically meaningful to say that the
firm will be able to prioritize an infinitesimal amount of supply dNp at level o and with
inefficiency coefficient 5. Formally, the revenue of private supply will be Rp = ardNp/v

and the corresponding efficiency loss will be AR*(Np, Np) = r§dNp + o(dNp).

In addition, we also assume that Assumption 1 hold and that Tz’(ﬁ ) < /7. It can be

easily proven that we always have}_%/(]v ) < r/7, so we just need to avoid the “pathological”

case R (N) = r/~y. We can finally derive the closed-form of %(N p = 0) and characterize

when marketplaces should invest in private supply:

Theorem 10 (Profit impact of introducing private supply). Given a well-defined o and

at Np = 0, the gradient of the optimal profit in equilibrium at Np = 0 can be expressed as:

dProfit r r (a—1)+~58
Np=0)=(a——Cp | —(1—7)—- |1+ ——— | . 4.14
any =0 ( Y P) =3 ( 1L —7R (N)/r )
It 1s optimal to introduce private supply into the market with the level of prioritization « if:
dProfit 1-R(N 1-9)8s C
o (Np=0)2>0 = (a—1 _f)/r> ( _7)§° + £
dNp 1—yR(N)/r  1—~R(N)/r T
(4.15)

Theorem 10 describes precisely how the firm’s profit will change if it introduces private
supply and chooses a prioritization level a with corresponding inefficiency 3§. While the

expressions seem complicated, we will show that they are quite intuitive.

Consider Equation (4.14). The first term aZ —C'p is the marginal profit change due to the
added private supply. Indeed, ar/+ is the revenue of private supply (note that g% =ar/y),
and Cp is the marginal cost of private supply. Correspondingly, the second term is the
marginal profit change of the flexible supply. The first factor (1 — )r/vy is the average
profit the firm gets from one hour of flexible supply: 1 — v is the commission rate of the
platform, and r/+ is the equilibrium revenue of flexible supply). Therefore, the last term

is the marginal change in flexible supply due to the introduction of private supply and the
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effect of prioritization:
dNp (a —1)+57
dNp 1—~R(N)/r
The first term,‘—17, is the replacement effect: under an equal treatment policy, each added

(Np=0)=—1—

unit of private supply replaces exactly one unit of flexible supply (as shown in Proposition 12).
The second term is the effect of prioritization. The denominator is always positive, so it is
a decreasing function of o and J: the more private supply prioritization and the more
inefficient it is, the more we reduce the flexible supply.

If the firm uses an equal treatment policy, we have o = 1 and 3 = 0. Therefore,

dProfit

N (Np = 0) = r — Cp, and we obtain the same result as in

Equation (4.14) becomes

Proposition 12.

By re-arranging the derivative of profit, expression (4.15) in the theorem establishes a
condition on «, 3 and the parameters of the problem so that it is optimal to introduce
private supply in the marketplace. The following subsection will analyze this expression to

show why platforms can increase profit using hybrid supply and prioritization strategies.

4.5.4 Discussion: why is hybrid optimal?

Let us start with the special case 3§ = 0, where the firm is able to prioritize supply without
any efficiency loss. Equation (4.15) becomes:
1—-R(N)/r _ Cp
1 I —" - — > —_— —
L—yR(N)/r T

The above inequality compares the benefits of a prioritization policy with level a (left-hand

(o — (4.16)

side) to the costs of paying for the new private supply (right-hand side). The right-hand side
of Equation (4.16) is positive and represents how expensive private supply is. For example,
if Cp/r —1 = 0.1, then private supply is 10% more expensive than flexible supply. The
left-hand side is the benefit that the firm can gain from the prioritization policy, and it must
be high enough to be above the right-hand term if we want to increase profit. Specifically,

(ov — 1) describes the strength of prioritization: a high positive number is a strong private
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supply prioritization, while a negative number close to -1 represents a strong flexible supply
prioritization. The other term (1 — R (N)/r)/(1 — vR (N)/r) is a marketplace correction
term. It is a function of the ratio R (N)/r, As we will see, it will modulate the effects of

prioritization based on supply level.

Correction Term
|
o
ot

—1
—— Undersupplied & a < 1
—1.5 | |=—= Oversupplied & o > 1 B
—@— Perfectly supplied & a=1
_2 | | | | i | |
0 02 04 06 0.8 1 1.2 14 1.6

R(NY /r

Figure 4.1: Geometrical example of the marketplace correction term with v = 0.5.

Over-supplied market Recall from Section 4.4 that when the market is over-supplied,
F,(N ) < r, it is optimal to prioritize private supply. This is consistent with Equation (4.16).
When the market is over-supplied, the correction term is positive (red curve in Figure 4.1).
Therefore, the only way for Equation (4.16) to hold is to have o > 1:we need to prioritize
private supply. The correction term reaches one when }_%/(]V )/T goes to zero: the more over-
supplied a market is, the lesser the magnitude of prioritization needed to make hybrid supply
worth it. In the best case, when R (N) = 0, Equation (4.16) becomes a > Cp/r. This is
very intuitive: if private supply is twice as expensive as flexible supply (Cp/r = 2), we need
to be able to at least double the productivity of private supply for it to be worth it: o > 2.

However, suppose the market is not too over-supplied, and EI(N )/ gets close to 1. In that

case, the correction term goes to 0, and prioritization is much less efficient. We need a much
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stronger prioritization to justify introducing private supply.

Under-supplied market If E,(N ) > r, the market is under-supplied. The correction
term (blue curve in Figure 4.1) is negative, and the only way for the left-hand side of
Equation (4.16) to be positive is to have o« < 1 and prioritize flexible supply (confirming our
previous results). Similarly, the more under-supplied the market is (large values of R/(Kf ),
the stronger the correction term is. Then, we only need to slightly prioritize flexible supply
for Equation (4.16) to hold. Intuitively, when E/(N ) is high, giving just a little extra revenue
to flexible supply with prioritization can push the equilibrium significantly and add a lot of
flexible supply and revenue to the market. Conversely, if we are only slightly under-supplied

and E’(Kf ) is close to 1, it may not be profitable to add private supply.

Perfectly supplied market The market is perfectly supplied when EI(K/' ) = r, in which
case the left-hand side of Equation (4.16) is zero. As C'p > r, it is never optimal to introduce
private supply. We already had this result, as Section 4.4.2 shows that equal treatment is

optimal when R/(N ) = r, and Theorem 6 proves that hybrid is not optimal in that case.

Inefficiency loss Now that we have a complete understanding of what drives the optimal-
ity of hybrid marketplaces in the absence of inefficiencies (e.g., 5§ = 0), let us return to the
general case in Equation (4.15). The inefficiency term affects the profitability of introducing
private supply in two aspects. First, since £ is always non-negative, the above discussion
becomes necessary conditions such that it is optimal to introduce private supply. If Equa-
tion (4.16) does not hold, there is no way to make Equation (4.15) hold. After all, any loss
in efficiency will reduce the revenue hurting the firm’s profitability. Second, 3§ should be
an increasing function of «v in practice, as a stronger prioritization (o much lower or higher
than 1) should lead to a higher inefficiency. This makes it harder for the firm to use the

necessary high levels of prioritization to increase profit.

In summary, Theorem 10 states that the following factors are needed for it to be profitable

to introduce expensive private supply:
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The private supply cost C'p must not be too high compared to 7.

The market needs to be either significantly under-supplied or over-supplied.

The firm needs to be able to prioritize the correct supply-type strongly enough.

This prioritization must not be too inefficient.

Optimality of hybrid marketplaces. This section focused on showing when hybrid supply
was more profitable than flexible supply only as we thought that was the most relevant
question in practice. However, we did not show that hybrid supply is also better than private
supply-only, and therefore we did not show that hybrid supply was optimal. Nevertheless, it
turns out that it is easy to construct examples where the use of prioritization makes hybrid

supply more profitable than the private-only and flexible-only alternatives:

Theorem 11 (Hybrid Marketplaces and Supply Prioritization). There exist firms for which
all optimal solutions of (4.12) have hybrid supply. All such optimal solutions use prioritiza-

tion.

4.6 Conclusion

In this work, we study the staffing and supply management problems faced by a profit-
maximizing firm that operates in a hybrid marketplace composed of private and flexible
agents. We take a general approach by introducing an axiomatic framework that captures
a broad range of applications. For example, private agents can be employees, rental units
owned by a company (in the case of AirBnB), or autonomous vehicles. In contrast, flexible
agents can be contractors, homeowners, or gig-economy workers. A critical insight is that,
instead of capturing all the potential complexities associated with the firm’s policies, we
model the policies via the achievable revenues that supply agents can garner and then study

supply prioritization in the space of achievable revenues.
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Optimal prioritization policy Optimal Staffing
Balanced-supply
(optimal
Supply of the o Equal Treatment Cheapest supply only
commission
optimal equal
rate)
treatment policy
Under-supplied Flexible prioritization
Hybrid may be optimal
Over-supplied Private prioritization

Table 4.1: Summary of the key results

Table 4.1 summarizes our main findings for the optimality of prioritization and staffing
policies. When both types of supply are available, we find that the major benefit of a
prioritization policy is to restore the supply balance. Indeed, the optimal prioritization
strategy is a function of the supply imbalance induced by the optimal equal treatment policy.
In particular, if the supply is perfectly balanced, there is no need to prioritize. If the market
is under-supplied, it is optimal to prioritize flexible supply and increase the total supply. In
contrast, if the market is over-supplied, it is optimal to prioritize private supply and reduce
the size of the total supply. Based on this result, we establish that the firm should only
use the cheapest supply type if the total supply is perfectly balanced. However, a hybrid

marketplace may be optimal when the supply is not balanced.

We believe our model can be used as a foundation for studies that aim to explicitly
uncover the role prioritization plays in hybrid marketplaces for specific settings. For instance,
prioritization may take an explicit and rich form when prices, service level, and associated
demand response are incorporated into a model. Finally, it would be interesting to relax
our central symmetry assumption (Assumption 1) based on specific settings. For example,
autonomous vehicles may be more limited and slower than human drivers, and the firm may
have more control over the work of employees than independent contractors, which could

lead to richer results and is another exciting direction for future work.
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CHAPTER 5

Conclusion

In this thesis, we explore the aggregate-level effects of new technologies on society by ex-
amining how individual-level changes translate into broader societal impacts. Our approach
combines the theories from statistics, economics, and operations research to address timely
issues alongside technological advancements. Below, we summarize each chapter’s findings

and propose potential future research directions.

Chapter 2 presents a Bayesian model to study the societal consequences of human-AT in-
teractions where users rationally interact with a generative Al, facing the trade-off between
output fidelity and communication cost. We demonstrate that individual interactions with
generative Al can lead to societal challenges. The outputs are homogenized, meaning that
the Al-generated content has a lower variance than the users’ original preference distribu-
tion. And this effect is amplified when Al-generated content is re-used to train the next
generation of Al, potentially leading to a “homogenization death spiral.” Furthermore, we
also investigate the effects of Al bias, identifying who benefits or loses when using a biased
Al model. Our findings show that censoring bias, which marginalizes unique preferences,
negatively impacts population utility, especially for users with uncommon preferences. Di-
rectional biases, such as a slight political leaning, can influence the users’ chosen output,
leading to a societal bias. However, our research suggests that designing models to facilitate

human-Al interactions can mitigate these risks and preserve output diversity.

In Chapter 3, we analyze the impact of introducing AVs into a fleet of HVs on ride-

hailing platforms. We develop a game-theoretical queueing model where a platform aims to
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maximize profit, while HVs make strategic decisions based on potential earnings compared
to an outside option. Our findings indicate that incorporating AVs can degrade service
levels by driving HVs out of the market. This reduction in service levels is not evenly
distributed. High-demand areas are able to maintain a reasonable service level, while remote
areas experience a larger decline in service level. By using a detailed simulation, we further

confirm these theoretical results still hold in a more realistic setting.

Chapter 4 extends the analysis of Chapter 3 to a “hybrid marketplace” consisting of both
private and flexible supply agents. We develop a general framework for supply prioritization
that applies to various settings, including any firm with a mix of employees and contractors.
Our main results show that, without prioritization, operating with a hybrid supply is never
optimal for maximizing profit. A prioritization strategy can make it optimal for the firm
to have a hybrid supply, even if the private supply is costly. In particular, prioritizing
private supply can makes private agents profitable but also reduce flexible supply. Therefore,
the choice of prioritization depends on market conditions. Prioritizing the private supply
is favored in an “over-supplied” market, while flexible supply should be prioritized in an

“under-supplied” market.

For future research, we propose several directions. First, as discussed in Chapter 2,
we have demonstrated that individual rational decisions in Al interactions may lead to the
societal issues of homogenization and bias. It means that the implication of utilizing Als
is not a simple cost reduction or productivity enhancement. There are a lot of potential
side effects awaiting exploration and understanding. At the individual level, it is crucial
to comprehend people’s perceptions and attitudes towards Al, as well as how these may
shift with increasing Al integration into everyday life. Empirical experiments and data
analyses can shed light on these nuances. Furthermore, as suppliers increasingly incorporate
Al into their services and products, it becomes important to understand how customer
demand may change when products are Al-produced rather than crafted by humans. The

ultimate outcome likely reflects an equilibrium between supply-side goals and demand-side
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preferences. In addition, another question is how to design a better system or mechanism that
fosters human-Al collaborations and avoids potential pitfalls. For a market with conflicting
interests among stakeholders, it will be valuable to explore any partnership or contract that
is incentive-compatible and balance the interests of all parties involved. For example, a
profit-maximizing firm may actually prefer an Al that primarily focuses on frequent internet
users and marginalize others to generate a higher profit. This raises the question of how
a social planner can mitigate such inequalities while ensuring the firm’s profitability. We
believe the research presented in this thesis provides a solid foundation for addressing these

complex questions and exploring these avenues further.
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APPENDIX A

Human-AI Interactions and Societal Pitfalls

A.1 Characterization of Optimal Decision

In this section, we characterize the user’s optimal decision. We first show the closed form of
the fidelity error e(f, 0,) and illustrate how the user’s decision may impact the error. Then,
the optimal solution to Problem (2.4) is derived. As in Section 2.4, we assume p4 = pp and

oA = 0g.

Let’s first explore how the fidelity error e(, 0,) varies with respect to 1/a,.

Proposition 17. For any 6, 04, the fidelity error is

_og(o5 + 07 (e — 0)?)
e(0,0,) = 0T+ 02 (A.1)

Furthermore,

e ¢(f,0,) increase in d(0).
e lim,2 e(d,0,) =0, limgy2 00 e(f,0,) = d(0)?

e If d(0) > 04/\/2, e(0,0,) is monotonically increasing in o,; if d(6) < 0p/+v/2, there
exists a threshold ¢ > 0 such that e(,0,) increases in 1/0, € (0,¢) and decreases in

1/o, € (t,00).

Proposition 17 reveals that for any given o, the uniqueness of a user’s preference results

in a larger error. And if the user provides no information and simply accepts the default
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output, the fidelity error increases the uniqueness metric, d(6). Conversely, if the user offers
substantial information, the fidelity error approaches zero. More intriguingly, the third part
of Proposition 17 suggests that the fidelity error is monotonically decreasing in 1/0, only
when the uniqueness d(#) is sufficiently large (as demonstrated in the left panel of Figure A.1).
In other words, if a user’s preference significantly deviates from the average, any additional
information to articulate their preference can yield a reduction in the Al’s fidelity error.
However, when a user’s preference aligns closely with the majority (i.e., d(6) < og/v/2),
there exists a threshold, ¢ such that if the user is reluctant to provide sufficient information
such that 1/0, > t, sending little information may backfire, causing the user to be worse off

than if they provided no information.

o

—a=3 25¢ —fidelity error e 1
8 — =111 fidelity uncertainty e,
> 2} —fidelity bias ¢, b
§ 6 151 |
g .
.‘-’T 4 i 1+ i
o)
<
=2 1o05F L S—
0 ‘ ‘ ‘
2
q

Figure A.1: Left panel: the fidelity error with respect to 1/ 02. Right panel: the decomposi-

tion of fidelity error for § = 1. In both panels, We use pp = 0 and o7 = 9.

To further investigate the cause of the non-monotonic fidelity error, as introduced in

Section 2.3, we can decompose the fidelity error into a bias and a variance term,
e(0,0,) = Var(04]0) + [E(04]0) — 0)?,

We call Var(64]0) the fidelity uncertainty error denoted by e, (6, 0,), and [E(04]0) — 0] the
fidelity bias error denoted by e,(6,0,). This decomposition is depicted in the right panel
of Figure A.1, highlighting that the non-monotonic fidelity error is primarily driven by the
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variance component. Intuitively, when a user knows that the Al’s default output uyg is closely
aligned with their preference without the need for further information, any vague information
could introduce ambiguity and cause the Al to deviate from the user’s true preference. For
example, in Example 1, users with a neutral opinion may find it advantageous to accept the
AT’s default output (suppose g = 0). If they were to loosely explain their reasoning without
detailing specifics, they risk introducing noisy information and receiving a less desirable
result. Hence, if you're not inclined to invest enough effort in providing precise information
and you’re aware your preference aligns closely with the AI’s default output, it may be
beneficial to exert less effort or allow the AI to make decisions on your behalf. In other

words, offering nothing may be preferable to providing ambiguous information.
By Proposition 17, we can solve Problem (2.4) and derive the following Lemma 6.

Lemma 6. The optimal solution to Problem (2.4) is

* 2
w oy

d(Q) 2 Td
op=4¢ V1-uw (A.2)

00 otherwise

—0p + /05 +4AM(0 — p9)* — o)
A((0 — po)* — o) :

1 1
creases in A and is not less than \/ max{0, o3 — Z—;}. In particular, 75 = 503 + Z)\ when

where w* = , and 75 > 0 is a threshold that strictly in-

A > o3

It is not trivial to solve Problem (2.4), since the objective function is neither concave nor
convex when d(f) is small. This non-convexity emerges from the non-monotonicity of the
fidelity error, as outlined in Proposition 17. Lemma 6 implies that the users with common
preferences are best suited to send no information. As discussed previously, these users may

find it advantageous to rely on the AI’s default output instead of introducing ambiguity.

A.1.1 Proof of the Results in Appendix A.1.

Proof. Proof of Proposition 17.
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By the definition of e(6, o),
e(0,0,) = E[(0a(02) — 0)%16]
2
" =0) 10] (s + o3y~ 0))

2
99 q

_ % (p :

(02—1—03( +€q)+a§+a§ (07 4 02)?

=k

o2(og + 07 (e — 0)%)
(02 + 02)?

o limyz e(f,0,) = lim,2 0 = 0. And by L’Hopital’s rule:

04(09 + 0g(pe — 0)%)

lim e(f,0,) = lim

02—00 7200 (0’3 + 0'3)2
B oy + 20, (g — 0)°
S oiooo 2(07+02)
2(g — 0)?
= lim Hpto — O = (pg — 0)*
7200 2
04(0g + 0g(e — 0)°)
de(6,0,) (05 +07)

e Take the derivative of e(, o,) with respect to o: = =

dao? do?

03 (0 + 05(2(ne — 0)* — 7))
(05 +07)°
0) > 04/+v/2. And when (ug — 0) < 04/+/2, (0, 0,) increases for

e|0 Ug

0- )

‘ 07 —2(pg — 0)?

o, € Ug o0
’ 0% —2(pg — 0)”’

which is non-negative for all o, > 0 if and only if (g —

and decreases for

1
Ty

o \/az—zwa—e)?_
]

2
o
Proof. Proof of Lemma 6. Let w = 4 and by Proposition 17, we can rewrite Problem

o2+ o2’
(2.4) as:

q 6

w*(0) £ argmin w(1 — w)op + w?(pg — 6)*

wel0,1]

A
~3 Inw (A.3)
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A
Let l(w) £ w(1 — w)o2 + w?(us — 0)? — iln w. On the boundary, we have [(0) = co and
1(1) = (o — 0)°.

ol A
Take the first-order condition: I'(w) = a—(w) =2((ug — 0)*> — o2)w + o5 — o 0 we
w w
can get the roots of the above equation are
b R ANAT DG O] | o~ /7 = 0P =)
o o 2

A((po — 0)* — o) ’ A((po — 0)* — 07)
Moreover, we have to make sure w*(#) € [0,1] and I[(w*(0)) < (ug — ) because Problem
(2.4) is non-convex.

L (ug — 0)* > o}

Because w*(f) > 0 but wy < 0, it is only possible to have w*(0) = wy. Also, w; <

1 1
1 < —o3++\/og+ 4 (g — 0)2 — 02) < 4((g—0)*—0}) <= (g—0)> > §a§+ZA
[
Additionally, when (ug —0)* > o3, aa—w is negative for w < w; and positive for w > wy,
so L(w*(0)) < 1(1) = (ug — 0)%. Therefore, when (g — 0)? > 02, w*(f) = w; is optimal

if (g —0)* > 02/2 + M\/4; otherwise, w*(f) = 1 is optimal.

2. (g —0)* < o}
In what follows, let us discuss when we have the optimal solution w*(f) < 1. First,
to make sure !'(w) = 0 has a real root (otherwise, w*(f) = 1 is optimal), we need
oy + 4\ (g — 0)> — 03) > 0. That is, (ug — 0)> > 02 — 03 /(4)). In addition, we can
see that I'(w) is negative for w < wy or w > wy. And I'(w) is positive for w € (wy, wsq)

Thus, the local minimum is at w = wy, and the local maximum is at w = wy. This

means w = wy is never optimal.
Feasibility of w = ws:

First, because (g — 0)? < o3, we must have w; > 0. Second, we want to find the
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conditions such that w; <1

o =TT N =7 =) _
4((pa — ) — 03) :

= \Job+ 410 — 0)* — 03) = 4(ug — 0)* — 307

The above inequality always holds if (ug — 0)* < 302/4, otherwise

A

-

1
= 0g+4M(po —0)° = 05) > (4o — 0)° = 309)* <= (19— 6)* = S5 +

This implies that if A < o3, we always have w; < 1. Thus, if A\ < o2, we only need
(no — 0)? > 03 — 0/(4)) such that w = w; € [0,1]. Otherwise, w*() = 1 is optimal.
If A\ > o, we need (ug — 0)* > max{o3/2 + \/4,05 — o;5/(4\)}. However, notice that
03/24+ N4> 0} — o, /(4)) because 02 /2 + N4 — |07 — oy /(4N)] = (A —02)?/(4\) > 0.
So we need (ug — 0)? > 02/2 + \/4 such that w = w; € [0, 1]. Otherwise, w*(0) =1 is

optimal.
Optimality of w = wy,

Now we need to show the conditions when w*(#) = w, is optimal. Notice that w*(#) =
wy is the global minimum if wy > 1, since !'(w) is negative for w < w; and positive for

w € (wy,ws). And,

Wy =

03 — TN T (g — O — )
(0 — 02— 02) =

= —/oh + 4o — 0) — 03) < 4((g — 0)* — 03) + 0}

The above inequality always holds if (ug — 0)* > 302/4, otherwise
= oy +4M(uo — 0)° — 07) > (4((1o — 0)* — 03) + 03)* <= (ng —6)* >

Thus, if 07 /2 + min{oF, A} /4 < (ug — 0)* < 0f, w*(0) = wy is optimal.

. Let’s see what we have shown now. We have shown that if (ug — 0)* > 02/2 + \/4,

w*(f) = wy is feasible and optimal; if (ug — 0)? < 03/2 + A\/4 and A\ > o5, w = wy is
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not feasible and w*(#) = 1 is optimal; if A < 02 and (up — ) < 03 — 05 /(4N), w = wy
is not feasible and w*(#) = 1 is optimal. In addition, we have shown that if A < o7
and (pg — 0)% € [0F — 05 /(4)), 02/2+ N\/4], w = w; € [0, 1] is feasible, but we need to
show whether it is optimal since w = 1 is another local minimum. We want to show
that if A < o3, there exists a threshold n > o3 — o /(4)\) such that when (ug —60)? > 1,
w*(f) = w, is optimal; otherwise, w*(f) = 1 is optimal. Because we have seen that
w*(#) = wy is optimal whenever (g — 0)* > 03/2+ \/4, we only need to consider the
case when (pg — 0)? € [0f — 0y/(4)),05/2 + A/4]. That is, we want to show if A < o7
and (g — 0)° € [03 — 03/ (4N), 03/2 + \/4),

9((10 — 0)%) £ 1(1) — U(w1) = (g — 6)* ~ 1 <—Ug e D "3>>

A((po — 0)* — 07)
has at most one zero point. In particular, we want to show that g((ug — 0)?) is
monotonically increasing for any (ug—0)? € [07 —03/(4)), 05 /2+ A/4]. By Lemma 10,
99 _ 8((o —0)* — 09)* — o5V'A + 0 + 2X((pg — 6)* — 99)
O(po — 0)? 8((1o — 0)* — 09)”

Let h(\) = 8((1g—0)? —04)? — 03V A+0h+2\((1g —0)? — 0¢) represents the numerator
of 8(#96—99)' We have h(0) = 8((ug — 0)* — 09)* > 0 and h(A = 03) = 8((ug — 0)* —
09)* + 02V A — ot — 202 (g — 0)? — 7). Since A < 0 and (g —0)2 < 02/2+\/4 —
({0 — 6)” — 00)? > 2 — 203) (o — 6)” — 0u), h(A = 53) > 2(03 — 203 (1o — )" —

o) + oA — o — 209((9—«9) 09) = VA(02 —V/A) >0 (Since A < 02 and

<o

oh 2
Z)\ = (g — 0)* 2). In addition, o %4(@9 —0)? —
2

o5) — 2((1g — 0)% — 09) = 2((pig — 0)% — @(% —1) <0 , because A < o2 and
1

(o —0)? < o3 + = )\ = (up — 0)* < 0. This implies h(\) > h(A = ¢2) > 0 for any

2 4
0
A < o3, which further implies that 3(#(9—39)2

monotonically increasing for any (up — 0)? € (07 — 0y/(4)), 05/2+ A/4). This implies

1
(1o — 0)* < 509 +

> 0. Therefore, if X < 03, g((1g —0)?) is

that if A < 02, there exists a threshold n > o2 — o5 /(4)\) such that when (g —6)? > 7,

w*(0) = w; is optimal.
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In summary, when A > o3, then 74(\) £ \/02/2 + A/4 is a threshold such that w*() = w,
is optimal if and only if |ug — 0] > 74()\); and when A < 03, then 74(\) £ /7 is a threshold

such that w*(0) = w, is optimal if and only if |y — 0] > 74(N). Additionally, it is clear that

ol 3\ —0)2—-02) 1
03 /2+\/4 strictly increases in A; and by Lemma 10, (wi) _ 3M(po =0 — 05) ——Inw; =

O 2V/A(—0Z+VA) 2

3\
——— — —Inw; > 0 which implies — 0)?) strictly decreases in \. Because we have
Sl plics g((y1g — 6)?) strictly
0]
shown 0(—% > 0, then must have 7 strictly increases in A. These imply that 7,4())
Mo —

strictly increases in \.
Hence, the optimal solution to Problem (2.4) is

R ez ) .

00 otherwise

—03 + /oy + 4\ (e — 0)* — 07)
4((g — 0)* — 07)

1
in A and is not less than \/max{O, o3 — Z—;}.

where w*(0) = , and 74(A) > 0 is a threshold that increases

O]
A.2 Proof of the Main Results
A.2.1 Proof of the Results in Section 2.4.
A.2.1.1 Auxiliary lemmas
—o2 444\ —0)2 — o2
Lemma 7. Let w*(0) = %+ Vo) + (gﬂe 5 ) 09), then
4((1o — 0)* — o)
1.
aw*(e) _ Uﬁ\/Z — (73 — 2)\((#9 — 6)2 — 03) (A4)

ANpo =0 4/A((pg — 0)* — 03)°
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ow<(#) 1
o (A.5)
3
Ow*(0) (07 = VD) (1o — 0)* + 2\ (110 — 6)* — 03) (A.6)

oog AVA((g — 0)2 — 02)?
where A = o} + 4\((g — 0)* — 03).

Proof. Proof of Lemma 7. Let A = o} + 4\ ((ug — 0)* — 02).

Since w*(0) = —0; +\og + 4N (o — 0)? — 77) _ —o5 + VA
(ko = 6 = oy) A((ug — 077 = 3)
1.
durs) | gyEt A= 02— oh) — Ao + V)
Opg — 0)2 16((119 — 0)2 — 02)?
22X (o — 0)* — 03) + 03VA - A
AVA((pg — 0)? = 03)?
_ BVA— g — 2)((p — 0)* — 03)
AV A((pg — 0)2 — 03)2
2.

1 2 2
our(6) WA - 4((po — 0)* — 07)
oA 4((po — 0)> — 07)
1
" 2/A
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ow B 2VA
oy 16((ig — 0) — 03)?
(VA4 03— 20)((us — 0)* — 03) — opVA + A
WA (g — 0)* — o3)?
_ (05 = V) (1o — 0)* — 05) = 2M((pe — 6)* — 03)
V(1o — 0)* — 732
—0yVA + 05 + 4\((1e — 6)* — o)

WA (o — 0)* — 3)
(03 = VA) (s — 0)> — 03) + 03(0F — VA) + 2\((g — 0)2 — 0})

B 4V A((ug — 0)? — a3)?
(03 = VB) (g — 0)* + 2\ (g — 0)* — 03)
IA((pg — 0)? — 02)?
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T4

2 27
o —|—Uq

Lemma 8. Let w =

then we can rewrite e(6,0,) as

e(0,w) = w(l —w)o; + w?(ug — 0)* (A7)

—05 + /oy + 4\((1g — 0)* — 07)

In addition, if w*(0) = (10— 0)2 Y ;
6 — — Oy

1.
Oe(0,w*(0)) _ 03(05vV A — a5 — 2\((ne — 0)* — 7)) (A.8)
O(po — 0)? 8VA((119 — 0)% — 0p)?
2.
Oe(0, w*(0)) _ a; +VA (A.9)
O\ WA '
3.
0c(: w'(6)) _ [2uo — 0 = 0jl (03 VA + 05+ 2M(pg =6 7)) s 1
0o} 8VA((1o — 0) — 07)> |
where A = o) + 4X\((g — 0)* — 03).
crg ) wo . ) woy
Proof. Proof of Lemma 8. Let w = —; 5, then og = . Substitute o,* = into
o5 + o, 1—w —w

Equation (A.1), then we have Equation (A.7).

Let A = oj + 4\ (g — 0)? — 02),
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Oe(8,w*(0))
I(po — 0)?

— 0_§<1 —QUJ*(Q)) aw*(e) 2, x 620*(9)

R A GO A T

Substitute Equation (A.4) into the above equation
5 0+ 2((pe — 0)* —03) — VA og\/_ — b — 2\ (g — 0)2 — 02)

*2

+ w

— % 2((o — 0)*> — 03) AV A((1g — 0)* — 09)>
e 0 VA ogVA —aj = 2M((1e — 0)* — 0p)
+ 2(uo — 0) 4((1g — 0)? — o2) 4\/Z6((M0 —0)* — 09)? 6

a5 — VA + 2M((g — 0)* — 03)
8((uo — 0)* — 03)?
05 + 205 (1o — 0)* — 03) — gV A — (19 — 0)*0 + (119 — 0)°VA
2((o — 0)* — 03
a3 VA — o = 2\((1g — 0)* — 03)
4V A((1g — 0)? — 09)?
— VA +2X\((1g — 6)* — o)
8((1e — 0)* — 07)?

+

_ 0+ VA VA~ o} 20— 0’ ~ 03) | 0} — pVA+ 2M((y ~ 6)° ~ o)
2 AVA((1g — 0)2 — 0)? 8((ug — 0) — 03)*
_ 95(A — )~ 2M(pg — 0)* ~ })(0} + V) | ojVA — A + 20V A((sg — ) ~ )
8VA((11g — )% — 09)? 8VA((pg — 0)2 — 03)?

03 (05 VA — 0§ — 2M((o — 0)* — 07))
8VA((1g — 0)? — 05)?
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de (0, w*(0))
O\

_ 21— 2w*(0))6w*(6) ow* ()

9 o 2, %
Substitute Equation (A.5) into the above equation

202.00+2((#0— 0)* —o3) — \/_ 1
’ 2((ko — 0)* — o) 2VA
—o2+ VA 1

W((uo— 07— 2/A

+ 2(ug — 0)* -

05+ 205((1e — 0)* — 05) — oG VA — (g — 0)*05 + (119 — 0)*VA 1
- (o — B — o) WA
- ag +VA

=" /A

141



de(6,w*(0))
803
— ()1 — w*(0)) + 02(1 — 207 (9)) 20

2
doy

ow*(6)
do}

+2(pg — 0)*w*(9)

Substitute Equation (A.6) into the above equation
- —03 + VA
Ao — 0)? = )
4((#9—9)2—03)+05—\/Z+ o5 +VA
W =02 —03) 3
(5 = VD) (o = 0)* + 2\ (o — 0)* — )
WA ((g — 07 — o)
4((po = 0)* — 07) (=03 + VA) — (0 = VA)?
16((po — 0)* — 07)?
—AM((1o — 0)* = 03) (o — 0)* + 2X (1 — 0)* — 03) (05 + VA)
SVA (10 — 0 — o7)?
2((no — 0)* = 03) (=03 + VAWA = VAo + 2M (o — 0)* — 07) — 55 VA)
SVA (0 — 02 — o)
L 4o = 0)° = 05) (1o — 0)° + 2A\((no — 0)° — 05) (05 + VA)
SVA (0 — 0 — o7)?
2((po — 0)* — 0)[(=03 + VAWWA = WA = 2X(ng — 0)* + Mo + VA)]
SVA (g — 02 — o7)?

+

N —\/Zag(ag — \/Z)
VAo — 0 — o2
2((o — 0)* — o) VA(=0j + VA) = 2((pg — 0)* — o) A12(pg — 0)* — 7]
VA1~ 0) — o3

. _VAdgj(=0j +VA)
8VA((1ug — 0)% — 03)?
[2(p9 — 0)* — 03]V A(=07 + VA) = 2((1g — 0)* — 07)A[2(pg — 0)* — ]
8VA((1ug — 6)% — 03)?
2(1e — 0)* — 03] (=3 VA + 04 + 2\ (e — 0)* — 03))
8VA((1g — 6)% — 03)?
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2
Oy

Lemma 9. Let w = 5, then we can rewrite I(o,) as

q

1
I(w) = —élnw

e o =g oy + AN (e — 0)% — 0F)
In addition, if w*(#) = 4((‘;@ 0 o) o
1.
AT (8) 1 03B —od— 2\((uo— ) o)
Npta =0 2 V(o — 0)* — 00)(~0F + V)
2.
PIWHO)  (pe— 0 —

on VA(-oit V)

where A = o + 4X\((g — 0)* — 03).

Proof. Proof of Lemma 9. Let A = o} + 4\ ((ug — 0)* — 07),

oIw'(6) 1 1 du(h)
oo — 07 2 w(®) o)

Substitute Equation (A.4) into the above equation

1 4((pg— 07— 03) 03VE — 0 — 2\((ug — 0)” — 03)

1 09\/_—09—2/\((,&9—9)2—03)
2 VA((ug — )2 — 09)(—03 + VA)

oI (w*(0)) I 1  ow )

X 2 w(f) O

Substitute Equation (A.5) into the above equation

1 1 1

2 w(d) 2/A
(g — 0)* — 0op

VA(=c} +VA)

143

2 24 VA  4V/A((ue— 0) —0p)?

(A.11)

(A.12)

(A.13)



2
94

2 2

o + o

Lemma 10. Let w =

, then we can rewrite Equation (2.3) as

10, w) = w(l —w)og +w (g — 0)* — %lnw (A.14)

_ 72 4 4\ —6)2 — D)
In addition, if w*(#) = % + \i&iﬂ_ 9()2”9 2)> ‘79)’
g —0)? — 0o

1.
DO w () o3VE — b — 2\((ug — 6)° — o))
=07 80— 00 —o)? (A.15)
2.
6l(8) w*(0>> 3/\((:“9 - 8) - 09) 1 In w*((g) <A16)

OA 2\/_( o§ + VA) 2
where A = o + 4\((g — 0)* — 03).

Proof. Proof of Lemma 10. By Lemma 8 and Lemma 9, it is clear that [(6,w*(0)) =
A
e(0,w*(0)) + A (w*(0)) = w*(0)(1 — w*(0))oz + w*(0)*(ue — 0)* — 5 Inw*(#). In addition,

1.
oL, w*(0))
(o — 0)
_ de(0,w*(6)) ). oI(w*(0))
I(po — 0)? (o — 0)?
_ 05 (05VA — a5 = 2X\((1e — 0)* — 7)) A i a3 VA — o = 2\((1e — 0)* — 03)
8VA((1o — 0)* — 09)? 2 VA((o — 0)? — 09)(—0j + VA)

75 (05 VA — 0§ = 2M\((119 — 6)* — 93)) (=05 + VA) — 4\ (g — 6)* — 00)

8VA((1g — 0)? — 09)*(—0F + VA)
oV A =05 —2X((pg — 0)* — 07))

(=g + 05 VA = 4\((1g = 0)” — 09))(03VA — 75 — 2\((e — 6)* — 7))

8VA((1o — 0)? — 09)*(—0F + VA)
_ VA(VA +07) (05 VA — a5 — 2X\((1e — 0)* — 07))
8VA((1o — 0)? — 09)*(—07 + VA)
T VA — a5 = 2M (1 — 0)* — 7)
8((to — 0)* — 79)?
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OO, w*(9)) _ 0e(0w(0)) , | OI(w () 1
o\ o\ oA 2
_ i+ VA M =0 —0f) 1
VAN VA(=o2 +VA) 2
Iy R () i) RS S
WA(~a7 + VD) 2
M =0 =) 1y
2VA(=of +VA) 2

A.2.1.2 Proof of the results.

Proof. Proof of Proposition 1. Because d(f) = |ug — 6| by definition and |uy — 6| increases
with (pg — 0)*, we only have to show the change of 1(6,07(6)), I(0}(6)) and e(f, 07(6)) with

q

respect to (ug — 6)?. By Lemma 6,

' W (6)73
WO T —0| > 14(\
1(0,07(0)) = ( - w*(@)) o =01 = 7a(V)
(1o — 60)° otherwise
(( [w @)
Y ey — 0] > (A
I(o;(0)) = ( 1-— w*(9)> |to — 0] = 7a(A)
0 otherwise
' w (6)73
€ 9’ 1 _ % (0) —0 = Td A
e(,0:(0)) = ( 1— w*(@)) o — 0] = 7a(A)
(1o — 60)° otherwise

where w*(0) =

- 4\ —0)2 —o2
%+ Vo + g( F 00), and 74(A\) > 0 is a threshold that increases

(o =0 = 3)

in A\ and is not less than o} — Z—i. Now, let’s apply the results of Lemma 8, Lemma 9, and

Lemma 10.
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1. When |pp — 0| > 74(N\), by Lemma 10,

0l(9,05(0) _ a3vVA —af —2X((up — 0)* — 03)
(e — 0)2 8((po — 0)* — 0g)?

where A = o + 4A\((pe — 0)* — 03).

We only need to show o3V A — gy — 2\((g — 0)* — 07) < 0. When |pg — 0] > 74(N),
by the proof of Lemma 6, we know A > 0, so a5 + 2A((pg — 0)? — 04) > 0. Thus,

VA — ot —2A((1g — 0)? — 02) <0 (A.17)

05 < [0 + 2\ (g — 0)* — 09)]”

0(05 + 4M(ne — 0)* — 07)) < 0 + 4Aag (e — 0)* — 09) + 4AN*((1g — 0)* — 0p)*

[

AN ((po — 0)* — 09)* 2 0

a1(0, 0 (0))

(o — 0)?
is continuous at |pp — 0] = 74(\). Thus, [(6, 07 (0)) increases in |ug — 0|. By definition,

When |pg — 6] < 74(A), 1(0,03(0)) = (1o — 0)? = 1. And I(0,07(0))

I* = min(T, 1(0,07(0)), so I* increases in |y — 0.
2. When |ug — 0] > 74()), by Lemma 9,

01(03(0)) _ 1 ojv/A— a5 —2\((pe — 0)* — 93)
0o —0)2 2 /A((o — 0)2 — 05)(—07 + VA)

By the proof of Lemma 6, we know w*(6) > 0 when |ug — 0] > 74()), so the denomi-

nator ((ug — 0)? — 09)(—02 + v/A) > 0. Because of the above Inequality (A.17), then
oroy0) _
Mo — 0)* —
01(a7(0)
Wh -0 A), I(cx(0)) =0 = 0.
en |:u9 | < 7-d( )7 (Uq( )) = 8([1,9 _ 9)2
We conclude that I(o;(¢)) increases in [y — 0].

3. Firstly, notice that [(0,07) = 0 for d(¢) = 0 and we have shown that (6, 0;(0))
monotonically increases in d(f) in part 1. In addition, we can see that w*(#) — 0 as

d(f)) — oo, which leads to I(o;(0)) — oo and I(0, 07;) — o0 as d(#) — oo. These imply
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that for any I' > 0, there must exist a threshold 7, > 0 such that d(0) < 7, <=
1(0,07) <T.

4. When |pg — 0] < 14()), by Lemma 6, o (6) = oo, thereby e(,07(6)) = (ug — 6)* and
de(0,03(0))

O(ue —0)>
When |pp — 0| > 74(A\), by Lemma 8,

0e(0,03(0) _ o3 (oiV A — oy — 2M((ue — 0)* — 03))
o — 0)? 8VA((po — 0)2 — 09)?
de(0,0;(0))

g —0)*> —
We conclude that if |g— 0| < 74(A), e(0, 07 (0)) increases in (pg—0)?; if |pg—0] > 7a(N),

> 0.

Because of Inequality (A.17), we have

e(0,0;(0)) decreases in |ug — 0.
[

Proof. Proof of Proposition 2. By definition, if d(6) > 7,, users will work on their own and

0" =0, so |[E[0*]0] — gl = 16 — puol.

2 2
* __ [ : _ Oy g
If d(9) < 71,, 0" = 0%. By Equation (2.1), we know E[04|0] = P . -2 jag - 1o,
SO
E16316) — ol =~ 10— ol
A Heo| = O_§+O_;2(6) 27
which is 0 if 0 = py.
Additionally, since [(#,0,) — oo as 0, — 0 and 0, = oo is feasible, we must have
0:(0) > 0. Thus, [E[0%|0] — pe| < [0 — pe| whenever 6 # .
m

Proof. Proof of Theorem 1. By Lemma 6, the Al's output 04(07(09)) is

(1 —w*(0))g +w (O)pe [1e — 0| > a(N)

149 otherwise
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where w*(0) =

2 T4\ —0)2 — o2
il s ((QM ) 09), and 74(A\) > 01is a threshold that increases

w07 %)
in A and is not less than o3 — ﬁ.

By definition, the unconditional variance of 6* is
Var(0*) = E[(0* — E[0*])?]

Let ¢(-) and ®(-) denote the probability density function and the cumulative density function
of N(0,1), respectively. We know

)= [ e (G ) e (520 )

First, when 74 > 7,, we know that for any 0 < 7, < 74, w*(#) = 1 and 6* = puy; for any

0>, =40, so

/. %/ (G ) e (75 )
o L9 G e (55
Lo

o)
( )d9+/ 9¢(9_“9)d9
Ta 0o d(0)>7q o

Because / 0o (9 — Me) db
d(0)>7a o
_ 0 — Ko 60— jor
= (0 — po)o do + [ de
d(0)>74 o d(0)>7a o

9 _
ond | (9—M9)¢( to
d(0)>14

) df = 0 due to the symmetry
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When 74 < 7,

&

[67]
o 9 _
- / / )+ w wm]cb( - )deq¢( “‘)) o
d(0)€(1q,7a) J —o0 o (9 or)
/ / Lo (
d(9)<Td —00
Lo Lo )deﬁ(e‘“@)de
d(0)>74 oo o
0 — 0 —
= [ wess e (T )ar [ o (1) as
d(0)€(74,7a) o d(0)<tq Og
+ / 0 (9 - “9) 9
d(0)>7a o]
0—po\ ,, 0 — 1o 0 — 1o
Because 0] db = (0 — o) do + o do,
d(0)>7q oL d(0)>q 0o d(0)>74 o
60— f —
= [ w0 el () vk [ o (P ) an
d(0)€(7a,7a) 99 d(0)<Ta 0%
9 —
+ / um( “9> do
d(0)>7a Op
6 % -
= [ oo (T v [ o () ap
A0V (rasma) o B o

(1 —w*(0))(0 — o) (9 - “9) a6 = 0,

O¢
0 —

because (1 —w*(0))(0 — ) (_Ma) is symmetric with respect to 6 = py.
o

- [oe(2)
— 00 (oF]

~—

Notice that /
d(0)E(Tq,7a)

Thus, when 74 > 7,,

* — U
Var(#") /d(9)>7'a/ (ko = (%( )) qd)( o] )d&

= / (no — 0)%¢ <—0 Me) do
d(0)>74 J¢

(A.18)
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) ¢ 0 — 1o
! /d(9)>ra /—ooma 0 (0359)) dea® ( o
- /d(e) ( )/_ (1 —w*(8))q +w*(0) g — 110)*¢ ( S
_n)2 0 — o
* /d(9)>Ta(ue 0)%¢ ( - ) do
) . .
N /d(9)€(7'd,7'a) /—oo<1 — v (6))2(q B 'ue) o (J;(Q)
_n)2 0 — o
+ /d(9)>7-a<'u0 0)%¢ ( - ) do
- /d(9)€( )/ (1= w"(0))*(0 + g — 1o)*0 (
— 9)? 0 — 1o
+ /d(9)>Ta<Me 0)°¢ ( - ) do
- /d(e)e( )/_ (1 —w*(0))*[e; — 2¢4(1o — 0) + (1o — 0)*]¢ (
_ )2 0 Me)
' /d(9)>7' <Iu9 0) ¢( (o] do
B /d(e>e< >(1 — W (@) [7(0)" + (o — 0)°]0 (
_ A2 0 — pe
+ /d(9)>Ta(ﬂe 070 (== ) do
i /d<9>e< [ = @) @) + (1 = w(0)) (e — 670 (
_n)2 0 — o
* /d(em(ue 0)°¢ ( - ) do
Thus,

When 7y < 7,

Var(0%)

Var(0) = 2| /H + (1 — w*(0))w(8)0

— Mo

/dw)e(m,m /—:[QA(U';(H)) ~ ' (036((19)) dea? (90—9

)as

a5(0)

oo

oo

)as

— Mo

9‘“”) a9

o

0g

) ao




1. Now, let us first show that when I' — oo, Var(6*) is strictly decreasing in A. In this case,

[e.9]

Var(0*) = 2 /

po+74

(1= w(8)w* (0)03 + (1 — w(8)* (g — 6)7] (@ - “9) a6

o

Let 7(6) 2 [(1 — w*(0))w*(0)02 + (1 — w*(6))*(ug — 0)?], then

Var(04(a2(9))) = 2/00 h(6)o (9 - “9) df

po+Ta(N)

By the Leibniz integral rule,

OVar(fa(or(0 0 — 0 A
ar( g)(\UQ( ) _ —2h(6)¢< aeue) o7 (;:i\( )

+2/ 8h(9)¢(9_’“‘9> df
potra(n)  OA o

> (0 by Lemma 6, we only need to show:

2/ (%(e)gb(e_“@) 9 < 0
Ho+Ta(A) 2 96
Notice that

2/ 8h(8)¢(0—u9> 0
potra(y) O %6

> Oh(0)  Ow*(0) (6 - ,u9>
—9 / . & df
po+7a(N) 3w*(9) (9/\ Og

O/ Ta(N)

O\

Since

= [T 2o+ 2w 0) ~ - 0o () an

o+7a(N) 99

where A = o + 4\ ((pg — 0)* — 03)

_ = w* _ 02 _ 2 o2 — 2 1 0 — g
_/me[z (0)((pe — 0) 2) + o5 — 2(1g 9)]¢Z¢( > )dg

Let g(0) £ 2w*(0)((ug — 0)? — 03) + 07 — 2(1ug — 0)?]/V'A, we want to show
/ 9(0)¢ (9_“‘9) 9 < 0
Ho+Ta(N) 70
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(a) First, when A > 02/2, we want to show g(6) < 0 for any 6 > pg + 74(\).
By Lemma 6, 74(\) > —04/(4)), s0 74(A\) > 0p/+/2. This implies that for any
0 > pg + 1a(N), (1o — 0)? >09/2
If (g — 0)* > o2, 2w (0) (e — 0)*> — 02) + 02 — 2(pg — 0)*> < —02 < 0, because
w*(f) < 1. And if %3 < (o — 0)* < a5, 2w (0) (e — 0)* — 03) + 05 — 2(pe —
0)*> < o7 — 2(ug — 0)* < 0, because w*(#) > 0. Thus, (ug — 60)* > %g implies
20*(0) (o — 0)* — 03) + 05 — 2(pe — 0)* < 0, which further implies g(6) < 0.

Therefore, when \ > ¢3/2,

oo 0 _
/ 9(0)6 ( “9) a6 < 0
fio+7a(\) 96

Let a = \/o2 (so A < 03/2 implies o < 1/2).

(b) When X\ < 02/2:

A o+ A\((p — 0)? — 02) = ot {1 B (M _ 1)]

o () )

Similarly, we can get

—024—\/03—1—4)\(( —0)? 02)1+\ll+4a<(#90;9)21>
Wwo—0r-) e
(Mege ) - 1]

_0.9

w*(6) =
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0 — e

The substitution z £ yields
J¢
[ e (T )
po+Ta(N) 99
o 1
= [, 10~ 200,003 + 2i(,0) ~ Do) (o)ouds
74N 2 A
oo o; (z,a)
= [, 0= 20(.0)) + 20 (s, 0) = 1a*)———(a)oads
ey Az, a)
1 OO . . 9 1 x?
= NGz (1 = 2u0(z, ) + 2(w(x, ) — 1)) —= exp | — dx
T J7a(a) Az, )
) Ta(\) —1+4+/1+4a(z?—1) A )
where 74(a) = , (T, a) = and A(z, a) = 1+4a(z®—1).
o 4(z2 - 1)
Note that
1 1 1 — 422
(1 20(z, 0)) + 2(i(z, 0) — 1?] e = = [1 N > ]
Az, o) 2 V1+da(a? —1)

Define

Glo) £ /:;) [1 VG j;;iz = 1)] P (_%2) o

We want to show Va € [0,1/2], G(a) < 0.

Let’s do another change of variables: y £ 22 — 1, which implies dy = 2zdz and

x =+/y + 1. This yields

G(a)—/oo {1—ﬂ} exp (_y—|—1) ! d
e L VIt day > Josy 1!

Let w(y,a) £ 1 — (3 + 4y)/+/T + day. Note that
i. If y > 0, w(y, ) is increasing «.

ii. If y € [-3/4,0), w(y, «) is decreasing a.

iii. If y € [-1,-3/4), w(y, ) is increasing a.

Correspondingly,
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11.

Let

a [T _y+1 1
GO(a) - /0v CL)(’y,Oé> exXp ( 2 ) 2\/mdy
we have Gy(a) < Go(1/2) < Go(1) < —0.96.

72 (a) — 1> —3/4 <= 7% (a) > 1/4
Note that 7;%(a) = 74(\)/0y, and by the definition of 74(\) in the proof of

Lemma 6, 74(\) solves

A
(7a(X,00) = og)m* + ogm — 5 In(m) = 74(X, 00) — 75)

—0 + \/og +4ANT3 (N, 09) — 0F)

where m = 20 0) — o7) . This is equivalent to that 7,(«)
solves
(72(a) — )m? +m — %ln(m) = 7%(a)
—1+ /14 4a(7?(a) = 1)
where m = \/

47 (a) = 1)
Thus, we can get there exists o* such that 7,*(a) > 1/4 <= o > o*. And we

can numerically compute a* &~ 0.13845.

0 +1 1

Let

Since w(y, «) is decreasing in «, we have

0
y+1 1

Gi(a) < w(y,a™)exp | — d

)< [ etnees (<) oy

0
y+1 1
< w(y, a*) exp (— ) dy
/3/4 2 2\/y +1

We can numerically find

0
. y+1> 1
w(y,a”)exp | — dy <0
/_3/4 (y,a”) p( RN R
Thus, G(a) = Go(a) + G1(a) < 0.
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iii. 7%(a) —1< —-3/4<=a<ao*

fdz(a*)fl
y+1 1
Gi(a :/ w(y, a exp(— ) dy
@=[ e )=

+/ y+1 1 d
) ex
P > Josyr1?
Td2(a*) 1
y+1) 1
L o ()
y+1 1
d
+/ eXp( 2 )Qx/y+1 /

1 1
/ w(y, ™) exp (—y+ > dy
72(a)—1 2 ) 2Vy+1
0
N y+1 1
< , e — d
< [ jtwarromn (-5 5t

We can numerically find

0
. Y+ 1) 1
w(y,a”)exp | — dy < 0.817
/_1 (y, ") p( RN
Thus, G(a) = Go(a) + Gi(a) < —0.96 4+ 0.817 < 0.

We conclude that Vo € [0,1/2], G(a) < 0.

Hence, Var(04(o}*)) strictly decreases in A.
. When X\ = 0, we know V6, w*(f#) =0, 6% = 6. Thus,

lim Var(6*) = / (1o — 0)*¢ <w) d) = Var(0) = o}
A—=0 00 Op

When A — oo, by definition, for any 6, [ — oo if o, is finite, so the optimal decision is

oy = +oo with I* = (6 — y19)*. Thus, by Equation (A.18),

lim Var(0*) =2 / (1o — 0)°¢ (M) df
A—00 Lo +Ta Op

And by Proposition 1, for any I' > 0, we must have 7, > 0, so

lim Var(6*) = 2/00 (1o —0)%¢ <9 ; “9) o < z/m(ue—ew (0;“9> do = Var(0)
w 6 M 0

A—00
0+Ta 0

Hence, Var(0*) < Var(6).

155



3. (see Appendix A.5) Next, we want to show Var(6*) < Var(f) if A > o7/2 or I’ < I or
[>T for some I' > 0,T > 0. Let D £ Var(0) — Var(6*)

First, when 74 > 7,, Equation (A.18) yields

0 — 6 —
D= [ (oo (—“9) - [ (oo ( “9> 0
d(6)>0 0o d(0)>7q 09

which is positive since 7, is positive.

Second, when 7; < 7,, Equation (A.19) yields

Ho+Ta

D= (po — 0)%¢ (M) do

11 06

Ho+Ta B
- / (1 — w*(0))w*(0)op + (1 —w*(0))*(ug — 0)%]¢ (9 Ha) 20

0+7d O

We can do the same change of variables as the above steps. In particular, let y =

(0 — pg)/09)? — 1, then we have

oo [ [T en(—(y+1)/2)
D‘m[/l G757 ¥
mut ol . oexp(=(y+1)/2)
_/Tf_1 (1= @)1+ (1= )y = at|

where 7, = 7, /04,74 = Ta/0g, ¥ = (=1 + /1 + 4ay)/(4y) and a = \/a7.

(a) When A\ > 02/2, by Lemma 6, 74 > /02 — o} /(4)), so 73 > 1/3/2.
Let

flw) = /T;: w(w,y) exp (—y —g 1) \/%de
where w(w,y) 2 (1 —w)(1+ (1 —w)y).

0
Notice that - = —1-2(1—w)y, which is non-positive if and only if (1—w)y > —1/2.

ow
Because y > 75 — 1 > —1/2 and w € [0, 1], this implies that (1 — @)y > —1/2 and
ow <0
ow —
Thus,

7221
° y+1 1
= 1+ - do
w%%fi]f(w) /ﬁf1 (1+y) eXp( 5 ) TEa
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So we get a lower bound of D:

Do oo [F7 e )

27T Vy+1

And by Lemma 6, we know VA > 0, we must have 7; > 0. Thus, D > 0.

Let I £ [*(6) >0

|9=M0+Td
When I' < T, this means 7, < 74, by Equation (A.18), Var(6*) = Juoy>m

0 —
0)%¢ <—'u9) df, which is less than Var(), since 7, > 0 whenever I" > 0.
09

Lot I' £ 1(0)],_,. 1005 > 0

When I' > T, then 7, > 09/V2 = 7, > 1/V2 = 72 —1>—1/2.

Also, in part 3 (a), we have seen that if y > —1/2, g—z(zb,y) < 0 (since w € [0,1]).
This implies that if y > —1/2, w(w,y) <w(0,y) = (1 +y).

And if 7, — 1 increases to 7,2 — 1 + ¢ for any € > 0, then the change of D is

Sp = \/U—QQ_W [/ T ) — (1 )1+ (1 D)) eXp(?/g/_ﬁ)/Q)de >0

This means D monotonically increases in 7, for any 7, > T'.

In part 1, we have proved that D > 0 when ' — oo, meaning that D > 0 when
To — 00. Because D is continuous in 7,, we either have D > 0 whenever I' > I (so

[ = F) or there exists another threshold I' > I' such that D > 0 whenever I' > I
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A.2.2 Proof of the Results in Section 2.5.

A.2.2.1 Auxiliary lemmas

Lemma 11. Let p' £ 74,(0) and assume 7% (—v) = 74 (v) = (1 — p)/2. Then, there exist

Ut(og,p") and Loy, p') such that

o (1= po) [q) (Ut(aé(—v)apt) +U) % (Lt(aé(—v),pt) +v)]

T2 ol(—v

)

q

L —2po) [q) <Ut(02(v),pt) —v> o (Lt(ag(v),pt) —v)}

where U'(o,, p') = —L*(0y, p") and

Proof. Proof of Lemma 11. By definition,

E[(0 —6)’lg] = Y _ (6 — 6)°4(6la, 0,)

0O
= (0 +v)*mly(—vlq, o) + 0°74(0]q, o) + (0 — v)*7y (vlg, )
= (0° + 200 + v*)7y (—vlq, 05) + 6°7, (0lq, o) + (0° — 206 + 0*)7y (v]q, o))
= 0% + (200 + v*)7y (—vlg, 0) + (=200 + v*)74 (vlg, o)
= 0% + 200(my (—vlq, 7) — 7 (vlg, 0,)) + VTl (—vlg, 00) + VTl (v]g, o)
So Y solves:

_ min {éz + 2“‘9(72(_“(17 Uq) - 7Tf4(1)|q, Uq>>}
0e{—v,0,v}

Hence,

04(q,09) = v [H{my(=vlg,00) — T (vlg, 04) < —1/2} — L{my(—vlg,00) — 74 (vlg, 04) > 1/2}]
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where

and

ma(=vlg, 09) = Ty (vlg. 0g) = —

A gt
TN d'(q,0q).

1+ exp (%) + 2exp (—UZ;%”‘]> (ﬁpt)

We can use this to identify the values that 6% (q, 0,) takes. First, 6% (q, 0,) = v if and only is

d'(q,0,) < —1/2. Let x = €"9/?%, then

2
. _ ¢ —1
d(g,04) < -1/2© T+ 02+ 267 0Dy 2 _ > 1/2
—p
t
& 22% — 2> 1+ a2+ 2"/ 200y P -
(1-p")
2 2 /(202 pt
& a? =2 /0 —3>0
(1-p")

The zeros for the equation above are:

26112/(203) pt + <26v2/(203) pt )2 +4-3 2
(1-p*) (1-pt) v2 /(202 pt 272 pt
— [(20) £ v2/o
—e q - +4/e a n + 3.
2 (1-p") (1-p")

We have to keep the positive zero. So then we have that

2 t " 2
o 2 /(02 p 2 /52 p
0L(q,0,)=1<qg>-2L.1 vQeg) 2 4 [ev?/e +3
A(q UQ) q v Og € (1 . pt) € 4 (1 . pt)

2 t t 2
v Uq p p —v2 /02 A t t
Sqg>-+-21.1 3e v | £ U .
R <1—pt>+\/(<1—pt>) o Re

Now let’s consider the case 7% (¢, 0,) = —v which happens if and only is d*(¢,0,) > 1/2. Let

159



2
x = e’ %, then

2
. _ ¢ —1
d(Qaaq) > 1/2<:> 1—|—x2+26”2/(203)x pt > 1/2
(1-p?)
2 -1
& < —1/2
2 2/(202) ,.__p"
14+ 2% 4 2e” D ey
2 2 2/(202 Pt
St —-2< -1—2x —26”/("‘1)x—t
(1-p")
2 2/(202 pt
& 3a? +2e" /) ———z 1 <0
(1-p")
st P s g
3(1—p')

The zeros for the equation above are:

: 2
=2/ G il \/(261}2/(203)?«11)——})) +4/3

2

t . 2
__ _0?/(202) p + v2 /02 p 1/3
Ty \/ sa-m) Y

We have to keep the positive zero. So then we have that

t 0-2 v2/(202) pt v2 /02 pt 2
o) =t as o | =Ty T Ba ) T

v 02 | pt pt 2 e—UQ/Ug A gt "
sqg<-+-2L. - =
1<yt Tsm o (3(1—pt>> T3 (0 7)
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In addition, notice that

U'(og,p") + L' (04, p")

o? 2902y D Pt 2
—_q, log eV /(2011)— + 61)2/0'3 ( ) +3
v [ ( (1—-p") (1—-p")

02 | /(202) p N \/ v2/02 + 3(1 . )2 _€u2/(2a§)pt + \/6“2/03 (pt)2 + 3(1 —pt)2
= log . 3(1-p")
702 '_evz/(ag)<pt)2 + 6v2/g§ <pt)2 + 3(1 _ pt)Z B 02
=—1]og = los(l) =0
v 3(1 —pt)?

Therefore, the prior at ¢t + 1 is given by

P =P (04(g.04(0)) = 0)
_P(qew( 2(0),0%), U*(05(60), p")])
E[® (U"(o4(0), ")) - ( (7,(6). 7))

1—p0 o Ui T s Lt(“é(:Uz;)pt)JrU
o [03(0),19 . U(ff)f,(o),ptg e )]
*m“ 74(0) ) ( 71(0) )}
— o Ut(ol(v),p') — v LYol (v),p") —v
e () 2 ()]
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A.2.2.2 Proof of the results.

Proof. Proof of Lemma 1. If 0, = oo, 7%(0|q,0,) = 74(0), so 1(0,0,) = 0. In addition,
suppose 74 (—v) = 7Y (v) for some t. If 0, = oo, 0% = argming g Zeee(é —0)*7Y(0lq,04) =
argming g ZGEG(QA—Q)%Q(Q) =0, so €'(0,00) = 0. This means that any user with = 0 can
achieve zero utility loss if they share no information. Thus, o7*(0) = co. On the other hand,
Vo,, l'(-v,0,) = I'(v,0,) because e'(—v,0,) = €'(v,0,). This implies 0*(—v) = 0*(v),
which further implies 7" (—v) = 7f'(v) and ¢3(0) = co. Hence, Vt, 0/(0) = oo and
ma(=v) = w4 (v).

O

Proof. Proof of Corollary 1. By definition, Var(0*) = E[(6* — E[#*'])?] and E[0*] = 0
because of Lemma 1. This means Var(0*) = E[0*?] = v?(1 — 74*(0)). And we know
Var(0) = v*(1 — pp), so we only need to show 74(0) > py. However, this is always true
because 7,1 (0) = P(0* = 0) > P(0** = 0/ = O)P( =0) = 1-P(§ = 0) = py by Lemma 1.

Therefore, Vt, Var(6*) < Var(6).

Second,

Var(@*) =Var(d) <= PO =0)=p; < PO =0/ =—v)=P@" =00 =v) =0

— PO =00 =—v) =P =00 =v) =0 <= o} (—v) =0,"(v) =0

q

]

Proof. Proof of Proposition 3. Because 4(—v) = 7/4(v) and o, (—v) = o/ (v), we have

E[05] = 0 and Var(04") = v3(1 — 741(0)). Let p'(o,) = 74,(0). Thus, what we want to

show is

t+1

1. p'™! strictly increases in p’.

t+1

2. p'™ strictly increases in oy,.
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1. For the first statement, by Lemma 11, we only need to show U(c,, p") strictly increases

in p'. In fact, because

2 t t 2
t ty_ Y g, p p 02 /o2
U(Jq,p)—§+7~log (1—pt)+\/((1—pt)) + 3¢ v/

as shown in Lemma 11, it is clear that U*(o,, p") strictly increases in p.

_

2. For the second statement, we want to show dp'*!/da, > 0. Because ol(—v) = ol (v) =

0,4, we can simplify the expression of p'™ in Lemma 11:
"(04(0),p") L¥0(0), p")
t+1 P —® q
e { ( ) a(0)

a(0
a4(0
(1= po) {q) <U (74, P q) ) & (—Ut(aq,pt) —v)}

o o
Thus,
Apit! ; Ut — v %aq—Ut—irv 5 _Ut—vy —%O’q—i‘Ut—FU
M . —_— .
do, o o2 o o2
t
(U — v)? 80 —Ul+v —(U* +v)? ‘g%qaq—Ut—v
xerp | — 3 . 3 + exp 5 . 3
20} o o, o

q
2001 out . oU A
ocexp(ag)(a—gqaq—U—i-v)—i-(aaq - U — )—f

We want to show f > 0.

20
wU" (oU* . wU" (OU! .
ocea:p(?> (a—aqoq—U +v)—|—exp( ><8aq U—v)
t

Let o £ exp(v?/(202)) and y £ p'/(1 — p"). With some algebra, we can get

8Ut Ut xy(v/2%y? + 3+ zy)
&Tq xy(\/2?y? + 3+ x2y) + 3
1

vl + 3/[zy(\/2%y? + 3 + xy)]

where the last inequality is given by U* > 0, x > 0 and y > 0. Therefore,

2 t t
f>exp( UU) (aiaq—Ut—l—v> —2v
o2 do,

q
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20U* out
We want to show e:vp( Y ) (—aq—Ut—i-v) > 2u.

2
o doy

With some algebra, we can get

20U*
eacp( Z > (xy++/2%y> + 3 and o,—U+v=U"+

q

3v
xy(xy + /22y + 3) + 3

Because Ut > 0,

t ¢ 2,2 2
(QUU)(@U(]—Ut—I—U)ZU' 3(zy + /2%y% + 3)
doy, ry(ry + /2%y?2 +3) + 3

Because x > 0 and y > 0,

(zy + V222 + 3)* = 2%y + 2xy /22y + 3+ 2%y* + 3 > ay(vy + /22y? + 3

Thus,

t t
exp (ZUU ) <8U Ut+v> > 3v > v

2
o oo, ?

Hence, we have dp'*t/da, > 0.

]

Proof. Proof of Theorem 2. In Lemma 1, we have seen o7'(0) = oo and o}'(—v) = o} (v).
Clearly, these still hold if there is another constraint such that every user cannot share more

information than the previous iteration). That is, if there is another constraint 0”1(9) >

0.(0) for any 6, we still have V¢, ¢3*(0) = oo and o}'(—v) = o;'(v). To simplify the

notation, let o, = ol(—v) = ol(v) for some o). By Proposition 3, Var(05|ol™ > o3!) <

.-
Var(05 ! ol™ = o3'). Therefore, to show Var(9*™) < Var(6*"), we only need to show
Var(05 ol = o3t) < Var(6*) = Var(04]o}'), as we assume I = co. That is, we want to
show the variance of outputs will not increase if the user with 6 # 0 shares the same amount

of information as in the previous iteration.

By Proposition 3, we have Var(6y'|ot™ = o3') < Var(fy|oy!) is true if Var(9*) <
Var(0*¢=1). This implies that Var(0**V) < Var(0*) if Var(6*) < Var(0*¢V). Further-

more, by Corollary 1, we have Var(6*°) < Var(0). Hence, we must have V¢, Var(6*t+)) <
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Var(0*) by mathematical induction. This concludes that there exists a homogenization
death spiral if I' = co and users cannot share more information than in the previous itera-

tion.

Next, we want to show the existence of a counter-example when either I' is small enough

or users can share more information than in the previous iteration.

First, let I denote the optimal utility loss of using the Al for the unique user with 6 # 0
at time ¢ when T = co. Let [* = sup{lA*t};’io be the supremum of the utility loss over time.
Suppose I' reduces to some value strictly less than ZTt, then there exists a period ¢ such that
the utility loss of using the Al is higher than I" (i.e., It > I'). Thus, at time ¢, we must have
Var(6%) = Var(9) > Var(@jl(t;l)). We conclude that the homogenization death spiral is
broken if I' < ZATt

On the other hand, suppose I' = oco. By Proposition 3, we know Var(@tAH) strictly

decreases in o, whenever Var(64') > 0. And by Corollary 1, Var(64) = Var(§) >
Var(0Y) if o3'(—v) = 0}'(v) = 0. Because of continuity, there exists a threshold ¢, > 0 such

that Var(05™") > Var(0Yy) if o}t (—v) = o' (v) < 0, O
A.2.3 Proof of the Results in Section 2.6.

A.2.3.1 Auxiliary lemmas

Lemma 12. For any 0, 03,

oot o)
e( aaq) = (0124_‘_02)2
q

(A.20)

In addition,

e Both [(#,07) and e(f, 0,) strictly increase in (pa — 6)*.

e Both [(,07) and e(6, 0,) strictly decrease in 07 for 6% < (ua — #)? and increase in o}

for 04 > (ua — 6)%
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(7 o i
e(0,0) = E (2—<9 +e) + o2 +02/~LA - 0) |0
o2 o2 ?
=E 4 4 —0)) |0
(ai+02eq+0§1+02(w‘ )) |
2 2 2 2
04 2 94
<0_124 T Jg) [eq] 0_124 T 0_3 (NA ))
2 2 2 2
04 2 94
—0
(ai+02> gt o4 + o2 (124 >>

oo+ a0
(0% + 02)?

It is clear that e(f,0,) strictly increases in (4 — 0)?, and (6, 07) strictly increases in

(1a — 0)* (Note that I(o2) does not depend on either p4 or o4).

Take the derivative of e(6, o,) with respect to o%:

de(0,0,)  20505(0% +07)* = 2(0% + 07)o7 (0 + 0g(pa — 0)?)

ooy (0% +02)
20 2o%(0h +02) =202 (0% + 02 (pa — 6)?)
(0% + aé)
~ 204(0% — (pa — 0)°)
(0% +03)?
de(0,0,) de(0,0,)

Thus, < 0if 0% < (na —0)?, and > 0if 64 > (ua — 0)?. This implies

2 2
0oy 0o

that both 1(0,07) and e(6, 0,) strictly decrease in 0% for 0% < (pa — 0)* and increase in 0%

for 04 > (ua — 0)%

*2(9 )\)

Lemma 13. Let w*(6,\) = w
oa+o

VG,ILLA,O'A,)\I > Ao, ’w*(97>\1) > w*(@,)\g).

Proof. Proof of Lemma 13. Firstly, by Equation (A.20), we can write the objective function
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as:

A
10, w,\) = w(l —w)oq +w?(us — 0)* — B Inw

where w = 07 /(0% + 07) € [0, 1].

For the sake of contradiction, assume w*(0, A;) < w*(f, A\2) for some 6. Since I(w) =

—In(w)/2 strictly decreases in w, we have 6; £ I(w*(0,\)) — I(w*(6,\y)) > 0. Let 6, =

e(@,w*(0,\1)) — e(0,w*(0,\y)). Because w*(f, A1) is optimal when A = \;, we must have
10, w (0, A1), A1) — 1(0,w*(6, A2), A1) < 0. This implies 6, < 0 and 6, + A;d; < 0. However,

because A\; > Ay and d; > 0, we must have d. + 207 < . + A\d; < 0, meaning that
10, w (0, A1), Aa) — 1(0,w*(0, A2), A2) < 0. This contradicts the assumption that w*(0, \2) is

optimal when A\ = Xo. Therefore V0, w*(0, A1) > w*(0, \y) whenever A\; > \s.

A.2.3.2 Proofs of the results

Proof. Proof of Proposition 4.

e Suppose |pa, — 0] > |pa, — 0] for some pia,, p1a,, 0. Let o and oy, denote the optimal

decision for user € in Problem (2.4) when s = pa, and pa = pa,, respectively. By

definition of [ in Equation (2.3), let I} = I(0, 07 ,j14,) and I3 = (0,07, j14,)-

We want to show [j > [5. For the sake of contradiction, suppose {7 < (5. By Lemma 12,
I =100,0},pa,) > 10,07, 11a,). This implies I(0, 07, ua,) < 15 =1(0,07,, pa,). This
contradicts the assumption that o7, minimizes [(0, o4, p1a,). Therefore, IT > I5. We

conclude that [* strictly increases in |4 — 0.

Suppose 04, < 04, < |ua — 0| for some o4,,04,,14,0. Let o} and o}, denote the
optimal decision for user 6 in Problem (2.4) when o4 = 04, and 04 = 04,, respectively.

By definition of [ in Equation (2.3), let I7 = 1(0, 07, ,04,) and I = 1(0, 0} ,04,).

> a1 77 q2?

We want to show [7 > [5. For the sake of contradiction, suppose {7 < [5. By Lemma 12,
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5 =100,05,04,) > 10,07 ,04,). This implies I(0, 07 ,04,) <15 =1(0,0,,04,). This
contradicts the assumption that o}, minimizes [(0,0,,04,). Therefore, IT > I5. We

conclude that [* strictly decreases in o4 when o4 < |pa — 6.

Similarly, when |pua — 0] < 04, < 04,, we want to show I7 < 5. For the sake of
contradiction, suppose 7 > l5. By Lemma 12, [5 = (0,0} ,04,) > (0,0} ,04,). This

’ 7 q2? ’ a2

implies (0, 07,,04,) < If = l(0,0,,,04,). This contradicts the assumption that o}
minimizes [(6, 04, 04,). Therefore, I[f <15. We conclude that {* strictly increases in o4

when o4 > |ua — 6.

O

Proof. Proof of Proposition 5. Let ¢(:) denote the probability density function of N(0,1).
And let w = o7 /(0% + 02).

e Let us first show E[I*(6, ua)] is minimized at pa = pg. That is, Vua # pe, we want to

show E[I*(0, pa1)] > E[I*(0, pe)]. Without loss of generality, suppose pia; > fig.

By definition,

o0

Bl (0.0 = |

—0o0

(0, p14) 9 (0 ;9”") d

So we want to show

/OO [1(0, prar) — (0, po)l 9 (8 — Me) do >0

9 0¢9

By Equation (A.20), Vo, 01,0s, 61 — pa = pa — 02 = e(01,0,) = e(b2,0,), so w*(0;) =
w*(02), meaning that w*(0) and [*(0, p4) are axisymmetric with respect to 0 = 4. Also,
VO, pa, w*(0) and 1*(0, pa) are constant as long as |ua — 6] is constant. This implies
[1*(0, par) — (0, pg)] is centrosymmetric with respect to the point ((pa1 + p9)/2,0). That
is, VO, > 0y, 01 — (pa1 + po)/2 = (par + po)/2 — 0y = [I*(01, par) — (01, o)) =
—[1*(02, prar) — 1*(02, o)) > 0, which is positive because [*(6, p4) strictly increases in

|ea — 6] by Proposition 4.
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Let i denote (pa1 + g)/2. Because pa > g = > g, we have Pr(6 < ) > Pr(0 >
f), and Y0y > 0y, 0 — i = 1 — 0y = ¢ ((01 — pg)/os) < ¢ ((62 — pg)/og). Because
[1%(0, ppa1) — 1*(0, ng)] is centrosymmetric with respect to the point (f,0), these imply

0 < [1%(01, par) = 101, o)l (01 — po) /o0) < =[1*(02, prar) — 1 (02, 116)10((62 — p1) /9.

This means that V6, > 6, 61 — i = i — 05, we have

(01, par) = 1701, )6 (61 — pao) /00) + [17 (02, prar) — (02, 10)]¢((02 — p1) /o0 > 0

Hence,
[~ 6 pale () as
S R = O T RO G-

This implies E[I*(0, p4)] is minimized at pa = pg.

ol (6
—é 1) is continuous at pa = pp and o4 = 0y, E[I*(0, pa)] is differentiable
2%\

OE|l*
at ua = pg and o4 = 0y. Thus, we have ]
Opia

And because

=0.

HA=H§,0A=00

By Equation (2.3) and Equation (A.20),

o= OO0 4, (o0
(0% + 0x2(0))? 2 ox2(0) + o3
roodir dol? alrr dl*
By the chain rule, (;90124 = daf : d?% + ey Because 022 is optimal, Ff = 0. This
implies 8—l2 = ﬂz With some algebra, we can get
dos  doj
dl* _ 205405 — (1o — 6)*)
d0,24 HA=}g,0A=0g (022 + 03)3

Since w(f) = 07 (6)/[0% + 02(F)], we can rewrite it as

di* di*(8 2 | .
o 2O 2 (- (0) (0 — (o - 0))
dUA HA=WY,0A=0g dUA HA=Wg,0A=0g Og

o2+ VA
4((o — 0)* — 07)

where w*(0) = and A = o) + 4\((g — 0)* — 02) by Lemma 6.
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And, by definition,

B :/ 1*(6)¢ (6_“9>d9
HA=16,0A=0¢ —c0 O¢

_ x 0 — Me) . (9 - Me)
= [*(6 do [*(0 do
/u9—9|>7d ( >¢( o " /u9—9|<7-d ( >¢ o

where 74 is defined in Lemma 6.

When g4 = pg, 1(0) is symmetric with respect to 6 = pg, so

oo o Bo+Td _
—9 U (0o (9 “9> df +/ 1*(0)¢ (9 “9) d@}
HA=1,0A=0¢ wo+T4 o] 0 o]

And when w = 1 we know [ = (up — 0)?, so

00 _ Ho+T4q _
9 U (0)0 (8 ’“‘0> b+ [ o - 0% (0 “9) cw]
HA=pg,0A=09 po+Ta oy 0 o

Thus, by the Leibniz integral rule,

El"]

E[l"]

8E[l*] _/OO 8l*(0) <9 — ,ng) 2 aTd 2 aTd:|
=2 do — — 2 — .
80-124 HA=Lg,0A=0¢ L /L6+Td 80'124 ¢ 0.9 (N@ Td) 0_124 (/’LG Td) 0_124

_9 / ol <f)¢<9_“9>d9}
Ho+Td agA 99

=2 | [T 2020w ) - - 020 (L) )

_ Ui U“’ :*@2(1 —w(0))(0% — (o — 0)*)9 (6 aﬂ) de}

Let g(0) £ w*(0)%(1 — w*(0))(0F — (1o — 0)?)

When A > 2032, by the proof of Lemma 6 (see the summary at the end of the proof),

N> 202> 08 = T4=1/02/2+ N4> \/02/2+4202/4 = 0y. So g(0) is always negative

/OO 9(0)¢ (9_“9> 9 < 0
Ho+Td 06

for any 0 > ug + 74. Thus,
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Proof. Proof of Theorem 3. Let w = 0. /(0% +0¢). By Equation (2.1), 4 = (1 —w)q+wpa,
where ¢ = 6 + ¢, ¢, ~ N(0,07) and 6 ~ N(ug, 05). We further define w*(6) = ¢3*(0)/[07 +

q
0;%(0)]. Let ¢(-) denote the probability density function of N(0,1).

* Heo 0 — o
9 AA 9|<7’a/ QA(b < ) d€q¢ < 06 ) v AA —0|>7q i < g9 ) v
6
[;eKm/ (1-w ““””W”¢<%w0 Q¢< 7 )M
/ (9 “9) o
lpa—0|>7a o
/ , w*(0))0 + w* ( ) 0 + - 0 (9 ;9“9> 0
HA— <Ta HA—0|>Ta
0 — 0 —
/| ) w*(0))(0 — pa) + 4]0 ( ”9) o +/ ) 06 ( Ue’”) o
HA— <Ta HA—O|>Ta
:/ W (0))(0 — p1a) + p1ald (0_“9> d@—irug—/ 06 (9_“9) o
lna— 9|<Ta %0 lna—0|<7a o

:/ m w@wwww@‘w)w+m

This implies that

_|_

(6] — o] =

09

f —
Me) d@’
o)

Without loss of generality, suppose pa > pg. Then, Pr(0 < pa) > Pr(6 > pa), and
VO, > 0y, 61 —pua = pa — 02 = ¢ (01 — pg)/oa) < ¢ ((62 — pg)/og). Because w*(0) is

symmetric with respect to 6 = p4, we have w*(0;) = w*(0). These imply

/luA 0l<ra W O)(na = 0)¢ (9 - m) d@‘ (A.21)

1. (a) First, we want to show

51—l < | [ w @1 - 030

o0

0 < —w*(6h)(na — 01)¢ (61 — pg) /o9) < w*(02)(1a — 02) (02 — 10) /0)
which means that V8, > 60, if 01 — iy = s — 0, then

w*(02)(pa — 02)6 ((02 — po) /o) +w*(01)(1a — 01)¢ (01 — 119)/09) > 0
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Since 7, > 0, we can get

/#uﬁm w*(0) (11 — 0)6 (9 - uo) &> 0

A—Ta (og}

and

/:O W (O)(pa — 0)6 (6‘“9)d9+/’“_” w*(6) (4 — 0)0 (9—“9)61920

A+Ta 09 N 0,0

Thus,

> 0 — HA+Ta _
I P e
o HA—Ta
[
HAJrTa

+

06
+/HA Ta 0) (1 — B0 (9—,&9) 20
>0
and
* _ * . g_lue > * — 0_'“6
|\ E[07]— 0] = /ngaw (0) (e 9)¢>( > )d&‘ < ‘/oow () (1 0)¢< - )d@‘

Let Ay > Ao. By Lemma 13, V0, w*(6, A1) > w*(0, \2). Because w*(6) is symmetric with
respect to 0 = 4, V01 > 09, 01 — g = g — 6o, then
(w* (02, A1) — W™ (02, A2)) (pra — 02)¢ (02 — pg)/00)
> — (w*(0r, A1) — w01, A2))(ppa — 1) (61 — po)/09) > 0

This implies

/0§uA w(0, M) (pa — 0)¢ (9 ;@MQ) do — /QSMA w*(0, A2)(pa — 0)o <0 ;9”9) o
2= o0 (S )= [ oo (S0 ] 2o

Rearrange the inequality, we can get

/_OO w*(0, A\1)(pa — 0)o (9_/@) d@z/_oo W (6, %) (jia — 0) (9—M9) &0

o) (ox] I o
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Thus,

| w @ -0 (9‘“9) 0

0o Og

increases in \.

And because w*(#,\) — 1 as A — o0, by the monotone convergence theorem (Pugh,

2015), we get the upper bound

| w®-00 (" - ‘“’) 46 < 14— i

[es) O¢

Hence, |E[0"] — | < |1a — ol

2. When A = 0, for any 6, w*(d) = 0, by Equation (A.21), we have |E[0*] — | = 0. And
0 —
when T =0, 7 =0, B0~ ol = | [ wr(®)ua = 000 (£ o] 0
12 0

A—0]=0

3. When I' = oo, by Equation (A.21),

B0 = sl = | [ w@)ua 010 (L)t

00 )
And when A\ — oo, V0, w*(0) — 1.

Without loss of generality, suppose pta > py. In part 1, we have shown that

| wo -0 (1) as

is non-negative and increases in A. By the monotone convergence theorem (Pugh, 2015),

we have
)}LIEO'/_OOw*(H)(MA—Q)QS( 091“9>d9’ = ‘/_OO(,LLA—Q)Qs( aeru@)d@‘ = |pa — po

Thus, when T' — 0o and A\ — oo, |E[0*] — pg| = |ppa — el

4. When I' — oo, by Equation (A.21),

B = ol = | [ w000 () o)

[e9) J¢9
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Without loss of generality, suppose pa > pg. In part 1, we have shown

| e @m0y (9 ;9’”) 0

is non-negative and increases in A. Hence, when I' — oo, |E[0%] — pg| increases in \.

A.3 The description of the simulation for the self-training loop.

In this section, we describe the numerical experiment for the self-training loop outlined in
Section 2.5. Detailed pseudo code is provided in Algorithm 1, Algorithm 2, Algorithm 3,
and Algorithm 4.

Algorithm 1 is the primary algorithm that runs the experiment. There are three key
points to highlight: First, for computational tractability, we use a quantization method to
discretize all continuous distributions. Specifically, we quantize the population distribution of
0 by using the Lloyd-Max algorithm (Gallager et al., 2008), so that we can get a discrete sup-
port, © = {0, ...,0,} where M is the support size, along with a corresponding probability
mass function P(6), V0 € ©. However, the Lloyd-Max algorithm is not suitable for quantizing
the distribution of queries ¢, because we have to make sure the support of ¢ remains consis-
tent regardless of the mean 6 (recall that we define ¢ = 0+¢, where ¢, ~ N(0, 03). To address
this, we evenly select M, points from the range [0 — A, 0+ A,], where 6 and  are the mini-
mum and maximum values in O, respectively. A, > 0 should be large enough to cover most
of the support of N (04, 03) for any ¢ € © and any o, that is close to the optimal solution.
These points constitute the support of ¢, denoted by @ = {q1,...,qn,}. The probability
mass function is given by P(¢;) = P((¢i-1 +¢:)/2 < ¢ > (¢ + ¢i+1)/2), Vi € {2,..., M, — 1},
P(q1) =P(q < (@1 +¢2)/2), and P(qar,) = P(q > (qm,—1+qn1,)/2) (see Gallager et al. (2008)).

Second, we consider only a finite number of o, candidates. In other words, we minimize

the utility loss by finding the best o, from M, candidates of o, rather than by searching
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for the optimal o, from any non-negative value. This approach maintains computational
tractability and stability. Let ¥, = {o1,...,0u,, } denote the candidate set of ¢, which
should be large enough to yield a solution that is close to the true optimal solution for any

0 co.

Third, at the end of each iteration, the AI’s prior is updated based on the Al outputs.
Specifically, the Al's prior is replaced by the distribution of 6*: 74 (6;) = P(6* = 6;), V0, €
©. This corresponds to the self-training loop in which the Al learns completely from the Al-
generated content in the previous iteration, thereby overriding its prior with the distribution

of Al outputs.

Let ¢(-) denote the probability density function of N(0,1). In the base setting, we use
o = 0,09 =1, M = 1001, T = 100, where T is the total number of iterations.

Algorithm 2 is used to produce the Al output given the information sent by a user, as

depicted in Section 2.3.

Algorithm 3 is used to compute the posterior distribution with respect to the popula-
tion distribution, 7y, given ¢. It helps us to compute the mutual information e(f,0,) in

Algorithm 4.

Algorithm 4 is used to compute the utility loss [(6,0,). Note that we compute I(6,0,)
by its definition 1(6,0,) = H(6) — E,[H(0]q)].
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Algorithm 1 The steps of the numerical experiment

1 Input: py, o9, T, M, My, 3y, I', A,

2: Output: 7(6;), Vi € {1,2,... , M}, vVt € {1,2,...,T}.

3: Discretize the population distribution of : Apply the Lloyd-Max algorithm to get
© and P(0;), V0, € ©.

4: Discretize the distribution of ¢: Evenly select M, points from [§ — A, 0+ A,] as Q.
Then we compute P(gx|p = 0;,0 = ;) for any ¢, € Q, 6; € © and 0; € &,,.

5: Initialize the AI’s prior: 79 (6;) = my(6;), Vb; € ©

6: fort=0,2,...,7T do

7 fori=1,2,..., M do

8: Find the optimal o', = argmin, ., (*(6;,0,) (Algorithm 4)

9: Find the mapping from ¢ to 6%: 6% (qx) (Algorithm 2)

10: Compute the Likelihood: P(qr|u = 0;,0 = a3%), Var € Q

11: Compute the conditional distribution of #** given 6:

12: if 1'(0;,07%;) > T then

13: P(0* = 0,|0 = 0;) = 1,P(6* # 6,]0 = 0;) = 0.

14: else

15: P(0* = 0,10 = 0;) = 3oy Pailp = 0:,0 = 074 11, (4=, ¥0; € ©.
16: end if

17: end for
18: Compute the distribution of 8*" and use it as the new Al prior to the next iteration:
19:  P(0* =0,) = 321 P(6* = 0;|0 = 0,)P(6;), VO, € ©

20: end for
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Algorithm 2 Output 64

1:

2:

3:

Input: 74, ¢, 04, ©
Output: 04

Compute the likelihood: P(¢|p = 6,0 = 0,), V0 € ©
Plglp = 0,0 = a4)ma(9)

Compute the posterior given ¢: V8 € O,m4(0|q,0,) = .

Yieo Plaln = 0,0 = og)ma(d)
Compute 64 minimizing the mean squared error: 64 = argming.g > pce(0 — 6)*
7TA(9|q7 Oq)

Algorithm 3 Posterior with respect to 7y

1:

N

[N

: Compute the posterior given ¢: V8 € ©,7(0|q,0,) =

Input: ¢, m, 04, ©
Output: 7(|q, 0,)

: Compute the likelihood: P(¢|p = 6,0 = 0,), V0 € ©

P(glp = 0,0 = o,)me(0)
Y ico Plalp = 0,0 = 0,)m(0)

Algorithm 4 Compute the utility loss [

1:

2:

3:

Input: o4, 0, T4, 79, S, A
Output: [

Find the mapping from ¢ to 64: 04(q) (Algorithm 2)

: Compute the likelihood: P(¢|p = 6,0 = 0,), V0 € ©

Compute the fidelity error e(6,04) = 3 co[0a(q) — O*P(qlp = 0,0 = 0y).
Compute the mutual information where 7(+|q, 0,) is given by Algorithm 3
1(6,0,) Zﬂg ) log(me(6)) + Z Z (8lq, oq) log(m(Alq, o ))P (gl = 6,0 = o)
USS] q9€Q fco

Compute [(0,0,) = e(0,0,) + N (8, 0,)
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A.4 Extensive explanation of Proposition 1: Decomposition of the

fidelity error

0.8

3 fidelity error e*

: —fidelity bias error e}
0.6 E . b N
----- fidelity uncertainty error e

0.4

0.2

0 "“‘"“ Lo N i .
user preference 6

Figure A.2: The black dashed vertical lines are at d(§) = 74, and the black dotted vertical
lines are at d(f) = 7,. The white region indicates the users who simply accept the default
output; the yellow region indicates the users interacting with the Al by sending information;

the red region indicates the users without using AI. We use pg = 0,09 = 1, A =1, = 1.4.

To further understand the variation of fidelity error shown in Proposition 1 for the users
with d(0) < 7,, we decompose their the fidelity error into a bias and a variance term,
e* = Var(6*]0) + [E(6*]0) — 0)?, as introduced in Section 2.3. Again, we call Var(6*|0) the
fidelity uncertainty error denoted by eX, and [E(0*|0) — 6] the fidelity bias error denoted
by ej;. This decomposition is depicted in Figure A.2. We can see that for the users with
d(0) < 14, the fidelity bias error e, largely contributes to the fidelity error since they accept
the AI’s default output without sending any informative signal. At the point of d(0) = 74,
the user starts providing information, leading to a decrease in e, but an increase in e,. As
the uniqueness further grows, they share more information, resulting in lower fidelity errors.
This reduction is primarily driven by the decrease in e,, since providing more information
effectively reduces the noise of the communication but hardly eliminates the inherent differ-

ence between the mean and their actual preferences. We formalize this observation in the

following Proposition 18.
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Proposition 18. For users with d(0) < 7,,

1. The fidelity uncertainty error e is zero when d(f) < 7,4, then increases, and finally

decreases in d(6).

2. The fidelity bias error e} increases when d(#) < 7,4, then decreases and finally increases

in d(6).

Proof. Proof of Proposition 18. For users with d(#) < 7,, by definition, e, (0, 0,) = Var(04|0)

and ey(6,07) = [E(04|0) — 0]*. As what we did in the proof of Proposition 17 and Lemma 8,

2
O'q

o3+ 02
Thus, e,(6,05(0)) = w*(0)(1 — w*(#))o; and ey(0, 0 (0)) = w**(6) (g — 6)?, where uf*(@) -
—0j + /oy + 4\ (ne — 0)* — 07)
(1o — 0)* — 07)
Then,

we can show e,(0,0,) = w(l — w)og and e,(0,02) = w?(ug — 6)*, where w =

given by Lemma 6.

1. Fidelity uncertainty error:
We know that w*(0) = 1 for |ug — 0| < 1a(A, 09), and w*(6) < 1 for |ug — 0| > Ta(A, 09).
Thus, e,(0,05(0)) = 0 for |ug — 0] < 1a(A,09), and e,(0,0;(0)) > 0 for |ug — 0] >
Ta(A, 09).
When |ug — 0| > 74(X, 09),

Dey(0,07(0)) _ Ow*(0)(1 —w*(0))oz] w ow*(0)
Ao — 0)? I(po — 0)? to — 0)?

*

I A
We know _or > 0 by Proposition 1 and I* = —— Inw*(f) by Lemma 9. These
O(pg — 0) 2
. ow*(0) : deu(0,05(0))
ly ————— < 0. Th h -0 > (A th f ——— L
imply T — 07 = us, when |ug | > 14(A\,09), the sign o T — O)2
depends on (1 — 2w*(#)). If (1 —2w*(¢)) < 0 for small |ug — 0|, then e,(0,0;(0))
first increases and then decreases in |ug — 6]; if (1 — 2w*(0)) > 0 for any |ug — 6],
monotonically decreases in |up — 0|. (Notice that (1 — 2w*(6)) is always positive for

sufficiently large |ug — 0], because w*(0) — 0 as |y — 0] — o0.)
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Hence, we either have e, (0, 0;(60)) = 0 for [y — 0] < 74(), 09), first increases and then
decreases in |pg — 0| for g — 0| > T4(X, 09); or €, (0,07 (6)) = 0 for |y — 0 < 74(N, 00),
then there is a jump at |ug — 0] = 74(), 09) (eu(0,07(0)) jumps to a positive value),

and then e, (6, 0;(¢)) monotonically decreases in |y — 0].

. Fidelity bias error:

We know that w*() = 1 for |ug — 0] < 74(\, 09), so ey(0,05(0)) = (ug — 6)* for
lpg — 0] < 14(\, 09), which is increasing in |y — 6.

At |pg — 0| = 14(X, 09), since w*(#) < 1 is optimal, we have e,(0, 07 (6)) = e(0,0;%(6)) —
eu(0,03(0)) < e(8,03%(0)) < (ug — 6)*. Thus, ey(0,07(6)) decreases at |ug — 6] =
Ta(A, 09).

When |pg — 0| > 14(\, 09),

dew(0,0%(0)) _ Olw**(0) (1o — 0)°]
Oy — 0)? I(pg — 0)?

—wa—w%wmj%§%; w?(6)
— 0 (6) | 20 9)288;:;_(9;)2 + w*(6)

Substitute Equation (A.4) into the above equation

. L oA oh ()
= 2 = O T R (G — 0 — o)

where A = o 4+ 4\ (g — 0)* — o})

) + w*(0)

With some simplifications

w(e). 281t =07 + o) (VA — ) — 41y — 0" ~ )]
WA (g — 0)2 = 3)?

Let d(0) = |pug — 6|. Then,

Oey(0,07(0)) W (0) - 03 [(d(0)* + o7) (VA — 07) — 4A(d(0)* — 0})]
9d(6)? 4VAd(0)? — 07)?
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o Oe(8,07(0))
Now, we want to show that when d(0) > 74(), 09) and d(0) is finite, o) has

at most one zero point with respect to d(). This is equivalent to showing

(d(0)* + o) (VA — ) — AN(d(9)* — o7)
VAA(0)? - o7)?

—

has at most one zero point with respect to d(f). Let d(f) denote a solution of d(f)

such that
(d(6)* + 03) (VA — 0§) — 4X\(d(0)* — 07)
VA(d(0)? - 03)?

First, let the nominator (d(0)? 4 02)(VA — 03) — 4\(d(6)? — ¢3) = 0, we get:

=0

(d(0)* + 03) (VA — o) = 4N(d(0)* — 77)
(d(0) + 02)VA = 4\(d(0)? — 02) + 02(d(0)* + 03)

_ANd(9)? — 07) + 05(d(0)* + 07)
VA= d(0)% + o} :
_ANd(9)? — 77) 202

~(d(0)2+03)?  d(0)? + of
(d(0)* + 03)* = 4X(d(0)* — 02) + 202(d(0)* + o2)

el

(d(0)? — 02)(d(0)* + o5 —4X\) =0

—_— —

So the candidates of d(0) are d(6) = og, and d(0) = \/4\ — o} if 4\ > o}
Furthermore, by using L.’Hopital’s rule, one can get

. (d(0) + 02) (VA — 02) — 4X(d(h)? — o2) _ 2050 — 4N
d(0)—00 VA(d(0)? — 03)? od

—

which is zero if and only if 03 = 2)\. This means when o3 # 2, there is no real d() if

A\ < 02 or d(0) = /2N — o2 if 4\ > o2.

And when o3 = 2), df(éT) = \/4\ — 07 = 0y, so we also only have one solution for Oﬁﬁ\)
Dey(8,07(0))
ad(0)?

In addition, if d(8) > o, (d(0)? + 02)(VA — 02) —4X(d(0)% — 03) > (d(F)? — 02) (VA —
02) — 4Xd(9)? — 02) = (d()*> — 03) (VA — 07 — 4)), which is positive if d(f) >

Thus, has at most one zero point with respect to d(6).
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max{og, /|4\ — o3|}. This means that for any d() > max{cg, /[4\ — 07}, W
dey(0, 0;(9))
ad(0)?
spect to d(f), the intermediate value theorem implies that when |y — 0| > 74(A, 09),
dey(0, 02(0))
ad(0)?
for large [pg — 0.

is positive. Because we have shown has at most one zero point with re-

is either always positive, or negative for small |y — 0] and then positive

Hence, we either have e,(6, o7 (0)) first increases in |pg — 0 for [pp — 0| < 74(A, 09), then
decreases and finally increases in |pg — 0| for |y — 0] > 74(A, 09); or ey(0,07(0)) first
increases in |pg — 0| for |y — 0| < 74(A, 0p), then there is a jump at |pg — 0| = 74(X, 0p)
(ep(0,0,(0)) jumps to a smaller value), and then e;(6, o7 (¢)) monotonically increases

in |pg — 0.

A.5 More Detailed Version of Theorem 1.

In this section, we present a more detailed description of Theorem 1 :

Theorem 12 (Full version of Theorem 1). When I' — +o0, the variance of the population
output is lower than the variance of the population preferences, Var(0*) < Var(0), and
strictly decreases in the cost of human-Al interactions \. When I' < 400, limy_,o Var(6*) =
Var(0) and limy_, o Var(0*) < Var(f). In addition, Var(0*) < Var(0) if X > 02/2 or
Fgf 0rFfo0rsomef>0,f>O.

The full proof is provided in Appendix A.2.1. The last sentence in this detailed version
is the additional part compared with the version that we presented in the main text. In
particular, we show that the population variance of the output is strictly less than the

population variance of the preferences if A is sufficiently large or I' is outside an interval

(T, T).
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0.6 \ —— (60— p)?

- ELO " ~ 1p)?(6)]
0.41
0.31
0.2]

0.1

0.0

Figure A.3: We use p19 = 0,09 = 1, A = 0.1. The black dashed vertical lines are at d(0) = 74.
The orange curve is above the blue curve for some 0 with d(6) > 7; but close to 74, showing

that E[(6* — 119)%|0] > (0 — ug)? for these user 6.

In Figure A.3, we show why it is possible that the population variance of the output can
be larger than the population variance of the preferences when A < 03 /2and ' € (f, ). By
the tower property of conditional expectation, we know Var(0*) = E[E[(60* — u)?|0]] (Notice
that E[0*] = g is shown in the proof of Theorem 1). So if E[(0* — ug)?|0] < (6 — pg)?, we
must have Var(6*) < Var(f). However, it is possible that E[(6* — pug)?|0] > (0 — ug)? for
some @ whose d(f) are close to 75. Since 74 is the root of a transcendental equation, it is
complicated to find the closed form of this region. Despite this possibility, it is actually hard

to find a scenario such that Var(6*) > Var(f) in our numerical tests.

Intuitively, the users with d(f) > 7, but close to 75 will send a small amount of informa-
tion. Since the information is always noisy, it will also add more randomness and uncertainty
to the outputs. So these users have a higher E[(0* — j19)?|0] and can “contribute” more to the
population variance of outputs. However, there are also many users who simply accept the
default outputs (i.e., d(d) < 74) and users with preferences that are far from the mean. They
have a lower E[(6* — p4)?|0], thereby reducing the population variance of outputs. These

two counter-forces interact with each other, leading to a change in the variance.
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APPENDIX B

Autonomous Vehicles in Ride-Hailing and the Threat

of Spatial Inequalities

B.1 Proof of the Main Results

B.1.1 Proof of Lemma 2.

Proof. Proof of Lemma 2. First, we want to show that given N4 and Ny, for any idling policy,
there is a non-idling policy that can produce a higher profit. To prove this, let’s suppose
some AVs may be idled (the case of idling HVs is exactly the same). Let N5 (A4, Ag) be the
average number of AVs in a system with two types of vehicles under a policy m which may
idle AVs at some location j, where the arrival rate of vehicles is A4, Ay. We call 7 as an
idling AV policy.

Let 7* denote a non-idling AV policy. We argue that N%(Aa, Ag) > NT (A4, Ay) for any
idling policy 7. Indeed, given arrival rates to the system, A4, Ay, when AVs are available,
7™ never rejects a request while 7 might reject requests at location j. The rejection in 7
increases the queue size. This implies that the average number of AVs in the system under

7 is larger than under 7*. Moreover, for any idling policy m, N3 (A4, Apy) increases with Ay ;

of AA.

Given the constraints N5(A4, Ag) = Na, there must exist )\QJ > )\AJ,)\}IJ = A
such that NT (X%, X5;) = Ny, because N5 (Aa, Agr) < NE(Aa, Ap) = Ny and NT(Aa, Ay)

increase with A4 ;. Therefore, we can find a non-idling policy 7* such that N7 (A4, Ag) =
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N7%(Aa, Ag) = N4y and producing a higher profit. That is,

L L
(Pa—ca) Y miXe,;+ (L=7)Pu Y 7\,
j=1

j=1
L L
>(Pa—ca) ) mday+ (L=7)Pu Y TAn,
=1 i=1

The analysis is the same for the case of idling HVs.

The above analysis means that given N, and Ng, for any idling policy 7« which satisfies
the wage equilibrium with A4, Ay, there exists a non-idling policy 7* which has a higher

profit than 7 with A%, A%,

Second, assume 7 is feasible in Problem (M) so that the wage equilibrium is satisfied (i.e.
y Ele Pyt g j = rNg, where Ny is the average number of HVs under .), then we want
to show that there exists an equilibrium number of HVs, N}, under the above non-idling
policy 7%, such that Nz > Np. First notice that if Ay j = Aj; ; for all j, the wage equilibrium
must be satisfied, since 7 is feasible in Problem (M). That is, Ny = Ny if Ay ; = A}y ; for

all j.

If Airj < Ajy; at some location j, then we have:

L L
”)/PHZT]')\;_I’]->’)/PHZT]‘)\HJ:7”NH (Bl)

i=1 j=1
This means that more HVs will enter the market. And by Little’s law:

L

Z(Tj + Wi(Aags A i) Ayt Xf{,j) = Na+ Ny

j=1

We know that for any non-idling policy, the expected waiting function at location j is

Wi(Aaj, Arj) = 1/(pj — Aaj; — Am;), so the above equation becomes: Zle(Tj +1/(p; —

Ay — M) (N + M) = Na+ Ny. Substitute Equation (B.1) with Ny in the above
L

equation, we have Zjl'/:l(Tj +1/ (s — ,*4,j - Xf{]))( :z\,j + )‘;I,j) — (vPu/r) Zj:l Tj)‘?{,j < Na.

The left-hand side of the above inequality is continuous and converges to oo as we increase
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Afrj up to pj— A% 5, so we must be able to find Aij > Afrj and Nj; > Ny such that Z]L:l(Tj—l—
L/ (5 = Xa —S\H;))( f4,j+/~\H7j) —(yPu/r) Zle TjS‘H,j = Ny, and 725:1 PHTj:\H,j =rNj.
In this case, both Little’s law and the wage equilibrium are satisfied, and the profit under

7* is higher than that under 7.

B.1.2 Proof of Proposition 6 and Proposition 7.

By proving Proposition 6, we will show that any optimal solution to Problem (M) is feasible
in Problem (M’). Then, to prove Proposition 7, we also need to demonstrate any optimal
solution to Problem (M) is feasible in Problem (M). That is, we will first show that the
arrival rates implied by any optimal solution to Problem (M) are bounded by the arrival
rates under the full prioritization policies. Then, we will show that the arrival rates implied
by any optimal solution to Problem (M) can be achieved by an implementable policy 7 in

Problem (M). To this end, let us begin with some auxiliary reformulations and definitions.

According to Lemma 2, Problem (M) can be rewritten as

L L
sup Z(PA—CA)Tj')\A’j“f‘(l—’)/)ZPHTj'/\H,j
TN, A 5204 5+ g 5 <pj j=1 Jj=1
L
S.t. Z(Tj + Wi’j(ﬂ', )\AJ', )‘H,j)))\’i,j = Ni, 1 € {A, H}
j=1
L
’VPH ZTj)\H’j = TNH
j=1
L 1
(T"i‘ )()\A,‘—F)\H,-):NH—FNA
jzl D= g+ Amy) !

The extra constraint indicates any optimal solution must be non-idling.
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Let \j = Aaj+ Am,j, j € {1,...,L}, and replace Ay ; by \j — A4

L L
su Py—cy—(1—~)P Y — Pyt - \; B.2
7T,NH>0uufj>Iij>)\A,j20 _]Zl( A 4 ( ) H) AJ 7) Zl L / ( )
L
st > (5 Wi (Mg A)Aay = Na (B.2a)
j=1
L
D (7 WE(Aags M)A = Aay) = Ny (B.2b)
7=1
~vPy ZT] — \4,) =Ny (B.2¢)
L 1
Z(Tj + —)\))\j = NH + NA (BQd)
1 Ky — Aj

<.
Il

It is unclear how to solve the above problem due to the existence of the unknown waiting
time functions. However, we can use the achievable region approach to transform the original
problem into a problem in terms of the performance metric that we choose. That is, we want
to show that the above Problem (B.2) is equivalent to the following Problem (B.3), and then
show that Problem (M) is equivalent to Problem (B.3).

L
N . Z; (Pa—ca—(1=7)Pu)7j-Aay+ (1 - Z Pyrj - A (B.3)
j:
s.t. Py Z 7;(Aj —Aaj) =rNy (B.3a)
L 1
D (rj+ ———)\ =Ny + Ny (B.3b)
= Hi = A
L L
Z Tj)\j 2 Z Tj)\; (B?)C)
j=1 j=1
L
>ty <> B3a)

where {)\T | is the optimal arrival rates when AVs are fully prioritized, and {)\i | is the

optimal arrival rates when HVs are fully prioritized. Specifically, they are derived by the
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following steps:
1. Fully prioritize AVs

(a) By fully prioritizing AVs, AVs are not affected by HVs at all, and are distributed
with the objective of maximizing Zle T;jAa,;- Thus, the waiting time of AVs is
1/(p; — Aa ) at each location j. To find the optimal solution to AVs, we solve

the following optimization problem:

AA,]'G[O#J‘

L
max : g(A4) = ZT]-)\AJ
o (B.4)
1
————)Aa; = Na

Let )\TA = {)\27 j | denote the optimal solution to the above problem.

(b) Given )\2, we use the remaining capacity to dispatch HVs. In order to maximize
the profit, we should maximize the arrival rate of HVs, since the arrival rate of
AVs is fixed now. Given the fixed arrival rate of AVs, maximizing the arrival rate
of HVs is equivalent to maximizing the overall arrival rates. That is, to find the
optimal policy for HVs, we maximize the arrival rates of HVs, which is equivalent

to maximizing the overall arrival rates given )\L:

L
max z2(A) = Z TiAj
j=1

L
1
st Y (m+ )\j = Na + Ny (B.5)
j=1 ILLJ - A]
L
TNH = "}/PHZT]'()\]' — )\LX,])
j=1

Let AT = {)xj 1 N}, = yPy 25:1 Tj()\;[- - /\ij)/r denote the optimal solution

to Problem (B.5).

2. Fully prioritize HVs
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(a) By fully prioritizing HVs, HVs are not affected by AVs at all, and are distributed

with the objective of maximizing Zle 7;Am;. Thus, the waiting time of HVs is

1
Hj—AH,j

at each location j. And to find the optimal allocation of HVs, we need to

solve the following maximization problem:

L
Ap) = iy
AH,]‘G[BI}#%}){,NH>0 g( H) ;Tj H.j
- 1
st (7j + ————)Au; = Nu B.6
jzl ! Hj — Amj J (B.6)
L
rNg =vPn ZT]-)\HJ
7=1

Let AL = {/\fq j _, to denote the optimal solution to HVs derived from the above
problem, and let N b= v Py Z]L:l Tj)\fm ; /7 to denote the optimal number of HVs

that is implied by the wage equilibrium.

(b) Given )\fq, we use the remaining capacity to dispatch AVs. Again, to find the op-
timal allocation for AVs, we maximize the arrival rate of AVs, which is equivalent

to maximizing the overall arrival rates given the arrival rates of HVs )\fq:

A E[0, 5

L
max : z2(A) = ZTj)\j
j=1

L

s.t. Z(Tj +

Jj=1

A = Na+ N}

Let AF = {)\ﬁ I, denote the optimal solution to Problem (B.7). Note that it
is not necessary to impose A; > )@” because A¥ = )\fq is a feasible solution to
Problem (B.7) with N4 = 0, and the optimal )\§ must increase in N4 as shown in

the proof of Lemma 15.

The following steps require some auxiliary lemmas to complete. Please refer to Ap-

pendix B.2.1 and Appendix B.2.2 for the details.
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Now, we are ready to complete the proof of Proposition 7. First, we will show that any
optimal solution in Problem (B.2) is feasible in Problem (B.3), which implies Proposition 6,
and then show that Problem (B.3) is equivalent to Problem (M’). And finally, we will show
that any optimal solution to Problem (M) is feasible in Problem (B.2). Since Problem
(B.2) is another formulation of Problem (M), these steps will prove that Problem (M) is
equivalent to Problem (M’).

Proof. Proof of Proposition 6. Now let us show that any optimal solution in Problem (B.2)
is feasible in Problem (B.3).

First, we want to show any optimal solution in Problem (B.2) is feasible in Problem
(B.3). It is sufficient to show any optimal solution in Problem (B.2) satisfies the inequality
constraints (B.3c) and (B.3d). Let (A" = {\5}r, = {Xi 121, Nj) denote an optimal
solution to Problem (B.2).

L L
LY mNs =Y mAl
Since (A" = {N5}7;, Ay = {A\,;}/2,, Nj) is an optimal solution without the con-
straint of fully prioritizing AVs, its objective value must be not less than that of any

other solutions:

]_— PHZT]/\+PA_CA_ 1— PH ZT])\ZJ

L L
> (1—~)Py ZTj)\; + (Pa—ca— (1 —7)Pg) ZTj)\EM

j=1 j=1
L L

—= (L=Pu > 7N =) > (Pa—ca— (1=7)Py) Y _m(My; = X))
=1 j=1

Because of Lemma 16, the maximum arrival rate of AVs can be achieved only if
we fully prioritize AVs. And since )\L is the optimal arrival rate of AVs when we
fully prioritize AVs, (P4 — ca) 25:1 Tj)\L’j is the maximum revenue of AVs. Thus,
S (A, — M) = 0. This implies 77 (A — Al > 0.

7=1
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2. Zle TN < Zle Tj/\;t-l
First, because of Lemma 16, Zle Tj)\fq’ ; 1s the maximum arrival rate of HVs that can
be achieved in equilibrium and feasible in Problem (M); and its implied number of
HVs Nfﬁl = vPy Zle Tj)\iH’j /r is the maximum number of HVs that can be achieved

at equilibrium and feasible in Problem (M).

In addition, note that Problem (B.7) is equivalent to Problem (B.11) with N = N, +
N}, and any optimal arrival rates A* = {A\;}, in Problem (B.2) are feasible in
Problem (B.11) with N = N4 4+ N},. Since N}, is the maximum number of HVs that
can be achieved in equilibrium, we have N}, > N}, and h(Na+ Nj;) > h(N4 + Nj;) by

Lemma 15. Therefore, we must have Zle TN < Zle Tj)\;;».

Hence, any optimal solution in Problem (B.2) is feasible in Problem (B.3). Since Problem
(B.2) is another formulation of Problem (M), this means any optimal solution in Problem

(M) is feasible in Problem (B.3), which implies Proposition 6.

Proof. Proof of Proposition 7.

To complete the proof of Proposition 7, we continue to show the equivalence between
Problem (B.3) and Problem (M), and then show that any optimal solution to Problem
(M) is feasible in Problem (B.2).

Equivalence between Problem (B.3) and Problem (M’). Notice that since A4 j, A;
and Ny in Problem (B.3) are all decision variables, we can combine Constraint (B.3a) and
(B.3b):

Na+

L L
YPu Zj:l (A = Aay) Z 1
=) (m+

r
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which implies

Aj

PNA+ (P = 1) S = S

vPy

(B.8)

L
> TiAay =
i=1

Replace 25:1 T;Aa; with the above equation, Problem (B.3) is transformed into Problem
(M'):

L
max (p—7)7j\; —i—rNA—'r’Z

7)“607 i) .
7,5 €[0,05) j_l

Aj
/“L]_)\

ZTJ ZT (./\/l/)
ZTJ 27

where p £ Py —ca,7 2 1[Py — ca — (1 — v)Py|/(7Py). Note that it is unnecessary to add

a constraint of A\; > A, ;, because we will show that for any optimal solution to Problem

(M), there exists an implementable policy in Problem (B.2).

The above equivalence implies that any optimal solution to Problem (B.2) is feasible in
Problem (M’). To complete this proof, we also need to show that any optimal solution to
Problem (M) is feasible in Problem (B.2). In fact, since Problem (M) is a convex problem
with a strictly concave objective, it must have a unique optimal solution. With a slight

abuse of notation, we use A* = {\7}!_, to denote the optimal solution to Problem (M").

The optimal solution to Problem (M) is feasible in Problem (B.2). By Lemma 18,
if the boundary conditions are binding (i.e., Zle TN, = Zle Tj)\;r- or Zle TN, = Zj T )\i)
the optimal solution to Problem (M) is given by a full prioritization policy. Thus, the op-

timal boundary solutions must be feasible in Problem (B.2).

Second, we want to show that if the boundary conditions are not binding, the optimal
solution to Problem (M) is feasible in Problem (B.2). That is, we want to show that if
Zle TAS > Zle Tj)\} and Zle TAS < Zle Tj)\;t-, then A* is feasible in Problem (B.2).
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Without loss of generality, for any j € {1,...,L}, we assume that p;7; > p;4+1741. By
setting the gradient to be zero and taking the domain [0, ;) into account, the optimal

interior solution to Problem (M) i

)\E-nt A / “ #]7]27,/(}; ) Vj S {1 } (B.Q)

Suppose A* = A™. Note that in this case, p must be larger than # and p 17 > #/(p — #),

otherwise the constraint Zle TS > Zle Tj)\;f» must bind.

Notice the similarity between Equation (B.9) and Equation (B.12). In the proof of

—d(N)++/Ar(N)
(Zk(N) \/N]T])

Equation (B.12), _d(kZ(:k(),JVr)” Ak(l;[) converges to 0 as N — oo; and because of Equation (B.20),
j=1 \/

—dy (0)++/A . . N
9004/ 24(0) = /u171 . Thus, by the intermediate value theorem, there exists N such that

22 )
—dk + A/ Ak /
(Zk(N) v :UJTJ) p=

L
Py TN =h(N), A = X(N)
j=1

is continuous in . Also, by the definition in

Lemma 15, we know that

And we have

where A5(-) and h(:) are given by Equation (B.12) and Equation (B.13), respectively.

Since we assume the boundary constraints are not binding, Zle Tj)\§ = h(N4+ NI <
h(N) < h(Na+N}) = ZJLZI Tj>\§~ by Lemma 17. It means there exists Nj; = N—N4 > 0 such
that h(N) = h(Na+ Nf) = S0 735, where Vj, \f = \5(Na+ Njp), and N, < Nj; < Nj.

The remaining step is to show that there exists an implementable policy such that A* and

N}, can be achieved at equilibrium and feasible in Problem (B.2). Given X*, by Little’s law,
L)% This

we need the average number of vehicles at each location j to be N¥ = (7;
implies that we can achieve A; as long as the policy is non-idling and maintain N vehicles

at location j in equilibrium. Notice that Z = Nj; + Na because \; = N5(Na + Np).
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Now we need to find a non-idling policy that maintains N vehicles at location j and
satisfies the wage equilibrium. Here, we propose a randomization approach with two fully-

prioritizing policies.

1. m: We first fully prioritize AVs by solving Problem (B.4) (i.e. A}, = /\TA,]- and N} =
(1; + #))\Zj). Then, we use the remaining capacity Ny — N}'; to allocate HVs.
JTAAG ’ ’

: T _ N*x __ NT1 T \k )\
That is, Ny, = N¥ — Nj' and Ay, = A7 =AY

2. my: Given Ny, we first fully prioritize HVs with the max-arrival-rate allocation. (i.e.
™ *( NT* L ™ * * ;
Aitj = Nj(Ng) and -0 7A%; = h(Nf), where A7(-) and h(-) are given by Equa-
tion (B.12) and Equation (B.13), respectively). Because N}, < N4 + Nj;, we have
Ay < A and Ni72i = (75 + ﬁ))\}rfﬂ < N;. Then, we use the remaining capacity
N7 — Ni7; to allocate AVs. That is, N}* = N — N2, and N2, = A7 — Aj7 .

The above policies and their random combinations defined by Definition 5 are imple-
mentable and must satisfy the constraints of Problem (B.2) except the wage equilibrium
Equation (B.2c). Therefore, the last step is to show that N} is in equilibrium by adopting
7(0) for some 6, which is a suitable randomization of 7 and my defined by Definition 5.
Because of Lemma 19, it is sufficient to show that there exists w € [0, 1] such that rN}; =
v Py Zle 7j(WAH; + (1 — w)AE ;). To see this, we only need to show vPy Zle TN ; <

L
rNf < YPu Y5 TN

1. 7Py Z§:1 TiAg ; < TNp:
. L
By definition of 7y, > i1

by Problem (B.5) and Lemma 17, vPy (h(N4 + Ni;) — h(N4)) = rNJ,.

TG = SN - ALJ) = (h(N4 + N3) — h(Ny)). And

j=1

Now there are two cases: NI, = 0 or Nj; > 0. If Nf, = 0, by Lemma 20 and Lemma 15,
Py (h(Na 4+ Ny) — h(N4)) < rNy for all Ny > 0. If NI, > 0 because NI, < N7, let
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And we can get w =

o = N, /N7, € (0,1). Since h(N) is strictly concave by Lemma 15, we must have:

ah(Nj; + Na) + (1 — @)h(N4) < h(aNy 4+ Na) = h(N}, + N,)
— ah(N}j; + Ny) — ah(N4) < h(N}; + Na) — h(N,)
ah(Nj + Na) = ah(Na) _ h(NT, 4+ N4) — h(N,)

alNy alNy
h(Nj + Na) = h(Na) _ W(Nj + Na) = h(Na) _
Y NIT{

Thus, 7Py Y 1 A}, = YPu(h(Na + Nj;) — h(N4)) < rNj.

2. 7Py Z§=1 Tj)\gij > rNp:
Similarly, by definition of 7, Z;Zl At j = h(Ng). And by Problem (B.6), yPyh(NY) =
rNi. Because N3 < N, let @ = N3 /N}, € (0,1). Since h(N) is strictly concave by

Lemma 15, we must have:

ah(NL) + (1 — a)h(0) < h(aN},) = h(N%)

— ah(N},) < h(N};) Since h(0) =0
Ni

Ny

—

h(NY) < h(Nj)

*

— W(N%) > Since vPyh(N%) = rN,

YEH
Thus, 7Py Y 1y A, = vPuh(N}) = rNj.

Therefore, we are able to find w € (0, 1) such that

L L
rNy =wyp Y TN+ (L—w)p > TR,
j=1

J=1

L T
VP jo1 TiAg;— TN

T T
’YP(ZJ':1 TjAZTZ,j_Zj:I Tj/\;rll,j)

€ (0,1). Also, according to Lemma 19, we

know that there exists a 6 € [0, 1] such that by implementing 7 (), we are able to achieve

the arrival rates WA, + (1 — w)AY; and WA + (1 — w)AJ7; at each location j. In other

words, we can achieve A* and N}, in equilibrium by implementing 7(6) for some 6 € [0, 1].
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Hence, the optimal solution to Problem (M) is feasible in Problem (B.2). We conclude
that Problem (M) can be reformulated as Problem (M’). O

B.1.3 Proof of the Main Results in Section 3.4 and Section 3.5.

In this section, we prove the main results in Section 3.4 and Section 3.5.

90-00-00-00-00-00-00-00-06000060-8 - - -,

-------------- £ -0 0-60-09-0-9-0- 6

—Fully prioritize AVs |
— Fully prioritize HVs
--- Interior solution

o Optimal solution

—Fully prioritize AVs | |
— Fully prioritize HVs
--- Interior solution

o Optimal solution

Service Level p
Service Level p

Ny Ny
Number of Autonomous Vehicles Ny Number of Autonomous Vehicles Ny
(a) (b)

Figure B.1: The derivation of service levels in Problem (M"). The left plot is an example
in which ~ is large enough, and we fully prioritize AVs at the beginning; the right plot is an

example in which ~ is small enough, and we fully prioritize HVs at the beginning.

To help readers understand the reasoning of Theorem 4 and Proposition 8, in Figure B.1,
we visualize the service levels with respect to N4 under the different solutions. When Con-
straint (B.3c) or Constraint (B.3d) of Problem (M) is binding, the service levels changes as
we fully prioritize either AVs or HVs; and when the constraints are not binding, the service
level is constant with respect to N4. Theorem 4 and Proposition 8 show the pattern of
service levels under the conditions where prioritizing AVs or prioritizing HVs is optimal at

the beginning of introducing AVs.

The following steps require some auxiliary lemmas to complete. Please refer to Ap-

pendix B.2.1, Appendix B.2.2 and Appendix B.2.3 for the details.
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Proof. Proof of Theorem 4.

By Lemma 25, Constraint (B.3c) is binding if N4 is sufficiently large or if  is sufficiently
large and N, is sufficiently small. And by Lemma 18, when Constraint (B.3c) is binding,
for all j € {1,...,L}, A} (the optimal arrival rate in Problem (M’)) is equal to )\; (the
optimal arrival rate given by Problem (B.5) where we fully prioritize AVs). By Lemma 15,
Lemma 17 and Lemma 20, when N, is sufficiently small, )\; is strictly decreasing in Ny,
whereas if N4 is sufficiently large, N I =0and /\; is strictly increasing in N,4. In addition,
by Equation (B.26) and Equation (B.9), if v € (0,1) and N, in a neighborhood of N4 where
N, is defined in Lemma 21, then Zle TN > Zle Tj)\;, so that Constraint (B.3c) is not

binding and A} = Ai* which is constant with respect to N4 as shown in Equation (B.9).

[]

Proof. Proof of Proposition 8. By Lemma 25, Constraint (B.3d) is binding when ~ and
Ny are sufficiently small. And by Lemma 18, when Constraint (B.3d) is binding, for all
j €{L,...,L}, X (the optimal arrival rate of Problem (M’)) is equal to /\;t- (the optimal
arrival rate given by Problem (B.7) where we fully prioritize HVs). Thus, when v and N4 are
sufficiently small, it is optimal to prioritize HVs. In addition, when we fully prioritize HVs,
N4+ N}, (the total number of vehicles) is strictly increasing in N4, where N}, is the optimal
solution to Problem (B.6). Thus, by Lemma 15 and Lemma 17, /\§ is strictly increasing in

Ny.

[
Proof. Proof of Proposition 9. The optimization problem in this case is:
L L ).
max (p—7)TjA; + TNy — 7 J
e o Y jzl i — A
max — CaNy (Mly,)

Na=0 S.t. {)\j}le c -’47

A <€ [0,p5),5€{1,...,L}.
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where A is the achievable region defined in Section 3.3 and depends on N4. The problem
inside the parenthesis is exactly Problem (M’).

If Oy <7, let 5\]- > 0 and N4 > 0 denote an optimal solution to Problem (Mly,). By
Little’s law, the average number of vehicles is Z]L:l(Tj +1/(1; — M)A, so the average
number of HVs is Ny = Zle(Tj +1/(p; — A\j))A; — N4. For the sake of contradiction,
suppose Ny > 0. Then, we can find another feasible solution with N 4 = Ny + N4 and
A; = A; Vj such that the objective value of Problem (My,) is increased by (7 — Ca)Ny.

Thus, it is optimal to only operate AVs if C'y < r.

Now suppose C'y > 7 and let N 4 denote the threshold of N4 such that all the HVs leave
the market. When only AVs are operated, the profit is ph(N4) — C4 N4 and we know h(-) is
strictly concave by Lemma 15. Thus, we only need to show ph’ (N 4) < 7 so that the profit
will be higher if the number of AVs is lower than Ny.

For the sake of contradiction, suppose ph’ (N 4) > 7. By Lemma 20,

. r
W(NND)=p- — >7
ph'(Ny) p'YPH

r
= p- >
Y
<~ p>p—(1—7)Pu
However, this is impossible since v € (0,1) and Py > 0. Therefore, it is never optimal to
only operate AVs if C'y > 7.

Lastly, to show a case in which the platform operates both AVs and HVs when Cy > 7,
we only need to show a scenario where ph’ (N}EI) > Cy when Ny = 0. by Lemma 24, we can
see that when N, = 0, the equilibrium number of HVs, Nli{, is constant in p, but ph’ (Nli{)
is increasing and unbounded with respect to p. Therefore, when Cy > 7, if p is sufficiently

large, it is optimal to operate both AVs and HVs.

]

Proof. Proof of Theorem 5. When the boundary constraint of Problem (M) is binding, by

198



Lemma 18, we fully prioritize AVs or fully prioritize HVs. And in this case, by Lemma 17
and Lemma 22, we must have Vi,j € {1,..., L}, if i < j, p¥ > p;. Additionally, when the

boundary constraints are not binding, by Equation (B.9), the corresponding service level is:

A

7

p; = [1 — )]1M].Tj272/(p,f) VJ c {]_, ey L} (BlO)

17 (p — 7
It is easy to see that if ¢« < j, pi > pibecause w;7; > p;7;. Hence, the service level in
high-demand areas is always higher than the service level in low-demand areas.

Second, when the boundary constraints are not binding, by Equation (B.10), Vi,j €

{1,..., L}, 86]&: = ;@ = 0. Additionally, if the boundary constraint of Problem (M’)

is binding, by Lemma 18, we fully prioritize AVs or fully prioritize HVs. When we fully

!
prioritize HVs, since Nf_l is irrelevant with Ny, ONAtNy _ ONa _ 1 0, where N}EI is the

ON ON 4
optimal solution to Problem (B.6). Thus, by Lemma 17 and Lemma 22, Vi < j, 88]’\2 < ;]f,i.
1
When we fully prioritize AVs, by Lemma 20, aN(;‘]:;VH is either negative or positive, where

NL is the optimal solution to Problem (B.5). Thus, by Lemma 17 and Lemma 22, we have

ap;
ON 4

opy
ON4

P11 .

. . Op*
Vi < 7, | |. Hence, ]%\ < 55

<|

Proof. Proof of Proposition 10.

In Theorem 4, we showed that it is optimal to fully prioritize AVs, when ~ is high enough

and N4 is low enough. In the following, let us suppose the platform is fully prioritizing AVs.
At location j, let Ny ;(N,4) denote the average number of AVs, Ny (N4 4+ N};) denote

the average number of HVs and N;(Na + NI,) = Na;(Na) + Ny ;(Na + N};) denote the

average number of vehicles, where NIT{ is the optimal solution to Problem (B.5).

For the concentration of AVs, by Lemma 17 and Lemma 23,

ONaj-1(Na) _ ONa;(Na)

> =0
8NA aNA

Therefore, more AVs will concentrate in high-demand areas.
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Second, for the concentration of HVs, by Lemma 20, when we fully prioritize AVs and

A(NA+NJ))

there are HVs in equilibrium, v, o < 0. Thus, by Lemma 17 and Lemma 23, we have:

ONj1(Na+ Njy) _ ON;(Na+Njp) _
ION h ION h

Because N;(N4 + NL) = Ny j(Na+ NL) + Naj(Na),

ONj1(Na+ Njy) _ ON;(Na + Njy)

< <0
8NA aNA
ONpy ;1 (Na+ Ni)) L ONas1(Na) _ ONmj(Na+ N L ONa(Na)
ON ON 4 h ON 4 ONy
ONig1(Na+ Njp) _ ONu;(Na+ Njp)  ONag(Na)  ONaj1(Na) _ o
ON 4 = ON4 ON 4 ON 4 =
ONmj1(Na+ Ny)  ONus(Na+ Njp) _
ON 4 D ON h

Therefore, more HVs will leave high-demand areas.

]

Proof. Proof of Proposition 11. By Lemma 24, when N4 = 0, the service level at j can be

i [1 s —d+ VA
7 \ i 201 —~Pu/r) (2, i)

where d = ijl(l — (1 =Py /r)pTi), A = d* 4+ 4(1 — WPH/T)(Z}Izl VIGT)?, and J s

also defined in Lemma 24. By Theorem 4, the minimum service level can be derived by the

expressed as

interior solution in Equation (B.9):

znt [1 A4 [ — 1T w[ — 7:] wiTi=r) (p—+) VJ c {1 }
77

It implies that the maximum loss of service level is

P 1 P —d+VA
Ap; = p; — pi" = - — 7
5Ty p—r 21 _VPH/T)(Z]‘:1 \/W)

Thus, Ap; > Ap; since ;7 > ;75
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In particular,

—d+ VA B 1 A —

21— Py /r) (X JiGT) 21— Pu/r) (S, i) VA +d
! 4(1 = 7Py [r) (S, )

T 21— AP /TN, ) VA +d
AL, i)
- VA +d

_2ASL, )
= d

By L’Hopital’s rule,

= lim =0
piri=oo (YPg /1 — 1)\ /1T

lim
HiTi—>00

2037, V) : 1
d

Because of the squeeze theorem,

lim ~d+ VA
WiTi—00 2(1 — ’YPH/T)(ijl vV MjTj)

Therefore,

lim Ap; = L[ 4 —O] i

piTi—00 T p—T wimi(p—7)

HiTi—>00 i Ty —>00 i T P — r

lim Ap = lim 4/ [ ! —0]:0

201



B.2 Supporting Material for Proofs

B.2.1 Supporting Material: the maximum arrival rate function in a single-type

system.

To facilitate the analysis for Problem (M), we define the single-type maximum arrival rate

function A(N) : Ry — Ry as the optimal value of

T A
L 1 (B.11)
s.t. Ti + )-)\-:N, '
A € [0, 1)), jefl,... L},

where ); is the arrival rate of the single vehicle type at location j.

In the queueing model, the optimal solution, A5(N), and the optimal value, h(N), of
Problem (B.11) are important for helping us complete the analysis. In this subsection, we
solve Problem (B.11) and analyze the properties of h(N) as a preparation for the other

results. Without loss of generality, we assume for any j € {1,..., L}, ;7 = 41741

The following Lemma 14 solves Problem (B.11) and illustrates that when we increase the
fleet size, locations with higher demand are served first. That is, for each location j, there
exists a threshold N; > 0 such that the average number of vehicles at location j is positive

if and only if N > N;. Also, N; < N,.; because 11;7; > [1;117j+1.

Lemma 14 (Solution to Problem (B.11)). For any N > 0, let k(N) = \ EnaxL}{k|N > N},
e{l,,

where {N; }]L:1 is a non-decreasing sequence of constants that are irrelevant to /N and derived

by the other parameters in Problem (B.11). Then we can express the optimal solution as:
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where d(N) = N +k(N) = XX 1y, Ap(N) = do(N)? + 4S8 7). and 1jcu is
a binary indicator function.
And the optimal objective value h(N) can be expressed as:

k(N)

ZTJ 1N+Zw]+k( N) = /AR (B.13)

7=1
Proof. Proof of Lemma 14. We can use the method of Lagrange multipliers to solve Problem

(B.11) and construct the Lagrangian function:

1
TEsRURRIE R

where 6 and ¢; are Lagrange multipliers. The Kuhn-Tucker conditions are:

L{N, }g 1,0, {ﬁbj}f:l) = _ZTJ)‘J' + Q(Z(TJ

e Stationarity:

e Primal feasibility:

e Dual feasibility:

e Complementary slackness:

¢j)\j:O,j€{1,...,L}

In the following, let us use a superscript * to denote an optimal solution. Because of
the complementary slackness, we consider two cases: either A7 > 0 or A} = 0. First, if A} is
positive at some location j, then ¢ = 0, and the optimal A} and 6* must satisfy:

Hj

=0+ —
R Ty

) =0
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And we have:

*
because A} < p;

Notice that this implies that 8* and 1 — * must be positive (i.e. 8* € (0,1)).

Now by considering the equality constraint:

L 1
(1, + *))\* =N
]§>0 ’ H = AJ !
= f —d+ VA (B.14)

1 =0 2(25:1,,\]50 VHIT)

where d = N3550 1 oog(1 = py75) and A = d+4(35L, oo /F575)% Notice that /7% #

T f_:i;f m— because d < v/A and % > (. Therefore, when A} > 0, we must have:

N — Hy —d+ VA
= i
’ T 2(25:1,,\]50 NZT)

Second, if A} is zero at some location j, by the Kuhn-Tucker conditions, we have ¢* > 0

and:

1
T; —9*(7'3*4—;) < 0
J
o*

TGS TG

(B.15)

This implies that for any ¢ and j, if u;7; > w7 and A} = 0, then A7 must be also zero.

Additionally, because d < V/A:

I—d+VA) d

= —1<0 B.16
N ~ (B.16)
And we have:
lim (—d + VA) = i A-d Ly (B.17)
Nsoo _Nl—r>r<1>od_|_,/A '
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* . . .
Thus, lfT decreases in N and converges to 0. This means that as we increase the value

of N, A} must change from zero to a positive value.

Recall that we assumed for any j € {1,...,L — 1}, p;7; = pj+17j41. Then, the above

analysis implies that there exists a non-decreasing sequence {Nj}le, N; < Njy such that

VN < Ny, Af =0, and VN > N, Aj > 0. Specifically, by Equation (B.14) and Inequality
(B.15), Vk > 1, N must be the solution to

—dip(Ny) + \/m (B.18)

N B

where dp(Ny) = N+ k — Zle w7 and Ag(Ny) = dp(Ny)? + 4(2;;1 Vi77)% In addition,

we can see that

—di(0) + /A1(0)  —(1— 7))+ /(1 — um)? + dunm

2\/mm 2/
_mm /(4 mm)?
2\//1171
2417

= = VHT1

2\/M171

Thus, N; = 0. This corresponds to the fact that \%(N) has to be positive for any N > 0;

otherwise, all of \5(IV) will be zero and Little’s law will be violated.

Then, for any N, let k(N) = max{k|N > N}, we can express the optimal solution as:

. i —(N) + VAR(N)
= [‘“_\/i:j 20 Vi)

where dj,(N) = N + k(N) — 3 H w7 and Ag(N) = di(N)* + 4(25(:]? NI

Jj=1

J<K(N)

And the optimal objective value h(N) can be expressed as:

L k(N)
N 1
h(N) =) TN (N) = 7 |V Y T+ k(N) — /Ay(N)
j=1 =1
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The following Lemma 15 analyzes the properties of h(N) given by Equation (B.13), which

helps us to derive the other results.

Lemma 15 (Properties of h(N)). h(N) in Equation (B.13) is continuous, strictly increasing,
differentiable, and strictly concave. In addition, Vj € {1,..., L}, A5(NV) in Equation (B.12)

is continuous for N > 0 and strictly increasing for N > N;.

Proof. Proof of Lemma 15. Let us prove the properties of h(N) in order.

Continuity of h(N) First, we want to show h(N) is continuous at any N > 0. In fact, we
only need to show A\5(N) is continuous at all N € {N;}%,, where {N;}L can be derived by
Equation (B.18). Let k € {1,..., L}, we want to show Vj € {1,..., L}, th%N; Ni(N) =
lim, - Xi(N).

If pu;7; < Ty, then it is clear that lim, o Ni(N) = lim wt N;(N) = 0 by Equa-

N—N
tion (B.12).

If 7y = ppTi, by Equation (B.18), we have

. dk Nk —|—\/Ak Nk
lim A3(N) = p; — 1/7_' 1/ \/,Uka_O
J

N—)Nk (Z] 1 \/m
And it is clear that lim o Ni(N) = 0 by Equation (B.12). Thus, we also have lim NoF: Ni(N) =
lim 5+ AJ(N) = 0.

If ;75 > pui, we have
—di—1(Ny) + 1/ A1 (Ny)
lim )\*(N):,uj—,/& i :
NNy, 7j (Z] 1 \/W)

lim A*(N) . \/?—dk(]\fk) + \/m

k
NN} 2051 VHTH)
—dp 1 (Ni)+ VA1 (Ne)  —di(N)+4/ Ak (Ng) m

We want to show

2(25;11 VI5T) (2371 VHEGTH)
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Start with Equation (B.18):

—di(Ni) + 1/ Ae(Ny)

20351 /HT) I
k
—d(Ni) +\/ Ar(Ny) = Q(Z VIGTHN 1Tk
k
AR(Ng) = di(Ny) + 2(2 VIS Tk (B.19a)
~ k k
Ap(Ny) = dip(Ny)? + 4/%7%(2 VI + 4\/mdk(wk)(z VITS)
k k
D VT = it} V) + dik(Ne) v/ (B.19D)
k—1 k—1
D VT + Vs = (3 ) + i (Vi) i + Vi
k-1 k—1
Z VIT) = Mka(Z VIT;) + di—1 (N ) /1T
k—1 k—1
Z VIT) = Mka(Z VIT;) + di—1 (N ) /T
k—1 k—1
Ap_1(Ny) = d—1(Ny)* + 4Mka(Z VIiT3)? + A1 Trd g (N ) ( ‘ 17;)
k—1
—dy 1 (N) + /D1 (Ny) = 2( 15T5)\ 1k T

—dk,l(ﬁk) + \/ Ak—l(ﬁk) _ \/F

20351 V)

Thus,
—dk Nk + Ak Nk —dk,1 Nk + Ak,1 Nk
(Vo) + 80N s V) + /(W) o)

2(25;11 VTS 2(2?:1 VITS)

Hence, for any j € {1,..., L}, \;(IN) is continuous at any N > 0. This implies that h(N) is

continuous at any N > 0.
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O} (N)
N

N > N;. And we know N; = 0, so A\j(N) is strictly increasing for all N > 0. Therefore,

Monotonicity of h(N) Because of Equation (B.12) and Equation (B.16), > 0 for

h(N) is strictly increasing in N > 0.

Differentiability and Concavity We want to show that A'(N) £ % is continuous

and strictly decreasing in N > 0. By Equation (B.13), we can get for any N # Ny, Vk €
{1,...,L}:
1 dp(N)

~(1-

P = 2 Ag(N)

) (B.21)
And the second derivative h”(N) is

_di(N)? = Ax(N)
VAR(N)A(N)

where the negativity is because of dj,(N)* < A(N). Thus, //(N) is strictly decreasing in

<0

h//(N)

N € (Ng,Njyq) for any k € {1,---L — 1}, or any N € (Np,00). The remaining step

. / . . N AL : Y 1 _ di—1(Ng)

is to show A/(IV) is continuous atL{N]}]Zl. Because thA)Nk h (N)i 5(1 o)

and lim,, — #/(N) = 1(1 — ) ) we only need to show —#=t®r)  — &) g
N—>N: ( ) 2( \/Ak(Nk))’ W y W \/Ak—l(Nk) \/Ak(Nk) y

Equation (B.19b):

—dk(wk) + 4/ Ak(wk) _ 4 (N ) = (1 — prr) Z?:l VT
2 V) a e v HETk

Substitute the above equation into Equation (B.19a), we get:

k

AR = du(N) + 203 V) Vi

7j=1
k

(1 + pwTr) Zj:l VHiT]
v Tk

Thus, o
dp(Nr) 1 — ey

Ak(Nk) T+ i
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Similarly, because of Equation (B.20), we can repeat the above steps and obtain:

di_1(N) _ 1=
Ak—l(N/ﬂ) L+ pugem

Thus, o o
dp1(Nk)  dp(Ny) 1= i
~ ~. 1
\/Ak—l(Nk) \/Ak(Nk) T+ HET
This implies that A'(/N) is continuous and strictly decreasing in N. O

B.2.2 Supporting Material for Proposition 7.

Lemma 16 (Full prioritization maximizes arrival rates). With the constraints of Problem
(M), 25;1 TjAa,; is maximized only if we fully prioritize AVs, and Zle T;A\mj s maximized

only if we fully prioritize HVs.

Proof. Proof of Lemma 16. The proof is similar to the proof of Lemma 2. In fact, a policy
that does not fully prioritize AVs (or HVs) can be seen as an idling policy for AVs (or HVs).
For instance, in the view of human drivers, no matter whether a policy rejects a request or
matches a request with AVs, such a policy does not always match requests with HVs when
HVs are available, so this policy idles HVs sometimes. In this sense, the idea in the proof of
Lemma 2 also works in Lemma 16. Nonetheless, we formally present the proof of Lemma 16

as the following.

First, we want to show that given fixed N4 (or Ng) and a policy 7 which does not always
prioritize AVs (or HVs), we can always increase the arrival rate of AVs (or HVs) by using
a policy 7* which fully prioritizes AVs (or HVs). Here, we only present the case for AVs,
and the proof for HVs is exactly the same. Let N75(Aa, Ag) be the average number of AVs
in a system with two types of vehicles under a policy 7, where the arrival rates of vehicles
are Ay, Ay for AVs and HVs respectively. Suppose 7 does not fully prioritize AVs, so there
exists some location j where AVs are not always prioritized. And let 7* denote a policy that

always prioritizes AVs at all the locations.
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We argue that N5(Aa, Ag) > NT (A4, Ag). Indeed, given arrival rates to the system,
Aa, Ay, ™ always matches requests with AVs as long as there exist AVs available in the
queue, while 7 might match request with HVs at some location j even if AVs are available.
The matching with HVs in 7 increases the queue size of AVs in location j. This implies that
the average number of AVs in the system under 7 is larger than that under 7*. Moreover,

for any policy 7 and location j, we know that Ng’j()\A, Ap) increases with Ay ;.

Given the constraints Ni(Aa, Ag) = Na, there must exist A}, > Aa; at location j
such that N3 (X}, A;) = Na, because N7 (Aa, Ag) < Ni(Aa, Ag) = Na and N7 ;(Aa, An)
increases with A4 ;. Thus, given a constant Na, Ry = (P4 — ca) Zle T;jAa,; is maximized
only if AVs are fully prioritized. Similarly, given a constant Ny, Ry = Py Zle TiAm,; s

maximized only if HVs are fully prioritized.

Second, by the above analysis, we know that there exists a policy 7* which fully prioritizes
HVs and can produce a higher arrival rate of HVs than a policy 7 that does not fully
prioritize HVs, but 7* might not satisfy the wage equilibrium. In other words, assume 7
does not always prioritize HVs and is feasible in Problem (M) so that the wage equilibrium
is satisfied (i.e. ’725:1 PytiAgj = rNy, where Ny is the average number of HVs under
7.), we need to show that there exists an equilibrium number of HVs, N7, under a policy

m* that fully prioritizes HVs, such that Nj; > Ng.

By the first part, we have:

L L
~vPy ZT]‘)\;{J > v Py ZTj/\H’j =rNy (B.22)

j=1 j=1
This means that more HVs will enter the market. And by Little’s law:

L
Z(Tj + ng( Ao i) A = Na

=1

Because 7* fully prioritizes HVs, the expected waiting function of the HV queueing at each
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location j is W7 ;(Aa, Amj) = 1/ (k5 — M), so the above Little’s law becomes:

L
D+ 1/ (g = Ny )by = N

=1

Substitute Ny in Equation (B.22) with the above equation, we have

L ~P L
* * H *
DT+ 1/ (= Nig )Ny — . > TNy <0

j=1 j=1
The left-hand side of the above inequality is continuous in A} ; € (0, i1;) and converges to oo
as )‘;I,j — ;. Thus, by the intermediate value theorem, we must be able to find A Hj = )\}L j
and Nj; > Ny such that

L

L L
1 3 7P 3 3 *
22+ Uy = X)) Ay = =D mAng =0 97 Pty = NGy

J=1 J=1 J=1

In this case, both Little’s law and the wage equilibrium are satisfied. Thus, with the wage

equilibrium, Ry = Py Zle TjAm,; 1s maximized only if HVs are fully prioritized. [

The next auxiliary lemma characterizes the optimal solution and objective value when
we fully prioritize AVs or HVs. We want to show that if we fully prioritize AVs or HVs, the
allocation of vehicles must maximize the overall arrival rates and be consistent with A(:)
of Equation (B.12) and h(-) of Equation (B.13). Notice that the following A", Al NI are
defined in Problem (B.4) and Problem (B.5), which represent the optimal solution when
we fully prioritize AVs; A¥, A}, NT are defined in Problem (B.6) and Problem (B.7), which

represent the optimal solution when we fully prioritize HVs.

Lemma 17 (Optimal solution to the full prioritization problems). Let NI, (or N};) denote
the optimal equilibrium number of HVs when we fully prioritize AVs (or HVs), then the
optimal overall arrival rate is A5(Na + N (or (N4 + N},)) and the optimal total arrival
rate is h(N4 + NI,) (or h(Na + N)), where \*(-) and h(-) are defined in Equation (B.12)
and Equation (B.13). That is, h(Na + NJ;) = S0 AL h(Na + Nj) = 327 75A% where
Vi€ {l....,L}, Al = Xs(Na+ Njp), M= Mi(Na + Njy).
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Proof. Proof of Lemma 17. We first want to find the expressions of AT and A*. Let us start

with the case where we fully prioritize AVs.

Clearly, the optimal objective value of Problem (B.4) is h(Ny4) (ie. Zle Tj)\LJ =
h(Ng4)), where h(-) defined by Equation (B.13), and its optimal solution )\LJ is equal to
Ai(N4) in Equation (B.12).

Then, by the wage equilibrium, let NL = vPy Zle()\; — ALJ) /r, we want to show
the optimal value of Problem (B.5) must be equal to h(N4 + N};) and its optimal solution

must be )\} = Nj(Na + N};). Given NI, if the overall arrival rate is not maximized (i.e.

2521 Tj)\;r' < h(N4+ NL)), this means:

L
rNp =Py > (A= M) < P (A(Na + Nl — h(Na))

j=1
which implies (h(N4 + NI,) — h(N4))/N}; > 7/(vPy). By Lemma 15, we know (h(N4 +
N) — h(N4))/N is continuous in N > 0. And because h(N) is bounded by Zle Tl
(WM(N4+ N) —h(N4))/N converges to 0 as N — co. Thus, there exists a feasible Ny > N},
such that (R(Ny 4+ Ng) — h(Na))/Ny = r/(vPy) and h(Na + Ny) > h(N4 + N},), which
contradicts the assumption that NJ, is optimal in Problem (B.5). Therefore, the optimal
value of Problem (B.5) must equal h(N4 4+ N};). And since any solution to Problem (B.5) is
feasible in Problem (B.11) given N4 + N1, the optimal )\;. of Problem (B.5) must be equal
to A5 (N4 + N};) in Equation (B.12).

Second, given N}{ as the optimal equilibrium number of HVs when we fully prioritize
HVs, Problem (B.7) is exactly the same with Problem (B.11), so the optimal objective value
of Problem (B.7) is h(N4 + N}, , and its optimal solution A; is equal to Aj(Na + NE).

[]

In the next lemma, we want to show that if one of the boundary constraints in Problem
(M) is binding (i.e. Zle TN, = Zle Tj)\; or Zle T\, = Zle Tj)\ﬁ), then for any

location j, the optimal arrival rate of Problem (M’) must be equal to )\} given by Problem
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(B.5) or )\§ given by Problem (B.7). With a slight abuse of notation, we use A* = {\:}I

to denote the optimal solution to Problem (M’).

Lemma 18. If the lower (or upper) boundary constraints in Problem (M) is binding,
the optimal solution must be given by a full prioritization policy. That is, if Ele TN} =
Sor Al (or 7 Ay =208 AL, then Vi, A5 = Al (or A5 = AF).

7=1

Proof. Proof of Lemma 18. Since Problem (M) is a convex problem with a strictly concave
objective, it must have a unique optimal solution. Thus, if we are able to show that when
the lower (or upper) boundary constraint is binding, the objective value achieved by Al (or

%) is optimal, then we must have V7, = /\}L- (or Vj, A = )\f)

Suppose Zf L TN = ZL T')\T» and the objective value of Problem (M’) achieved by

A* is higher than the objective value achieved by AT, then we must have ZJ 1 TiNA; >
T _ T
Zj | TjAy; Because Z] [ TA = Z | TjA; and ZJ 1T A]>ZJ 1T]AL],

L
Ny =vPu/rY mi(\ =Xy <7PH/7«ZT] — Ny, =N

j=1

However, this means there exists a feasible N7 < N}, in Problem (B.5) such that Zle TN =
Zle Tj)\} — h(N4 + N},) since Z;J:l Tj)\; = h(N4 + N},) by Lemma 17. And by definition,
Sor TN < h(Ny + Nj), which implies h(N4 + NJ;) < h(Na + Nj;) but Nj; < Nj,.

This contradicts the monotonicity of A(N) shown by Lemma 15. Therefore, if Zle TN, =
S P )\T the objective value achieved by Al is optimal for Problem (M’).

Similarly, suppose Z]LZI TAS = Zj |\ T /\I and the objective value achieved by A* is
higher than the objective value achieved by A*. We have Zle TN < Zle Tj)\f{’ j» where
L . L
Zj:l Tj)‘H,j = Zj:l Tj(>‘; - Zx,j)- Thus,

L L
N}, = WPH/TZTj)\}Lj < ’YPH/TZTJ')\:;{J = Nf_]

j=1 j=1
However, this means there exists a feasible N7 < N}, in Problem (B.7) such that Zle TAS =

L )\ = h(N4 + N:t because L: A = h(N4 + N} by Lemma 17. This contra-
g=1T. j=1"'3" H
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dicts the monotonicity of h(N) shown by Lemma 15. Hence, when one of the boundary
constraints is binding, the optimal solution must be given by a full prioritization policy. (i.e.
e L L L L .

i Y TN =S Al (or S0 s = 307 mAb), then for any j, Af = Al (or A5 = M)

Jj=1

O

In the next auxiliary lemma, we want to show that it is implementable to randomize two
full prioritization policies and achieve a convex combination of their arrival rates. Before
presenting the lemma, let us first define a random-priority policy. Suppose we have two

non-idling policies with the same allocation of vehicles, N4 ;, Ng; at each location j, and:
1. w*: fully prioritizes AVs and achieves the arrival rates )\217 ; and )\}r{l,j at each location j.

2. w2 fully prioritizes HVs and achieves the arrival rates X;fj and )\}ij at each location
7.
For any w € [0, 1], we propose a policy 7(6) to randomize 7! and 72 and achieve the arrival

rates w)\j‘tj + (1 —w) fj and w)\’};j + (1 - w)/\’;ij for AVs and HVs respectively.

Definition 5 (Definition of random-priority policy 7(#)). Keep the allocation of vehicles
Ny, Np; the same with those in 7' and 72. At each location, there is a non-idling priority
queue and a non-idling non-priority queue. The vehicles in the priority queue are dispatched
before those in the non-priority queue. Given 6 € [0, 1], an incoming AV is allocated in
the priority queue with probability ¢ and in the non-priority queue with probability 1 — 6.
Accordingly, an incoming HV is allocated in the priority queue with probability 1 — 6 and

in the non-priority queue with probability 6.

Let Aaj, Au; denote the arrival rates of AVs and HVs induced by 7(6) at location j. The

1

following lemma shows that by choosing 6 € [0, 1] and implementing 7(#), we can randomize
7! and 72 to obtain the arrival rates w)\zl,j + (1 —w) f’j and w)\}ij +(1—-w) ”HQJ for AVs

and HVs respectively.
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Lemma 19 (Randomization of two prioritization policies). For any w € [0, 1], there exists
0 € [0,1] such that we are able to achieve A4 ; = wXAl’j + (1 —w) ij and A\ ; = w)\ﬂHl’j +

(1— w))\}ij by implementing 7(6).

Proof. Proof of Lemma 19 Since there are two variables 4,; and A m,; for each location j, we
first want to reduce the variable space into \ a,; only. That is, we want to show that if A A, is
determined and satisfies Little’s law, then Ay ; is also determined and satisfies Little’s law.
After that, we want to show the solution to A 4, 1s continuous with respect to ¢ and apply

the intermediate value theorem to complete the proof.
Let A} and AJ” denote the arrival rates of vehicles in the priority queue and non-priority
queue at each location j. By Definition 5, X = 0A4 j+(1—0)Ag; and X7 = (1—=0) A4 ;40N p ;.
Because the arrival of requests is independent of vehicles, the mean residual service time

is equal to 1/p. Then, by Haviv (2013), pp. 73-74, the mean waiting time of the vehicles in

the priority queue of location j equals

T =Ny Y= = A

And the mean waiting time of the vehicles in the non-priority queue of location j equals

WP — 1/“]' _ M
’ (L= X ) (L= (A + XP) ng) (g = A7) (g — (A + A7)

Thus, the unconditional mean waiting time of AVs and HVs are:

_ _ _ pi — 0N+ XTP)
Ww7T . = anﬁm + (1 _ e)ﬂfﬁ,np — J 7 _
S P = A= (VN

pi — (L= 0) (A + A7)
(115 = A7) (s = (A7 + A7)

Substitute AY = OX4 ;4 (1 —0)Ag; and AP = (1 —0)Aa; 4 (0)Ag,; into the above equations:

Wi = Q=W+ ()W =

p5 =0, + Ay)
(1 = (0Aay + (1= 0)Au )1y — Aay + Auy))
i — (1= 0)(Aay + Amy)
(1 — (OAa; + (1= O)Auy) (15 — Aay + Auj))

T
Wi, =

T
Wg,; =
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In addition, since the policies are non-idling and the number of vehicles at each location
is fixed, the total arrival rate of vehicles must be the same. By Little’s law, we must have
a constant \; € [0, p;) such that (7; + ﬁ))\j = Ny + Ny,; = N;, and XXJ + )\ﬁj =

2 2 Y Y . oy . .
WAL =N+ AT = A4+ Awj = Aj. Then, we can rewrite the mean waiting time as:

Wi = 1= 0N
T (= (20 = DA+ (1 =0)2)) (1 = A)
WF . = “{_(1—9))\3‘
T (= (20 = DAy + (1= 0)0)) (15 — Ny)
By Little’s law,
My — 9)\]' _
a A Aag = Naj B.23
(75 (5 — (20 — DAa, + (1= 0)N) (15 — /\j)) a5 = Nag, (B.23a)
— (1= 0)) )
i T )X = Aay) = Nj = Nag (B.23b)

(= (20 — DAy + (1= 0)A) (1 — A))

In Equation (B.23b), if we substitute N; with (7;+ ﬁ)kj and N, ; with Equation (B.23a),

we can see Equation (B.23a) and Equation (B.23b) are dependent:

Hj — 9)‘J' )5\ )

(1 — (20 = DAy + (L= OX) (1 = X))
C (0 — )+ Ay = (20 = DAa; + (1 = 0)A;)) = (15 = OA))Aa,

Y ! (15 = A (15 = (20 = 1)Aa; + (1 = 0)A;))
Oy By = Aag) = A(( = ) + (0 — 1)Aay))
T A s — (28— DAy + (L= 0]

(1 = (L= 0)A) (A = Aay)

(15 — M) (5 — (20 — D) Aa; + (1 = 0)A;))

i — (L =0)A, 5
(= (20 = DAay + (1= 0)N)) (15 — Aj)>()\j ~ i)

Thus, we only need A4 ; to be a solution to Equation (B.23a), and it must be a solution

Nj—NAJ = (Tj‘{'

1
N — (4
/J/]_)\J)] (.7

= 7(Aj — Aay) +

:(Tj+

to Equation (B.23b) as well. In other words, if A4 ; is determined and satisfies Little’s law,

then A\g; equals \; — A4 ; and also satisfies Little’s law.

Second, we want to show that \ 4,; of Equation (B.23a) is continuous with respect to 6 so

that we can apply the intermediate value theorem to demonstrate our main argument. For
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any 6 € [0,1], let A4 ;(0) denote a solution to Equation (B.23a). Notice that when 6 = 0,
Aa;(0) is a solution to

Hj
o M= Na.
(7 [ — )\A’j) Aj Aj

Thus, Aa;(0) = )\QIJ. Similarly, A4 (1) = )\ffj. Because w)\zl’j +(1-w) 7;‘27]- € ZIJ, f’j] for
some w € [0, 1], if we are able to show Aa () is continuous, then there must be a 6 € [0, 1]

such that A4 ;(0) = w)\ﬁl’j + (1 —w) f,j by the intermediate value theorem.

Define

(i = (@7 = Dy + (- AN~ A) 0

on the domain [0,1] x [0, A;]. Because \; < pj, F(6,Aa;) is continuously differentiable on

F(0,Aa;) = (15 +

1
the domain. And for each fixed 6, F(0,0) = =N, ; <0, F(0,);) = (Tj+—)\))\j —Naj=
_ Hj = A
Ny ; =2 0. Also, by taking the gradient, %j‘j’j) =71+ (Mj_((ze!ijf);;ei)(\{—anj))? : ‘Z';_a/\/\jj > 0.

Consequently, for each fixed 6 € [0, 1], there is a unique solution A4 ;(8) € [0, ;) such that

OF(6,34,5(0))

e >0, A (0) is a

F(0,24;(0)) = 0. Because of the implicit function theorem and

continuous function of 6.

Hence, by the intermediate value theorem, there must be a 8 € [0, 1] such that A4 ;(0) =
w)\xj +(1-w) ;fj. In addition, because XXJ + )\}ij = X;fj + Aﬁj = A+ Amy = A, we
must have Mg ;(0) = \; — Aa;(0) = W)\Zrl,j +(1- W)Aﬁj'

O

Given the above auxiliary lemmas, now we can continue to complete the proof of Propo-

sition 7.

B.2.3 Supporting Material of the Main Results in Section 3.4 and Section 3.5.

In this section, we prove several auxiliary lemmas for our main results in Section 3.4 and
Section 3.5. We first discuss the impact of fully prioritizing AVs on the total number of

vehicles. To help readers better understand it, we visualize the reasoning in Figure B.2.
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Figure B.2: Visualization of Lemma 20. The left plot is an example of h(V), and the right

plot shows the change in the total number of vehicles with respect to Ny.

Given N4, when we fully prioritize AVs, the optimal arrival rate of AVs is equal to

h(N4) and the optimal arrival rate of HVs is equal to h(Na + Nj;) — h(N4). With the
h(NA+NL)—h(Na
Ny

Na,h(N4)) and NA+NT,h NA—i—NT must be equal to r/(vPg). Thus, as shown in the
H H

wage equilibrium, we have b =y /(vPy), so the slope of the line connecting
left plot of Figure B.2, when we increase the number of AVs from Ny, to Ny, , due to the strict
concavity of h(N), the line connecting (Na,, h(Na,)) and (N4, + N[T{Q, h(Na, + N}b)) must
be above the line connecting (Na,, h(Na,)) and (N4, + N;h, h(Na, + N;h)). Accordingly,
the total number of vehicles will decrease from N4, + N;{h to Ny, + NIT:,2 as shown in the left
plot.

In addition, let Ny > 0 such that &/(N4) = r/(vPy). Because h(-) is strictly concave, for
any Ny > Ny, W/(N4) < r/(7Py), meaning that it is impossible to have a positive Ny such
that the line connecting (N4, h(Ny4)) and (Na + Ny, h(Na + Ng)) has a slope of /(v Py).
Thus, HVs completely disappear after the number of AVs reaches N 4, and an increase of

N4 will lead to a higher total number of vehicles.

Now let us verify the idea in a formal way. The following lemma shows the property

of the optimal solution to Ny when we fully prioritize AVs. To emphasize the relationship
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with Ny and v, we use NIT_I(NA, 7v) instead of NIT{ to denote the optimal number of HVs in
Problem (B.5) given N4 and 7.

Lemma 20 (Optimal Ny when we fully prioritize AVs). When we fully prioritize AVs, the
optimal arrival rate of AVs is h(N4). And NL(N 4,7) has the following properties with

respect to N4 and ~:

(a) N, (Ny4,7) is positive and unique if and only if h'(N4) > r/(yPy). In addition, if
NI(Na,~) >0, then /(Na + N (N4, 7)) < 7/(vPy).

(b) Let 5 > 0 and Ny > 0 such that #/(N,) = r/(7Pg). Then, given any v > 7,

t ~ ~
MNula) < 1 if Ny € [0,Na) and Nfj(Na,7) = 0 if N4 € [Na,00). In addition,

AN (Nas)

5 >Oif7>’y,andNL(NA,'y)—>ooaS”y—>oo.

given any Ny € (0, Ny),
Proof. Proof of Lemma 20.

(a) To see this, we first notice that Problem (B.4) is equivalent to Problem (B.11) with
N = Ny, so the results in the Lemma 14 and Lemma 15 are applicable, and the optimal
value of Problem (B.4) can be written as h(N4), where h(-) is given by Equation (B.13).

Also, Problem (B.5) can be rewritten as:

We can see that Problem (B.11) is actually a subproblem of Problem (B.5) with N =
N4 + Ny. Therefore, by Lemma 17, Problem (B.5) is equivalent to:

max  h(Ns+ Ng)
N =0 (B.24)

s.t. Ny =7vPglh(Na+ Ng) — h(N4)]

It is easy to see that Ny = 0 is always feasible in Problem (B.24), but any feasible

positive Ny will produce a higher objective value, since h(NN) strictly increases by
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Lemma 15. Now we want to obtain the sufficient and necessary conditions such that

there exists a unique non-trivial optimal Ny.

o NT(N4,7) >0 = W(N4)>r/(yPy) and K/ (Na+ N (N, 7)) < 7/(7Px).
By the mean value theorem, if there exists Ny > 0 such that rNy = yPy[h(Na+

Ng) — h(Ny)], we must have In € (Na, Ny + Npg) such that

’ _h(NA+NH)—h(NA)_ r
fin) = Ny Py

However, because h(N) is strictly concave by Lemma 15, if h'(Na) < r/(vPuy),
then Vn > N4, h'(n) < r/(vPy), which means it is impossible to have a Ny > 0
such that rNg = yPg[h(Na+Ng)—h(Ny4)]. Similarly, if ' (Na+Ng) > r/(vPy),
then Yn < N4y + Ny, h'(n) > r/(vPy), which means it is impossible to have a
Ny > 0 such that "Ny = yPy[h(Na + Ng) — h(N4)]. Thus, NT(Na,v) >0 =
W(N4) > 1/(yPy) and W' (Na + N1, (Na, 7)) < 7/(vPy).

o W(Na)>r/(yPu) = N'(Na,7) >0

Suppose h'(N4) > r/(vPpy), then limy,, o h(NAH\xQ_h(NA) = h'(Na) > r/(vPn).

h(Na+Ng)—h(Na)
Ng

Thus, it is sufficient to show strictly decreases in Ny and converges

to 0 as N — oo. Let n; > ny > 0, because h(N) is strictly concave,

ny —ng

h(Nag +ny) > h(N4) + %h(NA + )
1

ny

= h(N4s+n2) — h(Ny) > Z—j(h(NA +n1) = h(Na))

h(NA +n2) — h(NA> > h(NA + nl) — h(NA)

No ni

(B.25)

h(NA+NH)—h(NA) —

And by Equation (B.17), limy_,o h(N) = Zle Tjfs, SO My, o0 Ne

0. Therefore, by the intermediate value theorem, there exists a unique N;[I(N 4,7) >

0 such that
h(Na+ NL(Na,v) = h(Na) 7

N (N4, ) VPu
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(b) Now, suppose 7 > 0 and N4 > 0 such that /'(N4) = r/(7Py). For any Ny > Ny,
because h(N) is stictly concave, h'(N4) < 7/(7Pg), so N;(N4,7) = 0 and N4 +
NI];(NA77> = Na.

The remaining step is to show that Ny + NIT{(N 4,7) is strictly decreasing in Ny €

[0, N4) and strictly increasing in € (3, 00).
First, given v > 7, let Ny € [0, N 4), by the wage equilibrium:

h(Na+ N5(Na, 7)) = h(Na) = 7/(yPa) N (Na,7) =0

ONI(Na,v) ONL(NA,7)
8NA aNA

Because B (N4) > 1/(yPy) > r/(vPy) and h'(No + N, (Na, 7)) < 7/(vPy),
ONJ{(Na,v) _ W(Na) = W(Na+ Njy(Na,7))

= I'(Na+ N (Na,7))(1+ ) = W' (Na) = r/(vPx) =0

ONa  W(Na+ Ni(Na,7)) —7/(vPx)
M < —1
N,

Second, given N4 € (0, N 4), let v > 7, by the wage equilibrium:

h(Na+ Ni(Na, 7)) = B(N4) — r/(yPu)Nj;(Na,~) = 0

T
— 1N+ N (g, 2T
ON}(NA,)

— [=r/(PPu)N{(Na, ) + 7/ (vPu) o

=0

Because h'(N4 + NIT{(NA, 7)) <r/(vPr),

ONL(Nay) /(3 Pa)Nj(Na,v) -

Iy r/(vPg) _h’(NA—|—N,T{(NA,7))

Additionally, in part (a), we have seen that strictly decreases in Ny

1 _
and h(NAH\]ff)_h(NA) — 0 as Ny — oo. Thus, with h(NA+Nf’T(NA’7)) ANA) — r/(vPu),
H NH(NAv'Y)

h(Na+Ng)—h(Na)
Ny

the increase of Ni,(Ny4, ) must be unbounded as 7 — oo. That is, NJ,(Na,7) — oo

as y — 00.

221



]

The following lemma shows the service levels when AVs are fully prioritized, and N4

reaches the threshold such that all HVs leave the market.

Lemma 21. When AVs are fully prioritized, let N > 0 as the treshold such that NIT{(N 4,7) =
0 for any Ny > N4 , then

* /N / .
)\ NA J VPH_T M]TJ >/ (y Py —r) VJe{l,,L} <B26)

Proof. Proof of Lemma 21. By Lemma 20, #/(N4) = r/(7Py). Using Equation (B.21),

1 d (N

(- —) =1/(vPu)
Bi(Na) (B.27)
—dk(ﬁ“Q —1_ 2 |
Ak(NA) vPy

And with Equation (B.12),
N (R = [y — [ _dk(NA)j‘ \/ Ak<NA>]1
J \/ 7.
T 20 )

where dk(NA) = NA + k:(]vA) — Zk(NA WiTj, Ak(NA) = dk(NA) + 4(2 k(Na) Vii7;)%. Using
the definitions of dy(N4) and Ap(Ny4),

j<k(Na)

—di(Na) +\/Ar(Na)  —de(Na) + 1/ Ar(Na)
2389 i) VAN = d(Na)?

Ap(Na) — dp(Na)

A(Na) + di(Ny)

1— dp(Na)/y/As(Ny)
(

\1+dk

= 4 /; substitute dk(NA)/ Ak(]VA) with Equation (B.27)
YPg —r
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Therefore,

)\* NA M \/ 'VPH #JTJ>T/(7P T) vj € {1 }

Notice that we are able to replace 1] <k(Fa) with 1, >, / +Py—r) because of the definition of

k(N) in Equation (B.18) and —% N;NJF VAe(Na) above.
220 i) 'VPH —r

[]

In the next lemma, we discuss the properties of the service levels induced by Equa-

tion (B.12). Let pj(IV) denote the service level at location j implied by Equation (B.12):

s o ) [ —d(N) 4 VAN
’Oj (N) - 115 — [1 14,7 2(25(:]\1[) ,U,jTj) ]ljék(N) <B28)

where k(N), dp(N) and Ag(N) are defined in Lemma 14.

For the service levels induced by Equation (B.12), Lemma 22 illustrates that high-demand
areas have a higher service level than low-demand areas. Also, for locations where vehicles
exist, the change in service level in a low-demand area with respect to the number of vehicles
is larger than the change in a high-demand area. Recall that we assumed Vj € {1,...,L —
L}, 137 2 fia Ty

997 (N)

8P;+1 (N)
ON )

ON

Lemma 22. VN > 0, p5(N) > pi(N), and if j +1 < k(N), <

Proof. Proof of Lemma 22. Recall that Lemma 14 showed that there exists a non-decreasing
sequence {N;}F_, such that VN < N;, A(N) =0, and VN > N;, A5(N) > 0. In addition,
we defined k(N) = max{k|N > N}, then:

p](N) p]—i—l

\

Now there are three cases:
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L IEj > k(N), pi(N) = gy (N) = 0
2. T j+ 1> k(N) but j < k(N), p(N) = p, (N) = pi(N) 2 0,

3. If j+ 1 < k(N),

* * dk ( )
P;(N) = pja (N 20
MJ+1TJ+1 MJTJ ZJ 1 1/;LJTJ)

The non-negativity is because p;7; > pj417j41-

Thus, we have p5(N) > pi4(N).

Second, by taking the derivative of p5(N),

= I — ——=) 1<k
N~ Wiwn 2 ) an

Note that there is a point of N where p%(N) is not differentiable (i.e. when j = k(NV)), but

this does not affect our analysis, or we can consider the right-hand derivative at this point.

Recall that, in Equation (B.16), we have seen (1 — %) > 0. Again, there are three
k
cases:
LI j > k(N), 2550 = 200 _ g
2. 1F j+ 1> k(N) but j < k(N), 2280 _ 2200 _ 9500 5
3. If j+ 1 < k(N),
09t (N)  Op(N)
ON ON
= ) (-
1457T; pintin 20 ) Ak(N)
<0

The non-positivity is because (t;7; = 41741
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995 (N)

8P;+ 1(V)
ON )

Thus, when j + 1 < k(N), N

<

]

In the next lemma, we discuss the number of vehicles induced by Equation (B.12). Let
N7 (N) denote the number of vehicles at location j implied by Equation (B.12). By Lemma 2

and Little’s law, it must satisfy:

1

N*(N) = (Tj + ,u]——)\;‘(]\/)

J

JAS(N) (B.29)

For the number of vehicles induced by Equation (B.12), Lemma 23 illustrates that high-

demand areas can acquire more vehicles than low-demand areas.

ON?_(N) _ ONi(N)

Lemma 23. Vj € {2,..., L}, —55— > 45

= 0.

Proof. Proof of Lemma 23. Recall we assumed that for any j € {2,..., L}, pj_17j-1 = p;7;.
And recall that Lemma 14 showed that there exists a non-decreasing sequence {Nj}le
such that VN < Nj, A5(N) = 0, and VN > N;, A5(N) > 0. In addition, we defined
k(N) = max{k|N > N.}.
By Equation (B.12):
N(N) = [ — \/g_dMNk)(;VL) Ak(N)]lj@c(z\/)
i 20055 V)
where dy(N) = N + k(N) = S50 7y and AR(N) = di(N)? + 4(50 7).

J=1

ON; 1(N) o ON;(N)
ON Z T ON

ON*(N)

AN =0.

Clearly, if j > k(N), Mj(IV) = 0 and =0, so we have

Suppose j < k(N), let ¢, (N) = _Qd(kz(:]\,i();)v ii(‘];[), then
j=1 VHiTj

Xi(V) = py = (V) 22

Substitute the above equation into Equation (B.29):

NIN) = (4 B
= 3+ iy s — e, [
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Taking the derivative of N (V) with respect to N:

8 x Cr
W) a2 + 122,

Note that there is a point of N where N¥(N) is not differentiable (i.e. when j = k(V)), but

this does not affect our analysis, or we can consider the right-hand derivative at this point.
We can get ¢p(N)2 > 0, and by Equation (B.16), 2% < 0. Because VHEi—1Ti—1 =

ON
V M55,
ONL(N) _ ON;(N)

> Z
ON ON

The following lemma solves Problem (B.6) where there are only HVs.

Lemma 24. The optimal solution to Problem (B.6) can be expressed as:

; —d A
N = [Mj — 2 - \/j Lic (B.30)
T 200 =y Pu /) (305 H5TS)
where d = Z;}:l(l — (1 =~Py/r)uj7), A =d*+4(1 — ’VPH/T)(Z;-Izl VI;7)%, and J is also

derived from Problem (B.6).

Proof. Proof of Lemma 24. Recall that Problem (B.6) is

max E TiNH,j
AH,j€[0,15), N >0

s.t. Z(’Tj +

J=1

— ), =N
= )\Hj) H,;j H (24)

’YPHZT]/\H] —TNH

7j=1
which is equivalent to
L
max TiAH
Am 5 €[0,115) ; IO
I P Z \ (B.31)
1 _fH 1TiNH,j
s.t. T + A



Notice that we must have vPg > r; otherwise, there are no feasible solutions.

We can use the method of Lagrange multipliers to solve Problem (B.31) and construct

the Lagrangian function:

L L
1 'YPHZ T)\H
LA M, 0) = =D midu +0 (Z(Tj + ) — : ]> Z%AH]
j=1 j=1

My — )\H,j

where ¢ and ¢; are Lagrange multipliers. The Kuhn-Tucker conditions are:

e Stationarity:
1 B VPHT]-)

-7+ 0(1; + (o= n,)? "

—$; =0

e Primal feasibility:

L /}/PH Z T])\H]
Z )\ A=
— Amy

r
7=1
)\H,j > Oaj € {1a7L}

e Dual feasibility:

¢j>07j6{17"'7L}

e Complementary slackness:
ojiAu;=0,7€{l,...,L}

We use a superscript § to denote an optimal solution to Problem (B.31). Because of the
complementary slackness, we consider two cases: either A% ;> 0or AL ; = 0. First, if /\il,j

is positive at some location j, then gbf = 0, and the optimal )\f{ ; and 6* must satisfy:

. Pt
Tj—ei(Tj—l— Iuji 2—7 HTJ):O
(Nj - )‘H,j) r
And we have:
giu.
o )\i ) 2 — J
(19 HJ) (1 =6+ 0tyPy/r)T;
0t
r Hj 1 _
)\HJ‘ = \/(1 0+ 0y Py )T because )\H,j <
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Now by considering the equality constraint:

L I
1 WPHZ TjA;
2. (it Wy = )
j= 1>‘H]>0 Hi Hj

ot _ —d++VA (B.32)

= (1—6*+6p/r) 21 —’yPH/T)(Z] 1AL >01/_ujrj)

where d = Z L1, >0(1 (1=~Py/r)p;7;) and A = d*+4(1— ’}/PH/T)(Z] 1AL >01/pj7j)2.

—d—vVA
Notice that /7= 9i+eivPH/r # 3 AP, 1 o)
H

because it is optimal to choose the

larger )\i . Therefore, when )\fi ;> 0, we must have

Mo [ —d+ VA
Hj — M)
’ 7 21— yPu/r)(25 1L, 50 VAIT)

Second, if )\f{’ ; 1s zero at some location j, by the Kuhn-Tucker conditions, we have »* >0

and: ) p
T
Tj —61<Tj 4+ — — M)
Fj r

Jaks
1 — 6+ 0tyPy/r

<0

ST S

ot

T B Recall that we assumed that

meaning that )\j}{,j > 0 if and only if p;7; >
Wiy = 174 for any j € {1,..., L —1}, so there exists J € {1,..., L} such that )\fq >0

if and only if 7 > J. We then are able to express the optimal solution to Problem (B.6) as

A _[A_ Hj —d+VA ]l
Hj = [ o 7 j<J
T 2(1 = Pu/r) (X5 VTS

where d = Z}]:1(1 — (1 = ~Py/r)uTj), A =d*+4(1 — fyPH/r)(ijl VIi77)% And J can
be found by solving:

, —d+ VA
J = max{j|u;7; > (

21— 1P/ ) (S w—)] el bl B3

[]
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The following lemma proves the sufficient conditions such that the lower bound (B.3c)

or the upper bound (B.3d) of Problem (M) is binding.

Lemma 25. In Problem (M’), Constraint (B.3c) is binding if N4 is sufficiently large (i.e.,
N4 — o00) or if Ny is sufficiently small and ~ is sufficiently large (i.e., N4 — 0 and v — 17);

Constraint (B.3d) is binding when v and N4 are sufficiently small (i.e., N4 — 0 and v — 0).

Proof. Proof of Lemma 25. When neither of constraints (B.3c) and (B.3d) is binding. By

Equation (B.9), we know the interior solution is:

mt :uj 72 .
A= T e Vi€ AL L)

We can see that the interior solution is irrelevant with N 4.

Constraint (B.3c) is binding By Lemma 20 and Lemma 17, the optimal objective value of

Problem (B.5), S2% )\T strictly increases in v € (, 00), strictly decreases in Ny € [0, N4)

J= 1
and strictly increases in N4 € [N 4,00), where 4 and N 4 are defined in Lemma 20. It is clear
that Zle Tj)\; — Z]L:l Tip; as Ny — oo. Thus, we must have Zle Tj)\ént < Z] T )\T
when N, is sufficiently large.

In addition, suppose v = 1 and N4 = 0, then Z T )\T can be derived from Problem
(B.6). By Lemma 24,

1 —d+VA ] 1
i 201 = Pu/r)(X JET)

where d = Y27 (1 — (1= Py /r)um), A =d? +4(1 — Py /r)(3, \/im)*.

Therefore, -7 | m;Ai"t < 377 ;AL if and only if

~d+ VA \/ r(Pa—ca) [T
2(1— Py /r) (X 10 V) —7  \[ (Pu—r)(Pa—ca) \ Pa—r
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Let us prove the above inequality backward:

—d+ VA _ r
2(1— PH/T)(Z] 150 VEGTS) Pp—r

e=d—VA<?2

Zm

F=1A1>0

<:>d2—2x/Zd+A<@( Z Vi)

J=1A1>0

9% + 4(1 — Py /r)( Z Ji): —v/Ad < A=) Z Vi)

ji= 1)\;[>0 j= 1)\T>0

21— P Y i) - VA< 2T Z S

J=1.A1>0 J=1,A1>0
—VAd < 2 ( Z VET)?
F=1A1>0
—VAd < d* -
—d>VA

where the last inequality is true because Py > r and the definitions of d and A in Equa-

tion (B.32).

Thus, if v =1 and N4 = 0, Constraint (B.3c) is binding. And because )\§”t and )\; are
continuous in v, these imply that Constraint (B.3c) is binding if N, is sufficiently small and
~ is sufficiently large (i.e., Ny — 0 and v — 17)

Hence, in Problem (M), Constraint (B.3c) is binding if N, is sufficiently large (i.e.,

N4 — o00) or if Ny is sufficiently small and « is sufficiently large (i.e., N4 — 0 and v — 17).

Constraint (B.3d) is binding Problem (B.6) can be considered as Problem (B.5) with
N4 = 0, so by Lemma 20, N}, strictly increases in y € (7, 00), and for any ~ € [0,7], N}, = 0.

Also, since h(N) is strictly increasing in N, by Lemma 17, Z]LZI Tj)\;t- strictly increases in
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v € (3,00) and in N4. And clearly, when v = 0 and Ny = 0, Zle Tj)\§- = 0. And because
A;”t and )\§ are continuous, Constraint (B.3d) is binding if 7 and N4 are sufficiently small

and close to 0.

B.3 Simulation Study

This section describes how we process the dataset and design the simulation in detail. Please
refer to Appendix B.4 for other auxiliary simulation results such as the omitted detailed maps

in the robustness check in Section 3.6.3.

B.3.1 Data processing

To estimate the parameters in our model, we use the New York City Open Data platform to
access the historical record of High-Volume For-Hire Vehicle (HVFHV) data.! For each trip
in NYC, this data contains the origin, destination, and request time stamp for Lyft, Uber, and
Via (the three leading ride-hailing platforms in NYC in 2020). For a more balanced demand
distribution across the city (inflow and outflow are similar within zones), we consider the
trip data between 11 AM and 1 PM during workdays in January 2020 (the month before the
coronavirus led to a significant drop in demand), which corresponds to a total of 1,093,431

recorded trips.

Locations, zones and travel time For privacy reasons, the exact origin and destination
of each trip are unavailable, but we have access to “taxi zones”. NYC is divided into 257 such
zones, which are chosen based on historical and demographic criteria. Examples of zones

include “Times Square” and “JFK Airport”, and the shape of the zones can be visualized in

'https://data.cityofnewyork.us/Transportation/2020-High-Volume-FHV-Trip-Records/yrt9-5
8g8, last accessed: 2024-05-29.
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Figure 3.6. To generate exact locations and travel time, we use OpenStreetMap,? to obtain
the road network of NYC, which can be visualized in Figure 3.6¢ and assume that each
trip starts and end in a uniformly random intersection from the origin and destination zone,
respectively. Specifically, in the origin zone of a request, we uniformly select one of the nodes
in the zone at random as the origin node of this request. Similarly, in the destination zone
of a request, we uniformly select one of the nodes in the zone at random as the destination
node of this request. In addition, the travel time between each pair of nodes is available in
the geospatial dataset, so we use the travel time between the origin node and the destination
node as the travel time of a request. Notice that because the travel time in the geospatial
dataset is computed by using the maximum speed, the travel time between each pair of
nodes is much shorter than that in practice. To remedy this bias, we scale up the travel time

between each pair of nodes by 3.

Demand density To obtain the demand density, we first calculated the hourly trips per
zone in our trip dataset (i.e., the NYC HVFHV dataset). The demand density in a zone is
then computed by dividing the hourly trips in that zone by its area,® see Figure 3.6a. We
consider a zone with a higher demand density as a high-demand zone and a zone with a

lower demand density as a low-demand zone. Let u; denote the demand density in zone k.

Pay ratio and reserved earning. For the pay ratio, in line with practice, we assume

~v = 75%.

To set the HVs’ reserved earning, r, we consider NYC’s average High-Volume FHV
utilization rate and the average earning of fully-utilized HVs. The TLC reports that NYC’s

average citywide utilization rate is approximately 60%.* And the average earning of fully-

’https://osmnx.readthedocs.io/en/stable/, last accessed: 2024-05-29.

3For the airports, we used an estimate of the “driving area” of 1km? rather than counting the entire
airport area, because the driving area in an airport is usually much smaller than its actual area

‘https://wwwl.nyc.gov/assets/tlc/downloads/pdf/fhv_congestion_study_report.pdf
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utilized HVs can be determined using vehicle pay regulations imposed by the Taxi and
Limousine Commission (TLC) of NYC.? In NYC, the TLC requires that the combined vehicle
pay rates correspond to $1.161 per mile and $0.529 per minute as of March 2022. Assuming
an average vehicle speed of 20 miles per hour, we obtain that the average earning of fully-
utilized HVs is $1.161 x 20 + $0.529 x 60 = $54.96. We, therefore, set r = $33 per hour, so
that r = 60% x $54.96.

B.3.2 Simulation Description

We repeated the simulation five times and took the average of all the results. At each

repetition, the simulation is run as the following.

B.3.2.1 Data Sampling

At each iteration, we randomly sample one million requests from the trip data with re-
placement. This helps us to repeat the experiment, avoid cyclic demand imbalance, and
take the average without affecting the demand distribution. We assume that requests arrive
sequentially, and the inter-arrival time between two consecutive requests is generated from
an exponential distribution with a mean of 1/23,770, which is equal to (2 x 23)/1,093,431
since we only consider 2 hours (i.e., 11 AM — 1 PM) during each workday and there are
23 workdays in January 2020. Consequently, we have a sample {t;,0;,d;, 7, 4.}, Where
t; denotes the request time of request i, o; denotes the origin node of request 7, d; denotes
the destination node of request ¢, and 7,, 4, denotes the travel time from o; to d;. Note that
ti < tiy1, Vi € {1,...,105 = 1}. And let 2(0o;) and z(d;) denote the origin zone and the

destination zone of request i.

Shttps://wwwl.nyc.gov/site/tlc/about/vehicle-pay.page lists the regulated vehicle pay rates.
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B.3.2.2 Core Steps

The core steps of the simulation describe how the platform, vehicles, and customers behave
during the simulation, and how to output the desired metrics, such as service levels, revenues,

profits, and ETA. In the core steps, the number of vehicles, N4 and Ny, and the price rates

Na+Nyg

are inputs. Let {I5};4""" denote the location of vehicle j when request i arrives. Initially,

the vehicles’” locations are uniformly chosen from the nodes in the geospatial street network.

ETA We assume the platform processes the requests sequentially. When request i arrives
at time t;, the platform computes the ETA between each available vehicle and the origin

node of the request (i.e., the ETA is equal to Tt o, for an available vehicle 7).

Customer utility We assume that a customer facing a decision to travel has three options:
selecting the nearest available HV, selecting the nearest available AV, or canceling the trip
altogether. This choice is determined by a utility model that takes into account the vehicle
type, hourly pricing, travel time from the origin to the destination, and the estimated time
of arrival (ETA). Specifically, for a customer i requesting a trip, the customer’s utility U; ;

when assigned a vehicle j is given by:
A
Uij = lao+ 0155 an av — (Pasiljis an av + Priliis an 0v)]Tord; + 1Ty o,

where ay > 0 represents the base utility of choosing an HV and reaching the intended
destination, 6 captures the difference in utility if opting for an AV, P4, and Py, are the
price rates (to be optimized) shown for customer i for AVs and HVs respectively, and a; < 0

is the customer’s sensitivity to waiting time before pickup.

The utility U; ; measures a consumer’s surplus from riding vehicle j in dollars. If U; ; < 0
for all the available vehicles, the consumer will cancel the request and leave the market. If
at least one available vehicle j yields a positive U, ;, the customer will choose the option

that maximizes her utility. That is, she will select an available vehicle J; with the highest
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(non-negative) utility:

J; = arg max Ui j
j is available and U; ; > 0

Note that this is equivalent to choosing the nearest available AV or HV depending on the
prices and the customer’s preference for the type of vehicle. And if a tie occurs, she will

randomly choose one of the vehicles with the same utility.

Pricing and Prioritization In contrast to the queuing model, in the simulation, cus-
tomers can choose the type of vehicle they want to take, and the platform can only influence
customers’ choices through a pricing policy. Due to the complexity of the system (mixed
fleet and large state space), we limit ourselves to a manageable set of pricing policies, that
allow us to potentially prioritize AVs or HVs, and to distribute AVs and HVs differently in
the city. For example, our set of policies allows the platform to potentially keep the AVs
in the high-demand areas (downtown) by preventing the use of AVs for rides that lead to

low-demand areas.

We let the price rate Py, (or Pp ;) offered to customer ¢ to be equal to a base price that
is identical for all the trips, plus an adjustment depending on whether the destination of a
trip is Manhattan (i.e., the area with the highest demand). That is, for any customer 4, the

price rates are

Ptype,i = Ptype,base + 5type(2 X ]-di is in Manhattan — 1) type € {Aa H}

where Piype pase 15 the base price, d;ype is the adjustment, and 1gegstination of i is in Manhattan 1S ALl

indicator function.

This four-parameter class of pricing policies is rich enough to give the platform the
flexibility to both prioritize and allocate (to a particular region) any specific type of vehicle.
For example, to increase the utilization of AVs, the platform can offer discounts on AV rides
compared to HVs by lowering P4 p.sc and 4. Greater discounts lead to higher utilization

of AVs. Moreover, the adjustment part allows the platform to influence the allocation of
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vehicles by incentivizing customers to select different types of vehicles depending on their
destinations. For example, when 64 < &y, there is an extra discount on AV rides for the
customers whose destination is in Manhattan, meaning that the platform is trying to allocate

more AVs in Manhattan.

Serve the requests If the customer decides to choose vehicle J;, vehicle J; will depart
to pick up the customer and transport her to the destination. Then the platform collects a
profit (Pa; — ca)7y,q; if J; is an AV or (1 — ) Py,, 4, if J; is an HV. During the pickup and
the service time, vehicle J; is marked as unavailable. That is, from t; to t; + Tl o + Todis
vehicle J; is unavailable and cannot be matched with any other requests. After completing
the service, vehicle J; will become available and wait for the next requests at node d;. Let s;
denote whether request 7 is successfully served (i.e. s; = 1 if request ¢ is not canceled, and

s; = 0 if request ¢ is canceled or there are no vehicles available at time ¢;).

Relocation Without relocation, most drivers would end up in the same area given enough
simulation time, potentially leading to large driver imbalances in the city. To prevent this,
we consider a simple relocation policy that relocates vehicles after a period of time. Each
vehicle has an exponential clock (with a mean of 2 hours). Once the clock’s time is up,
and the vehicle is idle, the vehicle is (instantaneously) relocated to a zone that is sampled
according to the demand distribution. That is, the probability of choosing the zone is its
hourly trips divided by the total hourly trips in the city, and, therefore, vehicles are more
likely to reposition to high-demand locations (Afeche et al., 2023). Then the vehicle will be
relocated to one of the nodes within the zone which is uniformly selected at random. After

relocation, a new clock is generated, and the vehicle will restart its work.

Metrics Computation The above steps are summarized in Algorithm 5. The inputs are
the number of AVs, the number of HVs, the base price rates, and the adjustments. The

outputs may include any metrics we want to comprehend, such as profit, average ETA,

236



service levels, and average earnings of HVs. In particular, the profit is the total revenue

from serving requests minus the earnings of HVs and the operational cost of AVs.

106
pl"Oﬁt = Z SiToi,diKPA,i - CA)]-Ji is an AV + (1 - V)PH,'L]-JZ is a HV]
i=1

where 1, isan av and 1, .y gy are indicator functions. The other important metrics are
listed below:
— (100 6
overall average ETA = (3.7, Tlfli’oi)/l()
. 106 106

average ETA in zone k = (32,2 711 o, La(0)=k)/(2_i=1 La(on=t)

overall service level = (211261 s;)/108

service level in zone k = (Zgﬂl silz(oi):k)/(zgsl 1.(0)=k)

average earning of HVs (per hour per vehicle) = («y Zgjl SiToyd; Prily; isanv)/(Nutis)

utilization rate of AVs (HVs) = (211261 SiTordi 1, is and AV (5V))/ (t108)

B.3.2.3 Find the equilibrium Ny

Recall that human vehicles are assumed to be strategic and join the market by gauging their
earning rate against a reserved earning. As a result, the average earning of HVs should be
equal to this reserved earning at equilibrium:

108
YD i1 8iTond; Prily; s a nv
Nyt

r

(B.34)

where Ny is the number of HVSs at equilibrium.

Given N4 and the price rates, we need to find N y in the simulation. To this end, we select
several candidates of N 1, run Algorithm 5 for each candidate, and record the average earning
of HVs. We then use a linear interpolation method to find Ny such that Equation (B.34) is

satisfied. We summarize this step in Algorithm 6.

The candidates set of NH in this study is {100, 3000, 6000, 9000, 12000, 15000} whose

range is big enough to make sure there exists a valid Ny satisfying the wage equilibrium.
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Algorithm 5 The core steps of the simulation model

1: Input: Na, Ny, Papase, P pase; 04, 0H

2: Qutput: Desired metrics such as profit, ETA, service levels, etc.

3: Initialization: Randomly select vehicles’ initial locations from the nodes, and generate each
vehicle’s working hours from an exponential distribution.

4: for i =1,2,...,10° do

5: Compute the price rates: Pr; = P pase + 0¢(2 X 14, is in Manhattan — 1) ¢ € {A, H}.

6: for j=1,2,...,Na+ Ny do

7 if j is available then

8: Compute the utility:
Uij = lao + 01jis an aAv — (Pailjis an AV + Priliis an BV)]T0,.d; + 1T o,

9: end if
10: end for
11: if there are at least one vehicle j at time ¢; that is available and U; ; > 0 then

12: The customer chooses vehicle J; with the Thighest utility J; =

argmax; is available and U;; >0 UZ’J'

13: Vehicle J; is dispatched and unavailable from time ¢; to ¢; + i o + Tos.di-
14: The platform earns a profit and s; = 1.

15: The location of vehicle J; at time ¢; + i o + To,,d; becomes d;.

16: else the customer cancels the trip and s; = 0.

17: end if

18: for j=1,2,...,Ngs+ Ny do

19: if j is available and stays for more than its exponential clock then

20: Vehicle j is relocated. Its starting point is randomly selected according to the hourly
trips of each zone, and its new clock is generated from an exponential distribution.

21: end if

22: end for

23: end for
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Algorithm 6 Find the equilibrium

1: Input: Na, Papase, Prpase, 04, 0m, and a candidate set of NH

2: Output: N H

3: for each Ny in the candidate set do

4: run Algorithm 5

5: record the average earning of HVs

6: end for

7: Construct a function that maps Ny to the average earning of HVs by using linear inter-
polation.

8: Find Ny by a root-finding algorithm (e.g. The bisection method) such that:

106
YD1 SiTond; Pl is anv
NHtl()G

r

B.3.2.4 Find the best price parameters

The final step is to find the best price parameters (i.e., the best base price rates and the
best adjustments). As mentioned above, four parameters need to be optimized - the base
price rates Pj pose and P pgse, and the adjustments 64 and dg. To find the best parameters,
we compare the profits with different parameter candidates. This step is summarized in

Algorithm 7.

In the baseline setting described in Section 3.6.1.1 and Section 3.6.1.2, the candidate
set of P4 pase and P pase 18 {72,73,74,75,76, 77,78}, and the candidate set of d4 and dp is
{-1.0,-0.5,0.0,0.5,1.0,1.5,2.0}. Note that the candidate sets are adjusted in the different
settings in Section 3.6.3 to make sure that we can observe the profit will be lower if the

parameters are too high or too low.

For different choices of N, we repeated the entire experiment 5 times and took the

average of all the results. The values of N4 we test in this study are {0, 2000, 4000, 6000,
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Algorithm 7 Find the best parameters

1: Input: N, and the candidate sets of price parameters.

2: Output: the best base price rates P4 pose and P pese, and the best adjustments 64 and
0g-

3: for each P4 pase; Prpase; 04, 0m in the candidate sets do

4: run Algorithm 6 to find the corresponding equilibrium Ny.

5: run Algorithm 5 with Ny and record the profit at equilibrium.

6: end for

7: Find the best parameters with the highest profit at equilibrium.

8000, 10000, 12000}. Notice that in all the simulation results in this study, the zones with
average hourly trips less than 0.2 are removed as outliers. The data points in these zones

are so few that their noise is large. As a result, four zones are removed.

B.3.2.5 Alternative relocation method for HVs

In reality, HVs may be more strategic and have their own way to relocate themselves and
maximize their earnings. To test our results in such a situation, we apply the method
introduced by Braverman et al. (2019) and solve the linear programming (LP) problem in
their lemma 1 to find the relocation destinations of HVs. Notice that this method requires
much more computational time than our simple relocation method explained above since
there are multiple linear programming problems to be solved during the simulation. So we

only test it as a robustness check rather than apply it in the baseline model (see Section 3.6.3).

Similar to the original relocation method, each vehicle still has an exponential clock
(with a mean of 2 hours). Once the clock’s time is up, and the vehicle is idle, the vehicle is
(instantaneously) relocated to a zone. However, in this alternative relocation method, the
destination zone is not sampled according to the demand distribution. Specifically, instead

of sampling a zone according to the demand distribution, we sample a zone according to
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the solution of the LP problem (i.e., the empty-car routing policy @ defined in Braverman
et al. (2019)). This policy @ is a matrix where an element ();; represents the transition
probability for an HV in zone i to be relocated to zone j. In addition, to construct the LP
problem, we need to find the demand rates for HVs and the average travel time of demand
for HVs. This is challenging in our setting because the demand rates and the average travel
time of demand for HVs are exogenously given in Braverman et al. (2019), but these are
endogenously determined in our simulation. To this end, after every 2 hours (simulation
time), we count the number of trips served by HVs from zone i to zone j and compute the
average travel time of the trips served by HVs from zone 7 to zone j, for any 7, 7. We then
use them as the demand rates and the travel time to solve the LP problem. The solution
Q@ is used as the empty-HV relocation policy during the next two-hour time window. In
other words, at the beginning of each two-hour period, we use the simulated data from the
last period to solve the LP problem and update the relocation policy for HVs in the current
period. Whenever an HV needs to be relocated in the current period, we sample a zone
according to the relocation policy @); and then the HV will be randomly relocated to one of

the nodes within this zone.

B.4 Auxiliary Simulation Results

This section discusses some auxiliary results from our simulation study.

B.4.1 More results in robustness check (see Section 3.6.3)

Figures B.3 to B.14 present more detailed curves and maps about service levels in different

settings, which are omitted in the robustness check in Section 3.6.3.
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B.4.2 Optimality of Prioritizing AVs

To show the optimality of prioritizing AVs, we report the utilization of vehicles (cf., Fig-
ure B.15) and the best price parameters (cf., Figure B.16 and Figure B.17) obtained from
our experiment with the baseline setting. As we can see the utilization of AV is much larger
than the utilization of HVs, meaning that it is optimal to prioritize AVs.® The is consistent
with the implication from price rates, as we can see that the best price rates for AVs are
lower than the best price rates for HVs. In addition, Figure B.17 shows that the best price
adjustment of AVs is also lower than the best price adjustment of HVs. This means the
platform is encouraging customers to choose AVs when their destination is in Manhattan so

that more AVs can be allocated in high-demand areas.
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(a) The utilization rate of AVs. (b) The utilization rate of HVs.

Figure B.15: The utilization rate of vehicles.

SNotice that the utilization of HVs when N4 = 0 is close to 60% which aligns with our purpose when
setting the reserved earning of HVs, r. See Appendix B.3.1.
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Figure B.16: The best base price rates in our experiment with the baseline setting.
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Figure B.17: The best price adjustments in our experiment with the baseline setting.
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APPENDIX C

Supply Prioritization in Hybrid Marketplaces

C.1 Proofs for Section 4.2

Proof. Proof of Lemma 3. We start from Problem (4.3):

[ A

st. "Np=vRp

(Rp, Rr) € AR(Np, NF)
Using the definition of AR(Np, Nr), this is equivalent to:

- — CpN
RP:RIS%};,WGH RP+< V)RF CpNp

st. rNp=7vRp
Rp = Rp(Np, Nr)

RF = R};(Np, NF)
We can simplify this problem as Rr and Rp are fixed given N and m:

max RZ(NP,NF)—F(l—’}/)R;(NP,NF) —CPNP
Np,mell (Cl)

S.t. TNF :’}/RT};(NP,NF)

We can see that any solution 7 of Problem (2’) must be feasible in the above Problem

(C.1), since Np € E"(Np,y) = rNp = YRE(Np, Nr). On the other hand, any solution
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7, Nr of Problem (C.1) must be feasible in Problem (4.2), because r Ny = yREL(Np, Np) =
NF € EW(NP7’Y)'

C.2 Proofs for Section 4.3

Proof. Proof of Lemma 4. Suppose there exists E; feasible for Problem (4.4) that satisfies
equal treatment and that leads to a positive number of flexible supply hours denoted by ]V;
And because of feasibility, we have that rm = 7_;%;. Because of equal treatment, we have
that there exists Rp such that (RP,RVF) € AR(NP,]f\E:) and RpNy = RpNp. The total
revenue associated to this equal treatment solution can be no more than the maximal revenue
of an equal treatment solution which by Assumption 1 and Assumption 2 is R(Np + ]f\iv)
That is, we must have that Rp + 15;1/: < }_%(Np + ]f\f;:) However, note that

Np ~ r~N .
RP+RF—RF +RF——NF—P+ NF— (NF—l-NP).
Np Y Np 7 Y

Since N} > (0, we obtain the desired conclusion.

Conversely, suppose that there exists N > Np such that N < yR(N). Because there
exists M > 0 such that VN > 0, R(N) < M, we have limy_,o, R(N)/N = 0. Therefore,
with the continuity of R(-), we can always find N > N such that rN = vR(N) by the
intermediate value theorem. Then, since TN R(N ) € AR(N ) we can use Assumption 2

for Np and NF — N — Np > 0 to find (Rp, RF) € AR(NP,NF) such that
RP + R\;? = Zﬁ and Rp]/\};r = R\;?Np
Y

Replacing Rp from the second expression into the first expression above, and using that
]v; + Np = N yields that }/%; = %]f\}; In turn, }f%\:v is feasible for Problem (4.10) and

compatible with an equal treatment policy with positive flexible supply hours.
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Proof. Proof of Proposition 12. In the following proof, we first show that when N >N P,
Problem (4.4) is equivalent to Problem (C.2), then derive the result from Problem (C.2).

By Definition 2, Lemma 4, and N >N p, Problem (4.4) can be rewritten as:

max Rp+ (1 —~)Rr — CpNp

Nr>0,Rp,Rp
s.t. (RP, RF) € AR(NP, NF)
YRy =rNp

NpRp = NrRp

As Ng > 0, the two last constraints are equivalent to Rp = NpRp/Np and Rp = rNg/7.

The problem is therefore equivalent to:

max rNp/y+ (1 —7)rNg/v— CpNp

Ng>0

s.t. T’/’}/(NP,NF) S AR(NP, NF)

Reorganizing the objective, this is the same as:

max 7Np+ (1 —7v)r(Ng+ Np)/v — CpNp
Np>0

s.t. T/’y(Np,NF) S AR(NP,NF>

With the change of variable N = Np + Ng and using Assumption 1 and Assumption 2, this

is equivalent to:

nax rNp+ (1 —~)rN/y — CpNp

st. rN/ye AR(N)

Suppose N is the optimal solution of the above problem. As v < 1, the coefficient of N in
the objective is positive, therefore it is optimal to have N = max{N |rN/y € AR(N)}. This
implies that 7N /v < R(N). Suppose that 7N /v < R(N). Then, R(N) — rN/y > 0 and
n — R(n)—rn/~ is continuous in n, since R(-) is continuous. Also, R(n)—rn/vy goes to —oo

when n — +o0, as sup(R(N)) is bounded. Therefore, by the intermediate value theorem,
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there exists N’ > N such that R(N') — rN’/~ = 0, which contradicts the definition of N

We conclude that we must have rN /v = R(N) and therefore our problem is equivalent to:

]\I/IlaX (1 — ")/)R(N) + (T — OP)NP
>Np (C.2)
st. rN =+R(N)

Note that the constraint N > Np is not necessary since we already assumed N >N p, and

N is the optimal solution.

To conclude, when Np < N , the solution of Problem (C.2) is always N and independent
of Np. Therefore, NE = N-N p > 0. By Definition 2 and the equilibrium, we must have
RE = rNp/y and RE = rNE/v = R(N) — RE.

And when Np > N , we know NE = 0 as a result of Lemma 4. This implies that
the optimal solution has to maximize the revenue of private supply given Np, so we have
RE = R(Np). Notice that RE = R(Np), NE = 0 must be an equal treatment solution
(i.e. R(Np)/Np < r/7). Otherwise, if R(Np)/Np > r/v, since R(N) is continuous and
limy_e0 R(N) < o0, there exists N > Np such that R(N)/N = r/v by the intermediate

value theorem, which contradicts the definition of N.

[]

Proof. Proof of Theorem 6. Let (N5, NE RE RE) denote an optimal solution of Problem
(4.5). Suppose this equal treatment solution has hybrid supply (i.e. N& > 0 and NE > 0).
Notice that N5 has to be less than N by Lemma 4. We want to show that there exists a

private-supply-only solution which has a higher or equal profit than this solution.

When ~ € [0, 1), the result follows from Proposition 12. By Proposition 12, we have
NE < N, NE = N — NE, and its profit must be equal to (1 — y)R(N) + (r — Cp)NE.
Thus, depending on the difference between r and Cp, we have a single-type solution with a
profit that is not less than (1 —)R(N) + (r — Cp)NE. Specifically, if 7 < Cp, we can reset
NE =0, NE = N, and the profit will be increased to (1 —v)R(N); and if r > Cp, we can

reset NZ = N, NE =0, and the profit will be increased to (1 —y)R(N) + (r — Cp)N.
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When v > 1, due to Definition 2, if NF > 0, NE > 0, we have RE = rNE /. Thus,

RE + (1 7)RE - CpNE
= (C = Cp)NF + (1= 7R}
< (% — Cp)NE because v > 1
If % < Cp, it means any profit of an equal treatment solution with hybrid supply is negative.

In this case, the firm could simply shut down and reset N5 = NE = 0 to have a higher

profit.

Suppose % > Cp, then because N5 < N,

(% — Cp)NF < (% — Cp)N

This means that we only need to show (Np = ]v, Rp = rﬁ/fy, Rr = Np = 0) is a feasible
equal treatment solution. Because rN/y = R(N), (rN/v,0) € AR(N,0) by Assump-
tion 1, it satisfies the definition of equal treatment in Definition 2. Thus, (Np = N ,Rp =
rN /7, Rr = Np = 0) is an equal treatment solution with private supply only and leads to a
higher profit than (N5, NE, RE RE).

Hence, there exists a single-supply solution whose profit is higher than or equal to any

equal treatment solution with hybrid supply. O

Proof. Proof of Lemma 5.
Let (Rp, R%,7',Ny) be an optimal solution of Problem (4.6), there exists a feasible
solution of Problem (4.7):
Rp = Rp,Rr = Rjp,Np = N},
such that Problem (4.6) and Problem (4.7) have the same objective value.
On the other hand, let (}/%;, ]/%;, ]@) to be an optimal solution of Problem (4.7).

If }/%; > 0 and ]@ >0, or fi} = N} = 0, then there exists a feasible solution of Problem
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Ry = Rp, R = Rp, Ne = N,/ e Ne>0 Re>0
p— nip, ip = vp, Np = INp, Y = r
0 Np =0

such that Problem (4.7) and Problem (4.6) have the same objective value.

Suppose Ny > 0 but Ry = 0. we know that there exists R € AR(Np + Np) such that
R = Rp due to Assumption 1. Also, by Assumption 2, there exists (E;o, }AE;) € ET(Np, ]@)
such that },%; + }/%\_}; — R = }/%;. This means (}/%7:, E;, ]@) is also an optimal solution of
Problem (4.7). By Definition 2, since Np > 0, (Rp, Rp) € ET(Np, Ng) implies either
Np =0 or R;/Np = }E/Kf;, but only the latter case with Es > 01is true. If Np = 0 or
Rp = 0, then the optimal value of Problem (4.7) would be —rNp < 0, which is impossible
since ]Kf\p = ( is always feasible and the objective value can be increased to 0. Therefore, we
must have Np > 0 and ]EZ; > (0. This implies R} > (0. Thus, (]f{;, E:, ]@) is also optimal
with Ry > 0 for Problem (4.7), then we can construct a feasible solution of Problem (4.6):
Ry = Rp, Ry = R, Ny = Npof = =5
Rp

such that Problem (4.7) and Problem (4.6) have the same objective value. We conclude that
Problem (4.7) and Problem (4.6) are equivalent.

Proof. Proof of Theorem 7.

Let (Nj, Rp, R)) be an optimal solution of Problem (4.7). Let N = Nj. By As-
sumption 1 and Assumption 2, we know that there exists Rp, R such that (Rp, Ry) €
ET(Np,Ny) and Rp + R = Rp + Rj. In addition, we can simply set

™NE N
o A Np >0
0 Np=0

Note that if N > 0 we must have R} > 0, otherwise, we would have R = 0 by Definition 2.

This means R} + Ry = R, + R = 0 and the objective value of (Nj, R*) in Problem (4.7) is
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negative and lower than the objective value of (Nr = 0, Rp = 0) which is 0. This contradicts
the optimality of (Nj., Rp, R}.) for Problem (4.7).
Thus, (Rp, R, Nj,7') is feasible in Problem (4.6), and its objective value is equal to the

optimal value of Problem (4.6) by Lemma 5. Hence, (Rp, R, Nj-,7') is an optimal solution

of Problem (4.6).

]

Proof. Proof of Corollary 2. We prove the cases Cp < r and Cp > r separately. In fact,
the case with Cp < r does not require v to be variable, so we will relax this condition when

proving the first part with Cp < r.

Suppose that Cp < r. For any v, let (R, Ry, Np, N;z) be an optimal solution of Problem

(C.3) (by assuming + is fixed):

1— — N,
p pax Rp+ (1 —=v)Rp — CpNp

st. rNp =7Rp (C.3)
(Rp, Rr) € AR(Np, Np)
We want to show Ny = 0. For the sake of contradiction, suppose Ny > 0 hence yR} > 0.
From this, we build another feasible solution (R}, R}, Np, Nj:) that yields a larger objective.
Let Nj = Np+ Ny and N} = 0, note that since (Rp, R%) € AR(Np, Nj) by Assumption 1
we have that
»+ Rp € AR(Np + Np) = AR(N}),
and, therefore, using Assumption 1, we can find (R}, Ry.) € AR(Np,0) with R} + Ry =
» + Ry and R} = 0. Note the solution (R}, Ry, Nj, N}) also satisfies the equilibrium

condition with N = 0. For the objective we have the following:

R} + Ry — CpNp — YR} = Rp + Ry — Cp(Np + 7R /1)

> Ry + Ry — CpNi — vR,,
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where in the first equality we used that N, = 7R’ and in the inequality we used that Cp < r
and that yR > 0. The latter contradicts the optimality of (R, R}, Nj, NJ.). Notice that
the above demonstration is valid for any possible value of v including the case when ~ is

optimally chosen.

For the second case suppose that C'p > r. Additionally, assume that we can optimize
over 7. Let (Rp, R, Np, Niz,7') to be an optimal solution to Problem (4.8), and let N be
such that 7N = 7'R}.. For the sake of contradiction, assume that Np > 0. Define Nj =0
and N} = Np + Nj. Since Rp + Rz € AR(Np + N), then by Assumption 1, there exist
(R%, Ry) € AR(0, N}) with Ry, = R + R and Rp = 0. Next we use (Rp, Ry, Np, Nj) to
build a feasible solution. Let v* be defined by

*
* TNF

_R}'

gl (C.4)

Note that R% + R > 0, otherwise, the objective value of (Rp, R, Np, N, ') would be
—CpNp < 0, which is not optimal since we can always choose Np = N = 0. Also,
N} satisfies the equilibrium condition because 7*R}. = r(Np + Np) = rNj. Hence,
(Rp, Ry, N, Ny, v*) is a feasible solution to Problem (4.8). This solution also achieves

a higher objective value:
p+ (1 —=7)Rp — CpNp = Rp + R — r(Np + Np)
= Rp + Ry — CpNp — 7Ry
= Rp+ (1 —9)Rp — CpNp,

where the strict inequality comes from Cp > r and N > 0. This contradicts the assumption

that (R, Ry, Np, Ni,7') is optimal. Hence, we should have N, = 0 in this case.
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C.3 Proofs for Section 4.4.

Proof. Proof of Proposition 13. Let (R}, R}, Nj) be an optimal solution of Problem (4.3).
Since YR}, = rNj and (Rp, Rj) € AR(Np, Nj), we have (Rp, Ry) € AR(Np,yR}/T).
Thus, (YR}/r, Rp) € D and R} is feasible in Problem (4.10). In addition, we must have

x, = Rp(Ny, Ry), otherwise, we can always find another Rp > R% such that Rp, Ny, Ry

is feasible in Problem (4.3) and produces an strictly higher objective value.

On the other hand, suppose R} is an optimal solution of Problem (4.10). Let Nj =
YR /r, Ry = Rp(yRy/r,Ry). Clearly, N = yR} and (R, R%) € AR(Np, N}), so
(R, Nj-, Rp) is feasible in Problem (4.3). Therefore, Problem (4.3) is equivalent to Problem
(4.10).

The other results in this section require the following auxiliary lemma.

Lemma 26 (Properties of the optimal equal treatment solution). Suppose Assumption 1
and Assumption 2 hold. Then, the private supply revenue of the optimal equal treatment
solution is the maximum private supply revenue given the flexible supply hours and the

flexible supply revenue:

Rp = Rp(NE, RE).

This identity implies that the optimal equal treatment profit is Profit(RE).

Proof. Proof of Lemma 26.

1. If Np > N: Proposition 12 implies RE = R(Np) = Rp(0,0).
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2. If Np < N: consider the following sequence of equivalent definitions of }_3(]\7 p+ Np)

R(Np + Np) = max AR(Np + Np)

= max Rp 4+ Rrp by Assumption 1
(RP,RF)G.AR(NP,NF)

(C.5)
= max Rr + ( max Rp)

Rp|(Np,Rp)eD Rp|(Rp,RF)EAR(Np,NF)

= max Rr —f—EP(NF,RF)
Rp|(Np,Rp)€D

From Proposition 12, we know that RE + RE = R(N) = R(Np + NE). Therefore, the

equivalence above implies that we must have RE = Rp(Np, RE).
O

Proof. Proof of Proposition 14. Suppose (Rp, Rp, Nr) is an optimal solution of Problem
(4.3).

o If Rp < RE: because the optimal equal treatment solution is feasible in Problem (4.10),
Profit(Rr) must be not less than Profit(RE). Since Profit(Rr) = Rp + (1 — v)Rp —
CPNP,

Rp+ (1 —7)Rp — CpNp > RE 4+ (1 — y)RE — CpNp
— Rp+(1—7)Rp > RE+ (1 —~)RE
= Rp—RE>(1—7)(RE—Rp) >0 sinceye€ (0,1) and Rr < RE
this implies Rp > RE and Np > 0.
By Proposition 12, RE = rNp/~y if Np < N, and RE = R(Np) if Np > N. This
means Rp > rNp/y or Rp > R(Np), but the latter is impossible by the definition of
R(-). Thus, we must have Rp > rNp/y. And because Ny = yRp/r, we either have

Np = Rp = 0, or Np > 0 and Rp/Np = r/7. Therefore, (Rp, Rp, Nr) must be a

private supply prioritization solution.
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e If Rp > RE: then Ny > NE >0 and Ny + Np > Np+ NE = N.
For the sake of contradiction, suppose RpNpr > RrNp. Because of the equilibrium,
R(Np + Np)/(Np + Np) > (Rp + Rp)/(Np + Np) > 1/y
Since R(N) is continuous, and IM > 0, limy_,o. R(N) < M, by the intermediate value
theorem, there exists N’ > (Np 4+ Ng) > (Np + NE) = N such that R(N')/N’ = r/~.
However, this contradicts the definition of N. Thus, we must have RpNp < RpNp.

And this implies that (Rp, Rr, Nr) is a flexible supply prioritization solution.

o If Ry = RE: then Np = NE = yRE/r. And, by Lemma 26, we have Rp(NE, RE) =
RE.  Thus, Proposition 13 implies that the optimal solution must satisfy Rp =
RE Np = NE and Rp = RE, which is exactly the optimal equal treatment solu-

tion.

Proof. Proof of Theorem 8. Step 1. [differentiating the profit|:

Because Rp is differentiable at (NZ, RE), we can compute the following derivative:

ooty (e > Tl Rer )
ARy (Rp) = dRy (Rg)+(1—7)

f)/aRP E E aRP 5 B

r&NF( VBe /T, Re) + ORp - (VRE/r, Rp) + (1—7)

7 IR OR '

r&N:: (NE, RE) + 8R§ (NF,RE) + (1 —7) since yRp = rNg

where profit(Rp) is defined in Proposition 13.
Step 2. [Small Prioritization is without loss of revenue]:

Because NE > 0 by Assumption 3, we have Np < N. Proposition 12 gives us RE + RE =
R(Np + NE) = R(N). And using the optimization problem equivalency at the end of the

proof of Lemma 26 (i.e. Equation (C.5)), we have:

RE ¢ argmax Rp+ Rp(NE,Rp)
RF|(N£,RF)€D
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Therefore, as (NE, RE) is in the interior of D and as Rp(-,-) is differentiable on this point,

the derivative in Rp of the above optimization problem must be 0 on Rr = RE:

d(Rp = Rr+ Rp(NE, Rp))

RE) =0
IRp ko
— 1+ —/—(Ng,Rp)=0
+ aRF( Fo F)
Therefore, we have g;%’;(]\f L RE) = —1. Intuitively, this means that with constant total

supply, we can slightly prioritize private agents or flexible agents without modifying the
total revenue. Indeed, adding one dollar of revenue to flexible agents would remove one

dollar of revenue to private agents.

Step 3. [an interpretable expression for %(N}?, RE)]:

We define the following function ~(-):

T (Np + Np)
) = BN+ N

Intuitively, v(Ng) represents the commission rate that would be needed to have Np flexibly
supply hours in a revenue-maximizing (equal treatment) solution. Indeed, R(Np + Ng) is
the maximum revenue achievable with Np flexibly supply hours, and we have the flexible

supply equilibrium y(Np)R(Np + Np) = r(Np + Np).

As R(-) is differentiable in N, ~v(-) is also differentiable at Ny = NZ (Recall N = Np+NZ
by Proposition 12). We also have v(NE) = v, as R(N) = gﬁ

Following the identity (C.5) from the proof of Lemma 26, we know that if Rp(Np) is the
revenue of flexible supply corresponding to the total revenue R(Np + Ng), then we must

have:

That is, the corresponding private agent revenue will be given by Rp(Np, Rp(Np)).

Now, using Assumption 2, we know that R(Np 4+ Np) is always achievable with an equal

treatment policy for any Ng, which means that for any Ng > 0, there exists Rp(Npg) such
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that: .
Np Np

_ Rp(Ngp) + Rp(Np, Rp(Np))

N Np + Np

_ R(Np+ Np)

~ Np+Np

o

7(NF)

Therefore, we can use the identity Rp(Ng) = rNp/~v(Np) in Equation (C.6) and we obtain:

v(Nr)

Therefore, we can take the derivative with respect to Nr and we obtain:

_ N — N
R(Np+ Np) = ——2 4+ Rp (NF, "°—F))

dR ~_ dR .
IR (8 =28y + NE)
N — —
o d(NF—W(N_i))(NEH ORp NP RE) 41 d(NF—> 7(NF)>(NE)5}3P(N RE)
dNF E2T N 0 E ANy Flop, LV It
0Rp

NE RE) because —— Okp NE, RE) = —1 by step 2.
F F F
ORy

~ ONp
Step 4. [Combining the previous results]

Using the previous results, we obtain immediately:

dprofit 'yBRp ORp 5
N N 1 —
ARy ( F) r@N o ( FaRF) 8RF( F7R )+ ( )
7 IR . OR
:;aNi(NEaRE)—l—l-(l—v) since a—}%I;(NZ?,RE):—l by step 2.
= z_jff(ﬁ) —7 since d—R(N) Ok ———(NE, RE) by step 3.
”

ONp

Step 5. [Prioritization]

e Suppose that 4R (N < r and therefore we implement a policy with Rp = RE + dRp
AN F

with dRr < 0 to increase profit. We also use the notation Np + dNp to denote the
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new number of available hours of flexible supply, and RE + dRp for the new private
agent revenue. Then, we can apply Definition 2 and the flexible supply equilibrium,
so private agents are prioritized if and only if Npr/y < RE + dRp. And because
Rg = Npr/y

Npg < RE+dRp < dRp >0

Note that the profit increase is dRp + (1 — v)dRp, therefore if dRr < 0 and the profit

is increased, we must have dRp > 0, which implies that private agents are prioritized.

e Now suppose that j—ﬁ(ﬁ ) > r and the firm increases Rp to increase profit, i.e. Rp =
RE+ dRp with dRp > 0. Following the same reasoning as the previous point, we need

to prove that dRp < 0 to show that flexible agents are prioritized.

For the sake of contradiction, suppose dRp > 0. Then, since RE = Npr /v,
RE + dRp > Np_
g
And because of the flexible supply equilibrium, RE+dRr = r(NE+dNg)/v. Therefore,

R(Np + Nf +dNp) > Rp + dRp + RE + dRp > —(Np + Nf + dNp)

=2 |3

R(Np + NE + dNp) T

=

Np + NE + dNp v

R(N +dN. -
M}Z since Np + NE = N
N + dNp v

To conclude, note that N — R(N)/N is continuous and goes to 0 when N — oo.
Thus, by the intermediate value theorem, there exists N’ > N + dNp > N such that
R(N'") = rN'/~. This contradicts the definition of N. Hence, we must have dRp < 0

and therefore flexible agents are prioritized.

Proof. Proof of Theorem 9. Let AN > ~N , because R(N) is strictly concave, we have
R(N + AN) < R(N) + R (N)AN
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For any AN > 0, if R (N) < r, we have
R(N + AN) — R(N) < R(N)AN < rAN (C.7)

This means if we increase the supply from N to N + AN , the addition in the maximum

revenue is less than rAN.
Similarly, for any —N < AN < 0, if R/(ﬁ) >,

R(N) — R(N + AN) > —R (N)AN > —rAN (C.8)

This means if we decrease the supply from N to N+ AN , the loss in the maximum revenue

is more than —rAN.

Now, consider (Rp, Rp, NE + AN) as an optimal solution of Problem (4.3). Compared

with the optimal equal treatment solution, the difference in profit should be
AProfit = Rp — RE + (1 —9)(Rp — RE) = Rp + Rp — (RS + RE) — AN

Because we assume NZ > 0 by Assumption 3 and Proposition 12 shows RE + RE = R(N),

then we have

AProfit = Rp + Rp — R(N) — rAN < R(N + AN) — R(N) — rAN

Combined with the conclusion in the beginning, if R (N) < r and AN > 0, then
AProfit < 0 by Inequality (C.7). And if R,(ﬁ) >rand —N < AN < 0, then AProfit < 0
by Inequality (C.8). Since we assume (Rp, Rp, NE + AN) is optimal, this means that if
EI(N) < r, we must have AN < 0; and if R (N) > r, we must have AN > 0; and if

) ~

R (N) = r, we must have AN = 0.

Hence, if R/(ﬁ) =7, then AN = 0 and Rr = RE. And by Proposition 14, any optimal
policy must be an equal treatment policy.

If El(]v ) < r, then AN < 0. And by Theorem 8, there exists a private supply prioriti-

zation policy that has a higher profit than any equal treatment solution, so we must have
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AN < 0 and Rp < RE. Thus, by Proposition 14, any optimal policy must be a private
supply prioritization policy.

If Tz’(ﬁ ) > r, then AN > 0. And by Theorem 8, there exists a flexible supply prioriti-
zation policy that has a higher profit than any equal treatment solution, so we must have
AN > 0 and Rp > RE. Thus, by Proposition 14, any optimal policy must be a flexible
supply prioritization policy.

]

Proof. Proof of Proposition 15. As shown in Lemma 5, (R}, R}, N}) is also an optimal
solution of Problem (4.7). And in Problem (4.7), we can see that given N}, it is optimal to

maximize the revenue, so N* = Np + N} must be also an optimal solution of

max R(N) —r(N — Np)

N>Np

where we change the variable N = Np + Np.

Suppose that N > 0, and R(-) is strictly concave. Therefore, 0 must belong to the

subderivative of this objective at N = N * and the derivative of the objective at N = N is

%(N ) — r. Thus, the strict concavity implies that:
dR  ~
N: < NE —(N
< Np <— dN( y<r
and
dR  ~
N: > NE —(N
> Np <— dN( ) >

Notice that j—ﬁ(ﬁ) = %(Np + NE) by Assumption 3 and Proposition 12.

In addition, if N = 0, it means any increase in N from Np will lead to a lower profit,
so we must have N < NE and
dR

W(NP +Ng) =

W<N)<T

Moreover, in the proof Theorem 8 and Theorem 9, we have seen that if & (N) < r, then

the profit can be improved by a negative deviation of total supply (i.e. AN < 0) from N ;
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and if EI(K/ ) > r, then the profit can be improved a positive deviation of total supply (i.e.
AN > 0) from N.

]

In the following, we look into the consequences of the prioritization on revenue. To this

end, we introduce the notation
revenue(Rp) = Rp(YRr/r, Rp) + Rp,

which corresponds to the revenue of the profit-maximizing policy given Rr. We combine

Proposition 19 and Theorem 8 to determine the effect of prioritization.

Proposition 19 (Change in Revenue). We have,

drevenue

dRp

-1
drevenue , _p r
—_ =|1—- == .
dProfit (Fr) ( E’(]\Q)

Proof. Proof of Proposition 19. Because revenue(Rr) = Rp(vRp/r, Rr) + Rr, we have

(RF) = TR (N).

And therefore,

revenue(Rp) = profit(Rpr) +yRpr. Thus, by step 1 in the proof of Theorem 8, we can obtain:

ORp
ORp

drevenue Y ORp

e b E
dRF ( F) rc‘?N (NF7R )

(NFvRF>

And from step 4 in the proof of Theorem 8, we can get:

drevenue 7 dR ~
_— N

Thus, we have:

drevenue (RE) — dr‘;}fﬁ“e(RF) _ 1
dprofit E _ r
dprofit dpR (RE) 1 Py
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C.4 Proofs for Section 4.5.

Proof. Proof of Proposition 16 Notice that in the proof of Corollary 2, we show that for
any 7, if the optimal solution has Ngp > 0, we can always find another feasible solution that
produces a higher objective value with Nrp = 0. Thus, the proof here is exactly the same

with the proof in Corollary 2.

O

To prove Theorem 10, we need the following auxiliary lemma. Given o and Np, let
N&(Np) to denote the optimal number of available hours of flexible supply that maximizes
the profit in equilibrium. In other words, Ng(Np) is the optimal solution of the following

Problem (C.9):

1_
nax (1—=7)Rr

S.t. TNF = ’}/RF,
Rp =arNp/v
(Rp, Rp) € AR(Np, Nrp).

Notice that Ng(0) = N.

Lemma 27 (Change of Flexible Supply). Suppose Assumption 1 holds. Given a well-defined
a and ¢ at Np = 0, the gradient of the optimal solution of Problem (C.9) with respect to
Np can be expressed as:

g—ﬁm) __ <1 4 f‘_%—,&ﬁ) (C.10)
Proof. Proof of Lemma 27 Given a well-defined a verifying Definition 4, the maximum

revenue which flexible supply may receive is:

R(NP+NF) —Of’f‘Np/’}/—Ba(Np,NF)’I"NP
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With the flexible supply equilibrium, we define:
F*(Np,Np) £ R(Np + Np) — arNp/y — 3*(Np, Np)rNp — rNp /7

Basically, F'*(Np, Nr) is the difference between the maximum revenue of flexibly supply and
the in-equilibrium revenue of flexibly supply, given Np, Nr and «. Now, in order to use
the implicit differentiation and derive g%i at Np = 0, we need to show Ng(Np) satisfies
F*(Np, Ng(Np)) = 0 in a neighborhood of Np = 0. First, by Definition 4, let U x V' denote
a neighborhood of point (0, N) in which 8%(Np, Np) is continuous, so F*(Np, Ny) is also

continuous in U x V. Then, the rest of the proof is in the following steps.

Step 1. [VN > N, F*(0,N) < 0]

By definition, 5*(Np, N)rNp = AR*(Np, Ng) and AR*(0, N) = 0 by Assumption 1, so
we have

F*(0,N) = R(N)—rN/y

For the sake of contradiction, if N > N but F*(0,N) > 0, it means R(N) —rN/v > 0 so
that R(N)/N > r/~. However, because R(N) is continuous and limy_,o, R(N) < oo, there
would exist N’ > N > N such that R(N)/N = r/~. This contradicts the definition of N.
Therefore, we must have VN > N, F*(0,N) < 0.

Step 2. [3N < N and N €V, F*(0, N) > 0]

Since we assume El(ﬁ ) < r/v, by the definition of derivative, we can pick an € €

(0,r/y — R (N)), there exists § > 0 such that

—-0<h<(0) =
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This implies

- < e+ R(N)

R(N +h) — R(N o~
:>R( +f)z il )<£ because € < /v — R (N)
Y

:>E(]v+h)—ﬁ(ﬁ)>§h because h < 0

— R(N +h) > E(N +h) because yR(N) = rN

)

— R(N)>-N let N=N+h
g
Hence, we can choose N € (N —48, N)NV such that R(N) > rN /v and therefore, F*(0, N) >
0.
Step 3. [Construct a neighborhood of Np = 0 such that F*(Np, N3(Np)) = 0]

In the following, we want to construct a neighborhood UxV CcUxV of point (0, N)
such that for any Np € U, N%(Np) must reside in V and justify F*(Np, N&(Np)) = 0 by

the intermediate value theorem.

1. Because N is an interior point of V', there exists & > 0 such that (0, N + eUxV.
By Step 1, we know FQ(O,N + &) < 0. Because F*(Np, Np) is continuous at point
(0, N + ¢€), then Ve > 0, there exists § > 0 such that Np < § = |F*(Np, N + &) —
F(0,N +¢)| < e. Pick an € € (0,—F*(0, N +¢)), there exists 6 > 0 such that

Np<d = FYO,N+&) —e< F*(Np,N+&) < F*(O,N+&) +e<0
Notice that F*(0, N + &) 4+ € < 0 is due to e < —F*(0, N + £). Thus, this means

Np <86 = F*Np,N+¢&) <0

2. By Step 2, we can choose a v > 0 such that N—veV and F“(O,N —v) > 0. Then,

we can repeat a similar logic as the above. Because F*(Np, Nr) is continuous at point

(0, N — v), then Ve > 0, there exists 6 > 0 such that Np < § = |F*(Np, N —v) —
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F*(0,N — v)| < e. Pick an € € (0, F*(0, N — v/)), there exists 6 > 0 such that

Np<f = 0< F*(0,N—v)—e< F(Np,N —v) < F*(0,N —v) + ¢

Notice that F*(0, N — v) — € > 0 is due to € < F*(0, N — v). Thus, this means

Np < = FQ(NP,N—I/)>0

. Let pp = supy 5, F*(0,N). We first show ¢ < 0. Because we assumed 3M > 0
such that limy_,o R(N) < M, this means F*(0, N) — —oo as N — oco. That is, for
K < 0, there exists N’ > 0 such that VN > N’ F*(0,N) < K. If N’ < N + ¢, then
p <K <0 If N> N +¢, then [N + & N’] is compact, and we know F*(0, N) is
continuous, so there exists k € [N + &, N'] such that VN € [N + & N'], F*(0,N) <
F(0,k). And because VN > N, F*(0, N) < 0 by Step 1, F*(0,k) < 0. This implics

pu < max{K, F*(0,k)} < 0. Therefore, u < 0.

Then we want to show R(N) is uniformly continuous. Let L = limy_,o, R(N) which
is finite by our assumption. For any e > 0, there exists N’ > 0 such that VN > N’,
|R(N) — L| < ¢/2. Because R(N) is continuous and [0, N’ + 1] is compact, R(N)
is uniformly continuous on [0, N + 1]. This implies that there exists § > 0 such
that Vn,m € [0,N' + 1], |n — m| < min{§,1} == |R(n) — R(m)| < e. Now,
for any n,m > 0, |n —m| < min{d, 1}, they are either in [0, N + 1] or (N, 00), if
n,m € [0, N' 4+ 1], we know |R(n) — R(m)| < ¢ whereas if n,m € (N’, o), we have
|R(n)—R(m)| < |R(n)—L|+|L—R(m)| < ¢/2+¢/2 = . Therefore, R(N) is uniformly
continuous on [0, 00).

The uniform continuity of R(N) implies that we can choose ¢ € (0, —u), there exists
¢ > 0 such that Np < ¢ = VNp >0, |R(Np + Np) — R(Ng)| < ¢. Therefore,

F*(Np,Np) — F*(0, N¢) = R(Np + Np) — arNp/y — 3*(Np, Ne)rNp — R(Np)

< R(Np + Np) — R(Nr) < ¢
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This follows that Np < ¢p = VN > N+¢&, F*(Np, N) < F*(0, N)+¢. And because
¢ € (0, —p), we finally get

Np <tp = YN =N +¢, F*(Np,N) <0

4. Let w 2 min{6,0,¢}, U 2 [0,w)NU and V £ [N — v, N + ¢ NV. And because

N-uv,N + ¢ € V, the final neighborhood of (0, N) that we want to construct is

U=1[0,w)NU, V=[N—-vN+¢
Notice that (0, N) € U x V.

Step 4. [Verify F*(Np, N&(Np)) =0 for Np € U.]

Let Np € U, we first want to show there exists N}, € V such that F*(Np, Nj) = 0. It
follows showing Ng(Np) € V. And we will finally get F*(Np, Ng(Np)) = 0.

First, because F*(Np, N +&) < 0, F*(Np, N —v) > 0, and F*(Np, Np) is continuous in
U x V, by the intermediate value theorem, there exists N} € V such that F*(Np, N}) = 0.
This means N}, is a feasible solution of Problem (C.9) and N < Ng(Np).

Second, to see N%(Np) € V, we first notice that any N < N — v cannot be N2(Np),
because we have shown there exists a feasible solution for N € V in the above. Therefore,
we only need to check whether the point Np > N + £ may be feasible in Problem (C.9). In
fact, because VN > N + &, F*(Np,N) < 0, it means that the maximum revenue of flexible
supply is always less than the equilibrium. That is, if N > N+¢&, then VR, (arNp/v, Rp) €
AR(Np,N), R < rN/v. Thus, any Ny > N + £ cannot be feasible in Problem (C.9).

The above two points indicate Ng(Np) € V. Now, for the sake of contradiction, sup-
pose F*(Np, N&(Np)) # 0. Since we know there exists an achievable Rp such that Rp =
rN2(Np)/v, it implies F*(Np, N&(Np)) > 0. Because F*(Np, N +£) < 0 and F*(Np, Np)
is continuous in U x 17, by the intermediate value theorem, there exists N € (Ng(Np), N +€)
such that F'*(Np, Nj) = 0. This means N7, is feasible in Problem (C.9) and N > Ng(Np),

which contradicts the assumption that Ng(/Np) is the optimal solution of Problem (C.9).
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Hence, we conclude that F*(Np, N&(Np)) = 0 for Np € U.

Step 5. [Compute %(Np =0).]

Now we are able to apply the implicit differentiation, by Definition 4, we can compute

the partial derivative of F*(Np, Np) at (0, N):

OF® — r 0B
m(]\fp, Np) = R (Np + Np) — az - B%(Np, Np)r — %(Np, Np)rNp
OF” — r  0p“
aNF(Np,NF):R/(NP—FNF)—;—a]i,F(NP,NF)’I“NP
At Np = 0, because N&(0) = N for any feasible o,
8F" 8F" ~ — , T
—(0,Nz(0)) = =—=—(0,N) =R (N) —a— — f§r
T ONEO) = 1 0.8) = R(F) -l - 55
OF“ L oFY o~ =T

G0 NEO) = S=(0.8) = F (W) - -

Notice that gf,: (0, ]V) =+ 0, since El(ﬁ) # r/~ by Definition 4.

Then, the derivative %(0) can be computed as:

OF*JONp

ONg (0, ¥)

oy V= ~opa JONp
Hence, we can finally get:

DN
ONp

0) = — = = =
© 1—~vR(N)/r

ar/y+ Bgr —R(N) _ (a—Dr/y+rfy | _ (1 GRS +w€>
R (N)—r/v R(N)=r/y

]

Proof. Proof of Theorem 10 We know the profit is Rp + (1 — 7)Rr — CpNp. Given Np
and o, Rp = arNp/~, and with the flexible supply equilibrium, the optimal Rp is equal to
rNg(Np)/v, where Ng(Np) is defined in Problem (C.9). Therefore, the optimal profit in

equilibrium can be expressed as:

T T
pl"Oﬁt(Np) == Q{;Np + (1 — 7)§N?<Np) — CPNP
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By taking the derivative with respect to Np and applying Lemma 27, we have:

dprofit r r (a—1)+~58
Np = =0 — - - - —— | -C
dNp (Ve =0) (X’Y S w’Y <1+ 1—7E/(N)/7“) "

= (o> - _(1-. (a=1) +965
_<7 CP) =73 <1+1—7F,(K7)/r>

Notice that it is optimal to introduce private supply into the market with the level of prior-

itization « if and only if the above derivative is non-negative,

dprofit o= (oF - 4T (a—1)+57
dNp (NP_O)_( v CP) S <1+1—7R( )/r)

Rearrange the above inequality to get Inequality (4.15),:

LA WY A (PR Gl el /)
(a,y C’p) (1 7)7 <1+1—7R( )/7“)

<:>g_1_7.<1+(04_1>+750> Cp

Y Y 1—~R(N)/r T
(E)a—l_l—’y'(a—l_)/Jrjﬁo}_P_
v Y 1—~R(N)/r
(-1 R(N)/r) - (1 —lle—Y+95]  Cr
11— R (F)fr) :
@ DU B F)fr =14+ (=i Cr
7(1—73( V) /) r
@ DO-FF®)/) - (-8 _ Cr
1R (N)/r :

(@-DA-R@E)/r) (=98  Cr_
LA R(N)/r T 1-aR@W)r

]

Proof. Proof of Theorem 11 In this proof, we present an example to show the possibility
that a prioritization policy with hybrid is optimal when Cp > r. Suppose R(-) is increasing,

strictly concave and differentiable, then the optimal number of available hours in a private-
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supply-only market can be given by:

N} = argmax R(Np) — CpNp
Np>0

And assume Cp is not larger than }_%/(0), so Np verifies the first order condition: R/(N;) =
Cp.

*
rNg

Let v = V) Since R(Np) — CpN% >0 and Cp > r, we must have v € (0, 1).

We want to show that in this case, (1) the optimal flexible-supply-only solution has a
higher profit than any private-supply-only solution; (2) it is possible that a hybrid-supply

solution has a higher profit than the optimal flexible-supply-only solution.

1. Recall that the optimal profit with flexible supply only is given by:

max R(Np) —rNp st. yR(Np)=rNg
Np>0

rNp
R(NE)’

equal to R(Np) — rNp, which is larger than R(Np) — CpNp. Therefore, the optimal

Since v = Np = Np is a feasible solution of the above problem with the objective

profit with flexible supply only is larger than the optimal profit with private supply
only.

2. Now suppose that g5 = 0 for any feasible a (e.g. in a queueing model), by Inequality

(4.16), we need B
BN Ce
1l—~yR(N)/r T

And because R(N) is strictly concave and R(Np)/Np = r/7v, then for any N > Np,
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R(N)/N < r/v. This implies N = N5. And we know R (N}) = Cp, so

R(N N/

1 —VR( )/7“
<:>(a_ 1-— (N*)/T _p_
1—7R (N*)/r
— (a— 1)11__7—6;1;//: > ——1

= (a—1)(1-Cp/r) > <% C1)(1 —ACp/r)

/

Notice that since R(-) is strictly concave, Cp = E/(NIS) = R(N) < R(N)/N = r/y,
which implies 1 —yCp/r > 0.
Additionally, because Cp > r,

<7 Cp
r

(0= D1~ Cp/r) > (2 = 1)(1 —7Cp)fr) = o <

Note that since C'p < r/7, we have a < 1, which is consistent with what we conclude

in Section 4.5

Hence, in this case, a hybrid-supply prioritization policy is optimal if we are able to set the
level of prioritization to be less than vCp/r. By the definition of «, this means we need to
set the average revenue of private supply to be less than or equal to Cp (i.e. Rp < CpNp).
An example of a < Cp is to fully prioritize flexible supply such that the revenue of flexible
supply is not reduced (i.e. Rp > R(]v )). Then, the revenue of private supply must satisfy
Rp < R(N + Np) — R(N). Because R (N) = Cp and R(-) is strictly concave, we have

T{(N%Np)—ﬁ(ﬁ) < CpNp =— Rp < (CpNp

To complete the proof, we provide a more concrete example with a queueing model to
explain how the above specifications are achievable. Consider a queue of servers waiting
for the requests. The arrivals of servers and requests are independent and follow some

distribution (e.g. an M/M/1 queque). Once a request arrives, it will be matched with the
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first available server in the queue (i.e. on a first-come-first-serve basis). If there are no servers
available, the request is lost. Once a server is successfully matched with a request, they will
leave the system, and a reward will be given. Therefore, the total maximum revenue (i.e.
R(-)) depends on the departure rate, which further relies on the average number of servers
in the system. In addition, because the more servers are in the system, the longer expected
waiting time we have, so the marginal revenue is diminishing with respect to the total number

of servers. Thus, R(-) is increasing, strictly concave, and differentiable in this scenario.

Now, suppose there are two types of servers: private servers and flexible servers, which act
as private agents and flexible agents (i.e. there exists Cp, 7,7y and the equilibrium constraint
in the system). The average number of servers of each type (i.e. Np and Np) is constant.
The requests are indifferent between the types of servers, and the reward is independent of

the type of the matched server, so Assumption 1 and Assumption 2 hold in this case.

For simplicity, the firm is only able to choose to either equally treat two types of the
servers or prioritize some servers. If the firm chooses to equally treat them, then the queue
is running as the above, whereas if the firm chooses to prioritize some servers, it can move
one of the servers in the queue to the first position. The prioritization may be random (e.g.
only select a part of private servers randomly), so the level of prioritization relies on how
often we prioritize a server. For instance, if we always move all the private servers in the
queue to the front of the line, o is maximized, whereas if we always move all the flexible
servers in the queue to the front of the line, v is minimized. Because the arrival of the
requests is independent of the servers, any prioritization will not affect the total revenue (i.e.
By =0).

Hence, we can see that this concrete example satisfies all the assumptions. Moreover,
when we fully prioritize the flexible servers, the revenue of the flexible servers will be unaf-
fected by any introduction of the private servers (i.e. Rp = }_%(N )), and the private servers
will take the remaining revenue (ie. Rp = R(N + Np) — R(N)), so it is feasible to set

Rp/Np < Cp when E/(]V) = (Cp as what we discuss above.
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C.5 A Geometrical View

We provide a geometrical interpretation of the achievable revenues set and how the symmetry
and the equal treatment assumptions (Assumption 1 and Assumption 2) shape its structure.
This geometrical interpretation will lead us to a natural reformulation of Problem (4.3) in

Proposition 13.

To fix ideas, let us consider AR(N) = [0, \/N], that is, in a single-type setting with
N supply hours available a firm can garner at most v'N total revenue. We now see the
implications of this for the geometry of the achievable revenues set AR(Np, Nr) in a two-
type setting. Consider Figure C.1 (a), when Nz = 0 (there is only private supply) the firm’s
achievable revenues coincide with what can be achieved in a single-type setting with Np
supply hours available. This is shown by the red-thick line in Figure C.1 (a). Consider next
the more general case when Ng > 0. By our symmetry assumption (c.f., Assumption 1),
the achievable revenue pairs must be such that their total revenue coincides with what can
be achieved in a single-type system with Np + Np supply hours. In the latter system, the
achievable total revenue varies from 0 to /Np + Np. The blue region in Figure C.1 (a),
corresponds to the achievable revenues in a two-type system. In accordance with symmetry,
this region includes pairs (Rp, Rr) that add up to any total revenue in [0,+/Np + Nz|. For
example, AR(Np, Nr) is tangent to the line Rp —+/Np + Np (dashed line (1) in the figure),
that is, v/ Np + Ny is achieved once; additionally, this set intersect at several points with
the line Rp —+/Np (dashed line (2) in the figure) so that there are various ways of achieving
a total revenue of /Np. Consequently, our symmetry assumption can be interpreted as

AR(Np, Nr) having non-empty intersection (only) with all lines such that Rp + Rp <
VNp + Np.

Let us consider now Assumption 2 about equal treatment policies. We depict pairs of

277



revenue that satisfy equal treatment revenue in Figure C.1 (a) by the black line with slope
Nr/Np (for the case Np > 0). The assumption requires that any revenue in [0, v/Np + Np]
that is achievable in a single-type setting can also be achieved by an equal treatment policy
in the two-type setting. In Figure C.1 (a), this means that the intersection of the equal
treatment line with any line of the form Rp + Rp = R for R < v/Np + Np lies inside the
blue region, AR(Np, Nr). Additionally, note that a pair (Rp, Rr) that lies below the equal
treatment line prioritizes private supply, while a pair that lies above the equal treatment line

prioritizes flexible supply.

RF RF
BAR(Np, Nr) [~ EAR(Np, Nr)
3 (1) D AR(NP7 0) b “‘s DAR(NP’ N/F‘)
R m F is prioritized N, el Nr < Np
[« QS‘,‘ P is prioritized

Equal treatment line +/Np

. 7
s‘ o NP—'_]\VF

VNWNE TN Rp
(a) (b)

Figure C.1: Geometrical representation of achievable revenues set. We consider AR(N) =

[0,v/N] and a quadratic boundary for the sets AR(Np, Ng).

We can use this representation to gain a better understating of Problem (4.3). In Fig-
ure C.1 (b), we can see that for different flexible supply hours (different values of Nr) there
is a corresponding set of achievable revenues. Once we fix the flexible supply hours, it is
possible to identify the optimal private supply revenue for a given flexible supply revenue.
In the example of Figure C.1 (b), given flexible supply Nr (blue set) and for a fixed flexible
supply revenue Rp = /Ny, we define Rp to be the largest possible achievable private sup-
ply revenue, as shown in the figure. This provides insights on how to solve Problem (4.3):

for every pair (Ng, Rr) we can find an optimal private supply revenue by moving horizon-
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tally until we hit the boundary of AR(Np, Nr). However, we cannot do this for every pair
(Np, Rp). Consider again Figure C.1 (b), for the pair (N, v/Np) there exists at least one
Rp (e.g., Rp) such that (Rp, Rp) € AR(Np, Nr). But for the pair (Np, /Nj) there is no
such Rp because Rp = \/N_fw is too large for the supply Ng and cannot be achieved with
the the total supply hours available, Np + Np. We could, nevertheless, increase Nr to Ny
to be able to find a value of Rp such that (Rp, Rr) is achievable.

At an intuitive level, when solving Problem (4.3), the firm will always want the highest
possible value of Rp given N, Rr and, therefore, will always choose a policy that guarantees
Rp = Rp(Ng, Rp). Once this choice is made, the firm must optimize over the feasible pairs
of (N, Rr) in D. However, the firm must also take into account the equilibrium condition.
In Figure C.2 (a), we depict the domain of the maximal private supply revenue function,
D, together with the equilibrium condition. For a given flexible supply revenue RNF the
firm can choose a single value of flexible supply hours ]/\?;* which is consistent with the
equilibrium condition. That is, the intersection of the domain, D, with the equilibrium
condition, vRr = rNp, represent the space where the firm optimizes. In turn, we have
transformed the firm’s problem into a one-dimensional optimization problem in which we
can optimize over the flexible supply revenue (the y-axis in Figure C.2 (a)). This discussion

motivates Proposition 13.

Proposition 13 provides a simple characterization of the firm’s problem as a one dimen-
sional optimization problem. We can simply analyze changes in Rr which translate into
movement along the equilibrium line. The latter also yields a change in Ng and, in turn,
implies a change in the maximal private supply revenue function, Rp(Np, Rr). This ulti-
mately changes the firm’s total profit, Profit(-). If there is profitable deviation around the
optimal equal treatment policy that leads to a solution above or below the equal treatment

line (see Figure C.2 (b)), then prioritization will naturally emerge.
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Figure C.2: (a) Domain of the maximal private supply revenue function and equilibrium

line. (b) Achievable revenue set of (N, Rp).

C.6 Asymmetric supply

In Assumption 1, we assume supply agents are symmetric and have a similar performance in
terms of the capability of acquiring revenues. For instance, a worker in a factory may have
a similar work efficiency no matter whether it is a contractor or an employee. On the other
hand, the symmetry assumption is also a simplification due to the fact of the complexity of
comparing efficiencies. For the example of ride-hailing, riders may indeed be reluctant to use
autonomous vehicles (AVs), and autonomous vehicles may be limited in some areas of a city
so that the efficiency of AVs is negatively impacted on the demand side. However, on the
supply side, it is also possible that the operation of AVs may be more efficient than human-
driven vehicles (HVs) because of their automation. Martinez-Diaz and Soriguera (2018)
point out AVs would lead to efficient traffic if a cooperative environment is built. Compared
with human-driven vehicles, AVs may react faster and communicate more smoothly with
the infrastructure, the cloud servers, and other vehicles. These different influences might
cancel each other out, so the net effect on their efficiency is uncertain. Nevertheless, in this

section, we discuss a method to extend our results to the case in which the supply agents
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are asymmetric and have different efficiencies.

If the flexible supply and private supply are asymmetric, it means that they have different
capabilities to achieve revenues, and the achievable revenues depend on the composition of
the supply. With the same available hours, private supply may be able to earn higher or
lower revenue than flexible supply. In other words, if private supply is more efficient than
flexible supply, it means private supply can earn more revenue per unit of time. For example,
ceteris paribus, an AV may earn more revenue per hour than an HV, because it is able to
react faster and serves more customers per hour without needing any break. If we compare
an AV with 10 HVs, however, the AV might be defeated as the revenue earned by these 10
HVs would be higher; and if we compare an AV with 5 HVs, the result might be a tie. In this
sense, we can say the efficiency of an AV is equal to the efficiency of 5 HVs. This provides
another way to build the relationship of the revenues between different mixes of supply. In
Assumption 1, we assume the two types of supply are interchangeable and have the same
efficiency so that a private agent is equivalent to a flexible agent. If the two types of supply
are not interchangeable, we can consider that a private agent is equivalent to > 0 number
of flexible agents. In other words, the revenue that can be achieved by a private agent also

can be achieved by 7 flexible agents. This motivates us to extend Assumption 1 as:

Assumption 4 (Asymmetry of supply types). With a ratio n > 0, the feasible total revenues
which can be achieved by a two-type policy can also be achieved by a single-type policy with

private supply only, and vice versa:

VNp,Np > 0, {Rp + RF|(RP,RF) S AR(NP,NF)} = AR(UNP + NF)

Note that AR(N) now specifically refers to the set of revenues that is achievable by

flexible supply only.

Here, 1 can be interpreted as an efficiency ratio between two types of supply agents.
We suppose this 7 is independent of all other factors, such as the mix of supply and specific

policies. In other words, we assume that each private agent is, ceteris paribus, able to acquire
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the revenue that n flexible agents can make. In particular, if 7 > 1, private agents are more
efficient and can obtain more per-hour revenue than the same number of flexible agents; if
1 < 1, private agents are less efficient and obtain less per-hour revenue than the same number
of flexible agents. Notice that Assumption 1 is a special case of Assumption 4 with n = 1.
We understand that Assumption 4 is still limited and cannot cover all the situations. And in
practice, this efficiency ratio might also vary when the mix of supply is different. For example,
the per-hour revenue earned by an independent AV may be equivalent to what earned by
5 HVs, but the per-hour revenue earned by an AV in a group of AVs may be equivalent to
what earned by 10 HVs, as AVs can communicate with each other and cooperate without
any internal conflict. Nonetheless, Assumption 4 greatly extends Assumption 1 to consider
a possible asymmetry between the types by using a linear comparison for the revenues. The
other forms of asymmetric effects such as a nonlinear relationship (e.g. 7 is a function of the
mix.) are application specific and vary from case to case. And this limitation does not affect

the insights which we illustrate behind the optimal prioritization and staffing strategy.

Now that Assumption 1 is extended to Assumption 4, we also need to modify the def-
inition of equal treatment and prioritization. Due to the asymmetry, it is not appropriate
to use average hourly revenue to define equal treatment and prioritization. Equal treatment
should mean that the firm is agnostic to the types of supply and treats each agent by the
exactly same policy. In the above paragraph, when we define 7, we say that each private
agent is, ceteris paribus, able to acquire the revenue that n flexible agents can make. This
means that with the same policy, the average hourly revenue of each private agent should
be equal to the average hourly revenue of 7 flexible agents. This motivates us to extend

Definition 2 to the following Definition 6.

Definition 6 (Prioritization and Equal treatment for Asymmetric Supply). With a ratio
n >0, for Np > 0, we say that (Rp, Rr) € AR(Np, Np)
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1. (Prioritizing Flexible Supply.) prioritizes flexible supply if and only if

Rp Rp
N 0 and — < —
> U an INp < NF,

2. (Prioritizing Private Supply.) and that it prioritizes private supply if and only if

Rp RF Rp r
Np>0and — > —, or Nrp=0and — > —.
" nNp  Np " nNp =~ v

In any other case, we say that (Rp, Rr) satisfies equal treatment and we use ET (Np, Nr) C

AR(Np, Nr) to denote the set of equal treatment revenue pairs.

When we equally treat the two types of supply agents, the hourly revenues of private
supply is proportional to flexible supply with the ratio . For instance, a private agent may
complete a request and become available faster than flexible agents, so they are able to obtain
a higher revenue even if we ignore the types of supply. Notice that an equal treatment policy
means the ignorance of types instead of fairness or equal revenue. Accordingly, Assumption 2

also needs to be adapted to Assumption 4 and Definition 6. That is, Assumption 2 becomes:

Assumption 5 (Equal-treatment policies can achieve any feasible revenue). Given any
supply Np > 0, Nr > 0, any achievable revenue R € AR(nNp + Np) is achievable by an

equal treatment policy.

3 (Rp, Rp) € ET(Np, Np), Rp + Rp = R.

Validation of all the results with the new assumptions and definition. To see all the results
still hold, we can consider these modifications from another view. The new assumptions and
definition is equivalent to defining ]@ = nNp and 6’; = Cp/n and replacing the original
Np,Cp with ]@, (/7;. Here, we can call ]@ as the equivalent available hour of private supply
and (/7; as the equivalent operation cost of private supply, in the sense that the available
hours of a private agent is computed as how long a flexible agent needs to complete the

same amount of work which can be done by a private agent in Np hours. For instance, in

283



an eight-hour working day system, if a private worker can produce 2 products per hour and
a flexible worker can only produce 1 product per hour, the production of a private worker is
equivalent to the production of a flexible worker who works for 16 hours per day. Also, C/’;
is how much we need to pay for a private worker for the amount of work that can be done by
a flexible worker per hour. For example, if the salary for a private worker (i.e. Cp) is § 10
dollars per hour, and the reserve earning of a flexible worker (i.e. r) is $ 8 dollars per hour,
the operation cost of private supply is actually lower because they have double productivity
than flexible supply. Therefore, we can see that all the results will still be valid, if we replace

Np,Cp with N;, é; everywhere.

Overall, the focus is to extend Assumption 1 and Definition 2 simultaneously and find
a way to describe a relationship of the revenues between the two types of supply. As we
explain above, we know these adjustments are still limited and the efficiency of supply might
not be always comparable by a linear relationship. Nonetheless, we believe the insights we
deliver are valid in most cases. A more complex asymmetric situation is another option for

future study.
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