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ABSTRACT OF THE DISSERTATION

On the Geometry and Topology of Hyperplane Complements Associated to Complex and

Quaternionic Reflection Groups

by

William Arthur Cadegan-Schlieper

Doctor of Philosophy in Mathematics

University of California, Los Angeles, 2018

Professor Raphaël Alexis Rouquier, Chair

The Weyl group used in Lie theory can be generalized into reflection groups in more general

division algebras; in particular, to complex reflection groups and quaternionic reflection

groups. When dealing with these groups, the concept of an associated braid group can come

into play. In the real (Coxeter) case, including Weyl groups, this is often described in terms

of generators and relations but in the complex case, usually described topologically.

In this paper, I will describe the fruit of efforts to see whether the concept of a braid

group (and pure braid group) can be extended from the complex case to the quaternionic

case, in particular the category of representations. In Chapter 2, I prove that the cohomology

of a hyperplane complement in a quaternionic module can be treated in some ways like the

braid group in the complex case, and in particular to create representations corresponding

to the representations of the braid group whose pure braid group action is unipotent.

However, in attempting to extend this further, problems arise. In particular, the quater-

nionification of a complex reflection group is isomorphic to itself through complex conjuga-

tion, producing a permutation of its hyperplanes that can be represented through a linear

map in the quaternions, but not in the complex numbers, and in Chapter 3 I prove that

there is an invariant that can distinguish between the two, as well as others, through the

topology of the complex hyperplane complement, extending work of Guerville-Ballé from a
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single case to the entire infinite group class G(m,m, 3).
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Analyses of the number of points in Lie groups of finite type led to the study of the Hecke

algebra, a deformation of the group algebra of the Weyl group associated to the Lie algebra.

The deformation of the Hecke algebra changes the relations of form s2 = 1, while keeping

fixed the braid relations of the form

sts... = tst...

which generalize the third Reidemeister move on the braid group. In particular, taking just

the braid relations produces a group generalizing the group of braids on n strands. This

group also has use in representation theory in the work of Lusztig[KL79], as well as with

dealing with the quantum group. As well, there are actions of the Weyl group braid groups

on derived categories related to the categorification of Lie groups.

The Weyl group is an example of a reflection group, defined over the real numbers. To

generalize this, we can simply define a reflection algebraically and generalize the idea from

the real numbers to the complex numbers. Furthermore, it turns out that the braid group

can be generalized from real reflection groups to complex reflection groups. The extension

to complex numbers provides for a topological definition for the braid group: simply remove

every hyperplane of reflection from the vector space, then divide by the group action (which

is now free); the fundamental group of this space is the braid group for the complex reflection

group. These braid groups turn out to find use in the modular representation theory of finite

groups of Lie type[Bro01], as well as tying into the representation theory of the Cherednik

algebra, which can be used to classify those symplectic singularities where the complex

symplectic form can be extended to a resolution.

The symplectic form on V ⊕ V ∗ implies an extension of the idea of a complex reflection

group to a symplectic reflection group, defining a further set of symplectic singularities. In

fact, because of the unitary nature of finite group representations, a symplectic reflection

group is equivalent to a quaternionic reflection group. Unfortunately, the lack of a splitting in

arbitrary symplectic reflection groups means that most methods for dealing with Cherednik

algebras and their representations are no longer available. However, it would still be very

useful to be able to deal with an equivalent of the braid group. The general goal of this
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paper is to discuss how much of the data of a braid group would be available.

The approach taken in Chapter 2 is to, instead of working with the symplectic reflection

algebra, work with the quaternionic complement directly. This turns out to give a surprising

amount of information, yet still falling short of the braid group itself. In particular, when

analyzing representations, we can only find representations corresponding to those “near”

the representations of the reflection group. Our method in finding these representations is

to analyze the cohomology of the complement; by work of Orlik and Solomon[OT92], the

cohomology is known to be determined entirely by the dimensions of the intersections of

hyperplanes. Furthermore, in Section 2.4, we show that the complement in the quaternionic

case is formal, meaning that the rational homotopy theory is entirely determined by the

cohomology; this is actually a special case of the theorem proven in [FY05], however, the

proof in this paper is more direct in this particular case. This allows us to calculate a relation

between the holonomy Lie algebra in the complex case and the homotopy Lie algebra in

the quaternionic case. However, these relations produce a grading that interferes with any

non-nilpotent representations. In Section 2.5, we relate the holonomy Lie algebra and the

holonomy equation to the homotopy equation in the quaternionic case. In 2.6, we show

relations between categories of differential graded modules on the de Rham cohomology and

on representations of the holonomy Lie algebra, and show that at least the simplest extension

of this to the quaternionic case gives only those holonomy Lie modules which are nilpotent.

In Chapter 3, we show an invariant in the group that topologically distinguishes a complex

hyperplane complement from its complex conjugate; this cannot be done with a quaternion-

ification of a complex complement, showing information in the complex hyperplane com-

plement that cannot be recovered from the quaternionic complement. The invariant, first

defined in [AFG14], is defined by computing the monodromy of a particular character of

the complement on a neighborhood of the hyperplanes itself. We redefine this invariant in

terms that allow it to be described algebraically in terms of the geometry of the hyperplanes

and their intersections with each other, as well as extending it from a single loop and single

character to an element of a particular tensor product that allows a nontrivial element to be

found for the hyperplane complements associated to the infinite series of groups G(m,m, n),
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distinguished from their complex conjugates, and thus a structure in the braid groups of

these groups that cannot be recaptured quaternionically.
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CHAPTER 1

Background on reflection groups

Definition 1. Let D be a division algebra, and V be a D-module. Then, s ∈ EndD(V ) is

called a reflection (or pseudo-reflection) if the module ker(s− 1V ) has codimension one. The

submodule ker(s− 1V ) is called the reflecting hyperplane.

In the following, D will usually be the complex numbers C; sometimes, it will be the

quaternions H. It will always be of characteristic 0.

Definition 2. A reflection group over a module V over a division algebra D is a finite group

G ⊆ EndD(V ) such that G is generated by reflections.

Note that, given two division algebras A and B such that A ⊆ B, and a reflection group

G over V ∈ A − mod, then G can also be embedded into EndB(B ⊗A V ) and will be a

reflection group over B as well; in particular, a real reflection group can be complexified and

a complex reflection group can be quaternionified.

Proposition 1. If G over V and H over W are reflection groups over D-modules, then

G × H is a reflection group over V ⊕ W , with the actions of G on V and H on W the

defining ones and G on W and H on V trivial. We call such a reflection group reducible. A

reflection group that is not reducible is irreducible.

1.0.1 Example: One-dimensional reflection groups

The one-dimensional case is simply the case V = D, where EndD(D) = D, and given any

x ̸= 1 ∈ D, 0 = ker(x − 1) has dimension 0 and so codimension 1, so every non-trivial

element of D× is a reflection. In particular, the reflection groups over D will be simply the

finite subgroups of D×.
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In the case D = C, the finite-order elements are precisely the roots of unity, and so the

complex reflection groups over a dimension-one vector space are simply the cyclic groups

µN = {ζkN := e2πik/N |k ∈ {0, ..., N − 1}}.

Even in one dimension, the quaternionic case D = H is more complicated. All finite-

order elements lie in the unit sphere Sp(1) ≃ SU(2), a group whose finite subgroups have

been well-studied in the literature (see [Kos84]) and can be classified using the ADE Dynkin

diagrams:

• Type An corresponds to the group µn+1 embedded in the quaternions.

• Type Dn corresponds to the double cover of the dihedral group with 2(n−2) elements,

a group with 4(n− 2) elements.

• E6, E7, E8 correspond to the double covers of the tetrahedral, octahedral, and icosa-

hedral groups.

1.0.2 Example: The infinite class G(m, p, n)

Much like the classification of simple Lie algebras, irreducible complex reflection groups

can be classified into an infinite class of groups and a finite class of exceptional groups. The

infinite class can be defined as groups over the vector space Cn for an integer n. In particular,

we start with one subclass:

Definition 3. The space EndC(Cn) is canonically isomorphic to the space Mn(C) of matri-

ces. Define the group G(m, 1, n) as the group of monomial matrices whose nonzero elements

are mth roots of unity. G(m, 1, n) is isomorphic as a group to the wreath product µn
m ⋊Sn.

The reflecting hyperplanes of G(m, 1, n) are as follows:

zi = 0 ∀i ∈ {1, ..., n}

zi = ζkmzj ∀i, j ∈ {1, ..., n}, i ̸= j, k ∈ {0, ...,m− 1}.

The reflecting hyperplanes of the form zi = 0 are associated with the diagonal matrices

with one entry not equal to 0 or 1, each of which generate a group µm. The reflecting
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hyperplanes of the form zi = ζkmzj are associated with the reflection taking ei to ζkmej, ej to

ζ−k
m ei, and fixing all other basis vectors. This reflection generates the group µ2.

Definition 4. Fix integers m and n and select p|m. The group G(m, p, n) is the subgroup

of the group G(m, 1, n) of matrices such that the product of every nonzero coefficient is a pth

power of an mth root of unity; that is, a m/pth root of unity.

When p ̸= m the reflecting hyperplanes of G(m, p, n) are the same as those of G(m, 1, n);

however, the hyperplanes of the form zi = 0 are associated with a group µm/p instead of µm.

When p = m note that the group G(m,m, n) has no diagonal elements with exactly one

element not equal to 1. In particular, only the reflecting hyperplanes of the form zi = ζkmzj

are preserved; note that in those hyperplanes, the reflection has order 2 and the product of

every nonzero coefficient is precisely 1.
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CHAPTER 2

The cohomology and nilpotent representation

categories

Over the complex numbers, the complement of a collection of hyperplanes is a widely-studied

object; the cohomology ring, in particular, is known to have a structure depending only on

the combinatorial properties of the intersection of hyperplanes. The fundamental group,

on the other hand, requires specific knowledge about the particular embedding in complex

space, though the tower of nilpotent quotients can still be determined[Ryb11].

Over the quaternions, however, since hyperplane complements are simply connected, the

topological properties of hyperplane complements are simultaneously more and less compli-

cated. In this chapter, we show not only that the cohomology ring of the complement is the

same algebra as in the complex case, up to a multiplication of indices by 3, but that the

rational homotopy type can be determined entirely by the cohomology ring.

In Section 2.1, we give precise definitions for concepts used later in the chapter. In Sec-

tion 2.2, we use topology to find a short exact sequence in the cohomology groups of the

hyperplane complement. In Section 2.3, we show that the Orlik-Solomon algebra is isomor-

phic to the cohomology algebra. In Section 2.4, we show that the de Rham complex, which

all rational-homotopy-theoretic information can be determined from, is quasi-isomorphic to

the cohomology algebra.
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2.1 Preliminaries

Because H is non-commutative, we must be careful when we talk about things such as

subspaces of Hn; “left” subspaces and “right” subspaces are different. To avoid confusion,

we will instead deal with such things almost entirely abstractly: instead of talking about

vector spaces as we would over a field, we simply talk about H-modules; the following

examples will use left H-modules, but all the other results in the paper will continue to hold

if the word “left” is replaced with the word “right” (and vice versa) throughout.

All H-modules in use in this paper will be finitely generated and therefore isomorphic to

Hn for some n; as a left module, the action of the ring H and its group of units H× will be

on the left. However, H-linear maps f : V → W are therefore equivalent to multiplication

by a quaternionic matrix on the right. In particular, a map a : Hn → H is equivalent to an

equation of the following form:

a(v) =
n∑

r=1

vrar.

In the following, the word subspace is used almost exclusively to mean an H-submodule;

that is, a central affine subspace. The structure of the Orlik-Solomon algebra is much simpler

in the central case than in the projective or general affine cases, and all other cases may be

derived from the central one, so we shall focus on it. In particular, a hyperplane refers to the

kernel of a non-zero map a : Hn → H, and the intersection of any number of hyperplanes will

always be non-empty. To define a hyperplane, a will be unique only up to multiplication on

the right by another non-zero quaternion, and in many uses it is often more useful to think

of a hyperplane in V as a one-dimensional submodule of the right H-module V ∗, especially

when working over fields, but in this case, to avoid confusion, a will be treated consistently

like a map.

A hyperplane configuration or hyperplane collection, in this paper, will be used to refer

simply to a finite set A of hyperplanes of a given H-module V . In this case, the hyperplane

complement is simply the topological space

X = V \
∪
A∈A

A.
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This topological space is the main object of study in this paper.

Another important invariant is the purely combinatorial structure given by the intersec-

tions of the subcollections of A. In particular, given a collection A1, ..., Ar, the intersection

can have codimension r, in which case the hyperplanes intersect “normally”, or they have

codimension less than r; when working in V ∗, this corresponds to linear dependence, imply-

ing that the combinatorial structure can in fact be described as a matroid, and a hyperplane

collection as a representation of said matroid over Hn.

In order to determine the cohomology of a hyperplane complement, we wish to define

two hyperplane collections based on any given one. Given any hyperplane A ∈ A, the

deletion of A in A is simply the collection A′ = A\{A} with one fewer hyperplane, with the

corresponding hyperplane complement X ′ being a superset of the original complement X =

X ′ \A. However, since hyperplanes will have nonempty intersection, the complement X \X ′

will not simply be A but will itself have hyperplanes removed, and also be a quaternionic

hyperplane complement; this complement will be the restriction of A to A, A′′ = {B∩A|B ∈

A′}; note that the choice ofB ⊂ V for any givenB∩A ⊂ A is not unique, and the complement

X ′′ = A ∩X ′ is in fact the set difference X \X ′.

2.2 The Short Exact Sequence in Cohomology

Let X be the complement of the hyperplane arrangement A in the H-module V , and X ′ and

X ′′ be the complements of the deletion A′ of and restriction A′′ to a particular hyperplane

A corresponding to a : V → H in X. The singular cohomology H•(X,G) for any group G

can be computed by induction to X ′, which has fewer hyperplanes removed, and X ′′, which

is in one fewer quaternionic dimension.

Proposition 2. For any i ∈ Z, there is a short exact sequence

0 → H i(X ′) → H i(X)
σ→H i−3(X ′′) → 0.

Furthermore, if i is not a multiple of 3, if i < 0, or if i > 3 dimV , then H i(X) = 0.
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Proof. The long exact sequence in cohomology implies the exactness of the sequence

H i(X ′, X) → H i(X ′) → H i(X) → H i+1(X ′, X) → H i+1(X ′).

Thus, we first wish to show H i(X ′, X) ≃ H i−4(X ′′). Since X = X ′ \X ′′ and all hyperplane

complements are manifolds, any relative cochain on X ′ which is zero on X will be zero

outside a tubular neighborhood of X ′′; call this neighborhood Y , and let Y × = Y \ X ′′.

Then, Y and Y × are trivial fiber bundles over X ′′ with fibers H,H× respectively, and

H•(X ′, X) = H•(Y, Y ×) ≃ H•(H,H×)⊗H•(X ′′);

however, H•(H,H×) is trivial outside of degree 4 where it is isomorphic to Z, so we have

H i(X ′, X) ≃ H i−4(X ′′); in particular, we now have the exactness at H i(X) of the desired

short exact sequence.

The theorem regarding multiples of 3 follows from induction. The base case of the

induction is a vector space Hn ∼= R4n ≃ point; the cohomology is simply Z at degree 0 and

0 elsewhere. If i is not a multiple of 3, i < 0, or i > 3(dimV ), then H i(X ′) = H i−3(X ′′) = 0

by the induction hypothesis and we have a short exact sequence

0 → H i(X) → 0

implying H i(X) = 0. By the multiple-of-3 restriction, furthermore, the long exact sequence

collapses into exactly the short exact sequences we desire.

This proof is similar to Theorem 3.127 in [OT92] or Lemma 4.1 in [Lev04]; however,

the use of degree-3 generators in the quaternionic case means that the proof immediately

produces a short exact sequence, allowing for the following two corollaries:

Corollary 3. H i(X) is a free abelian group.

Corollary 4. Let PX(t) be the Poincaré polynomial of X. Then PX(t) = PX′(t) + t3PX′′(t).

2.3 The Orlik-Solomon Algebra

However, the above short exact sequence does not encode all the information given in the

cohomology ring of X. Much as in the complex case, the full ring structure of a quaternionic
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hyperplane arrangement is determined by its combinatorial structure through the Orlik-

Solomon algebra, a commutative graded differential algebra (over any ring; without loss

of generality, we use Z) whose structure is entirely determined by which intersections of

hyperplanes have the “expected” codimension.

Given a hyperplane arrangement A, “the” exterior algebra E(A) is simply the algebra

Λ(eA)A∈A, with eA in degree 1 and a differential ∂ of degree −1 given by ∂eA = 1. The

Orlik-Solomon ideal I is the ideal generated by all elements of the form ∂(eA1 ...eAk
) for all

collections {A1, ..., Ak} ⊆ A such that the codimension of A1 ∩ ... ∩ Ar is less than r. The

Orlik-Solomon algebra is simply defined as O(A) = E(A)/I with ∂ defined as before.

However, to be isomorphic to the cohomology ring in the quaternionic case, we must

actually use E×3(A) and O×3(A), where the generators eA have degree 3 and ∂ has degree

−3.

The action of H× on a manifold X gives a degree −3 differential on H∗(X), which passes

to a map in cohomology

ρ∗ : H•(X) → H•(H×)⊗H•(X);

Since H•(H×) = Λ(s) with s a single generator in degree 3, a differential on H•(X) can

be defined by ρ∗(x) = 1⊗ x + s⊗ ∂x; the associativity of the action corresponds to ∂2 = 0

and the product structure being preserved corresponds to the Leibniz rule.

Proposition 5. Given a hyperplane arrangement A over an H-module V and corresponding

complement X, there is a surjective map of degree −3 commutative graded differential algebras

ψ : E×3(A) → H•(X).

Proof. The H-module structure ρ : H × V → V restricts to an action ρ : H× ×X → X of

the multiplicative group on X

For any A ∈ A, there is a corresponding H-linear map a : V → H which restricts to a

H×-map a : X → H× and we let ψ(eA) = a∗(s); the H-linearity ensures that the maps take

∂(ψ(eA)) to 1.
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To check surjectivity, we first observe the action of the short exact sequence in cohomology

on particular elements of ψ(E×3(A)). Fix A ∈ A and define the corresponding deletions

A′, X ′, restrictions A′′, X ′′, and map a : V → H. Next, select any number B1, ..., Br ∈ A′,

and set Cl = Bl ∩ A ∈ A′′ with bl : V → H restricting to cl : A → H. The element

ψ(eAeB1 ...eBr) will correspond to a particular element in H3(r+1)(X), which can be defined

as

ψ(eAeB1 ...eBr) = (a, b1, ..., br)
∗(s⊗ ...⊗ s)

where

(a, b1, ..., br) : X → (H×)r+1

is the restriction of an H-linear map V → Hr+1; the corresponding map X ′ → H × (H×)r

restricts to a map (c1, ..., cr) : X
′′ → (H×)r; passing through these will have the same effect

as the connecting homomorphism, so σ(ψ(eAeB1 ...eBr)) = ψ(eC1 ...eCr) ∈ H3r(X ′′).

We now proceed by induction. In the base case of no hyperplanes, there is also no

cohomology.

Fix A ∈ A. Given x ∈ H3(r+1)(X), we have some corresponding x′′ = σ(x) ∈ H3r(X ′′).

By induction, there is some w′′ ∈ E×3(A′′) such that ψ(w′′) = x′′. For every C ∈ A′′ there

exists some B ∈ A′ such that B ∩A = C, so the corresponding map π : E×3(A′) → E×3(A′′)

is surjective, so there’s some w′ such that π(w′) = w′′ and σ(eAw
′) = x′′ = σ(x); thus,

x− eAw
′ ∈ ker(σ) which means it lies in H3(r+1)(X ′), and by the induction hypothesis there

exists an appropriate w ∈ E×3(A′) ⊂ E×3(A) such that x = w + eaw
′.

Proposition 6. Given a hyperplane arrangement A over an H-module V and corresponding

complement X, there is a surjective map of degree −3 commutative graded differential algebras

φ : O×3(A) → H•(X).

Proof. To show that such a φ exists, we merely need to show that ψ(I) = 0.

Let A1, ..., Ar ∈ A. Then, ψ(eA1 ...eAr) will pass through the inclusion map

H3r(V \ (A1 ∪ ... ∪ Ar)) → H3r(X)
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so without loss of generality let A = {A1, ..., Ar}.

Let W =
∩

A∈AA. Then, W acts on X additively, and X is homotopic to X/W through

a deformation retract. If W has codimension < r, then X/W has dimension < r and

H3r(X) = H3r(X/W ) = 0.

Therefore, ψ(eA1 ...eAr) = 0 when A1 ∩ ... ∩ Ar has codimension < r.

Since ψ is a map of commutative differential graded algebras,

ψ(∂(eA1 ...eAr)) = ∂(ψ(eA1 ...eAr)) = ∂(0) = 0.

Proposition 7. The map φ : O×3(A) → H•(X) defined in the previous proposition is an

isomorphism.

Proof. There exists some graded abelian group M such that we have a short exact sequence

0 →M → O×3(A) → H•(X) → 0.

Since both O×3(A) and H•(X) are free abelian groups, M is as well, and we have the

relation

PM(t) = PO(A)(t
3)− PX(t).

However, in chapter 3 of [OT92] it is shown that PO(A) satisfies the same recurrence

relation as PX (cf Corollary 4), so PM(t) = 0 and the map is an isomorphism of abelian

groups, thus making it an isomorphism of commutative differential graded algebras.

2.4 Formality

Unfortunately, the cohomology ring does not provide the entirety of the homotopy-theoretic

information of an object. In particular, the de Rham complex Ω•(X) of a smooth manifold is

a commutative differential graded algebra that contains more information than the de Rham

cohomology, which is equivalent to the singular cohomology ring over R or C. However, since

13



the de Rham complex is infinite-dimensional and homotopically equivalent manifolds have

different complexes, the de Rham complex can be hard to deal with; in the more general case,

there is a CDGA APL(X) over Q corresponding to any topological space, whose cohomology

is the singular cohomology ring over Q, which are even more difficult to work with directly

than the de Rham complex[Hes07].

However, the maps corresponding to homotopy equivalences are CDGA homomorphisms

which pass to the identity on cohomology; by treating such maps, called quasi-isomorphisms,

as homotopies, it turns out that there’s an equivalence between Q-localized simply-connected

CW complexes up to homotopy and a certain class of CDGAs up to quasi-isomorphism;

in particular, from any quasi-isomorphic CDGA one can find the torsion-free parts of the

homotopy groups. This also suggests that rational-homotopic data can be found from simpler

CDGAs, the simplest of all being the cohomology itself with differential zero. Those CDGAs,

and the topological spaces corresponding to them, quasi-isomorphic to their cohomologies

in such a fashion are called formal. Here, we will show that a quaternionic hyperplane

complement is formal, and thus massively simplify the determination of its homotopy theory.
1

An important fact here is that many of the things which are usually performed only on

cohomology can also be performed on the full de Rham complex CDGA; in particular, the

following:

Proposition 8. If the group H× acts on a manifold X, then the action induces a degree −3

differential on the CDGA Ω•(X), which reduces to the one on cohomology, and anticommutes

with the standard degree 1 differential.

Proof. The homology of H× is the exterior algebra Λ(s) with s in degree 3; there exists a

quasi-isomorphism σ : Ω•(H×) → Λ(s) defined in degree 0 as σ(f) = f(1) and in degree 3 as

σ(ω) = C

∮
S3

ω

1In fact, [FY05] proves formality for a larger class of subspace arrangements that can be shown to include
quaternionic hyperplane arrangements; however, our proof provides a direct quasi-isomorphism instead of a
zig-zag of maps.
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where S3 represents the unit hypersphere in the quaternions and C a normalization factor,

which can be chosen later so that its degree −3 differential is 1.

The multiplication on the quaternions induces a map Ω•(H×) → Ω•(H× × H×) which

is almost but not quite the comultiplication of a (commutative differential graded) Hopf

algebra; however, the canonical quasi-isomorphism

Ω•(H×)⊗ Ω•(H×) → Ω•(H× ×H×)

produces a canonical map

Ω•(H× ×H×)⊗Ω•(H×)⊗Ω•(H×) (Λ(s)⊗ Λ(s)) ≃ Λ(s)⊗ Λ(s)

which commutes with the composition of σ and the coproduct on Λ(s) where ∆(s) = s ⊗

1 + 1⊗ s.

Given a manifold X with a H×-action, the composition of the maps

Ω•(X) → Ω•(H× ×X) → Ω•(H× ×X)⊗Ω•(H×) Λ(s) ≃ Λ(s)⊗ Ω•(X)

produces a candidate for a Λ(s)-comodule structure on Ω•(X), which turns out to in fact be

a comodule structure compatible with the commutative differential graded algebra structure,

which is equivalent to a differential of degree −3; compatibility with the corresponding maps

in homology follows from the maps other than the action being quasi-isomorphisms.

The de Rham complex has another important property: all components will lie in the

range of gradings between 0 and the dimension of the manifold. In fact, given an open subset

X of Cn, the fact that

Ω•(X) ≃ Λ(dz1, ..., dzn)⊗ Λ(dz1, ..., dzn)⊗ C∞(X)

as vector spaces over C means that there is a bigrading such that Ωp,q(X) = 0 if p > n or

q > n.

Proposition 9. Given a hyperplane arrangement A with corresponding complement X ⊂ V ,

there exists an algebra homomorphism

ψ : O×3(A) → Ω(X)
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such that, if O×3(A) is given 0 for its degree 1 differential and its usual degree −3 differen-

tial, and Ω(X) given the degree −3 differential from Proposition 8, ψ commutes with both

differentials, and that taking the cohomology with respect to the degree 1 differential, is a

quasi-isomorphism.

Proof. First, fix an R-algebra inclusion C → H; this will make all H-modules into C-vector

spaces, and allow the use of the double grading on Ω•(X). Next, define the 3 form

ω(z, w) =
dz ∧ dw ∧ (zdw − wdz)

|z|2 + |w|2
∈ Ω2,1(C2 \ (0, 0)),

which is closed but not exact, and after identifying H with C2, can be chosen as an element

of Ω2,1(H×) such that ∂ω = 1.

Next, again note that each hyperplane A in an arrangement can be represented by a map

a : V → H which restricts to a : X → H×; much like before, let ψ(eA) = a∗(ω). Since a

is an H-linear map, it will preserve the degree −3 differential, and since H-linear maps are

also C-linear, it will preserve the bigrading as well, so that ∂(ψ(eA)) = 1, ψ(eA) ∈ Ω2,1(X),

and that ψ(eA) reduces to an appropriate value in cohomology.

Now, all that is left is to show that ψ is in fact well-defined; that is, that the value will

be zero at the right places. First, given {A1, ..., Ar} ⊂ A such that r > dimV , we have

ψ(eA1 ...eAr) ∈ Ω2r,r(X) = 0.

Next, since any such product with A1 ∩ ... ∩ Ar of codimension < r factors through a

complement of dimension < r, the product will also be zero, and since ψ preserves both

differentials, the differential will also be zero, thus implying that the algebra homomorphism

does in fact exist. By the fact that ψ(eA) corresponds to a closed form and its image in the

de Rham cohomology will correspond to the one in section 2.3, the proof of isomorphism

there will imply quasi-isomorphism here.

Corollary 10. The CDGA APL of any quaternionic hyperplane complement is quasi-isomorphic

to its cohomology; that is, it is rationally formal as well as being formal over the reals.

Proof. Follows from 5.4 in [NM78] and the quasi-isomorphism between APL and the de Rham

complex.
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2.5 The holonomy equations, holonomy Lie algebra, and homo-

topy Lie algebra

In the case of a complex reflection group, in order to understand the representations of the

braid group through its definition as the fundamental group of the hyperplane complement,

we use differential equations. In particular, if we have a collection of equations αH = 0 for

the set of hyperplanes H ∈ H, then an important class of differential equations are the ones

of the form

dF = ΩF :=
∑
H∈H

tHF
dαH

αH

,

where F is a vector-valued function of some dimension and tH are linear maps of the same

dimension. We define an equation in this form as the holonomy equation.

In order for this equation to have a solution even locally, we must have d(dF ) = 0, which

is equivalent to the curvature dΩ+Ω∧Ω = 0 vanishing; in this particular case, dΩ evaluates

to 0 simply from d(d logα) = 0; thus, the flatness condition is equivalent to the equation

0 = Ω ∧ Ω =
1

2

∑
H,H′∈H

[tH , tH′ ]
dαH ∧ dαH′

αHα′
H

⊂ End(V )⊗H2(MA,C),

a constraint that, notably, can be described in terms of the cohomology of the hyperplane

complement, which, as seen in 2.3, depends only on the combinatorial data of intersections

of the hyperplanes. In particular, if H0, H1, ..., Hr are the hyperplanes meeting in a given

codimension-2 subspace, then we have the relations[
tHi
,
∑
j

tHj

]
= 0.

These constraints can be viewed as constraints on a Lie algebra, and any set tH satisfying

them will induce a representation of this algebra; we can thus use tH as the generators and the

above as the relations in a Lie algebra defined by generators and relations called the holonomy

Lie algebra, and denoted TA. Interpreting Ω as an element of U(TA)⊗H1(MA,C), moreover,

gives a local solution for F as a U(TA)-valued function on any open, simply connected subset
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of MA. Equivalently, this produces a U(TA)-valued function on the universal cover M̃A of

MA. Then, there is an action of π1(MA) on M̃A preserving the projection into MA; because

the differential equation depends only on the projection, this action preserves the space of

solutions to the holonomy equation. Also preserving the space of solutions to the holonomy

equation is right-multiplication by any element of U(TA); in fact, because of transitivity,

one can see that any transformation preserving the left action of U(TA) must be right-

multiplication by an element of the completion Û(TA). This implies a morphism of algebras

Cπ1(MA) → Û(TA).

Note that this generalizes the monodromy maps described in [Mar13] for the case of

the symmetric group. The aforementioned maps suggest a strong analogy between the

fundamental group of the hyperplane complement (the pure braid group) and the holonomy

Lie algebra. In particular, the nilpotent representations of TA correspond using the holonomy

equation precisely to the unipotent representations of π1(MA).

In order to get closer to the pure braid group for the quaternionic case, we can declare

by fiat a Lie algebra whose generators come from H3(MA) and whose relations come from

H6(MA). In the case where the quaternionic reflection group is the quaternionification of a

complex reflection group, this will be identical to the holonomy Lie algebra. Furthermore,

there is a map from this algebra to the graded Lie algebra generated by the rational ho-

motopy groups πn(MA) ⊗Q with multiplication given by the Whitehead bracket2. In fact,

[PS04][Theorem A] gives the following:

Proposition 11. Given connected finite-type CW spaces X and Y such that H∗(Y,Q) ≃

H∗×k(X,Q) for some integral k ≥ 2, the homotopy Lie algebra of Y and holonomy Lie

algebra of X are isomorphic if and only if H∗(X,Q) is a Koszul algebra generated in degree

1.

2The generators follow from the existence of a map into (H×)h defined by the hyperplanes; the relations
follow from the various maps out of H× ×H× defined by the isomorphisms of neighborhoods of points with
neighborhoods of 2-dimensional central arrangements.
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Definition 5. Let k be a field; let V be a finite-dimensional vector space over k, and let

X ⊆ V ⊗ V be a vector subspace. Then, a quadratic algebra is a graded algebra isomorphic

to

A = T (V )/(X),

where all the elements of V have degree 1. Let V ∗ be the dual of V ; then, the inclusion of

X into V ⊗ V implies a map V ∗ ⊗ V ∗ → X∗; call the kernel of this map X⊥. The quadratic

dual of A is the quadratic algebra

A! = T (V ∗)/(X⊥).

In particular, note that the universal enveloping algebra of the holonomy Lie algebra and

the cohomology of the complement are quadratic duals of each other.

Definition 6. Let A be a quadratic algebra T (V )/X. Then, there is an isomorphism V ∗ ∼−→

Ext1A(k, k) inducing a map

A! → ExtA(k, k).

We call A a Koszul algebra if the above map is an isomorphism.

In the case G(m, 1, n), the hyperplane arrangement is fiber-type, corresponding to the

iterated semidirect product of free groups defining the pure braid group; by [FR85], this

implies that the cohomology is Koszul and so the quaternionic homotopy Lie algebra is

isomorphic to the holonomy Lie algebra in the complex reflection case.

Unfortunately, not all complex reflection groups have hyperplane complements with

Koszul cohomology. The case G(2, 2, 4) is one of the smallest complex reflection groups

not to be a group of the form G(m, 1, n); it is also the Weyl group of the type D4. Koszulity

requires that H∗(MA) be a quadratic algebra. However, the Orlik-Solomon algebra is not

isomorphic to the algebra with relations equal to the quadratic Orlik-Solomon relations, as

shown by calculations using Bergman [Jö11](see B for source code). Therefore, H∗(MD4) is

not Koszul, and so the homotopy Lie algebra is not isomorphic to the holonomy Lie algebra.

In fact, even in three dimensions where multiplication-invariance implies that the projec-

tive Orlik-Solomon algebra terminates after dimension two and so both the projective and
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central cohomology algebras are quadratic, there are cases where the Koszul condition does

not hold. In particular, in the case G(3, 3, 3), computer calculations show that the Hilbert

series condition for the cohomology and holonomy Lie algebra do not satisfy the necessary

condition for Koszulity.

Proposition 12 ([Pio01]). If A is a Koszul algebra and A! is its dual, then

HA(t)HA!(−t) = 1.

From calculations using Bergman, I determined partial Hilbert series for several cases,

as follows:

HS(U(TD4
)!(t) = 1 + 12t+ 50t2 + 84t3 + 48t4 + 3t5 ̸= HSH(MD4

)(t)

HSU(TG(3,3,3))(t) = 1 + 9t+ 57t2 + 313t3 + 1593t4 + 7740t5 + 36460t6 +O(t7)

HSU(TG(3,3,3))(t)HSH(MG(3,3,3))(−t) = 1 + 3t5 + 24t6 +O(t7) ̸= 1.

Proposition 13. H∗(MA) is not a Koszul algebra for A the hyperplane complement of

G(2, 2, 4) or G(3, 3, 3).

2.6 The Koszul dualities between cohomology and representations

2.6.1 Kapranov’s Koszul duality

The Koszul duality is perhaps best known as a property of a graded quadratic algebra

A = T (V )/⟨R⟩ R ⊂ V ⊗ V

and the equivalence of its Yoneda dual Ext∗A(k, k) with the quadratic dual

A! = T (V ∗)/⟨R⊥⟩

To connect this with representation theory, one must be careful, since there are usually

going to be representations of A that cannot be graded and the derived functor Ext∗A(k,−)

(or, more precisely, RHom∗
A(k,−) ∈ D(A! − dgmod)) one would expect to use to relate
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the representations of the two do not give the correct results and in particular map these

representations to 0. Instead, the Koszul dualities generally only create equivalences between

the subcategories featuring a grading, which will be nilpotent in the kernel of the map into

k when the representation is finite-dimensional.

A more sophisticated version of the Koszul duality using D-modules and the de Rham

algebra was developed by Kapranov in [Kap91]. Kapranov’s duality produces an equivalence

between the derived category of algebraic D-modules over a quasiprojective algebraic variety

over C and a suitable localization of the dg-modules over the de Rham complex for the same

variety.

This particular case, on a variety X, can be seen as a generalization of the well-known

Koszul duality between the symmetric and exterior algebras of a vector space and its dual,

with the structure sheaf OX taking the place of the base field k, the tangent and cotangent

space sheaves TX and Ω1
X taking the place of the relevant vector spaces, the sheaf of differ-

ential operators DX taking the place of the symmetric algebra, and the de Rham complex

Ω∗
X taking the place of the exterior algebra. The reason that this isn’t simply that Koszul

duality is the fact that the differential operators in DX do not commute with the coordinates

of OX , and similarly that the differential in the de Rham complex Ω∗
X is not OX-linear.

The functor Kapranov describes will be an equivalence; however, care must be taken: the

“derived” category that he describes, on the de Rham side, is not the one that one gets from

naively using the Zariski sheaves. Kapranov instead defines a “quasi-isomorphism” V ∗ → N∗

of Ω∗
X-modules as one which is a quasi-isomorphism of sheaves under the traditional manifold

topology in the analytic variety Xan. Even for X affine, where both DX-modules and Ω∗
X-

modules can be considered simply as modules over some (dg-)algebra, sheaves over the

analytic variety can have local sheaf cohomology even when Zariski sheaves do not. If one

uses the regular definition of quasi-isomorphism and derived category, the equivalence will

only hold for those D-modules that have a composition series consisting only of the module

OX with the differential operators acting as expected, corresponding to the semi-free Ω∗
X-

modules [Kel06].
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2.6.2 The functors and dualities, in general

The goal of this section, primarily, is to show the relation between Koszul dualities in the

categories defining actions of the holonomy Lie algebra and cohomology to the dualities in

the categories of sheaves over the space. In particular, the category of representations of the

(possibly derived) holonomy Lie algebra will have a map into the category of D-modules,

and the category of representations of the de Rham differential graded algebra (which in our

case will be formal, and so derived equivalent to the category of representations of the de

Rham cohomology) will have a map into the category of de Rham sheaves, and the squares

in the following diagram will commute:

U(HL(X))− dgmod DX − dgmod

H∗(X)− dgmod Ω∗
X − dgmod

KZ

B G

Q

A F

To simplify our calculations, as well as to avoid complications involving the difference

between the holonomy Lie algebra and the derived holonomy Lie algebra, in the following

we assume X = C×, the hyperplane complement in the one-dimensional case.

2.6.3 The categories on the punctured plane

While these functors can be defined on the derived category automatically using theorems

about the derived Koszul duality, it is also worthwhile to understand these functors more

directly. Over k = C, the simplest nontrivial case of both types of algebra is the one defined

by the punctured plane

C× = Spec(C[z±1]),

whose holonomy Lie algebra is simply the abelian algebra C, and whose de Rham cohomology

is simply the (graded commutative) exterior algebra with one generator in degree 1, such
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that the map

H∗(C×) = C[x]/(x2) → ΩC×

x 7→ z−1 dz =: d log z

is a quasi-isomorphism of differential graded commutative algebras. Already, however, in

this case one can already see that the categories of representations of the holonomy Lie

algebra and of local systems over C× are not quite equivalent, by explicitly classifying the

one-dimensional modules over the holonomy Lie algebra as being equal to values α ∈ C that

will exactly equal their action over the one-dimensional algebra, noting that the holonomy

equation yields the D-module

Vα := C⟨z±1, ∂z⟩/(∂z − z−1α) ≃ zαC[z±1],

and an isomorphism Vα ≃ Vα+1 can be found simply by multiplying by z.

However, to deal properly with the Koszul dualities in the derived categories, the proper

subcategory to examine will turn out to be nilpotent representations of the holonomy Lie

algebra, and the Serre subcategory of D-modules generated by OX . In this particular subset,

we can even expect the functor defining the holonomy equation to be an equivalence, similarly

to how the formality of hyperplane complements implies an equivalence between the modules

over the de Rham complex and its cohomology.

2.6.4 The functors between the four categories

Because all four relevant categories have nice duality properties, all the maps between the

derived (differential graded) categories should be describable in terms of a differential graded

bimodule using a tensor product:

Db(A− dgmod) → Db(B − dgmod)

X 7→M ⊗L
B X

for some differential graded A,B-bimoduleM . In fact, if these bimodules are chosen properly,

we should be able to define these functors as between the differential graded categories (i.e.

those of chain complexes) over the respective algebras.
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To relate the de Rham and D-module sides, we first clarify the definitions of D-module

and de Rham module for the case of C×. Because C× is an affine algebraic variety, the

category of D-modules is equivalent to the category of modules over its global sections, the

localized Weyl algebra which by abuse of notation we also refer to as DC× :

DC× = C⟨z±1, ∂z⟩/([∂z, z] = 1).

The modules over the de Rham sheaf Ω∗
C× will also be equivalent to modules over the

algebraic de Rham complex, which can be similarly defined as a commutative differential

graded algebra with degree 0 component equal to C[z±1] and degree 1 component equal to

C[z±1] dz. The differential is defined as usual as d(zn) = nzn−1 dz and is, importantly, only

C-linear and not C[z±1]-linear.

Based on [Kap91], the functor F taking Ω∗
C× − dgmod to DC× − dgmod can be described

as taking the chain complex

V ∗ = ...→ V 0 → V 1 → ...

to

F (V ) = DC× ⊗OC× V
∗ = ...→ D ⊗ V 0 → D ⊗ V 1 → ...

with the modified differential

dF (V ) = −(·∂z)⊗ dz + idDC× ⊗ dV .

While this functor is defined as a tensor product, it is not defined as above because the

tensor product is defined over OC× rather than Ω∗
C× . However, this can be fixed easily by

the identity Ω∗
C× ⊗Ω∗

C×
V ∗ ≃ V ∗ implying that the functor F can be described as

V ∗ 7→ N ⊗Ω∗
C×

V

where

N = DC× ⊗OC× Ω∗
C×

with differential

dN = −(·∂z)⊗ dz + idD ⊗ dΩ.
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Note that this differential’s validity is not trivial; the reader may check that it indeed does

have the same value when an element of OC× is multiplied on either side. Also note that,

unlike Kapranov, we use left D-modules, and as such require a minus sign that his differential

lacks.

Using this definition, we can compare this definition on the original (differential graded)

categories of modules to the version on the derived category defined using RHom. Because

the definition of the derived category is strongly dependent on cohomology, we first check

the cohomology of N . In degree 0, note that

N0 = DC× ⊗OC× Ω0
C× ≃ DC×

and that the isomorphism is the map r 7→ r⊗1. Furthermore, note that all elements of DC×

can be described as
n∑

i=0

fi∂
i
z fi ∈ OC×

for some n, and that

d

(
n∑

i=0

fi∂
i
z ⊗ 1

)
=

n∑
i=0

fi∂
i+1
z ⊗ dz.

Since the expression on the right is going to be equal to 0 only if every fi = 0 making the

expression on the left 0, we have H0(N) = 0. Since r 7→ r⊗dz is an isomorphism OC× → N1,

a similar description can be found for elements of it, and from the above equation for d follows

H1(N) ≃ OC× .

Since the cohomology of N is concentrated in degree 1, the canonical morphism

N∗ → OC× [−1]

will be a quasi-isomorphism, so the functor F , when taken to the derived category, will be

naturally isomorphic to

V ∗ 7→ OC× ⊗L
ΩC× V

∗[−1]

which is close to the expected RHom(O,−) from the usual Koszul duality.
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To find a corresponding module for a functor going the other direction, we compare

several possible functors that would each be candidates for an inverse equivalence and then

exhibit natural transformations between them.

First, note that any inverse equivalence to any functor will automatically be both a left

and right adjoint to that functor, so a first candidate would simply be to take an adjoint to

the functor F . Luckily, since F is described as a tensor product, the tensor-hom adjunction

implies a right adjoint for F using the same module:

HomDC× (N
∗⊗ΩC×U

∗, V ∗) ≃ HomΩC× (U
∗,HomDC× (N

∗, V ∗)) ∀U∗ ∈ ΩC×−dgmod, V ∗ ∈ DC×−dgmod

The relevant functor, then, is simply

G : DC× − dgmod→ Ω∗
C× − dgmod

V ∗ 7→ HomDC× (N
∗, V ∗)

Secondly, we can consider the structure of a module in the image of F . Given a D-module

complex of the form DC× ⊗OC× V
∗, we find an isomorphism

OC× ⊗DC× (DC× ⊗OC× V
∗) ≃ V ∗,

which lends to the idea that OC× ⊗DC× − or something similar would be appropriate as

a functor going the other way. However, applying it to, say, the D-module OC× will give,

rather confusingly, Cz−1, completely inappropriate for our purposes; the reason, of course,

being that this functor is far from exact.

Given that the bimodule N∗ is a shifted projective (D,Ω)-bimodule resolution of O, it

seems reasonable to attempt to use a similar (Ω,D)-bimodule resolution of O:

Ñ∗ = Ω∗
C× ⊗OC× DC×

dÑ = dz ⊗ (∂z·) + dΩ ⊗ idD.
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Much like N∗, Ñ∗ will have cohomology concentrated in degree 1; as such, the relevant

functor will actually be

G′ : DC× − dgmod→ Ω∗
C× − dgmod

V ∗ 7→ Ñ∗ ⊗DC× V
∗[1]

The two functors can be related by a natural transformation from the tensor product

functor G′ to the Hom functor G. Using the tensor-hom adjunction,

HomΩ∗
C×

(Ñ∗ ⊗DC× V
∗[1],HomDC× (N

∗, V ∗)) = HomDC× (V
∗,HomΩ∗

C×
(Ñ∗[1],HomDC× (N

∗, V ∗)))

= HomDC× (V
∗,HomDC× (N

∗ ⊗Ω∗
C×

Ñ∗[1], V ∗))

With a clever application of the Yoneda lemma, the natural transformations between the

two functors can be related to the differential graded (DC× ,DC×)-module

(N ⊗Ω∗
C×

Ñ [1])∗ ≃ DC× ⊗OC× Ω∗
C× ⊗OC× DC× [1]

with differential

dN⊗Ñ = idD ⊗ dz ⊗ (∂z·)− (·∂z)⊗ dz ⊗ idD + idD ⊗ dΩ ⊗ idD

by means of the fact that the identity functor can be thought of as the Hom functor

V ∗ ≃ HomDC× (DC× , V ∗)

identifying these natural transformations with the module

HomDC× ((N ⊗Ω∗
C×

Ñ [1])∗,DC×)

We would desire a natural isomorphism, so as to only have to deal with one sort of functor

rather than two,

Similarly to the definition of G in terms of F , we can define a functor F ′ in terms of G′

using Ñ as follows:

F ′ : Ω∗
C× − dgmod→ DC× − dgmod

W ∗ 7→ HomΩ∗
C×

(Ñ∗[1],W ∗)

and a natural transformation from F to F ′ with the same properties as the one from G′

to G.
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2.6.5 The precise categories of modules

Once we have the natural isomorphisms, the next goal is to figure out how to best describe

the categories in which the functors are equivalences. Given a differential graded category A

(such as the chain complexes over an abelian category), the construction of the derived cat-

egory D(A) usually begins with the construction of the simpler homotopy category Ho(A),

defined as the category whose objects are the same as the objects of A but the morphisms

between objects A and B are

HomHo(A)(A,B) = H0(HomA(A,B)),

which in the chain category case consists of the maps of chain complexes modulo the nilho-

motopic maps which can be thought of as the differentials of those maps shifted by −1 that

do not respect the differential.

Unlike the original dg category, the homotopy category is not an abelian category, but

is instead a triangulated category, where the distinguished triangles are those isomorphic to

the cone of some morphism in the dg category. A nice property of triangulated categories

is the process of Verdier localization (see [Kra10]): inverting a collection of morphisms in a

triangulated category can be thought of, instead, as taking the quotient of said category by

the thick subcategory formed by the cones of these morphisms.

In particular, the derived category of a dg category can be thought of either as making

all quasi-isomorphisms in the homotopy category invertible, or, equivalently, as taking the

quotient by the thick subcategory consisting of those modules whose cohomology is trivial. In

the case of this equivalence, the derived category seems like it would be the proper category

on both sides: however, the derived categories of Ω∗
C× and of DC× are not in fact equivalent:

For any α /∈ Z, the complex

...→ 0 → zαOC× → zαdzOC× → 0 → ...

with the implied differential d(zαzn) = (α + n)zαzn−1dz will have cohomology 0 at every

degree, but the cohomology of the corresponding D-module chain complex would turn out

28



to be

zαOC× = DC×zα/(∂zz
α+n − (α + n)zα+n−1) ̸= 0

This implies that some care must be taken in order to find the correct categories for the

derived equivalence. Kapranov instead takes the quotients by those dg modules over Ω∗

which have no cohomology as analytic sheaves; however, invoking the analytic sheaves makes

for a more complicated definition than even the usual derived category.

The fact that homotopy categories are triangulated, however, allows for a more precise

algebraic and non-algebraic description of the various categories that arise. As seen in A, one

uses the quotients (Verdier localization) by the thick subcategories generated by the cones

of the unit and counit of the adjunction at the objects of the categories, and can show that

the two functors not only pass to functors between the two quotients but are isomorphisms

after having done so; if we define Ho(DC× − dgmod) and Ho(Ω∗
C× − dgmod) as the relevant

quotients, then the morphisms being localized are in fact going to be of the form

V → HomDC× (N
∗, N∗ ⊗Ω∗

C×
V ∗) V ∗ ∈ Ho(Ω∗

C× − dgmod)

N∗ ⊗Ω∗
C×

HomDC× (N
∗, V ∗) → V ∗ V ∗ ∈ Ho(DC× − dgmod)

and will, because of the relation between these functors and OC× , be quasi-isomorphisms on

both sides, allowing one to produce further quotients

Ho(R− dgmod) → D(R− dgmod)

for R being both DC× and Ω∗
C× . Another common way to describe the derived category

is through the use of resolutions. In the case of D-modules, [BGK87] showed that any

D-module on a variety of dimension n has a resolution by locally projective D-modules in

degree up to −n; because C× is affine, the second map

Ho(DC× − proj) → D(DC× − proj) → D(DC× − dgmod)

is an equivalence. To show that the first map is one, simply note the classical fact that

the homotopy and derived categories are equivalent when restricted to projective modules,

when one restricts to the bounded above category. Because this equivalence is the same as
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the one passing through Ho(DC× − dgmod), we also have an equivalence to its image in

Ho(DC× − dgmod), and so this derived category can also be described as a subcategory of

this category, equivalent to the quotient Ho(Ω∗
C× − dgmod) of the homotopy category of the

de Rham algebra.’

The complicated D-Ω duality can also be related to a simpler Koszul duality, based on

the holonomy Lie algebra. In general, the holonomy Lie algebra can be generated by a

vector space dual to the degree 1 cohomology, with the dual of the cup product, a linear

map from the dual of the degree 2 cohomology to the second exterior power of the degree 1

cohomology, providing relations; in general, this creates a universal enveloping algebra which

is a quadratic algebra, and in the particular case of C×, the degree 2 cohomology is 0 and

the degree 1 cohomology is one-dimensional, so the holonomy Lie algebra is just the abelian

Lie algebra of the vector space C.

An important use of the holonomy Lie algebra is the relation to differential equations and

by extension D-modules. An important subcategory of the category of D-modules consists

of the holonomic D-modules with regular singularities at specific subsets; in the case of the

complement of the zero set of a polynomial over Cn, this turns out to be the local systems

such that the connection locally looks like c d log f = cf−1 df , where f is zero only at parts

of Cn that are removed, as well as looking as such when one approaches the line at infinity

that would exist when embedding affine space into projective space.

In the case of C×, a differential equation with regular singularities can be thought of as

dF = z−1dzAF

where F is a vector-valued analytic function on C× and A is a complex-valued matrix; the

corresponding D-module can be defined by taking a vector space V over C of the same

dimension as F and a linear endomorphism t : V → V and defining the following D-module:

KZ(V ) = DC× ⊗C V/⟨∂z ⊗ v − z−1 ⊗ t(v)|v ∈ V ⟩.

In particular, a vector space together with a linear endomorphism can also be thought
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of as a module over

C[t] ≃ U(C) ≃ U(HL(C×))

where HL(X) represents the holonomy Lie algebra of X for any space X and KZ can be

thought of as a functor

KZ : U(HL(C×))−mod→ DC× −mod

defined, much like F and G′ ≃ G, using a tensor product

KZ(V ) ≃ KZ(C[t])⊗U(HL(C×)) V

Note that, if one forgets all but the OC×-structure, then because KZ(V ) is a quotient

that sets the value of ∂z and nothing else, we have an isomorphism

KZ(V ) ≃ OC× ⊗C V

and as this is easily shown to be exact, KZ as a functor into D-modules, which can be

thought of as attaching a connection to O⊗ V , will also be an exact functor, so it passes to

any resulting triangulated category as-is.

The KZ functor, as it too is defined by means of a tensor product, has a right adjoint

itself defined as

U : DC× −Mod→ U(HL(C×))−Mod

V 7→ HomDC× (KZ(C[t]), V ) ≃C−Mod V,

the isomorphism of vector spaces being because KZ(C[t]) ≃ DC× if one only considers their

D-module structure, and the action of t becomes the action of z∂z, thus acting as a forgetful

functor for D-modules and only remembering the action of particular differential operators.

Completing this Koszul duality is the quadratic dual to the universal enveloping algebra;

in cases, including C×, where the cohomology ring is a quadratic algebra, this turns out to

precisely be the quadratic algebra. In the case of C×, this turns out to be rather easily the

commutative differential graded algebra generated by a single element x of degree 1; as a

graded algebra, it can be described as

H∗(C×) ≃ Λ(x) ≃ C[x]/(x2)
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and the formality of the de Rham algebra can be demonstrated by the existence of the

quasi-isomorphism of CDGAs

H∗(C×) → Ω∗
C×

x 7→ z−1dz.

This quasi-isomorphism can also be used to define a functor relating differential graded

modules on the cohomology and de Rham algebras: the quasi-isomorphism induces aH∗(C×)-

module structure of Ω∗
C× which lets one define the functor

Q : H∗(C×)− dgmod→ Ω∗
C× − dgmod

V ∗ 7→ Ω∗
C× ⊗H∗(C×) V

∗.

Finally, we would like to relate the cohomology algebra with the holonomy Lie algebra;

this is the simplest form of Koszul duality, and can be expressed with a functor

A : H∗(C×)− dgmod→ U(HL(C×))− dgmod

V ∗ 7→M∗ ⊗H∗(C×) V
∗

where the bimodule M∗ is defined in a similar way to N∗; that is,

M∗ = U(HL(C×))⊗C H
∗(C×) ≃ C[t, x]/(x2) |t| = 0, |x| = 1

dM = tx;

much like F has the right adjoint G, A has a right adjoint B using a similar Hom.

These functors produce a square of functors

U(HL(C×))− dgmod DC× − dgmod

H∗(C×)− dgmod Ω∗
C× − dgmod

KZ

B G

Q

A F

which we would like to show commute and then analyze categories obtained from these where

the vertical morphisms become isomorphisms. First, we would like to show KZ ◦A ≃ F ◦Q.

To do this, recall that they are defined using tensor products and thus that we need to show

KZ(C[t])⊗U(HL(C×)) M
∗ ≃ N∗ ⊗Ω∗

C×
Ω∗

C× .

32



To do this, expand:

KZ(C[t])⊗U(HL(C×)) M
∗ ≃ DC× [t]/⟨t− z∂z⟩ ⊗C[t] C[t, x]/(x2)

≃ DC× [t, x]/⟨t− z∂z, x
2⟩

≃ DC× [x]/(x2)

d = tx = (z∂z)x

and

N∗ ⊗Ω∗
C×

Ω∗
C× ≃ DC× ⊗OC× Ω∗

C× ⊗Ω∗
C×

Ω∗
C×

≃ DC× ⊗OC× Ω∗
C×

≃ DC× ⊗OC× OC× [dz, x]/(dz2, x− z−1dz)

≃ DC× [x]/(x2)

d = (∂z)dz = (z∂z)(z
−1dz) = (z∂z)x

implying that the two modules are isomorphic, and thus, that the two corresponding com-

posed functors are also isomorphic.

In order to see the different possible derived categories on which these act, pass to the

homotopy categories and use the quotient procedure in (appendix) again to get the categories

Ho(U(HL(C×))−dgmod) andHo(H∗(C×)−dgmod). Because the previous square commutes

even at the DG-module level, the maps KZ and Q will also pass to the Ho categories. In

fact, as our interest in the D- and Ω-modules mostly relates to those which arise from local

systems, it will serve us well to examine the holonomy and cohomology categories more

closely.

In the case of the holonomy Lie algebra of C×, the objects will all be chain complexes

of complex vector spaces equipped with an endomorphism t. By using the Jordan normal

form, we can see that all such chain complexes can be seen as direct sums of complexes such

that, fixing a λ ∈ C for the complex, t− λ is nilpotent in each degree, and furthermore, the

maps between these complexes for different values of λ will always be zero.

Fixing such a λ, the objects concentrated in one degree will be direct sums of the Jordan
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block complexes

Vλ,r ≃ C[t]/((t− λ)r).

As an algebra, there is an isomorphism C[t] ≃ C[s] where s = t− λ; thus, for the purposes

of analyzing Hom spaces, we can assume without loss of generality that λ = 0 and then shift

the results to arbitrary λ. In particular, note that any such chain complex will in fact be

quasi-isomorphic to a direct sum of those modules Vλ,r shifted into different degrees with

trivial differential.

In the case of modules over the cohomology, the modules of interest, ignoring differentials,

are precisely only C with x acting as 0 and C[x]/(x2) itself. The relation between these

modules and the ones over the holonomy Lie algebra can be exhibited by applying the

functor B to the module Vλ,1:

B(Vλ,1) = HomU(HL(C×))(M
∗, Vλ,1)

= HomC[t](C[t, x]/(x2),C[t]/(t− λ))

= (C · ξ ⊕C · 1)|t=λ |ξ| = −1, xξ = 1

dξ = t = λ.

The action of t, which in this most basic case is simply λ, is the value of the differential

compared to that of x. In particular, if λ ̸= 0, then the differential will be an isomorphism,

implying that B(Vλ,1) is an exact module, and therefore that it will be sent to 0 when we

pass to D(H∗(C×)−dgmod). Therefore, if one wishes to study the derived category over the

cohomology algebra, the only holonomy modules necessary are those which are nilpotent.

In terms of de Rham modules, because Q is based off of a quasi-isomorphism, the derived

functor

Q : D(H∗(C×)− dgmod) → D(Ω∗
C×)− dgmod)

will be an equivalence. Therefore, if one wishes to study the derived category over the de

Rham algebra, the modules can be classified by applying the KZ functor to the holonomy

modules which are nilpotent. Furthermore, because Q,A,B, F,G are all equivalences, KZ

will also be an equivalence, when taken to the respective de Rham derived functors: this can
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be seen directly by noting that the forgetful functor to the holonomy Lie algebra, applied to

OC× with the standard action of ∂z, splits as the coproduct of Vn,1 for all n ∈ Z; taking the

quotient into the derived category defined by quasi-isomorphism in the cohomology category

takes to 0 every Vn,1 except for n = 0, and thus U and KZ form an equivalence.

2.6.6 Quaternionic de Rham duality

These isomorphisms and near-isomorphisms make for a suggestion as to how to generalize

the representations of the pure braid group into something visible in quaternionic reflection

groups. In particular, much like the representations of the pure braid group can be linked

to D-modules and thus to de Rham modules over a particular sheaf, there might be a sheaf

on which the de Rham modules can be defined in the quaternionic case that produce a

properly defined category. Unfortunately, the grading of the de Rham cohomology suggests

that such a category will not produce representations other than nilpotent ones—thus, when

extended to the full braid group, only those corresponding to ones “near” representations of

the underlying reflection group.

The one-dimensional case corresponding to C× in the quaternions is H×, which is ho-

motopic to S3. The de Rham cohomology will thus be the (graded commutative) exterior

algebra with one generator in degree 3. The Koszul dual to the exterior algebra with one

generator in degree 2s + 1, however, is the symmetric algebra with one generator in degree

−2s; therefore, the Koszul dual to H∗(H×) is the symmetric algebra with one generator in

degree −2. Unfortunately, any element of non-zero degree on any finite-dimensional differ-

ential graded module is nilpotent, so no extension of this algebra can correctly correspond

to the pure braid group representations which are not unipotent.
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CHAPTER 3

The Guerville-Ballé Invariant and its Extensions

The combinatorial, algebro-geometric, and topological aspects of hyperplane arrangements

(in particular, line arrangements in P2) are known to be rather intricately connected. As

early as [OS80] the cohomology of the complement of the hyperplanes in a hyperplane ar-

rangement was known to only depend on the dimension (and existence) of the intersections

of the hyperplanes, which can be encoded in a matroid in the general case, and, in the spe-

cial case of a line arrangement on P2, corresponds simply to the incidence relation between

lines and the points contained in them. As shown in [Ryb11], more complicated objects

such as the de Rham algebra will also not provide more homotopical information than the

cohomology ring itself, so the rational homotopy theory can be thought of as wholly based

in the combinatorics of the complement.

As shown in [Ryb11], the fundamental group of a hyperplane complement, particularly

when combined with a labeling for the arrangement, cannot be determined solely from the

combinatorial data of the intersections of the hyperplanes. All methods for determining

that such an isomorphism does not exist are rather complicated, and depend rather closely

on very involved calculations that become significantly more complicated as the number of

hyperplanes increases. Furthermore, while the existence of the étale fundamental group (and

the requirement from formality that these differences be torsion) implies that most invariants

based on fundamental group methods should in fact have corresponding methods inspired by

étale cohomology that depend only on the algebraic geometry of the complement, existing

methods of calculation for these invariants do not imply an action of the absolute Galois

group of the field of definition of the arrangement.

In [AFG14], Guerville-Ballé et al. defined a topological invariant of a hyperplane comple-
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ment based on a three-manifold defined as the boundary of the neighborhood of the removed

hyperplanes, and in [other GB et al paper], connected that same three-manifold to the fun-

damental group of the hyperplane complement. In the former paper, it is mentioned that

the invariant defined should have an algebraic definition; in this paper, we produce such a

definition, as well as an extension of said definition from a pairing of a loop and a character

on the lines to the tensor product of the homology and cohomology implied; in particular,

this allows us to extend the invariant shown to have nontrivial values for the extended Mac

Lane arrangement to one having nontrivial values arrangements similar to the Mac Lane

arrangement defined over arbitrary fields Q(e2πi/N), with invariant values in that same field.

In Section 3.1, we define various concepts required to produce our generalization of the

Guerville-Ballé invariant. In particular, we recall the definition from [AFG14] of an inner

cyclic triplet as the combination of the combinatorics of a line arrangement, a loop γ in the

adjacency graph, and an element ω of the cohomology of the complement, such that the

following requirements hold:

• For any line ℓ containing a point P represented in the loop γ, ω(ℓ) = 0.

• For any point P contained in a line ℓ represented in the loop γ, the sum of all values

ω(ℓ′) of lines ℓ′ containing P is 0.

In Section 3.2, we define the invariant described in [AFG14] and provide a method to

calculate it which depends only on the algebraic properties of the arrangement, thus showing

its covariance with field automorphisms and restricting its values. In particular, the invariant

can be thought of as a monodromy of a function based on the element of the cohomology

around a path based on the loop. This allows us to interpret the case of the extended

Mac Lane arrangement as the special case N = 3 of an arrangement defined over ζN for a

general N , and produce a nonzero value for the invariant, allowing a wide collection of line

arrangements which lack ordered homeomorphisms to each other.

In Section 3.3, we extend the invariant to a tensor space. First, we treat the adjacency
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graph Γ as a CW-complex and consider the tensor product

H1(Γ)⊗H1(MA).

Given an embedding Γ → MA through the boundary manifold described in [AFG14], the

tensor above maps through the dual map into the coordinate ring. In general, such an

embedding is not unique, not even up to homotopy, but the dual value is unchanged for a

subset of the tensor product where the coefficient ω of P → ℓ in H1(Γ) satisfies the following

rules:

• For any line ℓ′ containing the point P , ω(ℓ) = 0.

• For any point P ′ contained in ℓ, ω(P ′) =
∑

ℓ′∋P ω(ℓ
′) = 0.

We can find such a tensor over the line arrangement corresponding to the complex reflec-

tion group G(N,N, 3) whose value is ζN , thus forbidding ordered homeomorphisms of the

projective plane between the different Galois transformations of the arrangement.

3.1 Line arrangements in P2

3.1.1 Combinatorial types

To discuss line arrangements in the projective plane, one first would like a construction

describing the combinatorial structure of such an arrangement independently from the alge-

braic and topological structure of said arrangements. Following [AFG14, Definition 1.1], we

define a combinatorial type or (line) combinatorics as a pair C = (L,P) with L a finite set,

P ⊂ P(L), such that:

• For all P ∈ P , P has at least 2 elements,

• For any distinct ℓ1, ℓ2 ∈ L, there exists a unique P such that ℓ1, ℓ2 ∈ P .

An ordered combinatorics is a combinatorics where L is an ordered set.
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As an example, let L be any finite set of lines in any projective plane, and each P ∈

P corresponding to the set of lines containing each intersection point between lines; the

conditions for a line arrangement are satisfied.

In particular, given a field K, let L be a finite set of distinct hyperplanes in A3
K contain-

ing 0, which correspond to lines in the projective plane P2
K . Then, the intersection between

any two hyperplanes will be a line in A3
K containing 0, which corresponds to a point in the

projective plane P2
K . In many places in the following, we take advantage of the correspon-

dence between affine central arrangements in 3 dimensions and projective arrangements in 2

dimensions, and assume K ⊂ C.

Because a line combinatorics is used in this paper to describe line arrangements and

complements in P2, where points in the actual arrangement belong to lines as sets, from

now on we will write the relation P ∈ ℓ instead of ℓ ∈ P , and use the notation ℓ ∋ P

underneath the symbols for iterated binary operations1 to denote iterating the operation

among all ℓ such that P ∈ ℓ, for a given P . Furthermore, for ease of notation, we will write

ℓ ∈ C to indicate ℓ ∈ L, will denote the set P as PC. In analogy with the set theory of actual

hyperplane arrangements, given ℓ1 ̸= ℓ2, we denote the unique P such that ℓ1, ℓ2 ∈ P as

ℓ1 ∩ ℓ2.

3.1.2 Realizations

Given a field K of characteristic zero and a finite set A of lines in P2
K , let PA be the set

of intersections of lines in A; then CA = (A,PA) is the combinatorics of A and given any

isomorphic combinatorial type C, A is a realization of C over K. In the case where K = C,

we call this a complex realization. When studying the topology and geometry of line and

hyperplane arrangements, we often wish to study the complement of the lines, which we

denote MA. For nonempty arrangements, MA is an affine scheme over K, whose ring of

functions can be described as follows:

Let K be a field of characteristic 0, V a 3-dimensional vector space over K, and A a

1That is, summation, products, direct sum, etc.
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non-empty finite set of lines in P(V ). Denote by p : Y = V \ {0} → P (V ) = Y/Gm the

quotient morphism. Given ℓ ∈ A, let αℓ ∈ V ∗ be a line such that ℓ = p(kerαℓ \ {0}).

This pulls back the line arrangement in P2
K into a central hyperplane arrangement on

A3
K , where a hyperplane can be described by an equation of the form

0 = αℓ = ℓ0z0 + ℓ1z1 + ℓ2z2 ℓi ∈ K,

where z0, z1, z2 are the coordinates of A3. The ring of regular functions on the central

hyperplane complement corresponding to A is

K[z0, z1, z2, {(αℓ)
−1}ℓ∈A]

and the ring for the line complement on P2
K is simply the subring of homogeneous functions

of degree 0; that is, ratios where the denominator is a product of αℓs and the numerator is

a homogeneous function of the same degree. We denote the line complement as MA and the

ring of functions on it as RA.

In the case of a complex realization, we define, as in Definition 1.9 of [AFG14], BA as

the boundary of a compact regular neighborhood of the union of the hyperplanes.

3.1.3 Incidence graph of a line arrangement

Following Definition 1.2 [AFG14], the incidence graph ΓC (sometimes just Γ) of a line com-

binatorics C is the (non-oriented) bipartite graph whose vertices are

{vP |P ∈ P} ∪ {vℓ|ℓ ∈ C}

and where an edge is drawn between vP and vℓ if and only if P ∈ ℓ; we denote the set of

edges in Γ as E(Γ). In many cases, we will treat Γ as a topological object; this is done by

viewing it as a CW complex.

As Γ is simply a graph, its homology can be described as the homology of the simplicial

chain complex

0 → C1(Γ,Z) → C0(Γ,Z) → 0
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where C1 is a free module generated by {eP→ℓ|P ∈ ℓ}, C0 is generated by {eℓ|ℓ ∈ L}∪{eP |P ∈

P}, and the boundary map is simply

eP→ℓ 7→ eℓ − eP .

In particular, H1(Γ,Z) is the kernel of the boundary map. For simplicity, we will write

the element eP→ℓ as simply (P → ℓ). Furthermore, because the edges in cohomology are

oriented, we use ℓ→ P to represent −(P → ℓ).

3.1.4 Orlik-Solomon algebra

In [OS80], it was shown that the cohomology algebra of the complement of an arrangement

of hyperplanes depends only on the combinatorial data. For the purposes of this article, we

need only the first cohomology over an arbitrary group, which for a projective arrangement

can be described as follows:

Let G be an abelian group. Define OS1
c (C, G) := GL to be the direct sum of |L| copies

of G. When C = CA for an arrangement A over C, there is a canonical isomorphism

OS1
c (C, G)

∼−→ H1(p−1(MA), G).

To get the combinatorial definition for the cohomology on MA itself, we consider the ac-

tion of C× on a generic point in the affine complement. Note thatH0(C×, G) ≃ H1(C×, G) ≃

G and H i(C×, G) = 0 for all i ≥ 2. The map C× → C3 defined as the preimage of a generic

point of MA will produce a winding number of 1 around any hyperplane not containing the

image; from this, we get a map OS1
c (C, G) → G that takes any element to the sum of its

values for each hyperplane. Let OS1(C, G) be the kernel of this sum map GL → G; we have

a canonical isomorphism OS1(C, G) ∼−→ H1(MA, G).

Notation: Given a finite set I, we denote by σI(G) the kernel of the diagonal map GI → G.

41



3.1.5 Characters

We use a more general definition for a character than Definition 1.3 in [AFG14], as, when

dealing with étale cohomology and its action over Galois groups, the difference between the

groups Z/N of integers mod N and µN of Nth roots of unity becomes relevant. Let G be

an abelian group. Then a character onto G on a line combinatorics (L,P) is an element of

OS1(C, G); that is, a map λ : L → G such that

∑
ℓ∈L

λ(ℓ) = 0. (3.1)

Given a map λ : L → G and a point P ∈ P , we define

λ(P ) :=
∑
ℓ∈L
P∈ℓ

λ(ℓ).

In the case where CA describes a realization (see section ) A over the complex numbers with

line complement MA, we identify the groups OS1(CA, G) ≃ H1(MA, G).

The definition of a character in [AFG14] is simply that of a character onto Gm = C×,

which is identified with H1(MA,C
×) for MA a realization. However, the characters used

for actual calculations are torsion characters whose values are roots of unity; in fact, for

most purposes, we know well in advance which roots of unity will be relevant, and can fix

a number N such that all characters are Nth roots of unity. We will then wish to instead

use a character into Z/N by means of the isomorphism taking the equivalence class of the

number k into ζN := e2πik/N ; note that this relates the fundamental group Z of C× with the

deck transformations of the étale cover

C× → C×

z 7→ zN .

In particular, this connects the relation OS1(C,A,Z/N) ≃ H1(MA, µN) in étale cohomology,

for CA describing a realization A over any field with complement MA, to the above one in

singular cohomology.
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3.1.6 Ramified coverings of P2

Consider a function λ : A → Z≥0 and let ψλ =
∏

ℓ∈A α
λ(ℓ)
ℓ ∈ K[V ].

Let N ≥ 2 be an integer, and define Ṽ := Spec(K[V ][φ]/(φN − ψλ)). The K[V ]-algebra

structure induces a map π′ : Ṽ → V ; let Ỹ = (Ṽ \ π′−1(0))/Gm. Then, the values of λ can

be related to the ramification of π as follows:

Lemma 14. 1. Let ℓ ∈ A. π does not ramify over the generic point of ℓ if and only if

N |λ(ℓ).

2. Let P ∈ P(V ). π does not ramify over P if and only if N |λ(ℓ) for all ℓ ∈ A such that

P ∈ ℓ.

3. Let ℓ ∈ A with N |λ(ℓ) and let P ∈ ℓ. π|ℓ does not ramify over P if and only if N |λ(P ).

Proof. Recall that ramification is described in terms of the local ring around a point, and

that the projective plane is covered by affine planes that embed into the 3-dimensional space

as αℓ = 1.

1. Choose an ℓ′ ̸= ℓ; then if y ∈ V is the generic point of ℓ, the affine line αℓ′ = 1 will

contain y. Find an ℓ′′ intersecting ℓ in a different point from its intersection with ℓ′,

and then y’s local ring is K(αℓ′′)[αℓ](αℓ). For any ℓ′′′ ̸= ℓ, αℓ′′′ is a linear combination

of the α values with a nonzero value in K(αℓ′′), so it will be invertible in the local

ring; thus, ψλ = uα
λ(ℓ)
ℓ for u a unit. If λ(ℓ) is a multiple of N , then π−1(y) will be a

disjoint union of the irreducible components of K(αℓ′′)[u
1/N ]. Otherwise, the map of

local rings will

2. Choose ℓ, ℓ′ ∋ P , and ℓ′′ ̸∋ P ; work in the affine cover αℓ′′ = 1. Then, P ’s local ring is

K[αℓ, αℓ′ ](αℓ,α
′
ℓ)

and once again any αℓ′′′ for a line not containing P will be a unit, and

any αℓP for any line in P will be a linear combination of αℓ and α′
ℓ and not be a unit.

3. When restricting to a line ℓ, one can first restrict to αℓ = 0 in V and find a set αP for
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each point P ∈ ℓ such that αℓ′ = tℓαP where tℓ ∈ K. Then, if λ(ℓ) = 0 we have

ψ|p−1(ℓ) = t
∏
P

α
∑

ℓ′∋P

P λ(ℓ) =
∏
P

α
λ(P )
P

Because π does not ramify over the generic point of ℓ, Ṽ and Ỹ can be defined using

ψ′
λ = α

−λ(ℓ)
ℓ ψ, so without loss of generality λ(ℓ) = 0. By choosing αP ′ = 1 for some

P ′ ̸= P , the claim on ramification follows from similar lines as case 1, using the classical

ramification theory of the projective line.

3.1.7 The inner cyclic tensor space

The invariants studied in this paper are all defined in terms of a specific subgroup of the

tensor product

OS1(C, G)⊗H1(Γ)

for some abelian group G. Note that the chains in Γ can be written as additive (Z-linear)

combinations of oriented edges P → ℓ for points P and lines ℓ where P ∈ ℓ. As such, an

element λ of OS1(C, G)⊗ C1(Γ) can be written as

λ =
∑
P∈ℓ

λP→ℓ ⊗ (P → ℓ),

and an element of OS1(C, G)⊗H1(Γ) is an element of OS1(C, G)⊗ C1(Γ) whose boundary

is 0.

We define the subgroup ICT (C, G) of inner cyclic tensors of OS1(C, G) ⊗H1(Γ) as the

subgroup of elements ω satisfying the following conditions:

• For every edge P → ℓ and every ℓ′ such that P ∈ ℓ′, we have ωP→ℓ(ℓ
′) = 0,

• For every edge P → ℓ and every P ′ such that P ′ ∈ ℓ, we have ωP→ℓ(P
′) = 0.
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3.1.8 Inner cyclic triplets

The invariant introduced by Guerville-Ballé is defined on an inner cyclic triplet (C, χ, γ): the

combination of a line combinatorics C with a character χ ∈ OS1(C, G) on an arbitrary finite

cyclic group G and a cycle γ of the incidence graph Γ satisfying the following conditions:

1. For all points p corresponding to vertices of γ, and all ℓ such that p ∈ ℓ, we have

χ(ℓ) = 0,

2. For all lines ℓ corresponding to vertices of γ, and all P ∈ ℓ, we have χ(P ) = 0.

Corresponding to an inner cyclic triplet is the tensor product ω = χ ⊗ [γ], a tensor in

OS1(C, G)⊗H1(Γ) such that ωP→ℓ = 0 if P → ℓ is not part of the path γ and ωP→ℓ = ±χ

if P → ℓ is part of the path γ. Therefore, (C, χ, γ) is an inner cyclic triplet if and only if

χ⊗ [γ] is an inner cyclic tensor.

As any lines corresponding to vertices in γ will contain the points corresponding to the

points adjacent in γ, rule 1 in Definition 1.5 of [AFG14] is redundant except in the case

where γ is a single vertex, which will be trivial for the purposes of the following invariants.

Lemma 15. In the case where C = (A,PA) is the combinatorial type of the arrangement A,

and γ a cycle of the incidence graph, let ω : A → Z/N be the projection of λ.

Then (C, χ, γ) is an inner cyclic triple if and only if π is étale over any point P that is a

vertex of γ, and π|ℓ is etale over every point P ∈ ℓ where ℓ is a line which is a vertex of γ.

Proof. By Lemma 1, π is étale (that is, does not ramify) over a point P if and only if N |λ(ℓ);

that is, if ω(ℓ) = 0 for all ℓ ∋ P . Similarly, π|ℓ is etale over a point P ∈ ℓ if N |λ(P ); that is,

if ω(P ) = 0. However, these requirements are exactly those for inner cyclic triplets.

3.1.9 Lifts of inner cyclic tensors

Definition: A line combinatorics C is said to be in the product type if there exist two points

A and B such that:
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• There is a line between A and B.

• Every line in C contains at least one of A and B.

Lemma 16. Let C be a line combinatorics that is not in the product type, and let ω ∈

ICT (C,Z/N). There exists λ ∈ OS1(C,Z)⊗H1(Γ,Z) such that λP→ℓ(ℓ) = λP→ℓ(P ) = 0.

Proof. Let λ′ ∈ OS1(C,Z) ⊗H1(Γ,Z) be a lift of ω. Then, by the lemma below, its image

under the map f below lies in the space T . By the inner cyclic conditions mod N , its

image lies in the space N · T . By the lemma below, there exists a second element µ ∈

OS1(C,Z)⊗H1(Γ,Z) such that f(λ′ −Nµ) = 0.

Lemma 17. Let C be an arrangement not in the product type. Consider the morphism

f : OS1(C,Z)⊗H1(Γ,Z) →
⊕
ℓ∈L

⊕
P∈ℓ

Z⊕
⊕
P∈P

⊕
ℓ∋P

Z

taking an element λ to the values (λP→ℓ(ℓ)), (λP → ℓ(P )). The image of f is

T =
⊕
ℓ∈L

σ{P∈ℓ}(Z)⊕
⊕
P∈P

σ{ℓ∋P}(Z).

Proof.
∑

P∈ℓ λP→ℓ = 0 and
∑

ℓ∋P λP→ℓ = 0 by the definition of H1(Γ,Z) → C1(Γ,Z). This

shows that the map is an inclusion.

Suppose that C is not in the trivial case where all lines intersect at the same point and

H1(Γ) = 0, or what we will call the product case where all lines intersect at one of two points

A or B in the projective plane with a line c between A and B. Then, the image of f will be

the above sum of σ terms precisely.

Condition around a line ℓ To show that f surjects onto T , we wish to find a value of λ

such that λP1→ℓ(ℓ) = 1;λP2→ℓ(ℓ) = −1, and all other λP→ℓ(ℓ) = 0; these values form a basis

for T .

Suppose C has at least four lines. Then, given the above P1, P2 ∈ ℓ, choose an arbitrary

ℓ1 ∋ P1, ℓ2 ∋ P2 distinct from ℓ, define P3 = ℓ1 ∩ ℓ2, and choose an arbitrary ℓ′ distinct from
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ℓ, ℓ1, ℓ2. Then, define χ ∈ OS1(C,Z) to be the character such that

χ(ℓ) = 1, χ(ℓ′) = −1, χ(ℓ′′) = 0 ℓ′′ ̸= ℓ, ℓ′,

define γ to be the path

P1 → ℓ→ P2 → ℓ2 → P3 → ℓ1 → P1,

and examine the value

χ⊗ [γ] ∈ OS1(C,Z)⊗H1(Γ).

This will have the desired values for λPi→ℓ(ℓ); for any other ℓ′′ ∈ C, P ′ ∈ ℓ′′, λP ′→ℓ′′(ℓ
′′) = 0.

If C has three lines, then it has either one or three intersection points. If it has only one

intersection point, then we are in the trivial case where Γ is a tree. If it has three intersection

points, let c be any line and A and B the intersection points contained in that line. Then,

A,B, c define the product case.

Condition around a point P Next, consider a value Λ such that λP→ℓ(ℓ) = 0 for

all ℓ ∈ C, P ∈ ℓ. Then, given a point P , the
∑

ℓ∈C|P∈ℓ λP→ℓ(P ) = 0 follows again from

the definition of homology, so given, for every P ∈ PC, ℓ1, ℓ2 ∋ P , we seek a value such

that λP→ℓ1(P ) = −1, λP→ℓ2(P ) = 1, and all other reflexive inner cyclic conditions are 0.

In a similar manner as in section 3.1.9, we would like to find a third line ℓ3 ∈ C such

that ℓ3 ̸∋ P , another pair of lines ℓ′ ∋ P, ℓ′′ ̸∋ P , and the induced intersection points

P1 = ℓ1 ∩ ℓ3, P2 = ℓ2 ∩ ℓ3 such that the value

χ⊗ [γ] ∈ OS1(C,Z)⊗H1(Γ),

where χ is defined by

χ(ℓ′) = 1, χ(ℓ′′) = −1, χ(ℓ′′′) = 0 ℓ′′′ ̸= ℓ′, ℓ′′

and γ is the loop

ℓ1 → P → ℓ2 → P2 → ℓ3 → P1 → ℓ1,
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satisfies the desired conditions. In particular, to ensure that no value λP ′→ℓ′′′(ℓ
′′′) ̸= 0, we

desire all lines to be distinct; to ensure that no other value λP ′→ℓ′′′(P
′) ̸= 0, we would like

that both ℓ′ and ℓ′′ contain neither P1 nor P2.

First, note that, if P is contained in only two lines, then λP→ℓi(P ) = λP→ℓi(ℓ1) +

λP→ℓi(ℓ2) = 0 by the previous section’s conditions being held, so without loss of gener-

ality, P is contained in at least three lines; any choice of ℓ′ other than ℓ1 or ℓ2 will be valid,

and, for any choice of ℓ3 ̸∋ P , P = ℓ1 ∩ ℓ′ ̸= ℓ1 ∩ ℓ3 = P1, so ℓ′ will not contain P1, and

similarly, not contain P2. Therefore, to produce a valid character, it is sufficient to find a

pair ℓ3 and ℓ′′ such that

ℓ3 ∩ ℓ′′ ̸= ℓ3 ∩ ℓ1 ̸= ℓ′′ ∩ ℓ1 ℓ3 ∩ ℓ′′ ̸= ℓ3 ∩ ℓ2 ̸= ℓ′′ ∩ ℓ2.

Suppose, given a fixed ℓ3, that there does not exist such a ℓ′′. Then, every line in C must

contain at least one point in the set {P, P1, P2}. Either every line in C contains at least one

point in a two-element subset of {P, P1, P2}, or there is a line ℓa containing P1 and not P2

and a line ℓb containing P2 and not P1. Then, as ℓa∩ ℓ3 = P1 ∈ ℓ1, we also have ℓa∩ ℓ1 = P1.

Because P1 /∈ ℓb, we haveP1 ̸= ℓ1 ∩ ℓb, and so

ℓa ∩ ℓb ≠ ℓa ∩ ℓ1 ̸= ℓb ∩ ℓ1.

A similar argument, but with the roles of ℓa and ℓb reversed, shows the same equation holds

with ℓ1 replaced by ℓ2. Therefore, ℓ′′ and ℓ3 above can be replaced by ℓa and ℓb respectively

to produce a valid character, unless every line in C contains one of two points, one of which

is P and the other of which is P1 or P2. Since ℓ1 contains both P and P1, and ℓ2 contains

both P and P2, either choice will result in the arrangement being the product case.

3.1.9.1 Description of the product case

Suppose that our arrangement is such that all lines contain either the point A or the point B,

and that there is a line c containing both A and B. Then, the arrangement can be described

as follows:
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• The lines are as follows: Lines a1, ..., am for some integer m ≥ 1, lines b1, ..., bn for some

integer n ≥ 1, a line c.

• The points are as follows:

– A, containing c and the lines a1, ..., am.

– B, containing c and the lines b1, ..., bn.

– For each pair r, s of integers 1 ≤ r ≤ m and 1 ≤ s ≤ n, the point Prs containing

only ar and bs.

The realizations of the arrangement on any field K can be described as follows: Given

variables x, y, z, without loss of generality let c be the line z = 0, A the point [0 : 1 : 0] and

B the point [1 : 0 : 0]. Then, there are values ui, vi such that αai = x − uiz, αbj = y − vjz.

When calculating the complement of the arrangement, think of c as the line at infinity;

then, the lines ai are vertical and the lines bj are horizontal, and there is an isomorphism to

(A1 \ {ui})× (A1 \ {vj}). In the case K = C, the complex realizations will thus be products

of the complex line missing a number of points, and the fundamental group will always be

the product of two free groups.

3.2 The Guerville-Ballé invariant

In [AFG14], the authors devise an invariant of complex hyperplane arrangements A from the

concept of an inner cyclic triplet as follows: The loop γ in the incidence graph corresponds

to a loop in the union of all hyperplanes in A; there is a cohomologically equivalent loop

in a neighborhood of the union which does not touch any hyperplane; this is pushed onto

the hyperplane complement. This loop maps into an element of the first homology of the

complement, which when the character ξ over C× is applied, gives a torsion element I(A, ξ, γ)

of C×; that is, a root of unity. They theorize that the invariant should be algebraic; however,

they do not prove this. In the following, we give a procedure for calculating it from purely

algebraic data; this allows us to find a wide range of values at once, as well as the action of

any relevant Galois group on the invariant.
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3.2.1 Description of the algorithm for computing the Guerville-Ballé invariant

The invariant I(A, ξ, γ) defined in section 2 of [AFG14] is defined by applying the character

ξ (over C× or, equivalently, µN) to the element of the homology of MA induced by a loop on

BA close to the one induced on the hyperplanes themselves from γ. Apply the isomorphism

in section 3.1.5 to ξ to get a character ω over Z/N and extend ω to a character λ over

Z which no longer necessarily satisfies the conditions in section 3.1.8; then, the invariant

I(A, ξ, γ) can be thought of as the monodromy of the nearby cycle to γ of

φ =
∏
ℓ∈C

α
λ(ℓ)/N
ℓ = ψ

1/N
λ ,

as defined in 3.1.8. In fact, it can be defined on an N -fold cover of a bigger space,

X = P2 \
∪

ℓ|λ(ℓ)̸=0

ℓ.

Without loss of generality, assume λ(ℓ) = 0 if ω(ℓ) = 0, and
∑

ℓ∈L λℓ = 0. Then, the map

π : Ṽ → V extends to a map π : X̃ → X on the restriction of the projectivization; since this

map is étale and Galois of group Z/N , we have a morphism ρ : π1(X) → Z/N . Write the

loop γ as

P0 → ℓ1 → P1 → ...→ ℓr → Pr = P0.

Then, the path desired can be described as follows: consider a loop σγ : [0, 1] → X such that

σγ(m/r) = Pm for m ∈ {0, ..., r} and σγ|[m/r,(m+1)/r] ⊂ ℓm+1 for m ∈ {0, ..., r− 1}. Note that

the class of σγ in π1(X,P0) depends only on γ, because of the conditions in 3.1.8. We put

J(A, ω, γ) = e2πiρ(σγ).

To recast this in algebraic terms, we wish to lift the path to the cover X̃ = π−1(X). Let

P̃0 ∈ π−1(P0) and let σ̃γ be a path in X̃ starting at P̃0 lifting σγ. For m ∈ {1, ..., r}, define

P̃m = σ̃γ(m/r); note that π(P̃m) = Pm.

We have the following:

J(A, ω, γ) = φ(σ̃γ(1))

φ(σ̃γ(0))
=

r∏
m=1

φ(P̃m)

φ(P̃m−1)
.
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Note that, because of condition 3 in section 3.1.8, the inverse image of ℓ1 ∩ X over

π : X̃ → X will be

π−1(ℓ1 ∩X) ≃ (ℓ1 ∩X)⊔N ,

a disjoint union of N copies of ℓ1∩X, each of which looks like a punctured projective line; as

σγ|[m/r,(m+1)/r] ⊂ ℓm+1, σ̃γ ⊂ π−1(ℓ1 ∩X) and by continuity must lie in the same component;

in fact, using this to constrain P̃i allows a definition of J(A, ω, γ) that depends only on the

algebro-geometric rather than explicitly topological properties of the arrangement.

Furthermore, note that
φ(P̃m)

φ(P̃m−1)
=

φ̃m(Pm)

φ̃m(Pm−1)

where φ̃m is a determination of the multivalued function φ on ℓm−1 (through an isomorphism

with any component), and this fraction is independent of the choice of that determination

(as the Nth root of ψλ will vary by an Nth root of unity on both the numerator and the

denominator).

3.2.2 Proof of equivalence

Proposition 18. The invariant I(A, ξ, γ) defined in [AFG14, Section 2] is equal to the

invariant J(A, ω, γ) when ξ is the µN -character corresponding to the Z/N-character ω under

the map given in 3.1.5.

Proof. If one computes the monodromy of φ around the meridian of a line ℓ, it will match

precisely the torsion character ξ corresponding to the character λ under the map given in

3.1.5.

A nearby cycle as defined in [AFG14, Definition 1.11] can be put arbitrarily close to

the line (and the value of φ will approach φℓ), with points arbitrarily close to the points

described. As such, the monodromy of a nearby cycle should approach J , but since the

monodromy of φ along any path will be part of the discrete set of roots of unity, they will

be equal.

That this is equal to the invariant I(A, ξ, γ) follows.
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3.2.3 Example: The extended MacLane arrangement

With the labels rearranged to be more systematic, the extended MacLane arrangement

defined in [AFG14, Section 5] is as follows:

L0 : z = 0

L1 : x = ωy

L2 : x = ωy

L3 : y = z

L4 : y = ωz

L5 : y = ωz

L6 : x = z

L7 : x = ωz

L8 : x = ωz,
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where ω is a nontrivial cube root of unity and ω = ω−1. The points of intersection, where

the coordinates are [x : y : z], as follows:

[1 : 1 : 1] ∈ L3, L6

[1 : 1 : ω] ∈ L5, L8

[1 : 1 : ω] ∈ L4, L7

[1 : ω : 1] ∈ L2, L4, L6

[1 : ω : ω] ∈ L2, L3, L8

[1 : ω : ω] ∈ L2, L5, L7

[1 : ω : 1] ∈ L1, L5, L6

[1 : ω : ω] ∈ L1, L4, L8

[1 : ω : ω] ∈ L1, L3, L7

[1 : 0 : 0] ∈ L0, L3, L4, L5

[0 : 1 : 0] ∈ L0, L6, L7, L8

[0 : 0 : 1] ∈ L1, L2

[1 : ω : 0] ∈ L0, L2

[1 : ω : 0] ∈ L0, L1.

The relevant (and only possible, up to some simple swaps) cycle is

γ : [0 : 0 : 1] → L2 → [ω : 1 : 0] → L0 → [ω : 1 : 0] → L1 → [0 : 0 : 1]

with µ3-character ξ defined by

(L0, L1, ..., L8) 7→ (1, 1, 1, ω, ω, ω, ω, ω, ω)

corresponding via the map 1 7→ ω to the additive character ω on Z/3 (and its pullback λ on

Z) given by

(L0, L1, ..., L8) 7→ (0, 0, 0, 1, 1, 1,−1,−1,−1).

The function φ defining the cover, restricted to the inverse images of the lines in γ, will
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be:

φ =

(
y3 − z3

x3 − z3

)1/3

φ|π−1(L0) =

(
y3 − 0

x3 − 0

)1/3

= ωk y

x

φ|π−1(L1) =

(
y3 − z3

ω3y3 − z3

)1/3

= ωk

φ|π−1(L2) =

(
y3 − z3

ω3y3 − z3

)1/3

= ωk.

Because the cover can be parameterized by the values of x, y, z, φ, the abstract polynomial

φ3 − (y3 − z3)/(x3 − z3) defining the cover factors into three equations for φ corresponding

to the possible values k = 0, 1, 2 when restricted to one of the lines in γ; any particular

choice corresponds directly to a component, and so by requiring the two to be in the same

component we simply choose the values for which k is constant; without loss of generality,

we choose k = 0. Given that φ is constant on every component mapping to L1 and L2 and

so the monodromy along both lines is 1, the only relevant value is on L0:

I(M, ξ, γ) =
1/ω

1/ω
= ω.

3.2.4 Action of the Galois group on the invariant

While it is not difficult to compare the above value with the corresponding value for the

permuted arrangement in order to show the two are not isomorphic, this explicit calculation

is also a specific case of a more general calculation, as the permuted arrangement is actually

the complex conjugate of the one above.

Lemma 19. Let A be a realization of the combinatorics C over a field K ⊂ C; without loss

of generality, assume that K contains the N th roots of unity. Given σ ∈ Gal(K/Q), define

A′ to be the realization such that if a line L in A has the equation α = 0, the corresponding

line in A′ has equation σ(α) = 0. Then,

J(A′, λ, γ) = σ(J(A, λ, γ)).

This will be proven as a particular case of a more general theorem in section 3.3.4.
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In particular, note the following:

By choosing a field K bigger than the actual field of definition L of the realization, and

examining all field isomorphisms preserving said field of definition, we can see that

J(A, λ, γ) = σ(J(A, λ, γ)) ∀σ ∈ Gal(L/L)

and therefore that

J(A, λ, γ) ∈ L,

an extension of Corollary 2.6 in [AFG14] that a real arrangement can only have ±1 as such

invariants.

Because I and therefore J are topological invariants of line arrangements, if an invariant

J(A, λ, γ) ̸= ±1, then applying any field automorphism not preserving the resulting root of

unity will produce a topologically inequivalent realization of the same combinatorics.

3.2.5 Example: An arrangement based on the complex reflection group G(N, 1, 3)

In fact, for any N ≥ 2, there exists an inner cyclic triplet whose invariant value is a primitive

Nth root of unity. Let A be the combinatorics, with lines labeled either by 3-tuples or the

single number 0, 1, 2, with coordinates z0, z1, z2 as follows:

L(i,j,r) : zi = ζrNzj r ∈ {0, ..., N − 1}; i, j ∈ {0, 1, 2}; i < j

Li : zi = 0 i ∈ {0, 1, 2},

where we notate the roots of unity as

ζrN = e2πir/N .

(Note that this is the projective version of the central arrangement defined by the complex

reflection group G(N, 1, 3) as described by [BMR98])
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The character λ we wish to use is as follows:

L(0,1,r) 7→ 1

L(0,2,r) 7→ 2

L(1,2,r) 7→ 0

Li 7→ 0.

The cycle γ we wish to use is as follows:

[1 : 0 : 0] → L(1,2,1) → [0 : ζN : 1] → L0 → [0 : 1 : 1] → L(1,2,0) → [1 : 0 : 0].

The relevant functions are

ψ =
zN1 − zN0
zN2 − zN0

φ|π−1(L0) =

(
zN1
zN2

)1/N

= ζkN
z1
z2

φ|π−1(L(1,2,i)) =

(
ζNi
N zN2 − zN0
zN2 − zN0

)1/N

= ζkN i ∈ {0, 1}.

Once again, the choice of a value k is equivalent to the choice of a component of π−1(ℓ).

Without loss of generality, we can choose our points for each segment such that k = 0.

Given that φ is constant on each component of each π−1(L(1,2,i)), the only relevant value

is on π−1(L0):

J(A, λ, γ) = ζN/1

1/1
= ζN .

Because this arrangement lies on Q(ζN), we merely need to consider the field automorphisms

of that field: specifically, for any k ∈ (Z/N)×, the automorphism taking ζN 7→ ζkN can be

thought of as permuting the lines; by the above propositions, the nontrivial J value implies

a collection of realizations such that there is no homeomorphism of P2 preserving orders and

orientations and taking one realization to the other; the author believes this may be the first

demonstration of an infinite series of Zariski pairs of hyperplane complements.
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3.3 Tensor form of the invariant

In [FGM15], the incidence graph and boundary manifold are used in an alternate description

of the fundamental group of a line complement in P2. In particular, the fundamental group

of the Mac Lane arrangement complement, shown to require information other than the

combinatorics in [Ryb11], can be described in terms of relations similar to the aforementioned

invariant. In particular, the invariant used by Rybnikov should be describable in terms

of combinations of monodromies similar to Guerville-Ballé’s, implying an extension of the

invariant to a full tensor product of characters and homology of the incidence graph.

3.3.1 Topological definition of the new invariant

Let A be a line arrangement in CP2. The nearby cycle embedding of a loop into the boundary

manifold can be extended into an embedding of the topologicalization of the incidence graph

Γ as follows:

Consider π : P̂2 → P2 to be the blow-up of all the multiple points of A; then, take a

closed tubular neighborhood ℓ̂ of each line ℓ in A in P̂2 taking only the point in each blow-up

corresponding to that line, and a closed tubular neighborhood P̂ of each π−1(P ) for each

multiple point P . Then, ∪
ℓ∈A

ℓ̂ ∪
∪

P∈PA

P̂

is a manifold with boundary; the boundary BA is the desired boundary 3-manifold.

Note that, although BA is a 3-manifold and thus not immediately amenable to algebraic

geometry, it is homotopically equivalent to the skeleton

SkA :=

(∪
ℓ∈A

ℓ̂ ∪
∪

P∈PA

P̂

)
\

(∪
ℓ∈A

ℓ ∪
∪

P∈PA

π−1(P )

)

and when ℓ̂ and P̂ are redefined using formal neighborhoods, SkA can be defined as a scheme.

Because BA is the boundary of a union, it can be decomposed into the union of com-

ponents that lie on the boundary of each component. That is, if we let L be a line ℓ or a

blown-up point π−1(P ) and L̂ be the corresponding closed tubular neighborhood, then we
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have

BA =
∪

L∈A∪PA

BA ∩ L̂,

where BA∩L̂ is the component lying in the boundary of L̂. Note that BA∩L̂ is homeomorphic

to S1 × (CP1 \
∪

L′−LDL′) where L′ ranges over all points or lines containing or contained

in the given line or point, and DL′ is simply a disc around L′.

Furthermore, given P ∈ ℓ corresponding to an intersection point of the divisor in the

blowup, the two components of BA will intersect, and the intersection BA∩ P̂ ∩ ℓ̂ will be the

“corner” of the boundary manifold, consisting of those points in the neighborhood of both

π−1(P ) and ℓ, and homeomorphic to S1 × S1.

Similar to the nearby cycles construction, we define an embedding of ΓA in BA as follows:

For each line-vertex vℓ ∈ ΓA, select a point xℓ of BA solely in the boundary of ℓ̂. For each

point-vertex vP ∈ ΓA, select a point xP of BA solely in the boundary of P̂ . Every edge in

ΓA comes between a line-vertex vℓ and a point-vertex vP such that P ∈ ℓ; this edge should

map to a path between the given points, which lies entirely inside the union BA ∩ (P̂ ∪ L̂).

3.3.1.1 Definition: new invariant

We define the new invariant as follows. Given an abelian group G, a tensor Ω ∈ ICT (C, G)

and a realization A, the embedding of Γ into BA creates an embedding into MA, producing

an element of OS1(C, G) ⊗ H1(MA,Z) ≃ H1(MA, G) ⊗ H1(MA,Z). Applying the pairing

produces the value J(A,Ω) ∈ G.

3.3.1.2 Proposition: Independence of new invariant on embedding

Proposition 20. Let A be an arrangement, Ω ∈ ICT (CA, G), and Γ1,Γ2 be embeddings of

ΓA in BA. Then, the definitions of J(A, ω) defined by using Γ1 and Γ2 are equal.

Proof. Define Γi as the image of a map fi : ΓA → BA. If there is a homotopy between f1

and f2, the application of the pairing will produce the same value; in particular, we can find
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a map f3 homotopic to f2 such that f3(P ) = f1(P ) and f3(ℓ) = f1(ℓ); that is, without loss

of generality, every vertex of Γ maps to the same point under both maps.

The difference between the pairings for Γ1 and Γ2 for ω ∈ ICT (CA, G) ≃ H1(MA, G) ⊗

H1(Γ,Z) will be equal to the sum of terms corresponding to the difference between two paths

from f1(P ) to f1(ℓ) for each P ∈ ℓ pair; this difference produces a cycle in H1(BA∩(P̂∪ℓ̂),Z).

For any given P, ℓ, this cycle, embedded in H1(MA), will be the sum of:

• A cycle in BA ∩ P̂ . , generated by meridians around lines ℓ′ for ℓ′ ∋ P , and

• a cycle in BA ∩ ℓ̂, generated by meridians around blown-up points π−1(P ′) for P ′ ∈ ℓ.

By the definition of an inner cyclic triplet, these cycles applied to the character ωP→ℓ will

be zero, so Γ1 and Γ2 will produce the same pairing with ICT (C, G).

Proposition 21. Suppose that A1,A2 are two realizations of a combinatorics C. Further-

more, suppose there exists a homeomorphism s : P2 → P2 taking each line ℓA1 ∈ A1

corresponding to ℓ ∈ C to the corresponding line ℓA2 ∈ A2, as well as preserving orientation.

Then, for any abelian group G and Ω ∈ ICT (C, G), we have J(A1,Ω) = J(A2,Ω).

Proof. Given such a homeomorphism, there will be a homotopy BA2 ∼ s(BA1) respecting the

map from a combinatorially defined homeomorphism (see [FGM15, Corollary 2.7]), which

implies a similar homotopy between embeddings of Γ. Since homotopy preserves homology

groups, and the orientation-preserving property ensures the cohomology groups have an

isomorphism preserving the Orlik-Solomon algebra, J(A1,Ω) = J(A2,Ω).

3.3.2 Calculation of the invariant as a combination of monodromies

To convert the invariant into a form that can be calculated algebraically, we first convert the

topological form of this invariant into one that can be defined using functions on the abelian

covers of the relevant spaces MA, BA,Γ.

In this section, fix N . For all spaces X (that is, the graph Γ, the boundary BA, and

the complement MA) let X̃ be the universal Z/N -linear(or abelian) cover of X; that is, the
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cover whose group of deck transformations is isomorphic to H1(X,Z/N) (or H1(X,Z)).

For example, given the graph Γ, we can define Γ̃ explicitly as follows: First, choose an

arbitrary spanning tree of Γ. Then there exists a homotopy equivalence between the spanning

tree and a point that induces one between Γ itself and a bouquet of circles Q corresponding

to the edges of Γ not included in the spanning tree. Let r be the number of circles in this

bouquet; then, we have H1(Γ,Z/N) ≃ H1(Q,Z/N) ≃ (Z/N)r.

The universal Z/N -linear cover of Q can be described as follows: consider the module

(Z/N)r and let {ei}1≤i≤r be the canonical generating set. Then, the Z/N -linear cover is

a graph with vertex set (Z/N)r and edges between x and x + ei for each 1 ≤ 1 ≤ n

and x ∈ (Z/N)r. A similar strategy suffices to define Γ̃: it is a graph with vertex set

(L ∪ P) ×H1(Γ,Z/N). If P → ℓ lies in the spanning tree, there is an edge between (P, x)

and (ℓ, x) for all x ∈ H1(Γ,Z/N). If P → ℓ does not lie in the spanning tree, then there

exists a unique2 loop γ of the form

P → ℓ→ P1 → ℓ1 → ...→ Pr−1 → ℓr−1 → P

with image in H1(Γ,Z/N)

(P → ℓ)− (P1 → ℓ) + (P1 → ℓ1)− ...+ (Pr−1 → ℓr−1)− (P → ℓr−1)

where all edges but P → ℓ lie in the spanning tree; then, there are edges between (P, x)

and (ℓ, x + [γ]) for all x ∈ H1(Γ,Z/N). Combining this with edges is the spanning tree

produces a path from (P, x) to (P, x+ [γ]) that projects down to γ. Furthermore, note that

the choice of spanning tree does not affect the actual structure of the graph Γ̃, merely the

labeling.

The maps Γ → BA → MA extend to maps on the respective abelian covers Γ̃ → B̃A →

M̃A, and the deck transformation action of H1(Γ) maps correctly to the action of H1(MA)

induced by the inclusion.

2up to homotopy; equivalently, restrict to loops with no repeated vertices
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Recall from section 3.1.5 the map Z/N → µN given by n 7→ exp(2πin/N) gives an

isomorphism; furthermore, recall from section 3.1.6 that, given a character χ on Z, any

function

fχ =
∏
ℓ∈L

α
χ(ℓ)/N
ℓ

defined on M̃A will have monodromy around ℓ equivalent to the projection of χ(ℓ) into Z/N

combined with the map into µN . (In fact, the map H0(X,O×
X)/H

0(X,O×
X)

N → H1(X,µN)

from étale cohomology is sufficient, as Pic(X) is trivial) Explicitly, we have

e2πiχ(ℓ)/N =
fχ(ℓ · p)
fχ(p)

for any p ∈ M̃A, where the notation ℓ · p represents the deck transformation corresponding

to a loop around ℓ.

To convert an arbitrary element of H1(MA)⊗H1(Γ) into its corresponding element, we

can first find an explicit basis of H1(Γ). Consider a spanning tree of Γ; then, H1(Γ) has a basis

γi|i ∈ I, for I the set of edges in Γ not in the tree, where γi is the loop that passes through

that edge and other edges all in the spanning tree 3. Any element ω ∈ H1(MA)⊗H1(Γ) can

be decomposed into a sum of elements of the form χi ⊗ γi, with γi as above, and the result

of the inner product on that element will simply be the sums of the inner products on the

given tensor products.

Note that for each γi, using a method similar to section 3.2.1 we can decompose the ratio

into a product of ratios between a set of intermediate points on the path in Γ̃. When we do

so, using the spanning tree, we can ensure that for every P → ℓ inside the tree, that we use

the edge (P, 0) → (ℓ, 0), and for every P → ℓ not on the tree, we can use (P,−[γ]) → (ℓ, 0)

described above, producing a path (P,−[γ]) to (P, 0); because our basis corresponds to the

edges not on the tree, this will involve a unique representative of every edge in Γ. Then, for

each edge of the tree, the sum of the χi terms on the loops γi containing a given edge P → ℓ

will be exactly ωP→ℓ. As such, we get a product

3Note that the edges of the loop are oriented, and that when the loop moves from the vertex for a line ℓ
to a point P , the loop γi will contain ℓ → P = −(P → ℓ).
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J(A, ω) =
∏
i∈I

fωγi
(γi · pPi→ℓi)

fωγi
(pPi→ℓi)

=
∏
i∈I

∏
a→b∈γi

fωγi
(p

(b)
a→b)

fωγi
(p

(a)
a→b)

=
∏
i∈I

∏
P→ℓ

f
(γi)P→ℓ
ωγi

(qP→ℓ)

f
(γi)P→ℓ
ωγi

(pP→ℓ)

=
∏
P→ℓ

∏
i∈I

f
(γi)P→ℓ
ωγi

(qP→ℓ)

f
(γi)P→ℓ
ωγi

(pP→ℓ)

=
∏
P→ℓ

fωP→ℓ
(qP→ℓ)

fωP→ℓ
(pP→ℓ)

with fωP→ℓ
defined as above for ωP→ℓ =

∑
i∈I ωγi(γi)P→ℓ ∈ H1(MA), and where pP→ℓ, qP→ℓ ∈

M̃A have the following properties:

• The projection into MA of pP→ℓ is the embedding of the vertex P of Γ into MA.

• The projection into MA of qP→ℓ is the embedding of the vertex ℓ of Γ into MA.

• pP→ℓ and qP→ℓ are connected by a path in Γ̃, which embeds into π−1(BA ∩ (P̂ ∪ L̂)).

Equivalently, they lie in the same connected component of π−1(BA ∩ (P̂ ∪ L̂)). In

particular, qP→ℓ is uniquely determined by the choice of pP→ℓ.

• While the definition using the spanning tree implies that certain p and q values will be

equal to each other, an argument very similar to the invariance of J on the embedding

can be used to show that any valid choice of p for any given edge will produce the

same invariant; that is, once q has been chosen in correspondence with p, the value
fωP→ℓ

(qP→ℓ)

fωP→ℓ
(pP→ℓ)

will be the same for every choice of p.

This can be thought of as a rational function on the space of possible choices of p and

q for each vertices. In particular, in 3.3.3 we in fact show that the function is constant

and a root of unity; as such, its definition can be thought of entirely algebraically, and in

particular, is invariant under field automorphisms.
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3.3.3 Algebraic calculation of the new invariant

Because the tensor products can be significantly more complicated than the inner cyclic

triplets of the previous section, the calculations can be significantly messier. Luckily, how-

ever, there is a useful method, related to homological algebra, that allows for the computation

of a significantly smaller number of terms. Note that the first step of thse algorithm in sec-

tion 3.2.1 was to pull back the character, defined over Z/N , to a function, corresponding to

a character with values in Z.

However, this character with values in Z is, in general, not going to be inner cyclic;

we can classify the failure through a module generated by the homological and inner cyclic

conditions over Z, for which the pullback of an inner cyclic tensor over Z/N must yield an

element of such which is a multiple of N ; since the monodromy calculations are based on Nth

roots, this suggests that dividing the failure element by N will in fact yield an important

value. In order to allow calculations in a formal neighborhood of a divisor in the blown-up

P2 to be reduced to those on the divisor, we also require that the reflexive case of the inner

cyclic conditions where both points or both lines involved are the same evaluate exactly to

zero rather than to a multiple of N ; this can always be done, as shown in appendix 3.1.9.

3.3.3.1 Calculation for a pullback satisfying the cohomology-related conditions

of the inner cyclic tensor

In order to better calculate our invariant as a monodromy, first we consider an element

ω ∈ ICT (C,Z/N) and a pullback λ ∈ H1(MA,Z) ⊗ H1(Γ,Z) such that the image of λ in

H1(MA,Z/N) ⊗H1(Γ,Z) is ω. Then, the calculation of the above monodromy can be tied

to the failure of the inner cyclic conditions to hold in the pullback. In particular, along any

line ℓ (and its corresponding hyperplane in A3), we can restrict the defining αℓ′ for any other

line ℓ′ to a constant multiple of one depending only on the intersection point P ′ = ℓ ∩ ℓ′,

which we write α(ℓ)
P ′ , and for any point P the combination of αℓ′ terms which pass through

P determined by their value in the character λP→ℓ will be constant on ℓ.

Definition 7. Given a line ℓ and a point P ′, select arbitrarily a line ℓ′ such that ℓ∩ ℓ′ = P ′
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and define α(ℓ)
P ′ = αℓ′|ℓ.

The necessary covers of the invariant First, consider such a pullback that will still

satisfy the homological conditions; this always exists, as H1(Γ,Z) is a free abelian group.

Given an Ω ∈ ICT (C,Z/N), let Λ ∈ OS1(C,Z) ⊗ H1(Γ,Z) be the pullback. Denote the

character over Z/N corresponding to P → ℓ as ωP→ℓ and its pullback over Z in Λ as λP→ℓ.

Then, a naive attempt to write the monodromy is

J(A,Ω) =
∏
ℓ∈C
P∈ℓ

∏
ℓ′∈C

α
λP→ℓ(ℓ

′)/N
ℓ′ (xℓ)

α
λP→ℓ(ℓ′)/N
ℓ′ (xP )

,

where xℓ and xP are chosen as in section 3.3.1. However, the necessary ratios of α1/N
ℓ is not

actually defined on MA but a cover

M̃A = SpecR[α
1/N
ℓ /α

1/N
ℓ′ ]ℓ,ℓ′∈C

equipped with a map π : M̃A → MA, which is an etale cover of order N |C|−1. It is nontrivial

to correctly choose the points in M̃A producing the correct invariant; for each edge P → ℓ,

the points in the cover for the term corresponding to P → ℓ should lie in the same connected

component of π−1(SkA ∩ ℓ̂P̂ ). In general, it will be impossible to choose the same value in

the cover in every case (or else the monodromy would always be trivial), but it is possible

to choose such for any subtree. In fact, it makes sense to split the tree further by adding

points xP,ℓ ∈ SkA ∩ P̂ ∩ ℓ̂, and selecting arbitrary x̃ℓ and x̃P and particular x̃(ℓ)P,ℓ and x̃
(P )
P,ℓ

that lie in the same irreducible component of π−1(SkA ∩ ℓ̂) (or P̂ ).

When computing the monodromy directly from multiplying the relevant terms, note

that while the full product will not depend on the particular choices of xℓ ∈ SkA ∩ ℓ̂ and

xP ∈ SkA ∩ P̂ , the products for each edge will. Therefore, it is worth examining how the

hyperplane equations can vary as these points vary. Note that these are going to be invertible

functions defined on the spaces SkA ∩ ℓ̂, P̂

The functions on a neighborhood The neighborhood in which the points pP→ℓ near

the point P are contained passes through a blow-down to be isomorphic to the hyperplane
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complement intersected with a formal neighborhood of the point P . Without loss of gener-

ality, describe the points of P2 as [z0 : z1 : z2] such that P = [1 : 0 : 0]. Then, we can define

the ring of functions on SkA ∩ ℓ̂ as

RP := OSkA∩ℓ̂ ≃ C[[h1, h2]][α
−1
ℓ ]ℓ∋P ,

and the group of invertible functions will turn out to be

R×
P = C× × (1 + (h1C[[h1, h2]] + h2C[[h1, h2]]))×

∏
ℓ∋P

{αj
ℓ |j ∈ Z}.

Note, in particular, the second term. Any element of that term is a function whose

value changes only infinitesimally around points of P̂ . Because the invariant is equal to one

definable only topologically, such terms must cancel themselves out; and because the product

of two such terms is another such term, such infinitesimal terms can be completely ignored.

To denote the equivalence up to infinitesimal terms, we use the symbol ≈; precisely, we say

x ≈ y if and only if x = y(1 + c) c ∈ (h1, h2, ...).

In particular, note that for any line ℓ such that ℓ ̸∋ P , there is an infinitesimal difference

αℓ(xP ) ≈ αℓ(P ).

To define the functions on the neighborhood of a line ℓ, more care must be taken to

ensure the intersections with the points are properly described. The preimage in A3 of the

formal neighborhood of ℓ will consist of power series in the coordinate ring in which αℓ is

a formal variable. To be the formal neighborhood of the blowup, however, αℓ/αℓ′ must be

infinitesimal for all other lines ℓ′.

Furthermore, if ℓ′ and ℓ′′ are two lines such that ℓ′∩ ℓ′′ = ℓ∩ ℓ′ = ℓ∩ ℓ′′ = P , then αℓ′/αℓ′′

is constant on all points of ℓ other than P itself, and will differ from that constant by an

infinitesimal, so we can select an ℓ′ corresponding to each P ∈ ℓ and the neighborhood of

the blowup will be

Rℓ := OSkA∩ℓ̂ ≃ C[[hP ]]P∈ℓ
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where

hP =
αℓ

αℓ′
ℓ′ ∋ P chosen arbitrarily,

and infinitesimals defined similarly as above.

An edge intersection SkA∩ P̂ ∩ ℓ̂ is the formal neighborhood of a normal crossing divisor

(see [DP95]), isomorphic as a scheme to D××D× = SpecC[[h1, h2]][h
−1
1 , h−1

2 ], with the group

of invertible functions C× × (1 + (h1C[[h1, h2]] + h2C[[h1, h2]])) × {hj1}j∈Z × {hj2}j∈Z. The

preimage of the projection into A3 can be described in terms of the coordinate hyperplane

definitions; given a line ℓ′ such that ℓ′ ∩ ℓ = P and a line ℓ′′ such that ℓ′′ ∩ ℓ ̸= P , then the

coordinates can be described as

αℓ ≪ αℓ′ ≪ αℓ′′

and the infinitesimal coordinates as

h1 =
αℓ

αℓ′
, h2 =

αℓ′

αℓ′′

Proposition 22. Let ω ∈ ICT (C,Z/N), and let λ ∈ OS1(C,Z)⊗H1(Γ,Z) be such that the

image of λ in OS1(C,Z/N)⊗H1(Γ,Z) is equal to ω. Then, we have

J(A,Ω) =
∏
ℓ∈C

K(A,Λ|ℓ)
∏

P∈P(C)

K ′(A,Λ|ℓ) (3.2)

K(A,Λ|ℓ) :=
∏
P∈ℓ

∏
P ′∈ℓ

(α
(ℓ)
P ′ )

−λP→ℓ(P
′)/N(P ) (3.3)

K ′(A,Λ|P ) :=
∏
ℓ∋P

∏
ℓ′∋P

α
λP→ℓ(ℓ

′)/N
ℓ′ (ℓ) (3.4)

where α(ℓ)
P is defined below.

The calculation of the invariant Now, we have the tools to reduce the invariant J(A,Ω)

to a simpler form. First, rewrite the equation

J(A,Ω) =
∏
ℓ∈C
P∈ℓ

∏
ℓ′∈C

α
λP→ℓ(ℓ

′)/N
ℓ′ (x̃ℓ)

α
λP→ℓ(ℓ′)/N
ℓ′ (x̃

(ℓ)
P,ℓ)

α
λP→ℓ(ℓ

′)/N
ℓ′ (x̃

(P )
P,ℓ )

α
λP→ℓ(ℓ′)/N
ℓ′ (x̃P )
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Next, rearrange the equation by, first, splitting it into line-related and point-related

terms, and second, splitting each term into each line and point.

J(A,Ω) =
∏
ℓ∈C

K̃(A,Λ|ℓ)
∏
P∈PC

K̃ ′(A,Λ|P ) (3.5)

K̃(A,Λ|ℓ) :=
∏
P∈ℓ

∏
ℓ′∈C

α
λP→ℓ(ℓ

′)/N
ℓ′ (x̃ℓ)

α
λP→ℓ(ℓ′)/N
ℓ′ (x̃

(ℓ)
P,ℓ)

(3.6)

K̃ ′(A,Λ|P ) :=
∏
ℓ∋P

∏
ℓ′∈C

α
λP→ℓ(ℓ

′)/N
ℓ′ (x̃

(P )
P,ℓ )

α
λP→ℓ(ℓ′)/N
ℓ′ (x̃P )

(3.7)

Next, we calculate the values K(A,Ω|ℓ) up to multiplication by values (1+h) where h is

infinitesimal. In order to make sure that the calculations ahead do not include (positive or

negative) powers of infinitesimals as their leading terms, we require the values λP→ℓ(ℓ) = 0

and λP→ℓ(P ) for any ℓ, P ∈ ℓ. By the arguments in 3.1.9, unless C is of the specific

product form4, given any λ pulled back from an element of ICT (C, G), there exists a λ0 ∈

N ·OS1(C,Z)⊗H1(Γ) such that λ+ λ0 satisfies the conditions.

First, we further split the product by how the characters act around ℓ:

K̃(A,Λ|ℓ) =
∏
P∈ℓ

∏
P ′∈ℓ

∏
ℓ′∋P ′

α
λP→ℓ(ℓ

′)/N
ℓ′ (x̃ℓ)

α
λP→ℓ(ℓ′)/N
ℓ′ (x̃

(ℓ)
P,ℓ)

Next, select an arbitrary αℓ′ for each intersection P ′, denote it α
(ℓ)
P , and note that

αℓ′/α
(ℓ)
P ≈ Cℓ′ for some Cℓ′ ∈ C at all points of SkA ∩ ℓ̂ (and in the cover, we lie in an

irreducible component, such that the Nth root chosen is also constant), so that

K̃(A,Λ|ℓ) ≈
∏
P∈ℓ

∏
P ′∈ℓ

(α
(ℓ)
P ′ )λP→ℓ(P

′)/N(x̃ℓ)

(α
(ℓ)
P ′ )λP→ℓ(P ′)/N(x̃

(ℓ)
P,ℓ)

.

Because the inner cyclic conditions must still hold mod N , the factor λP→ℓ(P
′)/N ∈ Z

and the exponent can be evaluated at xP,ℓ and xℓ; because the homological condition is

4In fact, a limited version of the lemma true even for the product form and sufficient for our purposes is
possible; however, this invariant can be calculated to be trivial on these arrangements by use of the product
structure of the complement
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assumed to still hold, the factors evaluated at xℓ will all cancel out, resulting in

K̃(A,Λ|ℓ) ≈
∏
P∈ℓ

∏
P ′∈ℓ

(α
(ℓ)
P ′ )

−λP→ℓ(P
′)/N(xP,ℓ);

furthermore, note that for P ̸= P ′, α(ℓ)
P ′ (xP,ℓ) ≈ α

(ℓ)
P ′ (P ), thus producing values for K(A,Ω|ℓ)

dependent only on the values of αs at points P ′ in the (common) case where the inner cyclic

condition around each point gives zero as well.

Now we calculate the values K ′(A,Ω|P ), again, up to infinitesimals. First, note that for

ℓ′ ̸∋ P , αℓ′(xP ) ≈ αℓ′(xP,ℓ), and the same holds for Nth roots of unity by the fact that the

pullbacks lie in the same connected component. Furthermore, by the homological conditions

still holding, the terms evaluated at x̃ℓ cancel out, and by the inner cyclic conditions holding

mod N we have λP→ℓ(ℓ
′)/N ∈ Z for ℓ′ ∋ P meaning the remaining terms can be evaluated

at xP,ℓ proper:

K̃ ′(A,Λ|P ) ≈
∏
ℓ∋P

∏
ℓ′∋P

α
λP→ℓ(ℓ

′)/N
ℓ′ (xP,ℓ),

Because we have ensured that λP→ℓ(ℓ) = λP→ℓ(P ) = 0, the ratios evaluated at xP,ℓ will

be infinitesimally close to one evaluated on any point of ℓ outside of P itself.

By multiplying the approximations of each term in the product, we get an approximation

of the full invariant; however, we already know that the invariant does not depend on our

choice of points in the skeleton, so its value cannot depend on these; as the terms are now

all described in terms of ratios of αℓs on particular points of the sums, so the approximation

will in fact be the value of the invariant.
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Formula for the invariant We shall define K and K ′ to be these “approximations” of

K̃ and K̃ ′. Then, we have just proven that J is their product:

J(A,Ω) =
∏
ℓ∈C

K(A,Λ|ℓ)
∏

P∈P(C)

K ′(A,Λ|ℓ) (3.8)

K(A,Λ|ℓ) :=
∏
P∈ℓ

∏
P ′∈ℓ

(α
(ℓ)
P ′ )

−λP→ℓ(P
′)/N(P ) (3.9)

K ′(A,Λ|P ) :=
∏
ℓ∋P

∏
ℓ′∋P

α
λP→ℓ(ℓ

′)/N
ℓ′ (ℓ) (3.10)

where, again, α(ℓ)
P is simply an arbitrarily chosen αℓ′ where ℓ ∩ ℓ′ = P for each combination.

3.3.3.2 Equivalence to Guerville-Ballé invariant

Recall the description

J(A, ω, γ) =
n∏

i=1

φ(P̃i)

φ(P̃i−1)
.

of the Guerville-Ballé invariant in 3.2.1, given a character ω ∈ OS1(CA,Z/N) and a loop γ

in Γ.

Proposition 23.

J(A, ω, γ) = J(A, ω ⊗ [γ]),

where [γ] is simply the projection of γ into H1(Γ,Z).

Proof. Find a value of λ mapping into ω such that λ(ℓ) = 0 when ω(ℓ) = 0. This will

produce a value

Λ = λ⊗ [γ] ∈ OS1(CA,Z)⊗H1(Γ,Z)

which satisfies the requirements above.

Then, on each line ℓi in γ, the function ψ =
∏

ℓ α
λ(ℓ)
ℓ will be equal to a constant times the

function
∏

P ′∈ℓ(α
(ℓi)
P ′ )λ(P

′). Therefore, any specifically chosen function φ such that φN = ψ

will be equal to a constant times
∏

P ′∈ℓ(α
(ℓi)
P ′ )λ(P

′)/N , implying the monodromies of each from

Pi−1 to Pi to be the same; as each K ′ value as well as any K value of a line not in γ will be
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1 by the relevant coefficients all being 0, we have

J(A, ω, γ) =
N∏
i=1

K(A,Λ|ℓi) = J(A, ω ⊗ [γ]).

3.3.3.3 Calculation on a general pullback

Proposition 24. Let ω ∈ ICT (C,Z/N) and let λ ∈ OS1(C,Z) ⊗ C1(Γ,Z) be such that

[λ] ∈ OS1(C,Z/N)⊗ C1(Γ,Z) is equal to ω. Then, we have

J(A,Ω) =
∏
ℓ∈C

K(A,Λ|ℓ)L(A,Λ|ℓ)
∏
P∈PC

K ′(A,Λ|P )L′(A,Λ|P ). (3.11)

L(A,Λ|ℓ) =
∏
ℓ′∈C

(
α
(ℓ)
ℓ∩ℓ′

αℓ′

)∑
P∈ℓ λP→ℓ(ℓ

′)/N

(ℓ) (3.12)

L′(A,Λ|P ) =
∏
ℓ′ ̸∋P

α
∑

ℓ∋P λP→ℓ(ℓ
′)/N

ℓ′ (P ) (3.13)

where K and K ′ are as above.

However, while this produces the value given a pullback on OS1(CA,Z)⊗H1(Γ,Z), it will

be useful to produce a value given a pullback on the more general OS1(CA,Z) ⊗ C1(Γ,Z),

or at least the subset still satisfying exactly the reflexive inner cyclic conditions. To do so,

we note that the difference between any arbitrary tensor products pulling back Ω are of a

particular form, and try to find factors that will provide the correct value of K when the

homological conditions are satisfied but also not change when particular tensors are added.

For these calculations, let ℓ∨ be a dual basis for characters on the central arrangement

corresponding to C, and note that the character group OS1(C, G) will correspond to the

subgroup of the one generated by ℓ∨ such that the sum of the coefficients corresponding to

each ℓ is zero.

Basis for pullbacks of the trivial element of ICT (C,Z/N) The difference between

any two pullbacks of Ω is simply N times a character tensored to a directed edge in Γ:

∆ = N(ℓ∨1 − ℓ∨2 )⊗ (P → ℓ0).
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To ensure the reflexive inner cyclic conditions continue to exactly hold, we require the fol-

lowing two properties:

• ℓ0 ̸= ℓ1, ℓ0 ̸= ℓ2, so that the reflexive condition around ℓ holds.

• Either P ∈ ℓ1, P ∈ ℓ2 or P /∈ ℓ1, P /∈ ℓ2, so that the reflexive condition around P holds.

To find the correct values for the general case, consider adding said value to λ and

calculating how the K and K ′ values, and thus the naively computed value of J , change. In

particular, note that only K(A,Λ|ℓ0) and K ′(A,Λ|P ) can change, and since K and K ′ are

multiplicative functions, we simply need to calculate K(A,∆|ℓ0) and K ′(A,∆|P ). However,

this will be different based on which of the two scenarios occur with regards to the reflexive

condition around P :

• Suppose P ∈ ℓ1, P ∈ ℓ2. Then, all exponents in K(A,∆|ℓ0) will be 0, and so the only

nontrivial coefficient will be

K ′(A,∆|P ) = αℓ1(ℓ0)

αℓ2(ℓ0)

• Suppose P /∈ ℓ1, P /∈ ℓ2. Then, no factors will be non-zero in K ′(A,∆|P ), and the

only nontrivial coefficient will be

K(A,∆|ℓ0) =
α
(ℓ0)
P2

(P )

α
(ℓ0)
P1

(P )
,

where Pi = ℓ0 ∩ ℓi.

Completed formula for the new invariant Now, we want to find correcting factors

based on the cohomological conditions that can be multiplied so that J(A,∆) = 1 holds.

Because the cohomological conditions can also be separated into those around lines and those

around points, we would like the value K(A,∆|ℓ0)K ′(A,∆|P ) to separate into two terms

depending on ℓ0 and P , respectively. In the case of P ∈ ℓ1, P ∈ ℓ2, this seems nearly done;

however, in the case P /∈ ℓ1, P /∈ ℓ2, the term K(A,∆|ℓ0) depends on the arbitrary choice
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made for ℓ0 on P . However,

α
(ℓ0)
P2

(P )

α
(ℓ0)
P1

(P )
=

(
αℓ2

αℓ1

)
(P )

(
αℓ1

α
(ℓ0)
P1

)
(P )

(
α
(ℓ0)
P2

αℓ2

)
(P ) =

(
αℓ2

αℓ1

)
(P )

(
αℓ1

α
(ℓ0)
P1

)
(ℓ0)

(
α
(ℓ0)
P2

αℓ2

)
(ℓ0),

the second equality following from the latter two ratios being the same on all points of ℓ

other than P1 and P2. Furthermore, in the case where P ∈ ℓ1, P ∈ ℓ2, we have(
αℓ1

αℓ2

)
(ℓ0) =

(
αℓ1

α
(ℓ0)
P

)
(ℓ0)

(
α
(ℓ0)
P

αℓ2

)
(ℓ0),

Based on these, we can define the functions

L(A,Λ|ℓ) :=
∏
ℓ′∈C

(
α
(ℓ)
ℓ∩ℓ′

αℓ′

)∑
P∈ℓ λP→ℓ(ℓ

′)/N

(ℓ) (3.14)

L′(A,Λ|P ) :=
∏
ℓ′ ̸∋P

α
∑

ℓ∋P λP→ℓ(ℓ
′)/N

ℓ′ (P ) (3.15)

which will then satisfy the relationship

K(A,∆|ℓ)K ′(A,∆|P )L(A,∆|ℓ)L(A,Λ|P ) = 1

and so our invariant will be

J(A,Ω) =
∏
ℓ∈C

K(A,Λ|ℓ)L(A,Λ|ℓ)
∏
P∈PC

K ′(A,Λ|P )L′(A,Λ|P ).

3.3.4 Action of the Galois group on the new invariant

Much as in 3.2.4, let A be a realization of the combinatorics C over a field K ⊂ C; without

loss of generality, assume that K contains the Nth roots of unity. Given σ ∈ Gal(K/Q),

define A′ to be the realization such that if a line ℓ in A has the equation α = 0, the

corresponding line ℓ′ in A′ has the equation σ(α) = 0.

Then, given any Ω ∈ ICT (C,Z/N), since the value of Λ can be computed entirely based

on C alone, so the same value Λ can be used to calculate J(A,Ω) and J(A′,Ω). Then, we

72



have, letting P ′ = σ(P ) be the point in A′ corresponding to the point P in A:

K(A′,Λ|ℓ′) = σ(K(A,Λ|ℓ))

K ′(A′,Λ|P ′) = σ(K ′(A,Λ|P ))

L(A′,Λ|ℓ′) = σ(L(A,Λ|ℓ))

L′(A′,Λ|P ′) = σ(L′(A,Λ|P )),

as the values αℓ′ = σ(αℓ) and the values α(ℓ)
P can be chosen over K such that α(ℓ′)

P ′ = σ(αℓ
P ),

and then the evaluation of these rational functions on P2
K at the points (or lines on which

they are generically constant) follows from the definition of Galois group elements as field

automorphisms. Therefore, since J is defined as the product of the K,K ′, L, and L′ terms,

we have

K(A′,Ω) = σ(K(A,Ω)).

In particular, note the following: Let A be a realization over any field L of characteristic zero,

and let K = L be the algebraic completion of L. Then, for any σ ∈ Gal(L/L) ⊂ Gal(L/Q),

the arrangement A′ will be the same as A, so

J(A,Ω) = σ(J(A,Ω)) ∀σ ∈ Gal(L/L),Ω ∈ ICT (C)

and therefore J(A,Ω) ∈ L. In particular, as an extension of Corollary 2.6 in [AFG14], if A

is a real arrangement, then J(A,Ω) = ±1.

3.3.5 Example: An arrangement based on the complex reflection group G(N,N, 3)

In section , we defined an arrangement, related closely in the case N = 3 to the extended

MacLane arrangement, which produces values for the Guerville-Ballé invariant equal to a

primitive Nth root of unity, allowing for a wide range of combinatorially equivalent arrange-

ments which are topologically inequivalent. In this section, we produce an arrangement,

based on the complex reflection group G(N,N, 3) and related closely in the case N = 3 to

the regular MacLane arrangement, which produces values for the extended invariant equal
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to a primitive Nth root of unity, thus allowing an even more general range of such arrange-

ments. Define the points and lines as follows, using the coordinates z1, z2, z3 as representing

the vector bundle sections related to the coordinates [z1 : z2 : z3](bad phrasing) for P2:

ar : z2 = ζrNz1 r ∈ {0, ..., N − 1} (3.16)

br : z3 = ζrNz2 (3.17)

cr : z1 = ζrNz3 (3.18)

A = [0 : 0 : 1] (3.19)

B = [1 : 0 : 0] (3.20)

C = [0 : 1 : 0] (3.21)

Pr,s = [1 : ζrN : ζsN ] (3.22)

Take the values of r to lie in Z/N ; that is, ar+kN = ar as lines in this arrangement. Then,

we can define an inner cyclic tensor Ω over Z/N as follows:

Ω =
∑

s∈Z/N

N−1∑
r=2

(a∨0 − a∨1 − c∨r−s + c∨r−s−1 − b∨s + b∨s−1)⊗ ((Pr,s → bs−r)− (Pr,s → c−s))

+
∑

s∈Z/N

(−a∨1 + b∨s−1 + c∨−1−s)⊗ ((P0,s → bs)− (P0,s → c−s))

+ b∨s+1 ⊗ ((P0,s → a0)− (P0,s → bs))

+ c∨−1−s ⊗ ((P0,s → c−s)− (P0,s → a0))

+
∑

s∈Z/N

(a∨0 − b∨s − c∨1−s)⊗ ((P1,s → bs−1)− (P1,s → c−s))

+ b∨s−2 ⊗ ((P1,s → bs−1)− (P1,s → a1))

+ c∨1−s ⊗ ((P1,s → a1)− (P1,s → c−s))

+
∑

s∈Z/N

(b∨s − c∨s )⊗ ((A→ a1)− (A→ a0))

+
∑

s∈Z/N

(a∨0 − a∨1 + c∨−s − c∨−s−1)⊗ (B → bs)

−
∑

s∈Z/N

(a∨0 − a∨1 − b∨s + b∨s−1)⊗ (C → c−s)
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Defining the coefficients as Ω =:
∑

P,ℓ ωP→ℓ ⊗ (P → ℓ) and λP→ℓ the pullback with

coefficients 0,±1 readable from the description, the only exponents in the definitions of

K,K ′,L, and L′ to be nonzero are

∑
ℓ∋B

λB→ℓ(a0) = N (3.23)

∑
ℓ∋B

λB→ℓ(a1) = −N (3.24)

∑
ℓ∋C

λC→ℓ(a0) = −N (3.25)

∑
ℓ∋C

λC→ℓ(a1) = N. (3.26)

Therefore, we have

J(A,Ω) = L′(A,Λ|B)L′(A,Λ|C) (3.27)

=

(
αa0

αa1

)
(B)

(
αa1

αa0

)
(C) (3.28)

=
z2 − z1
z2 − ζNz1

∣∣∣∣
[1:0:0]

z2 − ζNz1
z2 − z1

∣∣∣∣
[0:1:0]

(3.29)

= ζ−1
N . (3.30)

In particular, there are ϕ(N) (Euler’s totient function) realizations, based on replacing the

value ζN with ζtN for t ∈ (Z/N)× in the coordinates of the lines and points; for this rep-

resentation At, we will have J(At,Ω) = ζ−t
N which is only equal for t = 1, so there is no

homeomorphism P2
C → PP 2

C taking each line in A = A1 to its corresponding line in At.

Note that ai : 2 ≤ i ≤ N − 1 can in fact be removed from the arrangement and the

tensor Ω would still have a valid definition; when N = 3, this arrangement is the Mac Lane

matroid, for which the lack of an homeomorphism between the two realizations was shown

in [Ryb11].
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APPENDIX A

Localization of triangulated categories using adjoint

functors

The following lemma is classical but we have been unable to find a reference.

Lemma 25. Let C and D be two triangulated categories, with a pair of adjoint exact functors

C

D

GF .

There exist localizations C and D such that F and G reduce to equivalences.

Proof. The corresponding unit and counit

εc : c→ GFc

ηd : FGd→ d

can be derived from idFc and idGd respectively, and the unit-counit identities(
Fc FGFc Fc

Fεc ηFc
)
= idFc

and (
Gd GFGd Gd

εGd Gηd

)
= idGd

follow from the adjunction properties (check which ones). In order to reduce the functors to

an equivalence, we use the property of Verdier localization using the unit and counit: define

C = C/⟨cone(εc)|c ∈ C⟩

D = D/⟨cone(ηd)|d ∈ D⟩
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as the category obtained from C (respectively D) by inverting every unit (respectively counit)

morphism, or, equivalently, as the quotient of C (respectively D) by its thick subcategory

generated by the cones of units (respectively counits). The functor F : C → D extends to

F : C → D because, given c′ = cone(εc), the triangle

Fc FGFc Fc′ ΣFc
Fεc

will have a splitting with ηFc defined by the unit-counit identity, and applying the octahedral

identity will produce an isomorphism yielding the triangle

Fc′ FGFc Fc ΣFc′
ηFc 0

and an isomorphism

ΣFc′ ≃ cone(ηFc) ∈ ⟨cone(ηd)|d ∈ D⟩.

Dually, G : D → C extends to G : D → C, and they can easily be shown to be equivalences

by noting that the counit and unit are now isomorphisms, so the compositions are naturally

equivalent to the identity functors.
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APPENDIX B

Code

The following source files were used with the software Bergman to produce the Hilbert series

in 2.5.

To calculate the Hilbert series of the universal enveloping algebra of G(3, 3, 3)’s holonomy

Lie algebra, the following was used:

( noncommify )

( setmaxdeg 8)

( a l g f o rminput )

var s xx , xy , xz , yx , yy , yz , zx , zy , zz ;

xx∗xz+xy∗xz−xz∗xx−xz∗xy ,

xx∗xy+xz∗xy−xy∗xx−xy∗xz ,

xx∗ zx+yx∗zx−zx∗xx−zx∗yx ,

xx∗yx+zx∗yx−yx∗xx−yx∗zx ,

xx∗ zz+yy∗zz−zz ∗xx−zz ∗yy ,

xx∗yy+zz ∗yy−yy∗xx−yy∗zz ,

xx∗yz+zy∗yz−yz∗xx−yz∗zy ,

xx∗zy+yz∗zy−zy∗xx−zy∗yz ,

yx∗yz+yy∗yz−yz∗yx−yz∗yy ,

yx∗yy+yz∗yy−yy∗yx−yy∗yz ,

xy∗ zy+yy∗zy−zy∗xy−zy∗yy ,

xy∗yy+zy∗yy−yy∗xy−yy∗zy ,

yx∗xz+zy∗xz−xz∗yx−xz∗zy ,

yx∗zy+xz∗zy−zy∗yx−zy∗xz ,
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yx∗ zz+xy∗zz−zz ∗yx−zz ∗xy ,

yx∗xy+zz ∗xy−xy∗yx−xy∗zz ,

zx∗ zz+zy∗zz−zz ∗zx−zz ∗zy ,

zx∗ zy+zz ∗zy−zy∗zx−zy∗ zz ,

xz∗ zz+yz∗zz−zz ∗xz−zz ∗yz ,

xz∗yz+zz ∗yz−yz∗xz−yz∗ zz ,

zx∗yz+xy∗yz−yz∗zx−yz∗xy ,

zx∗xy+yz∗xy−xy∗zx−xy∗yz ,

zx∗xz+yy∗xz−xz∗zx−xz∗yy ,

zx∗yy+xz∗yy−yy∗zx−yy∗xz ;

To calculate the Hilbert series of the universal enveloping algebra of the D4 Weyl group’s

holonomy Lie algebra, the following was used:

( noncommify )

( setmaxdeg 8)

( a l g f o rminput )

var s awx , bwx , awy , bwy , awz , bwz , axy , bxy , axz , bxz , ayz , byz ;

awx∗bwx−bwx∗awx ,

awy∗bwy−bwy∗awy ,

awz∗bwz−bwz∗awz ,

axy∗bxy−bxy∗axy ,

axz ∗bxz−bxz∗axz ,

ayz ∗byz−byz∗ayz ,

awx∗axy+awy∗axy−axy∗awx−axy∗awy ,

awx∗awy+axy∗awy−awy∗awx−awy∗axy ,

awx∗bxy+bwy∗bxy−bxy∗awx−bxy∗bwy ,

awx∗bwy+bxy∗bwy−bwy∗awx−bwy∗bxy ,

bwx∗bxy+awy∗bxy−bxy∗bwx−bxy∗awy ,

bwx∗awy+bxy∗awy−awy∗bwx−awy∗bxy ,
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bwx∗axy+bwy∗axy−axy∗bwx−axy∗bwy ,

bwx∗bwy+axy∗bwy−bwy∗bwx−bwy∗axy ,

awx∗ axz+awz∗axz−axz ∗awx−axz ∗awz ,

awx∗awz+axz ∗awz−awz∗awx−awz∗axz ,

awx∗bxz+bwz∗bxz−bxz∗awx−bxz∗bwz ,

awx∗bwz+bxz∗bwz−bwz∗awx−bwz∗bxz ,

bwx∗bxz+awz∗bxz−bxz∗bwx−bxz∗awz ,

bwx∗awz+bxz∗awz−awz∗bwx−awz∗bxz ,

bwx∗ axz+bwz∗axz−axz ∗bwx−axz ∗bwz ,

bwx∗bwz+axz ∗bwz−bwz∗bwx−bwz∗axz ,

awy∗ ayz+awz∗ayz−ayz ∗awy−ayz ∗awz ,

awy∗awz+ayz ∗awz−awz∗awy−awz∗ayz ,

awy∗byz+bwz∗byz−byz∗awy−byz∗bwz ,

awy∗bwz+byz∗bwz−bwz∗awy−bwz∗byz ,

bwy∗byz+awz∗byz−byz∗bwy−byz∗awz ,

bwy∗awz+byz∗awz−awz∗bwy−awz∗byz ,

bwy∗ ayz+bwz∗ayz−ayz ∗bwy−ayz ∗bwz ,

bwy∗bwz+ayz ∗bwz−bwz∗bwy−bwz∗ayz ,

axy∗ ayz+axz ∗ayz−ayz ∗axy−ayz ∗axz ,

axy∗ axz+ayz ∗axz−axz ∗axy−axz ∗ayz ,

axy∗byz+bxz∗byz−byz∗axy−byz∗bxz ,

axy∗bxz+byz∗bxz−bxz∗axy−bxz∗byz ,

bxy∗byz+axz ∗byz−byz∗bxy−byz∗axz ,

bxy∗ axz+byz∗axz−axz ∗bxy−axz ∗byz ,

bxy∗ ayz+bxz∗ayz−ayz ∗bxy−ayz ∗bxz ,

bxy∗bxz+ayz ∗bxz−bxz∗bxy−bxz∗ayz ,

awx∗ayz−ayz ∗awx ,

awx∗byz−byz∗awx ,

bwx∗ayz−ayz ∗bwx ,
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bwx∗byz−byz∗bwx ,

awy∗axz−axz ∗awy ,

awy∗bxz−bxz∗awy ,

bwy∗axz−axz ∗bwy ,

bwy∗bxz−bxz∗bwy ,

awz∗axy−axy∗awz ,

awz∗bxy−bxy∗awz ,

bwz∗axy−axy∗bwz ,

bwz∗bxy−bxy∗bwz ;

To calculate the Hilbert series of the algebra generated by the generators and quadratic

relations of the D4 Weyl group’s hyperplane complement cohomology, the following was used:

( noncommify )

( setmaxdeg 6)

( a l g f o rminput )

var s awx , awy , awz , axy , axz , ayz , bwx , bwy , bwz , bxy , bxz , byz ;

awx∗awx ,

awx∗awy+awy∗awx ,

awx∗awz+awz∗awx ,

awx∗axy+axy∗awx ,

awx∗ axz+axz ∗awx ,

awx∗ ayz+ayz ∗awx ,

awx∗bwx+bwx∗awx ,

awx∗bwy+bwy∗awx ,

awx∗bwz+bwz∗awx ,

awx∗bxy+bxy∗awx ,

awx∗bxz+bxz∗awx ,

awx∗byz+byz∗awx ,

awy∗awy ,
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awy∗awz+awz∗awy ,

awy∗axy+axy∗awy ,

awy∗ axz+axz ∗awy ,

awy∗ ayz+ayz ∗awy ,

awy∗bwx+bwx∗awy ,

awy∗bwy+bwy∗awy ,

awy∗bwz+bwz∗awy ,

awy∗bxy+bxy∗awy ,

awy∗bxz+bxz∗awy ,

awy∗byz+byz∗awy ,

awz∗awz ,

awz∗axy+axy∗awz ,

awz∗ axz+axz ∗awz ,

awz∗ ayz+ayz ∗awz ,

awz∗bwx+bwx∗awz ,

awz∗bwy+bwy∗awz ,

awz∗bwz+bwz∗awz ,

awz∗bxy+bxy∗awz ,

awz∗bxz+bxz∗awz ,

awz∗byz+byz∗awz ,

axy∗axy ,

axy∗ axz+axz ∗axy ,

axy∗ ayz+ayz ∗axy ,

axy∗bwx+bwx∗axy ,

axy∗bwy+bwy∗axy ,

axy∗bwz+bwz∗axy ,

axy∗bxy+bxy∗axy ,

axy∗bxz+bxz∗axy ,

axy∗byz+byz∗axy ,
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axz ∗axz ,

axz ∗ ayz+ayz ∗axz ,

axz ∗bwx+bwx∗axz ,

axz ∗bwy+bwy∗axz ,

axz ∗bwz+bwz∗axz ,

axz ∗bxy+bxy∗axz ,

axz ∗bxz+bxz∗axz ,

axz ∗byz+byz∗axz ,

ayz ∗ayz ,

ayz ∗bwx+bwx∗ayz ,

ayz ∗bwy+bwy∗ayz ,

ayz ∗bwz+bwz∗ayz ,

ayz ∗bxy+bxy∗ayz ,

ayz ∗bxz+bxz∗ayz ,

ayz ∗byz+byz∗ayz ,

bwx∗bwx ,

bwx∗bwy+bwy∗bwx ,

bwx∗bwz+bwz∗bwx ,

bwx∗bxy+bxy∗bwx ,

bwx∗bxz+bxz∗bwx ,

bwx∗byz+byz∗bwx ,

bwy∗bwy ,

bwy∗bwz+bwz∗bwy ,

bwy∗bxy+bxy∗bwy ,

bwy∗bxz+bxz∗bwy ,

bwy∗byz+byz∗bwy ,

bwz∗bwz ,

bwz∗bxy+bxy∗bwz ,

bwz∗bxz+bxz∗bwz ,
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bwz∗byz+byz∗bwz ,

bxy∗bxy ,

bxy∗bxz+bxz∗bxy ,

bxy∗byz+byz∗bxy ,

bxz∗bxz ,

bxz∗byz+byz∗bxz ,

byz∗byz ,

awx∗awy+awy∗axy+axy∗awx ,

awx∗bwy+bwy∗bxy+bxy∗awx ,

bwx∗awy+awy∗bxy+bxy∗bwx ,

bwx∗bwy+bwy∗axy+axy∗bwx ,

awx∗awz+awz∗ axz+axz ∗awx ,

awx∗bwz+bwz∗bxz+bxz∗awx ,

bwx∗awz+awz∗bxz+bxz∗bwx ,

bwx∗bwz+bwz∗ axz+axz ∗bwx ,

awy∗awz+awz∗ ayz+ayz ∗awy ,

awy∗bwz+bwz∗byz+byz∗awy ,

bwy∗awz+awz∗byz+byz∗bwy ,

bwy∗bwz+bwz∗ ayz+ayz ∗bwy ,

axy∗ axz+axz ∗ ayz+ayz ∗axy ,

axy∗bxz+bxz∗byz+byz∗axy ,

bxy∗ axz+axz ∗byz+byz∗bxy ,

bxy∗bxz+bxz∗ ayz+ayz ∗bxy ;
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