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Abstract

Spectral Problems and Probabilistic Techniques

by

Isabel Detherage

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Nikhil Srivastava, Chair

This thesis investigates several problems unified by the central role of eigenvalues. Leveraging
probabilistic techniques, we establish the following results:

1. We analyze a general class of matrix factorization algorithms, capable of computing
standard factorizations such as QR, SVD, eigendecomposition, and Cholesky decom-
position. Under a uniformly random pivoting strategy, any algorithm of this class
is shown to exhibit the same linear rate of convergence, irrespective of the specific
factorization computed.

2. A general framework for computing spectral sums is introduced, leveraging rational
approximations of functions and stochastic trace estimation. We apply this framework
to two applications: spectral density estimation and Schatten-1 norm approximation.
We give an algorithm for spectral density estimation with local guarantees and an
algorithm for Schatten-1 norm approximation improving upon the best known runtime.

3. We study the infimum of the spectrum, or ground state energy, of a discrete Schrödinger
operator on θZd parameterized by a potential V : Rd → R≥0 and a frequency parameter
θ ∈ (0, 1). We relate this ground state energy to that of a corresponding continuous
semiclassical Schrödinger operator on Rd with parameter θ, arising from the same choice
of potential. We prove two-sided, non-asymptotic bounds relating these quantities.

4. Lastly, we prove both lower and upper bounds on the Ollivier-Ricci curvature of the
basis exchange walk on a matroid. We give several examples of non-negatively curved
basis exchange walks and negatively curved basis exchange walks.

Though these problems are distinct in nature, together they demonstrate the versatility of
probabilistic methods in spectral problems.
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Chapter 1

Introduction

We explore several questions with two common features: eigenvalues (or some spectral com-
ponent) and probabilistic methods.

Eigenvalues are fundamental across numerous areas of mathematics and science. We
name just a few prominent examples: in data analysis, eigenvalues of certain matrices are
used for dimensionality reduction techniques (such as principal component analysis); in
graph theory, many prominent algorithms leverage spectral information for complex struc-
tural tasks such as graph partitioning or community detection; and in probability theory,
analysis of eigenvalues provides mixing time bounds for Markov chains. Given the impor-
tance of eigenvalues, significant resources have been devoted to developing computationally
feasible methods for quickly finding eigenvalues (or rather, approximating eigenvalues). It
is perhaps unsurprising that spectral problems, either focused on efficient computation of
spectral information or applications to specific settings, are pervasive in mathematics.

We will consider several spectral problems in this thesis. Across these problems, the role
of eigenvalues varies. In some instances, the focus is on finding estimates for eigenvalues
or other spectral quantities, as in Chapter 3 and Chapter 4. In others, we use eigenvalues
to measure the progress of a stochastic process, as in Chapter 2 and Chapter 3; here, the
goal is not to estimate eigenvalues themselves, but to understand how they evolve with the
stochastic process. Finally, in Chapter 5 and Chapter 6, we provide provide bounds on the
smallest eigenvalue or the spectral gap of certain operators.

Probabilistic methods play a central role across all of these problems as well. In Chapter 2,
Chapter 3, and Chapter 6, the role of probability is inherent to the problem: we are analyzing
stochastic processes or probabilistic quantities directly. In Chapter 4 and Chapter 5, however,
randomness is not inherent to the problem; rather we leverage it as a tool to design algorithms
and to prove deterministic bounds on spectra.

We first introduce some necessary notation, then give an overview of the various problems
explored in this thesis, presenting the main results and key ideas used to prove them.
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Notation. We define notation for several spectral quantities:

• For an n × n real, symmetric matrix A, let λ1(A) ≥ λ2(A) ≥ . . . ≥ λn(A) denote its
eigenvalues.

• For an n× d matrix A with n > d, let σ1(A) ≥ . . . ≥ σd(A) denote its singular values.

• For an n × d matrix A with linearly independent columns, let κ(A) = σ1(A)/σd(A).
This is known as the condition number of A; this is equivalent to κ(A) = ∥A∥2 ·

∥∥A†
∥∥
2

where A† = (ATA)−1AT , the Moore-Penrose pseudo-inverse, and ∥A∥2 = σ1(A).

Additionally, for vectors u, v ∈ Rn we let u · v =
∑n

i=1 uivi be the standard dot product.
Within this chapter, we only consider real matrices A and real vectors v; in later chapters,

we will comment on when we extend to the complex case.

Bibliographic note. The content of Chapter 2 and Chapter 3 is joint work with Rikhav
Shah; Chapter 2 appeared in [DS26b] and Chapter 3 has been submitted for publication
(preprint: [DS25]). The content of Chapter 4 is part of ongoing joint work with Apoorv
Vikram Singh and Nicholas West. The content of Chapter 5 is joint work with Nikhil
Srivastava and Zack Stier, appearing in the publication [DSS24]. Parts of Chapter 6 appeared
in the preprint [Det25] and have been submitted for publication. Parts of this chapter
introducing each problem are adapted from the corresponding paper or preprint.

1.1 Chapter 2: Stochastic orthogonalization

Suppose we have some set of linearly independent unit vectors

{v1, v2, . . . , vk},

and we would like to generate an orthonormal basis for the span of these vectors. Recall
that the well-known Gram-Schmidt algorithm orthogonalizes a set of vectors by replacing vi
with the projection of vi onto the orthogonal complement of span{v1, . . . , vi−1}. We can view
the Gram-Schmidt process as an iterative process on pairs of vectors: choose two vectors
vi, vj and replace vj with vj − vj ·vi

vi·vi vi, renormalized. In order for the Gram-Schmidt process
to return an orthogonal set of vectors, we must follow a very careful ordering of pairs of
vectors – specifically we apply this process to the following pairs in the following order:
(1, 2), (2, 3), (1, 3), (3, 4), (2, 4), (1, 4), . . .

Now suppose instead we applied this process to randomly chosen pairs of vectors. We
ask two questions: does this process converge to an approximately orthogonal set? If so, at
what rate?1

1There is a lingering question of why we would want to do this. For the reader familiar with numerical
linear algebra, we remark that our original inspiration was to apply this in conjunction with a Kaczmarz
solver. However, we found that this random strategy has more meaning when we connect this process to
matrix factorizations; this is explored fully in Chapter 3.
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To answer the first question, we must define more precisely what we mean for a set to
converge to an approximately orthogonal set, both in terms of how we define approximately
orthogonal and what sense of convergence. We consider convergence in probability; infor-
mally, we show the probability our vectors remain far from orthogonal goes to zero as the
process runs. To measure how close our vectors are to orthogonal, we will use eigenvalues.

Potential function. Let A =
[
v1 v2 . . . vk

]
, a matrix with unit vectors vi as the

columns. Note {v1, . . . , vk} are orthogonal if and only if ATA = I, i.e., all of the eigenvalues
of ATA are 1. We define the potential function

Φ(A) = −1

2

n∑
i=1

log λi(A
TA).

We see this is zero if and only if the vectors are orthogonal, and we say our vectors are “close
to orthogonal” if Φ(A) is close to 0. We can also define “close to orthogonal” in the more
traditional sense, using the condition number κ(A); more specifically, we use an optimization
problem to relate Φ(A) and κ(A).

Contributions. Let
{
v
(t)
1 , . . . v

(t)
k

}
denote the set of unit vectors after t orthogonalization

steps, where in each step a random pair of vectors is orthogonalized and the subsequent
vectors are normalized. Let A(t) denote a matrix with v

(t)
i as its columns. The key feature

of our potential function Φ(A(t)) is that it is a supermartingale:

Definition 1.1.1 (Supermartingale). A sequence of random variables X0, X1, . . . defined
over some probability space Ω is a supermartingale if for every n we have

E(Xn|Xn−1, . . . , X0) ≤ Xn−1

where E(Xn|Xn−1, . . . , X0) is the conditional expectation of Xn with respect to the sigma-
algebra induced by Xn−1, . . . , X0.

Informally, this means that on average, conditioned on all of the previous steps, Φ(A(t)) is
decreasing. Leveraging properties of supermartingales, we show that this process converges
to an approximately orthogonal set and give a preliminary bound on the rate of convergence.
More specifically, we show:

Theorem 1.1.1 (Tail bound on Φ(A(t))). Fix any A with linearly independent columns of
unit length and β < 1. For any δ > 0,

t = Θ

(
n2 log

(
1

|det(A)β|

)
log

(
1

δ

))
implies

P
(
Φ(A(t)) ≥ β

)
⩽ δ.

In Chapter 3, we both improve the rate of convergence (achieving the optimal rate, as
conjectured in [Ste25]) and connect this process to a broad class of random algorithms for
matrix factorizations.
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1.2 Chapter 3: Matrix factorizations

We revisit the above orthogonalization procedure, connecting it to Jacobi’s eigenvalue al-
gorithm and showing how both can be viewed as specific instances in a class of iterative
algorithms for matrix factorizations.

Connection to Jacobi’s eigenvalue algorithm. Given a matrix A with linearly inde-
pendent columns {v1, . . . , vk} of unit length, we view the above iterative orthogonalization
process through the following lens: form ATA, choose an off-diagonal entry (i, j) with i < j
uniformly at random, then form RT

ijA
TARij where R is an upper triangular matrix with

Rij =

i j
I

i 1
vi·vj

1−(vi·vj)2

I
j 0 1

1−(vi·vj)2

I


. (1.1)

The matrix RT
ijA

TARij now has zero in the (i, j) and (j, i) entries, and the rest of the matrix
is unchanged except for the jth row and column.

With this framing, we are reminded of Jacobi’s eigenvalue algorithm for diagonalization,
an iterative algorithm for diagonalizing a symmetric matrix B. At each step, we choose an
off-diagonal entry (i, j) uniformly at random, then perform conjugation with an orthogonal
matrix to zero out the (i, j) entry. More specifically, we choose Qij to be a Givens rotation,

Qij =

i j
I

i cos θ − sin θ
I

j sin θ cos θ
I


, (1.2)

where I is the appropriate size identity matrix and θ is chosen so that QT
ijBQij will be zero

in the (i, j) and (j, i) entries. Note by the form of Qij, Q
T
ijBQij will only differ from B in

the i, j rows and columns.

General algorithm for matrix factorizations. Both processes can be described under
the following general framework. We start with some symmetric matrix B, either given or
formed by taking B = ATA of a given matrix A. Initialize B(0) = B, then at each iteration:

• Choose some off-diagonal index (i, j) uniformly at random (called a pivot).

• Choose S from some allowed set of matrices. This allowed set is some subset of matrices
S such that STB(t)S has zero in the (i, j) and (j, i) entries and STB(t)S differs from
B(t) only in the i, j rows and columns.
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• Update B(t+1) ← STB(t)S.

Repeat until B(t) is diagonal, or sufficiently close to diagonal.

By tracking the S matrices used at each step, this process can be viewed as an iterative
algorithm for computing matrix factorizations under a uniformly random pivoting strategy.
We note that several major matrix factorizations can be computed with this framework: if
we iterate with matrices of the form (1.1) and track the accumulations of upper triangular
matrices R used at each step, this can be used to find the QR factorization of A, or the
Cholesky decomposition of ATA; if we iterate with matrices of the form (1.2) and track the
accumulation of orthogonal matrices Q, this will give us the eigendecomposition of B; if we
assume B = ATA, this can be used to find the singular value decomposition of A.

Contributions. We show this process always converges to a diagonal matrix. Notably,
this gives a unified proof of convergence for several significant (and previously unconnected)
matrix factorizations.

We again use eigenvalues to track progress of an algorithm of this form. However, depend-
ing on the desired factorization, we have very different goals in how we want the eigenvalues
to behave. If we are trying to compute the QR factorization, we want to apply upper tri-
angular transformations to A until it has orthonormal columns, or ATA = I. If we are
trying to compute the SVD, we apply orthogonal transformations until ATA is diagonal;
these transformations will preserve the eigenvalues. In one case, our goal is to change all
of the eigenvalues to 1, while in the other, we will maintain them. In light of this, our
previous potential function is insufficient for a unified analysis of all of these algorithms, as
it is dependent on our goal being to transform all the eigenvalues to 1.

To define our new potential function, we first define DB = B⊙I, where⊙ is the Hadamard
product (i.e., (A⊙B)ij = AijBij) and B̂ = D

−1/2
B BD

−1/2
B , the diagonal-normalization of B.

Our new potential function is

Γ(B) = tr(B̂−1)− n =
n∑

i=1

(
1

λi(B̂)
− 1

)
.

We will see that Γ(B) = 0 if and only if B is diagonal. For positive semi-definite B, we can
make this relationship quantitative; first we define a notion of distance to diagonal, then we
solve an optimization problem to bound this distance for a fixed value of Γ(B).

Again, we find that Γ(B(t)) is a supermartingale. Leveraging this, we show Γ(B(t))
converges to zero in expectation.

Theorem 1.2.1. Let 0 < δ < 1. For any positive definite B, t ≥ n2 log(nκ(B̂)/δ) implies

E(Γ(B(t))) ≤ δ.

Using this, we prove convergence of these iterative matrix factorization algorithms. We
connect Γ(B) to other more traditional quantities related to convergence of various matrix
factorizations (for example, κ(B) for QR factorization, ∥B −B ⊙ I∥F for diagonalization)
through optimization problems.
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1.3 Chapter 4: Spectral sums and rational functions

In the above section, we studied a (randomized) algorithm to compute a full spectral de-
composition. Computing such a decomposition, even with optimized algorithms, is generally
expensive, and in many applications, we require spectral information more efficiently. More
concretely, we consider the problem of computing a spectral sum, i.e., for a symmetric matrix
A ∈ Rn×n, computing

tr(f(A)) =
n∑

i=1

f(λi(A)),

without computing a full eigendecomposition. We provide a general framework for com-
puting spectral sums, leveraging rational approximations of functions and stochastic trace
estimation, such as that of [MMMW21].

For a given error tolerance, rational function approximations generally have lower de-
gree compared to polynomial approximations for non-smooth functions, such as an indicator
function or an absolute value function. However, evaluating rational matrix functions re-
quires solving linear systems, which can be a bottleneck to computation time. Thus there
is a tradeoff between the degree of the approximation and the time it takes to evaluate the
approximation. Historically, polynomial approximations have been preferred: although one
needs a higher degree for a desired error rate, evaluating p(A)y for a polynomial p only
requires matrix vector products with A.

In some instances though, when fast solvers are available (for example in certain struc-
tured matrices [ST14]), this tradeoff favors rational approximations. With advances in linear
system solvers, such as [DS26a], rational approximations can be favorable for general matri-
ces; this is largely problem dependent, depending on what improvement these system solvers
give.

Applications. We apply this framework for two applications: spectral density estimation,
via eigenvalue counts for intervals, and Schatten-1 norm estimation. Given a symmetric
matrix A ∈ Rn×n, the spectral density measure is

sA(x) =
n∑

i=1

1

n
δ(x− λi(A)) (1.3)

where δ(x) is a Dirac mass at 0. Approximating the spectral density has long been an
important problem in chemistry and physics [DC70], [Tur88], [DS93], and has also found
more recent applications in data analysis and machine learning (see for example [YGKM20]
or [RL18]). Given local estimations of eigenvalue counts in intervals, one can construct a
spectral density estimation; in this way, a related problem is to approximate the number of
eigenvalues in a given interval I. Letting 1I be the indicator of the interval I, we can write

number of eigenvalues in I =
n∑

i=1

1I(λi(A)) =: tr1I(A).
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The Schatten-1 norm of a matrix A ∈ Rn×d, also known as the nuclear norm or the trace
norm, is

∥A∥∗ :=
d∑

i=1

σi(A) =
d∑

i=1

√
λi(ATA) = tr(

√
ATA). (1.4)

This is a quantity of interest in many fields: in matrix completion algorithms, it is used as
a substitute for matrix rank [JNS13], [CR12], and it is used for applications in theoretical
chemistry and differential privacy [Gut01], [HLM12].

Contributions. We provide explicitly computable rational approximations of a step func-
tion which avoid the complexity of elliptic integrals of the well-known Zolotarev functions.
While Zolotarev functions provide the optimal-degree approximation with respect to error
parameters, they are computationally cumbersome to implement. Our approach, which
builds on a rational approximation of [PP11], yields functions that are simpler but inherit
the desirable properties of Zolotarev functions: logarithmic degree with respect to error pa-
rameters, purely imaginary poles, and smallest pole bounded away from zero. Using this
step function, we build rational approximations of several important non-smooth functions.
We apply these rational approximations (using some choice of linear system solvers), then
use stochastic trace estimators to approximate a desired spectral sum.

We give an algorithm for spectral density estimation with local guarantees as well as a
Wasserstein distance guarantee, the first of its kind. In proving this algorithm, we show a
novel connection between optimal degree rational approximations and optimal degree poly-
nomial approximations of a step function.

Theorem 1.3.1 (Informally). Fix ε > 0. Let A be a symmetric matrix normalized as above.
There is an algorithm that with probability at least 99/100 returns a partitioning of [−1, 1]
into intervals It of width less than or equal to ε and estimates k̃t such that

(1− ε)kt − ε2(kt−1 + kt + kt+1) ≤ k̃t ≤ (1 + ε)kt + ε(kt−1 + kt + kt+1)

where kt is the true number of eigenvalues of A in It. Additionally, we can define the
probability measure s̃A with point masses at the midpoints of each It with weight proportional
to k̃t. Then W(sA, s̃A) ≤ ε where W(·, ·) denotes the Wasserstein distance. The runtime of
this algorithm is Õ(n2/ε4).

For the Schatten-1 norm, we give an algorithm that can be modified depending on the
sparsity of the matrix A to optimize the runtime. We state our result for the dense case
here.

Theorem 1.3.2. Assuming d = n, nnz(A) = n2, Algorithm 3 yields a (1±ε) approximation
of the Schatten-1 norm with probability 99/100 in time Õ(n2/ε1.5).

This is an improvement in ε dependency over the previous best known runtime from
[DS26a], the previous best runtime. Interestingly, their algorithm relies on first computing a
spectral density estimation well-suited for this spectral sum, also via rational approximations.
Our algorithm directly approximates the Schatten-1 norm.
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1.4 Chapter 5: Ground state energies of Schrödinger

operators

In this chapter, we consider the ground state energy, or infimum of the spectrum, of discrete
and semi-classical Schrödinger operators. Informally, these are operators that contain a
Laplacian term, measuring how quickly a function changes, and a potential term, measuring
how much mass a function places at various points. These operators will be over infinite
dimensional vector spaces, so we briefly comment on the spectrum of such operators.

Operators over infinite-dimensional vector spaces. For a linear operator T over
finite-dimensional vector spaces, we define eigenvalues as scalars λ such that there exists
a non-zero vector x satisfying T (x) = λx. Equivalently, we can define eigenvalues as the set
of λ such that T − λI is not invertible; the spectrum is the set of all such values. When
we move to linear operators over infinite dimensional vector spaces, this second view is the
appropriate definition to extend: we define the spectrum σ(T ) to be all λ such that T − λI
is not invertible. Note, however, that λ ∈ σ(T ) need not imply that T (x) = λx for some x
in this setting.

For a linear operator T , we define the ground state energy as µ(T ) := inf σ(T ). Al-
though there might not be an eigenfunction associated with µ(T ), for self-adjoint T that
are sufficiently “well-behaved,” there is a variational characterization of µ(T ), similar to the
finite-dimensional case. More concretely, for an operator T acting on functions f from some
Hilbert space, we can define

µ(T ) := inf
f :∥f∥2=1

⟨f, Tf⟩

where ∥f∥2 = ⟨f, f⟩ . The operators we consider all admit such a variational characterization.

Schrödinger operators. More specifically, let V : Rd → R≥0 be a smooth Zd-periodic
potential and let θ ∈ (0, 1) be a parameter. We consider the family of discrete Schrödinger
operators Aθ : ℓ2(θZd)→ ℓ2(θZd) defined by

Aθf(kθ) :=

(
2df(kθ)−

∑
j∼k

f(jθ)

)
+ V (kθ)f(kθ) = (L + V )f(kθ), for k ∈ Zd (1.5)

where j ∼ k indicates that j, k ∈ Zd differ in exactly one coordinate and L is the discrete
Laplacian of the corresponding graph on θZd.

We can consider the analogous semiclassical (or continuous) d-dimensional Schrödinger
operator with potential V and semiclassical parameter θ, Bθ : H2(Rd)→ L2(Rd), defined as

Bθf(x) := −θ2
d∑

i=1

d2

dx2
i

f(x) + V (x)f(x) = (−θ2∆ + V )f(x). (1.6)

Bθ is an unbounded self-adjoint nonnegative operator.
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Motivated by questions in geometric group theory, there has been interest [BVZ97; BZ05;
BDHMW17a; BDHMW17b; Oza22] in proving good upper and lower bounds on µ(Aθ), θ ∈[
0, 1

2

]
for certain special cases of V — roughly speaking, this quantity arises naturally in the

representation theory of the Heisenberg group and controls the spectral gap of the random
walk on that group. More recently, a line of work initiated by Ozawa [Oza16; KNO19;
KKN21] introduced a method for producing semidefinite programming proofs of Kazhdan’s
Property (T) for various groups including SLn(Z), in which effective bounds on certain µ(Aθ)
play a role. The best known bounds on µ(Aθ) for the potential functions of interest due to
[BZ05] rely on delicate trigonometric calculations, and as far as we are aware there is no
systematic method for proving such bounds in general.

In contrast, in many cases µ(Bθ) can be estimated using well-established tools of spectral
theory. Establishing a relationship between µ(Aθ) and µ(Bθ) allows bounds in one setting
to be transferred to the other.

Contributions. We prove two-sided bounds relating µ(Aθ) and µ(Bθ), the first of their
kind. These bounds apply for a wide class of potentials and provide concrete bounds for
fixed θ, as is required in the aforementioned applications.

Theorem 1.4.1 (Upper bound). Let V : Rd → R≥0 be continuous and Zd-periodic. For θ
irrational,

µ(Aθ) ⩽ µ(Bθ).

Theorem 1.4.2 (Lower bound). Let V : Rd → R≥0, not necessarily periodic with ∥V ∥∞ ⩽ 1,
and let θ ∈ (0, 1). Suppose that there exists a = a(θ) > 0 such that for all y ∈ θZd,

1

θd

∫
C(y)

V (x)dx ⩽ a · 1

2d

∑
k∈C(y)

V (k). (1.7)

Then there exists a constant cd dependent on a, d such that

cdµ(Aθ) ≥ µ(Bθ).

Methods. The proofs rely on the variational characterization of the ground state energy
and use low-energy functions of one operator to construct low-energy functions of the other.
The constructions for both directions can be viewed probabilistically.

For Theorem 1.4.1, we start with g ∈ H2(Rd) and construct a test function f ∈ ℓ2(θZd).
The most natural construction is to simply sample g on the lattice θZd; however, this only
takes into account the behavior of g on a null set, so we cannot hope that this sampling
will yield a low energy test function for the discrete operator. In order to consider the
behavior of g on its full domain, we instead consider g sampled on a randomly shifted lattice
η + θZd, where η is drawn uniformly at random from [0, θ]d. By considering the expected
energy of this randomly sampled function, we show there must exist a shift that yields a low
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energy function. Some complications arise from taking a shifted lattice, which necessitates
the condition that θ is irrational.

For Theorem 1.4.2, we start with f ∈ ℓ2(θZd) and construct g ∈ H2(Rd). Again, we
use the natural construction, the multilinear extension of f . We can also view this as a
probabilistic construction; consider the function

g(x1, . . . , xd) := Ex1,...,xd
[f(kx1θ, . . . , kxd

θ)]

where each kxi
is independent with the following distribution for kiθ ⩽ xi ⩽ (ki + 1)θ:

P(kxi
= ki) =

(ki + 1)θ − xi

θ
,

P(kxi
= ki + 1) =

xi − kiθ

θ
= 1− P(kxi

= ki).

Note this is precisely the multilinear extension of f . Through this lens, g(x) can be inter-
preted as the expected value of a random walk on the continuous hypercube starting at x,
where the vertices act as absorbing states with values defined by f(kθ).

Understanding the energy of this construction is significantly more difficult than in the
previous direction. The function f only considers the behavior of the potential function on a
discrete set of points, making it difficult to reason about the behavior of the potential term
in Bθ for the constructed function g. We also offer an alternative lower bound with different
assumptions on V ; more specifically we require that we have some control over the behavior
of V near its minima. This requires more technical definitions to formalize; we explore it
fully in Chapter 5.

1.5 Chapter 6: Curvature of basis exchange walks

In the final chapter, we will not consider the spectrum of any operators directly; instead
we will be concerned with the discrete curvature of a particular class of Markov chains.
Considering the connection between curvature and spectral independence, we still consider
this a spectral question; we define both notions and explore this connection below.

Discrete Ollivier-Ricci curvature. Considerable effort has been made over the past
two decades to develop a discrete analogue of the notion of curvature in geometry. The key
feature of curvature is a local-to-global phenomenon: curvature is a strictly local notion but
can have global implications. One particularly fruitful definition of discrete curvature has
been Ollivier-Ricci curvature. To define Ollivier-Ricci curvature, we first recall the definition
of Wasserstein distance:

Definition 1.5.1 (Wasserstein distance). Let µ, ν be two probability distributions over some
metric space (X, d). The Wasserstein distance between µ and ν is defined as

W(µ, ν) = min
X∼µ,Y∼ν

Ed(X, Y ),

where the minimum is over all possible couplings of µ and ν.
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Given a reversible Markov chain on a finite state space, we can consider the distance metric
induced by the Markov chain, where states x, y have distance one if the probability of moving
to x to y is greater than 0. We define the Ollivier-Ricci curvature as follows, where d is this
distance metric:

Definition 1.5.2 (Ollivier–Ricci curvature). For a Markov chain P over a metric space
(X, d), the Ollivier–Ricci curvature of P is the minimum κ such that for all S, T ∈ X with
S ∼ T

W(P (S, ·), P (T, ·)) ≤ (1− κ).

Informally, a Markov chain has non-negative Ollivier-Ricci curvature if random walks started
from any two states get closer on average after one step in the Markov chain.

Ollivier-Ricci curvature is a local property, based only on the two-neighborhoods of ad-
jacent states S, T , but a lower bound on the Ollivier-Ricci curvature can imply global prop-
erties, such as a lower bound on the spectral gap of the Markov chain [Oll09]. In general,
a Markov chain with non-negative curvature can be considered “well-behaved” in many
respects; we see one example of this below and review several more in Chapter 6.

Spectral independence and curvature: We now define spectral independence, a local
property based on the spectrum of certain matrices associated to a measure that implies
global properties of an associated Markov chain. The following is a brief overview of spec-
tral independence; the curious reader should see [Liu23] for a comprehensive exploration of
spectral independence.

Given a measure π over subsets of a uniform size, π :
(
[n]
k

)
→ R≥0, we define the following:

Definition 1.5.3 (Influence matrix). The influence matrix Iπ ∈ Rn×n is defined by

Iπ(i, j) := PS∼π[j ∈ S | i ∈ S]− PS∼π[j ∈ S].

Definition 1.5.4 (Spectral independence). For η ≥ 0, we say π is η-spectrally independent
if λmax(Iπ) ≤ 1 + η.

We then consider the down-up walk on the support of π. Informally, starting at a set S,
one step of the down-up walk drops an element of S uniformly at random (the down step),
then adds an element to form a new set T with probability proportional to π(T ) (the up
step). Note this walk is a Markov chain. We say this Markov chain is spectrally independent
if the underlying measure π is spectrally independent.

In [Liu21], non-negative Ollivier-Ricci curvature was shown to imply spectral indepen-
dence. From this result, as well as that of [Oll09] connecting Ollivier-Ricci and the spectral
gap of a Markov chain, we see that Ollivier-Ricci curvature is connected to several spectral
properties of a Markov chain.

We study the converse of the aforementioned result – does spectral independence imply
non-negative Ollivier Ricci curvature?
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Basis exchange walks. We explore this question for down-up walks generated by the
uniform distribution over bases in a matroid.

Definition 1.5.5. A matroid M = (E,B) is a set E and a non-empty collection of its
subsets B, called bases, satisfying the following:

• no basis is a proper subset of another basis, and

• for any B1, B2 ∈ B, if b1 ∈ B1\B2, there exists a b2 ∈ B2\B1 such that B1−b1+b2 ∈ B.

The down-up walk on bases of a matroid (also known as a basis-exchange walk) is known
to exhibit strong spectral independence [ALGV19].

Contributions. We explore whether basis exchange walks are non-negatively curved, given
they exhibit many of the properties of non-negatively curved Markov chains, including spec-
tral independence. Somewhat surprisingly, we find there exist examples of basis exchange
walks with negative curvature.

Theorem 1.5.1. There exist basis exchange walks, coming from both linear matroids and
graphic matroids, that are negatively curved.

This result reinforces the idea that non-negative curvature is a somewhat delicate phe-
nomenon, and shows limitations of the connection of between curvature and spectral in-
dependence, both local-to-global phenomena.
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Chapter 2

Stochastic orthogonalization

Our first problem concerns the convergence of a stochastic process for approximately orthog-
onalizing a collection of n linearly independent unit vectors. If we think of these vectors as
columns of a matrix A, we can monitor progress of this process through the distribution of
σ(A∗A): the columns of A are orthogonal if and only λi(A

∗A) = 1 for all i. If the columns
are not orthogonal then we will have Eλi(A

∗A) = 1 (since we take the columns to be unit
vectors), but the distribution will not be concentrated exactly at 1. We will use a certain
potential function Φ(λ1, . . . , λn) to make this idea quantitative. In particular, in this chapter
the potential function we use is − log det(|A|) where |A| = (A∗A)1/2, i.e.,

Φ(λ1, . . . , λn) = −1

2

∑
log λi.

Using this, we show that this stochastic process converges to a set of orthogonal vectors
and give a preliminary bound on the rate of convergence. This work can be thought of as
a warm up for Chapter 3. As we will see, this orthogonalization scheme can be thought of
in a much more general context and related to an iterative algorithm for computing matrix
factorizations. We will be able to sharpen the rate of convergence with a different choice of
potential function, but we save this for Chapter 3.

2.1 Introduction

We consider a simple procedure for approximately orthogonalizing a collection of n linearly
independent unit vectors, thought of as columns of a matrix A ∈ Cd×n, d ≥ n. One iteration
of this procedure is as follows: sample two columns, and replace one with its component
perpendicular to the other, renormalized to be a unit vector. The only fixed points of this
operation are matrices with orthonormal columns. We ask the following questions: does this
procedure converge to such matrices? If so, at what rate?

We give a positive answer to the first question and a bound on the rate. Our approach is
to consider the evolution of the n-volume of the parallelepiped generated by the vectors as
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the orthogonalizations are performed. This volume is simply det(|A|) where |A| = (A∗A)1/2.
We show the n-volume is monotone even for adversarially chosen pairs of columns at each
iteration, and logarithm of the n-volume increases non-trivially in expectation when the pair
of columns is selected randomly.

This procedure bears some resemblance to the Kaczmarz method for solving linear sys-
tems. If one is solving A∗x = 0 using Kaczmarz, a row of A∗ is sampled and x is projected to
be orthogonal to the sampled row; this is then repeated many times. In our case, x is itself
one of the columns of A, say x = ak and one applies one step of Kaczmarz to the system
(A∗x)j = 0 for j ̸= k (and then renormalizes).

We have two main results concerning det(|At|) where At is the matrix obtained by ap-
plying t iterations to A. Theorem 2.1.1 provides a bound on E log det(|At|), and Theo-
rem 2.1.2 gives a tail bound for values of det(|At|) close to 1. The upshot is that t =
Θ(n2 log(1/(det(|A|)ε))) iterations suffice to produce det(|At|) ≥ 1 − ε with constant prob-
ability. This in turn implies that κ(At) ≤ 1 +

√
ε, and further that there exists an or-

thonormal basis B =
[
b1 · · · bn

]
for the span of the columns of A, denoted Col(A), with

∥At −B∥F ⩽
√
ε (see Corollary 2.1.3, Corollary 2.1.4).

Orthogonalization procedure

We first precisely define the procedure we analyze. Throughout this paper, let A =
[
a1 · · · an

]
∈

Cd×n, d ≥ n be the decomposition of A into columns. We assume the columns are unit length
and linearly independent. We define the operation

orth : Cd×n ×
{

(i, j) ∈ [n]2 : i ̸= j
}
→ Cd×n

kth column of orth(A, i, j) =

 ak k ̸= i
ai − ⟨ai, aj⟩ aj
∥ai − ⟨ai, aj⟩ aj∥

k = i.

(2.1)

At each timestep t, our procedure samples (it, jt) uniformly at random from ordered pairs
of distinct indices and updates At+1 ← orth(At, it, jt). We study the evolution of the non-
negative potential function

Φ(A) = − log det(|A|) where |A| = (A∗A)1/2. (2.2)

Note that since A has unit-length columns, Φ(A) = 0 if and only if the columns of A are
orthogonal. We show Φ(At) is monotonically decreasing no matter the selection of (it, jt) (see
Lemma 2.2.1). Over a random selection of (it, jt), it strictly decreases in expectation unless
Φ(At) = 0 already (see Lemma 2.2.3). Our bound roughly shows that when Φ(At) ≥ 1, one
should expect Φ(At+1) ⩽ Φ(At)−O(1/n2), i.e. steady additive progress is made, and when
Φ(At) ⩽ 1, one should expect Φ(At+1) ⩽ (1−1/n2)Φ(At), i.e. steady multiplicative progress
is made.
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Main results

Our main results are the following theorems about the expectation of Φ(At) and a tail bound
on Φ(At). The first theorem shows Φ(At) converges to 0 almost surely, and the second gives
a tail bound for values of det(|At|) close to 1.

Theorem 2.1.1 (Expectation bound on Φ(At)).

EΦ(At) ⩽ exp

(
− t

(n− 1)2(2Φ(A) + 1)

)
Φ(A).

Theorem 2.1.2 (Tail bound on Φ(At)). Let ε, δ ∈ (0, 1) and fix any A. If

t ≥ Θ

(
n2 log

(
1

(det(|A|)ε)

)
log

(
1

δ

))
then

Pr(Φ(At) ≥ ε) ⩽ δ.

We have the following corollaries, which restate Theorem 2.1.2 in terms of more tradi-
tional measures of orthogonality.

Corollary 2.1.3 (Convergence of condition number). Let ε, δ ∈ (0, 1). Fix any A. For t as
in Theorem 2.1.2,

Pr
(
κ(At) ≥ 1 +

√
ε
)
⩽ δ.

Proof. This follows from Theorem 2.1.2 and Fact 2.3.1.

Corollary 2.1.4 (Distance to unitary). Let ε, δ ∈ (0, 1), and fix any A. For t as in Theorem
Theorem 2.1.2, with probability at least 1−δ there exists an orthonormal basis B = [b1 · · · bn]
for Col(A) such that

∥At −B∥F ⩽
√
ε.

Proof. This follows from Theorem 2.1.2 and Fact 2.3.2.

The remainder of this chapter is organized as follows: we finish this section by introducing
some notation and preliminaries; in Section 2.2, we consider the effect of a single step of
this orthogonalization procedure; in Section 2.3 we then consider the effect of many steps,
allowing us to prove Theorem 2.1.1 and Theorem 2.1.2; in Section 2.3, we connect Φ(·) to
other measures of orthogonality; and in Section 2.4, we discuss algorithmic applications of
this procedure.
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Notation and preliminaries

Throughout this chapter, A,A′, At ∈ Cd×n all denote matrices with unit length and lin-
early independent columns. We will consider several optimization problems throughout the
analysis, and the following lemma will be convenient to have:

Lemma 2.1.5. If the program

xj ≥ 0,
∑
j∈[n]

xj = S,
∏
j∈[n]

xj = P

is feasible, then the minimizer of the objective∑
j∈[n]

x2
j

occurs for
xπ(1) ⩽ xπ(2) = · · · = xπ(n)

for some permutation π.

Proof. Let y1, . . . , yn be a minimizer of the program and renumber the variables so that
y1 ⩽ y2 ⩽ · · · ⩽ yn without loss of generality. If one fixes xj = yj for j = 3, . . . , n− 1, then
the triplet (y1, y2, yn) should minimize the restricted program

min x2
1 + x2

2 + x2
n

subject to

x1, x2, xn ≥ 0, x1 + x2 + xn = y1 + y2 + yn =: S ′, x1x2xn = y1y2yn =: P ′.

Since the constraints and objective are homogeneous, we may assume S ′ = 3 without loss of
generality. Using Lagrange multipliers, one can see that the critical values occur when the
set {x1, x2, xn} has only two distinct values. Let a and b be the value of the majority and
minority element respectively, so that the constraints read

2a + b = 3, a2b = P

and the objective is
min g(a, b) = 2a2 + b2.

Combining the constraints shows that the only feasible values of a are the positive roots of

f(a) = 2a3 − 3a2 + P ′ = 2(a− 1)3 + 3(a− 1)2 + (P ′ − 1).

Then one has

g(a, 3− 2a) = 3 + 6(a− 1)2 = 3 + 2 ·
(
−(P ′ − 1)− 2(a− 1)3

)
at those roots. Since g(a, 3 − 2a) is monotonically decreasing in a, the minimizer occurs
when a is the larger root of f . Since the minimum of f(a) for a ≥ 0 occurs at a = 1, this
forces b ⩽ 1 ⩽ a. In particular, we must have b = y1 ⩽ y2 = · · · = yn = a as required.
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2.2 Analysis of a single iteration

We first claim det(|A|) is deterministically monotone in applications of orth, irrespective of
which columns are orthogonalized.

Lemma 2.2.1. For any A and distinct indices i, j, one has

det(|A′|) =
det(|A|)√

1− |⟨ai, aj⟩|2

where A′ = orth(A, i, j).

Proof. A′ can be expressed as the composition of two elementary column operations: first,
E1 replaces ai with the component ai − ⟨ai, aj⟩ aj so det(E1) = 1; second, E2 renormalizes
the ith column to be a unit vector, so

det(E2) =
1

∥ai − ⟨ai, aj⟩ aj∥
=

1√
1− |⟨ai, aj⟩|2

.

Then A′ = AE1E2 so

det(|A′|) = det(E∗
2E

∗
1A

∗AE1E2)
1/2 = |det(E2)| det(|A|)

as required.

From the above lemma, we see that the change in the determinant depends only on
|⟨ai, aj⟩|2. The next lemma relates the average value of this quantity (over a random selection
of distinct i, j) to the determinant.

Lemma 2.2.2. For any A,

1

n(n− 1)

∑
i̸=j

|⟨ai, aj⟩|2 ≥
1

(n− 1)2
(1− det(|A|)2).

Proof. Note that the left hand side is simply 1
n(n−1)

∥A∗A− I∥2F . Also note that ∥A∥2F = n

since A has unit length columns. Consider the optimization program min ∥A∗A− I∥2F subject
to ∥A∥2F = n and det(|A|)2 = P . Using the ∥A∥2F = n constraint, the objective can be
rewritten as

∥A∗A− I∥2F = tr(A∗AA∗A)− 2 tr(A∗A) + n = ∥A∗A∥2F − n.

Both the constraints and objective function of this program depend only on the singular
values of A, so we may rewrite the program in terms of them. Let x1, . . . , xn be the squares
of the singular values of A so that the program becomes

min
∑
j∈[n]

x2
j − n
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subject to

xj ≥ 0,
∑
j∈[n]

xj = n,
∏
j∈[n]

xj = P.

By Lemma 2.1.5, we may set a = x2 = · · · = xn ≥ 1 and b = x1 ⩽ 1. The resulting program
of a, b is

min g(a, b) = (n− 1)a2 + b2 − n

subject to

0 ⩽ b ⩽ 1 ⩽ a, (n− 1)a + b = n, an−1b = P. (2.3)

The equality constraints together imply that the feasible values of a must be solutions to

f(a) = an − n

n− 1
an−1 = − P

n− 1
.

For every P ∈ [0, 1], there is only one solution to the right of 1, denote it a(P ). Since f(·)
is monotone to the right of 1, a(·) is monotone as well with a(1) = 1 and a(0) = n

n−1
. Let

f̃(a) = (n− 1)(a− 1)2 − 1

n− 1

and denote the largest solution to f̃(a) = − P
n−1

by ã(P ). Observe that f(a) ⩽ f̃(a) on the
interval [1, n/(n−1)], so ã(P ) ⩽ a(P ). The value of the objective function for (n−1)a+b = n
is

g(a, b) = −n + (n− 1)a2 + b2

= −n + (n− 1)a2 + (n− (n− 1)a)2

= n(n− 1)(a− 1)2.

(2.4)

In particular, this expression is monotone for a ≥ 1. Thus the minimum value of g subject
to the constraints (3.12) is

min g(a, b) = g(a(P ), n− (n− 1)a(P ))

= n(n− 1)(a(P )− 1)2

≥ n(n− 1)(ã(P )− 1)2

≥ n

n− 1
(1− P )

(2.5)

as required, where the last step used that f̃(ã(P )) = −P/(n− 1).

With these two lemmas in place, we can compute the expected value of

Φ(·) = − log det(|·|)
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in terms of itself after one application of orth for random indices. Define the iterative map

f(x) = x− 1− exp(−2x)

2(n− 1)2
. (2.6)

When x is small, one should think of f as roughly f(x) ≈ (1−O(1/n2))x. For larger x, one
should think of f as roughly f(x) ≈ x−O(1/n2).

Lemma 2.2.3 (One step estimate). Let (i, j) be a uniform sample from {(i, j) ∈ [n]2 : i ̸= j}.
Then

Φ(A′) ⩽ Φ(A) pointwise and EΦ(A′) ⩽ f(Φ(A))

where A′ = orth(A, i, j).

Proof. Lemma 2.2.1 states

Φ(A′) = Φ(A) +
1

2
log
(
1− |⟨ai, aj⟩|2

)
. (2.7)

Since |⟨ai, aj⟩|2 ≥ 0, the first claim follows immediately. By Jensen’s inequality, when i, j
are picked randomly one has

EΦ(A′) ⩽ Φ(A) +
1

2
log
(
1− E |⟨ai, aj⟩|2

)
⩽ Φ(A)− 1

2
E |⟨ai, aj⟩|2

= Φ(A)− ∥A
∗A− I∥2F

2n(n− 1)
.

(2.8)

Now apply Lemma 2.2.2,

EΦ(A′) ⩽ Φ(A)− 1− det(|A|)2

2(n− 1)2

= Φ(A)− 1− exp(−2Φ(A))

2(n− 1)2

= f(Φ(A)).

(2.9)

Note Lemma 2.2.3 holds if (i, j) is instead a uniform sample from either {(i, j) ∈ [n]2 : i > j}
or {(i, j) ∈ [n]2 : i < j}. This is significant if one wishes to use this procedure to compute
the QR decomposition of a matrix A. See Section 3.2 for more details.
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2.3 Analysis of many iterations

The previous section describes the effect of one application of orth to the collection of
vectors. This section considers the effect of several iterations. In particular, we’re interested
in two dual questions: what does this collection of vectors look like after a given number of
iterations? How many iterations are required to achieve a particular state?

For this section, define the family of stochastic processes parameterized by the starting
matrix A,

A0 = A, At+1 = orth(At, it, jt) (2.10)

where it, jt are sampled uniformly at random (subject to it ̸= jt) at each step. We can define
the corresponding hitting time of achieving a small potential value when starting with a
matrix A,

τ
(A)
β = inf {t ∈ Z≥0 : Φ(At) < β}.

Further define the largest expected hitting time among starting matrices with potential
bounded by α,

µα→β = sup
X:Φ(X)⩽α

Eτ (X)
β . (2.11)

This is the most expected amount of time this process takes to transform a matrix with
potential at most α to a matrix with potential less than β.

Because applying f does not commute with taking expectations, obtaining a bound for
several applications of orth by iteratively applying Lemma 2.2.3 is not immediate. Fortu-
nately, f can be bounded by a linear function an adequate slope on bounded domains; this
observation results in the following expectation bound.

Theorem 2.1.1 (Expectation bound on Φ(At)).

EΦ(At) ⩽ exp

(
− t

(n− 1)2(2Φ(A) + 1)

)
Φ(A).

Proof. Denote ϕt = Φ(At). The second part of Lemma 2.2.3 implies

Eϕt+1 ⩽ Ef(ϕt)

The first part of Lemma 2.2.3 implies ϕt ⩽ ϕ0 for all t with probability 1. Since f is convex,
we have for ϕ ⩽ ϕ0 that

f(ϕ) ⩽
ϕ

ϕ0

· f(ϕ0).

In particular, this inductively implies

Eϕt+1 ⩽
f(ϕ0)

ϕ0

Eϕt ⩽

(
f(ϕ0)

ϕ0

)t+1

ϕ0. (2.12)
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Finally, one may upper bound f via

f(ϕ0) = ϕ0 −
1− exp(2ϕ0)

−1

2(n− 1)2

⩽ ϕ0 −
1− (1 + 2ϕ0)

−1

2(n− 1)2

= ϕ0

(
1− 1

(n− 1)2(2ϕ0 + 1)

)
⩽ ϕ0 exp

(
− 1

(n− 1)2(2ϕ0 + 1)

)
.

(2.13)

Combined with (2.12), this is exactly the desired result.

This establishes control of the expectation of Φ(At). The next lemma establishes a tail
bound in terms of the µα→β defined in (2.11).

Lemma 2.2.4 (Tail bound in terms of µα→β). Fix any α > β > 0. For every A with
Φ(A) = α,

Pr(Φ(At) ≥ β) = Pr(τ
(A)
β > t) ⩽ exp

(
−
⌊

t

eµα→β

⌋)
.

Proof. Conditioned on the event τ
(A)
β > k, we have by definition,

τ
(A)
β = k + τ

(Ak)
β .

Since Φ(At) is pointwise monotone, we have that Φ(Ak) ⩽ Φ(A) = α. This yields

E(τ
(A)
β | τ (A)

β > k) = E(E(k + τ
(Ak)
β | τ (A)

β > k,Ak))

= k + E(E(τ
(Ak)
β | τ (A)

β > k,Ak))

⩽ k + sup
X:Φ(X)⩽α

E(τ
(Ak)
β | τ (A)

β > k,Ak = X)

⩽ k + sup
X:Φ(X)⩽α

E(τ
(X)
β )

= k + µα→β.

(2.14)

This allows us to compute a bound on the conditional tails of τ
(A)
β using Markov’s inequality.

For c which we specify later,

Pr
(
τ
(A)
β > k + c | τ (A)

β > k
)

= Pr
(
τ
(A)
β − k > c | τ (A)

β > k
)

⩽
E(τ

(A)
β − k | τ (A)

β > k)

c

⩽
µα→β

c
.

(2.15)
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Set J = ⌊t/c⌋ and apply (2.15) for k = 0, c, 2c, . . . (J − 1)c to obtain

Pr
(
τ
(A)
β > t

)
⩽ Pr

(
τ
(A)
β > Jc

)
=

J∏
j=1

Pr
(
τ
(A)
β > jc | τ (A)

β > (j − 1)c
)
⩽ (µα→β/c)

J . (2.16)

Pick c = eµα→β for the final result.

To turn this into a concrete tail bound, we establish an estimate for µα→β.

Lemma 2.2.5 (Expectation bound on µα→β). For α > 1 > β > 0,

µα→β ⩽
2(n− 1)2

1− e−2
(α + e⌈log(1/β)⌉).

For 1 > α > β > 0,

µα→β ⩽
2e(n− 1)2

1− e−2
⌈log(α/β)⌉.

Proof. We show this in two steps: first we establish a crude upper bound, then we exploit
the sub-additive nature of µ to boost this to a stronger bound. For the first step, we claim
that for α > β > 0, we have

µα→β ⩽
2(n− 1)2α

1− exp(−2β)
. (2.17)

To see this, fix any A with Φ(A) ⩽ α. Denote ϕt = Φ(At), τβ = τ
(A)
β for brevity. Note that

f(x)− x is negative and monotonically decreasing, so

f(x)− x ⩽

{
f(β)− β x ≥ β

0 x < β
. (2.18)

Using Lemma 2.2.3, this gives for each t the bound on the increments,

E(ϕt+1 − ϕt) ⩽ E(f(ϕt)− ϕt) ⩽ (f(β)− β) · Pr(ϕt ≥ β)

= (f(β)− β) · Pr(τβ > t).
(2.19)

This becomes a telescoping sum, so we obtain for all t that

E(ϕt)− ϕ0 ⩽ (f(β)− β)
t−1∑
j=0

Pr(τβ > j).

In the limit as t→∞, the right hand side is simply (f(β)− β)E(τβ), and by Theorem 2.1.1
the left hand side is −ϕ0. By construction, ϕ0 ⩽ α so rearranging gives E(τβ) ⩽ α/(β−f(β)).
Taking the supremum over all A with Φ(A) ⩽ α gives (2.17).
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Now we use (2.17) to prove the stated bounds. Consider any sequence α = α0 > α1 >

· · · > αℓ ending at αℓ ⩽ β. Set k0 = 0, kj = τ
(Akj−1

)
αj . Then by definition,

τ
(A)
β ⩽

ℓ∑
j=1

kj.

Note also by definition that Φ(Akj−1
) < αj−1. Thus taking expectations and applying (2.17)

gives

Eτ (A)
β ⩽

ℓ∑
j=1

Ekj ⩽
ℓ∑

j=1

µαj−1→αj
⩽

ℓ∑
j=1

2(n− 1)2αj−1

1− exp(−2αj)
.

When α > 1 > β, pick αj = e1−j for j ≥ 1. Further use the approximation 1− exp(−2x) ≥
(1− e−2)x when x ⩽ 1. Then the sum becomes

2(n− 1)2α

1− e−2
+ 2(n− 1)2

ℓ∑
j=2

e2−j

1− exp(−2 · e1−j)
⩽

2(n− 1)2α

1− e−2
+

2(n− 1)2

1− e−2

ℓ∑
j=2

e2−j

e1−j

=
2(n− 1)2

1− e−2
(α + e(ℓ− 1)).

(2.20)

It suffices to take ℓ = ⌈log(1/β)⌉ + 1 giving the first result. If 1 ≥ α > β, pick αj = α0e
−j.

Then the sum becomes

ℓ∑
j=1

2(n− 1)2α0e
1−j

1− exp(−2α0e−j)
⩽

ℓ∑
j=1

2(n− 1)2α0e
1−j

(1− e−2)α0e−j
=

2e(n− 1)2

(1− e−2)
ℓ.

It suffices to take ℓ = ⌈log(α/β)⌉.

Theorem 2.1.2 (Tail bound on Φ(At)). Fix any A and β < 1. Then

Pr(Φ(At) ≥ β) ⩽ exp

(
−
⌊

1− e−2

2e

t

(n− 1)2(Φ(A) + e⌈log(1/β)⌉)

⌋)
.

In particular for any δ > 0,

t ≥ 2e3

e2 − 1
(n− 1)2(Φ(A) + e⌈2 log(4/β)⌉)⌈log(1/δ)⌉ = Θ

(
n2 log

(
1

|det(A)β|

)
log

(
1

δ

))
implies

Pr(Φ(At) ≥ β) ⩽ δ.

Proof. This is an immediate consequence of Lemma 2.2.4 and Lemma 2.2.5.
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2.3 Other measures of orthogonality

The previous section produced results concerning Φ(At) = − log det(|At|). Here we show
convergence of Φ(·) implies convergence of a couple other natural measures of orthogonality.

Fact 2.3.1 (Condition number).

Φ(A) ⩽ β =⇒ log κ(A) ⩽ min

(
log(2) + β,

√
2β +

β1.5

4

)
.

Proof. By applying Lagrange multipliers to the optimization problem

maxκ(A) = σ1/σn

subject to
∥A∥2F = σ2

1 + · · ·+ σn
n = n and σ1 · · · σn = det(|A|),

one finds that the optimum is achieved for

σ2
1 = 1 +

√
1− det(|A|)2, σ2 = · · · = σn−1 = 1, σ2

n = 1−
√

1− det(|A|)2.

This gives a maximum value of

maxκ(A) =

√
1 +

√
1− det(|A|)2

1−
√

1− det(|A|)2
⩽

√
1 +

√
1− exp(−2β)

1−
√

1− exp(−2β)

the log of which is upper bounded both by log(2) + β and
√

2β + β1.5/4.

Fact 2.3.2 (Distance to unitary).

Φ(A) ⩽ β =⇒ inf {∥A−B∥F : B∗B = I,Col(A) = Col(B)} ⩽
√

2β. (2.21)

Proof. By considering the Gram-Schmidt basis, one may assume without loss of generality
that A is upper triangular with positive real diagonal entries. Let 1 = λ1, · · · , λn be those
entries. Note by the Cauchy-Binet formula that det(A∗A) = (λ1 · · ·λn)2. Let rj ∈ Cj−1 be
the portion of the jth column of A strictly above the diagonal. Take B =

[
e1 · · · en

]
.

Then

∥A−B∥2F =
n∑

j=2

(
(λj − 1)2 + ∥rj∥2

)
=

n∑
j=2

(
1− 2λj + λ2

j + ∥rj∥2
)
. (2.22)

Note λ2
j + ∥rj∥2 = 1 since the columns of A are unit length. Thus

∥A−B∥2F = 2
n∑

j=1

(1− λj) ⩽ 2
n∑

j=1

log(1/λj) = −2 log(λ1 · · ·λn) = 2Φ(A). (2.23)
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2.4 Algorithmic considerations

The QR decomposition

The update At+1 = orth(At, it, jt) can be expressed as

At+1 = AtCt

where Ct is the appropriate column operation, taking just O(d) time to perform. The
corresponding decomposition of A as

A = AτC where C = C−1
τ−1C

−1
τ−2 · · ·C−1

0

is analogous to an approximate QR decomposition: the columns of Aτ form a well-conditioned
basis for Col(A) when τ is sufficiently large. By Theorem 2.1.2, τ = O(n2 log(1/ det(|A|)))
iterations suffice to achieve a constant condition number with constant probability; when
det(|A|) = poly(n), this gives a total arithmetic cost of Õ(dn2), comparable to the arithmetic
cost of Gram-Schmidt.

If one requires the decomposition A = AτC have C be upper triangular, one can simply
sample the update pairs (it, jt) subject to it > jt. This does not change any of the analysis as
E |⟨ai, aj⟩|2 is the same. In this case, AτC would in fact be converging to the actual A = QR
decomposition.

There are a couple possible advantages to this method over Gram-Schmidt. First, one
can end the process early when Aτ has a “reasonable” condition number depending on one’s
requirements; in particular, it could make a good preconditioner. The memory access pat-
tern is very similar to that of the Kaczmarz method for solving the system A∗x = b; one
could imagine updating the rows of A∗ (and corresponding entries of b) to improve their
conditioning at the same time the Kaczmarz solver runs. The idea is that the condition
number gets smaller over time, so perhaps the increase in the rate of convergence of Kacz-
marz justifies the additional computational expense. For a characterization of the rate of
convergence of Kaczmarz in terms of the condition number, see [SV09]. A second possible
advantage is that it’s highly parallelizable. Below we suggest three concrete ways to perform
up to O(n) applications of orth in parallel.

Extension to allow parallelism

The process is currently described in terms of modifying a single column at a time. However,
we can batch several of these updates together, computing the changes to multiple columns
in parallel. Each batch of updates corresponds to a directed, rooted forest on the vertex set
[n], where edges (i, j) are oriented so that i is further from the root. Then for each edge
(i, j), set the new value of ai to be

ai − ⟨ai, aj⟩ aj
∥ai − ⟨ai, aj⟩ aj∥

.
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The orientation of the edges ensures that this is well defined. By listing the edges of the tree
in order of furthest to the roots to the closest, say (i0, j0), · · · , (im−1, jm−1), one can express
the effect of a batch update as Am where

A = A0, At+1 = orth(At, it, jt) ∀t ∈ [m− 1].

Note that once a column is changed, it is not used or changed again. Thus all of the
updates to each At can be expressed in terms of the columns of the inital A0. In particular,
Lemma 2.2.1 simply implies

Φ(At) = Φ(A) +
1

2

t∑
ℓ=1

log(1− |⟨aiℓ , ajℓ⟩|
2) (2.24)

analogously to (2.7). If the forest is sampled so that the marginal distribution of each edge
pair (it, jt) is uniform, then following the remainder of the proof of Lemma 2.2.3 gives the
generalization

Φ(At) ⩽ Φ(A) pointwise and EΦ(At) ⩽ ft(Φ(A)) (2.25)

where

ft(x) = x− t · 1− exp(−2x)

2n(n− 1)
.

One can then define the process by sampling a sequence of independent forests and concate-
nating the lists of the edges to form the sequence {(it, jt) : t ∈ Z≥0}. Replacing the result of
Lemma 2.2.3 with (2.25) allows the subsequent proofs to go through.

There are many choices of how to sample the required forests. We end this section by
suggesting four natural distributions.

1. Sample a uniformly random forest consisting of a single edge.

2. Sample a uniformly random perfect matching of the complete graph and flip a coin to
orient each edge.

3. Sample a uniformly random permutation π : [n]→ [n] and consider the path with edges
(it, jt) = (π(t), π(t + 1)) for t ∈ [n− 1].

4. Sample a uniformly random vertex and consider the star graph rooted and centered at
that selected vertex.
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Chapter 3

Matrix factorizations

In this chapter, we revisit our stochastic orthogonalization scheme with one important dif-
ference: at each step, we now allow any method to orthogonalize v1 and v2 to be applied,
so long as it preserves span(v1, v2). In particular, we do not require that our vectors be
renormalized as unit vectors.

Immediately, we notice that the analysis in the previous chapter no longer applies: from
Lemma 2.2.1, we see the driving force of the convergence of Φ(A) was precisely the renor-
malization of the orthogonalized vectors. In fact, our original approach of considering the
eigenvalues of ATA is fundamentally flawed: since we are no longer guaranteed unit vectors,
the goal is not to show ATA is the identity, but rather that it is diagonal.

This reveals two things to us: first, when an appropriate procedure for the orthogonaliza-
tion step is chosen, this orthogonalization scheme can be viewed as a diagonalization scheme.
We discover that by choosing different orthogonalization rules, we can use this procedure to
find different matrix factorizations. The “Gram-Schmidt” orthogonalization rule of the pre-
vious section gives us an iterative algorithm to find the QR factorization of A (or similarly the
Cholesky decomposition of ATA). Using Givens rotations to orthogonalize two columns of
A, we can find the eigendecomposition of ATA (or similarly the singular value decomposition
of A). We recognize the second procedure as the well-known Jacobi eigenvalue algorithm.
Second, we need a potential function that can measure proximity to a diagonal matrix. This
potential function needs to be general enough to capture progress for any orthogonalization
scheme, and also needs to be well-behaved under any orthogonalization scheme. Section 3.3
is devoted to defining and exploring our new potential function. We note that this potential
function also allows us to achieve an improved rate of convergence compared to Chapter 2.

Overall, our contribution is a unified analysis of a class of iterative algorithms to com-
pute many matrix factorizations under a randomized pivoting strategy (this corresponds to
choosing two vectors at random to orthogonalize). Many of the same components we saw
in the last chapter will reappear here: analysis of the potential function after one iteration,
then after many iterations using martingale analysis, and the use of Lagrange multipliers to
connect our potential function to other metrics.
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3.1 Introduction

At first glance, the Jacobi eigenvalue algorithm for computing the eigendecomposition of
Hermitian matrices and the Gram-Schmidt procedure for computing the QR decomposition
of tall matrices are quite distinct: they take different inputs, compute different factoriza-
tions, have different provable asymptotic complexities, etc. However, there is an important
commonality: both methods are iterative and consider only pairs of columns of their inputs
at a time. In this work, this connection is taken further, and both algorithms are realized as
special cases of a more general matrix factorization algorithm.

Our primary result, Theorem 3.4.4, is a unified analysis of all special cases of this general
procedure when using a particular randomized pivoting rule; we show that these algorithms
are all linearly convergent in expectation, and further that the rate of convergence is unaf-
fected by which particular factorization is being computed.

In finite arithmetic, we provide a framework for showing that instances of this general
procedure are numerically stable. This framework is applied to several orthogonalization
methods (Theorem 3.5.7), as well as the Jacobi eigenvalue algorithm (Theorem 3.5.8, Theo-
rem 3.5.9, Theorem 3.5.10), building on the work of [DV92] in the latter case.

We first give a brief overview of the history and context of these algorithms. As these
algorithms have been extensively studied, we cannot give a comprehensive overview. We
instead highlight their origins, practical relevance today, and interactions between them.

Eigendecomposition / Singular value decomposition: The classical Jacobi eigenvalue algo-
rithm (which we henceforth refer to as the two-sided Jacobi eigenvalue algorithm1) is an
iterative algorithm for computing an approximate eigendecomposition of a given Hermitian2

matrix that dates back to 1846 [Jac46]. It was rediscovered and popularized in the 1940s
and 50s when the advent of computers made large numerical computations feasible (we refer
the reader to [GvdV00] for a detailed history). Today, it is included in popular textbooks
[Dem97; Par98] and software packages [And+99]. Although it is often less preferred due to a
slower runtime [Dem97], it has several strengths when compared with other popular methods
for diagonalization. First, if the given matrix B is already close to diagonal, the arithmetic
cost is greatly reduced [Sch64]. Second, the computation is highly parallelizable, and each
thread only needs a small amount of memory (see, for example, [BS89]). Third, numerical
experiments reveal classes of matrices for which all the eigenvalues appear to be computed
with small relative error [DV92].

The corresponding algorithm for computing the singular value decomposition of a given
matrix A ∈ Cd×n, today called the one-sided Jacobi eigenvalue algorithm, was introduced
as an independent algorithm by Hestenes [Hes58], then rediscovered and connected to the

1The literature also uses “two-sided” to refer to a version of the Jacobi eigenvalue algorithm due to
[Kog55] for computing the singular value decomposition; that method is different from the version of the
Jacobi eigenvalue for computing the singular value decomposition that we consider here.

2One can replace C with R throughout this chapter. Hermitian becomes symmetric, (Special) unitary
becomes (special) orthogonal, and the Hermitian adjoint (·)∗ becomes the transpose (·)⊤.
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classical two-sided Jacobi eigenvalue algorithm by Chartres [Cha62]. It can be viewed as im-
plicitly running the two-sided Jacobi eigenvalue algorithm on the matrix B = A∗A, without
ever forming B. It enjoys many of the same advantages as the two-sided Jacobi eigenvalue
algorithm [Bis89; DV92].

The numerical stability of both the one- and two-sided variants was investigated by
Demmel and Veselić in a highly influential paper [DV92]. They primarily focus on the
accuracy with which the small eigenvalues of positive definite matrices are computed. They
find “modulo an assumption based on extensive numerical tests” that the Jacobi eigenvalue
algorithm essentially produces the best approximation of the small eigenvalues one could
hope for in the floating point arithmetic model. A family of matrices with more problematic
behavior that those tested by [DV92] was published by [Mas94], though they do not result
in instability of the method overall.

Cholesky decomposition / QR decomposition: Gaussian elimination is the oldest method for
factoring a given matrix B as B = LU where L is lower triangular and U is upper triangular
[Grc11]. When B is positive definite, one is guaranteed that U = L∗ resulting in the Cholesky
decomposition B = LL∗. Gaussian elimination with various pivoting rules is the primary
algorithm used in practice for the Cholesky decomposition [TB97; Hig09; And+99].

There are many methods for the QR decomposition. Both classical and modified Gram-
Schmidt applied to A ∈ Cd×n are mathematically equivalent to Gaussian elimination applied
to the matrix B = A∗A [Hig90]. Some other algorithms actively exploit the connection be-
tween the QR and Cholesky decompositions: [GV13] proposes computing the Cholesky de-
composition A∗A = R∗R and then computing Q = AR−1, and the algorithm(s) of [YNYF16]
and [FKNYY20] explore this idea further, with modifications to improve stability.

There is a notable way to use the Cholesky decomposition and one-sided Jacobi eigenvalue
in conjunction for the purpose of a symmetric eigendecomposition as well. The idea is
to compute the Cholesky factorization B = LL∗ of an input, and compute the SVD of
L∗ = UΣV ∗, which then implies the eigendecomposition B = V Σ2V ∗. The proposal of
[VH89] is to compute this SVD by applying the one-sided Jacobi eigenvalue algorithm to L
(not to L∗). This technique avoids the aforementioned assumption needed by [DV92] in their
theoretical analysis of the numerical stability of the Jacobi eigenvalue algorithm [Drm94].
However, while it ensures accurate eigenvalues, it does not ensure accurate eigenvectors
[Mat95]. Nevertheless, it is observed to be faster [DV92]. The version of this technique
which applies one-sided Jacobi to L∗ is also faster, though it lacks a theoretical or practical
advantage in terms of numerical stability [DV92]. Several additional variants of this idea
were studied by [DV08].

Several works take inspiration from algorithms for one task for the other. For instance,
[Luk86] proposes a Jacobi-like method for the QR decomposition, applying Givens rotations
to transform a matrix A into an upper triangular one R. The accumulation of all the
Givens rotations then forms Q (which is akin to the method for the QR decomposition using
Householder reflections [TB97]). This method for QR now commonly appears in numerical
linear algebra textbooks, e.g. [Dem97].
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The central focus of this work is the striking similarity between the operations performed
by the one-sided Jacobi eigenvalue algorithm and the modified Gram-Schmidt procedure.
This similarity has been previously noted, for instance [Drm97] observes that the operations
are actually the same under a certain kind of infinite matrix limit. We show that this
similarity can be exploited to obtain a unified analysis of these algorithms and more.

Overview

In Section 3.2, we present the Jacobi eigenvalue algorithm and modified Gram-Schmidt pro-
cedure (MGS) in a way that highlights their similarity. In Section 3.2 we formally describe an
abstract algorithm which encompasses the Jacobi eigenvalue algorithm and MGS as special
cases.

Our results about this generalized algorithm are presented in the remaining sections. In
Section 3.3 we introduce our main tool for evaluating progress in the algorithm, a certain po-
tential function, and we relate this potential function to other standard metrics. Section 3.4
focuses on exact-arithmetic implementations of the algorithm, in the real RAM model. For
inputs that are not too ill-conditioned, we show that O(n2 log(n/δ)) iterations of this proce-
dure suffice to produce δ-approximate factorizations (stated precisely in Theorem 3.4.4). For
many reasonable special cases of this generalized algorithm, each iteration costs only O(n)

arithmetic operations, resulting in many Õ(n3)-time factorization algorithms. Additionally,
this section confirms a recent conjecture of Steinerberger about the convergence of particular
method for orthogonalization [Ste25] (see Remark 6).

Section 3.5 studies the general algorithm in finite arithmetic. Our focus is on proving
statements roughly of the form “when machine precision is at most n−c (for an explicit, small
c), then the results of the algorithm have a guaranteed level of accuracy.” Our analysis does
not optimize c, and we do not advertise bounds that are particularly attractive for large
matrices in single and double floating point arithmetic. Nevertheless, the dependence on n
on the bits of precision required is shown to be logarithmic, and we prove that quad precision
can handle a substantial range of inputs.

We have two primary results about finite arithmetic: the first is that a large class of or-
thogonalization algorithms are numerically stable (including an algorithm for computing the
QR decomposition specifically). The second addresses the “assumption based on extensive
numerical tests” needed by Demmel and Veselić in [DV92] to show stability of the Jacobi
eigenvalue algorithm. This assumption is that a certain condition number remains bounded
as iterations are performed. Their experiments showed that it doesn’t seem to rise more
than a constant amount above its initial value, but their proofs only bound it by certain
exponentially growing quantities (exponential either in the size of the input or number of
iterations performed). We show that with uniformly random pivoting, it is bounded by a
polynomial in the input size and number of iterations performed (see Theorem 3.5.4).
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Notation Meaning
∥·∥ ℓ2 vector or operator norm
∥·∥F Frobenius norm
λj(A) jth largest eigenvalue of A
κ(A) = ∥A∥ · ∥A−1∥ Condition number of A
DA = diag(A11, A22, . . . , Ann) Diagonal part of A

Â = D
−1/2
A AD

−1/2
A Diagonal-normalization of A

κ̂(·) Diagonal normalized condition number, κ̂(A) := κ(Â)
A⊙B Hadamard or entrywise product, (A⊙B)ij = aijbij
O(·), Õ(·) O(·) hides constants, Õ(·) hides polylogarithmic factors.
[n] = {1, . . . , n} Set of indices 1 through n

3.2 Connecting SVD and QR

The core connection

Here we describe a simple connection between the SVD and QR decomposition (and the
corresponding connection between the eigendecomposition and Cholesky decomposition) and
algorithms for computing them. To see the connection, we first express the QR decomposition
and a factorization that is almost the SVD in a common form: given A with full column
rank, write

A = QT−1 (3.1)

where Q has orthogonal columns and T is nonsingular. When T is unitary, by further de-
composing Q = U

√
Q∗Q, one obtains the singular value decomposition. When T is upper

triangular and Q∗Q = I, this is exactly the QR decomposition. Analogously, the eigendecom-
position and Cholesky decomposition of B = A∗A can both be expressed as B = (T−1)∗DT
where D = Q∗Q. The four cases are summarized in the following table.

B = (T−1)∗DT−1 A = QT−1

T is unitary and
D = Q∗Q is diagonal

Eigendecomposition Singular value decomposition

T is upper triangular and
D = Q∗Q = I

Cholesky decomposition QR decomposition

Notably, both Modified Gram-Schmidt (MGS) and one-sided Jacobi can be interpreted as
methods for producing an orthogonal basis Q =

[
q1 · · · qn

]
for a given collection of vectors,

expressed as columns of A =
[
a1 · · · an

]
(along with the corresponding column operation

sending A to Q). The algorithms themselves closely resemble each other too: they both
iteratively pick pairs of indices (i, j) and replace the columns ai, aj with a different orthogonal
basis for their span. By repeating this many times with appropriate selection of (i, j) each
time, the collection of vectors will approach an orthogonal set. More specifically let A(t) =
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[
a
(t)
1 · · · a

(t)
n

]
be the state after this has been done for t pairs (i, j). For each t, the Jacobi

eigenvalue algorithm selects a pair (i, j) and then updates

a
(t+1)
i = cos(θ)a

(t)
i + sin(θ)a

(t)
j

a
(t+1)
j = − sin(θ)a

(t)
i + cos(θ)a

(t)
j

a
(t+1)
ℓ = a

(t)
ℓ ∀ℓ ̸∈ {i, j}

(3.2)

where θ is such that the resulting columns a
(t+1)
i and a

(t+1)
j are orthogonal. MGS selects

i < j then updates

a
(t+1)
j =

a
(t)
j −

〈
a
(t)
j , a

(t)
i

〉
a
(t)
i∥∥∥a(t)j −

〈
a
(t)
j , a

(t)
i

〉
a
(t)
i

∥∥∥
a
(t+1)
ℓ = a

(t)
ℓ ∀ℓ ̸= j.

(3.3)

The update equation (3.2) is a Givens rotation of A(t) (also called a plane rotation); im-
portantly it is unitary. The product of these rotations forms T in the decomposition (3.1).
The update equation (3.3) is an elementary matrix operation followed by a scaling; impor-
tantly, it is upper triangular. The product of these elementary operations forms T in the
decomposition (3.1).

In both cases, the result of this update is that the ith and jth columns of A(t+1) will be or-
thogonal. Despite their similarity, the existing analysis of these algorithms is quite different,
as is their empirical performance measured in terms of computational and communication
costs and numerical stability.

Pivoting rules

In both cases, the strategy for picking (i, j) at each time t is determined by a “pivoting
rule”. Multiple pivoting rules have been proposed; we group them into three categories to
discuss: fixed, adaptive, and randomized. Before doing so, we must clarify some terminology.
There is some subtlety in what the literature refers to as “one iteration” of either procedure.
For the Jacobi eigenvalue algorithm, one iteration is sometimes taken to mean one “sweep”
(which we describe in a moment) of all n(n− 1)/2 pairs (i, j). For MGS (more specifically,
left-looking MGS), one iteration typically refers to the grouping of updates

(1, i), (2, i), . . . , (i− 1, i) (3.4)

for each i. For Gaussian elimination (and right-looking MGS), it typically refers to the
grouping of updates

(i, i + 1), (i, i + 2), . . . , (i, n) (3.5)
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for each i. Because of this, the word “pivot” in those contexts typically refer to the single
column index i. In this paper, we refer to each selection of (i, j) and update of the corre-
sponding column(s) as one iteration, i.e. A(t) defined by either (3.2), (3.3) is the state after
t iterations. One pivot then corresponds to a pair of column indices (i, j).

Fixed pivot rules: These are rules that fix a sequence of (i, j) ahead of time. The ones we
highlight for the Jacobi eigenvalue algorithm are called cyclic or sweep rules, due to [Gre53],
see also [FH60]. The row-cyclic version uses the sequence

(1, 2), (1, 3), (1, 4), (1, 5), . . . , (1, n), (2, 3), (2, 4), (2, 5), . . . , (2, n), . . . (n− 1, n)

and repeats it over and over again. The column-cyclic version uses the sequence

(1, 2), (1, 3), (2, 3), (1, 4), (2, 4), (3, 4), (1, 5), (2, 5), (3, 5), (4, 5), . . . , (n− 1, n)

and repeats it over and over again. Each run through the sequence of n(n − 1)/2 pairs is
referred to as one “sweep.” In the context of Gaussian elimination and MGS, those sweeps
correspond to applying the groupings (3.4) or (3.5) for i = 1, . . . , n − 1. Running MGS for
just one or two sweeps are both popular proposals.

For appropriately chosen rotations, [FH60] show that row-cyclic and column-cyclic Jacobi
converges, and [Sch64] improve this to (eventual) quadratic convergence. However, there is
no rigorous theory to predict the number of sweeps required to achieve a desired distance
to diagonal [GV13]. In practice, it is observed to be a constant number of sweeps [Dem97].
Better theoretical results are available for the next category of pivoting rules.

Adaptive pivot rules: These are pivoting rules that use the current value of A(t) to decide
the next pivots. The original rule proposed by Jacobi [Jac46], which we call the greedy
pivoting rule, was to pick

(i, j) = arg max
i,j:i̸=j

|⟨ai, aj⟩| . (3.6)

This is somewhat similar to column-pivoting rule of Gram-Schmidt (implicitly equivalent to
complete pivoting rule of Gaussian elimination). This rule for Gram-Schmidt maintains a
list of indices I initialized to [n]. Then

i = arg max
i∈I

∥ai∥ (3.7)

is computed, i is removed from I, and the updates {(i, j) : j ∈ I} are performed (in any
order). This is repeated until I is empty. Strictly speaking, these rules will not necessarily
compute the QR decomposition of A, since we no longer are assured that the update pairs
(i, j) satisfy i < j. However, if one lets σ be the permutation which records the order in
which indices are removed from I, then we are assured σ(i) < σ(j) and therefore the method
computes QR decomposition of APσ where Pσ is the permutation matrix associated with σ.

The same pivoting strategy has been considered for one-sided Jacobi [dRij89]. Numerical
experiments showed that this pivoting strategy can improve the rate of convergence in several
(but not all) cases (see [dRij89] for more details).
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Randomized pivot rules: There seems to be much less attention given to randomized
pivot rules. A recent work of Chen et al. [CETW24] considers the partial Cholesky and QR
decompositions for computing low-rank approximations. They study a randomized variant
of the complete pivoting rule (3.7) where i ∈ I is sampled with probability proportional to
∥ai∥2. This and similar ideas had been considered before as well [FKV04; DV06; DRVW06].

One exceedingly simple randomized rule is just to sample (i, j) uniformly at random
among all pairs of indices. We were unable to find a reference that explicitly describes this
rule (or any randomized rule) for the Jacobi eigenvalue algorithm; one reason that this is
surprising is that the proof of global convergence of the greedy pivoting rule (3.6) essentially
applies the probabilistic method to the hypothetical algorithm which uses this uniformly
random pivot (see, for example, Section 5 of [GMvN59]).

In the context of orthogonalization, we note an important distinction between sampling
(i, j) uniformly at random among all pairs of indices and just pairs of indices with i < j
(or σ(i) < σ(j) for some permutation σ). In the latter case, we are assured the computed
decomposition (if the method converges) is the QR decomposition APσ = QR. However,
in the former case, we are given no assurances about R being upper triangular. That rule
(without the i < j constraint) was proposed by Steinerberger [Ste25], and both rules (both
with and without the i < j constraint) were concurrently proposed by the present author and
Shah in [DS26b]. Both those works were motivated by a designing a preconditioner for the
Kaczmarz linear system solver, and made analogies of the method to the Kaczmarz solver it-
self; neither work identified the connection to the Jacobi eigenvalue algorithm. Steinerberger
conjectured that the rate of convergence of this procedure is κ(A(t)) ≈ exp(−O(t/n2))κ(A)
based on numerical experiments and a heuristic. The present author and Shah proved that
(− log det |A(t)|) ⩽ exp(−O(t/n2))(− log det |A|).

Block variants

Both Gram-Schmidt and Jacobi admit block variants, which can be abstractly described as
follows: rather than pick a pair of indices (i, j) at each step and updating columns i and j
of A(t), one can instead pick any subset of indices J ⊂ [n] and update all the corresponding
columns. We call J the pivot set. In the non-block case, pivoting on (i, j) ensures that〈

a
(t+1)
i , a

(t+1)
j

〉
= 0.

In the block variant, pivoting on J ensures that〈
a
(t+1)
i , a

(t+1)
j

〉
= 0 ∀i, j ∈ J, i ̸= j.

These methods are often motivated by considering the practical performance of these algo-
rithms on modern hardware. For example, one may be able to take advantage of large cache
sizes to perform one iteration for |J | > 2 very quickly.

The block Jacobi eigenvalue algorithm of Drmač [Drm10] is one such method. It fixes
a partition I1 ⊔ · · · ⊔ Im = [n] and divides the given matrix B into blocks corresponding to
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those index sets. Then, the pivot set J is selected to be Iℓ ∪ Iℓ′ , where the pair (ℓ, ℓ′) can be
selected analogously to how (i, j) were selected in the non-block version. Both [BH24] and
[HB17] show convergence of block Jacobi under various pivoting strategies. There are many
block versions of Gram-Schmidt along similar lines, see [CLRT22] for a recent survey.

A generalized factorization

In describing the connection between Gram-Schmidt and the one-sided Jacobi eigenvalue
algorithm, we’ve already hinted at what the generalized algorithm is. Once a pivot set J has
been selected, we may abstract away the process by which the corresponding columns are
updated: all we assume is that it is an invertible column operation which results in orthogonal
columns. We will use the letter S for the |J | × |J | matrix performing this column operation.
The Jacobi eigenvalue algorithm corresponds to the special case where S is unitary, and
Gram-Schmidt to the case where S is upper triangular. The general pseudo-code for this
and the two-sided version is below. We first clarify some notation. GLk(C) is the set of all
invertible k × k matrices over C.

(
[n]
k

)
is the set of all subsets of [n] of size k. For an index

set J = {i1, . . . , ik} ∈
(
[n]
k

)
, i1 < · · · < ik, denote the submatrices

AJ =

a1,i1 · · · a1,ik
...

...
ad,i1 · · · ad,ik

 ∈ Cd×k & BJJ =

bi1i1 · · · bi1ik
...

...
biki1 · · · bikik

 ∈ Ck×k.

For a permutation σ on [n] let Pσ be the associated permutation matrix, i.e. Pσej = eσ(j).
We present both versions of the algorithms side-by-side to highlight their mathematical
equivalence: one can start with B = A∗A and maintain A(t)∗A(t) = B(t) by selecting the
same T in line 7 of either algorithm. Because of this correspondence, we will refer to various
lines of the algorithm without needing specify which version we are talking about. We also
highlight that T need not be formed and inverted explicitly.

There are many pivot rules one can use for the selection in line 5. Here we use a ran-
domized pivoting rule where J is sampled uniformly at random from

(
[n]
k

)
. We refer to this

as “randomized size k pivoting”.
We obtain a unified analysis of all special cases of Algorithm 1 with randomized size k

pivoting. The mechanism by which S is selected in line 6 and the additional structure one
wishes to impose upon S do not affect our analysis in any way—in expectation, the rate of
convergence depends only on k and n. For concreteness, Table 3.1 lists several decompositions
one can obtain by imposing different constraints on S and (A

(t)
J S)∗(A

(t)
J S) = S∗B

(t)
JJS.
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Algorithm 1 This is pseudo-code for the one-sided (left) and two-sided (right) versions of
the generalized factorization algorithm.

Require: A ∈ Cd×n has full column rank,
pivot size k ≥ 2.

Ensure: A = QTacc

1: A(0) ← A.
2: T

(0)
acc ← I.

3: t← 0
4: while A(t)∗A(t) is not close to diagonal do
5: Select a pivot set J = {i1, . . . , ik} with

i1 < · · · < ik.
6: Construct S ∈ GLk(C) such that A

(t)
J S

has orthogonal columns.

7: Define T ∈ Cn×n as T = P ∗
σ

[
S−1

I

]
Pσ

where σ is a permutation with σ(ij) = j.
8: A(t+1) ← A(t)T−1

9: T
(t+1)
acc ← T

(t)
accT

10: t← t+ 1
11: end while
12: return Q← A(t), Tacc ← T

(t)
acc

Require: B ∈ Cn×n is positive definite,
pivot size k ≥ 2.

Ensure: B = T ∗
accDTacc

1: B(0) ← B.
2: T

(0)
acc ← I.

3: t← 0
4: while B(t) is not close to diagonal do
5: Select a pivot J = {i1, . . . , ik}, i1 < · · · <

ik.
6: Construct S ∈ GLk(C) such that S∗B

(t)
J S

is diagonal.

7: Define T ∈ Cn×n as T = P ∗
σ

[
S−1

I

]
Pσ

where σ is a permutation with σ(ij) = j.
8: B(t+1) ← (T−1)∗B(t)T−1

9: T
(t+1)
acc ← T

(t)
accT

10: t← t+ 1
11: end while
12: return D ← B(t), Tacc ← T

(t)
acc

Decomposition name S (A
(t)
J S)∗(A

(t)
J S) = S∗B

(t)
JJS

Eigendecomposition / SVD Unitary Diagonal
Cholesky / QR Upper triangular Identity
LDL / unnamed Unit upper triangular Diagonal
unnamed / QL Lower triangular Identity
Gram matrix / Orthogonalization Nonsingular Identity

Table 3.1: Two-sided and one-sided decomposition of the form B = T ∗DT and A = QT that one
obtains by different selections of S in line 6 of Algorithm 1.

Remark 1 (Using recursion to compute S). Let’s revisit line 6 of either algorithm. Com-
puting S is itself a matrix decomposition problem. In fact, the decomposition of BJJ or AJ

one must find is exactly the kind of decomposition one seeks to compute of B or A. This
points to the natural choice of using the algorithm recursively. Alternatively, one may use
any expensive factorization algorithm since the problem instance is smaller.

Remark 2 (Parallelizability). When two pivot sets are disjoint, the corresponding updates
may occur in parallel. The results here can be extended to the case where multiple disjoint
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pivots J1, . . . , Jℓ ∈
(
[n]
k

)
are sampled at a time where the marginal distribution of each Jj is

uniform, and then the corresponding pivots are performed in any order.

Remark 3 (Fixed pivot size). There’s no reason to keep the pivot size |J | = k constant,
other than it simplifies the analysis. J may be sampled from any set such that the probability
{i, j} ⊂ J is equal for all distinct pairs i, j.

Remark 4 (Meaning of “convergence”). The algorithm halts when A(t)∗A(t) = B(t) is close
to diagonal, in whatever sense the user demands. When we say that the method converges,
we mean that the criteria that ends the while-loop in the algorithm is met. Other sources
may impose a stronger condition on convergence: it means that the version of the algorithm
which continues iterating indefinitely, never exiting the while-loop, must produce states such
that the limits limt→∞ A(t) (or limt→∞ B(t)) and limt→∞ T

(t)
acc exist. In particular, if A(t) has

reached an orthonormal basis, but that basis changes each iteration, we will still say it has
converged.

3.3 Main tool for analysis

In Section 3.3 we review the standard Jacobi analysis, from which we draw inspiration. This
analysis rests on a certain potential function, used to measure progress of convergence to a
diagonal matrix. In Section 3.3 we introduce our potential function, Γ(·), and relate Γ(·) to
several other metrics.

Standard Jacobi analysis

Our analysis of Algorithm 1 follows a similar strategy as the classical analysis of the Jacobi
eigenvalue algorithm. To highlight the connection, we review the classical analysis here.
Say that B = B(0), B(1), B(2), . . . is the sequence of matrices produced by the iterations
of the Jacobi eigenvalue algorithm. The proof strategy is to identify a potential function
that behaves monotonically, i.e. some quantity which strictly decreases as iterations are
performed. In the classical analysis, this potential is taken to be the squared distance of the
current iterate B(t) to the closest diagonal matrix in Frobenius norm, denoted off(·). This
quantity can be compactly expressed as

off(B) := inf
D diagonal

∥B −D∥2F = ∥B −DB∥2F =
∑

i,j∈[n],i̸=j

|bij|2

where DB = diag(b11, . . . , bnn). A straightforward calculation reveals that that

off(B(t+1)) = off(B(t))− 2|b(t)ij |2 (3.8)

where (i, j) is the pivot selected at time t. If (i, j) is picked according to the greedy pivot

rule (i.e. |b(t)ij |2 = arg maxi,j:i̸=j |b
(t)
ij |2), then |b(t)ij |2 will certainly be greater than the average
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so one has

|b(t)ij |2 ≥
1

n(n− 1)
off(B(t))

which ensures global convergence of off(B(t)) → 0 at a linear rate. If instead one uses a
randomized size 2 pivoting strategy, one has equality in expected value,

E off(B(t+1)) =

(
1− 2

n(n− 1)

)
off(B(t)), (3.9)

which again ensures global convergence in expectation at a linear rate. Although both cases
reduce to reasoning about the expectation, it does not seem that a random pivoting strategy
has been considered in the literature.

In the more general setting where B(t) is the sequence produced by non-unitary trans-
formations, we no longer have (3.8) (and therefore not (3.9) either). Instead, we obtain an
expression similar to (3.9) but with a different function in place of off(·).

A new potential function

Our potential function admits a few equivalent expressions. Letting B̂ = D
−1/2
B BD

−1/2
B , i.e.,

the diagonal-normalization of B, we define Γ(B) as

Γ(B) := tr(B ⊙B−1 − I) = tr(B̂−1)− n = −
∑

i,j∈[n],i̸=j

bij · (B−1)ji. (3.10)

As with off(·), it is clear from the definition that Γ(B) = 0 when B is diagonal. Less
obvious, now, is the converse statement and quantitative versions. Notably, the converse
fails among indefinite or general matrices3. Fortunately, among positive definite matrices,
Γ(B) is proportional to the Jensen gap of a randomly sampled eigenvalue of B̂ for the
function λ 7→ λ−1:

1

n
Γ(B) = E(λ−1)− (E(λ))−1 =

1

n
tr
(
B̂−1

)
−
(

1

n
tr(B̂)

)−1

. (3.11)

The expressions (3.10), (3.11) are equivalent since B̂ has all 1s along the diagonal, so
tr(B̂) = n. Jensen’s inequality directly implies Γ(B) ≥ 0, with equality if and only if
all the eigenvalues of B̂ are equal, i.e. B̂ = I, which is equivalent to B = DB being diagonal.
Unfortunately, the statement “Γ(B) = 0 implies B is diagonal” is not enough to conclude
that if for a sequence B(t) with Γ(B(t))→ 0 that off(B(t))→ 0. Consider, for example,

B(t) =

[
t2 t
t t2

]
, B̂(t) =

[
1 t−1

t−1 1

]
.

3A counter example is Γ

1 2 1
2 1 1
1 1 1

 = 0.
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In this example, Γ(B(t)) = 2(t2 − 1)−1 → 0 and yet off(B(t)) = 2t2 → ∞. This example is
capturing the difference between becoming closer to diagonal in an absolute versus relative
sense. Indeed B(t) is moving further from the set of diagonal matrices in an absolute sense,
but in a relative sense we should instead consider off(B̂(t)) = 2t−2 → 0. It is this notion
of distance-to-diagonal that is captured by Γ(·). Specifically, as shown in Theorem 3.3.1,
Γ(B(t))→ 0 implies off(B̂(t))→ 0 at the same rate. We justify considering only this relative
sense of distance-to-diagonal by noting that it is used as a standard stopping criterion for
the Jacobi eigenvalue algorithm [DV92]; therefore, convergence of Γ(B(t)) → 0 is enough
to show convergence of Algorithm 1 for stopping criteria that are satisfied when off(B̂) is
reduced below some threshold.

This relationship between Γ(·) and off(·) is intuitively explained by a general fact that
the Jensen gap is larger for distributions that are “spread out” and smaller for distributions
that are highly concentrated. In particular, off(B̂) is directly proportional to the variance
of a randomly selected eigenvalue:

E(λ2)− E(λ)2 =
1

n
tr(B̂2)− 1 =

1

n
∥B̂ − I∥2F =

1

n
off(B̂).

This same mechanism can be used to control the ratio between the largest and smallest
eigenvalues of B̂: if this ratio is close to 1, the eigenvalues are clustered, and if it is large,
they are spread out. This ratio is simply the condition number κ(B̂). This quantity plays
an important role in the numerical stability analysis of the Jacobi eigenvalue algorithm
appearing in [DV92]; it is known as the diagonal-normalized condition number, which we
denote as κ̂(B) := κ(B̂).

This condition number can be arbitrarily smaller than the usual condition number κ(·)
(consider, for example, any diagonal matrix), but cannot be much larger (specifically, as
shown in [Van69], we have κ̂(B) ⩽ nκ(B).). The relationship between Γ(·) and κ̂(·) presented
in Theorem 3.3.2 is what allows us to prove polynomial control over the numerical stability
of Algorithm 1.

These relationships between Γ(B) and κ(B̂) and off(B̂) are derived by considering an
optimization program of the eigenvalues λj of B̂. The constraints come from the invariant

tr(B̂) = n and the definition Γ(B) = Γ(B̂) = tr(B̂−1) − n. Converting these to statements
about the eigenvalues themselves results in the constraints

λ1, . . . , λn > 0, λ1 + · · ·+ λn = n, λ−1
1 + · · ·+ λ−1

n = n + Γ(B̂). (3.12)

Strictly speaking, one may also wish to impose the ordering of the eigenvalues, λ1 ≥ · · · ≥ λn.
Due to the symmetry of the other constraints, this turns out not to be important. Observe
that the constraint 1/λ1+· · ·+1/λn = n+Γ(B̂) implies all feasible points avoid the boundary,
λj = 0 for some j. The set of feasible points is also compact, so the maximizing point for
any continuous objective function will be achieved for a point in the interior of the positive
orthant. This allows us to find optima of smooth functions by the method of Lagrange
multipliers. This method uses the following fact: if left-hand sides of the equalities in (3.12)
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are F1(λ1, . . . , λn) = λ1 + . . . + λn and F2(λ1, . . . , λn) = λ−1
1 + · · · + λ−1

n , and the objective
is Φ, then the optimal assignment satisfies

rank

∇Φ(λ1, . . . , λn)
∇F1(λ1, . . . , λn)
∇F2(λ1, . . . , λn)

 = rank

 ∇Φ(λ1, . . . , λn)
1 · · · 1

−1/λ2
1 · · · −1/λ2

n

 ⩽ 2. (3.13)

In particular, the determinant of every 3× 3 submatrix must vanish.

Lemma 3.3.1.

off(B̂) ⩽ Γ(B) ·
(√

1 + Γ(B)/4 +
√

Γ(B)/4
)2

Proof. Put g = Γ(B̂) = Γ(B). We have

∥B̂ − I∥2F = −n + ∥B̂∥2F = −n + λ2
1 + · · ·+ λ2

n. (3.14)

We consider maximizing (3.14) subject to (3.12). This is a smooth objective so by (3.13),

rank

 2λ1 · · · 2λn

1 · · · 1
−1/λ2

1 · · · −1/λ2
n

 ⩽ 2 (3.15)

By considering a vector
[
1 a b

]
in the left-nullspace, we see that each eigenvalue must be

the root of a common cubic polynomial z3 + az2 − b = 0. By Descartes’ rule of signs, this
polynomial can have at most two positive roots. Without loss of generality, say

λ1 = · · · = λk ≥ λk+1 = · · · = λn

for some index k. Plugging these into these constraints gives

kλ1 + (n− k)λn = n,
k

λ1

+
n− k

λn

= n + g.

Substituting for λn and clearing the denominators shows that λ1 must be the larger root of

z2 − n (2k + g)

k (n + g)
z +

n

n + g
= 0.

By applying the quadratic formula, we see that the objective

kλ2
1 + (n− k)λ2

n

is monotonically increasing in k, so we should take k = n−1. By rearranging the expression
obtained from the quadratic formula, this results in

λ1 = · · · = λn−1 =
1 + g

2(n−1)
−
√

g
(n−1)n

+ g2

4(n−1)2

1 + g/n
& λn = n− (n− 1)λ1.
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Then the maximum of the objective function can be expressed as

−n + (n− 1)λ2
1 + λ2

n = −n + (n− 1)λ2
1 + (n− (n− 1)λ1)

2

= n(n− 1)(λ1 − 1)2.
(3.16)

The resulting expression is monotonically increasing in n, so one may upper bound this
quantity by taking the limit as n→∞. This yields

off(B̂) ⩽
(
g/2 +

√
g + g2/4

)2
.

Lemma 3.3.2.
1 + Γ(B)/n ⩽ κ(B̂) ⩽ (1 +

√
Γ(B)/2 + Γ(B)/2)2.

Proof. For the lower bound on κ(B̂), note that

nΓ(B̂) = n tr(B̂−1)− n2 = tr(B̂) · tr(B̂−1)− n2 ⩽ n∥B̂∥ · n∥B̂−1∥ − n2 = n2κ(B̂)− n2.

For the upper bound, put g = Γ(B) = Γ(B̂). We have

κ(B̂) = max(λ1, . . . , λn)/min(λ1, . . . , λn). (3.17)

We consider maximizing (3.17) subject to (3.12). Since the constraints are all symmetric
in the variables, we may permute the assignment to the variables which maximizes κ(B̂) so
that λ1 and λn are the largest and smallest variables respectively. In particular, this means
we may simply maximize the smooth objective λ1/λn. By (3.13),

rank

 1/λn 0 · · · 0 −λ1/λ
2
n

1 1 · · · 1 1
−1/λ2

1 −1/λ2
2 · · · −1/λ2

n−1 −1/λ2
n

 ⩽ 2. (3.18)

The determinant of each 3×3 submatrix must be 0. Take the columns i, j, n for 1 < i, j < n.
This determinant is

λ1

λ2
n

(
1

λ2
j

− 1

λ2
i

)
= 0

which implies λi = λj. The rank condition (3.18) thus simplifies dramatically since the
middle n− 2 columns coincide,

det

 1/λn 0 −λ1/λ
2
n

1 1 1
−1/λ2

1 −1/λ2
2 −1/λ2

n

 = 0.
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Many terms cancel in this determinant, and the constraint simplifies to just λ2
2 = λ1λn.

Divide the constraint λ1+(n−2)λ2+λn = n by λ2 and multiply the constraint 1
λ1

+ n−2
λ2

+ 1
λn

=
n + g by λ2 to obtain

λ1

λ2

+ (n− 2) +
λn

λ2

=
n

λ2

,
λ2

λ1

+ (n− 2) +
λ2

λn

= λ2(n + g).

The lefthand sides of each of these constraints are both equal to
√

λ1/λn +
√
λn/λ1 +(n−2)

since λ2 =
√
λ1λn. Consequently,

λ2 = · · · = λn−1 =

√
n

n + g
.

Observe that we have deduced the sum λ1 + λn = n− (n− 2)λ2 and the product λ1λn = λ2
2

so by Viete’s formulas λ1 and λn are the larger and smaller roots of

z2 − (n− (n− 2)λ2)z + λ2
2 = 0

respectively. By applying the quadratic formula and rearranging, we obtain

λ1/λn = 1 +
1

2

(
x(x + 4) + (x + 2)

√
x(x + 4)

)
where x =

g√
1 + g/n + 1

.

Notice that the expression for λ1/λn is increasing in x, and that x ⩽ g/2. Plugging this in
gives,

λ1/λn ⩽ 1 +
√

2g + g2(g2 + 16g + 80)/64 + g + g2/8

By treating this as a function of
√
g and applying Taylor’s theorem, this gives

κ(B̂) ⩽ 1 +
√

2g + g +
5

8
√

2
g1.5 +

g2

4

⩽ (1 +
√

g/2 + g/2)2
(3.19)

as required.

Lemma 3.3.3.

max
(
∥B̂∥, ∥B̂−1∥

)
⩽ 1 +

Γ(B)

2
+

√(
1 +

Γ(B)

2

)2

− 1.

Proof. Put g = Γ(B̂). Here we are maximizing either λ1 or 1/λn subject to (3.12). Since
the constraints are symmetric, we may equivalently think of the maximum values of λ1 and
1/λ1 instead, which correspond to just the maximum and minimum values of λ1. Then by
(3.12), we have

det

 1 0 0
1 1 1

−1/λ2
1 −1/λ2

i −1/λ2
j

 = 0,
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i.e. λi = λj for all i, j > 1. By plugging this into the constraints and solving for λ1, we see
that the extremal values of λ1 are the roots of

(1 + g/n)z2 − (2 + g)z + 1 = 0.

Notice that the larger root is increasing in n and the smaller root is decreasing in n, so we
obtain correct bounds by taking the limit as n goes to infinity. The consequence is that the
extremal values of λ1 lie between the roots of z2 − (2 + g)z + 1. Since the product of the
roots is 1, the reciprocal of the smaller root is exactly the larger root, so we finally apply
the quadratic formula to obtain

max(λ1, 1/λ1) ⩽ 1 +
Γ(B)

2
−

√(
1 +

Γ(B)

2

)2

− 1

as desired.

3.4 Exact arithmetic

In this section we prove Γ(·) converges to zero as Algorithm 1 progresses, first by analyzing
the change in Γ(·) during a single step of the algorithm and then iterating. As a corollary, we
show that one- and two-sided versions of Algorithm 1 quickly converge to the factorizations
A = QTacc and B = T ∗

accDTacc where Q is nearly orthogonal and D is nearly diagonal. See
Theorem 3.4.4 for a precise statement on this convergence.

One-step analysis

As promised, we derive an analogous formula to (3.8) for how for Γ(·) changes upon a single
iteration of Algorithm 1. Interestingly, although we will only apply this formula when B is
positive semi-definite, it holds for general matrices and so we state it as such.

Lemma 3.4.1 (Deterministic update formula). Fix any B ∈ Cn×n. Let J ⊂ [n] be any
subset of indices and S ∈ C|J |×|J | be any nonsingular matrix such that S∗BJ,JS is diagonal.

Denote T = Pσ

[
S−1

I

]
P ∗
σ where σ(J) = [k]. Then

Γ((T−1)∗BT−1) = Γ(B) +
∑

i,j∈J,i̸=j

bij · (B−1)ji.

Proof. Put P = Pσ. Note that Γ(·) is invariant under conjugation by permutation matrices,
so

Γ(T−∗BT−1) = Γ((P ∗T−∗P )(P ∗BP )(P ∗T−1P )).
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We can express P ∗BP and P ∗TP as block matrices

P ∗BP =

[
BJJ BJ,Jc

BJc,J BJc,Jc

]
& P ∗TP =

[
S−1

I

]
.

For the remainder of the proof, we replace P ∗BP with B and P ∗TP with T . ⊙ has lower
precedence than regular matrix multiplication, so M1M2 ⊙ M3M4 = (M1M2) ⊙ (M3M4).
Then

Γ(T−∗BT−1)− Γ(B) = tr
(
T−∗BT−1 ⊙ TB−1T ∗)− tr

(
B ⊙B−1

)
= tr

([
S∗

I

]
B

[
S

I

]
⊙
[
S−1

I

]
B−1

[
S−∗

I

])
− tr

(
B ⊙B−1

)
= tr

(
S∗BJJS ⊙ S−1(B−1)JJS

−∗)− tr(BJJ ⊙ (B−1)JJ)

(3.20)

By assumption, S∗BJ,JS = D is diagonal. In particular, we have

tr
(
S∗BJJS ⊙ S−1(B−1)JJS

−∗) = tr
(
S∗BJJS · S−1(B−1)JJS

−∗) = tr
(
BJ,J · (B−1)J,J

)
.

This gives

Γ(T ∗BT )− Γ(B) = tr
(
BJJ · (B−1)JJ

)
− tr

(
BJJ ⊙ (B−1)JJ

)
=
∑
i,j∈J

bij · (B−1)ji −
∑
j∈J

bjj · (B−1)jj

=
∑

i,j∈J,i̸=j

bij · (B−1)ji

(3.21)

as required.

Completing the analogy of (3.8) to (3.9), we now compute the expected value of the
bound from Theorem 3.4.1 under the randomized size k pivot rule.

Lemma 3.4.2 (Expected update). Fix any B ∈ Cn×n. Let T be as in Theorem 3.4.1 for a
uniformly randomly sampled size k pivot set J ∈

(
[n]
k

)
. Then

EΓ((T−1)∗BT−1) =

(
1− k(k − 1)

n(n− 1)

)
Γ(B).

Proof.

E

( ∑
i,j∈J,i̸=j

bij · (B−1)ji

)
=

(
n

k

)−1 ∑
J∈([n]

k )

∑
i,j∈J,i̸=j

bij · (B−1)ji.
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Note for each ordered pair (i, j) that the term bij · (B−1)ji appears exactly
(
n−2
k−2

)
times. Thus

E

( ∑
i,j∈J,i̸=j

bij · (B−1)ji

)
=

(
n

k

)−1(
n− 2

k − 2

) ∑
i,j∈[n],i̸=j

bij · (B−1)ji

= −k(k − 1)

n(n− 1)
Γ(B).

(3.22)

Iterated analysis

Theorem 3.4.3 (Global linear convergence of Algorithm 1). Let A(t), B(t) be the sequence
of matrices produced by any instantiation of the the one- and two-sided versions Algorithm 1
respectively with randomized size k pivoting. Then

EΓ(B(t)) =

(
1− k(k − 1)

n(n− 1)

)t

Γ(B(0)),

EΓ(A(t)∗A(t)) =

(
1− k(k − 1)

n(n− 1)

)t

Γ(A(0)∗A(0)).

Proof. Theorem 3.4.2 implies

E
(
Γ(B(t)) |B(t−1)

)
=

(
1− k(k − 1)

n(n− 1)

)
Γ(B(t−1)). (3.23)

By using induction with the law of iterated expectation, we obtain

EΓ(B(t)) = E
(
E
(
Γ(B(t)) |B(t−1)

))
=

(
1− k(k − 1)

n(n− 1)

)
EΓ(B(t−1))

=

(
1− k(k − 1)

n(n− 1)

)t

Γ(B(0)).

(3.24)

Remark 5 (Monotonicity and determinism). Unlike off(·), the potential function Γ(·) is not
strictly monotone, it is only monotone in expectation. If one seeks a deterministic pivoting
strategy with monotone convergence, one could adopt a greedy strategy which is analogous
to (3.6). Specifically, pick

(i, j) = arg min
i,j:i̸=j

ℜ
(
bij(B

−1)ji
)
.

With this pivoting rule, the bounds of Theorem 3.4.3 would hold with an inequality ⩽ instead
of equality in expectation. We speculate that this could be done efficiently in the setting
where one is initially given both B and B−1, and updates both B(t) and (B(t))−1 in each
iteration.



CHAPTER 3. MATRIX FACTORIZATIONS 46

Remark 6 (Kaczmarz-Kac walk). Consider the special case of the one-sided Algorithm 1,
where k = 2 and S is either upper or lower triangular. This is precisely the procedure
proposed in [Ste25] (where it is dubbed the “Kaczmarz-Kac walk”) and concurrently in
[DS26b]. With Theorem 3.3.2 to relate Γ(·) to κ(·), Theorem 3.4.3 confirms the rate of
convergence of this method conjectured by Steinerberger [Ste25].

Our main result is a corollary of Theorem 3.4.3, showing the convergence of Algorithm 1.

Corollary 3.4.4. Let 0 < δ < 1. Given positive definite B ∈ Cn×n, run Algorithm 1 with
randomized size k pivoting for

t ≥ n(n− 1)

k(k − 1)
log
(
4nκ̂(B)/δ2

)
iterations. Let Tacc = T

(t)
acc, D = B(t) be the values returned by the algorithm. Let D′ = D⊙ I

be just the diagonal entries of D. Then

∥B − T ∗
accD

′Tacc∥ ⩽ ∥B∥
δ

ρ− δ

with probability at least 1 − ρ. Additionally, B = T ∗
accDTacc exactly where D is close to

diagonal in the sense that

E

√√√√∑
i̸=j

|dij|2

diidjj
⩽ δ

where dij is the ij
th entry of D. Equivalently, if B = A∗A, then the one-sided version returns

Q = A(t) forming the exact factorization A = QTacc where Q is nearly orthogonal in the sense
that

E

√√√√∑
i̸=j

|⟨qi, qj⟩|2

∥qi∥2 ∥qj∥2
⩽ δ

where qi is the ith column of Q. Finally, it is possible to execute lines 6-8 so that Tacc is
ensured to be (special) unitary4 or (unit) upper/lower triangular, giving any of the factoriza-
tions listed in Table 3.1.

Proof. First note that as outlined in Table 3.1, we can apply constraints to S to produce a
specific factorization. Note that each listed property of S implies the corresponding property
of T in line 7. That is, if S is unitary, T will be unitary, if S is upper triangular, T will be
upper triangular, etc. These properties also are closed under multiplication, so the returned
transformation Tacc will have the corresponding property as well. Picking S with the desired
constraint is also always possible: these are just the corresponding decompositions of BJJ

and AJ , which always exist.

4Special unitary is any unitary matrix U with det(U) = 1.
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We now turn to the quantitative statements in the two-sided case. Theorem 3.4.2 implies

E
(
Γ(B(t)) |B(t−1)

)
=

(
1− k(k − 1)

n(n− 1)

)
Γ(B(t−1))

By applying the same equality for smaller values of t and using the law of iterated expecta-
tion, we have

EΓ(B(t)) = E
(
E
(
Γ(B(t)) |B(t−1)

))
=

(
1− k(k − 1)

n(n− 1)

)
EΓ(B(t−1))

=

(
1− k(k − 1)

n(n− 1)

)t

Γ(B(0)).

(3.25)

By Theorem 3.4.3, our choice of t, and Theorem 3.3.2 we have

EΓ(B(t)) =

(
1− k(k − 1)

n(n− 1)

)t

Γ(B(0)) ≤ δ2/4.

By Theorem 3.3.1 and Jensen’s inequality, we have

E

√√√√∑
i̸=j

|dij|2

diidjj
≤ δ.

The statements for the one-sided case follow identically. The first statement in the corollary
follows by considering the event √√√√∑

i̸=j

|dij|2

diidjj
≤ nδ,

which occurs with probability 1− ρ by Markov’s inequality. This is equivalent to∥∥D′−1/2T−∗
accBT−1

accD
′−1/2 − I

∥∥
F
⩽ δ/ρ

which by the triangle inequality and submultiplicativity implies

∥B − T ∗
accD

′Tacc∥F ⩽ ∥D′1/2Tacc∥2δ/ρ
= ∥T ∗

accD
′Tacc∥δ/ρ

⩽ (∥B∥+ ∥B − T ∗
accD

′Tacc∥)δ/ρ.
(3.26)

The desired result follows by rearranging.
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3.5 Finite arithmetic analysis

The previous section showed that every instantiation of Algorithm 1 (i.e. every process for
selecting S in line 6) with randomized size k pivoting has the same expected behavior in
terms of Γ(·). To obtain a convergence result in the presence of round-off error, one needs
to assume the updates line 8 and 9 are performed with small mixed forward-backward error
(see the diagram (3.27)).

In this setting, Γ(·) will play two roles: the first role, as before, is that the convergence
of Γ(·) → 0 tracks the convergence of the algorithm. The second role is in controlling the
accumulation of the error acquired during each iteration.

We let Ã(t), B̃(t) denote the state of the one- and two-sided algorithm respectively after t
iterations are performed in finite precision with randomized size k pivoting (to contrast with
A(t), B(t) without tildes computed exactly). The stability of each iteration can be defined
in terms of the following commutative diagram, corresponding to a mixed forward-backward
guarantee.

Ã(t) Ã(t+1)

Ã(t+1/3) Ã(t+2/3)

floating

≈

exact

≈

B̃(t) B̃(t+1)

B̃(t+1/3) B̃(t+2/3)

floating

≈

exact

≈ (3.27)

Later in this section, we will need to refer to the state at various iterations and “one-third”
iterations. To avoid ambiguity, we always take t to be an integral index (i.e. refers to the
state after a complete number of iterations) and s an index in 1

3
N (i.e. can refer to an

in-between state). The diagram commutes in the following sense: if Ã(t+1) is the result of

performing one iteration on Ã(t) in floating point arithmetic, then we are guaranteed the
existence of “intermediate states” Ã(t+1/3) which is close to Ã(t) and Ã(t+2/3) which is close to
Ã(t+1) such that Ã(t+2/3) is the result of applying one iteration to Ã(t+1/3) in exact arithmetic.
Analogous states exist for the two-sided variant. We define “closeness” by

A ≈ A′ ⇐⇒ dist1(A,A
′) ⩽ ε & B ≈ B′ ⇐⇒ dist2(B,B′) ⩽ ε

for pseudo-metrics

dist1(A,A
′) = sup

j

∥∥∥∥ aj
∥aj∥

−
a′j
∥a′j∥

∥∥∥∥ & dist2(B,B′) = sup
ij

∣∣∣∣∣ bij√
biibjj

−
b′ij√
b′iib

′
jj

∣∣∣∣∣
where aj, a

′
j is the jth column of A,A′ respectively. Note that we are implicitly assuming

here that the diagonal entries of B and B′ are positive. Importantly, dist1(A,A
′) ⩽ ε implies

that dist2(A
TA,A′TA′) ⩽ 2ε+ ε2 = O(ε) so it suffices to consider only the hypothesis of the

two-sided assumption of (3.27).
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Control on Γ(B̃(t))

We begin by proving a finite-arithmetic analog of Theorem 3.4.3, i.e., we wish to show
Γ(B̃(t)) exhibits linear convergence. In the last section, specifically, (3.23), we showed that

the stochastic process C−t
n,kΓ(B(t)) was a martingale where Cn,k =

(
1− k(k−1)

n(n−1)

)
. Thus Ct → 0

roughly implied Γ(B(t))→ 0 at the same rate. In this section, we define a new martingale and

show C−t
n,kΓ(B̃(t)) is (nearly) bounded by it with high probability. To define the martingale,

we introduce the following random variables.

Xt =
Γ(B̃(t+2/3))

Γ(B̃(t+1/3))
& Yt1t2 =

t2∏
t=t1

Xt

where we use the convention Yt1t2 = 1 if t2 < t1.

Lemma 3.5.1 (Martingale behavior). For any index t1, the process{
Ct1−1−t

n,k Yt1,t

}∞
t=t1

is a nonnegative martingale.

Proof. Theorem 3.4.2 states that

E
(
Xt | B̃(t+1/3)

)
=

(
1− k(k − 1)

n(n− 1)

)
.

Theorem 3.4.1 shows that Xt is a deterministic function of B̃(t+1/3) and the randomly chosen
pivot J ∈

(
[n]
k

)
. Since the pivot chosen at each step is independent of previously chosen

pivots, one has

E(Xt |Xt−1, . . . , X0) = Cn,k =⇒ E(Yt1,t |Yt1,t−1, . . . , Yt1,t1) = Cn,kYt1,t−1.

Our next lemma allows us to control the change in Γ(·) between the states B̃(t±1/3) and

the state B̃(t).

Lemma 3.5.2 (Perturbation theory for Γ(·)). Let B and P be square matrices with positive
diagonal entries. Suppose that B is positive definite and that dist2(B,P ) ⩽ ε for ε <
1/(nΓ(B) + n2) then P is also positive definite and

|Γ(B)− Γ(P )| ⩽ nε · (Γ(B) + n)2

1− nε(Γ(B) + n)
.
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Proof. Let X = D
−1/2
B BD

−1/2
B and Y = D

−1/2
P PD

−1/2
P . By definition of Γ(·), we have

Γ(B) = Γ(X) = tr(X−1)− n & Γ(P ) = Γ(Y ) = tr(Y −1)− n.

Consequently, we can express their difference as

|Γ(X)− Γ(Y )| =
∣∣tr(X−1 − Y −1)

∣∣ =
∣∣tr(X−1(Y −X)Y −1

)∣∣
=
∣∣tr(Y −1X−1(Y −X)

)∣∣ . (3.28)

Since the entries of Y −X are bounded by ε, we can apply Hölder’s inequality and Cauchy-
Schwarz to obtain∣∣tr(Y −1X−1(Y −X)

)∣∣ ⩽ ε
∑
i,j

∣∣(Y −1X−1)ij
∣∣ ⩽ ε

∥∥Y −1
∥∥
F

∥∥X−1
∥∥
F
.

Then by rearranging the triangle inequality∥∥Y −1
∥∥
F
⩽
∥∥X−1

∥∥
F

+
∥∥X−1 − Y −1

∥∥
F

⩽
∥∥X−1

∥∥
F

+
∥∥X−1

∥∥
F

∥∥Y −1
∥∥
F
∥X − Y ∥F

(3.29)

one obtains ∥∥Y −1
∥∥
F
⩽

∥X−1∥F
1− ∥Y −X∥F ∥X−1∥F

⩽
∥X−1∥F

1− nε ∥X−1∥F
.

Finally, note that the above quantity is monotone in ∥X−1∥F and apply∥∥X−1
∥∥
F
⩽ tr(X−1) = Γ(X) + n.

Note that this argument applies if Y is replaced with any matrix in the line segment Ys =
sY + (1 − s)X. In particular, ∥Y −1

s ∥F is finite for each choice of s ∈ [0, 1]. Since Yt is a
continuous path among Hermitian invertible matrices with one end point, X, that is positive
definite, we conclude that the other end point, Y , is positive definite as well.

To stitch these two lemmas together, we essentially argue that by selecting ε sufficiently
small, one can ensure that the additive error one obtains from Theorem 3.5.2 between states
B̃(t−1/3) to B̃(t+1/3) does not accumulate too much.

Theorem 3.5.3. For any time step τ and parameters ρ, δ > 0, if

ε ⩽
δρ

2n(Γ(B)τρ−1 + δ + n)2 · τ 2

then

Pr

(
Γ(B̃(t)) ⩽ Γ(B)

(
1− k(k − 1)

n(n− 1)

)t

ρ−1 + δ ∀t < τ

)
≥ 1− 2ρ.
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Proof. Set C = 1− n(n−1)
k(k−1)

. Let y = τρ−1. Let Ω be the event that

Ω ≡ sup
0⩽t1,t2<τ

Ct1−1−t2Yt1t2 ⩽ y

and Et the event that
Et ≡ Γ(B̃(t)) ⩽ Γ(B)Y0,t−1 + δ.

We claim that Ω ⊂ E0 ∩ · · · ∩ Eτ−1. We argue via induction on t. The base case of Ω ⊂ E0

follows since E0 is guaranteed. It thus suffices to argue that Ω ∩ E0 ∩ . . . ∩ Et ⊂ Et+1.
Condition on the events Ω, E0, . . . , Et. Define

dt = Γ(B̃(t+1/3))− Γ(B̃(t−1/3)) & d′t = Γ(B̃(t))− Γ(B̃(t−1/3))

where we adopt the convention B̃(−1/3) = B̃(0) Then

Γ(B̃(t+1)) = Γ(B)Y0t +
t∑

j=0

djYjt + d′t+1

⩽ Γ(B)Y0t + (t + 1)y sup
0⩽j⩽t

dj + d′t+1.

(3.30)

Theorem 3.5.2 shows how to bound di, d
′
i in terms of Γ(B̃(t)). Specifically,

dj, d
′
j ⩽ 2nε · (Γ(B̃(j)) + n)2

1− nε(Γ(B̃(j)) + n)
⩽ 2nε · (Γ(B)Cjy + δ + n)2

1− nε(Γ(B)Cjy + δ + n)
(3.31)

where we use Ω, Ej in the second inequality. The selection of ε is such that (3.30) with (3.31)
implies Et+1 occurs, completing the induction step. The consequence is

Pr(Eτ−1 ∩ · · · ∩ E0) ≥ Pr(Ω).

Now consider the event
Ω′ ≡ sup

t<τ
C−1−tY0t ⩽ ρ−1.

Then
Ω′ ∩ Et =⇒ Γ(B̃(t)) ⩽ Γ(B)Ctρ−1 + δ.

Therefore by union bound,

Pr
(

Γ(B̃(t)) ⩽ Γ(B)Ctρ−1 + δ ∀t < τ
)
≥ Pr(Eτ−1 ∩ · · · ∩ E0 ∩ Ω′)

≥ Pr(Eτ−1 ∩ · · · ∩ E0)− Pr(¬Ω′)

≥ Pr(Ω)− Pr(¬Ω′).

(3.32)
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By Theorem 3.5.1, events Ω,Ω′ concern the concentration of a nonnegative supermartingale.
For each t1, one has by Ville’s inequality that

Pr

(
sup
t2≥t1

Ct1−1−t2Yt1,t2 ≥ a

)
⩽ a−1. (3.33)

Apply (3.33) for t1 such that 0 ≤ t1 < τ and a = y to obtain by union bound

Pr(¬Ω) ⩽ y−1τ = ρ.

Apply (3.33) for t1 = 0 and a = ρ−1 to obtain

Pr(¬Ω′) ⩽ ρ.

Plugging these inequalities into (3.32) gives the final result.

As we stated at the outset, Γ(·) plays two roles: it must converge to 0 to show the
algorithm halts, and it also must never see a large intermediate value to ensure the numerical
error does not blow up. To these ends, we have two consequences of Theorem 3.5.3. In both,
we set

B̂(t) = diag
(
b̃11, . . . , b̃nn

)−1/2

B̃(t) diag
(
b̃11, . . . , b̃nn

)−1/2

to be the diagonal-normalization of a matrix.

Corollary 3.5.4 (Boundedness of ∥(B̂(t))−1∥). For any time step τ and parameters ρ > 0,
if

ε ⩽
ρ3

3n3∥B̂−1∥2τ 4
then

Pr

(
sup
t<τ
∥(B̂(t))−1∥ ⩽ ∥B̂−1∥ · nρ−1 + 3

)
≥ 1− 2ρ.

Proof. Apply Theorem 3.3.3 to Theorem 3.5.3, set δ = 1, and use
(

1− k(k−1)
n(n−1)

)t
⩽ 1.

Corollary 3.5.5 (Approximate convergence). For any ρ ∈ (0, 1/2), δ ∈ (0, 1/4), let

t ≥ n(n− 1)

k(k − 1)
log
(
n∥B̂−1∥/ρδ

)
.

If

ε ⩽
δρ3

3n3∥B̂−1∥2τ 4
then

max
(
∥B̂(t)∥, ∥(B̂(t))−1∥

)
⩽ 1 + 2

√
δ

with probability 1− 2ρ.

Proof. Apply Theorem 3.3.3 to Theorem 3.5.3.
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Orthogonalization is stable

The most general result is that if each iteration of the one-sided algorithm satisfies (3.27),
then the overall algorithm stably computes an orthonormal basis of the column-space of A =[
a1 · · · an

]
∈ Cd×n. This can be extended to a basis of the flag span(a1), span(a1, a2), span(a1, a2, a3), · · · .

We give a handful of examples of implementations of the algorithm which satisfy (3.27).
We first need to specify a metric on the Grassmanian Grk(Cn) so that we may quantify the

error of the basis output by the algorithm. For subspaces V and W of the same dimension
k, let QV and QW denote orthonormal basis for those spaces respectively. Then we use
the following standard metric, sometimes referred to as the gap-metric, which has a few
equivalent expressions [QZL05],

dist(V,W ) = ∥QVQ
∗
V −QWQ∗

W∥ = inf
R
∥QV −QWR∥ =

√
1− σk(Q∗

VQW )2 = sin(θ(V,W )),

where θ is the largest principle angle between V and W .

Lemma 3.5.6 (Perturbation theory for subspaces). Let Â, Â′ ∈ Cd×n have unit length
columns. Then

dist(Col(Â),Col(Â′)) ⩽

√
n dist1(Â, Â

′)

max(σn(Â), σn(Â′))
.

Proof. Let Â = QR be the QR decomposition of Â. Then

dist(Col(A),Col(A′)) ⩽
∥∥∥Q− Â′R−1

∥∥∥ =
∥∥∥(Â− Â′)R−1

∥∥∥ ⩽ ∥Â− Â′∥
∥∥R−1

∥∥ =
∥Â− Â′∥
σn(Â)

.

(3.34)

Now,

∥Â− Â′∥ = sup
y

∥(Â− Â′)y∥
∥x∥ ∥y∥

⩽
√
n sup

y

∥(Â− Â′)y∥
∥x∥ ∥y∥1

=
√
n dist1(Â, Â

′).

Finally, the metric is symmetric so we may swap the roles of A and A′.

Theorem 3.5.7. Say one is given A ∈ Cd×n. Let Â = A diag(∥a1∥ , . . . , ∥an∥)−1 normalize
the columns of A. Let Q = A(τ) be the result of running the one-sided Algorithm 1 with
randomized size k pivoting on A ∈ Cd×n with full column rank for

τ = O

(
n2k−2 log

(
n

σn(Â)δ

))
iterations. Assume each iteration is computed stably in the sense of (3.27) for

ε ⩽
δσn(Â)4

n6τ 4
.

Then with probability 1− 2/n,

∥Q∗Q− I∥ ⩽ 3
√
δ & dist(Col(Q),Col(A)) ⩽ δ.
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Proof. Theorem 3.5.5 immediately implies ∥Q∗Q− I∥ ⩽ δ. By the triangle inequality,

dist(Col(A),Col(Ã(τ))) ⩽
τ∑

t=1

(
dist(Col(Ã(t−1)),Col(Ã(t−2/3)))

+ dist(Col(Ã(t−2/3)),Col(Ã(t−1/3)))

+ dist(Col(Ã(t−1/3)),Col(Ã(t)))

)
.

(3.35)

Since Ã(t−1/3) is exactly a column operation applied to Ã(t−2/3), the middle term in the
summand vanishes. Note that one may replace Ã(s) with its column-normalization Â(s). The
first and last term are bounded by Theorem 3.5.6:

dist(Col(A),Col(Ã(τ))) ⩽ τ sup
t∈[τ ]

( √
n dist1(Â

(t−1), Â(t−2/3))

max(σn(Â(t−1)), σn(Â(t−2/3)))
+

√
n dist1(Â

(t−1/3), Â(t))

max(σn(Â(t−2/3)), σn(Â(t)))

)
.

But the distances dist1(·, ·) in the numerator are bounded by ε by assumption. Thus we
have

dist(Col(A),Col(Ã(τ))) ⩽
2τ
√
n

infs⩽τ σn(Â(s))
· ε.

Theorem 3.5.4 shows that (
inf
s⩽τ

σn(Â(s))

)−2

⩽ σn(Â)−2n2 + 3

with probability 1− 2/n. The selection of ε gives the desired result.

Remark 7. The following update rules orthogonalize a pair of unit vectors and can be
performed in floating point arithmetic with unit round-off u to satisfy (3.27) with ε = O(n)u.
We describe them for J = {1, 2} with α = ⟨a1, a2⟩.

The rule depicted the left (red) corresonds to Gram-Schmidt:[
a1 a2

]
←
[
a1

a2−αa1√
1−α2

]
. (3.36)

The rule depicted in the middle (blue) is a normalized version of taking the SVD:[
a1 a2

]
←
[

a1+a2√
2+2α

a1−a2√
2−2α

]
. (3.37)
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The rule depicted on the right (yellow) is a rule that treats the inputs symmetrically, and is
equivalent to applying the rule depicted in the middle twice in a row:[

a1 a2
]
←
[

(
√
2−2α+

√
2+2α)a1+(

√
2−2α−

√
2+2α)a2

∥(√2−2α+
√
2+2α)a1+(

√
2−2α−

√
2+2α)a2∥

(
√
2−2α−

√
2+2α)a1+(

√
2−2α+

√
2+2α)a2

∥(√2−2α−
√
2+2α)a1+(

√
2−2α+

√
2+2α)a2∥ .

]
.

(3.38)

Figure 3.1: Demonstration of evolution of Γ((A(t))∗A(t))

Γ((A(0))∗A(0))
as iterations are performed according to

each of the three rules depicted in Remark 7. Rule (3.36) is labeled GS in red. Rule (3.37) is labeled
nSVD in blue. Rule (3.38) is labeled nSVDx2 in yellow. The plot for is a single trial applied to
a 50x50 matrix with independent Haar unit vector columns. An interesting future line of inquery
is understanding why nSVD seems to tightly hug the expected value, whereas GS and nSVD seem
to have larger variance or thicker tails leading to a large probability that the observed behavior is
better than the expectation.

Remark 8 (The QR decomposition). One can strengthen the result of Theorem 3.5.7 if
one implements the update AJ ← AJS by performing modified Gram-Schmidt to AJ . The
returned basis Q =

[
q1 · · · qn

]
approximates the flag:

dist(span(q1, . . . , qm), span(a1, . . . , am)) ⩽ δ

for all m ⩽ n. To see this, note that when using MGS in this way, the ordering of the pivot
indices i1 < · · · < ik in line 5 ensures that each column is completely unaffected by columns
to their right. Because of this, the algorithm using MGS run on input

[
a1 · · · an

]
can be

seen as simulating the same algorithm on all the inputs[
a1
]

&
[
a1 a2

]
&

[
a1 a2 · · · am

]
with a certain number of no-ops when the pivot J (partially) falls outside the index set.
However, these no-ops exactly counteract the reduced number of iterations required by the
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smaller input size for convergence: just replace k with the random variable |J ∩ {1, · · · ,m}|.
The result would then follow by Theorem 3.5.7.

Diagonalization and SVD are stable

Demmel and Veselić study the stability of the Jacobi eigenvalue algorithm with an arbitrary
pivoting rule. Their results make two assumptions. The first is that the pivoting rule
is such that the method converges after some specified number of steps. The second is
that the diagonal-normalized condition number of any iterate remains bounded. Under our
randomized pivoting rule, both properties are satisfied. We restate the results of [DV92]
concerning eigenvalue and singular value error in terms of our notation.

Theorem 3.5.8 ([DV92, Corollary 3.2]). Given positive definite B ∈ Cn×n, let B̃(t) be the
tth iterate of the two-sided Algorithm 1 using a Givens rotation in step 6 (i.e. use k = 2 and
follow the Jacobi eigenvalue algorithm) with unit round-off u. Then for each τ ,

sup
j∈[n]

∣∣∣λj(B)− λ̃
(τ)
j

∣∣∣
λj(B)

⩽ O
(√

nτu + n dist2(B̃
(τ), I)

)
sup
t⩽τ

κ̂(B̃(t))

where λ̃
(τ)
j is the jth largest diagonal entry of B̃(τ).

Theorem 3.5.9 ([DV92, Corollary 4.2]). Given positive definite A ∈ Cn×n, let Ã(t) be the
tth iterate of the one-sided Algorithm 1 using a Givens rotation in step 6 (i.e. use k = 2 and
follow the Jacobi eigenvalue algorithm) with unit round-off u. Then for each τ ,

sup
j∈[n]

∣∣∣σj(B)− σ̃
(τ)
j

∣∣∣
σj(B)

⩽ O
(
τu + n2u + n dist2(A

(τ)∗A(τ), I)
)

sup
t⩽τ

κ̂(Ã(t)∗Ã(t))

where σ̃
(τ)
j is the length of the jth longest column of Ã(τ), the infimum is taken over orthogonal

matrices, and B̃(t) = Ã(t)∗Ã(t).

Our results allow us to provide a concrete upper bound for randomized size 2 pivoting.

Corollary 3.5.10. When using a randomized size 2 pivoting rule in the above theorems with
ε as in Theorem 3.5.5, taking

τ = O(n2 log(nκ̂(B)/δ))

iterations ensures

dist2(B̃
(t), I) ⩽

√
δ and sup

t⩽τ
κ̂(B̃(t)) ⩽ κ(B̃)n3 + 3n.

with probability 1−O(1/n)
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Proof. The bound on dist2(B̃
(t), I) follows from Theorem 3.5.5. The bound on sup κ̂(·)

follows from Theorem 3.5.4 along with the observation that ∥B̂∥(t) ⩽ n.

Similar bounds for the eigenvectors and singular vectors can also be found in [DV92]
(see their Theorems 3.3 and 4.3). We omit repeating the precise statements, but note that
the application of Theorem 3.5.10 provides concrete bounds analogous to the bounds for
eigenvalues and singular values.
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Chapter 4

Spectral sums and rational
approximations

While the algorithms of Chapter 3 for computing matrix factorizations were theoretically
interesting, they are not practical due to the inefficiencies of random pivoting. Here we shift
to exploring efficient algorithms for computing spectral sums.

4.1 Introduction

In large-scale data analysis and numerical linear algebra, extracting spectral information
without computing a full eigendecomposition is a fundamental challenge. More concretely,
we consider the problem of computing a spectral sum, i.e., for a symmetric matrix A ∈ Rn×n,
computing

tr(f(A)) =
n∑

i=1

f(λi(A)),

without computing a full eigendecomposition.
We provide a general framework for computing spectral sums, leveraging rational ap-

proximations of functions and stochastic trace estimation. Rational function approximations
generally have better convergence properties for non-smooth functions, such as an indicator
function or an absolute value function. However, evaluating rational matrix functions re-
quires solving linear systems, which can be a bottleneck to computation time. Thus there
is a tradeoff between the degree of the approximation and the time it takes to evaluate the
approximation. Historically, polynomial approximations have been preferred: although one
needs a higher degree for a desired error rate, evaluating p(A)y for a polynomial p only
requires matrix vector products with A.

In some instances though, when fast solvers are available, this tradeoff favors rational
approximations. For example, for structured matrices such as HODLR (hierarchical off-
diagonal low rank) or Toeplitz matrices, we always have fast solvers available, so rational
approximations are favorable. With advances in linear system solvers, such as [DS26a], we
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should sometimes favor rational approximations in general; this is largely problem dependent,
depending on how quickly we can solve the desired systems. In other instances, by starting
with a rational approximation and then using polynomials to approximate inverses, one can
derive a near-optimal degree polynomial approximation.

We explore this framework for two applications: spectral density estimation, via eigen-
value counts for intervals, and Schatten-1 norm estimation. Given a symmetric matrix
A ∈ Rn×n, the spectral density measure is

sA(x) =
n∑

i=1

1

n
δ(x− λi(A)) (4.1)

where δ(x) is a Dirac mass at 0. Approximating the spectral density has long been an
important problem in chemistry and physics [DC70], [Tur88], [DS93], and has also found
more recent applications in data analysis and machine learning (see for example [YGKM20]
or [RL18]). Given local estimations of eigenvalues in intervals, one can construct a spectral
density estimation; in this way, a related problem is to approximate the number of eigenvalues
in a given interval I. Letting 1I be the indicator of the interval I, we can write

number of eigenvalues in I =
n∑

i=1

1I(λi(A)) = tr1I(A).

The Schatten-1 norm of a matrix A ∈ Rn×d, also known as the nuclear norm or the trace
norm, is

∥A∥∗ :=
d∑

i=1

σi(A). (4.2)

This is a quantity of interest in many fields: in matrix completion algorithms, it is used as
a substitute for matrix rank [JNS13], [CR12], and it is used for applications in theoretical
chemistry and differential privacy [Gut01], [HLM12].

Throughout, we assume we have taken the preprocessing step of normalizing the spectral
radius of A, so ∥A∥ ≤ 1. We note this is standard among spectral density estimation algo-
rithms, and this can be done in Õ(nnz(A)) time using power methods or Lanczos methods
[MM15], [KW92]. We will also assume ∥A∥ ≥ 1/2, which holds by the same arguments.

Our contributions

On the approximation theory side, we give an explicitly computable rational approximation
of a step function, not involving any elliptic integrals, unlike the well-known Zolotarev func-
tions. The starting point is a rational approximation from [PP11]; we then analyze many
different properties of this function. In particular, we give a self-contained analysis of the
error introduced by numerically approximating the poles. We then give an explicit expres-
sion for the partial fraction decomposition, which lends itself well to parallelizability and
simplifies our later error analysis.
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We apply this approximation to two spectral problems: spectral density estimation and
Schatten-1 norm approximation. For the former, we show how to derive a near-optimal
degree polynomial approximation of a step function from our rational approximation, and
leverage this for a spectral density estimation algorithm with local guarantees, the first of its
kind. For the Schatten-1 norm approximation, we use our approximation of a step function
to give a rational approximation of the square root function. With the use of state of the
art fast solvers, this yields an algorithm for Schatten-1 norm approximation with the best
known dependency on n, with only a small trade off in the dependency on ε.

Main results

Spectral density estimation. For a symmetric matrix A, we give a spectral density es-
timation satisfying both a Wasserstein distance guarantee and local “histogram” guarantees
for the number of eigenvalues in a stochastically chosen partitioning of the spectral win-
dows (see Theorem 4.4.7 for details). We also gives an algorithm to estimate the number of
eigenvalues in a fixed target interval (see Theorem 4.4.6).

Theorem 4.1.1 (Informally). Fix ε > 0. Let A be a symmetric matrix normalized as above.
With Õ(1/ε4) matrix vector products with A, with probability at least 99/100 Algorithm 2
returns a partitioning of [−1, 1] into intervals It of width less than or equal to ε and estimates
k̃t such that

(1− ε)kt − ε2(kt−1 + kt + kt+1) ≤ k̃t ≤ (1 + ε)kt + ε(kt−1 + kt + kt+1)

where kt is the true number of eigenvalues of A in It. Additionally, we can define the
probability measure s̃A with point masses at the midpoints of each It with weight proportional
to k̃t. Then W(sA, s̃A) ≤ ε.

For concreteness, we give an example of a measure for which a Wasserstein distance guarantee
does not imply histogram guarantees. Since we assume ε is a small constant and each
eigenvalue corresponds to an atom with mass 1/n, these examples are not hard to find.

More specifically, we give two measures with Wasserstein distance less than ε4 where
one has mass within 3ε of 0, and the other does not. The choice of ε4 is due to the fact
that if we run the well-known stochastic Lanczos quadrature (SLQ) algorithm for spectral
density estimation with Õ(1/ε4) matrix vector products, we get a measure with a Wasserstein
distance bound of ε4 to the true spectral density. This example is not meant to compare this
algorithm with SLQ, but rather to compare the guarantees we can give on these algorithms.

Example. Fix ε < 1/10 and suppose n > 30/ε3. Consider a measure sA corresponding to 10
eigenvalues at 0 and the rest in (−1,−3ε)∪ (3ε, 1). Now consider a measure µ corresponding
to same eigenvalues in (−1,−3ε)∪ (3ε, 1) and the 10 eigenvalues at 0 now moved to 10ε (see
below for a visualization).
By our choice of n, W(sA, µ) ≤ 10

n
· 3ε < ε4, but µ will clearly not satisfy a local guarantee

near 0. In contrast, our algorithm will return k̃ > 8 for the interval containing 0.
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-1 -3ε 0 3ε 1

Figure 4.1: Measure sA with mass at 0.

-1 -3ε 0 3ε 1

Figure 4.2: Measure µ with no mass at 0.

Schatten-1 norm approximation. We give an algorithm for Schatten-1 norm estimation.
We state our result only for the dense case here; see Table 4.1 for optimized runtimes for
various sparsity cases.

Theorem 4.1.2. Assuming d = n, nnz(A) = n2, Algorithm 3 yields a (1±ε) approximation
of the Schatten-1 norm with probability 99/100 in time Õ(n2/ε1.5).

We compare this result to several other algorithms for Schatten-1 norm approximation of
a dense matrix, specifically those of [DS26a] with runtime O(n2/ε5) [MNSUW17] with run-
time of Õ(n2.18/ε3), and [BJMMR25] with runtime of Õ(n2.5/ε). In the case of [BJMMR25],
we note that they restrict only to matrix-vector products. All of these algorithms first ap-
proximate a spectral density estimation in some form, then use this to approximate the
Schatten-1 norm, while we directly approximate the Schatten-1 norm. Note these are all
probabilistic algorithms (ours included).

Technical overview

Approximation of a step function: We first approximate the step function 1[0,∞) on
some symmetric interval [−β, β]. Our starting point is the explicit construction of a rational
approximation of a step function, s(x), given by [PP11]. We will want to take a partial
fraction decomposition of s(x), so we need explicit expressions for the poles of s(x). We
cannot explicitly factor the denominator of s(x), but we can compute highly accurate nu-
merically approximations of the poles very efficiently (see Theorem 4.3.5). Once we have
explicit approximate poles, we use these to build an approximation ŝ(x) of s(x). We bound
the error introduced by using approximate poles in Theorem 4.3.6.

Structure of applications: We use this explicit, rational approximation of a step function
for the aforementioned applications. In each application, we follow a simple set of steps:

• Use step function approximation to approximate some function of interest.

• Use some choice of linear system solver to make rational approximation tractable.

• Perform stochastic approximation of the trace.

For spectral density estimation, the function of interest is an indicator of an interval, and
we use Chebychev semi-iteration to solve the linear systems and Hutch++ (see Theorem 4.2.4
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for definition) to approximate the trace. For Schatten-1 norm, the function of interest is the
square root, we use the fast solvers of [DS26a] to solve the linear systems, and we use
variance-reduced trace estimation (similar to Hutch++).

Remark 9. We comment on the different choices for each application. On the linear sys-
tem solvers: the runtime for solvers using Chebychev semi-iteration is dependent on the
condition number, but the runtime of [DS26a] depends on average condition number (see
Theorem 4.5.1 for details). In the Schatten-1 norm setting, we can provide a much better
bound on the average condition number than on the condition number. For spectral density
estimation though, we cannot reasonably improve the average condition number without
prior knowledge about the positioning of eigenvalues (which is what we are trying to ap-
proximate). Additionally, our linear systems across different intervals will all have the same
Krylov subspace (for a fixed vector), so using polynomial methods will actually be quite
beneficial for our spectral density algorithm.

On trace estimation, both methods roughly follow the same strategy. In both cases,
part of the method is to construct a low rank approximation of our target matrix. In the
Schatten-1 norm setting, we can build a low-rank approximation using Nystrom approxima-
tions (see Section 4.5 for details). For spectral density estimation, this approach for low-rank
approximation is not an option due to certain properties of the sign function (in particular,
the sign function is not operator monotone; see [PMM25] for details).

For each step, we are trying to choose the optimal strategy available to us; for these
applications they happen to be different.

Prior work

Rational functions in numerical linear algebra: There has been considerable interest
in using rational functions for tasks in numerical linear algebra, considering the superior
approximation properties of rational functions over polynomials. Most of these have been
centered around Zolotarev functions, optimal degree rational approximations of the sign
function [Zol77]. For an extensive overview of rational approximations in linear algebra, see
[NT25]. One key issue with rational approximations is the need to solve linear systems to
compute a rational approximation. We mention several results and how they address this
issue.

Zolotarev approximations were used in [JS19] to perform spectral filtering for principal
component projection. Their work is similar to the ideas advanced here; they use asymmetric
SVRG to approximately solve systems. They also use Zolotarev functions to construct a
rational approximation of

√
x and apply this to a matrix. Zolotarev functions were also used

in [NF16] as part of an algorithm to find the polar decomposition of a matrix A. They use a
QR factorization to avoid solving a linear system (see Lemma 4.1 of [NF16] for details). The
FEAST method for solving eigenproblems also uses Zolotarev approximations (see [TP14]
and [GPTV15] for details). Other works implicitly use rational approximations through
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quadrature of contour integrals. This method was proposed in [HHT08] to compute various
matrix functions.

Spectral density and Schatten-1 norm estimation: For spectral density algorithms,
polynomial methods have been historically more preferred (see [LSY16] for an overview
of the most popular methods). Perhaps the most prominent spectral density estimation
algorithm is stochastic Lanczos quadrature (SLQ), which is rooted in polynomial methods.
With O(1/ε) matrix-vector products, the spectral density estimation s̃A from SLQ satisfies

W(sA, s̃A) ≤ ε

with high probability for sufficiently large n, where sA is the true spectral density [CTU21].
This bound was tightened for A with decaying singular values in [BJMMR25]. Current
results only give guarantees on the Wasserstein distance, but we expect SLQ can satisfy
much stronger guarantees.

The core idea of our spectral density algorithm is to do some spectral filtering for specific
regions of [−∥A∥ , ∥A∥] where ∥A∥ is the spectral radius. This idea is explicitly suggested in
[DPS16], where they discuss both polynomial and rational approximations of bump functions
to perform spectral filtering. In [MNSUW17], Musco et al. implement this idea to construct
a spectral density estimation satisfying histogram guarantees, meaning for certain intervals,
they approximate the mass within that interval with relative guarantees. Although the
measure they construct does not satisfy a Wasserstein distance bound, it can be used to
approximate spectral sums, in particular the Schatten-1 norm. Interestingly, their approach
can be seen as using a rational approximation of a step function, but with only one real pole.
They use stochastic gradient descent to solve the arising systems.

We also mention that the spectral density algorithm in [BJMMR25] can be used to
approximate the Schatten-1 norm; they directly estimate all of the singular values and use
this to approximate the Schatten-1 norm.

4.2 Preliminaries

Notation

We denote matrices and vectors in bold, A and v. For a matrix A, let ∥A∥ and ∥A∥F
denote the spectral norm and the Frobenius norm, respectively. For a vector v and a positive
definite matrix M , ∥x∥M = xTMx, i.e., the norm induced by M . For a symmetric matrix
A, we let λ1(A) ≥ . . . ≥ λn(A) denote the eigenvalues of A and let σ(A) denote the set
of all eigenvalues. For any matrix A, let σi(A) be the singular values of A. As defined
above, we let ∥A∥∗ =

∑d
i=1 σi(A), i.e., the Schatten-1 norm or the nuclear norm, and let

κ(A) = σ1(A)/σd(A). O(·) hides constants, and Õ(·) hide constants and polylog factors.
For an interval I, we let 1I(x) be the indicator function of that interval.
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Solving linear systems

Since we are using rational approximations, we will need ways to solve linear systems. If our
matrix A has some structure that makes solving the arising linear systems easy, we can take
advantage of that. If not, we offer two alternatives: polynomial methods with Chebychev
semi-iteration or near-optimal methods from [DS26].

Chebychev semi-iteration

For a positive definite matrix M , the following proposition gives an explicit iterative scheme
for approximating the action of M−1y by a degree-k polynomial qk(M)y. A key point
is that the induced polynomial depends only on k and the spectral interval, and it does
not depend of the input vector y. Note the vector-independence means we replace each
linear system appearing in f(A) for a rational function f with a polynomial approximation,
essentially rendering a polynomial approximation of f . We highlight this for two reasons:
(1) this effectively becomes a polynomial approximation method, and should be compared
to the (many) known polynomial methods, and (2) this makes the trace estimation analysis
easier. Stochastic trace estimation methods are analyzed as querying a single fixed matrix
across many matrix-vector products. Since this method uses a fixed polynomial independent
of y, we fit this model

Methods like conjugate gradient may be preferable in practice for solving the system,
but its approximation of M−1y depends on the vector y. We do not consider this approach
here.

Theorem 4.2.1 (Chebyshev semi-iteration). Let M be a positive definite matrix with con-
dition number κ. Given τ > 0, there exists an explicit polynomial qτ with degree at most
O(
√
κ log(1/τ)) such that

(1− τ)M−1 ⪯ qτ (M) ⪯ (1 + τ)M−1.

Alternative methods: near-optimal linear system solvers

One can also opt for more “high-tech” linear system solvers, for example [DS26a]. This
methods combines preconditioning, matrix sketching, low rank update formulas to get a
near-optimal linear system solver. We note that one advantage of these methods is that
they are not dependent on the condition number κ(A) = σd(A)

σ1(A)
, but rather on the average

condition number of a regularized matrix (defined below). We state the specific result that
we will use in Section 4.5.

Theorem 4.2.2 (Modified [DS26]). Let A ∈ Rn×d, v ∈ Rd, and λ > 0. For any εL > 0,
there exists a randomized algorithm that returns a vector x̃ satisfying

∥x̃− x∗∥2A⊤A+λI ≤ εL ∥x∗∥2A⊤A+λI , (4.3)
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with high probability, where x∗ = (A⊤A + λI)−1v. The algorithm runs in time

Õ
(
(nnz(A) + d2κ̄0,1(Aλ)) log(1/εL)

)
,

where Aλ ∈ R(n+d)×d is the augmented matrix formed by appending
√
λI ∈ Rd×d to the rows

of A, and for any M ∈ Rn×d, κ̄0,1(M) := 1
d

∑d
i=1

σi(M)
σd(M)

.

Krylov methods

As we will see in Section 4.4, many of the linear systems that we solve will have a shared
right-hand side. We argue in this section that if one intends to approximate the solution
of all of these linear systems using polynomial methods, such as Chebyshev semi-iteration,
then one may save time by using a shared polynomial Krylov subspace. Notably, polynomial
Krylov subspace methods have become a standard tool in numerical linear algebra for large-
scale eigenproblems and linear systems [Saa03; Saa11]. We summarize our main claim in the
following proposition.

Proposition 4.2.3. Let p1, p2, · · · , pk be polynomials of degree at most m − 1. Then for a
fixed vector v, one may compute pj(A)v for each j = 1, 2, · · · , k using O(m) matrix-vector
products with A and an additional O(nmk) run-time.

Proof. Form the matrix K = [v,Av, · · · ,Am−1v]. Let p(x) = c0 + c1x + · · ·+ cm−1x
m−1 be

any polynomial of degree m − 1 and let c = [c0, c1, · · · , cm−1]
T be the column vector of its

coefficients. Then p(A)v = Kc. Thus, to compute all of the pj(A)v, we can first use O(m)
matrix-vector products with A to form K ∈ Rn×m and second use O(k) rectangular matrix-
vector products of the form c 7→Kc to calculate the pj(A)v, each of which requires O(nm)
time. Overall, we require O(m) matrix-vector products with A plus O(nmk) additional
time.

Remark 10. The monomial basis used in K is known to be poorly behaved numerically; in
practice, one should use the output of the Lanczos procedure [Saa11, Chapter 6]. See also
[Che24]. Stability is discussed also in [MMS18].

Trace estimation

To approximate the trace of a matrix function f(A) we will use variance-reduced Hutchin-
son’s, known as Hutch++ [MMMW21].

Lemma 4.2.4 (Hutch++). Let M be a symmetric matrix, then with O(
√

log(1/δ)/ϵ +
log(1/δ)) matrix vector products with M , Hutch++ algorithm satisfies the following with
probability ≥ 1− δ:

|Hutch++(M)− tr(M)| ≤ ε ∥M∥∗ .
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At a high level, Hutch++ approximates the trace in two steps: first it finds a low rank
approximation M(k) of M and directly computes the trace, then it approximates the trace
of M −M(k) using classical stochastic trace estimators, via quadratic forms with random
Rademacher vectors.

We note that Hutch++ builds its low rank approximation using matrix-vector products
computed with M . In Section 4.5, computing these matrix-vector products will be expensive,
and we will use an alternative method to construct a low-rank approximation of our matrix.
Although we do not directly apply Hutch++, the same ideas will still apply: we approximate
our target matrix with a low rank approximation and directly compute the trace, then use
Hutchinson’s to approximate the remaining portion.

4.3 Rational approximation of step function

Our first goal will be to find an explicit, computable rational approximation of the indi-
cator function 1[0,∞)(x). The well-known Zolotarev functions are the standard choice for a
rational approximation of the step function, given their optimal rate trade off between error
and degree. However, we opt for a different rational approximation, given by [PP11] (see
Theorem 4.3.1 for an explicit definition).

The main advantage of this approximation as opposed to Zolotarev functions is the ability
to avoid elliptic integrals. We will want to take a partial fraction decomposition of whatever
rational approximation we take, so we will need to find the poles. For Zolotarev functions,
this means computing elliptic integrals. For our construction, we will have to approximate
the solutions to some system of equations, but as we will see in Section 4.3, this can be done
very accurately very quickly. Additionally, using this rational approximation we will be able
to explicitly write down the partial fraction decomposition in terms of the poles, and we can
bound the error introduced by substituting approximate poles.

Overall, this choice of rational approximation is simpler but still enjoys many of the
same benefits as Zolotarev functions: fast rate of convergence to the step function (as seen
in Theorem 4.3.1), purely imaginary poles (as seen in Theorem 4.3.2), and smallest pole
bounded away from zero (as seen in Theorem 4.3.3). We defer almost all of the proofs in
this section to the appendix – they largely rely on standard tools from calculus and in our
opinion are not conceptually interesting.

We remark that everything contained in this section is problem independent in a sense.
The function we construct will only depend on our error parameters, but not on A.

Theoretical approximation of step function

Our starting point is the following lemma from [PP11]:
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Lemma 4.3.1 ([PP11]). Let α, β, γ > 0 and α/2 ≤ β. Then there exists a rational function
s such that

|s(x)| ≤ γ, x ∈ [−β,−α/2]

|1− s(x)| ≤ γ, x ∈ [α/2, β],

0 ≤ s(x) ≤ 1, x ∈ (−∞,∞)

and letting deg be the max degree of the numerator and denominator we have

deg s ≤ B ln

(
e +

2β

α

)
ln

(
e +

1

γ

)
where B > 1 is an absolute constant less than 5.

We have the following explicit construction of s(x) from [PP11]. Let ρ = 1
e+2β/α

and

m = O(ln(2β
α

) ln( 1
γ
)) and define

h(z) =
p(−z)

p(z)
, p(z) =

m∏
j=1

(z + ρj/m), s1(z) =
1

h(z)2 + 1
.

Then the rational approximation described above is s(z) = s1(βz). Note that the degree m
is of the same order as the optimal degree rational approximation of this form, Zolotarev
functions.

As we will see, since we assume our matrix A has ∥A∥ = 1, we can take β to be a
constant (in particular, β = 3 will suffice). We will continue to include β as a parameter
in what follows, but we treat it as a constant. If we assume α < 1, we can take ρ = α

10
, so

ρ ≍ α. As α is the more meaningful parameter in terms of our construction, we will always
replace ρ with α in bounds. Note the dependency of the function on γ is through m.

We will find the partial fraction decomposition of this function. To start, we need to
know where the poles are; below we show the poles are purely imaginary and give an explicit
description.

Lemma 4.3.2. The poles of s(z) are
{
±iy0

β
, . . . ,±iym−1

β

}
where yk satisfies:

m∑
j=1

arctan(ykρ
−j/m) =

π

4
+ k

π

2
.

The pole closest to the real axis will be of particular interest to us, mostly in regards to
conditioning of certain linear systems. We lower bound the magnitude of this pole.

Lemma 4.3.3. Let i y
β
be a pole of s(z). Then if ρ < 1/2,

|y| ≥ πρ(1− ρ1/m)

4(1− ρ)
≥ π

2
· ρ
m
≥ O

( ρ

m

)
= Õ(α).
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For computational reasons, it will be beneficial to express s(z) as its partial fraction
decomposition. Fortunately, we can compute this in terms of the poles of s(z).

Lemma 4.3.4. Denote the poles of s(z) as {±iy0/β, . . . ,±iym−1/β}. The partial fraction
decomposition of s(z) is given by:

s(z) =
1

2
+

m−1∑
k=0

(
4

m∑
j=1

ρj/m

ρ2j/m + y2k

)−1

·
(

1

βz − iyk
+

1

βz + iyk

)
.

Note this also gives us the partial fraction decomposition over the reals:

s(x) =
1

2
+

m−1∑
k=0

(
4

m∑
j=1

ρj/m

ρ2j/m + y2k

)−1(
2βx

β2x2 + y2k

)
. (4.4)

This will be useful to avoid complex arithmetic. To simplify notation, let C(y) = 4
∑m

j=1
ρj/m

ρ2j/m+y2

so that

s(x) =
1

2
+

m−1∑
k=0

C(yk)−1 ·
(

2βx

β2x2 + y2k

)
.

Remark 11. We see that to compute ŝ(A) (or ŝ(A)y for some vector y) we will need to
compute the inverses:

(β2A2 + y2kI)−1.

Here we can begin to appreciate the advantage of having purely imaginary poles – no matter
the spectrum of A, our system still has eigenvalues bounded away from zero due to the y2k
term. In other words, having the imaginary component ensures the systems we are solving
are (at least somewhat) well-conditioned.

Remark 12. We work with the partial fraction decomposition for a few reasons. First, it
allows for parallel computations of each desired inverse when we run Hutch++. It also will be
easier to analyze the error from approximately solving the inverses using the partial fraction
decomposition. Finally, it will be convenient to work with the partial fraction decomposition
when we analyze the error from approximating the poles in the next section.

Numerical approximation of step function

There is one key difficulty with the above approximation: we cannot explicitly compute the
poles, so we cannot implement this approximation. We will first need to numerically approx-
imate the poles (using a simple numerical method, such as bisection method or Newton’s
method), and then see how much this affects our approximation.

Lemma 4.3.5. We can numerically approximate the poles to within ξ in O(m2 log(m/ξ)) =
Õ(log(1/ξ)) time.
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Let y∗k be the approximate poles returned from Theorem 4.3.5. We consider the rational
function ŝ(z) constructed with the approximate poles of s(x):

ŝ(x) =
1

2
+

m−1∑
k=0

C(y∗k)−1 ·
(

2βx

β2x2 + (y∗k)2

)
. (4.5)

We show the error from using the approximate poles is small.

Lemma 4.3.6. Let ŝ(z) be as above and assume |yk − y∗k| ≤ ξ ≪ y0 for all m. Then for all
real x

|ŝ(x)− s(x)| ≤ O(mξ/y0).

Then with the appropriate choice of parameters, we can approximate a step function:

Lemma 4.3.7. In Õ(1) time, we can find ŝ(x) such that

|ŝ(x)| ≤ γ, x ∈ [−β,−α/2]

|1− ŝ(x)| ≤ γ, x ∈ [α/2, β],

−γ ≤ ŝ(x) ≤ 1 + γ, x ∈ (−∞,∞).

Proof. We will make an explicit choice of ξ, use Theorem 4.3.6 to bound the difference
between |ŝ(x)− s(x)|, then use Theorem 4.3.1 to bound the difference to the step function.

Apply Theorem 4.3.6 with

ξ =
γρ2

m3
≤ γy20

m
.

Then O(dξ/y0) ≤ O(γ) so we have |ŝ(x)− s(x)| ≤ O(γ). We note that the constant hidden
here is less than 10, provided ξ ≤ y0/2. Adjusting our choice of γ by a constant factor, we
can assume

|ŝ(x)− s(x)| ≤ γ.

Applying triangle inequality and Theorem 4.3.1 gives us the desired error bounds to the step
function.

Combining the runtime from Theorem 4.3.5 with our choice of ξ, the runtime is

O

(
m2 ln

(
m4

γρ2

))
= Õ(1).

We have now achieved the goal of this section: an explicit, computable rational approx-
imation of the step function, given to us in the form of ŝ(x). Now we see what we can do
with this approximation.
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4.4 Spectral density estimation

We now leverage our estimate ŝ(x) to approximate the number of eigenvalues in a given
interval and to give a spectral density estimation with histogram guarantees. First, we
construct an approximate bump function using the following observation:

1[a1,a2](x) = 1[a1,∞)(x)− 1[a2,∞)(x) = 1[0,∞)(x− a1)− 1[0,∞)(x− a2). (4.6)

Once we construct our approximate bump function, in order to apply it to our matrix A,
we need to solve the linear systems appearing in our expression. We will do this using
Chebychev semi-iteration. We note that this will in fact give us a polynomial approximation
of a bump function (and a step function). As we will see in Theorem 4.4.3, this polynomial
achieves the best degree possible up to log factors. Once this is in place, we apply Hutch++
to give approximations for the number of eigenvalues in an interval.

Note our approximation of a bump function is smooth from the rational approximation
and will have some non-zero boundary region of width α/2 on each side. We offer different
framings of how to interpret our approximation with respect to this boundary region. If
there is a known gap in our spectrum, we can take advantage of this (Theorem 4.4.5); if not,
we can use what we call a “sandwich” approximation (Theorem 4.4.6).

For a full spectral density estimation with histogram guarantees, we will apply the single
interval framework many times. We will choose the partitioning of [−1, 1] stochastically to
avoid having a large number of eigenvalues in our boundary regions (this is inspired by the
same random choice of intervals used in [MNSUW17]). The end result is a spectral density
estimation with global and local guarantees (see Theorem 4.4.7).

Rational approximation: indicator function

We first use ŝ(x) to define an approximate indicator function of some interval.

Theorem 4.4.1. Let −β/2 + α < a1 < a2 < β/2 − α. In Õ(1) time, we can compute
b̂[a1,a2](x) such that

∣∣∣b̂[a1,a2](x)− 1[a1,a2](x)
∣∣∣ ≤ {γ for x ∈ [−β/2, a1 − α] ∪ [a1, a2] ∪ [a2 + α, β/2]

1 + γ otherwise.

We also note for x ∈ [a1−α, a1]∪[a2, a2+α] (our boundary regions), −γ ≤ b̂[a1,a2](x) ≤ 1+γ.

Proof. We will construct our indicator as a difference of shifted step functions, as alluded to
in (4.6). We need to have some care with our choice of shifts due to our boundary regions.
Recall the shape of ŝ(x):
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where the shaded regions are the bounds we have on ŝ(x) (we have drawn a representative
curve for concreteness, but note we only know the curve falls in the shaded region).

Let −β/2 + α < a1 < a2 < β/2− α. We want to take shifted copies of ŝ(x):

We see the appropriate shifts to make sure we are close to 1 for all of [a1, a2] is a1 − α/2 for
one step function and a2 + α/2 for the other step function. We let

b̂[a1,a2](x) = ŝ(x− (a1 − α/2))− ŝ(x− (a2 + α/2)).

This gives us an approximate indicator of [a1, a2] with boundary regions of width α on either
side. Using Theorem 4.3.7 and the triangle inequality, we have

∣∣∣b̂[a1,a2](x)− 1[a1,a2](x)
∣∣∣ ≤ {2γ for x ∈ [−β/2, a1 − α] ∪ [a1, a2] ∪ [a2 + α, β/2]

1 + 2γ otherwise
(4.7)

Note for the first case we are leveraging our choice of a1, a2: for any x ∈ [−β/2, a1 − α] ∪
[a2 +α, β/2] we have x− (a1−α/2), x− (a2 +α/2) ∈ [−β, β], the region where we have more
control over ŝ(x).

Adjusting γ by a constant factor gives us the desired error bounds. The bounds for the
boundary region come from applying the triangle inequality more carefully to our difference
of step functions (or from our illustration above).

The runtime analysis is identical to the runtime for ŝ(x).
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Remark 13 (Choice of β). Recall that in our initial construction, we chose β = 3. Assuming
α < 1/2, we see that we can construct a bump function for any interval with −1 ≤ a1 <
a2 ≤ 1, which is precisely our spectral window. We took β to be slightly larger than our
spectral radius so that we would be able to do these shifts to get bump functions.

Recalling the partial fraction decomposition of ŝ(x) from Theorem 4.3.4, we have:

b̂[a1,a2](A) =
m−1∑
k=0

C(y∗k)−12(A− (a1 − α/2)I)(β2(A− (a1 − α/2)I)2 + (y∗k)2I)−1

−
m−1∑
k=0

C(y∗k)−12(A− (a2 + α/2)I)(β2(A− (a2 + α/2)I)2 + (y∗k)2I)−1.

(4.8)

Now we turn to solving the linear systems appearing in this expression.

Linear system solver: Chebychev semi-iteration

For ease of notation, let b̂ := b̂[a1,a2] throughout.

If we have a linear system solver, then we are happy to work directly with b̂(x). If not, we
can use Chebyshev semi-iteration to approximate the inverses with polynomials. As stated
in Theorem 4.2.1, given a positive definite matrix M with condition number κ and error
tolerance τ > 0, we can find a polynomial qτ with degree at most O(

√
κ log(1/τ)) such that

(1− τ)M−1 ⪯ qk(M) ⪯ (1 + τ)M−1.

We will first bound the condition number of the systems we are applying this to and bound
the degree of the polynomial. Then we analyze the error introduced by substituting in these
polynomial approximations. Since our bump function is just constructed as a difference of
two step functions, we will work with step functions primarily (for ease of notation), and
then apply the triangle inequality to control the error in b̂.

Condition number bound

Theorem 4.4.2. For each inverse appearing in ŝ(A) or b̂(A), we can find a (1 ± τ) poly-
nomial approximate inverse with degree at most

O

(
m ln(τ−1)

α

)
= Õ

(
1

α

)
.

Note this means we need at most Õ
(
1
α

)
matrix-vector products to find the approximate in-

verse.
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Proof. We want bound the condition numbers of matrices of the form

(β2(A− tI)2 + (y∗k)2I)

for some shift t (which could be 0 in the case of ŝ(A)). The smallest eigenvalue is at least
(y∗k)2 because of the second term. The largest is at most O(1) + (y∗k)2 since β = 3 and
∥A− tI∥ ≤ 3 since |t| ≤ 1 + α/2 ≤ 2. The condition number is always bounded by

κ ≤ 1 + O

(
1

(y∗k)2

)
≤ O

(
1

(y∗0)2

)
.

Using Theorem 4.3.3 and the fact that y∗0 = O(y0) by our choice of parameters in Theo-
rem 4.3.7, we have

√
κ ≤ O

(
m

ρ

)
= Õ

(
1

α

)
.

Combining this bound with Theorem 4.2.1 we have that for each inverse appearing in ŝ(A),

we can find a (1± τ)-approximation using O
(

m ln(τ−1)
α

)
matrix vector products.

Error analysis from inverse approximation

We now need to understand the error introduced into ŝ(A) from plugging in these approxi-
mate inverses. We start with analyzing the error introduced to the scalar function ŝ(x).

Lemma 4.4.3. Recall β should be treated as a constant. Let qτ,k(x) denote the polynomial
from Theorem 4.2.1 satisfying for x ∈ [(y∗k)2, β4 + (y∗k)2],

(1− τ)x−1 ≤ qτ,k(x) ≤ (1 + τ)x−1. (4.9)

Let s̃(x) denote the fully polynomial approximation of the step function

s̃(x) =
1

2
+

m−1∑
k=0

C(y∗k)−1 · 2βx · qτ,k(β2x2 + (y∗k)2). (4.10)

Note by Theorem 4.4.2, s̃(x) has degree at most O
(

ln(1/α) ln(1/γ)2

α

)
= Õ

(
1
α

)
. Then we have∣∣s̃(x)− 1[0,∞)(x)

∣∣ ≤ γ for x ∈ [−β,−α/2] ∪ [α/2, β]. (4.11)

For x ∈ [−α/2, α/2], we can guarantee −γ ≤ s̃(x) ≤ 1 + γ.

Proof. We start by bounding the difference between s̃(x) and ŝ(x). We will leverage the fact
that for any x ∈ [−β, β], by our choice of qτ,k we have∣∣qτ,k(β2x2 + (y∗k)2)− (β2x2 + (y∗k)2)−1

∣∣ ≤ τ(β2x2 + (y∗k)2)−1.
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By definitions of ŝ(x) and s̃(x), and the fact that C(y∗k) > 0, we have

|ŝ(x)− s̃(x)| =

∣∣∣∣∣
m−1∑
k=0

C(y∗k)−12βx ·
(
qτ (β2x2 + (y∗k)2)−

(
β2x2 + (y∗k)2

)−1
)∣∣∣∣∣

≤
m−1∑
k=0

C(y∗k)−1 |2βx| ·
∣∣∣(qτ (β2x2 + (y∗k)2)−

(
β2x2 + (y∗k)2

)−1
)∣∣∣

≤ τ

m−1∑
k=0

C(y∗k)−1
∣∣2βx · (β2x2 + (y∗k)2)−1

∣∣ .
Now notice that all terms in the sum are positive if x > 0 or negative if x < 0, so we can
move the absolute value outside the sum again without any loss. Taking the absolute value
of the sum, we see

|ŝ(x)− s̃(x)| ≤ τ

∣∣∣∣∣
m−1∑
k=0

C(y∗k)−12βx · (β2x2 + (y∗k)2)−1

∣∣∣∣∣ = τ |ŝ(x)− 1/2| .

Since |ŝ(x)| ≤ 2, we have |ŝ(x)− s(x)| ≤ O(τ) for x ∈ [−β, β]. We can adjust τ by a
constant factor and incur no change to the order of the degree, so we assume without loss
of generality that |ŝ(x)− s(x)| ≤ τ .

Now by the triangle inequality and Theorem 4.3.7, we have∣∣ŝ(x)− 1[0,∞)(x)
∣∣ ≤ γ + τ for x ∈ [−β,−α/2] ∪ [α/2, β]

Within the boundary interval, we can bound the value of our approximation:

−(γ + τ) ≤ ŝ(x) ≤ 1 + γ + τ for x ∈ [−α/2, α/2]

Letting τ = γ and scaling both by a constant factor we get a γ approximation to 1[0,∞)(x)
for x ∈ [−β,−α/2] ∪ [α/2, β].

Finally, we have the degree guaranteed by applying Theorem 4.4.2 and our choice of
τ = γ.

Remark 14. By [EY06], this achieves the best polynomial approximation of a step function
with respect to parameters α, γ up to log factors. Such a polynomial was used in [JS19]
to perform principal component projections; they explicitly construct a polynomial approx-
imation of sign(x) with optimal degree with respect to analogous parameters. They give
an efficient and stable construction using Chebyshev polynomials by first approximating a
square root function. The connection between rational and polynomial approximations of
optimal degree (up to log factors) has not been noted previously to our knowledge.

Our results for spectral density estimation with histogram guarantees can thus also be
obtained by directly using such an optimal degree polynomial. However, we believe the
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connection between rational and polynomial approximations of optimal degree (up to log
factors) is theoretically interesting. We also note that given a structured matrix A where
fast system solvers are available, it is possible to do better than the runtime achieved with a
polynomial approximation. In this case, one would work directly with b̂(A) instead of b̃(A)
(defined below).

We can now define b̃(x) as

b̃(x) = s̃(x− a1 + α/2)− s̃(x− a2 − α/2). (4.12)

This is a fully polynomial approximation to the indicator function of [a1, a2]. As an imme-
diate corollary of the above and Theorem 4.4.1 we have that b̃ is a good approximation to a
bump function.

Corollary 4.4.4. For −β/2− α < a1 < a2 < β/2 + α, letting b̃(x) be as defined in (4.12),
then∣∣∣b̃[a1,a2](x)− 1[a1,a2](x)

∣∣∣ ≤ {γ for x ∈ [−β/2, a1 − α] ∪ [a1, a2] ∪ [a2 + α, β/2]

1 + γ otherwise.
(4.13)

For x ∈ [a1−α, a1]∪ [a2, a2 +α] we have −γ ≤ b̃[a1,a2](x) ≤ 1 + γ. The degree of b̃ is at most

Õ(1/α).

We note by the choice of our qk,τ and the conditioning of our systems, this immediately
extends to the matrix case.

Trace estimation: Hutch++

Our overall goal is to give an approximation for the number of eigenvalues in some tar-
get interval [a1, a2]. Let keig denote the number of eigenvalues in [a1, a2] and note that
tr(1[a1,a2](A)) = keig. Let kb denote the number of eigenvalues in [a1−α/2, a1]∪[a2, a2+α/2],

which we will refer to as the “boundary regions”. Now that we have b̃(x), an approxima-
tion of 1[a1,a2](x), we can approximate keig by looking at tr(b̃(A)). From Theorem 4.4.1 and
Theorem 4.4.4 respectively we have

−nγ ≤ tr(b̃(A))− tr(1[a1,a2](A)) ≤ kb + nγ, (4.14)

where we are using the fact that by our choice of β = 3 and normalization, σ(A) ⊂
[−β/2, β/2].

Now we turn to estimating tr(b̃(A)). To compute tr(b̃(A)) to ε relative accuracy, we
will need to compute O(1/ε) matrix-vector products with b̃(A) by Theorem 4.2.4. By Theo-
rem 4.4.2, b̃(A) is a polynomial of degree at most Õ(1/α), so for each matrix-vector product
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with b̃(A), we need Õ(1/α) matrix-vector products with A. We see that with Õ( 1
αε

) matrix-
vector products with A, we can find∣∣∣Hutch++(b̃(A))− tr(b̃(A))

∣∣∣ ≤ ε
∥∥∥b̃(A)

∥∥∥
∗

(4.15)

From Theorem 4.4.4, we can bound
∥∥∥b̃(A)

∥∥∥
∗

=
∑∣∣∣λi(b̃(A))

∣∣∣ ≤ keig + kb + nγ. Combining

this with (4.14) and using the triangle inequality we see

(1− ε)keig − εkb − nγ ≤ Hutch++(b̃(A)) ≤ (1 + ε)keig + (1 + ε)kb + nγ (4.16)

where we have let γ absorb a constant factor. Note the runtime is inversely proportional to
the width of the boundary region.

Single intervals

We apply the above to single intervals.

Isolated interval

Corollary 4.4.5. Suppose for some target interval [a1, a2] there is a choice of α such that
kb = 0 (i.e., there is a known gap of width α on either side of the target interval). In Õ(n

2

αε
)

time we can find k̃ such that ∣∣∣k̃ − keig

∣∣∣ ≤ εkeig.

Proof. Applying the above with the given α, with Õ( 1
αε

) matvecs, we can find Hutch++(b̃(A))
such that ∣∣∣Hutch++(b̃(A))− keig

∣∣∣ ≤ ε

2
keig + nγ,

where we have used that kb = 0 and let γ absorb the constant factor in (4.16). Letting
γ = ε/2n2, note nγ ≤ ε

2n
. Then if we return k̃ = Hutch++(b̃(A)), we have the desired

bound since ∣∣∣Hutch++(b̃(A))− keig

∣∣∣ ≤ ε

2
keig + nγ ≤ εkeig.

We now just need to deal with the case when keig = 0. If keig = 0, then we have∣∣∣Hutch++(b̃(A))
∣∣∣ ≤ ε

2n
. (4.17)

Additionally, provided ε < 1 and n > 1 we will only ever have (4.17) if keig = 0, so in this
case we can safely round down and return k̃ = 0.
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λ

interval of length (1 + c)δ

interval of length δ

Figure 4.3: Intervals used in a “sandwich” approximation.

“Sandwich” approximations

Corollary 4.4.6. Consider some target interval of length δ centered at some point λ: I1 =
[λ − δ/2, λ + δ/2], and the “sandwiching” interval of length (1 + c)δ for some constant c:
I2 = [λ− (1 + c)δ/2, λ + (1 + c)δ/2] (see Figure 4.3). Let ki be the number of eigenvalues of
A in Ii. Then in Õ( n2

δε2
) time, we can find k̃ such that

(1− ε)k1 ≤ k̃ ≤ (1 + ε)k2.

Proof. Instead of applying Hutch++ to estimate the trace, we will apply classic Hutchinson’s.
This requires O(1/ε2) matrix-vector products to give a (1± ε

2
) approximate of the trace; in

other words we have(
1− ε

2

)
tr(b̃(A)) ≤ Hutch(b̃(A)) ≤

(
1 +

ε

2

)
tr(b̃(A)).

Using the bounds from (4.14), this gives(
1− ε

2

)
(k1 − nγ) ≤ Hutch(b̃(A)) ≤

(
1 +

ε

2

)
(k2 + nγ).

Assume ε < 1/2 and n ≥ 2 and set γ = ε/2n2. If Hutch(b̃(A)) ≤ 0, then return k̃ = 0;
otherwise return k̃ = Hutch(b̃(A)). Using a similar argument to above, k̃ satisfies the desired
bounds.

Spectral density estimation

We use the machinery developed in the past few sections to give a spectral density estimation
with histogram guarantees – essentially to approximate the number of eigenvalues in various
intervals.

We consider a histogram approximation with intervals of uniform widths. We will choose
our the endpoints of our intervals randomly so that with some constant probability, very
few of the eigenvalues fall in the boundary regions (drawing inspiration from [MNSUW17]).
Note that if we choose our intervals deterministically, we cannot possibly hope to make this
guarantee.

We outline the procedure with the following algorithm:
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Algorithm 2 Approximate spectral histogram with uniform interval widths

Require: Symmetric A with ∥A∥ ≤ 1, desired width w, and error parameters ε, ν
Ensure: Set of intervals It of width w with counts k̃t where k̃t approximates the number of

eigenvalues of A in the interval It
▷ Choose partitioning and vectors for trace approximations.

1: Set α = O(w2ν).
2: Choose x ∈ [−w/2 + α/2, w/2− α/2] uniformly at random.
3: Set It = [x + tw, x + (t + 1)w] for −⌊1/w⌋ − 1 ≤ t ≤ ⌈1/w⌉+ 1.
4: Set S = ⌊1/ε⌋. choose y1, . . . ,yS ∈ {−1, 1}n independently, uniformly at random.

▷ Find Krylov subspaces.
5: for each yi do
6: Form Krylov subspace KA(yi) =

{
yi,Ayi, . . . ,A

kyi

}
where k = Õ(1/α).

7: end for
▷ Perform trace approximation.

8: for each It do
9: Run Hutch++ [MMMW21] on b̃It(A), using KA(yi) to efficiently compute b̃It(A)yi.
10: Let k̃t = approximation returned by Hutch++
11: If k̃t ≤ εν, set k̃t = 0.
12: end for
13:

14: return It and k̃t for all t. ▷ Return intervals and estimates.

Theorem 4.4.7. With probability at least 99/100, Algorithm 2 returns intervals It of width
w and values k̃t such that

(1− ε)kt − εν(kt−1 + kt + kt+1) ≤ k̃t ≤ (1 + ε)kt + ν(kt−1 + kt + kt+1).

The runtime for the algorithm is Õ
(

n2

εw2ν

)
.

Proof. We break the proof up into several sections for clarity: (1) construction of intervals,
(2) probabilistic argument, where we argue that by the construction of our intervals, there
should be few eigenvalues lying in the boundary regions, (3) trace estimation, where we
unravel the error from applying Hutch++, and (4) runtime analysis of all the steps of our
algorithm.

Construction of intervals: We construct the intervals as outlined in Algorithm 2. Let
w denote some fixed length and choose some x ∈ [−w/2 + α/2, w/2 − α/2] uniformly at
random. Consider the lattice points {x + tw} with −⌊1/w⌋ − 1 ≤ t ≤ ⌈1/w⌉+ 1. Let

It = [x + tw, x + (t + 1)w], I t = [x + tw − α/2, x + (t + 1)w + α/2].
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Now define Mt = [tw−w/2, (t+ 1)w +w/2]. Notice that by our choice of x, we determinis-
tically have

I t ⊂Mt ⊂ It−1 ∪ It ∪ It+1.

Probabilistic argument: Let kt denote the number of eigenvalues in the interval It.
Recall that

tr(b̃It(A)) ≤ kt +
∣∣σ(A) ∩ (I t\It)

∣∣+ nγ. (4.18)

Let B =
{
i : λi(A) ∈ I t\It for some t

}
, i.e., the indices of eigenvalues that fall in some

boundary. Note that B is a random set, depending on the choice of x. We have that
P(i ∈ B) ≤ α

w−α
for any i. (This is easiest to see by considering the probability that the

point 0 is in a boundary region – this only occurs if x ∈ [−α/2, α/2] so that 0 is within α/2
of an endpoint. This occurs with probability α/(w − α).)

Using this, we bound the expectation of
∣∣σ(A) ∩ (I t\It)

∣∣:
E
∣∣σ(A) ∩ (I t\It)

∣∣ = E
∑

λi(A)∈It\It

1(i ∈ B) (4.19)

≤ E
∑

λi(A)∈Mt

1(i ∈ B) (4.20)

≤
∑

λi(A)∈Mt

P(i ∈ B) (4.21)

≤ α

w − α
· (kt−1 + kt + kt+1). (4.22)

By Markov, with probability 1− w
200

:∣∣σ(A) ∩ (I t\It)
∣∣ ≤ 200α

w(w − α)
(kt−1 + kt + kt+1) ≤

400α

w2
(kt−1 + kt + kt+1)

where in the last step we have assumed α ≤ w/2. By a union bound, this holds for all
intervals simultaneously with probably 99/100 (since we have 2/w intervals).

Taking α = O(w2 · ν) we have for all It with probability 99/100

tr(b̃It(A)) ≤ kt + ν(kt−1 + kt + kt+1) + nγ.

Trace estimation: Now we consider the Hutch++ step with 1/ε matvecs with b̃It(A).
Letting k̃t = Hutch++(b̃It(A)), by (4.16) we have∣∣∣k̃t − kt

∣∣∣ ≤ εkt + (1 + ε)kb + nγ.

We are conditioning on the event that the second term in this bound is small – in particular,
with probability 99/100, we have∣∣∣k̃t − kt

∣∣∣ ≤ εkt + ν(1 + ε)(kt−1 + kt + kt+1) + nγ.
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By adjusting our choice of ν, the (1 + ε) factor can be absorbed into ν (as we will see, this
will not affect the runtime by more than a constant factor). We then have

k̃t ≤ (1 + ε)kt + ν(kt−1 + kt + kt+1) + nγ.

Note we can set γ = εν/n, which will again not affect the asymptotic runtime except for log
factors. If kt−1, kt, or kt+1 are non-zero, the nγ term can be absorbed into the second term.
If kt−1 = kt = kt+1 = 0, then the algorithm will return a value ≤ εν, in which case we round
down to 0. In either case, the following upper bound holds:

k̃t ≤ (1 + ε)kt + ν(kt−1 + kt + kt+1).

For the lower bound, recall that

tr(b̃(A)) ≥ kt − nγ.

Combining this with Hutch++, we have with probability 99/100:

k̃t ≥ (1− ε)kt − εν(kt−1 + kt + kt+1),

where we have absorbed the nγ term into the second term by the above argument.

Run time analysis: Now we work out the runtime. In order to leverage Theorem 4.2.3,
we fix one random set of vectors {y1, . . . ,yS} where S = ⌊1/ε⌋ to be used when we apply
Hutch++ for any bIt(A). Recalling that each b̃It(A), we have from Theorem 4.2.3 that to
compute bIt(A)yi for a fixed yi for all t will take Õ(1/α) matrix-vector products with A and
an additional Õ

(
n
αw

)
. We do this for ⌊1/ε⌋ vectors, so recalling α = O(w2ν), in total our

runtime is

Õ

(
n2

εw2ν

)
+ Õ

( n

εw3ν

)
.

Note that the dominant time is computing the Krylov subspaces.

Corollary 4.4.8. Fix 1 > ε > 0. With probability at least 99/100 in time Õ(n2/ε4), Algo-
rithm 2 returns It of width less than or equal to ε and k̃t such that

(1− ε)kt − ε2(kt−1 + kt + kt+1) ≤ k̃t ≤ (1 + ε)kt + ε(kt+1 + kt + kt−1).

Additionally, we can define the probability measure s̃A with point masses at the midpoints of
each It with weight proportional to k̃t. Then W(sA, s̃A) ≤ O(ε).

Proof. For the histogram guarantee, we simply apply Theorem 4.4.7 with w = ν = ε.
We consider the Wasserstein distance guarantee. First consider an intermediary measure

µ defined as follows: given the intervals It = [at, bt] and kt, the number of eigenvalues in It,
let

µ

(
at + bt

2

)
=

kt
n
.
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Note that each point mass in the original spectral distribution sA could have moved by at
most ε/2 since It have width ≤ ε, so we have

W(µ, sA) ≤ ε

2
. (4.23)

Now we turn to s̃A. Letting It be as above and k̃t be the approximate number of
eigenvalues returned by the algorithm, we let

s̃A

(
at + bt

2

)
=

k̃t∑
i k̃i

.

Note the sum of the approximate number of eigenvalues in each interval will not necessarily
sum to n, hence the different normalization. Using the guarantees on each k̃t, we have:

n(1− ε− 3ε2) ≤
∑
t

k̃t ≤ n(1 + 4ε).

We write
∑

t k̃t = n(1 + ∆) where −4ε ≤ ∆ ≤ 4ε, where we assume ε < 1 and γ < ε.
We will boundW1(µ, s̃A) since the only difference is the mass they place at each midpoint,

then use the triangle inequality to compare s̃A to sA. To bound the Wasserstein distance,
we have from [GS02]

W(µ, s̃A) ≤ 2 ∥µ− s̃A∥TV

where the 2 is coming from the fact that the whole interval has length 2. Let χ =
{

at+bt
2

: It = [at, bt]
}

,
i.e., the locations of all the point masses. By definition since both µ and s̃A are defined on
the same discrete set, we have

∥µ− s̃A∥TV =
1

2

∑
x∈χ

|µ(x)− s̃A(x)| = 1

2

∑
t

∣∣∣∣∣ktn − k̃t∑
k̃t

∣∣∣∣∣
=

1

2

∑
t

∣∣∣∣∣kt(1 + ∆)− k̃t
n(1 + ∆)

∣∣∣∣∣
=

1

2

∑
t

(
1

1 + ∆

)
·

∣∣∣∣∣∆kt
n

+
kt − k̃t

n

∣∣∣∣∣
≤ 1

2(1 + ∆)
· (|∆|+ 4ε) ≤ 4ε

1− 4ε

We have

W(µ, s̃A) ≤ 4ε

1− 4ε
.

Combined with (4.23), assuming ε < 1/5 we have

W(sA, s̃A) ≤ O(ε).
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Remark 15. The individual interval count guarantees in Theorem 4.4.8 are reminiscent of
the histogram approximation of [MNSUW17] but are ultimately incomparable. The spec-
tral density estimation given from the histogram counts in [MNSUW17] does not achieve
a Wasserstein distance guarantee, but it can be used to give an approximation of spectral
sums. Our spectral density estimation is the opposite: while we satisfy a Wasserstein dis-
tance guarantee, the rounding we do is in an absolute sense (not a relative sense), so we
cannot use this to give relative approximations of spectral sums. The key difference is the
“boundary” regions of the two methods: in [MNSUW17], these boundary regions have size
relative to the size of the endpoints of an interval; here, the boundary regions are always of
a constant size.

The method of [MNSUW17] can also be viewed as using a rational approximation of a
bump function, but they restrict to only one real pole. The advantage is then they only have
one system to solve (repeatedly), so they can find a good preconditioner for that one system
to then use repeatedly; the disadvantage is that the approximation is not as good.

4.5 Schatten-1 norm approximation

We look at the problem of approximating the Schatten-1 norm (or a nuclear norm) of a
matrix A ∈ Rn×d, again assuming we have normalized so ∥A∥ ∈ [1/2, 1]. Recall from (4.2)
the Schatten-1 norm of A, denoted ∥A∥∗, is defined as follows

∥A∥∗ :=
d∑

i=1

σi(A),

where σ1(A) ≥ · · · ≥ σd(A) are the singular values of the matrix A. Given an error
parameter ε > 0, our goal is to compute an estimator Z such that (1 − ε) ∥A∥∗ ≤ Z ≤
(1 + ε) ∥A∥∗, with probability 99/100.

We first observe that ∥A∥∗ = tr(
√
A⊤A). We proceed by constructing a rational ap-

proximation to
√
x using the previously defined step function ŝ(x). We again assume we

have taken a pre-processing step to normalize so that
∥∥ATA

∥∥ ∈ [1/2, 1]. Note this implies
∥A∥∗ ≥ 1/2.

Rational approximation:
√
x

For a non-negative x ∈ R, let x = t2, then
√
x = |t| = t · sign(t). We form a rational

approximation to the sign function ĝ(t) using the step function ŝ(t) from Theorem 4.3.7 as
ĝ(t) := 2ŝ(t)− 1. We can also write this as

ĝ(t) =
m−1∑
k=0

(
8

m∑
j=1

ρj/m

ρ2j/m + (y∗k)2

)−1

·
(

2βt

β2t2 + (y∗k)2

)
.
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Then, we have that a rational approximation to
√
x can be represented as tĝ(t). Substituting

x = t2 we get the following expression

r̂(x) =
m−1∑
k=0

(
16

m∑
j=1

ρj/m

ρ2j/m + (y∗k)2

)−1

·
(

βx

β2x + (y∗k)2

)
.

where again we will assume β = 3. This gives us the following piecewise bound for ĝ(x)

−O(γ
√
x) ≤ ĝ(x) ≤

√
x±O(γ

√
x), x ∈ [0, α2/4]

√
x−O(γ

√
x) ≤ ĝ(x) =

√
x + O(γ

√
x), x ∈ [α2/4, β2]

where the degree, m, of ĝ(x) is O
(

ln
(
2β
α

)
ln
(

1
γ

))
.

Setting α/2 ≤ ε∥A∥∗
d

, we get that

(1− ε−O(γ)) ∥A∥∗ ≤ tr(r̂(A⊤A)) ≤ (1 + O(γ)) ∥A∥∗ . (4.24)

We will use stochastic trace estimator to estimate the trace above, which requires getting
an estimate of

r̂(A⊤A)v =
m−1∑
k=0

(
16

m∑
j=1

ρj/m

ρ2j/m + (y∗k)2

)−1

· βA⊤A
(
β2A⊤A + (y∗k)2

)−1
v,

for any vector v. To get an estimate of r̂(A⊤A)v, we will invoke the linear system solver of

DS26, and the main work goes into estimating
(
β2A⊤A + (y∗k)2

)−1
v.

Linear system solver: [DS26a]

Theorem 4.5.1 (Modified [DS26]). Let A ∈ Rn×d, v ∈ Rd, and λ > 0. For any εL > 0,
there exists a randomized algorithm that returns a vector x̃ satisfying

∥x̃− x∗∥2A⊤A+λI ≤ εL ∥x∗∥2A⊤A+λI , (4.25)

with high probability, where x∗ = (A⊤A + λI)−1v. The algorithm runs in time

Õ
(
(nnz(A) + d2κ̄0,1(Aλ)) log(1/εL)

)
,

where Aλ ∈ R(n+d)×d is the augmented matrix formed by appending
√
λI ∈ Rd×d to the rows

of A, and for any M ∈ Rn×d, κ̄0,1(M) := 1
d

∑d
i=1

σi(M)
σd(M)

.

To estimate tr(r̂(A⊤A)), we will consider quadratic forms like v⊤
(
βA⊤A

(
β2A⊤A + (y∗i )2

)−1
)
v.

To estimate this we will use the Theorem 4.5.1. The following fact simplifies the expression,
and in the lemma after that we bound the error in the quadratic form produced by our
procedure, versus the actual quadratic form.
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Fact 4.5.2. Let M be a positive semidefinite matrix and let c > 0. Then M(M + cI)−1 =
I − c(M + cI)−1.

Lemma 4.5.3. Let v ∈ Rd be a Rademacher vector. Suppose that x̃ is the vector returned
by Theorem 4.5.1 solver with x∗ = (A⊤A + ((y∗k)2/β2)I)−1v. Then, with high probability,
the error Ei between the quadratic forms can be bounded as

Ei :=

∣∣∣∣v⊤ 1

β
A⊤Ax∗ − v⊤ 1

β
A⊤Ax̃

∣∣∣∣ ≤ d
√
εL
β

.

Proof. Let M = A⊤A, and let λi = (y∗k/β)2. Then, by Theorem 4.5.2, the expression

βA⊤A
(
β2A⊤A + (y∗i )2

)−1
=

1

β
(I − λi(M + λiI)−1).

Multiplying a Rademacher vector v on both sides, we get that

v⊤ 1

β
(I − λi(M + λiI)−1)v =

1

β
(d− λiv

⊤(M + λiI)−1)v.

Recall that x̃ is the vector returned by Theorem 4.5.1 solver with x∗ = (M +λiI)−1v. Then
our procedure outputs 1

β
(d − λiv

⊤x̃). We now bound the error Ei between the quadratic
forms:

Ei =

∣∣∣∣ 1β (d− λiv
⊤x̃)− 1

β
(d− λiv

⊤x∗)

∣∣∣∣ =
λi

β

∣∣v⊤(x̃− x∗)
∣∣

By definition x∗ = (M + λiI)−1v, so v = (M + λiI)x∗, and we get that

Ei =
λi

β

∣∣((M + λiI)x∗)⊤(x̃− x∗)
∣∣ ≤ λi

β
∥x∗∥M+λiI

∥x̃− x∗∥M+λiI
. (4.26)

Now, note from (4.25) that ∥x̃− x∗∥M+λiI
≤ √εL ∥x∗∥M+λiI

, which implies that

Ei ≤
λi

β

√
εL ∥x∗∥2M+λiI

. (4.27)

Furthermore, we can simplify

√
εL ∥x∗∥2M+λiI

=
√
εLx

∗⊤(M + λiI)x∗ =
√
εL
(
(M + λiI)−1v

)⊤
(M + λiI)

(
(M + λiI)−1v

)
=
√
εLv

⊤(M + λiI)−1v =
√
εLv

⊤x∗.

Plugging this into (4.27), we get that

Ei ≤
λi

β

√
εL(v⊤x∗). (4.28)

We can also bound v⊤x∗ by recalling that v⊤x∗ = v⊤(M + λiI)−1v ≤ d
λi

, since the eigen-

values of (M + λiI)−1 ≤ λ−1
i and ∥v∥22 = d. Moreover, v⊤x∗ ≥ 0, which from (4.28) implies

that Ei ≤ d
√
εL
β

.
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Lemma 4.5.4. For a Rademacher v, let DS Alg(r̂(A⊤A)v) be our algorithm to estimate
v⊤r̂(A⊤A)v. Then ∣∣DS Alg(r̂(A⊤A)v)− v⊤r̂(A⊤A)v

∣∣ ≤ O(dm
√
εL).

Moreover, for a Rademacher vector v, each call of DS Alg(r̂(A⊤A)v) takes time

Õ

((
nnz(A) +

d2

ε

)
log(1/εL)

)
.

Proof. From Theorem 4.5.3, we get that

∣∣DS Alg(r̂(A⊤A)v)− r̂(A⊤A)v
∣∣ ≤

∣∣∣∣∣∣
m−1∑
k=0

(
16

m∑
j=1

ρj/m

ρ2j/m + (y∗k)2

)−1
∣∣∣∣∣∣ · d
√
εL
β

.

≤ O(dm
√
εL),

where the last inequality follows from Theorem 4.6.3, and the fact that β is a constant.
To show the running time, we first collect all the facts we need. Recall that to get a

relative approximation to Schatten-1 norm ((4.24)) we set the parameter α/2 = ε ∥A∥∗ /d
and we assumed that the spectral radius, and hence the Schatten-1 norm, is at least a
constant. Therefore, from Theorem 4.3.1, we get that

m := deg(r̂(x)) = O(log(d/ε) log(1/γ)). (4.29)

Next, we compute the smallest y∗k used in the expression for â, because that would determine
the condition number of our system. From Theorem 4.3.3, we know that the smallest y∗k =
O((ε ∥A∥∗ /d) log(γ−1)).

We now compute the number κ̄0,1, and let y∗0 denote the smallest magnitude pole of r̂(x).
Then the matrix Aλ in Theorem 4.5.1 is the matrix A with y∗0I appended at the bottom.
Calculating κ̄0,1, we get that

κ̄0,1 ≤
1

d

d∑
i=1

σi(A) + y∗0
y∗0

≤ 1

d

∥A∥∗
ε ∥A∥∗ /d

=
1

ε
.

We have to use Theorem 4.5.1 for each of the m poles, and therefore, we get that the running
time of computing DS Alg(r̂(A⊤A)v) is bounded by

Õ

(
m

(
nnz(A) +

d2

ε

)
log(1/εL)

)
= Õ

((
nnz(A) +

d2

ε

)
log(1/εL)

)
,

where the equality follows from (4.29).
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Trace estimation: variance reduced Huchinson’s

Instead of directly applying Hutchinson’s trace estimator, we follow the variance reduced
Hutchinson’s approach [MMMW21] to estimate tr(r̂(A⊤A)). Towards that, we first get a
low rank approximation to

√
(A⊤A). However, matrix-vector products with

√
(A⊤A) (or

an approximation of it) are expensive, so we appeal to different method for constructing a
low rank approximation. This exact problem has been addressed by Persson et al. [PMM25],
where they show how that for operator monotone functions f , tr(f(A⊤A)) can easily be
approximated using low rank approximation to A⊤A. We show this in the following lemma.

Lemma 4.5.5. Let A ∈ Rn×d, and let M = A⊤A. For any k ∈ [d], and constant η > 0
there exists a randomized procedure that computes a rank-k PSD matrix H ∈ Rd×d such that,
with high probability:

1. tr(H) can be computed in O(k) time.

2. The matrix H satisfies∥∥∥√M −H
∥∥∥2
F
≤ (1 + η)

∥∥∥√M − (
√
M)(k)

∥∥∥2
F
.

The total running time of this procedure is Õ(nnz(A)k + dk2 + k3).

Proof. First, run p = O(log d) iterations of the randomized Block Krylov subspace method
on M to obtain an orthonormal basis Q ∈ Rd×k. From Musco and Musco [MM15, Theorem
11] we get that ∥∥M − (QQ⊤M)(k)

∥∥2
F
≤ (1 + η)

∥∥M − (M)(k)
∥∥2
F
.

Next, we explicitly construct the rank-k Nystrom approximation M̂ = MQ(Q⊤MQ)†Q⊤M .
Then, using Persson et al. [PMM25, Theorem 3.2] we get that

∥M∥2F −
∥∥∥M̂∥∥∥2

F
≤ (1 + η)

∥∥M − (M)(k)
∥∥2
F

and M ⪰ M̂ ⪰ 0. Finally, we apply the operator monotone function f(x) =
√
x to the

Nystrom approximation M̂ , setting H = (
√
M̂)(k). From Persson et al. [PMM25, Theorem

2.5], we have the guarantee that∥∥∥√M −H
∥∥∥2
F
≤ (1 + η)

∥∥∥√M − (
√
M)(k)

∥∥∥2
F
.

Running Time: The block Krylov method takes Õ(nnz(A)k+dk2) time, and the Nystrom
method takes Õ(nnz(A)k+dk2+k3) time, which leads to a total running time of Õ(nnz(A)k+
dk2 + k3).
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Lemma 4.5.6. Let M = A⊤A, and let H be the matrix from the previous lemma, and
let q ∈ Z be a positive integer. Let r̂(x) be the rational approximation to

√
x, of degree m.

Then, there exists an algorithm that returns an estimate Z̃ that satisfies∣∣∣Z̃ − ∥A∥∗∣∣∣ ≤ O(ε) ∥A∥∗ , with probability at least 1− 10

q

(
1

d
+

1

kε2

)
.

Moreover, the time taken to construct such an estimator is

Õ

(
q

(
nnz(A) +

d2

ε

))
.

Proof. Let q be the number of matrix-vector product queries to r̂(M). If we had exact access
to them, then our ideal variance-reduced Hutchinson’s estimator would be Z = tr(H) +
1
q

∑q
i=1 v

⊤
i (r̂(M ) −H)vi, where vi’s are random Rademacher vectors. However, since we

are using the solvers of [DS26] to estimate v⊤i r̂(M)vi, our estimator (Theorem 4.5.4) is

Z̃ := tr(H) +
1

q

q∑
i=1

(
DS Alg(r̂(M )vi)− v⊤

i Hvi

)
.

Using triangle inequality, we get that the total error is∣∣∣Z̃ − ∥A∥∗∣∣∣ ≤ ∣∣∣Z̃ − Z
∣∣∣︸ ︷︷ ︸

Solver Error

+ |Z − EZ|︸ ︷︷ ︸
Statistical Error

+ |EZ − ∥A∥∗|︸ ︷︷ ︸
Approximation Error

.

We bound each of those individually.

Approximation error: By definition EZ = tr(r̂(M)). In our setting with α/2 = ε ∥A∥∗ /d,
and γ ≤ ε/(4d), we get that

|EZ − ∥A∥∗| =
∣∣∣Tr(r̂(M))− tr(

√
M)

∣∣∣ ≤ O(ε) ∥A∥∗ .

Solver error: By Theorem 4.5.4, we have that∣∣∣Z̃ − Z
∣∣∣ ≤ 1

q

q∑
i=1

∣∣DS Alg(r̂(A⊤A)vi)− v⊤
i r̂(A⊤A)vi

∣∣ ≤ O(dm
√
εL).

To ensure that this is at most ε ∥A∥∗, we set εL = O(ε2 ∥A∥∗ /(d2m2)), and since we assumed
that ∥A∥∗ is at least a constant we have that εL = O(ε2/(d2m2)).
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Statistical error: To bound |Z − EZ|, we will use the Chebyshev concentration inequality,
which requires computing its variance. Recall that Z = tr(H) + 1

q

∑q
i=1 v

⊤
i (r̂(M) −H)vi,

where vi’s are random Rademacher vectors. Then,

Var(Z) =
Var(v⊤

1 (r̂(M)−H)v1)

q
≤ 2 ∥r̂(M)−H∥2F

q
.

We now bound 2 ∥r̂(M)−H∥2F . We decompose this as

2 ∥r̂(M)−H∥2F ≤ 4
∥∥∥r̂(M)−

√
M
∥∥∥2
F

+ 4
∥∥∥√M −H

∥∥∥2
F
.

The second term, 4
∥∥∥√M −H

∥∥∥2
F

, can be bounded using the previous lemma as follows

4
∥∥∥√M −H

∥∥∥2
F
≤ 4(1 + η)

∥∥∥√M − (
√
M)(k)

∥∥∥2
F

= 4(1 + η)
d∑

i=k+1

σ2
i (A)

≤ 4(1 + η)σk+1(A)
d∑

i=k+1

σi(A)

≤ 4(1 + η)
∥A∥2∗
k

,

where the last inequality uses the fact that the singular values are sorted in descending

order, which implies that σk+1(A) ≤ ∥A∥∗ /k. Next, we bound 4
∥∥∥r̂(M)−

√
M
∥∥∥2
F

. Since

α/2 = ε ∥A∥∗ /d, we get that

4
∥∥∥r̂(M)−

√
M
∥∥∥2
F
≤ 4ε2 ∥A∥2∗ /d + 4γ2 ∥A∥2F ≤ 5ε2 ∥A∥2∗ /d,

for γ ≤ ε
4d

. Therefore, we get that the variance of the Hutchinsons estimator for the tail is

Var(Z) ≤ 5 ∥A∥2∗ (ε2/d + (1 + η)/k)

q
.

Using the Chebyshev concentration inequality, we get

Pr(|Z − E[Z]| ≥ ε ∥A∥∗) ≤
5 ∥A∥2∗ (ε2/d + (1 + η)/k)

qε2 ∥A∥2∗
=

1

q

(
5

d
+

5(1 + η)

kε2

)
.

Therefore, combining all three bounds above, we get that with probability 1−1
q

(
5
d

+ 5(1+η)
kε2

)
,

we have ∣∣∣Z̃ − ∥A∥∗∣∣∣ ≤ O(ε) ∥A∥∗ .
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Running time analysis: We make a total of q matrix-vector queries to r̂(M). From
Theorem 4.5.4, and with our parameters α/2 = ε ∥A∥∗ /d, γ = ε/(4d), εL = O(ε2/(d2m2)),
where m = log(d/ε) log(1/γ) ((4.29)), we get that the total running time of estimating Z̃ is

Õ

(
q

(
nnz(A) +

d2

ε

)
log(1/εL)

)
= Õ

(
q

(
nnz(A) +

d2

ε

))
.

We note that the solver of DS26 in Theorem 4.5.1 returns the answer with high probability,
so our probability bound holds.

We consolidate the above steps for the full algorithm, given in Algorithm 3.

Algorithm 3 Approximate Schatten-1 norm

Require: A ∈ Rn×d with ∥A∥ ≤ 1
Ensure: (1±O(ε)) relative approximation of

∑d
i=1 σi(A)

▷ Parameter Initialization
1: Set α = ε/d, β = 3, γ = ε/(4d)
2: Set the rational degree m = Θ(log(d/ε) log(1/γ)), and solver tolerance εL =

Θ(ε2/(d2m2)).
3: Set k and q based on sparsity of A, and let M = A⊤A.

▷ Head: Low Rank Approximation
4: Run Block Krylov method on M to obtain basis Q ∈ Rd×k.
5: Form the Nystrom approximation M̂ = MQ(Q⊤MQ)†Q⊤M .

6: Compute rank-k square root H =
(√

M̂
)
(k)

.

7: Calculate the exact trace of the head: Thead := tr(H).
▷ Tail: Hutchinson’s Stochastic Trace Estimator

8: Initialize S = 0 to accumulate trace of the tail.
9: for i = 1 to q do
10: Draw random Rademacher vector vi ∈ {−1, 1}d, and let Qi = 0.
11: for k = 0 to m− 1 do
12: Let λk = (y∗k)2/β2.
13: Use DS Alg to find x̃ satisfying (M + λkI)x = vi to precision εL. ▷ [DS26a]

14: Let ck =
(

16
∑m

j=1
ρj/m

ρ2j/m+(y∗k)
2

)−1

. ▷ Rational Coefficients

15: Qi ← Qi + ck · 1β
(
d− λkv

⊤
i x̃
)
.

16: end for
17: S ← S + Qi − v⊤

i Hvi.
18: end for
19:

20: return Z = Thead + S
q

▷ Combine the Outputs
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Theorem 4.5.7. Assuming d = n, nnz(A) = n2, Algorithm 3 yields a (1±ε) approximation
of the Schatten-1 norm with probability 99/100 in time Õ(n2/ε1.5).

Proof. Combining the running time of two lemmas, we get that we can estimate Schatten-1

norm with probability 1− 1
q

(
5
d

+ 5(1+η)
kε2

)
and with a total running time of

Õ(nnz(A)k + dk2 + k3) + Õ

(
nnz(A)q +

d2

ε
q

)
.

We optimize k and q under various settings of nnz(A) v/s d, and note down their running
time in the following table:

Matrix Condition Optimal Rank (k) Optimal Queries (q) Total Running Time

nnz(A)≫ d2/ε Θ(1/ε) Θ(1/ε) Õ
(

nnz(A)
ε

+ d2

ε2

)
nnz(A) = Θ(d2) Θ(1/ε1.5) Θ(1/ε0.5) Õ

(
d2

ε1.5

)
d4/3/ε ⩽ nnz(A)≪ d2 Θ

(
d√

nnz(A)ε1.5

)
Θ

(√
nnz(A)

dε0.5

)
Õ

(
d
√

nnz(A)

ε1.5

)
nnz(A) = Θ(d) Θ(d1/3/ε) Θ(1/(d1/3ε)) Õ

(
d5/3

ε2

)
Table 4.1: Optimized runtime of Algorithm 3 for various sparsities.

4.6 Appendix

Proofs for theoretical approximation of step function

Results on poles:

Proof of Theorem 4.3.2. We show the poles of s(z) must be purely imaginary and give ex-
plicit equations defining them.

By definition:

s(z) = s1(βz) =
1

h2(βz) + 1

so the poles are precisely when h2(βz) + 1 = 0 =⇒ h(βz) = ±i. Now consider βz = x+ iy:

|h(βz)| =
∣∣∣∣p(−βz)

p(βz)

∣∣∣∣ =
m∏
i=1

∣∣∣∣−x− iy + ρj/m

x + iy + ρj/m

∣∣∣∣ =
m∏
i=1

(ρj/m − x)2 + y2

(ρj/m + x)2 + y2
.
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Note that ρj/m is a real, positive number. If x > 0, all of the factors will be less than 1, so
|h(βz)| < 1. If x < 0, all of the factors will be greater than 1, so |h(βz)| > 1. We must
have x = 0, so all the poles are strictly imaginary. We also note that since the poles are the
roots of p2(βz) + p2(−βz), a real-coefficient polynomial, they must be closed under complex
conjugation.

Suppose we have a pole at z = i y
β
. Then by above, we must have arg(h(iy)) = ±π

2
+ mπ

for some m. Using the definition of h(z), we have

arg(h(iy)) = arg

(
m∏
j=1

ρj/m − iy

ρj/m + iy

)
=

m∑
j=1

arg

(
ρj/m − iy

ρj/m + iy

)
(4.30)

=
m∑
j=1

arg(ρj/m − iy)− arg(ρj/m + iy) (4.31)

= −2
m∑
j=1

arctan(y/ρj/m), (4.32)

so for some m, y must satisfy

m∑
j=1

arctan(y/ρj/m) = ±π

4
+ k

π

2
. (4.33)

First consider equations of the form

m∑
j=1

arctan(y/ρj/m) =
π

4
+ k

π

2
.

Since | arctan(z)| ≤ π/2, we see the above only has a solution for 0 ≤ m ≤ d− 1. Let yk be
the solution to

m∑
j=1

arctan(y/ρj/m) =
π

4
+ k

π

2
for 0 ≤ m ≤ d− 1.

This gives us d poles,
{
iy0
β
, iy1

β
, . . . , iym−1

β

}
. Including the complex conjugates, we have

exactly 2d poles.

Proof of Theorem 4.3.3. Our goal is to lower bound the minimum pole.

We note that
∑m

j=1 arctan(yρ−j/m) is strictly increasing in y, so the smallest pole will be
when

m∑
j=1

arctan

(
y

ρj/m

)
=

π

4
,
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or equivalently when the right hand side is −π/4. Since z ≥ arctan(z), we must have

m∑
j=1

y

ρj/m
≥ π

4
.

We analyze the geometric series appearing in the sum

m∑
j=1

ρ−j/m = ρ−1/m · ρ−1 − 1

ρ−1/m − 1
=

1− ρ

ρ(1− ρ1/m)
.

Plugging this back into the above, we get the lower bound

y ≥ πρ(1− ρ1/m)

4(1− ρ)
.

To get the second bound, we recall that m = O(ln(1/ρ)), so we have ρ1/m = e
ln ρ
m ≲ e−1 ≤

1− 1
m

for m > 1. Rearranging this we have

ρ(1− ρ1/m) ≳
ρ

m
.

Results on partial fraction decomposition: To find the partial fraction deomposition,
we will use the residue method. We state and prove it now for the sake of completeness.

Theorem 4.6.1 (Residue method). Let s(z) be a rational function and let f, g be any analytic

functions such that s(z) = f(z)
g(z)

. Suppose s(z) has a pole at λk. Then in the partial fraction

decomposition, the coefficient on the term 1
z−λk

is given by

f(λk)

g′(λk)
.

Proof. Suppose we have a rational function s(z) with poles λi and we want to find the partial
fraction decomposition, i.e., we want to find ri such that:

s(z) =
∑
i

ri
z − λi

.

Suppose also we have some expression s(z) = f(z)
g(z)

where f, g are analytic functions (but not

necessarily polynomials). Suppose we want to find rk. Multiplying both sides by z − λk we
have

(z − λk)s(z) = rk +
∑
i̸=k

(z − λk)ri
z − λi

=⇒ rk = lim
z→λk

(z − λk)s(z).
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Now we use the expression we had for s(z):

s(z) = lim
z→λk

(z − λk)s(z) = lim
z→λk

(z − λk)f(z)

g(z)

= lim
z→λk

f(z) + (z − λk)f ′(z)

g′(z)
by L’Hopital’s

=
f(λk)

g′(λk)

where from the first to the second line we used that (λk − λk)f(λk) = 0 and g(λk) = 0 since
λk is a pole.

Proof of Theorem 4.3.4. We want to write s(z) as

s(z) = q(z) +
m−1∑
k=0

Am

z − iyk
β

+
Bm

z + iyk
β

= q(z) +
m−1∑
k=0

βAm

βz − iyk
+

βBm

βz + iyk

where Am and Bm are some (possibly complex-valued) constants.
Recall that

s(z) =
p(βz)2

p(βz)2 + p(−βz)2
=

1

h(βz)2 + 1
, h(βz) =

p(−βz)

p(βz)
.

Since the degrees of the numerator and denominator are equal, q(z) must be a constant; in
particular, we must have limz→∞ s(z) = q(z). Since p(z) is a degree d polynomial, we see
limz→∞ h(βz) = (−1)m, so limz→∞ h(βz)2 = 1. Using this we have

q(z) = lim
z→∞

s(z) = lim
z→∞

1

h(βz)2 + 1
=

1

2
.

To find Am and Bm, we invoke the residue method, as stated in Theorem 4.6.1. To
Applying this to the above expression of s(z), we have:

Am =
1

d
dz

(h(βz)2 + 1)|z=iyk/β

=
1

2βh(iyk)h′(iyk)
.

We use the logarithmic derivative to differentiate h(z):

d

dz
log(h(z)) =

h′(z)

h(z)
=⇒ h′(z)h(z) = h(z)2 · d

dz
log(h(z)).
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Using the definition of h(z) and p(z) we have:

d

dz
log(h(z)) =

d

dz

m∑
j=1

log(−z + ρj/m)− log(z + ρj/m)

=
m∑
j=1

−1

−z + ρj/m
− 1

z + ρj/m

=
m∑
j=1

−2ρj/m

ρ2j/m − z2
.

Plugging in iyk we have

2βh(iyk)h′(iyk) = 2βh(iyk)2
m∑
j=1

−2ρj/m

ρ2j/m + y2k
= 4β

m∑
j=1

ρj/m

ρ2j/m + y2k

where we used h(iyk)2 = −1 by the choice of yk. Plugging in −iyk we get the same expression
for Bm:

Bm =

(
4β

m∑
j=1

ρj/m

ρ2j/m + y2k

)−1

.

Bound on sum of coefficients: We first bound the largest pole.

Lemma 4.6.2. Let ym−1 be the solution to

m∑
j=1

arctan
( y

εj/m

)
=

π

4
+ (m− 1)

π

2
.

Then ym−1 ≤ 4
π

1
1−ε1/m

≤ O(m)

Proof. Using the identity arctan(x) = π
2
− 1

x
for x > 0 we have

m∑
j=1

arctan
(ym−1

εj/m

)
=

π

4
+ (m− 1)

π

2
⇐⇒

m∑
j=1

π

2
− arctan

(ym−1

εj/m

)
=

π

4

⇐⇒
m∑
j=1

arctan

(
εj/m

ym−1

)
=

π

4
.

Now using that arctan(x) ≤ x we have that

π

4
=

m∑
j=1

arctan

(
εj/m

ym−1

)
≤

m∑
j=1

εj/m

ym−1

=⇒ ym−1 ≤
4

π

m∑
j=1

εj/m ≤ 4

π

1

1− ε1/m
.
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To arrive at the final expression, notice that

(1− ε) = (1− ε1/m)(1 + ε1/m + ε2/m + . . . εm−1/m) ≤ (1− ε1/m)m.

Rearranging we have
1

1− ε1/m
≤ m

1− ε
= O(m)

where we assume that ε < 1/2.

Lemma 4.6.3. Let yk be the solutions to

m∑
j=1

arctan
( yk
εj/m

)
=

π

4
+ k

π

2
.

Then we have
m−1∑
k=0

(
m∑
j=1

ρj/m

ρ2j/m + y2k

)−1

≤ O(m).

Proof. We will show sum is dominated by the final term, i.e., the dominant term is

S−1
m−1 :=

(
m∑
j=1

εj/m

ε2j/m + y2m−1

)−1

.

First we upper bound this term and then we should the sum of the rest are the same order.
To upper bound S−1

m−1, we want to lower bound Sm−1. We can rewrite Sm−1 as:

m∑
j=1

εj/m

ε2j/m + y2m−1

=
1

ym−1

m∑
j=1

εj/m

ym−1

( εj/m

ym−1
)2 + 1

.

From Theorem 4.6.2, we have an upper bound on ym−1, so we have a lower bound on 1
ym−1

.
Our goal then is to lower bound the sum

m∑
j=1

εj/m

ym−1

( εj/m

ym−1
)2 + 1

.

As shown in Theorem 4.6.2 we know
∑m

j=1 arctan
(

εj/m

ym−1

)
= π

4
. We define θj = arctan( εj/m

ym−1
)

then we have:
m∑
j=1

θj =
π

4
.

We can now think of this as the following optimization problem

minimize
m∑
j=1

tan θj
tan θ2j + 1

subject to
m∑
j=1

θj =
π

4
and θj ≥ 0.
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Simplifying the trigonometry, this is equivalent to

minimize
1

2

m∑
j=1

sin(2θj) subject to
m∑
j=1

θj =
π

4
and θj ≥ 0.

By the concavity of our objective function, we see that the minimum will occur at one of the
vertices of the boundary, i.e., when one θk = π/4 and the rest are 0. In this case we have

1

2

m∑
j=1

sin(2θj) =
1

2
sin
(π

2

)
=

1

2
.

Recalling our original expression, we have the upper bound S−1
m−1 ≤ 2ym−1.

Now we bound the rest of the sum. In particular, we will show

m−2∑
i=0

(
m∑
j=1

ρj/m

ρ2j/m + y2k

)−1

≤ 2

π
ym−1.

First note that letting f(y) =
∑m

j=1 arctan(y/ρj/m) we have

f ′(y) =
m∑
j=1

1

1 + (y/ρj/m)2
· 1

ρj/m
=

m∑
j=1

ρj/m

ρ2j/m + y2
.

We can rewrite our target expression as
∑m−2

i=0
1

f ′(yk)
. Now we want to invoke the inverse

function theorem. Recall by choice of yk we have f(yk) = π
4

+ iπ
2
. Let xi = π

4
+ iπ

2
, then by

the inverse function theorem
m−2∑
j=1

1

f ′(yk)
=

m−2∑
j=1

(f−1(xi))
′.

Now we will relate the right hand side as an integral. Note that xi+1 − xi = π
2

for all i, so

m−2∑
j=1

(f−1(xi))
′ =

2

π

m−2∑
j=1

(xi+1 − xi)(f
−1(xi))

′.

We interpret this as an integral. We claim that (f−1(x))′ is an increasing function. Provided
this fact:

2

π

m−2∑
j=1

(xi+1 − xi)(f
−1(xi))

′ ≤ 2

π

m−2∑
j=1

∫ xi+1

xi

(f−1(x))′dx

=
2

π

m−2∑
j=1

(f−1(xi+1)− f−1(xi))

=
2

π
(f−1(xm−1)− f−1(x1))

≤ 2

π
ym−1.
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The only outstanding thing to show is that (f−1(x))′ is an increasing function. But recall
that (f−1(x))′ = 1

f ′(y)
for x = f(y). Since arctan is an increasing function and f is a sum of

arctans, y increases as x increases. Thus, it suffices to show 1
f ′(y)

is increasing in y. We have

an explicit form of 1
f ′(y)

, and we see this is increasing in y.

Putting these bounds together with Theorem 4.6.2 we have

m−1∑
k=0

(
m∑
j=1

ρj/m

ρ2j/m + y2k

)−1

≤ O(ym−1) ≤ O(m).

Corollary 4.6.4. Let y∗k be the approximate poles as in Theorem 4.3.5, with |y∗k − yk| ≪ y0.
Then

m−1∑
k=0

(
m∑
j=1

ρj/m

ρ2j/m + (y∗k)2

)−1

≤ O(m).

Proof. We omit the details, but the core idea is that the perturbation is sufficiently small so
that the relative change to the denominator is a constant factor.

Proofs for numerical approximation of step function

Proof of Theorem 4.3.5. We want to find the zero of the function

fm(y) =
m∑
j=1

arctan(y/ρj/m)− (π/4 + mπ/2).

Note that fm(0) < 0, and for y ≥ 0, f ′
m(y) =

∑m
j=1

ρj/m

ρ2j/m+y2
> 0. Moreover, let yρ =

4
π

∑m
j=1 ρ

j/m. Since m ≤ d− 1, using the bound arctan(t) ≥ π/2− 1/t, for t > 0, we obtain
that
m∑
j=1

arctan

(
yρ
ρj/m

)
≥ d

π

2
− 1

yρ

m∑
j=1

ρj/m = d
π

2
− π

4
=⇒ fm(yρ) ≥ d

π

2
− π

4
−
(π

4
+ k

π

2

)
≥ 0

We have established that fm is a strictly increasing function with f(0) < 0 and f(yρ) ≥ 0.
Therefore, the root yk ∈ [0, yρ]. By using the bisection algorithm, yk can be approximated
to error at most ρ in at most O(log(yρ/ξ)) iterations, where each iteration cost at most
O(d) arithmetic operations. Moreover yρ = 4

π

∑m
j=1 ρ

j/m = O(d). Hence, all d poles can be

approximated in time at most O(d2 log(d/ξ)).

Remark 16. One could alternatively use Newton’s method to approximate the poles. This
should give faster convergence, but since either method is independent of the size of our
matrix A and gives polylog runtime with respect to the error parameters, we opted for the
simpler one.
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Proof of Theorem 4.3.6. To simplify notation, let C(y) = 4
∑m

j=1
ρj/m

ρ2j/m+y2
so that:

s(x) =
1

2
+

m−1∑
k=0

C(yk)−1 ·
(

2βx

β2x2 + y2k

)
, ŝ(x) =

1

2
+

m−1∑
k=0

C(y∗k)−1 ·
(

2βx

β2x2 + (y∗k)2

)
.

Let x ∈ R and consider x/β. We have:

|ŝ(x/β)− s(x/β)| =

∣∣∣∣∣
m−1∑
k=0

(
2x

(x2 + (y∗k)2)C(y∗k)

)
−
(

2x

(x2 + y2k)C(yk)

)∣∣∣∣∣ (4.34)

≤
m−1∑
k=0

∣∣∣∣( 2x

(x2 + (y∗k)2)C(y∗k)

)
−
(

2x

(x2 + y2k)C(yk)

)∣∣∣∣ . (4.35)

We apply the mean value theorem to the function:

f(x, y) =
2x

(x2 + y2)C(y)
.

Letting Im be an interval with endpoints yk and y∗k, by the mean value theorem

|f(x, y∗k)− f(x, yk)| ≤ |yk − y∗k| · sup
y∈Im

∣∣∣∣∂f∂y
∣∣∣∣ .

Taking the derivative we have∣∣∣∣∂f∂y
∣∣∣∣ =

∣∣2x((x2 + y2)C(y))−2 ·
(
(x2 + y2)C ′(y) + 2yC(y)

)∣∣ (4.36)

=

∣∣∣∣f(x, y)

(
2y

x2 + y2
+

C ′(y)

C(y)

)∣∣∣∣ (4.37)

≤ |f(x, y)|
(∣∣∣∣ 2y

x2 + y2

∣∣∣∣+

∣∣∣∣C ′(y)

C(y)

∣∣∣∣) (4.38)

≤ |f(x, y)|
(∣∣∣∣2y

∣∣∣∣+

∣∣∣∣C ′(y)

C(y)

∣∣∣∣). (4.39)

Computing C ′(y), we have∣∣∣∣C ′(y)

C(y)

∣∣∣∣ =

∣∣∣∣∣∣
∑m

j=1
ρj/m

ρ2j/m+y2
· 2y
ρ2j/m+y2∑m

j=1
ρj/m

ρ2j/m+y2

∣∣∣∣∣∣ ≤ max
j

∣∣∣∣ 2y

ρ2j/m + y2

∣∣∣∣ ≤ ∣∣∣∣2y
∣∣∣∣ ,

where to see the first inequality, we interpret this as a weighted average of 2y
ρ2j/m+y2

. Our last

term to bound is |f(x, y)|. Using the fact that (x− y)2 ≥ 0, we have

|f(x, y)| =
∣∣∣∣ 2x

x2 + y2

∣∣∣∣ ∣∣∣∣ 1

C(y)

∣∣∣∣ ≤ ∣∣∣∣ 1

y · C(y)

∣∣∣∣ .
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All together we have ∣∣∣∣∂f∂y
∣∣∣∣ ≤ |f(x, y)| ·

∣∣∣∣4y
∣∣∣∣ .

Applying this to our original expression we see

|ŝ(x/β)− s(x/β)| ≤
m−1∑
k=0

|yk − y∗k| · sup
y∈Im

∣∣∣∣ 4

y2 · C(y)

∣∣∣∣ . (4.40)

Note this bound is independent of x. To bound the supremum, we note that y2C(y) is a
function increasing with y, so the supremum will be maximized for small values of y. We
first find a lower bound for C(y) for sufficiently small y.

Suppose y ≤ ρ, then y2 ≤ ρ2j/m for all j so

C(y) = 4
m∑
j=1

ρj/m

ρ2j/m + y2
≥ 4

m∑
j=1

ρj/m

2ρ2j/m
= 2

m∑
j=1

1

ρj/m
.

Now recall that the smallest y we will consider is y0− ρ, corresponding to the smallest pole.
We assume that ρ≪ y0, so it suffices to bound the value of y2C(y) for y ≥ y0/2. Recall that

m∑
j=1

arctan

(
y0
ρj/m

)
=

π

4
.

Looking at the j = d term and using the fact that arctan(x) ≤ x, we see

y0
ρ
≤ π

4
=⇒ y0 ≤ ρ =⇒ y0/2 ≤ ρ.

This means we can apply our lower bound for C(y) so we see

(y0/2)2C(y0/2) ≥ y0
2

m∑
j=1

y0
ρj/m

≥ y0
2

m∑
j=1

arctan(y0ρ
−j/m) = y0

π

8
.

Combining this with the above, we have

|ŝ(x)− s(x)| ≤ O

(
mξ

(y0 − ξ)

)
= O

(
mξ

y0

)
. (4.41)
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Chapter 5

Ground state energies of Schrödinger
operators

In this chapter we turn to a question from mathematical physics on relating the ground
state energies of analogous discrete and continuous Schrödinger operators. Though this is a
question from mathematical physics, we approach it from a theoretical computer science per-
spective. We view the ground state energy as an optimization problem, using the variational
characterization of the ground state energy, and construct (pseudo-)ground state functions
for each operator from (pseudo-)ground state functions for the other.

5.1 Introduction

Let V : Rd → R≥0 be a smooth Zd-periodic potential and let θ ∈ (0, 1) be a parameter. We
study the family of discrete Schrödinger operators Aθ : ℓ2(θZd)→ ℓ2(θZd) defined by

Aθf(kθ) :=

(
2df(kθ)−

∑
j∼k

f(jθ)

)
+ V (kθ)f(kθ) = (L + V )f(kθ), for k ∈ Zd (5.1)

where j ∼ k indicates that j, k ∈ Zd differ in exactly one coordinate by ±1 and L is the
discrete Laplacian of the corresponding graph on θZd. This family includes several well-
studied operators, such as the almost-Mathieu operator which corresponds to the special
case

V (x) := λ(2− 2 cos(2πx)), for λ > 0 (5.2)

in d = 1. The operator Aθ is bounded and self-adjoint with σ(Aθ) ⊆ [0, 4d + ∥V ∥∞]. We
refer to the infimum of its spectrum as its ground state energy, denoted µ(Aθ), which admits
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the well-known variational characterization

µ(Aθ) = inf
f∈ℓ2(θZd)
∥f∥=1

⟨f, Aθf⟩

= inf
f∈ℓ2(θZd)
∥f∥=1

 ∑
j∼k∈Zd

(f(kθ)− f(jθ))2 +
∑
k∈Zd

V (kθ)f(kθ)2

 .

(5.3)

We can consider the analogous semiclassical (or continuous) d-dimensional Schrödinger
operator with potential V and semiclassical parameter θ, Bθ : H2(Rd)→ L2(Rd), defined as

Bθf(x) := −θ2
d∑

i=1

d2

dx2
i

f(x) + V (x)f(x) = (−θ2∆ + V )f(x). (5.4)

Bθ is an unbounded selfadjoint nonnegative operator. Let µ(Bθ) denote the ground state
energy of Bθ. We then have the variational characterization (see e.g. [RS81, Chapter VIII])

µ(Bθ) = inf
g∈H2(Rd)
∥g∥=1

⟨g,Bθg⟩

= inf
g∈H2(Rd)
∥g∥=1

∫
Rd

θ2 ∥∇g(x)∥2 + V (x)g(x)2dx.
(5.5)

The purpose of this work is to establish a relationship between µ(Aθ) and µ(Bθ) for a
wide class of V , that are non-asymptotic in θ.

Motivation

Motivated by questions in geometric group theory, there has been interest [BVZ97; BZ05;
BDHMW17a; BDHMW17b; Oza22] in proving good upper and lower bounds on µ(Aθ), θ ∈[
0, 1

2

]
for the special case (5.2) — roughly speaking, this quantity arises naturally in the

representation theory of the Heisenberg group and controls the spectral gap of the random
walk on that group. More recently, a line of work initiated by Ozawa [Oza16; KNO19;
KKN21] introduced a method for producing semidefinite programming proofs of Kazhdan’s
Property (T) for various groups including SLn(Z), in which effective bounds on certain µ(Aθ)
play a role. The best known bounds on µ(Aθ) for the almost-Mathieu operator due to [BZ05]
rely on delicate trigonometric calculations, and as far as we are aware there is no systematic
method for proving such bounds in general.

In contrast, in many cases µ(Bθ) can be estimated using well-established tools of spec-
tral theory — see e.g. [Kat52; GGS92] for examples of such bounds in 1 dimension, and
Theorem 5.1.4 for coarse bounds in any dimension.

Establishing a relationship between µ(Aθ) and µ(Bθ) allows bounds in one setting to
be transferred to the other. Our results are general, in that they apply for a wide class of
potentials, and effective, in that they provide concrete bounds for fixed θ, as is required in
applications to group theory mentioned above.
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Statement of main results

We prove the following three results which articulate that while the spectra of Aθ and Bθ

are clearly different, their ground state energies are in many cases comparable. With the
exception of Theorem 5.1.1, we do not expect the bounds obtained here to be sharp in terms
of their dependence on θ.

Upper bound on µ(Aθ) for continuous periodic V , irrational θ. We refer to this
direction as the “easy” direction. As the proofs will show, proving this relationship is much
simpler and yields a clean bound, given below.

Theorem 5.1.1. Let V : Rd → R≥0 be continuous and Zd-periodic. For θ irrational,

µ(Aθ) ⩽ µ(Bθ).

The irrationality assumption above cannot be removed in general — see Section 5.3 for a
concrete example and Remark 17 for a discussion. However the above result can be extended
to all θ by instead considering the infimum of the union spectrum of Aθ (see Definition 5.3.1)
instead of µ(Aθ). The proof of Theorem 5.1.1 appears in Section 5.3.

For the reverse direction (which we refer to as the “hard” direction), we will require more
conditions on V . We prove two different results, each requiring different conditions on V .
The first is a general bound, for any V that satisfies the local condition given in (5.6). This
condition states that the local discrete averages of V can be related to the local continuous
averages of V , where local is over any “cube” defined by the lattice points θZd. This result
holds for any θ, provided the condition (5.6) (which is θ dependent) still holds.

The second result is for smooth, periodic V and roughly requires V to not grow too
quickly near its minimums (a more precise definition is given in Definition 5.1.2). We note
this result only holds for sufficiently small θ (in particular, we need sufficiently small θ to
apply Lemma 5.4.9).

Lower bound on µ(Aθ) for bounded V and any θ. For y ∈ θZd, let

C(y) := y + {0, θ}d, & C(y) := y + [0, θ]d.

We then have the following comparison between µ(Aθ) and µ(Bθ) under the less restrictive
assumptions that V is bounded, nonnegative, and its local averages on the cubes C(y) and
C(y) are comparable for all y ∈ θZd.

Theorem 5.1.2. Let V : Rd → R≥0, not necessarily periodic with ∥V ∥∞ ⩽ 1, and let
θ ∈ (0, 1). Suppose that there exists a = a(θ) > 0 such that for all y ∈ θZd,

1

θd

∫
C(y)

V (x)dx ⩽ a · 1

2d

∑
k∈C(y)

V (k). (5.6)
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Then
cdµ(Aθ) ≥ µ(Bθ)

where cd = max
{

3d

2d
+ 5 · 3d, 4 · 3d

2d
· a
}
.

Combined with Theorem 5.1.1 this establishes that for V satisfying the conditions of both
theorems and θ irrational, µ(Aθ) and µ(Bθ) agree up to a multiplicative factor. The quantity
cd arises as the worst-case relationship between local Rayleigh quotients on individual cubes
C(y) and C(y). The requirement that a > 0 in particular rules out the possibility that
V (y) = 0 for all y ∈ θZd while having V ̸= 0 elsewhere, in which case we could have
0 = µ(Aθ) < µ(Bθ). The proof of Theorem 5.1.2 appears in Section 5.4.

Lower bound on µ(Aθ) for smooth periodic V , small θ. Under stronger assumptions
on V , we establish the reverse inequality µ(Aθ) ≥ µ(Bθ)(1 − o(1)) as θ → 0. To state our
result we introduce the following definitions.

Definition 5.1.1 (Critical point). For a multi-index α = (α1, . . . , αd) ∈ Nd, let

Dα :=

(
∂

∂x1

)α1

· · ·
(

∂

∂xd

)αd

.

A point m ∈ Rd is a critical point of order p of V if DαV (m) = 0 for all α satisfying
∥α∥1 ⩽ p− 1, and DαV (m) ̸= 0 for some α satisfying ∥α∥1 = p.

Definition 5.1.2 (Coercive). A potential V is P -coercive with parameters (t0, K, P ), K ≥ 1,
if for every t ⩽ t0 and y ∈ Rd, V (y) ⩽ t + inf V implies that there exists a critical point m

of order p with 2 ⩽ p ⩽ P such that ∥y −m∥ ⩽ Kt
1
p . We say that V is uniformly p-coercive

if it is p-coercive and all of its critical points have order exactly p.

Coercivity guarantees that if a function is close to its minimum value, then its input
must be polynomially close to a critical point. Note that any real analytic periodic potential
with finitely many local minima satisfies this property. The bound below depends on the
parameters of coercivity as well as V ’s smoothness.

Theorem 5.1.3. Let V : Rd → R≥0 be smooth, Zd-periodic, and P -coercive with bounded
directional derivative in every sequence of P directions — i.e., for each x ∈ Rd and α ∈ Nd

with ∥α∥1 ⩽ P , there is an upper bound on DαV (x) independent of α and x. Then for θ
sufficiently small, (

1 + O
(
θ

1
2(P+1)

))
µ(Aθ) ≥ µ(Bθ)−O

(
θ2−

3P+1
2P (P+1)

)
.

The proof of Theorem 5.1.3 appears in Section 5.4, where a more precise version (The-
orem 5.4.6) specifying the constants in the asymptotic notation is provided. The estimate
above is nontrivial at least for V with isolated critical points: for such potentials, it can be
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shown that the additive O(θ2−
3P+1

2P (P+1) ) term on the right hand side is of smaller order than
µ(Bθ) as θ → 0. In particular we prove the following estimates in Section 5.4 using simple
arguments which we suspect are known but could not find in the literature.

Proposition 5.1.4. Suppose V : Rd → R≥0 is a smooth Zd-periodic potential which is
uniformly p-coercive for some p ≥ 2 and has only isolated critical points. Then as θ → 0 we
have

(a) µ(Bθ) = Ω
(
θ

2p
p+1

)
if d = 1, 2,

(b) µ(Bθ) = Ω
(
θ

2p
p+2

)
if d ≥ 3, and

(c) µ(Bθ) = O
(
θ

2p
p+2

)
for all d ≥ 1,

where the implicit constants depend on V .

Example. As an example, consider the almost-Mathieu operator. The potential (5.2)

is coercive with parameters
(

4Λ, 1
2π

√
Λ
, 2
)

, its Lipschitz constant is 4πΛ, and its second

derivative is bounded by 8π2Λ. Therefore we find from Theorem 5.4.6 that for all 0 < q < 1

µ(Bθ) ⩽ µ(Aθ) +
1

1− µ(Aθ)

(
8π
√

Λθ1+q/2 +

(
µ(Aθ) +

8πΛθ1−q

1− 4πΛθ1−q

)
µ(Aθ)

)
.

This choice of V also obeys the conditions of Theorem 5.1.4, so from the choice q = 5
6

and the constant in (5.33) being 4
√

8π
√

Λ, we obtain the multiplicative upper bound

µ(Bθ)

µ(Aθ)
⩽ 1 +

1

1− 4
√

8π
√

Λθ2

(
8π
√

Λθ
1
12 +

4
√

8π
√

Λθ2 +
8πΛθ

1
6

1− 4πΛθ
1
6

)
.

The lower bound of 1 follows from Theorem 5.1.1. We note that the large error bound of

O
(
θ

1
12

)
(in comparison to [BWZ24]’s (5.7); see the following section for further discussion)

is a lossy consequence of applying a Lipschitz bound for the potential on its entire domain.
In the setting of Theorem 5.1.2 and Theorem 5.4.2, when θ < 1

2
, V has a ⩽ 2

3
; note that

if θ = 1
2

such an a does not exist. Thus c1 as in the Theorem statement is 33
2

(we note that
this can be improved to c1 = 9 with modified choices of parameters in the proof which are
preferable in d = 1).

Related work

The question of quantitative bounds on µ(Aθ) in the case of the almost-Mathieu operator
(5.2) was first investigated by Béguin, Valette, and Zuk [BVZ97] in the context of proving
mixing time bounds for random walks on the Heisenberg group; they proved µ(Aθ) = Ω(1)
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for θ in a neighborhood of 1
2

and conjectured a constant lower bound for θ ∈
[
1
4
, 1
2

]
. This was

significantly improved by Boca and Zaharescu [BZ05] who proved nonasymptotic bounds
in the full range θ ∈

[
0, 1

2

]
via an elementary trigonometric calculation (see also Ozawa

[Oza22] for a simplified proof of a slightly weaker result). Bump, Diaconis, Hicks, Miclo, and
Widom [BDHMW17a; BDHMW17b] gave alternative proofs of similar bounds based on an
uncertainty principle for circulant matrices and by a comparison to the harmonic oscillator
spectrum via a limiting argument.1 Our results do not improve the best known bound of
[BZ05], but provide an alternate and more conceptual route to proving such bounds.

There has been an extensive study of the fine structure of the spectrum of discrete
Schrödinger operators in the mathematical physics community, but surprisingly few works
giving quantitative bounds on the edge of the spectrum. Davies [Dav99] studied the nu-
merical problem of estimating µ(Aθ) and observed that it is related to subtle dynamical
phenomena. Akkouche [Akk10] gave a necessary and sufficient condition for the ground
state energy of a discrete Schrödinger operator −L + λV on Zd to be positive for a large
(not necessarily periodic or nonnegative) class of potentials V , for small λ: V merely needs
to have mean bounded away from 0 on all sufficiently large intervals. This is related to the
condition (5.6) but holds only on some fixed macroscopic scale, whereas a(θ) is posited to
exist for a chosen scale θ. Milatovic [Mil13] generalized this result to other bounded degree
graphs.

We will not attempt to survey the vast literature on the spectrum of Schrödinger operators
on Rd; most relevant for this paper are the works by Kato [Kat52], Gesztesy, Graf, and Simon
[GGS92], and Arendt and Barry [AB96; AB97], who proved bounds on µ(Bθ) in d = 1 for
various classes of potentials. More broadly, there appear to be no results in the literature
relating spectral bounds for discrete and continuous Schrödinger operators. Establishing
such bounds, as is done here, could provide a fruitful bridge between the two areas.

Motivated by this work, Becker, Wittsten, and Zworski [BWZ24] used semiclassical meth-
ods to significantly improve some aspects of Theorem 5.1.3. They establish

µ(Aθ)

µ(Bθ)
= 1 + Od(θ) as θ → 0 (5.7)

for all periodic smooth confining potentials V : Rd → R≥0 where Od(·) hides constants
and d-dependent factors, with a full asymptotic expansion in θ when V satisfies further
nondegeneracy assumptions. Their result is stronger than Theorem 5.1.3 in that it obtains a
smaller ratio as a function of θ, but weaker in that it does not provide explicit estimates for
fixed θ. The classes of potentials considered in the two theorems are incomparable: [BWZ24]
requires V to be confining, whereas Theorem 5.1.3 requires V to be coercive with critical
points of finite order. Theorem 5.1.2 proves a much weaker bound than (5.7), but requires
fewer assumptions on V , and Theorem 5.1.1 proves a stronger upper bound of 1 for irrational
θ.

1This latter argument only gave asymptotic bounds as θ → 0.
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5.2 Preliminaries and overview of approach

Before giving an overview of our approach, we define the Rayleigh quotient and ε-pseudo-
ground-states.

Rayleigh quotient and ε-pseudo-ground-states. We introduce the Rayleigh quotient
for any operator T and function f in the domain of T , D(T ):

RT (f) =
⟨f, Tf⟩
⟨f, f⟩

.

For f ∈ D(T ), we say that f is a ε-pseudo-ground-state or ε-p.g.s. if RT (f) ⩽ µ(T ) + ε.
When T is either Aθ or Bθ and f is an ε-p.g.s. of T , we may assume that f is non-negative
by considering |f |, which is easily seen to have a Rayleigh quotient less than or equal to
that of f . We will sometimes want to assume f is positive; in this case we add a small
everywhere-positive perturbation from D(T ) which increases the Rayleigh quotient by an
arbitrarily small amount.

Approach. Our approach is simple and inspired by methods in theoretical computer sci-
ence. For the upper bound, given any g : Rd → R≥0, we exhibit f : θZd → R≥0 such that
RAθ

(f) ⩽ RBθ
(g). The naive construction is to construct f by sampling g on θZd. However,

we can never hope to construct a “good” test function f with this method since we are only
sampling g on a null set. Instead, we will sample g many times across many shifted lattices:
θZd + η. We will show that at least one of these shifts give a discrete function f with low
energy for θ irrational.

Similarly for the lower bound, given a ε-pseudo-ground-state function f for Aθ, we will
try to construct a function g for Bθ such that RBθ

(g) ⩽ cRAθ
(f) for some constant c (as we

will see, we will be unable to have c = 1 as in the upper bound). The most natural way to
construct g is through interpolation of f , which is defined on the lattice points θZd. It will
be more challenging to relate the energy these functions, so we will need to require certain
conditions on V .

Preliminaries. One main technical tool we will use in the second method for the “hard
direction” is discrete Fourier analysis (or analysis of Boolean functions). In particular, we
will often consider functions restricted to C(y) for some choice of y ∈ θZd, and it will be
useful to view these as functions defined on a hypercube.

To that end, we recall some facts from Fourier analysis on a hypercube: consider a
function F defined on the d-dimensional hypercube {−1, 1}d with the standard edge set.
The functions χS(x) :=

∏
i∈S

xi for S ⊆ [d] form an orthogonal basis for the space of functions

on {−1, 1}d with respect to the inner product

⟨f, g⟩ :=
∑

x∈{−1,1}d
f(x)g(x).
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We can then write F (x) =
∑

S⊆[d]

F̂ (S)χS(x). From [ODo14] we have

E
[
F (x)2

]
=
∑
S⊆[d]

F̂ (S)2, (5.8)

E [F (x) · LF (x)] = 2
∑
S⊆[d]

|S| F̂ (S)2, and (5.9)

⟨F,LF ⟩ = 2d+1
∑
S⊆[d]

|S| F̂ (S)2 (5.10)

where the expectation is taken over x drawn uniformly at random from {−1, 1}d and L is
the unnormalized graph Laplacian: Lf(x) := 2df(x)−

∑
y∼x

f(y).

Notation. We use ∥·∥ to denote the ℓ2 and L2 norms of functions, and the operator norms
of operators. We use E to denote the expectation of a random variable, and Ex [f(x, y)] to
denote the partial expectation of an expression with respect to the random variable x only,
treating the other variables as constants.

5.3 Easy direction

In this section we prove Theorem 5.1.1. Recall that this requires that θ be irrational. We
start with an explicit example to show that in general, we cannot remove the irrationality
assumption.

Motivating example. The core issue is that Bθ is invariant to shifts of the potential, but
Aθ is not. Consider the following two potentials:

Figure 5.1: Potential V1 over R and sampled
points on θZ (given by dots).

Figure 5.2: Potential V2 over R and sampled
points on θZ (given by dots).
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Consider V1 and V2 given in Figure 5.1 and Figure 5.2. Note that V2 is simply a shfited
version of V1, and since Bθ is shift invariant, letting Bθ,i correspond to the Bθ operator with
potential Vi, µ(Bθ,1) = µ(Bθ,2). However, we can see that Aθ definitely not shift invariant,
particularly with this choice of θ. V1|θZ = 1 while V2|θZ ≈ 0.65. Since both of these are
constants, we see µ(Aθ,1) = 1 and µ(Aθ,2) ≈ 0.65, where Aθ,i corresponds to the Aθ operator
with potential Vi. Since µ(Aθ) depends so heavily on the shift of of the potential and µ(Bθ)
is completely invariant to it, it is unsurprising that in this setting we cannot relate µ(Aθ)
and µ(Bθ).

Note that since V is assumed to be Z-periodic, by forcing θ to be irrational, we can avoid
this constant behavior of V on θZ. In fact, requiring θ to be irrational will force µ(Aθ) to
similarly be invariant to shifts of the potential function (see Lemma 5.3.1 for details).

Constructing test functions.

As stated above, for any g : Rd → R≥0, we exhibit f : θZd → R≥0 such that RAθ
(f) ⩽

RBθ
(g). The naive construction is to construct f by sampling g on θZd. However, we can

never hope to construct a “good” test function f with this method since we are only sampling
g on a null set.

The key observation is that for θ irrational, ergodicity implies there is a priori no reason
to prefer θZd ⊂ Rd over any other shift θZd + η ⊂ Rd. We show by averaging over all such
translations that there exists a translation giving rise to a satisfactory f .

Let g : Rd → R≥0. Let η ∈ [0, θ]d, drawn uniformly at random with each coordinate
independent. We define the test function fη as fη(kθ) := g(kθ + η).

Since we sample g at θZd + η to construct fη, it is only natural to sample V on the same
lattice. To this end define Aθ,η, a discrete operator on functions defined on θZd, via

Aθ,ηf(kθ) := 2df(kθ)−
∑

j,k∈Zd

j∼k

f(jθ) +
∑
k∈Zd

V (kθ + η)f(kθ).

We aim to show that there exists an η so RAθ,η
(fη) ⩽ RBθ

(g). However, this will not be
sufficient to relate µ(Aθ) and µ(Bθ) unless we can first relate µ(Aθ) and µ(Aθ,η). This is
precisely where we will need to use the irrationality condition on θ.

Relating µ(Aθ) and µ(Aθ,η)

We have the following lemma, relating µ(Aθ,η) and µ(Aθ), which is known (appearing in e.g.
[Jit21] for the almost-Mathieu operator), but we include a proof for completeness.

Lemma 5.3.1. If V : Rd → R≥0 is continuous and periodic and θ is irrational, then µ(Aθ,η)
is independent of η.
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Proof. Observe that

∥Aθ,0 − Aθ,η∥ ⩽ sup
n∈Zd

|V (nθ + η)− V (nθ)| ⩽ ω(η)

where ω(·) is the modulus of continuity of V , so µ(Aθ,η) is continuous in η.
Let ε > 0 and η ∈ Rd. Since θ is irrational, ergodicity in each coordinate of nθ+η implies

that there is some η′ ∈ Rd and n0 ∈ Zd such that |η′ − η| ⩽ ε and n0θ ≡ η′ (mod 1) (solve
for an appropriate entry of n0 separately for each component). Observe that Aθ,η′ = Aθ,0

since the Laplacian part of Aθ is translation-invariant and we have V (n0θ+nθ) = V (nθ+η′).
By continuity we now have |µ(A0)− µ(Aη)| ⩽ ε. Letting ε→ 0 yields the result.

Proof of Theorem 5.1.1

Proof of Theorem 5.1.1. Given g : Rd → R≥0, define fη as above, i.e. fη(kθ) := g(kθ + η).
By above, for θ irrational, it is sufficient to relate µ(Aθ,η) and µ(Bθ). We claim that it

suffices to show
E [⟨fη, Aθ,ηfη⟩]

E
[
∥fη∥2

] ≤ [⟨g,Bθg⟩][
∥g∥2

] . (5.11)

Note that if X and Y are non-negative random variables with E [|X|] <∞ and X ̸= 0 almost
surely, then with nonzero probability

Y

X
⩽

E [Y ]

E [X]
. (5.12)

By Section 5.2, we can assume that f > 0, so ∥fη∥2 > 0 almost surely, and we can apply
(5.12). In particular, (5.11) implies that there exists an η such that

[⟨fη, Aθ,ηfη⟩][
∥fη∥2

] ≤ [⟨g,Bθg⟩][
∥g∥2

] .

Minimizing over all choices of g, we can then conclude there exists an η such that µ(Aθ,η) ≤
µ(Bθ). Finally by Lemma 5.3.1, µ(Aθ) ⩽ µ(Bθ).

We now turn to proving (5.11). Expanding the numerator, we have

E [⟨fη, Aθ,ηfη⟩]
E
[
∥fη∥2

] =
E [⟨fη, Lfη⟩] + E [⟨fη, Vηfη⟩]

E
[
∥fη∥2

] .

We will evaluate each quantity appearing in the right hand side individually.
First we bound the expected norm and potential term, both of which are straightforward.

Claim 5.13. The norms of fη and g satisfy Eη

[
∥fη∥2

]
= 1

θd
∥g∥2 .
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Proof. This follows from directly evaluating this expectation:

Eη

[
∥fη∥2

]
= Eη

[∑
k∈Zd

fη(kθ)2

]
=
∑
k∈Zd

Eη

[
g(kθ + η)2

]
=
∑
k∈Zd

Eη1

[
· · ·Eηd

[
g(kθ + η)2

]
· · ·
]

=
1

θd
∥g∥2 .

Claim 5.14. The quadratic forms of fη and g with the respective potential operators satisfy

Eη [⟨fη, V fη⟩] =
1

θd
⟨g, V g⟩ .

Proof. Again, we directly evaluate this expectation

E [⟨fη, V fη⟩] = Eη

[∑
k∈Zd

V (kθ + η)fη(kθ)2

]
=
∑
k∈Zd

Eη

[
V (kθ + η)g(kθ + η)2

]
=

1

θd
⟨g, V g⟩ .

In bounding the Laplacian term, the following segmentation will be useful in our analysis
when we want to vary only one coordinate: for k ∈ Zd, 1 ⩽ i ⩽ d, η ∈ [0, θ)d, let

Iηk,i := {x : xj = (kθ + η)j ∀j ̸= i, kiθ + ηi ⩽ xi < (ki + 1)θ + ηi} .

Letting {ei}di=1 be the coordinate basis of Rd, we can also express these sets as

Iηk,i = (kθ + η) + [0, θ)ei.

Given k and i, let k¬i := (k1, . . . , ki−1, ki+1, . . . , kd) ∈ Zd−1. For k′ ∈ Zd−1 define

Jη
k′,i :=

⋃
k∈Zd

k¬i=k′

Iηk,i.

Immediately from this we have⊔
0⩽ηj<θ

j ̸=i

Jη
k′,i =

⋃
k∈Zd

k¬i=k′

C(θk), therefore
⊔

k′∈Zd−1

⊔
0⩽ηj<θ

j ̸=i

Jη
k′,i = Rd. (5.15)

Note Jη
k′,i is independent of ηi but is dependent on each ηj, j ̸= i. See Figure 5.3 for examples

of Iηk,i and Jη
k′,i and Figure 5.4 for an illustration of (5.15).

Equipped with this, we bound the expectation of the Laplacian term.
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I
η
k,1

J
η
k′,1

I
η
k,2

J
η
k′,2

(0, 0)

Figure 5.3: In d = 2, Iηk,i (solid) and Jη
k′,i

(dotted) for i = 1 (in purple) and i = 2 (in
blue), k = (0, 1), and η =

(
1
3θ,

7
10θ
)
.

J
η
k′,1

(0, 0)

Figure 5.4: In d = 2, Jη
k′,1 (purple, dotted)

and
⊔

0⩽ω2<θ J
ω
k′,1 (pink) for k′ = k2 = 1. Note

that this union is independent of η =
(
1
3θ,

7
10θ
)
.

Claim 5.16. The quadratic forms of fη and g with the respective Laplacian operators satisfy

Eη [⟨fη, Lfη⟩] ⩽
1

θd−2
∥∇g∥2 .

Proof. First we evaluate ⟨fη, Lfη⟩. Using the definition of fη and Cauchy-Schwarz, we see

⟨fη, Lfη⟩ =
∑
k∈Zd

d∑
i=1

(fη((k + ei)θ)− fη(kθ))2

=
d∑

i=1

∑
k∈Zd

(g((k + ei)θ + η)− g(kθ + η))2

=
d∑

i=1

∑
k∈Zd

(∫
Iηk,i

∂

∂xi

g(x)dx

)2

⩽
d∑

i=1

∑
k∈Zd

θ

∫
Iηk,i

(
∂

∂xi

g(x)

)2

dx
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Then by Tonelli’s theorem, the invariance of Jη
k′,i with respect to ηi, and (5.15), we have

Eη [⟨fη, Lfη⟩] ⩽ θ

d∑
i=1

∑
k′∈Zd−1

Eη

[∫
Jη

k′,i

(
∂

∂xi

g(x)

)2

dx

]

= θ
d∑

i=1

Eη

[ ∑
k′∈Zd−1

∫
Jη

k′,i

(
∂

∂xi

g(x)

)2

dx

]

= θ

d∑
i=1

E(η1,...,ηi−1,ηi+1,...,ηd)

[ ∑
k′∈Zd−1

∫
Jη

k′,i

(
∂

∂xi

g(x)

)2

dx

]

=
θ

θd−1

d∑
i=1

∫
Rd

(
∂

∂xi

g(x)

)2

dx

=
1

θd−2
∥∇g∥2 .

Combining the above claims we have

Eη [⟨fη, Aθ,ηfη⟩]
Eη [⟨fη, fη⟩]

⩽

(
1

θd−2
∥∇g∥2 +

1

θd
⟨g, V g⟩

)
θd

∥g∥2
=

θ2 ∥∇g∥2 + ⟨g, V g⟩
∥g∥2

= RBθ
(g).

As we have shown (5.11), we are done.

The above proof considers the infimum of the spectrum of the operator Aθ. However, we
can instead consider its union spectrum, which is more natural in some contexts.

Definition 5.3.1 (Union Spectrum, cf. [MJ17]). The union spectrum of Aθ is

S+(Aθ) :=
⋃
η

σ(Aθ,η).

Note that if θ is irrational, then by Lemma 5.3.1, inf S+(Aθ) = µ(Aθ). By considering
the infimum of the union spectrum, we can extend Theorem 5.1.1 to all θ:

Corollary 5.3.2. For all θ > 0, inf S+(Aθ) ⩽ µ(Bθ).

Proof. By the above proof we know that there exists η such that

µ(Aθ,η) ⩽
⟨fη, Aθ,ηfη⟩
⟨fη, fη⟩

⩽
⟨g,Bθg⟩
⟨g, g⟩

.

Minimizing over g and recalling the definition of S+(Aθ), the claim is shown.
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For choices of V such that µ(Aθ) is continuous with respect to θ, this result extends
immediately to rational θ by continuity.

Corollary 5.3.3. For V such that µ(Aθ) is continuous with respect to θ, for all θ

µ(Aθ) ⩽ µ(Bθ).

Remark 17. Choices of V satisfying Theorem 5.3.3 are not immediately apparent. A notable
counterexample is the almost-Mathieu operator. Let Vη(x) = 2−2 cos(2πx+η) and V = V0.
Then for θ = 1 and any η, we have Vη(kθ) = V (η) for all k, so µ(Aθ,η) = V (η). Now consider
θ′ = 1 − ε where ε is a small positive irrational (so θ′ is irrational). Then for η = 0, we
have V (kθ′) = V (k(1 − ε)) = V (−kε) = V (kε), so µ(A1−ε) = µ(Aε). By Theorem 5.1.4
and Theorem 5.1.1, µ(Aε) ⩽ O(ε), so as ε → 0 along a sequence of irrationals, µ(Aθ′) → 0.
Since θ′ is irrational, µ(Aθ′,η)→ 0 for all η, so we see µ(Aθ,η) is not continuous in θ at θ = 1
for any η such that V (η) > 0 (as µ(A1,η) = V (η)). By considering e.g. 2 − 2 cos(2πkx) for
integers k ≥ 1, one can also create discontinuities at θ = 1

k
.

5.4 Hard direction

In this section we prove Theorem 5.1.3. Whereas the previous direction of the proof used
the probabilistic method to find a pseudo-ground-state for Aθ from one for Bθ, here we
deterministically construct a pseudo-ground-state for Bθ from one for Aθ. Our construction
will simply be the multilinear interpolation of a pseudo-ground-state function f . In d = 1 this
amounts just to “connecting” the function values by line segments. In higher dimensions, on
each hypercube in θZd, the interpolating function is the unique multilinear function in each
variable which equals the given function on the corners of the hypercube. The techniques
brought to bear are first Boolean Fourier-analytic, in terms of understanding both local
and global behavior of the functions, and then a careful consideration of the potential’s
polynomial behavior near its minimizers.

It will be significantly more difficult to relate the energies of these functions than in the
previous direction. We start with two motivating examples, to show where these difficulties
can arise.

Motivating examples

Example 1: Hidden high potential regions. Consider the following discrete potential
function and low-energy test function.

Consider the discrete potential function given in blue in Figure 5.5. This potential has
a relatively large low potential region (or a “well”) where the test function (in red) places a
large amount of mass. Our discrete test function will not incur a large increase in energy by
placing a large amount of mass in this region because the discretized potential is low here.
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Figure 5.5: Discrete potential function (blue)
and a low-energy test function (red).

Figure 5.6: Continuous potential (blue) and
interpolation of discrete function (red).

In contrast, consider the continuous potential function given in blue in Figure 5.6. We
see that the discretized potential function was in fact quite misleading and obscured many
high potential regions. If we consider the linear interpolation of the discrete test function,
we see that we will be heavily penalized for placing a large amount of mass in these high
potential regions.

The core issue here was that the discretized potential is not representative of the contin-
uous potential. To combat this, we must impose some conditions on the potential. In our
first method, we will require that we can relate the average of the endpoints of any interval
to the continuous average over the whole interval, effectively forcing the discretized potential
to be representative of the continuous potential. In the second method, we require that the
potential cannot grow too quickly near a minimum. This means that if the discretized po-
tential is low at some point, the continuous neighborhood around it must also have relatively
low potential.

Example 2: Introducing non-zero terms. Recall that in the previous section, we
directly related the potential term of the discrete test function (or at least the expectation
over the potential term over all test functions) to the potential term of the continuous
function. In the following section, we will want to do something similar. Letting g be the
multilinear extension of f (which we can think of simply as the linear interpolation for now),
we would like to relate ⟨g, V g⟩ to ⟨f, V f⟩. In particular, we would like to relate these for
each interval.

However, we will be unable to do this. Consider the function given in Figure 5.7. Notice
that at the left endpoint of the interval f(x) = 0, and at the right endpoint, the potential
is 0. We see that overall then, ⟨f, V f⟩I = 0, where ⟨f, V f⟩I denotes the potential term
restricted to the interval I. However, we see that ⟨g, V g⟩I is definitively not 0. This means
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Figure 5.7: A sample discrete test function and its linear interpolation (blue), as well as a sample
potential function (red) across one interval.

that we will be unable to upper bound ⟨g, V g⟩I by any constant multiple of ⟨f, V f⟩I .
Instead, we will bound ⟨g, V g⟩ by both ⟨f, V f⟩ and ⟨f, Lf⟩. Roughly, if f is relatively

constant across an interval, we will be able to relate ⟨g, V g⟩ and ⟨f, V f⟩; otherwise, we
bound ⟨g, V g⟩ by ⟨f, Lf⟩. See Lemma 5.4.5 for details.

Constructing the test function

In both methods, we will use the same construction: the multilinear extension of a given
discrete function f . We outline that construction here.

First we set up some notation and basic facts. For y ∈ θZd, C(y) identifies naturally with
the vertices of the hypercube {−1, 1}d, and we let E(C(y)) be the edge set of the subgraph
induced by the vertices in C(y).

Let f be a positive bounded function on θZd. Let g be the piecewise multilinear extension
of f , defined on Rd as

g(x1, . . . , xd) := Ex1,...,xd
[f(kx1θ, . . . , kxd

θ)] (5.17)

where each kxi
is independent with the following distribution for kiθ ⩽ xi ⩽ (ki + 1)θ:

P(kxi
= ki) =

(ki + 1)θ − xi

θ
,

P(kxi
= ki + 1) =

xi − kiθ

θ
= 1− P(kxi

= ki).

The function g obtained in this way is continuous on each closed hypercube, and is continuous
on all of Rd since g is defined uniquely on the intersection of any two adjacent cubes: if
xi = kiθ then P(kxi

= ki − 1) = P(kxi
= ki + 1) = 0 and so the expectation is taken over
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the same set of lattice points, namely those forming the codimension 1 hypercube of the
intersection.

Fourier analytic results

As mentioned in Section 5.2, we will use discrete Fourier analysis to help with the analysis of
g. We discuss the necessary translations and dilations to relate a given C(y) to the Boolean
hypercube {±1}d, then collect several facts about the relationships between a function de-
fined on {±1}d and its multilinear extension defined on [−1, 1]d. These results will primarily
be used in Section 5.4.

Single cube analysis

Let f be a function defined on θZd and g be its multilinear extension. Given y ∈ θZd, let vy
be a vector such that x 7→ θ

2
x−vy sends C(y)→ {−1, 1}d and y 7→ −1. Define the following

functions:

F (x) := f

(
θ

2
x

)
, a dilation of f,

Fy(x) := f

(
θ

2
x− vy

)
, a dilation and translation of f .

Note that F is independent of y, and Fy is simply a shifted version of F . We will only ever
consider Fy(x) for x ∈ {−1, 1}d, so we restrict it to this domain. As introduced in Section 5.2
we can write Fy as

Fy(x) =
∑
S⊆[d]

F̂y(S)χS(x).

Similarly, we define G(x) := g
(
θ
2
x
)

and Gy := g
(
θ
2
x− vy

)
. Since there is a unique

multilinear function agreeing with Fy on {−1, 1}d, for x ∈ [−1, 1]d we have the expansion

Gy(x) =
∑
S⊆[d]

F̂y(S)χS(x).

It will be convenient to relate E [Gy(x)2] (where the expectation is taken over x drawn
uniformly at random from [−1, 1]d) and ⟨G,−∆G⟩ to the Fourier coefficients of F , denoted

F̂y(S). This simply amounts to integrating the characters with respect to the Lebesgue
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measure and differentiating. For any χ
S, we have∫

[−1,1]d
(χS(x))2dx =

∫
[−1,1]d

∏
i∈S

x2
i dx

= 2d−|S|
∏
i∈S

∫ 1

−1

x2
i dxi

= 2d−|S|
(

2

3

)|S|

= 2d

(
1

3

)|S|

.

We then have for every y ∈ θZd:

E
[
Gy(x)2

]
=
∑
S⊆[d]

(
1

3

)|S|

F̂y(S)2, (5.18)

E

[(
∂

∂xi

Gy(x)

)2
]

=
∑
S:i∈S

(
1

3

)|S|−1

F̂y(S)2, (5.19)

⟨Gy,−∆Gy⟩ = 2d
∑
S⊆[d]

(
1

3

)|S|−1

|S| F̂y(S)2. (5.20)

Full domain analysis

We want to find expressions for ∥f∥2 , ∥g∥2 , ⟨f, Lf⟩ , and ⟨g,−∆g⟩ with respect to F̂y for
y ∈ θZd. Since we won’t be looking at a single cube in these settings, we define

mk =
∑

S:|S|=k

∑
y∈Zd

F̂y(S)2.

Proposition 5.4.1. For a function f defined on θZd and its multilinear extension g, we
have the following expansions with respect to the Fourier coefficients

∥f∥2 =
d∑

k=0

mk, & ⟨f, Lf⟩ = 4
d∑

k=0

kmk, (5.21)

∥g∥2 = θd
d∑

k=0

(
1

3

)k

mk, & ⟨g,−∆g⟩ = 4θd−2

d∑
k=0

(
1

3

)k−1

kmk. (5.22)

Proof. We prove the results for the norm and Laplacians side by side, as the steps are
identical. Recall from (5.8) that for every y ∈ θZd,

E
[
Fy(x)2

]
=
∑
S⊆[d]

F̂y(S)2 & ⟨Fy, LFy⟩ = 2d+1
∑
S⊆[d]

|S| F̂y(S)2.
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We relate the norm and Laplacian terms on a single cube to those on the whole space:

∥f∥2 =
1

2d

∑
y

∥Fy∥2 & ⟨f, Lf⟩ =
1

2d−1

∑
y

⟨Fy, LFy⟩ .

Combining these we have

∥f∥2 =
d∑

k=0

mk & ⟨f, Lf⟩ = 4
d∑

k=0

kmk,

as desired. Recall from (5.18) and (5.20) that

E
[
Gy(x)2

]
=
∑
S⊆[d]

(
1

3

)|S|

F̂y(S)2 & E

[(
∂

∂xi

G(x)

)2
]

=
∑
S:i∈S

(
1

3

)|S|−1

F̂ (S)2.

Taking into account the dilation and the change of variables, we see that

∥g∥2 =

(
θ

2

)d∑
y

∥Gy∥2 & ⟨g,−∆g⟩ =
22

θ2

(
θ

2

)d

⟨G,−∆G⟩ .

Combining these we have

∥g∥2 = θd
d∑

k=0

(
1

3

)k

mk & ⟨g,−∆g⟩ = 4θd−2

d∑
k=0

(
1

3

)k−1

kmk,

as desired.

Proof of Theorem 5.1.2

In this section we prove an upper bound on µ(Bθ) with respect to µ(Aθ) with few constraints
on our potential V . We start with this result as the approach is more closely aligned with
the approach of Section 5.3. The result we prove is the following, a slightly sharper version
of Theorem 5.1.2.

Theorem 5.4.2. Let V : Rd → R≥0, not necessarily periodic with ∥V ∥∞ ⩽ 1, and let
θ ∈ (0, 1). Suppose that there exists a ∈ R such that for all y ∈ θZd,

1

θd

∫
C(y)

V (x)2dx ⩽ a · 1

2d

∑
k∈C(y)

V (k)2.

Then,
cdµ(Aθ) ≥ µ(Bθ)

where cd = max
{

3d

2d
+ 5 · 3d, 3

d

2d
a
r

}
and r is a d-dependent constant between 1

4
and 1.
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Throughout this section, we let f be a positive function on θZd and let g be the multilinear
extension of f . Recall we can think of g as an expectation, as outlined in (5.17). We want
to show

⟨g,Bθg⟩
∥g∥2

=
−θ2 ⟨g, Lg⟩+ ⟨g, V g⟩

∥g∥2
≤ cd
⟨f, Aθf⟩
∥f∥2

where cd is as defined above. We will try to directly relate each term appearing on the left
hand side to the corresponding term on the right hand side. As alluded to in Section 5.4, this
will not be possible for the potential term. In this case, we will relate the potential term for
continuous function to both the potential term and Laplacian term for the discrete function
(see Lemma 5.4.5 for details). We give bounds for each term in the following lemmas, then
combine them for the eventual proof of Theorem 5.4.2.

We start by relating the norms of f and g. The following bound achieves a better constant
than Theorem 5.4.1.

Lemma 5.4.3. The norms of f and g satisfy ∥g∥2 ≥
(
2
3

)d
θd ∥f∥2.

Proof. We prove this via induction on d. For d = 1 we have∫
R
g(x)2dx =

∑
k∈Z

∫ (k+1)θ

kθ

1

θ2
((x− kθ)f(kθ) + ((k + 1)θ − x)f((k + 1)θ))2 dx

≥
∑
k∈Z

1

θ2

∫ (k+1)θ

kθ

(x− kθ)2f(kθ)2 + ((k + 1)θ − x)2f((k + 1)θ)2dx

=
θ

3

∑
k∈Z

(f(kθ)2 + f((k + 1)θ)2)

=
2θ

3
∥f∥2 .

Assume that for any function f defined on θZd, its multilinear extension g satisfies

∥g∥2 ≥
(
2
3

)d
θd ∥f∥2 .

Consider f defined on θZd+1 and its multilinear extension g. For any x1 ∈ R with
kθ ⩽ x1 ⩽ (k + 1)θ and for any y ∈ θZd, define

fx1(y) :=
x1 − kθ

θ
f(kθ, y) +

(k + 1)θ − x1

θ
f((k + 1)θ, y).

Let gx1 be the multilinear extension of fx1 and observe that by definition gx1(y) = g(x1, y).
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Now we evaluate the norm. Using the inductive hypothesis we have∫
Rd+1

g(x)2dx =

∫
R

∫
Rd

g(x1, y)2dydx1 =

∫
R

∫
Rd

gx1(y)2dydx1

≥
∫
R

(
2θ

3

)d

∥fx1∥
2 dx1

=

(
2θ

3

)d ∫
R

∑
y∈θZd

fx1(y)2dx1

(5.23)

Now we apply Tonelli’s theorem to interchange the integral and the sum:∫
R

∑
y∈θZd

fx1(y)2dx1 =
∑
y∈θZd

∑
k∈Z

∫ (k+1)θ

kθ

1

θ2
((x1 − kθ)f(kθ, y) + ((k + 1)θ − x1)f((k + 1)θ, y))2 dx1

≥
∑
y∈θZd

∑
k∈Z

1

θ2

∫ (k+1)θ

kθ

(x1 − kθ)2f(kθ, y)2 + ((k + 1)θ − x1)
2f((k + 1)θ, y)2dx1

=
θ

3

∑
y∈θZd

∑
k∈Z

f(kθ, y)2 + f((k + 1)θ, y)2

=

(
2θ

3

)
∥f∥2 .

(5.24)

Combining (5.23) and (5.24), we have the desired result.

Now we relate the Laplacian terms.

Lemma 5.4.4. The quadratic forms of f and g with the respective Laplacian operators
satisfy

⟨g,−∆g⟩ ⩽ θd−2 ⟨f, Lf⟩ .

Proof. From (5.21),

⟨f, Lf⟩ = 4
d∑

k=0

kmk

⟨g,−∆g⟩ = 4θd−2

d∑
k=0

(
1

3

)k−1

kmk.

Immediately we see
⟨g,−∆g⟩ ⩽ θd−2 ⟨f, Lf⟩ .
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Finally, we relate the potential term of g to the potential and Laplacian terms of f .

Lemma 5.4.5. Let V : Rd → R≥0, not necessarily periodic with ∥V ∥∞ ⩽ 1, and let θ ∈ (0, 1).
Suppose that there exists a ∈ R such that for all y ∈ θZd,

1

θd

∫
C(y)

V (x)2dx ⩽ a · 1

2d

∑
k∈C(y)

V (k)2.

The quadratic forms of f and g with the respective potential operators satisfy

⟨g, V g⟩ ⩽ θd
(

10 · 2d−1 ⟨f, Lf⟩+
a

r
⟨f, V f⟩

)
where r is a d-dependent constant between 1

4
and 1.

Proof. We will consider cases based on the size of the local Laplacian Rayleigh quotients.
Let α(d) be a function of d to be determined later. Let y ∈ θZd and let

⟨f, Lf⟩C(y) :=
∑

(u,v)∈E(C(y))

(f(u)− f(v))2 .

Case 1.
⟨f, Lf⟩C(y)

∥f∥2C(y)

≥ α(d).

We use the naive bound

⟨g, V g⟩C(y)

∥g∥2C(y)

⩽ 1 =⇒
⟨g, V g⟩C(y)

∥g∥2C(y)

⩽
1

α(d)

⟨f, Lf⟩C(y)

∥f∥2C(y)

.

Note that ∥g∥2C(y) = θd
∑

S⊂[d]

(
1
3

)|S|
F̂y(S)2 and ∥f∥2C(y) = 2d

∑
S⊂[d]

F̂y(S)2, so we see

∥g∥2C(y)

∥f∥2C(y)

⩽
θd

2d
.

Using this and rearranging gives

⟨g, V g⟩C(y) ⩽
∥g∥2C(y)

∥f∥2C(y)

1

α(d)
⟨f, Lf⟩C(y) ⩽

θd

2d

1

α(d)
⟨f, Lf⟩C(y) . (5.25)

Case 2.
⟨f, Lf⟩C(y)

∥f∥2C(y)

⩽ α(d).

Assume ∥f∥2C(y) = 1. Let µ := ⟨f,1⟩
2d

. By the Poincaré inequality,

∥f − µ1∥2C(y) ⩽ ⟨f, Lf⟩ ⩽ α(d).
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Let ∥f − µ1∥2C(y),∞ be the infinity norm of f − µ1 on C(y). Then

∥f − µ1∥2C(y),∞ ⩽ ∥f − µ1∥2C(y) ⩽ α(d).

By its definition, µ =
√
E [f 2]− Var(f) ≥

√
1
2d
− α(d)

2d
. We see that for all x ∈ C(y),√

1

2d
(1− α(d))−

√
α(d) ⩽ f(x) ⩽

√
1

2d
+
√

α(d).

Now we relate the minimum and maximum values of f on C(y). Define r by

√
r =

√
1− α(d)−

√
2dα(d)

1 +
√

2dα(d)
.

Then we have min
k∈C(y)

f(k)2 ≥ r max
k∈C(y)

f(k)2.

Combining the above,

⟨f, V f⟩C(y) ≥ min
k∈C(y)

f(k)2
∑

k∈C(y)

V (k)

≥ 2d

θd
r

a
max
k∈C(y)

f(k)2
∫
C(y)

V (x)dx

≥ 2d

θd
r

a
⟨g, V g⟩C(y) .

(5.26)

From (5.25) and (5.26), for any y ∈ θZd

⟨g, V g⟩C(y) ⩽
θd

2d

a

r
⟨f, V f⟩C(y) +

θd

2d

1

α(d)
⟨f, Lf⟩C(y) .

Now we sum over all y ∈ θZd. Observe that in summing ⟨f, V f⟩C(y) over y, each vertex is

counted 2d times; similarly, in summing ⟨f, Lf⟩C(y), each edge is counted 2d−1 times. Thus,

⟨g, V g⟩ =
∑
y∈θZd

⟨g, V g⟩C(y) ⩽
θd

2d

a

r

∑
y∈θZd

⟨f, V f⟩C(y) +
θd

2d

1

α(d)

∑
y∈θZd

⟨f, Lf⟩C(y)

=
θd

2d

a

r
2d ⟨f, V f⟩+

θd

2d

1

α(d)
2d−1 ⟨f, Lf⟩

= θd
(
a

r
⟨f, V f⟩+

1

2α(d)
⟨f, Lf⟩

)
.

Letting α(d) = 1
10·2d we have r ≥ 1

4
and we achieve the desired result.
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Proof of Theorem 5.4.2. From Lemma 5.4.3, Lemma 5.4.4, and Lemma 5.4.5 we have

⟨g,Bθg⟩
∥g∥22

⩽
3d

2dθd ∥f∥2
(
θd
(
1 + 10 · 2d−1

)
⟨f, Lf⟩+

a

r
θd ⟨f, V f⟩

)
=

1

∥f∥2

((
3d

2d
+ 5 · 3d

)
⟨f, Lf⟩+

3d

2d

a

r
⟨f, V f⟩

)
.

This proves our claim with

cd = max

{
3d

2d
+ 5 · 3d,

3d

2d

a

r

}
.

Proof of Theorem 5.1.3

We now prove our alternative lower bound, Theorem 5.1.3. To prove this bound, we will again
consider the same multilinear extension g of a given discrete function f . However, we will not
consider each term ∥g∥ ,−θ2 ⟨g,∆g⟩ , ⟨g, V g⟩ separately as done in previous sections. Instead
we will compare the Rayleigh quotients of both the Laplacian term and the potential terms.
In particular, for the Rayleigh quotient of the potential term, we will do a local analysis
of the Rayleigh quotient at each cube, then view the full Rayleigh quotient as a weighted
average of the local components.

The precise result that we prove, an explicit form of Theorem 5.1.3, is:

Theorem 5.4.6. Let V : R → R≥0 be Zd-periodic, sufficiently smooth, and (t0, K, P ) coer-

cive. Let L be the Lipschitz constant of V and let Dk
vDuV
k!

⩽ MP for any unit vectors u, v,
and k ⩽ P − 1 where Dv is the directional derivative with respect to v. For any q ∈ (0, 1)
and and θ small enough that θq ⩽ t0,(

1 +
1

1− µ(Aθ)

(
µ(Aθ) +

2Lθ1−q

1− Lθ1−q

))
µ(Aθ) ≥ µ(Bθ)−

1

1− µ(Aθ)

(
2MPK

√
dθ1+q(P−1)/P

)
.

To prove Theorem 5.4.6, we will analyze the contributions from the Laplacian terms and
the potential terms to the Rayleigh quotient separately.

Laplacian term analysis

Given the above proposition, we now prove the following.

Lemma 5.4.7. Let f be an ε-pseudo-ground-state for Aθ and let g be its multilinear exten-
sion. Then

R−θ2∆(g)

RL(f)
⩽

1

1− µ(Aθ)− ε
.
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Proof. In the following, keep in mind that mk is dependent on θ.

Assume without loss of generality that ∥f∥2 =
d∑

k=0

mk = 1. From (5.21) we have

R−θ2∆(g) = −θ2 ⟨g,∆g⟩
∥g∥2

=
4
∑d

k=0

(
1
3

)k−1
kmk∑d

k=0

(
1
3

)k
mk

4
d∑

k=0

(
1

3

)k−1

kmk ⩽ 4
d∑

k=0

kmk = ⟨f, Lf⟩

so that

R−θ2∆(g) ⩽
⟨f, Lf⟩∑d

k=0

(
1
3

)k
mk

=
RL(f)∑d

k=0

(
1
3

)k
mk

.

We also note that if d = 1, this becomes an equality.

Now we want to lower bound
d∑

k=0

(
1
3

)k
mk. It will suffice to just lower bound m0. Since

d∑
k=0

mk = 1, we can view ⟨f, Lf⟩ as a weighted average of elements of [d] (times 4). Since f

is an ε-p.g.s., we know RAθ
(f) ⩽ µ(Aθ) + ε. From this and (5.21) we must have

m0 ≥ 1− (µ(Aθ) + ε) = 1− µ(Aθ)− ε.

From this we see

d∑
k=0

(
1

3

)k

mk = m0 +
1

3
m1 + · · · ≥ 1− µ(Aθ)− ε.

Altogether we have

R−θ2∆(g)

RL(f)
⩽

1∑d
k=0

(
1
3

)k
mk

⩽
1

1− µ(Aθ)− ε

as desired.

Potential term analysis

Now all that remains is to analyze the potential terms. We will analyze the Rayleigh quotient
of the potential terms restricted to each C(y) (or C(y) for the continuous case). We define
the following quantities:

∥g∥2C(y) :=

∫
C(y)

g(x)2dx, ⟨g, V g⟩C(y) :=

∫
C(y)

V (x)g(x)2dx,

∥f∥2C(y) :=
∑

x∈C(y)

f(x)2, ⟨f, V f⟩C(y) :=
∑

x∈C(y)

V (x)f(x)2.
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If we do a “cube by cube” analysis, we then need some way to relate this to the whole
Rayleigh quotient. Observe that we can relate the “local” Rayleigh quotients to the “global”
Rayleigh quotients via

⟨g, V g⟩
∥g∥2

=
∑
y∈θZd

∥g∥2C(y)

∥g∥2
⟨g, V g⟩C(y)

∥g∥2C(y)

⟨f, V f⟩
∥f∥2

=
∑
y∈θZd

∥f∥2C(y)

2d ∥f∥2
⟨f, V f⟩C(y)

∥f∥2C(y)

(5.27)

where the 2d factor corrects for overcounting, since each vertex x is contained in 2d cubes.
It is natural to define the following probability measures on θZd:

νg(y) :=
∥g∥2C(y)

∥g∥2

νf (y) :=
∥f∥2C(y)

2d ∥f∥2
=

Ek∈C(y)f(k)2

∥f∥2
.

(5.28)

Lemma 5.4.8. For f and g as above, for all y ∈ θZd,

νg(y) ⩽
1

1− µ(Aθ)− ε
νf (y).

Proof. Assume ∥f∥2 =
∑d

k=0mk = 1. Recall from (5.8) and (5.21) that

∥g∥2 = θd
d∑

k=0

(
1

3

)k

mk

∥g∥2C(y) = θd
∑
S⊆[d]

(
1

3

)|S|

F̂y(S)2.

Then we have

νg(y) =

∑
S⊆[d]

(
1
3

)|S|
F̂y(S)2∑d

k=0

(
1
3

)k
mk

.

Recall from the proof of Lemma 5.4.7 we must have m0 ≥ 1 − µ(Aθ) − ε. We see∑d
k=0

(
1
3

)k
mk ≥ m0 ≥ 1− µ(Aθ)− ε, so

νg(y) ⩽
1

1− µ(Aθ)− ε

∑
S⊆[d]

(
1

3

)|S|

F̂y(S)2

 .
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From (5.8), we can write νf (y) as

νf (y) =
∑
S⊆[d]

F̂y(S)2.

Clearly
∑

S⊆[d]

(
1
3

)|S|
F̂y(S)2 ⩽

∑
S⊆[d] F̂y(S)2, so the claim is shown.

Now we arrive at the main estimate.

Lemma 5.4.9. Let V : R → R≥0 be smooth, Zd-periodic and (t0, K, P )-coercive. Let L be

the Lipschitz constant of V and let Dk
vDuV
k!

⩽ MP for any unit vectors u, v, and k ⩽ P − 1.
For any q ∈ (0, 1) and θ small enough that θq ⩽ t0,

|RV (g)−RV (f)| ⩽ 1

1− µ(Aθ)− ε

(
2MPK

√
dθ1+q(P−1)/P +

2Lθ1−q

1− Lθ1−q
RV (f)

)
.

Proof. Suppose y ∈ θZd. Let q ∈ (0, 1) and θ small enough that θq ⩽ t0.

Case 1. V (y) ≥ θq. Then, for x ∈ C(y),

1− Lθ1−q ⩽
V (x)

V (y)
⩽ 1 + Lθ1−q,

so that we have

RV,C(y)(g) ⩽ V (y)
(
1 + Lθ1−q

)
,

RV,C(y)(f) ≥ V (y)
(
1− Lθ1−q

)
,

RV,C(y)(g)

RV,C(y)(f)
⩽

1 + Lθ1−q

1− Lθ1−q
,∣∣∣RV,C(y)(g)−RV,C(y)(f)

∣∣∣ ⩽ 2Lθ1−q

1− Lθ1−q
RV,C(y)(f).

Case 2. V (y) ⩽ θq.

Consider the difference
∣∣∣RV,C(y)(g)−RV,C(y)(f)

∣∣∣. Being the difference of two random

variables supported in C(y), it is at most

sup lim
x∈C(y)

V (x)− inf
x∈C(y)

V (x) ⩽ 2 sup
x∈C(y)

|V (x)− V (y)| .

By the fundamental theorem of calculus,

sup
x∈C(y)

|V (x)− V (y)| ⩽
√
dθ · sup

z∈C(y)

u∈Sd−1

DuV (z).
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Let z and u maximize this expression. By coercivity, m is a critical point of order p ⩽ P . We
know Dk

z−mDuV (m) = 0 for any k < p− 1. By Taylor’s remainder theorem we can bound

DuV (z) ⩽ sup
∥ξ−m∥∞<

√
dθ

Dp−1
z−mDuV (ξ) · ∥z −m∥p−1

2

(p− 1)!
.

By coercivity, we know that ∥z −m∥p−1
2 ⩽ Kθq(p−1)/p. Using the uniform bound MP we

have

max
x∈C(y)

|V (x)− V (y)| ⩽ MPK
√
dθ · θq(p−1)/p = MPK

√
dθ1+q(p−1)/p ⩽ MPK

√
dθ1+q(P−1)/P .

(5.29)
To relate the global Rayleigh quotients we recall (5.27). By Theorem 5.4.8, νg ⩽
1

1−µ(Aθ)−ε
νf , so by (5.29) we have in both cases:

|RV (g)−RV (f)| ⩽ 1

1− µ(Aθ)− ε

(
2MPK

√
dθ1+q(P−1)/P +

2Lθ1−q

1− Lθ1−q
RV (f)

)
. (5.30)

Proof of Theorem 5.4.6

Proof of Theorem 5.4.6. We first verify that the g constructed in (5.17) is a valid test func-
tion for (5.5). Note that g is continuous and equal to a polynomial of degree at most
d on each cube C(y). Since f ∈ L∞(Rd), g has all derivatives ∂ig uniformly bounded
on Rd =

⋃
y∈θZd

int(C(y)). Thus, g is Lipschitz. By e.g. [Eva22, pp. 279], we see that

g ∈ W 1,∞(Rd). By Jensen’s inequality we further have ∥g∥2C(y) ⩽ O
(
∥f∥2C(y)

)
for every

y, so g ∈ H1(Rd), as desired.
We now aim to bound the difference between

RBθ
(g) = R−θ2∆(g) +RV (g) and RAθ

(f) = RL(f) +RV (f).

From Lemma 5.4.7, multiplying through and rearranging yields the following relation on the
Laplacian terms:

|R−θ2∆(g)−RL(f)| ⩽ µ(Aθ) + ε

1− µ(Aθ)− ε
RL(f).

Combining this with (5.30) we have

|RBθ
(g)−RAθ

(f)| ⩽ 1

1− µ(Aθ)− ε

(
2MPK

√
dθ1+q(P−1)/P +

(
µ(Aθ) + ε +

2Lθ1−q

1− Lθ1−q

)
RAθ

(f)

)
.

(5.31)
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Minimizing over all f we have the following bound on µ(Bθ):

µ(Bθ) ⩽ µ(Aθ) +
1

1− µ(Aθ)

(
2MPK

√
dθ1+q(P−1)/P +

(
µ(Aθ) +

2Lθ1−q

1− Lθ1−q

)
µ(Aθ)

)
.

(5.32)

Remark 18. It is clear from the proof that Theorem 5.1.3 holds for any periodic V ∈ CP ,
not necessarily C∞.

Lower bounds on µ(Bθ)

Lastly, to show Theorem 5.1.3 is non-trivial, we prove asymptotic lower bounds on µ(Bθ)
for uniformly p-coercive potentials with isolated critical points, as advertised in Section 5.1.

Proof of Theorem 5.1.4. Assume f : Rd → R≥0 with ∥f∥2 = 1 satisfies

θ2 ∥∇f∥2 +

∫
Rd

V (x)f(x)2dx ⩽ θr,

for r a constant depending on p and d to be chosen later. Let

W := {x : V (x) ⩽ 2θr}

and notice by Markov’s inequality (applied to the probability distribution defined by the
mass of f) that ∑

C

∥f |C∥2
∥f |W∩C∥

2

∥f |C∥2
= ∥f |W∥

2 ⩽
1

2
,

where the sum is over unit volume cubes in Rd. Let S be the set of cubes C satisfying

∥f |W∩C∥
2

∥f |C∥2
⩽

3

4
,

and notice by Markov’s inequality that∑
C∈S

∥f |C∥2 ≥ c

for a constant c. Let q > 2. For each cube C ∈ S we have ∥f |W∩C∥2 ≥ ∥f |C∥2
4

as well as

∥f |W∩C∥2q
∥f |W∩C∥2

≥ vol(W ∩ C)
2
q
−1,
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which together yield

∥f∥2q ≥
∑
C∈S

∥f |W∩C∥2q ≥
1

4

∑
C∈S

vol(W ∩ C)
2
q
−1 ∥f |C∥2 .

Since f has isolated critical points and is uniformly p-coercive, we have the uniform estimate

vol(W ∩ C) = O
(
θ

rd
p

)
for each cube C. Substituting, we have

∥f∥2q ≥ Ω(1) · θ
rd
p ( 2

q
−1)
∑
C∈S

∥fC∥2 = Ω(1) · θ
rd
p ( 2

q
−1).

(b) If d ≥ 3 set q = 2d
d−2

and apply the Sobolev inequality to obtain

∥∇f∥2 = Ω(1) · θ−
2r
p ,

whence θ2 ∥∇f∥2 = Ω
(
θ2−

2r
p

)
. Choosing r = 2− 2r

p
= 2p

p+2
yields the claim.

(a) If d = 1, 2 we instead use the Sobolev inequalities

∥∇f∥2 + ∥f∥2 ≥ Cq ∥f∥2q ,

for q = ∞ and q large, respectively. Since ∥f∥2 = 1 and the right hand side is
unbounded as θ → 0, this term can be ignored and we have ∥f∥2q ≥ Ω(1) ·θ−

r
p for d = 1

and ∥f∥2q ≥ Ω(1) · θ−
2r
p
+o(1) for d = 2. Choosing r = 2− r

p
and r = 2− 2r

p
+ o(1) yields

r = 2p
p+1

and r = 2p
p+2

+ o(1), as advertised.

Now, we set out to prove the upper bound (c) through a different approach. By bounded-
ness, there is a constant H such that V (x) ⩽ H ∥x∥p =: W (x) where we assume that V (0) = 0
and that 0 is a critical point of order p. For all test functions g, RBθ

(g) ⩽ R−θ2∆+W (g). Let

gσ(x) = exp

(
−∥x∥

2

2σ2

)
.

Then,

⟨gσ,Wgσ⟩ = H

∫
Rd

∥x∥p gσ(x)dx

= HSd−1

∫
R≥0

rp+d−1 exp

(
− r2

2σ2

)
dr

= HSd−12
p+d−2

2

(
p + d− 2

2

)
!σp+d
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where Sd−1 = 2
√
π
d

( d−2
2 )!

is the surface area of Sd−1. We also compute directly that

〈
gσ,
(
−θ2∆ + H

)
gσ
〉

=
1

2

(
d
θ2

σ2
+ trHσ2

)
∥gσ∥2 =

(√
πσ
)d

so that all told, 〈
gσ,
(
−θ2∆ + W

)
gσ
〉

=
1

2
d
θ2

σ2
+ 2

p+d
2 H

(
p+d−2

2

)
!(

d−2
2

)
!
σp.

By weighted AM–GM this is minimized by

2d

p

p
2+1

√
p

d
2

d−2
2 H

(
p+d−2

2

)
!(

d−2
2

)
!
θ

2p
p+2 (5.33)

where the exponent of θ matches the claim.
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Chapter 6

Curvature of basis exchange walks

The work in this section largely follows that of [Det25].

In this chapter the question we explore has a slightly different flavor, focusing on the
discrete curvature of a specific class of Markov chains. Although we don’t directly consider
the spectrum of any operator, we still consider it a spectrally motivated question due to the
connection between curvature and the spectral gap of a Markov chain.

In particular, we ask about the Ollivier-Ricci curvature of basis exchange walks, a specific
class of Markov chains. We spend some time discussing the properties of basis exchange walks
and the properties of discrete Markov chains with non-negative Ollivier-Ricci curvature to
properly motivate the following question:

Do all basis exchange walks have non-negative Ollivier-Ricci curvature?

We find that although basis exchange walks exhibit many of the hallmark properties of
Markov chains with non-negative Ollivier-Ricci curvature, there exist examples with negative
curvature. This result is somewhat surprising, and implies that local notions of expansion
are not equivalent (see the next section for details).

6.1 Introduction

Considering the long history of translating ideas from geometry to spectral graph theory,
considerable effort has been made in the last two decades to find a discrete analogue of the
notion of curvature. One particularly fruitful definition has been Ollivier-Ricci curvature.
Ollivier-Ricci curvature on metric spaces was first introduced in [Oll09], as an analog to
Ricci curvature on manifolds. Notably, this is a local notion, depending only on the two
neighborhood of adjacent states in a Markov chain, but can have global implications (sim-
ilar to curvatures in differential geometry settings). We will see several examples of such
implications for a Markov chain with non-negative Ollivier-Ricci curvature in Section 6.3.

Here we consider the Ollivier-Ricci curvature of basis exchange walks, and show that
despite the many desirable properties uniformly exhibited by basis exchange walks, there



CHAPTER 6. CURVATURE OF BASIS EXCHANGE WALKS 132

exist both negatively and non-negatively curved basis exchange walks. Furthermore, we show
even among standard classes of matroids, such as linear matroids or graphic matroids, there
exist both matroids with negatively and non-negatively curved basis exchange walks. This
work reinforces the idea that non-negative curvature is a somewhat delicate phenomenon,
which cannot be guaranteed by a strongly log-concave stationary distribution (a feature of
all basis exchange walks) or the representability of the matroid.

We highlight in particular the implication this has for the connection between spectral
independence and Ollivier-Ricci curvature, both local certificates of expansion. Concurrent
works [BCC+22] and [Liu21] prove non-negative Ollivier-Ricci curvature implies spectral
independence (see either work for precise, quantified statements). The validity of the converse
to this statement was not previously known, but this work disproves it: basis exchange walks
are uniformly 0-spectrally independent, but we establish several examples with negative
Ollivier-Ricci curvature.

6.2 Markov chains and basis exchange walks

We will think of basis exchange walks as a particularly type of “well-behaved” Markov
chain. Before formally defining a basis exchange walk, we pause to discuss several different
desirable properties of Markov chains. We will see that basis exchange walks have all of
these properties.

Desirable properties of Markov chains

We define several desirable properties of Markov chains, noting that all of these ultimately
serve the same purpose: to bound the mixing time of the Markov chain. For each notion,
we show the connection to mixing time.

Let P be the transition matrix of a reversible, irreducible Markov chain over a finite state
space χ. Let π denote the stationary distribution of P . We first recall the definition of the
mixing time:

Definition 6.2.1 (Mixing time). The mixing time of a Markov chain is

tmin(ϵ) = inf
{
t :
∥∥P t(x, ·)− π

∥∥
TV
≤ ϵ ∀x ∈ χ

}
where ∥µ− ν∥TV =

∑
x∈χ |µ(x)− ν(x)| , the total variation distance.

Spectral gap. The first property we look at is a spectral gap.

Definition 6.2.2 (Spectral gap). Let λ∗ = max {|λ| : λ ∈ σ(P )}. The absolute spectral gap
of P is defined as γ∗ = 1− λ∗.

Note for a lazy Markov chain the absolute spectral gap coincides with the spectral gap,
that is γ∗ = γ = 1− λ2.
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It will be convenient to consider the inverse spectral gap, which we refer to as the re-
laxation time and denote trel = 1

γ∗
. The subsequent fact shows that a large spectral gap

implies that the Markov chain mixes quickly (which, considering a spectral decomposition
of P , should not be surprising).

Theorem 6.2.1 (Mixing time bound from spectral gap, [LP17]). Let πmin := minx∈χ π(x).
Then letting , we have

tmix(ϵ) ≤ trel log

(
1

ϵπmin

)
.

Modified log-Sobolev constant. Next we define another quantity we can associate to a
Markov chain: the modified log-Sobolev constant. To define this, we first need to define the
Dirichlet form of a reversible Markov chain and the normalized relative entropy.

Definition 6.2.3 (Dirichlet form). Given f, g : χ→ R, we define

EP (f, g) :=
∑
x,y∈χ

π(x)f(x)[I − P ](x, y)g(y)

where I denotes the identity matrix.

Definition 6.2.4 (Normalized relative entropy). Given f : χ→ R≥0 we define

Entπ(f) := Eπ(f log f)− Eπf logEπf

where we adopt the convention that 0 log 0 = 0.

Definition 6.2.5 (Modified log-Sobolev constant). The modified log-Sobolev constant of a
Markov chain P is defined as

ρ := inf

{
EP (f, log f)

Entπ(f)
| f : χ→ R≥0,Entπ(f) ̸= 0

}
.

A bound on the modified log-Sobolev constant allows us control over the decay of entropy
as the Markov chain runs. More formally, we can bound the KL-divergence of P t(x, ·) and π
in terms of ρ, which by Pinsker’s inequality will give us control over the TV distance between
P t(x, ·) and π. This, in turn, gives us a bound on the mixing time, which we state below.

Lemma 6.2.2 (from [BT06]). Letting πmin = minx∈χ π(x), we have

tmix(ϵ) ≤ 1

ρ

(
log log

1

πmin

+ log
1

2ϵ2

)
.
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Spectral independence. Lastly we look at a property specific to certain Markov chains
over product spaces known as spectral independence, first introduced in [ALG21]. Spectral
independence can also be considered a local notion of expansion; to understand spectral
independence in this way, one must go back to the definition of spectral independence and
its motivation from high-dimensional expanders. The curious reader should see [Liu23] for
a comprehensive exploration of spectral independence.

Spectral independence itself is a property of a measure π. We will first define spectral
independence, then discuss a Markov chain associated with π. Finally we will see that
spectral independence of π implies a spectral gap (and therefore a mixing time bound) for
the associated Markov chain.

We start with a measure over subsets of a uniform size π :
(
[n]
k

)
→ R≥0. Spectral

independence is a condition on the influence matrix defined by π, as seen below.

Definition 6.2.6 (Influence matrix). The influence matrix Iπ ∈ Rn×n is defined by

Iπ(i, j) := PS∼π[j ∈ S | i ∈ S]− PS∼π[j ∈ S].

Definition 6.2.7 (Spectral independence). For η ≥ 0, we say π is η-spectrally independent
if λmax(Iπ) ≤ 1 + η.

The associated Markov chain we will consider is the down-up walk defined by this chain,
which we denote Pπ. Informally, starting at a set S, one step of the down-up walk drops
an element of S uniformly at random (the down step), then adds an element to form a new
set T with probability proportional to π(T ) (the up step). See Definition 6.2.11 for a formal
definition in the context of matroids.

The following connects spectral independence of µ and the spectral gap of Pµ. Note we
can then translate this to a mixing time bound.

Lemma 6.2.3 (from [ALG21]). Suppose there exists η ≥ 0 such that π and all of its condi-
tional measures are all η-spectrally independent. Then γ(Pπ) ≥ Ω(k−1+η).

Basis exchange walks

We now define basis exchange walks, starting with the definition of a matroid.

Definition 6.2.8 (Matroid). A matroid M = (E,B) is a set E and a non-empty collection
of its subsets B, called bases, satisfying the following:

• no proper subset of a basis is itself a basis, and

• for any B1, B2 ∈ B, if b1 ∈ B1\B2, there exists a b2 ∈ B2\B1 such that B1−b1+b2 ∈ B.

The second condition is known as the basis exchange property.

Definition 6.2.9 (Rank). The rank of a matroidM = (E,B) is the size of any basis B ∈ B.
Note that by the basis exchange property, all bases must be the same size.
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A particularly interesting class of matroids are those induced by a graph G, known as
graphic matroids. We consider several graphic matroids as examples, so we define them here.

Definition 6.2.10 (Graphic matroids). A graphic matroid induced by a graph G is a matroid
whose basis sets are the spanning forests of G. If G is connected, the basis sets are the
spanning trees of G.

Definition 6.2.11 (Down-up walk). The down-up walk or the basis exchange walk is a
Markov chain on the bases of a matroid. Starting from a basis S ∈ B, the random walk
proceeds by dropping an element u ∈ S uniformly at random, then moving to a basis
containing S − u uniformly at random.

We note that the above describes the basis exchange walk on a set of bases given by
the uniform distribution (i.e., the uniform distribution over all bases will be the stationary
distribution). Given a distribution π over B, one can define the corresponding down-up
walk, but in considering the question of curvature of basis exchange walks, we will only be
concerned with the uniform case.

With the definitions of basis exchange walks in hand, we point out that basis exchange
walks have all of the “desirable” properties of Markov chains mentioned above. One key tool
used to prove these properties is the generating polynomial of the stationary distribution
associated to a basis exchange walk. In particular, this generating polynomial is strongly
log-concave (see [ALGV19] or [ALGVV21] for further details).

We have the following properties of basis exchange walks:

Theorem 6.2.4 (from [ALGV19]). Let π be the uniform distribution over the bases of a
matroid. Then π is 0-spectrally independent.

Theorem 6.2.5 (from [ALGV19]). The spectral gap γ of a basis exchange walk over a rank-k
matroid satisfies γ ≥ 1/k.

Theorem 6.2.6 (from [CGM19]). The modified log-Sobolev constant ρ of a basis exchange
walk over a rank-k matroid satisfies ρ ≥ 1/k.

We highlight that the state spaces for these Markov chains could be exponential in the
size of the ground set n, but the bounds for the spectral gap and modified log-Sobolev
constant depend only on k, the rank of the matroid.

6.3 Ollivier-Ricci curvature

We now turn to a particular notion of discrete curvature, Ollivier-Ricci curvature. To define
Ollivier-Ricci curvature, we first recall the definition of Wasserstein distance:
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Definition 6.3.1 (Wasserstein distance). Let µ, ν be two probability distributions over some
metric space (X, d). The Wasserstein distance between µ and ν is defined as

W(µ, ν) = min
X∼µ,Y∼ν

Ed(X, Y ),

where the minimum is over all possible couplings of µ and ν.

Now we are ready to define Ollivier-Ricci curvature:

Definition 6.3.2 (Ollivier–Ricci curvature). For a Markov chain P over a metric space
(X, d), we define the Ollivier–Ricci curvature of P as the minimum κ such that for all
S, T ∈ X

W(P (S, ·), P (T, ·)) ≤ (1− κ) · d(S, T ).

Note if d is the metric induced by P , i.e., d(S, T ) := inf{t : P t(S, T ) > 0}, we can
consider the minimum over only adjacent S, T ∈ X in the above definition (see [Oll09] for
further details). Throughout, we will take d to be the metric induced by P .

Properties of non-negatively curved Markov chains

We have the following results about Markov chains with non-negative curvature Ollivier-
Ricci curvature: we see that non-negative curvature allows us to bound the spectral gap,
gives us control over the entropy, and implies spectral independence.

Lemma 6.3.1 (from [Oll09]). Suppose a Markov chain P has Ollivier-Ricci curvature κ ≥ 0.
Then γ(P ) ≥ κ.

Non-negative Ollivier-Ricci curvature can imply a modified log-Sobolev constant, but
additional conditions must also be satisfied (see [Mün23] for details). We can, however, get
control on other aspects of the entropy if we have a non-negatively curved Markov chain.
In particular, we can bound the the variance of the KL divergence (also known as the
varentropy) of P t(x, ·) with respect to the stationary distribution. We refrain from stating
any formal results here, but direct the reader to [Sal23] for more details.

Lemma 6.3.2 ([Liu21], informally). Non-negative Ollivier-Ricci curvature implies spectral
independence.

Note that both curvature and spectral independence are quantitative properties, and a
Markov chain with stronger positive curvature will have stronger spectral independence.
See [Liu21] for full details.
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Curvature and degree

We briefly comment that non-negative curvature is only a useful notion for a family of
Markov chains with high degree (where the degree is the number of neighboring states a
given state can move to). We have the following fact about bounded degree expanders:

Lemma 6.3.3 (from [Sal21]). Bounded degree expanders always have negative curvature.

Since bounded degree expanders always have negative curvature, we see that if we have
an infinite family of constant degree Markov chains, they cannot have non-negative curvature
bounded below by a constant. If such a family did exist, then by Lemma 6.3.1, they should
be expanders. But this is a contradiction with the above fact.

From this, we see that curvature is only a useful notion for families of Markov chains
with superconstant degree (which basis exchange walks are).

6.4 A lower bound and positively curved examples

We now specifically consider the Ollivier-Ricci curvature of basis exchange walks.
From Definition 6.3.1 and Definition 6.3.2, we see that to show a Markov chain is posi-

tively curved, it suffices to find a coupling for each edge (S, T ) so that in one step, a random
walk started from S and a random walk started from T move closer in expectation. In the
following section we define such a coupling. Intuitively, this coupling tries to keep the walks
close by matching their down-steps and then matching their up-steps whenever possible.

Using this coupling, we define give a lower bound on the Ollivier-Ricci curvature of a
basis exchange walk in terms of the rank of the matroid and size of the ground set. We also
give a more precise lower bound in terms of more local measures. We then use this to give
several examples of positively curved basis exchange walks.

The down-step coupling

We define a candidate coupling, which we call the down-step coupling, for the down-up walk
starting from any adjacent bases S, T . The following will be useful to denote all possible
“up-steps” of a given down-step:

Definition 6.4.1. If B is a basis and u ∈ B, let N(B−u) = {x ∈ E : B−u+x is a basis}.

Definition 6.4.2 (Down-step coupling). Let S = {s, u1, . . . , uk−1}, T = {t, u1, . . . , uk−1} be
bases of a rank-k matroid. Let P be the basis exchange walk, X ∼ P (S, ·), and Y ∼ P (T, ·).
We couple X and Y by first matching the down-steps when possible, then matching the
up-steps when possible. More concretely:

• If S drops s, then T drops t. Since S − s = T − t, we can always couple the up steps
to be the same.
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• If S drops ui, then T drops ui. Without loss of generality, suppose

#N(S − ui) ≥ #N(T − ui).

We couple the up steps in the following way:

– If S − ui adds t, T − ui adds s (note if t ∈ N(S − ui), then s ∈ N(T − ui) since
S − ui + t = T − ui + s).

– If S − ui adds v ∈ N(S − ui) ∩N(T − ui), T − ui adds v.

– If S − ui adds v /∈ N(S − ui)∩N(T − ui) with v ̸= t, then T − ui adds a random
element from N(T − ui) with any distribution preserving the desired marginal
across N(T − ui).

The distribution mentioned in the last line is simply a distribution such that the up-step for
T − ui is uniform across N(T − ui); such a distribution will always be possible given that
#N(S − ui) ≥ #N(T − ui). Note that with this coupling, the walks are at distance at most
2 by the basis exchange property.

Remark 19. We remark that while this coupling might not be optimal, coupling different
down steps for S and T can only decrease Ed(X, Y ) in a small number of cases. For example,
consider S = {s, u, u′} and T = {t, u, u′}. Suppose S drops u and adds a, while T drops
u′ and adds b, so S moves to {s, u, a} and T moves to {t, b, u′}. We are only in a better
position (i.e., at a distance less than 2) if: (1) a = t and b = s, in which case the distance
is 1, or (2) a = u′ and b = u, in which case the distance is also 1. We see that for most
possible up-steps, it is more advantageous to couple based on the down-step. We make this
more precise with an upper bound on curvature in Section 6.5.

Example. We give an example of this coupling on the graphic matroid induced by K4.
Let S and T be the following spanning trees, respectively:

The following table shows how walks would move from S and T in the down-step coupling,
where s is the bottom edge and t is the diagonal edge from the upper left to bottom right.
For clarity, we group outcomes under which element is dropped in the down step of the
down-up walk.

Lower bound

Our first theorem provides a lower bound on the curvature of the basis exchange walk in
terms of the rank and the size of the ground set.
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initial
state

drop s/drop t drop top edge drop left edge

P 1
9

1
9

1
9

1
9

1
9

1
9

1
12

1
12

1
12

1
36

each
pair

add same edge add same edge
add t
/add s

add
left
edge

add
diag.

Table 6.1: The down-step coupling for two states in the graphic matroid induced by K4.

Theorem 6.4.1. The basis exchange walk of a rank-k matroid over a set of size n > k + 1
satisfies

κ ≥ −1 +
2

k
+

3(k − 1)

k(n− k + 1)
.

If n = k + 1, the basis exchange walk satisfies κ ≥ 1/k.

Proof. We show that the above coupling gives us the desired bound.
First note if S drops s and T drops t (which occurs with probability 1

k
) we have

E (d(X,Y ) | s, t dropped in down step) = 0.

Now we consider what happens when we drop ui. Letting U ′ = {u1, . . . , ui−1, ui+1, . . . , uk−1},
we have two cases:

Case 1: U ′ + s + t /∈ B.
We claim N(S − u) = N(T − u) by the basis exchange property. Let x ∈ N(S − u) and

y ∈ N(T − u), so

S − u + x = U ′ + s + x ∈ B, T − u + y = U ′ + t + y ∈ B.

Applying the basis exchange property to U ′+s+x, U ′+t+y, and x, we must have U ′+s+y ∈ B
since U ′+s+t /∈ B, so y ∈ N(S−u). Similarly, we can see that U ′+t+x ∈ B, so x ∈ N(T−u).
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Since N(S − u) = N(T − u), we can couple these walks to have the same up-step and in
this case

E (d(X,Y ) | ui dropped) = 1.

Case 2: U ′ + s + t ∈ B
In this case, we can couple the walks to both move to U ′+s+t with some probability and

the distance will be 0. Note that N(S−u), N(T−u) ≤ n−(k−1) since (S−u)∩N(S−u) = ∅
(and similarly for T ), so

min{P(U ′ + s→ U ′ + s + t),P(U ′ + t→ U ′ + s + t)} ≥ 1

n− k + 1

where P(U ′ + s → U ′ + s + t) denotes the probability of adding t on the up-step, given ui

was dropped on the down-step (i.e., 1/N(S−ui)). Similarly, we can couple the walks to stay
at S and T respectively, which also occurs with probability ≥ 1

n−k+1
, and the distance is 1.

Otherwise, the distance is always less than or equal to 2 since

U ′ + s + x ∼ U ′ + s + t ∼ U ′ + t + y.

All together then we have

E (d(X, Y ) | ui dropped) ≤ 2 ·
(

1− 2

n− k + 1

)
+

1

n− k + 1
= 2− 3

n− k + 1
.

If n > k + 1, in either case we have

E (d(X,Y ) | ui dropped) ≤ 2− 3

n− k + 1
.

Then we have

W(P (S, ·), P (T, ·)) ≤ (k − 1)

k
·
(

2− 3

n− k + 1

)
.

By definition of κ, we have:

κ ≥ 1− (k − 1)

k
·
(

2− 3

n− k + 1

)
(6.1)

= 1− 2(k − 1)

k
+

3(k − 1)

k(n− k + 1)
(6.2)

= −1 +
2

k
+

3(k − 1)

k(n− k + 1)
. (6.3)

If n = k + 1, then in either case E(d(X,Y ) | ui dropped) ≤ 1, so we have κ ≥ 1/k.

By more carefully tracking which case we are in, we can sharpen this bound. We define
the set of elements we can drop that would place us in case two from above:
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Definition 6.4.3. Let J = {u : t ∈ N(S − u) and u ̸= s}.

Corollary 6.4.2. The basis exchange walk over any matroid satisfies

κ ≥ min
S∼T

{
−#J

k
+

1

k
+

1

k

∑
u∈J

2 + #(N(S − u) ∩N(T − u))

max{#N(S − u),#N(T − u)
}

}
.

Proof. This follows immediately from the down-step coupling and definitions.

While this expression is not particularly friendly, it makes explicit the idea that if there
is a high overlap between N(S − u) and N(T − u) for all u, the basis exchange walk will
be positively curved. In the following examples, we directly analyze the coupling, which is
equivalent to applying this corollary (although we refrain from referring to this expression).

Positively curved examples

Non-negative curvature from smallness

We have the following corollaries to Theorem 6.4.1 for rank-2 matroids, matroids over small
ground sets, and graphic matroids over small graphs:

Corollary 6.4.3. The basis exchange walk on any rank-2 matroid is positively curved.

Corollary 6.4.4. The basis exchange walk on any matroid with n ≤ 7 is non-negatively
curved.

Corollary 6.4.5. The basis exchange walk on any graphic matroid induced by a simple graph
G = (V,E) with #V ≤ 4 is non-negatively curved.

Uniform matroid

Lemma 6.4.6. The basis exchange walk over the rank-k uniform matroid with size n ground
set satisfies

κ ≥ 1− (k − 1)(n− k)

k(n− k + 1)
.

Proof. The down-step coupling gives

Ed(X, Y ) =
1

k
· 0 +

k − 1

k

(
1

n− k + 1
· 0 +

n− k

n− k + 1
· 1
)
.
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Vámos matroid

The Vámos matroid is a rank-4 matroid over a ground set of size 8 that cannot be represented
as a matrix over any field. However, this matroid is close, in some sense, to a uniform matroid;
it includes 65 of the possible 70 subsets of size 4 as bases. The excluded sets are the shaded
parallelograms in Figure 6.11.

Figure 6.1: Dependent sets in the Vámos matroid.

The following lemma shows that the Vámos matroid is positively curved. We can interpret
this as a consequence of how close the Vámos matroid is to the rank-4 uniform matroid over
8 elements.

Lemma 6.4.7. The basis exchange walk over the Vámos matroid is positively curved.

Proof. Again we show the down-step coupling demonstrates positive curvature.
Let S = {a, b, c, s} and T = {a, b, c, t} for some distinct elements a, b, c, s, t. For u ̸= s, t

we consider the possibilities for N(S−u) and N(T−u). By definition of the Vámos matroid,
for any S ∈ B and any u ∈ S, #N(S − u) = 5 or 4 (i.e., it either contains all the elements
not in S − u or one less). We compute the expected distance in each case.

Suppose #N(S − u) = #N(T − u) = 5. Since t ∈ N(S − u), the down-step coupling in
this case gives

E (d(X, Y ) | u dropped) =
4

5
.

Suppose #N(S − u) = 5 and #N(T − u) = 4. Again since t ∈ N(S − u), in this case we
have

E (d(X,Y ) | u dropped) ≤ 1

5
· 0 +

3

5
· 1 +

1

5
· 2 = 1.

Suppose #N(S − u) = #N(T − u) = 4. As seen in the proof of Theorem 6.4.1, if
S − u + t /∈ B, we can couple so the distance is always 1, so we assume t ∈ S − u and
s ∈ T − u. Then we must have {u, d} ⊆ N(S − u) ∩N(T − u) for some d. Conditioned on
being in this case, we have

E (d(X,Y ) | u dropped) ≤ 1

4
· 0 +

1

2
· 1 + 2 · 1

4
= 1.

In all cases with u ̸= s, t the expected distance is less than or equal to 1, so we see the
basis exchange walk on this matroid has positive curvature.

1Provided by David Eppstein, CC0.
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Graphic matroids

Now we consider a specific class of graphic matroids that induce positively curved basis
exchange walks. This shows that in addition to having non-negatively curved basis exchange
walks on graphic matroids induced by sufficiently small graphs, one can have non-negatively
curved basis exchange walks on graphic matroids induced by arbitrarily large graphs.

Lemma 6.4.8. Basis exchange walks over graphic matroids induced by graphs with edge-
disjoint cycles are positively curved.

Proof. We express the graph as a union of cycles, Ci, and edges with effective resistance 1,
G′:

G = C1 + . . . + Ck + G′.

Any spanning tree S of the graph must be a union of spanning trees Si of each cycle and G′

so we have
S = S1 + . . . + Sk + G′.

Any adjacent spanning tree T must differ in only one spanning tree of one cycle. Without
loss of generality we assume the different spanning tree is in the cycle labeled as C1, so

T = T1 + S2 + . . . + Sk + G′.

We must show for any u ∈ S ∩ T , we can couple walks from S and T conditioned on
dropping u so that the expected distance is not greater than 1. We consider different cases
for u.

Suppose u ∈ G′. For any B ∈ B we have N(B− u) = {u} (i.e, the only edge that can be
added on the up step is u). For this case, we have

E (d(X,Y ) | u dropped) = 1.

Suppose u ∈ Si with i ̸= 1, then N(S − u) = N(T − u) = {u, u′} where {u′} = Ci\Si.
We can always add the same element to each of S − u and T − u, so we again have

E (d(X,Y ) | u dropped) = 1.

Suppose u ∈ S1, then N(S − u) = {u, t} and N(T − u) = {u, s} where t = C1\S1 and
s = C1\T1 (similar to previous notation, s is simply the edge included in S but not in T ).
Since S1 = C1 − t and T1 = C1 − s, S1 − u + t = T1 − u + s. We couple by adding u to both
S and T or adding t to S and s to T . In this case, we have

E (d(X,Y ) | u dropped) = 1/2.

This covers all cases, so the basis exchange walk is positively curved.
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6.5 An upper bound and negatively curved examples

In this section we give an upper bound on the curvature of an edge (S, T ) of a basis exchange
walk in terms of the sets N(T − u) and N(S − u), given in Theorem 6.5.1. Using this, we
then give explicit examples of negatively curved basis exchange walks.

Note that to prove an upper bound on the curvature of an edge, we will need to prove
a lower bound on the expected distance of two walks starting from S, T for all possible
couplings. We do so by exhaustively considering all events where the distance can drop to
0, and upper bounding the probability that the distance goes to 0 under any coupling. We
then consider events where the distance must be at least 2 for any coupling and lower bound
this probability.

An upper bound

We now give an upper bound on the curvature of the basis exchange walk (we note the main
function of this bound will be to prove specific examples have negative curvature). In order
to state this bound, we fix any S ∼ T and define the following notation.

Definition 6.5.1. Let J = {u : t ∈ N(S − u) and u ̸= s}.

Definition 6.5.2. For any u ∈ J , let Au = (N(S−u)− t)\N(T −u), i.e., the elements that
are not t and that can be added to S − u but cannot be added to T − u.

Remark 20. These sets will be to identify neighbors of S that are all far from all but a
small number of neighbors of T (see Proposition 6.5.2 for a more precise statement). If
t /∈ N(S − u), then as seen in the proof of Theorem 6.4.1, N(S − u) = N(T − u). In this
case, every neighbor of S induced by dropping u has a unique neighbor of T induced by
dropping u.

Theorem 6.5.1. Consider any bases S ∼ T of a matroidM. Then the basis exchange walk
onM satisfies

κ ≤ 1

k
+

1

k
·
∑
u∈J

(
1

#N(T − u)
− #Au

#N(S − u)

)
.

Proof. Let S and T be adjacent bases with S = {s, u1, . . . , uk−1} and T = {t, u1, . . . , uk−1}.
Let X ∼ P (S, ·) and Y ∼ P (T, ·). Note for any coupling we have

Ed(X, Y ) ≥ 0 · P(d(X,Y ) = 0) + 1 · P(d(X, Y ) = 1) + 2 · P(d(X, Y ) ≥ 2) (6.4)

= (1− P(d(X, Y ) = 0)− P(d(X,Y ) ≥ 2)) + 2 · P(d(X, Y ) ≥ 2) (6.5)

= 1− P(d(X, Y ) = 0) + P(d(X,Y ) ≥ 2). (6.6)

Recalling the definition of curvature, we see then

κ ≤ P(d(X,Y ) = 0)− P(d(X, Y ) ≥ 2).
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We will upper bound this quantity for any coupling.
We start by considering events where d(X, Y ) ≥ 2. In particular, we want to identify

neighbors of S that are from most neighbors of T . The following proposition shows that any
neighbor of S of the form S − u + a for some u ∈ J and some a ∈ Au is far from almost all
neighbors of T .

Proposition 6.5.2. For any u ∈ J and a ∈ Au, S− u+ a is at distance at least 2 from any
neighbor of T aside from T − u + s, T − t + s, or T − t + a (if these sets are bases).

Proof. Without loss of generality, let u = u1. Then S − u + a = {s, a, u2, . . . , uk−1}. We
proceed by cases on which element T drops.

Case 1: T drops u1 and adds some element b, so T − u1 + b = {t, b, u2, . . . , uk−1}.
Recall by definition of Au1 , b /∈ N(T − u1) so b ̸= a. Since a ̸= u1, t, these are at distance 2
unless b = s.

Case 2: T drops t and adds some element b, so T − t + b = {b, u1, . . . , uk−1}.
Since a ̸= u1, these are at distance 2 unless b = s or b = a.

Case 3: T drops ui ̸= u1 and adds b.
Then T −ui + b contains t and u1, neither of which are contained in S−u1 +a, so T −ui + b
is at distance at least 2 from S − u1 + a.

We define the following relevant events:

Fu,a := {S drops u and adds a ∈ Au} for any u ∈ J, a ∈ Au (6.7)

Bu := {T drops u and adds s} for any u ∈ J, (6.8)

Ea := {T drops t and adds a} for any a ∈ N(T − t). (6.9)

The above proposition shows

P(d(X, Y ) ≥ 2) ≥
∑
u∈J

∑
a∈Au

P(Fu,a)− P(Fu,a ∩ Bu)− P(Fu,a ∩ Es)− P(Fu,a ∩ Ea). (6.10)

Now we consider events where d(X, Y ) = 0. The following table gives all possible pairs
of exchanges by S and T so that d(X,Y ) = 0.

Exchange by S Exchange by T

S drops s, adds t T drops u, adds u for any u ∈ T
S drops s, adds a ̸= t T drops t, adds a
S drops u ̸= s, adds u T drops t, adds s
S drops u ∈ J , adds t T drops u, adds s

We define the additional relevant events, based on the exchange made by S:

C1,a := {S drops s, adds a}, (6.11)

C2,u := {S drops u, adds u} for any u ∈ S, u ̸= s, (6.12)

C3,u := {S drops u, adds t} for any u ∈ J. (6.13)
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Then we have

P(d(X, Y ) = 0) ≤ P(C1,t) +
∑
a̸=t

P(C1,a ∩ Ea) +
∑
u∈S
u̸=s

P(C2,u ∩ Es) +
∑
u∈J

P(C3,u ∩ Bu) (6.14)

Now we want to combine these two expressions. First note that if we collect some of the
terms in the difference between 6.14 and 6.10, we can simplify as follows:

P(C1,t) +
∑
a̸=t

P(C1,a ∩ Ea) +
∑
u∈S
u̸=s

P(C2,u ∩ Es) +
∑
u∈J

∑
a∈Au

(P(Fu,a ∩ Es) + P(Fu,a ∩ Ea)) (6.15)

≤ P(C1,t) +
∑

a∈N(T−t)
a̸=t

P(Ea) =
1

k
·
(

1

#N(S − s)
+

#N(S − s)− 1

#N(S − s)

)
=

1

k
. (6.16)

Passing to the full expression we have

P(d(X, Y ) = 0)− P(d(X,Y ) ≥ 2) ≤ 1

k
+
∑
u∈J

P(C3,u ∩ Bu)

+
∑
u∈J

∑
a∈Au

P(Fu,a ∩ Bu)−
∑
u∈J

∑
u∈Au

P(Fu,a)

≤ 1

k
+
∑
u∈J

P(Bu)−
∑
u∈J

∑
u∈Au

P(Fu,a).

Explicitly computing these probabilities, we have

κ ≤ 1

k
+

1

k

∑
u∈J

(
1

#N(T − u)
− #Au

#N(S − u)

)
. (6.17)

An immediate corollary of the above is a sufficient condition for negative curvature:

Corollary 6.5.3. The basis exchange walk on M is negatively curved if there exist bases
S ∼ T such that ∑

u∈J

(
#Au

#N(S − u)
− 1

#N(T − u)

)
> 1.

Negatively curved examples

By Corollary 6.4.3, all basis exchange walks over rank-2 matroids are positively curved.
However, as soon as we move to rank-3 matroids, this is no longer true, as shown in the
example below. One might then hope that certain classes of matroids, for example regular
matroids, induce non-negatively curved basis exchange walks. We show this is not the case
with an explicit example: we give a graphic matroid (thus also a regular matroid) with a
negatively curved basis exchange walk.
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Rank-3 matroid

The bound from Theorem 6.5.1 says that in order to ensure negative curvature, it suffices to
have S and T so that N(S − u) is very different from N(T − u) for many u. We construct a
matroid with this property.

Let E = {s, t, u, u′, v1, . . . , v5, w1, . . . , w5}. We define a matroid over E by defining the
bases:

• S = {s, u, u′},

• T = {t, u, u′},

• {s, t, u}, {s, t, u′},

• {s, u, vi}, {s, u′, vi} for all i,

• {t, u, wi}, {t, u′, wi} for all i,

• {u, u′, vi}, {u, u′, wi} for all i, and

• {u, vi, wj}, {u′, vi, wj} for all i, j.

This is a R-linear matroid, with the elements identified with the following vectors in R3:

s =

1
0
0

 , t =

0
1
0

 , u =

0
0
1

 , u′ =

1
1
1

 , vi =

0
1
0

 , wi =

1
0
0

 .

We have J = {u, u′}, #Aj = 5, and N(S − j) = N(T − j) = 7 for j ∈ J , so by Theorem
6.5.1

κ ≤ 1

3
+

1

3
·
(

2

7
− 2 · 5

7

)
= − 1

21
. (6.18)
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Graphic matroid

We want to construct a graphic matroid with spanning trees S and T so that N(S − u) and
N(T − u) are very different for many u. We look at the graphic matroid induced by K6; in
order to make the set J as large as possible, we choose S and T to be paths. We label the
“outer” edges of K6 as in Figure 6.2, and consider the spanning trees S = {s, 1, 2, 3, 4} and
T = {t, 1, 2, 3, 4}.

1

2

t 3

4

s

Figure 6.2: Labeling of outer edges of K6.

We count the relevant quantities for Theorem 6.5.1. In the following table, let i be the
element dropped in the “down” step of the down-up walk.

i #N(S−i) #N(T − i) #Ai

1 2 · 4 1 · 5 5
2 1 · 5 2 · 4 2
3 1 · 5 2 · 4 2
4 2 · 4 1 · 5 5

Table 6.2: Quantities needed for computing curvature upper bound

By Theorem 6.5.1 we have

κ ≤ 1

5
+

1

5

(
2

5
+

2

8
− 2 · 5

8
− 2 · 2

5

)
= − 2

25
. (6.19)
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[Drm10] Zlatko Drmač. A Global Convergence Proof for Cyclic Jacobi Methods
with Block Rotations. SIAM Journal on Matrix Analysis and Applications,
31(3):1329–1350, 2010. doi: 10.1137/090748548 (cited on page 34).
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