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ABSTRACT OF THE DISSERTATION

Interpretable Representations of Neural Circuit Dynamics Across Regions and Contexts

by

Ram Dyuthi Sristi

Doctor of Philosophy in Electrical Engineering (Machine Learning and Data Science)

University of California San Diego, 2026

Professor Gal Mishne, Chair

Understanding how neural populations give rise to behavior requires analytical frame-
works that can disentangle high-dimensional, distributed, and context-dependent neural dynamics.
Modern recording technologies now enable measurements across thousands of neurons, brain re-
gions, and experimental conditions, but extracting interpretable structure from such data remains
a fundamental challenge. In particular, neural computation is rarely localized to a single region or
static across conditions; instead, it emerges from distributed interactions, selective engagement
of neural subpopulations, and reorganization of population structure across behavioral contexts
and task demands.

This dissertation develops a set of interpretable machine-learning frameworks to study

xviii



neural population dynamics from three complementary perspectives: reorganization across con-
ditions, context-dependent feature relevance, and distributed computation across brain regions.
First, we introduce Differential Spectral Clustering (DiSC), a graph-based spectral framework
for identifying groups of features whose relational structure differs across experimental condi-
tions. DiSC reveals condition-specific reorganization of neural populations beyond changes in
mean activity and provides a principled approach for detecting coordinated feature groups that
differentiate behavioral or cognitive states.

Second, we present conditional Stochastic Gates (c-STG), a context-aware feature se-
lection framework that identifies task-relevant neural subpopulations in a conditional manner.
By explicitly modeling context dependence, c-STG captures how distinct subsets of neurons
become selectively informative for downstream behavioral decoding under different conditions,
offering an interpretable view of sparsity and relevance in neural representations.

Third, we develop the Coupled Transformer Autoencoder (CTAE) framework to disen-
tangle shared and region-specific latent dynamics from simultaneously recorded multi-region
neural data. CTAE separates common latent structure from region-unique components, enabling
the study of distributed neural computation while preserving interpretability across brain areas.

In addition to these methodological contributions, this dissertation includes a neuro-
science case study examining complementary cortical and thalamic contributions to cell-type-
specific striatal activity during movement. Using large-scale calcium imaging data recorded
across multiple brain regions under non-simultaneous experimental conditions, we introduce
Trial Ensemble Attention Networks (TEA-net) as a representational probe to assess ensemble-
level separability of neural dynamics. This analysis reveals distinct and complementary roles of
cortical and thalamic inputs in shaping striatal population activity, highlighting cell-type-specific
and region-dependent structure under realistic experimental constraints.

Together, these chapters present a unified interpretability-driven framework for analyzing
neural population dynamics. By integrating graph-based reorganization, context-dependent

feature selection, and multi-region representation learning, while grounding these approaches in
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biological case studies, this dissertation advances principled tools for understanding distributed
and context-dependent neural computation and lays the foundation for scalable, interpretable

models of brain function.
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Chapter 1

Introduction

1.1 The challenge of interpreting neural population data

Understanding how neural activity gives rise to behavior and brain function is a cen-
tral goal of neuroscience. Across experimental systems and measurement modalities, neural
activity is increasingly analyzed at the level of populations rather than individual neurons.
Population-level descriptions are essential because many aspects of neural computation—such
as coordination, redundancy, and structured variability—are not properties of single units, but
instead emerge from interactions among groups of neurons. As a result, a central challenge in
modern neuroscience is to extract interpretable structure from neural population activity in a way
that meaningfully connects data to scientific questions.

While advances in statistical modeling and machine learning have enabled increasingly
accurate prediction and decoding from neural data, prediction alone is rarely sufficient for
scientific understanding. In many settings, the primary goal is not simply to determine whether
neural activity can predict a behavioral variable or experimental condition, but to understand
how neural populations are organized, which aspects of activity are informative, and how these
properties change across experimental manipulations. This places interpretability, rather than
predictive performance alone, at the center of population-level analysis.

Neural population data present several intrinsic challenges that complicate interpretability.

Neural activity is often noisy, strongly correlated across neurons, and heterogeneous in both



magnitude and temporal structure. Population responses typically reflect the combined influence
of multiple factors, including experimental conditions, task structure, internal state, and intrinsic
circuit dynamics. Importantly, these influences are not always expressed through simple changes
in average activity. Instead, they may appear as changes in coordination among neurons, shifts in
which subsets of neurons are informative, or differences in how population structure evolves over
time. Analytical approaches that focus on a single summary statistic or assume a fixed notion of
relevance risk obscuring meaningful structure in the data.

A further complication is that the notion of “structure” in neural population activity is
inherently multi-faceted. Depending on the scientific question, structure may refer to coordinated
groups of neurons that distinguish experimental conditions, to subsets of neurons whose relevance
depends on contextual variables, or to patterns of activity that are shared or distinct across
different recording sites. These forms of structure reflect different underlying questions about
neural computation and cannot be reduced to a single analytical objective. Consequently, methods
designed to answer one type of question may be ill-suited for another.

In practice, neural datasets also come with a range of experimental constraints. Record-
ings may be obtained from a single brain region or from multiple regions, collected simultane-
ously or across separate experiments, and may involve varying population sizes and behavioral
paradigms. Effective analytical approaches must therefore be flexible enough to operate under
diverse data regimes while remaining faithful to the scientific questions they aim to address.
Treating population analysis as a one-size-fits-all problem can lead to models that are either
overly restrictive or insufficiently interpretable.

Together, these considerations highlight that neural population activity cannot be fully
characterized by a single summary statistic or analytical lens. Population structure reflects
a combination of coordinated activity, conditional relevance, and shared or distinct patterns
that emerge under different experimental circumstances. These properties are not independent;
rather, they are intertwined aspects of how neural populations organize information and support

behavior. A productive approach to interpretation therefore requires embracing this complexity



and developing analyses that can illuminate different facets of population structure without

reducing them to a single notion of variability.

1.2 Three perspectives on neural population dynamics

The challenges outlined in the previous section arise from a common source: neural
population activity is structured in ways that are richer than can be captured by any single
summary or analytical lens. Population structure reflects how neurons act together, how their
relevance depends on experimental or behavioral context, and how information is organized
across recording sites or circuits. These properties are intertwined, yet each highlights a different
aspect of how neural populations encode and transform information. Making progress, therefore,
requires explicitly acknowledging these different facets and developing ways to reason about
them in a principled manner.

In this dissertation, we organize the study of neural population activity around three
complementary perspectives on population dynamics (Fig. 1.1). These perspectives are not
intended to define separate problems, nor to partition neural data into disjoint categories. Instead,
they provide different views of the same underlying object—neural population structure—each
emphasizing a particular way in which meaningful variability can manifest. Together, they offer
a conceptual framework for interpreting population-level activity without reducing it to a single
notion of signal or relevance.

The first perspective focuses on reorganization across conditions. Neural population
structure can change when experimental conditions, task demands, or behavioral states differ. For
example, neural populations in patients with a neurological disorder may exhibit altered patterns
of coordination compared to healthy controls, with subsets of neurons becoming more strongly
or weakly correlated under the disease condition. Importantly, such changes are not always
reflected in differences in average activity at the level of individual neurons. Instead, distinctions

between conditions may emerge through changes in how neurons relate to one another—for
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Figure 1.1. Three complementary perspectives on neural population dynamics.

(A) Reorganization across contexts: differences between experimental conditions may appear
through changes in the collective organization of neural activity rather than through changes in
individual neurons alone. (B) Feature relevance across contexts: the contribution of individual
neurons or features to a predictive or behavioral variable can vary with context. (C) Interactions
across regions: neural activity across regions may contain components that are shared across
them as well as components that are region-specific.

example, through shifts in coordinated activity patterns or the formation of condition-specific
groups. This perspective emphasizes population-level organization and seeks to understand how
collective structure, rather than isolated features, differentiates conditions.

The second perspective addresses context dependence in neural representations. Even
when the goal is to predict or decode a specific outcome, the relevance of individual neurons
or features may depend on contextual variables such as task phase, stimulus configuration, or
experimental parameters. For example, during a delayed reaching task, some neurons strongly
encode movement direction during execution, whereas others become selectively informative
during the preparatory period. In such cases, a fixed or global notion of feature importance can

obscure how neural populations adapt to changing circumstances. This perspective emphasizes



conditional relevance: understanding which components of population activity matter under a
given context, and how their importance varies as context changes.

The third perspective concerns distributed representations and shared structure. Neural
population activity may reflect a combination of components that are common across recording
sites or conditions and components that are specific to particular regions or sources. For example,
during a reaching task, activity in premotor and motor cortex may share a low-dimensional com-
ponent related to movement direction, while each region also exhibits region-specific dynamics
reflecting its distinct role in planning and execution. Separating shared structure from source-
specific activity is essential for understanding how information is coordinated and transformed,
particularly when data are collected from multiple recording locations or experimental settings.
This perspective highlights how population structure can be decomposed into components that
support interaction and components that reflect local specialization.

Crucially, these perspectives are complementary rather than competing. Reorganization
across conditions, context-dependent relevance, and shared versus specific representations
describe different ways in which neural population structure and dynamics can vary. A single
dataset may exhibit all three forms simultaneously, and insights gained from one perspective can
inform interpretation from another. Rather than seeking a single unified description that captures
all aspects of population dynamics at once, adopting multiple perspectives provides a structured
way to interrogate complex neural data while preserving interpretability.

The sections that follow elaborate on each of these perspectives in turn, developing
the conceptual motivation underlying each and setting the stage for the methods and analyses

presented in later chapters.

1.3 Reorganization across conditions

A central question in the analysis of neural population activity is how population structure

changes across experimental conditions, behavioral states, or task demands. In many settings,



differences between conditions are not fully captured by changes in the average activity of
individual neurons alone. Instead, meaningful distinctions may emerge through changes in coor-
dinated population structure, including differences in correlation patterns, functional grouping,
or low-dimensional organization across subsets of neurons [Cunningham and Yu, 2014a, Vyas
et al., 2020, Churchland and Shenoy, 2024]. This perspective motivates studying reorganization
across conditions at the level of neural populations rather than treating neurons as independent
features.

More generally, detecting features that separate between two or more conditions is a
critical task across many scientific domains. Often, separation between conditions is driven
not by isolated variables, but by sets of strongly dependent features that together form one or
more differentiating groups. Recovering such groups can provide insight into the mechanisms
underlying the data and can yield more interpretable structure than black-box discrimination
alone. This idea arises in settings such as transcriptomics, where groups of genes may distinguish
biological conditions or responses to treatment [Zhao et al., 2021], as well as in neuroscience
and multimodal data analysis, where condition-specific structure may be expressed through
coordinated relationships among features rather than marginal effects of individual variables
[Xiao et al., 2018].

This viewpoint is especially relevant for neural population recordings, where correlations
and shared variability are intrinsic aspects of the representation rather than nuisances to be
removed [Cunningham and Yu, 2014a, Vyas et al., 2020]. From this perspective, interpretability
comes not only from identifying which neurons differ across conditions, but from revealing
how subsets of neurons jointly reorganize in ways that distinguish one condition from another.
Such group-level structure may reflect shared inputs, circuit motifs, or coordinated population
responses, and therefore offers a richer description of condition-dependent neural dynamics than
feature-wise analyses alone.

An important aspect of this perspective is that reorganization across conditions need

not be captured by a single differentiating group. Multiple groups of correlated features may



contribute to condition separation, potentially reflecting distinct sources of variability or different
functional roles. Moreover, these groups need not be symmetric across conditions: a population
pattern that is prominent in one condition may be absent, weaker, or reorganized differently in
another. Capturing such asymmetric and group-specific changes is important for understanding
how population structure adapts across contexts rather than reducing condition differences to a
single discriminative axis.

Many commonly used analytical approaches are not ideally suited to this setting. Sparse
feature selection methods often return a small subset of representative features from a larger cor-
related group, which can obscure the collective structure that differentiates conditions [Tibshirani,
1996b, Yamada et al., 2020]. Extensions designed to account for correlation structure, such as
clustered LASSO, OWL, and elastic net, partially address this limitation but are typically tied to
linear predictive formulations and do not explicitly recover multiple distinct groups of correlated
features that contribute to separation [She, 2008, Bogdan et al., 2013, Figueiredo and Nowak,
2016, Zou and Hastie, 2005, Witten et al., 2014]. Likewise, discriminant subspace methods aim
to identify directions that best separate classes, but do not directly target interpretable groups of
dependent features [Song et al., 2010, Sharma et al., 2014, Fukunaga and Koontz, 1970, Ochilov
et al., 2006, Moutafis et al., 2017]. Spectral multi-view approaches capture latent processes that
appear in all modalities Lederman and Talmon [2018], Lindenbaum et al. [2020b]. In contrast,
other works developed methods to recover latent processes that are unique to a single modality
from the multi-modal datasets Shnitzer et al. [2019]. However, these approaches are developed
for identifying shared or distinct structure between samples, not features, and they do not identify
groups of samples that asymmetrically differ between condition.

These considerations motivate a complementary, data-driven view of reorganization
across conditions: one that seeks to identify groups of correlated features whose relationships
differ across conditions, without relying on a specific predictive model. This is the perspective
taken in Chapter 2, where I develop Differential Spectral Clustering (DiSC), a spectral framework

for identifying groups of features whose connectivity structure differs across conditions. In



the context of this dissertation, this perspective serves as one way of formalizing how neural
population structure can reorganize across conditions, emphasizing collective structure rather

than isolated feature differences.

1.4 Context dependence in neural representations

Neural population activity is often strongly shaped by contextual variables such as task
condition or phase, stimulus configuration, or internal state. Rather than encoding information
through a fixed set of task-relevant neurons, neural populations frequently exhibit representations
in which the contribution of individual neurons depends on the behavioral or experimental
context [Mante et al., 2013, Rigotti et al., 2013, Stokes et al., 2013]. Characterizing neural
representations therefore requires not only identifying which signals are present in population
activity, but also understanding how the relevance of different neurons varies across contexts.

From a methodological standpoint, identifying informative variables for prediction or
explanation is a central objective in statistical learning and data analysis [Li et al., 2017, Kumar
and Minz, 2014, Islam et al., 2022]. Most feature selection techniques, however, adopt a
global perspective in which a single subset of variables is assumed to remain informative
across all samples and conditions. This assumption can be restrictive in settings where the
relationship between explanatory variables and outcomes is modulated by contextual factors.
Context-dependent feature relevance arises in many application domains, including healthcare,
recommender systems, and neuroscience, where explanatory variables may play distinct roles
under different conditions [Baltrunas and Ricci, 2009, Mante et al., 2013, Rigotti et al., 2013].

Neural population recordings provide a clear illustration of this phenomenon. Activity
patterns frequently exhibit mixed selectivity and high-dimensional representations, in which
individual neurons respond to combinations of task variables and their functional contribution
varies across behavioral contexts [Rigotti et al., 2013, Stokes et al., 2013, Fusi et al., 2016]. In

such representations, task-relevant information is distributed across the population rather than



localized to a fixed subset of neurons. As a consequence, neurons that carry strong task-related
signals in specific contexts may appear weak or uninformative when activity is analyzed globally
across all conditions. Analytical approaches that assume a single invariant set of informative
neurons can therefore obscure important aspects of population-level representation.

Existing approaches address this problem from several directions. Context-specific
modeling frameworks such as Contextual Explanation Networks (CEN) [Al-Shedivat et al.,
2020], Contextualized ML [Lengerich et al., 2023], and Contextual LASSO [Thompson et al.,
2023] allow prediction rules to vary with contextual variables, typically by parameterizing
context-dependent model coefficients. These approaches provide useful formulations of context
dependence, but are often tied to linear prediction models or do not explicitly impose sparsity,
limiting their ability to identify compact and interpretable sets of context-relevant features. A
different line of work considers dynamic or sample-wise feature selection, in which the selected
features depend on the observed sample itself [Chen et al., 2018, Yoon et al., 2018, Yang et al.,
2022a], or active feature acquisition methods that iteratively choose which features to observe
during inference [Shim et al., 2018, Covert et al., 2023]. While these methods permit feature
relevance to vary across samples and can incorporate contextual information, they typically do
not yield a direct characterization of how feature importance changes as a function of context.
Recovering such structure generally requires aggregating sample-level selections across contexts,
often through coarse binning or post-hoc summarization, which obscures smooth and systematic
variation in relevance.

These limitations motivate a formulation in which feature relevance is modeled explicitly
as a function of contextual variables. In the setting of neural population analysis, such a
formulation enables determining not only which neurons are informative, but how their relevance
changes across task conditions, behavioral states, or experimental settings. Chapter 3 develops
this idea through Conditional Stochastic Gates (c-STG), a framework for contextual feature
selection that models feature relevance as context-dependent rather than globally fixed. Within

the broader scope of this dissertation, this perspective provides a way to formalize context



dependence in neural representations by focusing on conditional relevance rather than invariant

feature importance.

1.5 Distributed computation across brain regions

Recent advances in large-scale neural recording technologies, including high-density
electrophysiology probes and volumetric calcium imaging, have enabled simultaneous mea-
surement of neural population activity across multiple brain regions. These recordings reveal
that neural computation is rarely confined to a single brain region. Instead, behaviorally rele-
vant signals often emerge from interactions among distributed neural populations, combining
globally coordinated activity patterns with region-specific dynamics [Jun et al., 2017, Machado
et al., 2022]. Understanding neural computation in such settings therefore requires analytical
approaches that characterize how population activity is coordinated across interacting brain
regions.

A central challenge in this setting is distinguishing activity that reflects inter-regional
coordination from signals that are specific to individual populations. Neural populations in
different regions can exhibit shared dynamics that mediate communication across areas while
simultaneously maintaining private dynamics associated with local circuit processing. Separating
these shared and region-specific components of population activity is therefore important both
for understanding distributed circuit mechanisms and for interpreting perturbation experiments
that manipulate specific nodes within a network.

Latent variable models provide a natural framework for studying such population-level
structure. By representing high-dimensional neural activity in a lower-dimensional latent space,
these models aim to capture the underlying dynamics that govern coordinated neural responses
[Cunningham and Yu, 2014b]. Extending latent representations to multi-region recordings offers
the possibility of jointly modeling within-region population dynamics and interactions between

neural populations across different areas.
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Several lines of work have developed latent-variable models for analyzing neural popula-
tion activity and inter-regional interactions. Classical approaches for single-region recordings
include linear dimensionality reduction methods such as PCA [Pearson, 1901] and factor analy-
sis [Harman, 1976], as well as temporally structured extensions like Gaussian Process Factor
Analysis (GPFA) [Yu et al., 2009]. More recent models introduce nonlinear dynamics through
recurrent or attention-based architectures, including LFADS[Pandarinath et al., 2018] and the
Neural Data Transformer [ Ye and Pandarinath, 2021]. For multi-region recordings, Gaussian-
process-based latent models such as DLAG [Gokcen et al., 2022] and its extensions [Gokcen
et al., 2023, 2024] explicitly decompose activity into shared and region-specific components,
while related approaches including multiset CCA [Hotelling, 1936], tensor decompositions [Ci-
chocki et al., 2015], and current-based decomposition [Perich et al., 2020] have also been applied
to characterize interactions across areas. In parallel, multiview representation learning methods
including DCCA [Andrew et al., 2013], DCCAE [Wang et al., 2016], DMVAE [Lee and Pavlovic,
2021], MVAE [Wu and Goodman, 2018], and SPLICE [Koukuntla et al., 2024] have been pro-
posed to disentangle shared and private latent factors across modalities or views. However, these
approaches typically address only a subset of the challenges posed by large-scale multi-region
neural recordings. In particular, existing methods do not simultaneously capture nonlinear and
non-stationary dynamics, preserve temporal structure, and scale to recordings from more than
two interacting brain regions without incurring substantial increases in model complexity.

These considerations motivate analytical approaches that explicitly model shared and
region-specific representations while preserving the temporal dynamics of neural population
activity. In Chapter 4, I develop the Coupled Transformer Autoencoder (CTAE), a framework
for learning nonlinear latent representations that disentangle shared and private activity across
multiple brain regions. Within the broader context of this dissertation, this perspective comple-
ments the earlier analyses of reorganization across conditions and context-dependent feature
relevance by focusing on how neural computation emerges from interactions among distributed

neural populations.
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1.6 Overview of the dissertation

This dissertation develops interpretable machine learning frameworks for analyzing
neural population activity from several complementary perspectives. Each chapter addresses
a distinct scientific question about population-level structure—how neural activity reorganizes
across conditions, how feature relevance depends on context, and how distributed brain regions
coordinate activity—while emphasizing interpretable representations that remain applicable to
large-scale neural datasets.

Chapter 2 addresses reorganization across experimental conditions. It introduces Differ-
ential Spectral Clustering (DiSC), a data-driven framework for identifying groups of correlated
features whose relationships differ across conditions. By constructing condition-specific feature
graphs and detecting changes in their connectivity structure using spectral methods, DiSC uncov-
ers coordinated groups of differentiating features without relying on a predefined predictive model.
The method is analyzed theoretically and evaluated on synthetic and real datasets—including
hyperspectral imaging, single-cell RNA sequencing, and task fMRI—demonstrating its ability to
recover multiple groups of condition-specific features.

Chapter 3 studies context dependence in feature relevance. It develops Conditional
Stochastic Gates (c-STG), a framework for contextual feature selection in which the importance
of input features varies with contextual variables that do not directly determine the prediction
target. The proposed model learns context-dependent feature gates through a hypernetwork
that maps contextual variables to feature-selection parameters, enabling the model to adapt its
representation across contexts. Experiments on simulated and real datasets show that c-STG
improves both predictive performance and interpretability in settings where feature relevance
changes systematically with context.

Chapter 4 examines distributed computation across brain regions using simultaneous
multi-region neural recordings. It introduces the Coupled Transformer Autoencoder (CTAE),

a nonlinear latent-variable model designed to disentangle shared and region-specific neural
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dynamics while capturing non-stationary temporal structure. CTAE employs Transformer-based
sequence modeling to learn latent trajectories and explicitly partitions each region’s latent
representation into shared and private subspaces. Experiments on synthetic datasets and multi-
region electrophysiology recordings demonstrate that CTAE recovers interpretable cross-region
representations and improves downstream decoding of behavioral variables.

Chapter 5 presents a neuroscience study investigating how cortical and thalamic in-
puts shape cell-type-specific dynamics in the dorsolateral striatum during movement. Using
large-scale calcium imaging data collected from identified neuronal populations under non-
simultaneous experimental conditions, this chapter introduces Trial Ensemble Attention Net-
works (TEA-Net) as a representational probe for assessing ensemble-level separability of neural
activity patterns. The resulting analyses reveal complementary contributions of cortical and
thalamic pathways to striatal population dynamics, highlighting cell-type-specific and region-
dependent structure in motor circuits.

Finally, Chapter 6 discusses the broader implications of these findings, highlights con-
ceptual connections among the different methodological perspectives developed throughout
the dissertation, and outlines directions for future work. Together, the chapters illustrate how
interpretable machine learning frameworks can reveal structure in neural population activity

across experimental conditions, behavioral contexts, and distributed brain circuits.
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Chapter 2
DiSC: Differential Spectral Clustering

2.1 Motivation and background

Detecting variables or features that distinguish between two or more conditions is a
fundamental task across many scientific domains. In numerous settings, differences between
conditions are not driven by isolated features, but rather by groups of strongly dependent
variables whose joint behavior encodes condition-specific information. Identifying such groups
can provide insights into the underlying structure of the data and the mechanisms that generate it.

Strongly dependent differentiating features arise naturally in biological data. For example,
in transcriptome analysis, gene expression measurements are often collected from cells belonging
to different biological conditions, such as distinct cell types, disease states, responses to treatment,
or different stages of development or evolution [Zhao et al., 2021]. In such settings, groups
of genes—commonly referred to as pathways—may jointly distinguish between conditions,
even when individual genes exhibit only weak marginal effects. Recovering these groups can
substantially enhance interpretability and scientific insight.

Beyond transcriptomics, the problem of identifying groups of differentiating features
appears in a wide range of applications, including neuroscience [Xiao et al., 2018], computer
vision, and machine learning [Caye Daudt et al., 2018]. In all of these domains, methods that
go beyond black-box prediction to reveal structured, condition-specific feature groupings are

particularly valuable for interpretation and hypothesis generation.
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Due to its broad relevance, feature selection has been the focus of extensive research.
Many classical approaches aim to produce sparse solutions, selecting only a small subset of
features from a potentially large and correlated set. One class of methods is based on subset
selection, where features are iteratively added or removed according to a predefined criterion.
Another widely used family of approaches incorporates regularization into predictive models,
encouraging sparsity through penalty terms. For example, the LASSO replaces the non-convex g
norm with its convex ¢ surrogate [Elad, 2010, Tibshirani, 1996b], while more recent approaches
approximate £ regularization using stochastic gates [ Yamada et al., 2020].

To better handle correlated features, several extensions of sparsity-inducing regulariza-
tion have been proposed. Clustered LASSO [She, 2008] promotes equal coefficients within
predefined groups, while Ordered Weighted ¢; (OWL) regularization penalizes coefficients
based on their rank by magnitude, inducing grouping among correlated variables [Bogdan et al.,
2013, Figueiredo and Nowak, 2016]. Elastic Net combines ¢; and ¢, penalties to encourage
grouped feature selection [Zou and Hastie, 2005], and Cluster Elastic Net [Witten et al., 2014]
explicitly incorporates clustering penalties. Other approaches incorporate feature correlations
through graph-based regularization, for example by constructing a covariance graph and using
its Laplacian as a penalty term [Li et al., 2018b].

While effective in many settings, these methods typically operate within linear regression
frameworks. In many applications of interest, however, the dependence on informative features is
highly nonlinear, as in classification or clustering tasks. Moreover, most sparsity-based methods
aim to select individual features or enforce uniform grouping, rather than explicitly separating
multiple distinct groups of correlated features that contribute differently to class separation. Such
separation is often crucial for understanding different sources of variability in the data.

An alternative line of work focuses on discriminant subspace analysis, including linear
discriminant analysis and related methods [Song et al., 2010, Sharma et al., 2014, Fukunaga and
Koontz, 1970, Ochilov et al., 2006]. These approaches aim to identify projections that maximize

class separability, for example by optimizing criteria such as the Fisher ratio [Fisher, 1936].
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Extensions of this idea have been explored in matrix factorization and metric learning frameworks
[Gupta et al., 2014, Hess and Morik, 2017, Moutafis et al., 2017], as well as in geometry-based
approaches for differential feature extraction [Cohen et al., 2022]. However, these methods
generally do not explicitly recover groups of correlated features whose connectivity patterns
differ across conditions.

The approach developed in this chapter is also related to work on multiview learning
and data fusion. In these settings, data samples are observed through multiple modalities or
sensors, and the goal is to identify shared latent structure across views. Methods such as
Alternating Diffusion Maps (ADM) [Lederman and Talmon, 2018] and its extensions [Shnitzer
et al., 2019, Lindenbaum et al., 2020b] recover common and view-specific structure by operating
on multiple graphs. A wide range of related techniques and applications has been explored in
the data fusion literature [Dong et al., 2009, Meng et al., 2020, Huang and Narayanan, 2016].
Most of these methods assume one-to-one correspondence between samples across views, for
example simultaneous measurements from different sensors, and focus primarily on shared latent
representations.

In contrast, the setting considered here involves correspondence between features rather
than samples, with the goal of identifying feature connectivity patterns that are specific to
individual conditions. Motivated by this distinction, we introduce Differential Spectral Clustering
(DiSC), a data-driven method for detecting and grouping features whose connectivity structure
differs across datasets. DiSC operates by constructing class-specific graphs on the feature space
and applying a spectral embedding to reveal groups of correlated features that differentiate
between conditions. The resulting framework is non-symmetric, enabling the identification of
class-specific differential feature groups, and admits theoretical characterization under stochastic

block model assumptions.
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2.2 Methodology for Differential Feature Grouping
2.2.1 Problem formulation

We begin with a formal description of our problem, followed by relevant notation. We
consider two datasets X4 € R™*? and X8 € R"™*? where the rows in each matrix are high-
dimensional samples and the columns are the features, see illustration in Fig. 2.1a. Both datasets
have the same p features, such that the feature column in A, denoted X_fi‘ € R" corresponds to the
feature column in B, denoted X,? € R"8, Our goal in this work is to detect one or more subsets
of features that together differentiate between the two states A and B. These subsets can be, for
example, groups of genes that form a biological pathways, or a subset of brain parcels in fMRI
data with similar blood oxygen level dependent (BOLD) activity.

In our approach, we compute two graphs, denoted G4, Gp with p nodes that correspond
to the features of the given data (Fig. 2.1b). We denote by Wy, Wp the weight matrices of the two
graphs, whose elements are functions of the similarity between features, as computed by two

kernel functions,
Ka(X},X5):R" xR™ R and Kp(X7 XB):R"™ xR"™ - R. (2.1)

These for example can be the RBF kernel K(x,x') = exp{—||x — x’||*/&€?}. Our underlying
assumption is that differences between the two states A,B are expressed as differences in
connectivity patterns between the two graphs G4 and Gp. For example, a pair of features i, j

may be insignificant in state A and highly significant and dependent in B. This will imply,
Ka(X},X5)~0 and Kp(X? X5)>o0.

If there is a subset of [/ features iy,...,i; that are strongly dependent in B but not in A, the

resultant nodes in G will form an independent component with dense connections among the
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nodes. However, this independent component will not exist in G4, see illustration in Figure 2.1.
Thus, the task of obtaining sets of significant features boils down to identifying the independent

components that appear in one graph but not the other.

) w, We

U, Us Ve
d)

Figure 2.1. DiSC overview. a) Datasets A and B share the same p features. b) Constructing
graphs G4 and Gp on the feature space for each dataset, we aim to find which nodes have
different connectivity pattern between the two datasets. ¢) The weight matrices each follow a
stochastic block model, where in B a subset of of the nodes form a separate block. d) Subspaces
spanned by the eigenvectors of P4 and Pg, and the differential feature between B and A.

2.2.2 A graph cut perspective

Given a graph G with n nodes and its associated weight matrix W € R™*", the minimum-
cut of G is the minimum, over all possible partitions @ and 3, of the sum of the edge weights
Yica,jep W(i,j). This task is strongly related to the spectral clustering algorithm. For com-
pleteness, we begin with a brief description of this relation. For a more thorough review
see Von Luxburg [2007].

A variation of the minimum-cut, designed to avoid highly imbalanced partitions, is the

ratio-cut

Reut(a,B)= ) W (ﬁ + ﬁ) : (2.2)

ico,jeP
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where ||, |B| denote the subset size. This can be formulated as

% ica

Reut(a,B) = fTL,f,  where f; = (2.3)
- \/% icp,

and L, is the unnormalized graph Laplacian matrix given by D — W, where D is a diagonal the
degrees of each node in its diagonal. Note that f is a non-binary indicator vector where each
elemnt of f, represented by f; only takes one of the two different values as given in Eq.(2.3). If
o, B are non-empty, then f is orthogonal to the constant vector with || f|3 = n. Minimizing Eq.
(2.3) over all partitions is a discrete optimization problem. To avoid it, one can relax the discrete
requirement over the elements of f in Eq. (2.3), while still maintaining the constraints 71 =0
and || f||3 = n. This relaxation yields a simple spectral solution, where the nodes are partitioned
according to the sign of the graph Laplacian eigenvector corresponding to the second smallest
eigenvalue (a.k.a Fiedler vector).

The minimum-cut criterion is designed to attain densely connected components that
have low connectivity with the rest of the graph. In our work, however, densely connected
components that appear in both graphs are of no interest, as they do not differentiate between the
two states. Rather, we would like to detect a partition (o, 3), say on Gp, that has two properties:
1) Reut(et, B), on Gp is minimized, which indicates that o and f are independent connected
components in Gg; 2) To avoid detection of components that exist both in G4 and Gp, Reut(a, 8)

on G4 is lower bounded by some constant. This double objective can be formulated by

m];nfTLBf st. fTLaf>y, |Ifl=1. (2.4)

The constraint || f|| = 1 is added for uniqueness, since L4, Lp are rank deficient. Relaxing the
discrete requirement in Eq. (2.3), the solution to Eq. (2.4) is given by the generalized eigenvalue

problem Lpf = uL4 f. Since L4 is not invertible, one numerical trick is to strengthen the diagonal
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of L4 to make it a full rank matrix. Relaxing the discrete requirement in (2.3), the solution is

given by the eigenvalue problem,

(La+el)'Lpf = uf. (2.5)

Motivated by the above derivation, in the next section we present our spectral approach for group
feature discovery. In the appendix we present a similar derivation that is based on the normalized

cut, whose relaxation relates to the eigenvectors of the random walk graph Laplacian.

2.2.3 Spectral approach for group differential feature extraction

Our proposed approach for detecting differences between graphs is motivated by the
solution of the double objective criterion given in Eq. (2.5). However, due to the instability and
computational complexity of the matrix inversion of the graph Laplacians L4, Lg, we make the
following two changes. First, we replace the unnormalized graph Laplacian matrices L4 and Lp

with the normalized random walk Laplacians
Py=D;'Wy  Pp=Dy'Wp,

where Dy, Dp are the degree matrices of G4, Gp, respectively. The random-walk Laplacian is the
basis of diffusion maps, which have been shown to be connected to spectral clustering in [Nadler
et al., 2005, 2006]. Let Up € R?*“8 be a matrix containing the dp leading right eigenvectors of
Pg. These vectors, scaled by their corresponding eigenvalues, are the diffusion vectors of the
graph Gp [Coifman and Lafon, 2006]. A vector containing the i-th element of the columns of Uy
is defined as the diffusion map representation of the i-th node.

The second change we make is to replace the inverse operation with the following

projection operator,

Os=I1-UsUFu)~'ul,  op=1-Us(ULUz)~'UL. (2.6)
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The matrices Q4,Qp are projection operators to the subspace complementary to the diffusion
vectors in Uy, Ug. We compute the differential vectors of G4, denoted (V4 ); and their significance

level (0y4); by solving the following optimization problem

| = i P, 2.7
(on); dimEn:llrlIli+1vreIls%§)|l 402 7

where E is a subspace in R?, S(E) denotes unit Euclidean sphere in E, (04); is the optimal
value of (2.7) and (V,); is the vector v at which optimal value of (2.7) is attained. Note that the
operator P4Qp whose singular vectors are used to attain differential features is not symmetric in
A and B. The differential vectors in V4 highlight components that are significant in A but not in
B. Similarly, the differential vectors Vp that are equal to the singular vectors of PpQy4 highlight
components that are significant in B but not in A.

The relation between the diffusion vectors Uy and the differentiating vectors V4 is similar
in nature to the relation between the outcome of the min-cut criterion in Eq. (2.3) and the double
objective in Eq. (2.4). The diffusion vectors in Up capture significant processes that underlie
state B. However, we are only interested in processes that differentiate between state A and B.
These are highlighted in the differential vectors V. In the experimental results in Sec. 2.4, we

compare the diffusion maps representation to the differential vectors to illustrate this difference.

Algorithm 2.1. DiSC

Input: Datasets X4 and X5
Two kernel functions K4 (-,-) and Kp(+,-)
Output: Subsets of differentiating features V4, Vp

Compute two graphs G4 and G on the columns of X4 and X? with weights given by (2.1).
Compute the random walk matrix, Py = D;1WA,PB = DEIWB.

Calculate Uy, Up, the leading right eigenvectors of Py, Pp.

Compute the projection matrices Q4,Op via Eq. (2.6).

Compute differential vectors V4 and Vp via Eq. (2.7).

Compute significance levels o4 and op via Eq. (2.7).

optional: Perform k-means over the rows of V4, and Vj.

AN A o S ey
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Differential vectors for downstream analysis

The differential vectors V4, Vp and their scores 04, 0p can be used in several ways. Here,
and in the experimental section, we use the vectors in one of two applications: (i) Detecting of
differential subsets of features. This can be done by performing k-means clustering over the
rows of the matrices V4, Vp; (i1)) Computing differential meta-features via VATXA and VBT Xp. In
section 2.4 and supplementary material we provide several examples for using both options in

downstream analysis (e.g., clustering, classification).

Computational complexity

Naively computing a graph based on a kernel function is of order O(p?). For some cases,
this can be prohibitively large. However, there are simple ways to reduce the complexity to be
close to linear. For example, a common approach is to compute the kernel function only for the
closest k-nearest neighbors, and not for all the O(p?) pairs of features. Computing k-nearest
neighbors for all features can be done effectively with structures such as KD-trees, with an
average complexity (for each feature) of klog(p). Thus the total complexity of computing such a
graph is O(kplog(p)). More efficient graph construction is possible with approximate nearest
neighbors. A second advantage of this approach is that the Laplacian matrix is sparse, with only
kn non zero elements. Thus, the computation of the eigenvectors can be done efficiently as well

with complexity O(kp).
2.2.4 [Extension to multiple datasets

The extension of our approach to multiple datasets (i.e. more than two) is straightforward.
We consider M datasets X € R™*P for m = 1,..,M. We compute random-walk transition
matrices on the graphs by P,, = D,,'W,,. Let U,, € RP*% be a matrix containing the d,, leading
right eigenvectors of P,,, and let O,, be a projection matrix onto the the complementary subspace
of Uy Us, given by
On=1-0,0r0,)"'0". (2.8)
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where U, = [U1,....Un—1,Ups1,...,Upy|. We then compute the differential vectors of G, de-

noted by (V,,); and the corresponding significance level (G,,); using

(Vn)i = argmax min ||PQOv||2. (2.9)
dimE=i VES(E)
(Om)i = |PnOm(Vin)il|2- (2.10)

where E is a subspace in R? and S(E) denotes the unit Euclidean sphere in E. An algorithm

implementing our approach for multiple datasets is given in Alg. 2.2.

Algorithm 2.2. DiSC - Extension to multiple datasets

Input: Datasets X € R"™*P fork=1:M
Kernel functions {K,(+,") }x=1:m
Hyper parameters {d,,; }r—1.m
Output: Subsets of differentiating features {V,, },n=1.m

1: Compute graphs G,, on the columns of X" with weights given by (2.1).
2: For all the graphs, compute the random walk matrix,

P,=D,'W,  form=1,...M

Calculate {U,, } m—1:m, the leading right eigenvectors of {P,, }—1.m-
Compute the projection matrices {Q,, } m—1.1 via Eq. (2.8).
Compute differential vectors {V,, }m—1.m via Eq. (2.9).

Compute significance levels {0y, }m—1.m via Eq. (2.10).

optional: Perform k-means over the rows of V4, and Vp.

AR A

2.3 Theoretical analysis
2.3.1 Recovery guarantees under a stochastic block model

The stochastic block model (SBM) has received a lot of attention due to its significant
role in obtaining theoretical guarantees for community detection. In this setting, the individual

community members are modeled as nodes in a random graph G. The edge weights W;; are
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sampled according to a Bernoulli distribution, with

p if i, j belong to the same community
Pr(W;;=1) = (2.11)

q otherwise.

Usually, one assumes p > g such that the connectivity within a block is stronger than the
connectivity between blocks, See [Abbe et al., 2015] for further details.

In our setting, we model the features in both states by two random graphs G4 and Gp. We
consider a toy problem in which the features that differentiate two states A and B have different
graph connectivity in G4 and Gp. In graph G4 the nodes are partitioned into two communities of
sizes [ and [ + s, with s < [. In contrast, the graph Gp has three communities, denoted ¢, 8 and
y. Community « is equal to the first community in G4, while 3,y are a partition of the second
into two groups of size / and s.

Our goal 1s to detect the elements in ¥ via a spectral approach whose steps are similar to
Algorithm 3.1. For simplicity of exposition, instead of using the graph Laplacian matrix as in
step 2 of the algorithm, we use the symmetric weight matrices Wy, Wp. Our goal in this analysis
is to provide insight into our ability to recover differentiating groups such as y via Algorithm 3.1.
Our main parameters of interest are the size of the differentiating group 7, and the ratio between
the size of y and the size of the original block. Elements that depend on other parameters of the
model (e.g. p and g) are referred to as constants. Our derivation consists of three main steps.
The proofs of our results are given in section 2.3.2. We note that all matrix norms (i.e. || X||) in
the following section and relevant appendices are the spectral norm.

Step 1: Here we address the non-random matrix E[Wg]| where E[-] is the expectation operator.
Let vg,vg, vy be the leading three eigenvectors of E[Wp] and by ey a binary indicator vector with

elements (ey); = 1ifi € y.
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Lemma 2.1. The distance between vy and \/Lge}, is bounded by

SCI(P,Q)\/;

The eigenvalue corresponding to vy is larger than (p — q)s.

1
Vy — %67/

Lemma 2.1 shows that if the ratio s/ is small enough, one can recover the elements in y
by applying a threshold to v,. However, in practice we only have access to Wg and Wy. In the
next step we bound the difference between vy and the eigenvector we compute by our spectral
approach.

Step 2: Let uq,ug be the two leading eigenvectors of the random weight matrix Wy, and let

Ow, =1 —uqul, —ug ug. In this step we address the leading eigenvector of Qw, WgQOw, -

Lemma 2.2. Let vy denote the leading eigenvector of Qw,WgQw,. Then,

. Vi s
oy =vrll < Co(p,@) =+ Cs(psa)y[7- wp 1—exp(=D).

Step 3: Observing the two lemmas, we see that there is a tradeoff concerning the size s of the
differentiating group Y. On the one hand, Lemma 2.1 shows that having a small value for s makes
the element more distinguishable in vy and thus easier to detect. On the other hand, if s < Vi
then the computed vector v, might be too noisy to actually detect the relevant features.

Combining the two lemmas, we conclude with the following theorem.

Theorem 2.3. We assume that s,1 are large s.t. s,1 > max;(C;), and s = 1% with 0.5 < o < 1.
We apply a threshold to ¥y to determine the elements of 'y. The relative number of errors Ng /s is
bounded by

C(p,g)l' 2% 05<a<2/3
: w.p 1 —exp(—1).
Gp,)I* ! 2/3<a<1

Proof of Theorem 2.3. Let C4(p,q) = C1(p,q) +C3(p,q). combining Lemmas 2.1, 2.2 with the
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triangle inequality, and assuming s = [ yields the inequality

V'y \/Eefy

L2 2,(1-20) 2 (a—1) —a)2
H < Gy (p,q)*l" +Ca(p,q)71 +Ca(p,q)Ca(p,q)l '~

For 0.5 < a < 2/3, the dominant term is C(p, q)*I' ~2%. We recover the elements in y by setting
a threshold of ﬁ to Vy. Each misclassified element contributes at least 1/(4s) to the squared ,
distance between \/%ey and Vy. Thus, for 0.5 <o <2 /3 the relative number of errors Ng /s is

bounded with high probability by

N, 1 2
£ <[rr— —zer|| x (95 <4co(p)
S

e HVY VG
A similar derivation can be done for 2/3 < a < 1. U

2.3.2 Proofs of recovery guarantees

Preliminaries

The Davis-Kahan Theorem
In our proof, we make a repeated use of the Davis-Kahan theorem. We apply both the

classic theorem, and a useful variant derived in Yu et al. [2015].

Theorem 2.4 (Yu et al. [2015], Theorems 1 and 2). Let W be a symmetric matrix with eigenvectors
Vi,...,vy and corresponding eigenvalues A > Ay, ..., A,. We denote by Wa perturbation of W,
with eigenvectors vy,...,v, and corresponding eigenvalues A > 12, e ,1,1. Let Tw, Ty be the

projection matrices onto a subspace spanned by the leading d eigenvectors,

In addition, we define 0 via,
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Then,

[ Tw — Ty |l < [[W —W]|/8.

Alternatively,

T — T l| < 2V |W =W/ (A — ).

The first inequality is the classic Davis-Kahan theorem and the second is its variant
derived in Yu et al. [2015]. The importance of the variant is that it bounds the eigenvector
perturbation as a function of the eigenvalues of original matrix W, with no dependency on the
eigenvalues of the perturbed matrix, which are unknown in many cases. In addition, the bound
on the projection matrices Ty — Tj; can be replaced with a bound on the difference in norm
between the subspace of eigenvectors, see for example Corollary 3 in Yu et al. [2015]. For a

single vector we have
22w —w||
min(Ai—1 — A, A — Aig1)

|7 — vi]| < (2.12)

Concentration of weight matrix for stochastic block models

Another useful result is the concentration, in spectral norm, of a weight matrix generated
according to the stochastic block model. This result follows directly from Bernstein’s inequality
for sums of independent matrices with bounded norm. This derivation is clearly presented, for

example, in Vershynin [2018]

Lemma 2.5. Let W € R/ be a matrix generated by the stochastic block model as in Eq. (2.11).
Then,

W —E[W]|=CV1  with probability ~ 1—exp(—I).

The rank of the expected weight matrix E[W] is equal to the number of communities in
the model. Assume d communities and let 7y and Ty denote the projection matrices onto the

leading d eigenvectors of W and E[W] respectively. Let A, denote the d-th eigenvalue of E[W].
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Combining Lemma 2.5 and Theorem 2.4 yields the following perturbation bound,

Cvdi

| Tw — Tgiw ||<— (2.13)

where C is a constant that does not depend on the parameters of the model.
Auxiliary lemmas

For the lemmas in this subsection we have the following notation. Let Wy, Wp €
R(249)%(21+5) e random weight matrices obtained via the stochastic block model as described in
Section 2.3.1. Let Qw, , Ogjw,] denote two projection matrices onto the complementary subspace

of the leading eigenvectors of Wy and E[Wp] respectively.

Lemma 2.6. We have the following bound on the numerator of Eq. (2.18).

10w, WsOw, — Qrjw, EIWs] Qx| < C1VI+Cy \/513

Proof. We denote by & = Qw, — Ogw,)- Applying the triangle inequality and the Cauchy-

Schwarts inequality,

| Ow, WeOw, — Or(w, E[Wa] Or[wy |
= || Ow, Wa(Qgjwy) + &) — (Qw, — &) E[Wa] Qg w, | (2.14)
< || Ow, (Ws — E[Ws]) Orjwy | + | EWE] Qrwy) || + [|Ow, WaE |-

< [Wa = E[Ws][| + €' ITEW5] Qgiwy) | + [| Qw, Wal[[| £

The term || E[W5]| Qg w,)|| is equal by definition to the third eigenvalue of E[Ws]. We combine

lemmas 2.5, 2.7 and 2.8 to get,

10w, WEOw, — Orw, EWa|Qrwy) || < CVi+ \/513 +Ca/s.
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Lemma 2.7. The error of || €| = || Qw, — O[w,) || is bounded by,

el <y

Proof. The triangle inequality yields,

10w, — Orwyll < 1Ow, — Orwy Il + | Qrw,) — Orwy I

For the first term, we use the results for the standard stochastic block model of sizes [ and [ + s.

The second (and smallest non-zero) eigenvalue of [E[W,] is larger than (p — q)%

CcV1 C
10w, — Crpwyll < =

(P—a)l  Vilp—q)

The second term bounds the difference in projection matrices of the subspace spanned by the
leading two eigenvectors of E[W,| and E[Wg]|. In the proof of lemma 2.1 we show that the
difference between the leading eigenvectors of the two matrices is bounded by \/§ and that the

second eigenvector is identical. It follows that,

C s
— <= 4./
10w, — Orwy) | < Vi —a) 7

Lemma 2.8. The value of || Qw,Wa|| is bounded by,

|Ow, W < CVI.
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Proof. We use the triangle inequality and Cauchy Schwartz to split the term into the following,

10w, Wal| < [|Qw, Wall + (| Qw, (Wa — Wg) || < [|Qw, Wall + [|Qw,, (E[Wa] — E[Wg])|
+ 11 Qw, (W — E[Wg]) || + || Qw, (Wa — E[W4]) || (2.15)
< [|Qw, Wall +[[Wg — E[Wp][| + [[Wa — E[WA]|| + || Qwa (E[W4] — E[W3])]]
< |Qw,Wall + [[Ws — E[Wpg]|| + [[Wa — E[Wa][| + | Qrw,) (E[Wa] — E[Ws])|

+ [[EWa] — E[Wg]|[[| Qrw,] — Ow, |l

By lemma 2.5 (concentration of the norm of random matrix) The terms |Wp — E[Wp]|| and
|Wa — E[W4]|| are bounded by C+v/I. The term ||Qw,Wa| is equal by definition to the third
eigenvalue of Wy. Recall that the third eigenvalue of E[W,] is equal to zero. Thus, by weyl’s

inequality, the third eigenvalue of Wy is bounded by
A3(Wa) < [Wa —E[Wa]|| <CVI.

To bound the term ||Qwa (E[W4]| — E[Wpg])|| note that the matrix E[W,] — E[Wp] is deterministic,
and equal to

E[Wa] — E[Ws] = (p—q)epe;,

with a norm of (p — ¢)v/sl. The operator Ow, removes the average from the vector vg over the

[ + 5 last elements. Thus, the norm of ||Qgw, e || is bounded by s/1, which implies that

Qg (EWa] —~EW])| < (p—q)s*?/1.

Finally, the last term is bounded by C(})—%ﬂ = Cp‘fq, Which is dominated by the first four

terms. Summing up the different terms we have,

| Ow, Wa|| < cVi+ (p—q)s3/2/l.
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Proof of lemma 2.1

Proof. We define e, ep and ey as the binary block indicator vectors where (eq)i=1lifi€ a,

(eg)i=1lifi€ B and (ey);=1ifi€y. LetE € R(2+5)%3 be a concatenation of eq,ep and ey.

We denote the pairwise block confusion matrix ® € [0, 1]>*3 given by,
p i=]j
0, = (2.16)
q iF]

The expected weight matrix of the stochastic block model is equal to,

E[Wp] = EOET .

We denote by A € R3*3 a diagonal matrix with,

A=V1 Ap=V1 A=+

The expected weight matrix of the stochastic block model is equal to

E[Ws] = EQET = (EA~!)(AGA)(AT'ET).

The matrix EA~! is orthonormal. The eigenvalues of E[Wp] are thus equal to the eigenvalues of
A®A and the corresponding eigenvectors are equal to EA~! multiplied by the eigenvectors of

A®A. Consider the matrix Z given by,

(A@A),‘j ihj<3ori=j=3
Zij=

0 oW.
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The eigenvectors of Z are equal to u; = [1,1,0] and up = [1,—1,0] with corresponding eigen-
values (p+¢)l and (p — q)I respectively. We denote by iy, i, ii3 the eigenvectors of AGA. A

direct computation shows that ii, = u, with the same eigenvalue. Applying Theorem 2.4 yields,

2V2|Z—ABA|  4v2qVIs  [8s
2¢l o290 VI

g — iy || < (2.17)

Both u;,u3 and iy, i3 are orthogonal to uy = ii» and thus span the same 2D subspace. This

- . 8s
83 — uz|| = [lur —dir || <4/ E

It follows directly that vy, the the third eigenvector of E[Wp]| satisfies

8s
< —.
=V

Finally, we derive a lower bound on the third eigenvalue of [E[Wp]. Recall that the eigenvalues of

implies

1
HVY_%E'Y

E[Wp] are equal to those of A®A. For the latter we apply the inequality,

)Lmin (A®A> Z Amin (A) A'rnin (®) /lrnin (A) )

where Ay, denotes the smallest eigenvalue. The matrix A is diagonal with values Vi , Vi /S

and hence Apin(A) = /s. By direct computation Ay,in (®) > (p — ¢). Hence,

23(E[WB]) = Amin(AGA) > s(p — q).

Proof of Lemma 2.2

In this lemma we bound the difference between the vector vy and the corresponding

eigenvector of E[Wp|, denoted by v,. Recall the definition of Ok[w;) as the projection matrix onto
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the complementary subspace of the two leading eigenvectors of E[Wp]. By definition, vy is the
leading eigenvector of QE[WB]E[WB]QE[WB]- Thus, our goal is to bound the leading eigenvector of

two matrices:

Ok(w, EWs]Qrw, and QOgw, WsOrw,)-

To that end, we apply the Davis-Kahan theorem. Let A, be the third eigenvector of E[Wp|. The

theorem gives the following bound.

| <232 || O iwy) EWa] Oriwy) — Oriw, WaQrw,) ||

7L3 (2.18)

||V7—

Applying lemma 2.6 we get:

oy — iy <Y +c2\[

For the first term, we apply the lower bound A3 > (p — g)s. This yields,

i
v — | gclgjucz\/g

2.3.3 Alternative justification via normalized cuts

A different variation of the graph-cut criterion in (2.2) is the Normalized cut. Let d;
denote the degree of node i, and let vol(a) = };d; be the sum of degrees of a subset of nodes &

The normalized cut is equal to,

1 1
Neut(e, B) = Z W (i J)<V01( )+V01(ﬁ) )

ica,jep
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Similarly to (2.3), we can define an indicator vector by,

wllf) e g
= V‘lﬂ“ (2.19)
V\(I)O(lg) 1€ ﬁ

The normalized cut can be expressed as,

Neut(e, B) = fTLf.

Here, the indicator vector is orthogonal to D1, where D is a diagonal matrix containing the
degrees {d;} in its diagonal and 1 is the all ones vector. In addition, though the norm of f
depends on a, the term f7 Df is a constant. Relaxing the requirement in Eq. (2.19), yields the

following optimization problem for the normalized cut,
m}n fTLf  subjectto  fIDf=1.

In our work, we consider two graph Laplacians L4, Lp. For simplicity we assume that the degree
matrix of both graphs is identical. Thus, the indicator vector in Eq. (2.19) is the same for both
graphs and for any partition. The second graph Lp yields a second constraint on the optimization
problem.

min fTLyf subjectto fIDf=1, flLgf=y. (2.20)

The solution to Eq. (2.20) satisfies the generalized eigenvector problem
Laf = M (D + lzLB)f.
Multiplying both sides by D! yields,

(I+XP) ' Paf = Mif, (2.21)
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where Py, Pg are the random walk Laplacian matrices. Note that the term (I 4+ A,D~'L,)~!
is a regularized inverse matrix of Pp, often used to ovoid an arbitrary increase of noise when
computing the inverse of ill condition matrices. Thus, the expression in (2.21) is very similar in

nature to the expression in Eq. 2.5.

2.4 Empirical evaluation and applications
2.4.1 Controlled toy problems

We demonstrate the behavior of DiSC using three toy examples that capture different
patterns of feature correlation across datasets: (1) a subset of features that is uncorrelated in
one dataset becomes correlated in another; (2) a correlated feature group in one dataset splits
into multiple correlated subgroups in another; and (3) an extension to more than two datasets,
where distinct feature connections are specific to individual datasets. Unless otherwise noted, all
experiments use RBF kernels with adaptive bandwidth, and the dimensionalities dy4,dp (and d¢
where applicable) are chosen consistently across datasets. Details of hyperparameter selection,

including kernel bandwidth and eigenspace dimensionality, are provided in Section 2.4.6.

Identifying newly connected features

We generated two datasets X4 and X with p = 250 features and ny = ng = 10,000
samples from a Gaussian mixture model (Fig. 2.2(a)), whose feature correlation is shown in
Fig. 2.2(b). In the two datasets, the first 100 features are i.i.d samples from a normal distribution
and the next 50 features are sampled from two Gaussian distributions with low rank covariance
matrices. Features 151-200 in X4 are sampled from two other Gaussian distributions with low
rank covariance matrices, whereas in X5, they are independent noise. Features 201-250 in XA
are independent noise, whereas in X2, they are sampled from two other Gaussian distributions
with low rank covariance matrices.

Our goal is to identify the features 151-200 as the features that distinguish X4 from

X8, and vice versa for features 201-250. We apply DiSC with dy = dg = 20. The first two
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Figure 2.2. a) Random samples from X4 and XB. b) Feature correlation matrices of X* (left)
and X2 (right). ¢) Significance of the differential vectors of X4 (blue) and X5 (orange). d) Top
two differential vectors. ) Top four diffusion maps of the features of XA (blue) and X8 (orange).

significance values of the differential features are high and then significance drop drastically
(Fig. 2.2(c)), indicating that the first two differential vectors are important in each dataset. These
top two differential features for X4 and X are shown in Figure 2.2(d). Clearly, (V4); and
(V)2 highlight the features between 151-200 and more precisely, the two Gaussian mixtures are
separately represented in each of these vectors. Similarly, (V) and (Vp), highlight the features
between 201-250 and these represent the other two Gaussian mixtures. On the other hand, the
diffusion maps eigenvectors, U4 and Up, captures all the connected components and not just the

differential features as unique groups, as shown in Fig. 2.2(e).
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Identifying subsets of connected features

We generated two datasets X4 and X? with p = 200 features and n4 = ng = 10,000
with correlation between the features as shown in Fig. 2.3(a). In both the datasets, the first 100
features are correlated. In X4, all the remaining features form a second correlated group, yielding
two connected components in the feature space. In X? the remaining features are composed of
two groups of correlated features, namely, feature indices 101-125 and 126-200.

Here the goal is to identify these smaller subsets of correlated features in X2, as this
signifies an increase in the dimensionality of correlation structure compared to X4. This also
means that X2 has richer feature information than X*, therefore we have to identify that there
are no differential features in X4.

We use the significance level associated with the differential vectors to determine if
the differential vectors are meaningful. We apply DiSC with d4 = dp = 20. Fig. 2.3(c) shows
the differential vectors of X4 and X? and the corresponding significance levels are shown in
Fig. 2.3(b). The significance level associated with the differential vectors of X4 is negligible
compared to that of X2, indicating that feature information in X# is contained in X2. In
addition, the difference between the significance of the first two differential vectors of X? is
large. Therefore, the first differential vector of X2 captures the major difference, and it groups
feature indices 101-125 and 126-200 with positive and negative values respectively (Fig. 2.3(c)).
In contrast, diffusion maps captures the two connected components in X4 and three connected

components in X2, and not just the differential components (Fig. 2.3(d)).

Extending DiSC to multiple datasets

To illustrate the extension of DiSC beyond pairwise comparisons, we consider three
datasets X4, Xp, and X, each consisting of p =400 features and ny = ngp = nc = 10,000 samples.
The feature correlation structure in each dataset is shown in Fig. 2.4(a). Some feature connections
are shared across datasets, while others are specific to individual datasets and are highlighted for

clarity.
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Figure 2.3. a) Correlation matrices. b) Significance levels. c) Differential features. d) Diffusion
maps.

In this example, feature connections between indices 301-350 are specific to X4, connec-
tions between 201-250 are specific to Xp, and connections between 351-400 are specific to Xc.
Each dataset therefore contains two groups of correlated features that are dataset-specific, and
the goal is to identify these groups individually. We apply DiSC with dy = dp = dc = 20.

The significance levels of the resulting differential vectors are shown in Fig. 2.4(b). The
first two differential vectors exhibit comparable significance across all three datasets, followed by
a sharp drop, indicating that these vectors capture the dominant dataset-specific differences. As

shown in Fig. 2.4(c), each differential vector isolates a distinct group of dataset-specific feature

connections. In contrast, diffusion maps (Fig. 2.4(d)) capture global connectivity structure but

do not separate dataset-specific feature groups as clearly.

2.4.2 Differential functional connectivity during working memory

We assess the performance of DiSC in identifying groups of brain parcels with correlated
BOLD activity in a working memory task from the Human Connectome Project Van Essen

et al. [2013], where subjects executed interleaved blocks of 0-back and 2-back working memory
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Figure 2.4. Multiple datasets. a) Correlation matrices. b) Significance levels. ¢) Differential
features. d) Diffusion maps.

tasks. In these tasks, subjects are instructed to monitor a sequence of visual items and to respond
whenever a presented item is the same as the one previously presented 2 items ago (2-back) or
a predetermined item (0-back). This fMRI dataset consists of 515 subjects (subjects with high
motion or incomplete data were removed), and a whole-brain, functional atlas Shen et al. [2013]
was used to extract time-courses from p = 268 brain parcels. Dataset X4 is composed of all
blocks from the 0-back task and X? is composed of all blocks from the 2-back task.

For each subject we calculated the top 2 diffusion maps eigenvectors as well as the top
2 differential features for each dataset, and average these across all subjects. Fig. 2.5 displays
the correlation of each of the averaged vectors with indicator vectors for 10 canonical brain
networks Finn et al. [2015]. Results show that diffusion maps is mainly correlated with visual
networks, while the differential vector for the 0-back task being most correlated with the visual
IT network. On the other hand, the differential vector for the 2-back task is most correlated
with the frontal-parietal network, which has been shown to be predictive of working memory
performance Avery et al. [2020]. Thus, as opposed to diffusion maps, DiSC reveals that the
2-back task incorporates more high-level cognitive regions (e.g., prefrontal) compared to the

0-back task which has lower cognitive load Gao et al. [2019, 2021].
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Figure 2.5. Canonical correlations of subject-averaged diffusion maps and differential features
with 10 canonical brain networks for fMRI data of a 0-back (task A) and 2-back (task B) working
memory tasks.

2.4.3 Differential gene structure in single-cell RNA sequencing

Using the splatter simulator [Zappia et al., 2017] we generated a simulated dataset
containing the RNA expression level of p = 500 genes, as measured in 1000 cells, which belong
to two different cell types. Out of the 500 genes, only approximately 100 genes are differential,
and thus have a different expression level for the two cell types.

We visualize the cells in 2D using t-SNE [Van der Maaten and Hinton, 2008]. Figure 2.6
colors the cells by meta features, that are equal to weighted sum over the gene expression profile
of each cell. In the upper four panels, the weights are computed by the two leading diffusion
vectors of the graphs G4 (left two panels) and Gp (right two panels). In the bottom four panels,

the weights are equal to the differential vectors V4 (left two panels) and Vp (right two panels).
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Clearly, the differential vectors highlight genes that are more relevant for differentiating between

the two groups.

Sy .,
1]

2w

Figure 2.6. 2D t-SNE plots of simulated scRNA-seq generated by splatter Zappia et al. [2017].
The two clusters represent two cell types. In all panels cells are colored by meta-features - a
weighted sum on the gene expression, corresponding to diffusion maps on each of the feature
graphs separately (top row), or DiSC vectors (bottom row).

2.4.4 Differential pixel structures in handwritten digit images

The MNIST dataset [LeCun and Cortes, 2010] consists of images of hand written digits
from 0 to 9, each of dimension 28 x 28 pixels. It has 60k training samples and 10k testing samples.
We used Algorithm 2.2, DiSC on multiple datasets, on the MNIST dataset to extract differential
features for each of the digits: features present in a single digit but are not present in each of
the other digits. To have a quantitative metric to measure the significance of these differential
features, we develop a classifier for a 10-class classification problem. For this, we use K-means
clustering on the differential features for each digit (K=10) thus deriving clusters of pixels that
together differentiate between digits. We then compute a meta-feature by averaging pixel values
for each cluster. Logistic regression is performed on these meta features to distinguish between
the 10 classes.

We compare our approach with Diffusion maps, Elastic Net (EN) and Elastic Net - logistic.

For diffusion maps, we replaced the differential features with diffusion maps and followed the
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same procedure. For EN and EN-logistic, we obtained the feature importance vectors by training
a classifier to distinguish between the 10-classes. K-means clustering is performed on these
feature importance vectors. This cluster information is further used to compute meta-feature and
finally for classification. Additionally, the entire data (784 features) is used to obtain the clusters
using K-means clustering which are further used to compute classification accuracy following
the procedure mentioned above. We consider this as a baseline. The results are tabulated below
in Table 2.1.

We can see that our proposed method has the best performance, as it can capture the
important differential information needed for classification. Since diffusion maps capture both
shared and differential features, and entire data has all the information, their performance is poor
compared to DiSC. Elastic Net has the least accuracy because it is designed for a regression setup
but this is a classification problem. Elastic Net-logistic has better performance over Elastic Net
as we use a cross entropy loss function — the one used for classification setup. Further, DiSC has
better performance than Entire Data as it is designed to capture the differential features. However,
DiSC outperformed EN-logistic as it is designed to extract groups of differential features unlike
EN-logistic which just extracts all the differential features as a single group, especially when

those features have similar effect on the classification problem.

Table 2.1. Classification performance on MNIST using DiSC and other competing approaches.

Method Test Accuracy (%)
Entire Data 76.23
Diffusion Maps 87.42
Elastic Net 69.96
Elastic Net-logistic 82.42
DiSC (Ours) 89.75

2.4.5 Change detection in hyperspectral imagery

We apply DiSC to a hyperspectral imagery change detection dataset [Eismann et al.,

2007], consisting of hyperspectral images of a fixed outdoor scene captured under varying
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weather conditions, illumination, and across four different months of the year (August, September,
October, and November). Each hyperspectral image has a spatial resolution of 100 x 100 pixels
with 124 spectral bands. We denote these datasets by X8 X5P X°° and X"°¥. The scene
contains a metal frame, grass, and trees in the background, as shown in Fig. 2.7(a).

An additional hyperspectral image, referred to as October-change and denoted X°°t¢,
was acquired in October after introducing a new object—a tarp—into the scene (Fig. 2.7(a)).
The objective is to identify the tarp as an added object while being robust to other variations
induced by acquisition conditions such as lighting and weather.

We consider X4 € {X3u x5 x°oct x1oV1 and X = X°¢ and compute differential
features for each month-to-change pair. This setting mirrors the toy problem introduced in
Sec. 2.4.1 and the theoretical analysis in Sec. 2.3.1, where a group of correlated features in
X4 becomes subdivided in XZ. Here, pixels corresponding to grass form a correlated group in
XA, while in X® this group is split into grass and tarp pixels. The tarp pixels remain mutually
correlated but lose connectivity with the surrounding grass, creating a distinct differential
structure.

For each pair, we extract the top four significant differential vectors of X and apply k-
means clustering (k = 3) in this reduced space. Figure 2.7(b) shows the resulting feature clusters
for all four month-to-change comparisons. In all cases, the tarp is consistently identified as a
dominant and coherent cluster of differential features, despite substantial variability in acquisition
conditions across months. We compare these results with Diffusion Maps for changing data (DM-
changing data) [Coifman and Hirn, 2014], a spectral approach designed to capture differences
between evolving datasets by defining a distance between diffusion embeddings. Pixel-wise
distances between X4 and X? are clustered into three groups, as shown in Fig. 2.7(c). In contrast
to DiSC, DM-changing data is highly sensitive to global acquisition differences and often groups
additional background regions together with the tarp, particularly under varying lighting or
weather conditions.

To further illustrate the feature grouping capability of DiSC, we focus on the October
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Figure 2.7. Hyperspectral imaging averaged across channels (a). Three clusters of features
(white, red and blue) formed from DiSC (b) and Diffusion Maps for changing data (c).
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Figure 2.8. The differential vectors for X4 = X°° (top row) and X8 = X°“—¢ (bottom row).

pair (X4 = X°¢, X8 = X°¢¢) and set dy = dp = 20. The top four differential vectors for X4
and X2 are shown in Fig. 2.8. The vectors (V)3 and (V)4 isolate the tarp and subtle variations
in the background trees, respectively, while (Vp); and (V) capture changes within the grass
region. Each differential structure is recovered as a separate vector, demonstrating DiSC’s ability
to disentangle multiple sources of change. Since all structures present in X4 persist in X2, the
differential vectors of X“ do not capture meaningful differences.

Finally, we evaluate robustness to noise by adding Gaussian noise with mean ¢ = 0 and
standard deviation ¢ = 0.01 to all datasets. Differential features are recomputed using DiSC and

compared with DM-changing data, followed by k-means clustering (k = 3). Figure 2.9 shows
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Figure 2.9. Noisy data. Three groups of features (white, red and blue) formed from DiSC (top
row) and Diffusion Maps for changing data (bottom row).

that DiSC consistently isolates the tarp as a distinct cluster across months, whereas DM-changing
data frequently merges the tarp with unrelated background regions. These results demonstrate
that DiSC is more robust to noise and acquisition variability, highlighting object-level changes

while remaining invariant to global imaging conditions.

2.4.6 Hyperparameter selection

The Disc algorithm requires the following hyperparameters: (i) The bandwidth for the
kernel functions K, (X_/?,Xf}),KB(X_? ,X,f;), see Eq. (2.1), and (ii) The number of significant

eigenvectors computed for G4 and Gp, denoted d4 and dp, respectively.

Self-tuning bandwidth

For computing the weight matrices, we use the self-tuning bandwidth from Zelnik-
Manor and Perona [2004] where the bandwidth for an RBF kernel is given by K(x;,x;) =
exp(|lx; —xj||/o0;0;). The local bandwidth o; for each node is set to the distance to its k-th
nearest neighbor, as suggested in Zelnik-Manor and Perona [2004] and as is common in practice.

The rule of thumb for choosing k is around log(p) where p is the number of features.
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Determining d4 and dp

The notation dy, dp represent the number of significant eigenvectors present in the random
walk matrices of P4, Pp respectively. It is important to note that if ds,dp are two small, the
leading singular vectors of P4Qp and PpQy4 will include elements of the shared latent space.
The results will not change dramatically, however, if the choice of dj,dp is higher than the
optimum. For example, in the experiment in section 4.1 “Identifying newly connected features”,
when we consider d4 = dp < 4, the shared latent space of features between 100-150 are also
highlighted in Vy4, Vg which is undesirable. However, we can increase the values of d4,dp up to
around 150, with very little impact on the results. For the MNIST data, we computed differential
features between digits 4 and 9 with various values for d4 = dg = d and followed the procedure
mentioned in the paper to compute the classification accuracy. These results are given in Table
2.2. We can see that for very small values of d , the accuracy is lower since the classifier is
partially trained on information about shared features. Here as well, there is a wide range of

values (between 20-40) that yield similar results.

Table 2.2. Impact of the choice of hyperparameter d on the classifier accuracy for pairs of
MNIST digits.

ds = dp = d | Test Accuracy (%)
10 95.2
20 96.5
30 96.5
40 96.4
50 94.7
60 88.5
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Chapter 3

Conditional Stochastic Gates for Contex-
tual Feature Selection

3.1 Motivation for contextual feature selection

Feature selection techniques are central to machine learning and data analysis, as they aim
to identify informative variables from high-dimensional observations while discarding nuisance
or redundant features. This problem has become increasingly important across scientific domains
due to the rapid growth of data dimensionality and the complexity of modern predictive models.
By isolating informative features, feature selection can simplify models, improve generalization,
and enhance interpretability [Li et al., 2017, Kumar and Minz, 2014, Islam et al., 2022, Everaert
et al., 2022]. Broadly, existing feature selection approaches are commonly categorized into filter,
wrapper, and embedded methods.

Filter methods [Battiti, 1994, Peng et al., 2005, Estévez et al., 2009, Song et al., 2007,
2012, Chen et al., 2017, Sristi et al., 2022] rely on predefined criteria that are independent of
the predictive model, ranking features based on statistical measures such as correlation, mutual
information, or dependence scores [Lewis, 1992]. Wrapper methods [Kohavi and John, 1997,
Stein et al., 2005, Zhu et al., 2007, Reunanen, 2003, Allen, 2013] evaluate subsets of features
by explicitly training and testing a predictive model, selecting the subset that yields the best
performance. While effective in some settings, wrapper methods are often computationally

prohibitive for high-dimensional data or complex models. Embedded methods [Tibshirani,
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1996a, Hans, 2009, Li et al., 2011, 2006] incorporate feature selection directly into the learning
process, typically through regularization mechanisms. Prominent examples include ¢;-based
approaches such as LASSO and its variants [Daubechies et al., 2010, Bertsimas et al., 2017],
which promote sparsity in model parameters. Embedded methods are particularly appealing in
scientific applications, as they provide a unified framework for learning predictive models and
identifying informative features simultaneously.

Most existing feature selection techniques are global in nature, in the sense that they
identify a single set of informative features assumed to be relevant across all samples and
experimental conditions. However, in many real-world settings—particularly in neuroscience,
healthcare, and behavioral sciences—the relevance of features depends strongly on contextual
variables. Context may include task phase, stimulus configuration, demographic variables, time,
or experimental parameters. Importantly, such contextual variables do not necessarily encode
the outcome of interest on their own, but instead modulate how information is represented and
which features are informative under a given set of circumstances.

In neuroscience, this distinction is particularly critical. Neural populations often exhibit
context-dependent representations, where the same neurons can encode information differently
depending on task demands, sensory conditions, or internal state. Assuming a fixed, global
notion of feature importance can obscure this structure: neurons that are informative only in
specific contexts may appear weak or irrelevant when averaged across all conditions. As a
result, global feature selection methods may conflate distinct representational regimes, limiting
interpretability and masking how neural systems adapt their encoding strategies.

A common strategy for incorporating context is to concatenate contextual variables
with explanatory features and train a single predictive model. While straightforward, this
approach does not explicitly reveal how feature relevance depends on context and often leads to
models that are difficult to interpret. Another alternative is to train separate models for different
values of categorical contextual variables (e.g., separate models for different task conditions or

demographic groups). However, this approach scales poorly as the number of contextual variables
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increases, reduces the effective sample size available to each model, and becomes impractical for
continuous contextual variables, which require arbitrary discretization. Such binning can obscure
smooth or systematic changes in feature relevance and further limit interpretability, especially in
the presence of multiple contextual variables.

Several methods have been proposed to address context-specific feature selection more
explicitly. Contextual Explanation Networks (CEN) [Al-Shedivat et al., 2020], Contextualized
Machine Learning [Lengerich et al., 2023], and Contextual LASSO [Thompson et al., 2023]
model the dependence of predictive parameters on contextual variables, typically within a linear
modeling framework. While these approaches provide valuable insights, they often lack explicit
sparsity constraints or rely on ¢; regularization, which can lead to coefficient shrinkage and
reduced interpretability. Moreover, many of these methods are limited to linear prediction models,
restricting their applicability in settings where nonlinear relationships are essential.

More recently, dynamic and sample-wise feature selection methods have been introduced.
Sample-specific approaches [Chen et al., 2018, Yoon et al., 2018, Yang et al., 2022a] tailor
feature selection to individual samples based on their feature values, requiring all features to be
observed in advance. Active feature acquisition methods [Shim et al., 2018, Covert et al., 2023]
select features sequentially during inference. While both paradigms can, in principle, incorporate
contextual information—often by concatenation or prioritization of contextual variables—the
resulting interpretability is limited. Understanding how feature importance varies as a function of
context typically requires aggregating selections across samples and resorting to coarse binning,
which again obscures smooth contextual structure.

These limitations motivate the need for feature selection frameworks that explicitly model
how relevance varies with context, while remaining interpretable, scalable, and applicable to
both linear and nonlinear prediction models. From a population-level perspective, such methods
should reveal how the importance of individual features—or neurons—changes systematically
with contextual variables, rather than assuming a fixed mapping between features and outcomes.

By treating context as a modulator of representation rather than as a direct predictive target,

49



this perspective provides a principled foundation for studying adaptive, context-dependent

representations in neural populations and beyond.

3.2 Problem setup and background

Let X CRP, Z C R and Y C R be the random variables corresponding to the input
explanatory features, input contextual variables, and output prediction value, respectively. Given
the realizations of these random variables from some unknown joint data distribution Py 7 y, the
goal of embedded contextual feature selection methods is to achieve the following simultaneously:
1) construct a hyper-model £y : RL — {0,1}2 that selects a subset of explanatory features X o
as a function of context z; and 2) construct a model fg : RP — R that predicts the response Y
based on these selected features. Given a loss function L, we solve for the parameters 6 and ¢ of

the risk minimization problem

R(97¢> :EXZ,Y[L(f@(XQS(Z))?y)]v (31)

where s5(z) = hg(z) and x,z and y represent a realization of the random variables X,Z and ¥
following a data distribution Py 7 y, the feature selection vector, given by a vector of indicator
variables for the set ., is the output of the hypernetwork s(z) = h¢(z) = {0,1}?, and ® denotes
the point-wise product.

Throughout this paper, bold lowercase letters denote vectors, e.g., x, while scalars are
represented by unbolded lowercase letters. Elements within a vector are indicated by subscripts,
such as xy,x,...,x,. For a function f that maps a vector x to another vector, f(x), the i
element of the resultant vector is denoted as fj(x). 0 and 1 indicate a vector of all zeros and all
ones, respectively. I represents identity matrix. d € [D] is shorthand for d ranging from 1 to D,

inclusive.
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3.3 Conditional stochastic gates

The risk minimization in (3.1) often includes an additional constraint to induce sparsity on
the feature selection, for example, ||s||o < D, which reduces the number of selected features and
enhances interpretability. Model interpretability is crucial for understanding complex relations
between input features and the predicted target in applications such as health care [Liu et al.,
2019], shopping [Baltrunas and Ricci, 2009], and psychology [Everaert et al., 2022].

In practice, ¢, regularization is computationally challenging, especially for high dimen-
sional data, and cannot be integrated into gradient descent-based optimization commonly used in
deep networks. Our proposed solution is a probabilistic and computationally efficient method
that facilitates contextual feature selection. This is achieved by applying ¢ regularization to
stochastic gates, which mask the input feature conditioned on the context.

First, we introduce conditional Bernoulli gates corresponding to each of the D features
as a probabilistic extension of contextual feature selection. Expressly, we assume that the
probability of an individual explanatory feature being selected, given contextual features z,
follows a Bernoulli distribution independent of the probability of selecting other explanatory
features. Let S'|Z be a conditional random vector that represents these independent Bernoulli
gates, with P(S), = 1|Z = z) = my(z) for d € [D], and let 5'(z) = |z be a realization of the
random vector S'|Z. We term these conditional-Stochastic Gates (c-STG), as the parameter of
the distribution of each gate is conditional on the context variables z.

The hypernetwork h:p learns a parametric function mapping the contextual variable z to
the conditional probability, i.e., the parameter of the Bernoulli distribution. The task of contextual
variable selection then boils down to learning the parameters 7(z) = hy (z) of this conditional
distribution, which spans over a continuous space [0, 1]”, instead of a discrete set {0,1}”, as
in Eq. (3.1). Let iy : R — [0,1]” be the function that maps the contextual information to the

parameters of the probability distribution. This reformulates the regularized version of the risk

in Eq. (3.1) to
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R(6,0) = Ex zyEg[L(fg (x©5'(2)),y) + 2[5’ (2) o], (-2)

where the parameters of the distribution S'|Z, 7(z), are learnt by the hypernetwork, /1y (z).
Fx 7y represents the empirical expectation over the observations X, Z and ¥ and Egzl[s'(2)|lo =
Y2 | 74(z), the sum of Bernoulli parameters. Constraining 774(z) to {0, 1} makes this equivalent
to the cardinality-constrained version of Eq. (3.1) , with a regularized penalty on cardinality rather
than an explicit constraint. Moreover, this probabilistic formulation converts the combinatorial
search to a search over the space of Bernoulli distribution parameters. Thus, the problem of
feature selection translates to finding 6* and @™ that minimize the empirical risk based on the
formulation in Eq. (3.2).

Incorporating discrete random variables into a differentiable loss function to retain
informative data features is appealing, but discrete variable gradient estimates often have high
variance He and Niyogi [2004]. Consequently, continuous approximations of discrete variables
have been proposed Maddison et al. [2017], Jang et al. [2017]. A stable approach for continuous
relaxation uses the Gaussian distribution, more consistent in feature selection than Gumbel-
softmax techniques like concrete and hard concrete Jang et al. [2017], which can lead to
high variance in approximating Bernoulli variables Yamada et al. [2020], Jana et al. [2023].
Such relaxations Louizos et al. [2018] are applied in various areas, including discrete softmax
activations Jang et al. [2017], feature selection Yamada et al. [2020], Lindenbaum et al. [2021b],
Shaham et al. [2022], and sparsification Lindenbaum et al. [2021a, 2024]. We utilize a Gaussian-
based relaxation for Bernoulli variables, termed Stochastic Gates (STG) Yamada et al. [2020],
differentiated using the reparameterization trick Miller et al. [2017], Figurnov et al. [2018].

The Gaussian-based continuous relaxation for the Bernoulli variable is defined as 5;(z) =
max (0, min(1, tty(z) + €;), where &, is drawn from a normal distribution .4 (0, 62), with o fixed

throughout training. Unlike the ReLU function, which only clips the negative values to zero, the
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Figure 3.1. Contextual feature selection framework. Contextual variables z (in purple) feed
into the hypernetwork. The hypernetwork outputs the parameters of the gates, 1 (z), which
are combined with € to determine if each gate is open or close §; (yellow) for each feature x,
(blue). For weighted c-STG, the hypernetwork also outputs weight vectors (green), indicating the
importance of the selected explanatory features. The selected and weighted features are fed into
the prediction model, thus enhancing its ability to process feature significance in predictions.

mean-shifted Gaussian variable clips both the positive and negative values; therefore, it accounts
for the binary nature of the original random variable. Here, we learn i; as a parametric function
of the contextual variables z. Thus, the hypernetwork EP aims to learn the parameters of the
relaxed-continuous distribution as a function of the context variables z instead of learning the
original discrete distribution. Our objective as a minimization of the empirical risk R(0, @) is as

follows:

Igi;l IEX,Z,YE§|Z [L(fo(x®5(2)),y) + 24|s(z)|lo], (3.3)

)

where $|Z is a random vector with D independent variables 3;(z) = 3|z for d € [D] and the
parameters of the distribution S| |Z, m(z), are learnt by the hypernetwork, % (z). The regularization

term can be further simplified to

D D
B5l 0o = LR >0 = L o) G4
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where @ is the standard Gaussian CDF. The term (3.4) penalizes open gates so that gates
corresponding to features that are not useful for prediction are encouraged to transition into a
closed state (which is the case for small t;(z)). Hence, we perform a context-specific feature
selection strategy by inducing sparsity through the empirical mean of the regularization term
(3.4) over multiple realizations of Z. This enables us to select distinct informative features for
different contexts while maintaining the sparsity.

In practice, we consider the function class for Z,p and fg to be a class of neural networks
parameterized by ¢ and 0, respectively. To optimize for these parameters, we use a Monte Carlo

sampling gradient estimator of (3.3), which gives

(3.5)

N K h w
IR(6.¢) _ 1 Ziz(fe(x(k)®5(Z(k)>>’y(k))”;_¢q) <h¢(‘Z’ )>

where K is the number of Monte Carlo samples (corresponds to the batch size). Our methodology
is summarized in Alg. 3.1 and illustrated in Fig. 3.1. Note for c-STG, the explanatory features
are masked by the feature gates, 5(z), and fed into the prediction model %) = fo (x®) @ 5(z0))).
In the initial training phase @, all gates should have an equal probability of being open or closed.
We set uy(z) = 0.5V d € [D] so that all gates approximate a “fair” Bernoulli variable. The
initialization of the hyper-model’s ¢ using Xavier initialization Glorot and Bengio [2010] and a
Sigmoid activation function in the final layer of %¢ ensures that the means (1;(z)) are centered
around 0.5, V z, early in the training phase. It is worth noting that we need the noise term only

during the training phase.

3.4 Theoretical analysis

We conduct a thorough theoretical analysis to establish the equivalence between our

probabilistic formulation, as represented by Eq.3.2, and the original NP-hard contextual variable
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selection problem defined in Eq.3.1. Additionally, we provide proof demonstrating that c-STG
achieves a lower risk than STG. Furthermore, we extend our analysis to a linear regression
scenario, where we demonstrate the main advantage of c-STG over STG. While STG selects
features with consistent significance across contextual variables on average, c-STG adapts the
feature selection process according to the contextual variables, thus effectively learning the

optimal feature selection as a function of these variables.

Theorem 3.1. Let s*(z) and s'(z) represent the optimal feature selection functions in Eq. (3.1)

and its corresponding probabilistic formulation in Eq. (3.2) respectively. Then s*(z) = s'*(z).

Proof: Firstly, the optimal solution for Eq. (3.1) lies in the feasible solution space for Eq. (3.2).
Secondly, Eq. (3.2) attains its optimal value at the extreme values of the Bernoulli parameters
7(z). We refer the reader to Yin et al. [2022] for detailed proof.

This theorem suggests that a deterministic search for feature selection can be transitioned
to a probabilistic approach. We use the universal function approximators, deep networks, to
learn the function s™(z). In subsequent theorems, we contrast c-STG’s and STG’s performance
and feature selection abilities. In Yamada et al. [2020], the optimization problem of the global

feature selection using STG is given by

minEy yEg [L(fo(x®5),y) + 4[]0, (3.6)

where S’ is a random vector that represents independent Bernoulli gates, P(S), = 1) = m  for
d € [D], and s/, denotes the realization of the random vector §/,. Note that S’ is similar to §'(z)
except that the latter is a function of z, and the former is constant for all z. Thus, their approach
optimizes for a fixed feature selection independent of contextual information by promoting
sparsity in feature selection through the regularization term Ez [|[s]|o]. In contrast, we perform
context-specific feature selection by maximizing the sparsity through the empirical mean of
Eq. (3.4) across various realizations of Z. The following theorem draws a connection between

their empirical risk minimizations.
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Theorem 3.2. ¢-STG attains an optimal risk lower or equal to the risk attained by STG.

Proof: The feasible solution space of STG is contained in the feasible solution space of ¢c-STG
as the parameters of the stochastic gates in c-STG can be any function of contextual variables z,
which includes a constant function, which is the case in STG. Therefore, the optimal risk attained
by ¢-STG must be less than or equal to the optimal risk value attained by STG.

Through the following Theorems 3.3 and 3.4, we further emphasize the advantage of

¢-STG over STG.

Theorem 3.3. In a linear regression setup, the relationship between the optimal parameters of the

conditional Bernoulli stochastic gates, T*(z), and the optimal parameters of the non-conditional

*

Bernoulli stochastic gates T,

is given by

Tyg = Ez[n"(2)]- 3.7)

Proof: The proof proceeds in five steps.
Step 1: When we consider L(-,-) to be a mean squared loss, the solution to the optimization
problem in Eq. (3.6) and Eq. (3.2) will be given by their respective MMSE (minimum mean

squared error) estimates. These are given by,

for(xos ) =EY|X =x,8 =] (3.8)

for(x®5'(2) =E[Y X =x,Z=25(z) =5(2)] (3.9)

where the feature selection vector s’ and contextual feature selection vector s'(z) will be sampled
from a constrained space.
Step 2: Relaxing fg to be a linear function fg(x) = 67 x, the above MMSE estimates are further

reduced to
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EY|X =x,8' =5]= fo:(xO)
=07 (x5 (3.10)

_ (X@ 9*)TS/

EY|X =x,Z=2,5(2) =5(2)] = fo- (x®5'(2))
=07 (x05(2)) (3.11)
=(x©6") ' (2)
Step 3: We now average the estimates given in Eq. (3.10) and Eq. (3.11) across §’ and §'|Z = z
respectively.

EY|X=x=Eg(x00"s=(x00""x

fe (3.12)

EY|X =x,2 =1 = By (x©0")'5 (2
(3.13)
=(x06") 1" (2)
Step 4: We now project the MMSE estimate of c-STG onto the space of contextual-feature
selection vectors that remain constant across contextual variables. This is given by

EZE[Y|X = x,Z =7 = Ez(x® %) x(2)
(3.14)

— (x©6") Ezn'(2)
Step S: This solution should be equivalent to solving the STG problem as it restricts the stochastic
gates to be constant over z. Comparing the two equations Eq. (3.12) and Eq. (3.14), we get

”:tg = EZ[W* (Z)]

Theorem 3.4. In a linear regression setup, the relationship between the optimal parameters of the
conditional Gaussian stochastic gates, W*(z), and the optimal parameters of the non-conditional
is given by

Gaussian stochastic gates ,uftg

i = Ezlu* (2)] (3.15)
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Proof: This follows from the proof of Theorem 3.3 by replacing Eq. (3.12) and Eq. (3.13) with

the following two equations respectively:
E[Y|X =x]=Eg(x00")s = (x©6") uf, (3.16)

E[Y|X =xZ=2 =Eg(x©6%) s (2)
(3.17)
=(x© 6" (2)
The theorems illustrate that c-STG offers an enhanced feature selection resolution by pinpointing
features crucial to specific contexts. This stands in contrast to STG, which tends to select
features based on their average importance across various contexts. Theorem 3.3 delineates

this difference in the realm of discrete probability spaces, whereas Theorem 3.4 addresses the

continuous probability spaces.

3.5 Weighted conditional stochastic gates

We extend c-STG to weighted conditional-STG (weighted c-STG) to determine and
quantify the significance of the features identified by the conditional stochastic gates. To achieve
this, we integrate an additional layer in our model that maps the hypernetwork’s penultimate
layer, hz(z), to a weight vector w(z) = Why(z) + b, as depicted in Figure 3.1 (green circles).
Explanatory features x are masked by the feature selection output 5(z) and weighted by w(z),
then fed into the prediction model for task execution. The hypernetwork and prediction network

parameters are learned using back propagation, as detailed in Algorithm 3.1.

Theorem 3.5. Weighted c-STG attains an optimal risk lower or equal to the risk attained by

c-STG.

Proof: This follows similar to the proofs of the theorem 3.2. The feasible solution space
of c-STG is contained in the feasible solution space of weighted c-STG as the weights of the

weighted c-STG can be any function of contextual variables z, which includes a constant function,

58



Algorithm 3.1. Weighted c-STG

Input: x%) € RP, 70 ¢ RE y(*) ¢ R, for k = [K]
Output: Trained models fg and ﬁ‘p.

1: Initialize: 0 and ¢ using Xavier initialization.
2: while model not converged do
3: Forward Pass:

fork=1to K do

4
5: (), w(z ) = hy (1)

6: e~ (0,62)

7: 5(z%)) = max (0, min(1, u(z®) + £)).

8 where min and max are applied elementwise.
9

W= 0FW) owEh)

10: end for b

(k)
1 R(0.4)=Y |L(W y<k)>+kd§1<1>(“d%>)]
12: Back Propagatlon
13: Update 6: 0 + 0 — n
14:  Update ¢: ¢ + ¢ —n 2R
15: end while

9¢)
06
9¢

)

which is the case in c-STG. Therefore, the optimal risk attained by weighted c-STG must be less

than or equal to the optimal risk value attained by c-STG.
3.6 Empirical evaluation and applications

3.6.1 Controlled toy problems

We first validate c-STG on synthetic datasets where the set of informative features varies
deterministically with context. These controlled experiments allow us to assess whether c-STG
can recover context-specific feature relevance under known ground-truth structure, and to isolate
failure modes of existing context-aware and population-level baselines.

Following prior work Yamada et al. [2020], Yang et al. [2022b], we construct a moving
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Figure 3.2. XORI1. Ground-truth feature relevance (top) and features identified by c-STG
(bottom), demonstrating accurate recovery of context-specific dependencies.

XOR dataset in which different feature pairs determine the response depending on context:

(

x1x2, z=0,

XOR1: y(x,z) =9 xox3, z=1, (3.18)

X3X4, Z—= 2.
\

Figure 3.2 compares the ground-truth context-dependent feature relevance with the
features selected by c-STG. c-STG accurately recovers the correct feature pair for each context,
assigning high gate values exclusively to the relevant features while suppressing irrelevant ones.
This qualitative agreement with ground truth is reflected quantitatively in Table 3.1, where c-STG
achieves perfect prediction accuracy on XOR1. While several baseline methods also attain non-
trivial accuracy on this task, Table 3.2 shows that they do so by selecting a substantially larger
number of features. In contrast, c-STG achieves perfect prediction using the minimal number
of context-relevant features, demonstrating that it recovers the correct conditional structure
rather than relying on spurious or redundant features. Together, these results highlight that
the advantage of c-STG lies not merely in predictive performance, but in its ability to recover
interpretable, context-specific feature relevance.

We next consider a nonlinear weighted moving XOR task (XOR2), where feature contri-
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Table 3.1. Comparison of feature selection on XOR1, XOR2, and MNIST. Bold indicates best
performance and underline indicates second-best.

XOR1 XOR2 MNIST

Accuracy (%) R? score Accuracy (%)

LASSO 50.09 (1.23) || 0.3109 (0.0175) || 83.87 (0.05)

with context 50.05 (1.09) || 0.3105 (0.0170) || 83.88 (0.04)
Prediction model 70.74 (17.72) || 0.3409 (0.0192) || 98.11 (0.05)
with context 71.93 (11.88) || 0.3382 (0.0167) || 98.21 (0.07)
STG 73.98 (0.69) || 0.3516 (0.0287) || 98.55 (0.08)

with context 74.22 (1.25) || 0.3487 (0.0269) || 98.34 (0.07)
CEN 50.08 (0.67) || 0.5186 (0.0126) || 87.66 (0.24)
Contextual LASSO 50.60 (0.61) || 0.7316 (0.0090) || 97.17 (0.04)
AFS 78.95 (19.91) || 0.7572 (0.0187) || 94.83 (0.84)
INVASE 52.36 (1.70) || 0.4627 (0.0194) | 88.06 (2.30)
¢-STG (Ours) 100 (0) 0.8739 (0.0107) || 98.66 (0.05)
Weighted c-STG (Ours) 100 (0) 0.9956 (0.0008) || 98.69 (0.06)

butions vary continuously with context:

p

ReLU(0.5x; +x2), z=0,
ReLU(x; +0.5x), z=1,
XOR2: y(x;z) =
ReLU(0.5x3 +x4), z=2,
ReLU(x3+0.5x4), z=3.
\

This setting requires not only identifying which features are relevant, but also capturing
graded, context-dependent differences in feature importance. As shown in Fig. 3.3, standard c-
STG correctly recovers the sparse structure of relevant features for each context, while weighted
¢-STG additionally captures the relative contribution of each feature through smoothly varying
gate magnitudes. These qualitative differences translate into quantitative gains: Table 3.1 shows
that weighted c-STG achieves the highest R? score on XOR2, outperforming both c-STG and all
competing baselines. Moreover, Table 3.2 indicates that this improvement is achieved with the

minimum possible number of selected features, highlighting the advantage of weighted c-STG
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Table 3.2. Comparison of the number of selected features on XOR1, XOR2, and MNIST. Bold
indicates the least number of selected features and underline indicates second-best.

XOR1 XOR2 MNIST

# features # features # features
LASSO 18.80 (0.87) || 14.20 (2.04) || 621.70 (4.77)

with context 21.50 (0.92) || 14.60 (1.85) 627.5 (3.26)

STG 6.60 (1.50) 5.60 (1.02) 585.40 (3.77)
with context 4.20 (0.40) 4.20 (0.40) 148.80 (2.64)
Contextual LASSO 4.60 +1.93 2.75 (0.93) 357.72 (8.88)
AFS 5.40 (4.27) 2.00 (0.00) || 290.00 (20.00)
INVASE 9.85(1.47) 13.04 (0.09) || 376.49 (12.30)
¢-STG (Ours) 3.00 (0.00) 2.00 (0.00) || 247.25 (10.84)
Weighted c-STG (Ours) | 3.00 (0.00) 2.00 (0.00) 217.02 (2.87)

when feature relevance varies continuously rather than discretely across contexts.

To illustrate that c-STG avoids coefficient shrinkage while maintaining context-specific
sparsity, we introduce a linear synthetic task (XOR3) in which different subsets of features
are relevant across contexts. Figure 3.4 compares feature importance estimates obtained using
Contextual LASSO and ¢-STG. While Contextual LASSO assigns non-zero weights to many
irrelevant features due to coefficient shrinkage, c-STG precisely isolates the true context-specific
features.

Finally, we construct a task (XOR4) where the number of informative features itself varies
with context. As shown in Fig. 3.5, c-STG correctly adapts both the identity and the number of
selected features as a function of context, recovering context-dependent sparsity patterns without
manual tuning. This behavior is not achievable by population-level baselines, which assume a
fixed sparsity pattern across all contexts. Together, these controlled experiments demonstrate
that c-STG and weighted c-STG recover context-dependent feature relevance accurately, achieve
superior predictive performance, and do so with substantially fewer selected features than

competing methods.
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Figure 3.3. XOR2. (A) Ground-truth feature relevance as a function of context. (B) c-STG gates
and (C) weighted c-STG gates, illustrating recovery of both sparsity and graded importance.

3.6.2 Image classification with contextual variability

We apply our proposed method for image classification using a subset of the MNIST
dataset, including digit images of 4 and 9. To create a contextually diverse set of input images,
we rotate each original image by intervals of 45 degrees, resulting in eight distinct images per
original image. In this example, the goal is to identify which pixels most effectively differentiate
between the digits per rotation angle. Applying c-STG or weighted c-STG where rotation serves
as context results in a test accuracy of 98% (Table 3.1). In Fig. 3.6, we contrast STG with c-STG,
illustrating the superiority of context-specific feature selection over population-level analysis.
By comparing separate STG models for distinct categorical contexts against a unified c-STG

model, we find that c-STG leads to higher accuracy with fewer samples (Fig. 3.8).

Sparsity-Driven Performance Analysis:

We evaluate the performance of c-STG as a function of the number of selected features
in the model, i.e., sparsity. Our analysis uses the MNIST example, as described in Section 3.6.2.
To perform this analysis, we varied the regularization coefficient, A, in a way that controlled the

sparsity level within the range of 10 to 50. It is worth noting that for STG with context, we only
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Figure 3.4. Comparison between Contextual LASSO and ¢-STG on a linear synthetic task.
c-STG accurately isolates context-specific features, whereas Contextual LASSO assigns non-zero
weights broadly due to shrinkage.
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Figure 3.5. XOR4. Ground-truth feature relevance (top) and features selected by c-STG
(bottom), demonstrating recovery of context-dependent sparsity patterns where both the identity
and number of informative features vary with context.

counted the explanatory features corresponding to pixels and not the eight additional contextual
features (one-hot encoding) representing the angle. Figure 3.7 illustrates the performance of three
models, c-STG, STG, and STG with context as the sparsity level increases. This demonstrates
that c-STG has superior performance compared to both STG with context and STG alone,
indicating that c-STG, with its contextual information and sparse representation, outperforms the

other models for varying numbers of selected features.

Comparison of Discrete Contextual Model Training:
When focusing on deriving insights from specific contextual features, training separate

models for each specific context is a viable strategy. However, it is crucial to understand that
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Figure 3.6. Comparison of pixel-level feature relevance for digit classification under rotational
context. c-STG identifies rotation-specific informative pixels, whereas population-level STG
selects global features.
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Figure 3.7. Comparing the performance variations of cSTG, STG, and STG with context with
respect to different sparsity levels on the MNIST dataset.

this strategy is only applicable when the contextual variables are categorical and not continuous.
Although straightforward, this method brings its own challenges, particularly when the dataset
at hand is limited in size. In such cases, each model only gets to train on a subset of data
corresponding to its designated context. We shed light on the consequences of this approach
using the modified MNIST dataset, as elaborated in Section 3.6.2. Our exploration involved
comparing two methodologies: 1) individually training eight models for each context using STG
and 2) employing our c-STG to create a unified model for all contexts. To assess the efficiency of
these approaches, we varied the number of training samples and captured the results in Fig. 3.8.
Comparatively, our c-STG model offers a compelling advantage. Instead of segregating data

by context, it utilizes the entirety of the dataset, benefiting from the diverse range of contexts.
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Figure 3.8. Comparison between training separate models for different values of categorical
context variables and a single c-STG model on the modified MNIST dataset in Section 3.6.2, as
the number of training samples varies.

A direct contrast in terms of model parameters reveals that while training separate models for
each discrete context demands 876,688 parameters, the c-STG model operates with a lean set of
218,834 parameters. The reduced parameter count in c-STG does not compromise performance;

in fact, it underscores c-STG’s prowess in delivering enhanced outcomes with fewer parameters.

3.6.3 Time-dependent neuron relevance during reach outcome decoding

In studying the way the brain encodes behavior, perception, and memory, machine
learning models are trained to predict measures of behavior from neuronal activity recordings.
Feature selection can provide valuable insights by revealing individual (or subsets of) neurons
encoding a particular behavior as a function of task-relevant timing, sensory input, or arousal
state. In Levy et al. [2020], the authors study a motor task where mice are trained to perform
a hand-reach task of a food pellet, given an auditory cue (tone). They recorded the activity of
neurons in layers 2-3 of the primary motor cortex, where each trial was labeled as successful
if the animal managed to grab and consume the food pellet. Cellular networks in the motor
cortex are expected to communicate error signals while acquiring a new motor task to achieve
improvement across attempts. To test this hypothesis, Levy et al. [2020] trained a separate SVM

binary model to classify trials as success or failure per neuron based on the activity during a short
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Figure 3.9. Neuroscience: Context is time. (A) Prediction accuracy as a function of time from
cue onset. (B) Weighted c-STG gate values across neurons over time. (C) Example neurons
exhibiting outcome-selective activity, showing prolonged responses on either success or failure
trials.

time window. This resulted in training 7866 models (342 neurons x 23 sliding time windows).
The analysis showed that 1) outcome can be consistently decoded from neuronal activity starting
2 seconds after the tone till the end of the trial; 2) 12% of neurons exhibited prolonged activity

starting 2 seconds after the tone, on either success or failure trials, thus “reporting” trial outcome.

Using a single c-STG model, we reveal the same biological findings. We set the prediction
model to be a binary classifier (success or failure); the explanatory features are the neuronal
activity of all neurons in a given time window, and the contextual variable is time. Fig. 3.9(A)
presents the test accuracy of weighted c-STG as a function of time, indicating that the trial
outcome was successfully classified starting from 2 seconds after the tone. The learned weights
are presented in (B), where 12% of cells have absolute weight values that are larger than 0.25.

Four example neurons with high absolute weights (C) exhibit prolonged activity only during

67



Cell 1
— N

| |
—Success Gat£0.5 Gate<0.5
— Failure
---Go Cue

o
o)
Cell 2

anjep a1en

400=——
Bitter Regular Sweet

- |

Gat£0.5 Gate>0.5 Gate<0.5

Figure 3.10. Neuroscience: Context is flavor. (A) c-STG gate values across neurons for each
flavor condition. (B) Example neurons selected by c-STG, illustrating flavor-specific differences
in outcome-related activity for successful and failed trials.

either success or failure. Overall, weighted c-STG captured the complex dynamics of how
outcome is encoded within the ensemble neuronal activity; it was able to detect individual
neurons reporting outcome as a function of time using a single model, a biological finding

which Levy et al. [2020] used thousands of SVM models to reveal.

3.6.4 Flavor-dependent neuron relevance in outcome decoding

We apply c-STG to another hand-reach study where a mouse was given flavored food
pellets: bitter, sweet, or regular (unflavored). We hypothesize that outcome encoding depends
on flavor. We train c-STG to classify the outcome based on the activity in the last 4 seconds of
each trial, where the contextual variable is flavor. Our results in Fig. 3.10 reveal that the cellular
network encodes the outcome differently across flavors. We quantify how similar the encoding
is by correlating the gate values across flavors and find they are most different for sweet and
bitter (c=0.4), and they are more similar for regular and sweet (c=0.7) than for regular and bitter
(c=0.6). Overall, c-STG is able to capture the complexity of outcome encoding by the neuronal

network across different contexts.
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Figure 3.11. Heart disease. Feature selection gates 1t(z) for each input feature as a function of
context—age and gender (left - females and center - males)—produced by weighted c-STG. The
difference in the c-STG values between males and females indicates gender-specific informative
features as a function of age.

3.6.5 Age and gender dependent risk factors for heart disease

We now focus on medical data, specifically, the heart disease dataset from UCI ML
repository Janosi et al. [1988]. Given features including chest pain type, resting blood pressure,
serum cholesterol levels, and more, our goal is to understand how age and gender influence
these biometrics in relation to the risk of heart disease. Age and gender are set as a two-
dimensional contextual input to our hypernetwork in this binary classification problem. Predictive
performance is summarized in Table 3.3, where weighted c-STG achieves the best accuracy
while selecting the fewest features among competing sparse baselines.

Weighted c-STG analysis (Fig. 3.11) reveals age and gender-specific feature significance
for heart disease. For example, cholesterol (‘chol’) monitoring becomes crucial with increased
age as a risk factor for cardiovascular disease. In males, cholesterol’s relevance arises around age

50, likely due to the absence of hormone-induced cholesterol regulation. In females, a significant
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Table 3.3. Comparison of prediction performance and number of selected features on Heart
disease and Housing datasets. Bold indicates best performance (or least number of features), and
underline indicates second-best.

Heart disease Housing
Accuracy (%) # features R? score # features
LASSO 83.50 (3.69) 13.6 (1.11) 0.2161 (0.0014)  8.00 (0.00)
with context 83.67 (3.48)  16.90(0.70) || 0.2272 (0.0016)  10.00 (0.00)
Prediction model 86.53 (1.51) - 0.2022 (0.0361) -
with context 83.92 (5.52) - 0.2132 (0.0381) -
STG 86.53 (2.11)  16.60 (2.65) || 0.2139 (0.0023)  8.00 (0.00)
with context 87.88 (1.95)  18.00 (4.15) || 0.2234 (0.0022)  8.00 (0.00)
CEN 84.17 (5.69) 11.79 (3.66) || 0.2561 (0.0002)  5.43 (0.29)
Contextual LASSO 83.19(5.32) 11.79 (3.66) || 0.4616 (0.0033)  5.43 (0.29)
AFS 86.44 (1.07) 8.00 (5.48) 0.3963 (0.0092)  2.70 (0.64)
INVASE 87.22 (2.20) 9.12 (1.85) 0.3335 (0.0203)  4.80 (0.16)
¢-STG (Ours) 87.55 (3.41) 9.69 (0.81) 0.3976 (0.0082)  2.70 (0.42)
Weighted ¢-STG (Ours) | 89.23 (1.72) 6.50 (0.50) 0.5308 (0.0052)  4.36 (0.30)

cholesterol risk arises later, past age 70, when they are post-menopause, and estrogen’s protective
effect has faded. Similarly, a flat ST segment slope (’slope_2’) indicates heart disease risk in
females starting at age 45, intensifying post-menopause. For males, ‘slope_2’ becomes significant

after 55, showcasing distinct cardiovascular risk patterns between genders.

3.6.6 Location-dependent socio-economic feature relevance

In the domain of housing price prediction, understanding how various features, such as
the renovation condition or floor height, influence its cost based on the house’s location in the city
requires context-specific feature selection. The Housing dataset Lianjia [2017] includes a set of
features such as age, elevator, floor height, renovation condition, and the latitude and longitude of
the house. We used our proposed approach to predict the price of the house using all the features
while considering the location (latitude and longitude) as two-dimensional contextual data. For
this dataset, our weighted c-STG outperforms all other models in R? score (Table 3.3). Visualizing
weighted c-STG feature significance in Fig. 3.12 offers key insights into the Housing dataset.
First, feature importance shows a localized pattern, with neighboring locations displaying similar

feature significance. Secondly, subway presence in the city center positively impacts house
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Figure 3.12. Housing. Geographic significance of nine housing features according to weighted
¢-STG (w(z) x s(z)). The red-to-blue gradient denotes positive to negative impact, respectively,
with gray indicating negligible contribution. (A) Spatial distribution of selected features. (B)
Features not selected by weighted c-STG.

pricing, possibly due to enhanced accessibility and convenience. In contrast, subway presence
negatively affects prices in the outskirts, potentially due to increased noise and disruption.
Additionally, renovated properties in the city center positively influence pricing, likely because
renovations in high-demand urban areas add significant value to properties. These findings
provide valuable insights for real estate companies and policymakers. By understanding which
features are more important in which locations, they can make informed decisions regarding

housing prices, regulations, and development.

3.6.7 Performance under controlled sparsity

We next examine feature selection behavior across methods, focusing on how predictive
performance varies when the number of selected features is explicitly controlled. While Tables 3.1
and 3.3 report performance under each method’s preferred sparsity level, this analysis isolates
the effect of feature selection by fixing the number of selected features across models.

Tables 3.4 and 3.5 compare predictive performance when all methods are constrained to

select the same number of features for each dataset. The fixed sparsity levels (reported in the
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Table 3.4. Comparison of feature selection techniques with a fixed number of significant features
across all the models on XOR and MNIST datasets. The number of significant features selected
for each dataset is reported in the second row. Bold indicates best performance and underline
indicates second-best.

XOR1 XOR2 MNIST
3 2 218

Accuracy (%) R? score Accuracy (%)

LASSO 50.07 (1.43) || 0.1760 (0.0156) || 73.70 (0.48)

with context 50.02 (1.09) || 0.1761 (0.0156) || 73.79 (0.48)
STG 65.73 (1.46) || 0.1838 (0.0248) | 91.47 (0.67)

with context 65.77 (0.87) || 0.1873 (0.0320) || 98.34 (0.07)
Contextual LASSO 50.53 (0.60) {| 0.7311 (0.0090) || 97.08 (0.06)
AFS 70.83 (19.06) || 0.7572 (0.0187) || 93.91 (0.99)
INVASE 50.07 (0.70) || 0.3547 (0.0118) || 65.27 (4.69)
¢-STG (Ours) 100 (0) 0.8739 (0.0107) || 98.65 (0.04)
Weighted c-STG (Ours) 100 (0) 0.9956 (0.0008) || 98.69 (0.06)

Table 3.5. Comparison of feature selection techniques with a fixed number of significant features
across all the models on Heart disease and Housing datasets. The number of significant features
selected for each dataset is reported in the second row. Bold indicates best performance and

underline indicates second-best.

Heart disease Housing
7 5

Accuracy (%) R? score
LASSO 73.70 (0.48) || 0.1979 (0.0016)
with context 82.00 (3.48) || 0.2251 (0.0015)
STG 84.18 (2.92) || 0.2136 (0.0026)
with context 83.84 (1.31) || 0.2231 (0.0022)
Contextual LASSO 82.85 (4.83) || 0.4535 (0.0034)
AFS 83.39 (1.98) || 0.3482 (0.0224)
INVASE 84.18 (1.72) || 0.2502 (0.0060)
¢-STG (Ours) 86.89 (3.18) || 0.3970 (0.0074)
Weighted ¢c-STG (Ours) | 89.23 (1.72) || 0.5308 (0.0052)
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second row of each table) are chosen to match the number of features selected by c-STG in the
unconstrained setting. This allows for a fair comparison that decouples predictive accuracy from
differences in sparsity.

Across all datasets, c-STG and weighted c-STG achieve the best or second-best perfor-
mance under fixed sparsity constraints. On the synthetic XOR tasks and MNIST (Table 3.4),
¢-STG attains perfect accuracy on XOR1 and near-optimal performance on XOR2 and MNIST,
outperforming population-level methods such as LASSO and STG, as well as contextual baselines
including Contextual LASSO and AFS. Notably, several competing methods exhibit substantial
performance degradation when restricted to the same number of features, indicating reduced
robustness to sparsity constraints.

A similar pattern is observed on real-world datasets (Table 3.5). For Heart disease predic-
tion, weighted c-STG achieves the highest accuracy under fixed sparsity, while for Housing price
prediction it substantially outperforms all baselines in terms of R?. These results demonstrate
that the performance gains of c-STG are not solely due to selecting more features, but instead
arise from its ability to identify the most informative features in a context-dependent manner.

We exclude the prediction-only model (with or without context) from this sparsity
analysis, as no feature selection or sparsity constraint is imposed on its explanatory variables.
Overall, these results confirm that c-STG maintains strong predictive performance even under
strict sparsity constraints, highlighting its effectiveness as an interpretable and context-aware

feature selection method.

3.6.8 Implementation details

In selecting model architecture, we aim to maintain simplicity, interpretability, and lin-
earity whenever feasible. We retained the same hypernetwork and prediction model architecture
across various methods when possible. For the hypernetwork, we conducted experiments with one
and two hidden layers, while for the prediction networks, we explored options ranging from zero

(linear) to two hidden layers. The final model architectures for each of the datasets are mentioned
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below in their respective paragraphs. To determine the best hyperparameters, namely the learning
rate (1) and regularization coefficient (1), we performed a grid search over the following values:
ne{le!,5¢72 1e72,5¢3,1e3,5¢7* 1le* and A € {1,5¢ !, le"!,5¢72,1e72,5¢73,1e73}.
The same set of values was used for the grid search across all the datasets. The selection of model
parameters/hyperparameters was based on preventing issues like underfitting and overfitting and

ensuring optimal 5-fold cross-validated performance.

XOR1:

The hypernetwork % has two fully connected layers, with 100 and 10 neurons, respec-
tively. We employed ReLLU as the activation function after the first layer and Sigmoid activation
after the last layer. For the prediction model, we used two fully connected layers, with 10 and 10

neurons, respectively, and their corresponding nonlinearities, ReLLU and sigmoid.

XOR2:
Both the hypernetwork Ep and the prediction model have no hidden layers with inputs
directly projecting to outputs. However, the hypernetwork has a Sigmoid activation, and the

prediction model has a ReLLU activation function in their output layers.

XORa3:
For the XOR3 dataset, the architecture of hypernetwork and prediction model is same as

that of XOR2 except that the prediction model has no activation function.

XOR4:
For the XOR4 dataset, the architecture of hypernetwork and prediction model is same as

that of XOR3.

MNIST:
For the MNIST dataset, the configuration of the hypernetwork Ep differs, possessing two

layers with 64 and 128 neurons. ReLLU and Sigmoid activation functions are used for these two
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layers, respectively. The prediction model consists of layers with 128 and 64 neurons, coupled

with the ReLLU followed by Sigmoid activations.

Housing:

We employed a hypernetwork architecture similar to the one used in the MNIST example.
However, we used a linear model to predict house prices in this case. We divided the data into 10
train, validation, and test splits and conducted a grid search on 1) and A for each split. We then

selected the hyperparameters with the best validation performance.

Heart disease

The full list of features includes: chest pain type (cp), resting blood pressure (trestbps),
serum cholesterol levels (chol), fasting blood sugar (fbs), resting electrocardiographic results
(restecg), maximum heart rate achieved (thalach), exercise-induced angina (exang), ST depression
induced by exercise (oldpeak), the slope of the peak exercise ST segment (slope), the number
of major vessels colored by fluoroscopy (ca), and thalassemia (thal). Among these features,
cp, restecg, and slope are categorical and, hence, are converted to one hot encoding vector for
feeding them into the prediction model. The hypernetwork and the prediction model have one
hidden layer with 1000 neurons and 10 neurons, respectively, with sigmoid activation on their
last layer. We conducted a grid search on 1 and A from the range of values mentioned in the

MNIST example.

Neuroscience:

For the first data set (context is time), a weighted c-stg model was trained using 5-fold
cross-validation with separate sets of trials for training, parameter tuning, and testing. We
conducted a grid search on different learning rates and regularization parameters ranging from
0.0005 to 0.1 and for the number of hidden units of the hypernetwork ranging from 10 to 1000
units. Overall, for the hypernetwork, we used a single hidden layer of 10 units, a learning rate
of 0.0005, and a regularization weight of 0.05, where the prediction network consisted of six

hidden layers of 500, 300, 100, 50, and 2 units. For the second data set (flavor is context), a c-stg
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model was trained using 5-fold cross-validation with the same mechanism for parameter tuning.
Overall, for the hypernetwork, we used a single layer with 1000 units, a learning rate of 0.05,
and a regularization weight of 0.001, where the prediction network consisted of six hidden layers
of 400, 300, 100, 50, and 2 units.
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Chapter 4

Coupled Transformer Autoencoder for
Disentangling Multi-Region Neural Latent
Dynamics

4.1 Motivation and related work

High-density electrophysiology (e.g., Neuropixels) and volumetric calcium imaging now
enable simultaneous recordings from multiple brain regions at large scale, shifting population
analysis from single-area snapshots to the level of distributed circuits [Jun et al., 2017, Machado
et al., 2022]. These datasets reveal a coexistence of globally coordinated activity and region-
specific specialization: individual neurons both receive input from and project to distant areas,
and behaviorally relevant codes are often hypothesized to be broadcast across widespread circuits
rather than confined to a single locus [Machado et al., 2022]. This distributed perspective raises
a core mechanistic question: which computations are local, which are shared, and how are
global brain states coordinated across interacting populations? Critically, answering this requires
disentangling shared components that mediate inter-regional coordination from private signals
unique to each region, a distinction that also guides the design and interpretation of causal
experiments such as targeted perturbations and pathway-specific manipulations.

Latent variable models provide a principled framework for studying such population-level

computation. Even within a single area, neural activity reflects a mixture of structured responses
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and substantial trial-to-trial variability [Cunningham and Yu, 2014b], motivating the neural latent
dynamics view in which high-dimensional population activity is governed by low-dimensional
trajectories evolving over time [Vyas et al., 2020, Churchland and Shenoy, 2024]. Classical
linear methods such as PCA [Pearson, 1901] and factor analysis (FA) [Harman, 1976] uncover
low-dimensional structure and remain widely used in large-scale recordings [Cunningham and
Yu, 2014b], but they do not explicitly model temporal continuity. To address this, Gaussian-
Process Factor Analysis (GPFA) imposes smoothness through a GP prior [Yu et al., 2009], while
nonlinear dynamical latent models such as LFADS [Pandarinath et al., 2018] and attention-based
sequence models such as the Neural Data Transformer (NDT) [Ye and Pandarinath, 2021] relax
linearity and improve expressivity for non-stationary dynamics. A broad line of work further
targets identifiability and regime changes via switching state-space models [Linderman et al.,
2016, Glaser et al., 2020], GP-SLDS variants [Hu et al., 2024], locally linear manifold structure
[Abbaspourazad et al., 2024], and variational neural state-space models [Hernandez et al., 2018,
Gu et al., 2022].

However, applying single-region latent models naively to multi-region recordings—e.g.,
by concatenating activity across areas—can obscure meaningful structure. Inter-area delays
can warp the learned latent trajectories, differences in correlation structure can cause shared
factors to absorb region-specific variance, and larger or more active populations can dominate
the learned representation. These issues motivate models that explicitly represent inter-regional
coordination. Complementary to predictive analyses of inter-areal coupling [Zandvakili and
Kohn, 2015, Semedo et al., 2019, Perich et al., 2018], joint latent-variable approaches aim
to decompose population activity into shared and private components. A prominent class
relies on GP-based multi-group extensions, including Delayed Latents Across Groups (DLAG)
[Gokcen et al., 2022], its multi-population generalization mDLAG [Gokcen et al., 2023], multi-
view GPFA extensions [Gokcen et al., 2024], and Multi-Region Markovian Gaussian Process
models [Li et al., 2024]. While these methods enforce temporal smoothness, they inherit GP

stationarity assumptions and typically use linear read-outs, limiting their ability to capture non-
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stationary or long-range nonlinear circuit dynamics. Classical multiset CCA [Hotelling, 1936]
and tensor decomposition methods [Cichocki et al., 2015] also provide linear tools for multi-area
recordings, while mechanistic RNN-based approaches such as CURBD infer directed currents
between many regions but do not explicitly enforce a shared—private decomposition [Perich et al.,
2020]. Together, these strands support the empirical view that inter-regional communication is
mediated by a selective low-dimensional subset of population activity, motivating the concept of
a communication subspace distinct from private dynamics [Semedo et al., 2019].

In parallel, multi-view representation learning in machine learning has developed coupled
and shared—private autoencoder objectives that move beyond classical CCA. Deep CCA (DCCA)
maximizes correlation between learned representations [Andrew et al., 2013], while Deep
CCA Autoencoders (DCCAE) add reconstruction at the risk of mixing private and shared
information [Wang et al., 2016]. Related families include deep coupled autoencoders [Wang
et al., 2014], domain-adaptation coupled autoencoders [Wang and Breckon, 2023], correlation-
based autoencoders for cross-modal retrieval [Feng et al., 2014], split-brain and shared—private
disentangling objectives [Zhang et al., 2017, Bousmalis et al., 2016], and cycle-consistent multi-
view autoencoders [Wu et al., 2018]. Recent disentangling frameworks such as DMVAE and
SPLICE further partition shared and private factors [Lee and Pavlovic, 2021, Koukuntla et al.,
2024], and multimodal VAEs learn shared/private structure across modalities via product- or
mixture-of-experts formulations [Wu and Goodman, 2018, Shi et al., 2019, Sutter et al., 2021].
Yet, these multi-view methods typically treat samples as i.i.d. (or short windows), discarding the
long-horizon temporal dependencies central to neural population dynamics, and several incur
unfavorable scaling with the number of views or assume a single global shared component that
precludes subset-specific shared latents [Lee and Pavlovic, 2021, Koukuntla et al., 2024].

Taken together, existing approaches fall short of jointly satisfying three requirements for
distributed neural circuit analysis: (i) modeling non-stationary, nonlinear temporal dynamics; (ii)
respecting temporal continuity in population activity; and (iii) scaling beyond two regions without

a parameter explosion [Gokcen et al., 2022, 2023, 2024, Li et al., 2024, Koukuntla et al., 2024,
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Lee and Pavlovic, 2021]. These gaps motivate the Coupled Transformer Autoencoder (CTAE),
which uses transformer-based encoders and decoders [Vaswani et al., 2017] to capture long-range
nonlinear dynamics while explicitly partitioning each region’s representation into orthogonal
shared and private subspaces. By combining reconstruction-based training with lightweight
alignment and disentanglement regularizers, CTAE aims to recover behavior-agnostic latent
embeddings that support diverse downstream decoding tasks using simple linear read-outs, while

extending naturally to multi-region settings without exponential growth in parameters.

4.2 Problem formulation

Let X(1) ¢ RM T x(2) € RM*T denote simultaneous neural population recordings from
two brain regions, each acquired over T time steps and, N; and N, channels respectively
(generalization to more than 2 regions is in section 4.4).

We assume that the observed neural activity at each time step ¢ is a nonlinear trans-
formation of latent variables (Fig.4.2), which include: (i) shared latent dynamics within a
communication subspace [Semedo et al., 2019] spanned by neural trajectories that are correlated
across regions, and (ii) private latent dynamics that capture region-specific processes lying in
subspaces orthogonal to the shared component. To effectively capture the temporal structure of

neural activity, we model these latent variables as functions of the entire observed neural activity.

X\ = £(81.P)), XV =g(S1,,P))  forre{l,....T} @1

where 1 : ¢ denotes the sequence of indices between 1 and ¢, S, € R% represents the shared
dynamics between the two regions at time ¢, and P;l) € R% and Pt(z) € R% capture dynamics
specific to regions 1 and 2, respectively, and d;, d;, and d, denote the dimensionalities of the
shared and private representations.

Our goal is to recover the shared and private latent dynamics S, P and P?) given the

observed neural activity X(!) and X,
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Figure 4.1. Observed neural activity across time from two brain regions, denoted as X (1) and
X®@| is modeled as a nonlinear function of underlying latent dynamics specific to each region.
In the illustration, [e],e;,e3] span the latent subspace for region 1 and [e}, es,e4] for region 2.
Inter-regional communication is mediated by shared latent trajectories S within the common
subspace [e],e>], which drive correlated population activity. Following the output-null/potent
hypothesis, we assume shared and private dimensions are orthogonal, allowing clear recovery of
shared dynamics from region-specific processes.

Region 2
X® = g(8,P?)

Notations. Bold upper-case letters denote matrices (e.g., X), bold lower-case denote latent
vectors (e.g., w), and - indicates reconstructions. Let 1,, denote a vector of all-ones of length n
and let 0,, denote a vector of all zeros of length n. ||(-)||r denotes the Frobenius norm. ® denotes

element-wise multiplication. Expectation is over batches of trials unless stated otherwise.

4.3 CTAE for two-region neural recordings

Our model is comprised of a coupled autoencoder built on transformer models, that
disentangles shared and private representations. We have designed loss functions to recover
latents that maximally represent the neural activity, where the shared representations are aligned
across all regions, and each disentangled sub-space is orthogonal to the others. For clarity, we
describe the two-region case in the main text; the extension to an arbitrary number of regions is

provided in Appendix 4.4.
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4.3.1 Model Architecture

We design separate causal Transformer-based encoder—decoder pairs, denoted by
(E él) ,Dg,l)) and (E éz),DEbz)), for each of the two brain regions. Each encoder is a Transformer
stack with self-attention layers that capture long-range, nonlinear temporal dependencies within
a region. The recorded spike trains are Gaussian-smoothed to obtain continuous firing-rate
estimates which are the inputs to the encoder. Each decoder employs standard Transformer
cross-attention to reconstruct the original firing rates from its region’s latents. Processing the
full multichannel time series from each session, the encoders produce latent representations
partitioned into two distinct components: shared latent sequences capturing dynamics common

to both regions and private latent sequences specific to each region:
zW =gV(xM), 2@ =gPx®),  z0) z® crP*T 4.2)

Here D is the total number of latent dimensions. To indicate which of the latent dimensions
correspond to shared and private representations, we introduce weight vectors w; and w; €
{0,1}P.

Region—specific weight masks. Let the latent dimension be partitioned as D = d; + dj +
d,. Define three contiguous index sets %5 = {1,...,ds}, 4 = {d;+1,...,ds+d; }, and % =
{ds+d,+1,...,D}. We then construct binary weight vectors that indicate which subset of the

latent dimensions correspond to the shared or to region-private. Define wy,w, € {0,1}” as

T T
W1 = [ lds ) 1d1 ) Odz ] 5 Wy = [ ldv , Odl , ldz ] (43)
N~~~ N~~~
j“ yl ﬂz eﬂs eﬁ] e]z

so that w activates the shared and region-private of region 1 dimensions, whereas w; activates
the shared and region-private dimensions of region 2. Throughout the paper we treat w, as
fixed; the latent space dimensions (dy,d;,d,) are treated as hyper-parameters and tuned on a

validation set. Importantly, these masks do not hard-code the actual interaction structure: they
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Figure 4.2. CTAE architecture. CTAE is composed of a coupled autoencoder, where the
encoders and decoders are causal transformers designed to reconstruct neural activity for each
region r. The inputs to the network are estimated spike rates from each region. A weight mask
per region w(") is used to disentangle the shared representation (violet) from the region-specific
latents (red and blue) in the encoder outputs Z (). The latents are recovered via end-to-end
training.

only specify an upper bound on how many shared or private latents the model may allocate.
During training, dimensions unsupported by the data naturally collapse to negligible variance.
While fixed masks provide clarity and control in the two-region setting, they could also be
initialized from anatomical priors or made learnable so that the model itself infers which latents
are shared versus private. We leave these scalable extensions to future work.

Weighted latent fusion. Broadcasting the masks across time, we aggregate the two latent

trajectories dimension-wise via a masked average for each dimension d in the latent:

wild|Z\" [d] + wa[d)Z7) [d]

Zild] = wi[d] +wa[d]

4.4)

Equation (4.4) leaves the private blocks unchanged (they receive weight 1 from only their own

region)

>

P 52)

—z, =17, P

. =Z, =1 4.5)
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while averaging the shared block across regions:

§=12, =12} +20). (4.6)

s

This design will implicitly force alignment of the shared latents of both regions, via minimizing
the reconstruction losses we define in the next section.

Region-specific decoding. Each decoder receives only the latent dimensions relevant to its own
region:

X0 = pY((w1])0z), 4.7)

where (w,l}) € RP*T s an outer product such that each weight is duplicated for each dimension
along all time points. Thus, the element-wise product zeroes out unrelated latents, forcing decoder
r to rely exclusively on the subset of dynamics meaningful for its region.

This architecture (i) aligns both regions in a common latent space of dimension D, (ii)
preserves region-specific structure via fixed relevance masks, and (iii) enforces cross-region
consistency through the fusion rule in Eq. (4.4). The loss function balancing reconstruction
accuracy and alignment objectives is detailed in Section 4.3.2. We illustrate our architecture in

Fig. 4.2.

4.3.2 Training Objective

We use four loss functions to recover the shared and private latent representations with
CTAE:
Reconstruction loss. The first loss is a reconstruction loss, so that each transformer autoencoder

faithfully reproduces its own region’s activity:
PN 2
e = YIIXY =X (48)
r=1

Shared-only reconstruction. To ensure that all structure common to both regions is routed
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into the shared block, we define a loss such that each decoder reconstructs the neural activity
from its region using only the shared representations. Let w®) = wi©w, = (14,04, Odz]T be the

intersection mask that selects only the shared dimensions. The loss is
S D (1T 2
e%hared = Z HD(p ((w(s) IT)QZ) o X(r) HF’ 4.9)
r=1

where w*) zeroes out all private coordinates from the inputs to the decoder, thus forcing the
model to encode every cross-region regularity inside the shared subspace. Without this constraint,
shared information can shift into private subspaces, leading to inaccurate representation.

Alignment loss. The shared latents are meant to capture only dynamics common to both regions.
To enforce this, we align each encoder’s shared output to their average, ensuring consistency

across regions and preventing region-specific variance from leaking into the shared space:

<. align =

r

2
2
|(w,17) @ Z— (w,17) © Z|[.. (4.10)
=1
Orthogonality loss. To encourage each latent coordinate to capture distinct, non-redundant
structure, we penalize correlations between all rows of the fused latent matrix Z € RPXT et
G= %ZZT denote the empirical Gram matrix of latent trajectories, whose off-diagonal entries

encode row-wise correlations. We drive only the off-diagonal entries of G towards zero,
. 2
Lon = ||G —diag(G) ||, (4.11)

so that every pair of latent dimensions—shared or private—becomes approximately orthogonal,
promoting global disentanglement.

Finally, the complete objective minimizes the weighted sum of the four losses:

L = ﬁec + /lalign galign + 2'shared ﬂhared + )vorth gorth- (4.12)
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Algorithm 4.1. Training Coupled Transformer Autoencoders (CTAE) for two regions

Require: Paired recordings x() , X @) encoder—decoder parameters 6, ¢; latent dimensions (ds,d,d>);
loss weights Ashared; Aalign; Aorth; Optimizer ¢ and learning rate 1)
Ensure: Trained parameters 6%, ¢*
1: Initialize latent masks:

2. W [ld_s,,ldl,odz]T
3: Wy [ldS,Odl,ldz]T
4: wl —wiOw,
5: while not converged do
6: Encoder forward pass:
7. Z0 « EJ(x)
8. 2@« EP(x2)
9: Latent fusion:
10: Z <— weighted latent average (Eq. (4.4))
11: Extract components:
12 88" PY (Bgs. 4.5), (4.6))
13: Region-specific reconstruction:
14 X0 <D (wi1])02z)
150 X® DY ((wa17) 0 Z)
16: Compute total loss:
17 L a%ec + Afshareda%hared + Afalignc%lign + )vorthgorth

18: Update parameters:

19: (97¢)<_ﬁ(97¢;ve,¢3a77)
20: end while

21: return 6, ¢*

The weights Ashared, Aalign: Aorth are selected on a held-out validation set. Methodology for

training the architecture is summarized in Algorithm 4.1.

4.4 Extending CTAE to multi-region recordings

In the main text, we presented CTAE with a two-region formulation and reported results
on datasets involving either two or three regions. Here, we provide the generalization of our

framework to R > 3 regions.

4.4.1 Problem formulation for three regions

For clarity, we present the formulation below for three regions. However, this construction

naturally extends to more than three regions.
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Let X() e RM*T x(2) ¢ RV2XT x(3) ¢ R¥3T denote simultaneous neural population
recordings from three brain regions, each acquired over T time steps with N, N», N3 channels,
respectively. We assume that the observed activity in each region arises from latent dynamics

that decompose into:

1. Region-private dynamics P") that capture computations unique to each region r €

{1,2,3}, lying in subspaces orthogonal to shared components.

2. Pairwise shared dynamics SU7) that span communication subspaces shared between
each pair of regions (i, j) € {(1,2),(2,3),(1,3)}, reflecting coordinated activity patterns

specific to that pair.

(123)

3. Globally shared dynamics S that capture population trajectories common to all three

regions, representing fully shared circuit-level computations.

Formally, the neural activity at each time step ¢ is modeled as nonlinear functions of these

latent processes:
x\"

Ml o :

12 13 123 1
(1. 520,

xXP = g(s17. s 817 ), (4.13)

i M1 Ml it

1. M1l Ml it

X,(3) _ h<S(13) S(23) S(123),P§3 )7

where S,(ij ) € R%i denotes the latent state shared between regions i and j, S,(]B) € R%12 the fully

shared latent state across all three regions, and P,(r) € RY the region-private latent state of region
r.

Our objective is to recover these latent representations {S("J.),S(123 ),P(r)} from the
observed neural activity {X(l) X2 xG) }, such that the model disentangles private, pairwise

shared, and fully shared dynamics in a principled way. For more than three regions, this

formulation extends by including shared latent variables for all possible combinatorial subsets of
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regions, with the training algorithm remaining unchanged. The training algorithm introduced

below applies to this general multi-region setting.

4.4.2 General multi-region formulation

To move beyond two regions, we extend the formulation with a general mechanism that
assigns latent dimensions to all possible combinatorial subsets of regions. This extension builds
directly on the same architectural backbone introduced in Section 4.3, but augments it with an
enhanced weighted latent fusion mechanism. This mechanism enables CTAE to disentangle
latents shared by arbitrary subsets of regions while preserving strictly region-private structure.
All other components—per-region causal Transformer encoders/decoders and the optimization
procedure—remain unchanged. The key modifications are described below.

Encoder outputs. For each region r € {1,...,R} we keep a dedicated encoder—decoder pair
<E ér),Dg)) and obtain
7(r) — Eé’) (X(N) e RPXT,

Region-specific weight masks. A single binary matrix encodes which latent dimensions are

associated with each region uses:
W=[ww.. WR]T € {0,1}R*P W[r,d] =1 <= region r claims dimension d.

A dimension is private when exactly one row in W is active and shared when two or more rows
are active, thereby accommodating every subset pattern (for instance, when R = 3 the binary
code 110 indicates a dimension used by regions 1 and 2 but not 3; 101 corresponds to regions 1
and 3; and 111 denotes a dimension shared by all three). Relative to the two-region mask 4.3,
W expands the notion of “shared” from “both regions” to “arbitary subset of regions”. The
membership matrix W can be (i) fixed a priori from anatomical knowledge, (ii) selected by a
hyper-parameter search that allocates an appropriate number of latent dimensions to each subset

pattern (analogous to the two-region masks in Eq. (4.3)), or (iii) treated as a fully learnable
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variable and optimised jointly with the rest of the network.
Weighted latent fusion. We fuse the region—specific latents with a masked average

z1q - T Wz
' R Wir,d]

r=1

5 (4.14)

so that private dimensions stay unchanged, whereas any dimension claimed by multiple regions
is forced to align across them.

Region-specific decoding. Each decoder receives only the dimensions it owns,

X0 =pY) (w1])oz),

exactly as in the two-region case. Hence the extension does not change model capacity but
merely broadens how “shared” information is defined.

This design (i) embeds all regions in one latent space of size D, (ii) preserves region-
specific structure through fixed relevance masks, and (ii1) enforces cross-region consistency via

Eq. (4.14).

4.4.3 Multi-region training objective

We retain the four losses used for two regions—reconstruction, shared-only reconstruc-
tion, alignment, and orthogonality—while replacing two binary masks with the matrix W.

Reconstruction. The reconstruction loss is unchanged, only we now sum over all regions.
LIPS 2
Lree = Y| X X ||. (4.15)
r=1

Shared-only reconstruction. To guarantee that all cross-region regularities live inside shared

dimensions, we mask out every coordinate used by fewer than two regions. Lets =1y w, >21 €
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{0,1}P and wﬁ“) = w, ®s. We then reconstruct each region from the shared subspace alone:

shared ZHD Wr IT @Z) (r)||12: (416)

When R = 2 this term reduces to Eq. (11) in the main text, but for R > 2 it now supervises every
shared subset simultaneously.
Alignment. Each region’s encoder estimate should coincide with the fused latent over the

dimensions it owns:

Lrtign = Z|| (W 11) 0 Z— (wAF) 0 Z)|2. (4.17)
r=1

Private coordinates contribute zero because they match by definition; shared coordinates are
actively driven together, extending the simple two-region difference penalty to an R-way match.
Orthogonality.

Lot = || 22T — diag(+227) ||}

[ (4.18)

Identical to the two-region version, this term keeps all latent dimensions, private or shared,
mutually decorrelated.
Total loss.

£ = a%ec + )Lshared-i/ﬂshared + Aalign%lign + lorth-i/ﬂorth; 4.19)

with Ashared; Aalign, Aorth selected on a validation set. The objective reduces exactly to the two-
region formulation when R = 2; for R > 2 it differs only in how masks are constructed and
applied, maintaining conceptual continuity while capturing richer patterns of shared neural

dynamics.
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4.5 Empirical evaluation on controlled toy dataset

We construct a synthetic two-region dataset in which the ground-truth shared and
private latent trajectories are known. We generate paired sequences X (1) € RV*T*DP1 apd
X©@ e RN*T*D2 from latent trajectories § € RV*Txds | p(1) ¢ RNxTxd1 apng p(2) ¢ RN*xTxd>,
Unless otherwise stated, weuse N = 1000, T =32, dy=4, di=d,=3, D;=D,=32.
The latent trajectories S;, P,(I), and P,(Z) are generated as sinusoidal processes with randomly
sampled amplitudes, phases, and integer frequencies. Concretely, for each trial i € {1,...,N}
and latent dimension k, we sample an amplitude a; x ~ .#7(0, 1), a phase ¢; x ~ Uniform(0,27),
and a frequency f;; ~ Uniform{2,3,4}, and define

Zigk = Qg sSin(2Tfix T+ Gk, ==, t=1,...,T, (4.20)

t
T
The shared latents S and private dimensions P and P?) are generated independently using the

above construction with dimensionality dy, d and d;, respectively. Each region linearly mixes

shared and private latents:

2) 2

= 0,AS, + oA P

1Y = a,Als + oAl B, H P,
where Aﬁr) € RP>ds and AE,V) € RP-*4 have i.i.d. Gaussian entries scaled by 1/v/d. We set
o = o, =2.0.

We then introduce nonlinear distortion by applying an elementwise mapping:

x) = tanh(H") +0.1(H")?

t,clean

(r)

t,clean

The resulting can be interpreted as synthetic log-firing rates. We then add independent
Gaussian noise:
x =x" el & ~ 4 (0,621),

— ““t,clean
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Figure 4.3. Absolute Pearson correlation between aligned learned latents and ground-truth
latents on the synthetic dataset. (a) CTAE. (b) DLAG. Red dashed lines indicate shared and
region-specific partitions.
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Figure 4.4. Latent trajectories on the synthetic dataset. Rows correspond to shared, private
region 1, and private region 2 latents. Blue: ground truth. Orange: aligned CTAE latents.
with o0 = 0.01.

After training, we extract the learned latent trajectories from each model and align each
latent subspace (shared and private) to the corresponding ground-truth latents using a linear
transformation estimated by least-squares regression on a held-out subset of trials. This alignment
accounts for the fact that latent representations are only defined up to a linear transformation.

We then compute the absolute Pearson correlation between each aligned learned latent
dimension and each true latent dimension. Figure 4.3 shows the resulting correlation matrices.
For CTAE, the correlations exhibit a clear block structure: dimensions assigned to the shared

subspace align with the true shared latents, and region-specific dimensions align with their corre-
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sponding private latents, with minimal or no cross-block correlation. In contrast, DLAG does
not produce a structured alignment; correlations are weak and do not follow the shared/private
partition. DLAG assumes a linear observation model, whereas in this dataset the observations
are nonlinear functions of the latent variables. This model mismatch limits its ability to recover
the underlying shared and private structure. Figure 4.4 further illustrates representative latent
trajectories after alignment. CTAE closely matches the ground-truth shared and private dynamics
across time, while preserving separation between shared and region-specific components. Over-
all, CTAE recovers latent dimensions that closely match the true shared and private dynamics
under nonlinear observations, whereas DLAG fails to recover the underlying structure in this

setting.

4.6 Applications to motor cortical dynamics: M1-PMd

We first evaluate CTAE on a canonical motor circuit dataset in which coordinated popu-
lation activity across cortical areas supports both movement planning and execution. Specifically,
we analyze simultaneous recordings from dorsal premotor cortex (PMd) and primary motor
cortex (M1) during a delayed center-out reaching task [Perich et al., 2018]. This dataset provides
an ideal testbed for assessing whether CTAE can (i) disentangle shared inter-regional dynam-
ics from region-specific activity, and (ii) recover latent representations that support accurate

decoding of both continuous kinematics and discrete movement goals.

4.6.1 Dataset and behavioral task

We use the dataset from [Perich et al., 2018], which includes neuronal recordings from
a Utah Array in M1 and PMd (see Fig. 4.5a). In this task, a monkey performs center-out arm
reaches using a planar manipulandum. Neural activity was recorded from the primary motor
cortex (M1) and dorsal premotor cortex (PMd) via Utah arrays, yielding spike-sorted activity
from 52 putative units in M1 and 66 in PMd (Fig. 4.5b). Each trial begins with a target onset,

followed by a variable delay period (0.5-1.3 s) for movement preparation. After a “go” cue,
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the monkey initiates a reach to one of eight evenly spaced targets in a 2D workspace, holds
briefly, and returns to center. The dataset includes 208 trials across 8 target conditions, with

approximately 26 repetitions per condition.

a)

Center-out Arm Reaching
Motor Circuit: M1-PMd

b2)Trail Averaged PMd Neural Activity 0 Trail Averaged M1 Neural Activity

Neuron ID

Target Onset Go Target Acquisition  Return
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Figure 4.5. Motor study. a) Schematic of the behavioral tasks performed by non-human primates
in the datasets used in Section 2.4. Center-Out Arm Reach Task: The monkey controls a
manipulandum to perform instructed delay reaches toward one of eight peripheral targets, with
neural activity recorded from M1 and PMd using Utah arrays. b) Population firing rates in M1
and PMd. Heatmaps show the trial-averaged z-scored firing rates for individual neurons (rows)
across time. ¢) Condition-averaged firing rates of individual neurons in M1 and PMd. Each
panel shows trial-averaged firing rates for single neurons, grouped and colored by reach direction.
Colormap follows that in Fig. 4.8.

Historically, PMd and M1 have been jointly analyzed due to their complementary roles
in movement preparation and execution. During the instructed delay period between stimulus
onset and the go cue, both regions exhibit preparatory activity without inducing muscle output
[Kaufman et al., 2014, Churchland and Shenoy, 2024], potentially representing task goals—i.e.,
target identity [Byron et al., 2010, Lara et al., 2018]. Following the go cue, both PMd and
M1 generate execution-related activity that descends to motor neurons and enables decoding of
continuous hand kinematics, including position and velocity [Churchland and Shenoy, 2024,
Elsayed et al., 2016, Gilja et al., 2012, Byron et al., 2010]. These established properties motivate

testing whether CTAE can isolate shared PMd-M1 task-relevant dynamics while preserving
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region-private structure.

4.6.2 CTAE latent dynamics in the motor circuit

We applied CTAE to the simultaneous PMd-M1 recordings to obtain (i) a shared
subspace of dimension dy, capturing correlated dynamics across PMd and M1, and (i1) private
subspaces of dimensions dpyig and dyp, capturing region-specific activity. The inferred shared
and region-private latents are shown in Fig. 4.6. Each panel corresponds to a single latent
dimension evolving over time, with colors denoting trial-averaged activity across reach directions.
Distinct latent dimensions exhibit systematic variation across reach directions, indicating that
the learned representations capture behaviorally relevant structure. The shared latent subspace
reflects both condition-invariant and condition-dependent dynamics, encoding aspects of reach
direction and temporal progression, whereas region-specific latents display more complex

dynamics consistent with local circuit computations.
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Figure 4.6. CTAE latent dynamics in M1-PMd. Each subplot visualizes a single neural latent,
with colors indicating trial-averaged latents for each reach direction. Red dashed line indicates
go cue. (Top) Shared latents capture neural dynamics present in both M1 and PMd. (Middle)
M 1-private latents capture dynamics specific to M1. (Bottom) PMd-private latents capture
dynamics specific to PMd.
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Figure 4.7. State-space views of CTAE latents across task epochs. Each subplot shows
trajectories in a 3D latent subspace. Colors denote trial-averaged trajectories for each reach
direction in (a). (b) Shared PMd—M1 subspace: trajectories evolve over the entire trial; circle
denotes go cue. (c) PMd-private subspace during the preparatory phase (two different 3D
projections shown). (d) PMd-private subspace during the movement phase (same projections as

in (c)). Together, these panels highlight distinct PMd—M1 interaction modes that differ between
preparation and execution.

To further examine the geometry of these representations, Fig. 4.7 visualizes state-
space trajectories of selected latent groups across task epochs. Immediately after target onset,
trajectories in the shared subspace Z (s) diverge from a common baseline toward target-dependent
fixed points, forming a goal-related preparatory representation consistent with prior reports of
a PMd-M1 preparatory subspace. Following the go cue, variance in Z(*) expands along axes
orthogonal to the preparatory manifold, reflecting a shift in PMd-M]1 coupling as the circuit
transitions from planning to execution (Fig. 4.7b). In contrast, PMd-private latents maintain a
stable target representation during the preparatory phase (Fig. 4.7¢) and weaken after movement
initiation (Fig. 4.7d), consistent with transient reorganization as movement unfolds. Together,

these analyses highlight distinct interaction modes across preparation and execution that align

96



with established views of motor-circuit population dynamics.

4.6.3 Behavioral decoding from CTAE latent subspaces

To assess the behavioral relevance of the inferred latent representations, we asked whether
behaviorally relevant information is captured by the shared or by the region-private subspaces re-
covered by CTAE. In particular, we evaluated whether different aspects of behavior—continuous
hand kinematics and discrete reach goals—could be decoded from these subspaces using simple
linear readouts. By comparing decoding performance across shared and private latents, this
analysis reveals how task-related information is distributed across the PMd-M1 circuit and
whether the shared communication subspace concentrates the dominant behaviorally relevant
signals.

For continuous decoding, we predicted hand position at each time point after the go cue

(the final two seconds of each trial) using linear regression,
hand
V; and — WZ,,

where z; denotes the latent representation at time ¢. For discrete decoding, we classified the reach

target (one of eight directions) using multi-class logistic regression,

_exp(w/z+D))
Y6 exp(w]z+b;)’

f i=1,...,C.
Figure 4.8 compares decoding performance obtained from raw neural activity, CTAE latents,
and DLAG latents.

Decoding results reveal that CTAE concentrates the majority of behaviorally relevant
variance within the shared PMd-M1 subspace. As shown in Fig. 4.8a, linear decoding from
shared latents accurately reconstructs hand trajectories, indicating that the dominant motor

signals underlying movement execution are captured within this shared representation. In
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Figure 4.8. M1-PMd dataset. a) Ground truth hand position in top-left corner. Hand position
decoding from neural activity in M1 and PMd (top), from CTAE latents (middle), and from
DLAG (bottom). b) Confusion matrices for reach direction classification (order of plots is same
as in a). Classification accuracy in parentheses.

contrast, DLAG distributes predictive information across private PMd and M1 latents in a
directionally anisotropic manner. This fragmentation is particularly evident in the discrete
classification task, where DLAG private latents achieve high accuracy only for a subset of
reach directions (Fig. 4.8b). Such direction-specific partitioning of kinematic information is
inconsistent with established observations that both PMd and M1 encode reach kinematics
through a coherent low-dimensional population manifold. The results therefore suggest that
DLAG can inadvertently route shared task-relevant variance into private channels, whereas
the structured mask design and regularization constraints of CTAE prevent such leakage and
promote a coherent shared representation. We additionally compare against DeepCCA and a
concatenated-data Transformer autoencoder baseline (Appendix 4.6.5), both of which achieve
substantially lower decoding accuracy than CTAE shared latents.

To further characterize how task information evolves during the trial, we performed
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Figure 4.9. Time-resolved reach-direction decoding accuracy (5-fold CV) for each subspace
across multiple models. Red dashed line represents the go cue. Shared latents from all models
show a sharp increase in accuracy following the go cue, with CTAE shared latents consistently
outperforming others. PMd-specific latents exhibit a pre-go-cue rise, indicating anticipatory
directional information, whereas M1-specific latents peak post go cue, reflecting direction-
specific encoding after movement initiation. Shading represents &1 standard error across folds.

time-resolved decoding of reach direction across the entire trial duration (Fig. 4.9). Directional
information rises sharply following the go cue across all models, reflecting the transition from
movement preparation to execution. However, CTAE shared latents consistently achieve the
highest decoding accuracy throughout the movement epoch. Notably, PMd-private latents
show elevated decoding accuracy prior to the go cue, suggesting that PMd carries anticipatory
directional information during the preparatory phase. In contrast, M1-private latents reach
peak accuracy after movement initiation, consistent with stronger representation of movement
execution in M1. These temporal dynamics align with established views of motor cortical
function, in which PMd encodes preparatory signals related to upcoming movement goals while

M1 more strongly reflects movement execution [Lara et al., 2018].

4.6.4 Ablation study: contribution of individual loss terms

To assess which components of the CTAE objective are necessary to obtain a predictive
and interpretable shared—private decomposition, we performed an ablation study on the M1—
PMd dataset. We trained four variants: (i) the full CTAE objective; (ii) without the shared-

only reconstruction term; (iii) without the alignment term; and (iv) without the orthogonality
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constraint. We quantify downstream utility by reach-direction decoding accuracy from each
subspace (shared, private M1, private PMd), reported in Table 4.1. In addition, we visualize
representative qualitative failure modes for the alignment and orthogonality ablations (Figs. 4.10-

4.11).

Shared-only reconstruction loss.

The shared-only reconstruction term enforces that the shared subspace alone can re-
construct each region’s activity, thereby encouraging shared latents to capture all common
task-relevant dynamics rather than allowing shared information to leak into private dimen-
sions. Removing this loss produces a pronounced collapse in shared-latent decoding accuracy
(Table 4.1), accompanied by a substantial increase in private-latent accuracies. This tradeoff
indicates that, without explicit pressure for the shared subspace to be sufficient for reconstruction,
the model can route predictive information into private channels, weakening interpretability of

the shared representation.

Alignment loss.

The alignment loss penalizes discrepancies between the shared latents inferred from each
region, ensuring that the two encoders identify a consistent shared trajectory rather than two unre-
lated representations that happen to reconstruct well. Qualitatively, when alignment is enforced,
shared latents from PMd and M1 closely overlap (Fig. 4.10a). When alignment is removed,
corresponding shared dimensions can diverge substantially and sometimes partially cancel when
fused (Fig. 4.10b), indicating a breakdown in cross-region correspondence. Quantitatively, this

degradation is reflected by reduced decoding accuracy from the shared subspace (Table 4.1).

Orthogonality loss.

The orthogonality constraint encourages disentanglement by minimizing redundancy
between shared and private representations. When this loss is relaxed, shared and private
subspaces become less separable, leading to substantial overlap as measured by latent dot

products (Fig. 4.11b). In this regime, predictive information is no longer concentrated in a clean
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Figure 4.10. Alignment of shared latents in M1-PMd. Each subplot shows a representative
shared latent. Blue and orange traces correspond to shared latents inferred from M1 and PMd,
respectively; the black trace denotes their fused mean. (a) With alignment loss enforced, shared
latents exhibit strong overlap across regions. (b) Without alignment, shared latents diverge
substantially, indicating degraded cross-region correspondence.

shared component, and shared-latent decoding accuracy drops sharply (Table 4.1), while private
latents become spuriously more predictive.

Together, these ablations show that all three terms play complementary roles: shared-only
reconstruction concentrates common task-relevant variance into the shared subspace; alignment
enforces cross-region consistency of shared trajectories; and orthogonality prevents redundancy
and leakage between shared and private channels. Removing any one of these terms degrades

either predictive performance, interpretability, or both (Table 4.1).

Table 4.1. Ablation study of CTAE loss functions. Each entry indicates the model’s accuracy in
predicting the reach direction. Values in parentheses indicate standard deviation across 5 folds.

Model Shared  Private M1 Private PMd
CTAE 0.69 (0.03) 0.22(0.02)  0.21 (0.03)
CTAE without alignment loss 0.61 (0.02) 0.16 (0.02) 0.2 (0.02)
CTAE without orthogonality loss 0.31(0.02) 0.28 (0.02) 0.29 (0.02)

CTAE without shared only reconstruction loss  0.34 (0.01)  0.36 (0.01) 0.37 (0.01)
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Figure 4.11. Orthogonality between CTAE latents in M1-PMd. Blocks show mean dot products
between latent dimensions; red separators delineate shared, M 1-private, and PMd-private groups.
(a) With orthogonality enforced, shared and private latents remain well separated. (b) Without
orthogonality, substantial overlap emerges, indicating loss of disentanglement.

4.6.5 Baseline comparisons
Comparison to the concatenated-data baseline

As a baseline, we applied the same transformer autoencoder backbone to the concate-
nation of neural activity from M1 and PMd, without explicitly separating latent dimensions
into shared and region-private subspaces. In this setting, the model is trained using only the
reconstruction loss (Eq. 4.8, applied jointly across regions) and the orthogonality regulariza-
tion (Eq. 4.11), but without alignment or shared-only reconstruction constraints. This baseline
provides a reference for assessing how much task-relevant information can be extracted when
multi-region data are modeled jointly, but without enforcing a structured decomposition into
shared and private components.

The concatenated-data model was evaluated on the same continuous and discrete decoding
tasks used throughout this section. On continuous hand-position decoding, the concatenated
baseline achieved an R? of 0.59, compared to 0.77 for CTAE shared latents and 0.72 for DLAG

shared latents (Fig. 4.12a). For discrete reach-direction classification, the concatenated model
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attained an accuracy of 57%, substantially lower than CTAE (69%) and also below DLAG (44 %)

when evaluated on shared representations (Fig. 4.12b).

Concat Baseline Concat Baseline (0.57)
r2:0.59 070,1 o o 0o o0 0 o1
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Figure 4.12. Decoding performance of the concatenated-data baseline on the M1-PMd dataset.
(a) Scatter plot of predicted versus true hand positions obtained from linear decoding of con-
catenated latents. (b) Confusion matrix for single-trial reach-direction classification. True and
predicted reach conditions are shown on the Y- and X-axes, respectively.

These results demonstrate that simply pooling activity from multiple regions into a
single latent space is insufficient to recover the full structure of task-relevant dynamics. In
contrast, explicitly separating shared and region-private components,as enforced by CTAE,
concentrates behaviorally relevant information into a coherent shared subspace while preserving

region-specific variability, leading to superior decoding performance.

Comparison to DeepCCA

To further contextualize the performance of CTAE, we compared it to Deep Canonical
Correlation Analysis (DeepCCA), a widely used nonlinear method for extracting shared rep-
resentations across paired datasets. DeepCCA aims to learn nonlinear transformations of each
region’s activity such that the resulting latent variables are maximally correlated, but it does not
explicitly model temporal structure, shared—private separation, or reconstruction fidelity.

We implemented DeepCCA using parallel multilayer perceptrons (MLPs) for M1 and
PMd. Each branch consisted of three fully connected layers with 1024 hidden units, sigmoid
nonlinearities, and batch normalization (non-affine) applied after each layer. The final layer

projected each branch into a shared latent space matched in dimensionality to the CTAE shared
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subspace. Canonical correlation analysis was then applied to maximize correlation between the
two branches. The learned shared latents were evaluated on the same downstream decoding tasks

used throughout this section.
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Figure 4.13. Decoding performance of DeepCCA on the M1-PMd dataset. (a) Predicted versus
true hand positions obtained from linear decoding of DeepCCA shared latents. (b) Confusion
matrix for single-trial reach-direction classification using DeepCCA shared latents.

Continuous decoding of hand position, using linear regression, from DeepCCA shared
latents yielded an R? value of 0.32 (Fig. 4.13a), substantially lower than the performance obtained
from CTAE shared latents (R2 = 0.77) and DLAG shared latents (R? = 0.72). This gap reflects
DeepCCA’s inability to capture temporally structured dynamics when operating on time points
treated as independent samples.

For discrete decoding of reach-direction classification, DeepCCA achieved an accuracy
of 34% at the single time-point level (Fig. 4.13b), compared to 69% for CTAE and 44%
for DLAG when decoding from shared representations. This reduced performance suggests
that maximizing instantaneous correlation alone is insufficient to recover task-relevant shared
structure in distributed motor circuits.

Overall, these results highlight the limitations of correlation-based multiview methods
when applied to temporally extended neural data. While DeepCCA can identify correlated

dimensions across regions, it lacks mechanisms to enforce temporal continuity, disentangle
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shared from region-specific activity, or preserve information necessary for accurate behavioral
decoding. In contrast, CTAE integrates temporal modeling, reconstruction constraints, and
structured disentanglement, yielding shared representations that are both more interpretable and
substantially more predictive of behavior.

Overall, CTAE identifies a shared PMd—M1 subspace that concentrates the dominant
task-relevant motor signals while preserving meaningful region-private dynamics. The shared
latents support accurate continuous kinematic decoding and robust reach-direction classification
(Fig. 4.8), and time-resolved decoding reveals distinct preparatory versus execution-phase
contributions across subspaces (Fig. 4.9). Comparisons to correlation-based (DeepCCA) and
unstructured (concatenated-data) baselines show that explicitly modeling temporal dynamics and
enforcing a shared—private decomposition is critical for recovering predictive and interpretable
shared representations. Finally, ablations confirm that shared-only reconstruction, alignment,
and orthogonality constraints are each necessary to prevent leakage and recover a stable shared—

private factorization (Table 4.1).

4.7 Applications to multisensory circuit dynamics: SC—-
ALM

We next evaluate CTAE on a multisensory cortico—subcortical circuit in which distributed
population dynamics support evidence integration and decision-making. In contrast to the M1-
PMd reaching task (Sec. 4.6), this dataset involves temporally extended sensory evidence with
distinct stimulus modalities and a delayed choice, allowing us to probe how shared and region-

private subspaces capture stimulus- and choice-related information across circuit components.

4.7.1 Dataset and multisensory task

The anterolateral motor cortex (ALM) and the superior colliculus (SC) are important
parts of a cortico-subcortical loop that transforms multisensory inputs into behavioral decisions.

To study the role of these areas in multisensory integration and decision-making, we trained
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mice in a multisensory discrimination task, where animals had to integrate visual and tactile
information over time to identify the target stimulus side. We then performed simultaneous
neural recordings in ALM and SC using high-density Neuropixels probes in task-performing

animals (Fig. 4.14, left).

Stimulus  Delay

6 x 0.5s 0.53 Loft stim

[ ] RightStilﬂ
. S B Left stim
Tactile | | * | Right stim
" Spouts
1 Licks (L)
Water
Response

Visual

Figure 4.14. Multisensory study. Left: schematic of the 2-alternative forced-choice task
performed by mice, trained to lick on the side where more stimuli were presented; correct
choices are rewarded at the target spout. Right: schematic of the task timeline in a multisensory
trial with a left-side target. The stimulus phase is shown in grey; the delay and response phases
are shown in white and separated by a vertical line; spout movement begins at the start of the
response period.

Each trial had a total duration of 7 seconds, comprising a 1-second baseline, then 3
seconds of probabilistic stimuli, followed by a 0.5-second delay without any stimulus and finally,
the spouts moved in front of the mouse, allowing up to 2.5 seconds for a licking response. The
mice were rewarded when responding on the side where more sensory stimuli were presented
during the stimulus period. The stimulus period was composed of six periods of 500 milliseconds
each, during which a stimulus could be presented to the mouse. One to six stimuli were presented
on a given side, with each stimulus likelihood of presentation determining the difficulty of the

task. Depending on the trial type, a stimulus could either be a visual grating moving along
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Figure 4.15. SC-ALM dataset. Representative latents. Each panel shows the condition-averaged
time course of one latent (title indicates subspace and latent index). Left panels: stimulus
modality—visual (blue), tactile (orange), multisensory (green). Right panels: target side—right
(red), left (purple).
a screen (visual trial), an air puff of 100ms to the vibrissae on one side of the mouse (tactile
trial), or both, in a simultaneous congruent multisensory manner (multisensory trial). Mice were
trained to respond by licking the side on which more stimuli were shown. An example trial is
illustrated in Fig. 4.14 (center), and an example multisensory trial timeline is shown in Fig. 4.14
(right).

We analyzed a single session from an expert animal that achieves ~ 70% correct choice
accuracy (564 trials in total), with approximately 80-100 trials per stimulus type and per target

direction.

4.7.2 Multi-region CTAE representative latents

We evaluated CTAE on simultaneous recordings from the superior colliculus (SC)
and anterolateral motor cortex (ALM) in mice trained on the multisensory discrimination task
described in Sec. 4.7.1. Neural activity was recorded from superficial and deep layers of SC
together with ALM while animals integrated visual and tactile stimuli to identify the target side
(left vs. right). To model this circuit, we fit the multi-region CTAE variant (R > 2) to three regions
(superficial SC, deep SC, and ALM), enabling identification of shared-across-all, pairwise-shared,
and region-private subspaces. Fig. 4.15 shows representative latent trajectories averaged by
stimulus modality and target side, illustrating that distinct subspaces capture complementary

structure across the trial.
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SC and ALM are key components of a cortico-subcortical loop implicated in linking
sensory inputs to motor planning. SC integrates visual and tactile information and contributes
to orienting behavior [Stein and Meredith, 1993, Cang and Feldheim, 2013], whereas ALM
encodes preparatory and choice-related activity during decision-making tasks [Guo et al., 2014,
Li et al., 2015]. We hypothesized that shared subspaces across superficial and deep SC layers
and between deep SC and ALM would preferentially capture task-relevant features, such as
stimulus type and target side, thereby mediating the transformation from multisensory evidence

accumulation to decision making.

4.7.3 Behavioral decoding from CTAE latent subspaces

We next evaluated how task-relevant information is represented across the latent sub-
spaces identified by CTAE. Specifically, we examined the ability to decode both stimulus
modality and target side from neural activity and from the learned latent representations using
the same linear decoding protocol introduced for the M1-PMd analysis (Sec. 4.6.3). Fig. 4.16
summarizes decoding performance across raw neural activity, region-private latent subspaces,
and shared latent subspaces.

For the raw neural activity, Deep SC provides the strongest discrimination of both
stimulus modality and target side. Superficial SC activity correctly distinguishes target side
but shows weaker discrimination between stimulus types for visual and multisensory trials,
and also exhibits limited separation between target sides in tactile trials. In contrast, ALM
activity reliably distinguishes target side but shows weaker discrimination between stimulus
types for tactile and multisensory trials and poorer separation between target sides during visual
trials. These observations suggest that individual regions contain complementary but incomplete
representations of task variables.

Applying CTAE reveals shared dynamics between regions that better capture stimulus
and target information. In particular, the shared subspaces between superficial and deep SC and

between deep SC and ALM achieve higher decoding accuracy than the region-private latents. In
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Figure 4.16. Row-normalized confusion matrices for decoding stimulus x target side. (Top)

Raw activity from SupSC, DeepSC, and ALM. (Middle) CTAE private (region-specific) latents.
(Bottom) CTAE shared latents (pairwise and 3-way). Panel titles show mean 5-fold accuracy.

contrast, the shared subspace between superficial SC and ALM shows little shared dynamics
that are useful for discrimination. Together, these results suggest that deep SC plays a central
role in the circuit, mediating interactions that link sensory evidence accumulation with decision-
related activity, with shared dynamics reflecting evidence integration with superficial SC and
choice-related representations with ALM.

For comparison, we applied mDLAG to the same dataset (Fig. 4.17). In contrast to
CTAE, mDLAG shared and private latents do not exhibit improvement over decoding from raw

neural activity, and decoding performance remains diffuse across latent subspaces. This likely
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Figure 4.17. Row-normalized confusion matrices for decoding stimulus x target side. (Top)
mDLAG private: region-specific latents; (bottom) mDLAG shared latents (pairwise and 3-way).
Panel titles show mean 5-fold accuracy.

reflects the linear observation model underlying mDLAG, which may limit its ability to capture
nonlinear multi-region interactions present in this multisensory task.

To further characterize how task information evolves over time within the learned repre-
sentations, we performed time-resolved decoding of the target variable from the CTAE latent
subspaces. For this analysis, we used per-trial, per-time-bin latent representations from both
region-private and shared subspaces (including pairwise and all-region shared components).
Following the same approach used for time-resolved decoding in the motor circuit (Sec. 4.6.3),
we trained a single multinomial logistic regression classifier with feature standardization using
5-fold stratified cross-validation on the full time-flattened feature matrix for each subspace.
Time-resolved decoding accuracy was then obtained without re-training the classifier: at test
time, we fixed the classifier and masked all features outside a temporal context centered at
each time point using a symmetric sliding window of five bins (42 bins). We report the mean

and standard deviation across folds at each time bin and overlay task event markers including
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Figure 4.18. Time-resolved decoding accuracy (mean over 5-fold CV) for each latent subspace.
Rows correspond to private and shared subspaces (private SupSC/DeepSC/ALM; shared pairs
and all-shared), columns correspond to time. Dashed vertical lines mark cue onsets (every 0.5 s
from 0.5-3.0 s), the solid line marks delay start (3.5 s), and the white dotted line marks the start
of the response period (4.0 s).

stimulus onsets, delay start, and response onset.

The resulting temporal decoding profiles reveal distinct roles for private and shared
latent subspaces across the trial (Fig. 4.18). Across subspaces, decoding accuracy from shared
latents increases progressively as the response period approaches, indicating that cross-area
information integrates toward decision formation and movement execution. The shared subspace
across all three regions shows a clear upward trend toward the response period, reaching its
highest accuracy during the response phase and exhibiting modest increases following individual
stimulus presentations. In contrast, the superficial SC private subspace achieves the highest
prediction accuracy prior to the delay period, consistent with sustained maintenance of task-
relevant signals during sensory processing. ALM private latents and the Deep SC—ALM shared
subspace reach their peak decoding performance after the response, suggesting strong encoding
of target side and decision variables, which are highly correlated in expert animals. The shared
subspace between superficial and deep SC exhibits pronounced increases in prediction accuracy
immediately following most stimulus onsets, pointing to early multisensory interactions between

superficial and deep SC layers and a shared representation of stimulus direction. Collectively,
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these temporal patterns reveal complementary functional roles across latent subspaces: private
representations emphasize delay-period maintenance and response-related signals, while shared
subspaces carry stimulus- and response-proximal information that increases as the behavioral

response approaches.

4.7.4 Latent structure across task variables

In Fig. 4.20 and Fig. 4.21, we present all latents for the SC-ALM dataset, where we
trial-average the latents within target side and stimulus type, respectively. In general, most latents
exhibit oscillatory patterns that, to varying degrees, are tuned to stimulus presentation times;
superficial SC latents tend to exhibit higher-frequency oscillations. Shared latents for Deep SC
and ALM, and region-specific ALM latents, exhibit separation between the target sides during
the delay and response. Superficial SC latents and shared superficial-deep SC latents exhibit
separate activity patterns for tactile trials compared to visual and multisensory trials. In contrast,
Deep SC and ALM shared latents exhibit patterns that separate all three stimulus types.

We next evaluate temporal decoding of the target variable (target side) from the latents to

better determine when task information is represented in shared versus private subspaces.

4.7.5 Baseline comparisons
Comparison to Concatenated-Data Baseline

As a baseline, we used the same transformer autoencoder backbone to analyze concate-
nated data across all three regions (superficial SC, deep SC, and ALM), without enforcing a
decomposition into shared and region-private subspaces. As in the M1-PMd concatenated base-
line (Sec. 4.6.5), this model is trained using only the reconstruction loss (Eq. 4.8, applied across
regions) and the orthogonality regularization (Eq. 4.11). The extracted latents were evaluated on
discrete modality classification and continuous time decoding of target side.

The concatenated model can capture dominant task information for decoding, but the

latents obtained in this baseline do not identify computations that are region-specific versus
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Figure 4.19. Concatenated-data decoding performance on the SC-ALM dataset. (a) Confusion
matrix for single-trial stimulus-modality classification. True and predicted modalities are shown

on the Y- and X-axes, respectively. (b) Continuous time decoding of target side from concatenated
latents.

shared across regions. This is evident in Fig. 4.19, where the time-resolved decoding traces
lack the structured subspace-specific patterns observed for CTAE (Fig. 4.18). Thus, while the
concatenated model reflects task-relevant variance, it provides limited interpretability into the

organization of distributed computations across the circuit.

Comparison to DeepCCA

We also compared against DeepCCA as a correlation-maximization baseline that learns a
shared representation between pairs of regions but does not explicitly model temporal dynamics.
Since DeepCCA is inherently pairwise, we applied it to the three region pairs: SupSC—DeepSC,
DeepSC-ALM, and SupSC-ALM, matching each branch input dimension to the number of
neurons in the corresponding region. We evaluated DeepCCA shared latents using the same
downstream decoding analyses used throughout this chapter (Sec. 4.7.3

These results highlight that DeepCCA yields substantially weaker shared representations
for behavioral decoding in this multisensory task. In addition, because DeepCCA does not model
temporal structure, it provides limited interpretability for time-resolved analyses. In contrast,

CTAE supports structured disentanglement into shared and region-private components while
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Table 4.2. Pairwise DeepCCA results on SC-ALM compared to the corresponding CTAE
pairwise shared subspaces. Entries show decoding accuracy for the stimulus X target-side
classification task.

Region pair DeepCCA CTAE

SupSC—DeepSC 0.22 0.59
DeepSC-ALM 0.22 0.59
SupSC-ALM 0.20 0.39

capturing temporally organized latent dynamics that align with stimulus timing and decision

formation (Figs. 4.15-4.18).

4.8 Training and Hyperparameter Details

To ensure consistency in model capacity across regions, we adopt identical causal
Transformer-based encoder—decoder architectures for each region, using an equal number of
encoder and decoder layers to maintain architectural symmetry. We then performed a grid search
over:

Number of layers. We varied the total number of Transformer layers L € {1,2,3} in both
encoder and decoder to trade off model capacity against overfitting risk and computational cost.
Latent dimensions. Private and shared dimensions, d € {5,10,15}. Note - Here, the specified
latent dimensionality d should be treated as an upper bound on bottleneck capacity. After
training with the designed regularizers, redundant factors collapse to near-zero explained variance,
yielding an effective dimensionality des < d that approximates the data’s intrinsic dimensionality.

Loss weights.
* Shared-space: Aghareq € {0,1,2}
* Alignment: Agjign € {0,0.05,0.1,0.5}
* Orthogonality: Ao € {0,0.001,0.01,0.05}

Learning rate. n € {1073,1074}
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Warm-up schedule for orthogonality loss. To prevent an overly strict orthogonality constraint
from hindering early representation learning, we set Ao = O for the first e epochs—allowing
the model to focus on reconstruction and shared/private separation—then linearly ramp it up to
its target Ao value over the next e epochs. This gradual increase stabilizes training by delaying
the full orthogonality penalty until the autoencoders have already learned meaningful features.

We explored e € {100,500,1000}. Formally,

(
0, t<e,
6 _ )t—e
A’orth - 7 A‘OI‘th) e<t S 2@,
Aorth, t>2e.
\

Positional encoding. We use fixed, deterministic sinusoidal signals into each input embedding
to convey temporal order, following [Vaswani et al., 2017]. Specifically, for time step ¢ and

embedding dimension index i (with model dimension dpqe]):

PE(t,2i) = sin( PE(t,2i +1) = cos<

ot ot
10000%/4model ) ’ 100002/ 4model > ’

These encodings provide both absolute and relative position information without adding any
learnable parameters, enabling the self-attention layers to distinguish different time steps.

All models were trained for 10,000 epochs, and the run minimizing the total loss in
(4.12) on a held-out validation set was selected. Table 4.3 summarizes all the hyperparameters
and their corresponding search ranges and Table 4.4 reports the optimal settings for the two real
and one synthetic datasets studied. For the corresponding DLAG and mDLAG baselines, we
matched the total number of latent dimensions to those used by CTAE for each dataset (Table

4.4) to ensure a fair comparison.
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Table 4.3. Hyperparameter search ranges.

Hyperparameter Values

# Transformer layers L {1,2,3}

latent dims. d| = dp = dj {5,10,15}
Ashared {07 1723 5}
)valign {0, 0.05, 0.1,0.5}
Aorth {0,0.001,0.01,0.05}

Learning rate n
Warm-up epochs for orth. loss

{1073,1074}
{100,500,1000}

Table 4.4. Selected hyperparameters for M1-PMd, SC-ALM and Synthetic datasets.

Parameter M1-PMd SC-ALM Synthetic
latent dims 10 15 dy=4,di =dr, =3
# Layers L 3 1 1

)Lshared 1

Aalign 0.5 0.1 0.1

Aorth 0.01 0.01 0.01
Learning rate n 1074 1074 1073
Warm-up (orth. loss) 100 epochs 1000 epochs 100 epochs
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Chapter 5

Complementary Cortical and Thalamic
Contributions to Cell-Type-Specific Stri-
atal Dynamics During Movement

5.1 Introduction

Generating appropriate motor outputs to effectively interact with the outside world is
a major goal of the central nervous system. Recent advances in large-scale recordings have
highlighted that many interconnected areas distributed throughout the brain have movement-
related activity [Steinmetz et al., 2019, Allen et al., 2019, Chen et al., 2024, Khilkevich et al.,
2024, Angelaki et al., 2025]. Yet the principles that govern information flow among brain
areas, such as the function and specificity of long-range connections, are only beginning to be
understood [Knowland et al., 2017, Economo et al., 2018, Hwang et al., 2019, Lee et al., 2020,
Tervo et al., 2021, Yang et al., 2022c, Inécio et al., 2025]. Individual brain areas are themselves
composed of diverse cell types, defined by their transcriptional and functional properties as well
as anatomical connectivity [Saunders et al., 2018, Phillips et al., 2019, manuscript editors et al.,
2021, Yao et al., 2023, Siletti et al., 2023]. Behavior-relevant information encoded in a given
presynaptic area may be passed down uniformly across cell types or separately onto specific
neuronal subpopulations of their postsynaptic targets. Characterization of neural circuits at this

level of specificity is important for a deeper understanding of how coordinated activity among
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motor brain areas is achieved and how it relates precisely to motor actions.

Within the cortico-basal-ganglia-thalamic loop involved in movement generation and ex-
ecution [Graybiel, 1998, Redgrave et al., 1999, Yin and Knowlton, 2006, Dudman and Krakauer,
2016], the dorsolateral striatum (DLS) integrates excitatory inputs from both cortex and thalamus.
Striatal direct- and indirect-pathway medium spiny neurons (AMSNs and iMSNs) send distinct
axonal projections to the basal ganglia output nuclei via the direct or indirect pathways and have
been associated with different roles during movement execution. It is believed that AIMSNs play
a role in the initiation and facilitation of selected motor sequences, whereas iMSNs are involved
in switching between different sequences or inhibiting unwanted motor programs [Kravitz et al.,
2010, Tecuapetla et al., 2016, Yttri and Dudman, 2016, Geddes et al., 2018, Sheng et al., 2019].
Previous studies have shown that both dAMSNs and iMSNs are active during movement, but they
exhibit distinct activity patterns [Cui et al., 2013, Jin et al., 2014, Meng et al., 2018, Parker et al.,
2018, Markowitz et al., 2018, Cruz et al., 2022]. Whether these differences are inherited from
their upstream inputs or shaped locally within the DLS is unknown.

In particular, among the cortical regions that project to the dorsolateral striatum [Wall
et al., 2013, Hintiryan et al., 2016, Hunnicutt et al., 2016], primary and secondary (M1 and M2)
motor cortices are critically involved in motor preparation, execution, and learning [Costa et al.,
2004, Peters et al., 2014, 2017, Barthas and Kwan, 2017, Makino et al., 2017, Omlor et al., 2019].
Among the thalamic nuclei, the parafascicular nucleus of the thalamus (PF) represents the major
input to both direct and indirect pathways [Wall et al., 2013, Hunnicutt et al., 2016, Mandelbaum
et al., 2019] and participates in movement execution [Diaz-Herndndez et al., 2018, Fallon et al.,
2023, Sibener et al., 2025]. It is unknown how cortical and thalamic neurons contribute to the
cell-type-specific activity of AMSNs and iMSNs, especially given that the degree of overlap in
their connections with dMSNs and iMSNSs is debated [Nelson et al., 2021, Klug et al., 2025].

We investigated the activity dynamics of dMSNs and iMSNs, as well as their cortical
and thalamic inputs, by combining monosynaptically restricted trans-synaptic rabies virus with

conditional gene expression together with 2-photon imaging, as mice performed a motor task. We
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developed and applied a recurrent neural network (RNN) classifier on their activity to determine
the degree of functional differences between the two striatal cell types and between their cortical
and thalamic inputs. We identified heterogeneous functional subpopulations within MSNs and
within their inputs, aligned with specific movement phases. Many dMSNs showed activity around
movement initiation and termination, while more iMSNs were active during the movement. The
activity of their cortical and thalamic inputs exhibited contrasting dynamics, suggesting a
complementary contribution of these inputs to striatal activity. However, within each input
region, dMSN-projecting and iMSN-projecting populations showed similar activity patterns.
Notably, activity related to forelimb positions was predominantly found in thalamocortical
neurons, especially those projecting to dMSNSs, suggesting that kinematic information might be

conveyed to MSNs in a cell-type-specific manner.

5.2 Experimental Design and Data Acquisition
5.2.1 Animal Models and Genetic Targeting

All animal procedures were performed in accordance with guidelines and protocols
approved by the UCSD Institutional Animal Care and Use Committee and the National Institutes
of Health (NIH). Mice were group-housed in disposable cages with standard bedding in a
temperature-controlled room ( 21°C) with a reversed light cycle (10.00-22.00 corresponded to
the dark period). Mice were allowed ad libitum access to food and water. Experiments were
performed in two transgenic mouse-lines: B6.FVB(Cg)-Tg(Adora2a-Cre)KG139Gsat/Mmucd
(RRID:MMRRC_036158-UCD) and B6.FVB(Cg)-Tg(Drd1-Cre)FK150Gsat/Mmucd (RRID:
MMRRC_036916-UCD). Both males and females were used for experiments. All experiments

were performed during the dark period.
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5.2.2 Surgical Procedures and Viral Injections

For all surgeries, adult mice (6-10 weeks old) were anesthetized with 1-2% isoflurane
and injected with Baytril (10 mg/kg), dexamethasone (2 mg/kg), and buprenorphine (0.1 mg/kg)
subcutaneously at the beginning to prevent infection, inflammation, and pain. Recovery was
monitored daily for 3 consecutive days following surgery with administration of Baytril, dexam-
ethasone, and buprenorphine.

For 2-photon imaging of dMSNs and iMSNss in the dorsolateral striatum, AAV 1-hSyn-
FLEX-GCaMPo6f (Addgene, Catalog # 100833-AAV 1) was injected via beveled glass pipettes
into the right hemisphere of Drd1-Cre and Adora2a-Cre mice respectively, at coordinates: 0.5
mm anterior and 2.2 mm lateral from bregma, at depths 2.2, 2.3 and 2.4 mm from the pia
( 200 nL at each depth, at a rate of 20 nL. per minute. The pipette was kept in the brain for
15 minutes to avoid virus leakage. For GRIN lens implantation in DLS (or PF, see below),
a similar procedure to [Resendez et al., 2016] was followed. GRIN lenses of 0.5 or 0.6 mm
diameter (Inscopix, product number 1050-006232 and 1050-004597) were lowered into the
above-mentioned coordinates at a depth of 2 mm for DLS imaging. GRIN lens implantation was
performed within a week from viral injection. Imaging was usually performed 3-4 weeks after
lens implantation.

For 2-photon imaging of the cortical or thalamic inputs that project onto dMSNs or
iIMSNss in the dorsolateral striatum, a 1:1 or 1:2 solution mix of helper viruses AAV-EF1a-
DIO-mRuby2-P2A-TVA and AAV-EF1a-DIO-oPBG was injected into the right hemisphere of
Drd1-Cre and Adora2a-Cre mice respectively, at coordinates: 0.5 mm anterior and 2.2 mm
lateral from bregma, at depths 2.2, 2.3 and 2.4 mm from the pia (0.2 uL at each depth) at each
depth). In the case of M1 imaging, a 22° angled injection into the DLS was performed in order to
avoid inserting the pipette directly through M1, at coordinates: 0.5 mm anterior, 3.17 mm lateral
from bregma. On the same day, a craniotomy centered around 0.5 mm anterior and 1.5 mm

lateral from bregma or around 2.3 mm anterior and 1.2 mm lateral from bregma, was performed
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as previously described [Peters et al., 2014, Makino et al., 2017, Komiyama et al., 2010, Ren
et al., 2022] for imaging M1 or M2, respectively. Otherwise for PF imaging, a GRIN lens
was lowered into the brain at coordinates: 2.2 mm posterior and 0.65 mm lateral from bregma
at a depth of 3.2 mm. After 3-4 weeks, EnvA-pseudotyped rabies that expresses GCaMP6f
(EnvA-RVdG-mRuby-GCaMP6f, in the case of M2 imaging or EnvA-RVdG-GCaMP6f in the
case of M1 and PF imaging) was injected into DLS at the same coordinates and depths as
mentioned above 0.2 uL at each depth. At a 22° angle for M1 imaging). After virus injection, the
glass pipette was left in place for 20-30 minutes to minimize off-target expression. Imaging with
rabies virus was limited to 5-9 days from infection (49). AAV helper and EnvA-pseudotyped

rabies viruses were produced in Prof. Lim’s laboratory at UCSD.

5.2.3 Motorized ladder task

Head-fixed mice were positioned on a custom-built, circular ladder (diameter = 18 cm,
rung diameter = 0.3 cm, rung spacing = 1 cm) motorized by an electric DC motor (12V, 60
RPM). Trial structure was controlled using BPod v0.5. In each trial, 8 seconds of ladder rotation
(speed 1 0 mm/s) followed an auditory cue (1 s at 3 kHz). Trials were interleaved by a variable
6-8 second inter-trial interval. In each trial, the auditory cue (= trial start) followed a 100 ms
infrared LED light that was placed outside of the mouse’s view and used for aligning trials
during video analysis. Mice were trained on the ladder task for 7 to 12 days, daily, till they
became able to walk or run on the rungs by engaging all four limbs. For the experiments where
Enva-pseudotyped rabies was used for labelling MSN inputs, mice were trained on the task for
4-5 days before the viral injection, and continued to be trained after, and imaged within 9 days
from the viral injection. During 2-photon imaging sessions, two orthogonal views of the mouse
were captured simultaneously through a mirror mounted at 45° inside the motor task setup, at 30
Hz with an IR-sensitive video camera (DMK 23U618, The Imaging Source) controlled by IC

Capture software, version 2.5.
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5.2.4 In Vivo Calcium Imaging

Imaging data acquisition

2-photon imaging was conducted with a commercial two-photon microscope (Movable
objective microscope (MOM), Sutter Instrument, retrofitted with a resonant galvanometer-based
scanning system from Thorlabs), 16x objective (Nikon) and a Ti:Sapphire excitation laser at 925
nm excitation light (Mai Tai, Spectra-Physics) controlled by Scanlmage (Vidrio Technologies).
For imaging of M1, DLS and PF neurons, images (512x512 pixels, 0.98 um/pixel) were recorded
at 28 Hz for the duration of the behavioral session ( 20 minutes). For M2 imaging, two fields of
view at different depths were acquired near-simultaneously at 14 Hz. Frame times were recorded
and synchronized with behavioral recordings by the Ephus software (controlled by MATLAB).

Multiple non-overlapping fields of view were recorded from each animal in consecutive days.
Two-photon imaging analysis

Images were first aligned frame-by-frame using a custom MATLAB program to correct
for lateral shifts [Mitani and Komiyama, 2018]. ROIs were manually drawn using a custom
MATLAB program [Peters et al., 2014, Ren et al., 2022]. A ring-shaped background-ROI
containing neuropil signal was created from the border of each neuronal ROI to a width of 6
pixels. Fluorescence was processed as described [Peters et al., 2014]. Briefly, pixels within each
ROI were averaged to create a fluorescence time series, and the background fluorescence was
subtracted. The time-varying baseline (F) of the fluorescence trace was estimated by iteratively
smoothing inactive portions of the trace. The normalized dF/F trace was then calculated, where
dF was determined by subtracting the baseline trace from the raw trace and F is the calculated
time-varying baseline. In the case of M2 imaging, dF/F was calculated as the ratio between the
GCaMP6f and the mRuby signal. Two criteria were applied for including the recorded neurons
in all subsequent analyses: 1) session median raw fluorescence signal above 100 a.u. and 2) at

least two activity events (see below) per minute present during the imaging session.
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5.2.5 Muscimol inactivation

Muscimol inactivation experiments were performed on a subset of mice implanted with a
GRIN lens in DLS. A field of view in DLS was imaged for approximately 15 minutes as mice
performed the ladder task. Immediately after the imaging session, mice were anesthetized as
described above and 25 nL muscimol hydrobromide (5 uguL ™', Sigma-Aldrich) was injected
with a glass pipette unilaterally into the right hemisphere, at these coordinates: M1: 0.5 mm
anterior and 1.5 mm lateral from bregma, depth 0.35 mm; M2, 2.3 mm anterior and 1.2 mm
lateral from bregma, depth 0.35 mm; PF: 2.2 mm posterior and 0.65 mm lateral from bregma,
depth of 3.3 mm. Mice were allowed to recover in their home cage and the same field of view

was re-imaged after 30 min from the injection.

5.2.6 Activity events

For quantifying the effect of muscimol inactivation of inputs on striatal activity, activity
events were determined as previously described [Peters et al., 2014] and compared with the
imaging sessions before the manipulation. Briefly, events detected sharp rises in the fluorescence
trace and were defined if the first derivative (velocity) of the fluorescence trace crossed five times
the standard deviation of the inactive portions of the fluorescence trace. Trials that contained
at least one activity event were defined as ‘active trials’, and the fraction of active trials was

compared before and after the manipulation experiment.

5.2.7 Histology and Anatomical Verification

At the end of the imaging sessions, mice were transcardially perfused with sodium
phosphate buffered saline (PBS) followed by 4% paraformaldehyde (PFA, Sigma-Aldrich) in
PBS. Brains were extracted, postfixed in 4% PFA overnight at 4°C and then stored in 30% sucrose
in PBS at 4°C for 2-3 days. Coronal sections (40 um thick) were obtained using a Leica SM
2000R sliding microtome. Sections were mounted on slides using CC Mount (Sigma-Aldrich)

and imaged with an Axiozoom V16 microscope to confirm viral expression and GRIN lens
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positioning.
5.3 Computational Methods

Notations: We use the following notational convention in this chapter. Upper case

non-bold for fixed scalars N, Upper case bold for matrices M, and lower case bold for vectors v.

5.3.1 Trial Ensemble Attention Network (TEA-net)

Data preprocessing and trial-ensemble construction

For every neuron, dF/F traces were segmented into single-trial windows that started 2
sec before the ladder onset and ended 4 sec after ladder offset. For each region we determined
N, the smallest number of trials recorded in any session for a given region (DLS: N =42, M1:
N =47, M2: N =50, PF: N = 28). For each neuron we then generated multiple bootstrap
ensembles. We randomly sampled N trials without replacement and stacked them into a matrix
X € RV*T to form an ensemble of the neuron’s activity of 7 timeframes across N trials. The
number of ensembles used to train TEA-Net was balanced across cell types in each region to
ensure equal class priors. In a given region, we define Ny as the total number of neurons, with
N; dMSNs (or dMSN-projecting) and N; iMSNs (or iMSN-projecting) where Ny + N; = Nyj.
We generated N, X 200 ensembles in total, allocating half (N, x 100) to each cell type. Thus,
every dMSN (or dMSN projecting) neuron contributed <Nk“%dloo> ensembles and every iMSN
(or iMSN projecting) neuron contributed (%@) ensembles, ensuring balanced training data

for TEA-net.
Network architecture

Given an input ensemble X, TEA-net predicts whether its source is a direct or indirect

pathway neuron. The network consists of three modules:

1. Temporal encoder — a single-layer vanilla recurrent neural network (hidden size = dj;, = 10)

processes the ensemble column-wise, i.e. the input x; at every timeframe ¢ consists of the
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activity of the neuron at time ¢ across the N trials. The encoder outputs a hidden state

€ R%*T whose ¢-th column is the vector h,.

2. Learned temporal attention — We use a lightweight attention approach, analogous to (50),
by applying a 1 x 1 convolution across hidden channels to produce a scalar relevance
score ¢, for every frame. Soft-max normalization yields attention weights ¢ that highlight

informative hidden representations while down-weighting uninformative ones.

3. Context aggregation and classification — the weighted hidden states (¢ - h;) are summed
over the hidden dimension, producing a length-T context vector h] = 17 (o;h,) that pre-
serves the temporal nature of the ensemble. A fully connected layer (input = 7, output

= 2) maps h) to class logits.
Training procedure

Training and evaluation followed a 10-group fold cross-validation at the session level: all
neurons recorded in the same imaging session were assigned to the same fold, and every fold
contained ~ 10% of the direct- and indirect-pathway neurons. Models were trained for 50 epochs
with a batch size of 256 ensembles, an Adam optimizer [Adam et al., 2014] (initial learning
rate = 0.001, weight decay = 0.001), and a step-decay scheduler that reduced the learning rate
by 90% every 10 epochs. The loss function was cross-entropy. Early stopping [Prechelt, 2012]

(patience = 5 epochs) was applied based on validation loss to prevent over-fitting.

Evaluation Metrics

For each test neuron in each cross fold, the majority vote across its 200 ensemble
predictions determined the final label. We then compute the average cell type accuracy of the

classifier for each region, e.g., for DLS this is given by:

0.5 x #correctly classified dMSNs  # correctly classified IMSNs
' # total AMSNs # total IMSN's

128



To test whether classifier performance exceeded chance, cell-type labels were randomly
reassigned within each session, the entire cross-validation procedure was repeated, and the
resulting accuracies were compared to the true-label distribution with a two-sided Mann—Whitney

U -test.
Other classifier models:

We trained two baseline models and evaluated them with the same metrics used for
TEA-Net, enabling a direct comparison.
Support-vector-machine (SVM) baselines

As a linear reference, we trained linear SVMs [Cortes and Vapnik, 1995] on two alterna-

tive representations of the data:

* Trial-averaged activity: the dF/F trace averaged across all the trials of a neuron, yielding a
single T'-length vector per neuron. The soft-margin penalty hyper-parameter C was tuned
by 10-fold cross-validation, searching the grid C € {0.1,1, 10, 102,103,104, 105}; the best

score was obtained at C = 10.

* Trial-ensemble input: the random ensemble matrix X flattened into a vector. The same

grid search favored a larger penalization constant, C = 10%.

Feed-forward control network with attention (FC-attention)

To test whether TEA-net’s performance benefits from its ability to model temporal
dependencies, we built a parameter-matched baseline in which the recurrent temporal encoder
is replaced by a time-distributed fully connected linear layer. Concretely, each frame x; € RY
is mapped to a hidden vector h; = ReLU(Wx, +b) where W € R%*N with the same weights
applied independently at every . All subsequent stages—Ilearned temporal attention, context
aggregation, and classification—are identical to those in TEA-net and are applied to the sequence
{h,}. Thus, the performance gap quantifies the benefit of the recurrent model (i.e. it is not due to

additional capacity or alternative readout mechanisms).
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5.3.2 Hierachical clustering of latent space trajectories

To uncover functional sub-groups of MSNs and their inputs, we clustered the latent
space representation learned by TEA-net for each region. To derive a robust, fold-independent
embedding for every neuron, we first averaged over trial ensembles within each cross-validation
fold: TEA-net projects every bootstrap trial ensemble to a T-dimensional latent trajectory, and the
element-wise mean of these trajectories yields a single T-length vector that summarises the fold.
Repeating this procedure for all ten folds produces ten such vectors, each residing in the latent
space of its respective model. After min—max normalizing each vector within its own fold, we
concatenated the ten vectors, resulting in a 10 x 7" matrix that serves as the neuron’s final latent
representation for subsequent clustering. Pairwise dissimilarities between these vectors were
computed with Euclidean distance, and agglomerative hierarchical clustering was performed
with Ward’s criterion, which merges clusters to minimize the increase in within-cluster [Ward Jr,
1963]. Applying Dynamic Tree Cut—specifically the cutreeDynamic function from the R
package dynamicTreeCut [Langfelder et al., 2008]—to the resulting dendrogram yielded the

cluster assignments.
Hyper-parameter selection (deepSplit and minClusterSize)

The two parameters governing dynamic tree cutting are 1) deepSplit which governs the
granularity of cluster division and 2) minClusterSize which specifies the size of the smallest
allowable cluster as a fraction of the total neuron count. These two parameters were tuned with a
10000-iteration sub-sampling stability analysis. For each brain region, we repeatedly clustered
bootstrap subsets containing 80 % of the neurons. We then selected the parameter pair that
maximized the fraction of subsets whose cluster count matched the full-data solution, i.e. the
mode of the sub-sampling histogram coincided with the cluster number at 100 % sampling. The
resulting region-specific settings were: for DLS, deepSplit=3 and minClusterSize=0.095; for M1,
deepSplit=2 and minClusterSize=0.080; for M2, deepSplit=3 and minClusterSize=0.070; for PF,

deepSplit=3 and minClusterSize=0.080.
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Cluster accuracy and cell-type dominance

Two complementary metrics were computed for every cluster returned by the hierarchical
procedure: a normalized classification accuracy that evaluates how well TEA-net’s cell-type
predictions align with ground truth within that cluster, and a cell-type-dominance index that
quantifies the cluster’s compositional bias toward dMSNs (or AMSN-projecting) or iMSNs (or
iMSN-projecting) neurons.

We define the following cell type normalized fractions:

_ #correctly classified dMSNSs in cluster ~_ #correctly classified iMSNs in cluster
Pd,ce = #total dMSNs in region > Piee= #total iIMSNSs in region
_ #dMSNs in cluster - #iMSNs in cluster
Pd.all = 4t otal dMSNs in region” 7' = #total iIMSNs in region

where the subscripts d and i represent dMSNs and iMSNs (dMSN-projecting and iMSN-
projecting for the input regions), respectively, while ‘cc’ indicates correctly classified neurons.

The cluster’s accuracy, adjusted for unbalanced cell types in a given region, was then

defined as:
AcComm — Ddcc T Dice
Pd.all T Di.all
Chance level was obtained by randomly permuting the predicted labels across all neurons
(10000 iterations) while keeping cluster membership and total cell-type counts unchanged. One-
sided p-values were derived from this null distribution, and clusters with p < 0.05 were deemed

statistically significant.

Cell type dominance index was defined as:

D= Pd all
Pd.all + Piall
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Values above 0.5 indicate dMSN (or dMSN-projecting) dominance, whereas values below
0.5 indicate iMSN (or iMSN-projecting) dominance. Chance level was assessed by shuffling the
true cell-type identities across neurons (10000 iterations), recomputing the index, and deriving

two-sided p-values.
Clusterability analysis

To quantify how strongly the data deviates from uniform random distribution, we com-
puted the Hopkins statistic H [Hopkins and Skellam, 1954] for 1) the raw neural activity z-scored
after trial-averaging and 2) the normalized TEA-net latent representations used for hierarchical
clustering. The test was run with pvclustend (v 1.3; function pvclustend.hopkins). For
a dataset of n neurons, the routine samples m = 0.1n observations—half uniformly random
“probe” points drawn from the data hyper-cube and half actual data points. It then compares
their nearest-neighbor Euclidean distances, and returns the Hopkins statistic H. Values of H
are interpreted as follows: H ~ (.5 indicates complete spatial randomness, H > 0.5 increasing
clusterability, and H < 0.5 regular (over-dispersed) structure. For each brain region we generated
10000 bootstrap subsamples (size = 80% of neurons) and evaluated H for the two feature spaces

independently.
Cluster-similarity analysis across brain regions

We compared the cluster-average activity profiles across brain regions with a pair-wise

Pearson correlation analysis. For every cluster c,(cr) obtained in region r we first computed an

average dF/F trajectory, m,(:) (t) by (1) averaging each neuron’s activity across trials and (2)
averaging across all neurons within the cluster. Given two regions, r; and r,, we calculated an
ny, and n,, similarity matrix whose (k,[) entry was the Pearson correlation between m,((rl) () and

(r2)

m,"*(t), where n, is the number of clusters in region r.
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5.3.3 Forelimb and neuronal rhythmicity analysis

To determine whether MSNs and their cortical and thalamic inputs exhibit rhythmic
activity that match the cadence of the contralateral (left) forelimb during locomotion, we followed
a three-step procedure encompassing limb tracking, spectral decomposition, and peak-based

classification.
Video pre-processing and limb trajectory extraction

Video frames were acquired at 30 Hz and analyzed offline with DeepLabCut (DLC) (52)
to extract the x and y coordinates of the four limbs. Several DLC models were trained on hundreds
of video frames from different animals and recording sessions, to account for variabilities due to
animal posture and locomotion idiosyncrasies, light conditions, and limb visibility on the mirror.
The four limbs reflected on the mirror were labeled. After automatic labeling, in videos with
missing frames, limb coordinates were linearly interpolated based on nearby frames. Labelled
values that fell more than four standard deviations outside of the X and Y distributions were
likewise replaced with linearly interpolated values. For the rhythmicity analysis we focused
on the left forelimb. Because the forelimb mainly oscillates along a single linear axis related
to the direction of movement during locomotion, the two-dimensional trajectory was reduced
to a one-dimensional displacement by principal component analysis (PCA): the first principal
component (PCy) was taken as the scalar limb-position time-series for all subsequent analyses,

where the sign of the PC was set so that positive values corresponded to forward motion.
Power-spectral density (PSD) estimation

Spectral content of both forelimb trajectory and neural activity was quantified with the
Welch’s method (SciPy v1.12.0), using a Hann window of 1024 samples with 50% segment
overlap, which yields a frequency resolution of 0.03 Hz. The limb-position trace and neuronal
activity were z-scored at each trial (starting at ladder onset and ending 1 sec after the ladder

offset). Trial-wise PSDs were averaged to obtain one spectrum per neuron or per forelimb
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trajectory.
Identification of forelimb-related rhythmic activity

For each session, the averaged limb-position PSD was examined to identify the most
prominent spectral peak above 0.03 Hz, yielding the limb’s cadence frequency fp.,. The
locomotion-related frequency band, defined as the peak’s full width measured at 10% of its
maximum amplitude, served as the reference band for determining forelimb-related neuronal
rhythmicity. Within this band, each neuron’s PSD was examined to identify local maxima whose
prominence (the height of a peak measured relative to the higher of its two neighboring troughs)
exceeded a region-specific threshold that we determined by visual inspection of representative
spectra: DLS > 0.80, PF > 1.00, M1 > 0.65 and M2 > 0.65 (PSD units). A neuron was
labelled rhythmic if its most prominent peak lay inside the band and satisfied the corresponding
prominence criterion. Proportions of rthythmic cells were compared between dMSNs and iMSNSs,
and between projection-defined cortical/thalamic populations, using two-sided Fisher’s exact

tests. P-values were Bonferroni-corrected to account for multiple comparisons.
Phase-tuning analysis

Phase tuning was determined only for neurons deemed to have forelimb-related rhythmic
activity identified as above.

Stride detection and phase definition.

The one-dimensional paw-position trace (PCy; see “limb trajectory extraction”) was
scanned for successive local minima and maxima. A stride was defined as the interval from one
backmost excursion (minimum) to the next, with the intervening frontmost excursion (maximum)
marking mid-stride. This interval was mapped onto a phase domain such that the first minimum
corresponded to 0° (stride onset), the maximum to 180°, and the subsequent minimum to 360°
(stride completion). Phases 0—180° therefore constituted the swing period, when the paw travels

forward through the air, whereas phases 180-360° constituted the stance period, when the paw
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contacts the ladder and moves posteriorly as the body advances relative to the ladder.
Stride and neural activity warping.

Because individual strides vary in duration, each detected stride was resampled to 360
equally spaced phase points by linear interpolation. The simultaneously recorded neural activity
was interpolated onto the same phase grid, yielding one phase-locked activity vector per stride.
Phase tuning curve.

Within each trial, all stride-aligned activity vectors were averaged point-wise to obtain
a trial-specific phase-tuning curve, Ty, (0), with 0 ranging from 0° to 360°. The phase of
maximal activity, Bpeak rial = argmaxg Tuia1(0), was taken as the neuron’s preferred phase on
that trial. Preferred phases from all trials of a neuron were combined with a circular mean to
give the neuron’s overall preferred phase, Oprer = circmean(Gpeakma]). We compared preferred-
phase distributions between neuron groups using the Watson two-sample U? test, evaluating
significance (@ = 0.05) with an exact p-value obtained from 10000 random permutations of the

group labels for every comparison [Watson, 1962, Landler et al., 2021].
Statistics

Statistical tests were selected based on data distributions and significance was set at
p < 0.05. Non-parametric tests were used throughout the manuscript where appropriate. No

statistical methods were used to pre-determine sample sizes.

5.4 Results

5.4.1 Population activity patterns of dMSNs and iMSNs and their
cortical and thalamic inputs
To characterize the activity patterns of dMSNs and iMSNs in the DLS, and of the neuronal
subpopulations within the cortex and thalamus that project onto them, we conducted in vivo two-
photon imaging in head-fixed mice while they walked on a motorized circular ladder. In each trial,

an auditory cue preceded ladder rotation at a constant speed (Fig. 5.1A). To selectively label and
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image the activity of dAMSNs and iMSNs, a Cre-dependent viral vector of GCaMP6f was injected
in the DLS of specific Cre lines (Drd1-Cre for dMSNs, Adora2a-Cre for iMSNs). To record the
activity of cortical or thalamic neurons that project to dMSNs or iMSNs, Cre-dependent helper
viruses that allow infection and trans-synaptic spread of monosynaptic pseudo-typed rabies virus
(48) were injected in the DLS of DIR-Cre and A2A-Cre lines (Fig. 5.1B). After 3—4 weeks,
EnvA-pseudotyped rabies that expresses GCaMP6f was injected in DLS (Additional Fig. 5.2).
Imaging with rabies virus was limited to 5-9 days from infection [Wickersham et al., 2007a].
Cortical neurons were imaged through a chronic glass window, while striatal and thalamic
neurons were imaged via a GRIN lens (Fig. 5.1C). Muscimol injection in each input region led
to almost complete abolishment of the movement-related striatal activity (Additional Fig. 5.3,
paired Wilcoxon rank-sum test, p < 0.001 for all comparisons after vs. before manipulation),

confirming that these three inputs are required for driving DLS activity during the ladder task.
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Figure 5.1. Population activity patterns of dMSNs and iMSNs and their cortical and
thalamic inputs.

A) Schematic of the motor task. B) Left, schematic of the approach used for labeling dMSNs
and iMSNs in DLS. Bottom, timeline of experiments. Right, schematic of the approach used for
labeling the presynaptic cortical and thalamic inputs to dMSNs and iMSNs. C) Schematic of the
imaged brain regions and maximum intensity projection images from 2-photon in vivo imaging,
showing neurons that express GCaMP6f in DLS, M1, M2, and PF. Scale bar: 20um. D) Left,
trial-averaged activity heatmaps of neurons in DLS, ordered based on the maximum peak time of
their activity. Middle, population average activity of all DLS neurons. Right, population average
activity of dMSNs (blue) and iMSNs (orange), mean = SEM. n = 337 dMSNs (from N = 21
mice) and n = 414 iMSNs (from N = 12 mice). E) Same as D) for the input neurons in M1, M2
and PE. M1: n = 180 dMSN-projecting neurons (from N = 5 mice) and 249 iMSN-projecting
neurons (from N = 4 mice); M2: n = 1849 dMSN-projecting neurons (from N = 12 mice) and
2962 iMSN-projecting neurons (from N = 12 mice); PF: n = 136 dMSN-projecting neurons
(from N = 8 mice) and 150 iMSN-projecting neurons (from N = 9 mice). DLS: dorsolateral
striatum; M1: primary motor cortex; M2: secondary motor cortex; PF: parafascicular nucleus.

137



Sound

1s

GRIN lens

MI/M2 Glass window

GRIN lens

Ladder

cue movement
8s

dMSNSs: Drd1-Cre +
iMSNs: Adora2a-Cre +

D AAV-hSyn-FLEX

_GCaMP6f
‘ /

OO

Q
Cre “

Week1 w2 w3 w4 w5  wé

- Viral injections Training Imaging Histology

- GRIN lens
Sound Ladder Ladder
cue Off
\ ¥ v

=2

m

=

5

S

S

=

3

o

o

751

E
0.05
0.00 1429
0.25
1

0.00 4811
0.10
0.00 =1286

0 5 10
Time from sound cue (s)

138

M1/M2/PF
A
AD
ATA
EnvA-RVdG

/ -GCaMP6f

Q + o O\Cre dependent

AAV helpers

Week1 w2 w3 w4 w5 wé

- Viral injections Training\l]lmaging Histology

- Craniotomy/GRIN lens
EnvA-RVdG injection

dMSNs

iMSNs




Figure 5.2. Example expression of mRuby-GCaMP6f and GRIN lens positioning.

A) Example coronal brain sections from a Drd1-Cre mouse that show the expression of mRuby-
GCaMP6f (mRuby signal in red, GCaMP6f signal in green) via the EnvA-pseudotyped rabies
in DLS (injection site) and in the three input regions imaged in this study: M1, M2 and PF. B)
Example coronal brain sections that show the positioning of the GRIN lens in DLS (left) or in
PF (right). Red asterisk indicates the GRIN lens bottom.
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Figure 5.3. Muscimol inactivation in M1, M2, and PF abolishes movement-related striatal
activity.

A) From left, trial-averaged activity of MSNs during the ladder task. Dashed lines from left to
right in each plot indicate: sound cue onset, ladder onset, and ladder offset; trial-averaged activity
of MSNs from the same fields of view, imaged 30 minutes after muscimol injection into M1;
average activity of all DLS neurons before and after muscimol injection (mean + SEM); fraction
of active trials in the imaged neurons before and after muscimol injection (n = 21 neurons, of
which 14 dMSNs from n = 1 mouse and 7 iMSNSs from n = 1 mouse). B) Same as A) but for
muscimol injections in M2 (n = 68 neurons, of which 24 dMSNs from 3 mice and 44 iMSNs
from 4 mice). C) Same as A-B) but for muscimol injections in PF (n = 37 neurons, of which
12 dMSNs from 2 mice and 25 iMSNs from 3 mice). Dotted lines indicate medians. Paired
Wilcoxon rank-sum test, p j 0.001 for all comparisons after vs. before manipulation.
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The average population neuronal activity differed between the four regions (Fig. 5.1D,E).
PF neurons were strongly active throughout the movement period. In contrast, M1 and M2
neurons showed more pronounced activity around the onset and offset of ladder movement.
MSN activity appeared to be a combination of the CTX and PF patterns, with both sustained
activity during movement as well as activity at ladder onset and offset. These results suggest
a complementary contribution of cortical and thalamic inputs to striatal MSN activity during
movements.

The population average activity of AIMSNs and iMSNs exhibited different patterns. dMSN
activity peaked at the ladder onset and declined during the movement before peaking again at the
ladder offset, while iMSN s exhibited a consistent increase in activity during movement. In the
input areas, the population average activity patterns among dMSN- and iMSN-projecting were

similar.

5.4.2 Cell-type classification based on ensembles of single-trial
neuronal activity

To explore how different the activity of single neurons is between dMSNs and iMSNs, and
between dMSN- and iMSN-projecting neurons in each input region, we trained a classifier that
predicts the cell type based on the neuron’s activity. We designed the Trial Ensemble Attention
Network (TEA-net) (Fig. 5.4A) to capture the nonlinearity and temporal structure of neuronal
activity, as well as the variability of a neuron’s activity across single trials in a fixed-length task.
The classifier model is based on an encoder—decoder framework using recurrent neural networks
(RNNs) with an attention-based mechanism. The input to the classifier is the neural activity from
2 seconds before to 4 seconds after the ladder movement period, organized into ensembles of a
fixed number of randomly selected trials (Fig. 5.4A).

The classifier was trained using 10-fold cross-validation across sessions, such that each
session was used in the test set once for each neuron. Using the TEA-net classifier trained

on ensembles of trial activity, we found that dMSNs and iMSNs, as well as dMSN- and
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Figure 5.4. TEA-net architecture and cell-type classification performance.

A) Top, schematic of the TEA-net classifier. The encoder consists of RNN units that learn a
hidden-state multivariate time-series representation /;, which is pointwise weighted by attention
values a; and summed to produce the final latent representation. This representation is fed
into a fully connected decoder for classification. Bottom, classifier input based on subsampled
ensembles of a fixed number of trials. B) Cell-type classification accuracy in each region
compared to shuffled data. C) Average activity of correctly classified and misclassified neurons
in DLS. D) Average activity of correctly classified and misclassified neurons in M1, M2, and PF.
Mean + SEM shown.

iMSN-projecting neurons, are distinguishable above chance level, although the classification
performance was generally modest (Fig. 5.4B,C; Wilcoxon rank-sum test, p < 0.001 for all
comparisons vs. shuffled data). Classification accuracy was not statistically different across the
four regions, suggesting a similar degree of distinction between target-cell types and between
their input-cell types in motor cortex and thalamus (Wilcoxon rank-sum test with post-hoc
Bonferroni correction for n = 6 comparisons).

We compared the performance of TEA-net with linear and nonlinear baseline classifiers

trained on either trial-averaged neural activity or ensembles of single trials (Table 5.1). Classifi-
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cation accuracy was highest for TEA-net, which significantly outperformed linear SVMs trained
on trial-averaged activity and trial ensembles, as well as a fully connected neural network with
attention (Wilcoxon rank-sum test: TEA-net vs. SVM on trial-averaged data, p = 0.004; TEA-net

vs. SVM on ensemble data, p j 0.001; TEA-net vs. FCNN, p =0.011).

Table 5.1. Classification accuracy of dMSNs and iMSNs obtained by training different classifier
models with trial-averaged neural activity or random ensembles of single trials. Classification
accuracy was highest for TEA-net. Wilcoxon rank-sum test, TEA-net vs. SVM (trial-averaged
data) p = 0.004; TEA-net vs. SVM (ensemble data) p < 0.001; TEA-net vs. FCNN p = 0.011.
SVM: Support Vector Machine; FCNN: fully connected neural network; RNN: recurrent neural
network; TEA-net: Trial Ensemble Attention Network.

Model input Classifier model Accuracy + SD (%)
Trial-averaged neural activity Linear SVM 53.87 £5.16
Ensembles of trials Linear SVM 52.31 +6.53
Ensembles of trials FCNN with attention 57.33 + 3.86
Ensembles of trials RNN with attention (TEA-net) 63.21 +£3.98

We next examined the mean activity of correctly classified neurons (Fig. 5.4D,E). Cor-
rectly classified neurons exhibited stronger differences across cell types compared to misclassified
neurons. In DLS, correctly classified dMSNs showed higher activity levels that culminated near
the end of movement compared to iMSNs (Fig. 5.4D). Correctly classified iMSN-projecting neu-
rons in M1 exhibited higher activity levels throughout the movement period (Fig. 5.4E), whereas
correctly classified dMSN-projecting neurons in M2 and PF showed stronger movement-related
activity. The activity patterns of misclassified neurons resembled those of correctly classified
neurons of the opposite cell type. Together, these results indicate that neuronal activity patterns
contain cell-type-specific information, but that substantial fractions of neurons display activity

patterns typical of the other cell type.

5.4.3 Heterogeneous and distinctive activity patterns in DLS and input
areas

To explore the heterogeneity of activity patterns and identify those that are distinctive of

each cell type, we performed hierarchical clustering of the latent space representations of the
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TEA-net model (i.e., the inputs to the classifier). We used the latent space representations as the
classifier has been trained to capture separation between cell-types, and this representation has a
higher tendency to cluster than raw activity (Additional Fig. 5.6A). We applied a Dynamic Tree
Cut algorithm [Langfelder et al., 2008] to the hierarchical clustering dendrogram together with

subsampling (Methods, Additional Fig. 5.6B,C) to determine the optimal number of clusters.
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Figure 5.5. Activity pattern characterization of MSNs and inputs.

A) From left, population average activity of dMSNs (blue) and iMSNs (orange), and trial-
averaged activity of individual dMSNs and iMSNs (mean £ SEM) in each cluster. Neuron
ordering follows the leaf sequence of the clustering dendrogram. n for dMSNs and iMSNs:
cluster 1: 94 and 47; cluster 2: 76 and 63; cluster 3: 27 and 45; cluster 4: 48 and 102; cluster 5:
21 and 71; cluster 6: 71 and 86. B-D) Same as A), for dIMSN- and iMSN-projecting neurons
in M1, M2, and PFE. n for dAMSN-projecting and iMSN-projecting neurons: M1, cluster 1: 20
and 38; cluster 2: 37 and 65; cluster 3: 30 and 50; cluster 4: 17 and 27; cluster 5: 13 and 23;
cluster 6: 63 and 46; M2, cluster 1: 352 and 585; cluster 2: 249 and 431; cluster 3: 234 and
445; cluster 4: 277 and 335; cluster 5: 141 and 218; cluster 6: 236 and 461; cluster 7: 360 and
487; PF, cluster 1: 33 and 36; cluster 2: 33 and 30; cluster 3: 15 and 13; cluster 4: 10 and 12;
cluster 5: 30 and 39; cluster 6: 15 and 20. E) Within-cluster cell-type classification accuracy.
Purple bars indicate values significantly above chance accuracy (black circles and error bars,
mean £ SD). F) Within-cluster cell-type dominance. Values above or below 0.5 indicate dMSN
(dMSN-projecting) or iMSN (iMSN-projecting) dominance, respectively. Blue and orange bars
indicate significant AMSN (dMSN-projecting) and iMSN (iMSN-projecting) dominance above
chance (black circles and error bars, mean + SD). G=I) Activity pattern correlation between DLS
and M1, M2, and PF clusters. Numbers indicate 95% confidence intervals of mean correlation
values. Dashed lines from left to right indicate sound cue, ladder onset, and offset. *p < 0.05,
“*p <0.01, " p <0.001.
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For each neuron that belongs to a specific latent space representation cluster, we plotted
the corresponding trial-averaged neuronal activity (Fig. 5.5). We identified several major clusters
in each region indicating that functionally heterogeneous subpopulations exist (Fig. 5.5A-D).
Examining the classifier performance of neurons belonging to each cluster, we found that
some clusters showed much higher classification accuracies than the population mean accuracy
(Fig. 5.5E). In many of these clusters with high classification accuracy, one of the two cell-types
dominated the cluster, indicating that these activity patterns were found primarily in one of the
two cell-types (e.g., AMSN-dominant, DLS clusters 1 and 2; iMSN-dominant, DLS clusters 4
and 5). However, in other clusters with high classification accuracies, cell-type dominance was
not apparent (e.g., PF clusters 2 and 4) (Additional Fig. 5.6D), suggesting that these clusters are
further heterogeneous within them and additional latent single-trial features might contribute to
classifier performance.

DLS clusters enriched in dMSNs showed strong activity near the onset and offset of
movement (Fig. 5.5AF, clusters 1 and 2) while iMSN-dominant clusters (clusters 4-5) exhibited
peak activity toward the later phase of movement. In M1 and M2, many clusters were formed by
neurons that were active around the onset or offset of the movement (Fig. 5.5B,C; M1 clusters
1, 2, 4 and 5; M2 clusters 1-2 and 5-7). Additionally, in M2, about a third of the neurons
belonged to movement-active clusters, with the cluster with consistent activity throughout the
movement containing more iMSN-projecting neurons (Cluster 3), and the cluster with activity
ramping towards the end of the movement dominated by dMSN-projecting neurons (Cluster
4). Furthermore, a larger fraction of dMSN-projecting M1 and M2 neurons did not show clear
activity time-locked to our task (M1 cluster 6 and M2 cluster 7), raising the possibility that these
neurons may relay information selectively to dMSNs in behavioral contexts that are not explored
in our study. In contrast to cortical inputs, the majority of PF clusters showed activity during the
movement (Fig. 5.5D, clusters 2-5).

The results indicate that dMSNs and iMSNs and their projecting neurons display specific

movement-related activity patterns, some of which are more common in one cell-type than the
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other. We assessed the similarity between DLS clusters and input neuron clusters (Fig. 5.5G-J)
by computing Pearson’s correlation between their cluster-averaged activity patterns. M1 and M2
clusters more closely resembled movement onset/offset clusters in DLS, as compared to PF. The
M1 movement cluster was more similar to late-movement clusters in DLS, while all PF and M2
movement clusters were highly similar to all DLS movement clusters. These results suggest that
corticostriatal neurons might play an important role in driving striatal activity at movement start
and end, which are more prominent in dMSNs. Thalamostriatal neurons may be more important

in driving striatal activity during movements.
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Figure 5.6. Latent representations exhibit stronger clustering tendency than raw neural
activity.

A) Hopkins statistic distributions of trial-averaged neural activity (in gray) and of the latent space
representations (in violet) obtained from 10000 random subsamplings of 80% of the neurons in
DLS, M1, M2 and PE. The latent representations yield consistently higher Hopkins values than
the corresponding neural activity traces across all four regions, indicating that the latent space
possesses a greater likelihood to form clusters. Hopkins statistic for latent representation and
neural activity in each region, respectively (mean = SD): DLS, 0.85 £ 0.01, 0.76 £ 0.01; M1,
0.89 £0.01, 0.68 £ 0.01; M2, 0.85 + 0.002, 0.79 +£ 0.003; PF, 0.89 £ 0.01, 0.71 £ 0.02. Dotted
lines indicate the median of the distributions. B) Distributions of the number of clusters for the
latent space representations, obtained from 10000 random subsamplings of 80% of the neurons.
The mode of the distributions coincides with the number of clusters obtained when applying the
Dynamic Tree Cut approach to the complete datasets in DLS, M1, M2 and PF (red dotted line).
C) Dendrograms obtained from the hierarchical clustering of the latent space representations of
DLS, M1, M2 and PF neurons. Colors indicate the different clusters of neurons obtained in each
region (see Fig. 5.5). D) Correlation coefficients between cell-type dominance and classification
accuracy in each cluster, for each region. Circle size in each plot corresponds to the cluster size.
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5.4.4 Forelimb-related rhythmicity is input- and cell-type specific

To explore how the neural activity of the two MSN cell types and their specific cortical
and thalamic inputs relates to limb kinematics in this motor task, we extracted the time series of
the coordinates of the four paws using DeepLabCut Mathis et al. [2018] (Fig. 5.7A). To detect
neurons that show rhythmic activity with similar periodicity as the contralateral left forepaw
during locomotion, we performed a Fourier analysis on the left forelimb trajectory and on neural
activity during the movement period of each trial (Methods; Fig. 5.7B). We found that a small
fraction of DLS neurons showed activity matching the rhythmicity of the forelimb, with a higher
fraction of rhythmic cells found in dMSNs than in iMSNs (Fig. 5.7C; dMSN rhythmic cells
n = 17 out of 308 (5.5%), iMSN rhythmic cells n = 6 out of 400 (1.5%); Fisher exact test
Praw = 0.004, Bonferroni-adjusted p = 0.018).

Among the input regions, very few rhythmic cells were observed in M1 and M2
(Fig. 5.7D; M1: dMSN-proj. rhythmic cells n = 2 out of 166 (1.2%), iMSN-proj. rhythmic
cells n =5 out of 234 (2.1%); M2: dMSN-proj. rthythmic cells n = 14 out of 1881 (0.7%),
iMSN-proj. rhythmic cells n = 20 out of 2865 (0.7%)). In contrast, we found a substantial
proportion of rhythmic cells in PF neurons, with dMSN-projecting thalamic neurons containing
a significantly higher fraction of rhythmic cells (AMSN-proj. rhythmic cells n = 58 out of 202
(28.7%), iIMSN-proj. rthythmic cells n = 19 out of 160 (11.9%); Fisher exact test praw < 0.001,
Bonferroni-adjusted p < 0.001).

Each stride in the gait cycle consists of a stance phase, when the forelimb is in contact
with the ladder bar, followed by a swing phase, when the forelimb is raised and pushed forward.
We examined whether rhythmic neurons are preferentially tuned to a specific phase of left
forelimb position (Fig. 5.7E). We found that thalamic dMSN- and iMSN-projecting neurons
exhibited opposite phase tuning, with dMSN-projecting neuron activity peaking during the
stance phase and iMSN-projecting neuron activity peaking during the swing phase (Fig. 5.7F;

Watson two-sample U? test, p = 0.011). dMSNs in DLS showed a similar forelimb phase
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preference to thalamic dMSN-projecting neurons. These findings suggest that the contralateral
forelimb position during movement is primarily encoded by thalamostriatal neurons rather than
by corticostriatal neurons. Furthermore, thalamostriatal neurons may provide information related

to forelimb position to striatal neurons via target cell-type-specific connections.
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Figure 5.7. Forelimb-related rhythmic neural activity in striatal and thalamic neurons.
A) Top, example video frame of a mouse on the motorized ladder and the marked limbs (mirror
view) used for training DeepLabCut. Bottom, coordinates of the tracked limbs of a mouse
during one imaging session. Top, in dark blue, example trace of the first PCA component
of the x coordinate of the left forelimb during three consecutive trials in one imaging session
(from ladder onset to 1 s after the ladder offset). In green, corresponding activity trace of a
PF neuron recorded during the same imaging session. Bottom, power spectral densities of the
forelimb trajectory and neural activity, averaged across all trials of the same imaging session.
The dotted lines indicate the full width at 10% maximum of the peak frequency of the forelimb
trajectory. Neural activity that peaks within this frequency interval is defined as forelimb-related
rhythmic. C) Fraction of dMSNs and iMSNs with forelimb-related rhythmic activity (AMSN
rhythmic neurons n = 17 out of 308, iMSN rhythmic neurons n = 6 out of 400). Fisher exact
test praw = 0.004, Bonferroni-adjusted p = 0.018. D) Fraction of dMSN- and iMSN-projecting
neurons with forelimb-related rhythmic activity in M1, M2 and PE. M1: dMSN-proj. rhythmic
neurons n = 2 out of 166, iMSN-proj. rhythmic neurons n = 5 out of 234, Fisher exact test
Praw = 0.704, Bonferroni-adjusted p = 1; M2: dMSN-proj. rhythmic neurons n = 14 out of 1881,
iMSN-proj. rhythmic neurons n = 20 out of 2865, pr.w = 0.862, Bonferroni-adjusted p = 1;
PF: dMSN-proj. rhythmic neurons n = 58 out of 202, iMSN-proj. thythmic neurons n = 19 out
of 160, praw < 0.001, Bonferroni-adjusted p < 0.001. Comparisons between regions: Fisher
exact test, DLS vs. M1 ppw = 0.178, Bonferroni-adjusted p = 1; DLS vs. M2 pp,w < 0.001,
Bonferroni-adjusted p < 0.001; DLS vs. PF pp,y < 0.001, Bonferroni-adjusted p < 0.001; PF vs.
M1 praw < 0.001, Bonferroni-adjusted p < 0.001; PF vs. M2 praw < 0.001, Bonferroni-adjusted
p < 0.001; M1 vs. M2 ppaw = 0.037, Bonferroni-adjusted p = 0.219. E) Trial-averaged activity
(mean £ SD) of an example dMSN-projecting neuron in PF that peaks at the beginning of the
stance phase. F) Histogram of the neural activity peak relative to the left forelimb phase, at each
trial for the same neuron (n = 51 trials). G) Histogram of the left forelimb-position phase tuning
of rhythmic dMSN- and iMSN-proj. neurons in PF. H) Trial-averaged activity heatmaps of all
PF rhythmic dMSN- and iMSN- proj. neurons aligned to the left forepaw phase I) As in G, for
dMSNs and iMSNs in DLS.
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5.5 Discussion

This study characterized the activity dynamics and kinematic-related information of pre-
and postsynaptic populations of four motor areas. By imaging DLS cell types and their cortical
and thalamic presynaptic inputs, we aimed to identify cell-type specific differences of activity
and whether they arise from specificity of presynaptic inputs.

We identified subpopulations with distinct activity patterns within MSNs and within their
cortical and thalamic inputs. All neuronal groups (dAMSNs, iMSNs, and their respective inputs)
showed heterogeneous activity patterns and we did not find any activity pattern that was only
observed in one cell type. Nevertheless, AMSNs were predominant in clusters with activity
around movement initiation and termination, while more iMSNs were active during movements.
This finding aligns with previous studies that have highlighted co-activation of the two cell types
but with distinct patterns [Cui et al., 2013, Jin et al., 2014, Meng et al., 2018, Parker et al., 2018,
Markowitz et al., 2018, Cruz et al., 2022]. The majority in corticostriatal and thalamostriatal
populations showed activity around onset/offset of movement and during movement, respectively.
This suggests a complementary contribution of these inputs to striatal activity, with cortical
and thalamic activity more closely matching that of dMSNs and iMSNSs, respectively. Indeed,
even though cortex and thalamus connect with both dMSNs and iMSN:ss, it has been suggested
that cortical and thalamic inputs are biased towards dMSNs and iMSNss, respectively [Nelson
et al., 2021, Kress et al., 2013, Parker et al., 2016, Johansson and Silberberg, 2020, Zhang
et al., 2025], although an opposite observation has also been made for the thalamostriatal
connectivity [Parker et al., 2016]. These observations together suggest that corticostriatal and
thalamostriatal connections have distinct functions, with corticostriatal neurons driving striatal
activity primarily at the onset and offset of movements, while thalamostriatal neurons contribute
more to striatal activity during the movements. These findings suggest that striatal activity during
movements arises as an integration of both corticostriatal and thalamostriatal inputs, instead of

being primarily driven by cortical activity [Lemke et al., 2019, Peters et al., 2021].
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Our clustering analysis did not reveal clear differences in dMSN- and or iMSN-projecting
neurons that correspond to differences in dAMSNs and iMSNs. However, in a separate analysis,
we found movement kinematics-related neuronal rhythmicity primarily in PF but also in DLS.
Importantly, a majority of these neurons in PF were dMSN-projecting neurons, and a majority
in DLS were dMSNs with phase tuning matching that of dMSN-projecting PF neurons. Taken
together, the findings suggest that while dIMSN- and iMSN-projecting neurons in each region
might share many activity patterns (and some are likely overlapping populations), a subset of
them encode and transmit kinematic or task-related information in a cell-type specific manner.
Future studies should further test this idea with simultaneous recordings of identified pre- and
post-synaptic populations as well as pathway- and cell-type-specific activity manipulations.
Furthermore, kinematic encoding in the PF-DLS pathway should be further studied to determine
if it is restricted to rhythmic locomotion studied here or more broadly observed in other movement
contexts. We note that studies with electrophysiological recordings have described a higher
fraction of locomotion-related rhythmic cells both in the DLS as well as in M1 compared to what
we report here [Yang et al., 2024, Singla et al., 2025]. Our study using calcium imaging may be
underestimating rhythmic activity.

Machine learning-based methods are becoming increasingly popular for identifying
cell types based on neuronal activity [Schneider et al., 2023a, Ophir et al., 2024, Lee et al.,
2024, Beau et al., 2025]. In this study, we used a supervised classification approach based on
recurrent neural networks as a tool for determining functional differences among cell types.
Our classifier design combined trial ensemble inputs and nonlinear temporal modeling via the
RNN, and outperformed baseline models under cross-validation. By incorporating neuronal
activity across multiple single trials, rather than using trial-averaged activity the classifier may
capture features—such as fraction of responsive trials, response amplitude and timing, and their
consistency across trials—that determine how reliably and strongly information is encoded and
transmitted within circuits. These features may prove crucial for both determining specificity and

connectivity rules in cell-type defined circuits. While our design accounts for the nonlinearity
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of encoding, temporal structure of neuronal activity, and single-trial activity, it is aligned to
task events and does not account for trial-by-trial variability in the movements of the animal.
Incorporating kinematic features, e.g., paw position and velocity, in future designs would have
the potential to enhance the quantification of functional diversity of neuronal populations in
relation to the generation of movements and offer mechanistic insights into how cell-type specific

circuits generate precise movements.
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Chapter 6

Discussion and Future Directions

6.1 Discussion

This dissertation develops interpretable machine learning frameworks for understanding
distributed and context-dependent neural computation from high-dimensional biological data.
Across the methodological contributions and the neuroscience application presented in earlier
chapters, a central theme emerges: meaningful biological interpretation requires explicitly
modeling structure that lies between purely global descriptions and purely local feature-level
analyses. Neural and biological systems exhibit shared dynamics across regions and conditions,
alongside context-specific and pathway-specific variations, and the methods developed in this
thesis are designed to disentangle these complementary sources of variability.

A unifying principle across all contributions is the emphasis on structure-aware in-
terpretability. Rather than ranking individual features or neurons in isolation, the proposed
frameworks identify structured sets of features, latent subspaces, or neural populations that
jointly encode behavior or condition differences. This perspective aligns more closely with
biological organization, where coordinated activity patterns, rather than single units, form the
basis of computation. By focusing on groups of features and population-level representations,
the methods in this dissertation provide interpretations that are both more stable and more
biologically meaningful.

Another shared theme is the explicit separation of shared and specific information. In
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the coupled transformer autoencoder, this separation is achieved through orthogonal shared
and private latent subspaces that disentangle common dynamics across brain regions from
region-specific activity. In conditional stochastic gates, feature relevance is conditioned on
contextual variables, allowing the model to distinguish context-invariant features from those
that are selectively informative under specific conditions. In differential spectral clustering, the
focus shifts to identifying feature groups whose connectivity structure differs across conditions,
separating shared correlation structure from condition-specific interactions. Together, these
approaches highlight the importance of modeling heterogeneity across contexts, regions, and
conditions rather than collapsing all data into a single representation.

A further unifying aspect of this work is its population-level focus. Across methods,
the goal is not to explain individual neurons or features in isolation, but to capture coordinated
patterns of activity and structured feature groups that better reflect the organization of biological
systems. This population-level reasoning is particularly important in modern neuroscience and
biomedical datasets, where high dimensionality and strong dependencies between variables are
the norm. The frameworks developed here are designed to operate in this regime, providing
interpretable outputs that remain meaningful even as data dimensionality scales.

Finally, the methods introduced in this dissertation are designed to be model-agnostic in
their downstream use. The latent representations, selected feature sets, and differential clusters
produced by these frameworks can be readily integrated into decoding, clustering, or hypothesis-
generation pipelines without tying interpretation to a single predictive model. This flexibility
makes the approaches broadly applicable across domains and encourages their use as exploratory

tools for scientific discovery.

6.2 Contributions

Differential spectral clustering reframes feature selection as a graph comparison problem,

focusing on differences in inter-feature connectivity rather than individual feature values. By
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constructing condition-specific graphs and identifying groups of features whose connectivity
patterns differ across conditions, DiSC captures differential structure that may be invisible to
methods based on sparsity or marginal relevance. Theoretical analysis under structured random
graph models provides insight into when such differential groups can be reliably recovered,
while experiments across synthetic data, imaging, hyperspectral analysis, and fMRI demonstrate
the practical utility of this approach. DiSC complements context-aware feature selection by
addressing a distinct notion of difference, namely changes in correlation structure rather than
changes in feature relevance alone.

Conditional stochastic gates challenge the conventional assumption that feature relevance
is fixed across all samples. By conditioning feature selection on auxiliary context variables,
¢-STG models feature importance as a function of context, even when the context does not
directly affect the prediction target. This framework reveals that features can be selectively
informative under specific conditions, an observation that is particularly relevant in neuroscience
and biomedical applications where task demands, internal states, or experimental manipulations
modulate neural relevance. Through the use of a hypernetwork that predicts gating parameters,
¢-STG provides a flexible and scalable mechanism for learning context-dependent relevance
patterns, leading to improved predictive performance and enhanced interpretability compared to
population-level feature selection methods.

The coupled transformer autoencoder addresses a fundamental challenge in systems
neuroscience: how to jointly model neural activity recorded simultaneously across multiple brain
regions while preserving both shared dynamics and region-specific structure. By explicitly parti-
tioning each region’s latent space into orthogonal shared and private subspaces, the model enables
direct investigation of population-level neural dynamics that generalize across regions, while
simultaneously isolating region-specific computations. The use of transformer-based sequence
models allows CTAE to capture nonlinear and non-stationary temporal dynamics, making it well-
suited for large-scale electrophysiology and imaging datasets. Compared to alignment-based or

single-region approaches, CTAE yields representations that improve behavioral decoding and
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offer clearer interpretability of distributed neural processes.

This dissertation also includes a neuroscience study examining how cortical and thalamic
inputs differentially shape cell-type-specific striatal activity during movement. Using large-scale
calcium imaging data recorded across multiple brain regions under non-simultaneous experimen-
tal conditions, this work focuses on characterizing population-level structure in striatal dynamics
when direct joint modeling across regions is not feasible. To this end, Trial Ensemble Attention
Networks (TEA-net) are introduced as a representational probe for assessing ensemble-level
separability of neural activity patterns across behavioral phases and input pathways. This analysis
reveals pronounced functional heterogeneity within both direct- and indirect-pathway striatal
neurons, as well as complementary contributions of cortical and thalamic inputs to movement
initiation and execution. By highlighting cell-type-specific and region-dependent structure under
realistic experimental constraints, this study provides insight into how distributed motor signals
are integrated within the striatum and motivates the need for interpretable, population-level

approaches to neural data analysis.

6.3 Limitations

While the frameworks developed in this dissertation provide new tools for interpretable
analysis of high-dimensional neural data, several limitations remain.

First, the methods rely on hyperparameter choices that can influence both performance
and interpretability. In Differential Spectral Clustering (DiSC), the dimensionality of the
condition-specific spectral embeddings determines which differential feature groups are re-
covered; overly large values may capture noise while overly small values may miss meaningful
structure. Similarly, Conditional Stochastic Gates require tuning of regularization parameters
that control sparsity of the gating mechanism, and Coupled Transformer Autoencoders require
specifying the dimensionality of shared and region-specific latent subspaces. Although cross-

validation provides a practical solution, principled and automated strategies for selecting these
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parameters remain an open methodological challenge.

Second, each method targets a particular notion of structure in the data. DiSC identifies
differences in inter-feature connectivity rather than differences in feature magnitudes, and there-
fore may not detect signals that manifest primarily through changes in mean activity. Conversely,
feature-selection approaches such as c-STG focus on identifying predictive features but do not
explicitly model relationships between features or coordinated population dynamics. Similarly,
latent-variable models such as CTAE capture shared and region-specific temporal dynamics
but rely on assumptions about latent subspace structure. Developing unified frameworks that
simultaneously model feature relationships, contextual relevance, and multi-region dynamics
remains an important open direction.

Third, the current models do not directly incorporate causal perturbations or mechanistic
constraints. While the representations and feature groups discovered by these methods can
generate biological hypotheses, they do not by themselves establish causal relationships be-
tween neural activity and behavior. Integrating such frameworks with perturbation experiments,
interventional data, or mechanistic circuit models will be necessary to move from descriptive
representations toward causal understanding.

Finally, although the proposed approaches scale well to modern datasets, most exper-
iments presented in this dissertation involve a limited number of experimental conditions or
brain regions. As large-scale recording technologies continue to expand to tens of thousands of
neurons across many regions and behavioral contexts, further methodological development will
be needed to ensure that interpretable representations remain tractable and stable in increasingly

large and heterogeneous datasets.

6.4 Future Directions

The methods developed in this dissertation open several promising directions for future

research. A natural methodological extension is the development of unified frameworks that

162



combine the complementary perspectives introduced in this work. Differential spectral clustering
focuses on changes in feature connectivity, conditional stochastic gates model context-dependent
feature relevance, and coupled autoencoders capture shared and region-specific population
dynamics across brain regions. Integrating these ideas into a single framework could enable
models that simultaneously identify relevant neural features, characterize how their interactions
change across conditions, and represent their shared dynamics across distributed circuits.

Another important direction is improving the adaptability of the proposed models. For
example, learning the dimensionality of shared and region-specific latent subspaces directly from
data would allow coupled autoencoder models to flexibly adapt to datasets with varying degrees
of inter-regional coordination. Similarly, extending differential spectral clustering to continuous
task variables or temporal contexts would allow hierarchical analyses of how neural connectivity
structure evolves across time or behavioral state.

In neuroscience applications, the increasing availability of simultaneous multi-region
recordings provides an opportunity to apply these frameworks to larger-scale circuit analyses.
Shared latent representations offer a principled way to compare neural dynamics across animals,
experimental conditions, or behavioral tasks, potentially enabling population-level alignment
and cross-subject generalization. Such representations may also serve as building blocks for
large-scale pretrained models of neural population activity.

More broadly, the principles developed in this dissertation extend beyond neuroscience.
Many biomedical datasets, including single-cell transcriptomics, spatial omics, clinical time
series, and multimodal physiological recordings, exhibit strong dependencies between variables
and context-dependent patterns of relevance. Structure-aware machine learning methods that
explicitly disentangle shared and specific sources of variation may therefore provide powerful
tools for understanding complex biological systems across domains.

Ultimately, progress in interpreting large-scale biological data will likely require close
integration between machine learning, experimental neuroscience, and domain knowledge. The

frameworks introduced in this dissertation represent a step toward this goal by demonstrating
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how interpretable representation learning can reveal structured organization in complex neural

systems.

6.5 Conclusion

Understanding how neural populations give rise to behavior requires analytical frame-
works that can reveal structure in high-dimensional, distributed, and context-dependent biological
data. This dissertation develops interpretable machine learning methods designed to address this
challenge from three complementary perspectives: reorganization across conditions, context-
dependent feature relevance, and distributed computation across brain regions.

First, Differential Spectral Clustering (DiSC) demonstrates that meaningful differences
between experimental conditions often manifest not only through changes in individual feature
activity, but also through changes in the relational structure between features. By identifying
groups of features whose connectivity patterns reorganize across conditions, DiSC provides a
principled framework for detecting coordinated population-level changes that may remain hidden
to traditional feature-wise analyses.

Second, Conditional Stochastic Gates (c-STG) reveal that feature relevance itself can
depend on contextual variables, even when those variables do not directly determine the pre-
diction target. By conditioning feature selection on context, this framework exposes selective
engagement of features under specific conditions, providing a more flexible and biologically
realistic model of relevance in systems where neural responses depend strongly on behavioral or
experimental context.

Third, the Coupled Transformer Autoencoder (CTAE) addresses the problem of modeling
distributed neural activity across multiple brain regions. By disentangling shared and region-
specific latent dynamics, CTAE provides a structured representation of neural computation that
captures both global coordination and regional specialization within neural circuits.

Complementing these methodological developments, the neuroscience study presented in
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this dissertation demonstrates how such population-level representations can provide insight into
real biological systems. By analyzing striatal population activity driven by cortical and thalamic
inputs, the work highlights the functional heterogeneity of striatal neurons and illustrates how
distributed motor signals are integrated across pathways and behavioral phases.

Taken together, the contributions of this dissertation emphasize that interpretable machine
learning for biological systems requires models that explicitly capture structure at multiple levels:
relationships between features, conditional relevance across contexts, and coordinated dynamics
across brain regions. Approaches that account for these forms of structure provide not only
improved predictive performance, but also representations that align more closely with the
organization of biological systems.

As experimental technologies continue to scale, enabling recordings across increasingly
large neural populations, brain regions, and experimental conditions, the need for such structure-
aware analytical frameworks will only grow. The methods developed in this dissertation provide
a foundation for future work toward interpretable, scalable, and biologically grounded machine

learning approaches for studying complex neural and biomedical systems.
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