UC Santa Cruz
UC Santa Cruz Electronic Theses and Dissertations

Title
The Unit Group of the Burnside Ring as a Biset Functor for Some Solvable Groups

Permalink
https://escholarship.org/uc/item/56590782

Author
Barsotti, Jamison Blair

Publication Date
2018

Copyright Information

This work is made available under the terms of a Creative Commons Attribution License,
availalbe at https://creativecommons.org/licenses/by/4.0/

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/56590782
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA
SANTA CRUZ

THE UNIT GROUP OF THE BURNSIDE RING AS A BISET FUNCTOR FOR
SOME SOLVABLE GROUPS

A dissertation submitted in partial satisfaction of the
requirements for the degree of

DOCTOR OF PHILOSOPHY
in
MATHEMATICS
by
Jamison Blair Barsotti

June 2018

The Dissertation of Jamison Blair Barsotti
is approved:

Professor Robert Boltje, Chair

Professor Samit Dasgupta

Professor Junecue Suh

Tyrus Miller
Vice Provost and Dean of Graduate Studies



Copyright (©) by
Jamison Blair Barsotti

2018



Table of Contents

[Abstract]

[Acknowledgments|

(L__Introduction|

2 Background|

[2.1 = Grothendieck Groups| . . . . . . . . . ... ...
2.2 Burnside Rings| . . . . . . . . .. ...

B Iﬁe ﬁoulile Burnsﬂe Rlllé]

3.1 Idempotents of RB(G,G)| . . ... ... ... ... ... ........

4 _The Unit Group of the Burnside Ring|

4 e b 10110 G 520

4.2 The Unit Group of the Burnside Ring for p-groups| . . . ... ... ..

[ The Unit Group of the Burnside Ring for Some Solvable Groups|

[5.1  Groups With Abelian Subgroups of Index 1or?2|. . . . ... ... ...
5.2  Extending the Main Theorem|. . . . . . .. ... ... ... ......

{6 Residual groups for B*|

[Z__Subfunctors of BX]

1 _Th functor Lattice of B* over C'| . . . ... . ... ... .....
7.2 Composition Factors| . . . . ... ... ... ... ... ... ...

1ii

6.1 Residual Groups|. . . . . . . . . ... L
6.2 Residual Objects of ¢’ with Respectto B*|. . . . . . . . ... ... ..

22
22
24

26
26
35

40
40
42



(8 Applications to Simple Biset Functors| 66

8.1 Computing Sir,(H) for G residual with respectto B*| . . . . ... ... ... 66

8.2 Surjectivity of the Exponential Map B —B™|. . . . . . . ... ... ...... 70

[9 More Residual Groups| 74
Bibliograp 78

v



Abstract

The unit group of the burnside ring as a biset functor for some solvable groups

by

Jamison Blair Barsotti

The theory of bisets has been very useful in progress towards settling the longstanding question
of determining units for the Burnside ring. In 2006 Bouc used bisets to settle the question
for p-groups. In this paper, we provide a standard basis for the unit group of the Burnside
ring for groups that contain an abelian subgroups of index two. We then extend this result to
groups G, where G has a normal subgroup, N, of odd index, such that N contains an abelian
subgroups of index 2. Next, we study the structure of the unit group of the Burnside ring as
a biset functor, B*, on this class of groups and determine its lattice of subfunctors. We then
use this to determine the composition factors of B* over this class of groups. Additionally, we
give a sufficient condition for when the functor B>, defined on a class of groups closed under

subquotients, has uncountably many subfunctors.
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Chapter 1

Introduction

The principles for the Burnside ring are over 100 years old and can be traced back to
William Burnside. However, its ring structure was first considered by Louis Solomon in 1967
([15[). It was then thoroughly discussed by tom Dieck ([6]) and Dress ([7]) in the following
years. The question of describing the unit group of the Burnside ring of a finite group, in terms
of data about that finite group can be traced to this time.

Since then, the unit group of the Burnside ring has been studied extensively by
Yoshida ([19]), Matsuda ([9], [[10]), Yal¢in ([[17]), and Bouc ([3]]), although its rank for a general
finite group is still unknown. In [3] Bouc succeeded in computing B* (G) for the case where G
is a p-group using the theory of bisets. This is obtained through realizing the unit group of the
Burnside ring as a biset functor, B*, on the biset category for finite groups C.

Bouc’s result on the units of the Burnside ring for p-groups made use of a deep con-

nection between these units and rational representations of the group at hand, through certain



subgroups he referred to as genetic. This connection hinged on the Ritter-Segal Theorem ([[12]
and [[13]]), which states that the linearization map from the Burnside ring to the ring of rational
representations is surjective. Unfortunately, for general finite groups, the Ritter-Segal Theorem
is not true (e.g. C3 X Qs, see Exercise 4 in 13.1 of [14]). However, another aspect of Bouc’s
result was to characterize which p-groups were necessary to “generate” the units of the Burn-
side ring of a p-group, using the perspective that B* is a biset functor. In this manuscript, we
call such groups residual with respect to B*. The upshot of this approach is that, if there is
a valid extension of Bouc’s idea of genetic subgroups for general finite groups that is useful
to determine the unit group of the Burnside ring, then it will have to involve groups that are
residual with respect to B*.

Chapters 2 — 4 of this thesis introduce the necessary background to read the main
results. Chapter 2 offers a review of Grothendieck groups, Burnside rings, and biset functors.
Chapter 3 addresses an important decomposition that will be used for the main result of Chapter
5. Chapter 4 gives a computational definition of the biset functor B* and we state Bouc’s
Theorem computing B* (P), when P is a p-group.

The main contributions of this thesis can be found in Chapters 5 —9. Chapter 5
contains Theorem [5.1.10] which is the heart of this thesis. It produces a method for computing
B*(G) in the case where G has an abelian subgroup of index at most 2. We then extend this
result, in Corollary to the class of groups that contain such a G as a normal subgroup of
odd index. Throughout the rest of the text, we refer to this class as .

Chapter 6 introduces the definition of a residual group with respect to a given biset

functor and we prove Theorem [6.2.7, which determines which groups in ’ are residual with



respect to B*. In Chapter 7, we use these groups to determine the lattice of subfunctors of B*
over the class ¢’ (Theorem . We end the chapter with a pair of results: Proposition m
which generalizes Corollary to any subfunctor of B* over (’, and Theorem which
determines the composition factors of B* over (.

Chapters 8 and 9 are concerned with applications and further questions. In particular,
one of the main open questions in the theory of bisets is, given a simple biset functor S and
a finite group X, what is the evaluation S(X)? For a certain class of simple biset functors,
Theorem determines a method for these computations over X € (’, in terms of data
from X. We also discuss the often studied exponential map €, which is a morphism of the
biset functors B — B*, where B is the Burnside ring biset functor. Theorem determines
for which X € (/, the map €y is surjective. A particularly nice case of this Theorem
is Corollary [8.2.4] which determines the surjectivity of the exponential map for the dihedral
group Dy,, completely in terms of n.

We note that the material that appears in the article [1] is based on the research done

for Chapters 5 — 8.



Chapter 2

Background

We assume that the reader has familiarity with the basics of group theory and with the
theory of sets that have a group action defined on them. In this document, we are primarily con-
cerned with invariants that can be associated to finite groups. So, whenever we are considering
an arbitrary group, it comes with the assumption that it is finite. In this section, we discuss the
basics of Grothendieck groups, Burnside rings, and biset functors. We end the section with a

brief overview of simple biset functors and composition factors of biset functors.

2.1 Grothendieck Groups

Recall that a monoid is a set M, together with an associative binary operation ““x*”
and an element e € M, such that exm = mxe for all m € M. Let F(M) denote the free abelian
group with basis M. The Grothendieck group of M, with respect to the operation x*, is the

group M := F(M)/H where H is the subgroup of F (M) generated by elements of the form



mx*n—n—m, form,n € M. There is an additive map 7 that takes an element m € M to its image
in M. Together, M and 7 have the following universal property: if M’ is an abelian group and
f M — M’ is an additive map, then there is a unique group homomorphism p : M — M’ such
that f = pot. If one applies this process to the natural numbers Ny, then Ny = Z. However,
since the integers are used in the constructing the free abelian group of a set, we cannot take

this as a definition of Z.

2.2 Burnside Rings

Let G be a group. Further, suppose X and Y are G-sets, i.e. sets that have a group
action defined on them. We can then construct two other G-sets: the disjoint union X LY with
the obvious action, and the cartesian product X x Y, with the diagonal action g(x,y) = (gx, gy),
forany g € G,x € X, and y € Y. Recall that two G-sets X and Y are said to be isomorphic if there
is a bijection f : X — Y that is G-equivariant. That is f(gx) = gf(x) forall g € Gand x € X. If
we denote gset to be the class of finite G-sets, and let gset denote the set of isomorphism classes
of gset, then taking disjoint unions defines a monoid structure on gset where the identity is the

class consisting of the empty set.

Definition 2.2.1. Let G be a finite group. The Burnside group of G, which we denote by B(G),

is defined as the Grothendieck group of gset with respect to taking disjoint unions.

If X is a finite G-set, then we denote the image of X in B(G) by [X].
Recall that every finite G-set X can be written as the disjoint union of transitive G-

sets, and each transitive G-set is isomorphic to a coset space G/H, for some subgroup H of



G. Additionally, we also know that if H and K are subgroups of G, G/H = G/K as G-sets if
and only if there is a g € G such that gHg~! = $H = K. It follows that, if we let S; denote a
conjugacy class transversal of subgroups of G, the set {[G/H]}ncs, will generate the Burnside
group. It turns out that this set will be a basis. To see this we have to introduce the mark
homomorphisms.

Let G be a finite group and X a finite G-set. If H is a subgroup of G, then we denote
by |X# | the number of points in X that are fixed by H. It is clear that |(X UY)¥| = |XH| 4 Y]
for any finite G-sets X and Y. Thus by the universal property of Grothendieck groups, we get
a group homomorphism ¢y : B(G) — Z, such that ¢y ([X]) = |X*| for any finite G-set X. For

a € B(G), we will frequently use the abusive notation |a’?| to denote the number ¢y (a).

Lemma 2.2.2. Let G be a finite group. Suppose H and K are subgroups of G. Suppose X and

Y are finite G-sets. The following hold:
1. IfX =Y, then |X1| = |YH|.
2. If8K = H for some g € G, then |X| = |XX]|.
3. If|(G/K)| #0, then H < 8K for some g € G.
4. |(G/H)!'| = N(H) : H].

Proof. (1) is clear. For (2), note that K fixes x € X if and only if H fixes gx. For (3), suppose
that H fixes gK for some g € G. Then for each h € H, we have hgK = gK = h® € K. For (4),

notice that H fixes xH if and only if x € N(H). The result follows. O]



Definition 2.2.3. Let G be a finite group. Let S denote a set of representatives of the conjugacy

classes of subgroups of G. Then there is a homomorphism
¢ : B(G) — 7/

induced by the map that takes a finite G-set X to the column vector (|X|)ycs,. We call ¢ the

ghost map of B(G).
The following is a classic result that can be attributed to Burnside.

Theorem 2.2.4 ([4], Theorem 2.4.5). Let G be a finite group and let X and Y be finite G-sets.

The following are equivalent:

1. X =2Y as G-sets.

If we again denote S to be a set of representatives of the conjugacy classes of sub-
groups of G and order Sg by cardinality. Let M be the integer matrix with columns equal to
¢([G/H]) for H € 5. It is an easy consequence of Lemma that M is nonsingular, which
implies that {[G/H]}nes, C B(G) is linearly independent. Hence it is a basis. Moreover, ¢ is
injective and one can identify B(G) with the integral span of Mg via ¢. The matrix Mg is called

the table of marks.

Example 2.2.5. Let G = S3 = (y,x|y> = x> = 1,xyx = y~!). Then, up to conjugacy, G has 4

subgroups, {1}, (x), (), and G. The table of marks for G is
3 2

S OO
—_— = = =

1 0
0 2
00



More generally, if p is an odd prime and G = D;,, is the dihedral group with 2p elements, then

one can verify that the table of marks for G is

2p p 2 1
0 1 01
0 0 21
0 0 01

There is a natural ring structure on B(G). This is simply the operation induced by the
cartesian product of G-sets, where [X][Y] = [X x Y] for any finite G-sets X and Y. With this
multiplication in mind, we call B(G) the Burnside ring of G. Since X x Y =Y x X, it follows
that B(G) is a commutative ring with identity element equal to the image of the one point set
G/G in B(G).

Easy verification shows that for any two G-sets X and Y and any subgroup H < G,
we have |(X x Y )| = |XH||YH|. It follows that the ghost map, ¢, is an injective morphism of

rings. The following proposition is a consequence of this fact.
Proposition 2.2.6. Let G be a finite group. Then B(G)* is an elementary abelian 2-group.

Equivalently, we can view B(G)* as an [F»-space, with dimension bounded by |Sg|.
The ultimate goal would be to construct a basis for B(G)* in terms of purely group theoretical
data of G. However, even knowing the dimension of B(G)* has proved to be a difficult question.

The following theorem, first observed by tom Dieck in 1978, illustrates this.

Theorem 2.2.7 ([6]])). Feit-Thompson’s Odd Order Theorem is equivalent to the statement that

if G has odd order, then B(G)™ = {£1}.



2.3 Bisets

If G and H are finite groups, we consider sets X that are equipped with a left G-action
and a right H-action, such that for any g € G, h € H, and x € X (gx)h = g(xh). Then X is called
a (G,H)-biset. Equivalently, we may as well have thought of X as a (G x H)-set defined with
the action (g,h) -x = gxh~!. Conversely, a (G x H) action on a set X defines a unique (G, H)-
biset structure on X. So there is a one-to-one correspondence between (left) (G x H)-sets and
(G, H)-bisets. With this identification in mind, we define B(G,H) := B(G x H).

Suppose G, H, and K are finite groups. If X is a (G, H)-biset and Y is an (H,K)-biset
then we construct a (G, K)-biset in the following way: Let X xy Y denote the H-orbits of the

(G x H x K)-set X x Y, with action

(8:hk) - (x,y) = (gxh ™" hyk ™)
forallge G,he Hke K,xe X,andy € Y. Then X xg Y has a natural action from G x K.

Definition 2.3.1. If G, H, and K are finite groups, X is a (G,H)-biset and Y is an (H, K)-biset.

The (G,K) biset X x Y is called the tensor product of the bisets X and Y .
For finite groups G, H, and K, the tensor product of bisets induces a bilinear form
—xy—:B(G,H) xB(H,K) — B(G,H).
We use this bilinear form to define the following category.

Definition 2.3.2 ([4], 3.1.1). The biset category C of finite groups is the category defined as

follows:



The objects of C are finite groups.

If G and H are finite groups, then Hom¢(G,H) = B(H,G).

If G,H, and K are finite groups, then the composition vou of morphisms u € Hom(G, H)

and v € Hom(H,K) is equal to v X g u.

For any finite group G, the identity morphism of G in C is equal to [G], where G is the

(G, G)-biset equipped with left and right action induced by the usual multiplication of G.

It is clear that C is a preadditive category.

2.4 Elementary Bisets

Remark 2.4.1 ([4]], 2.3.9). Let G be a finite group. The following bisets are called elementary

bisets. We will make use of them frequently.

e If H is a subgroup of G, then the set G is an (H,G)-biset given by the usual left and right

multiplication in G and is denoted by Res%. We call this restriction from G to H.

e If H is a subgroup of G, then the set G is a (G, H)-biset given by the usual left and right

multiplication in G. It is denoted by Indg. We call this induction from H to G.

e If N is a normal subgroup of G, then the set G/N is a (G,G/N)-biset given by the usual
multiplication on the right and projection to G/N then multiplication on the left. It is

denoted Infg /N We call this inflation from G/N to G.

10



e If N is a normal subgroup of G, then the set G/N is a (G/N,G)-biset given by the usual
multiplication on the left and projection to G/N then multiplication on the right. It is

denoted Defg /- We call this deflation from G to G/N.

e If f: G — H is a group isomorphism, then the set H is an (H,G)-biset, where the left
action is usual multiplication, and the right action is given by multiplication of the image

through f, denoted by Iso(f) or Isog if the isomorphism is clear from the context.

We abusively use the same notation for the images of elementary bisets in their re-

spective Burnside groups.

The elementary bisets satisfy various important relations. Notably, they come en-

coded with the well-known Mackey formula.
Remark 2.4.2. ([4], 1.1.3)
o Transitivity:
1. If H and K are subgroups of G with K < H < G, then
Resk oRes% = Res, Ind$ o Ind¥ = Ind%.
2. fo:G— Hand vy : H— K are group isomorphism, then

Iso(y) oIso(¢) = Iso(yo).
3. If N and M are normal subgroups of G with N < M, then

Infg o Infgy =InfG ,,, Defg)y oDefd  =Defd .

11



= Iso(a )oDefG /N

= f olTso(o!) and Def%/" : (GIN)/(M/N)

Here, InfG N G/M

G/M * (G/N)/(M/N)

where o : (G/N)/(M/N) — G/M is the canonical isomorphism.
o Commutation:

1. If ¢ : G — H is a group isomorphism, and K is a subgroup of G, then
Iso(¢') oRes{ = Resg(K) oIso(9)

Iso(¢) oInd§ = Indg(K) oIso(9'),

where @' : K — @(K) is the restriction of .

2. If ¢ : G — H is a group isomorphism, and N is a normal subgroup of G, then
Iso(¢') oDefg/N = DefH/(P( ) ©Iso(@)

Iso(@) o Infg ;= Inff} o) 0 Tso(@),
where ¢’ : G/N — H/@(N) is the group isomorphism induced by ¢.

3. (Mackey formula) If H and K are subgroups of G, then

Resf oInd§ = Z Ind4 .k oTIso(Yy,) o Resk
x€[H\G/K]

where [H\G/K] is a set of representatives of (H,K)-double cosets in G, and Y, :

H*NK — HN*K is the group isomorphism induced by conjugation by x.

4. If N and M are normal subgroups of G, then

M
Defg/N ° Infg/M = Infg/NM © DefngM

12



IN /N — M /M
Here, Infg/NM = Inf(GG/N)/(NM/N) oIso(a™!) and Defg/NM = ISO(B)ODef(GG/zvf)/(NM/M)

where o : (G/N)/(NM/N) — G/NM and B : (G/M)/(NM /M) — G/NM are the

canonical isomorphisms.
5. If H is a subgroup of G and N is a normal subgroup of G, then

Detg/N oInd$ = Indgf\,l\;]v olIso(@)o DefZ/Hva

G/N
HN/N’

Resfj o Infg/N = Ian/HmNIso((pfl) oRes
where ¢ : H/HNN — HN/N is the canonical group isomorphism.

6. If H is a subgroup of G and N is a normal subgroup of G such that N < H, then

ResG/ N

1y 0 DefG y = Defff y oResp

Ind§} oInff} = Infg o Indy/)¥.

o Triviality:
1. If G is a group, then
Resg = Indg; = Defg ,, = Infg ) =1d.
2. If g€ G and ¢, : G — G is the automorphism given by conjugation by g. Then
Iso(cg) =1d.

Remark 2.4.3. The elementary bisets induce a presentation of C, ([4], Remark 3.1.2). This is
a consequence of the Goursat Lemma characterizing subgroups of the direct products of two

groups. In particular, given any two objects G,H € C, for any o € B(G,H) that is the image of

13



a transitive (G, H)-biset, there is a subquotient A/B of G and a subquotient C/D of H, and an

isomorphism f: C/D = A/B such that

o= Indgolnf;\/BoIso(f) oDefLC)/DoResg.

2.5 Biset Functors

If R is a commutative ring with identity and D is a preadditive subcategory of the
biset category C, then the category RD is the category whose objects are the same as D and if

G and H are two objects in RD, then Homz(G,H) = R ®z Homyp (G, H).

Definition 2.5.1 ([4], 3.2.2). A biset functor on D with values in gMod is an R-linear functor
from RD to gkMod. The category of biset functors on D with values in gMod whose morphisms

are natural transformations is denoted by ¥y .
If we do not specify a ring R, then it is assumed we are over Z.

Proposition 2.5.2 ([4]], Proposition3.2.8). Let R be a commutative ring with identity and D a

preadditive subcategory of C.

1. The category Fop g is an R-linear abelian category: if f : F — F' is a morphism of biset

functors, then for any object G € D

(Ker(f))(G) = Ker(fg)  (Coker(f))(G) = Coker(fc),

where fg : F(G) — F'(G) is the evaluation of f at G.

14



2. A sequence 0 — F Lo Ly F 0 is exact in Fo g if and only if
0— F(G) L% F'(G) 1% F"(G) — 0
is an exact sequence of R-modules, for any G € D.

3. If 1 is a set, and (F;)ie; is a family of objects of Fp g, then the direct sum @F; and the
icl
direct product []F; exist: for any G € D
icl

(EPF)(G)=EPF(G)  (J]F)G) =]]F(G).

iel il icl iel
For the rest of the paper, we will mostly consider subcategories D C C that satisfy

the following definition.

Definition 2.5.3 ([4], 4.1.7). A class D of finite groups is said to be closed under taking sub-
quotients if any group isomorphic to a subquotient of an object of D is in D.
A subcategory D of C is said to be replete if it is a full subcategory whose class of

objects is closed under taking subquotients.

Example 2.5.4. If D is a replete subcategory of C, the Burnside ring can be viewed as a biset
functor on D. Formally, this can be defined as the Yoneda functor Homg ({1}, —). It is straight-

forward to see that for any object G € D, Homyp({1},G) = B(G,{1}) = B(G).

Example 2.5.5. If R is a commutative ring with identity and D is a replete subcategory of C.
Suppose F € Fyp k. Let I be a set of objects in 9D and for each H € I let Iy C F(H). Then there

is a subfunctor of F, denoted F{z,),_,, such that for any X € D

Hel?

(X) =) Homgo(H,X)Iy.
Hel

(In)Her

15



This is the subfunctor of F generated by the data (Iy)pe;.

Suppose R is commutative ring with identity and D is a preadditive subcategory. If F
is an object in #p g, (i.. a biset functor on D with values in xRMod) we say that F' is a simple

biset functor if it is a simple object in Fyp g.

Proposition 2.5.6 ([4], 4.2.2). Let R be a commutative ring with identity and let ‘D be a replete
subcategory of C, let D' be a full subcategory of D.
If F is a simple object of Fop g, then the restriction of F to RD' is either the zero object or a

simple object of Fo g.

If D is a replete subcategory of C, R is a commutative ring with unity, and G,H € D,
it follows from Remark that Homgo (G, H) = Homg(G,H) = R®zB(H,G). In this case,

we will use the notation RB(H, G) to denote the morphism set Homgp (G, H)

Definition 2.5.7. Let G be a finite group. The endomorphism algebra B(G,G) is called the

double Burnside ring.

It should be noted that, as opposed to the commutative structure of the Burnside ring,
the double Burnside ring is only commutative when considering the trivial group. Recall that as
abelian groups, B(G x G) and B(G, G) are isomorphic. To avoid any confusion, we will always

use the notation B(G, G) whenever we discuss the double Burnside ring.

Proposition 2.5.8 ([4], 4.3.2). Let R be a commutative ring with identity, and D a replete
subcategory of C. If G is an object of D, denote I to be the R-submodule of RB(G, G) generated

by all endomorphisms of G which can be factored through some object H of D with |H| < |G|.

16



Then I is a two sided ideal of RB(G,G), and there is a decomposition

RB(G,G) =Ac®I;

where Ag is an R-subalgebra, isomorphic to the group algebra ROut(G) of the group of outer

automorphisms of G.

Remark 2.5.9. We briefly recall the parametrization of simple biset functor on a replete sub-
category D of C. Full details can be found in chapter 4 of [4]:

If S is a simple object of o g, then there is a minimal object G of D, with respect to order,
such that S(G) # {0} is a simple RB(G,G) /I = ROut(G)-module, and for any object H in D
such that S(H) # {0}, G is isomorphic to a subquotient of H. Conversely, if G is an object of D
and V is an ROut(G)-module, then there is a simple object of ¥y g, which we denote by Sg v,
such that Sg v (G) = V and for any object H in D, Sg v (H) # 0 implies that G is isomorphic to
a subquotient of H. Two simple objects in Fp g, Sgv and Sg v+ are isomorphic if and only if
there is a group isomorphism @ : G — G’ and an R-module isomorphism y : V — V' such that

for all v € V, and all a € Out(G), y(a-v) = (@a®~!) - y(v).

Definition 2.5.10. Let D be a preadditive subcategory of C. Suppose F is an object of #p g. A
simple functor S is a composition factor of F if there are subfunctors F” C F' C F on RD, such

that F'/F" =~ §.

If G is a finite group we let C |¢ denote the full subcategory of C whose objects are

subquotients of G.

Definition 2.5.11 ([16]). Let G be an object of P and F' an object of ¥ . The functor F has a
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composition series over G if there is a series of subfunctors
0=THhCB CT1 C---CB,CT,,CBy 1 =F
such that
e T;/B; is a simple functor, whose restriction to C | is nonzero foralli=1...,m.
o ResaG(BiH/Ti) =0foralli=0,...,m.

If such a composition series exists, we will call the set of simple functors 7;/B; to-

gether with their multiplicities the composition factors of F over G.

Proposition 2.5.12 ([16], Proposition 3.1). Let G be a fixed object of RD and F a biset functor
on RD. If F has a composition series over G, then any other composition series over G of F

has the same length and the composition factors over G (taken with multiplicities) are the same.

Theorem 2.5.13 ([2]], Theorem 2.42). If R is a field then every biset functor on RD with values

in gmod has a composition series over G, for all objects G in RD.

Suppose R is a field and F is a biset functor on D with values in gmod. If S is a
composition factor of F, then there is an object G of RD and simple ROut(G)- module V, such
that § = S v. It follows from Theorem that S will be a composition factor of F over G.
We can then define the multiplicity of S as a composition factor of F' to be the number of times
it shows up as a composition factor of F' over G. Note that choosing a different parametrization
for § = Sy would result in the same multiplicity, since G =2 G and thus C | and C | are

the same subcategory of C.
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Chapter 3

The Double Burnside Ring

Recall the definition of the double Burnside ring in It is an important invariant
of a finite group and worthy of studying on its own. For our purposes, we will only need special
elements that arise from the double Burnside ring. More information about it can by found in

Chapter 6 of [4].

3.1 Idempotents of RB(G,G)

For this section, we will assume D is a replete subcategory of C and R will denote a
commutative ring with unity. Given a biset functor F' € ¥p g, and an object G € D, notice that
F(G) has a natural RB(G, G)-module structure. In particular, there is a very useful decomposi-

tion of the unit element of RB(G, G) into mutually orthogonal idempotents.
Definition 3.1.1. If G is a finite group, and N is a normal subgroup of G, then we define

J§ = Infg ) xg/n Defé )y, € RB(G,G).
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It is easy to see that the j$ is an idempotents of RB(G,G), since Deﬁé /N © Infg IN =

[G/N] =1d € RB(G/N,G/N), by the elementary biset operations.

Definition 3.1.2 ([4], Definition 6.2.4). Let G be a finite group. If N is a normal subgroup of

G, let £ denote the element of RB(G,G) defined by

=Y pac(N.M)j§
N<MLAG

where p«¢ is the Mobius function of the poset of normal subgroups of G.

Proposition 3.1.3 ([4], Proposition 6.2.7). Let G be a finite group. Then the elements fﬁ, for

N <G, are mutually orthogonal idempotents of RB(G,G) and

Y AV =1do.

N<G
Notation 3.1.4 ([4]], Definition and Notation 6.3.1). Let F be a biset functor, and let G be an

object of D. The set of faithful elements of F(G) is the R-submodule
OF (G) = f{'F(G)
of F(G).

If F is a biset functor, then for any object G of D, we can use these idempotents to

decompose F(G) as an R-module. In particular, we have the following results.
Lemma 3.1.5 ([4], Proposition 6.3.2). Let F' € ¥p g and G an object of RD.
1. If1 <N <G, and u € F(G/N), then f{Inf¢,yu=0.

2. F(G) = 9F (G) ® L1 yagImInfg .
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3. aF(G) = ﬂ1<N§GKerDefg/N.

Proposition 3.1.6 ([4], Proposition 6.3.3). Let F € Fp g and G be an object of D.

map & : F(G) — ©n<cOF (G/N) defined by

O(u) = @ flc/NDefg/Nu

NG

is an isomorphism of R-modules. The inverse isomorphism is the map 1 defined by

! <@ VN> =) Infg yww.

NG N<G
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Chapter 4

The Unit Group of the Burnside Ring

A somewhat surprising fact about the unit group of the Burnside ring, is that it too has
a biset functor structure. This is surprising in that one cannot simply consider the usual maps
induced by the elementary bisets on the Burnside ring. This is because inducing and deflating
between Burnside rings is, in general, not multiplicative. It is sufficient for our needs to see how
this functor transfers units as viewed as images of the ghost map. The curious reader can find a
construction of the unit groups biset functor structure in chapter 11 of [4]. Further information

about multiplicative maps for biset functors can be read about in [3].

4.1 The Biset Functor B>

Definition 4.1.1 ([4], 11.2.17). Let G and H be finite groups and U be a finite (H, G)-biset. For
uelUand L < H,let

L':={geG|JleL, l-u=u-g}.
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Then L is a subgroup of G. If a € B(G), then define

TU<a>=< I1 au|>
ue[L\U/G) Lesy

where [L\U/G] is a set of representatives of L\U /G.

Theorem 4.1.2 ([4]], Corollary 11.2.21). There exists a unique biset functor B* on C such that

B*(G) = B(G)*, for any finite group G, and
B*(U)=Ty :B*(G)— B*(H)
for any finite groups G and H, and any finite (H,G)-biset U.

We then, of course, restrict B* to the replete subcategory D. It is worth computing

the maps Ty when U is an elementary biset.

Remark 4.1.3. Suppose G is a finite group, H is a subgroup of G, and N is a normal subgroup of
G. If U is either Resf, or Intg N> then Ty is equal to the maps B(U) restricted to their respective
unit groups. For U = Ind$, we denote Ten$ := Ty. If L is a subgroup of G and x € G then,

viewing x as a point in the (G, H)-biset G, we have L* = x~'LxN H and

IL\G/H

Ten$ (a) = ( I1 ]a(xfll‘mH) \) 4.1)
x€| ] LESG
foranya € B*(H). If V = Defg/N, then for any b € B*(G) and any subgroup K /N of G/N, we
have
[Ty (B)5IY] = B = | ()],
where bV denotes the element in B*(G/N) induced by taking N-fixed points on G-sets. Thus
Ty : B*(G) — B*(G/N) is the map induced by taking N-fixed points on G-sets. In particular, if
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u € 0B*(G), then by Lemma 3.1.5} u is in kernel of all nontrivial deflation maps. This happens
if and only if |uX| = 1 for all subgroups K in G that contain a nontrivial normal subgroup of G.
This is an important characterization of faithful elements in the unit group of the Burnside ring

and will be used many times throughout this work.

4.2 The Unit Group of the Burnside Ring for p-groups

We will end this chapter by stating Bouc’s result computing B(G) ™ in the case where
G is a p-group for some prime p. First we will need a few definitions. However, the reader is
warned that these definitions are presented here without motivations, so they may seem strange.

A detailed account of these topics can be read about in Chapters 9 and 11 of [4].

Definition 4.2.1. Let p be a prime and P a finite p-group. A subgroup S < P is said to be of

normal p-rank 1 if it does not have a normal subgroup isomorphic to (Cp)z.

Definition 4.2.2. Let p be a prime and P a finite p-group. For any subgroup S, let Z,(S) denote
the priemage of the center of Np(S)/S. S is called genetic if Np(S)/S is of normal p-rank 1 and

for any x € P,*SNZp(S) < S implies that x € Np(S).

Definition 4.2.3. Let p be a prime and P a finite p-group. If S and T are two genetic subgroups

of P, we write S ~ T if there exists an x € P, such that *T NZp(S) < Sand S*NZp(T) < T.

Theorem 4.2.4 ([4], 9.6.1). Let p be a prime and P a finite p-group. The relation ~ from

Definition is an equivalence relation on the set of genetic subgroups of P.

Definition 4.2.5 ([4]], 9.6.11). Let p be a prime and P a finite p-group. A set of representatives
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of genetic subgroups of P with respect to the equivalence relation ~ from Definition is

called a genetic basis.

For simplicity, we state a slightly weaker version of the following theorem but we
note that full version establishes an F,-basis of B*(P), whenever P is a p-group, not just the

F>-dimension.

Theorem 4.2.6 (|31, 8.5). Let p be a prime and P be a finite p-group.

1. If p#2, then B*(P) = {£1}.

2. If p =2, let H be a genetic basis of P and N be the subset of H consisting of subgroups

S < P such that Np(S)/S is trivial, cyclic of order 2, or dihedral of order at least 16. Then

dimg, (B* (P)) = |2(|.
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Chapter 5

The Unit Group of the Burnside Ring

for Some Solvable Groups

The main feature of this chapter is Theorem In fact, it is the heart of this
thesis. If G is a finite group with an abelian subgroup of index 1 or 2, Theorem provides
a standard basis for B*(G). The rest of the chapter is dedicated to generalizing this theorem to
a larger class of groups and proving a pair of lemmas at the end that will be useful in describing

the subfunctors of B* on this class of groups, which will be the focus of later chapters.

5.1 Groups With Abelian Subgroups of Index 1 or 2

Since B(G) can be embedded into Z\¢! and this embedding has finite cokernel, ex-

tending scalars by (Q we have

QB(G) := Q®7 B(G) = Q/%l,
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The following theorem gives a formula for the primitive idempotents of QB(G) in terms of basis

elements of B(G). It was originally proved by Gluck ([8]]) and independently by Yoshida ([18]).

Theorem 5.1.1 ([4], Theorem 2.5). Let G be a finite group. If H is a subgroup of G, denote by

€5 the element of QB(G) defined by

1

o5 =
where u is the Mobius function of the poset of subgroups of G. Then, eg=eIG( if and only if
H =¢ K, and the elements eg for H € S¢ are the primitive idempotents of the Q-algebra QB(G).

Moreover, for H,K € Sg one has (¢%)X =1 if K = H and (¢5)X =0if H £ K.
Notice that for any element u € QB(G), one has ue§; = [u|e§;, hence u =Y jc s, |u|€§.
For u € B*(G), we set [F,] := {S € Sg||u!| = —1}. If u = [G/G], then [F,] is the empty set. We

then can write

u=1[G/Gl— Y 2¢f. (5.1)
K€,

Lemma 5.1.2 ([3], Lemma 6.8). Let G be a finite group with |Z(G)| > 2, then d0B* (G) is trivial.
We immediately obtain the following corollary.
Corollary 5.1.3. Let G be an abelian group, then 0B* (G) is trivial if |G| > 2.

We will make use of Lemma to determine dB* (G) for groups G with abelian

subgroups of index 2. We begin with a reduction lemma.

Lemma 5.1.4. Suppose C, acts on an abelian group G by automorphisms. Let x denote the
generator for Cy. Suppose |G2| < 2. Then x acts by inversion on the odd part Gy of G, and

one of the following hold:
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(i) G is cyclic and x acts by inversion on Gy.
(ii) Gy is cyclic of order 2" > 8 and if g € G, then *g = g% 1.

(iii) Gy = Cy x Cy = (a,bla* = b* = [a,b] = 1), with*b = @ 'b and *a = a°b*, with e €

{2 —1,2""' 1} and e € {0,1}.

Proof. Let g € G and set z = *gg. Note that z € G. If g has odd order, then so does z. Thus
x acts by inversion on g, otherwise |G| > 2. If G, is cyclic of order 2", choose g to be a
generator and write *g = gd , with 1 <d < 2" We may assume that 722 = 1, hence 2" divides
2(d +1). This implies that d = 2" — 1 or d = 2"~ ! — 1, which correspond to cases (i) and (ii)
respectively.

Now assume that G, is not cyclic. If G, = V4 then the statement follows by the
constraint that |GC2\ < 2. Assume then that G, 22 V4. Let P be the subgroup of G, generated
by elements of order 2. In particular, P is an [, vector space of dimension equal to the 2-
rank of G,. Let T, denote the linear transformation on P induced by the action of x on G.
Then T, has minimal polynomial dividing (A + 1)2. Thus, if P has dimension greater than 2,
the eigenspace for A = 1 has at least dimension 2, thus |[G?| > 2. So we may assume that
Gy = Cyn X Con = (a,b|a* =b*" = [a,b] = 1), with n > 1. Write *a = a°bt. If z = *aa, then
we may again assume that z2> = 1. Thus e € {2" — 1,2""! — 1}, and b*® = 1. Thus *(a?) € (a?)
and ¥ € G. Similarly, we get b*" ' € G<. Thus if m > 1 or *b = b, we have |G| > 2.

The result follows. O

Recall from the end of Remark that an element u € B*(G) is a faithful element

if and only if [uX| = 1 for any K < G that contains a nontrivial normal subgroup of G. We will
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use this without citation through the end of the section.

Lemma 5.1.5. Let G =C, X N where N is an abelian group of order greater than 2. Suppose C,
acts on N by inversion and that N, is cyclic. Then dB* (G) has F»-dimension 1. More precisely:

If Ny is trivial, then 0B* (G) is generated by the element
6 = [G/G]+[G/1] = 2[G/1],

where [ is a representative of the unique conjugacy class of subgroups of order 2 in G. If N, is

nontrivial, then dB* (G) is generated by the element
@6 =[6/Gl+[G/1] - [G/T] =[G /],

where I and J are representatives of the two non-central conjugacy classes of subgroups of

order 2.

Proof. Let x be the generator of C; and let u € 9B (G). Then |u%| = 1 for any subgroup S < G
which contains a nontrivial normal subgroup. Note that any subgroup of N is normal in G. Let
S < G with |u¥| = —1. Then SNN is trivial. This means that S is a noncentral subgroup of order
2 or trivial.

Suppose N, is trivial. By Sylow’s theorem, G has a unique conjugacy class of sub-

groups of order 2. Let I = (x). By Theorem and Equation |5.1| we may write
u=[G/G]+a[G/1]+B[G/1],

with o, € Z. Since Z(G) is trivial, I is self-normalizing. Taking fixed points of / and the
trivial subgroup, we get B+ 1 = +1 and LC;‘B +|G|oo+ 1 = £1. The only integer solutions are
o=PB=0anda=1and = -2.
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Suppose that N, is nontrivial and cyclic. Let y denote the generator of N,. Set I = (x)
and J = (xy). Since I #¢ J, we know that G has at least two conjugacy classes of noncentral
subgroups of order 2. Further, since Ng(I) = Z(G)I, Ng(J) = Z(G)J, and |Z(G)| = 2, we have
ING(J)| = [Ng(I)| = 4. Thus [G : Ng(J)] =[G : Nc(I)] = @ Since every noncentral subgroup
of order 2 is of the form (xn) with n € N, we see that G has exactly two conjugacy classes of

noncentral subgroups of order 2. Again by Theorem|[5.1.1|and Equation[5.1] we may write
u=[G/G|+a[G/1]+B[G/I]+7[G/J],

where o, 3,7y € Z. Since |[Ng(I)/I| = |[Ng(J)/J| = 2, taking fixed points of /,J and the trivial
subgroup, we have 2B+ 1 = +1, 2y+ 1 = £1, and |—§‘B+ Lg;‘y—i— |Gloo+ 1 = +1. The only

integer solutions are o = B =y=0and o= 1, = y= —1 and the result follows. O

Notation and Definition 5.1.6. We will refer to groups as described in Lemma [5.1.5]as pseu-
dodihedral. We will frequently abuse this definition and say a group is pseudodihedral if it is
isomorphic to a pseudodihedral group. If G is trivial, isomorphic to a cyclic group of order
2, or isomorphic to an pseudodihedral group, then dB*(G) is generated by a unique nontrivial

element. We will denote this element as Pg.

Remark 5.1.7. If G is the trivial group, then &5 = —1. If G = C;, then ®¢ can be characterized
by its image in the ghost ring, which is given by ]d%”] =1 and |d>gz\ = —1. Similarly, if G
is pseudodihedral, then Lemma tells us that |®%| = —1 if and only if X is a noncentral

subgroup of G, of order 2.

It is straightforward to verify that any subgroup or any quotient group of a pseu-

dodihedral group will be either pseudodihedral or abelian. Equivalently, this means that any
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subquotient of a pseudodihedral group is either abelian or pseudodihedral. This is analogous to
a property dihedral groups have.

Suppose G = C; X N is pseudodihedral and x is a generator for C;. With the exception
where G =2 Dg, the subgroup N is the unique abelian subgroup with index 2. However, for the
case of Dg, the subgroup N can be specified as the unique cyclic subgroup of index 2. Notice
that every element of G — N is of the form xn for some n € N. Thus, every element of G — N

conjugates elements of N by inversion and every element of G — N has order 2.

Lemma 5.1.8. Suppose G is abelian or pseudodihedral. If S ]G is a normal subgroup of G,
then there is some X < G such that G/S = X. Moreover, for every pseudodihedral subgroup of

Y < G, there is a quotient of G isomorphicto Y.

Proof. This is trivial if G is abelian, so we consider the case where G is pseudodihedral. If S is
equal to G, or trivial, or if G/S has order 2, then the result is clear. Assume that S is nontrivial
and that |G/S| > 2. Since G is pseudodihedral, we let N denote the unique abelian subgroup
(in the case G == Dg, we let N denote the unique cyclic subgroup) of index 2 in G. We first
prove that S < N. For the sake of contradiction, suppose that x € S, such that x ¢ N. Notice
that x will have order 2, conjugation by x inverts elements of N, and S = (x, NN S). Because of
our assumption that [G : S] > 2, we can deduce that [N : SN N| > 2. Thus, there is some n € N
such that n> ¢ SNN. The subgroup S is normal in G, so we have that n~'xn = xn®> € S and so
x(xn*) = n* € S, which is a contradiction. So S is contained in N.

Since N is abelian, there exists X’ < N such that N /S = N = X’, where we use the nota-

tion g to denote the image of g € G in the canonical projection of G — G/S, and set X = (x,X’),
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where x is any element not in N. Write G/S = (x,N). We see that G/S is pseudodihedral or
isomorphic to C; x C,, since conjugation by X inverts elements of N, the subgroup N is abelian,
the two part N of N is cyclic, and (X) NN is trivial. Similarly one verifies X is pseudodihedral
or isomorphic to C; x C,. Since N = X', then G/S=X.

To prove the last statement, consider that if Y is a pseudodihedral subgroup of G, then
Y = (xn,Y NN), for some n € N. Since N is abelian, there is some subgroup M < N, such that

Y NN = N/M. Moreover, x acts by inversion on N, hence M <G. Thus G/M =Y. O

Proposition 5.1.9. Suppose G is a finite group. If N < G is an abelian subgroup with [G : N] =
2, then exactly one of the following hold: 0B*(G) is trivial, G is isomorphic to Cy, or G is

isomorphic to a pseudodihedral group.

Proof. If N is trivial or of order 2, then G is abelian and we are done by Corollary [5.1.3] We
will now suppose that [N| > 2. Let x € G be an element whose image generates G/N, then
(x,N) = G. Denote x> = z and note that z € N, in fact z € Z(G). We may assume that z*> = 1,
otherwise the result holds by Lemma We may also assume x & Z(G), otherwise the result
holds by Corollary Since N is abelian, conjugation by x induces an action of G/N on N.
Any element of N fixed by this action will be in the center of G. Therefore, by Lemma
we may assume that we are in one of the three cases described in Lemma Note that
Lemma also allows us to assume N, is nontrivial, otherwise z =1 and G = (x) X N is
pseudodihedral.

Our first goal is to show that if dB*(G) is nontrivial, then G is isomorphic to Dg or

N has a complement in G. Suppose u € dB*(G) is any nontrivial element. By Equation|5.1{ we
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can write

u=[G/G]— Y 26,

KelF,
where [F,] = {S € Sg|[u’| = —1}. If u is nontrivial, then [F,] is nonempty. Recall that for
any S € [F,], the subgroup S does not contain a nontrivial normal subgroup of G. Choose

S to be a maximal element of [F,], then, by Theorem [5.1.1] the coefficient in front of [G/S] in
B=Ykelr, 2¢§ is equal to m Since B € B(G), W is an integer. Thus, [Ng(S):S] <2.
If S is trivial, then Ng(S) = G and [Ng(S) : S] > 4, since N is nontrivial. Thus S is not trivial.

If S <N, then [N : S] < [Ng(S) : S] < 2. The subgroup S cannot be a normal subgroup,
since [u5| = —1. Thus [N : S] = 2. Since S does not contain a nontrivial normal subgroup of
G, we may assume that Ny is trivial, so N must be a 2-group. Consider each of the three cases
in Lemma applied here. For the first two cases, when N is cyclic, the unique subgroup
of order two in N is fixed by the action of G/N. Any maximal subgroup of N will contain this
subgroup, which contradicts our assumption that S contains no nontrivial normal subgroup of
G. Now, consider the third case of Lemma |5.1.4} where N = (a,b|a*" = b* = [a,b] = 1), with
*p =g 'b and “a = a°bF, with e € {27 — 1,21 —1} and € € {0,1}. Assume for now that
n> 1. Thus a®" ' # 1 is fixed by the action of G/N. If S # (a), then S(a) = N implies that

SN {a) is nontrivial since [N| > 8. In either case, (a*"

) < S and S contains a nontrivial normal
subgroup of G.
If N 22 C; x Cy, then |G| = 8. Thus G is either abelian or isomorphic to Dg, since the

quaternion group does not contain a subgroup isomorphic to C; x C,. Hence G = Dg or S £ N.
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If G 2 Dg, then we can assume that S £ N. Thus, there is some element in S of the
form xa where a € N. Recall that any element of G — N is of the form xb or x~!b for some
b € N. Note that since xN = x~!N, so conjugation by x and x~! induce the same action. Since
N is abelian, it follows that, for any 2 € N, **h = bj — % 'bp. This implies S contains all G-
conjugates of NN S. In particular, *(N N S)(NNS) < S is a normal subgroup of G. Since S
contains no nontrivial normal subgroup of G, we may assume that NN S = {1}. This implies
that |S| = 2 and thus, is a complement to N and G = S x N.

We now prove that if dB* (G) is nontrivial, then G = S x N is pseudodihedral. Notice
that in the previous paragraph, we showed that any maximal element of [F,| must be a noncentral
subgroup of order 2. Let y be a generator of S. We only need to consider cases (ii) and (iii)
from Lemma [5.1.4] otherwise G is pseudodihedral. Note that Ng(S) = Cs(y)S = Z(G)S. This

|G|

establishes that § is contained in a conjugacy class of size ;. Each noncentral subgroup of

order 2 is generated by an element of the form ym € G for some unique m € N. Since each
conjugacy class of noncentral subgroups of order 2 must also have size @ = @, there are at
most two such classes. There will only be two conjugacy classes of noncentral subgroups of
order 2 if every element of the form ym € G, where m € N has order 2. It is easy to verify that
this is not so for each of the cases (ii) and (iii) from Lemma|[5.1.4] Thus by Theorem we

can write

u=[G/G]+alG/1]+B[G/S],

for some integers a and . Considering fixed points of S and and the trivial group produces

equations of the form 2+ 1 = £1 and %Bqt |Gla+ 1 = +1. Because G is not abelian, |G| > 4
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and the only integer solutions are oo = 3 = 0. The result follows. O

Theorem 5.1.10. Let G be a finite group with an abelian subgroup of index 1 or 2. Let N denote
the set of normal subgroups of G such that G/N is trivial, isomorphic to Cy, or isomorphic to a

pseudodihedral group. Then {Infg/N(q)G/N)}Ney\[ is a basis for B* (G).

Proof. Note that factor groups of G will also have abelian subgroups of index 1 or 2. If N is
normal in G, then Corollary [5.1.3] Proposition[5.1.5] and Proposition[5.1.9)altogether imply that
0B*(G/N) is either trivial or generated by ®/y. We can apply Proposition to G and the

result follows. O]

We remark that this generalizes and unifies some of Matsuda’s results on the order of
the unit group of the Burnside ring for abelian groups and dihedral groups ([9]], Examples 4.5

and 4.8).

5.2 Extending the Main Theorem

We can extend this result to a larger class of groups by the following proposition due
to Bouc. We remark that the full proof of this result requires the Feit-Thompson Odd Order

Theorem.

Proposition 5.2.1 ([3]], Proposition 6.5). Let G be a finite group, and N be a normal subgroup
of odd index in G. Then the group G/N acts on B*(N) and the maps Res$; and Ten$; induce

mutual inverse isomorphisms between B* (G) and B*(N)°/V,
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Corollary 5.2.2. Let G be a finite group and N a normal subgroup of odd index in G. Suppose N
has an abelian subgroup of index at most 2. If N and L = {InfY, / x(®n/k) Y kear are respectively
the indexing set and basis of B* (N) described in Theorem applied to N, then G/N acts
on L and, denoting L,,...,L; to be the orbit sums of this action, {TengLi}i.‘zl is a basis of

B*(G).

Proof. G acts on N by conjugation, hence on B(N) by ring automorphism, which restricts to an
action on B*(N) by group automorphism. The action of N is trivial, so we obtain an action of
G/N on B*(N). By Proposition it suffices to show that L is invariant under this action.
Choose g € G and let ¢, denote the automorphism of N given by conjugation by g. Let u €
B*(N), then gN - u = Iso(cg)(u). Hence, if u = Inf%/K(dDN/K) for some K € A/, then the action

of gN on u is equal to

Iso(cg) 0 Inf%/K(CDN/K) = IanI:///gK oIso(cg) (P /k),

where ¢, is the isomorphism N/K — N /$K, induced by ¢,. Since ¢, is an isomorphism, $K € /(.
Furthermore, Iso(¢, ) (®y/x) will be in the kernels of all nontrivial deflation maps, so it must be
a faithful element of B* (N /¢K), hence Iso(cg)(Py k) = Py/sk. Thus L is invariant under the

action of G/N. O

Remark 5.2.3. The previous corollary is a generalization of Theorem|5.1.10} though in general
its application will involve a choice of a normal subgroup N of odd index. The statement of
the corollary implies that any choice of a normal subgroup N satisfying the hypothesis will

produce a basis for B*(G), and different choices might result in different bases. However, we
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note that the intersection of such normal subgroups also satisfies the hypothesis, thus we are

able to designate a smallest such choice as the standard if needed.

Notation and Remark 5.2.4. It can be easily verified that the full subcategory of C whose
objects are groups with normal subgroups N of odd index, where N has an abelian subgroup of

index at most 2, is a replete subcategory of C. We will denote this subcategory by (.

Example 5.2.5. Suppose G is a finite group and N = D, is a normal subgroup of G with odd
index, where D,,, denotes the dihedral group of order 2n. Then N has a unique cyclic subgroup
Z, of index 2. Let d(n) denote the number of positive divisors of n. Notice that if K <N, then
N/K is dihedral, cyclic of order 2, or trivial, if and only if |N/K| # 4. Further, if n is odd, every
proper normal subgroup of G is a subgroup of Z, and this corresponds exactly to the divisors of
n. In the case where n = 2k for some integer k > 1, we have three normal subgroups of index
2, namely Z and two that are isomorphic to Dy;. Every other proper normal subgroup of N is a
proper subgroup of Z and exactly d(n) — 2 of these have index other than 4. By Theorem
|B*(N)] is equal to 2¢(0+1 if i is odd and 2¢0)+2 if n is even.

If n is odd, every normal subgroup of N is characteristic. In the case where n = 2k,
every normal subgroup is characteristic except for the two normal subgroups isomorphic to Do.
However, since G/N has odd order, it stabilizes these two subgroups. Thus, by Corollary

Ten§ : BX(N) — B*(G) is an isomorphism.
The following lemmas will be useful in later chapters.
Lemma 5.2.6. Let G be an abelian group. Then

B*(G) =B(G,{1})®{1} = (Tenfj(—1)) n<c-
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Proof. This can be seen by straightforward calculation when G is trivial or C,. The general case

follows from Theorem [5.1.10]and the transitivity of induction. O

Lemma 5.2.7. Let G be a pseudodihedral group and H < G. If H is trivial or a noncentral
group of order 2, then Resg(fbg) = —®y. If H is isomorphic to a pseudodihedral group then

Resl (®g) = ®y. Moreover, for any subquotient, S, of G we have
B(S,G)®g = B*(S).

Proof. We may write G = (x,N), where N is abelian and x acts by inversion on N. If H is trivial
or a noncentral group of order 2, it is straightforward to verify that Res(®g) = —®y. If H
is pseudodihedral, then H = (xy, NN H) for some y € N. Notice that for any S < H, we have
|Res$ (P)%| = —1 if and only if S is a noncentral subgroup of H, of order 2 for some. Thus
|Res% (®g)S| = |®F;| for any S < H, by Remark It follows that Res% (®g) = Pp.

To prove the last statement, notice that S is either abelian or pseudodihedral. If § is
abelian, this follows easily from Lemma as long as we can prove it for S = {1}. For this,
itis sufficient to show that —1 = &y € B({1},G)®c = B* ({1}). For this, it is straightforward
to verify that

" B
Def i}y oRes(l) (P6) = Py (x)-

In the case when S is pseudodihedral, we first show the lemma holds in the case where
S = G. Lemma[5.1.§]tells us that each factor group of G is isomorphic to a subgroup of G. If
N is a normal subgroup of G and dB*(G/N) is nontrivial, then let 7 < G be isomorphic to
G/N and f: T — G/N is an isomorphism. If G/N has order 2, then choose T to be noncentral.

Then Iso(f) oRes§ (Pg) = exPgy € B*(G/N) (here “+” is used to denote the group law of
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B*(G/N)), where e = —1 € B*(G/N) if T is trivial or cyclic of order 2 and e =1 € B*(G/N)
otherwise. Thus

Infgn(Pg/n) € B(G,G)Pg

and by Theorem[5.1.10, B(G,G)®g = B*(G).
If S is any pseudodihedral subquotient of G, then S = X /M for some X < G and

M <X. By the first part of the lemma and Lemma[5.1.8] we have

B(X/M,X/M)®x C B(X/M,G)®g

and the result follows by replacing G in the second paragraph with X /M. O
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Chapter 6

Residual groups for B~

In this chapter, we define a residual group with respect to a given biset functor. We
then determine the residual groups with respect to B* over . We will use these groups in the
next chapter to describe the subfunctor lattice of B* on (.

For this chapter, we suppose R is a commutative ring with identity and D is a replete

subcategory of C.

6.1 Residual Groups

Notation and Definition 6.1.1. Let F be a biset functor on 2 with values in gMod. For any

object G of D, we set F<(G), to be the Eg-submodule

F<(G):= Y, Homgyp(H,G)F(H) C F(G),
|H|<|G|

where H runs through objects of D which have smaller cardinality than G. If G is an object of

D, such that F<(G) C F(G), then we say that G is residual with respect to F.
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It follows by Remark [2.4.3] that
F<(G) =) Homgqp(H,G)F(H)
H

where H runs over subquotients of G. Thus, if D and D’ are replete subcategories of C such
that D C 2, then the residual objects of D are just the residual objects of 2 that are in D.
We denote by Ry r a set of representatives, up to isomorphism, of objects in D which

are residual with respect to F and call Ryp ¢ a complete set of residuals for F in D.

In the next proposition, we use the notation “H < G”, which means H is isomorphic

to a subquotient of G.

Proposition 6.1.2. Suppose D is a replete subcategory of C and F is a biset functor on RD. Let
Rop.F and Ry, . be complete sets of residuals for F in D. If G € Ry r then % p has an object

G’ which is isomorphic to G. Furthermore, for any object G € D,

F(G)= )  Homgp(H,G)F(H).
HeRp p

H=<G

Proof. 1If G is a residual object of D with respect to F, then any group isomorphic to G will also
be residual with respect to F'. The second statement follows from easy induction on the order

of G and the definition of residual with respect to F. O

Suppose D C D'. If Ry is a complete set of residuals for F in 9D, then there is a
complete set of residuals Ky ¢ for F in D' such that Rp p C Rgy p. Also, for any object G of

D, we always have that

ImF (Inf, ) C IF(G) C F<(G) C F(G),
1#£N<G
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as R-modules.

6.2 Residual Objects of ¢’ with Respect to B*

We now consider the biset functor B* € F where (' is the subcategory of C from
Remark To be consistent with the usual biset notation, for any finite groups G, we have

opted to denote the group law of B*(G) additively throughout the rest of the paper.

Remark 6.2.1. Here we recall a particularly useful consequence of Lemma|[5.1.5] Suppose G

is pseudodihedral. Then

B*(G)/( ), ImInfg,)

1£N<G

is generated by the image of ®g, as an F,-space. In particular, B*(G)/ (Z#NQGImInfg y ) has

IF»-dimension 1.
Proposition 6.2.2. Suppose G € C'.

(a) If G is residual with respect to B* then G is trivial or pseudodihedral.
(b) If G is pseudodihedral, then G is residual with respect to B* if and only if

(B)<(G)= Y ImInfg,.

1#N<LG
Proof. By Theorem|[5.1.9]and Corollary[5.2.2] G must be trivial, isomorphic to C5, or pseudodi-
hedral group. But by Lemma[5.2.6] C, is not residual.

For any finite group G, we always have

Y. Iminf§y C (B*)<(G) C B*(G).
1£N<G
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When G is pseudodihedral, it follows by Remark that G is residual if and only if (B*)<(G) =

ZI#NSIG ImInfg/N O

Remark 6.2.3. Suppose G is a pseudodihedral group and let N denote its unique abelian sub-
group (the unique cyclic subgroup when G = Dg) of index 2. If H is any maximal subgroup
of G other than N, then H = (x, NN H), where x € G— N and NN H is a maximal subgroup
of N. Further, conjugation by x inverts elements of NN H. So H is pseudodihedral as long as
INNH| > 2. Notice that NN H is a maximal subgroup of N. Therefore, all maximal subgroups

of G, other than N, are also pseudodihedral, as long as @ = |N| is not a prime or twice a prime.

Proposition 6.2.4. Let G be a pseudodihedral group. Let N < G denote the unique abelian sub-
group (the unique cyclic subgroup when G = Dg) with index 2. If G is not residual with respect to
B* and |N| is not prime or twice a prime, then there is some pseudodihedral maximal subgroup

H < G, for which Ten$ (®y) and ®g have the same image in B* (G)/(Zl#KgGImInfg/K).

Proof. Since G is not residual, it follows from Remark [6.2.T| that there is some proper subgroup

H < G and an element u € B*(H), such that Ten¥ () and ®¢ have the same image in

B*(G)/( '), Imnfg ).

1#£K<G
By the transitivity of induction, we can assume that H is a maximal subgroup of G. If H =N,

then 0B (N) is trivial by Corollary|5.1.3] since |N| > 2. Thus by Lemma we can write

u= Inf%/Ni(ui),

-

l
-

where Ny, ..., Nj are nontrivial normal subgroup of N and u; € B*(N/N;), foreachi=1,... k.
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Each subgroup of N is normal in G, since G is pseudodihedral. So by Remark [2.4.2]

Teng( )= TenH ZIan/N u;)) Zlnfg/NTeng%( i)

Hence Ten (u) is trivial in B*(G)/ (X1 k< ImInfg /k)» & contradiction. We can now assume
H # N and so it is pseudodihedral by assumption (see Remark[6.2.3).

We want to show that Teng; («) and Ten; () have the same image modulo ¥ 4k« ImInf$ K-
To this end, we first show that u ¥, +5ap ImIan /s For the sake of contradiction, suppose
UEY | Lsan ImIan /s If S is any nontrivial normal subgroup of H, then SN N cannot be trivial.
Otherwise, S is a non-central subgroup of order two and the only elements that normalize S in
G, other than S, will be central in G. This would imply |H| < 4 which contradicts H being

pseudodihedral. So, by the transitivity of inflation

S Z ImIan/(SmN) y
1#£S<H

where each SN is a nontrivial normal subgroup of G. So again by Remark [2.4.2] we have

Ten§ (u) € Z ImInfg/K,
1£K<G

which contradicts that Ten$ (#) and ®¢ have the same image modulo Yizkac ImInfg K
This allows us to assume that u = ®y +u’ where u’ € ¥y 54y ImInf? /s- However, as
above, we have

Ten$ (u') € ) ImIntg/K.
1£K<G

This implies that Ten (x) and Ten$ (®y) have the same image modulo ¥ 1£K<G ImInfg /K and

the result follows. OJ
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Together with Proposition [6.2.2] the next proposition determines which objects in '
are residual with respect to B*. It will be used in the next section when we characterize the

lattice of subfunctors of B* over ' and find its composition factors.

Remark 6.2.5. Before we prove the following proposition, we remark that Dg is not residual.
This follows from the unnecessarily strong machinery given by Theorem 8.5 in [3]. It can
also be proved easily from straightforward calculations similar to the case in Proposition[6.2.6]
where we consider groups isomorphic to D;,, with p an odd prime. We consider this case

settled and do not include it in the next proposition to simplify the characterization.

Proposition 6.2.6. Suppose G is a pseudodihedral group not isomorphic to Dg. Let N denote

the unique abelian subgroup of G with index 2.
(A) When N = C,, the group G is not residual with respect to B* if and only if p =3 (mod 4).

(B) When N is not simple, the group G is not residual with respect to B* if and only if |[N,| =2

or N has an element of order p* for some odd prime p.

Proof. We frequently make use of (#.1)) from Remark [4.1.3] We write it again, for easy refer-

ence. If H < G and a € B*(H) then

8E[L\G/H]

Teng(a):< IT Ia@“g“‘”l) : (6.1)
LeSe

where S¢ is a set of representatives of conjugacy classes of subgroups of G. Write G = C, X N
and denote the generator of C; by x. Since G is pseudodihedral recall that N, is cyclic and x acts

on N by inversion. We split the rest of the proof into the two cases based on whether or not N is

45



simple.

Part (A):

We first consider the case where N = C,, for some prime p. Then p # 2 since G is pseu-

dodihedral. By Theorem [5.1.10, |B*(G)| = 2. By Lemma and Lemma [5.1.8] for any

abelian group L, we have
B*(L) = B(L, {1})®(1} = (Teng; (~1))n<s-

Since each proper subgroup of G is abelian, and induction is transitive, the group G is not

residual if and only if
B*(G) = B(G,{1})®(1} = (Tenf(~1))u<c-

G has 4 conjugacy classes of subgroups. Denote S = {{1}, (x),C,,G} a set of representatives

of these classes. By (3) (ordering S by increasing cardinality) we compute

1 -1
—1 -1
Ten?_l}(—l) =14 | Tengo(—l) = ( _1)
—1 —1
1 -1
TenS (1) = -1 Ten(—1) = -
R I O N
-1 -1

where r is equal to the number of double cosets in (x)\G/(x). Explicitly, by (3)

Ten?, (—1)¥| = 1) = (—1)/@\G/)]
(x)
2€[(N\G/ ()]
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Thus |B(G,{1})(—1)| = |B*(G)| if and only if r = |(x)\G/(x)| =1+ ’%1 is even. This hap-
pens if and only if p =3 (mod 4). Hence, G is not residual with respect to B* if and only if

p=3(mod4).

Part (B):

We now consider the case where N is not simple. When |[N;| =2 or N contains an element of
order p? for some odd prime p, we will establish that there is some proper subgroup H < G and
some w € B* (H), such that Ten% (w) and ®¢ have the same image in B*(G)/ Yi4k<G ImInfg /K-
On the other hand, if |[N,| # 2 and N has no element of order p?, for any odd prime p, then
Remark |6.2.3| and Proposition reduces proving G is residual to showing Teng(CI)H) is
contained in Y| 2xqG ImIntg K for all pseudodihedral maximal subgroups H.

For the rest of the proof, we let z denote a generator of N, and set I = (x) and J = (zx).
Recall that if N, is nontrivial, then I and J are representatives of the two conjugacy classes of
noncentral subgroups of order two in G. In this case, the group N has a unique maximal sub-
group of index 2, which we denote as N’. Further, the group G has exactly two non-abelian
maximal subgroups of index 2. These are H; := (x,N’) and H; := (xz,N’). Note that since
G 2 Dg, both H; and Hj are pseudodihedral. (Also note that in the case where N, is trivial,
I =J, and I is a representative of the unique conjugacy class of noncentral subgroups of order

two in G)

Claim (i): If N has an element of order p* for some odd prime p, then G is not residual with
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respect to B*.

Fix y € N, to have maximal order, p”. Let C be a complement of (y) in N. Set
H' = (y?) x C and H = (x,H’). By construction H' has no complement in N. Since H' is a
maximal subgroup of N we have that H is a maximal subgroup of G. Fix a subgroup X < G.
We need to establish that | Ten§ (®x)X| = | L.

Note again that H' has no complement in N. Furthermore, any nontrivial subgroup
S < N will intersect with H', hence H, nontrivially. Thus, for any g € G, if $X N H is a noncentral
subgroup of order 2 in H, then X is already a noncentral subgroup of order 2 of G. So by (3),
we have

|Teng(CI>H)X] =1

unless X is a noncentral subgroup of order 2.

Since H has index p in G and p # 2, then both 7 and J are subgroups of H. Suppose
X =1. Then g~ 'XgNH # {1} if and only if g~ 'xg = xg> € H. Because H has odd index in G,
the element xg> € H if and only if g € H. Thus g~ !XgNH # {1} if and only if XgH = XH as

double cosets in X\G/H. Again by (3),

[ Tenf; (®r)"| = | @] = —1.
When X = J, the argument is similar and we get

[Ten (®1)| = @] = 1.

Thus, |Ten$ (®y)X| = —1 if and only if X < G is a noncentral subgroup of order 2. By Re-

mark [5.1.7, [Tenf;(®y)X| = |®%| for any X < G. Thus Ten(®y) = ®g. Therefore G is not
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residual.

Claim (ii): If |N2| = 2, then G is not residual with respect to B*.

Since N, is not trivial H; and H; are defined and we set v = Tenf,l(dDH,). Note also
that Ny is nontrivial, since |N2| =2 and |[N| > 2 by G being pseudodihedral. Fix a subgroup X
of G. We wish to compute [vX|. If X is trivial then it is clear by that |vX| = 1. Suppose X
is nontrivial and X NNy # {1}. Since X NNy = $(X NNy) < 8X NH for any g € G, it follows
that X N H is not a noncentral subgroup of order 2 of H, for any g € G. So vX| =1, by .

Now suppose X is nontrivial and X "Ny = {1}. Then X is conjugate to N,, I, J, or

JN> = IN,. We apply to each of these subgroups. For N, it is easy to verify that
NoNH, 1
) = el = e = 1

For I, notice that for any g € G, g~'IgN H; = g~ 'Ig, since H; is normal in G and I < Hj. Since
|I\G/H;| = |G/H;| = 2, we have that |v/| = 1. Considering J, notice that g~'JgN H; = {1} for

any g € G, since J ¢ Hj, thus [v/| = 1. Lastly, for IN,, notice that |IN,\G/H;| = 1. Hence,
IN2OH,
V%] = (@ | = @y | = — 1.

Therefore, v is the unique element of B* (G) characterized by [v¥| = —1 if and only if X < G is
in the same conjugacy class as IN,.
We now consider the element u = Inf% n, (Pa/w,) and show that &g = u+v € B*(G)

(noting that G/N; is pseudodihedral, thus @y, is defined.) Recall that inflation between unit
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groups of Burnside rings comes from restricting the inflation ring morphism between Burn-

X| _ ‘q)(XNz/Nz)

side rings. Thus, for any X < G, we have |u G/N>

| = —1 if and only if the image of
X through the canonical projection G — G/N, is a noncentral subgroup of order 2. In other
words, [uX| = —1if and only if X is conjugate to I, J, or IN,. This implies that v+u € B*(G) is
the unique element characterized by |(u+ v)X| = —1 if and only if X is a noncentral subgroup

of order 2. It follows that u+v = ®g, by Remark[5.1.7] Therefore G is not residual with respect

to B*. (We note that u +v = ® would still be true if we had set v = Tenf,j (Py,).)

Claim (iii): If p is an odd prime that divides Ny and N has no element of order p?, then

Ten$ (®y) is contained in Yik<c ImInfg/K, for any subgroup H < G of index p.

Suppose H < G has index p. Denote H' = HNN, then H' is a maximal subgroup of
N with index p. Furthermore, there is some n € N, such that H = (xn,H’). So for h = nFTp, we
have "H = (x,H’), since "(xn) = xn' TP~ = x. If ¢;, : G — G denotes the automorphism induced

by conjugation with A, then
Iso(cp) o Ten; (Pp) = TenCGh(H) (Iso(cp) (Pm)) = Teng(H) (Pe,m))5

since the element Iso(c;)(®n) € B*(cp(H)) is clearly a nontrivial faithful element and thus
Iso(ch) (Pr) = P, (). 1t follows that Tenj(Py) is in the image of Z#Kgclmlnfg/,( if and
only if Tenfh(H) (P, (#)) is in the image of ¥ kg ImInfg/K. So it is sufficient for us to assume
H = (x,H’) and show that Ten% (®y) is in the image of Z#KﬁGImInfg/K.

Write |[N,| = p™. Our assumption implies that N, is an elementary abelian p-group
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m m—1
of rank m. Thus, every maximal subgroup of N, has % = p"~! complements in

m—1

N,. It follows that every maximal subgroup of N with index p has p”~" complements in N. Let
Q1,-++,Qpn1 denote the complements of H "inN.

We again use to compute Ten$ (Py). Let X < G. If X € H1},01,-,0pm 1},
then it is easy to compute that |Ten$ (®y)¥| = 1. If XN H’ is nontrivial, then ¢ (X NH') < ¢XNH
is not a noncentral subgroup of order 2 of H for any g € G. Thus again, [Ten$(®g)¥| = 1. The
for the remaining cases, we may assume X NH' = {1} and X £ N. It is straightforward to verify
this implies X is conjugate to one of the subgroups in the set {1,1Qy, ... AQpn-1,1,J 01, , JQ e }.

Since I < H, we argue as in the proof of claim (i) that g~'7g N H # {1} if and only if

IgH = IH as double cosets in I\G/H. Thus
ITen$ (®y)! | = —1,

and similarly

| Ten$ (®y)’| = —1.

Suppose that X € {IQ1,...,1Q,m1,JQ1,...,JQm1}. Then [X\G/H| = 1, and thus
| Teng; (®x)*| = @] = —1,

since X N H is either [ or J.
In summary, Ten$ (®y ) is the element of B* (G) characterized by |Ten% (®y )X | = —1

if and only if X is conjugate to one of the subgroups in the set

{I,IQl,...,Ime—l,J,JQl,...,Jmefl}.
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Now consider the element

m—1

o= ; Infg , (Pg/0,) € B*(G)

m—1

Then |09 | = |@/%| = —1forall i=1,...,p" !. Also, |0/| = |0’/| = (-1)"" = —1. For
any other subgroup X < G that is not conjugate with 1,J,1Q;, or JQ; for i = 1,...,p™, it is
easy to verify that || = 1. Thus |@X| = |Ten$(®y)¥| for any subgroup X < G, which
implies that ® = Ten$(®y). In particular, we have shown that Ten$(®y) is an element of

Zl#KﬂG ImInfg/K
Claim (iv): If [N| > 2 then Ten§; (®y;,) and Tengj (P, ) are the trivial element in B* (G).

We prove this for Tenf,l (®p,) and note that the proof is nearly the same for Tengj (Ppy,).
Fix X < G. It suffices to show that |TengI(CI>H,)X | = 1. Notice that since |N,| > 2, this implies
that H; NN has no complement in N. So if there is an element g € G such that 8X N Hj is
noncentral of order 2 in Hj, then X NN is trivial, hence X is noncentral of order 2 in G. If
\TengI(CDH,)X | = —1, then there is such a g¢ € G, hence X is noncentral of order 2. However,
by (3) we can verify that |Tenf; (®5,)!| = 1 and |Ten§; (®p;,)’| = 1 (for the same reasons as in

claim (ii)). This means that |Teng; (®5,)*| = 1 and we are done.

Claims (i) and (ii) prove that if |[N2| =2 or N has an element of order p? for some

odd prime p, then G is not residual. On the other hand when |N;| # 2 and N has no element
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of order p?, claims (iii) and (iv) prove that Teng (Pg) is contained in Yi4Kk<G ImInfg NS for
all pseudodihedral maximal subgroups H. Therefore, applying Proposition [6.2.4] implies G is

residual with respect to B*.

Consequentially, we get the following theorem.

Theorem 6.2.7. Let R denote the set of finite groups consisting of the trivial group, dihedral
groups Dy, where p is prime and p = 1 (mod 4), and all pseudodihedral groups C; x N, exclud-

M| # 2, and N has no element of order g, for any odd prime

ing Dg, where N is not simple,

q. Then R_is a complete set of residuals for B* in C'. Moreover, for any G € C',

B*(G)= Y B(G,H)®y.
HeR
H<G

Proof. That R is a complete set of residuals follows by Remark [6.2.5] Proposition [6.2.2] and

Proposition[6.2.6] The last statement follows from Proposition [6.1.2]and Lemma O
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Chapter 7

Subfunctors of B~

The goal of this chapter is to parametrize the subfunctors of B* over ¢’. We can do
this in terms of sets of the groups that are residual with respect to B* found in Chapter 6. For

the rest of the section, we let R px be a complete set of residuals for B in C'.

7.1 The Subfunctor Lattice of B* over (’

Notation 7.1.1. For any I C R g~ , set F; € B* to be the subfunctor generated by {®x|X € I'}.

In other words, F; is the subfunctor of B* such that, for any G € '

F(G) = ¥ B(G.X)®y,
Xel

if 1 is nonempty and F; is the trivial biset functor if 7 is empty. Note that we may construct

F; C B* € Fp, where D is any replete subcategory of C.

Recall that when I = R g+, Theorem implies F; = B* € For. If I C R g, we
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denote
I'={X € Rop<|X <H €I},

i.e, I consists of the elements of R g« which are isomorphic to subquotients of elements of
I. We say I is the residual subquotient closure of I. If I =1 then [ is said to be closed under
residual subquotients. Recall that R g« consists of the trivial group and certain pseudodihedral
groups. Thus if X € I then every quotient of X is isomorphic to a subgroup of X. So if we had
defined I to be the subset of R, g+« consisting of elements isomorphic to subgroups of elements

from /, it would result in the same set.

Theorem 7.1.2. Suppose F is a subfunctor of B* € Fc1. Set
Ir == {X € Rer - [F(X) = B* (X)},

then Fi, = F and Ir = Iy. Moreover, if A= {J|J C R g} and B is the set of subfunctors of
B* over C', let a: A — B be the map sending J — Fy and b : B — 4 the map sending F — I,

then a and b are isomorphisms of posets, inverse to each other.

Proof. If F is trivial, then I is empty and this case is clear. Suppose F is nontrivial, there
exists X € ¢’ and u € F(X) C B*(X), such that u is nontrivial. Hence, there is a K < X, such
that [u¥| = —1. This implies that Defy , o Resk(u) = ®x/x € B(K/K,X)F(X) C F(K/K) =
F({1}). Further, F({1}) C B*({1}). However, since ®;, € B({1}) generates B*({1}), we
have F({1}) = B*({1}). Thus I contains the trivial group. Moreover, by Lemma we
have F;(X) = F(X) = B*(X) for abelian X.

It is clear that F; C F. Fix a nonabelian object G € C’. We start with the case when

G has an abelian subgroup of index 2 and show F;(G) = F(G). In this case, Proposition [3.1.6]
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implies it is sufficient to show dF;(G) = dF (G), since having an abelian subgroup of index at

most 2 is closed under taking quotients. For any object X € C/, we have
JF;(X) < JF(X) <9B*(X).

We also know that dB* (G) is either trivial or has F»-dimension 1, by Lemma and Propo-
sition So we only need to show that when 0F (G) is nontrivial dF;(G) is also nontrivial.
When dF (G) is nontrivial, 0B* (G) is nontrivial. Moreover, since G # {1}, if dF (G)
is nontrivial, then Propositionimplies G is pseudodihedral and ®¢ € F(G). Thus, Propo-
sition tells us B*(S) = B(S,G)® C F(S), for any S < G. This implies F(S) = B*(S),
for any S < G. So [ contains an isomorphic copy of any subquotient of G that is residual with

respect to B*. Hence, ®g € F;(S) for all § < G that are residual with respect to B*. Thus,

applying Theorem

F(G)=B"(G) =Y _B(G,5)®s C Fi(G)
S

where S runs over all the subquotients in G which are residual with respect to B*. It follows
that F(G) = F;(G) and in particular oF (G) = 0F;(G).

We have so far shown that F(G) = F;(G), whenever G € (' has an abelian subgroup
of index at most 2. If G is a general object of ', then there is a normal subgroup N <G with odd
index in G, containing an abelian subgroup of index at most 2. By the above argument F;(N) =
F(N). Since F C B*, the isomorphism in Proposition given by Ten§ : BX(N)¢/N —

B*(G) restricts to an isomorphism F(N)%/N — F(G). Since F;(N)°/N = F(N)/N, we have
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That I = I follows from Proposition What is left is to establish that if I C R px

is closed under residual subquotients, and
I'={X € Ro p<|F;(X) = B*(X)},

then I = I'. Again, Proposition implies that  C I'. If I is empty, this is clear. Suppose I is

not empty and for the sake of contradiction that there is some G € I, such that G ¢ I. Hence

B*(G)=F(G) =Y B(G,X)®x.
Xel

However, since G is not isomorphic to a subquotient of any element of I, it follows from
Remark that for any @ € B(G,X), we have ¢(®Px) € (B*)<(G). But this implies that
B*(G) = (B*)<(G), which is a contradiction. Hence I =I'. It is easy to verify that this bijec-

tion is an isomorphism of posets. 0

Remark 7.1.3. Theorem has a formal generalization. If 9 is any replete subcategory
of C contained in C’, and Ry p~ is a complete set of residuals for B* in D (for example, we
can choose Rp p~ to be the set of G € K such that G is an object of D, where R is the set
from Theorem , then the lattice of subfunctors of B* € ¥4 is isomorphic as a poset to
{J|J C Rp p~}. The proof is the same, with the exception of using the symbol “D” whenever

there is a “C"".

In Theorem 9.5 of [3], Bouc characterized the subfunctors of B* over the class of
2-groups (and through inflation, nilpotent groups). In our terminology, Bouc showed that the

lattice of subfunctors of B* is uniserial and the nontrivial proper subfunctors are in bijection

with the sets {Da } for n > 3. Together with Bouc’s result, Theorem can be used to show
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the structure of the lattice of subfunctors of B* over the full subcategory of C, whose objects are
nilpotent groups or groups in C’. Furthermore, it is easy to verify that the lattice of subfunctors
of B* is not uniserial over C’. Additionally, Theorem gives us a sufficient condition for
when the biset functor B*, defined on a replete subcategory 2 C C has uncountably many

subfunctors.
Corollary 7.1.4. Consider the following sets of groups:
So :={Dap| p prime , p=1(mod4)},
S1:={Cy x (C, x Cp)| C2 % (Cp x C)) is pseudodihedral , p prime , p =3 (mod 4)},
Sz :={Dapgl p # 4 p.q prime ; p,q =3 (mod 4)},
and
S :={Dayp| p prime , p=3(mod4)},

where r = 4 or r is a prime congruent to 1 modulo 4. If D is a replete subcategory of C
containing infinitely many objects from one of the sets So,S1,52 or S,, where r =4 or r is a

prime congruent to 1 modulo 4, then B* € Fp has uncountably many subfunctors.

Proof. Let R be the complete set of residuals with respect to B* from Theorem Let
{G,}pex be the assumed set of groups from the statement, whose elements are objects of D,

indexed by the infinite set X . For any subset IT C %, we denote

In= {Gp}pEH CR.
For any two subsets IT1,IT' C X, we have Iy = Iy if and only if IT = IT'. It follows from
Remark that Fy, = Fy, if and only if Ir; = Iry. O
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In fact, the sufficient condition in Corollary[7.1.4]is also a necessary condition for any
replete subcategory of C contained in C'. However, before we give its proof, we need a technical
lemma about countability. We include a proof of it for completeness, though the reader may
wish to skip it.

Before we state the following lemma, we clarify our terminology. Consider a set [
of n-tuples with entries from N with the property that, if (ay,...,a,) € I and (by,...,b,) is any
other n-tuple with entries in N such that b; < g; for eachi = 1,...,n, then (by,...,b,) € I. In
this case, we say that [ is closed under the product ordering from below. In the lemma, by N,

we mean the subset of Z consisting of the positive integers and 0.

Lemma 7.1.5. Let n be a positive integer. There are only countably many subsets of N" that are

closed under the product ordering from below.

Proof. We will prove this by showing that a nonempty subset of N”, closed under the product
ordering from below, can be parametrized by a finite subset of (N )", where Ny := NU {eo}
and o is some maximal element, with respect to the regular ordering. Since (N.)" is countable,
and the finite subsets of a countable set form a countable set, the result will follow.

For each I C N” that is closed under the product ordering from below, there is a

unique I* = I U L, C (N.)", where

Li={xe (No)"-N'|y<x = yel,VyeN'}.

Note that if [ is finite, then I, = 0 and I* = I. Furthermore, it is straightforward to verify

that I* is closed under the product ordering from below in (N.)" and I* NN" = I. Moreover,
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for every (xi,...,x,) € I*, there is a maximal element (ay,...,a,) € I* such that (x,...,x,) <
(ai,...,an).

Let M be a set of elements, from (N..)", that are pairwise noncomparable with respect
to the product ordering. Set Ij; to be the closure, from below, with respect to the product
ordering. If I C N" is closed under the product ordering from below, and M is the set of
maximal elements in 7™, our construction guarantees that Iy = I'*. Thus, it suffices to show
that I* has only finitely many maximal elements.

We do this inductively on n. If n = 1, this is clear, since every nonempty proper subset
of N, closed under the product ordering from below has one maximal element and N* = N,
also has one maximal element. For the general case, suppose n > 1. Let I C N" be a proper
subset, closed under the product ordering from below, then there is a maximal a € N, such
that (a,...,a) € I*. For each i € {1,...,n} and each m € {1,...,a}, let I'" be the subset of
I* consisting of all n-tuples with m in the ith component. Notice that every element of I* is
contained in at least one [!", for some i € {1,...,n} and m € {0,...,a}. Otherwise, there is
an element (xj,...,x,) € I where (x,...,x,) ¢ I", foralli=1,...,nand all m = 0,...,q,
hence x; > a for all i. But this means that (a+1,...,a+ 1) € I'*, which is a contradiction.
Furthermore, for any i = 1,...,n and all m = 0,...,a, the image of I'" in (N.,)"~!, created by
deleting the ith entry in each element of Ii", is closed under the product ordering from below.
Thus, by induction, /" has finitely many maximal elements, all with the entry m in the ith

component. If we denote by M}" the set of maximal elements of the set II" foreveryi=1,...,n
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and all m =0, ...,a, and denote

M= U

1<i<n,0<m<a

then M is a finite set. Moreover, M will contain all the maximal elements of I*, and the result
follows.

O]

Theorem 7.1.6. Suppose D is a replete subcategory of C'. The biset functor B* over D has
uncountably many subfunctors if and only if D has infinitely many objects from one of the sets

S0,81,82 or S,, where r =4 or r is a prime congruent to 1 modulo 4, from Corollary[7.1.4]

Proof. The "if” direction follows from Corollary[7.1.4] What is left is to prove that if D contains
only finitely many objects from each of the sets described in Corollary then the lattice of
subfunctors of B* over D is at most countable. Suppose D contains only finitely many objects
from each set described in Corollary Let U denote the objects contained in 2 from the
union of all these sets. Since D contains only finitely many objects from Sy, it follows that U
must be finite. Notice that if G € (' is residual with respect to B* and p is an odd prime dividing
the order of |G|, then G has a subquotient (in fact, a subgroup) X isomorphic to a group from
one of the sets in Corollary such that p||X|. Thus, by the finiteness of the set U, there
are odd primes py, ..., p, such that, for any X € D, residual with respect to B*, we have natural

numbers ng,n; ...,n, and a pseudodihedral group
G(’l()-,nl,“.,l’lr) =0 (CZ"O X (Cpl)nl XX (Cl?r)nr)7
with X < G(no’mw’nr).
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By Remark we may assume that every object in D is a subquotient of some
object which is residual with respect to B*, since this does not change the poset structure.
Suppose 7 is a full subcategory of C consisting of subquotients of the groups Gnony...ny)» fOr
any (r+ 1)-tuple of natural numbers (ng,n; ...,n,). Then D C D’ and the restriction functor
Fo — Fp induces a surjective morphism between the poset of subfunctors of B* over 2’ and
the poset of subfunctors of B* over D. Thus, it suffices to show that B* over D’ has only
countably many subfunctors.

Let R be the complete set of residuals with respect to B* in ' form Theorem
To see that B* over 9’ has only countably many subfunctors, we first set Rgy g« be the complete
set of residual with respect to B* in 2, consisting of elements of & that are in 2. Using
Theorem the result follows if the set {J|J C Rgy p+} is countable. To see this, let J C

Rgr g+ and consider the set {(ao,ai,...,ar) € N|Ga,, a) < Guom,..n) €J}. This set is

.....

closed under the product ordering on N’*!. Moreover, this induces an injection into the set of
subsets of N"*! that are closed under the product ordering. The result follows by Lemma

O]

It is natural to ask if we can relax the condition in Theorem [7.1.6) for D to be a

subcategory of (.

Question 7.1.7. Let D be any replete subcategory of C. Is the condition in Corollary a

necessary condition for the biset functor B* over D to have uncountably many subfunctors?

The next result generalizes Corollary
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Proposition 7.1.8. Suppose I C R g~ is closed under residual subquotients. Let G be an object
of C', and H a normal subgroup in G with odd index, such that H has an abelian subgroup of
index at most 2. Let N be the set of all normal subgroups N <{H, such that H/N is trivial, cyclic
of order 2, or pseudodihedral, such that every suquotient of H/N that is residual with respect
to B* is isomorphic to an element in I. Set L = {Ian/NCDH/N}NGN, then L is a basis for F;(H)
and G/H acts on L. If Ly,...,Ly denote the orbit sums of this action, then {Tenng f:l isa

basis for F;(G).

Proof. The only thing we need to prove is that £ is a basis of F;(H ), the rest follows by replacing

B* by Fj in the proof of Corollary We can use Proposition to decompose

Fi(H) = @ 9F(H/N).

N<H
We have Fj(H/N) C B*(H/N), hence 0F;(H/N) C 0B*(H/N). Thus dF;(H/N) is trivial or
OF;(H/N) is generated by ®p/y. If X is a pseudodihedral groups such that every subquo-
tient residual with respect to B* is isomorphic to an element of /, then B*(X) = F;(X). Thus
(Infyy o /n)veac C Fi(H).

Now, suppose M <JH and H/M has a subquotient S, such that S is isomorphic to an

element X € R px — 1. For the sake of contradiction, suppose @y /), € oF;(H/M). Then by

Proposition
B (X) = B () = B(S,H /M)y € Fi(S) = F(X),

and by dimension, we have B*(X) = F;(X). Hence X € I, which is a contradiction. Therefore,

<Ian/N(DH/N>N€£7\[ must be all of F;(H) O
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In general, computing the dimension of the evaluations of simple biset functors is
difficult. In the next section the explicit form of Proposition will give us an easy way to

compute the dimension of S¢ r, (H) when G,H € C' and G is residual with respect to B*.

7.2 Composition Factors

We end this Chapter by detailing which simple biset functors show up as composition
factors of B* € F,. Before we state the following theorem, we clarify a technicality. Let D be
any replete subcategory of C. Note that B*(G) is always an elementary abelian 2-group, thus
we may view B* as a functor in B* € Fpp,. So there is no ambiguity when we discuss the

multiplicity of composition factors of B*.

Theorem 7.2.1. The composition factors of B* € F are parametrized exactly by the simple
biset functors Sg ,, where G € Ry px. Furthermore, each composition factor has multiplicity

1.

Proof. Let Fy C F; C B* be two subfunctors of B* € ¥ such that F;/Fy is simple, where I
and I’ are the corresponding subsets of K. g« from Theorem We may then assume that
Fi/Fy = Sy where G € ' and V is a simple F,Out(G)-module, such that Sgy(G) = V. By
Theorem I' C I. Moreover, we claim that I — I’ is a one element set consisting of a group
that is isomorphic to G. Indeed, suppose Hy,H, € I —I' such that H, # H,. We may assume
that H; is not a subquotient of Hy. Let I” = I'U{H,}. Thus I’ C I” C I, which implies that
Fy/Fy is not simple, by Theorem Furthermore, if H is the unique element in I — I, then

forany X € (' such that |X| < |H|, we have Fy(X) = F;(X), by Proposition Thus S v (X)

64



is trivial. Again by by Proposition|7.1.8| we have Fy(H) C F;(H). So H is a minimal object for

Sc,v and by Remark [2.5.9) H = G. We can now assume H = G. Through evaluation
V= S6v(G) = F/Fr(G) = B*(G)/(B*)~(G),

has dimension 1 as an [F;-space by Proposition and Proposition since G is residual.
Furthermore, B*(G)/(B*)<(G) is generated by the image of the element & € B*(G). By the
proof of Proposition 4.3.2 in [4], the action of Out(G) on V as an F,Out(G)-module, is given by
f-v=1Iso(f)(v) for any f € Out and v € V. Since P is the unique faithful element in B*(G),
it is fixed by Iso(f) for any f € Out(G). Thus V is isomorphic to the trivial F,Out(G)-module.

That Sg r, has multiplicity 1 is easy to see by a simple construction. Let I = @ C
Rerp<. Then choose {{1}} =1 C L C --- C 1, C I,41 =1 to be a filtration such that |I;; —
I;| = 1 and [; is closed under residual subgroups, for each i = 1,...,n. Note that this forces

Li+1 —1, = {G}. Thus
F,CF,CF,CF,C---CF,CF,, CB”

is a composition series for B* over G. It is easy to verify that Fj, ., /Fj, is the only composition

factor isomorphic to Sg ,, since G € I; forany i = 1,...,n. O
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Chapter 8

Applications to Simple Biset Functors

8.1 Computing S ,(H) for G residual with respect to B~

For this section, we again set R g~ to be a complete set of residuals for B* in .
If G and H are finite groups and k is a field, the following is a characterization due to

Bouc of the k-module S¢ «(H).

Proposition 8.1.1 ([4], proposition 4.4.6, page 71). Let D be a replete subcategory of C. For
any objects G and H of D, let kBy(G) be the k-vector space with basis the set of conjugacy
classes of sections (T,S) of G such that T /S = H.

Then the module Sy x(G) is isomorphic to the quotient of kB (G) by the radical of
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the k-valued symmetric bilinear form on kBy (G) defined by
((B,A)(T,S))m = |{h € B\G/T|(B.A) — ("T,"$)} s,
where (B,A) — (T,S) means that
BNS=ANT (BNT)A=B (BNT)S=T.
In particular, the k-dimension of Sy x(G) is equal to the rank of this bilinear form.

It is generally difficult to determine the k-dimension of Sg x(H) in terms of other data
about G and H. However, we can apply the results from the the previous section to determine

this for Sg r,(H), where G € R g and H € (.

Theorem 8.1.2. Suppose G € Ry px and H € C'. Set r = dimy, (F;(H)) and | = dimg, (F;(H)),

where = {G}, J =1 —{G}. Then dimg,(Sgr,(H)) =r—1.

Proof. Notice that J = J. Since J C I, Theorem Fy/Fy is simple. Proposition implies
that G is a minimal object for F;/F;. Thus by Remark and Theorem|(7.2.1] F;/Fj = S,

and the result follows. O

Theorem 8.1.2] together with Proposition|7.1.8] gives us a way to compute Sg r, (H),
where G € Ry g+ and H € C'. To illustrate this, we cover the cases where G is trivial or dihedral

and H is dihedral.

Example 8.1.3. Consider the dihedral group Dy, where k > 3. Let py,..., p, denote the prime

divisors of k that are congruent to 3 modulo 4. Set m; to be the power of the p;-part of k, for
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i=1,...,r and mg the power of the 2-part of k. We show that

(

24+mi+---+m, if my=0
dime, (Spyr, (Do) = Y d+2(my + - +m,) i mo=1

S5+2(mi+---+my) if my>1

By Proposition dimg, (S{1}r,(D2x)) is equal to the number of normal subgroups N <
Dy, such that Dy /N is trivial, cyclic of order 2, or dihedral (nonabelian), and there are no
nontrivial subquotients of Dy, /N residual with respect to B*. If Dy, /N is dihedral and there
are no nontrivial subquotients of Dy /N residual with respect to B*, Theoremimplies that
Dy /N = Dg or Dy /N = Dy, where | = 28p*, where p is a prime congruent to 3 modulo 4, and

€ € {0, 1}. The following cases are straightforward to verify:

o If mg =0, then there is one normal subgroup of Dy with trivial quotient, one normal sub-
group of Dy of index 2, and m + - - - + m, normal subgroups N < Dy, such that Dy /N

is dihedral and there are no nontrivial subquotients of Dy /N residual with respect to B*.

e If my = 1, then there is one normal subgroup of Dy; with trivial quotient, three normal
subgroups of Dy of index 2, and 2(m; + - - - + m,) normal subgroups N <Dy, such that
Dy /N is dihedral and there are no nontrivial subquotients of Dy, /N residual with respect

to B*.

e If mg > 1, then there is one normal subgroup of Dy, with trivial quotient, three normal
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subgroups of Dy of index 2, and 2(m + - -- +m,) 4+ 1 normal subgroups N < Dy, such
that Dy, /N is dihedral and there are no nontrivial subquotients of Dy, /N residual with

respect to B*.

Set D = C; and Dy = C; x C. It is straightforward to verify dimp, (S{1} 5, (D2)) =2
and dimp, (Sy1},r,(D4)) =4. There is then a function s : N — N defined as s(n) = dimg, (S{1} ¥, (D2n))-
Let ¢ denote Euler’s ¢-function, and set m to be the number of positive divisors d|n, such that
¢(d) =2 (mod 4). Recall that for any x € N, ¢(x) =2 (mod 4) if and only if x = 4, x is the power
of a prime congruent to 3 modulo 4, or x is twice the power of a prime congruent to 3 modulo

4. Thus s(n) =m+2if nis odd and s(n) = m+4 if n is even.

Example 8.1.4. Suppose Dy, is a dihedral group residual with respect to B*. If n is not a power

of 2, by Theorem we can decompose
n:2n0p1"'pr

where ng # 1, and the p; pairwise coprime odd primes, fori = 1,...,r. Moreover, if np = 0 and
r =1, then p; = 1(mod 4).

Let k > 3 and consider the dihedral group Dy;. Let mg denote the exponent of the
2-part of k. If n is a power of 2 (recall that in this case n > 8), then we set m = 1. Otherwise,

set m = my - - -m,, where m; denotes the power of the p;-part of k, for i = 1,...,r. We show that

,

0 if ntk
dimp, (Sp,, b, (D)) = { .  if nlk; ng #0ormy=0

2m if  nlk; no=0and my #0
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If n{k, then D5, does not show up as a subquotient of D2, hence by Remark[2.5.9, Sp,, &, (Dak) =

0.

Suppose n|k. Set I = {D,,} and J = I — {D,, }. Theorem and Proposition m

tell us that dimp, (Sp,, r,(D2)) is equal to the number of normal subgroups N <O Dy, such that
every subquotient, residual with respect to B*, of Dy /N is in I and at least one is not in J.
In other words, every subquotient, residual with respect to B*, of Dy /N is in I and Dy, is a
subquotient of Dy /N. When ng # 0, this means that Dy, /N must be isomorphic to a dihedral
group Dy;,, such that

Iy=2"p}"...p},
with 1 <n; <m;, i=1,...,r. When ny = 0, this means that Dy;/N must be isomorphic to a
dihedral group Dy,

Iy =2p}"...py",
with 1 <n; <m;,i=1,...,rand € € {0, 1}. By properties of dihedral groups, there is a bijective
correspondence between normal subgroups of N <Dy of this type and divisors d|k, such that

§ = Iy. The formula for dimg, (Sp,, r, (D2k)) follows by counting such divisors of k.

8.2 Surjectivity of the Exponential Map B — B*

For any finite group G, we define the exponential map

€6 : B(G) — B*(G)
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to be the group homomorphism induced by sending
[G/H] — Tengj(—1),
for any H < G.

Remark 8.2.1. It is straightforward to show that the collection of all these group morphisms €
is a morphism € : B — B* of biset functors. Yoshida proves this in Lemma 3.2 of [19]. Yalcin
also discusses this map in Section 7 of [17]]. The way we define it in this paper is in the spirit of

Bouc 9.8 of [3]].

The next result is proved by Bouc 9.7 in [3] for p-groups. It is likely known to experts
but we include a proof for the reader, since we make use of it to determine when the exponential

map is surjective for objects in C'.
Proposition 8.2.2. Let G be a finite group, then Im(€g) = S 7,(G) as Fa-modules.

Proof. 1f k =T, and H = {1}, then in reference to Proposition we can identify F,B;(G)
with F,B(G) by associating (K,K) to [G/K] € F,B(G). Since B*(G) is an [, vector space,
€6 : B(G) — B*(G) is equal to the map €om, where  : B(G) — F,B(G) is the projection map
and € : F2B(G) — B*(G) is again the group homomorphism induced by sending [G/H| —
Ten$ (—1). It suffices to show that the kernel of € is equal to the radical of the symmetric

bilinear form in Proposition [8.1.1] on F,B;(G). For F,B) (G), this form is defined by
(K, K)I(S:8))1 = [{h € K\G/S} |,

since the requirement that (K,K) — ("S,"S), is true for any K,S < G and h € G. Thus, if
Ki,...,K, are subgroups of G and X = (K|,K;) +--- + (Ky,K,) € F2B1(G), then X is in the
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radical our bilinear form if and only if

i\{h € S\G/K)|

is even for all subgroups S < G. Similarly by the formula in Remark the element associated

to X in F2B(G) is in the kernel of of €5 if and only if

n
) {heS\G/Ki}
i=1
is even for all subgroups § < G. O

We can now determine when the exponential map &g : B(G) — B*(G) is surjective

forGe (.

Theorem 8.2.3. Suppose G € C'. Let N <G be a normal subgroup with odd index having an
abelian subgroup of index at most 2. Let Ry g« be a complete set of residuals for B* in C'.
Then €¢ : B(G) — B*(G) is surjective if and only if no nontrivial quotient of N is isomorphic

to an element of Ry px.

Proof. By Proposition[7.1.8] we have S g, (G) = B*(G) if and only if no nontrivial subquotient
of a pseudodihedral quotient of N is isomorphic to an element of R .

Suppose M <IN, such that N/M is pseudodihedral and N/M has a nontrivial sub-
quotient isomorphic to an element of Ky p<. Lemma implies that N/M has a quotient
isomorphic to a nontrivial element of K¢ g~, thus N has a nontrivial quotient isomorphic to an
element of K¢ p~. It follows that N/M will have a subquotient isomorphic to an element of

R p~ if and only if N/M has a quotient isomorphic to an element of R px.
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Hence S r,(G) = B*(G) if and only if no nontrivial quotient of N is isomorphic to

an element of K¢ p«. The result follows from Proposition [8.2.2} O

A particularly nice case of the above result is when we consider dihedral groups. In

the following result, ¢ : N — N denotes Euler’s ¢-function.

Corollary 8.2.4. For any positive integer n > 3, €p, : B(D2,) — B*(Day,) is surjective if and

only if ¢(n) =2 (mod 4).

Proof. Proposition[8.2.2] implies that p,, will be surjective if and only if

dimg, (S{1} F, (D2n)) = dimg, (B* (D2n)).-

Recall that by Example [5.2.5] if we use d : N — N, to denote the function that counts the
number of positive divisors of any n € N, then dimg,(B*(D2,)) = d(n) + 1 if n is odd, and
dimy, (B*(D2,)) = d(n) +2 if n is even. By Example the function s : N — N, where
s(n) = S{1y,r,(D2n), is equal to the number of positive divisors d|n, such that ¢(d) =2 (mod 4),
plus 2 or 4, depending on whether n is odd or even, respectively. If n > 3, one can verify that

s(n) = dimg, (B*(D2,)) if and only if ¢(n) = 2 (mod 4).
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Chapter 9

More Residual Groups

We would like to have a complete list of finite groups that are residual with respect
to B*. Theroem shows that the smallest group, residual with respect to B* is D1g. One
might wonder naively if Theroem describes all of them. Unfortunately, this is not so. In
this chapter we show that S and As are both residual with respect to B*. Sy is the smallest
group that falls outside of the list in Theroem and As is the smallest simple group. It

would be of interest to answer the following questions:
Question 9.0.1. Are all nonabelian simple groups residual with respect to B*?
Question 9.0.2. Are all groups S, with n > 4, residual with respect to B*?

Lemma 9.0.3. Let G be a finite group and Sg := {H\,...,H,} a set of representatives of sub-
groups of G with respect to conjugation. Let M = (a;j) be the matrix over F with entries defined
by

ajj = Z 1 (mod 2).
[H\G/Hj]
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Then

rankp, (M) = dimy, (Imeg) = dimp, (S{1} r,(G)).

Proof. The first equality follows from Remark (4.1) and the definition of the exponential

map B(G) — B*(G). The second equality comes from Proposition[8.2.2} O

Lemma 9.0.4. Let G be a nontrivial finite group. Suppose for every proper subquotient H of G
we have that €y : B(H) — B(H )™ is surjective. Then G is not residual with respect to B* if and

only ifey : B(G) — B(G)* is surjective.

Proof. If ey : B(G) — B(G)* is surjective, then G is clearly not residual. Conversely, say G is
not residual. Then

B*(G) = (B*)~(G) = ;B(G,H)BX(H)

as H runs over proper subquotients of G. It suffices to check that Ten$ (u) € Im(gg) if H is a
subgroup of G and u € B*(H) and that Inf(u) € Im(eg) if u € B*(H) and there is a normal
subgroup N such that G/N = H. The first case is obvious by our assumption and transitivity of

induction. For the second case, because u € Im(gg/y) we can write

G/N
G/N

G/N

(1) Teny L (<1),

u=Ten(—1)"Ten HoIN

where r € Ny, i € {0,1} and H; are proper subgroups of G for j = 1,...,r. Notice that

N (=1 = (1) and InfG  ((—1)") = (~1)' = TenG(—1)'. Hence

TenG/N

Infg (1) = Teng(—1)Tenfj (Infj] w(=1)- Teng, (Infjy; w(=1)
Teng(—1)'Tenfj (—1)---Tenf (—1) € Im(gg),
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where the first equality comes from the commutation properties of induction and inflation bisets
and the second equality from the fact that inflation on the unit group of the Burnside ring comes

from restricting the inflation ring morphism on the Burnside ring. The result follows. O

We can relax the hypothesis of Lemma[9.0.4]to just knowing that the exponential map
is surjective on maximal subgroups of G and minimal normal subgroups of G. Lemma [9.0.3
gives us a straightforward way to compute the [F»-dimension of the image of the exponential
map. Joining this with the previous lemma, we get a tool to find minimal groups residual with
respect to B*, that is, groups G that are residual with respect to B*, but any proper subquotient

H of G is not residual with respect to B*.
Proposition 9.0.5. S, is residual with respect to B*.

Proof. We note that our calculations for this proof are run through the computer algebra system
GAP. In GAP, the rank of the matrix in Lemma [9.0.3|is easily computable for a given group
G, and this computation is straightforward to verify. Additionally, we make use of the GAP
algorithm for the rank of the unit group of the Burnside ring in [[11]] and compare our results.
The maximal subgroups of S4 are isomorphic to D¢, Ds, and A4 and S4 has a unique
minimal normal subgroup, whose factor group is isomorphic to Dg. GAP computes that the
dimensions of the images of the exponential map of D¢, Dg, and A4 are 3, 5, and 2 respectively,
which is the rank of B*(Dg), B*(Ds), and B*(A4) respectively, by [11]. Note that, again by
GAP and [11], dimp, (Imeg,) = 5 but dimg, (B*(S4)) = 6. Thus, we can apply Lemma m

and see that Sy is residual with respect to B*. O

We take a similar approach to show that As is also residual with respect to B*. Since
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As is simple, then

(B)~(As) = ;B(G,H)BX(H)

where H runs over a set of representatives of subgroups of As, with respect to conjugation. In

fact, we can refine this to

(B)=(As)= ) Im(Tenf),

H eﬁj\“s‘”‘

where Sy** a set of representatives of maximal subgroups of As, with respect to conjugation.

So it is enough to show that

Y. Im(Tenf}) # B*(As)

H 6.5},“5“"

in order to establish that As is residual with respect to B*.
Proposition 9.0.6. As is residual with respect to B*.

Proof. As has three maximal subgroups up to conjugacy. There isomorphism classes are Ay,
Dg, and Dyg. The exponential map for A4 and Dg is surjective and easy computation verifies the
image of the exponential map for Dy has codimension 1 with complement generated by ®p

(see part A of the proof of Proposition [6.2.6)). Thus as [F;-spaces, we have

(B)“(As)= Y. Im(Tenfj) = Im(es;) + (Ten (Ppy, ))-
HES

Thus, dimp, ((B*)<(As)) < dimg, (Im((€4,))) + 1. However, by computation in GAP we have
dimp, (Im(g4,)) = 3 and by [L1] we have dimp, (B*(As)) = 5. It follows that As is residual with

respect to B*. O
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