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APPLICATION OF A RETURN MAP
ALGORITHM TO PLASTICITY AND
VISCO-PLASTICITY MODELS

F.Auricchio R.L.Taylor
J.Lubliner

Department of Civil Engineering, University of California at Berkeley, Berkeley, CA 94720 USA

Abstract

This work deals with the computational analysis of non-linear associative general-
ized plasticity and visco-plasticity material models. After a brief review of the contin-
uous equations governing the behavior of such models, including both linear isotropic
and kinematic hardening mechanisms, we introduce their discrete counterpart within
the framework of a return mapping algorithm. We also address a simple and effi-
cient approach for the construction of the consistent tangent matrix, which guarantees
quadratic convergence in a Newton iterative technique. The numerical implementa-
tion of some material models in which the inelastic behavior is based upon a von
Mises surface is analyzed in detail; we consider the weli known classical plasticity and
visco-plasticity models and recently proposed generalized plasticity and generalized
visco-plasticity models [17, 18]. The generalized plasticity model shows some new
and interesting features such as: they smoothly reach a limiting asymptote for both
monotonic and cyclic loading conditions; if unloaded in the plastic range, upon reload-
ing, they show renewed plasticity before the attainment of the stress where unloading
began. Some numerical simulations are presented to show the performance and the
differences between the models. In particular, the comparison with the analytical so-
lution is reported for a thin walled tube subjected to tension and torsion under load

control.

Introduction

The development of non-linear material models represents an area where considerable

efforts are directed in an attempt to simulate the behavior of real materials in a more com-
plete form. Consequently, topics still widely addressed are the implementation of non-linear
models including all the related computational aspects, such as the method of integration

of rate type constitutive equations.
The objective of this work is to: review classical plasticity and visco-plasticity models and

generalized plasticity and visco-plasticity models, discussing their numerical implementation
in the framework of a return mapping algorithm; address a simple and efficient approach
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for the construction of the consistent tangent matrix for an associative J2 material model,
including both isotropic and kinematic hardening mechanisms.

The work is organized as follow. In Section 2 we introduce the generalized constitutive
equations for a non-linear material with a von Mises yield function and an associative flow
rule. The model includes both linear isotropic and kinematic hardening mechanisms, and
the capability to have a limit equation different from the yield function, such as in the
generalized models. In Section 3 we present the discrete version of the equations introduced
in Section 2, with a brief review of the return mapping algorithm used for their integration.
In Section 4 the discrete equations and the integration algorithm are specialized to various
models. In Section 5 we address the construction of the tangent matrix, such that it is
consistent with the discrete version of the equations. The use of a consistent tangent matrix
guarantees quadratic convergence in the application of a Newton iterative algorithm. In
Section 6 the tangent matrix is specialized to the models already discussed in Section 4.
Among others, we look at the well known classical plasticity and classical visco-plasticity
models, and at the recently introduced and discussed generalized plasticity and generalized
visco-plasticity models [17, 18]. The generalized models are of particular interest since they
show some new and interesting features: they smoothly reach a limiting asymptote for both
monotonic and cyclic loading conditions; if unloaded from the plastic range, upon reloading,
they show renewed plasticity before the attainment of the stress where unloading began. In
the last section we present some numerical simulations using a finite element implementation
to show the performance and the differences between the models. In addition to some more
classical examples, such as as a simple tension test and a thick tube under internal pressure,
we present the results obtained for a thin tube subjected to tension and torsion: first, where
loading is applied by controlling the strains, and second by controlling the stresses. For
this latter case the numerical solution is compared to a closed form solution derived for the

generalized plasticity model.

2. Constitutive equations for an associative J2 material

In this section we consider the equations governing the behavior of an inelastic material,
controlled by the second invariant of the deviatoric stress, J; (a von Mises type model), and
an associative flow rule. We shall refer to this general class as J2 models or J2 materials.
The model includes both linear isotropic and kinematic hardening mechanisms, which are
controlled by the two parameters Hi, and Hyiy, and the back stress tensor, a.

Based on the assumption of J2 material, the evolution equations involve only the devia-
toric stress and strain, s and e respectively. If we denote the total stress as o and the total
strain as €, the following relations hold:

o’:%tr(a)1+s (1)
= Linen + 2)
€=3 r(e)1 +e (2

1 is the second order unit tensor and tr(-) is the trace operator (i.e. tr(e) =1 : o). The
linear vector space of second order tensors is equipped with the natural (Euclidean) inner
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product, defined by the trace of the product of two tensors:
lal’ =a:a=tr(a-a) (3)

a is any second order tensor. We note that: [|s|| = v/2J;.
Assuming an additive decomposition of the strain into elastic and plastic part:

e=¢€"+¢ (4)

and denoting the time as t, the governing equations are:

s(t) = 2G (e(t) — eP(t)) = 2Ge® (1) (5)
Y=s—-« (6)
F(2(1),04() = | ZWOI = /304(1) (7)
g (f(1),€(1),7(1)) <0 (8)

(1) =30 550 )

&(t) = 2 Hiné? (1) (10)

Equation (5) is the linear elastic relation between the deviatoric stress s(?) and the elastic
deviatoric strain e(t); e(t) and e”(?) are the deviatoric part of the total strain and of the
plastic strain, respectively.

Equation (6) is merely the definition of the relative stress X', since the back stress a physi-
cally represents the center of the yield surface, which can shift as a result of the kinematic
hardening mechanism.

Equation (7) is the von Mises yield function where: o,(t) is the yield stress in uniaxial
tension, whose time dependence is due to an isotropic hardening mechanism, which in the

simplest form is given by:
o,(t) = oy + Hiso €°(1) (11)

o0 is the initial uniaxial yield stress and €” is the equivalent plastic strain:

o= [ \/guémudt (12)

Equation (8) is the limit equation expressed in terms of the yield function f, a set of internal
variable &(t) and a consistency parameter (t), that is required to be greater or equal to zero.
It embodies and models the rate dependency and the yielding characteristic of a material.
Observe that the yield equation and the yield function are not required to be the same, i.e.
g and f coincide only if some simplifications apply to the model (for example, in classical
plasticity, ¢ = f = 0). In the above the operation (-) indicates a derivative with respect to
the independent time variable ¢; in the case of a rate independent material, ¢ is a fictitious



time introduced only to describe an evolutionary process. In this work we consider the
following four specific forms for equation (8):

a) classical plasticity g=Fr=1ZW)| - \/_z-ay(t (13)
b) classical visco-plasticity =0 [—R*':—)] £=1=10 (14)
c) generalized plasticity g=9—h(n*:0)= (15)
d) generalized visco-plasticity =4%—(hn*:0)— —}%ﬂ ¢ {—R‘%] =0 (16)

These models are described more completely in Section 4.
Equation (9) is the evolution equation (flow rule) for the deviatoric plastic strain, in the

framework of associative plasticity.
Equation (10) is the simplest form of the Prager equation for the evolution of the back stress

a(t).

Since we limit ourselves to the case of von Mises yield function, the following equalities hold
af(y) _ X
550 ~ T2

— n(t) (17)

where n(¢) is the tensor normal to the yield function at X' and having unit norm. As a
result, equation (9) and (10) can be rewritten as:

e’ = 5(t)n(t) (18)

alt) = ngin’}’(i)n(i) (19)

The above briefly presents the equations governing the behavior of an associative J2 material;
a more rigorous and general approach can be found in Reference 1 and 2.

3. Discrete constitutive equations and integration algorithm

From a computational standpoint we treat the non-linear behavior of a material as a
strain driven problem. This means that the stress history is obtained from the strain history
by means of an integration technique, such as a return mapping algorithm. Therefore, in
this section we introduce a discrete version of the equations presented earlier and review the
integration algorithm.

Let [0,7] C R be the time interval of interest and consider two time values within it,
say t, and t,41 > t,, such that ¢,,; is the first time value of interest after ¢,. To make the
equations more readable, we introduce the following convention:

a, =alt,), a=a(t,41) (20)

where a is any generic quantity. According to this notation, in the discrete version of the
equations the subscript n indicates a quantity that is evaluated at time ¢,,, while no subscript
indicates a quantity that is evaluated at time ¢,.41.



We assume that the solution at time ¢, is known and given by the state:
{Sn,en, €0, a,, € (21)

We wish to compute the solution for the state at time ¢, assuming that the total strain e
at time ¢, is also given. Using the backward Euler integration formula [5, 6] for the plastic
strain and for the back stress flow rules, we obtain:

e”:eﬁ-k\/g/\n (22)

a =an+§-HkmAn (23)
where:
tn+1
A= / (1) dt (24)
tn
Substitution of (22) into (5) yields:
s=2G(e—e’)—2G An (25)

while subtracting (23) from (25) gives:
Y=s—a=2G(e—¢€)—a, — (2G+—§—Hkm)/\n (26)

Equations (22), (23) and (25) represent the discrete counterpart of equations (9), (10) and
(5), respectively. Here A is an unknown quantity and is computed by means of the integration
algorithm. ;
Initially suggested by Maenchen and Sack [3] and Wilkins [4], the return mapping algo-
rithm provides an efficient and robust integration scheme, based on a discrete enforcement
of the limit equation. It belongs to the family of elastic-predictor plastic-corrector algo-
rithms and, hence, is a two part algorithm. In the first part, a purely elastic trial stalc
is computed; in the second, if the trial state violates any of the constitutive equations, a
correction is computed and applied in a manner that the final state is consistent with the
discrete constitutive model. The algorithm has been widely studied [7, 8, 9] as has its stabil-
ity [10, 11, 12]. It has also been extended to several problems of interest, which include the
plane-stress problem [13] and models with multi-surface yield functions [14]. It is interesting
to recall that the incremental elasto-plastic initial value problem can be reformulated as a
constrained convex minimization problem, which is a discrete counterpart of the classical
mazimum plastic dissipation postulate. Using this analogy, the return mapping algorithm
can be shown to be the closest point projection of the trial state to the limit surface ¢ = 0.
Therefore, besides its simplicity, this algorithm has a very strong theoretical basis. Details
of this analogy and theoretical discussions can be found in [15]. For the particular case of
J2 associative materials, the search for the closest point reduces to a radial return mapping.
We shall now discuss the two steps of the algorithm in more detail.

o Trial state: we assume that in the interval [¢,,{,.+1] no plastic deformation occurs (i.e.
e’ = eh, which implies: A =0, @ = a,, ). As a result, we have:

sTH = 2G (e — €) (27)
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ePTR = P (28)
o'f = o, (29)
STR _ TR _ oTR _ TR _ o (30)

If the elastic trial state is admissible, i.e. it does not violate the limit equation (8),
then it represents the solution at time t,4;. Consequently, the solution can be updated
with the trial state and the second part of the algorithm is skipped.

o Plastic correction: if the trial state is not admissible, a correction has to be performed.
Enforcing the satisfaction of the limit equation, the consistency parameter A may be
computed, as shown for some specific material models in Section 4. Equations (25)
and (26) can be now rewritten in terms of the trial state and A:

s=s"_-2G \n (31)
2
»=xTR_ (za + §Hk,~n> An (32)
which allows us to compute and update the solution.

From equation (17) we have:

S=|I5)n (33)
hence from equation (32) we deduce that:
ST = || 2" n (34)
or that:
n =n’# (35)

and the following scalar relation between || X|| and ||£7%|| can be obtained:
2
120 = 1577 = (26 + < Hisn) (36)

Equations (33-36) represent a radial return mapping since all the tensor quantities which
appear are associated with the same n. Therefore, || X|| and X may be easily compute, once

A is determined.

4. Discrete plasticity and visco-plasticity models

In this section we show how different material models can be treated within the framework
of the return mapping algorithm. In particular, we discuss the implementation of the well
known classical plasticity and classical visco-plasticity models, and the recently introduced
generalized plasticity and generalized visco-plasticity models [17, 18].

As a result of equation (36) in Section 3, the application of the return mapping algorithm
to different material models requires the evaluation of the discrete consistency parameter.
Since A measures the correction that renders a non-admissible trial state admissible, it must
be computed enforcing the discrete version of the appropriate limit equation.
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4.1. Classical plasticity
In classical plasticity, the limit equation coincides with the yield function:

g=r=1xWOl- \/g%(f) =0 (37)

and in a discrete form it can be written as:
[ -R=0 (38)

where R is the radius of the yield surface:

2
R = R(tnn)= \/%Uy(tnﬂ)
2
= \/; [nyo + Hiso ép]

()
= \/;[Uy0+stoe +sto (ep__ep ]

2
Rn + §Hiso A (39)
Recalling the scalar relation between || 77| and || 2||, equation (37) can be written as:
(1277 = (26 + gﬂkm) A = (Ro+3 HA) (40)
Thus, solving for A, we obtain:
HZJHH - I{n \
A= ——————— 41
where:
C’ G + (Hkm + sto) (42)

4.2. Classical visco-plasticity
We consider a visco-plasticity model due to Perzyna [16]. The limit equation is:

f ] n .
=0 |=—|—-—5=0 43
g [ Rl TR (43)
where @ is a function deduced by dynamic tests on the material, R, is the initial radius of
the yield surface and 7 plays the role of a viscosity. The function ®(z) is commonly chosen
to be 2™, such that the model yields:

f Jm U
| —57=0 (44)
[Ro Ko
Integrating with respect to time using a backward Euler method, we obtain:
f r 7 _
— At — — X =90 45)
[Ro R (
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and, introducing the discrete relations of Section 3:

(=77 = Ra) = 2GiA]" U )
At——XA =0 46
For m = 1 and m = 2, the parameter A can be computed in closed form; for m > 2 an

iterative technique for the solution of the non-linear equation may be implemented. We
regain the classical plasticity consistency parameter for 7 — 0.

4.3. Generalized plasticity
A simple model of generalized plasticity was introduced by Lubliner in Reference 17 and
extended by the authors in Reference 18. Referring to the notation of this last work, the

yield equation is:
g=y—h(n":0)=0 (47)

where:
h — f * _— a~/‘
= 5 , N = =
((r—=f)+3Hr do
with r and ¢ two positive constants with dimensions of stress and H = H;,, + Hyn. The
parameters [ and § used in Reference 18 are related to r and ( by the relations:

(48)

. % 9)
T = - e 4
in fact § measures how much the asymptotic limit exceeds the yield stress o, in uniaxial
tension/compression, while r measures the analogous quantity with respect to R but in »
three dimensional setting. The parameter ( has an analogous meaning with respect to 6.
Before computing the parameter A, the term (n*: o) may be simplified, since we are
considering a J2 material. Accordingly, we have:
of 0% Os
L= (50)

0¥ 00 oo

due to the fact that « is an independent variable. Therefore:

*

n":0 = n:o=n:(p1l+s)
= ptr(n)+n:s
= n:$=n:Y+n:a&

. 2
= n:¥Y4+n: (é—‘yﬂkmn>
= n: B4 i, (51)

Since:
(n:n)=1 = (n:n)=(n:n)=0 (52)
equation (51) can be simplified as follow:

. 2
n":o = n12+§7'11km
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d L2,
= n: o ([1¥ln) + 57 Hiin

= IS + s m) Sl + 55 i

d 2
= —|& =vH in 53)
U0+ 25 (53)
As a result, for a J2 material the limit equation (47) can be rewritten as:
d 2
B 2V Hyin | = 4
5| I+ 3] =0 (51
Integrating over the time interval [t,,%,41], we obtain:
2
A= b [IZ) = I Ball+ 23 He] = 0 (55)
and, introducing the discrete equations (36), we can finally solve for A. If we set:
A = |ZTR| - R,
Ay = BT~ (12
Ag - C - ZG
Ay = (g+§-11)r (56)
we obtain the quadratic equation:
al + b +c=0 (57)
where:
a = 2G1 Ag
= As—A1A3+ 2G1 A,
c = “‘A]AQ (3\\)

The physically correct solution to this equation corresponds to the smallest positive root.
If # = = 0, then the discrete model must recover the classical plasticity case. Since
r=0, Ay =0 and || X,| < || X|, which implies A, > A;. Equation (57) reduces to:

(2G1143) /\2+ (—A1A3+2G1A2)/\ —A1A2 = O (3()>
which can be rewritten as:
which has the following roots:
As Ay
A= —— Ay = —— 61
1 A3 5 2 QGl () )

The first root never represents the correct one: in fact for { > 2@ it is negative and, therefore,
violates the model; for 0 < ¢ < 2G, we have A; > A;. On the other hand, the second root
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is always physically correct and coincides with the root of the classical plasticity model.
Therefore, for r = 0 the discrete generalized plasticity model always reduces to the classical

one, as expected.
If ¢ = 0 and the hardening is also zero, then equation (60) becomes:

(2GA = A1) (=2GA + 43) =0 )
which has the roots: A A
_ A = '
/\1 - 2G - )\2 QG (63)

Again the second root coincides with the classical plasticity root and it can be proven by
induction that A; > A; also for this case.

It is interesting to observe that in the classical visco-plastic model an admissible inelastic
state of stress can be outside the surface f = 0; but it must always be on the surface
g = 0. Since the return mapping algorithm is such that the trial state is projected on the
limit equation surface, we observe that the condition A > 0 is sufficient to determine if a
step is non-elastic. In theoretical works, the determination of an inelastic step also requires
that: (X : de > 0). Within the return mapping algorithm, this latter condition is already
embedded in the determination of A and therefore is automatically accounted for when we
project the trial state onto the limit equation.

4.4. Generalized visco-plasticity
We refer to the simple generalized visco-plasticity model introduced and discussed in [18].

The limit equation can be written as:

=9 - n*'c’r—-@p— —Jf—: 5+
g=y—h(n:0) , [RJ 0 (64)

where again:
f L_9f -

n = - 65

((r—f)+2Hr "’ do (63)
Note that for 7 — 0 equation (64) is equivalent to the classical plasticity model, while for
n — oo it goes to the generalized plasticity model. For a generic value of 5 between 0 and

0o, we get a generalized visco-plasticity material.
Assuming ®(z) = z and using the result derived in Section 4.3, equation (64) can be

rewritten as:

h =

) h d|]ZH+?-H~ ) +i =0 (66)
v di 3 kinY 7 =
Integrating with respect to time, we obtain:

2 f ”,
A= | (UB1 = 1B+ 5 Hnd) + 2 At =0 (67)

Introducing the discrete equations discussed in Section 3 and using position (56), we end up

again with a quadratic equation:

a P+ bA+c=0 (68)
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where:

a = 2G1 [A3+2G1%C}

At ;
b = A4~A1A3+2G1A2+261-7}—(A4——2A1C)
At
c = —“AlAQ““";‘]—‘Al(Az;-’Alc) (69)

Also starting from equation (68) we regain the classical plasticity solution for 7 — 0 and
the generalized plasticity solution for n — oo, as expected.

5. Consistent algorithmic tangent moduli

In this section we address a simple and efficient approach for constructing the tangent
matrix, in a form consistent with the discrete version of the constitutive equations described
in the previous sections. The use of a consistent tangent matrix preserves the quadratic
convergence of a Newton method, which we adopt in Section 7 for the incremental solution
of the models using a finite element method.

For an arbitrary function z(x), the tangent value in term of the increment dx of its

variable, i.e. dz = dz(dx), is:
J = Tim z(x + € Ax) — z(x) _ 82()(;61}0() (70)
¢

=0 ¢ e==0

Consequently, to construct a consistent tangent matrix for our problem, we start with the
discrete version of the equations, substitute for any variable the incremented ones:

s—s =s+cAs, e—e =e+cle

n—n.=n+cAn, A—= XA =A+cA) (71)

and compute the derivative with respect to € at € = 0.
Linearizing the equations:

s=2G(e—el)—2G An (72)
2 -
a:an+—3—Hk,-n)\n (73)
about a solution point, we get:
ds = 2Gde — 2Gnd) — 2GAdn (74)
2 2
da = §H;”-nnd/\ + §Hkm)\dn (75)
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Using the relation:

1
dn = — [I-n®n] (ds —da (76
derived in Appendix 1, equations (74) and (75) can be rewritten as:
[1+ al] ds = 2Gde — 2Gnd) + alda (77)
A 5 2
[1+-mjda:=bnm-+§famndx (78)
where: 26N, _ 2 Hin
I=[I-(n@n), a= = (79)

=1 " 32

|
and I is the fourth order identity tensor. Equations (77) and (78) can now be recast in a
matrix form in terms of the unknown ds , da, dA:

I+al —dl 2Gn CC;Z | 2Gde (80)
-1 I+41 —%Hkmn d\ o 0
As shown in the next section, the linearization of the limit equation for all the models
discussed in Section 4 can be expressed in the form:

d\ = A(n: de) (81)

Inserting equation (81) into equation (80) yields:

Ax =y (82)
where: i R
[ 14 —al N
A“[ i 1+H} (83)
x:{g} (81)
_[2GI-Am@en)de | _ 2G [(1 + A)I - Al] de (s5)
Y 2Hiin(n @ n)de £Hyin(n @ n)de

To solve the system, we assume a generalization of the Sherman-Morrison formula for the

inverse of the matrix A, in the form:

Aflzz[leﬁ ~FE1 } (56)

-Fi 1-DI

and, requiring that AA™" = I, the four unknowns C, E, F, D can be computed. As shown
in Appendix 2, the result is:
a o 2GA
14+a+b || ZTH)
12

—

C=F= (87)




_ b _ 2 Myin
S ldatb 3T

such that the solution of (82) can be rewritten in an explicit form:

ds | _[I-cl —c1 ][ 26][(1+A)1-Al]de (59)
de [ | -DI 1I-DI 2 Hiin(n @ n)de

D=F

which, upon expansion of the first row, yields the relation:
ds =2G[(1 - C)YI+ (C— A)(n@n)]de (90)

This is a consistent incremental relation between the deviatoric part of the stress tensor s and
the deviatoric part of the strain tensor e; however, our final goal is to obtain an incremental
relation between the total stress tensor o and the total strain tensor €. Therefore, in equation
(90) first of all we have to express e in terms of €, secondly we need to include the volumetric
part of the stress tensor. The first step can be easily performed since:

de = 1., de (91)

where 1., is a rank four tensor able to filter only the deviatoric part from any generic second
order tensor and is given by:

Lico :I—~-§-(1®1) (92)
Using (91), equation (90) can be rewritten as:
ds = 2G [(1 — p)laew + (p— A) (n & 11)] de (93)
In order to take into account the volumetric portion of the stress tensor, we recall that:
o=pl+s (94)
where, assuming linear elasticity:

p==-(1:0)=Ktr(e) =K (1:¢€) (95)

Qo =

with p the pressure and K the bulk modulus. From (95) we deduce that:
pl=K(1®1)e (96)

since (1 @ 1) is the counterpart of I, for the volumetric part, i.e. 1is the rank four tensor
able to filter only the volumetric part from any second order tensor. Using the incremental
version of (96) in (93), we get the final expression which we seek:

do = D%de (97)
where the algorithmic elastic-inelastic tangent tensor is given by:

DY = [K (121) 4+ 2G (1 — () Ige + 2G (C = A) (n @ n)] (98)
13



We recall that: 2G A 2G'A
(99)

TS T 20+ (26 + 2Hi)

and A comes from a specific linearized material model.

It is interesting to point out that not only a straightforward approach for the construction
of the consistent tangent matrix has been shown but also that, for any material model for
which we can assume a linearized yield equation of the form dA = A (n - de), we obtain a

symmetric tangent matrix.

6. Consistent tangent moduli for plasticity and visco-plasticity models

In Section 5 we computed the general expression for the tangent matrix, consistent with
the discrete equations introduced in Section 3. The form proposed involves a coefficient A
coming from the linearization of the discrete form of the appropriate limit equation. In the
following we show how it is possible to particularize this scalar factor for the material models

considered in Section 4.

6.1. Classical plasticity
For the classical plasticity model, the discrete limit equation 1s:

2
dg = df = d|S) ~ dR = d| S| ~ 2 Hissd) = 0 (100)
Since d||X|| = n : (ds — da), as deduced in Appendix 1, we can rewrite equation (100):
2 :
(n :ds)—(xlzda)——gfiiso d\ =0 (101)

Recalling equations (74) and (75) and that:
1

dn=—1dY , In=0 (102)
(B2
as derived in Appendix 2, we get:
df =2G (n:de)—2G1dA =0 (103)
Solving for dA, we end up with:
d\ = A(n : de) (104)
where: .
A=— (105)

14



6.2. Classical visco-plasticity
For the classical visco-plasticity model, the discrete limit equation is:

ANV
(E.Z) At = 5-A =0 (106)

The corresponding linearized form is:

f )’"'1 .
mAt | — df —ndA =0 107
( e if —n (107)
Inserting (103) in the above, we get:
[2G(n : de) — 2G;d\] — CyndA =0 (108)
where: )
AN (
Ny = e 9
Cl mAt (RO) (]O )
Solving for d), we obtain:
d) = A (n: de) (110)

with:
2G

A= ————
Cin + 2G4

For n — 0, we recover the classical plasticity tangent parameter.

(111)

6.3. Generalized plasticity
The discrete version of the limit equation for this model is equation (55), and, upon

clearing fractions, becomes:

2 2
=1y S| 3= 7 (120 = 12l + S Hio (112)
Linearizing and again using the expression for df and d||X|], we get:
d\ = A(n: de) (113)
where: 2G(B, + By)
+ Dy
A= : 114
2G1 B, + (2G' - ()B; + Bs (114)
with:
2
Bi = ISI = 1Sul+ (5Hun +¢)
2
Bro= f=1150- (Rt 5 Hioh)
By = (§+-§-H)r (115)

Note that if r = 0 then By = B; = 0 and we end up with the tangent matrix of the

classical plasticity model.



6.4. Generalized visco-plasticity
The discrete version of the limit equation for this model is equation (67), that can be
rewritten as:
2 \

Gt = )+ 20 A= [ - 1l 4 S ] = [c =+ 3] £ =0 1)

Linearizing and again using the expression for df and d||X||, we get:

d\ = A(n:de) (117)

with:
2G(By + B, + Bs) (118)

T 2G1B: + (2G = ()B; + Bs + 2G4 By
where B; , B, and Bs have already been defined in Section 6.3 and:

A

At 1
B4 = ‘77—*(,83 —_ QCBQ) 3 G2 = G -+ 'gHiso (119)

For  — oo, we recover the tangent matrix parameter for the generalized plasticity model.

7. Numerical examples

In this section we present several numerical simulations to test the performance and the
behavior of some of the models previously discrazed. Since this is the first time in which
the generalized models are tested within a finite element setting, we prefer to concentrate
and limit our computations to the rate-independent models, i.e. classical plasticity and
generalized plasticity. All the numerical example described are obtained running a three
dimensional isoparametric element, which uses a mized B-bar approach for the construction
of the tangent matrix [19]. The element is implemented into the Finite Element Analysis

Program (FEAP) [20, 21].

The numerical simulations are organized as follow:

e Uniaxial test: loading-unloading

e Uniaxial test: cyclic load

e Thick walled tube under internal pressure

e Thin walled tube in tension and torsion: displacement control

e Thin walled tube in tension and torsion: force control
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7.1. Uniaxial test: loading-unloading

In this example we consider a cubic specimen of side length equal to 10 with boundary
condition and loading set to produce a stress state of uniaxial tension. The sample is modeled
with only one element and the material properties are:

E=100, v=03, o,=10 (120)
) 1
e - 1.1 — 21
Be{0,3), 2Ge{o,z, , 0}, H e {-5,0,5) (121)

First we present some basic results to show the general performance of the generalized
model. In fig.1, 8 = 3,6 = G and H = 0. The solution obtained from the generalized model
is compared with the one obtained from the classical model. Note that the generalized model

performs as expected. That is:

s it shows a soft curvature before reaching the asymptote,

¢ if unloaded from the plastic range, upon reloading, it shows renewed plasticity before
the attainment of the stress where unloading began.
In fig.2, the hardening parameter is varied using the prescribed set of values. It is interest-
ing to note that the generalized model allows one to use negative values of the hardening
parameters and, therefore, is able to model materials with softening behavior.
In figs.3 to 7, the influence of the different parameters involved in the analysis is consid-
ered. From these results some observations may be made:
e The asymptote is approached faster for larger values of § and, as a matter of fact, this
parameter measures the speed of the model toward the limiting behavior (fig.3).

e the model always approaches the correct limit that for the case of a uniaxial tension
test 1s:
o(t - o0)=0,+ 8+ He (122)
(figs.1, 6, 7).
e The generalized model always reduces to the classical one for 8 = 0 (figs.4 and 5).

e For 6 = 0 we get the classical solution independently from the 3 value if H = 0; we do
not get the classical solution if H # 0 (figs.3 and 6). This agrees with the theoretical

results shown in Section 5.3.

e The generalized model retains its properties also for negative values of H with 8 > 0

(fig.7).

7.2. Uniaxial test: cyclic load
In this example we consider again a cubic specimen with side length equal to 10. This
time the sample undergoes a cyclic uniaxial load history (fig.8). The material properties are:

E =100, v=03 o,=10 (123)
while Hy;, € {10, -5} with 8 =3, § = G, H;;, = 0. The axial stress is plotted versus the
axial strain in figs.9 and 10. For the case Hy;,, = 10 the solution of the classical model is also

reported in fig.11 for comparison purposes. Observe that the model retains all its properties
also 1n the case of cyclic loads, showing them in each cycle.
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7.3. Thick walled tube under pressure
We next consider a long thick walled cylinder subjected to an internal pressure loading.
The inner and the outer radii of the cylinder are 2 and 10, respectively. The material

properties are:
F=10°, v=03, o,=1000 (124)

while:
§=1000, =500, H=0 (125)
We simulate the internal pressure effects by controlling the inner displacement and, as a
result, the applied load history is expressed in terms of this quantity. The displacement is
increased linearly in time from 0 at time 0 to 20 at time 10, and then it is linearly decreased
to reach the value 0 at time 20. The radial stress at the inner radius is computed and
reported versus time in fig.12. The solution from the classical plasticity model (3 = 0) 1s

also presented for comparison.

7.4. Thin walled tube in tension and torsion: displacement control
We consider a thin walled circular tube; the inner and the outer radii are 9.75 and 10.25,

respectively. The material properties are:

E=30, v=03, o,=10 (126)

and:

§=130, pg=5, H=0 (127)
The tube is loaded by controlling the displacements. The load history - in terms of the strains
~is represented in figs.13 and 14: the tube is initially pulled in tension, beyond the yielding
limit, and then a tangential displacement (torsion) is applied, leaving the axial displacement
unchanged. The axial and the tangential stresses are plotted versus time in figs.15 and 16.
It is interesting to note that, as the shear stress approaches the limiting value, the axial
stress approaches zero and a virtually pure torsion is attained. Hence the elastic part of the
constant axial strain changes from purely elastic to plastic, as the tangential displacement is
increased. This behavior can be proved to be correct in closed form for the classical model
[1] and here is obtained computationally for both the models. In fig.17 a three dimensional

mesh used for this problem is shown.

7.5. Thin walled tube in tension and torsion: force control
Finally, we consider the tube described in the previous test, loaded under stress control.

The material properties are:

E=13000, v=03, o,=16 (128)

and:

§=2000, B=16, H =600 (129)

The tube is stretched until a certain value & of axial stress and then, leaving this quantity
unchanged, a torque is applied. An analytical solution for the generalized model is available
(18] for the different values of 6. In figs.18, 19 and 20 the numerical and the analytical
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solutions are reported, for @ € {0,16,32}: the solutions match perfectly. In fig.21 the
tangential stress 0.4 is plotted versus the tangential strain v, for three different values of &:

o € {0,16,32} (130)

8. Closure

In this work we review the application of a return mapping algorithm to classical plas-
ticity and visco-plasticity. In addition, we extend its application to include the generalized
plasticity and visco-plasticity models introduced in References 18. The implementation of
all these models fits within the simple integration radial return algorithm adopted here.

For applications using the finite element method and a Newton solution technique, we
also include a development of the consistent algorithmic tangent matrix for all the material
models. The development includes both isotropic and kinematic hardening.

Solution of some example problems using the generalized models show some interesting
features such as: they smoothly reach a limiting asymptote for both monotonic and cyclic
loading conditions; if unloaded in the plastic range, upon reloading, they show renewed
plasticity before the attainment of the stress where unloading began.

Finally, we note that the classical visco-plasticity model and the generalized plasticity and
visco-plasticity models may be implemented into existing finite element programs, originally
limited to plasticity alone, with only minor modification and extension. Namely, the current
limit equation and its appropriate tangent factors A and C appearing in equation (98) must

be specialized for each model.
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Appendix n.1
In this appendix we show that the following equalities hold:

1

mldé?:m[l—n@n](ds—-da) (131)

dn =

Using the definition of the tangent value as in Section 4, we can write:

0 o[ X.
A 2 (nzen) (132)
but:
8 B 1/2
x| = -a*" §|p22 ||) . = = {(Ze . DY } 3
B [ 2k dZJ-n:dz (133)
So:
1 d
dn = HEHQ [ 2N - HZ H} .
1 1
- I [dX]| 2] — X(n:dX)] = m [ — (n@n)dX]
= L i-(men)do= 1 ids -

(B3] [P

Appendix n.2
In this appendix we show some properties of the tensor I and a way to construct the inverse

of the matrix A, introduced and used in Section 4.
The first useful property of I is:

In=0 (135)
In fact: )
In=[I-(n®n)ln=n—(n@n)n=n-n=20 (136)
The other property is: X )
I =1 (137)

for any integer n. We can prove that the relation holds for n = 2 and then for any value of
n the proof comes by induction. We have:

i2

[t

= I-(n&n)]I-(n@n)

= I-2(n®n)+ (n@n)(n@n)

= I-2m@n)+(n@n)=I-(n@n) (138)
20
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At this point we can look at the construction of the inverse of matrix A, where:

I+ai —al
A = - N
[ -1 T4 b1 } (139)

Due to the particular form of A, we assume a similar form also for its inverse (suggested by
the Sherman-Morrison formula):

A_lz[I—CI —Ef } (140)

_FI 1-DI

Requiring that AA™" = I, we obtain a system of four sets of equations in the four unknowns
C,D, E,F. Simplifying the equations, we end up with the following system:

I+ (a—C—aC+aF)I =1
(=b+bC —F—bF)1 =0
(-E—aE—a+aD)I =0
I+ (bE+b-D-bD)I =1 (141)

A solution results when the coefficient of the I tensor are zero. We obtain a system of four
equations in the four unknowns, which can be decoupled into two smaller systems, each of
only two scalar equations. The solution is:

a 2GA
o _ 142
l+a+b || ZTH| (142)
b 2 AHpin
D=F= == : 143
Substituting these values back in (140), we get:
I-Cc1 -Ci
—1 __— A R
A= [ ~-DI I- DI} (144)

which is the matrix used in Section 5.
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Figure 1: Uniaxial test: loading-unloading. =3 ,6 = G, H = 0. For comparison, the
solution from the classical model is also presented with a dotted line.
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Figure 2: Uniaxial test: loading-unloading. $=3,6=G , H € {-5,0,5}
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Figure 3: Uniaxial test: loading-unloading. 8 = 3,6/2G € {0,3,1,10}, H =0
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Figure 4: Uniaxial test: loading-unloading. 8 = 0,6/2G € {0
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Figure 5: Uniaxial test: loading-unloading. 8 = 0,6/2G € {0, 3, 1,10}, H =5
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Figure 6: Uniaxial test: loading-unloading. = 3,6/2G € {0
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Figure 7: Uniaxial test: loading-unloading. 8 =3,6/2G € {,1,10}, H = =5
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Figure 8: Uniaxial test: cyclic loading. Time history.
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Figure 9: Uniaxial test: cyclic loading. 8 =3,6 = G,H =10
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Figure 10: Uniaxial test: cyclic loading. # =3,6 =G, H = -5
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Figure 11: Uniaxial test: cyclic loading. Classical solution.
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Figure 12: Thick walled tube under pressure. Radial stress versus time. For comparison,
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the solution from the classical model is also presented with a dotted line.
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Figure 13: Thin walled tube in tension and torsion (displacement control). Load history in

terms of the axial strain ¢,,.
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Figure 14: Thin walled tube in tension and torsion (displacement control). Load history in

terms of the tangential strain ..
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Figure 15: Thin walled tube in tension and torsion (displacement control). Normal stress
., versus time. For comparison, the solution from the classical model is also presented with

a dotted line.
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Figure 16: Thin walled tube in tension and torsion (displacement control}. Tangential stress
7,4 versus time. For comparison, the solution from the classical model is also presented with

a dotted line.
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Figure 17: Thin walled tube in tension and torsion (displacement control). Three dimen-
sional mesh at the end of the analysis.
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Figure 18: Thin walled tube in tension and torsion (stress control). Tangential stress .4
versus tangential strain v, for 6 = 0

Analitycal solution: dotted line

Numerical solution: solid line
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Figure 19: Thin walled tube in tension and torsion (stress control). Tangential stress o4
versus tangential strain 7,y for & = 16

Analitycal solution: dotted line

Numerical solution: solid line
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Figure 20: Thin walled tube in tension and torsion (stress control).
versus tangential strain v,y for & = 32

Analitycal solution: dotted line

Numerical solution: solid line
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Figure 21: Thin walled tube in tension and torsion (stress control). Tangential stress oy
versus tangential strain «,4 for & € {0, 16,32}
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