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Abstract

Methods for Optimal Stochastic Control and Optimal Stopping Problems Featuring
Time-Inconsistency

by

Christopher Wells Miller

Doctor of Philosophy in Applied Mathematics

University of California, Berkeley

Professor Lawrence Craig Evans, Chair

This thesis presents novel methods for computing optimal pre-commitment strategies in
time-inconsistent optimal stochastic control and optimal stopping problems. We demonstrate
how a time-inconsistent problem can often be re-written in terms of a sequential optimization
problem involving the value function of a time-consistent optimal control problem in a higher-
dimensional state-space. In particular, we obtain optimal pre-commitment strategies in a
non-linear optimal stopping problem, in an optimal stochastic control problem involving
conditional value-at-risk, and in an optimal stopping problem with a distribution constraint
on the admissible stopping times. In each case, we relate the original problem to auxiliary
time-consistent problems, the value functions of which may be characterized in terms of
viscosity solutions of a Hamilton-Jacobi-Bellman equation.
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1.1 Background

Stochastic analysis and partial differential equations (PDEs) are two broad sub-fields of
mathematics whose interplay has proven fruitful in many financial and engineering applica-
tions. These tools provide a framework and calculus for modeling and understanding random
processes and their related functions of interest with widespread application. In this thesis,
we focus particularly on their use in dynamic optimization under uncertainty.

Optimal stochastic control deals with dynamic selection of inputs to a non-deterministic
system with the goal of optimizing some pre-defined objective function. This is a natural
extension of deterministic optimal control theory, but the introduction of uncertainty im-
mediately opens countless applications in financial mathematics. An important sub-class
of stochastic control is optimal stopping, where the user selects a time to perform a given
action.

Historically, there have been two main approaches to solving optimal stochastic control
problems – variational methods and Bellman’s dynamic programming principle [Bel52]. In
a variational method, we generally obtain necessary conditions for an optimal control by
focusing on small variations from the optimal point. In deterministic control, this leads to a
system of ordinary differential equations via the celebrated Pontryagin maximum principle
[PBGM64]. The stochastic control analogue, which is often referred to as the stochastic
maximum principle, leads to a system of forward-backward stochastic differential equations,
which are often difficult to solve in practice.

While variational methods are simple to apply, their main drawbacks are the assump-
tion that an optimal control exists and the difficulty in obtaining necessary conditions for
global optimality. While these issues can be relaxed in problems with extra structure (e.g.,
convexity), many practical optimal control problems simply do not have an optimal control
(instead, there exist maximizing sequences of controls).

In contrast, when applying Bellman’s dynamic programming principle (DPP) to an op-
timal control problem, we focus instead on the value function, which is defined as the supre-
mum (or infimum) of the objective function over all admissible controls. This function
is well-defined even without assuming existence of optimal controls. The DPP is then a
technique which obtains a functional equation which encodes information about how to re-
cursively compute the value function in terms of simpler sub-problems. In particular, this
procedure assumes neither the existence of optimal controls nor substantial regularity of the
value function.

The study of optimal control overlapped fruitfully with the theory of non-linear PDEs
in the development of the notion of viscosity solutions by Crandall and Lions in the early
1980’s [CL83]. The theory of viscosity solutions provides a weak notion of solution to a PDE,
which requires no assumed differentiability. More importantly, this theory provided a proof
of uniqueness for many practical non-linear elliptic PDEs (see Ishii [Ish89], Jensen [Jen89],
Crandall-Ishii [CI90], and Crandall-Ishii-Lions [CIL92]).

The remarkable connection between optimal stochastic control and PDEs is that the value
function for a stochastic optimal control problem is, in fact, the unique viscosity solution of
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an associated PDE, called the Hamilton-Jacobi-Bellman (HJB) equation (see Lions [Lio83a;
Lio83b; Lio83c]). With this connection, it became possible to define the value function
without any assumptions of existence of optimal controls, obtain a connection to PDEs via
the DPP, obtain further regularity of the value function using PDE techniques, then, in many
cases, use the further regularity to extract optimal controls for the original problem. The
most powerful feature of this procedure is that it assumes essentially no special structure in
the original optimal control problem (e.g., convexity).

1.2 Optimal Control in Mathematical Finance

The earliest applications of stochastic analysis to finance are generally attributed to the use
of Brownian motion as a model of equity prices by Bachelier [Bac00]. It was not until later
in the century that such models became mainstream, most notably through Merton’s work
on optimal portfolio selection [Mer69] and the acclaimed option pricing formulas of Black
and Scholes [BS73].

In the following decades, applications of stochastic control and analysis in mathematical
finance have becoming very wide-reaching. Examples of application areas include optimal
portfolio selection (see Dumas-Luciano [DL91], Zhou-Li [ZL00], Li-Zhou-Lim [LZL02], Ou-
Yang [OY03] Zhou-Yin [ZY03], Zhu [Zhu10], and Soner-Touzi [ST13]), option pricing un-
der stochastic volatility models (see Heston [Hes93], Hagan-Kumar-Lesniewski-Woodward
[HKLW02], and Fouque-Papanicolaou-Sircar-Sølna [FPSS11]), robust price bounds under
model uncertainty (see Bonnans-Tan [BT13], Galichon-Henry-Labordère-Touzi [GHLT14],
and Cox-Källblad [CK15]), models for price impact and illiquidity (see Çetin-Soner-Touzi
[CST10], Gökay-Roch-Soner [GRS11], and Bayraktar-Ludkovski [BL14]), valuation of real
options (see Trigeorgis [Tri95], Barrera-Esteve et al. [BEBD06], and Thompson-Davison-
Rasmussen [TDR09]), as well as the dynamics and pricing of real-time electricity markets
(see Humphrey-McClain [HM98], Rajagopal et al. [RBWV12], and Yang-Callaway-Tomlin
[YCT14; YCT15]).

There have been two major trends in these applications of stochastic control in mathemat-
ical finance. First, there has been a transition from relying on linear dynamics and explicit
formulas to allowing non-linear equations and the use of numerical methods. Second, we have
seen a shift from simplistic models and objective functions (e.g. geometric Brownian motion
with simple utility functions over terminal wealth) to more robust model specifications (e.g.
stochastic volatility or super-replication problems) with various non-standard risk measures
(e.g. value-at-risk, probability of ruin, et cetera).

As increasingly sophisticated applications of non-linear PDEs and stochastic control have
permeated the mathematical finance literature, it is worth mentioning the parallel develop-
ment of numerical schemes for approximating viscosity solutions. Because the value function
of a stochastic control problem is not generally smooth, convergence results for traditional
finite-difference schemes do not apply. Instead, it was demonstrated in the seminal paper of
Barles and Souganidis [BS91] that so-called monotone schemes can be used to approximate
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the viscosity solution of a PDE. This led the development of an array of numerical schemes
for non-linear PDEs (e.g. Bonnans-Zidani [BZ03], Pooley-Forsyth-Vetzal [PFV03], Ober-
man [Obe08], Fahim-Touzi-Warin [FTW11], and Falcone-Ferretti [FF14]). Nevertheless, all
currently-available general schemes suffer, in some form, from the so-called curse of dimen-
sionality. Nevertheless, a promising literature in types of non-linear Monte Carlo methods
has been making progress in relaxing these constraints (see McKean [McK75], Bouchard-
Touzi [BT04], and Henry-Labordere et al. [HLOTTW16]).

In the spirit of the split between DPP and variational methods, many new models and
applications in mathematical finance can be characterized by the use of Markov versus non-
Markov dynamics. Early extensions of Black-Scholes dynamics included extra state variables
for volatility (e.g., the Heston model, SABR, etcetera) and could still be investigated with
PDE methods. However, as models became more complicated, with more state variables,
the curse of dimensionality increasingly became an issue.

An alternative modeling framework which extends to non-Markov models is the use of
backwards stochastic differential equations (BSDE), which naturally arise in variational ap-
proaches to stochastic control problems via the stochastic maximum principle (see Bismut
[Bis73], Pardoux-Peng [PP90], and Peng [Pen90]). In principle, these techniques can model
path-dependent payoffs and non-Markov dynamics without the introduction of extra state
variables. Unfortunately, the most effective numerical solution of BSDE relies on the equiv-
alence of certain BSDE to quasi-linear PDE, which reintroduces the curse of dimensionality
(see Ma-Protter-Yong [MPY94]).

Recently, the BSDE modeling framework has been generalized to what are called second-
order backwards stochastic differential equations (2BSDE) (see Cheridito-Soner-Touzi-Victoir
[CSTV07] and Soner-Touzi-Zhang [STZ12]), which have been fruitfully applied to optimal
stochastic control problems with uncertain volatility (see Nutz-Soner [NS12], Matoussi-
Possamäı-Zhou [MPZ15], and Possamäı-Tan-Zhou [PTZ15]) and target constraints (see Soner-
Touzi-Zhang [STZ+13] and Touzi [Tou10]), as well as to principal-agent problems (see Cvi-
tanić-Possamäı-Touzi [CPT14; CPT15]). However, these are generally reduced to a corre-
sponding fully non-linear PDE in some form for numerical solutions in practice.

Recently, there has been a push towards obtaining model-independent no-arbitrage price
bounds for exotic derivatives, generally subject to prices of various vanilla derivatives which
are assumed tradeable in the market. In an incomplete market with multiple risk-neutral
measures, we generally define the super- (sub-)replication value of a derivative as the supre-
mum (infimum) of the expected payoff over some collection of admissible pricing measures
(see Avellaneda-Levy-Parás [ALP95] and Lyons [Lyo95]). In many circumstances, this is
equivalent to the dual problem of the cheapest hedging portfolio which has a non-negative
(non-positive) terminal payoff (see Possamäı et al. [PRT+13] and Acciaio et al. [ABPS13]).

Remarkably, there are many connections between super-replication value and optimal
stochastic control problems (see Galichon-Henry-Labordère-Touzi [GHLT14] and Henry-
Labordere et al. [HLOST+16]). For many derivatives with payoff depending on the realized-
variance over some time period, the super-replication value can be related to a stopping time
for a Brownian motion (see Bonnans-Tan [BT13] and Bayraktar-Miller [BM16]). There is
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significant value and interest in computing model-free prices and hedging strategies for ex-
otics, as the model-risk introduced by elaborate stochastic volatility models for pricing is in
general large and often under-appreciated.

1.3 Overview of Time-Inconsistency

Time-inconsistent optimal stochastic control (and optimal stopping) problems are charac-
terized by the failure of standard dynamic programming arguments to apply. Early study
on these problems dates back to Strotz [Str55] and has developed into a sizeable litera-
ture within the economics community (see Tversky-Kahneman [TK85], Hoch-Loewenstein
[HL91], Loewenstein-Prelec [LP92], Laibson [Lai97], O’Donoghue-Rabin [OR99], and Fred-
erick et al. [FLO02]). From a mathematical perspective, we saw in the previous section that
dynamic programming has been a powerful tool in solving many applied problems, so its
failure and subsequent potential extension is certainly of interest.

Intuitively, time-inconsistency means that an optimal strategy today may not be optimal
in the future. The most common way in which this is broken can be understood by interpret-
ing the DPP as roughly saying “the optimal control does not depend upon the initial state.”
There are three main ways in which time-inconsistency is often introduced in practice: the
use of hyperbolic discounting in inter-temporal choice, an objective function featuring non-
linear functions of an expected payoff, and direct dependence on the initial conditions (e.g.
in endogenous habit formation models). For more detail on these three examples, we refer
the reader to the excellent paper by Björk-Murgoci [BM14].

There are two common approaches to dealing with time-inconsistency in the literature.
The first is known as solving for a “pre-commitment strategy,” and refers to solving the
problem as stated at some initial time, assuming the optimizing agent has the ability to
commit to a strategy he may later regret. The second is to reformulate the problem in game
theoretic terms. Roughly, a dynamic optimization problem is viewed as a sequential game
between your current self and your future self (who has potentially different preferences).
While the latter has an extensive and interesting literature (see Ekeland-Lazrak [EL10], Hu-
Jin-Jin [HJZ12], Yong [Yon12], and Björk-Murgoci [BM14] for example), in this thesis, we
primarily take the former point of view as we examine optimization problems which may arise
from specific applications which does not warrant an examination of the more behavioral
aspects of the notion of solution.

From the perspective of applications, time-inconsistency often appears when solving op-
timal portfolio selection problems (see Zhou-Li [ZL00], Li-Zhou-Lim [LZL02], and Pedersen-
Peskir [PP13]), with a classic example being dynamic mean-variance optimization. This is
in direct contrast to early study of optimal portfolio selection via dynamic programming,
which generally relied on exponential time-preference and specific objective functions based
on terminal wealth. Once we move to objective functions based on realistic risk-measures,
the problems quickly become time-inconsistent.
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1.4 Outline of Results

The unifying theme of this thesis is that we can develop new methods for approaching
time-inconsistent optimal stochastic control and optimal stopping problems be re-writing a
time-inconsistent problem in terms of an iterated optimization problem involving the value
functions of time-consistent problems. Rather than employ a game-theoretic interpretation of
time-inconsistent problems, we aim to compute optimal pre-commitment strategies directly.

In Chapter 2 and Chapter 3, we consider the case of a time-inconsistent stochastic optimal
stopping and optimal stochastic control problem, respectively. In each of these problems we
are able to define an auxiliary value function corresponding to a time-consistent problem
in a higher-dimensional state-space. We then demonstrate that we can obtain an optimal
pre-commitment strategy by first solving an optimization problem over the starting value of
the additional state, then computing an optimal strategy in the time-consistent problem. In
Chapter 4, we consider a type of optimal stopping problem which features a constraint on
the distribution of the stopping time. We demonstrate that this problem may be re-written
as a sequence of iterated time-consistent optimal stochastic control problems.

In the following, we outline the specific results of each chapter.
Chapter 2 is based on Miller [Mil16], which presents a novel method for solving a class

of time-inconsistent optimal stopping problems by reducing them to a family of standard
stochastic optimal control problems.

In particular, we convert an optimal stopping problem with a non-linear function of the
expected stopping time in the objective into optimization over an auxiliary value function for
a standard stochastic control problem with an additional state variable. This approach differs
from the previous literature which primarily employs Lagrange multiplier methods or relies
on exact solutions. In contrast, we characterize the auxiliary value function as the unique
viscosity solution of a non-linear elliptic PDE which satisfies certain growth constraints
and investigate basic regularity properties. We demonstrate a connection between optimal
stopping times for the original problem and optimal controls of the auxiliary control problem.

More broadly within the scope of this thesis, this chapter lays out a way of thinking
about obtaining a pre-commitment solution of time-inconsistent problems by re-writing the
problem as a sequence of optimization in extra state variables.

Chapter 3 is based on Miller-Yang [MY15]. In this chapter, we consider continuous-
time stochastic optimal control problems featuring Conditional Value-at-Risk (CVaR) in the
objective. Again, the major difficulty in these problems arises from time-inconsistency, which
prevents us from directly using dynamic programming. To resolve this challenge, we convert
to an equivalent bilevel optimization problem in which the inner optimization problem is
standard stochastic control.

Furthermore, we provide conditions under which the outer objective function is con-
vex and compute the outer objective’s value via a Hamilton-Jacobi-Bellman equation. The
key observation is that we can then solve the outer optimization problem via a gradient
descent algorithm. The significance of this result is that we provide an efficient dynamic
programming-based algorithm for optimal control of CVaR without lifting the state-space.
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We refer the interested reader to Miller-Yang [MY15] for additional analysis of differentia-
bility of the outer objective function and methods for computing its gradient.

Lastly, Chapter 4 is based Bayraktar-Miller [BM16], which considers optimal stopping
featuring a novel distribution constraint. While there is no reason to expect this problem
to be time-consistent, we convert it to an equivalent sequence of standard stochastic control
problems.

In particular, we solve the problem of optimal stopping of a Brownian motion subject to
the constraint that the stopping time’s distribution is a given measure consisting of finitely-
many atoms. We show that this problem can be converted to a finite sequence of state-
constrained optimal control problems with additional states corresponding to the conditional
probability of stopping at each possible terminal time. The proof of this correspondence relies
on a new variation of the dynamic programming principle for state-constrained problems
which avoids measurable selection. We emphasize that distribution constraints lead to novel
and interesting mathematical problems on their own, but also demonstrate an application
in mathematical finance to model-free superhedging with an outlook on volatility.
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Chapter 2

A Time-Inconsistent Optimal
Stopping Problem
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2.1 Introduction

The following chapter is based upon the results in Miller [Mil16]. We present a simple exam-
ple of a time-inconsistent optimal stopping problem which can be solved by converting to a
maximization problem over the value function of a time-consistent optimal stochastic control
problem in an additional state variable. More broadly within the scope of this thesis, we
outline a way of thinking about obtaining a pre-commitment solution to a time-inconsistent
problem by re-writing the problem as a sequence of optimization problems featuring addi-
tional state variables.

2.1.1 Overview of results

In this chapter, we consider a probability space (Ω,F ,P) which supports a standard Brownian
motion W . We let F := {Ft}t≥0 denote a filtration, which is assumed to be right-continuous
and have all P-negligible sets contained in F0. We denote by T the collection of all F-stopping
times such that E [τ 2] <∞. We remind the reader that a random variable τ : Ω→ R+ is a
F-stopping time if {τ ≤ t} is Ft-measurable for all t ≥ 0.

Let f, g : R→ R be fixed continuous functions. In this chapter, we take f to be Lipschitz
continuous, though this is extended to quadratic growth in Miller [Mil16]. For some fixed
x0 ∈ R, we define the main problem considered in this chapter.

Definition 2.1. The time-inconsistent optimal stopping problem is to compute

p? := sup
τ∈T

[E [f (x0 +W (τ))] + g (E [τ ])] (2.1)

and to find a stopping time τ ? ∈ T which attains the supremum.

At this point, it is unclear whether p? is finite or τ ? exists without making additional
assumptions on f and g. Necessary and sufficient conditions will be made clear throughout
the chapter.

As usual, we define a corresponding value function.

Definition 2.2. We define the value function for the time-inconsistent optimal stopping
problem, v : R→ R, as

v(x) := sup
τ∈T

[E [f (x+W (τ))] + g (E [τ ])]

for each x ∈ R.

Notice that v(x0) = p?.
Time-inconsistent optimization problems are characterized in general by the failure of

standard dynamic programming arguments to apply to the value function v. In the class
of problems considered in this chapter, the time-inconsistency stems from non-linearity of
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g. The two common approaches to dealing with time-inconsistency in the literature are to
reformulate the problem as a time-consistent problem, while possibly changing the value
function, or to employ a “pre-commitment strategy” which may need to be recomputed for
each new initial condition. The main result of this paper is to show that we can convert
the computation of a pre-commitment strategy to a bi-level optimization problem whose
lower-level consists of a time-consistent stochastic control problem.

In particular, let

A :=

{
α : Ω× [0,∞)→ R | α is progressively-measurable and E

∫ ∞
0

α2
tdt < +∞

}
.

For each control α ∈ A, we consider the controlled stochastic differential equation{
dXα

t = dWt

dY α
t = −dt+ αt dWt.

(2.2)

For any choice of (x, y) ∈ R× [0,∞) and α ∈ A, we write {(Xx
s , Y

y,α
s ) | s ≥ 0} to denote the

solution of (2.2) with initial conditions Xx
0 = x and Y y,α

0 = y. Furthermore, we write τ y,α to
denote the stopping time

τ y,α := inf
{
t ≥ 0 | Y t,α

t = 0
}
. (2.3)

Next, we define the value function for an auxiliary control problem.

Definition 2.3. Define the value function of an auxiliary stochastic control problem as

w(x, y) := sup
α∈A

E [f (Xx
τy,α)] (2.4)

for every (x, y) ∈ R× [0,∞).

The main observation of this chapter is then that

p? = sup
y≥0

[w(x0, y) + g(y)] . (2.5)

Furthermore, we will show that w can be characterized as the unique viscosity solution
of the following Hamilton-Jacobi-Bellman (HJB) PDE:{

uy − sup
a∈R

[
1
2
uxx + auxy + 1

2
a2uyy

]
= 0 in R× (0,∞)

u = f on R× {y = 0}.
(2.6)

Some amount of work will be put into making sense of (2.6) when the coefficient in front
of the diffusion is unbounded1. The upside to this approach is that one can then compute

1In the original paper, we must additionally put particular asymptotic growth constraints on w to pin
down uniqueness because we allow f to have super-linear growth. In this simplified presentation, the analysis
is more straightforward.
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w via standard methods, solve the optimization problem in (2.5), then obtain a solution to
(2.1).

In the remainder of this chapter, we emphasize the following three-step strategy for
dealing with time-inconsistency:

1. Condition on the time-inconsistent feature to obtain a constrained problem,

2. Embed the constrained problem in a time-consistent problem in a higher-dimensional
state-space, and

3. Construct an optimal control of the original problem by starting at an optimal choice
of the new state variables.

This procedure allows us to compute the value function of a pre-commitment strategy, and
construct optimal stopping times under suitable regularity. While the first and last step are
well-understood in the previous literature (See Pedersen-Peskir [PP16a; PP13]), the main
contribution of this chapter is our second step, which is typically replaced by an application
of Lagrange multipliers or an appeal to exact solutions.

2.1.2 Overview of previous literature

The particular type of time-inconsistency featured in this chapter is a non-linear function of
the expected stopping time appearing in the objective function. Following the ideas devel-
oped in Pedersen-Peskir [PP16a], we condition on the expected value of the stopping time
to obtain an expectation-constrained optimal stopping problem. In contrast with the pre-
vious literature, we embed the constrained optimal stopping problem into a time-consistent
control problem with one extra state variable rather than employing the method of La-
grange multipliers. We characterize this auxiliary value function as the viscosity solution of
a degenerate-elliptic Hamilton-Jacobi-Bellman (HJB) PDE subject to certain growth con-
straints.

The overarching idea of our approach is inspired by that reported in Pedersen-Peskir
[PP16a]. In that paper, the authors solve a mean-variance stopping problem with a similar
non-linearity by conditioning on the time-inconsistent feature and solving the resulting con-
strained stopping problem with free-boundary techniques and verification arguments along
the lines of Peskir-Shiryaev [PS06]. In comparison, the reader may view the main contri-
bution of this chapter as a novel solution of the expectation-constrained optimal stopping
problem by embedding in a time-consistent stochastic control problem.

The investigation of constrained optimal stopping problems is not new, but most previ-
ous work focuses on Lagrange multiplier approaches to the constraint (See Kennedy [Ken82],
López-San Miguel-Sanz [LSMS95], Horiguchi [Hor01], and Makasu [Mak09]). In contrast,
we identify the expectation-constrained auxiliary value function as the unique viscosity so-
lution of degenerate-elliptic Hamilton-Jacobi-Bellman equation, subject to certain growth
constraints. The main advantage of our approach is that it depends neither on the specific
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form of non-linearity in the problem, nor on the availability of analytic solutions. When
analytic solutions are not available, a solution via the method of Lagrange multipliers gen-
erally relies on a numerical optimization of the Lagrange dual problem. While effective, this
approach can be unstable in practice since we have no regularity estimates on the dual func-
tion apart from convexity, and computation of the sub-gradient is often subject to truncation
error. In contrast, the non-linear elliptic PDE featured in this chapter has established numer-
ical approximation schemes with guaranteed convergence and, more importantly, stability
(See Oberman [Obe08]).

The ideas developed in this chapter can be extended to deal with other types of time-
inconsistent features in optimal stopping and optimal stochastic control problems. We pri-
marily emphasize the case of optimal stopping due to its relative technical and pedagogical
simplicity. We briefly discuss extensions to diffusion processes and more general types of
time-inconsistencies in the final section, albeit formally. The ideas are related to recent
solutions of mean-variance portfolio optimization, optimal control under certain non-linear
risk-measures, and distribution-constrained optimal stopping (See Pedersen-Peskir [PP13],
Miller-Yang [MY15], and Bayraktar-Miller [BM16]).

Our approach is similar to the dynamic approach of Karnam-Ma-Zhang [KMZ16], wherein
the authors introduce extra state variables to remove time-inconsistency introduced by a
system of controlled backwards stochastic differential equations. Similar to this chapter, the
authors convert a problem without an immediate dynamic nature to a dynamic problem
with additional state variables. There appear to be additional analogies with the formal
generalizations provided in Miller [Mil16]. In terms of a focus on time-inconsistent optimal
stopping problems, this chapter is similar to Xu-Zhou [XZ13], where the authors consider a
non-linear functional of a stopped process as the objective function. However, the method of
solution differs entirely. Whereas these authors relate their problem to optimization over the
distribution of the stopped process using Skorokhod embedding, we convert to a dynamic
problem in a larger state-space. Since the original circulation of Miller [Mil16], the same
elliptic PDE has been obtained independently by Ankirchner-Klein-Kruse [AKK15] in the
direct analysis of a related expectation-constrained optimal stopping problem.

Some other notable works in the literature on time-inconsistent problems include Björk-
Murgoci [BM14], Hu-Jin-Zhou [HJZ12], Yong [Yon12], and Ekeland-Lazrak [EL10]. Most
of the previous literature focuses either on specific examples of time-inconsistency (often
arising from non-exponential discounting or mean-variance optimization) or on notions of
equilibrium strategies, which view time-inconsistent problems as a sequential game against
ones future self. In an equilibrium strategy, the optimal equilibrium strategy can be char-
acterized as the solution to an “extended HJB” system. In general, these systems feature
multiple solutions and exhibit values strictly less than the value function of a pre-committed
strategy. The price we must pay in our approach is that the entire value function must be
recomputed if we change the initial conditions. This point is related to the notions of static
and dynamic optimality which are explored in depth by Pedersen-Peskir [PP16a].
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2.2 Equivalent Sequential Time-Consistent Problem

Our goal is to convert this time-inconsistent optimal stopping problem into a sequential
optimization problem involving a time-consistent control problem. Our general approach to
time-inconsistency is the following:

• Step 1: Condition on any time-inconsistent features in the problem to generate a family
of optimal-stopping problems with constraints,

• Step 2: Enlarge the state-space to embed the constrained problems in a time-consistent
problem, and

• Step 3: Construct an optimal stopping time for the time-inconsistent problem by
picking an optimal value of the time-inconsistent feature and generating an optimal
solution to the time-consistent problem starting from that choice.

In our particular problem, this will involve adding a new state variable to track the ex-
pectation of the optimal stopping time. As the system evolves, we expect this variable to
be a super-martingale as the expected time until stopping drifts downward. However, it is
possible to allow this expected stopping time to increase along certain paths so-long as it is
compensated by a decrease along other paths.

2.2.1 Conditioning on time-inconsistent features

For any y ∈ [0,∞), consider the following subset of stopping times:

Ty := {τ ∈ T | E [τ ] = y} ⊂ T .

Furthermore, consider the following family of expectation-constrained optimal stopping
problems.

Definition 2.4. Define the value function corresponding to an expectation-constrained op-
timal stopping problem as

w̃(x, y) := sup
τ∈Ty

E [f(x+W (τ))] (2.7)

for each (x, y) ∈ R× [0,∞).

We first claim that we can reformulate the time-inconsistent optimal stopping problem
(2.1) as a sequential optimization problem involving these constrained optimal stopping
problems.

Theorem 2.1 (Pedersen-Peskir [PP16a]). For any x ∈ R, we have

v(x) = sup
y≥0

[w̃(x, y) + g(y)] .
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Proof. The key is to note that since all stopping times in T are assumed to have finite
variance, they also have finite expectation. Then

T =
⋃
y≥0

Ty.

Then it is simple to check that

v(x) = sup
τ∈T

[E [f (x+W (τ))] + g (E [τ ])]

= sup
y≥0

sup
τ∈Ty

[E [f (x+W (τ))] + g (E [τ ])]

= sup
y≥0

sup
τ∈Ty

[E [f (x+W (τ))] + g(y)]

= sup
y≥0

[w̃(x, y) + g(y)] .

2.2.2 Equivalence with time-consistent optimal control

Next, we reformulate the constrained optimal stopping problem as a time-consistent stochas-
tic control problem. The benefit of this will be that we can write down an HJB PDE
associated with the time-consistent stochastic control problem. Let A be the set of all real-
valued, progressively-measurable, and square-integrable processes. We state a lemma which
identifies τ ∈ Ty with a control in A.

Lemma 2.1. Fix y ∈ [0,∞).

1. For any τ ∈ Ty, there exists α ∈ A such that τ = τ y,α almost-surely.

2. For any α ∈ A, we have τ y,α ∈ Ty.

Proof. 1. Because τ ∈ Ty is a square-integrable random variable with expectation y, there
exists α ∈ A such that

τ = E [τ ] +

∫ ∞
0

αsdWs = y +

∫ ∞
0

αsdWs,

almost-surely, by the Martingale Representation Theorem (See Section 3.4 in Karatzas-
Shreve [KS91]). However, τ is Fτ -measurable, so if we take conditonal expectations
and use the martingale property of the Ito integral, we see

τ = y + E
[∫ ∞

0

αsdWs | Fτ
]

= y +

∫ τ

0

αs dWs, (2.8)

almost-surely.
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Recall the definition of τ y,α from (2.3). From (2.8), we immediately deduce Y y,α
τ = 0

almost-surely. This implies that τ y,α ≤ τ almost-surely.

Next, we take expectations of (2.8) conditional upon Fτy,α and using the martingale
property of the Ito integral and note that

E [τ | Fτy,α ] = y +

∫ τy,α

0

αs dWs.

Subtracting τ y,α from both sides, we see

E [τ − τ y,α | Fτy,α ] = Y y,α
τy,α = 0, (2.9)

using the definition of τ y,α.

Taking an unconditional equation of (2.9), we see E [τ ] = E [τ y,α]. This, together with
τ y,α ≤ τ almost-surely, implies that τ y,α = τ almost-surely.

2. Fix α ∈ A and recall the definition of τ y,α from (2.3). We first claim that τ y,α < +∞
almost-surely. To that end, we investigate the random variable Y y,α

t for large t.

It is clear that E [Y y,α
t ] = y − t and

Var [Y y,α
t ] = E

[
(Y y,α

t − y + t)2
]

= E

[(∫ t

0

αs dWs

)2
]

= E
[∫ t

0

α2
s ds

]
by Ito’s Isometry (See Section 3.2 in Karatzas-Shreve [KS91]). But because α ∈ A,
there exists M > 0 such that

Var [Y y,α
t ] = E

[∫ t

0

α2
s ds

]
≤ E

[∫ ∞
0

α2
s ds

]
≤M.

The goal is to bound the probability that Y y,α
t is non-negative. We first compute

P [Y y,α
t ≥ 0] ≤ P [|Y y,α

t − E [Y y,α
t ] | ≥ y − t]

≤ P
[
|Y y,α
t − E [Y y,α

t ] | ≥ (y − t)M−1/2
√

Var [Y y,α
t ]
]
.

However, we can now apply Chebyshev’s Inequality (See Section 1.6 in Durrett [Dur10])
to conclude

P [Y y,α
t ≥ 0] ≤M(t− y)−2.

But taking t→∞ and noting that Y y,α
t ≤ 0 implies τ y,α ≤ t, this inequality contradicts

the claim that P [τ y,α = +∞] > 0.
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Then because τ y,α < +∞ almost-surely, we conclude by the definition of τ y,α that

y − τ y,α +

∫ τy,α

0

αs dWs = Y y,α
τy,α = 0, (2.10)

almost-surely. Taking expectations on both sides of (2.10), we see E [τ y,α] = y. Sim-
ilarly, by re-arranging and squaring both sides of (2.10) then taking expectations, we
see

E
[
(τ y,α)2] = y2 + E

[∫ τy,α

0

α2
s ds

]
≤ y2 + E

[∫ ∞
0

α2
s ds

]
< +∞.

Then τ y,α ∈ Ty.

The key to the main result is to convert between stopping times in Ty and controls in
A via Lemma 2.1 and instead view w as the value function of a stochastic optimal control
problem.

Recall the value function for a stochastic control problem from (2.4).

Theorem 2.2. We have the equivalence

w(x, y) = w̃(x, y)

for any (x, y) ∈ R× [0,∞).

Proof. Fix any (x, y) ∈ R× [0,∞).

1. Let α ∈ A be an arbitrary control. By Lemma 2.1, we know τ y,α ∈ Ty. Then

E [f (Xx
τy,α)] = E [f (x+Wτy,α)]

≤ w̃(x, y).

Because α ∈ A was arbitrary, we conclude

w(x, y) ≤ w̃(x, y).

2. Let τ ∈ Ty be an arbitrary stopping time. By Lemma 2.1 there exists a control α ∈ A
such that τ y,α = τ almost-surely. Then

E [f (x+Wτ )] = E [f (x+Wτy,α)]

= E [f (Xx
τy,α)]

≤ w(x, y).

Because τ ∈ Ty was arbitrary, we conclude

w̃(x, y) ≤ w(x, y).

In the remainder of the chapter, we will refer to the auxiliary value function w in terms of
the stochastic control value function (2.4) or the expectation-constrained optimal stopping
value function (2.7) as is convenient.
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2.2.3 Construction of optimal stopping times

We have shown from Theorem 2.1 and Theorem 2.2 that we can recover p? in the time-
inconsistent optimal stopping problem (2.1) by maximizing over choice of y ≥ 0 and control
α ∈ A. However, it remains to be shown that we can construct a corresponding optimal
stopping time for the time-inconsistent problem.

The next theorem relates nearly-optimal choices of (y, α) ∈ [0,∞)×A with nearly-optimal
choices of stopping times T .

Theorem 2.3. For any ε ≥ 0, let y ≥ 0 satisfy

v(x0) ≤ w(x0, y) + ε

and let α ∈ A satisfy
w(x0, y) ≤ E [f (Xx0

τy,α)] + ε.

Then τ y,α ∈ Ty ⊂ T satisfies

p? − 2ε ≤ E [f (x0 +Wτy,α)] ≤ p?.

Proof. Recall from Definition 2.2 that p? = v(x0). Then by combining this with the two
assumed inequalities and the definition of {Xx0

s | s ≥ 0}, we have

p? = v(x0)

≤ w(x0, y) + ε

≤ E [f (Xx0
τy,α)] + 2ε

= E [f (x0 +Wτy,α)] + 2ε.

Because τ y,α ∈ Ty ⊂ T , we also have

E [f (x0 +Wτy,α)] ≤ p?.

Then we can record the following corollary regarding obtaining an optimal control.

Corollary 2.1. Let y? ≥ 0 satisfy

w(x0, y
?) = max

y≥0
w(x0, y)

and let α? ∈ A satisfy
E
[
f
(
Xx0
τy?,αstar

)]
= w(x0, y

?).

Then τ y
?,α? ∈ Ty? ⊂ T is an optimal stopping time for (2.1). That is,

p? = E [f (x0 +Wτy?,α? )] .

This is straightforward from Theorem 2.3 with ε = 0.
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2.3 Properties of the Auxiliary Value Function

In this section, we investigate various properties of the auxiliary value function w, which is
defined in (2.4). We remind the reader that we can equivalently consider the definition given
by (2.7) as is convenient because of the equivalence given in Theorem 2.2.

The main result of this section will be to characterize w as the unique uniformly contin-
uous viscosity solution of (2.6) which satisfies certain growth conditions to be specified.

2.3.1 Analytical properties of the auxiliary value function

We begin by observing a trivial boundary condition for w.

Proposition 2.1. For each x ∈ R, we have w(x, 0) = f(x).

Proof. This follows immediately from the stochastic control interpretation of w in (2.4).

Next, we prove a more subtle continuity result. In particular, we show that for a fixed
control α ∈ A, we have Hölder continuity of the expected payoff when varying the initial
conditions (x, y) ∈ R× [0,∞).

Lemma 2.2. For any (x1, y1), (x2, y2) ∈ R× [0,∞) and α ∈ A, we have

|E [f (Xx1
τy1,α)]− E [f (Xx2

τy2,α)] | ≤ L
(
|x1 − x2|+ |y1 − y2|1/2

)
,

where L > 0 is the Lipschitz constant of f .

Proof. Without loss of generality, we can assume y1 ≤ y2. It is then clear from (2.2) and
(2.3) that τ y1,α ≤ τ y2,α almost-surely. Furthermore, by Lemma 2.1 we see that E [τ y1,α] = y1

and E [τ y2,α] = y2. We can then compute

|E [f (Xx1
τy1,α)]− E [f (Xx2

τy2,α)] | ≤ L|x1 − x2|+ LE [|Wτy1,α −Wτy2,α |] ,

where L > 0 is the Lipschitz constant for f .
Using Jensen’s inequality, we have

E [|Wτy1,α −Wτy2,α |] = E
[√

(Wτy1,α −Wτy2,α)2

]
≤
√

E
[
(Wτy1,α −Wτy2,α)2].

Because τ y1,α ≤ τ y2,α almost-surely, we can use the Markov property of Brownian motion to
see

E
[
(Wτy1,α −Wτy2,α)2] = E

[
E
[
(Wτy1,α −Wτy2,α)2 | Fτy1,α

]]
= E [E [τ y2,α − τ y1,α | Fτy1,α ]]

= E [τ y2,α]− E [τ y1,α]

= y2 − y1.

Putting these three inequalities together, the claimed result follows.
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We next extend this result to Hölder continuity of the auxiliary value function.

Proposition 2.2. For any (x1, y1), (x2, y2) ∈ R× [0,∞), we have

|w(x1, y1)− w(x2, y2)| ≤ L
(
|x1 − x2|+ |y1 − y2|1/2

)
,

where L > 0 is the Lipschitz constant of f .

Proof. Let α ∈ A be an arbitrary control. By Lemma 2.2, we have

E [f (Xx1
τy1,α)] ≤ E [f (Xx2

τy2,α)] + L
(
|x1 − x2|+ |y1 − y2|1/2

)
≤ w(x2, y2) + L

(
|x1 − x2|+ |y1 − y2|1/2

)
,

where L > 0 is the Lipschitz constant for f . Because α ∈ A was arbitrary, we then conclude

w(x1, y2) ≤ w(x2, y2) + L
(
|x1 − x2|+ |y1 − y2|1/2

)
.

Reversing the roles of (x1, y1) and (x2, y2), the stated result follows.

An immediate corollary of this result is that w is uniformly continuous and has linear
asymptotic growth in x and sub-linear asymptotic growth in y.

Corollary 2.2. The auxiliary value function w is uniformly continuous and there C > 0,
which depends only on f , such that

|w(x, y)| ≤ C (1 + |x|+√y)

for all (x, y) ∈ R× [0,∞).

Proof. The uniform continuity of w follows immediately from the Hölder continuity in Propo-
sition 2.2. The claimed growth bound follows from Proposition 2.1 and Proposition 2.2,
because

|w(x, y)| ≤ |w(0, 0)|+ |w(x, y)− w(0, 0)|
≤ |f(0)|+ L (|x|+√y) .

Then the result holds with C ≡ |f(0)|+ L.

Lastly, we state an important functional equality for the auxiliary value function – a
Dynamic Programming Principle. We will later pass this equality to smooth test functions
to show that w is a viscosity solution of (2.6).

Proposition 2.3 (Dynamic Programming Principle). Fix (x, y) ∈ R × [0,∞) and let {θα}
be any collection of stopping times indexed by α ∈ A. Then we have

w(x, y) = sup
α∈A

E [w (Xx
θα∧τy,α , Y

y,α
θα∧τy,α)] .
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The upside to showing that w is equivalent to a stochastic control problem is that, while
technical, the proof of this proposition is standard. In the following we will provide a formal
sketch of the proof. For full details, see Fleming-Soner [FS06] or Touzi [Tou13].

Sketch of Proof. Fix a collection of stopping times {θα} and define φ : R× [0,∞)→ R by

φ(x, y) := sup
α∈A

E [w (Xx
θα∧τy,α , Y

y,α
θα∧τy,α)]

for each (x, y) ∈ R× [0,∞). We aim to show that φ = w.

1. Fix (x, y) ∈ R × [0,∞) and let α ∈ A be an arbitrary control. For notational con-
venience, in the remainder of this step we denote Xx

θα∧τy,α by X̃, Y y,α
θα∧τy,α by Ỹ , and

s 7→ α(s + τ y,α) by s 7→ α̃(s). By the Markov property of solutions of (2.2), we note
that

XX̃
τ Ỹ ,α̃

= Xx
τy,α ,

almost-surely. By the tower property of conditional expectation, we have

E [f (Xx
τy,α)] = E

[
E
[
f
(
XX̃
τ Ỹ ,α̃

)
| Fθα∧τy,α

]]
≤ E

[
w
(
X̃, Ỹ

)]
≤ φ(x, y).

But because α ∈ A was arbitrary, we conclude

w(x, y) ≤ φ(x, y).

2. To prove the reverse inequality, fix (x, y) ∈ R × [0,∞) and let α ∈ A be an arbitrary
control. Again, for notational convenience, in the remainder of this step we denote
Xx
θα∧τy,α by X̃ and Y y,α

θα∧τy,α by Ỹ . For any ε > 0, let αε ∈ A be an ε-suboptimal control

starting from
(
X̃, Ỹ

)
. That is, it satisfies

w
(
X̃, Ỹ

)
− ε ≤ E

[
f
(
XX̃
τ Ỹ ,αε

)
| Fθα∧τy,α

]
. (2.11)

But then if we define a new control α ∈ A as

α(s) :=

{
α(s) 0 ≤ s < θα ∧ τ y,α

αε(s− θα ∧ τ y,α) θα ∧ τ y,α ≤ s,

then, again by the Markov property of solutions of (2.2), we deduce that

XX̃
τ Ỹ ,αε

= Xx
τy,α ,
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almost-surely. Then taking unconditional expectations of (2.11), we see

E [w (Xx
θα∧τy,α , Y

y,α
θα∧τy,α)]− ε = E

[
w
(
X̃, Ỹ

)]
≤ E

[
f
(
XX̃
τ Ỹ ,αε

)]
= E [f (Xx

τy,α)]

≤ w(x, y).

Because α ∈ A and ε > 0 were both arbitrary, we conclude

φ(x, y) ≤ w(x, y).

Remark 2.1. While there are several abuses of notation in the sketch above, the main
difficulty lies in the assumption that we can construct an ε-suboptimal control starting from
any point in R× [0,∞). In general, it is not obvious that this can be done in a measurable
way. A typical complete proof of this result generally uses an open covering of the state-space
and the Lindelöf Covering Theorem to obtain a countable open covering by neighborhoods
which each correspond to a single ε-suboptimal control. The fact that a single control can
locally be ε-suboptimal requires the use a continuity result like Lemma 2.2. For more details
on how this process proceeds, we refer the interested reader to Touzi [Tou13] or a similar
proof in Chapter 4 of this thesis.

2.3.2 Viscosity solution characterization

We next claim that the auxiliary value function w is the unique uniformly continuous viscosity
solution of (2.6) which satisfies the growth condition from Corollary 2.2. Because of the
unbounded term in front of the diffusion in y, this is not a completely standard task. In the
following we begin by recalling a working definition of viscosity solution for this equation.

Definition 2.5. Let u : R× [0,∞)→ R be a continuous function.

1. We say that u is a viscosity supersolution of (2.6) if

a) u(x, 0) ≥ f(x) for all x ∈ R, and

b) For any (x0, y0) ∈ R× (0,∞), any smooth function φ : R× [0,∞)→ R for which
(u− φ) attains a local minimum at (x0, y0), and for each a ∈ R, we have

φy(x0, y0)−
(

1

2
φxx(x0, y0) + aφxy(x0, y0) +

1

2
a2φyy(x0, y0)

)
≥ 0.

2. We say that u is a viscosity subsolution of (2.6) if
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a) u(x, 0) ≤ f(x) for all x ∈ R, and

b) For any (x0, y0) ∈ R× (0,∞), any smooth function φ : R× [0,∞)→ R for which
(u − φ) attains a local maximum at (x0, y0), and any ε > 0, there exists a ∈ R
such that

φy(x0, y0)−
(

1

2
φxx(x0, y0) + aφxy(x0, y0) +

1

2
a2φyy(x0, y0)

)
≤ ε.

3. We say that u is a viscosity solution of (2.6) if it is both a viscosity supersolution and
a viscosity subsolution.

Remark 2.2. The difficulty with (2.6) is that the Hamiltonian is not continuous with respect
to the Hessian D2u because of the unbounded supremum. Following Da Lio-Ley [DLL11],
we have modified the definition of viscosity solution slightly to avoid technical difficulties in
cases where

sup
a∈R

[
1

2
φxx(x0, y0) + aφxy(x0, y0) +

1

2
a2φyy(x0, y0)

]
= +∞.

Functionally, however, essentially nothing in the theory has changed. We will still be able
to prove a comparison theorem for uniformly continuous super- and subsolutions, subject to
certain growth assumptions, which provides a uniqueness result.

Proposition 2.4. The auxiliary value function w is a viscosity solution of (2.6).

Again, the upside to showing that w is equivalent to a stochastic control problem is that,
up to some technicalities, the proof of this proposition is standard. In the following we
provide an essentially complete sketch of the proof to emphasize how the modified definition
of viscosity solution is used. For full details, see Fleming-Soner [FS06] or Touzi [Tou13].

Sketch of Proof. In the following we provide a sketch of the proof. By Proposition 2.1, we
have w(x, 0) = f(x) for all x ∈ R, so we only need to consider the viscosity solution properties
at interior points of R × (0,∞). The idea is to pass the Dynamic Programming Equality
from Proposition 2.3 to smooth test functions via a careful choice of controls and stopping
times.

1. Fix (x0, y0) ∈ R × (0,∞) and let φ : R × [0,∞) → R be a smooth function for which
(w − φ) has a local minimum at (x0, y0). Without loss of generality, we can assume
w(x0, y0) = φ(x0, y0). Fix δ > 0 small enough that

(w − φ)(x, y) ≥ (w − φ)(x0, y0) = 0

for all (x, y) ∈ R× [0,∞) such that |x0 − x|+ |y0 − y| ≤ δ.

For each a ∈ R, associate it with a square-integrable control defined by

α(t) := a exp(−t)
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for all t ≥ 0. Then for small h > 0, define a stopping time

θh := h ∧ inf {t ≥ 0 | (Xx0
t , Y

y0,α
t ) 6∈ [x0 − δ, x0 + δ]× [y0 − δ, y0 + δ]} .

Then by the Dynamic Programming Principle (Proposition 2.3), we have

w(x0, y0) ≥ E
[
w
(
Xx0
θh∧τy0,α , Y

y0,α
θh∧τy0,α

)]
.

Then using the previous two inequalities, and applying Itô’s change of variable formula
(See Section 3.3 in Karatzas-Shreve [KS91]) to the smooth function φ, we compute

φ(x0, y0) = w(x0, y0)

≥ E
[
w
(
Xx0
θh∧τy0,α , Y

y0,α
θh∧τy0,α

)]
≥ E

[
φ
(
Xx0
θh∧τy0,α , Y

y0,α
θh∧τy0,α

)]
= φ(x0, y0) + E

[∫ θh∧τy0,α

0

(Lαφ) (s,Xx0
s , Y

y0,α
s ) ds

]
,

where

Lαφ(u, x, y) :=
1

2
φxx(x, y) + a e−sφxy(x, y) +

1

2
a2 e−2sφyy(x, y)− φy(x, y).

Re-arranging the inequality above and examining convergence as h→ 0+, we see

0 ≥ lim inf
h→0+

E
[

1

h

∫ θh∧τy0,α

0

(Lαφ)
(
s,Xx0

s , Y
Y0,α
s

)
ds

]
≥ E

[
lim inf
h→0+

1

h

∫ θh∧τy0,α

0

(Lαφ)
(
s,Xx0

s , Y
Y0,α
s

)
ds

]
= (Lαφ) (0, x0, y0)

=
1

2
φxx(x0, y0) + aφxy(x0, y0) +

1

2
a2φyy(x0, y0)− φy(x0, y0).

But then we conclude that w is a viscosity supersolution of (2.6).

2. Fix (x0, y0) ∈ R × (0,∞) and let φ : R × [0,∞) → R be a smooth function for which
(w − φ) has a local maximum at (x0, y0). Without loss of generality, we can assume
w(x0, y0) = φ(x0, y0). Fix δ > 0 small enough that

(w − φ)(x, y) ≤ (w − φ)(x0, y0) = 0

for all (x, y) ∈ R× [0,∞) such that |x0 − x|+ |y0 − y| ≤ δ.

For each α ∈ A and each h > 0, define a stopping time

θαh := h ∧ inf {t ≥ 0 | (Xx0
t , Y

y0,α
t ) 6∈ [x0 − δ, x0 + δ]× [y0 − δ, y0 + δ]} .
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Then by the Dynamic Programming Principle (Proposition 2.3), for any ε > 0, there
exists α ∈ A such that

w(x0, y0) ≤ E
[
w
(
Xx0
θαh∧τ

y0,α , Y
y0,α
θαh∧τ

y0,α

)]
+ ε.

Then using the previous two inequalities, and applying Itô’s change of variable formula
(See Section 3.3 in Karatzas-Shreve [KS91]) to the smooth function φ, we compute

φ(x0, y0) = w(x0, y0)

≤ E
[
w
(
Xx0
θαh∧τ

y0,α , Y
y0,α
θαh∧τ

y0,α

)]
+ ε

≤ E
[
φ
(
Xx0
θαh∧τ

y0,α , Y
y0,α
θαh∧τ

y0,α

)]
+ ε

= φ(x0, y0) + E
[∫ θαh∧τ

y0,α

0

(Lαφ) (s,Xx0
s , Y

y0,α
s ) ds

]
+ ε,

where

Lαφ(u, x, y) :=
1

2
φxx(x, y) + αsφxy(x, y) +

1

2
α2
sφyy(x, y)− φy(x, y).

Re-arranging the inequality above and examining convergence as h→ 0+, we see

−ε ≤ lim sup
h→0+

E
[

1

h

∫ θαh∧τ
y0,α

0

(Lαφ) (Xx0
s , Y

y0,α
s ) ds

]
≤ E

[
lim sup
h→0+

1

h

∫ θαh∧τ
y0,α

0

(Lαφ) (Xx0
s , Y

y0,α
s ) ds

]
= (Lαφ) (0, x0, y0)

=
1

2
φxx(x0, y0) + α0φxy(x0, y0) +

1

2
α2

0φyy(x0, y0)− φy(x0, y0).

But then we conclude that w is a viscosity subsolution of (2.6).

We now aim to show a uniqueness result for viscosity solutions in order to characterize
the auxiliary value function w in terms of (2.6). We begin with a comparison principle.

Theorem 2.4 (Comparison Principle). Let u, u : R× [0,∞)→ R be a uniformly continuous
viscosity subsolution and viscosity supersolution of (2.6), respectively. Suppose there exists
C > 0 such that

|u(x, y)|+ |u(x, y)| ≤ C (1 + |x|+√y)

for all (x, y) ∈ R× [0,∞). Then
u(x, y) ≤ u(x, y)

for all (x, y) ∈ R× [0,∞).
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We remind the reader that the key difficulty in this proof is that the Hamiltonian in (2.6)
is not continuous with respect to the Hessian D2u because of the unbounded supremum. The
key to the following proof will how we obtain a bound which is independent of the control
α ∈ R.

Proof. 1. Assume to the contrary that

σ := (u− u)(x0, y0) > 0

for some (x0, y0) ∈ R× [0,∞). Choose ε, λ > 0 both to be small and define

M := sup
R2×[0,∞)2

Φ(x1, x2, y1, y2),

where
Φ(x1, x2, y1, y2) := u(x1, y1)− u(x2, y2)− φ(x1, x2, y1, y2)

and

φ(x1, x2, y1, y2) :=
1

2
ε−2
(
(x1 − x2)2 + (y1 − y2)2

)
+

1

2
ε
(
x2

1 + x2
2

)
+ λ(y1 + y2).

Then because of the growth bounds on u and u (linear in x and sub-linear in y), there
exists (x1, x2, y1, y2) ∈ R2 × [0,∞)2 such that

M = Φ(x1, x2, y1, y2).

2. We may take ε, λ > 0 sufficiently small that

Φ(x1, x2, y1, y2) ≥ Φ(x0, x0, y0, y0) ≥ σ

2
. (2.12)

In addition, Φ(x1, x2, y1, y2) ≥ Φ(0, 0, 0, 0), so we see

λ(y1 + y2) +
1

2
ε−2
(
(x1 − x2)2 + (y1 − y2)2

)
+

1

2
ε
(
x2

1 + x2
2

)
≤ u(x1, y1)− u(x2, y2)− u(0, 0) + u(0, 0)

≤ C
(

4 + |x1|+ |x2|+ y
1/2
1 + y

1/2
2

)
.

Noting that

C
(

4 + |x1|+ |x2|+ y
1/2
1 + y

1/2
2

)
≤ C

(
4 + Cε−1 +

1

2
Cλ−1

)
+

1

2
ε
(
x2

1 + x2
2

)
+λ (y1 + y2) ,

we can put these two inequalities, we see

1

2
ε−2
(
(x1 − x2)2 + (y1 − y2)2

)
≤ C

(
4 + Cε−1 +

1

2
Cλ−1

)
.

From this, we deduce that

|x1 − x2|, |y1 − y2| ∈ O(ε1/2)

for fixed λ > 0 as ε→ 0.
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3. Because u is uniformly continuous, we can write ω(·) to denote its modulus of conti-
nuity; this is,

|u(x1, y1)− u(x2, y2)| ≤ ω (|x1 − x2|+ |y1 − y2|)

for all (x1, y1), (x2, y2) ∈ R × [0,∞) and ω(r) → 0 as r → 0. Similarly, we denote the
modulus of continuity of u by ω(·). Then (2.12) implies

σ

2
≤ u(x1, y1)− u(x2, y2)

≤ u(x1, 0)− u(x2, 0) + ω(y1) + ω(y2)

≤ f(x1)− f(x2) + ω(y1) + ω(y2)

≤ L|x1 − x2|+ ω(y1) + ω(y2),

where L > 0 is the Lipschitz constant of f .

Suppose y1 = 0. Then |x1 − x2|, |y1 − y2| ∈ O(ε1/2) implies there exists C > 0 such
that

σ

2
≤ CLε1/2 + ω(0) + ω(Cε1/2).

But taking ε→ 0, this is a contradiction. Therefore, y1 > 0 for sufficiently small ε > 0.
A similar argument shows that y2 > 0 for sufficiently small ε > 0.

4. Now (x1, x2, y1, y2) ∈ R2 × (0,∞)2 for sufficiently small ε > 0, so we can apply the
Crandall-Ishii Lemma (See Crandall-Ishii-Lions [CIL92]). We state the result in terms
of smooth test functions instead of sub- and super-jets and take ρ := ε2. There exists
smooth φ, φ : R× [0,∞) such that (u−φ) attains a local maximum at (x1, y1), (u−φ)
attains a local minimum at (x2, y2),

Dφ(x1, y1) =

(
ε−2(x1 − x2) + εx1

ε−2(y1 − y2) + λ

)
,

Dφ(x2, y2) =

(
ε−2(x1 − x2)− εx2

ε−2(y1 − y2)− λ

)
,

and (for ε << 1) (
D2φ(x1, y1) 0

0 −D2φ(x2, y2)

)
≤ 5ε−2A4 + 2εB4,

where

A4 :=


1 0 −1 0
0 1 0 −1
−1 0 1 0
0 −1 0 1

 and B4 :=


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 .



A Time-Inconsistent Optimal Stopping Problem 27

By the matrix inequality above, we mean with respect to the partial order induced
by the positive semi-definite cone. The key property is that, for any α ∈ R, if we
conjugate the matrix inequality by (1, α, −1, −α)>, then we conclude(

1
α

)>
D2φ(x1, y1)

(
1
α

)
≤
(

1
α

)>
D2φ(x2, y2)

(
1
α

)
+ 2ε. (2.13)

5. By the viscosity subsolution property, there exists α ∈ R such that

φ
y
(x1, y1) ≤ ε+

1

2
φ
xx

(x1, y1) + αφ
xy

(x1, y1) +
1

2
α2φ(x1, y1)

= ε+
1

2

(
1
α

)>
D2φ(x1, y1)

(
1
α

)
.

But by the properties of φ from the previous step, this implies

ε−2(y1 − y2) + λ ≤ ε+
1

2

(
1
α

)>
D2φ(x1, y1)

(
1
α

)
. (2.14)

Similarly, by the viscosity supersolution property, we have

φy(x2, y2) ≥ 1

2
φxx(x2, y2) + αφxy(x2, y2) +

1

2
α2φ(x2, y2)

=
1

2

(
1
α

)>
D2φ(x2, y2)

(
1
α

)
.

By the properties of φ from the previous step, this implies

ε−2(y1 − y2)− λ ≥ 1

2

(
1
α

)>
D2φ(x2, y2)

(
1
α

)
. (2.15)

Putting together (2.13), (2.14), and (2.15), we conclude

3ε ≥ λ > 0.

But then taking ε > 0 sufficiently small, we obtain a contradiction.

We can then immediately state a uniqueness result which characterizes the auxiliary value
function in terms of the HJB PDE (2.6).

Corollary 2.3. The auxiliary value function w is the unique uniformly continuous viscosity
solution of (2.6) for which there exists C > 0 such that

|u(x, y)| ≤ C (1 + |x|+√y)

for all (x, y) ∈ R× [0,∞).
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Proof. We note that w is uniformly continuous and satisfies the stated growth condition by
Corollary 2.2. Suppose that there u : R× [0,∞) is a different uniformly continuous viscosity
solution of (2.6). Then by Theorem 2.4 we immediately see

w(x, y) = u(x, y)

for all (x, y) ∈ R× [0,∞).
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Chapter 3

A Time-Inconsistent Optimal
Stochastic Control Problem
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3.1 Introduction

The following chapter is based upon the joint work of Miller-Yang [MY15], in which we
consider a class of continuous-time stochastic optimal control problems, including those with
Conditional Value-at-Risk (CVaR) appearing in the objective function. The original paper
generalizes to allow optimal stochastic control when the objective function includes several
other time-inconsistent features, such such as variance and median absolute deviation. In
this chapter, we focus on the specific case where the objective function represents a trade-off
between expectation and CVaR. The emphasis, for the purposes of this thesis, is on how to
convert the time-inconsistent stochastic control problem into an optimization problem over
the value function of a related time-consistent stochastic control problem. We then consider
an application in portfolio selection.

3.1.1 Mathematical setup

In this chapter, we consider a probability space (Ω,F ,P) which supports a standard Brownian
motion W . For the purposes of this thesis, we take W to be one-dimensional, but this is
extended in Miller-Yang [MY15]. We let F := {Ft}t≥0 denote a filtration, which is assumed
to be right-continuous and have all P-negligible sets contained in F0. We let A be a compact
and finite-dimensional set of controls, and let

A :=

{
α : Ω× [0, T ]→ R | α is progressively-measurable and E

∫ T

0

α2
tdt < +∞

}
.

For each control process α ∈ A, we consider the controlled stochastic differential equation,

dXα
t := µ (Xα

t , αt) dt+ σ (Xα
t , αt) dWt. (3.1)

We take µ, σ : R×A→ R to be continuous functions such that, for C > 0 large enough, we
have

|µ(x, a)− µ(x′, a)|+ |σ(x, a)− σ(x′, a)| ≤ C|x− x′| (3.2)

|µ(x, a)|+ |σ(x, a)| ≤ C (1 + |x|) (3.3)

for all x, x′ ∈ R and a ∈ A. For any choice of (t, x) ∈ [0, T ] × R and α ∈ A, we write
{X t,x,α

s | t ≤ s ≤ T} to denote the solution of (3.1) with initial condition X t,x,α
t = x. The

conditions above suffice to guarantee this solution is unique (See Section 5.2 in Karatzas-
Shreve [KS91]).

We next recall definitions of value-at-risk (VaR) and conditional value-at-risk (CVaR)
which will be used in this chapter. We choose to view these as functions on a space of
probability measures, rather than functions of random variables, to emphasize that they do
not depend upon the choice of probability space itself and to set up for certain analytical
observations later in the chapter.
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Definition 3.1. Let P(R) be the collection of Radon probability measures on R. For any
p ∈ (0, 1) and µ ∈ P(R), we define value-at-risk (at probability p) as a function VaRp :
P(R)→ R given by

VaRp(µ) := inf {y ∈ R | µ ((−∞, y]) ≥ p} .

Definition 3.2. Let P1(R) ⊂ P(R) be the subset of Radon probability measures on R which
have finite first moment. For any p ∈ (0, 1) and µ ∈ P1(R), we define conditional value-at-
risk (at probability p) as a function CVaRp : P1(R)→ R given by

CVaRp(µ) := y? − p−1

∫
R
(y? − x)µ(dx) (3.4)

= p−1

[∫
(−∞,y?)

xµ(dx) + y? (p− µ ((−∞, y?)))
]
,

where y? := VaRp(µ).

There are many competing definitions of CVaR in the literature, but they all satisfy
the intuitive property that for any X ∈ L1(Ω,P) such that the pull-back measure P ◦ X−1

contains no atoms, we have

CVaRp

(
P ◦X−1

)
= E

[
X | X ≤ VaRp

(
P ◦X−1

)]
. (3.5)

The intuition is that VaRp represents the pth percentile worst-case outcome of a distribution,
while CVaRp represents the expected outcome conditional upon being in one of the pth
percentile worst-case outcomes. For this reason, both VaR and CVaR are popular measures
of tail-risk.

In the case that the distribution of X contains atoms, the more general definition (3.4)
can be re-written as

CVaRp

(
P ◦X−1

)
= p−1 (E [X | X < y?]P [X < y?] + y? (p− P [X < y?])) .

The intuition behind this equality is that, if P [X = y?] > 0, then we include only a fraction
of the atom which corresponds to probability up to the pth tail when computing CVaRp.

In the remainder of this chapter, we will often abuse notation and write VaRp [X] or
CVaRp [X], which denote applying these operations to the pull-back measure on X induced
by P. We use this more general definition partially to simplify analysis, but we also show that
(3.4) is the only continuous function (with respect to a Wasserstein metric) which satisfies
an analogue of the intuitive property (3.5) when the measure contains no atoms.

3.1.2 Overview of results

In the remainder of the chapter, we fix some x0 ∈ R, λ ≥ 0, and p ∈ (0, 1). We then define
the main problem considered in this chapter.
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Definition 3.3. The time-inconsistent optimal stochastic control of Mean-CVaR is to com-
pute

p? := sup
α∈A

[
E
[
X0,x0,α
T

]
+ λCVaRp

[
X0,x0,α
T

]]
(3.6)

and to find α? ∈ A for which the supremum is attained.

The intuition is that the Mean-CVaR optimal stochastic control problem represents a
trade-off between maximizing expectation while minimizing tail-risk.

As usual, we define a corresponding value function.

Definition 3.4. We define the value function for the time-inconsistent stochastic control of
Mean-CVaR as

v(t, x) := sup
α∈A

[
E
[
X t,x,α
T

]
+ λCVaRp

[
X t,x,α
T

]]
for each (t, x) ∈ [0, T ]× R.

Notice that v(0, x0) = p?.
This value function is time-inconsistent due to the CVaR term appearing in the objective

function. The main observation of this chapter is that we can re-write the value function v
as a maximization over the value function for a time-consistent stochastic optimal control
problem.

Definition 3.5. We define the value function for an auxiliary time-consistent stochastic
control problem to be

w(t, x, y) := sup
α∈A

E
[
X t,x,α
T − λp−1

(
y −X t,x,α

T

)+
]

for each (t, x, y) ∈ [0, T ]× R× R.

Then the main observation of this chapter is that

v(x) = sup
y∈R

[w(0, x, y) + λy] (3.7)

for all x ∈ R.
The upside of this approach is that w is the value function of a time-consistent stochastic

control problem, so it can be characterized as the unique viscosity solution of the HJB PDE:{
ut + sup

a∈A

[
µ(x, a)ux + 1

2
σ(x, a)2uxx

]
= 0 in [0, T )× R× R

u = x− λp−1(y − x)+ on {t = T} × R× R.
(3.8)

We can then compute w via standard methods, solve the optimization problem (3.7), then
obtain a solution to (3.6).
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3.1.3 Overview of existing literature

Conditional value-at-risk (CVaR) has received significant attention over the past two decades
as a tool for managing risk. CVaR measures the expected value conditional upon being within
some percentage of the worst-case loss scenarios. While both value-at-risk (VaR) and CVaR
are risk measures, only CVaR is coherent in the sense of Artzner et al. [ADEH99]. One
common criticism of VaR stems from its inability to distinguish based on the magnitude of
losses in the tails of a distribution. In contrast, CVaR takes into account the magnitude of
losses when in values exceeding VaR.

Due to the superior mathematical properties and practical implications, CVaR has gained
popularity in risk management.1 In particular, static or single-stage optimization with CVaR
functions can be efficiently performed via convex and linear programming methods (See
Rockafellar-Uryasev [RU00] and Mansini et al. [MOS07]). With the advances in optimiza-
tion algorithms for CVaR, this risk measure has shown to be useful in various finance and
engineering applications.

Dynamic or sequential optimization of CVaR is often of interest when decisions can be
made at multiple stages. In such an optimal control setting, we can optimize a control action
at a certain time based on the information from observations up to that time. This dynamic
control approach enjoys an effective usage of information gathered in the process of making
decisions under uncertainty. The need for efficient optimal control tools with CVaR is also
motivated by emerging dynamic risk management methods in engineering and finance (See
Qin-Su-Rajagopal [QSR13] and Yang-Callaway-Tomlin [YCT a]).

The major challenge in optimal control involving CVaR arises from its time-inconsistency
(See Artzner et al. [ADEHK07]). Mathematically, this time-inconsistency prevents us from
directly applying dynamic programming, in contrast with problems involving Markov risk
measures (See Ruszczyński [Rus10], Cavuş-Ruszczyński[CR14], and Ruszczyński-Yao [RY15])
or risk-sensitive criteria (See James-Baras-Elliot [JBE94] and Fleming-McEneaney [FM95]).
To overcome this difficulty, several methods have been proposed. A state-space lifting ap-
proach for dynamic programming with a discrete-time and discrete-state Markov decision
process (MDP) setting is first proposed in Bäuerle-Ott [BO11].

Another lifting method and relevant algorithms are developed in Pflug-Pichler [PP16b]
and Chow et al. [CTMP15], relying on a so-called CVaR Decomposition Theorem of Pflug-
Pichler [PP16b]. This approach uses a dual representation of CVaR and hence requires
optimization over a space of probability densities when solving an associated Bellman equa-
tion. This optimization problem can be effectively solved in discrete-time and finite discrete-
state MDPs. However, it becomes computationally intractable in (uncountable) continuous-
state optimal control problems as the space of densities is infinite dimensional. In Haskell-
Jain [HJ15], a different approach is developed for risk-aware discrete-time finite-state MDPs,
which is based on occupation measures. Due to the nonconvexity of the resulting infinite-

1More detailed comparisons between VaR and CVaR, in terms of stability of statistical estimation and
simplicity of optimization procedures, can be found in Sarykalin et al. [SSU08].
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dimensional optimization problem, this method uses a successive linear approximation pro-
cedure.

In this chapter, we demonstrate a solution of the continuous-time and continuous-space
optimal control of Mean-CVaR using the so-called extremal representation of CVaR originally
proposed in Rockafellar-Uryasev [RU00]. We reformulate the optimal control problem as a
bi-level optimization problem in which the outer optimization problem is convex and the
inner optimization problem is standard stochastic optimal control. We note that, while
the auxiliary time-consistent stochastic control problem features an extra state variable, in
practice we can perform gradient descent-based optimization over the value of the extra
state variable rather than computing the auxiliary value function as a function in a higher-
dimensional state space.

In the final section of this chapter, we demonstrate a practical implementation of our
methodology in an optimal investment problem subject to CVaR constraints. To our knowl-
edge, this is the first solution of a dynamic portfolio optimization problem subject to tail-risk
constraints in continuous time. The closest comparisons to our results are given by approx-
imate equilibrium solutions (See Dong-Sircar [DS14]), mean-field control approaches (See
Pfeiffer [Pfe16]), or in mean-variance frameworks (See Pedersen-Peskir [PP16a]).

3.2 Equivalent Sequential Time-Consistent Problem

The goal of this section is to demonstrate how we can convert the time-inconsistent optimal
stochastic control problem (3.6) into a sequential optimization problem involving a time-
consistent control problem.

As in the previous chapter, we proceed by re-writing the time-inconsistent feature (CVaR)
in terms of a family of stochastic optimal control problems in an enlarged state-space. We
then show how to construct an optimal control for the time-inconsistent problem by picking
an optimal member of the family of time-consistent problems and generating an optimal
solution of the corresponding time-consistent stochastic control problem.

In the problem considered in this chapter, it will turn out that the extra state variable
represents the value-at-risk (VaR) of the optimal control. The dynamics of this extra state
variable are actually trivial, in contrast with the dynamics of the previous chapter.

3.2.1 Main equivalence result

In this section, we demonstrate the main equivalence between the time-inconsistent value
function v and an optimization problem over the time-consistent auxiliary value function
w. We begin by proving a lemma regarding a representation of CVaR as a maximization
problem.

The following representation of CVaR dates back to Rockafellar-Uryasev [RU00] in the
case of probability measures with no atoms. We provide a complete proof of the more general
version for the sake of completeness.
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Recall the definition of VaR and CVaR given in (3.4) and (3.4).

Lemma 3.1. For any µ ∈ P1(R), we have

CVaRp(µ) = sup
y∈R

[
y − p−1

∫
R

(y − x)+ µ(dx)

]
.

Furthermore, the maximum is achieved at y? := VaRp(µ).

Proof. Define a function φ : R→ R as

φ(y) := y − p−1

∫
R

(y −X)+ µ(dx)

for all y ∈ R. Let y? := VaRp(µ). It is obvious that

CVaRp(µ) = φ(y?)

by the definition in (3.4). We now aim to show that y? maximizes φ.

1. Let y ∈ R satisfy y < y?. Then we can compute

φ(y?)− φ(y) = y? − y + p−1

∫
R

(
(y − x)+ − (y? − x)+

)
µ(dx)

= y? − y + p−1

∫
(−∞,y)

(y − x)µ(dx)− p−1

∫
(−∞,y?)

(y? − x)µ(dx)

= y? − y + p−1

∫
(−∞,y?)

(y − y?)µ(dx)− p−1

∫
[y,y?)

(y − x)µ(dx)

≥ (y? − y)
(
1− p−1µ ((−∞, y?))

)
.

But for any n ≥ 1, we have µ ((−∞, y? − n−1)) < p by the definition of VaR. The
union of these sets is (−∞, y?), so by the continuity properties of measures, we have

µ ((−∞, y?)) = lim
n→∞

µ
(
(−∞, y? − n−1)

)
≤ p.

Then these two inequalities imply φ(y?) ≥ φ(y).

2. Let y ∈ R satisfy y > y?. By a slight variation on the previous computation, we see

φ(y?)− φ(y) = y? − y + p−1

∫
R

(
(y − x)+ − (y? − x)+

)
µ(dx)

= y? − y + p−1

∫
(−∞,y]

(y − x)µ(dx)− p−1

∫
(−∞,y?]

(y? − x)µ(dx)

= y? − y + p−1

∫
(−∞,y?]

(y − y?)µ(dx) + p−1

∫
(y?,y]

(y − x)µ(dx)

≥ (y? − y)
(
1− p−1µ ((−∞, y?])

)
.
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But for any n ≥ 1, we have µ ((−∞, y? + n−1)) ≥ p by the definition of VaR and
sub-additivity of measures. The intersection of these sets is (−∞, y?]), so again by the
continuity properties of measures, we have

µ ((−∞, y?)) = lim
n→∞

µ
(
(−∞, y? + n−1)

)
≥ p.

Combining these two inequalities then implies φ(y?) ≥ φ(y).

We this lemma in hand, we can immediately re-write the time-inconsistent value function.
Recall the definitions of v in (3.7) and the time-consistent auxiliary value function w in (3.7).

Theorem 3.1. We have
v(t, x) = sup

y∈R
[w(t, x, y) + λy] .

for all (t, x) ∈ [0, T ]× R.

Proof. Fix (t, x) ∈ [0, T ] × R. Let y ∈ R and α ∈ A be arbitrary. Then by Definition 3.4
and Lemma 3.1, we have

v(t, x) ≥ E
[
X t,x,α
T

]
+ λCVaRp

[
X t,x,α
T

]
≥ E

[
X t,x,α
T

]
+ λ

(
y − p−1E

[(
y −X t,x,α

T

)+
])

= E
[
X t,x,α
T − λp−1

(
y −X t,x,α

T

)+
]

+ λy.

But because α ∈ A was arbitrary, this implies

v(t, x) ≥ w(t, x, y) + λy.

Because y was arbitrary, the claimed result holds.

3.2.2 Construction of optimal pre-commitment strategies

We have shown from Theorem 3.1 that we can recover p? in the time-inconsistent optimal
control problem (3.6) by maximizing over choice of y ∈ R and control α ∈ A. However, it
remains to be shown that we can construct (approximate) optimal pre-commitment controls
for the original time-inconsistent problem.

The next theorem relates nearly-optimal choices of (y, α) ∈ R × A with nearly-optimal
choices of pre-commitment control in the original problem.

Theorem 3.2. For any ε ≥ 0, let y ∈ R satisfy

v(0, x0) ≤ w(0, x0, y) + λy + ε
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and let α ∈ A satisfy

w(0, x0, y) ≤ E
[
X0,x0,α
T − λp−1

(
y −X0,x0,α

T

)+
]

+ ε.

Then α ∈ A satisfies

p? − 2ε ≤ E
[
X0,x0,α
T

]
+ λCVaRp

[
X0,x0,α
T

]
≤ p?.

Proof. Recall from Definition 3.4 that p? = v(0, x0). Then by combining this with the two
assumed inequalities and Lemma 3.1, we have

p? = v(0, x0)

≤ w(0, x0, y) + λy + ε

≤ E
[
X0,x0,α
T − λp−1

(
y −X0,x0,α

T

)+
]

+ λy + 2ε

= E
[
X0,x0,α
T

]
+ λ

(
y − p−1E

[(
y −X0,x0,α

T

)+
])

+ 2ε

≤ E
[
X0,x0,α
T

]
+ λCVaRp

[
X0,x0,α
T

]
+ 2ε.

But, of course, by the definition of p?, we also have

E
[
X0,x0,α
T

]
+ λCVaRp

[
X0,x0,α
T

]
≤ p?.

Then we can record the following corollary regarding obtaining an optimal control.

Corollary 3.1. Let y? ∈ R satisfy

w(0, x0, y
?) + λy? = max

y∈R
[w(0, x0, y) + λy]

and let α? ∈ A satisfy

E
[
X0,x0,α?

T − λp−1
(
y? −X0,x0,α?

T

)+
]

= w(0, x0, y
?).

Then α? is an optimal stopping time for (3.6). That is,

p? = E
[
X0,x0,α?

T

]
+ λCVaRp

[
X0,x0,α?

T

]
.

This is straightforward from Theorem 3.2 with ε = 0.
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3.3 Properties of the Auxiliary Value Function

In this section, we investigate various properties of the auxiliary value function w, which is
defined in (3.7). In particular, we demonstrate that w is the unique locally Hölder continuous
viscosity solution of (3.8) which satisfies certain growth conditions to be specified.

We also include in this section some additional properties of both practical and theoretical
interest. First, we include some sufficient conditions for the auxiliary value function w to be
concave in y. In these cases, we can optimize over the auxiliary value function via gradient
descent. Furthermore, we include a characterization of the definition of CVaR used in this
chapter in (3.4) as the unique continuous function satisfying certain intuitive properties.

3.3.1 Analytical properties of the auxiliary value function

We begin by observing a trivial boundary condition for w.

Proposition 3.1. For each (x, y) ∈ R× R, we have

w(T, x, y) = x− λp−1(y − x)+.

The proof of this is straightforward from the definition of w.
We next consider a much more subtle regularity result of the auxiliary value function. In

particular, we show that w is Lipschitz in (x, y) but only locally 1/2-Hölder continuous in t.

Proposition 3.2. There exists C > 0, which depends only on µ, σ, and T , such that for
any (t1, x1, y1), (t2, x2, y2) ∈ [0, T ]× R× R we have

|w(t1, x1, y1)− w(t2, x2, y2)| ≤ C
(
|x1 − x2|+ |y1 − y2|+ (1 + |x1|+ |x2|)|t1 − t2|1/2

)
.

That is, the auxiliary value function is Lipschitz continuous in (x, y) and locally 1/2-Hölder
continuous in t.

Proof. 1. Fix any y ∈ R and (t1, x1), (t2, x2) ∈ [0, T ]× R. Let α ∈ A be arbitrary. Then
we see

w(t2, x2, y) ≥ E
[
X t2,x2,α
T − λp−1

(
y −X t2,x2,α

T

)+
]

≥ E
[
X t1,x2,α
T − λp−1

(
y −X t1,x2,α

T

)+
]
−
(
1 + λp−1

)
E
[
|X t1,x2,α

T −X t2,x2,α
T |

]
.

Our goal is to bound the second term on the right-hand-side independently of α.
By Hölder’s Inequality it suffices to consider the squared-expectation. We begin by
assuming that t1 ≤ t2. Define φ1 : [t1, t2]→ R by

φ1(s) := E
(
X t1,x1,α
s − x2

)2
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for each s ∈ [t1, t2]. Using Itô’s Lemma and the growth bounds on µ and σ given in
(3.3), we compute

φ1(s)− (x1 − x2)2 = E
∫ s

t1

(
2
(
X t1,x1,α
u − x2

)
µ(X t1,x1,α

u , αu) + σ(X t1,x1,α
u , αu)

2
)
du

≤ E
∫ s

t1

(
X t1,x1,α
u − x2

)2
du+ C2E

∫ s

t1

(
1 + |X t1,x1,α

u |
)2
du

≤ E
∫ s

t1

(
X t1,x1,α
u − x2

)2
du+ C2E

∫ s

t1

(
1 + |X t1,x1,α

u − x2|+ |x2|
)2
du

≤ (1 + 3C2)E
∫ s

t1

(
X t1,x1,α
u − x2

)2
du+ 3C2(1 + |x2|2)(s− t1)

≤ (1 + 3C2)

∫ s

t1

φ1(u)du+ 3C2(1 + |x2|)2|s− t1|.

But then by Gronwall’s Inequality, we see

φ1(t2) ≤
(
(x1 − x2)2 + 3C2(1 + |x2|)2|t1 − t2|

)
exp

(
(1 + 3C2)T

)
.

Similarly, we can define φ2 : [t2, T ]→ R by

φ2(s) := E
(
X t1,x1,α
s −X t2,x2,α

s

)2

for each s ∈ [t2, T ]. Using Itô’s Lemma and the Lipschitz bounds on µ and σ given in
(3.2), we compute

φ2(s)− φ1(t2) = E
∫ s

t

2
(
X t,x1,α
u −X t,x2,α

u

) (
µ(X t,x1,α

u , αu)− µ(X t,x2,α
u , αu)

)
du

+E
∫ s

t

(
σ(X t,x1,α

u , αu)− σ(X t,x2,α
u , αu)

)2
du

≤ (2C + C2)E
∫ s

t

(
X t,x1,α
u −X t,x2,α

u

)2
du

≤ 2(1 + C2)

∫ s

t

φ2(u) du.

But then by Gronwall’s Inequality, we see

E
(
X t,x1,α
T −X t,x2,α

T

)2
= φ2(T )

≤ φ1(t2) exp
(
2(1 + C2)T

)
≤

(
1 + 3C2

) (
|x1 − x2|+ (1 + |x2|)|t1 − t2|1/2

)2
exp

(
(3 + 5C2)T

)
.

Repeating this argument for the case t2 < t1, we see

E
[
X t,x1,α
T − λp−1

(
y1 −X t,x1,α

T

)+
]
≤ w(t, x2, y2)+C

(
|x1 − x2|+ (1 + |x1|+ |x2|)|t1 − t2|1/2

)
,
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if we take C := (1 + λp−1) (1 + 2C) exp (3(1 + C2)T ). Because α ∈ A was arbitrary,
we then conclude

w(t1, x1, y) ≤ w(t2, x2, y) + C
(
|x1 − x2|+ (1 + |x1|+ |x2|)|t1 − t2|1/2

)
.

By reversing the roles of (t1, x1) and (x2, x2), we also see

|w(t1, x1, y)− w(t2, x2, y)| ≤ C
(
|x1 − x2|+ (1 + |x1|+ |x2|)|t1 − t2|1/2

)
.

2. Fix any (t, x) ∈ [0, T ]× R and y1, y2 ∈ R. Let α ∈ A be arbitrary. Then we see

w(t, x, y2) ≥ E
[
X t,x,α
T − λp−1

(
y2 −X t,x,α

T

)+
]

≥ E
[
X t,x,α
T − λp−1

(
y1 −X t,x,α

T

)+
]
− λp−1|y1 − y2|.

Because α ∈ A was arbitrary, we then conclude

w(t, x, y1) ≤ w(t, x, y2) + λp−1|y1 − y2|.

By reversing the roles of y1 and y2, we also see

|w(t, x, y1)− w(t, x, y2)| ≤ λp−1|y1 − y2|.

Of course, then for any (t1, x1, y1), (t2, x2, y2) ∈ [0, T ]×R×R, we can put these separate
results together to see

|w(t1, x1, y1)− w(t2, x2, y2)| ≤ |w(t1, x1, y1)− w(t1, x1, y2)|+ |w(t1, x1, y2)− w(t2, x2, y2)|
≤ λp−1|y1 − y2|+ C

(
|x1 − x2|+ (1 + |x1|+ |x2|) |t1 − t2|1/2

)
≤ C

(
|x1 − x2|+ |y1 − y2|+ (1 + |x1|+ |x2|)|t1 − t2|1/2)

)
,

because C ≥ λp−1.

From this we immediately obtain a weaker (but more easily stated) continuity result and
a linear asymptotic growth bound.

Corollary 3.2. The auxiliary value function w is locally Hölder continuous satisfies

|w(t, x, y)| ≤ C (1 + |x|+ |y|)

for all (t, x, y) ∈ [0, T ]× R× R, for C > 0 which depends only upon µ, σ, and T .

We end this section by stating the corresponding Dynamic Programming Principle for
the auxiliary value function w. As in the previous chapter, the purpose is to later pass this
functional equality to smooth test functions to show that w is a viscosity solution of (3.8).
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Proposition 3.3 (Dynamic Programming Principle). Fix (t, x, y) ∈ [0, T )× R× R and let
{θα} be any collection of stopping times valued in [t, T ] which are indexed by α ∈ A. Then
for any h > 0 such that t+ h ≤ T , we have

w(t, x, y) = sup
α∈A

E
[
w
(

(t+ h) ∧ θα, X t,x,α
(t+h)∧θα , y

)]
.

Because the controls are contained in a bounded set and we have shown the auxiliary
value function w is continuous, this is a standard result which may be found, for instance,
in Chapter 5 of Fleming-Soner [FS06].

3.3.2 Viscosity solution characterization

The goal of this section is to characterize the auxiliary value function w as the unique
locally Hölder continuous viscosity solution of (3.8) which satisfies the growth condition
from Corollary 3.2. Compared to the results of the previous chapter, this characterization is
very standard.

For the sake of completeness, we recall a working definition of viscosity solution for (3.8).

Definition 3.6. Let u : R× [0, T ]× R× R→ R be a continuous function.

1. We say that u is a viscosity supersolution of (3.8) if

a) u(T, x, y) ≥ x− λp−1(y − x)+ for all (x, y) ∈ R× R, and

b) For any (t0, x0, y0) ∈ [0, T )×R×R, any smooth function φ : [0, T ]×R×R→ R
for which (u− φ) attains a local minimum at (t0, x0, y0), we have

φt(t0, x0, y0) + sup
a∈A

[
µ(x0, a)φx(t0, x0, y0) +

1

2
σ(x0, a)2φxx(t0, x0, y0)

]
≥ 0.

2. We say that u is a viscosity subsolution of (3.8) if

a) u(T, x, y) ≤ x− λp−1(y − x)+ for all (x, y) ∈ R× R, and

b) For any (t0, x0, y0) ∈ [0, T )×R×R, any smooth function φ : [0, T ]×R×R→ R
for which (u− φ) attains a local maximum at (t0, x0, y0), we have

φt(t0, x0, y0) + sup
a∈A

[
µ(x0, a)φx(t0, x0, y0) +

1

2
σ(x0, a)2φxx(t0, x0, y0)

]
≤ 0.

3. We say that u is a viscosity solution of (3.8) if it is both a viscosity supersolution and
a viscosity subsolution.

Proposition 3.4. The auxiliary value function w is a viscosity solution of (3.8).

This follows by using the Dynamic Programming Principle functional equality from
Proposition 3.3 to smooth test functions exactly as in Proposition 2.4 in the previous chapter.
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Theorem 3.3. The auxiliary value function w is the unique locally Hölder continuous vis-
cosity solution of (3.8) for which there exists C > 0 such that

|u(t, x, y)| ≤ C (1 + |x|+ |y|)

for all (t, x, y) ∈ [0, T ]× R× R.

Again, this follows immediately from standard theory because the control set A is compact
and the viscosity solution w is assumed continuous and of linear asymptotic growth. For a
proof of this statement, see Fleming-Soner [FS06] or Touzi [Tou13].

3.3.3 Sufficient conditions for concavity in the additional state
variable

Recall that the main result of this chapter in Theorem 3.1 states that we can solve the original
time-inconsistent stochastic control problem by maximizing the auxiliary value function over
choice of the initial condition of an additional state variable y. Therefore, a natural condition
to investigate is when the auxiliary value function w is concave in the additional state
variable.

Recall that the auxiliary value function w is defined in (3.7) as a supremum over concave
functions of y. Then it is not necessarily concave. However, we can demonstrate a sufficient
condition for concavity.

Recall the following definition of a partial order on L2(Ω,P).

Definition 3.7. Let D denote the collection of all functions φ : R → R which are non-
decreasing, concave, and for which there exists C > 0 such that |φ(x)| ≤ C(1 + x2) for all
x ∈ R. We define a partial ordering � on L2(Ω,P), called second-order stochastic dominance,
as

X � Y

if and only if
E [φ(X)] ≤ E [φ(Y )]

for all φ ∈ D.

We then state a general result regarding concavity of the auxiliary value function w in
the additional state variable y.

Proposition 3.5. Fix (t, x) ∈ [0, T ]× R. If the map

α 7→ X t,x,α
T

is concave with respect to second-order stochastic dominance, �, then the map

y 7→ w(t, x, y)

is concave.
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Proof. Let y, y′ ∈ R and θ ∈ [0, 1]. Let α, α′ ∈ A be arbitrary controls. Note that the
function φ : R→ R defined as

φ(x) := x+ λp−1 (θy + (1− θ)y′ − x)
+

is non-decreasing, concave, and bounded by a quadratic asymptotically. Then by the con-
cavity with respect to �, we see

w(t, x, θy + (1− θ)y′) ≥ E
[
X
t,x,θα+(1−θ)α′
T − λp−1

(
θy + (1− θ)y′ −X t,x,θα+(1−θ)α′

T

)+
]

= E
[
φ
(
X
t,x,θα+(1−θ)α′
T

)]
≥ E

[
φ
(
θX t,x,α

T + (1− θ)X t,x,α′

T

)]
= E

[
θX t,x,αT + (1− θ)X t,x,α′

T

]
−λp−1E

[(
θy + (1− θ)y′ − θX t,x,α

T − (1− θ)X t,x,α′

T

)+
]
.

We also note that the map

(x, y) 7→ (y − x)+ = max{y − x, 0}

is (jointly) convex as the maximum of two affine functions. Then we see

E
[(
θy + (1− θ)y′ − θX t,x,α

T − (1− θ)X t,x,α′

T

)+
]
≤ E

[
θ
(
y −X t,x,α

T

)+
+ (1− θ)

(
y′ −X t,x,α′

T

)+
]
.

Combining these two inequalities, we see

w(t, x, θy+(1−θ)y′) ≥ θE
[
X t,x,α
T − λp−1

(
y −X t,x,α

T

)+
]
+(1−θ)E

[
X t,x,α′

T − λp−1
(
y′ −X t,x,α′

T

)+
]
.

Because α, α′ were taken to be arbitrary, this implies

w(t, x, θy + (1− θ)y′) ≥ θw(t, x, y) + (1− θ)w(t, x, y′).

In general, it is difficult to verify the condition that α 7→ X t,x,α
T is concave with respect

to second order stochastic dominance. However, in the following corollary, we make note of
a special case which shows up in the application at the end of this chapter.

Corollary 3.3. Suppose that µ : R×A→ R is jointly concave in (x, a) and non-decreasing
in x. Suppose also that σ : R × A → R is affine in (x, a) and independent of x. Then for
any (t, x) ∈ [0, T ]× R, the map

y 7→ w(t, x, y)

is concave.
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Proof. By Proposition 3.5 it suffices to show that the map

α 7→ X t,x,α
T

is concave with respect to second order stochastic dominance. We aim to demonstrate a
stronger statement – that is it concave almost-surely.

Fix α, α′ ∈ A and θ ∈ [0, 1]. For notational convenience, we define{
Xs := θX t,x,α

s + (1− θ)X t,x,α′
s

Xs := X
t,x,θα+(1−θ)α′
s

for each s ∈ [t, T ]. Then for any s ∈ [t, T ] we can compute

Xs = x+ θ

(∫ s

t

µ(X t,x,α
u , αu)du+

∫ s

t

σ(X t,x,α
u , αu)du

)
+(1− θ)

(∫ s

t

µ(X t,x,α′

u , α′u)ds+

∫ s

t

σ(X t,x,α′

u , α′u)du

)
≤ x+

∫ s

t

µ (Xu, θαu + (1− θ)α′u)) du+

∫ s

t

σ (Xu, θαu + (1− θ)α′u) dWu,

where we used the fact that µ is concave and σ is affine. We can also compute

Xs = x+

∫ s

t

µ(Xu, θαu + (1− θ)α′u)du+

∫ s

t

σ
(
Xu, θαu + (1− θ)α′u

)
dWu

= x+

∫ s

t

µ(Xu, θαu + (1− θ)α′u)du+

∫ s

t

σ (Xu, θαu + (1− θ)α′u) dWu,

where we used the fact that σ is independent of x.
But then subtracting these two results, we see

Xs −Xs ≥
∫ s

t

µ
(
Xu, θαu + (1− θ)α′u

)
− µ (Xu, θαu + (1− θ)α′u) du

for each s ∈ [t, T ]. Because µ is non-decreasing in x and X t = X t = x, this implies

X
t,x,θα+(1−θ)α′
T = XT ≥ XT = θX t,x,α

T + (1− θ)X t,x,α′

T ,

almost-surely.

3.3.4 Some additional properties of conditional value-at-risk

The goal of this section is to examine some analytical properties of CVaR as defined in
(3.4). The purpose of this is to justify our choice of definition for CVaR in terms of natural
properties because there are several competing definitions in the literature.

Recall the following common choice of metric for P1:
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Definition 3.8. We define the 1-Wasserstein metric on P1 as follows: For any µ1, µ2 ∈
P1(R), let

W1(µ1, µ2) := inf
γ∈Γ(µ1,µ2)

∫
R×R
|x1 − x2| γ(dx1, dx2), (3.9)

where Γ(µ1, µ2) denotes the collection of all probability measures on R × R with marginals
µ1 and µ2 on the first and second coordinates respectively.

We then immediately have a continuity result about CVaR as defined in this chapter.

Proposition 3.6. For any µ1, µ2 ∈ P1(R), we have

|CVaRp(µ1)− CVaRp(µ2)| ≤ p−1W1(µ1, µ2).

Then CVaRp is Lipschitz continuous with respect to the 1-Wasserstein metric.

Proof. Fix any y ∈ R and ε > 0. By (3.9), there exists a probability measure γ on R × R,
with marginals µ1 and µ2 on the first and second coordinates respectively, such that

W (µ1, µ2) + ε ≥
∫
R×R
|x1 − x2| γ(dx1, dx2).

But then by Lemma 3.1, we have

y + p−1

∫
R
(y − x)+µ1(dx) = y + p−1

∫
R×R

(y − x1)+γ(dx1, dx2)

≤ y + p−1

∫
R×R

(y − x2)+γ(dx1, dx2) + p−1

∫
R×R
|x1 − x2| γ(dx1, dx2)

≤ y + p−1

∫
R
(y − x)+µ2(dx) + p−1 (W1(µ1, µ2) + ε)

≤ CVaRp(µ2) + p−1W1(µ1, µ2) + p−1ε.

Recalling that y ∈ R and ε > 0 were both arbitrary, we conclude

CVaRp(µ1) ≤ CVaRp(µ2) + p−1W1(µ1, µ2).

Reversing the roles of µ1 and µ2, we obtain the claimed Lipschitz bound.

Corollary 3.4. Suppose that F : P1(R)→ R is continuous with respect to the 1-Wasserstein
metric and satisfies

F (µ) = µ ((−∞,VaRp(µ)])−1

∫
(−∞,VaRp(µ)]

xµ(dx)

for any µ ∈ P1(R) which has no atoms. Then F = CVaRp.
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Proof. 1. We start by verifying that CVaRp satisfies these properties. It is continuous
with respect to the 1-Wasserstein metric by Proposition 3.6. Let µ ∈ P1(R) be a
measure with no atoms. Then in particular, µ({y?}) = 0, where we let y? := VaRp(µ).

Then we can compute

CVaRp(µ) = y? − p−1

∫
R
(y? − x)+µ(dx)

= p−1

[∫
(−∞,y?)

xµ(dx) + y? (p− µ ((−∞, y?)))
]

= p−1

∫
(−∞,y?]

xµ(dx) + p−1y? (p− µ ((−∞, y?])) .

By the same arguments as in the proof of Lemma 3.1, we see that µ ((−∞, y?)) ≤ p
and µ ((−∞, y?]) ≥ p. But because µ({y?}) = 0, we can check

p ≤ µ ((−∞, y?]) = µ ((−∞, y?)) ≤ p.

Putting this together with the computation above, we see

CVaRp(µ) = µ ((−∞, y?])−1

∫
(−∞,y?]

xµ(dx).

2. Suppose that F : P1 → R is any other function which is continuous with respect to
the 1-Wasserstein metric and satisfies the property in the statement. Let µ ∈ P1(R)
be any probability measure for which F (µ) 6= CVaRp(µ).

For any ε > 0, define µε ∈ P1 to be distribution of the sum of a draw from µ and an
independent draw from a mean-zero normal distribution with variance ε. We can write
write µε explicitly in terms of a convolution as

µε(A) :=

∫
R

∫
R

1A(x+ y)ε−1φ(ε−1y)µ(dx) dy

for any A ∈ B(R). It is simple to verify that has finite first moment, so µε ∈ P1(R). It
is also clear from the convolution formula that µε has no atoms.

Taking γ ∈ Γ(µ, µε) to the joint distribution of (X,X + Y ), where X is a draw from µ
and ξ is an independent draw from a mean-zero normal distribution with variance ε,
it is clear that the marginals of γ are µ and µε respectively. Then we can compute

W1(µ, µε) ≤
∫
R×R
|x1 − x2| γ(dx1, dx2) ≤

√
E [Y 2] = ε1/2.

Then µε → µ in the 1-Wasserstein metric as ε→ 0.

But then F (µε) = CVaRp(µε) for all ε > 0 because µε ∈ P1(R), but by the continuous of
each function, F (µε)→ F (µ) and CVaRp(µε)→ CVaRp(µ) as ε→ 0. The contradicts
the assumption that F (µ) 6= CVaRp(µ).
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3.4 Application to Mean-CVaR Portfolio

Optimization

In this section, we illustrate a practical use of our main results in an application to portfolio
optimization under a Mean-CVaR objective. Our goal is to ultimately use this methodology
to compute the efficient frontier representing the trade-off between maximizing expected
log-return and minimizing the CVaR of losses. We emphasize that dynamic optimization
can significantly reduce CVaR while maintaining the same expected return as compared to
optimal static investment strategies.

3.4.1 Problem formulation

Consider a market consisting of n risky assets evolving via the SDE

dS
(i)
t

S
(i)
t

= µi dt+ Σ
1/2
i,j dW

(j)
t

for each i ∈ {1, . . . , n} and j ∈ {1, . . . , d}. Here µ ∈ Rn is a vector of drifts and Σ is the
covariance matrix of returns. The covariance matrix is assumed positive semi-definite so we
take Σ1/2 to denote its Cholesky Decomposition. We also assume that there exists a risk-free
asset with drift r.

We assume that we choose a control α, which is a progressively-measurable process lying
in some compact set A, representing the percent of the portfolio exposed to each of the
n risky assets. For example, we might choose A :=

{
a ∈ Rn | a>Σa ≤ l

}
for a constant l

corresponding to a hard portfolio risk cap.
With this setup, our portfolio value Z evolves via the SDE

dZα
t

Zα
t

=
[
r + α>t (µ− r 1)

]
dt+ α>t Σ1/2 dWt.

For simplicity, we consider the log value of the portfolio, Xα
t := logZα

t , which can be seen
to solve the SDE

dXα
t =

[
r + α>t (µ− r 1)− 1

2
α>t Σαt

]
dt+ α>t Σ1/2 dWt. (3.10)

Without loss of generality, we assume Zα
0 = S0 = 1. Then, Xα

0 = 0 and we can interpret Xα
t

as the log-returns of the portfolio up to time t.
In this section, we consider the problem of maximizing a Mean-CVaR objective,

p? := sup
α∈A

[
E
[
X0,0,α
T

]
+ λCVaRp

[
X0,0,α
T

]]
(3.11)

for fixed λ ≥ 0 and p ∈ (0, 1). By varying λ, we can compute a subset of the efficient frontier
between expected log-return and the CVaR of returns.
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3.4.2 Solution via gradient descent

By Theorem 3.1, the problem (3.11) is equivalent to the bi-level optimization

p? = sup
y∈R

(w(0, 0, y) + λy) , (3.12)

where
w(t, x, y) := sup

α∈A
E
[
X t,x,α
T − λp−1

(
y −X t,x,α

T

)+
]
.

By Theorem 3.3, the auxiliary value function w is the unique locally Hölder continuous
viscosity solution of the HJB PDE (3.8) satisfying certain growth bounds. In particular, the
PDE is independent of y except in the terminal condition, so in practice we can compute
w(0, 0, y) using only a grid in (t, x) and a fixed value of y ∈ R.

It is simple to check that the dynamics in (3.10) satisfy the conditions of Corollary 3.3.
Then the auxiliary value function w is also concave in y. Therefore, we conclude that it
suffices to obtain a maximum in (3.12) by gradient descent along y because the objective
function is concave in y.

3.4.3 Numerical results

In this section we consider a concrete example involving selection between a single risky
asset, representing a US stock index, and a risk-free asset. We compute an efficient fron-
tier representing the trade-off between expected log-return and CVaR when using optimal
dynamic strategies. For comparison, we compare to an efficient frontier when restricting to
static strategies, i.e. strategies where A is constant over time, representing a fixed leverage
ratio.

For our example, we choose µ = 11%, σ = 20%2, and r = 1% as market parameters.
We take our time horizon as T = 1 and constrain our leverage ratio to lie within the range
A := [−6,+6].3 Finally, we consider CVaR at the α = 95% threshold.

For each fixed λ > 0, we solve the corresponding dynamic mean-CVaR optimization
problem using the techniques outlined in the previous section. To obtain numerical solutions
of (3.8), we employ finite-difference solvers with upwinding to guarantee a monotone scheme
(See Courant-Isaacson-Rees [CIR52] and Barles-Souganidis [BS91]). For the purposes of this
chapter, we obtain numerical supergradients in y through a finite-difference approximation.
In Miller-Yang [MY15], there is a nuanced discussion of how to obtain a supergradient by
solving a PDE corresponding to the formal linearization of (3.8).

2This choice corresponds, roughly, to the historical arithmetic mean and standard deviation of annual
returns on the S&P 500, including dividend reinvestment, over the period 1928–2014. However, we emphasize
that the exact choice of parameters should not be taken too seriously in this example.

3We choose this range to correspond, roughly, to the maximum leverage a qualifying US investor can
achieve with a portfolio margin policy, as described at http://www.finra.org/industry/portfolio-margin-faq.
In practice, the exact constraints depend upon the type of investor and financial instruments used for
investment. We emphasize that this choice is meant for illustration only.
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Figure 3.1: The efficient frontier of Mean-CVaR portfolio optimization, representing the
possible trade-off between maximizing expected log-returns and minimizing CVaR, computed
by varying λ ∈ (0, 1].

We compute points on the efficient frontier between expected log-return and CVaR by
varying λ over the interval (0, 1]. For the purposes of this chapter, we compute expected
log-return and corresponding CVaR using Monte Carlo simulation of optimal trajectories for
each fixed value of λ. The resulting frontier is shown in Figure 3.1 (solid).

For comparison, we consider the same optimization problem when restricted to a subcol-
lection of static controls, defined as

Astatic := {A ∈ A | there exists a ∈ A such that A(t) = a for all t ∈ [0, T ] a.s.} .

These strategies represent constant leverage portfolios. An important example of these is
the “buy and hold” strategy, e.g. A(t) ≡ 1. Under this class of controls, XA

T is normally-
distributed. Therefore, we can directly compute optimal strategies and construct the efficient
frontier.

In Figure 3.1, we illustrate a comparison between the efficient frontier under our dynamic
strategies and under static strategies. We see that by employing strategies with dynamic
leverage, we can significantly reduce CVaR at the 95% quantile while maintaining the same
expected log-return, as compared to a static leverage strategy. Similarly, we can increase ex-
pected log-return while maintaining the same CVaR using a dynamic strategy. For example,
the static buy-and-hold strategy, A(t) ≡ 1, has an expected log-return of 9% and CVaR of
approximately 32%. By employing strategies with dynamic leverage, we can reduce CVaR by
approximately 50% while maintaining the same expected log-return, or alternatively increase
expected log-return by approximately 30% while maintaining the same CVaR.

We next turn our attention to an examination of statistical and qualitative properties of
the optimal dynamic control and resulting returns. In Figure 3.2, we illustrate the cumulative
distribution function (CDF) of XA

T under the optimal dynamic control corresponding an
expected log-return of 9%. We compare this to the CDF of XA

T under the buy-and-hold
strategy, which follows a normal distribution. While both of these distributions have the
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Figure 3.2: The cumulative distribution function of XA
T when following the static buy-and-

hold strategy and the optimal dynamic strategy which achieves the same expected log-return.
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Figure 3.3: (a) A sample path of stock prices and the corresponding portfolio log-return
process (XA?), and (b) the corresponding optimal leverage process (A?).

same expected value, the one corresponding to the optimal dynamic strategy has significantly
fatter (right) tails on the upside and an effective (left) floor on losses on the downside. We
attribute this to a (de-)leveraging effect of the dynamic strategy whereby it increases leverage
significantly once it has “locked in” gains and will de-leverage only as needed to discourage
losses exceeding a certain threshold.

This qualitative tendency of the optimal strategy to increase in leverage once it has
locked in gains is emphasized further by sample paths illustrated in Figure 3.3. Here, we
illustrate a particular sample path of stock prices (quoted as log-return), as well as the
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Figure 3.4: (a) A sample path of stock prices and the corresponding portfolio log-return
process (XA?), and (b) the corresponding optimal leverage process (A?).

corresponding optimal dynamic leverage process, A?, and the resulting portfolio log-return
process, XA? . Note that the stock price corresponds to the log-return under the static buy-
and-hold strategy, A(t) ≡ 1. We observe that early on in the period, the leverage process
increases or decreases in sync with overall portfolio returns. However, as it becomes later in
the period and the portfolio return is positive, the optimal leverage increases significantly
before being capped at a fixed value. The optimal strategy generally does not appear to
decrease leverage late in the period, even with stock price declines, unless it is risking falling
below the loss threshold seen in the jump in Figure 3.2.

In Figure 3.4, we illustrate an alternative sample path which emphasizes how the increas-
ing leverage can lead to large returns on the upside. In this path, the leverage process, A?,
initially decreases to lower risk as the portfolio takes initial losses. However, in the latter half
of the period, as stock prices rise, the increasing leverage leads to a return on the portfolio
which significantly exceeds that of the buy-and-hold strategy. It is this transition from low
leverage when avoiding tail losses to high leverage when locking in gains which allows the
strategy to maintain a low CVaR while maximizing expected log-return.

The tendency of the optimal dynamic strategy to keep leverage higher than the static
strategy unless it is facing losses also helps explain the skew seen in Figure 3.2. Because
the dynamic strategy has the option to decrease its leverage to stop losses, it can achieve a
significantly lower CVaR while maintaining a preference for high leverage, which contributes
to large returns in positive outcomes. However, there is no such thing as a free lunch;
in neutral outcomes, the positive correlation between log-returns and leverage leads to de-
cay in portfolio value from convexity (See Perold-Sharpe [PS88]). In this sense, the optimal
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dynamic strategy shares many qualitative features with Constant Proportion Portfolio Insur-
ance (CPPI) strategies (See Black-Perold [BP92]). This makes sense as CPPI strategies are
generally employed to limit downside losses, while maintaining upside gains, using dynamic
trading.
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Chapter 4

Distribution-Constrained Optimal
Stopping
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4.1 Introduction

The following chapter is based upon the joint work of Bayraktar-Miller [BM16], in which
we consider the problem of choosing an optimal stopping time for a Brownian motion when
constrained in the choice of distribution for the stopping time. We demonstrate that if the
stopping time is constrained to have a distribution consisting of finitely-many atoms then
this problem can be re-written as a sequence of time-consistent state-constrained optimal
stochastic control problems.

4.1.1 Problem formulation

In this chapter, we consider a probability space (Ω,F ,P) which supports a standard Brownian
motion W . We let F := {Ft}t≥0 denote filtration, which is assumed to be right-continuous
and have all P-negligible sets contained in F0. We consider a given pay-off function f : R→ R
which is assumed to be Lipschitz continuous. We also use the notation

Xx
t := x+Wt

for any (x, t) ∈ R× [0,∞).
In this chapter, we are also given a target distribution µ, which is supported on (0,∞)

and assumed to consist of finitely-many atoms. Without loss of generality, we assume the
following representation:

µ =
r∑

k=1

pkδtk , (4.1)

where r ∈ N, 0 = t0 < t1 < · · · < tr, p1 + · · ·+ pr = 1, and p1, . . . , pr > 0. We also introduce
the convenient notation ∆tk := tk − tk−1 for each k ∈ {1, . . . , r}. For some fixed x0 ∈ R, we
define the main problem considered in this chapter.

Definition 4.1. The distribution-constrained optimal stopping problem is to compute

p? := sup
τ∈T (µ)

E [f(Xx0
τ )] ,

where we take T (µ) to be the collection of all finite-valued F-stopping times whose distribution
is equal to µ, and to find τ ? ∈ T (µ) which attains the supremum.

That is, we choose a stopping time τ whose distribution is equal to µ in order to maximize
the expected pay-off of a stopped Brownian motion starting at x0.

We note that, for simplicity of notation, we often choose to write the distribution-
constrained optimal stopping problem interchangeably as

p? = sup
τ∈T

E [f(Xx0
τ )]

s.t. τ ∼
∑r

k=1 pkδtk ,

where T is the collection of all finite-valued F-stopping times.
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4.1.2 Overview of previous literature

While standard optimal stopping theory has focused primarily on unconstrained finite- and
infinite-horizon stopping times (e.g., Peskir-Shiryaev [PS06] and Shiryaev [Shi08]) and very
recently on constraints on the first moment of the stopping time (e.g. Miller [Mil16],
Pedersen-Peskir [PP13], and Ankirchner-Klein-Kruse [AKK15]), the paper on which this
chapter is based was the first on the problem of optimal stopping under distribution con-
straints on the stopping time.

It turns out that distribution-constrained optimal stopping is a difficult problem, with
stopping strategies depending path-wise on the Brownian motion in general. This is to
be expected because a constraint on the stopping time’s distribution forces the stopper
to consider what he would have done along all other paths of the Brownian motion when
deciding whether to stop. The main task at hand is to identify sufficient statistics and then
transform the problem so that it can be analyzed by standard methods.

In this chapter we illustrate a solution in the special case that the target distribution
consists of finitely-many atoms. Our approach consists of an iterative stochastic control-
based solution wherein we introduce controlled processes representing the conditional dis-
tribution of the stopping time. We then characterize the value function of the distribution-
constrained optimal stopping problem in terms of the value functions of a finite number of
state-constrained optimal control problems.

The key mathematical contributions of this chapter lie in our proof of a dynamic pro-
gramming principle relating each of the sequential optimal control problems. We provide
an argument which avoids the use of measurable selections, similar to the proofs of weak
dynamic programming principles in Bouchard-Touzi [BT11], Bouchard-Nutz [BN12], and
Bayraktar-Yao [BY13]. However, we deal with state-constraints in a novel way which relies
on some a priori regularity of the value functions (e.g. continuity and concavity in particular
directions).

While the problem of distribution-constrained optimal stopping is of mathematical inter-
est in its own right, we emphasize that there is room for applications in mathematical finance
and optimal control theory. For instance, we demonstrate an application to model-free su-
perhedging of financial derivatives when one has an outlook on the quadratic variation of an
asset price. Here, the distribution on the quadratic variation corresponds to that of a stop-
ping time by the martingale time-change methods utilized recently in Bonnans-Tan [BT13]
and Galichon-Henry-Labordère-Touzi [GHLT14]. Furthermore, the problem of optimal stop-
ping under moment constraints on the stopping time reduces to the distribution-constrained
optimal stopping problem in cases where there exists a unique atomic representing measure
in the truncated moment problem (e.g., Curto-Fialkow [CF91] and Lasserre [Las10]).



Distribution-Constrained Optimal Stopping 56

4.2 Main Results

In the following section we give an outline of the main results of this chapter. Given the
technical nature of the proofs of Lemmas 4.3–4.5, we relegate the full details to a later
section.

4.2.1 Construction of distribution-constrained stopping times

There are multiple ways to naturally represent a stopping time satisfying a distribution
constraint. In this section, we outline two particular such representations and illustrate how
they immediately lead to constructions of such stopping times.

We first provide a characterization of distribution-constrained stopping times in terms of
a partitioning of path space into regions with specified measure. Later, we make a connection
with controlled processes.

Lemma 4.1. A stopping time τ has the distribution µ if and only if it is of the following
form:

τ =
r∑

k=1

tk 1Ak ,

almost-surely, where {A1, . . . , Ar} partition Ω and, for each k ∈ {1, . . . , r}, Ak is Ftk-
measurable with P [Ak] = pk.

Proof. It is clear from the construction that such a τ is a F-stopping time and τ ∼ µ.
The converse follows by taking a stopping time τ such that τ ∼ µ and defining the sets
Ak := {τ = tk} for each k ∈ {1, . . . , r}.

With this in mind, we can immediately explicitly construct a stopping time with given
distribution.

Corollary 4.1. There exists a stopping time τ such that τ ∼ µ.

Proof. Define a partition {A1, . . . , Ar} of Ω as

A1 :=
{
Wt1 −W0 ≤

√
t1 Φ−1 (p1)

}
A2 :=

{
Wt2 −Wt1 ≤

√
t2 − t1 Φ−1

(
p2

p2 + · · ·+ pr

)}
\ A1

...

Ak :=

{
Wtk −Wtk−1

≤
√
tk − tk−1 Φ−1

(
pk

pk + · · ·+ pr

)}
\ (A1 ∪ · · · ∪ Ak−1)

...

Ar := Ω \ (A1 ∪ · · · ∪ Ar−1) ,
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where Φ is the cumulative distribution function of the standard normal distribution. It
is clear that Ak is Ftk-measurable with P [Ak] = pk for each k ∈ {1, . . . , r}. Then, by
Lemma 4.1, τ :=

∑r
k=1 tk 1Ak defines a stopping time with τ ∼ µ.

The proof above constructs a stopping time which roughly stops when there are events
in the left-tail of a distribution. However, one could easily modify the construction to stop
in right-tail events, events near the median, or on the image of any Borel set of appropriate
measure under Φ.

While this construction may suggest converting the distribution-constrained optimal
stopping problem into optimization over Borel sets of specified measure, we emphasize
next that there is no reason to expect the stopping times to be measurable with respect to
σ(Wt1 , . . . ,Wtr). In particular, in the next example, we show a construction of a distribution-
constrained stopping time which is entirely path-dependent.

Corollary 4.2. There exists a stopping time τ , independent of (Wt1 , . . . ,Wtr), satisfying
τ ∼ µ.

Proof. Define a sequence of random variables (M1, . . . ,Mr) as

Mk := (tk − tk−1)−1/2 max
tk−1≤s≤tk

∣∣∣∣Ws −Wtk−1
− (s− tk−1)

Wtk −Wtk−1

tk − tk−1

∣∣∣∣
for each k ∈ {1, . . . , r}. Then each Mk is the absolute maximum of a Brownian bridge over
[tk−1, tk], scaled by the length of the time interval. In particular, each Mk is Ftk-measurable,
independent of (Wt1 , . . . ,Wtr), and equal in distribution to the absolute maximum of a
standard Brownian bridge on [0, 1], the cumulative distribution function of which we denote
by ΦBB.

Define a partition {A1, . . . , Ar} of Ω as

A1 :=
{
M1 ≤ Φ−1

BB (p1)
}

A2 :=

{
M2 ≤ Φ−1

BB

(
p2

p2 + · · ·+ pr

)}
\ A1

...

Ak :=

{
Mk ≤ Φ−1

BB

(
pk

pk + · · ·+ pr

)}
\ (A1 ∪ · · · ∪ Ak−1)

...

Ar := Ω \ (A1 ∪ · · · ∪ Ar−1) .

It is clear that Ak is Ftk-measurable with P [Ak] = pk for each k ∈ {1, . . . , r}. Then, by
Lemma 4.1, τ :=

∑r
k=1 tk 1Ak defines a stopping time with τ ∼ µ which is independent of

(Wt1 , . . . ,Wtr).
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Clearly, the stopping time constructed above is an admissible stopping time in the
distribution-constrained optimal stopping problem, but there is no hope to express it in
terms of the value of the Brownian motion at each potential time to stop. While stopping
times involving the Brownian bridge may seem unnatural at first, their use is a key idea in
the proofs of Lemma 4.3 and Lemma 4.4.

It turns out that we can obtain a more manageable representation if we introduce an
extra controlled processes which represent the conditional probability of the stopping time
taking on each possible value. This vector-valued stochastic process is a martingale in a
probability simplex. In the next result, we make clear the connection between this process
and a distribution-constrained stopping time.

It turns out that we can obtain a more manageable representation if we introduce extra
controlled processes which represent the conditional probability of the stopping time taking
on each possible value. This vector-valued stochastic process is a martingale in a probabil-
ity simplex. In the next result, we make clear the connection between this process and a
distribution-constrained stopping time.

In the remainder of the chapter, we define

A :=

{
α : Ω× [0,∞)→ Rr | α is progressively-measurable and E

∫ ∞
0

‖αt‖2dt < +∞
}
.

For any choice of y ∈ Rr and α ∈ A, we denote

Y y,α
t := y +

∫ t

0

αsdWs,

for all t ∈ [0,∞). When needed, we will denote the kth coordinate of this vector-valued
process by Y (k),y,α. We will occasionally abuse notation and leave out subscripts when they
are clearly implied by the context.

We also denote by ∆ the following closed and convex set:

∆ := {y = (y1, . . . , yr) ∈ [0, 1]r | y1 + · · ·+ yr = 1} ⊂ Rr.

We then can state a lemma regarding a characterization of distribution-constrained stopping
times in terms of a state-constrained controlled martingale.

Lemma 4.2. A stopping time τ ∈ T has the distribution µ if and only if it is of the form

τ = min
k∈{1,...,r}

{
tk | Y (k),p,α

tk
= 1
}
,

almost-surely, for some α ∈ A such that

Y p,α
t ∈ ∆,

almost-surely, for all t ≥ 0, and
Y

(k),p,α
tk

∈ {0, 1},
almost-surely, for each k ∈ {1, . . . , r}.
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Proof. 1. Let α ∈ A be a control for which Y p,α
t ∈ ∆, almost-surely, for all t ≥ 0 and

Y
(k),p,α
tk

∈ {0, 1}, almost-surely, for each k ∈ {1, . . . , r}. Define τ as

τ := min
k∈{1,...,r}

{
tk | Y (k),p,α

tk
= 1
}
.

It is clear from the properties above that Y
(k),p,α
tr ∈ {0, 1} for every k ∈ {1, . . . , r} and

Y p,α
tr ∈ ∆, which implies that τ ≤ tr, almost-surely. Then τ ∈ T , but we must check

that it has µ as its distribution.

Fix k ∈ {1, . . . , r} and note that

P [τ = tk] = P

{Y (1),p,α
t1 = 0} ∩ · · · ∩ {Y (k−1),p,α

tk−1
= 0}︸ ︷︷ ︸

A

∩{Y (k),p,α
tk

= 1}︸ ︷︷ ︸
B

 .
Note that B ⊂ A up to a set of measure zero because in the set B \ A, we have

Y
(k),p,α
tk

= 1 as well as Y
(`),p,α
t`

= 1 for some ` < k. Because Y p,α is a martingale

constrained to ∆, this implies Y
(`),p,α
tk

= 1, almost-surely, which contradicts Ytk ∈ ∆.
Then we can conclude

P [τ = tk] = P
[
Y

(k),p,α
tk

= 1
]

= pk

because Y
(k),p,α

0 = pk and Y
(k),p,α
t is a martingale taking values zero and one at tk.

2. Let τ be a stopping time such that τ ∼ µ. Then define the [0, 1]r-valued process Y as

Y
(k)

t := E
[
1{τ=tk} | Ft

]
.

Note that Y 0 = p. By the Martingale Representation Theorem, there exists a control
α ∈ A for which Y p,α

t = Y t, almost-surely, for all t ≥ 0. We can then check that,

Y
(1),p,α
t + · · ·+ Y

(r),p,α
t = E

[
1{τ=t1} + · · ·+ 1{τ=tr} | Ft

]
= 1,

so Y p,α
t ∈ ∆ for all t ≥ 0, almost-surely. Finally, for any k ∈ {1, . . . , r}, we have

Y
(k),p,α
tk

= 1{τ=tk} ∈ {0, 1} because {τ = tk} is Ftk-measurable.

Define a stopping time σ as

σ := min
k∈{1,...,r}

{
tk | Y (k),p,α

tk
= 1
}

and suppose that there exists a set A of non-zero probability on which τ 6= σ. Then
for some k, ` ∈ {1, . . . , r} such that k 6= `, the set B := A ∩ {τ = tk} ∩ {σ = t`} has
non-zero probability.



Distribution-Constrained Optimal Stopping 60

Suppose that ` < k. Then Y
(`),p,α
t`

= 1 on B and because Y p,α is a martingale con-

strained to ∆, it follows that Y
(`),p,α
tk

= 1 on B, and consequently, Y
(k),p,α
tk

= 1{τ=tk} = 0,
which contradicts τ = tk on B. On the other hand, suppose that ` > k. Then
Y

(k),p,α
tk

6= 1 on B, but because Y
(k),p,α
tk

= 1{τ=tk} this also contradicts τ = tk on B.
Then we conclude τ = σ, almost-surely.

4.2.2 Solution via iterated stochastic control

We begin this section by defining a sequence of iterated distribution-constrained optimal
stopping problems.

It is convenient to define a sequence of sets which will be important in the remainder of
the chapter. For each k ∈ {1, . . . , r}, define

∆k := {(y1, . . . , yr) ∈ ∆ | y` = 0 for each ` ∈ {1, . . . , k − 1}} ⊆ ∆.

Note that each set is closed and convex and ∆k+1 ⊂ ∆k for each k ∈ {1, . . . , r − 1}.
We then define a sequence of iterated distribution-constrained optimal stopping problems.

Definition 4.2. For each k ∈ {1, . . . , r}, define a function vk : R×∆k → R as

vk(x, y) := sup
τ∈T

E [f(Xx
τ )]

s.t. τ ∼
∑r

`=k y`δt`−tk−1
.

(4.2)

Note that p? = v1(x0, p). Also, we emphasize that while each vk is written as a function
depending on an entire tuple y = (y1, . . . , yr) ∈ ∆k, we have y1 = · · · = yk−1 = 0 by the
definition of ∆k.

Our goal is to convert these iterated distribution-constrained optimal stopping problems
into iterated state-constrained stochastic control problems.

First, we record a growth and continuity estimate for each vk.

Proposition 4.1. There exists C > 0, which depends only on f and µ, for which

|vk(x, y)| ≤ C (1 + |x|)
|vk(x, y)− vk(x′, y)| ≤ C |x− x′|

for each k ∈ {1, . . . , r} and all (x, y) ∈ R×∆k and x′ ∈ R.

We emphasize that we do not at this point have any guaranteed continuity in y. Therefore,
the first inequality does not follow from the second. It is important to note that the second
inequality is a Lipschitz continuity estimate which is uniform for all values of y ∈ ∆k.
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Proof. Recall that f is assumed to be Lipschitz continuity. Fix k ∈ {1, . . . , r} and (x, y) ∈
R × ∆k. Let τ ∈ T be an arbitrary stopping time such that τ ∼

∑r
`=k y`δt`−tk−1

(such a
stopping time exists by Corollary 4.1). Then we have

|E [f(Xx
τ )]| ≤ E [|f(Xx

τ )|]
≤ |f(0)|+ L (|x|+ E [|Wτ |])
≤ |f(0)|+ L (|x|+ E [|Wtr |])

≤ |f(0)|+ L

(
|x|+

√
2

π
tr

)
.

Because τ was arbitrary, we conclude

|vk(x, y)| ≤

(
|f(0)|+ L+

√
2

π
tr

)
(1 + |x|) .

Similarly, for any x′ ∈ R, we have

vk(x
′, y) ≥ E

[
f(Xx′

τ )
]

≥ E [f(Xx
τ )]− L |x− x′| .

Because τ was arbitrary, we conclude

vk(x, y) ≤ vk(x
′, y) + L |x− x′| .

Reversing the roles of x and x′, we see

|vk(x, y)− vk(x′, y)| ≤ L |x− x′| .

Then the result holds for C > 0 sufficiently large.

In the remainder of the chapter, it will prove useful to consider a type of perspective map
on the sets ∆k. For each k ∈ {1, . . . , r}, define Pk : ∆k → ∆k as

Pk(y1, . . . , yr) :=

{
(y1, . . . , yr) if yk = 1

(yk+1 + · · ·+ yr)
−1(0, . . . , 0, yk+1, . . . , yr) if yk < 1.

(4.3)

We note three key properties of this map.

1. For any y ∈ ∆k \ {ek}, we have Pk(y) ∈ ∆k+1,

2. For any y ∈ ∆k, the kth coordinate of Pk(y) is either zero or one, and

3. The map Pk is continuous on ∆k \ {ek}.
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We now provide a dynamic programming lemma whose proof has the same flavor of the
weak dynamic programming results in Bouchard-Touzi [BT11], Bouchard-Nutz [BN12], and
Bayraktar-Yao [BY13]. Compared to these previous results, we have a priori continuity of
the value functions on the right-hand-side, so we do not need to consider upper- and lower-
semicontinuous envelopes. However, we still need to avoid measurable selection, which is a
non-trivial task in state-constrained problems. We extend the ideas of a countable covering
of the state-space by balls, each associated with a nearly optimal stopping time. To deal with
the state-constraints, we employ an argument that utilizes the compactness and convexity
of ∆k along with the continuity of vk+1. The proof of this lemma is largely the heart of the
chapter, but is quite involved, so it is relegated to a later section.

Lemma 4.3 (Dynamic Programming). Suppose that for some k ∈ {1, . . . , r − 1}, the value
function vk+1 : R×∆k+1 → R is continuous. Then for every (x, y) ∈ R×∆k, we have

vk(x, y) = sup
α∈A

E
[
Y

(k),y,α
∆tk

f(Xx
∆tk

) + (1− Y (k),y,α
∆tk

)vk+1

(
Xx

∆tk
, Y y,α

∆tk

)]
s.t. Y y,α

t ∈ ∆k for all t ≥ 0

Y
(k),y,α

∆tk
∈ {0, 1}, almost-surely.

(4.4)

Proof. See Section 4.4.1.

Next, we provide an inductive lemma which shows that we may relax the terminal con-
straint. The proof of this idea relies on a careful construction of a perturbed martingale
which satisfies the terminal constraints of the previous problem, but does not significantly
change the expected pay-off. The proof of this result shares many of the key ideas as used in
that of the previous lemma. For the sake of exposition, we provide this proof in the appendix
as well.

Lemma 4.4 (Constraint Relaxation). Suppose that for some k ∈ {1, . . . , r − 1}, the value
function vk+1 : R×∆k+1 → R is continuous. Then for every (x, y) ∈ R×∆k, we have

vk(x, y) = sup
α∈A

E
[
Y

(k),y,α
∆tk

f(Xx
∆tk

) + (1− Y (k),y,α
∆tk

)vk+1

(
Xx

∆tk
, Pk(Y

y,α
∆tk

)
)]

s.t. Y y,α
t ∈ ∆k for all t ≥ 0, almost-surely,

(4.5)

where Pk : ∆k → ∆k is the perspective map defined in (4.3).

Note, even though Pk(ek) 6∈ ∆k+1, the right-hand-side of (4.5) is well-defined because vk+1

is known to be bounded and continuous. Then there is a unique continuous extension of the
map (x, y) 7→ (1− yk)vk+1(x, y) to from ∆k \ {ek} to ∆k. That is, taking the right-hand-side
to be zero when y = ek.

Proof. See Section 4.4.2.
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Lastly, we record an inductive lemma which provides basic regularity of the form of
continuity of each value function and concavity with respect to the extra state-variables. We
note that concavity is mainly used as a tool to obtain continuity in the extra state-variables,
which is the key property used in the proof of Lemma 4.3. We provide this proof in the final
appendix of the chapter.

Lemma 4.5 (Regularity). Suppose that for some k ∈ {1, . . . , r − 1}, we have vk+1 ∈
C0 (R×∆k+1) and the map

y 7→ vk+1(x, y)

is concave for each x ∈ R. Then vk ∈ C0 (R×∆k) and the map

y 7→ vk(x, y)

is concave for each x ∈ R.

Proof. See Section 4.4.3.

With these three lemmas in hand, we can now state the main result of this chapter.

Theorem 4.1. The function vr : R×∆r → R satisfies

vr(x, y) = E
[
f(Xx

∆tr)
]

for every (x, y) ∈ R×∆r.
For each k ∈ {1, . . . , r − 1}, the function vk : R × ∆k → R is the value function of the

following state-constrained stochastic control problem:

vk(x, y) = sup
α∈A

Ex,y
[
Y

(k),y,α
∆tk

f(Xx
∆tk

) + (1− Y (k),y,α
∆tk

)vk+1

(
Xx

∆tk
, Pk(Y

y,α
∆tk

)
)]

s.t. Y y,α
t ∈ ∆k for all t ≥ 0, almost-surely,

where Pk : ∆k → ∆k is defined as in (4.3).
Of course, we then have

v? = v1(x0, p1, . . . , pr).

Proof. It is clear that vr has the representation above because there is only one admissible
stopping time. The value function vr is continuous by the smoothing properties of the heat
equation (See Evans [Eva10]). For each fixed x ∈ R, the map y 7→ vr(x, y) is trivially concave
because ∆r is a singleton set. The result follows by iteratively applying Lemmas 4.3–4.5.
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4.2.3 Time-dependent value functions and an associated HJB
equation

For the purposes of this chapter, we consider the results of Theorem 4.1 as a solution to
the distribution-constrained optimal stopping problem. However, we can perform one more
transformation which will put the problem in a form more amenable to practical solution
via numerical methods.

In particular, we convert to a time-dependent version of the state-constrained problems,
which will have a corresponding parabolic Hamilton-Jacobi-Bellman (HJB) equation.

We need to first introduce some extra notation which is specific to the time-dependent
problem. In the remainder of the chapter, we will denote

X t,x
u := x+Wu −Wt

Y t,y,α
u := y +

∫ u

t

αs dWs

for any (t, x, y) ∈ [0,∞) × R × Rr, u ∈ [t,∞), and α ∈ A. As before, we will occasionally
denote the kth coordinate of Y t,y,α by Y (k),t,y,α.

Definition 4.3. Define a function wr : [0,∆tr]× R×∆r → R as

wr(t, x, y) := E
[
f(X t,x

∆tr
)
]
.

For each k ∈ {1, . . . , r − 1}, define a function wk : [0,∆tk]× R×∆k → R as

wk(t, x, y) := sup
α∈A

E
[
Y

(k),t,y,α
∆tk

f(X t,x
∆tk

) + (1− Y (k),t,y,α
∆tk

)vk+1

(
X t,x

∆tk
, Pk(Y

t,y,α
∆tk

)
)]

s.t. Y t,y,α
u ∈ ∆k for all u ≥ t, almost-surely,

where Pk : ∆k → ∆k is defined as in (4.3).

We note an immediate relationship with the value functions of Section 4.2.2.

Proposition 4.2. For each k ∈ {1, . . . , r} we have

vk (x, y) = wk(0, x, y)

for all (x, y) ∈ R×∆k.

Proof. This result is obvious from the definition of wk and Theorem 4.1.

Before stating a Dynamic Programming Principle for the time-dependent value func-
tions, we first investigate their regularity. In particular, we aim to demonstrate that wk is
continuous on [0,∆tk)× R×∆k and lower semi-continuous on the boundary.
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Proposition 4.3. There exists C > 0, which depends only on f and µ, such that for each
k ∈ {1, . . . , r − 1}, we have

wk(t, x, y)− wk(t′, x′, y) ≤ C
(
|t− t′|1/2 + |x− x′|

)
for all (t, x, y) ∈ [0,∆tk]× R×∆k and (t′, x′) ∈ [0,∆tk]× R such that t′ ≤ t. Furthermore,

wk(t
′, x′, y)− wk(t, x, y) ≤ C

(
|t− t′|
∆tk − t

+ |x− x′|
)

for all (t, x, y) ∈ [0,∆tk)× R×∆k, and (t′, x′) ∈ [0,∆tk)× R such that t′ ≤ t.

Proof. 1. Fix k ∈ {1, . . . , r − 1} as well as (t, x, y) ∈ [0,∆tk] × R × ∆k and (t′, x′) ∈
[0,∆tk]× R such that t′ ≤ t. Let α ∈ A be an arbitrary control for which Y t,y,α

u ∈ ∆k

for all u ≥ t, almost-surely. Define a new control α′ ∈ A as

α′u := 1{u≥t}αu,

for all u ≥ t′. In particular, we see that Y t′,y,α′
u ∈ ∆k for all u ∈ [t′,∆tk] and Y t′,y,α′

∆tk
=

Y t,y,α
∆tk

, almost-surely. Then

wk(t
′, x′, y) ≥ E

[
Y

(k),t′,y,α′

∆tk
f(X t′,x′

∆tk
) + (1− Y (k),t′,y,α′

∆tk
)vk+1(X t′,x′

∆tk
, Pk(Y

t′,y,α′

∆tk
))
]

= E
[
Y

(k),t,y,α
∆tk

f(X t′,x′

∆tk
) + (1− Y (k),t,y,α

∆tk
)vk+1(X t′,x′

∆tk
, Pk(Y

t,y,α
∆tk

))
]

≥ E
[
Y

(k),t,y,α
∆tk

f(X t,x
∆tk

) + (1− Y (k),t,y,α
∆tk

)vk+1(X t,x
∆tk
, Pk(Y

t,y,α
∆tk

))
]

−2C
(
E
∣∣∣X t,x

∆tk
−X t′,x

∆tk

∣∣∣+ |x− x′|
)
,

where C > 0 is at least as large as the Lipschitz constants for f and vk+1. But recall
that for Brownian motion we can find C > 0 such that

E
∣∣∣X t,x

∆tk
−X t′,x

∆tk

∣∣∣ = E |Wt′ −Wt| ≤ C |t− t′|1/2 .

Using this and the fact that α was arbitrary, we then conclude

wk(t
′, x′, y) ≥ wk(t, x, y)− 2C(C + 1)

(
|t− t′|1/2 + |x− x′|

)
.

2. Fix k ∈ {1, . . . , r− 1} as well as (t, x, y) ∈ [0,∆tk)×R×∆k and (t′, x′) ∈ [0,∆tk)×R
such that t′ ≤ t. Define η :=

√
∆tk−t′
∆tk−t

≥ 1. Let α′ ∈ A be an arbitrary control for

which Y t′,y,α′
u ∈ ∆k for all u ≥ t′, almost-surely. Define new control α ∈ A as

αu := η α′τu ,
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where
τu := η2(u− t) + t′

for all u ∈ [t,∆tk]. Note that αu ∈ Fτu by definition. Because τu ≤ u, we then have
αu ∈ Fu so it is an adapted control. We can also check by the time-change properties
of the Itô Integral that(

W∆tk −Wt, Y
t,y,α

∆tk

) (d)
=
(
η−1(W∆tk −Wt′), Y

t′,y,α′

∆tk

)
.

Then Y t,y,α
u ∈ ∆k for all u ∈ [t,∆tk], almost-surely, by the convexity of ∆k and the

martingale property of Y . Then α is an admissible control.

Then we can compute

wk(t, x, y) ≥ E
[
Y

(k),t,y,α
∆tk

f(X t,x
∆tk

) + (1− Y (k),t,y,α
∆tk

)vk+1(X t,x
∆tk
, Pk(Y

t,y,α
∆tk

))
]

≥ E
[
Y

(k),t′,y,α′

∆tk
f(X t′,x′

∆tk
) + (1− Y (k),t′,y,α′

∆tk
)vk+1(X t′,x′

∆tk
, Pk(Y

t′,y,α′

∆tk
))
]

−2C
(
|x− x′|+ (1− η−1)E |W∆tk −Wt′ |

)
.

Now we proceed to bound the final term in this inequality. First, note that by the
convexity of x 7→ x−1/2, we can a bound

η−1 =

(
1 +

t− t′

∆tk − t

)−1/2

≥ 1− t− t′

2(∆tk − t)
.

Furthermore, for large enough C > 0, depending only upon tr, we have E |Wu| ≤ C for
all u ∈ [0, tr]. Then we can estimate

(1− η−1)E |W∆tk −Wt′ | ≤ 2C
t− t′

2(∆tk − t)
.

Putting these together and recalling that α was arbitrary, we conclude

wk(t, x, y) ≥ w(t′, x′, y)− 2C(1 + C)

(
|x− x′|+ |t− t

′|
∆tk − t

)
.

Then we can immediately make the following claim:

Corollary 4.3. The function wr : [0,∆tr] × R × ∆r → R is continuous. For each k ∈
{1, . . . , r − 1}, the function wk : [0,∆tk] × R × ∆k → R is lower semi-continuous, concave
in y, and continuous when restricted to [0,∆tk)× R×∆k.
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Proof. The continuity of wr is a standard result because there are no controls involved in
the definition and the terminal pay-off is assumed Lipschitz. The remaining claims follow
from the same argument as in the proof of Lemma 4.5 when using the estimates from
Proposition 4.3.

The upside of this representation is that we can characterize each time-dependent value
function wk as a viscosity solution of a corresponding HJB equation. At this point, we can
prove a Dynamic Programming Principle for the time-dependent value functions. While
these are state-constrained stochastic control problems, we can directly use the a priori
continuity of wk in y and convexity of ∆k as in the proof of Lemma 4.3.

For every t ≥ 0, define At as the sub-collection of controls in A which are independent
of Ft. Then we have the following result.

Theorem 4.2. Fix k ∈ {1, . . . , r − 1}, (t, x, y) ∈ [0,∆tk) × R × ∆k, and any h > 0 such
that t + h < ∆tk. Let {τα}α∈At be a family of stopping times independent of Ft and valued
in [t, t+ h]. Then

wk(t, x, y) = sup
α∈At

E
[
w(τα, X t,x

τα , Y
t,y,α
τα )

]
s.t. Y t,y,α

u ∈ ∆k for all u ≥ t, almost-surely.

Proof. See the Appendix of Bayraktar-Miller [BM16].

From this result, we immediately can verify that each time-dependent value function is a
viscosity solution of an HJB. Once we have the Dynamic Programming Principle in hand, this
result becomes reasonably standard, so we direct the interested reader to Katsoulakis [Kat94],
Bouchard-Nutz [BN12], and Rokhlin [Rok14].

Proposition 4.4. The function wr : [0,∆tr] × R × ∆r → R is the unique solution of the
following heat equation (in reversed time):{

ut + 1
2
uxx = 0 in [0,∆tr)× R×∆r

u = f on {t = ∆tr} × R×∆r.

For each k ∈ {1, . . . , r−1}, if wk : [0,∆tk]×R×∆k×R is a lower semi-continuous viscosity
solution of the following HJB equation:{

ut + sup
a∈Ak(y)

[
1
2
uxx + a ·Dyux + 1

2
a>D2

yu a
]

= 0 in [0,∆tk)× R×∆k

u = ykf(x) + (1− yk)wk+1 (0, x, Pk(y)) on {t = ∆tk} × R×∆k,

where Ak(y) := {a ∈ Rr | ∃ε > 0 s.t. y + a (−ε, ε) ⊂ ∆k}.

One would then expect to be able to prove a comparison principle for these HJB equation.
Because the controls are unbounded, the Hamiltonian is potentially discontinuous, so this is
not an immediate result. However, one would expect to be able to show that each wk is the
unique lower semi-continuous viscosity solution which has at most linear asymptotic growth
in x. We leave the details of this procedure to future work.
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4.3 Application to Superhedging with a Volatility

Outlook

In this section, we consider a particular example of an application of distribution-constrained
optimal stopping in mathematical finance. In particular, we consider the problem of model-
free superhedging a contingent claim with payoff f(XT ) using only dynamic trading in an
underlying asset X.

We assume that the price process Xt is a martingale under some unknown martingale
measure Q, but do not specify the exact volatility dynamics. However, in this problem
we assume that we have an outlook on the volatility in the form of the distribution of the
quadratic variation, 〈X〉T .1

4.3.1 Model-free super-hedging setup

We follow the model-free setting of Galichon-Henry-Labordère-Touzi [GHLT14] and Bonnans-
Tan [BT13]. Let Ω := {ω ∈ C([0, T ],R) | ω0 = 0} be the canonical space equipped with
uniform norm ‖ω‖∞ := sup

0≤t≤T
|ωt|, B the canonical process, Q0 the Weiner measure, F :=

{Ft}0≤t≤T the filtration generated by B, and F+ := {F+
t }0≤t≤T the right-limit of F.

Fix some initial value x0 ∈ R. Then we denote

Xt := x0 +Bt.

For any real-valued, F-progressively measurable process α satisfying
∫ T

0
α2
s ds <∞, Q0-a.s.,

we define the probability measure on (Ω,F),

Qα := Q0 ◦ (Xα)−1 ,

where

Xα
t := x0 +

∫ t

0

αr dBr.

Then Xα is a Qα-local martingale. We denote by Q the collection of all such probability
measures Q on (Ω,F) under which X is a Q-uniformly integrable martingale. The quadratic
variation process 〈X〉 = 〈B〉 is universally defined under any Q ∈ Q, and takes values in the
set of all non-decreasing continuous functions from R+ to R+.

Let µ be a given probability distribution of the form (4.1). Then we consider the problem:

U := sup
Q∈Q

EQ [f(XT )]

s.t. 〈X〉T ∼ µ,
1We note that, while it may seem unlikely that we have an atomic measure representing our volatility

outlook, this is a reasonable starting place for two reasons. It is possible to approximate more general
measures by atomic measures since it is possible to prove continuity of the value function in the Wasserstein
topology (See e.g. Lemma 3.1 in Cox-Källblad [CK15]). Second, pricing by allowing only a finite number of
scenarios, as opposed to specifying a full continuous-valued model, is sometimes the standard in industry (e.g.
the specification of rates, default, and prepayment scenarios in standard models for securitized products).
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where Q is a collection of admissible martingale measures. This corresponds to a model-free
superhedging price in a sense made clear by the duality results in, for example, Bonnans-
Tan [BT13].

4.3.2 Equivalence with distribution-constrained optimal stopping

We show that this problem is equivalent to distribution-constrained optimal stopping of
Brownian motion.

Proposition 4.5. We have

U := sup
Q∈Q

EQ [f(XT )] = sup
τ∈T (µ)

EQ0 [f(Xτ )] .

s.t. 〈X〉T ∼ µ,

where Q0 is the measure under which Xt is a Brownian motion.

Proof. This argument can be found in Theorem 2.4 of Bonnans-Tan [BT13]. For complete-
ness, we reproduce it below.

Let Q ∈ Q such that the Q-distribution of 〈X〉T is µ. It follows by the time-change
martingale theorem that XT = x + W̃〈X〉T where W̃ is a standard Brownian motion and
τ := 〈X〉T is a stopping time with respect to the time-changed filtration with distribution
µ. Then U ≤ sup

τ∼µ
EQ0 [f(Xτ )].

Let τ be a stopping time such that τ ∼ µ. Define a process Xτ as

Xτ
t := x+Bτ∧ t

T−t
.

Then Xτ is a continuous martingale on [0, T ] with 〈Xτ 〉T = τ . Then Xτ induces a probability
measure Q ∈ Q such that 〈Xτ 〉T = τ ∼ µ. Then the opposite inequality holds.

Then one can obtain a model-free super-hedging price with a volatility outlook by solving
the iterated stochastic control problem in Section 4.2.2.

4.3.3 Numerical example

In this section we obtain approximate numerical solutions of the distribution-constrained
optimal stopping problem using finite-difference schemes.

In particular, we consider two potential outlooks on volatility. In the first, the binary
outlook, we assume equal probability between a high- and low-volatility scenario:

µ2 :=
1

2
δ10 +

1

2
δ20.
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In the second, we augment the binary outlook with a third extreme volatility scenario which
occurs with small probability:

µ3 :=
9

20
δ10 +

9

20
δ20 +

1

10
δ100.

Our goal is to compute the model-free superhedging price of a European call option under
each volatility outlook. Because we do not restrict to models where the price process is
non-negative, we can take the pay-off to be f(x) := x+ without loss of generality.

Then, as before, we define value functions for each outlook as

v2(x) := sup
τ∈T (µ2)

Ex [f(Wτ )] and v3(x) := sup
τ∈T (µ3)

Ex [f(Wτ )] .

We solve the problem using the iterated stochastic control approach from Section 4.2.2.
In particular, obtaining a viscosity solution of the corresponding Hamilton-Jacobi-Bellman
equation in Section 4.2.3 using a finite-difference scheme. It is important to emphasize that,
because of potential degeneracy due to the extra state-variables in w2 and w3, it is critical
to use a monotone numerical scheme.

In these results, we apply a version of the wide-stencil scheme introduced in Ober-
man [Obe07]. In particular, we approximate the non-linear terms in each equation by
monotone finite-difference approximations of the following form:

sup
a∈R

(
1
a

)>(
uxx uxy
uxy uyy

)(
1
a

)
≈ max

k∈K(t,x,y)

u(x+ h, t, y + k)− 2u(x, t, y) + u(x− h, t, y − k)

h2
,

where the set K(t, x, y) is a collection such that y ± k lies on nearby grid-points. For a
rigorous analysis of wide-stencil schemes for degenerate elliptic equations, we refer the reader
to Oberman [Obe08; Obe07] and Froese-Oberman [FO11].

For comparison, we consider two main special cases, which we refer to as the “mean
volatility” value and the “support-constrained” value. We define the mean volatility value
as the model-free superhedging price obtained by assuming the quadratic variation will be
equal to the mean of the distribution in the corresponding distribution-constrained problem.
We define their corresponding value functions as v2 and v3, respectively. On the other hand,
we define the support-constrained value as the model-free superhedging price obtained when
only restricting the quadratic variation to have the same support as that of the distribution
in the corresponding distribution-constrained problem. We define their corresponding value
functions as v2 and v3, respectively.

We expect the following ordering:

f(x) ≤ v2(x) ≤ v2(x) ≤ v2(x)

and
f(x) ≤ v3(x) ≤ v3(x) ≤ v3(x).
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Figure 4.1: Comparison of the model-free superhedging values for with distribution con-
straints on quadratic variation, support constraints on quadratic variation, and under aver-
aged quadratic variation. Each of these is in the two-atom (binary) volatility outlook. The
distribution-constrained value corresponds with the value function of an optimal stopping
problem under a two-atom distribution constraint.

Furthermore, we note that we can compute v2, v2, v3, and v3 explicitly in terms of heat
kernels.

We illustrate the value function for the two- and three-atom problem in Figure 4.1 and
Figure 4.2, respectively. As expected, we see a superhedging value which is increasing in
the underlying asset price (or, equivalently, decreasing in the strike price) and respects the
bounds implies by the support-constrained and average-volatility models. As expected, the
bound provided by the support-constrained superhedging problem is particularly poor in the
three-model volatility outlook, where we stipulate that the high volatility (high value) case
is rare.

It is interesting to note that careful comparison of the two figures illustrates an increase in
superhedging value between the two volatility outlooks which is roughly proportional to the
increase in square-root of expected quadratic variation. For example, there is approximately
a 25% increase in value at x = 0, which is essentially exactly in-line with the 25.2% increase
in square-root of expected quadratic variation between the two outlooks. This matches our
intuition that call option superhedging prices should be proportional to expected volatility
to first order.

In Figure 4.3, we provide a probability density estimate of W10 conditional on τ = 10 and
τ = 20 for an approximate optimal stopping time for the two-atom volatility outlook model
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Figure 4.2: Comparison of the model-free superhedging values for with distribution con-
straints on quadratic variation, support constraints on quadratic variation, and under aver-
aged quadratic variation. Each of these is in the three-atom (trinary) volatility outlook. The
distribution-constrained value corresponds with the value function of an optimal stopping
problem under a three-atom distribution constraint.

starting from W0 = 0. We obtain these estimates by performing Monte Carlo simulations
with controls estimated from a numerical solution of the associated HJB equations. We
use grid spacings dx = 0.1, dy = 0.005, and dt = 0.01. We perform 107 simulations and
verify that relevant statistics from the Monte Carlo simulation match those from the finite-
difference solutions (e.g. expected pay-off, distribution and moments of the stopping time
and stopped process) to within a reasonable margin of error.

The density estimates provide insight into form of an optimal strategy. Recall, the payoff
is locally-affine at all points except x = 0, where it is strictly convex instead. Then we
expect an optimal stopping strategy to be one which maximizes local time accumulated at
the origin. As expected, we find that the density of W10 conditional upon τ = 10 is largely
concentrated on points away from x = 0, at which the pay-off process is unlikely to spend
significant time as a sub-martingale if we were to choose not to stop.

It is interesting to note the lack of sharp cut-off between the two density estimates. One
might expect the optimal strategy is of a form where there exists a “stopping region” and a
“continuation region.” On the contrary, the smooth overlap of the two density estimates is
persistent even as we vary the resolution of the finite-difference solver, which suggests that
the true optimal stopping strategy is not of the form {τ = 10} ⊂ σ(W10). The numerics
suggest that optimal stopping strategies may be path-dependent even in simple examples.
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Figure 4.3: Probability density estimates of W10 conditional on τ = 10 and τ = 20 for
an optimal stopping time for the two-atom volatility outlook model starting from W0 = 0.
Density estimates were made by Monte Carlo simulations on high-resolution solutions to the
associated HJB equations. Sample size, N = 107.
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4.4 Proof of Lemmas 4.3–4.5

In this section, we provide a full proof of the three main lemmas contained in this chapter.

4.4.1 Proof of Lemma 4.3

This first argument is in the spirit of proofs of the weak dynamic programming which avoid
measurable selection, as in Bouchard-Touzi [BT11], Bouchard-Nutz [BN12], and Bayraktar-
Yao [BY13]. In these arguments, the authors typically use a covering argument to find a
countable selection of ε-optimal controls on small balls of the state-space. The main difficulty
here is that, while a control may be admissible for the state-constrained problem at one point
in state-space, there is no reason to expect it to satisfy the state constraints starting from
nearby states.

The new idea in our approach is to cover ∆k+1 with a finite mesh. We show that we
can replace the process Y by a modified process Y ε, which lies on the mesh points almost-
surely at the terminal time. We construct the new process in a measurable way using the
Martingale Representation Theorem on a carefully constructed random variable. Then we
show that, using the continuity of vk+1, that the objective function along Y is close to that
along Y ε for a fine enough grid.

Once we know we can consider a perturbed process Y ε which lies on a finite number of
points in ∆k+1 at the terminal time almost-surely, we can construct ε-optimal stopping times
using a standard Lindelöf covering argument in R.

Proof. Fix (x, y) ∈ R×∆k. For convenience of notation, define θ := ∆tk and

A := sup
α∈A

E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Y
y,α
θ )

]
s.t. Y y,α

t ∈ ∆k for all t ≥ 0

Y
(k),y,α
θ ∈ {0, 1}, almost-surely.

Let ε > 0, R > 0, δ > 0, and h > 0 be constants to be fixed later.

1. We start by constructing a finite mesh on ∆k+1. By the continuity of vk+1, we can take
δ small enough such that

|vk+1(x′, y′)− vk+1(x′, y′′)| ≤ ε

for every x′ ∈ R and y′, y′′ ∈ ∆k+1 such that |x − x′| ≤ R and |y′ − y′′| ≤ δ. Let
P := {yj}Nj=1 be a finite subset of ∆k+1 with the property that

• The convex hull of P is ∆k+1, and

• Any point y ∈ ∆k+1 can be written as a convex combination of finitely-many
points in P , each contained in a δ-neighborhood of y.
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This is possible by compactness and convexity of ∆k+1. In particular, we can define a
continuous function T : ∆k+1 → [0, 1]N with the properties that

• Tj(y) = 0 for all y ∈ ∆k+1 such that |y − yj| > δ

•
∑N

j=1 Tj(y) = 1 for all y ∈ ∆k+1, and

•
∑N

j=1 yjTj(y) = y for all y ∈ ∆k+1.

This corresponds to a continuous map from a point y ∈ ∆k+1 to a probability weighting
of points in P such that y is a convex combination of nearby points in P . Such a map
can be obtained by an `2-minimization problem, for instance.

2. Let L > 0 denote the Lipschitz constant of f . Recall by Proposition 4.1 that L is also
a Lipschitz constant for vk+1 in x. Let {Ai}i≥1 be a countable and disjoint covering of
R with an associated set of points {xi} such that the ball of diameter εL−1 centered
at xi contains the set Ai.

For each i ≥ 1 and j ∈ {1, . . . , N}, let τi,j be a stopping time satisfying τi,j ∼∑r
`=k+1 y

(`)
j δt`−tk such that

E
[
f(Xxi

τi,j
)
]
≥ vk+1(xi, yj)− ε.

By the Lipschitz continuity of f and vk+1 and the definition of the sets Ai, we have

vk+1(xi, yj) ≥ vk+1(x, yj)− ε

E
[
f(Xx

τi,j
)
]
≥ E

[
f(Xxi

τi,j
)
]
− ε

for all x ∈ Ai.
Putting these inequalities together, we conclude that

E
[
f(Xx

τi,j
)
]
≥ vk+1(x, yj)− 3ε

for all i ≥ 1, j ∈ {1, . . . , N}, and x ∈ Ai.

3. Let α ∈ A be an arbitrary control for which Y y,α
t ∈ ∆k for t ≥ 0 and Y

(k),y,α
θ ∈ {0, 1}

almost-surely. For any 0 < h << θ, define two random variables, M1 and M2, as

M1 := h−1/2 (Wθ −Wθ−h) (4.6)

M2 := h−1/2 max
θ−h≤s≤θ

|Ws −Wθ−h − δ−1 (s− θ + h) (Wθ −Wθ−h) |.

Then M1 and M2 are Fθ-measurable and independent of each other. M1 is equal in
distribution to a standard normal distribution, the cumulative distribution function of
which we denote by Φ. Similarly, M2 is equal in distribution to the absolute maximum
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of a standard Brownian bridge on [0, 1], the cumulative distribution function of which
we denote by ΦBB. Furthermore, if we define G := σ (Fθ−h ∪ σ(Wθ)), then M1 is
G-measurable, while M2 is independent of G.

Define a random vector Y θ as

Y
(k)

θ := 1{
M2≤Φ−1

BB

(
Y

(k),y,α
θ−h

)}
and

Y
(k+1):r

θ := 1{
M2>Φ−1

BB

(
Y

(k),y,α
θ−h

)} N∑
j=1

yj1{Φ−1(
∑j−1
i=1 Ti(Pk(Y y,αθ−h)))<M1≤Φ−1(

∑j
i=1 Ti(Pk(Y y,αθ−h)))},

where we follow the conventions that Φ−1(0) = −∞, Φ−1(1) = +∞, and that sums
over an empty set are zero. Then Y θ ∈ ∆k is Fθ-measurable and is constructed to have
the key property that E

[
Y θ | Fθ−h

]
= Y y,α

θ−h, almost-surely.

By the Martingale Representation Theorem, there exists αε ∈ A for which Y y,αε
θ = Y θ

almost-surely. Then, by construction, Y y,αε
t ∈ ∆k for all t ≥ 0, Y

(k),y,αε
θ ∈ {0, 1}, and

Y y,αε
θ ∈ P when Y

(k),y,αε
θ = 0, almost-surely.

We now perform a key computation. First note that

E
[
Y

(k),y,αε
θ f(Xx

θ ) + (1− Y (k),y,αε
θ )vk+1 (Xx

θ , Y
y,αε
θ )

]
= E

[
1{Y (k)

θ =1}f(Xx
θ )
]

+ E
[
1{Y (k)

θ =0}vk+1

(
Xx
θ , Y θ

)]
.

For the first term on the right-hand-side, we simply compute

E
[
1{Y (k)

θ =1}f(Xx
θ )
]

= E
[
1{M2≤Φ−1

BB

(
Y

(k),y,α
θ−h

)
}f(Xx

θ )

]
= E

[
E
[
1{M2≤Φ−1

BB

(
Y

(k),y,α
θ−h

)
} | G

]
f(Xx

θ )

]
= E

[
Y

(k),y,α
θ−h f(Xx

θ )
]
.

We deal with the second term in a similar way, but the computation is more involved.
Note that by construction we have

‖Y θ − Pk(Y y,α
θ−h)‖`∞ ≤ δ

almost-surely in the set {Y (k)

θ = 0}. Recall we also took δ small enough such that

|vk+1(x′, y′)− vk+1(x′, y′′)| ≤ ε
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for all x′ ∈ R and y′, y′′ ∈ ∆k+1 such that |x− x′| ≤ R and |y′ − y′′| ≤ δ. But then we
can compute

E
[
1{Y (k)

θ =0}vk+1(Xx
θ , Y θ)

]
= E

[
1{Y (k)

θ =0}1{|Wθ|≤R}vk+1(Xx
θ , Y θ)

]
+ E

[
1{Y (k)

θ =0}1{|Wθ|≥R}vk+1(Xx
θ , Y θ)

]
≥ E

[
1{Y (k)

θ =0}1{|Wθ|≤R}vk+1(Xx
θ , Pk(Y

y,α
θ−h))

]
+E

[
1{Y (k)

θ =0}1{|Wθ|≥R}vk+1(Xx
θ , Y θ)

]
− ε

≥ E
[
1{Y (k)

θ =0}vk+1(Xx
θ , Pk(Y

y,α
θ−h))

]
−

E
[
1{|Wθ|≥R}

(∣∣vk+1(Xx
θ , Y θ)

∣∣+
∣∣vk+1(Xx

θ , Y
y,α
θ−h)

∣∣)]− ε
≥ E

[
1{Y (k)

θ =0}vk+1(Xx
θ , Pk(Y

y,α
θ−h))

]
−
√

P [|Wθ| ≥ R]
√

2C(1 + |x|)− ε

≥ E
[
1{Y (k)

θ =0}vk+1(Xx
θ , Pk(Y

y,α
θ−h))

]
−R−1

√
Cθ(1 + |x|)− ε.

With this in hand, we now complete the analysis of the second term:

E
[
1{Y (k)

θ =0}vk+1(Xx
θ , Pk(Y

y,α
θ−h))

]
= E

[
1{M2>Φ−1

BB

(
Y

(k),y,α
θ−h

)
}vk+1(Xx

θ , Pk(Y
y,α
θ−h))

]
= E

[
E
[
1{M2>Φ−1

BB

(
Y

(k),y,α
θ−h

)
} | G

]
vk+1(Xx

θ , Pk(Y
y,α
θ−h))

]
= E

[
(1− Y (k),y,α

θ−h )vk+1(Xx
θ , Pk(Y

y,α
θ−h))

]
.

Using the continuity of f , vk+1, and Pk, along with the Dominated Convergence The-
orem, we note

lim
h→0

E
[
Y

(k),y,α
θ−h f(Xx

θ ) + (1− Y (k),y,α
θ−h )vk+1

(
Xx
θ , Pk(Y

y,α
θ−h)

)]
= E

[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Pk(Y
y,α
θ ))

]
= E

[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Y
y,α
θ )

]
.

Then putting these results together, we see that for large enough R and small enough
h we have

E
[
Y

(k),y,αε
θ f(Xx

θ ) + (1− Y (k),y,αε)vk+1 (Xx
θ , Y

y,αε
θ )

]
≥ E

[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Y
y,α
θ )

]
− 3ε.

4. Lastly, we intend to construct an ε-optimal stopping time using the covering from the
second step. Define a stopping time τε as

τε := θ + 1{Y (k),y,αε
θ =0}

∞∑
i=1

N∑
j=1

τi,j1{Xx
θ ∈Ai}1{Y

y,αε
θ =yj}.
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By construction, we have τε ∼
∑r

`=k y`δt`−tk−1
. We proceed to make a careful compu-

tation. First, note that

E
[
f(Xx

τε)
]

= E
[
1{τε=θ}f(Xx

θ )
]

+ E
[
1{τε>θ}f(Xx

τε)
]
.

We focus on the second term. In particular, we have

E
[
1{τε>θ}f(Xx

τε)
]

=
∞∑
i=1

N∑
j=1

E
[
1{Y (k),y,αε

θ =0}1{Xx
θ ∈Ai}1{Y

y,αε
θ =yj}f(Xx

θ+τi,j
)
]

=
∞∑
i=1

N∑
j=1

E
[
1{Y (k),y,αε

θ =0}1{Xx
θ ∈Ai}1{Y

y,αε
θ =yj}E

[
f(Xx

θ+τi,j
) | Fθ

]]
≥
∞∑
i=1

N∑
j=1

E
[
1{Y (k),y,αε

θ =0}1{Xx
θ ∈Ai}1{Y

y,αε
θ =yj}vk+1(Xx

θ , Y
y,αε
θ )

]
− 3ε

= E
[
(1− Y (k),y,αε

θ )vk+1(Xx
θ , Y

y,αε
θ )

]
− 3ε.

Then we conclude

E
[
f(Xx

τε)
]
≥ E

[
Y

(k),y,αε
θ f(Xx

θ ) + (1− Y (k),y,αε
θ )vk+1(Xx

θ , Y
y,αε
θ )

]
− 3ε.

Combining this with the main inequality from the previous step, we obtain

vk(x, y) ≥ E
[
f(Xx

τε)
]

≥ E
[
Y

(k),y,αε
θ f(Xx

θ ) + (1− Y (k),y,αε
θ )vk+1(Xx

θ , Y
y,αε
θ )

]
− 3ε

≥ E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Y
y,α
θ )

]
− 6ε.

Because ε and α were arbitrary, then we conclude A ≤ vk(x, y).

5. Let τ ∈ T be an arbitrary stopping time such that τ ∼
∑r

i=k yiδti−tk−1
. Define a

martingale as
Y

(i)
t := E

[
1{τ=ti−tk−1} | Ft

]
for all t ≥ 0 and each i ∈ {k, . . . , r}. We can easily check that Y

(i)
0 = yi for each

i ∈ {k, . . . , r} and

Y
(k)
t + · · ·+ Y

(r)
t = E

[
1{τ=tk−tk−1} + · · ·+ 1{τ=tr−tk−1} | Ft

]
= 1.

Then if we consider Y as an Rr-valued martingale with Y
(i)
t ≡ 0 for all i ∈ {1, . . . , k−1},

then we see Yt ∈ ∆k for each t ≥ 0. Finally, we have

Y
(k)
θ = E

[
1{τ=θ} | Fθ

]
= 1{τ=θ} ∈ {0, 1}.



Distribution-Constrained Optimal Stopping 79

Then by the Martingale Representation Theorem, there exists α ∈ A for which Y y,α
t =

Yt for all t ≥ 0, almost-surely. We can compute

E [f(Xx
τ )] = E

[
1{τ=θ}f(Xx

θ ) + 1{τ>θ}f(Xx
τ )
]

= E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )E [f(Xx

τ ) | Fθ]
]
.

On the set {τ > θ}, we have

P [τ − θ = ti − tk | Fθ] = E
[
1{τ=ti−tk−1} | Fθ

]
= Y

(i)
θ

for each i ∈ {k + 1, . . . , r}. For almost every ω ∈ {τ > θ}, we have

E [f(Xx
τ ) | Fθ] ≤ vk+1 (Xx

θ , Y
y,α
θ )

by the Strong Markov Property of Brownian motion. Then we conclude

E [f(Xx
τ )] = E

[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )E [f(Xx

τ ) | Fθ]
]

≤ E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1(Xx

θ , Y
y,α
θ )

]
≤ A.

Because τ was an arbitrary stopping time, this implies

vk(x, y) ≤ A

4.4.2 Proof of Lemma 4.4

The main idea of this argument is that we can take a controlled process Y , which does not
satisfy Y

(k)
∆tk
∈ {0, 1}, and modify it on an interval [∆tk − h,∆tk] to a perturbed process Y ε

with the properties that Y∆tk−h = Y ε
∆tk−h and Y

ε,(k)
∆tk
∈ {0, 1}. In particular, we may do this

in a way that does not appreciably change the expected pay-off.
One key idea which we draw the reader’s attention toward is the use of the Brownian

bridge over [∆tk − h,∆tk] in the construction. This construction is in the spirit of Corol-
lary 4.2. While one might initially attempt a construction similar to Corollary 4.1, using a
Brownian bridge instead of Brownian increments allows us to condition on W∆tk at a key
point in the argument.

Proof. Fix (x, y) ∈ R×∆k. For convenience of notation, define θ := ∆tk,

A := sup
α∈A

E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Y
y,α
θ )

]
s.t. Y y,α

t ∈ ∆k for t ≥ 0

Y
(k),y,α
θ ∈ {0, 1} almost-surely,
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and
B := sup

α∈A
E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Pk(Y
y,α
θ ))

]
s.t. Y y,α

t ∈ ∆k for t ≥ 0.

By Lemma 4.3, we have vk(x, y) = A.

1. Let α ∈ A be an arbitrary control for which Y y,α
t ∈ ∆k for t ≥ 0 and Y

(k),y,α
θ ∈ {0, 1}

almost-surely. Note that Y y,α
θ = Pk(Y

y,α
θ ) on the set {Y (k),y,α = 0}, almost-surely.

Then

E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Y
y,α
θ )

]
= E

[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Pk(Y
y,α
θ ))

]
≤ B.

Because α was arbitrary, we conclude A ≤ B.

2. Let α ∈ A be an arbitrary control for which Y y,α
t ∈ ∆k for t ≥ 0, almost-surely. For

any 0 < h << θ, define a random variable M as

M := h−1/2 max
θ−h≤s≤θ

|Ws −Wθ−h − δ−1 (s− θ + h) (Wθ −Wθ−h) |.

Then M is Fθ-measurable and is equal in distribution to the absolute maximum of a
standard Brownian bridge on [0, 1], the cumulative distribution function of which we
denote by ΦBB. If we define G := σ (Fθ−h ∪ σ(Wθ)), then M2 is independent of G.

Define a random vector Y θ as

Y
(k)

θ := 1{M≤Φ−1
BB

(
Y

(k),y,α
θ−h

)
}

and
Y

(k+1):r

θ := Pk(Y
y,α
θ−h)1{M>Φ−1

BB

(
Y

(k),y,α
θ−h

)
}.

Let Y
(i)

θ ≡ 0 for any i ∈ {1, . . . , k − 1}. Then Y θ is Fθ-measurable and has the key

property that E
[
Y θ | Fθ−h

]
= Y y,α

θ−h. We also note that E
[
1{Y (k)

θ =1} | G
]

= Y
(k),y,α
θ−h .

By the Martingale Representation Theorem, there exists αε ∈ A such that Y y,αε
t ∈ ∆k

for t ≥ 0, Y
(k),y,αε
θ ∈ {0, 1}, and Y y,αε

θ = Y θ almost-surely. We can then compute

E
[
Y

(k),y,αε
θ f(Xx

θ ) + (1− Y (k),y,αε
θ )vk+1 (Xx

θ , Y
y,αε
θ )

]
= E

[
1{Y (k)

θ =1}f(Xx
θ ) + 1{Y (k)

θ =0}vk+1

(
Xx
θ , Y

(k)

θ

)]
= E

[
1{Y (k)

θ =1}f(Xx
θ ) + 1{Y (k)

θ =0}vk+1

(
Xx
θ , Pk(Y

y,α
θ−h)

)]
= E

[
E
[
1{Y (k)

θ =1}f(Xx
θ ) + 1{Y (k)

θ =0}vk+1

(
Xx
θ , Pk(Y

y,α
θ−h)

)
| G
]]

= E
[
E
[
1{Y (k)

θ =1} | G
]
f(Xx

θ ) + E
[
1{Y (k)

θ =0} | G
]
vk+1

(
Xx
θ , Pk(Y

y,α
θ−h)

)]
= E

[
Y

(k),y,α
θ−h f(Xx

θ ) + (1− Y (k),y,α
θ−h )vk+1

(
Xx
θ , Pk(Y

y,α
θ−h)

)]
.
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But by the continuity and growth bounds of f and vk+1, we can apply the Dominated
Convergence Theorem to see

lim
δ→0+

E
[
Y

(k),y,α
θ−h f(Xx

θ ) + (1− Y (k),y,α
θ−h )vk+1

(
Xx
θ , Pk(Y

y,α
θ−h)

)]
= E

[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Pk(Y
y,α
θ ))

]
.

So then for any ε > 0, we may take δ > 0 small enough that

E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1 (Xx

θ , Pk(Y
y,α
θ ))

]
≤ E

[
Y

(k),y,α
θ−h f(Xx

θ ) + (1− Y (k),y,α
θ−h )vk+1

(
Xx
θ , Pk(Y

y,α
θ−h)

)]
+ ε

= E
[
Y

(k),y,αε
θ f(Xx

θ ) + (1− Y (k),y,αε
θ )vk+1 (Xx

θ , Y
y,αε
θ )

]
+ ε

≤ A+ ε.

Because ε and α were arbitrary, we conclude B ≤ A.

4.4.3 Proof of Lemma 4.5

Proof. By Lemma 4.4, we can use either representation (4.2) or (4.5) of vk, as is convenient,
in this proof. Recall that there exists C > 0 large enough such that

|vk(x, y)− vk(x′, y)| ≤ C |x− x′|

for all (x, y) ∈ R×∆k and x′ ∈ R.

1. We first aim to demonstrate that the map y 7→ vk(x, y) is concave for any x ∈ R. The
key observation is that the map

∆k \ {ek} 3 y 7→ (1− yk)vk+1 (x, Pk(y))

= (yk+1 + · · ·+ yr)vk+1

(
x,

(0, . . . , 0, yk+1, . . . , yr)

yk+1 + · · ·+ yr

)
is concave for every x ∈ R because it is the perspective transformation of the concave
map ∆k+1 3 y 7→ vk+1(x, y) (See Section 3.2.6 in Boyd-Vandenberghe [BV04]).

With this in mind, fix x ∈ R, y1, y2 ∈ ∆k, and λ ∈ [0, 1]. Let α1, α2 ∈ A be arbitrary
controls for which

Y y1,α1
t , Y y2,α2

t ∈ ∆k,

almost-surely, for all t ≥ 0. Define y := λy1 + (1− λ)y2 and αt := λα1,t + (1− λ)α2,t.
Then α ∈ A and

Y y,α
t ∈ ∆k,
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almost-surely, for all t ≥ 0 by the convexity of the set ∆k.

Then using the concavity of the perspective map, we can compute

vk(x, y) ≥ E
[
Y

(k),y,α
θ f(Xx

θ ) + (1− Y (k),y,α
θ )vk+1

(
Xx
θ , Pk(Y

y,α
θ )

)]
≥ Ex

[
Y

(k),y,α
θ f(Xx

θ ) + λ(1− Y (k),y1,α1

θ )vk+1 (Xx
θ , Pk(Y

y1,α1

θ ))

+(1− λ)(1− Y (k),y2,α2

θ )vk+1 (Xx
θ , Pk(Y

y2,α2

θ ))
]

= λE
[
Y

(k),y1,α1

θ f(Xx
θ ) + (1− Y (k),y1,α1

θ )vk+1 (Xx
θ , Pk(Y

y1,α1

θ ))
]

+(1− λ)E
[
Y

(k),y2,α2

θ f(Xx
θ ) + (1− Y (k),y2,α2

θ )vk+1 (Xx
θ , Pk(Y

y2,α2

θ ))
]
.

But because α1, α2 were arbitrary, we conclude

vk(x, y) ≥ λvk(x, y1) + (1− λ)vk(x, y2).

2. In particular, the concavity result implies that for any x ∈ R, the map ∆k 3 y 7→
vk(x, y) is continuous on the relative interior of ∆k, and always lower semi-continuous.
We claim these properties carry over to the function vk by the uniform Lipschitz esti-
mate of Proposition 4.1.

Let {(xn, yn)}n≥1 ⊂ R×∆k be a sequence converging to (x0, y0) ∈ R×∆k as n→∞.
Then we can compute

vk(xn, yn) ≤ |vk(xn, yn)− vk(x0, yn)|+ vk(x0, yn)

≤ C |xn − x0|+ vk(x0, yn).

But this implies
lim inf
n→∞

vk(xn, yn) ≤ vk(x0, y0)

by the lower semi-continuity of the map y 7→ vk(x0, y0). Then vk is lower semi-
continuous.

If y0 ∈ rel int(∆k), then we similarly compute

|vk(xn, yn)− vk(x0, y0)| ≤ |vk(xn, yn)− vk(x0, yn)|+ |vk(x0, yn)− vk(x0, y0)|
≤ C |xn − x0|+ |vk(x0, yn)− vk(x0, y0)| → 0

as n→∞ by the continuity of y 7→ vk(x0, y) at y0. Then vk is continuous for any point
in the relative interior of R×∆k.

3. Next we show that vk is continuous near vertices of the simplex ∆k. Fix (x0, y0) ∈
R × ∆k where y0,` = 1 for some ` ∈ {k, . . . , r}. Denote by I the subset of indices
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i ∈ {k, . . . , r} for which i 6= `. Note that there is only a single admissible stopping
time at the point (x0, y0), so

vk(x0, y0) = E
[
f(Xx0

t`−tk−1
)
]
.

Let {(xn, yn)}n≥1 ⊂ R×∆k be a sequence converging to (x0, y0). For any ε > 0, take
n ≥ 1 large enough that ‖yn − y0‖`∞ ≤ ε and |xn − x0| ≤ ε. Let τn be an arbitrary
stopping time such that τn ∼

∑r
i=k yn,iδti−tk−1

. Then we can compute

E
[
f(Xxn

τn )
]
≤ L |xn − x0|+

r∑
i=k

E
[
1{τn=ti−tk−1}f(Xx0

ti−tk−1
)
]

≤ vk(x0, y0) + Lε+
∑
i∈I

E
[
1{τn=ti−tk−1}f(Xx0

ti−tk−1
)
]

+E
[
(1− 1{τn=t`−tk−1})f(Xx0

t`−tk−1
)
]
.

Applying the Cauchy-Schwarz Inequality to the last two terms and using the Lipschitz
assumption on f , we see that

E
[
f(Xxn

τn )
]
≤ vk(x0, y0) + Lε+ Cε1/2,

for C > 0 sufficiently large. This implies that vk is also upper semi-continuous (hence
continuous) at the point (x0, y0).

4. Lastly, consider a point (x0, y0) ∈ R × ∆k which is not in the relative interior of ∆k

and is also not a vertex, as considered in the previous step. Then there exists some
subset of indices I ⊂ {k, . . . , r} for which y0,i = 0 for i ∈ I and y0,i ∈ (0, 1) otherwise.

Let {(xn, yn)}n≥1 ⊂ R×∆k be a sequence converging to (x0, y0). For any ε > 0, take
n ≥ 1 large enough that ‖yn − y0‖`∞ ≤ ε and |xn − x0| ≤ ε. Let τn be an arbitrary
stopping time such that τn ∼

∑r
i=k yn,iδti−tk−1

. Define ` := max {i ∈ {k, . . . , r} | i 6∈ I}
and

yn :=


0 if i ∈ I ∪ {1, . . . , k − 1}
yn,i if i ∈ {k, . . . , r} \ (I ∪ {`})

yn,` +
∑

i∈I yn,i otherwise.

The point is that yn is a nearby point that is on the “boundary.” Similarly, define a
stopping time

τn :=
∑

i∈{k,...,r}\I

(ti − tk−1) 1{τn=ti−tk−1} + (t` − tk−1)
∑
i∈I

1{τn=ti−tk−1}.

That is, when τn stops at ti − tk−1 for i ∈ I, the stopping time τn instead waits
until t` − t`−1 to stop. Then we can check that τn ∼

∑r
i=k yn,iδti−tk−1

and by the
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same computation with the Cauchy-Schwarz Inequality as in the previous step, we can
compute

E
[
f(Xxn

τn )
]
≤ E

[
f(Xx0

τn
)
]

+ Lε+ Cε1/2

≤ vk(x0, yn) + Lε+ Cε1/2,

for C > 0 sufficiently large. Because τn was arbitrary, we conclude

vk(xn, yn) ≤ vk(x0, yn) + Lε+ Cε1/2.

However, note that by construction each yn is contained the convex hull

K := Conv({ei}i∈{k,...,r}\I),

and y0 is in the relative interior of K. The map y 7→ vk(x0, y) restricted to the convex
hull K is concave and thus continuous at y0. Therefore, we conclude

lim inf
n→∞

vk(xn, yn) ≤ lim sup
n→∞

vk(x0, yn) = vk(x0, y0),

so vk is upper semi-continuous (hence continuous) at the point (x0, y0).
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pp. xxii+500, isbn: 978-3-7643-2419-3; 3-7643-2419-8.



BIBLIOGRAPHY 93

[PS88] A. F. Perold and W. F. Sharpe, “Dynamic strategies for asset allocation”,
Financ. Anal. J., vol. 44, no. 1, pp. 16–27, 1988.
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