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This paper establishes non-asymptotic concentration bound and Bahadur representation for the quantile
regression estimator and its multiplier bootstrap counterpart in the random design setting. The non-
asymptotic analysis keeps track of the impact of the parameter dimension d and sample size n in the
rate of convergence, as well as in normal and bootstrap approximation errors. These results represent a
useful complement to the asymptotic results under fixed design and provide theoretical guarantees for the
validity of Rademacher multiplier bootstrap in the problems of confidence construction and goodness-
of-fit testing. Numerical studies lend strong support to our theory and highlight the effectiveness of
Rademacher bootstrap in terms of accuracy, reliability and computational efficiency.

Keywords: quantile regression; multiplier bootstrap; robustness; concentration inequality; Bahadur
representation; confidence interval; goodness-of-fit test.

1. Introduction

1.1 Quantile regression

Since Koenker and Bassett’s (1978) seminal work, quantile regression has attracted enormous attention
in statistics, econometrics and related fields primarily due to two advantages over the (conditional) mean
regression: (i) robustness against outliers in the response or heavy-tailed errors and (ii) the ability to
explore heterogeneity in the response that are associated with the covariates. We refer to the monograph
by Koenker (2005) for an overview of the statistical theory and methods and computational aspects of
quantile regression.

Classical theory of quantile regression includes statistical consistency (see, e.g. Zhao et al., 1993, for
weak consistency and Bassett & Koenker, 1986, for strong consistency), asymptotic normality (Bassett
& Koenker, 1978; Pollard, 1991) and Bahadur representation (Portnoy & Koenker, 1989; He & Shao,
1996; Arcones, 1996). A common thread of the previous work is that the regression estimators are
studied under the fixed design setting, that is, the covariates {xi}n

i=1 are deterministic vectors and satisfy
some (asymptotic and non-asymptotic) conditions and the only randomness arises from the regression
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814 X. PAN AND W.-X. ZHOU

errors {εi}n
i=1. A comprehensive review of the asymptotic theory under fixed design can be found in

Sections 4.1–4.3 of Koenker (2005).
In contrast to fixed designs, more recent work in statistics has emphasized non-asymptotic results

in the random design setting, where the covariates {xi}n
i=1 are treated as random vectors (Hsu et al.,

2014; Wainwright, 2019). This additional randomness increases the complexity of the model and makes
theoretical analysis more subtle because the empirical processes involved now depend on the random
covariates with dimensionality possibly growing with the sample size. As stated in Hsu et al. (2014), a
major difference between fixed and random designs is that the fixed design setting does not directly
address out-of-sample prediction. Specifically, a fixed design analysis assesses the accuracy of the
estimator on the observed data, while the predictive performance on unseen data is of primary concern
of a random design analysis. Even though extensive studies have been carried out on ordinary and
regularized least squares estimators (Hsu et al., 2014; Wainwright, 2019), it is not naturally clear whether
similar results remain valid for quantile regression. A main difficulty is that the quantile loss is piecewise
linear, and hence its ‘curvature energy’ is concentrated in a single point. This is substantially different
from other popular regression loss functions, such as the squared loss and Huber loss, which are at least
locally strongly convex. The lack of smoothness and strong convexity makes it much more challenging
to establish non-asymptotic theory for quantile regression under random designs.

In Section 2.1 of this paper, we will establish non-asymptotic concentration bound (Theorem 2.1)
and Bahadur representation (Theorem 2.2) of the quantile regression estimator under mild conditions on
the random predictor and noise variable. To prove Theorem 2.1, we propose a new device to prove a local
restricted strong convexity (RSC) property of the empirical quantile loss, see Proposition 4.2. The notion
of RSC was introduced by Negahban et al. (2012) to analyze convex regularized M-estimators and
extended by Loh & Wainwright (2015) to the case of nonconvex functions. Thus far the RSC property
has only been established for locally strongly convex and twice differentiable loss functions (Loh &
Wainwright, 2015; Pan et al., 2019). New techniques are therefore required to deal with piecewise
linear functions, typified by the quantile loss and hinge loss. The proof of Theorem 2.2, the Bahadur
representation, builds on the concentration bound in Theorem 2.1 along with techniques from empirical
process theory. These results are non-asymptotic with explicit errors, which allow to track the impact
of the parameter dimension d and of the sample size n in quantile regression. These non-asymptotic
results, to the best of our knowledge, are new to the previous asymptotic results under fixed designs.

1.2 Statistical inference for quantile regression

In addition to the finite sample theory of standard quantile regression, we are also interested in two
fundamental statistical inference problems: (i) the construction of confidence intervals and (ii) goodness-
of-fit test. Broadly speaking, inference of quantile regression can be categorized into two classes: normal
calibration and bootstrap calibration (resampling) methods. Normal calibration heavily depends on
either the estimation of 1/fε|x(0), also known as the sparsity, where fε|x(·) is the conditional density
function of ε given x, or the regression rank scores (Gutenbrunner & Jurečková, 1992). Resampling,
or bootstrap calibration, methods (Efron, 1979) are commonly used for quantile regression inference
because they are more robust against heteroscedastic errors and bypass the estimation of sparsity
although at the cost of computing time. Over the past two decades, various bootstrap calibration
methods have been developed for constructing confidence intervals, including the residual bootstrap
and pairwise bootstrap (see Section 9.5 of Efron & Tibshirani, 1994), bootstrapping pivotal estimation
functions method (Parzen et al., 1994), Markov chain marginal bootstrap (He & Hu, 2002; Kocherginsky
et al., 2005) and wild bootstrap (Feng et al., 2011). For relatively small samples or in the presence of
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MULTIPLIER BOOTSTRAP FOR QUANTILE REGRESSION 815

heteroscedastic errors, resampling methods have proven to outperform calibration through the normal
approximation. Therefore, in this paper we only focus on the resampling method.

Among a variety of bootstrap methods, we are primarily interested in the multiplier bootstrap, also
known as the weighted bootstrap, which is one of the most widely used inference tools for constructing
confidence intervals and measuring the significance of a test. The theoretical validity of the empirical
bootstrap (Efron, 1979) is typically guaranteed by the bootstrapped law of large numbers and central
limit theorem, see, for example, Giné & Zinn (1990), Arcones & Giné (1992), Praestgaard & Wellner
(1993) and Wellner & Zhan (1996), among others. Rigorous theoretical guarantees of the multiplier
bootstrap for M-estimation can be found in Chatterjee & Bose (2005) and Ma & Kosorok (2005), in
which

√
n-consistency and asymptotic normality are established. See also Cheng & Huang (2010) for

extensions to general semi-parametric models. It has since become an effective and nearly universal
inference tool for both parametric and semi-parametric M-estimations. We refer to Spokoiny & Zhilova
(2015) for the use of multiplier bootstrap on constructing likelihood-based confidence sets and Chen &
Zhou (2019) for a systematic study of multiplier bootstrap for adaptive Huber regression (Sun et al.,
2019) with applications to large-scale multiple testing for heavy-tailed data.

As stated in the previous section, the major theoretical challenge arises from the lack of smoothness
and strong convexity of the quantile loss. New techniques are in demand. In Section 2.2, we will first
revisit the multiplier bootstrap in the problem of confidence estimation for quantile regression. Next, we
will provide new non-asymptotic theory for bootstrap estimators, including the conditional deviation
bound (Theorem 2.4) and Bahadur representation (Theorem 2.5) conditioned on data already seen. We
justify the validity of the multiplier bootstrap via a distributional approximation result (Theorem 2.6),
which characterizes the difference in distribution between the regression estimator and its bootstrap
counterpart. In Section 2.3, we further discuss the use of multiplier bootstrap on goodness-of-fit testing,
extending the special case of median regression studied by Chen et al. (2008).

1.3 Notation

Let us summarize our notation. For every integer k � 1, we use R
k to denote the k-dimensional

Euclidean space. The inner product of any two vectors u = (u1, . . . , uk)
ᵀ, v = (v1, . . . , vk)

ᵀ ∈ R
k

is defined by uᵀv = 〈u, v〉 = ∑k
i=1 uivi. We use ‖ · ‖p (1 � p � ∞) to denote the �p-norm in R

k:

‖u‖p = (
∑k

i=1 |ui|p)1/p and ‖u‖∞ = max1�i�k |ui|. For k � 2, Sk−1 = {u ∈ R
k : ‖u‖2 = 1} denotes

the unit sphere in R
k.

Throughout this paper, we use bold capital letters to represent matrices. For k � 2, ik represents the
identity/unit matrix of size k. For any k × k symmetric matrix A ∈ R

k×k, ‖A‖2 is the operator norm
of A, and we use λA and λA to denote the minimal and maximal eigenvalues of A, respectively. For a
positive semidefinite matrix A ∈ R

k×k, ‖ · ‖A denotes the norm linked to A given by ‖u‖A = ‖A1/2u‖2,
u ∈ R

k. Moreover, given r � 0, define the Euclidean ball and ellipse as Bk(r) = {u ∈ R
k : ‖u‖2 � r}

and BA(r) = {u ∈ R
k : ‖u‖A � r}, respectively. For any integer d � 1, we write [d] = {1, . . . , d}. For

any set S , we use |S| to denote its cardinality, i.e. the number of elements in S .

2. Random design quantile regression

2.1 Finite sample theory under random design

We consider a response variable y and d-dimensional covariates x = (x1, . . . , xd)
ᵀ such that the τ -

th (0 < τ < 1) conditional quantile of y given x is given by F−1
y|x (τ |x) = 〈x, β∗〉, where β∗ =

(β∗
1 , . . . , β∗

d )ᵀ ∈ R
d. Here we assume x1 ≡ 1 so that β∗

1 represents the intercept. Let {(yi, xi)}n
i=1 be
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816 X. PAN AND W.-X. ZHOU

Table 1 Summary of scaling conditions required for normal approximation under the Huber and
pinball loss functions

Loss function Design Scaling condition

Huber loss (Portnoy, 1985) Mixed Gaussian (with symmetric noise) (d log n)3/2 = o(n)

Huber loss (Portnoy, 1986) Fixed design (with symmetric noise) d2 = o(n)

Huber loss (Chen & Zhou, 2019) Sub-Gaussian (with asymmetric noise) d2 = o(n)

Pinball loss (Welsh, 1989) Fixed design d3(log n)2 = o(n)

Pinball loss (this work) Sub-Gaussian d3(log n)2 = o(n)

independent and identically distributed (iid) data vectors from (y, x). The preceding model assumption
is equivalent to

yi = 〈xi, β
∗〉 + εi, (2.1)

where εi’s are independent noise variables that satisfy P(εi � 0 | xi) = τ . The quantile regression
estimator of β∗ is then defined as

β̂ = β̂(τ ) ∈ argmin
β∈Rd

Qn(β), (2.2)

where

Qn(β) = 1

n

n∑
i=1

ρτ (yi − 〈xi, β〉) with ρτ (u) = u{τ − I(u < 0)} (2.3)

is the empirical loss. The loss function ρτ is known as the ‘check function’ or ‘pinball loss’.
This section presents two non-asymptotic results, the concentration inequality and Bahadur repre-

sentation, for the quantile regression estimator under random design. We refer to Chapter 4 of Koenker
(2005) for the classical fixed design and asymptotic analysis of quantile regression. See also Remark 2.2
and Table 1 below for a comparison of quantile regression and smooth robust regression in terms of the
scalings of the pair (n, d).

First, we specify the conditions on the random pair (x, ε) under which the analysis applies.

Condition 1 (Random design). The random predictor x ∈ R
d is sub-Gaussian: there exists υ0 � 1 such

that P(|〈u, x〉| � υ0‖u‖Σ · t) � 2e−t2/2 for all u ∈ R
d and t � 0, where Σ = E(xxᵀ).

Condition 1 is satisfied for a class of multivariate distributions. Typical examples include: (i)
multivariate Gaussian and (symmetric) Bernoulli distributions, (ii) uniform distribution on the sphere
in R

d with center at the origin and radius
√

d, (iii) uniform distribution on the Euclidean ball and
(iv) uniform distribution on the unit cube [−1, 1]d. The constant υ0 is dimension free and thus can be
viewed as an absolute constant. See Chapter 6 in Wainwright (2019) and references therein for further
discussion of sub-Gaussian distributions in higher dimensions.

Condition 2 (Regularity condition on error distribution). Let fε|x(·) be the conditional probability
density function of ε given x, which is continuous on its support. Moreover, there exist constants
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MULTIPLIER BOOTSTRAP FOR QUANTILE REGRESSION 817

f̄ � f > 0 and L0 > 0 such that

f � fε|x(0) � f̄ and |fε|x(u) − fε|x(0)| � L0|u| for all u ∈ R, almost surely.

Condition 2 on the conditional density function of ε given x is standard and routinely used in the
study of quantile regression.

Throughout this paper, ‘�’ stands for ‘�’ up to constants that are independent of (n, d) but may
depend on the constants in Conditions 1 and 2. Our first main result characterizes the non-asymptotic
deviation of the quantile regression estimator.

Theorem 2.1 Assume Conditions 1 and 2 hold. Then, for any t � 0, the quantile regression estimator
β̂ = β̂(τ ) (0 < τ < 1) given in (2.2) satisfies

‖β̂ − β∗‖Σ ≤ c1

f

√
d + t

n
(2.4)

with probability at least 1−2e−t as long as n � c2L2
0f −4(d+t), where c1, c2 > 0 are constants depending

only on υ0.

The following theorem provides a non-asymptotic version of the Bahadur representation for the
quantile regression estimator see Section 4.3 in Koenker (2005).

Theorem 2.2 Suppose that, in addition to the conditions in Theorem 2.1, supu∈R |fε|x(u)| � M0 almost
surely for some M0 > 0. Then, for any t � 0,

∥∥∥∥S1/2(β̂ − β∗) + S−1/2 1

n

n∑
i=1

xi

{
I(εi � 0) − τ

}∥∥∥∥
2

� c3

{
(d + t)1/4(d log n + t)1/2

n3/4
+ (d + log n)1/2 d log n

n
+ (d log n)1/2 t

n

}
(2.5)

with probability at least 1 − 4e−t whenever n � c2L2
0f −4(d + t), where S = E{fε|x(0)xxᵀ}, and c3 > 0

is a constant depending only on (υ0, f , f̄ , L0, M0).

Remark 2.1 With some basic analysis, the property that supu∈R |fε|x(u)| � M0 almost surely is a
consequence of Condition 2 with M0 depending implicitly on (f̄ , L0). Hence, introducing the constant
M0 is not to initiate an additional assumption but to simplify the theorem and its proof.

The significance of Bahadur representation lies in expression of a complicated nonlinear estimator as
a normalized sum of independent random variables from which asymptotically normal behavior follows.
To validate this point, the following result provides a Berry–Esseen bound for any linear contrast of the
quantile regression estimator.

Theorem 2.3 Let λ ∈ R
d be a deterministic vector that defines a linear contrast of interest. Under the

conditions of Theorem 2.2, it holds that

sup
x∈R

∣∣P(n1/2〈λ, β̂ − β∗〉 � x
)− Φ(x/στ )

∣∣ � (d + log n)1/4(d log n)1/2n−1/4, (2.6)
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818 X. PAN AND W.-X. ZHOU

where σ 2
τ = τ(1 − τ)‖S−1λ‖2

Σ and Φ(·) denotes the standard normal distribution function.

Remark 2.2 (Large-d asymptotics). A broader view of classical asymptotics recognizes that the
parametric dimension of appropriate model sequences may tend to infinity with the sample size, that
is d = dn → ∞ as n → ∞. Such considerations, however, are rarely found in the quantile regression
literature. In the standard quantile regression setting, Welsh (1989) shows that d3(log n)2/n → 0 suffices
for a normal approximation, which provides some support to the viability of observed rates of parametric
growth in the applied literature (Koenker, 1988).

In the (sub-Gaussian) random design setting, the obtained non-asymptotic Bahadur representation
(2.5) with t = log n reads:

n1/2(β̂ − β∗) = S−1 1√
n

n∑
i=1

{
τ − I(εi � 0)

}
xi

+ OP

{
d3/4(log n)1/2 + d1/2(log n)3/4

n1/4 + d3/2 log n + d(log n)3/2

n1/2

}
.

Combined with a multivariate central limit theorem (Portnoy, 1986) or Theorem 2.3, this shows that
the normal approximation holds as long as d3(log n)2/n → 0, which matches the scaling under fixed
design although the proofs are entirely different. For smooth robust regression estimators, the scaling
conditions required for asymptotic normality can be weakened. A prototypical example is Huber’s M-
estimator. Note that the Huber loss has an absolutely continuous derivative and is twice differentiable
except at two points. Portnoy (1985) obtains the scaling condition (d log n)3/2/n → 0 that validates
asymptotic normality when the predictors {x1, . . . , xn} form a sample from a mixed multivariate normal
distribution in R

d. In the case of random, non-Gaussian predictors and of symmetric noise, d2/n is
necessary for normal approximation, see Portnoy (1985, 1986).

2.2 Multiplier bootstrap and confidence estimation

Let Rn = {e1, . . . , en} be a sequence of independent Rademacher random variables that are independent
of the observed data Dn = {(yi, xi)}n

i=1. Specifically, ei ∈ {−1, 1} and satisfies P(ei = 1) = P(ei =
−1) = 1/2. Randomly perturb the empirical loss Qn(β) = (1/n)

∑n
i=1 ρτ (yi − 〈xi, β〉) by multiplying

its summands with wi := ei + 1, we obtain the bootstrapped loss function

Q�
n(β) := 1

n

n∑
i=1

wi ρτ (yi − 〈xi, β〉), β ∈ R
d. (2.7)

Note that wi ∈ {0, 2} satisfies E(wi) = 1 and var(wi) = 1. Moreover, the bootstrapped loss Q�
n : Rd �→

[0, ∞) is also convex.
Let E∗(·) = E(· |Dn) and P

∗(·) = P(· |Dn) be the conditional expectation and probability given

Dn, respectively. Then we have E
∗{Q�

n(β)} = Qn(β) for any β ∈ R
d. This indicates that the quantile

estimator β̂(τ ) = (β̂1, . . . , β̂d)
ᵀ in the Dn-world is the target parameter in the bootstrap world:

argmin
β∈Rd

E
∗{Q�

n(β)} = argmin
β∈Rd

Qn(β) = β̂(τ ).
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MULTIPLIER BOOTSTRAP FOR QUANTILE REGRESSION 819

This simple observation motivates the following multiplier bootstrap estimator:

β̂
� = β̂

�
(τ ) ∈ argmin

β∈Rd
Q�

n(β). (2.8)

Let 1 − α ∈ (0, 1) be a prespecified confidence level. Based on the bootstrap statistic β̂
� =

(β̂
�
1, , . . . , β̂�

d)
ᵀ, we consider three methods to construct bootstrap confidence intervals.

(i) (Efron’s percentile method). For every 1 � j � d and q ∈ (0, 1), let ζ̂j,q be the (conditional)

upper q-quantile of β̂
�
j , that is,

ζ̂j,q = inf
{
z ∈ R : P∗(β̂�

j > z) � q
}
. (2.9)

Efron’s percentile interval is of the form

Iper
j = [ζ̂j,1−α/2, ζ̂j,α/2], j = 1, . . . , d. (2.10)

(ii) (Normal interval). The second method is the normal interval:

Inorm
j = [β̂j − zα/2ŝeboot

j , β̂j + zα/2ŝeboot
j ], j = 1, . . . , d, (2.11)

where ŝeboot
j is the conditional standard deviation of β̂

�
j given Dn, and zα/2 is the upper α/2-

quantile of the standard normal distribution.

(iii) (Pivotal interval). The third method, which uses the conditional distribution of β̂
�
(τ ) − β̂(τ )

to approximate the distribution of the pivot β̂(τ ) − β∗, is the pivotal interval. Specifically, the
1 − α bootstrap pivotal confidence intervals for β∗

j ’s are

Ipiv
j = [2β̂j − ζ̂j,α/2, 2β̂j − ζ̂j,1−α/2], j = 1, . . . , d. (2.12)

In fact, there is a simple connection between the bootstrap pivotal interval and the percentile
interval: the percentile interval is the pivotal interval reflected about the point β̂j.

Before we formally investigate the theoretical properties of the bootstrap estimator β̂
�
(τ ), recall the

Bahadur representation of β̂(τ ):

β̂(τ ) = β∗ + 1

n

n∑
i=1

{
τ − I(εi � 0)

}
S−1xi + rn,

where rn is the higher-order remainder term. Heuristically, the bootstrap estimator β̂
�
(τ ) can be viewed

as the quantile regression estimator of β̂(τ ) in the bootstrap world under the model yi = 〈xi, β̂(τ )〉+ ε
�
i .

According to the Bahadur representation, it can be written as yi ≈ 〈xi, β
∗〉+ (1/n)

∑n
i=1〈xi, S−1xi〉{τ −
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820 X. PAN AND W.-X. ZHOU

I(εi � 0)}. The accuracy of the percentile interval, however, relies on the property that β̂
�

τ is randomly
concentrated around β∗. Motivated by this observation and the finite-sample correction method used in
Feng et al. (2011), for practical implementation we replace the original response yi in the multiplier
bootstrap by ŷi = yi − {f̂ε(0)}−1hi{τ − I(ε̂i � 0)}, where hi = xᵀ

i (
∑n

j=1 xjx
ᵀ
j )−1xi and f̂ε(0) is

estimated from the fitted residuals ε̂i = yi −〈xi, β̂(τ )〉. In particular, the density estimate f̂ε employs the
adaptive kernel method (Silverman, 1986), which is implemented in the quantreg package as function
akj (Koenker, 2019).

Back to β̂
�

defined in (2.8), the following result provides a conditional deviation inequality,
conditioned on some event that occurs with high probability.

Theorem 2.4 Assume Conditions 1 and 2 hold. For any t � 0, there exists some event Et with
P{E(t)} � 1 − 2e−t such that the bound (2.4) holds on E(t) and with P

∗-probability at least 1 − e−t

conditioned on E(t), the bootstrap estimator β̂
� = β̂

�
(τ ) (0 < τ < 1) given in (2.8) satisfies

‖β̂� − β∗‖Σ � c4

√
d + t

n
(2.13)

as long as n � c5(d + t), where c4, c5 > 0 are constants depending only on (υ0, f , L0).

To characterize the distribution of β̂
�

conditional on the initial sample Dn = {(yi, xi)}n
i=1, we

establish in the following result a conditional Bahadur representation under P∗.

Theorem 2.5 Suppose that the conditions in Theorem 2.2 hold. Under the scaling n � d + log n, there
exists some event En with P(En) � 1 − 4n−1 such that, with P

∗-probability at least 1 − n−1 conditioned
on En,

S1/2(β̂
� − β̂) = S−1/2 1

n

n∑
i=1

eixi

{
τ − I(εi � 0)

}+ r�
n, (2.14)

where r�
n = r�

n({(ei, yi, xi)}n
i=1) satisfies ‖r�

n‖2 = OP∗(χn), and χn = χn({(yi, xi)}n
i=1) is such that

χn = OP{(d + log n)1/4(d log n)1/2n−3/4 + (d + log n)1/2d log(n) n−1}.
We end this section with a distributional approximation result, which establishes the validity of the

(Rademacher) multiplier bootstrap for approximating the distributions of linear contrasts of the quantile
regression estimator.

Theorem 2.6 Let λ ∈ R
d be an arbitrary d-vector defining a linear contrast of interest. Assume

Conditions 1 and 2 hold, and that the parameter dimension d = dn, as a function of the sample size n,
satisfies the scaling d3(log n)2 = o(n). Then, as n → ∞,

sup
x∈R

∣∣P(n1/2〈λ, β̂ − β∗〉 � x
)− P

∗(n1/2〈λ, β̂
� − β̂〉 � x

)∣∣ P→ 0. (2.15)
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MULTIPLIER BOOTSTRAP FOR QUANTILE REGRESSION 821

2.3 Goodness-of-fit testing

The multiplier bootstrap method can also be applied to goodness-of-fit testing for quantile regression.
Under model (2.1), consider a subset Ω0 ⊆ Rd, and we wish to test

H0 : β∗ ∈ Ω0 versus H1 : β∗ ∈ R
d \ Ω0. (2.16)

We first construct the test statistics based on the empirical loss Qn(β) defined in (2.3). Let β̂ be quantile
estimator under the full model (2.2) and set β̂0 ∈ argminβ∈Ω0

Qn(β). The test statistic is defined as

Tn = Qn(β̂0) − Qn(β̂).

In the bootstrap world, we intend to mimic the distribution of Tn using that of Q�
n(β) defined in (2.7).

Let β̂
� ∈ argminβ∈Rd Q�

n(β) and β̂
�

0 ∈ argminβ∈Ω0
Q�

n(β) be the bootstrap statistics in the full model
and null model, respectively. Motivated by Chen et al. (2008), we consider the bootstrap test statistic

T�
n = {Q�

n(β̂
�

0) − Q�
n(β̂

�
)
}− {Q�

n(β̂0) − Q�
n(β̂)

}
.

See Remark 2 therein for the intuition behind this construction. The conditional distribution of T�
n given

the data then serves as an approximation of the distribution of Tn. For every q ∈ (0, 1), let γq be the

(conditional) upper q-quantile of T�
n, that is,

γq = inf
{
z ∈ R : P∗(T�

n > z) � q
}
.

Consequently, for significance level α ∈ (0, 1), we reject H0 in (2.16) whenever Tn > γα .
It is worth noticing that the above method was first proposed and studied by Chen et al. (2008)

using standard exponential weights in the case of median regression and can be implemented by
the R package quantreg (Koenker, 2019). As discussed earlier, the Rademacher multiplier bootstrap
is computationally more attractive and also has provable finite-sample guarantees. See Sections 3.2
and B.2 for a thorough numerical comparison.

3. Numerical experiments

In this section, we conduct numerical experiments to compare the multiplier bootstrap on constructing
confidence intervals and goodness-of-fit testing with some well-known existing methods for quantile
regression. Our computational results are reproducible using codes available from https://github.com/
XiaoouPan/mbQuantile.

3.1 Confidence estimation

We first consider the problem of confidence estimation. The limiting distribution of the quantile
regression estimator involves the density of the errors, making the non-resampling (plug-in) inference
procedure unstable and unreliable. We refer to Kocherginsky et al. (2005) for an overview and numerical
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comparisons between plug-in and resampling methods. In this paper, we focus on the following
bootstrap calibration methods:

• pair: pairwise bootstrap by resampling {(yi, xi)}n
i=1 in pairs with replacement (Section 9.5 of

Efron & Tibshirani, 1994);

• pwy: a resampling method based on pivotal estimating functions (Parzen et al., 1994);

• wild: wild bootstrap with Rademacher weights (Feng et al., 2011);

• mb-per: multiplier bootstrap percentile method defined in (2.10);

• mb-norm: multiplier bootstrap normal-based method defined in (2.11).

The first three methods can be directly implemented using the R package quantreg (Koenker, 2019).
To better evaluate the performance of these methods under various environments, we generate data

vectors {(yi, xi)}n
i=1 from two types of linear models:

1. (Homoscedastic model):

yi = β∗
0 + 〈xi, β

∗〉 + εi, i = 1, . . . , n. (3.1)

2. (Heteroscedastic model):

yi = β∗
0 + 〈xi, β

∗〉 + 2 exp(xi1)

1 + exp(xi1)
εi, i = 1, . . . , n. (3.2)

Here we use separate notations to differentiate the intercept β∗
0 and coefficient vector β∗ ∈ R

d. For each
model, we consider three error distributions as follows.

1. t2: εi ∼ t2.

2. Normal mixture type I: εi = az1 + (1 − a)z2, where a ∼ Ber(0.5), z1 ∼ N (−1, 1) and z2 ∼
N (1, 1).

3. Normal mixture type II: εi = az1 + (1 − a)z2, where a ∼ Ber(0.9), z1 ∼ N (0, 1) and z2 ∼
N (0, 52).

Moreover, we generate random predictors with three different covariance structures:

1. Independent design: xi ∼ N (0, id) for i = 1, . . . , n.

2. Weakly correlated design: first generate a covariance matrix Σ = (σjk)1�j,k�d with diagonal

entries σjj independently drawn from Unif(0.5, 1) and σjk = 0.5|j−k|(σjjσkk)
1/2 if j �= k and then

generate xi’s independently from N (0, Σ).

3. Equally correlated design: first generate a covariance matrix Σ = (σjk)1�j,k�d with diagonal

entries σjj independently drawn from Unif(0.5, 1) and σjk = 0.5(σjjσkk)
1/2 if j �= k, and then

generate xi’s independently from N (0, Σ).

We set β∗
0 = 2, β∗ = (2, . . . , 2)ᵀ and (n, d) = (200, 10). The confidence level is taken to be 1 − α ∈

{80%, 90%, 95%}. All of the five methods are carried out using B = 1000 bootstrap samples. Tables 2,
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Table 4 Average coverage probabilities and CI widths (in brackets) over all the coefficients under
homoscedastic model (3.1) with type I mixture normal error

Independent Gaussian design

n = 200 n = 500 n = 1000
α mb-per mb-norm mb-per mb-norm mb-per mb-norm

0.05: 0.967 (0.542) 0.935 (0.540) 0.950 (0.346) 0.923 (0.346) 0.960 (0.247) 0.948 (0.247)
0.1: 0.925 (0.451) 0.873 (0.453) 0.904 (0.289) 0.871 (0.290) 0.923 (0.206) 0.895 (0.207)
0.2: 0.824 (0.347) 0.769 (0.353) 0.817 (0.224) 0.768 (0.226) 0.824 (0.160) 0.792 (0.161)

Weakly correlated Gaussian design

n = 200 n = 500 n = 1000

α mb-per mb-norm mb-per mb-norm mb-per mb-norm
0.05: 0.964 (0.806) 0.926 (0.802) 0.954 (0.512) 0.933 (0.512) 0.966 (0.364) 0.948 (0.364)
0.1: 0.917 (0.670) 0.873 (0.673) 0.905 (0.428) 0.875 (0.430) 0.913 (0.305) 0.899 (0.306)
0.2: 0.821 (0.515) 0.767 (0.525) 0.798 (0.331) 0.770 (0.335) 0.824 (0.236) 0.799 (0.238)

Equally correlated Gaussian design

n = 200 n = 500 n = 1000

α mb-per mb-norm mb-per mb-norm mb-per mb-norm
0.05: 0.967 (0.860) 0.930 (0.856) 0.960 (0.547) 0.941 (0.546) 0.961 (0.389) 0.944 (0.389)
0.1: 0.921 (0.714) 0.867 (0.718) 0.912 (0.456) 0.873 (0.458) 0.909 (0.326) 0.888 (0.327)
0.2: 0.816 (0.550) 0.767 (0.559) 0.804 (0.353) 0.773 (0.357) 0.818 (0.253) 0.792 (0.255)

3 and B7– B10 in Section B.1 of the Appendix display the average coverage probabilities and average
interval widths over all the regression coefficients based on 200 Monte Carlo simulations.

From Tables 2, 3 and B7– B10 (in the Appendix), we find that all the bootstrap methods preserve
nominal levels, while pairwise bootstrap and bootstrap based on estimating functions (pwy) tend
to be more conservative with wider intervals and wild bootstrap loses coverage probability under
some cases, see Table 2. Across all the settings, the multiplier bootstrap methods (percentile and
normal-based) provide desirable results in terms of both accuracy (narrow width) and reliability (high
confidence). It is worth noticing that the normal-based confidence interval (mb-norm) tends to have
lower coverage probabilities compared with the percentile method. As the sample size increases, the
coverage probability of mb-norm approaches the nominal level gradually, see Table 4. After taking into
account the interval width, we recommend the multiplier bootstrap percentile method that has the best
overall performance.

Regarding computational complexity, for each bootstrap sample, pairwise and wild bootstraps solve
a quantile regression on a sample of size n, bootstrap based on estimating functions (pwy) solves a
quantile regression of size n + 1, while multiplier bootstrap solves a quantile regression essentially on
a subsample of size n/2 on average. In summary, the multiplier bootstrap provides a computationally
efficient way to construct confidence intervals with high precision and reliability.

3.2 Goodness-of-fit testing

In this section, we compare the multiplier bootstrap with classical non-resampling methods on goodness-
of-fit testing for quantile regression. Specifically, we consider the following methods:
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• Wald: Wald test based on unrestricted estimator (Koenker & Bassett, 1982);

• rank: rank score test (Gutenbrunner et al., 1993);

• mb-exp: multiplier bootstrap with exponential weights (Chen et al., 2008);

• mb-Rad: multiplier bootstrap with Rademacher weights.

The first three methods are included in the R package quantreg (Koenker, 2019).
We generate data vectors the same way as in Section 3.1. Moreover, we set (n, d) = (200, 15), and

the confidence level is taken to be 1 − α ∈ {90%, 95%, 99%}. We consider testing

H0 : β∗
j = 0, for j = 1, . . . , 15 versus H1 : β∗

j �= 0, for some j.

To assess the overall performance, we employ the following three measurements:

1. Type I error under null model: β∗ = 0.

2. Power under sparse and strong signal: β∗
1 = 0.5, and β∗

j = 0 for j = 2, 3, . . . , 15.

3. Power under dense and weak signal: β∗
j = 0.1 for j = 1, 2, . . . , 10, and β∗

j = 0 for
j = 11, 12, . . . , 15.

The two resampling methods (mb-exp and mb-Rad) are carried out using B = 1000 bootstrap
samples. Tables 5, 6 and B11–B14 in Section B.2 of the Appendix display the average type I error and
power over 200 Monte Carlo simulations.

From Tables 5 and 6, we see that the Wald test suffers from severe size distortion by rejecting much
more often than it should, while the other three methods have type I errors close to the nominal level.
Under both sparse and dense alternatives, the multiplier bootstrap outperforms the rank score test with
higher power throughout all the combinations of design and error distributions.

To further compare the power of the last three methods, we draw the power curve with gradually
increasing signal strength under sparse and dense settings. Figure 1 is a visualization of Tables 5
and 6 with type I mixture normal error and independent design. The advantage of multiplier bootstrap
over rank test is conspicuous under homoscedastic model, and multiplier bootstrap reveals perceptible
advantage as signal gets stronger under heteroscedastic model.

4. Proofs of main results

All the probabilistic bounds presented in the proof are non-asymptotic with explicit errors. The values of
the constants involved are obtained with the goal of making the proof transparent and may be improved
by more careful calculations or under less general distributional assumptions on the covariates and noise
variables.

4.1 Preliminaries

Recall that Qn(β) = (1/n)
∑n

i=1 ρτ (yi − 〈xi, β〉) is the empirical quantile loss function. Since Qn :
R

d → R is convex, we define its subdifferential ∂Qn by

∂Qn(β) = {ξ ∈ R
d : Qn(β

′) � Qn(β) + 〈ξ , β ′ − β〉 for all β ∈ R
d}. (4.1)
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Fig. 1. Power curves of the three methods under independent design and type I mixture normal error with α = 0.05.

A vector ξ ∈ ∂Qn(β) is called a subgradient of Qn in β. More specifically, the subdifferential ∂Qn is
the collection of vectors ξβ = (ξβ,1, . . . , ξβ,d)

ᵀ satisfying, for j = 1 . . . , d,

ξβ,j = −τ

n

n∑
i=1

xijI(yi > 〈xi, β〉)

+ 1 − τ

n

n∑
i=1

xijI(yi < 〈xi, β〉) − 1

n

n∑
i=1

xijviI(yi = 〈xi, β〉), (4.2)

where vi ∈ [τ − 1, τ ].
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830 X. PAN AND W.-X. ZHOU

Of particular interest is the subdifferential ∂Qn(β
∗) under model (2.1). By (4.2), every vector ξ =

(ξ1, . . . , ξd)
ᵀ ∈ ∂Qn(β

∗) can be written as

ξj = −τ

n

n∑
i=1

xij{I(εi > 0) − (1 − τ)}

+ 1 − τ

n

n∑
i=1

xij{I(εi < 0) − τ } − 1

n

n∑
i=1

xijviI(εi = 0), j = 1, . . . , d, (4.3)

where vi ∈ [τ − 1, τ ].

Proposition 4.1 Assume Conditions 1 and 2 hold. Then, every subgradient ξβ∗ ∈ ∂Qn(β
∗) satisfies

P

(
‖Σ−1/2ξβ∗‖2 � 3υ0

√
2d + x

n

)
� e−x, valid for any x � 0.

The following proposition provides a form of the RSC for the empirical quantile loss function.

Proposition 4.2 Assume Conditions 1 and 2 hold. Then, for any t � 0, it holds with probability at
least 1 − e−t/2 that

〈ξβ − ξβ∗ , β − β∗〉 � 1

8
f ‖β − β∗‖2

Σ − 4υ2
0‖β − β∗‖Σ

√
2(d + t)

n
(4.4)

uniformly over β ∈ R
d satisfying 0 � ‖β − β∗‖Σ � f /(6L0υ

2
0 ).

Propositions 4.1 and 4.2 provide the key ingredients to prove Theorems 2.1 and 2.2. Similarly, the
finite sample performance of the multiplier bootstrap estimator relies on the corresponding properties
of the weighted quantile loss function, which are given by Propositions 4.3 and 4.4 below.

Recall that P∗ and E
∗ denote, respectively, the probability measure and expectation (over Rn =

{ei}n
i=1) conditioning on Dn = {(yi, xi)}n

i=1. For i = 1, . . . , n, define

ζi = I(εi � 0) − τ and zi = Σ−1/2xi, (4.5)

which satisfy E(ζi|xi) = 0, E(ζ 2
i |xi) = τ(1 − τ) and E(ziz

ᵀ
i ) = Id.

Proposition 4.3 Assume Conditions 1 and 2 hold, and let ξ � ∈ ∂Q�
n(β

∗). For any t > 0, there exists
some event G1(t) = G1(t;Dn) with P{G1(t)} � 1 − e−2t such that, with P

∗-probability at least 1 − e−2t

conditioned on G1(t),

‖Σ−1/2(ξ � − E
∗ξ �)‖2 � 2

√
d + t

n
(4.6)

as long as n � d + t.

Similarly to Proposition 4.2, the following result establishes the RSC for the weighted quantile loss
function.
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MULTIPLIER BOOTSTRAP FOR QUANTILE REGRESSION 831

Proposition 4.4 Assume Conditions 1 and 2 hold. For any t � 0, there exists some event G2(t) =
G2(t;Dn) such that P{G2(t)} � 1 − e−t, and with P

∗-probability at least 1 − e−t/2 conditioned on G2(t),

〈ξ �

β − ξ
�

β∗ , β − β∗〉 � 1

8
f ‖β − β∗‖2

Σ − 8υ2
0‖β − β∗‖Σ

√
2(d + t)

n
(4.7)

uniformly over β ∈ R
d satisfying 0 � ‖β − β∗‖Σ � f /(6L0υ

2
0 ) as long as n � log(d) + t.

Proofs of Propositions 4.1– 4.4 are placed in the Appendix.

4.2 Proof of Theorem 2.1

By the convexity of β �→ Qn(β), β̂ satisfies the first-order condition that ξ
β̂

= 0 for some ξ
β̂

∈ ∂Qn(β̂).
The proof builds on the symmetrized Bregman divergence associated with Qn, defined as

D(β1, β2) = 〈ξβ1
− ξβ2

, β1 − β2〉, for ξβ1
∈ ∂Qn(β1), ξβ2

∈ ∂Qn(β2).

By convexity, D(β1, β2) � 0 for any subdifferentials ξβ1
and ξβ2

. Taking (β1, β2) = (β̂, β∗), we have

0 � 〈ξ
β̂

− ξβ∗ , β̂ − β∗〉 = 〈−ξβ∗ , β̂ − β∗〉 � ‖Σ−1/2ξβ∗‖2‖β̂ − β∗‖Σ , (4.8)

for any ξβ∗ ∈ ∂Qn(β
∗). Starting with (4.8), we bound the left- and right-hand sides of (4.9) separately.

To establish the lower bound, we use a localized argument (Sun et al., 2019) and a new RSC property
for the empirical quantile loss (Proposition 4.2).

Define the rescaled �2-ball BΣ (t) = {β ∈ R
d : ‖β‖Σ � t}, t > 0. For some 0 < r � f /(6L0υ

2
0 ) to

be determined, define

η = sup
{
u ∈ [0, 1] : u(β̂ − β∗) ∈ BΣ (r)

}
and β̃ = β∗ + η(β̂ − β∗).

By the above definition, η = 1 if β̂ ∈ β∗ + BΣ (r) and η < 1 if β̂ /∈ β∗ + BΣ (r). In the latter case, we
have β̃ ∈ β∗ + ∂BΣ (r). Applying Lemma C.1 in Sun et al. (2019) with slight modifications yields the
bound D(β̃, β∗) � ηD(β̂, β∗), leading to

〈ξ β̃ − ξβ∗ , β̃ − β∗〉 � η〈ξ
β̂

− ξβ∗ , β̂ − β∗〉, (4.9)

where ξβ∗ ∈ ∂Qn(β
∗) and ξ β̃ ∈ ∂Qn(β̃). This, together with the fact ξ

β̂
= 0 and Cauchy–Schwarz

inequality, implies

〈ξ β̃ − ξβ∗ , β̃ − β∗〉 � η〈−ξβ∗ , β̂ − β∗〉 � ‖Σ−1/2ξβ∗‖2‖β̃ − β∗‖Σ . (4.10)

Note that (4.10) is a localized version of (4.8) because β̃ falls in a local neighborhood of β∗.
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Setting δ̃ = β̃ − β∗ ∈ BΣ (r), it follows from Proposition 4.2 that

〈ξ β̃ − ξβ∗, β̃ − β∗〉 � 1

8
f ‖̃δ‖2

Σ − 4υ2
0 ‖̃δ‖Σ

√
2(d + t)

n

with probability at least 1 − e−t/2. Combining this with (4.9) and (4.10), and taking x = t > 0 in
Proposition 4.1, we obtain

1

8
f ‖̃δ‖2

Σ <
(
4υ2

0 + 3υ0

)‖̃δ‖Σ

√
2(d + t)

n

with probability at least 1 − 2e−t. Canceling ‖̃δ‖Σ on both sides yields

‖̃δ‖Σ < r := 8f −1(4υ2
0 + 3υ0)

√
2(d + t)

n

with probability at least 1−2e−t as long as n ≥ CL2
0f −4(d + t) for some constant C > 0 depending only

on υ0. Consequently, β̃ falls in the interior of β∗ + BΣ (r), enforcing η = 1 and β̂ = β̃ ∈ β∗ + BΣ (r).
Otherwise if β̂ /∈ β∗ + BΣ (r), we must have β̃ on the boundary, i.e. ‖β̃ − β∗‖Σ = r, which leads to
contradiction. This completes the proof.

4.3 Proof of Theorem 2.2

To begin with, define the ‘gradient’ function ∇Qn : Rd → R
d as

∇Qn(β) = 1

n

n∑
i=1

xi

{
I(yi � 〈xi, β〉) − τ

}
, β ∈ R

d. (4.11)

Recall from Condition 2 that the conditional distribution of ε given x is continuous. Lemma A.1 in
Ruppert & Carroll (1980) states that with probability one, there is no vector δ ∈ R

d and 1 � i � n
such that εi = 〈xi, δ〉. It follows that with probability one, ξβ = ∇Qn(β) for any ξβ ∈ ∂Qn(β). Hence,
we will treat ∇Qn as the gradient of Qn throughout the proof. Moreover, consider the population loss
EQn(β) = Eρτ (y − 〈x, β〉), whose gradient vector and Hessian matrix are given, respectively, by

∇EQn(β) = E
[
x{I(ε � 〈x, β − β∗〉) − τ }] and ∇2

EQn(β) = E
{
fε|x(〈x, β − β∗〉)xxᵀ}.

Next, define the vector-valued random process

Δ(β) = S−1/2{∇Qn(β) − ∇Qn(β
∗)
}− S1/2(β − β∗), (4.12)

where S = ∇2
EQn(β

∗) = E{fε|x(0)xxᵀ}. The goal is to bound ‖Δ(β)‖2 uniformly over β in a local
neighborhood of β∗. To this end, we deal with EΔ(β) and Δ(β) − EΔ(β) separately, starting with
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EΔ(β). Applying the mean value theorem for vector-valued functions yields

EΔ(β) = S−1/2
〈 ∫ 1

0
∇2

EQn(β
∗
t )dt, β − β∗

〉
− S1/2(β − β∗)

=
〈
S−1/2

∫ 1

0
∇2

EQn(β
∗
t )dt S−1/2 − id, S1/2(β − β∗)

〉
, (4.13)

where β∗
t = (1 − t)β∗ + tβ and ∇2

EQn(β
∗
t ) = E{fε|x(t〈x, β − β∗〉)xxᵀ}. For r > 0, define the local

elliptic neighborhood of β∗ as ΘΣ (r) := {
β ∈ R

d : ‖β − β∗‖Σ � r
}
. By Conditions 1 and 2, Σ is

positive definite and f � fε|x(0) � f̄ , so that f Σ � S � f̄ Σ . For δ = β − β∗ with β ∈ ΘΣ (r), the
Lipschitz continuity of fε|x ensures that

∥∥S−1/2∇2
EQn(β

∗
t )S

−1/2 − id
∥∥

2 = ∥∥S−1/2
E
[{

fε|x(t〈x, δ〉) − fε|x(0)
}
xxᵀ]S−1/2

∥∥
2

� L0t · sup
u∈Bd(1)

E
{〈S−1/2x, u〉2|〈x, δ〉|} � f −1L0t ·

(
sup

u∈Bd(1)

E|〈Σ−1/2x, u〉|3
)2/3(

E|〈x, δ〉|3)1/3

� L0f −1m3rt,

where mk := supu∈Bd(1) E|〈Σ−1/2x, u〉|k (for k � 1) depends only on υ0 and k. Combining this with
(4.13), we obtain

sup
β∈ΘΣ (r)

‖EΔ(β)‖2 � 1

2
L0f −1 f̄ 1/2m3r2. (4.14)

Turning to the stochastic term Δ(β) − EΔ(β), define the centered gradient function

Rn(β) = 1

n

n∑
i=1

(1 − E)
{
I(〈xi, β − β∗〉 � εi) − τ

}
xi,

so that Δ(β) −EΔ(β) = S−1/2{Rn(β) − Rn(β
∗)}. By a change of variable v = Σ1/2(β − β∗), we have

sup
β∈ΘΣ (r)

‖Δ(β) − EΔ(β)‖2 � f −1/2 sup
β∈ΘΣ (r)

‖Σ−1/2{Rn(β) − Rn(β
∗)}‖2

= f −1/2 sup
v∈Bd(r)

‖Σ−1/2{Rn(β
∗ + Σ−1/2v) − Rn(β

∗)}‖2

= f −1/2r−1 sup
u,v∈Bd(r)

〈Σ−1/2{Rn(β
∗ + Σ−1/2v) − Rn(β

∗)}, u〉︸ ︷︷ ︸
n−1/2Δ0(u,v)

, (4.15)

where Δ0(u, v) = n−1/2∑n
i=1(1 −E)〈zi, u〉{I(εi � 〈zi, v〉)− I(εi ≤ 0)}. To bound supu,v∈Bd(r) Δ0(u, v),

we first show its concentration around the mean, and then bound the mean via a maximal inequality
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specialized to VC type classes (see, e.g. Chapter 2.6 in van der Vaart & Wellner, 1996). Consider the
following two classes of real-valued functions on R × R

d:

F1 = {(z0, z) �→ 〈z, u〉 : u ∈ B
d(r)} and F2 = {(z0, z) �→ I(〈z, v〉 − z0 � 0) : v ∈ B

d(r)}. (4.16)

Moreover, define the function f0 : (z0, z) �→ I(z0 � 0) and write z̄i = (εi, zi) ∈ R × R
d for i = 1, . . . , n.

Then, the supremum supu,v∈Bd(r) Δ0(u, v) can be written as the supremum of an empirical process:

sup
v,u∈Bd(r)

Δ0(u, v) = sup
f ∈F

1√
n

n∑
i=1

{f (z̄i) − Ef (z̄i)}︸ ︷︷ ︸
Gnf

, (4.17)

where F = F1 · (F2 − f0) is the pointwise product of F1 and F2 − f0. Under the assumption
that supu |fε|x(u)| � M0 almost surely, we have, for each i ∈ [n], supf ∈F f (z̄i) � r‖zi‖2 and

supf ∈F Ef (z̄i)
2 � M0 supu,v∈Bd(r) E〈zi, u〉2|〈zi, v〉| � M0m3r3. By Lemma 2.2.2 in van der Vaart &

Wellner (1996),∥∥∥∥ max
1�i�n

sup
f ∈F

|f (z̄i)|
∥∥∥∥

ψ1

� r

∥∥∥∥ max
1�i�n

‖zi‖2

∥∥∥∥
ψ1

� rd1/2
∥∥∥∥ max

1�i�n,1�j�d
|zij|
∥∥∥∥

ψ1

� (log 2)1/2rd1/2
∥∥∥∥ max

1�i�n,1�j�d
|zij|
∥∥∥∥

ψ2

� c0(d log n)1/2r,

where c0 > 0 depends only on υ0, and ‖ · ‖ψq
(1 � q � 2) denotes the ψq-Orlicz norm. Applying

Theorem 4 in Adamczak (2008) with α = 1 and δ = η = 1/2, we obtain that for any x � 0,

sup
f ∈F

Gnf � 3

2
E

(
sup
f ∈F

Gnf

)
+ x

with probability at least 1 − e−x2/(3M0m3r3) − 3e−x
√

n/{c1(d log n)1/2r}, where c1 > 0 depends only on c0.
Given t � 0 such that 4e−t � 1, taking

x = max
{
(3M0m3)

1/2r3/2t1/2, 2c1rt(d log n)1/2n−1/2}
in the above bound yields that, with probability at least 1 − e−t − 3e−2t � 1 − 2e−t,

sup
f ∈F

Gnf � 3

2
E

(
sup
f ∈F

Gnf

)
+ max

{
(3M0m3)

1/2r3/2t1/2, 2c1rt

√
d log n

n

}
. (4.18)

To bound E(supf ∈F Gnf ), the key is to control the covering numbers N(F , L2(Q), ε‖F‖Q,2) for all

finitely supported probability measures Q on R×R
d and 0 < ε < 1, where F(z̄) = r‖z‖2 is a measurable

envelope of F . Respectively, for the function classes F1 and F2 that have envelopes F1(z̄) = r‖z‖2 and
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F2(z̄) = 1, using Theorem B in Dudley (1979) and Theorem 2.6.7 in van der Vaart & Wellner (1996)
we have

sup
Q

N(F1, L2(Q), ε‖F1‖Q,2) � (A1/ε)
2(d+2) and sup

Q
N(F2, L2(Q), ε) � (A1/ε)

2(d+2)

for some A1 > e, where the suprema are taken over all finitely discrete probability measures Q on
R × R

d. Combining the above bounds with Corollary A.1 in the supplement of Chernozhukov et al.
(2014) shows that

sup
Q

N(F , L2(Q), ε‖F‖Q,2)

� sup
Q

N(F1, L2(Q), 2−1/2ε‖F1‖Q,2) · sup
Q

N(F2, L2(Q), 2−1/2ε) � (A2/ε)
4(d+2),

where A2 = 21/2A1. For the envelop function F : R×R
d → R

+, we have EF(z)2 = r2d. Consequently,
it follows from Corollary 5.1 in Chernozhukov et al. (2014) that

E

(
sup
f ∈F

Gnf

)
�
√

M0m3r3d log
(
A2

2d/(M0m3r)
)+ rMn

d

n1/2
log
(
A2

2d/(M0m3r)
)
, (4.19)

where Mn := (Emax1�i�n ‖zi‖2
2)

1/2. To bound Mn, we will reply on an exponential-type tail inequality

for X := max1�i�n ‖zi‖2
2. Assume there exist constants A, a > 0 such that P(X � A + au) � e−u for

every u ∈ R. Then

E(X) =
∫ ∞

0
P(X � t)dt � A +

∫ ∞

A
P(X � t)dt

= A +
∫ ∞

0
P(X � A + t)dt = A + a

∫ ∞

0
P(X � A + au)du � A + a.

Given ε ∈ (0, 1), there exits a finite subset Nε ⊆ S
d−1 with |Nε | � (1 + 2/ε)d such that

max1�i�n ‖zi‖2 � (1 − ε)−1 max1�i�n maxu∈Nε
〈u, wi〉. For every i ∈ [n] and u ∈ Nε , Condition 1

indicates that P(|〈u, wi〉| � υ0u) � 2e−u2/2 for any u ∈ R. Taking the union bound over i ∈ [n] and u ∈
Nε , and setting u = √2v + 2 log(2n) + 2d log(1 + 2/ε) (v > 0), we obtain that with probability at least

1 − 2n(1 + 2/ε)de−u2/2 = 1 − e−v, max1�i�n ‖zi‖2 � (1 − ε)−1υ0

√
2v + 2 log(2n) + 2d log(1 + 2/ε).

Minimizing this upper bound with respect to ε ∈ (0, 1), we conclude that

P

[
max

1�i�n
‖zi‖2

2 � 2υ2
0

{
3.7d + log(2n) + v

}]
� e−v, valid for every v > 0.
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836 X. PAN AND W.-X. ZHOU

Taking A = 2υ2
0 {3.7d + log(2n)} and a = 2υ2

0 in the earlier analysis yields the bound M2
n =

E(max1�i�n ‖zi‖2
2) � 2υ2

0 {3.7d + log(2en)}. Plugging this into (4.19) gives

E

(
sup
f ∈F

Gnf

)
�
√

M0m3r3d log
(
A2

2d/(M0m3r)
)+ r(d + log n)1/2 d

n1/2 log
(
A2

2d/(M0m3r)
)
. (4.20)

Together, (4.15), (4.17), (4.18) and (4.20) imply that with probability at least 1 − 2e−t,

sup
β∈ΘΣ (r)

‖Δ(β) − EΔ(β)‖2

� C1

{√
rt

n
+
√

log(C2d/r)
rd

n
+ (d + log n)1/2 log(C2d/r)

d

n
+ (d log n)1/2 t

n

}
. (4.21)

Thus far, we have established a high probability bound on the �2-norm of Δ(β) = S−1/2
{∇Qn(β)−

∇Qn(β
∗)
}− S1/2(β −β∗) uniformly over β ∈ ΘΣ (r), a local neighborhood of β∗, for any prespecified

r > 0. By Theorem 2.1, we have β̂ ∈ ΘΣ (rt) with probability at least 1 − 2e−t as long as n �
CL2

0f −4(d + t), where rt = C3
√

(d + t)/n. Setting r = rt in (4.14) and (4.21), we find that with
probability at least 1 − 2e−t,

sup
β∈ΘΣ (rt)

‖Δ(β)‖2 � (d + t)1/4(d log n + t)1/2

n3/4
+ (d + log n)1/2 d log n

n
+ (d log n)1/2 t

n
.

Recalling that ∇Qn(β̂) = 0, this completes the proof.

4.4 Proof of Theorem 2.3

Let λ ∈ R
d be an arbitrary vector defining a linear contrast. Define the normalized partial sum

Sn = n−1/2∑n
i=1 γiζi of independent zero-mean random variables, where ζi = I(εi � 0) − τ and

γi = −〈S−1λ, xi〉. Moreover, write δn = (d + log n)1/4(d log n)1/2n−1/4 + (d + log n)1/2d log(n) n−1/2.
Applying Theorem 2.2 with t = log n yields that, under the scaling n � d + log n,

∣∣n1/2〈λ, β̂ − β∗〉 − Sn

∣∣
= n1/2

∣∣∣∣〈S−1/2λ, S1/2(β̂ − β∗) + S−1/2 1

n

n∑
i=1

{
I(εi � 0) − τ

}
xi

〉∣∣∣∣ � c1‖S−1/2λ‖2 δn (4.22)

with probability at least 1 − 4n−1 for some constant c1 > 0.
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For the partial sum Sn, note that var(Sn) = σ 2
τ = τ(1 − τ)‖S−1λ‖2

Σ . Then it follows from the
Berry–Esseen inequality (see, e.g. Tyurin, 2011) that

sup
x∈R

∣∣P{Sn � var(Sn)
1/2x

}− Φ(x)
∣∣

� E|{I(ε � 0) − τ }〈S−1λ, x〉|3
2n1/2σ 3

τ

� 1 − 2(τ − τ 2)

2(τ − τ 2)1/2

m3

n1/2 = c2n−1/2. (4.23)

Moreover, for any a � b, Φ(b/στ ) − Φ(a/στ ) � (2π)−1/2(b − a)/στ . Combining this with (4.22) and
(4.23), for any x ∈ R, we obtain

P
(
n1/2〈λ, β̂ − β∗〉 � x

)
� P

(
Sn � x + c1‖S−1/2λ‖2 δn

)+ 4n−1

� P
{
var(Sn)

1/2G � x + c1‖S−1/2λ‖2 δn

}+ c2n−1/2 + 4n−1

� P
(
στ G � x

)+ c1{2πτ(1 − τ)}−1/2δn + c2n−1/2 + 4n−1,

where G ∼ N (0, 1). A similar argument leads to the reverse inequality. Putting together the pieces
established the Berry–Esseen bound (2.6).

4.5 Proof of Theorem 2.4

Without loss of generality, we assume t > 0 is such that 2e−t � 1 throughout the proof. By the convexity

of β �→ Q�
n(β), β̂

�
satisfies the first-order condition that ξ

�

β̂
� = 0 for some ξ

�

β̂
� ∈ ∂Q�

n(β̂
�
). Again, we

follow the same localized analysis as in the proof of Theorem 2.1. For some 0 < r � f /(6L0υ
2
0 ) to be

determined, if β̂
�

/∈ β∗ +BΣ (r), there exists η ∈ (0, 1) such that β̃ := β∗ +η(β̂
� −β∗) ∈ β∗ +∂BΣ (r);

otherwise if β̂
� ∈ β∗ + BΣ (r), we take η = 1 so that β̃ = β̂

�
.

Similar to (4.9) and (4.10), we have that for any ξ
�

β∗ ∈ ∂Q�
n(β

∗) and ξ
�

β̃
∈ ∂Q�

n(β̃),

〈ξ �

β̃
− ξ

�

β∗ , β̃ − β∗〉 � ‖Σ−1/2ξ
�

β∗‖2‖β̃ − β∗‖Σ .

For the right-hand side, Proposition 4.3 implies that there exists some event G1(t) with P{G1(t)} �
1 − e−2t such that, conditioned on G1(t),

‖Σ−1/2ξ
�

β∗‖2 � 2

√
d + t

n
+ ‖Σ−1/2

E
∗ξ �

β∗‖2

with P
∗-probability at least 1 − e−2t as long as n � d + t. On the other hand, since ‖β̃ − β∗‖Σ � r,

by Proposition 4.4, there exists some event G2(t) = G2(t;Dn) with P{G2(t)} � 1 − e−t such that,

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/10/3/813/5831400 by guest on 14 Septem
ber 2021



838 X. PAN AND W.-X. ZHOU

conditioned on G2(t),

〈ξ �

β̃
− ξ

�

β∗ , β̃ − β∗〉 � 1

8
f ‖̃δ‖2

Σ − 8υ2
0 ‖̃δ‖Σ

√
2(d + t)

n

with P
∗-probability at least 1 − e−t/2 as long as n � log(d) + t, where δ̃ = β̃ − β∗. Together, the last

three displays imply

‖̃δ‖Σ ≤ 8f −1(21/2 + 8υ2
0

)√2(d + t)

n
+ 8f −1‖Σ−1/2

E
∗ξ �

β∗‖2 (4.24)

with P
∗-probability at least 1 − e−t conditioned on G1(t) ∩ G2(t).

For ‖Σ−1/2
E

∗ξ �

β∗‖2, it follows from (4.3) and Proposition 4.1 that

‖Σ−1/2
E

∗ξ �

β∗‖2 < 3υ0

√
2(d + t)

n
(4.25)

with probability at least 1 − e−2t. Let G3(t) be the event that (4.25) holds so that P{G3(t)} � 1 − e−2t.
Combining (4.24) and (4.25), we conclude that conditioned on G1(t) ∩ G2(t) ∩ G3(t), ‖̃δ‖Σ < r :=

C4f −1√(d + t)/n with P
∗-probability at least 1 − e−t as long as n � C5L2

0f −4(d + t), and P{G1(t) ∩
G2(t) ∩ G3(t)} � 1 − 2e−t, where the constants C4, C5 > 0 depend only on υ0. This enforces β̃ = β̂

�
.

Finally, taking E(t) = G1(t) ∩ G2(t) ∩ G3(t) establishes the claim.

4.6 Proof of Theorem 2.5

Following the proof of Theorem 2.2, we treat ∇Q�
n(β) := (1/n)

∑n
i=1 wixi{I(yi � 〈xi, β〉) − τ } as the

gradient of Q�
n(β). Under this notation, define the vector-valued random process

Δ�(β) = S−1/2{∇Q�
n(β) − ∇Q�

n(β
∗)
}− S1/2(β − β∗) for β ∈ R

d.

Recalling E(wi) = 1, we have E
∗∇Q�

n(β) = ∇Qn(β) = (1/n)
∑n

i=1 xi{I(yi � 〈xi, β〉) − τ }. Define

R�
n(β) = ∇Q�

n(β) − ∇Qn(β), so that

Δ�(β) = S−1/2{R�
n(β) − R�

n(β
∗) + ∇Qn(β) − ∇Qn(β

∗) − S(β − β∗)
}

and E
∗Δ�(β) = Δ(β) with Δ(β) defined in (4.12). By the triangle inequality, for any r > 0 we have

sup
β∈ΘΣ (r)

‖Δ�(β)‖2 � sup
β∈ΘΣ (r)

‖Δ�(β) − E
∗Δ�(β)‖2 + sup

β∈ΘΣ (r)
‖Δ(β)‖2, (4.26)

where ΘΣ (r) = {β ∈ R
d : ‖β − β∗‖Σ � r}.

The last term supβ∈ΘΣ (r) ‖Δ(β)‖2 in (4.26), which only depends on the data Dn = {(yi, xi)}n
i=1,

has been dealt with in the proof of Theorem 2.2. Hence, it remains to bound the random fluctuation
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Δ�(β) − E
∗Δ�(β) = S−1/2{R�

n(β) − R�
n(β

∗)} over β ∈ ΘΣ (r), given Dn. As before, we use a change
of variable v = Σ1/2(β − β∗) and obtain

sup
β∈ΘΣ (r)

‖Δ�(β) − E
∗Δ�(β)‖2 = sup

β∈ΘΣ (r)
‖S−1/2{R�

n(β) − R�
n(β

∗)}‖2

� f −1/2 sup
β∈ΘΣ (r),u∈Bd(1)

〈R�
n(β) − R�

n(β
∗), Σ−1/2u〉

= f −1/2r−1 sup
u,v∈Bd(r)

〈Σ−1/2{R�
n(β

∗ + Σ−1/2v) − R�
n(β

∗)}, v〉︸ ︷︷ ︸
n−1/2Δ

�
0(u,v)

, (4.27)

where Δ
�
0(u, v) = n−1/2∑n

i=1 ei〈zi, u〉{I(εi � 〈zi, v〉) − I(εi � 0)}. Let F1 and F2 be the function
classes defined in (4.16), and let F = F1 · (F2 − f0) be the pointwise product between F1 and

F2 − f0 with f0 : (z0, z) �→ I(z0 � 0). With this notation, we have supu,v∈Bd(r) Δ
�
0(u, v) =

supf ∈F n−1/2∑n
i=1 eif (z̄i). Recall that E∗ denotes the conditional expectation given Dn. By Theorem

13 in Boucheron et al. (2005) and the bound sup1�i�n,f ∈F f (z̄i) � r max1�i�n ‖zi‖2, we obtain that,
with Z := E

∗{supf ∈F |(1/n)
∑n

i=1 eif (z̄i)|} denoting the conditional Rademacher average,

{
E(Z − EZ)2k+

}1/(2k) � 2

√
EZ · kκr

Mn,k

n
+ 2kκr

Mn,k

n
� EZ + 3kκr

Mn,k

n
, valid for any k � 1,

where κ = √
e/(2

√
e − 2) < 1.271 and Mn,k := (Emax1�i�n ‖zi‖2k

2 )1/(2k). By (4.27), Markov’s
inequality and the bound Z � (Z − EZ)+ + EZ, we obtain that

sup
β∈ΘΣ (r)

‖Δ�(β) − E
∗Δ�(β)‖2 = OP∗

(
r−1Z

)
and Z = OP

(
EZ + rMn,1/n

)
. (4.28)

For EZ, by a similar argument to (4.20) and (4.21), we get

EZ � r3/2

√
log(C2d/r)

d

n
+ r(d + log n)1/2 log(C2d/r)

d

n
. (4.29)

With the above preparations, we are ready to prove the claim. Together, Theorems 2.1– 2.4 imply
that under the scaling n � d + log n, there exists some event En, satisfying P(En) � 1 − 4n−1, on which
‖β̂ − β∗‖Σ � rn = C3

√
(d + log n)/n and

χ1n :=
∥∥∥∥S1/2(β̂ − β∗) + S−1/2 1

n

n∑
i=1

xi

{
I(εi � 0) − τ

}∥∥∥∥
2

� sup
β∈ΘΣ (rn)

‖Δ(β)‖2 � (d + log n)1/4(d log n)1/2

n3/4
+ (d + log n)1/2 d log n

n︸ ︷︷ ︸
:=Δn,d

.
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Moreover, with P
∗-probability at least 1 − n−1 conditioned on En, ‖β̂� − β∗‖Σ � rn so that

∥∥∥∥S1/2(β̂
� − β∗) + S−1/2 1

n

n∑
i=1

wixi

{
I(εi � 0) − τ

}∥∥∥∥
2

� sup
β∈ΘΣ (rn)

‖Δ�(β)‖2.

By (4.26), (4.28), (4.29) and (4.21), χ2n = χ2n(Dn) := E
∗{sup

β∈ΘΣ (r�
n)

‖Δ�(β)‖2} satisfies χ2n =
OP(Δn,d). Let r�

n = S1/2(β̂
� − β̂) − S−1/2(1/n)

∑n
i=1 eixi{τ − I(εi � 0)}. Then, with P

∗-probability

at least 1 − n−1 conditioned on En, ‖r�
n‖2 � χ1n + supβ∈ΘΣ (r) ‖Δ�(β)‖2 with supβ∈ΘΣ (r) ‖Δ�(β)‖2 =

O
P∗(χ2n) and χ1n + χ2n = O

P
(Δn,d). This establishes the claim (2.14).

4.7 Proof of Theorem 2.6

Let λ ∈ R
d be an arbitrary vector defining a linear contrast of interest. Write γi = 〈S−1λ, xi〉 and

ζi = I(εi � 0) − τ for i = 1, . . . , n and define

Sn = 1√
n

n∑
i=1

γiζi and S�
n = 1√

n

n∑
i=1

eiγiζi.

To begin with, it follows from Theorem 2.2 that under the scaling n � d + log n, there exists a sequence
of events {En} with P(En) � 1 − 4n−1 such that, |n1/2〈λ, β̂ − β∗〉 − Sn| � c1‖S−1/2λ‖2δn,d on En,
where δn,d := (d + log n)1/4(d log n)1/2n−1/4 + (d + log n)1/2d log(n)n−1/2. By Theorems 2.4 and 2.5,

we further have |n1/2〈λ, β̂
� − β̂〉 − S�

n| � ‖S−1/2λ‖2‖n1/2r�
n‖2 with P

∗-probability at least 1 − n−1

conditioned on En. For the remainder r�
n = r�

n({(ei, yi, xi)}n
i=1), using Markov’s inequality with the

bounds (4.28) and (4.29), there exits some event Gn with P(Gc
n) � (δn,d/δ2)

2 such that, conditioned
on En ∩ Gn,

P
∗(‖n1/2r�

n‖2 � δ1

)
� δ−1

1 (δn,d + δ2),

valid for any δ1, δ2 > 0. Taking δ1 = δ
2/5
n,d and δ2 = δ

4/5
n,d yields that P(Gc

n) � c2δ
2/5
n,d and

P
∗(‖n1/2r�

n‖2 � δ
2/5
n,d

)
� c3δ

2/5
n,d , conditioned on En ∩ Gn.

Next, we establish the closeness in distribution between Sn and S�
n. Note that γiζi are independent

random variables with mean zero and var(γiζi) = τ(1 − τ)‖S−1λ‖2
Σ . Thus, var(Sn) = τ(1 −

τ)‖S−1λ‖2
Σ � τ(1 − τ)f̄ −1‖S−1/2λ‖2

2. Moreover, under Condition 1,

E
(|γiζi|3

)
� τ(1 − τ)E|〈S−1λ, xi〉|3 � τ(1 − τ)m3‖S−1λ‖3

Σ .

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/10/3/813/5831400 by guest on 14 Septem
ber 2021



MULTIPLIER BOOTSTRAP FOR QUANTILE REGRESSION 841

Let Φ(·) be the standard normal distribution function. By the Berry–Esseen inequality (see, e.g. Tyurin,
2011),

sup
x∈R

∣∣P{Sn � var(Sn)
1/2x

}− Φ(x)
∣∣ � m3

2
√

τ(1 − τ)n
. (4.30)

For S�
n, using a conditional version of the Berry–Esseen inequality for sums of independent random

variables (Tyurin, 2011), we have

sup
x∈R

∣∣P∗{S�
n � var∗(S�

n)
1/2x

}− Φ(x)
∣∣ � (1/n)

∑n
i=1 |ζiγi|3

2
√

n {var∗(S�
n)}3/2

, (4.31)

where var∗(S�
n) = (1/n)

∑n
i=1(γiζi)

2. Recall that zi = Σ−1/2xi, and let u = Σ1/2S−1λ/‖S−1λ‖Σ ∈
S

d−1 be a unit vector. For the two data-dependent quantities var∗(S�
n) and (1/n)

∑n
i=1 |γiζi|3, we have

∣∣var∗(S�
n)/var(Sn) − 1

∣∣ = 1

τ(1 − τ)

∣∣∣∣1n
n∑

i=1

ζ 2
i 〈u, zi〉2 − τ(1 − τ)

∣∣∣∣ (4.32)

and

1

n

n∑
i=1

|γiζi|3 � max
1�i�n

|γiζi| · 1

n

n∑
i=1

ζ 2
i 〈S−1λ, xi〉2 � max

1�i�n
|γiζi| · ‖S−1λ‖2

Σ · 1

n

n∑
i=1

ζ 2
i 〈u, zi〉2. (4.33)

For independent zero-mean sub-Gaussian random variables γiζi, it can be shown that with
probability at least 1− e−x, max1�i�n |γiζi| � ‖S−1λ‖Σ

√
log(n) + x. Furthermore, following the proof

of Proposition 4.3, it can be similarly shown that

∣∣∣∣1n
n∑

i=1

ζ 2
i 〈u, zi〉2 − τ(1 − τ)

∣∣∣∣ � 2υ2
0

√
2x

3n
+ 2υ2

0
x

n

with probability at least 1 − 2e−x. Putting together the pieces, it follows from (4.32) that there exists an
event E ′

n, satisfying P(E ′
n) � 1 − n−1, on which max1�i�n |γiζi| � ‖S−1λ‖Σ (log n)1/2,

1

n

n∑
i=1

|γiζi|3 � ‖S−1λ‖3
Σ (log n)1/2 and

∣∣var∗(S�
n)/var(Sn) − 1

∣∣ � √ log n

n
(4.34)

as long as n � log n.
For the normal distribution function, we have the following property derived from Pinsker’s

inequality (see Lemma A.7 in the supplement of Spokoiny & Zhilova, 2015):

sup
x∈R

∣∣Φ(x/var(Sn)
1/2) − Φ(x/var∗(S�

n)
1/2)
∣∣ � 1

2

∣∣var∗(S�
n)/var(Sn) − 1

∣∣ (4.35)
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as long as |var∗(S�
n)/var(Sn) − 1| � 1/2. Moreover, for any a � b,

Φ(b/var(Sn)
1/2) − Φ(a/var(Sn)

1/2) � b − a√
2πvar(Sn)

� f̄ 1/2(b − a)

‖S−1/2λ‖2
√

2πτ(1 − τ)
. (4.36)

Combining the ingredients, we derive that for any x ∈ R,

P
(
n1/2〈λ, β̂ − β∗〉 � x

)
� P

(
Sn � x + c1‖S−1/2λ‖2δn,d

)+ 4n−1

(i)
� P

{
var(Sn)

1/2G � x + c1‖S−1/2λ‖2δn,d

}+ m3

2
√

τ(1 − τ)n
+ 4n−1

(ii)
� P

{
var(Sn)

1/2G � x − ‖S−1/2λ‖2δ
2/5
n,d

}+ f̄ 1/2
c1δn,d + δ

2/5
n,d√

2πτ(1 − τ)
+ m3

2
√

τ(1 − τ)n
+ 4n−1

(iii)
� P

∗{var∗(S�
n)

1/2G � x − ‖S−1/2λ‖2δ
2/5
n,d

}
+ 1

2

∣∣∣∣var∗(S�
n)

var(Sn)
− 1

∣∣∣∣+ f̄ 1/2
c1δn,d + δ

2/5
n,d√

2πτ(1 − τ)
+ m3

2
√

τ(1 − τ)n
+ 4n−1

(iv)
� P

∗(S�
n � x − ‖S−1/2λ‖2δ

2/5
n,d

)+ (1/n)
∑n

i=1 |γiζi|3
2
√

n {var∗(S�
n)}3/2

+ 1

2

∣∣∣∣var∗(S�
n)

var(Sn)
− 1

∣∣∣∣+ f̄ 1/2
c1δn,d + δ

2/5
n,d√

2πτ(1 − τ)
+ m3

2
√

τ(1 − τ)n
+ 4n−1,

where steps (i) and (iv) follow respectively from the Berry–Esseen inequalities (4.30) and (4.31), step (ii)
uses the anti-concentration inequality (4.36) and step (iii) is due to the Gaussian comparison inequality
(4.35). Conditioned on En ∩ Gn,

P
∗(S�

n � x − ‖S−1/2λ‖2δ
2/5
n,d

)
� P

∗(S�
n � x − ‖S−1/2λ‖2‖n1/2r�

n‖2

)+ P
∗(‖n1/2r�

n‖2 � δ
2/5
n,d

)
� P

∗(n1/2〈λ, β̂
� − β̂〉 � x

)+ n−1 + c3δ
2/5
n,d .

Moreover, on the event E ′
n, the bounds in (4.34) imply

(1/n)
∑n

i=1 |γiζi|3
2
√

n {var∗(S�
n)}3/2

+ 1

2

∣∣∣∣var∗(S�
n)

var(Sn)
− 1

∣∣∣∣ �
√

log n

n

as long as n � log n. A similar argument leads to a series of reverse inequalities.
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Putting together the pieces, we conclude that conditioned on the event En ∩ E ′
n ∩ Gn,

sup
x∈R

∣∣P(n1/2〈λ, β̂ − β∗〉 � x
)− P

∗(n1/2〈λ, β̂
� − β̂〉 � x

)∣∣ � δ
2/5
n,d .

Under the scaling d3(log n)2 = o(n), δn,d = o(1) as n → ∞. Combined with the above bound, this
establishes the claim (2.15).
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A. Proofs of Propositions 4.1– 4.4

A.1 Proof of Proposition 4.1

By (4.3), every ξβ∗ ∈ ∂Qn(β
∗) satisfies ξβ∗ = ξ∗ := (1/n)

∑n
i=1 xi{I(εi � 0)−τ } with probability one.

Hence, it suffices to bound ‖Σ−1/2ξ∗‖2 = sup‖u‖2=1〈u, Σ−1/2ξ∗〉. Via a standard covering argument,

for any ε ∈ (0, 1), there exists an ε-net Nε of the unit sphere S
d−1 with |Nε | � (1 + 2/ε)d such

that ‖Σ−1/2ξ∗‖2 � (1 − ε)−1 maxu∈Nε
〈u, Σ−1/2ξ∗〉. Along each direction u, define one-dimensional

marginals

γu,i = 〈u, Σ−1/2xi〉{I(εi � 0) − τ }, i = 1, . . . , n,

which satisfy E(γu,i) = 0 and var(γu,i) = τ(1 − τ) � 1/4. By Condition 1, P(|〈u, Σ−1/2xi〉| � υ0t) �
2e−t2/2 for all t � 0. Hence, for k = 1, 2, . . .,

Eγ 2k
u,i � E{I(εi � 0) − τ }2〈u, Σ−1/2xi〉2k

= 1

4
υ2k

0 2k
∫ ∞

0
P
(|〈u, Σ−1/2xi〉| � υ0t

)
t2k−1dt � υ2k

0 2k−1k! � (2k)!

2kk!
(a1υ0)

2k

for some absolute constant a1 > 1. Following the proof of Theorem 2.6 in Wainwright (2019), it can

be shown that Eeλγu,i � e(a1a2λυ0)
2/2 for all λ ∈ R, where a2 > 1 is also an absolute constant. By the

Hoeffding bound for sums of sub-Gaussian random variables (see, e.g. Proposition 2.5. in Wainwright,
2019), for any y � 0 we have

1

n

n∑
i=1

γu,i � a1a2υ0

√
2y

n

with probability at least 1 − e−y. Taking the union bound over all vectors u ∈ Nε yields

‖Σ−1/2ξ∗‖2 � a1a2υ0

1 − ε

√
2y

n

with probability greater than 1 − elog(1+2/ε)d−y. Through a careful analysis, we select a1 = 1.09, a2 =
1.3 and ε = 0.314 so that all the requirements are satisfied. Finally, taking y = 2d + x completes the
proof.
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A.2 Proof of Proposition 4.2

By (4.2), every ξβ = (ξβ,1, . . . , ξβ,d)
ᵀ ∈ ∂Qn(β) can be written as

ξβ,j = −τ

n

n∑
i=1

xij + 1

n

n∑
i=1

xijI(yi � 〈xi, β〉) − 1

n

n∑
i=1

xij{vi + (1 − τ)}I(yi = 〈xi, β〉),

where vi ∈ [τ − 1, τ ]. With δ = β − β∗, it follows that

〈ξβ − ξβ∗ , β − β∗〉 � 1

n

n∑
i=1

〈xi, δ〉
{
I(εi � 〈xi, δ〉) − I(εi � 0)

}
︸ ︷︷ ︸

:=Un(δ)

− 1

n

n∑
i=1

|〈xi, δ〉|
{
I(εi = 〈xi, δ〉) + I(εi = 0)

}
. (A.1)

Since the conditional distribution of ε given x is continuous, with probability one, there is no vector
δ ∈ R

d and 1 � i � n such that εi = 〈xi, δ〉. See Lemma A.1 of Ruppert & Carroll (1980). In other
words, with probability one,

1

n

n∑
i=1

|〈xi, δ〉|
{
I(εi = 〈xi, δ〉) + I(εi = 0)

} = 0 for all δ ∈ R
d. (A.2)

Turning to the first term on the right-hand side of (A.1), the main difficulty comes from the
discontinuity of Un(δ) as a function of δ. To construct a smooth version of Un, we introduce four
Lipschitz continuous functions as follows. For any a, b > 0 and u ∈ R, define

ϕ+
a (u) =

⎧⎪⎨
⎪⎩

1 if u > 2a

−1 + u
a if a < u � 2a

0 otherwise

, ϕ−
a (u) =

⎧⎪⎨
⎪⎩

1 if u < −2a

−1 − u
a if − 2a � u < −a

0 otherwise

, (A.3)

and

ψ+
b (u) =

⎧⎪⎨
⎪⎩

1 if u � b/2

2 − 2u
b if b

2 < u � b

0 otherwise

, ψ−
b (u) =

⎧⎪⎨
⎪⎩

1 if u � −b/2

2 + 2u
b if − b � u < − b

2

0 otherwise

. (A.4)

Respectively, ϕ±
a and ψ±

b are (1/a)- and (2/b)-Lipschitz continuous, see Fig. A2. Also, they satisfy the
following properties: for a, b > 0 and u ∈ R,

I(u ≥ 2a) � ϕ+
a (u) � I(u ≥ a), I(u ≤ −2a) � ϕ−

a (u) � I(u ≤ −a), (A.5)

I(u ≤ b/2) � ψ+
b (u) � I(u � b), I(u ≥ −b/2) � ψ−

b (u) � I(u ≥ −b), (A.6)

aϕ+
a (u) � 1

2
max{u, 0}, aϕ−

a (u) � 1

2
max{−u, 0}. (A.7)
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Fig. A2. The Lipschitz continuous functions ϕ±
a (u) and ψ±

b (u) with a = 1 and b = 2.

Furthermore, for each εi, we define its positive and negative components as εi,+ = max{εi, 0} and
εi,− = max{−εi, 0}. For any r > 0, taking a = εi,± and b = 2r‖δ‖Σ yields

Un(δ) = 1

n

n∑
i=1

{〈xi, δ〉I(0 < εi � 〈xi, δ〉) + 〈−xi, δ〉I(〈xi, δ〉 < εi ≤ 0)
}

≥ 1

n

n∑
i=1

{
εi,+ϕ+

εi,+(〈xi, δ〉) + εi,−ϕ−
εi,−(〈xi, δ〉)

}

≥ 1

n

n∑
i=1

εi,+ϕ+
εi,+(〈xi, δ〉)I(〈xi, δ〉 ≤ 2r‖δ‖Σ ) + 1

n

n∑
i=1

εi,−ϕ−
εi,−(〈xi, δ〉)I(〈xi, δ〉 ≥ −2r‖δ‖Σ )

≥ 1

n

n∑
i=1

εi,+ϕ+
εi,+(〈xi, δ〉)ψ+

2r‖δ‖Σ
(〈xi, δ〉)︸ ︷︷ ︸

V+
n (δ)

+ 1

n

n∑
i=1

εi,−ϕ−
εi,−(〈xi, δ〉)ψ−

2r‖δ‖Σ
(〈xi, δ〉)︸ ︷︷ ︸

V−
n (δ)

. (A.8)

To bound Vn(δ) = V+
n (δ) + V−

n (δ) from below, we follow a two-step procedure: in step one, we derive
a lower bound on the expectation E{Vn(δ)}, and in step two, we show concentration of Vn(δ) around
E{Vn(δ)} uniformly over δ ∈ R

d with high probability.
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Step 1. Along each direction δ ∈ R
d \ {0}, define the one-dimensional marginal ηδ = 〈x, δ〉/‖δ‖Σ that

satisfies E(η2
δ) = 1. Using the lower bounds of ϕ±

a and ψ±
b given in (A.5) and (A.6), we obtain

E{V+
n (δ)} ≥ 1

n

n∑
i=1

E
{
εi,+I(2εi,+ ≤ 〈xi, δ〉 ≤ r‖δ‖Σ )

}
,

E{V−
n (δ)} ≥ 1

n

n∑
i=1

E
{
εi,−I(−r‖δ‖Σ ≤ 〈xi, δ〉 ≤ −2εi,−)

}
.

Together, with Condition 2 and the law of total expectation, we have

E{Vn(δ)} � 1

n

n∑
i=1

E

∫ 〈xi,δ〉/2

0
tfεi|xi

(t) dt · I(0 ≤ 〈xi, δ〉 ≤ r‖δ‖Σ )

+ 1

n

n∑
i=1

E

∫ 0

〈xi,δ〉/2
(−t)fεi|xi

(t) dt · I(−r‖δ‖Σ ≤ 〈xi, δ〉 ≤ 0)

≥ 1

4
‖δ‖2

Σ · E{fε|x(0)η2
δ I(|ηδ| ≤ r)

}− L0

24
‖δ‖3

Σ · E{|ηδ|3I(|ηδ| ≤ r)
}

�
(

f

4
− L0

24
r‖δ‖Σ

)
‖δ‖2

Σ E
{
η2

δ I(|ηδ| ≤ r)
}
. (A.9)

Under Condition 1, P(|ηδ/υ0| � t) � 2e−t2/2 for all t � 0 and δ ∈ R
d. Therefore,

E
{
η2

δ I(|ηδ| > r)
} =

(∫ r2

0
+
∫ ∞

r2

)
P
{
η2

δ I(|ηδ| > r) > t
}

dt

= 2υ2
0

∫ ∞

r/υ0

P(|ηδ/υ0| � t)t dt + r2
P(|ηδ/υ0| > r/υ0)

� 2r2e−(r/υ0)
2/2 + 4υ2

0

∫ ∞

(r/υ0)
2/2

e−sds = (2r2 + 4υ2
0

)
e−(r/υ0)

2/2.

Taking r = 4υ2
0 with υ0 � 1, it follows that E{η2

δ I(|ηδ| � r)} � 1 − supυ0�1(32υ4
0 + 4υ2

0 )e−8υ2
0 �

1 − 36e−8. Substituting this into (A.9) yields

E{Vn(δ)} � (2/9 − 8e−8)f ‖δ‖2
Σ (A.10)

for all δ ∈ R
d satisfying 0 � ‖δ‖Σ � f /(6L0υ

2
0 ), where f and L0 are defined in Condition 2.

Step 2. We prove the concentration of Vn(δ) around E{Vn(δ)} uniformly over δ via the peeling
technique, which is widely used in empirical process theory (van de Geer, 2000). For some δ > 0
to be specified, define Θ(δ) = {δ ∈ R

d : ‖δ‖Σ � δ} = ∪∞
�=1Θ�(δ) with

Θ�(δ) = {δ ∈ R
d : 2(�−1)/2δ � ‖δ‖Σ � 2�/2δ

}
, � = 1, 2 . . . .

For any R � δ, define

Δn(R) = f (w1, . . . , wn; R) := sup
δ�‖δ‖Σ�R

{
EVn(δ) − Vn(δ)

}
, (A.11)
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where wi = (xi, εi) ∈ R
d × R. For δ ∈ R

d, write

E(δ; wi) = εi,+ϕ+
εi,+(〈xi, δ〉)ψ+

2r‖δ‖Σ
(〈xi, δ〉) + εi,−ϕ−

εi,−(〈xi, δ〉)ψ−
2r‖δ‖Σ

(〈xi, δ〉).

Note that for any b > 0 and u ∈ R, at most one of εi,+ϕ+
εi,+(u)ψ+

b (u) and εi,−ϕ−
εi,−(u)ψ−

b (u) can be
non-zero. When 〈xi, δ〉 � 0, by (A.4) and (A.7), we have

0 � E(δ; wi) = εi,+ϕ+
εi,+(〈xi, δ〉)ψ+

2r‖δ‖Σ
(〈xi, δ〉)

� 〈xi, δ〉
2

×

⎧⎪⎨
⎪⎩

1 if 〈xi, δ〉 � r‖δ‖Σ

2 − 〈xi,δ〉
r‖δ‖Σ

if r‖δ‖Σ < 〈xi, δ〉 � 2r‖δ‖Σ

0 otherwise

� r

2
‖δ‖Σ .

Following a similar argument, the same upper bound applies to E(δ; wi) when 〈xi, δ〉 < 0. Consequently,
we have |E(δ; wi)| � Rr/2, so that for any index i and an independent copy w′

i = (x′
i, ε

′
i) of wi = (xi, εi),

|f (w1, . . . , wi, . . . , wn; R) − f (w1, . . . , w′
i, . . . , wn; R)| ≤ Rr

n
.

Hence, applying McDiarmid’s inequality (McDiarmid, 1989), we obtain that for any t � 0,

Δn(R) � EΔn(R) + Rr

√
t

2n
(A.12)

with probability at least 1 − e−t. Next we evaluate EΔn(R). Again, using (A.7) it can be shown that
for any a, b > 0, the functions u �→ aϕ±

a (u)ψ±
b (u) are 1-Lipschitz continuous. Thus, for any sample

wi = (xi, εi) ∈ R
d × R and parameters δ, δ′ ∈ R

d, we have

|E(δ; wi) − E(δ′; wi)| � 2|〈xi, δ〉 − 〈xi, δ
′〉|.

In other words, E(δ; wi) is a 2-Lipschitz continuous function in 〈xi, δ〉. Let e1, . . . , en be independent
Rademacher variables that are independent of the initial sample. By a classical symmetrization argument
and the Ledoux–Talagrand contraction inequality (see, e.g. (4.20) in Ledoux & Talagrand, 1991),

EΔn(R) � 2E

{
sup

δ�‖δ‖Σ�R

1

n

n∑
i=1

eiE(δ; wi)

}
� 4E

{
sup

δ�‖δ‖Σ�R

1

n

n∑
i=1

ei〈xi, δ〉
}

� 4RE

∥∥∥∥1

n

n∑
i=1

eiΣ
−1/2xi

∥∥∥∥
2

� 4R

√
d

n
. (A.13)

Combining (A.12) and (A.13) yields that, with probability at least 1 − e−t,

Δn(R) � Rr

√
t

2n
+ 4R

√
d

n
. (A.14)
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With the above preparations, we derive that for any t0 > 0,

P

{
∃ δ ∈ Θ(δ)s.t. − Vn(δ) + EVn(δ) � ‖δ‖2

Σ rt0 + 4‖δ‖Σ

√
2d

n

}
(i)
�

∞∑
�=1

P

{
∃ δ ∈ Θ�(δ)s.t. − Vn(δ) + EVn(δ) � 1

2
(2�/2δ)2rt0 + 4(2�/2δ)

√
d

n

}

(ii)
�

∞∑
�=1

P

{
Δn(2

�/2δ) � (2�/2δ)r

√
(2�/2t0δ)

2

4
+ 4(2�/2δ)

√
d

n

}
(iii)
�

∞∑
�=1

e−(2�/2t0δ)2n/2 =
∞∑

�=1

e−2�−1(t0δ)2n

(iv)
�

∞∑
�=1

e−�(t0δ)2n = e−(t0δ)2n

1 − e−(t0δ)2n
:= P(n, t0, δ), (A.15)

where step (i) uses the union bound along with the decomposition Θ(δ) = ∪∞
�=1Θ�(δ), step (ii) follows

from the definition of Δn(·) in (A.11), step (iii) uses the concentration inequality (A.14) with R = 2�/2δ

for each � � 1 and step (iv) uses the elementary inequality that 2�−1 � �.
Putting (A.1), (A.2), (A.8), (A.10) and (A.15) (with r = 4υ2

0 ) together, we conclude that with
probability at least 1 − P(n, t0, δ),

〈ξβ − ξβ∗ , β − β∗〉 �
{
(2/9 − 8e−8)f − 4υ2

0 t0
}‖δ‖2

Σ − 4‖δ‖Σ

√
2d

n
(A.16)

uniformly over δ = β − β∗ satisfying δ � ‖δ‖Σ � f /(6L0υ
2
0 ). In particular, we take t0 = (2/9 −

8e−8 − 1/8)f /(4υ2
0 ) and recall that υ0 ≥ 1 from Condition 1, then the right-hand side of (A.16) is

bounded from below by
1

8
f ‖δ‖2

Σ − 4υ2
0‖δ‖Σ

√
2d

n
.

By the convexity of Qn, 〈ξβ − ξβ∗ , β − β∗〉 is always non-negative. Therefore, for any t � 0, we may
assume

‖β − β∗‖Σ � δ := (32υ2
0/f )

√
2(d + t)

n
;

otherwise, (4.4) holds trivially. The above choices of (t0, δ) guarantee that P(n, t0, δ) � e−t/2 in (A.15).
Putting together the pieces, we conclude that with probability at least 1 − e−t/2,

〈ξβ − ξβ∗ , β − β∗〉 � 1

8
f ‖β − β∗‖2

Σ − 4υ2
0‖β − β∗‖Σ

√
2(d + t)

n

for all β satisfying 0 � ‖β − β∗‖Σ � f /(6L0υ
2
0 ). This completes the proof.

A.3 Proof of Proposition 4.3

By (4.3) and (4.5), every subgradient ξ � = (ξ
�
1 , . . . , ξ�

d)ᵀ ∈ ∂Q�
n(β

∗) coincides with (1/n)
∑n

i=1 wiζixi

with probability one. Thus, without loss of generality, we assume ξ � = (1/n)
∑n

i=1 wiζixi. Note that
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E
∗ξ � = (1/n)

∑n
i=1 ζixi. Using a standard covering argument again, for any ε ∈ (0, 1), there exists an

ε-net Nε ⊆ S
d−1 with |Nε | � (1 + 2/ε)d such that

‖Σ−1/2(ξ � − E
∗ξ �)‖2 ≤ 1

1 − ε
max
u∈Nε

1

n

n∑
i=1

eiζi〈u, zi〉,

where ei are independent Rademacher random variables. For any u ∈ Nε and y � 0, by Hoeffding’s
inequality we have

P
∗
{

1

n

n∑
i=1

eiζi〈u, zi〉 �
(

2y
n∑

i=1

ζ 2
i 〈u, zi〉2

)1/2 1

n

}
� e−y.

Moreover, note that ζi are bounded random variables that satisfy E(ζ 2
i |xi) = τ(1−τ) � 1/4, E(ζ 4

i |xi) �
1/12 and |ζi| � 1. Following the calculations as in the proof of Proposition 4.1, for every u ∈ Nε we
have

E(ζ 2
i 〈u, zi〉2)k � k!

2

4

3
υ4

0 (2υ2
0 )k−2, k = 2, 3, . . . .

Using Bernstein’s inequality, we obtain

P

(
1

n

n∑
i=1

ζ 2
i 〈u, zi〉2 � 1

4
+ 2υ2

0

√
2x

3n
+ 2υ2

0
x

n

)
� e−x, valid for any x � 0.

Finally, we set ε = 2/(e2 − 1) so that (1 + 2/ε)d = e2d. Taking the union bound twice over all
u ∈ Nε with x = y = 2(d + t) yields

max
u∈Nε

2

n

n∑
i=1

ζ 2
i 〈u, zi〉2 � 1

2
+ 8υ2

0

√
d + t

3n
+ 8υ2

0
d + t

n
(A.17)

with probability at least 1 − e−2t, and with P
∗-probability at least 1 − e−2t conditioned on the event that

(A.17) holds,

‖Σ−1/2(ξ � − E
∗ξ �)‖2 � 2

√
d + t

n

provided that n � Cυ4
0 (d + t) for some universal constant C > 0. Putting together the pieces completes

the proof of (4.6).

A.4 Proof of Proposition 4.4

We keep the notation used in the proof of Proposition 4.2 and follow a similar argument. To begin with,
note that every ξ

�

β = (ξ
�

β,1, . . . , ξ�

β,d)
ᵀ ∈ ∂Q�

n(β) can be written as

ξ
�

β,j = 1

n

n∑
i=1

wixij{I(yi � 〈xi, β〉) − τ } − 1

n

n∑
i=1

wixij{vi + (1 − τ)}I(yi = 〈xi, β〉),
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where vi ∈ [τ − 1, τ ]. As before, the bound 〈ξ �

β − ξ
�

β∗ , β − β∗〉 � U�
n(δ) holds with probability one,

where

U�
n(δ) := 1

n

n∑
i=1

wi〈xi, δ〉{I(εi � 〈xi, δ〉) − I(εi � 0)} for δ = β − β∗.

Again, introducing Lipschitz continuous functions ϕ±
a (u) and ψ±

b (u) as in (A.3) and (A.4), we obtain

U�
n(δ) � 1

n

n∑
i=1

wiεi,+ϕ+
εi,+(〈xi, δ〉)ψ+

2r‖δ‖Σ
(〈xi, δ〉)

+ 1

n

n∑
i=1

wiεi,−ϕ−
εi,−(〈xi, δ〉)ψ−

2r‖δ‖Σ
(〈xi, δ〉) := Vn(δ) + V�

n(δ), (A.18)

where Vn(δ) = V+
n (δ) + V−

n (δ) is defined in (A.8) and

V�
n(δ) = 1

n

n∑
i=1

eiεi,+ϕ+
εi,+(〈xi, δ〉)ψ+

2r‖δ‖Σ
(〈xi, δ〉) + 1

n

n∑
i=1

eiεi,−ϕ−
εi,−(〈xi, δ〉)ψ−

2r‖δ‖Σ
(〈xi, δ〉).

Notice that E∗{V�
n(δ)} = 0. For any R � δ, define Γn(R) = f (e1, . . . , en; R) := supδ�‖δ‖Σ�R −V�

n(δ).
For each index i and an independent copy ẽi of ei, we have

|f (e1, . . . , ei, . . . , en; R) − f (e1, . . . , ẽi, . . . , en; R)| ≤ Rr

n
.

Applying McDiarmid’s inequality gives

Γn(R) ≤ E
∗{Γn(R)} + Rr

√
t

2n
(A.19)

with P
∗-probability at least 1 − e−t. Using the Lipschitz continuity of u �→ εi,±ϕ+

εi,±(u)ψ±
b (u), and

Talagrand’s contraction principle, we obtain

E
∗{Γn(R)} � 2E∗

(
sup

δ�‖δ‖Σ�R

1

n

n∑
i=1

ei〈xi, δ〉
)

≤ 2R

n
E

∗
∥∥∥∥ n∑

i=1

eizi

∥∥∥∥
2

� 2R

n

( n∑
i=1

‖zi‖2
2

)1/2

= 2RMn,d

√
d

n
, (A.20)

where zi are defined in (4.5) and M2
n,d := (1/nd)

∑n
i=1
∑d

j=1 z2
ij. Together, (A.19) and (A.20) imply

Γn(R) � 2RMn,d

√
d

n
+ Rr

√
t

2n
(A.21)

with P
∗-probability at least 1 − e−t.
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Note that inequality (A.21) holds for every R � δ. Again, via the slicing technique and taking

r = 4υ2
0 , it can be shown that for any t1 > 0, with P

∗-probability at least 1− e−(t1δ)2n

1−e−(t1δ)2n
= 1−P(n, t1, δ),

V�
n(δ) � −2Mn,d‖δ‖Σ

√
2d

n
− 4t1υ

2
0‖δ‖2

Σ

uniformly over ‖δ‖Σ≥δ. For the data-dependent quantity Mn,d, note that M2
n,d �max1�j�d(1/n)

∑n
i=1 z2

ij.

Under Condition 1, we have E(z2
ij) = 1 and for k = 2, 3, . . . ,

E(z2
ij)

k = υ2k
0 2k

∫ ∞

0
P(|zij| � υ0x)x2k−1dx � 2k+1υ2k

0 k! = k!

2
16υ4

0 (2υ2
0 )k−2.

It then follows from Bernstein’s inequality that, for any 1 � j � d and x � 0,

P

(
1

n

n∑
i=1

z2
ij � 1 + 4υ2

0

√
2x

n
+ 2υ2

0
x

n

)
� e−x.

Taking x = log(2d) + t and applying the union bound, we obtain

M2
n,d ≤ 1 + 4υ2

0

√
2 log(2d) + 2t

n
+ 2υ2

0
log(2d) + t

n
(A.22)

with probability at least 1 − e−t/2.
Turning to Vn(δ) in (A.18), it follows from (A.15) and (A.16) that with probability at least 1 −

P(n, t0, δ),

Vn(δ) �
{
(2/9 − 8e−8)f − 4υ2

0 t0
}‖δ‖2

Σ − 4‖δ‖Σ

√
2d

n
(A.23)

for all δ satisfying δ � ‖δ‖Σ � f /(6L0υ
2
0 ). Let G(t, t0, δ) be the event that (A.22) and (A.23) hold. Then

P{G(t, t0, δ)} � 1 − e−t/2 − P(n, t0, δ). Taking t0 = t1 = (2/9 − 8e−8 − 1/8)f /(8υ2
0 ) yields that with

P
∗-probability at least 1 − P(n, t1, δ) conditioned on G(t, t0, δ),

〈ξ �

β − ξ
�

β∗ , β − β∗〉 � 1

8
f ‖δ‖2

Σ − 8υ2
0‖δ‖Σ

√
2d

n

uniformly over δ � ‖δ‖Σ � f /(6L0υ
2
0 ) as long as n � Cυ4

0

{
log(d) + t

}
for some universal constant

C > 0. For any t � 0, we assume that

‖β − β∗‖Σ � δ := (64υ2
0/f )

√
2(d + t)

n
;

otherwise, (4.7) holds trivially, and the above choices of (t0, t1, δ) guarantee that P(n, t0, δ) =
P(n, t1, δ) � e−t/2. This completes the proof.

B. Additional simulation studies

This section presents additional numerical results under various combinations of the design and error
distributions.

B.1 Confidence estimation

B.2 Goodness-of-fit testing
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