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Abstract of the Dissertation

Local Softening as a Universal Feature of

Conformational Transitions of Biological

Macromolecules

by

Hao Qu

Doctor of Philosophy in Physics

University of California, Los Angeles, 2012

Professor Giovanni Zocchi, Chair

Conformational changes are essential to biological macromolecules because they

are tightly coupled to function and dynamics of these macromolecules. In cells,

under most occasions, the macromolecules are deformed rather than in free states

as in solution, due to mechanical stresses exposed. It is therefore of great in-

terest and importance to understand conformational changes associated with the

macromolecules. More in details, the conformational changes of two types of

macromolecules, DNA and protein, are studied in this dissertation.

In order to study bending elasticity of DNA, constructs of short (18 to 30

base pairs) double stranded (ds) DNA molecules which are self-constrained into

a sharply bent conformation are built. We develop two thermodynamic meth-

ods to investigate the elastic energy of these stressed DNA molecules directly

and at equilibrium, namely dimerization equilibrium and melting-curve analysis

approaches.

Based on the dimerization equilibrium measurements on the elastic energy of

stressed nicked DNA molecules by extracting the elastic energy from the equi-

librium monomer and dimer concentrations and taking a small energy correc-
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tion (electrostatic energy and entropic stretching energy) in the dimer forma-

tion, we identify a transition in the conformation ds DNA from smooth bending

to sharp bending by developing a constant force kink at a finite critical torque

τc ≈ 27 pN× nm. We derive an analytic function for the bending energy vs. end-

to-end distance, with only three effective materials parameters, bending modulus

B, contour length 2L and the critical torque τc, valid in both smoothly bent and

sharply bent regimes. The bending energy of a more generalized case, non-nicked

DNA is measured through melting-curve analysis, by fitting the melting curves

of DNA molecules in three different configurations (linear, circular nicked and

circular non-nicked) with a modified zipper model. The bending behavior of the

non-nicked ds DNA turns out very much similar to that of the nicked one, i.e.

forming a constant force kink under sharp bending, but at a slightly larger corti-

cal torque τc ≈ 31 pN× nm. The bending energy of the non-nicked DNA can also

be described by the analytic expression. The effect of the nick on the bending of

ds DNA is evaluated to be small, ∼ 2 kBT in terms of energy. The critical torque

τc introduces a characteristic energy scale (π/2)τc ≈ 12 kBT relevant for molecular

biology processes associated with DNA bending.

The conformational dynamics of an enzyme (Guanylate Kinase) is measured

through a set of nano-mechanical measurements with extraordinary resolution

∼ 0.2 Å. The enzyme undergoes a sharp transition from linear elasticity to softer

(“viscoelastic”) dynamics as a function of force and frequency. We observed fre-

quency dependence of the force response of the enzyme, namely the stress - strain

curve changes with frequency. A non-equilibrium thermodynamic cycle is pro-

posed based on the (frequency dependent) viscoelastic transition, as one universal

feature of enzyme action. In this framework, several general properties of enzymes

are understood or predicted. The force dependence of the frequency response is

also observed and characterized. We experimentally define a line in the frequency

- force plane separating elastic from viscoelastic response, presenting a “phase
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diagram” for the dynamics of the enzyme. We also give a simple argument (based

on a heuristic Maxwell model) for the shape of this phase line, and show that in

the closed state (with substrate bound) it shifts to lower frequencies compared to

the open state (no substrate bound). The open state is “softer” than the closed

state, not in the linear elastic regime (i.e. no soft mode), but because it is easier

to access the soft (viscoelastic) state. And the hinge motion of Guanylate Kinase

which is the conformational motion connecting the open and closed states there-

fore has nothing to do with soft modes but everything to do with the viscoelastic

transition.
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CHAPTER 1

Introduction

1.1 Biological Macromolecules

Biological macromolecules are defined as large molecules made up of smaller or-

ganic molecules. There are four classes of macromolecules: carbohydrates, lipids,

proteins and nucleic acids. Those of importance and of interest in this thesis are

deoxyribonucleic acids (DNA, one type of nucleic acids) and proteins, both of

which are essential to lives and to every process within cells [1].

1.1.1 DNA Structure

DNA is a nucleic acid containing the genetic instructions used in the development

and functioning of all known living organisms (with the exception of RNA viruses).

The basic features of DNA, such as structures, properties and functions, has been

gradually illustrated in the past half century ever since the discovery of the double

helix. The mechanical properties of DNA is unlike other biological macromolecules

in the sense that the stiffness is greatly enhanced (∼ 50 times) from single strand

(ss) to double strand by hybridization, which draw intensive attention since the

discovery of its double helix structure [7].

DNA is a polymer made from repeating units called nucleotides: adenine (A),

cytosine (C), guanine (G), and thymine (T) (Fig. 1.1) [1]. In a usual state,

a DNA molecule does not usually exist in a single form, but instead a pair of

(complementary) molecules hold tightly together in the shape of a double helix
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(Fig. 1.1), which is basically stabilized by two forces: hydrogen bonds between

nucleotide bases and base-stacking interactions among the nucleobases [8].

Figure 1.1: (Graph from Wikipedia: DNA) DNA double helix in the stick repre-

sentation (left) and two types of base pairing (right): adenine (A) and thymine

(T) pair with two hydrogen bonds, while guanine (G) and cytosine (C) pair with

three hydrogen bonds [1].

In a DNA double helix, each type of nucleobase on one strand normally inter-

acts with just one specific type of nucleobase on the other strand, which is called

complementary base pairing. Adenine (A) is pairing only to thymine (T) with

two hydrogen bonds, and guanine (G) pairing only to cytosine (C) with three

hydrogen bonds. This arrangement of two nucleotides binding together across the

double helix is called a base pair (Fig. 1.1).

The backbone of the DNA strand is made from alternating phosphate and

sugar residues. The sugars are joined together by phosphate groups that form

phosphodiester bonds between the 3rd and 5th carbon atoms of adjacent sugar

rings, thus introducing a direction to the double helix (5’ end or 3’ end). Note

that in ds DNA, two single strands are hybridized in the antiparallel direction,
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meaning the 5’ end of one strand hybridizes to the 3’ end of the other.

The structure of DNA of all species comprises two helical chains each coiled

round the same axis. Here are some structure parameters of the DNA double

helix: the pitch of the helix is 3.4 nm and the radius is 1.0 nm [7], the width of a

DNA chain is 2.2 to 2.6 nm, and one nucleotide unit is 0.33 nm long [9].

Figure 1.2: (Graph from Wikipedia: DNA) The stick representation for three

forms of DNA conformation, namely A-DNA, B-DNA and Z-DNA from left to

right. They differ very much in geometry. The structure of a DNA molecule

depends on its environment. In aqueous environments, including the majority of

DNA in a cell, B-DNA is the most common structure. The A-DNA structure is

dominates in dehydrated samples and is similar to the double-stranded RNA and

DNA/RNA hybrids. Z-DNA is a rarer structure found in DNA bound to certain

proteins.

Since the combination of base-stacking and chiral braided architecture con-

fers the stability of the double helix, we would expect the conformation of DNA

changes with environment. In fact, the DNA structure shown in Fig. 1.1 is the

most common form of DNA under the conditions found in cells [10] and is called

B-DNA. However, there are still other alternative forms of conformation, including

A-DNA and Z-DNA, as shown in Fig. 1.2, although only B-DNA and Z-DNA have
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been directly observed in functional organisms [11]. They are obviously different

in geometric parameters (see Table 1.1).

Geometric parameters: A-form B-form Z-form

Helix sense right-handed right-handed left-handed

Repeating unit 1 bp 1 bp 2 bp

Rotation/bp 33.6◦ 35.9◦ 60◦/2

Mean bp/turn 11 10.5 12

Inclination of bp to axis +19◦ −1.2◦ −9◦

Rise/bp along axis 2.4 Å 3.4 Å 3.7 Å

Rise/turn of helix 24.6 Å 33.2 Å 45.6 Å

Mean propeller twist +18◦ +16◦ 0◦

Glycosyl angle anti anti pyrimidine: anti,

purine: syn

Sugar pucker C3’-endo C2’-endo C: C2’-endo, G:

C2’-exo

Diameter 23 Å 20 Å 18 Å

Table 1.1: Comparison of geometric parameters of the three popular forms of

DNA: A-form, B-form and Z-form.

The conformation that DNA adopts depends on the hydration level, DNA

sequence, the amount and direction of supercoiling [12], chemical modifications

of the bases, the type and concentration of metal ions, as well as the presence

of polyamines in solution. The A-form occurs under non-physiological conditions

in partially dehydrated samples of DNA, while in the cell it may be produced in

hybrid pairings of DNA and RNA strands, as well as in enzyme-DNA complexes

[13, 14]. Segments of DNA where the bases have been chemically modified by

methylation may adopt the Z-form, which might be involved in the regulation

of transcription [15]. However, it is not surprising that most experimental and
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theoretical studies of DNA mechanics have been focused on understanding the

properties of the biologically important B-DNA double helix, which is also the

DNA form that is discussed in this thesis.

1.1.2 Protein Structure

Proteins are biochemical compounds consisting of one or more polypeptides typ-

ically folded into a globular or fibrous form, facilitating a biological function. A

polypeptide is a single linear polymer chain of amino acids bonded together by

peptide bonds. Different from other polymers, besides the primary structure,

Figure 1.3: Schematics showing main protein structures levels (from Wikipedia,

Protein structure). From top to bottom, primary, secondary, tertiary, and qua-

ternary structures are demonstrated.
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most native functional proteins fold into unique 3-D structures. In biochemistry,

four distinct levels (Fig. 1.3) of a protein’s structure are often referred to:

1). First (primary) structure, which is a chain of amino acid sequence, forming

the backbone of a protein.

2). Secondary structure, which is a regularly repeating local structure stabilized

by hydrogen bonds. The most common examples of the secondary strictures are

alpha helix and beta sheet (shown in Fig. 1.4).

3). Tertiary structure, which describes the overall shape of a single protein

molecule and the spatial relationship of the secondary structures to one another.

4). Quaternary structure, which is the structure formed by several protein molecules

(polypeptide chains) called subunits.

Figure 1.4: (a) The cartoon representation of the structure of a protein: luciferase,

with Protein Data Bank (PDB): 1LCI. The alpha helix of the protein is shown in

blue, the beta sheet in orange. (b) An alpha helix from the protein. (c) A beta

sheet from the protein.

Proteins are not entirely rigid molecules. In addition to these levels of struc-

ture, proteins may shift between several related structures while they perform

their functions. In the context of the functional rearrangements of the structure,

the tertiary or quaternary structures are usually referred to as “conformations”.
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The transitions between them are called conformational changes, which are often

induced by the binding of a substrate molecule to the enzyme’s active site which

is the physical region of the protein that participates in chemical catalysis. In

solution, proteins also undergo variation in structure through thermal vibration

and the collision with other molecules [16]. The extent to which proteins fold into

a defined structure varies widely among them. Some proteins fold into a highly

rigid structure with only small thermal fluctuations, while others might be more

flexible and have large fluctuations, e.g. with large conformational changes from

one state to another.

1.2 Conformational Changes of Biological Macromolecules

The elastic energy of long polymers has been discussed since the dawn of poly-

mer physics [17], but compact polymeric molecules such as globular proteins,

ribozymes, or short DNA molecules are likewise deformable. The conformations

of biological macromolecules are intriguing because unlike other molecules, they

deform without breaking to perform specific tasks, showing a strong coupling of

chemical reactions to conformational motion. Although structurally ordered, they

are also “soft”, due to weak non-covalent interactions “transverse” to the polymer

backbone (e.g. hydrogen bonds, hydrophobic interaction, etc.), opening the pos-

sibility of diversity at molecular scales. Therefore a macromolecule is generally

flexible and dynamic, meaning that it can change its conformation according to

changes in its environment or other factors. A macromolecular conformational

change may be induced by many factors such as a change in temperature, pH,

voltage, ion concentration, phosphorylation, the binding of a ligand, or external

tension.
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1.2.1 Conformational Changes of DNA

Although ds DNA molecule is usually represented as a straight rigid rod in the

early classic image (suitable for DNA in aqueous solutions), the natural state of

DNA in living cells is characteristically heavily bent, due to a large scale packaging

of very long DNA into a small volume, compacted by a factor of ∼ 104 in size.

Figure 1.5: (Graph from Wikipedia, DNA supercoil) Sketch to show supercoiled

structures of circular DNA molecules with low writhe (the helices of the DNA

duplex is omitted). Plectonemic supercoils are predominant in prokaryotes.

In a “relaxed” ds DNA segment (B-DNA), as stated in the last section, the two

strands twist around the helical axis once every 10.4 - 10.5 base pairs of sequence.

Adding or subtracting these twists, as in normal states in cells by some enzymes,
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imposes strain, which distorts the circular DNA into a new shape, such as shown

in Fig. 1.5, called supercoiling. DNA supercoiling is an important process for

DNA packaging within all cells, because it greatly reduces the space occupied by

the molecule. It is also required for DNA synthesis, when the double helix must

be unwound for DNA polymerase to bind and perform action.

Figure 1.6: (Graph from [2]) Phase diagram of structural transitions of DNA, with

respect to torque and tension. Different DNA phases is represented in colored

regions with name of the phase labeled (B, B-DNA; S, overstretched; P, Pauling

structure; sc, supercoiled (by forming plectonemes); L, an average left-handed

twist structure). The area marked with “BIOL” represents very roughly the range

of forces and tension in a normal cell.

Studies on conformational changes of DNA are often associated with those on

DNA mechanics because of the unusual stiffness of the DNA structure. Intensive

efforts have been spent on mechanical properties of DNA since the discovery of

the double helix, especially during the last two decades when the technique to

manipulate single molecules of DNA is made possible, such as atomic force mi-

croscopy (AFM), optical tweezers and magnetic tweezers. The DNA mechanics is
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determined in the aspect of torque (perpendicular to the axis of backbone) and

tension.

Single-molecule experiments show that DNA can adopt various structures very

different from the classical B type, when subject to tension and torque greater

than those normally encountered in the cell, [18, 19]. These structures include

the underwound S-DNA (33 bp per turn) and the overwound P-DNA (2.7 bp per

turn). If the pure extensive force is larger than 60 pN, S-DNA is formed. P-DNA

is only stable at a positive torque in excess of 30 pN× nm. A “phase diagram” of

DNA structures with respect to the torque and tension is also obtained, as shown

in Fig. 1.6 [20, 21].

1.2.2 Conformational Changes of Proteins

Conformational changes in proteins, leading to the fundamental mechanisms, such

as induced fit and allostery, for protein activity [22], is very important for them to

bind substrate specifically and perform enzymatic activity. In terms of mechan-

ical properties, the corresponding stresses and elastic energies are also discussed

as in some of the early work [23, 24]. More recently, the elastic energy of molec-

ular deformations has been invoked as the basis for conformational proofreading

mechanisms too [25].

The first step for enzymes to catalyze chemical reactions is the binding of the

substrate to the active site on the enzyme. In the simplest scenario, we may think

that substrates bind to an enzyme with no change in the enzyme’s conformation,

as in the lock-and-key model, which takes that the specificity of binding depends

on the precisely pre-defined arrangement of atoms in the active site (Fig. 1.7(a)).
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(a) Lock-and-key (b) Induced fit

(c) Allostery

Figure 1.7: Diagram illustrating three models for enzymes activity: (a) the lock-

-and-key model, in which the active site of an enzyme is pre-designed to fit sub-

strate; (b) the induced fit model, in which only the proper substrate is capable

of inducing the realignment of the active site that will enable the enzyme to

perform its catalytic function. and (c) the allosteric model, in which biological

macromolecules (mostly proteins) transmit the regulatory effects induced by the

binding of a ligand (substrate for the case of an enzyme) at one site to a different,

often distant, functional site.

Nowadays, a more favored model for the enzyme-substrate interaction is the

induced fit model [26]. Unlike the lock-and-key model, it shows that enzymes

are rather flexible structures in which the active site continually reshapes by its

interactions with the substrate until the time the substrate is completely bound
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to it (which is also the point at which the final form and shape of the enzyme

is determined) [27]. In the induced-fit model, two molecules bind optimally with

each other only after conformational changes at their interface (Fig. 1.7(b)),

since molecular interactions that involve conformational changes in the interact-

ing molecules are more versatile. Induced fit may also be beneficial to the accuracy

of molecular recognition in the presence of competition and noise via the confor-

mational proofreading mechanism [25]. A different view for the coupling of ligand

binding to conformational changes is conformational selection [28, 29], where the

ligand selects the conformation that is compatible with binding among many fluc-

tuating ones, and then shifts the conformational ensemble to this state. It differs

from the induced fit model in details: the conformational change happens first in

the conformational selection while the ligand binding occurs first in the induced

fit [30, 31].

Conformational changes may also take place away from the binding interface,

leading to mechanism of allostery, which is essential for regulation in many biolog-

ical systems. In allosteric systems the binding affinity of one binding site depends

on the binding in a distant binding site (Fig. 1.7(c)) [32, 33]. Haemoglobin shows a

good example for allosteric behavior: the binding of oxygen to one of the subunits

is affected by its interactions with the other subunits [34].

1.2.3 Conformational Changes in DNA-Protein Complexes

DNA-protein interactions occur when a protein binds to a DNA molecule, often

to regulate the biological function of DNA. There are two types of affinities: spe-

cific binding (or sequence selective) and non-specific binding. Generally speaking

proteins bind to DNA in the major groove (Fig. 1.8(a)), especially for specific

binding proteins, because the major groove has more functional groups identifying

a base pair.
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(a) (b)

(c)

Figure 1.8: The graph to demonstrate the DNA-protein interactions. The protein

is shown in cartoon representation while the DNA in sphere representation for:

(a) virus E1 protein bound to a recognition DNA sequence, with PDB: 1KSY.

Note that the protein binds to the DNA in the major groove. (b) The binding of

TATA binding protein to its target DNA sequence results in a large conformational

change in DNA (it is almost bent back on itself), with PDB: 1CDW. (c) A 146

bp ds DNA winds around the molecular surface of histones, with PDB: 1EQZ.

DNA-binding proteins include transcription factors which modulate the pro-

cess of transcription. Among them, for example, histones are involved in chro-

mosome packaging in the cell nucleus (Fig. 1.8(c)); Polymerases synthesize new

DNA strands against an existing DNA template; nucleases cleave DNA molecules.
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DNA-binding proteins many incorporate such domains as the zinc finger, the helix-

turn-helix, and the leucine zipper and so on, in their structures, that facilitate

binding to nucleic acid.

Conformational transitions, in both DNA and proteins, occur at formation of

the DNA-protein complex in many cases [35, 36, 37, 38]. Common conformational

changes in DNA are bending of the backbone and local untwisting of the helix

(Fig. 1.8(b)). In the case of proteins, this conformational change can involve

small changes in side-chain location, but can also involve local refolding. These

changes upon binding of specific DNA sequences serve to facilitate the interaction

and also to enhance the binding of other proteins. To induce conformational

changes, proteins must convert part of their binding energy into mechanical work,

as illustrated by Parvin and his co-workers who showed that the affinity for the

TATA-binding factor is enhanced by pre-bending a promoter sequence towards

the major groove (Fig. 1.8(b)) [37].

Contents of the dissertation

Finally, to summarize, the conformational change in macromolecules is very com-

mon, and more importantly, vital to their functions. Stretching a point, we may

say that at the molecular scale, life is the coupling of chemical reactions to con-

formational motion. Then there arises an interesting question, what is the me-

chanics of conformational transitions of biological macromolecules? This

is the main question discussed in the dissertation. My graduate research therefore

mainly focus on bending elasticity of DNA and dynamics of “hinge motion” (the

conformational change induced by the binding of the substrate) of an enzyme.

To study the bending elasticity of DNA, self-constrained DNA constructs are

designed to generate large curvature bending configurations. The elastic energy

of the stressed DNA molecules is measured by two different ensemble approaches,
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based on dimerization equilibrium and melting-curve analysis respectively. The

measurements on the stressed nicked DNA molecules show a conformational tran-

sition from (linear) smooth bending to (nonlinear) sharp bending with formation

of a constant force kink at a critical torque value τc. Based on this fact, an

analytic function for the bending energy is derived, valid in both regimes. The

expression shows that two effective parameters, the bending modulus B and the

newly introduced critical torque τc are sufficient to describe the bending elasticity

of DNA. The elastic energy measurements of non-nicked DNA molecules by the

second method (by fitting the melting curve of the stressed DNA molecules with

a modified zipper model) confirm that the non-nicked DNA also forms a kink

under sharply bent conditions, at a slightly larger value for τc. The formation

of the kink, as a local weak point, greatly reduces DNA bending energy and τc

introduces a universal energy scale (π/2)τc ≈ 12 kBT in the bending of DNA.

To probe the dynamics of the conformational motion of an enzyme (Guany-

late Kinase) in folded states, we adopt a nano-mechanical measurement system

with an extraordinary resolution up to a fraction of one angstrom. The ensem-

ble averaged deformation of the enzyme is carefully measured for an oscillating

applied force. We show that the protein undergoes a sharp transition from lin-

ear elasticity to softer viscoelastic dynamics as a function of force and frequency.

A non-equilibrium thermodynamic cycle based on the viscoelastic transition is

proposed, as one universal feature of enzyme action. From the low frequency di-

vergence of the mechanical response of the hinge motion of the enzyme, we obtain

a non-equilibrium phase diagram in the frequency - force space. By comparing the

responses of the enzyme in the open (no substrate bound) and the closed (with

substrate bound) states, we show that the hinge motion displays a soft dynamics,

but not in the linear elasticity regime or there is no soft modes. The phase line is

dramatically shifted in the closed state compared to the open state of the enzyme.

In the end, my doctoral research includes the following projects:
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• The direct measurements of the elastic energy of (both nicked and non-

nicked) self-constrained DNA molecules, at equilibrium conditions. The

discovery of a nonlinear regime of bending elasticity of DNA (sharp bending),

where a constant force kink forms at a critical torque τc. The derivation of an

analytic expression for DNA bending, valid both in sharply bent (nonlinear)

and smoothly bent (linear) regimes (Chapter 2).

• The nanorheological measurements of the dynamics of an enzyme (Guany-

late Kinase) in folded states. The detailed characterization (“phase dia-

gram” in frequency - force space) of the transition between the elastic to

viscoelastic states of the enzyme. The proposal of a non-equilibrium work-

ing cycle as a universal feature of enzyme action. Detailed measurements of

nano-mechanical responses of the enzyme in the open and closed state which

show that the hinge motion of the enzyme does display a “soft” dynamics,

but not in the linear elasticity regime (i.e. no soft mode). Instead it cor-

responds to the shift of the phase line between the elastic and viscoelastic

dynamics, and the open state is simply easier to access the soft viscoelastic

dynamics compared to the closed state. (Chapter 3).
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CHAPTER 2

Nonlinear Bending in Double Stranded DNA:

Beyond Worm-Like Chain Model

2.1 Previous Studies on DNA Mechanical Properties

2.1.1 Freely-Jointed Chain Model and Worm-Like Chain Model

A polymer is a large molecule (macromolecule) composed of repeating structural

units (monomers). These monomers are typically connected by covalent bonds to

form the backbone of the polymer (Fig. 2.1). Since polymers are often large, it

is extremely complicated to solve the physical properties of the polymer using a

deterministic method. Instead, statistical approaches are often convenient and can

yield helpful macroscopic results, since large polymers can be described efficiently

in the thermodynamic limit of infinite number of monomers, in analogy to the

situation of ideal gas.

Among many simplified statistical models for polymers, a freely-jointed chain

is the simplest model to describe a polymer which is treated as a random walk

and all interactions among monomers are neglected. In this model, monomers are

presented by rigid rods of a fixed length lk (Kuhn length). The orientation of a

certain monomer is completely independent of the orientations and positions of

other monomers (Fig. 2.2). And two monomers can co-exist at the same place

(not a self-avoiding chain).

Since ~r1 ... ~rN are totally independent, the polymer with N segments and a
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Figure 2.1: Appearance of real linear polymer chains (poly(2-vinylpyridine)) as

recorded using an atomic force microscope on surface under liquid medium. The

contour length for this polymer is ∼ 204 nm; thickness is ∼ 0.4 nm [3].

contour length l follows the central limit theorem, which states that if ~R is the

sum of N uncorrelated random variables, i.e. ~R = ~X1 + ~X2 + ... + ~XN , then the

distribution of ~R is gaussian. So the end-to-end vector distributes according to a

normal distribution with a variance σ2 = 〈~R2〉 − 〈~R〉2 = 〈~R2〉 = Nl2k = llk:

P (~R) ∝ exp

(
− 3R2

2Nl2k

)
. (2.1)

Since the total number of states Γ(~R) is proportional to P (~R), the entropy of the

polymer:

S(~R) = kB ln(Γ(~R)) = −kB
3R2

2Nl2k
, (2.2)

so the free energy of the polymer:

F (~R) = kBT
3R2

2Nl2k
, (2.3)

which is the free energy function of an elastic spring with a spring constant

3kBT/(Nl
2
k) and the force required to separate the two end of the polymer at

a distance R is,

〈f〉 = −∂F
∂R

= −kBT
3R

Nl2k
. (2.4)
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Figure 2.2: Sketch of freely-jointed chain model. In the model, the polymer is

presented as a chain of rigid rods of an identical length lk. The orientation of

one monomer is independent of the orientations and positions of other monomers.

The end-to-end vector is ~R.

In physical insight, polymers are flexible simply due to the entropy.

In many biological systems, long DNA chain is described by another coarse-

grained treatment called worm-like chain (WLC) model [39] which reduces a poly-

mer to a line that bends smoothly under the influence of random thermal fluc-

tuations and characterizes the polymer using a single parameter: the persistence

length lp (Fig. 2.3). The value of lp defines the distance over which the direction

of the line persists.

t̂(0)
t̂(s)

s

θ

1

Figure 2.3: Sketch of WLC model. In the model, the polymer is reduced to a

simple line that bends smoothly, under the influence of thermal fluctuations. The

persistence length of the polymer is defined as the characteristic length in the

correlation between the orientations (t̂(0) and t̂(s)) of two segments (with arc

length s apart).
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The correlation between the orientations of two polymer segments falls off

exponentially (with decay length lp) according to the arc length s that separates

them (Fig. 2.3), namely:

〈t̂(0) · t̂(s)〉 = 〈cos θ(s)〉 = exp(−s/lp) . (2.5)

So the mean square end-to-end distance (EED) of the polymer of a contour length

l is:

〈~R2〉 = 〈
∫ l

0

t̂(s)ds

∫ l

0

t̂(s′)ds′〉 =

∫ l

0

ds

∫ l

0

ds′〈t̂(s) · t̂(s′)〉

=

∫ l

0

ds

∫ l

0

ds′ exp (−|s− s′|/lp)

= 2lpl

[
1− lp

l
(1− exp (−l/lp))

]
.

(2.6)

In the limit of l� lp, the second term in Eq. 2.6 is negligible, then 〈R2〉 = 2lpl =

2Nl2p. In this sense, the Kuhn segment lk of a freely-joint chain is equal to twice

the persistence length lp of a worm-like chain.

In large scale, ds DNA can be well described by the WLC model. With the

help of laboratory tools such as AFM and optical tweezers to characterize the

force-dependent stretching behavior of a ds DNA (or a ss DNA), an interpolation

formula that describes the extension x of a WLC with contour length L and

persistence length lp in response to a stretching force F is:

Flp
kBT

=
1

4
(
1− x

L

)2 − 1

4
+
x

L
, (2.7)

which is called Marko-Siggia expression [40, 41]. Under normal conditions, the

persistence length of a ds DNA is ∼ 50 nm or ∼ 150 bp [42], while that of a ss

DNA is only ∼ 0.8 nm or ∼ 3 bases [40, 43], and thus DNA is ∼ 50 times more

rigid in the ds form. The stretching modulus of a ds DNA is around 1000 pN [44].

Write down the bending elastic energy in the WLC language which is the same
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as that of a thin rod in the linear elasticity regime:

EWLC =

∫ 2L

0

ds
1

2

B

R2(s)
, (2.8)

where B is the bending modulus of DNA, R is the radius of curvature, s the arc

length along the rod, 2L the contour length. There exists a simple relationship

between the persistence length lp and the bending modulus B (of a certain polymer

described as an elastic rod): B = kBT lp [45] (for ds DNA, B ≈ 50 kBT× nm =

200 pN× nm2).

However, actually any polymer, regardless of the local mechanical properties

of subunits, if it is long enough (consisting of a large enough number of persis-

tence lengths), behaves like a WLC, because of the central limit theorem. The

WLC form of energy Eq. (2.8) for DNA must break down under sharp bend-

ing conditions (the radius of curvature R sufficiently small). The two interesting

questions in this chapter are: how DNA molecule behaves under these condi-

tions and whether is it possible to “replace” the complex chemical structure of

DNA molecule with a relative small number of effective parameters as far as the

mechanical properties are concerned.

2.1.2 DNA under Sharply Bent Conditions

In our lab, we are specifically interested in the mechanical response of short DNA

molecules (< 60 bp) forced to bend substantially (meaning x� 2L� lp, where x

is the EED of the DNA molecule, 2L the contour length, lp ≈ 50 nm the persistence

length). Because the sharply bent DNA has been used as a “molecular spring”

in protein-DNA chimeras to perturb the conformation of proteins and therefore

mechanically control a variety of chemical reactions [46, 47] (Fig. 2.4).

In the chimera structure, a piece of ss DNA is attached to the protein on

the designated sites through Cysteines introduced by mutagenesis [48]. The full

protocol to construct a DNA-protein chimera is included in Dr. Andrew Yu-Jen
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Wang’s doctoral thesis titled “Manipulation of Molecular Processes with DNA

Molecular Springs”. A mechanical tension is applied on the attachment sites

upon hybridization of the DNA spring, due to the feature that ds DNA is much

stiffer (50 times more) than the ss DNA. The use of short DNA molecules in highly

bent configurations to generate piconewton forces at nanometer scales requires a

quantitative study of DNA mechanics under such conditions.

Figure 2.4: (Graph from [4]) Cartoons of the protein-DNA chimera structures,

showing the locations of the Cysteine mutations (magenta). The distance between

these two sites is 4.5 nm. The protein and DNA are drawn approximately to scale.

(a) The chimera “under tension”: the DNA is in the ds form, providing a tension

across the two lobes of the protein, which is shown in the “open” configuration

with Protein Data Bank (PDB) structure 1EX6. (b) The chimera without tension:

the DNA is in the flexible ss form, having no bias against the closed conformation.

The protein is shown in the “closed” conformation (PDB structure 1EX7).

Moreover, the elasticity of sharply bent ds DNA plays a crucial role in many

natural biological systems, from the translation of genetic information to cellular

function. For example, in the cases of viral genome packaging, eukaryotic nucle-

osome compaction, and many transcription regulation steps, the DNA is sharply
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(a) Viral genome packaging (b) Eukaryotic nucleosome (c) Transcription regulation

Figure 2.5: Examples of sharply bent ds DNA in biological systems, such as (a)

viral genome packaging where ∼ 10µm genome packed into a small 30 to 100 nm

capsid; (b) eukaryotic nucleosome compaction where DNA is wrapped in 147 base

pair segments roughly 1.75 times around a protein complex (the histone octamer);

(c) many transcription regulation steps (DNA looping by DNA-binding proteins).

The DNA is sharply bent over a range of tens to hundreds of base pairs.

bent over a range of tens to hundreds of base pairs (Fig. 2.5). DNA bending

therefore has a strong influence on the energy scales of many biological processes

[49, 50].

However, most of the quantitative knowledge of DNA elasticity comes from

single molecule force-extension experiments on ∼ 10 kbp long DNA [51], where the

high-curvature configurations are not relevant [52] and the results unsurprisingly

follow the WLC model. However, this model must break down at small length

scales. There has been some controversy about the range of validity of the WLC

model (Eq. (2.8)). If we write down the range as R > Clp/(2π), where C is a

numerical factor of order 1, there are quite a few arguments on the actual value

of C. DNA cyclization experiments (different sizes of DNA fragments are ligated

into circles, presenting indirect measurements of the bending energy of DNA [42])

done by Cloutier and Widom suggested that the high-curvature states of DNA

are much more flexible than predicted by the WLC model (2.8) and implied that

the value of C ≈ 0.7 [53]. However, Du et al. repeated the same experiments but

23



argued that C is smaller [54], and found that C ≈ 0.5 using DNA minicircles [55].

Other studies also reported the softening of DNA molecules at small length

scales. The measured correlation functions using the Atomic Force Microscopy

(AFM) by Wiggins and Nelson suggested that the bending energy is best described

by a linear (rather than quadratic from the WLC model) dependence on the

bending angle

E(θ) = kBTα|θ| , (2.9)

where α is a constant coefficient that varies with the segment length [52], called

a linear sub-elastic chain (LSEC) model. A systematic description of the LSEC

model is discussed in [56, 57]. The expression (2.9) is confirmed by the fluores-

cence resonance energy transfer (FRET) and small angle x-ray scattering (SAXS)

experiments done by Yuan et al. [58]. The structure transition responsible for the

high flexibility is likely to involve a localized soft region, such as formation of a

small bubble (local ss region) in the DNA as proposed in [59, 60].

However, the cyclization experiments have the problems that they are nonequi-

librium measurements and rely on the interpretation of J-factor to extract the

elastic energy indirectly [53, 54]. Moreover, both bending and torsional energies

are involved in the cyclization measurements, resulting an oscillation of the total

elastic energy with respect to the length of the DNA [54], making it difficult to

analyze the bending energy only. On the other hand, in cyclization experiments

[53, 54] and AFM imaging experiments [52], the high curvature states are gener-

ated by thermal fluctuations and are statistically rare due to their higher energy,

rendering a complete characterization of the elastic energy elusive. Therefore,

the elasticity of sharply bent DNA needs settling down by detailed and direct

measurements of elastic energy of the DNA molecules under such conditions.
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2.2 Elastic Energy Measurements of Sharply Bent Nicked

DNA

2.2.1 Construction of Stressed DNA Molecules

We take a different approach to measure the elastic energy of sharply bent DNA

molecules, where the high curvature states are realized in a mechanically con-

strained molecule as shown in Fig. 2.6. The sequence of two synthetic DNA

oligomers is designed so that the two end parts of the longer strand are comple-

mentary to the shorter strand, producing a stressed molecule upon hybridization.

The ds part of the molecule (including a nick at the center, see Fig. 2.6) has to

bend and the ss part has to stretch. Note that this structure is free of the effect of

twist because the long ss part (> 12 bases) would make all torsional orientations

of the fragment ends energetically equivalent due to its high flexibility [61].

↑
Nick

1

Figure 2.6: Cartoon of a stressed DNA molecule as used in the elastic energy

measurements of sharply bent nicked DNA. The ds DNA is from the nucleosome

structure PDB: 1KX5, the ss DNA is from PDB: 1BNA. The molecule is formed

by partially hybridizing a longer linear strand (green) with a shorter one (red),

resulting in a nick at the position shown.

There is a large energy in the stressed molecules, stored in the bending energy
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Ed of ds part, which is the problem of interest, and the stretching energy Es of

the ss part. Since the stretching energy of ss DNA is well studied, if the total

elastic energy of the stressed molecules can be measured, the bending energy of

ds DNA can be calculated.

2.2.2 Sample Preparation

DNA sequences used in this section are listed as follows (5’ to 3’ end). The

sequences were randomly generated with 60% GC content. Then the thermody-

namic properties of the sequences were carefully analyzed using the DINAMelt

web server [62, 63], to confirm the hybridization of the ds part and no stable

secondary structure in the ss part. Moreover, we also examined the sequences to

make sure there is no adenine-tract induced bending in the ds part [64, 65]. The

red parts of the sequences hybridize with complementary strands, namely DL18

and DL24 for group 1 and group 2 respectively, forming the ds part of the stressed

DNA molecules at two different lengths (18 bp and 24 bp), leaving the rest of the

sequences as the ss part. Note that the local sequence around the nick (the ends

of the red parts) for all the stressed molecules is identical.

Group 1:

Cloop30L18: ACG TGA GAG CAG CAG GTA GAC ATA CGA CGA

Cloop33L18: ACG TGA GAG CAG CAG ATG GTA GAC ATA CGA CGA

Cloop36L18: ACG TGA GAG CAG CAG ATG ACA GTA GAC ATA CGA

CGA

Cloop39L18: ACG TGA GAG CAG CAG GCA ATG ACA GTA GAC ATA

CGA CGA

Cloop41L18: ACG TGA GAG CAG CAG GCA ATC GA ACA GTA GAC

ATA CGA CGA

Cloop42L18: ACG TGA GAG CAG CAG GCA ATC GAT ACA GTA GAC

ATA CGA CGA
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Cloop44L18: ACG TGA GAG CAG CAG GCA ATC GAT AC ACA GTA

GAC ATA CGA CGA

Cloop45L18: ACG TGA GAG CAG CAG GCA ATC GAT ACA ACA GTA

GAC ATA CGA CGA

Cloop48L18: ACG TGA GAG CAG CAG GCA ATC GAT ACA CAC ACA

GTA GAC ATA CGA CGA

Cloop51L18: ACG TGA GAG CAG CAG GCA ATC GAT ACA CAC ATG

ACA GTA GAC ATA CGA CGA

DL18: CTC TCA CGT TCG TCG TAT

Group 2:

Cloop36L24: ACG TGA GAG CAG CAG CAG GTA GAC GAC ATA CGA

CGA

Cloop39L24: ACG TGA GAG CAG CAG CAG ATG GTA GAC GAC ATA

CGA CGA

Cloop42L24: ACG TGA GAG CAG CAG CAG ATG ACA GTA GAC GAC

ATA CGA CGA

Cloop45L24: ACG TGA GAG CAG CAG CAG GCA ATG ACA GTA GAC

GAC ATA CGA CGA

Cloop48L24: ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA GTA

GAC GAC ATA CGA CGA

Cloop51L24: ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA ACA

GTA GAC GAC ATA CGA CGA

Cloop54L24: ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA CAC

ACA GTA GAC GAC ATA CGA CGA

Cloop57L24: ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA CAC

ATG ACA GTA GAC GAC ATA CGA CGA

Cloop60L24: ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA CAC

ATG GGA ACA GTA GAC GAC ATA CGA CGA
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Cloop63L24: ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA CAC

ATG GGA TAC ACA GTA GAC GAC ATA CGA CGA

Cloop66L24: ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA CAC

ATG GAC GGA TAC ACA GTA GAC GAC ATA CGA CGA Cloop69L24:

ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA CAC ATG GAC GGA

GAT TAC ACA GTA GAC GAC ATA CGA CGA

DL24: CTG CTC TCA CGT TCG TCG TAT GTC

The protocol for the dimerization equilibrium measurements is as follows.

(1) Dilute the DNA samples as well as the complementary DNA to a concen-

tration of ∼ 20µM using ultra pure water (DNase free) and measure the actual

concentration of the DNA solution using a spectrophotometer (Beckman Coulter

DU 640).

(2) Mix the DNA samples with equimolar complementary DNA and dilute to a

final concentration of 2µM in a buffer condition of 10 mM Tris buffer with 1 mM

ethylenediaminetetraacetic acid (EDTA), 5 mM MgCl2, 100 mM NaCl, pH = 7.9.

(3) Incubate the mixture at 95 ◦C for 30 min, and then anneal from 95 ◦C down

to room temperature (24 ◦C) over 18 hours (∼ 0.065 ◦C/min), to make sure the

DNA samples are fully hybridized. Then incubate the annealed samples at room

temperature for 50 hours to reach equilibrium.

(4) Load the incubated DNA samples to the 5% precast polyacrylamide gel (from

Bio Rad) for time-lapse gel electrophoresis measurements.

The monomer and dimer populations were examined by electrophoresis patterns

4, 11, 25, 50 hours after annealing. Initially (directly after annealing) the samples

are mostly in monomer form, while the dimer band develops over a timescale of

a few hours. The conclusion is that the finite (50 hours) equilibration time used

for the experiments does not introduce a significant systematic error.
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2.2.3 Elastic Energy Driven Polymerization

Self-assembly of smaller molecular units into larger ordered molecular structures is

an interesting problem in molecular biology by itself. Generally speaking, one can

ask what factor destabilizes monomers, because polymerization is a process that

lowers entropy in the system. It has been confirmed by Dr. Andrew Yu-Jen Wang

that monomers can be destabilized by the elastic energy stored in the monomers

and released upon polymerization, on a similar structure, DNA-protein chimeras

[66].

Figure 2.7: Cartoon of the monomer-dimer equilibrium. The monomer (upper)

has a large elastic energy because the ds part has to bend and the ss part has to

stretch. The stress is relaxed upon dimerization. Note that because of the nick,

the dimer (lower) has an identical sequence in the ds part as the two monomers.

Nd (Ns) is the number of base pairs (bases) in the ds (ss) part. x is the EED.

And the same polymerization process occurs for the stressed DNA molecule

shown in Fig. 2.6. The stressed DNA molecule has a large internal elastic energy,
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which can be relaxed by forming dimers, where the ds part does not have to bent

and the ss part is not (much) stretched (see the structure for the dimer in Fig.

2.7). Because of the nick in the middle of the ds part, the possible base pairings are

the same for two monomers and one dimer. Therefore the free energy difference

between the two species is essentially the elastic energy of the monomer.

The chemical potentials for the monomer and the dimer are:

µM = ∆E + kBT lnXM ;

µD = kBT lnXD ,
(2.10)

where XM and XD are the mole fractions of monomers and dimers respectively,

∆E is the elastic energy difference between the two species. So at equilibrium

2µM = µD , (2.11)

the energy difference ∆E is derived:

∆E =
1

2
kBT ln

(
XD

X2
M

)
, (2.12)

which means that the elastic energy difference can be computed by measuring the

equilibrium concentration of monomers CM and the dimer CD, since for a dilute

solution XM = CM/CW , XD = CD/CW where CW = 55 M is the concentration of

water.

2.2.4 Elastic Energy Correction

Eq. (2.12) constitutes the main part of the elastic energy. However, there is still

a small fraction of energy stored in the dimer, due to the electrostatic repulsion

between the negative charges of double strands, which stretches two single strands.

A coarse grained overview of the energy in the dimer is sketched in Fig. 2.8.

Because DNA is negatively charged (due to the negatively charged phosphate ions

in its backbone), the two double strands in the dimer would have an electrostatic
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repulsion (after the screening of the ionic buffer). On the other hand, the two

single strands (entropic spring) tend to draw the double strands close to each

other. The equilibrium separation would be the value that minimizes the total

energy including the electrostatic energy of double strands as well as the stretching

energy of single strands.

Figure 2.8: Cartoon to show a small energy correction stored in the dimer. The

energy consists of cation-screened electrostatic repulsion energy of the two double

strands and the stretching energy of the two single strands. The equilibrium dis-

tance between the two double strands that minimizes the sum of the two energies.

Therefore, in a simple model, we approximate that the geometry of Fig. 2.8 is

simple planar. The negative charges are distributed discretely on the two double

strands. The electrostatic energy between the two strands is the sum of that

between every possible pairs (on different strands) of charges, screened by cations,

with a Debye length 1 nm (for our buffer condition). The stretching energy is

calculated by treating the two stretched single strands as Hookean springs, with a

spring constant 3kBT/(2nkl
2
k), where Kuhn length lk ∼ 1.5 nm. We then minimize

the energy Ecorrection = (Eelectro+Estrain)/2 (as a function of the distance between

the two double strands).

The minimum of the energy Ecorrection (i.e. at the equilibrium value of the end-

to-end distance (EED)) provides a correction to the energy difference between the
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monomer and dimer and gives the “absolute” energy in the monomer. The energy

data Etot shown later in the chapter are already corrected in this way. The reason

for the correction is that in the next section, we are going to show other inde-

pendent elastic energy measurements using melting-curve analysis, which actually

provide the energy difference between the stressed DNA molecule and the linear

DNA with the same sequence. The correction here makes the energy results de-

rived from two independent methods comparable and the corrected elastic energy

is hence the energy difference between the stressed and linear DNA molecules.

2.2.5 Time-Lapse Gel Electrophoresis for Reacting Molecules

The total elastic energy of the stressed molecule can principally be calculated

from Eq. (2.12) by measuring concentrations of monomers and dimers under

equilibrium condition (plus the small energy correction).

Gel electrophoresis is a good method to separate different species of macro-

molecules in solution by their molecular weights, charges and even conformations.

Then the gel is stained with a certain chemical (in our case, Sybr Gold Nucleic

Acid Gel Stain from Invitrogen is used), the bands for different species are visible.

The intensity of the brightness of the band is usually proportional to the popula-

tion of the molecule. A titration experiment shows that for Sybr Gold stain the

linear relation of the intensity and the population holds up to 5 pmol of short (45

bp) DNA molecules in a single gel band.

However, our situation is much more complex, because as the sample runs

through the gel, a certain amount of monomer - dimer interconversion occurs,

resulting in visible interband smear as shown in Fig. 2.9(a) [67]. The high local

concentration of monomer (dimer) near the monomer (dimer) band increases the

reaction probability. Therefore, the intensities of the corresponding bands in the

gel are actually changing with time during the gel electrophoresis (∼ 55 min).
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(a)

(b)

Figure 2.9: (a) Gel electrophoresis of one DNA sample (Nd = 30, Ns = 15);

all lanes contain the same sample, but different lanes were loaded at successive

times from left to right with 10 min interval in order to follow the evolution of the

bands as they move through the gel. In one lane, the bands for monomer, dimer

and higher order polymers (small amount) are visible. There is also interband

smear due to the interconversion between different species, which is not present in

gels for non-reacting molecules. (b) Gel picture of the corresponding linear DNA

molecule (the same sequence in double strand as the sample in (a)) as a control

experiment. There is only one band and no smear.
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So the problem is how to measure the initial concentrations of monomers and

dimers in solution at “zero” time. And how to analyze the intensity of the inter-

band smear is also problematic. To obtain the initial concentrations, we loaded

different lanes of the gel with the same sample but at successive times (usually

10 min interval) in order to follow the evolution of bands and then extrapolated

back to zero time for the initial monomer and dimer concentrations.

A control experiment was done by running the gel electrophoresis on the DNA

molecule in the linear form (Fig. 2.9(b)), but with the same sequence in the ds

part as one of the DNA sample (cutting the stressed DNA molecule in the ds part

at the nick). A normal gel picture for DNA was obtained: there was only one

band and no smear in the gel. This confirms that the special gel pattern in Fig.

2.9(a) is the result of reacting molecules.

2.2.6 Reaction-Diffusion Model

To extract the equilibrium or initial monomer and dimer populations from the gel

picture of reacting molecules, as shown in Fig. 2.9(a), we use a simple reaction-

diffusion model [67]. Since the interband smears are due to the interconversion of

these reacting molecules during the gel electrophoresis, in this model, the change

of the monomer (dimer) concentration over time t at a particular position x has

three sources: diffusion of the molecules, convection flow induced by an applied

voltage, and the reactions to / from the dimer (monomer). Formulas of the model

are:

∂Cm
∂t

= Dm
∂2Cm
∂x2

− Vm
∂Cm
∂x
− 2k1C

2
m + 2k2Cd ,

∂Cd
∂t

= Dd
∂2Cd
∂x2

− Vd
∂Cd
∂x

+ k1C
2
m − k2Cd ,

(2.13)

where Cm and Cd are the concentrations for monomers and dimers respectively, as

a function of running time t and vertical position x from the bottom of the well;

Dm and Dd are diffusion constants of the two species, Vm and Vd the mobilities;
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k1 is the reaction rate from monomers to dimers and k2 is that from dimers to

monomers.

Figure 2.10: Simulation result showing the evolution of gel profiles. The two

profiles are generated by the reaction-diffusion model at different times, using the

same parameters, i.e. mobilities of monomers and dimers, initial concentrations

of them and interconversion rates. The profile on the right is at 55 min, while the

one on the left is at 35 min.

Note that we neglect the population of trimers (and high order polymers) for

the reason that it is very small (the trimer concentration is the intensity of the

trimer band in Fig. 2.9(a) divided by 3) and three more parameters have to be

added to the model if we take them into account. The fit with the model including

the trimer population shows that this approximation affects the final elastic energy

by less than 0.1 kBT as well.

Practical procedures of fitting with the reaction-diffusion model are as follows.

(1) The mobilities of monomers and dimers (Vd and Vd) are determined by mea-

suring the vertical position x of the corresponding bands at the different times.
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Figure 2.11: Intensity profiles of the left three lanes (from top to bottom, corre-

spond to 35, 45, and 55 min lanes) in Fig. 2.9(a) (blue dots), and the fit with

the reaction-diffusion model (red dots) used to extract the equilibrium or initial

values of the concentrations of monomers and dimers. We focus on heights of the

monomer peak, dimer peak and inter-band valley for the quality of the fit.
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(2) Then we adjusted the model parameters (namely, the initial monomer and

dimer concentrations and interconversion rates) so that it can fit the gel profiles

at different times (i.e. in different lanes) with the same values of the parameters.

(3) The initial concentrations are recorded and plugged into Eq. (2.12) to calculate

the elastic energy.

Figure 2.11 shows an example of the fitting. Note that the elastic energy results are

rather insensitive to the parameters in the model. Even setting the interconversion

rates to zero, which produces a barely fair fitting to the gel profiles, makes a

difference of ∼ 15% in the initial concentrations, resulting only a ∼ 0.2 kBT change

in the elastic energy results after taking an logarithm in Eq. (2.12).

2.2.7 Kink Formation in Nicked Double Stranded DNA

The stressed DNA molecule can be viewed as two coupled nonlinear springs (ds

DNA and ss DNA springs) constrained at the same EED and under a mechanical

equilibrium of force balance:

∂Ed
∂x

∣∣∣∣
xeq

+
∂Es
∂x

∣∣∣∣
xeq

= 0 , (2.14)

where x is the EED of the ss and ds DNA parts and xeq is its equilibrium value.

Our strategy is to measure the total elastic energy Etot of the stressed molecules,

as a function of Ns (the number of bases in the ss part) at fixed Nd (the number of

base pairs in ds part). For the stressed DNA molecules, by increasing Ns, we are

actually softening the ss DNA spring and the equilibrium EED of the molecules

is changing accordingly. In other words, we measured the elastic energy of the

molecules by varying the stiffness of ss DNA spring and therefore the equilibrium

EED (xeq) for the same ds DNA spring.

Figure 2.12 shows a series of measurements of Etot vs Ns at fixed Nd = 18 bp

and Nd = 24 bp. First of all, let’s focus on the regime of small Ns (stiff ss DNA

springs or small EED xeq). Both measurements for two different Nd in Fig. 2.12
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(a)

(b)

Figure 2.12: The measured total elastic energy Etot of stressed molecules (black

dots), as a function of Ns (the number of bases in the ss part) for (a) Nd = 18 and

(b) Nd = 24 (the number of bp in the ds part). Both of them show a transition

at the break of the slop of the curves. The linear part of the curve for small Ns

indicates a constant force kink in the ds part.
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show that for small Ns the elastic energy Etot is linear in Ns, indicating that in

this regime, the bending elastic energy of ds part Ed(x) vs the EED x, is linear

in x (i.e. constant force) too.

The stretching energy of ss part is well studied and follows the Marko-Siggia

expression (2.7) [40, 41], a polynomial expansion up to a quadratic term of which

is:

Es(x) =
9kBT

4Nsl2s

[
x2 +O(x3) + · · ·

]
. (2.15)

In the equation, ls (∼ 0.75 nm) is the persistence length of ss DNA [68]. In the

regime where x� Nsls, the terms beyond the first one can be neglected. For the

bending energy of the ds part in this regime, we make the ansatz:

Ed(x) = E0 − ax−O(x3)− · · · , (2.16)

where a > 0 and valid for small x. Using the Eq. (2.15) for Es(x), Eq. (2.16)

for Ed(x) and the mechanical equilibrium condition (2.14), the total energy at

equilibrium is:

Etot(Ns) = Es(xeq) + Ed(xeq) = E0 −
a2l2s

9kBT
Ns , (2.17)

which is indeed linear in Ns as seen in the experiments (Fig. 2.12).

In this regime, in contrast to the WLC regime of small bending, the bending

energy is linear in the EED x, or the force is constant. This is the signature of

the formation of a kink in the middle of ds DNA and the kink is characterized by

a constant critical torque τc.

In the other regime of large Ns (or large EED x), the bending is small and the

energy Ed(x) must cross over back to the WLC form. It is evident that there is a

transition at the break in the energy curves in Fig. 2.12 at Ns ≈ 23 for Nd = 18

and Ns ≈ 40 for Nd = 24, which we associate with the formation of the kink. To

the left of the transition, the ds DNA has a kink, while to the right, the ds DNA is
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smoothly bent. Since Es(x) is a smooth function, the transition of Etot(Ns) must

be originated in the transition of Ed(x).

Figure 2.13: Gel electrophoresis of a sample (Nd = 18, Ns = 26) showing the

splitting of the monomer band, which indicates two monomer conformations. The

cartoons on the left depict the conformations attributed to the bands. Again the

two lanes contain the same sample loaded at successive times (10 min interval).

Actually for the data in the region 22 6Ns6 30 of Fig. 2.12(a) for Nd = 18, a

splitting of the monomer band in the gels is observed. One example (Ns = 26) is

shown in Fig. 2.13, showing the coexistence of two conformations of the monomers.

The two conformations must correspond to those of ds DNA kinked, ss DNA

compact and ds DNA smoothly bend, ss DNA stretched. The ratio of free energies

of the two conformations (as seen from the relative intensities of the two monomer

bands) crosses from < 1 to > 1 as Ns goes through the transition region, which

is a typical result of two coexisting phases.

In the transition region of two coexisting monomers, Etot is calculated using
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the statistical average:

Etot =
X1E1 +X2E2

X1 +X2

, (2.18)

where E1 (E2) is calculated from Eq. (2.12) using X1 (X2) which is the mole

fraction of one of the monomer for XM . The data points in this cross-over region

shown in Fig. 2.12 is calculated in this way.

2.3 The Complete Bending Energy Function for Double

Stranded DNA

The beauty of the WLC model is that mechanical properties of a polymer can

be described essentially by only one parameter, the persistence length lp (or the

bending modulus B = kBT lp). In the previous section, we used an anzatz function

(2.16) to represent the bending energy of ds DNA under sharp bending. The

question here is knowing the fact that ds DNA crosses over to the kink formation

when the bending torque on the molecule is beyond a critical value τc, whether

it is possible to derive an analytic expression for the bending energy of ds DNA,

with a relatively small number of (effective) materials parameters.

2.3.1 Elastic Rod Model: Geometry and Notation

We use an elastic rod model to describe ds DNA in order to figure out a bending

energy function with respect to the EED x of the DNA. In the model, the details

of DNA structure are neglected and the DNA molecule is treated as a uniform,

continuum elastic rod, with a finite (effective) bending modulus B. The boundary

condition for our case is that the torque τ = ∂θ/∂s is zero at both ends (s is the

arc length), as shown in Fig. 2.14. The shape of the rod can be determined exactly
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Figure 2.14: (Graph from [5]) Sketch to show the bending of an elastic (half) rod

under the boundary condition that the torque τ = ∂θ/∂s is zero at the end. In

the graph, f is the external force and θ(s) is the bending angle at an arc length s.

by a set of elliptic integrals [5], which can only be solved numerically though:

s =

√
B

2f

∫ θ

0

dθ√
cos θ − cos θ0

, (2.19)

where B is the bending modulus, f is the force, θ(s) (the function of the shape)

is the bending angle at arc length s, and θ0 = θ(L) and is solved by:

L =

√
B

2f

∫ θ0

0

dθ√
cos θ − cos θ0

. (2.20)

Here we are going to use a polynomial approximation for the shape, satisfying

boundary conditions of our situation and to derive an analytic expression for the

complete bending energy function for the entire range from smoothly bent (linear)

to kinked (nonlinear) states, with relatively a small number of parameters.

Figure 2.15 depicts the geometry and notation in coordinates as shown, for the

smoothly bent (left) and kinked (right) states, used in following deductions. The

contour length of the ds DNA is 2L and the length of the chord is R. The critical

angle at which the DNA starts to form the kink is ∆ and θ is the bending angle

measured from the critical angle after the kink is formed. x is again the EED of

the ds or ss part of the stressed molecule and xL is half of the critical EED.
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∆ + θ
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Smoothly bent Kinked

1

Figure 2.15: Geometry and notation for the smoothly bent (left) and kinked

(right) conformations. The contour length of the ds DNA is 2L. R is the length

of the chord, and ∆ is the critical angle to form the kink while θ is the bending

angle measured from the critical angle. x is the EED of the ds and ss part of the

stressed molecule as shown in Fig. 2.6.

2.3.2 Bending Energy Function for the Kinked State

Since ds DNA develops a constant force kink in the kinked state, the shape of

the half-rod (of contour length L) is independent of the bending angle θ. In other

words, in the kinked regime the chord R is fixed and the bending energy E2 is

linear (instead of quadratic) in the bending angle θ (Fig. 2.15):

E2 = const.+ τcθ for θ > 0 , (2.21)

where τc is the critical torque and const. is the energy value at the critical point

since the energy of the molecule has to be continous. From the geometry (Fig.

2.15), the angles can be expressed in terms of EED x,

θ = −∆ + arccos(x/2R) ;

∆ = arccos(xc/2R) .
(2.22)

Again ∆ is the critical angle for the kinked state, xc is the critical value of EED.
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The value of const. in Eq. (2.21) can be solved by matching two energy functions

for the kinked and the smoothly bent states at the critical point.

The boundary conditions determining the shape are that the torque value

τ = ∂θ/∂s is zero at the end and τc in the middle where the torque is maximum

[5]. In the coordinates of Fig. 2.15, the boundary conditions at the critical point

can be written as follows. Note that the rod is still smoothly bent at x = 0:

dy

dx

∣∣∣∣
x=0

= 0 . (2.23)

The torque at the end of the rod x = xL is always zero,

B
d2y

dx2

∣∣∣∣
x=xL

= 0 , (2.24)

and for the critical shape, the torque is maximum at x = 0 and should be τc at

the critical point:

B
d2y

dx2

∣∣∣∣
x=0

= τc . (2.25)

Here to find out an analytic expression, we make a cubic approximation for the

shape of the half rod:

y = ax2 +
a

3xL
x3 , (2.26)

which is actually the lowest order polynomial expression that satisfies the bound-

ary conditions (2.23) (2.24). Now the shape of the half rod is described by a single

parameter a.

At the critical point, ac = τc/(2B) (the critical value for a) and we define a

dimensionless parameter which is small for 2L� lp in our case:

γ = acL =
Lτc
2B

. (2.27)

Plugging the cubic approximation (2.26) into Eqs. (2.22), (2.25), and using the

fact that γ � 1, we find out that

xL,c =
xc
2

= L(1− 4γ2

15
) , R = L(1− 2γ2

15
) , ∆ =

2γ

3
, (2.28)
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up to the quadratic term of γ.

The bending energy of the smoothly bent state E1 follows the WLC model or

the bending energy function of an elastic rod with a bending modulus B = kBT lp.

It can therefore be calculated using Eq. (2.8). The curvature in the notation of

Fig. 2.15 is

1

R(s)
=

∣∣∣∣ y′′

(1 + y′2)3/2

∣∣∣∣ (2.29)

The arc length element

ds =
√
dx2 + dy2 =

[
1 + (dy/dx)2

]1/2
dx . (2.30)

Therefore the energy expressed in our notation is

E1 = 2

∫ xL

0

1

2
B

(d2y/dx2)2

[1 + (dy/dx)2]5/2
dx , (2.31)

where by using the cubic approximation (2.26)

dy

dx
= 2ax+

a

xL
x2 ;

d2y

dx2
= 2a+

2a

xL
x . (2.32)

Now approximating the energy at the critical point (E1,c) using acx 6 acxL ≈
acL = γ � 1, Eq. (2.27) for γ and Eq. (2.28) for ∆,

E1,c ≈
4

3
a2cBxL ≈

1

3

L

B
τ 2c =

2

3
τcγ = τc∆ . (2.33)

Matching the two energy solutions of Eq. (2.21) and Eq. (2.33) at the critical

point, the const. value in Eq. (2.21) is solved:

E2,c = const. = E1,c = τc∆ . (2.34)

Plugging the const. value Eq. (2.34) into Eq. (2.21), the bending energy in the

kinked regime as a function of x is thus:

E2(x) =
[
τc arccos

( x

2R

)
− τc∆

]
+ τc∆

= τc arccos
( x

2R

)
for x 6 xc ,

(2.35)

where xc = 2L(1− 4γ2/15) and R = L(1− 2γ2/45) to an order of γ2. The energy

approximation for the kinked state is thus derived, as a function of the EED x.
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2.3.3 Bending Energy Function for the Smoothly Bent State at Finite

Temperature

The energy function for the smoothly bent state follows the WLC form of Eq.

(2.8) or the bending energy function of an elastic rod for most of phase space in

the regime. However, for very small bending where E1 ≈ 0 or x ≈ 2L, the WLC

energy does not apply because it is the region of Euler (buckling) instability.

Euler instability of a straight rod says that at a very small deformation, the

Figure 2.16: (Graph from Wikipedia: Buckling) Load-deflection diagram for Euler

instability. For a small deflection, the load is linear in the vertical deflection or

the energy of the rod is quadratic. This is the regime of compression, where the

rod behaves like a simple elastic spring. The rod suddenly buckles (at the break

in the diagram) when the load is beyond a certain critical value.

rod is compressed instead of being bent until beyond a certain critical force, as

shown in Fig. 2.16. In this region the elliptic integrals (2.19) and (2.20) for

the bending of an rod do not have any solution. However, we think that the

macroscopic Euler instability is not physical at the molecular scale due to thermal

fluctuations. Therefore a zero temperature calculation is not appropriate as E1 →
0, and an approximate calculation at a finite temperature is performed. Using the

cubic approximation (2.26) for the shape again, we find out that for a very small

deformation,

L− xL
L

≈ 4

15
a2L2 (2.36)
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the bending energy described by Eqs. (2.31) and (2.33) is hence linear in x:

E(x) ≈ 4

3
a2BxL =

5

2

B

L2
(2L− x) . (2.37)

For a small applied force f (at ends of the rod):

E(x) =
5

2

B

L2
(2L− x)− f(2L− x) . (2.38)

The partition sum at a finite temperature T is constructed:

Z = −
∫ 0

2L

dx exp

(
−E(x)

kBT

)
, (2.39)

in which we approximate by keeping only the dominant flexural mode. Using eqs.

(2.38) and (2.39) and taking the derivative of the partition sum Z,

〈2L− x〉 = kBT
∂Z

∂f
, (2.40)

and the relation between the thermal averaged 〈x〉 and the applied force f is

obtained:

f(x) =
5B

2L2

(
1− LkBT

5B

1

1− x/2L

)
, (2.41)

under the condition that f � 5B/(2L2), which is appropriate in our case.

Integrating Eq. (2.41) for every averaged EED x, the bending energy function

at a finite temperature T for the smoothly bent state is derived

E1(x) = −
∫ x

x0

f(u)du =
5B

L

x0 − x
2L

− kBT ln

(
2L− x
2L− x0

)
, (2.42)

where x0 = 〈x〉f=0 = 2L[1 − kBTL/(5B)] is the averaged EED at zero force

calculated from Eq. (2.41).

2.3.4 The Complete Bending Energy Function

Based on the above derivation, we obtain the complete bending energy expression

(analytic approximation) as a function of EED, valid both in the smoothly bent
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and the sharply bent states:

Ed(x)=


τc arccos

( x

2R

)
for 0<x<xc ,

5B

L

x0 − x
2L

−kBT ln

(
2L−x
2L−x0

)
for xc<x<x0 ,

(2.43)

where R = L(1 − 2γ2/45), x0 = 2L[1 − kBTL/(5B)], and γ = Lτc/(2B). The

upper form corresponds to the kinked solution while the lower to the smoothly

bent one. The critical value for EED xc ≈ 2L(1 − 4γ2/15) to an order of γ2

and is practically found by equating the upper and lower brunches of Eq. (2.43).

The contour length of the DNA is 2L = Nd × 0.33 nm and the bending modulus

B ≈ 50 kBT× nm.

The function (2.43) presents a parametrization of the bending energy of ds

DNA in terms of τc and B, valid in the regime 2L < ld (the persistence length of

ds DNA) under the boundary conditions that the torque is zero at both ends. To

demonstrate, the shape of the bending energy calculated from Eq. (2.43) and the

corresponding force are shown in Fig. 2.17, for ds DNA molecule with Nd = 24

(or contour length 2L = 8 nm).

One more thing to note is that the energy form (2.43) predicts that the elastic

energy is linear in the kink angle in the kinked state, which is confirmed by our

experimental results; whereas previously proposed models for this regime predict

that the elastic energy is either quadratic in the kink angle [69] or independent of

the angle so that the torque in this regime is completely zero [56].

To connect with the experiments and to extract the value for τc from our mea-

surements, we need to calculate the total energy Etot = Ed(xeq) + Es(xeq) for the

stressed molecules as shown in Fig. 2.6, where xeq is solved by the force equilib-

rium condition (2.14). Ed(x) is given by Eq. (2.43) and Es(x) is a polynomial

expansion of the Marko-Siggia expression (Eq. (2.7)) [40, 41]:

Es(x) =
9kBT

4Nsl2s

[
x2 +

x3

Nsls
+

3x4

(Nsls)2

]
. (2.44)
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(a)

(b)

Figure 2.17: (a) The bending elastic energy Ed(x) vs the EED x from Eq. (2.43),

with Nd = 24 or L = 4 nm, τc = 26.9 pN× nm and B = 50 kBT× nm. The

details of the transition (around the critical point) is shown in the inset. (b) The

corresponding force in piconewton.
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(a)

(b)

Figure 2.18: Graphs to show the fits (displayed as solid lines) calculated us-

ing Eq. (2.43) for Ed(x) and Eq. (2.44) for Es(x), with (a) L = 3 nm or (b)

L = 4 nm, and identical values for all the other parameters: τc = 26.9 pN× nm,

B = 50 kBT× nm, ls = 0.764 nm. Black dots are the same total elastic energy

Etot measurements as shown in Fig. 2.12.
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where ls is the persistence length of ss DNA and Ns is the number of bases in the

ss part of the stressed DNA molecules.

We then adjust the value of τc in the above strategy to fit our experimental

data. The elastic energy measurements for the molecules with Nd = 18 (L = 3 nm

in Eq. (2.43)) in Fig. 2.12(a) are fitted in the first place. The fit is shown as the

solid line in Fig. 2.18(a), with the values for the fitting parameters ls = 0.764 nm

(the value from DNA stretching experiments is 0.8 nm [40, 43]), B = 50 kBT× nm

(also from DNA stretching experiments [40, 43]) and τc = 26.9 pN× nm. Note

that this fit is very much constrained because the value for τc determines both the

slope and the magnitude of the linear part of the fit curve in Fig. 2.18(a).

To test whether τc provides a good materials parameter, we fit the energy

measurements for the molecules with Nd = 24 (L = 4 nm in Eq. (2.43)) in Fig.

2.12(b) with the same values for the parameters, since we believe that the value

for τc depends only on the local sequence around the nick which is indeed the

same for all the molecules in Fig. 2.12. The fit for the second group (shown as the

solid line in Fig. 2.18(b)) is in fact a “zero-parameter” fit. Note that the “kink”

in the curve occurs at quite different positions of Ns in Fig. 2.18(a) and (b).

To sum up, in this section, an analytic expression for the bending elastic energy

vs EED of short nicked ds DNA molecules is derived as in Eq. (2.43), in the entire

range from smoothly to sharp bending. This energy function reproduces our de-

tailed, direct experimental measurements of the elastic energy of self-constrained

DNA molecules within ∼ 0.1 kBT, with no actual adjustable fitting parameters.

The physics behind the energy function (2.43) is that ds DNA develops a

(constant torque) kink at a critical torque τc, which is comparable to the Eu-

ler instability in bending a macroscopic rod [5], thought the origin is obviously

different in microscopic scales (possibly related to the local denaturation of the

DNA structure, i.e. unstacking and breaking of base pairing). Figure 2.19 shows

the equilibrium EED obtained from the calculation using the energy function
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Figure 2.19: The equilibrium EED xeq as a function of Ns obtained from the

calculation in the text for Nd = 24 (L = 4 nm). The jump illustrates the transition

between the smoothly bent and sharply bent states and corresponds to the kink

in the elastic energy curve of Fig. 2.18(b).

Eq. (2.43) for the self-constrained DNA molecules with Nd = 24 (L = 4 nm).

The jump in xeq clearly illustrates the transition between the smoothly bent and

sharply bent states.

2.4 Kink Formation in Non-Nicked Double Stranded DNA

So far, we have shown that there is a transition from smoothly bent to kinked state

for nicked ds DNA molecules when the (bending) torque is beyond a critical value

τc, roughly 27 pN× nm. And an analytic expression is derived, suitable for the

entire range from the smoothly bent state to the kinked one, which reproduces our

direct experimental measurements of elastic energy under equilibrium conditions.

Now the question turns to what is the situation for a more generalized case, non-

nicked DNA. The study in this section is to investigate whether this quantitative
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description in terms of a critical torque is still valid in the absence of the nick and

if so, what is the value for the critical torque τc for intact DNA.

Figure 2.20: Cartoon of a stressed DNA molecule used in this section. The ds

DNA is from PDB structure 1KX5, and the ss DNA is from PDB 1BNA. The

molecule is a product by hybridizing a ss DNA loop (blue) with a linear partially

complementary strand (red). The elastic energy of the molecule consists of the

bending energy of the ds part and the stretching energy of the ss part. Note that

there is no nick in the ds part here. x is the EED of the ds part (or ss part).

We use similar self-constrained DNA molecules here, consisting of a bent ds

part and a stretched ss part, as shown in Fig. 2.20. But now the stressed molecule

is constructed by hybridizing a circular ss DNA with a linear partially complemen-

tary strand, resulting in no nick in the ds part. Again, the molecule has a large

elastic energy, stored in the bending energy Ed of the ds part and the stretching

energy Es of the ss part, i.e. Etot = Ed(xeq)+Es(xeq), where the equilibrium EED

xeq is solved by the force balance condition (2.14).
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2.4.1 Sample Preparation

The main problem to make a stressed DNA molecule as in Fig. 2.20 is how to

repair the nick in the original configuration as in Fig. 2.6. We use T4 DNA ligase

(from New England Biolabs) to fulfill the task. However, because the nicked DNA

molecules are already under high tension, the enzymatic activity of DNA ligase on

these stressed DNA molecules is actually not known (the activity of enzymes on

stressed substrates is an interesting problem itself). Therefore, instead of ligating

the stressed nicked DNA molecules directly, a four-step protocol is established as

follows.

(1) Ligate the phosphate modified (at 5’ end) linear ss DNA molecule (synthesized

by IDT) at 16 ◦C for 21 hours, with the help of a short piece of complementary

DNA (also from IDT) of about 12 bases or 18 bases around the nick (called splin-

ters). The short splinter introduces negligible stress to the molecule if there is

any.

(2) Destroy splinters and any other linear DNA components in solution by in-

cubating the sample with restriction enzymes Exonuclease I and III (from New

England Biolabs) at 37 ◦C for 20 min. Note that the circular DNA molecules are

immune to these two restriction enzymes. And then the enzymes are inactivated

by incubating the mixture at 85 ◦C for 15 min.

(3) The solution after step (2) consists of single-loop (product of intramolecular

ligation) and double-loop (product of intermolecular ligation) DNA molecules.

These two circular species are separated by passing the mixture through a High-

performance liquid chromatography (HPLC) Uno Q1 ion exchange column (from

Bio-rad), in which DNA molecules bind to packed beads at low salt condition and

detach at different salt concentrations depending on their charges (or lengths)

(Fig. 2.21).

(4) The single-loop fraction is collected and the concentration of which is deter-

mined by a spectrophotometer (Beckman Coulter DU 640).
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Figure 2.21: Graph to show an HPLC trace to separate the single-loop and dou-

ble-loop DNA molecules. An Uno Q1 ion exchange column is employed, in which

DNA molecules bind to packed beads at low salt concentration and detach at

different levels of salt depending on their charges (or lengths). The black line in

the graph is UV absorption at 260 nm, displaying the real-time amount of DNA

molecules. The red line is conductivity of the solution, indicating the increase

of salt concentration over time. The single loop molecule which has less charges

detaches earlier than the double loop molecule, appearing in the fraction of the

first peak.

In the above protocol, the T4 DNA ligase is the key factor to make the non-

nicked stressed DNA molecules as in Fig. 2.20. It is a specific type of enzyme, that

repairs ss discontinuities (or a nick) in the backbone of ds DNA molecules. In more

detail, it catalyzes the formation of a phosphodiester bond between juxtaposed 5’

phosphate and 3’ hydroxyl termini in duplex DNA or RNA and then joins blunt

end and cohesive end termini as well as repair single stranded nicks in duplex
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DNA, RNA or DNA/RNA hybrids [70].

For the two enzymes used in step (2), Exonuclease I is an enzyme that catalyzes

the removal of nucleotides from ss DNA in the 3’ to 5’ direction. But it does not

cleave DNA strands without terminal 3’-OH groups because they are blocked by

phosphoryl or acetyl groups [71]. Exonuclease III is an enzyme that catalyzes

the stepwise removal of mononucleotides from 3’-hydroxyl termini of duplex DNA

[72]. With the help of the Exonuclease I and III, all the linear DNA molecules

in solution (including splinters and ss DNA molecules that are not ligated) are

broken down. The good thing to use Exonuclease I and III is that they do not

act on circular DNA molecules since they do not have 3’-hydrxyl termini for the

enzymes to start their enzymatic action. Through the digestion of the exonuclease,

the designated ss DNA loop products are precisely selected.

Figure 2.22: Gel picture to confirm the nick repair protocol. Starting from left,

the samples in different lanes are as follows. Lane a: ss DNA ligated, lane b: ss

DNA not ligated, lane c: ss DNA ligated, then digested with Exonucleases, lane

d: ss DNA not ligated and then digested, lane e and g: HPLC purified single-loop

DNA, and lane f and h: HPLC purified double-loop DNA.

The nick repairing protocol is checked and confirmed by gel pictures of the
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products, an example being shown in Fig. 2.22, in which lane a is ss DNA treated

with ligase; lane b: ss DNA not ligated; lane c: ss DNA ligated then digested

with Exonucleases; lane d: ss DNA not ligated and then digested; lane e and

g: HPLC purified single-loop DNA, and lane f and h: HPLC purified double-

loop DNA. By comparing lanes a and b, the DNA bands are completely different

after treated with T4 DNA ligase, indicating that DNA ligase does have the

enzymatic effect on our DNA samples. From lanes b, c and d, we know that

there are two types of ligated products which can not be cleaved by Exonucleases

(note that no DNA strands are left after incubating with Exonucleases if not pre-

treated with T4 ligase), and they both have distinct mobilities from the original

ss DNA sample. The result makes it clear that ss DNA samples are ligated and

circular DNA molecules are produced. The last four lanes confirm that the HPLC

ion exchange column is capable of separating single loop DNA and double loop

molecules. Calculating from the intensities of the corresponding bands, the yield

efficiency to make single-loop DNA molecules is ∼ 45% and that to make double-

loop DNA molecules is ∼ 35%.

DNA sequences used in melting-curve analysis are as follows (5’ to 3’ end),

shown in two groups, with a final loop size of 45 and 60 respectively. Cloop45

(Cloop60) from group 1 (2) is ligated into circular form with the help of the

Splinter sequence. [phos] in the sequence means a 5’ end modification of phospho-

rylation, required by the DNA ligase. DNA strands with a name starting with

DL are the complementary sequences, the number after DL is shows the length

of the ds part after hybridization. Linear45 (Linear60) is a sequence to hybridize

with complementary sequences into linear form DNA. Note that the sequences in

the ds part of the circular and the linear DNA molecules are identical.

Again, these sequences were randomly generated with 60% GC content. The

melting properties of the sequences were carefully analyzed using the DINAMelt

web server [62, 63], to confirm the hybridization of the ds part and no stable
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secondary structure in the ss part. Moreover, we also examined the sequences to

make sure there is no adenine-tract induced bending in the ds part [64, 65].

Group 1:

Linear45: TGA CAG TAG ACA TAC GAC GAC TCC ACA CGT GAG AGC

AGC AGG CAA

Cloop45: [phos]-CAC ACG TGA GAG CAG CAG GCA ATG ACA GTA GAC

ATA CGA CGA CTC

DL30Cloop45: CTG CTC TCA CGT GTG GAG TCG TCG TAT GTC

DL31Cloop45: GCT GCT CTC ACG TGT GGA GTC GTC GTA TGT C

DL32Cloop45: TGC TGC TCT CAC GTG TGG AGT CGT CGT ATG TC

DL33Cloop45: CTG CTG CTC TCA CGT GTG GAG TCG TCG TAT GTC

Group 2:

Linear60: ACA CAC ACA GTA GAC GAC ATA CGA CGA CTC CAC ACG

TGA GAG CAG CAG CAG GCA ATC GAT

Cloop60: [phos]-CAC ACG TGA GAG CAG CAG CAG GCA ATC GAT ACA

CAC ACA GTA GAC GAC ATA CGA CGA CTC

DL35Cloop60: GCT GCT GCT CTC ACG TGT GGA GTC GTC GTA TGT

CG

DL37Cloop60: TGC TGC TGC TCT CAC GTG TGG AGT CGT CGT ATG

TCG T

DL39Cloop60: CTG CTG CTG CTC TCA CGT GTG GAG TCG TCG TAT

GTC GTC

DL41Cloop60: CCT GCT GCT GCT CTC ACG TGT GGA GTC GTC GTA

TGT CGT CT

DL43Cloop60: GCC TGC TGC TGC TCT CAC GTG TGG AGT CGT CGT

ATG TCG TCT A

DL45Cloop60: TGC CTG CTG CTG CTC TCA CGT GTG GAG TCG TCG

TAT GTC GTC TAC
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Splinter: CGT GTG GAG TCG

The protocol to construct the non-nicked stressed DNA molecules is as follows.

(1) Dilute the complementary DNA strands to a concentration of ∼ 2µM using

ultra pure water (DNase free) and measure the actual concentration of the DNA

solution using a spectrophotometer (Beckman Coulter DU 640).

(2) Mix the ligated single-loop circular DNA molecules with an equimolar amount

of the partially complementary DNA strands and dilute the solution to a final

concentration of 0.1µM in a buffer condition of 10 mM Tris buffer with 1 mM

EDTA, 5 mM MgCl2, 100 mM NaCl, pH = 7.9.

(3) Incubate the mixture at 95 ◦C for 30 min, and then anneal the solution from

95 ◦C down to room temperature (24 ◦C) over 18 hours (∼ 0.065 ◦C/min), to make

sure the DNA samples are fully hybridized.

2.4.2 Melting Curve Measurements for Stressed DNA Molecules

We extract the elastic energy of non-nicked stressed DNA molecules based on

melting curve measurements. Melting-curve analysis is to analyze denaturing

process of DNA double helix into two single strands as the temperature is raised,

because the entropy term has an increasing impact in the total free energy. This

transition can be characterized spectroscopically, in two ways. One is to observe

the strand dissociation using UV absorbance measurements [73], based on the fact

that ss and ds DNA have different UV absorption coefficient. The other is to use

fluorescence measurements [74], with the help of DNA-intercalating fluorophore

such as SYBR green (which has 1000-fold more fluorescent intensity when in the

minor groove of ds DNA), EvaGreen or fluorophore-labeled DNA probes. The

second approach has the advantage of better sensitivity, and is now widely used

in measuring the melting curves. However, in our experiment, to exclude the ef-

fect of these fluorophores on DNA bending rigidity, we choose the first approach.
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Actually, during our melting curve measurements, there are only the designated

stressed DNA molecules in the solution, to make sure the UV absorption mea-

surements represent melting of stressed DNA molecules exclusively.

To discuss in detail, UV absorption measurements at 260 nm were carried out

on a Beckman Coulter DU 640 spectrophotometer at a controlled temperature

from 25 ◦C to 90 ◦C. The heating rate was 0.2 ◦C/min, and the reading interval

was 0.5 ◦C. During the measurements, samples were kept in quartz cuvettes, and

sealed by polytetrafluoroethylene (PTFE) stoppers to prevent evaporation.

Compared to a corresponding linear molecule, which is equivalent to cutting

a (stressed) circular DNA molecule as in Fig. 2.20 in the middle of the ss part

so that it has an identical base sequence in the ds part but no built-in stress,

the melting curve of the circular molecule is dramatically different in their shape

and shifted to lower temperatures because of the destabilizing effect of the elastic

energy, as shown in Fig. 2.23. We therefore use this large effect to determine the

elastic energy in the stressed DNA molecule.

In more detail, three different melting curves are taken simultaneously and

compared, for the circular molecule, the corresponding linear molecule, and the

nicked molecule (by cutting the circular strand of the circular molecule in the

middle of the ds part, the same as those in the last section). The nicked molecule

here is used as a control for our melting-curve analysis, based on the independent

measurements of the elastic energy with the dimerization equilibrium method.

Two sets of melting curves are shown in Fig. 2.23, which are already nor-

malized in the interval [0, 1] to reflect the fraction of open base pairs. For each

set of three melting curves (e.g. Fig. 2.23(a) or (b)) corresponding to the same

sequence in different configurations (the circular, the circular nicked, and the lin-

ear molecule), we normalize the experimental melting profiles (obtained from UV

absorption spectroscopy) by a vertical shift and dilation as following steps:

(1) Even at temperatures beyond the strand-dissociation temperature, the UV
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(a)

(b)

Figure 2.23: Examples of experimental melting curves used for measurements of

the elastic energy of the molecules of Fig. 2.20. The data are UV absorption

profiles at 260 nm and are normalized as described in the text. We show two sets

here: (a) Nd = 30, Ns = 15, Nloop = 45 and (b) Nd = 41, Ns = 19, Nloop = 60.

Circles indicates linear molecules; diamonds, circular molecules; squares, circular

nicked molecules.
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absorption continues to grow, due to unstacking in the single strands [75]. The

high-temperature part of the three curves is made to overlap, since the sequences

are the same and the ss unstacking transition is expected to be the same.

(2) There is typically a break in the melting curves at the strand-dissociation

temperature [75]. The corresponding value of the ordinate is set to 1.

(3) The low-temperature plateaus (300 K < T < 320 K) are set to 0 for the linear

and the nicked molecules, while for the circular molecule, this part is set to a value

corresponding to three open base pairs. The measurements show that the ds part

of these molecules is kinked, and this normalization reflects the likely presence of

∼ 3 bp bubble at the kink [59].

2.4.3 Modified Zipper Model

To extract the elastic energy of a stressed DNA molecule from melting curve

profiles, we of course need a model. The main concern to choose an appropriate

model is that it has to be able to fit all the melting curves with a small number of

fitting parameters. Considering the more complex structure in the melting profiles

of the stressed molecules than simple S-shaped curves of linear DNA molecules,

as shown in Fig. 2.23, it proves not a easy job. For example, a two-state model is

obviously inadequate in this case. And the widely used nearest neighbor model as

implemented in the public domain servers [62], even for the linear molecules, fails

to reproduce the shape of the melting curve, although predicting the midpoint

(melting temperature) of the transition quite well.

We use a modified zipper model [76] to extract the elastic energy. In the

original zipper model, an oligonucleotide melts from both ends (like a zipper). For

the melting strand, the number of open bp n is used to parameterize statistical

states, and the energy cost and entropy gain to open a bp are fixed, representing

an average value for a particular sequence (Fig. 2.24). The partition sum of the
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Figure 2.24: Schematics of zipper model for DNA melting process. In the model,

the DNA molecule denatures only from two ends, and the energy cost ε and

entropy gain σ values are identical (they may change among different sequences).

n is the number of open base pairs and is the characteristic parameter of the

model.

states is:

Z =

Nd−1∑
n=0

(n+ 1) exp

[
−n(ε− σT )

T

]
+ ZN , (2.45)

where ε and σ are the averaged energy cost and entropy gain to open one bp. The

(degeneracy) pre-factor (n+ 1) corresponds to allowing the molecule to melt from

both ends, and ZN is the statistical weight of the dissociated states:

ZN = exp

[
−Nd(ε− σT )

T

]
exp(σd) , (2.46)

where σd is the dissociation entropy of the two strands, which is the only con-

centration dependent quantity in the expressions. T is in units of energy in this

section (kB = 1).

The base pair dependent parameters can of course be introduced into the

zipper model, but we found that a fixed set of such parameters does not reproduce

different melting curves well and the same situation applies to the nearest-neighbor

model [77]. The Peyrard-Bishop-Dauxois model does better in this respect [77, 78],

but it is difficult to couple the elastic energy term to it. Therefore, we choose

average ε and σ in our zipper model, to keep the number of fitting parameters to

a minimum.
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Now we need an expression for the elastic energy E(n) of the state charac-

terized by the number of open bp n. We use a two-branch energy function here

because, as n increases, the length of the ds part decreases (Nd → Nd − n), while

that of the ss part increases (Ns → Ns + n), so at a certain point, the molecule

will make a transition from the kinked to the smoothly bent state, based on our

previous findings. We therefore couple the elastic energy term in the following

way:

Z =

n0∑
n=0

(n+ 1) exp[−n(ε− σT )

T
] exp(−E1(n)

T
)+

Nd−1∑
n=0

(n+ 1) exp[−n(ε− σT )

T
] exp(−E2(n)

T
) + ZN ,

(2.47)

where ε, σ and ZN have the same meaning as before. The second sum starts

also from n = 0 (instead of n = n0 + 1) because this simply includes more high-

energy (improbable) states in the partition sum, but it introduces no additional

complication and represents a better approximation for n = n0.

The elastic energy E1(n), E2(n) should have a general shape similar to that

of the curves in Fig. 2.18. Therefore E1(n) is approximated using a heuristic

expression:

E1(n) = α(n0 − n)1/2 for n 6 n0 . (2.48)

The exponent 1/2 produces good fits to the melting curves. Here n0 is identical

to n0 in Eq. (2.47) to reduce the number of parameters. The physical implication

of Eq. (2.48) is that the elastic energy in the kinked state is mostly in the ds part,

and is essentially given by the upper branch of Eq. (2.43). With the appropriate

n0 value, Eq. (2.48) is actually indeed an approximation for Ed(xeq) in the upper

form of Eq. (2.43), where xeq is expressed in terms of (Ns + n) shown later.

The energy term E2(n) can be approximated that the ds part is essentially

straight in this regime and the elastic energy is mostly in the stretched ss part.
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The stretching energy of ss DNA of Ns + n bases, held at an EED of the contour

length of the remaining ds part (Nd − n)a (a ≈ 0.33 nm is the length per bp), is

written in a quadratic approximation as:

E2(n) =
9Ta2

4l2s

(Nd − n)2

Ns + n
, (2.49)

where ls = 0.8 nm is the persistence length of ss DNA in most literatures [68] and

again, T is in units of energy.

2.4.4 Fits to the Melting Curve Measurements

With the modified zipper model (2.47), the melting curves (Fig. 2.23) of the

three configurations (the circular, nicked (circular) and linear molecules) can be

reproduced. For the linear molecule, the elastic energy terms E1(n), E2(n) are

obviously zero, i.e. the original zipper is appropriate. For the nicked molecule,

we use E1(n) given in Eq. (2.48) for the elastic energy of the kinked state. For

the circular molecule, the elastic energy of the kinked state includes an additional

cost of opening a three bp bubble at the kink [59], meaning:

Ecirc
1 (n) = α′(n′0 − n)1/2 + 3(ε− σT ) for n 6 n′0 . (2.50)

The elastic energies in the smoothly bent state E2(n) for both the nicked and

circular molecules are given by Eq. (2.49). The equations for the partition sum

and the average number of open bp 〈n〉 at a finite temperature T for the three

configurations are described as follows. For the nicked molecules:

〈n〉nick =

{
n0∑
n=0

n(n+ 1) exp
[
− n(ε− σT )

T

]
exp

[
− α(n0 − n)1/2

T

]
+

Nd−1∑
n=0

n(n+ 1) exp
[
− n(ε− σT )

T

]
exp

[
− 9a2(Nd − n)2

4l2s(Ns + n)

]
+

Nd exp
[
− Nd(ε− σT )

T

]
exp(σd)

}
· 1

Znick
;

(2.51)
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Znick =

n0∑
n=0

(n+ 1) exp
[
− n(ε− σT )

T

]
exp

[
− α(n0 − n)1/2

T

]
+

Nd−1∑
n=0

(n+ 1)

× exp
[
− n(ε− σT )

T

]
exp

[
− 9a2(Nd − n)2

4l2s(Ns + n)

]
+ exp

[
− Nd(ε− σT )

T

]
exp(σd) .

For the circular molecules:

〈n〉circ =


n′0∑
n=0

(n+ 3)(n+ 1) exp
[
− (n+ 3)(ε− σT )

T

]
exp

[
− α′(n′0 − n)1/2

T

]

+

Nd−1∑
n=0

n(n+ 1) exp
[
− n(ε− σT )

T

]
exp

[
− 9a2(Nd − n)2

4l2s(Ns + n)

]
+ Nd exp

[
− Nd(ε− σT )

T

]
exp(σd)

}
· 1

Zcirc
;

(2.52)

Zcirc =

n′0∑
n=0

(n+ 1) exp
[
− (n+ 3)(ε− σT )

T

]
exp

[
− α′(n′0 − n)1/2

T

]
+

Nd−1∑
n=0

(n+ 1)

× exp
[
− n(ε− σT )

T
] exp

[
− 9a2(Nd − n)2

4l2s(Ns + n)

]
+ exp

[
− Nd(ε− σT )

T

]
exp(σd) .

For the linear molecules:

〈n〉lin =

{
Nd−1∑
n=0

n(n+ 1) exp
[
− n(ε− σT )

T

]
+ Nd exp

[
− Nd(ε− σT )

T

]
exp(σd)

}
· 1

Zlin
;

(2.53)

Zlin =

Nd−1∑
n=0

(n+ 1) exp
[
− n(ε− σT )

T

]
+ exp

[
− Nd(ε− σT )

T

]
exp(σd) .

For each set of three melting curves, we perform the following procedures to

fit the melting curves. (1) Fit the melting curve of the linear molecule using Eq.

(2.53), determining ε, σ and σd. (2) Use the value n0 = 26 (the same for all nicked

molecules), the same ε, σ and σd in step (1), and Eq. (2.51) to fit the melting

curve for the nicked molecule, determining α. (3) Use the value n′0 = 19 (again
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the same for all circular molecules), the same ε, σ and σd in step (1), and Eq.

(2.52) to fit the melting curve for the circular molecule, determining α′. Fig. 2.25

shows two examples of these fits for Nd = 30, Ns = 15, Nloop = 45 and Nd = 41,

Ns = 19, Nloop = 60. Most importantly, the elastic energy extracted from the fits

(in units of T , where T = 300 K is room temperature), for the nicked molecule, is

Eel = α
√
n0/300 , (2.54)

and for the circular molecule, is

E ′el = α′
√
n′0/300 + 3(ε/300− σ) . (2.55)

To summarize the fitting procedure, ε, σ and σd are determined using the

linear molecule, in order to reduce the fits for the nicked and circular molecule to

one-parameter fits, which determine α and α′ and thus, the elastic energies, using

Eqs. (2.54) and (2.55). The value n0 and n′0 are chosen once and for all (the same

for all molecules in our measurements) before fits, to produce the best overall fits

for all the melting curves. Actually the values of the extracted energies are robust

with respect to the changes in n0 and n′0, in the sense that if n0 (n′0) is changed,

α (α′) changes accordingly, keeping α
√
n0 (α′

√
n′0) essentially the same.

One problem of the fitting is that step (1) above does not provide a unique

set of ε and σ values. Comparable fits can be obtained in a range of values,

because in the simple zipper model, varying ε and σ (within a factor ∼ 1.5)

while keeping the ratio of them fixed (the midpoint of the melting transition

or the melting temperature is essentially Tm = ε/σ) produces similar melting

curves. Different ε and σ values give different values for α and α′ in step (2)

and (3), and thus the elastic energies. The results of fits show that relatively

small ε and σ produce relatively small energies. This problem is solved by using

independent measurements of the elastic energy of nicked molecules obtained from

the dimerization equilibrium method introduced before. In more detail, we choose
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(a)

(b)

Figure 2.25: Examples of the fits to the melting curves (the same as shown in Fig.

2.23), for (a) Nd = 30, Ns = 15, Nloop = 45 and (b) Nd = 41, Ns = 19, Nloop = 60,

using Eqs. (2.51), (2.52) and (2.53) and the procedures as described in the text.
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a set of values for ε and σ in step (1) so that the elastic energy derived in step

(2) is consistent with the independent dimerization equilibrium measurements of

the same sequence. Then we put these values in step (3) to extract the unknown

elastic energy E ′el of the circular molecule. Note that the fits using Eq. (2.51)

- (2.53) are stable in the sense that the final elastic energy result does not vary

much (within ∼ 0.5 kBT) if the parameters, including n0, n
′
0, the exponent 1/2 in

Eq. (2.48) and (2.50) are changed in a range of obtaining reasonable fits, or if a

loop entropy term for the bubble in the first sum of Eq. (2.52) is added, or other

similar modifications we have explored.

Figure 2.26: The graph of the energy function used in the modified zipper model

from Eqs. (2.49) and (2.50) as a function of open bases n+Ns.

The quality of the fits may not seem impressive, but it is in fact not bad. It is to

be remembered that the circular and nicked curves are one parameter fits, and that

the same approach is used for the 30 different melting curves. The fits of the linear

melting curves systematically underestimate the signal in the low temperature

(“premelting”) region: this is a deficiency of the zipper model approach, which

fails to account for “fraying” of individual bp. The fits for the circular and nicked
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molecules capture the main characteristic feature of these melting curves’ shapes,

which is a steeper rise before the midpoint compared to the linear curves; this

is due to the release of the elastic energy, which drops abruptly for n > n0 in

the model (Fig. 2.26) and in the real system (Fig. 2.18). We can now see, a

posteriori, the significance of the values n0, n
′
0 ∼ 20 which we found to produce

good fits. Namely, in the kinked state most of the elastic energy is in the ds part

of the molecule, given essentially by Ed(xeq) in (2.43). For small xeq, this can be

expressed analytically in terms of (Ns + n) by expanding Eq. (2.43) and using

the first term in (2.44); the result is: Ed(n) ≈ Ed(n = 0)[1 − (l2s/πR
2)(τc/9T )n],

while (2.48) gives, for small n: E1(n) ≈ E1(n = 0)[1 − n/2n0]. Comparing,

we find n0 ≈ (π/2)(R/ls)
2(9T/τc). With our values τc ≈ 30 pN× nm ≈ 8 kBT,

R ≈ L ≈ 3 nm (for Nd = 18) this gives n0 ≈ 22.

2.4.5 Kink Formation in Non-Nicked Double Stranded DNA

The simplest way to explore the mechanical properties of the stressed DNA

molecules as in Fig. 2.20 is to measure the elastic energy for a series of such

molecules by varying Ns, at fixed Nd, which is an alternative way to change the

EED x, as we used in the last section for the case of nicked DNA molecules.

However, in the case of non-nicked molecules, this strategy would require quite

cumbersome work to prepare a series of circular single strands (loops) of different

sizes. Therefore instead, we measure the elastic energy for a series of non-nicked

molecules by increasing Ns, at fixed Nloop = Ns + Nd, meaning that we vary the

length of the complementary linear strands for the same length of the circular

strand. Figure 2.27 shows the elastic energy measurements for both the nicked

and non-nicked circular DNA molecules with Nloop = 45 and Nloop = 60.

From Fig. 2.27, it is obvious that the qualitative behavior in the regime of

small Ns is the same for the nicked and non-nicked molecules, namely, Etot is

roughly linear in Ns in this regime. For the nicked molecules, we have previously
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(a)

(b)

Figure 2.27: The total elastic energy Etot of the stressed molecules as shown in

Fig. 2.20, extracted from the melting-curve analysis. The measurements are

displayed as a function of Ns at fixed Nloop = Ns + Nd, for (a) Nloop = 45 and

(b) Nloop = 60. Squares are for nicked molecules, and circles for non-nicked

ones. The lines are computed using Eq. (2.43) for ds DNA bending energy, with

parameters values: (a) τc = 26.3 pN× nm for the nicked molecules (dashed line)

and τc = 28.8 pN× nm for the intact ones (solid line); (b) τc = 27.0 pN× nm for

the nicked case and τc = 31.3 pN× nm for the intact case; and identical values for

B = 50 kBT× nm, ls = 0.8 nm.
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shown that they are in the kinked state, so we may conclude the same for the non-

nicked molecules that they are also kinked, and the kink can also be described by

a constant torque.

We use Eq. (2.43) for the bending energy of ds DNA for both the nicked

and non-nicked configurations (with different values for τc), Eq. (2.44) for the

stretching energy of ss DNA, and Eq. (2.14) for the force balance condition, to

calculate Etot of the molecules at equilibrium and thus to extract the values for τc

in the two cases from the data of Fig. 2.27. The lines in the figure are computed

in this way, and prove to represent the measurements quite well. The values for

Nloop = 45 molecules, are τc = 26.3 ± 0.4 pN× nm for the nicked molecules and

τc = 28.8 ± 0.5 pN× nm for the non-nicked ones; while those for Nloop = 60, are

τc = 27.0±0.7 pN× nm and τc = 31.3±0.6 pN× nm for the nicked and non-nicked

cases respectively. The error here reflects the range of τc such that the calculated

curve is on average within the error bars of the data points. Note that τc is the

only adjustable parameter and it determines both the level and the slope of the

of the plateaus in the figure.

In table 2.1 we also show the fitting parameter values for the molecules we

explored, with specified Nd and Ns. The values of ε, σ and σd are given above

in Table (2.1) for completeness, but note that they are only effective parameters

for the particular model and sequences. The errors of the value α and Eel in

the table (and the error bars in Fig. 2.27) are the statistical error of the fit.

Systematic errors on Eel due to the model are evaluated by varying the details of

the model, and also by considering the absolute “calibration” obtained from the

independent dimerization measurements. We estimate that the systematic errors

on Eel is probably within ±0.5 kBT in our case, which in the end translate into a

systematic error roughly ±1.7 pN× nm on τc.

Judging by the values for τc from our measurements, we have the following

statements. The sequence dependence of τc is very prominent, since the values
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Nloop Ns ε σ σd α α′ Eel (kBT) E ′el (kBT)

45 12 4139 11.76 6.16 588± 12 314± 14 10.0± 0.2 10.7± 0.2

45 13 3816 10.90 5.85 575± 11 359± 11 9.8± 0.1 10.7± 0.2

45 14 4129 11.84 5.75 577± 8 336± 12 9.8± 0.1 10.65± 0.2

45 15 4307 12.35 5.63 570± 9 296± 21 9.7± 0.2 10.3± 0.3

60 15 4527 12.82 3.71 546± 11 348± 23 10.2± 0.2 11.8± 0.3

60 17 4369 12.32 5.77 575± 9 353± 10 10.2± 0.2 11.7± 0.2

60 19 4233 11.95 5.90 586± 8 318± 12 10.0± 0.1 11.6± 0.2

60 21 4201 11.87 6.40 568± 13 335± 16 9.9± 0.2 11.6± 0.2

60 23 4156 11.73 6.60 592± 8 327± 11 10.0± 0.1 11.5± 0.2

60 25 4539 12.89 5.30 562± 9 300± 14 9.6± 0.1 11.1± 0.2

Table 2.1: Fitting parameters and the extracted elastic energies for the stressed

molecule we explored in the measurements, with the specified Nd and Ns. The

upper group is for Nloop = 45, and the lower one is for Nloop = 60.

obtained from two different sequences are essentially within errors. The measure-

ments on different molecules (with the same loop size or not) are all well described

by essentially the same τc, indicating that the critical torque τc is indeed a mate-

rials property of the DNA.

One more comment to make is that the range of the experimental measure-

ments (vs Ns) is quite limited, especially for the group of Nloop = 45. First of

all, Ns cannot be to small because the stretching energy function of very short ss

DNA is not clear. For Eq. (2.44) to hold, the ss DNA has to consist of at least

several persistence lengths of ss DNA (∼ 3 bases). Secondly, the melting curves

for the linear and the circular molecules eventually become very close as we in-

crease Ns, i.e. the experimental signal becomes small, making zipper model no

longer adequate to extract elastic energy quantitatively, an instance being shown

in Fig. 2.28. That is why there is no data points for large Ns (in the smoothly
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Figure 2.28: An example of experimental melting curves for large Ns. We show

Nd = 24, Ns = 21, Nloop = 45 here. Again circles indicates the linear molecule;

diamonds, the circular molecule; squares, the circular nicked molecule. The melt-

ing curves for the linear and circular molecules are too close to present a large

enough experimental signal for the zipper model.

bent regime) in the elastic energy measurements in Fig. 2.27.

2.4.6 Nonlinear Bending Elasticity of Double Stranded DNA

In this section, the nonlinear bending elasticity of non-nicked DNA molecules is

characterized by melting-curve analysis. The measured elastic energy for sharp

bending indicates a kinked state of the DNA molecules in this regime, with a

constant force torque τc, which is the same for nicked DNA molecules. The sharply

bent regime is nonlinear, in the sense that the bending energy is linear (instead

of quadratic) in the kink angle (as suggested in [52]).

For the sequences of Nloop = 60 we have explored, the critical torque mea-

sured for the non-nicked molecules τc = 31.3 pN× nm, is only slight larger than

τc = 27.0 pN× nm for the nicked ones with the same sequences, or ∼ 2 kBT larger
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in terms of energy (to bend a short piece of DNA molecule into a circle). This

energy difference is consistent with estimates of the effect of a nick on the bend-

ing elasticity of DNA [79] and the cost of bubble formation at the nick [59]. We

associate this difference with the free energy difference of bubble formation be-

tween the non-nicked and nicked cases, which is essentially the loop entropy for

the bubble (∼ 2 kBT for a 3-base bubble).

Figure 2.29 shows the bending energy vs EED x for the non-nicked and the

corresponding nicked DNA molecules. For short molecules, the kinked (nonlinear)

regime is dominant in the space of EED. The critical torque τc actually introduces

a universal energy scale (π/2)τc ≈ 12 kBT in the physics of DNA bending (much

smaller than the result from WLC model), which also has its importance in many

biological systems involving DNA bending (Fig. 2.5). In more structural terms,

this energy scale is essentially the cost of a localized ss bubble in the absence

of external stress and also related to the energy cost of opening one turn of the

double helix.

Finally, the modified zipper model used to analyze the melting profiles is only

a data-fitting tool and has no physical implicity. But the denaturation of DNA

molecules under mechanical tension is an interesting problem itself [80]. Our ex-

perimental melting curves (Fig. 2.23) may be valuable to those who are interested

in this problem. A related question is the temperature dependence of the elastic

parameters B and τc in the “premelting” region. At the melting transition, it is

doubtful whether the elastic energy of the molecule shown in Fig. 2.20 can be

usefully described in terms of temperature-dependent elastic constants. Recent

measurements by the Vologodskii group [81] report that the persistence length

lp of ds DNA decreases by about 30% from 5 ◦C to 60 ◦C, which corresponds to

a roughly 15% decrease in B = kBT lp. The present experiment is unsuitable to

measure these effects and they are not included in the analysis; for instance, α

in Eq. (2.48) is taken as a constant independent of temperature. However, the
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Figure 2.29: The bending energy of ds DNA Ed(x) vs EED x calculated from Eq.

(2.43) for Nd = 41, the non-nicked DNA (solid line, τc = 31.3 pN× nm) and the

nicked DNA (dashed line, τc = 27.0 pN× nm). For these short molecules, most of

the EED x space corresponds to the nonlinear (kinked) elasticity regime.

temperature dependence of τc can be a good direction of future work using the

monomer-dimer equilibrium method.

2.5 Conclusion and Prospectives

To conclude the chapter, we developed two ensemble methods to measure elastic

energy of stressed DNA molecules (as shown in Fig. 2.6 and Fig. 2.20) directly,

namely dimerization equilibrium approach and melting-curve analysis approach.

Based on dimerization equilibrium measurements on the elastic energy of nicked

DNA molecules, by extracting the elastic energy from the equilibrium of monomer

and dimer concentrations using Eq. (2.12) and considering a small energy fraction

(electrostatic energy in the ds part and entropic stretching energy in the ss part)

in the dimer as correction (Fig. 2.8), we identify a transition of ds DNA from
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smooth bending to sharp bending (Fig. 2.12) by developing a constant force kink

at a finite critical torque τc ≈ 27 pN× nm.

We also derive an analytic function for the bending energy vs EED, using an

elastic rod model for ds DNA, which is valid in both smoothly bent and sharply

bent regimes (Eq. (2.43)). The expression has only three effective materials pa-

rameters, bending modulus B, contour length 2L and the critical torque τc. In

other words, we have proved that two materials parameters, the bending modulus

B and the newly introduced critical torque τc, are sufficient to describe quantita-

tively DNA bending elasticity, both in the kinked (nonlinear) and smoothly bent

(linear) regimes.

The bending energy of a more generalized case, non-nicked DNA is deter-

mined through the second ensemble approach, melting-curve analysis, by fitting

the melting curves of DNA molecules (Fig. 2.23) in three different configurations

(linear, circular nicked and circular non-nicked) with a modified zipper model

(Eqs. (2.51), (2.52) and (2.53)). The bending behavior of the non-nicked DNA is

very much similar to that of the nicked one (Fig. 2.27), namely forming a con-

stant force kink at a slightly larger critical torque τc ≈ 31 pN× nm, the energy

of which can also be described by the analytic expression. The effect of the nick

on the bending of ds DNA is small, ∼ 2 kBT in terms of energy. This critical

torque actually introduces a characteristic energy scale (π/2)τc ≈ 12 kBT relevant

for molecular biology processes associated with DNA bending.

We have explored the bending elasticity of ds DNA and identified a new ma-

terials parameter, critical torque. The nonlinear bending elasticity of ds DNA

could be studied in more details. Further works might involve the investigation

of the dependence of the critical torque on (local) sequence (around the nick) or

temperature, to further understand the physical nature of the DNA kink. On the

other hand one can make use of stressed DNA molecules as substrate, to study

activity and selectivity of (DNA related) enzymes on a stressed substrate.
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CHAPTER 3

Cracking Dynamics of Conformational Motions

of Guanylate Kinase

In chapter 2, it has been shown that short ds DNA, under large bending de-

formation, forms a constant torque kink, possibly involving a local denaturation

process with a “small” energy cost, to lower the overall elastic energy of the whole

molecule. It is natural to ask the same question for another type of biological

macromolecule, proteins. Proteins are long, linear chains of 20 standard amino

acids that fold into a certain equilibrium structure to produce a three-dimensional

product, according to their specific functions.

Many proteins are enzymes that catalyze biochemical reactions and are vital

to metabolism processes. Enzymes are in general globular proteins and range from

just 62 amino acid residues in size, the monomer of 4-oxalocrotonate tautomerase

[82], to over 2500 residues in the animal fatty acid synthase [83]. Virtually speak-

ing, all enzymes couple chemical reactions to conformational change, leading to

models of induced fit and allostery for the mechanism of enzymes, e.g. motor pro-

teins. Mechano-chemical coupling is also the basis for substrate specificity [26, 25]

and activity regulation [22, 23, 46]. The conformational change coupled to catal-

ysis is often “large” compared to the overall size of the enzyme, introducing a

huge strain (∼ 30%) to the structure, which in fact poses an interesting question

about the nature of the conformational dynamics and the associated materials

properties of the molecule.

Using a structure based coarse grained simulation on the energy landscape,
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Onuchic and his co-workers proposed a specific nonlinear mechanism called “crack-

ing”, for the conformational transitions [84, 85] of Adenosine Kinase. In the crack-

ing dynamics, similar to the kink formation in ds DNA molecules, connects the

initial and final states through a localized melting and refolding process, greatly

reducing the the energy barrier between the two states.

In this chapter, driven deformations of an enzyme in response to an applied

oscillating force are carefully investigated, using nanorheological measurements

with an extraordinarily high resolution (a fraction of one angstrom). A transition

from linear elasticity to viscoelastic dynamics as a function of driving force and

frequency is characterized. Based on the measurements of the deformation vs ap-

plied force, we propose a non-equilibrium working cycle in the force - deformation

space for the action of the enzyme, if the forward and backward conformational

changes of the enzyme during catalysis happen at different speeds. Several remark-

able consequences are reached and we claim that the viscoelastic cycle provides

a framework to discuss mechano-chemical coupling in enzymes based on possibly

universal materials properties of the folded state of proteins. A phase diagram

in the force - frequency plane is also obtained for the dynamics of the enzyme.

By measuring the frequency response of the enzyme in the open (no substrate

bound) and closed (with substrate bound) states, we find out that the open state

is softer only in the viscoelastic regime and the hinge motion (the conformational

change induced by substrate binding) has nothing to do with “soft modes” but

everything to do with the viscoelastic transition.

3.1 Instrumentation and Sample Preparation

The experimental system is the same as Dr. Yong Wang used to measure nanorhe-

ological properties of proteins. It is described in details in [86, 6, 87] and in his

doctoral thesis titled“Nanorheology of Biological Macromolecules”. Here I briefly
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introduce the instrumentation and the sample preparation protocol involved in my

measurements. In general, surface modified gold nanoparticles (GNP) tethered to

gold coated slides through an enzyme are driven with an oscillating electric field

generated by applying an AC voltage (∼ 500 mV rms, in the frequency range 10

Hz - 10 kHz) between the gold layer and a similar upper electrode (gold coated

coverslip) which forms the top of the ∼ 200µm thick sample cell, the signal of

which is monitored with an evanescent wave microscopy and sent back to an

lock-in amplifier to form a phase-locked loop.

3.1.1 Gold Coated Slides and Coverslips

Gold coated slides (Au-slide) and coverslips are prepared in the first place, to

provide an attaching layer for the enzyme under study, and a conducting layer to

apply an electric field. The protocol to make gold coated slides and coverslips is

as following.

(1) Sonicate glass slides and coverslips (from Thermo Fisher Scientific Inc) in

heated RBS-35 detergent (from Thermo Fisher Scientific Inc) for one hour and

then rinse them by a sufficient amount of deionized water.

(2) Sonicate the slides and coverslips in heated methanol for another half an

hour and then in heated actone for one more hour. Store the cleaned slides and

coverslips in acetone solution before gold deposition.

(3) Wash the slides and coverslips with a large amount of deionized water and

dry them with clean nitrogen gas. Deposit multiple metal films of a 30 nm Au

layer onto a 3 nm Cr adhesion layer onto the cleaned slides and coverslips by an

e-Beam vacuum evaporation (CHA Mark 40 evaporator in UCLA Nanoelectronics

Research Facility).

(4) Store the gold coated slides and coverslips in ethanol before nanorhelogical

measurements.

The thickness of the metal layers (30 nm Au on 3 nm Cr layer) is optimized to
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compromise the light transmittance and the firmness of the layer, so that there is

sufficient light intensity in the field of view while the layer is solid enough to hold

electrodes on it.

3.1.2 Introduction to Guanylate Kinase

The protein under study is Guanylate Kinase (GK) from Mycobacterium Tuber-

culosis. It is a globular protein with ∼ 200 amino acids, 24 kDa in molecular

weight, and ∼ 4 nm in size. In enzymology, GK is an enzyme that catalyzes the

transfer of a phosphate group from adenosine triphosphate (ATP) to guanosine

monophosphate (GMP):

ATP + GMP
 ADP + GDP . (3.1)

Thus, the two substrates of this enzyme are ATP and GMP, whereas its two

products are adenosine diphosphate (ADP) and guanosine diphosphate (GDP).

The structure of GK is shown in Fig. 3.1. The two binding sites are shown in

green and blue in Fig. 3.1(a). As is evident from the structure, GK has a clamp-

like cavity and one of the most interesting thing about GK is that the two lobes of

the protein close through a large conformational change (∼ 1 nm) compared to the

bulk size ∼ 4 nm, upon binding the substrates [88] and most of the conformational

motion is induced by GMP binding [89, 90], as shown in Fig. 3.1(b). In more

detail, upon substrate binding, the LID and nucleotide-monophosphate-binding

domains (herein referred to as NMP-BD, see Fig. 3.1(a)) are brought together and

toward the CORE with large concerted movements about the α3 (helix 3) axis

(Fig. 3.1(b)) [91]. The substrates GMP and ATP drive this conformational change

through several direct and indirect interactions via water molecules [88, 91]. In

this configuration, the CORE is catalytically active toward phosphoryl transfer,

which relies on a residue sequence (the P-loop) that is conserved in kinases. We

call this substrate induced conformational change from “open” to “closed” state
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(a)

(b)

Figure 3.1: (a) Structure of GK shown in cartoon representation, from PDB:

1S4Q. We introduce two Cysteines onto the surface of the protein diametrically

at 075 and 171 (marked red in the figure) by mutagenesis. The protein molecule

attaches to the gold surface and GNP through the Cysteines at these two sites.

The GMP binding site is colored blue, the ATP binding site green. Ser-99 (ho-

mologous to Tyr-78 in yeast GK) is colored magenta for reference. (b) The open

to closed conformational change (“hinge motion”) of (yeast) GK upon binding

substrate GMP. Shown are the crystallographic structures of the enzyme with

and without GMP bound (PDB structures 1EX7, 1EX6).
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“hinge motion”.

The protein GK used in the experiments is produced in our own lab. It is

expressed by introducing a plasmid containing the gene for GK into Escherichia

coli (E. coli) Rosetta DE3 as host cells. A plasmid is a ds DNA molecule that

is separate from, and can replicate independently of, the chromosomal DNA as

shown in Fig. 3.2. The plasmid is modified to have the designated mutagenesis by

the site-directed mutagenesis kit from Qiagen. The E. coli cells that absorb the

plasmid are selected, bred and then induced to produce proteins. The proteins

are extracted and followed by purification through Ni-NTA agarose column (from

Qiagen). The full protocol for site-directed mutagenesis and protein expression

in E. coli can be found in Dr. Andrew Yu-Jen Wang’s doctoral thesis titled

“Manipulation of Molecular Processes with DNA Molecular Spring”.

Figure 3.2: (Graph from Wikipedia: Plasmid) Illustration of a bacterium with

plasmid enclosed showing genomic DNA and plasmids. Plasmids are ds DNA

molecules that can replicate themselves independently. Artificial plasmids can be

absorbed by bacteria and play their roles in the life cycle of the bacteria.

In our experiments, two Cysteine residues are introduced to the two lobes of

GK diametrically at 075 and 171 sites (Thr-075→ Cys; Arg-171→ Cys) through

mutagenesis (shown in red in Fig. 3.1(a)), in the direction of the hinge motion.

Cysteine is an α-amino acid with the chemical formula HO2CCH(NH2)CH2SH).
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The SH group of Cysteine enables the attachment of the modified protein to the

gold layer or the GNP by forming a strong covalent Au-S bond (∼ 2 eV).

3.1.3 Guanylate Kinase as Tether

The protocol to tether GNPs (20 nm size, from Nanocs) to the gold layer on the

slide through GK molecules is as follows.

(1) Prepare GK at a final concentration of 2µM in 1 M KH2PO4 at pH 7.0. The

pH condition of the buffer is optimized to minimize nonspecific binding of GK on

gold films [86].

(2) Draw an area of ∼ 4 cm× 1 cm on the Au-slide in the middle, with an Aqua-

Hold barrier pap pen (from Scientific Device Laboratory). Immerse the area of

the gold layer in the GK solution (∼ 500µL) from step (1) for overnight (∼ 18

hours) at room temperature (25 ◦C) and then wash the slide with a large amount

of deionized water (> 50 mL).

(3) Immerse the barred area of the Au-slide from step (2) with GNP solution

(20 nm, 0.01% Au) for ∼ 1 hour and 10 minutes, followed by washing with deion-

ized water. The color of the treated area should be slightly red due to the GNPs

if they are successfully tethered.

(4) Immerse the barred area of the Au-slide from step (3) in a solution of 2µM

DNA (named SA20N12, thiol-modied at 5’ end, with sequence: /5ThioMC6-

D/AAAAAAAAAAAAAAAAAAA -ACGCATTCAGGAT, from IDT) and 1 M

KH2PO4, pH = 4.0 buffer, for overnight (∼ 18 hours) to introduce extra neg-

ative charges to GNPs and also to reduce the nonspecific bound proteins on the

Au-slide. Wash the slide with a large amount of deionized water and exchange

the buffer solution to diluted salinesodium citrate (SSC/3, from Invitrogen) for

measurements.

The geometry of one GK molecule tethering a GNP to the Au-slide is shown

in Fig. 3.3, approximately to scale. The GNP (20 nm) is much larger than GK
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Figure 3.3: The geometry of the GK tethering a GNP to the gold coated slide.

The attachment points (residues mutated to Cysteins at positions 075 and 171)

are shown in red on the structure (the enzyme can also tether the GNP in the

reverse direction as shown). The enzyme and the GNP are drawn approximately

to scale.

(∼ 4 nm). Note that on the gold layer, there are actually lots of GK molecules

tethering many GNPs, whereas Fig. 3.3 shows only one of them.

3.1.4 Construction of Flow Chamber

After tethering GNPs to the Au-slide with specifically immobilized GK molecules,

a flow chamber is constructed with the Au-slide and an Au-coated coverslip, per-

pendicularly placed and with the gold layers facing each other. The slide and the

coverslip are glued with polyepoxide (or Epoxy), separated by 200µm spacers,

resulting in a volume of ∼ 20µL in between, as shown in Fig. 3.4. Make sure not

to press the coverslip when building the flow cell, in case of local contacts between

the gold layers of the coverslip and the slide.

Two metal wires, used as electrodes, are soldered onto the gold surfaces of

the slide and the coverslip respectively (usually done before building the flow

chamber). The contacts between the gold layer and the electrodes introduces
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Figure 3.4: The picture of the flow chamber which is constructed by gluing the

Au-slide and Au-coated coverslip perpendicularly to each other. They are sepa-

rated by the 200µm spacers. The volume of the flow chamber is ∼ 20µL. The

electrodes (protected by insulating tapes) are made by soldering metal wires onto

the gold layer of the slide and coverslip. They introduce negligible resistance to

the circuit.

a negligible resistance of ∼ 10 Ω, much smaller than the DC resistance of the

chamber filled with SSC/3 buffer (∼ 1 MΩ to 5 MΩ).

The electrodes are connected to the “Sine Out” port of a lock-in amplifier

(LIA, Stanford Research SRS 850). An AC voltage at certain frequency ν, V (t) =

V0 sin(2πνt), with an amplitude V0 ranging from 0.2 V to 1.2 V, is applied to the

flow cell. Both the frequency and the amplitude of the voltage are controlled

by a computer program. Because of the impedance of the circuit (including the

internal impedance of the LIA) and that of the chamber (varying with the applied

frequency), the actual voltage across the flow cell is different from the voltage at

the “Sine Out” port. Therefore, we have to adjust the applied voltage according
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to the feedback and clamp the actual voltage (measured by a computer through

CB-68LPR (from National Instruments), a 68-pin I/O connector and DAQmx

Application Programming Interface at 20 kHz) to the desired value.

3.1.5 Electrochemical Properties of the Flow Chamber

The flow chamber filled with SSC/3 buffer solution constitutes a classical problem

of electrical double layer (see Fig. 3.5). The electrochemical properties of the flow

chamber are characterized by measuring the current of the chamber. A pure

resistor of 200 Ω is added to the circuit, in series with the flow chamber. The

voltage values across the probing resistor in series are recorded for different values

of frequency (Fig. 3.7) and voltage across the chamber (Fig. 3.8).

The whole cell behaves electrically like a capacitor C and a resistor R in

parallel and then a much smaller resistor r in series with this parallel combination

(see Fig. 3.6). The measured current I increases linearly with the frequency ν

at a fixed voltage V = 0.7 V (Fig. 3.7) in the frequency range we explored. It is

because the impedance of the RC parallel combination is

1

Z
=

1

R
+

1

iωC
, (3.2)

therefore the magnitude of the current is

|I| = |V |
R

√
1 + (ωRC)2 ≈ ω|V |C for ωRC � 1 . (3.3)

Measuring C from Fig. 3.7 we find that C ≈ 60µF. The measured DC resistance

of the cell R ≈ 1 MΩ. Therefore RC ≈ 60 s and thus ωRC � 1 for ν > 10 Hz. C

is in fact the capacitance of the double layer, as we estimate an order of magnitude

C ≈ (εA)/δ = 70µF, close to the measured value, since ε = 80 is the dielectric

constant of water, A ∼ 1 cm2 the area of the electrode, δ a length scale of order the

Debye length (which is ∼ 1 nm in SSC/3 buffer solution). R is contact resistance,

and because of the measured values above, the current in Fig. 3.7 is basically
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Figure 3.5: Schematic of electrochemistry in an ionic solution at contact with a

negatively charged surface, (graph from Electrical double layer, http://www.

andrew.cmu.edu/course/39-801/theory/theory.htm#doublelayer). Starting from

the interface, there is an inner Helmholtz layer (IHP), an outer Helmholtz layer

(OHP), a diffusive layer and bulk solution. The solid line shows the potential

change in the solution.

entirely capacitive (very small current in R). The whole voltage drop occurs

across this capacitive layer, which is basically the double layer, while the drop

across the bulk of the cell is negligible because r ∼ 1 Ω (from the calculated

conductivity of our ionic solution, SSC/3). On the other hand, at fixed frequency

ν = 10 Hz the measured current is also proportional to the voltage (Fig. 3.8): this

is once again the formula (3.3) above.

The origin of the force on beads - Based on the above analysis, there is a

region of thickness of a few Debye length δ where there is an electric field E of order

∼ V/δ. This field provides the force that moves the particles. The electric field

is thus NOT proportional to the current in the chamber and actually has nothing
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Figure 3.6: The equivalent circuit of the flow chamber, which is a capacitor C

and resistor R in parallel and then in series with a much smaller resistor r. The

capacitor C represents the capacitance from the double layer in the solution,

measured to be 58.5µF; the resistor R corresponds to the contact resistance at

the interface, measured to be 1 MΩ, and the resistor r is for the resistance in the

bulk solution, estimated to be around 1 Ω.

to do with the current. It is simply the field inside the capacitive (double) layer,

which is proportional to the voltage across it, and is the same as the voltage across

the cell. This is also seen from actual measurements (see Fig. 3.9) [6]. The order

of magnitude of the force generated by the electric field in the capacitive layer is,

for one electronic charge:

F = eE ≈ eV

δ
≈ 1 eV

1 nm
≈ 100 pN . (3.4)

The spacing between the bead and the electrode (gold layer) is 4 nm (the diam-

eter of the enzyme), which makes the body of the bead out of the capacitive
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Figure 3.7: The relation between the chamber current and the frequency for a

fixed voltage (0.7 V) across the chamber. In the frequency range, the current is

linear in the frequency, indicating that most of the current comes from a huge

pure capacitance.

layer. However, the bead is charged through 32 mer ss DNA end grafted to its

surface. These negatively charged polymers extend into the electric field (capaci-

tive) region. The number of contributing charges (at the bottom of the bead) is

of order ∼ 102 per bead, since one DNA polymer is about 30 charges, however

they are themselves partially screened. The field at a distance z from the elec-

trode is depressed, very crudely, by exp(−z/δ). So the ss DNA molecules at the

bottom of the bead, since z ∼ 4 nm, and exp(−4) ≈ 10−2, can provide forces of

order 10 − 100 pN per bead and similarly per tether of the enzyme. These are

the forces required to deform a protein by order of Angstroms. On the other

hand, the same bead in the bulk, where the electric field is smaller by a factor

∼ r/R = 1 Ω/1 MΩ = 10−6, would feel a negligible force in the bulk. Therefore
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Figure 3.8: The relation between the chamber current and the voltage, at fixed

frequency (10 Hz). Again, the current into the chamber is linearly proportional to

the voltage across the chamber.

the force applied on the beads is localized in the double layer only.

The electrochemical condition for our flow chamber is quite different from that

in traditional electrophoresis, where the force on the particle is proportional to the

current. It is because the electric field in the bulk of the traditional electrophoresis

is proportional to the current through Ohm’s law, which is resistive. Here the

situation for our flow chamber is different: the current is completely dominated

by the capacitive current of the double layer while the current through the bulk

is very small and the electric field in the bulk correspondingly negligible. The

current therefore does not provide a good control parameter for our experiment.

The electric field that moves the GNPs extends a few Debye lengths or several

nm from the interface, and is proportional to the applied voltage and independent

of frequency. In fact a frequency dependence of the field would appear at much
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Figure 3.9: (Graph obtained from [6]) Amplitude of the deformation A (arbitrary

units) divided by the amplitude of the driving voltage V measured for a DNA

entropic spring at four different driving amplitudes. The real displacement corre-

sponding to the maximum amplitude of the 990 mV curve is ∼ 10 Å. This control

experiment suggests that the force on the GNPs is proportional to the applied

voltage in the range of the measurements.

higher frequencies, of order the inverse diffusion time for ions across the double

layer, the time scale of which is

τ ≈ δ2

D
≈ (1 nm)2

10−5 cm2/s
≈ 10−9 s , (3.5)

where D ≈ 10−5 cm2/s is the diffusion constant of ions. So the characteristic

frequency to disturb the double layer is in an order of GHz, much higher than the

frequency explored in our experiment.

In the end, the Faradaic process (degrading the interface) has a neglectable

effect. There is a small resistive component of the current, as mentioned above.

The DC resistance of the cell is ∼ 1 MΩ, so the resistive current for 1 V excitation

is ∼ 1µA, while the surface area of the electrode is 1 cm2. At 10 Hz, for example,
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this corresponds to 1012 charges transferred per cycle, or ∼ 10−12 moles/cycle.

If the Faradaic process is producing H+ for instance, with a diffusion constant

D ≈ 10−5 cm2/s, the diffusion length l =
√
Dτ ≈ 10µm for a time τ ∼ 0.1 s.

These 10−12 moles of H+ are then concentrated in an effective volume ∼ µL. So

the concentration of H+ produced is (10−12 moles)/(10−6 L) = 1µM, very small

compared with 50 mM SSC/3 buffer, essentially causing no change in pH at all.

Therefore electrochemical degradation (e.g. degradation of the thiol-gold bonds,

etc.) is not an import effect in our measurements. This is probably most evident

from the fact that all the curves shown in this chapter are reversible. Eventually

the sample does of course turn degraded (for example, GNPs come off, as deter-

mined by the overall scattered intensity). However we do not think this is because

of the Faradaic electrochemistry, but rather because GNPs are eventually pulled

off mechanically. The degraded samples are discarded and all the measurements

are conducted on fresh samples only.

3.1.6 Lock-in Amplifier

Lock-in amplifiers are used to detect and measure very small AC signals, even

when the small signal is obscured by noise sources many thousands of times larger.

Lock-in amplifiers use a technique known as phase-sensitive detection to single

out the component of the signal at specific reference frequency and phase. Noise

signals at frequencies other than the reference frequency are rejected and therefore

are reduced significantly.

In essence, a lock-in amplifier takes the input signal with noises (Vsig =

sin(ωst + ϕs)), multiplies it by the reference signal (Vref = sin(ωrt + ϕr), either

provided from the internal oscillator or an external source).

Vpsd1 = VsigVref sin(ωst+ ϕs) sin(ωrt+ ϕr)

=
1

2
VsigVref{cos[(ωr − ωs)t+ ϕs − ϕr]− cos[(ωr + ωs)t+ ϕs + ϕr]} .

(3.6)
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The output is a substitution of two AC signals, one at the difference frequency

(ωs− ωr) and the other at the sum frequency (ωs + ωr). The product then passes

through a narrow low-pass filter, the output of the filter would be non-zero only

if ωs = ωr and in this case, only the difference frequency part is remaining:

Vpsd1 =
1

2
VsigVref cos(ϕs − ϕr) , (3.7)

meaning that all noise signals (at other frequencies) is filtered in this step and

the narrower the filter is, the higher the signal to noise ratio is obtained. The

combination of the multiplier and the low-pass filter is called a phase-sensitive

detector (PSD). The phase dependency of Eq. (3.7) can be eliminated by adding

a second PSD by multiplying the signal with the reference shifted by π/2, i.e.

Vr sin(ωrt + ϕr + π/2) = Vr cos(ωrt + ϕr). Then the low pass filtered output will

be:

Vpsd2 =
1

2
VsigVref sin(ϕs − ϕr) . (3.8)

By integrating Eqs. (3.7) and (3.8), the modulus Vsig and the phase ϕs of the

real signal can be obtained:

Vsig =
2

Vref

√
V 2
psd1 + V 2

psd2 ,

ϕs = arctan

(
Vpsd2
Vpsd1

)
.

(3.9)

Roughly speaking, the lock-in amplifier only measures signal within a narrow

window around the reference frequency. Using the lock-in amplifier to detect

the synchronized motion of GNPs (at the same frequency of the driving force)

contributes to the extraordinary (sub-angstrom) resolution of our system.

3.1.7 Evanescent Wave Microscopy

After the flow chamber is built, it is coupled well onto a dove prism through

immersion oil (from Sigma) which has the same refraction index as glass. The
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motion transverse to the gold films of the GNPs is then monitored by evanescent

wave scattering. The evanescent wave is generated by total reflection of a laser

beam (Argon ion laser at 488 nm, from Melles Griot) at the upper surface of the

slide (or at the bottom of the flow cell), as sketched in Fig. 3.10 (blue line). Light

scattered by the GNPs is collected through a microscope objective (60×, NA =

0.80, from Olympus).

The principle of the measurement is to create the evanescent wave at the

interface of the slide and the buffer by the total reflection of the laser beam (Fig.

3.11). The incident angle θi is therefore larger than the critical angle,

θc = arcsin

(
nw
ng

)
, (3.10)

where ng ≈ 1.5237 is the index of refraction of the glass slide, and nw ≈ 1.3330

that of water, giving θc ≈ 61 ◦. For the case of total reflection (θi > θc), the angle

of refraction θr is actually a complex angle, the cosine of which is:

cos θr = i

√(
sin θi
sin θc

)2

− 1 . (3.11)

If we consider the propagation of the electromagnetic field of the beam, trav-

eling in the transverse z direction [92],

E(r) =E0 exp(ik′ · r) = E0 exp[ik′(x sin θr + z cos θr)]

= E0 exp

−k′z
√(

sin θi
sin θc

)2

− 1

 exp

[
ik′
(

sin θi
sin θc

)
x

]
,

(3.12)

where k′ is the wave vector of the refracted beam. The magnitude of the field is

modulated by the first exponential term, which means that the evanescent wave

at the water side decays exponentially. The characteristic length,

δe = 1/

k′
√(

sin θi
sin θc

)2

− 1

 =
1

k
√

sin2 θi − sin2 θc
, (3.13)
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Figure 3.10: Schematics of the experimental system for nanorheological measure-

ments. (a) The diagram (top view) for the laser system. The laser beam splits at

a 1/10 splitter. The weaker beam goes into a photomultiplier (PMT) to provide

the reference signal for a lock-in amplifier (LIA) when measuring the overall inten-

sity. The stronger beam goes into our microscopy system to create an evanescent

optical wave. (b) The details (side view) of the microscopy system in (a). The

laser beam (blue line) is totally reflected at the upper surface of the microscope

slide, giving rise to evanescent fields at the bottom of the cell. Light scattered

by GNPs driven by an oscillating voltage from the LIA (serving as the reference

of the LIA too), is collected through the microscope objective and focussed on a

second PMT. The light signal is then converted into electric signal and sent back

to the LIA.
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Figure 3.11: Schematics to show the evanescent wave. The incident angle of the

laser beam is θi, larger than the critical angle θc, leading to the total reflection

of the beam. The evanescent optical wave generated by the total reflection, is

scattered by one of the GNPs, with a transverse distance of h away from the

reflection surface.

where k is the wave vector of the incidence, since k′/k = nw/ng = sin θc.

The evanescent wave is then scattered by the particles near the interface. For

a particle with a distance of h away from the surface, the differential scattering

cross section [92] is

dσ

dΩ
∝ k′4

|E|2 |ε
∗ · p + (n× ε) ·m/c|2

≈ k′4

|E|2 |ε
∗ · p|2 ∝

∣∣∣ p
E

∣∣∣2 , (3.14)

where p (m) is the electric (magnetic) dipole moment, ε the polarization, n the

unit vector in the transverse direction. The term of m is negligible because of

1/c. For a small dielectric or perfectly conducting sphere with radius R [92],

p ∝ R3E . (3.15)

giving the fact that,

dσ

dΩ
∝ R6 . (3.16)
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The total scattered light intensity at the distance h from the interface is therefore

I(h) ∝ N

∫
dσ

dΩ
dΩ|E(h)|2

∝ NR6 exp

(
−2h

δe

)
= I0 exp

(
−h
δ

)
,

(3.17)

where I0 ∝ NR6 is the intensity at the interface (h = 0), N the number of GNPs

in the field of view, and δ = δe/2 is the penetration length.

For small displacements z of GNPs, taking derivative of Eq. (3.17), the change

in the light intensity is proportional to the displacement z transverse to the gold

surface,

∆I

I
=
z

δ
⇒ z =

(
∆I

I

)
δ . (3.18)

For our experimental setup, using θi ≈ 73 ◦, ng ≈ 1.5237 and nw ≈ 1.3330, the

estimated penetration length is

δ =
1

2k
√

sin2 θi − sin2 θc
=

λ0

4π
√
n2
g sin θ2 − n2

w

≈ 64 nm , (3.19)

since 2π/k = λ = λ0/ng (λ0 = 488 nm). The simple linear relation of Eq. (3.18)

provides the possibility to obtain the transverse displacement by measuring the

intensity change ∆I and the overall intensity I. Another point to stress is that

the incident angle (≈ 73 ◦) at the upper surface of the Au-slides is large enough

compared to the critical angle (≈ 61 ◦), so that the penetration depth is not

sensitive to the change of incident angle.

The light signal is converted to the electronic signal by a photomultiplier

(Hamamatsu H6780) running in current mode, followed by a current to voltage

converter. The signal is sent back into the LIA at the input port and measured

with a locked phase loop, providing both the amplitude and the phase of the light

intensity oscillation. For each of the controlled parameters (applied voltage or

frequency), the response signal is averaged over 50 seconds (∼ 12800 data points).
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There is also a separate light path directly from the laser head by passing

a beam splitter (1/10 transmittant), to a second photomultiplier and then con-

nected to the reference input port of the LIA. This weaker beam is used as the

reference to measure the overall intensity of the view field, when no voltage from

the LIA is applied to the flow chamber. When measuring the overall intensity, an

optical beam chopper is applied to generate a 200 Hz periodic laser beams (the

chopper is removed when measuring the displacement). The periodic beam into

the second photomultiplier provides the reference signal for the overall intensity

measurements then.

Finally, it is worth pointing out that all the experiments in this chapter are

ENSEMBLE measurements on the total light intensity scattered by many GNPs.

In the field of view of a 60× objective lens (∼ 0.35 × 0.35 mm2), the estimated

number of GNPs measured is ∼ 108. So random noise due to the stochastic motion

of GNPs cancels out by ensemble averaging over so many beads, reduced by a

factor ∼ 104 (roughly 1/
√
N) [93], which is the second reason for the extraordinary

sub-angstrom resolution.

3.1.8 Mechanical Models for Biological Macromolecules

To better analyze the mechanical response of GNPs, it is helpful to have some

mechanical models in mind. Several models for biological macromolecules are

listed and the mechanical response of these models are discussed as follows.

Elastic Spring Model:

The simplest model for macromolecules is a purely elastic spring model, where

viscosity is neglected. This model applies to proteins when the deformation is

small enough, so that the internal structures are preserved. A sketch of the model

with the tethered particle and the immobilization surface is shown in Fig. 3.12.

Now let’s consider the force balance of the tethered particle. The force between
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Figure 3.12: Sketch of the elastic spring model. The GNP, represented by a

sphere, is immobilized on the Au-slide through a spring, with a spring constant

k, representing the enzyme under investigation, as tether.

the biological molecule (protein) and the particle (GNP) is f = kz, where z is

the displacement of the particle (on average the same as the deformation of the

protein). Therefore the equation of motion for the GNP is

mz̈ = F − f − fh , (3.20)

where m is the mass of the GNP, F = F0 exp(iωt) the applied oscillating force

due to the AC electric field (ω the angular frequency), and fh the hydrodynamic

force on the GNP from the solvent. Note that the stochastic force of the solvent

has been averaged out of the equation. If the coefficient of hydrodynamic friction

on the GNP is γ0, we have the simple formula fh = γ0ż. The applied force F ,

although we know it is at piconewton scale from the nanorheological measurements

on ss DNA molecules as tethers using the same system [86], is very difficult to

calibrate because of the complex environment in the flow chamber as well as the

uncertainty of the number of charges on the GNP. And also it is inclined to change

for different flow cells. However, for the same chamber, F is indeed proportional
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to the actual applied voltage across the chamber, as shown in Fig. 3.9 [6]. So later

on we use the actual voltage V across the chamber to represent the uncalibrated

applied force F .

On the other hand, the hydrodynamic friction coefficient γ0 is also hard to

evaluate. For a sphere far away from surfaces, the Stokes friction constant is

γ0 = 6πηR, where R is the radius of the sphere. For a sphere close to a plane

surface, approximately the hydrodynamic friction coefficient γ0 can be expressed

analytically [94, 95, 96],

γ0 = 6πηR

[
1 +

9

8

R

h
+O

(
R

h

)2
]
, (3.21)

where h is the distance between the bottom of the GNP and the plane surface.

However, the situation in our experiment setup is much more complicated. The

effective radius of the DNA-modified GNP and the effective viscosity of the solvent

surrounding the GNP are difficult to evaluate due to the presence of the DNA

modifications. Moreover, the actual surface of the slide is very complex due to

the attachment of the packed yet flexible 4 nm tall proteins (and with gaps in

between). The surface is therefore more like a geometric rather than flat plane.

Returning to the equation of motion (3.20) of the GNP, the Reynolds number

of the system Re = (ρvl)/η, where l ∼ 10 nm is the size of the protein, v ∼ lω

the velocity scale (ω the driving frequency), the density ρ ∼ 20 × 103 kg/m3 (we

use the density of the GNP which is largest in the system) and the viscosity is

in the order of water η ∼ 10−3 Pa · s. Therefore, roughly speaking, the Reynolds

number of the system is

Re =
ρvl

η
<

20× 103 × 105 × (10−8)2

10−3
∼ 10−4 � 1 . (3.22)

For small Re, the inertial term mz̈ is negligible and (3.20) can be reduced as:

F = f + fh , (3.23)
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or

F = kz + γ0ż . (3.24)

for the simple elastic spring case.

For small oscillating driving force F (t) = F0 exp(iωt), the deformation z should

also be sinusoidal, with

z(t) = z0(ω) exp(iωt) , (3.25)

as a trial solution. Plugging the trial solution (3.25) into Eq. (3.24), we find

z0(ω) =
F0

k + iωγ0
. (3.26)

Therefore, the modulus of amplitude and the phase shift are:

|z0(ω)| = F0√
k2 + (ωγ0)2

=
F0

k
√

1 +
(
ωγ0
k

)2 ,
ϕ(ω) = arctan

(
−ωγ0

k

)
.

(3.27)

The theoretical response of the simple elastic spring model is shown in Fig.

3.13. The amplitude response starts with a flat part with an magnitude of F0/k

(proportional to the amplitude of the driving force and inversely proportional to

the elastic constant k) and then drops at a characteristic cutoff frequency

ωc =
k

γ0
or νc =

k

2πγ0
. (3.28)

behaving like a low-pass filter. The frequency response of the amplitude can be

expressed in short,

|z0(ω)| = F0

k

√
1 +

(
ω
ωc

)2 . (3.29)

The value of the elastic constant k can be extracted either from the zero

frequency amplitude z0(0) or from the cutoff frequency νc, giving the driving force

102



Figure 3.13: Theoretical (normalized) frequency response of an elastic model. The

cutoff frequency νc = 1000 Hz.

F0 or the hydrodynamic friction γ0. However, unfortunately, both the driving force

F0 and the hydrodynamic friction γ0 are difficult to evaluate for our setup, which

makes it not appropriate for measuring the absolute value of the elastic constant.

Maxwell Model:

One of the simplest models to represent viscoelastic behavior is the Maxwell model

[97]. It is a series combination of a simple elastic spring with a spring constant k

(representing the elastic constant of biological molecules), and a dashpot with a

friction coefficient γ (the internal friction of biological molecules) (Fig. 3.14).

The force - deformation relation of the spring is linear fs = kzs, while that

of the dashpot is fd = γżd, which means that the force on the dashpot (fd) is

linear with the changing rate of the deformation (żd). For the series combination

of the two elements, the force on the spring (fs) and on the dashpot (fd) are equal

to each other, which is provided by the tethered GNP, fs = fd = f . The total

deformation z is the sum of the deformations of the spring zs and the dashpot zd.
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Figure 3.14: Sketch of the Maxwell model, where the biological molecule under

investigation is modeled as a series combination of an elastic spring with constant

k and a dashpot with a friction coefficient γ.

So we obtain the following relation:

ż = żs + żd =
ḟ

k
+
f

γ
. (3.30)

The equation of motion for GNP in the simple elastic spring model Eq. (3.23)

still holds here. For an oscillating driving force F = F0 exp(iωt), it is natural

to assume that f(t) and z(t) have the same angular frequency ω, i.e. f(t) =

f0(ω) exp(iωt), z(t) = z0(ω) exp(iωt). Then solving Eq. (3.30) and Eq. (3.23), we

have, 
f0(ω) =

iωkγ

k + iωγ
· z0(ω) ,

F0 =

(
iωkγ

k + iωγ
+ iωγ0

)
· z0(ω) ,

(3.31)
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or solving for z0(ω) and f0(ω),
z0(ω) =

F0(k + iωγ)

−ω2γγ0 + iωk(γ + γ0)
.

f0(ω) =
iF0ωkγ

−ω2γγ0 + iωk(γ + γ0)
.

(3.32)

In the end, the modulus of amplitude |z0(ω)| and phase shift ϕ(ω) of the

deformation z are expressed in terms of driving force F ,

|z0(ω)| =
F0

√
1 +

(
ωγ
k

)2
ω(γ + γ0)

√
1 +

[
ωγγ0

k(γ+γ0)

]2 ,

ϕ(ω) = arctan

[
−k

2(γ + γ0) + ω2γ2γ0
ωkγ2

]
.

(3.33)

Note that there are two characteristic (corner) frequencies for the above solution,
ω1 =

k

γ
,

ω2 =
k(γ + γ0)

γγ0
,

or


ν1 =

k

2πγ
,

ν2 =
k(γ + γ0)

2πγγ0
.

(3.34)

The internal viscosity of the protein, even in unfolded states, is much (∼ 105

times) larger than that of the solvent [98, 99], meaning γ � γ0. Then the second

cutoff frequency ν2 actually reduces to that of the simple elastic spring case νc,

ν2 =
k(γ + γ0)

2πγγ0
≈ k

2πγ0
= νc . (3.35)

If given the elastic constant k of a protein (k ≈ 5 pN/nm for GK obtained from

different measurements on GK for the same pulling sites (075/171) using an al-

losteric spring probe [46]), the internal friction coefficient γ and the hydrodynamic

friction coefficient γ0 can be calculated from the two measured corner frequencies.
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(a)

(b)

Figure 3.15: Theoretical (normalized) frequency response of a Maxwell model, for

(a) 10 Hz to 10 kHz (frequency shown in log scale), and (b) DC to 120 Hz (low

frequency regime), with corner frequencies ν1 = 15 Hz and ν2 = 2000 Hz.
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Figure 3.15 shows the predicted frequency response by Eq. (3.33). Differ-

ent from the elastic spring model, the amplitude response of a Maxwell element

diverges in low frequency limit ω � k/γ,

lim
ω→0
|z0(ω)| = F0

ω(γ + γ0)
∝ 1

ω
, (3.36)

which is actually a purely viscous fluid. In high frequency limit ω � k/γ, we

arrive at

lim
ω→∞

|z0(ω)| = F0

k
√

1 +
(
ωγ0
k

)2 =
F0

k

√
1 +

(
ω
ωc

)2 , (3.37)

which reduces to the response of the elastic spring model.

Voigt Model:

Voigt model is another simple model to represent viscoelasticity [97], which is a

parallel combination of an elastic spring with a constant k and a dashpot with a

friction coefficient γ (Fig. 3.16).

In the same way, we are going to solve the equation of motion (3.23) for the

response amplitude and phase shift. For the parallel connection of the spring and

the dashpot, the deformation of the two are the same z = zs = zd, while the total

force on the protein is the sum of the force on the two elements f = fs + fd.

Therefore we have the following derivative relation between the force f and the

deformation z:

f = kz + γż . (3.38)

Again by assuming the sinusoidal form of f(t) and z(t) and solving Eqs. (3.38)

and (3.23), the complex deformation gives:

z0(ω) =
F0

k + iω(γ + γ0)
. (3.39)

107



k γ

1

Figure 3.16: Sketch of the Voigt model, where the biological molecule under in-

vestigation is modeled as a parallel combination of an elastic spring with constant

k and a dashpot with a friction coefficient γ.

The real deformation (modulus) and the phase shift is therefore,

|z0(ω)| = F0

k

√
1 +

[
ω(γ+γ0)

k

]2 ,

ϕ(ω) = arctan

[
−ω(γ + γ0)

k

]
.

(3.40)

The shape of the frequency response is the same as that of the elastic spring model

(see Fig. 3.13). There is one cutoff frequency ωc = k/(γ + γ0). In low frequency

limit ω � k/γ, the amplitude reaches a constant,

lim
ω→0
|z0(ω)| = F0

k
. (3.41)

In high frequency limit, the response reduces to the case of the elastic spring
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again,

lim
ω→∞

|z0(ω)| = F0

k
√

1 +
(
ωγ0
k

)2 =
F0

k

√
1 +

(
ω
ωc

)2 . (3.42)

There are still many other models to represent viscoelasticity, such as Maxwell-

Wiechert model, Voigt-Kelvin model etc., which are a generalization of simple

Maxwell model and/or Voigt model, consisting of an arbitrary number of Maxwell

elements and/or Voigt elements. In this thesis, I am going to focus on the low

frequency region only where the viscoelastic transition of the protein happens.

In this limit, dashpots are very pliant and thus springs dominate parallel ele-

ments and dashpots dominate series elements, which reduces the system into a

combination of only a small number of Maxwell elements and Voigt elements.

3.2 Nanorheological Measurements: Force Response

3.2.1 Viscoelastic Transition of Folded Guanylate Kinase

In the first place, we measured the mechanical response of GK by varying the

driving force at fixed frequencies. Figure 3.17 displays measurements of the am-

plitude of the deformation |z| obtained at ν = 10 Hz forcing frequency for varying

amplitude of the forcing (proportional to the applied voltage V [6]).

The force - deformation curve in Fig. 3.17 is piecewise linear and the enzyme

softens beyond a yield deformation zc ≈ 1 Å at 10 Hz. For the enzyme GK, Dr.

Yong Wang already discovered a reversible transition, from elastic to viscoelastic

behavior as the amplitude of the forcing |F | is increased (the frequency response

curve for low driving force is characteristic of a simple spring, the one at higher

driving force is characteristic of viscoelasticity) [6, 87]. Here we associate the break

in the curve in Fig. 3.17 with the same viscoelastic transition. For z < zc, the

protein shows a linear elastic behavior; whereas for z > zc, the enzyme goes into
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Figure 3.17: The force - deformation curve is piecewise linear, the break in the

slope occurring at a “yield” deformation zc ∼ 1 Å. To the left of this transition is

the linear elasticity regime (the straight line extrapolating to the origin), where

the protein behaves like a simple spring. To the right of the transition lies a

viscoelastic regime where the protein essentially flows like a viscous fluid. This

transition is reversible.

a “softer” dynamics: a nonlinear and dissipative regime which can be described

approximately by the simple Maxwell model of viscoelasticity [6] for fixed force

and varying frequency. This softening of the protein is very much similar to the

kink formation in ds DNA under sharply bending discussed in chapter 2. In the

end, note that the transition to the viscoelastic regime is sharp.

3.2.2 Frequency Dependence of the Viscoelastic Transition

If we associate the viscosity (or dissipation) in the viscoelastic regime to the break-

ing and rebuilding of (hydrogen) bonds, following general considerations on the

dependence of the bond strength on the pulling rate [100], the identified viscoelas-

tic transition must be frequency dependent, which is confirmed by measurements
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Figure 3.18: The AC mechanical response of GK, measured at two different fre-

quencies (10 Hz and 100 Hz) on the same sample. The measurements show that

the viscoelastic transition (the yield deformation or the yield force) is frequency

dependent. For the curve obtained at 100 Hz (squares) the linear elastic behavior

extends up to larger deformations (or force). The 10 Hz (circles) and 100 Hz curves

coincide in the linear elasticity regime of the 10 Hz one, which confirms that this

is indeed a frequency independent “simple spring” regime. We obtain the three

curves in the sequence of 10 Hz run 1 (open circles), 100 Hz and 10 Hz run 2 (filled

circles). Therefore the curve of 10 Hz run 2 shows that the measurements explore

nonequilibrium but reversible processes.
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on force - deformation curves for the same samples at different frequencies. We

discovered that the transition depends on the frequency in the sense that the lin-

ear elasticity regime extends to a larger value of deformation, or in other words,

the yield deformation zc (and the corresponding critical force Fc) increases with

the frequency ν.

Figure 3.18 shows three force - deformation curves measured at two different

driving frequencies (10 Hz and 100 Hz). All the three curves are piecewise linear,

similar to the curve in Fig. 3.17, but the break in the slope (the transition be-

tween elastic and viscoelastic regimes) shifts to a higher critical force (or yield

deformation zc) for the curve obtained at 100 Hz. Therefore the yield deforma-

tion or the critical force depends on the driving frequency (zc(ν) or Fc(ν)). The

three curves coincide in the elastic (linear) regime of the 10 Hz curve (proving

that it is indeed a frequency independent simple spring regime), but this elastic

regime extends to larger deformations z for the 100 Hz curve. In short, the linear

regime survives up to larger deformations at higher frequencies, a result that in

our language generalizes the Evans - Ritchie conclusion [100] on the pulling rate

dependence of the strength of molecular bonds.

Beyond the viscoelastic transition, the slopes of the 10 Hz and 100 Hz curves are

similar if not identical, a result which constrains the choice of possible viscoelastic

models. Finally, the measurements in Fig. 3.18 were obtained in the temporal

sequence: 10 Hz run 1 → 100 Hz run → 10 Hz run 2, on the same sample, so

the filled circles show that after the 100 Hz run, which displays a higher zc, one

can come back to essentially the same 10 Hz response curve as initially. This also

confirms that these measurements explore nonequilibrium but reversible processes.
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3.2.3 Non-equilibrium Working Cycle Proposal for Enzymes

The typical description of enzyme dynamics is through the Michaelis - Menten

approach, the basic form of which is:

S + E
k−1,k1←−−→ C

k−2,k2←−−→ P + E , (3.43)

where S and E stand for substrate(s) and enzyme respectively, P for products,

and C for the enzyme-substrates complex. The real reactions can be much more

complicated with more intermediate states and side equilibria.

However, this approach misses one fundamental aspect that from left to right

in approach (3.43) the enzyme should go through a thermodynamic cycle. Namely,

the enzyme shifts from an initial equilibrium state A to some other state B (nor-

mally nonequilibrium), and then back to A, in a different returning path in phase

space from the time reverse of A→ B. For motor proteins, this is quite obvious,

because otherwise no work can be extracted (similar to heat engines, the work

done by motor proteins is the area enclosed by the cycle). Therefore, we propose

that this cycle generally holds for all types of enzymes and we give an explicit rep-

resentation of it in question which has universal features common to all enzymes.

The viscoelastic transition introduced before is the basis of the hypothesis of

the nonequilibrium working cycle. The force - deformation diagram (or “stress

- strain” diagram) in Fig. 3.18 shows that for different frequencies ν, differ-

ent mechanical response curves are obtained, which opens the possibility of a

nonequilibrium cycle enclosing a non-zero area in the force - deformation plane,

if the forward and backward conformational changes occur at different speeds.

Therefore we propose a nonequilibrium cycle describing enzyme catalytic action

(see Fig. 3.19) as follows. F represents the internal stress of the enzyme, z is the

deformation. Point A (F = z = 0) is the original equilibrium state. The process

A → B → C → D is driven by substrate binding and is fast. D → E corre-
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Figure 3.19: Schematic diagrams for the proposed nonequilibrium working cycle of

enzymes in the text. (a) |F | is the internal stress of the enzyme, z the deformation.

In the force - deformation plane, a cycle opens if the forward conformational

change is fast while the backward one is slow. In the picture, the substrate binds

to the open form (original state) A of the enzyme. A → B → C → D is driven

by the forces between the enzyme and the substrate and is fast. D → E is the

process of the chemical reaction and/or product release. E → B → A is driven

by the internal restoring force of the enzyme and is slow. (b) and (c) show the

corresponding time dependance of the deformation (“reaction coordinate”) z and

the internal stress |F |.
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sponds to the chemical reaction and/or release of the products. The returning

path E → B → A is driven by the restoring force of the enzyme itself, i.e. the

internal stress, proportional to the gradient of the overall free energy, and is slow.

In time the cycle proceeds as shown schematically in Fig. 3.19(b) and (c). In the

cycle, A→ B, B → C are in the elastic regime, whereas C → D and E → B are

in the viscoelastic regime.

In more detail, let us think of the enzyme GK under investigation, for which the

data of Fig. 3.18 were taken. Recently a detailed conformational and mechanical

analysis was performed theoretically on GK in [90]. So in our proposal, the process

A→ B → C → D corresponds to the binding of the substrate GMP, which drives

the large open to closed conformational change [89, 90] introduced before, and

is fast. It leaves the enzyme in the stressed state D. D → E corresponds to

the reaction of transferring the phosphate from ATP to GMP. The informative

analysis in [90] indicates that the conformational change of the enzyme in this step

is small, but the internal stresses in the enzyme change by a certain level, as well

as the interactions between the enzyme and the ligands. In terms of structure,

some parts of GK become stiffer after the reaction, while other parts are floppier,

and the distribution of stresses is therefore different. The internal stress released

in D → E shows up in the aspect that the catalytic rates of the forward (kcat)

and reverse (k′cat) reactions are different (kcat ≈ 394 s−1 while k′cat ≈ 90 s−1 [101]).

The returning path E → B → A is driven by the restoring force of the enzyme

which can be significantly smaller than the driving force from substrate binding)

and is slow. The products are released at E or somewhere along E → B.

To discuss the dynamics of the system, it is helpful to have at least a heuristic

mechanical model in mind. The model should be able to display some of the

relevant materials properties of the enzyme, which is viscoelasticity here since most

of the conformational change accompanying catalytic activities (∼ 10 Å) occurs in

the viscoelastic regime (see Fig. 3.18). In this respect, some appropriate variant
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of the simple Maxwell model of viscoelasticity may play a role for the enzymatic

cycle analogous to the idea gas for the Carnot engine. Therefore Maxwell model is

considered here with force f applied to the cylinder of the dashpot. The position

of the piston and cylinder of the dashpot is denoted by z1 and z2 respectively, as

shown in Fig. 3.20(a) (z1 represents actually the deformation of the spring, while

z2 the total deformation).

The equation of motion for these two degrees of freedom is (in fact, identical

to Eq. (3.30)): 
γ(ż1 − ż2) = kz1

f = γ(ż1 − ż2)

⇒


ż2 =

ḟ

k
+
f

γ
,

z1 =
f

k
.

(3.44)

To mimic the enzymatic cycle of GK in a simple way, we drive the Maxwell

element in Fig. 3.20(a) as follows:

(1) a constant external force f0 acts for a time period t0 (due to the substrate

binding at t = 0; at time t0 the chemical reaction and/or product release occur);

(2) a constant restoring force f1 acts until the enzyme returns its equilibrium state

at time t0 + t1 (due to the free energy gradient as the enzyme is displaced from

the equilibrium state).

The driving force is shown in (Fig. 3.20(b)):

f(t)=



f0 − f1 for 06 t<t0 ,

−f1 for t06 t<t0 + t1 ,

0 otherwise .

(3.45)

Of course Eq. (3.45) is only a very rough demonstration. It is wrong in the

details, e.g. f1 must be proportional to z2 when z2 is small enough, which is not
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Figure 3.20: Schematic diagrams for the heuristic viscoelastic model used to dis-

cuss the enzyme cycle. (a) The Maxwell model of viscoelasticity: a spring of

stiffness k and dashpot of dissipation coefficient γ. z1 and z2 represent the posi-

tions of the piston and the cylinder of the dashpot respectively. The force f is

applied to the cylinder. (b) The force f vs time t used to drive the cycle in the

model (Eq. (3.45)). f0 represents the driving force due to the interaction between

the substrate and the enzyme; it is turned on at t = 0 when the substrate binds,

and turned off at t = t0 when the reaction and/or product release occurs. f1 is the

internal restoring force of the enzyme (proportional to the free energy gradient in

the absence of substrate), present for z2 6= 0. For simplicity, f0 and f1 are taken

as constant. The time interval t1 is chosen such that the system returns to the

initial state at t = t0+t1. (c) The corresponding response of the Maxwell element:

z2(t) (Eq. (3.47)).
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described in (3.45). Taking derivative of Eq. (3.45), we get

ḟ = (f0 − f1) δ(t)− f0 δ(t− t0) + f1 δ(t− t0 − t1) . (3.46)

Integrating Eqs. (3.44), (3.45) and (3.46), the result is (see Fig. 3.20(c)):

z2 =



f0 − f1
f1

+
f0 − f1
γ

t for 06 t<t0 ,

−f1
k

+
f0 − f1
γ

t0 −
f1
γ
t for t06 t<t0 + t1 ,

0 otherwise ,

(3.47)

where time t1 = (f0−f1)t0/f1 is to ensure that the system goes back to the original

equilibrium state at t = t0 + t1. We must have f0 > f1, otherwise the enzyme will

never be out of equilibrium state. The maximum conformational change is

zmax = z2(t
−
0 ) =

f0 − f1
k

(
1 +

k

γ
t0

)
. (3.48)

Now in order for the enzyme to perform mechanical work, a load of FL is

applied at t−0 for a time period t0 6 t < t0 + t1. Then to have the enzyme back to

the original state at t0 + t1, t1 is modified as

t1 =
f0 − f1
f1 − FL

t0 , (3.49)

which diverges for FL → f1. Therefore, we may see that, in this scenario, it is

actually the restoring force that does the mechanical work during the returning

path of the cycle, and f1 is the stall force of the enzyme. The work supplied by

the external force (f0) is:

W1 = f0z2(t
−
0 ) = f0

(
f0 − FL

k
+
f0 − FL

γ
t0

)
=
f 2
0

k

(
1 +

k

γ
t0

)(
1− FL

f0

)
.

(3.50)
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Whereas the work dissipated in the dashpot is:

W2 =
(f0 − f1)2

γ
t0 +

(f1 − FL)2

γ
t1

= (f0 − f1)(f1 − FL)
t0
γ
.

(3.51)

So the fraction of dissipated work is:

W2

W1

=
1− FL

f0

1 + γ
kt0

, (3.52)

The work done against the load (“true work”) is:

W3 = FLz2(t
−
0 ) = FLzmax =

FL(f0 − f1)
k

(
1 +

k

γ
t0

)
. (3.53)

Therefore the efficiency of the cycle is:

W3

W1

=
FL
f0

. (3.54)

Or alternatively the load is applied at t+0 :

W3 = FLz2(t
+
0 ) = FL

(
zmax −

f0
k

)
⇒ W3

W1

=
FL
f0
− FL
kzmax

.

(3.55)

Based on the proposal of the nonequilibrium working cycle for enzymes, some

remarkable conclusions can be reached.

1. Rate - load relation:

For t1 � t0 the duration of the cycle is τ = t0 + t1 ≈ t1, so the rate is (see Eq.

(3.49):

1

τ
=
f1 − FL
f0 − f1

1

t0
, (3.56)

which goes to zero linearly with the load FL and f1 is evidently the stall force.

This behavior is seen for example in the force - velocity curves of the motor protein

Kinesin [102].
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2. Maximum velocity of the enzyme:

In the regime t1 > t0 the maximum velocity of the enzyme happens when FL = 0:

vmax ≈
f1
γ

=
Fstall
γ

i.e. γ ≈ Fstall
vmax

, (3.57)

which relates the internal dissipation parameter γ of the protein to the stall force

f0 and the maximum velocity (independent of “lever arm length”).

This relation could in principle be tested on any enzyme, and if true, we

would expect Fstall/vmax to be a somewhat universal quantity, since the dissipation

parameter γ is presumably similar for different proteins. Therefore, we would

expect “fast” enzymes (large vmax) to have “large” stall forces Fstall.

Take Kinesin for instance, Fstall ≈ 5 pN, vmax ≈ 10µm/s [103], then we get

γ ≈ 5× 10−4 g/s by using the relation (3.57). Our measured value of the internal

dissipation parameter for GK [6] is γ = 4 × 10−2 g/s at 10 Hz, however at 1 kHz

(Kinesin’s rate) this would be smaller, because of “shear thinning” (a nonlinear

effect). For example the value of γ measured in [98] for a third protein (Lysozyme)

at higher shear rate was 5 times smaller (8×10−3 g/s). Evidently other effects may

limit vmax for Kinesin (such as binding and unbinding rates to the microtubule),

but here the point is, perhaps even a complicated molecule like Kinesin operates

close to the regime (3.57).

3. Maximum efficiency:

For enzymes which deliver work such as motor proteins, the efficiency is very much

concerned. In our language, it is expressed as η = W3/W1 6 FL/f0 (Eq. (3.54)).

Since FL < f1 < f0, the efficiency is maximum for f1 and f0 as close as possible

and then η can in principle be ∼ 1. However, on the other hand, f1 = f0/2 is

actually a special working point at which the cycle is time-reversal symmetric i.e.

the working cycle is fast to slow for f1 < f0/2, slow to fast for f1 > f0/2.

See the diagram of Fig. 3.21(a), where the work done by the external force

(substrate binding) is ∼ f0zmax and the maximum work one can extract is ∼
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f1zmax (since FL 6 f1 ), so the area of the cycle in the kz1 vs z2 plane (Fig.

3.21(b)) is the work done by the external force, while the shaded area in the figure

is the work one can extract. So while the efficiency can be up to 1 (f1 = f0), for

a fast to slow cycle:

f1 6
f0
2

⇒ η 6 50% . (3.58)

In fact, 50% is indeed the efficiency of Kinesin [104], so perhaps Kinesin works

close to this regime. Indeed, if we suppose:

f0zmax ≈ ∆Gbind ≈ ∆Gr , (3.59)

where ∆Gbind is the free energy of substrate binding and ∆Gr the free energy

of the reaction (the first equality in (3.59) says that ATP binding is the actual

driving force for the motor; the second equality says that the free energy of ATP

hydrolysis goes to remove the products from the binding site; both statements are

probably roughly correct for Kinesin), then using zmax = 8 nm (the step size of

Kinesin, i.e. we are reporting forces to the “lever arm”), ∆Gr = 13 kcal/mol =

20 kBT/molecule we find:

f0 ≈
∆Gr

zmax
=

20 kBT

8 nm
= 10 pN ,

Fstall = f1 = f0/2 = 5 pN ,

(3.60)

which is indeed the stall force of Kinesin.

What is special about the case of f1 = f0/2 ? The duration of the cycle is:

τ = t0 + t1 ∝
f0

f1(f0 − f1)
, (3.61)

as far as force dependence (Eqs. (3.56) and (3.48) are used, with FL = 0, kt0/γ �
1, and zmax given). Given f0, from Eq. (3.61), τ is minimum for f1 = f0/2. In

other words, it is the regime that maximizes the speed of the cycle.
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Figure 3.21: (a) The “internal stress” |kz1| vs deformation z2 for the model of

Fig. 3.20. The dotted lines correspond to jumps in the model. This cycle is

qualitatively similar to the schematic cycle proposed in Fig. 3.19(a), which is

itself suggested by the measurements of Fig. 3.18. (b) Simplified representation

of the cycle in (a).
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4. Maximum rate estimate for enzymes:

In order to have a cycle, zmax must go beyond the elastic limit zc ≈ 1 Å, e.g.

zmax ≈ 2 Å (because the elastic regime does not depend on the frequency). The

question then turns to what is the maximum possible value for the external force

f0 before the enzyme breaks.

In the real physical system, this actually depends on the pulling rate, as Fig.

3.18 shows. We may rephrase the question as follows: what is the maximum stress

the enzyme can sustain over a given time scale τ (or frequency ν = 1/τ). For an

order of magnitude estimate, we may use the result of Evans and Ritchie for the

strength of molecular bonds [100]:

F =
kBT

δ
ln

(
ν

ν0

)
, (3.62)

where F is the bond rupture force (or maximum external force), ν the frequency,

δ a microscopic length scale (barrier position) which we identify approximately

with our yield deformation zc ≈ 1 Å (also approximately the same as zmax in

this regime). Thus we have the relation for the maximum forces sustainable at

different frequency ν1 and ν2:

fmax0 (ν2)− fmax0 (ν1) =
kBT

δ
ln

(
ν2
ν1

)
. (3.63)

Now let us plug some very rough values in Eq. (3.63). From the measurements

on GK done by Dr. Yong Wang [6], the yield force at 10 Hz is fmax0 (10 Hz) ≈ 10 pN,

while kBT/δ = 20 pN for δ = 2 Å. Thus for example the maximum force at

ν2 = 100 kHz is,

fmax0 (100 kHz) = 10 pN + 20× 4 ln(10) pN ≈ 200 pN , (3.64)

and increasing by ∼ 50 pN for each decade in frequency. Evidently the numbers

are such that this estimate gives fmax0 ≈ 200 pN in the relevant range of frequencies

(which can also be extracted directly from Fig. 2 in [100]).
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In fact, the Evans - Ritchie relation (3.62) only applies for low forces [105, 106,

107, 108], in the regime [108]:

F � F ∗ =
∆G

αδ
, (3.65)

where ∆G is the barrier height, δ the barrier position, and α = 2/3. The low force

limitation ensures that the shape of the barrier is not much perturbed. The more

general theory of Dudko et al [108] shows that in fact the rupture force increases

faster than linearly in the log of the frequency.

However, this effect does not change the order of magnitude of the estimate

above, as can be seen from Fig. 2 in [108]. We may say that the above estimate

fmax0 ≈ 200 pN is a lower bound, while a higher bound is provided by the critical

force F ∗ at which the barrier vanishes as calculated in Eq. (3.65) [108]. Using

reasonable values: ∆G ≈ 20 kBT (as in [108]), α = 2/3, δ ≈ 2 Å, the formula gives

the upper bound F ∗ ≈ 600 pN. For no particular reason we take fmax0 = 400 pN,

and γ = 4×10−2 g/s [6] (and using Eq. (3.61) with f1 = f0/2), then the maximum

rate:

(
1

τ
)max ≈

fmax0

4γzmax
≈ 400 pN

2 Å× 4× 10−2 g/s
≈ 50 kHz . (3.66)

Once again, because of “shear thinning”, the relevant value of γ is probably a

factor ∼ 10 smaller (see also the measurement of γ in [98]), leading to (1/τ)max ≈
500 kHz. Then the estimate (3.66) for the maximum rate of enzymes performing

conformational changes is close to the truth: the fastest enzymes, such as carbonic

anhydrase, have rates ∼ 1 MHz, but very small conformational motion [109]. This

estimate is remarkable because Eq. (3.66) depends on purely mechanical quanti-

ties only.
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3.3 Nanorheological Measurements: Frequency Response

In the previous section, we have demonstrated that the force response of the

enzyme is frequency dependent. The linear elasticity regime extends to a larger

deformation and driving force at a higher frequency. The yield deformation or the

corresponding critical force increases with the applied frequency. Correspondingly,

we would expect similar results by scanning frequency, meaning the frequency

response of the enzyme is also force dependent.

3.3.1 Divergence in Low Frequency Response

The measurements of the mechanical response of GK by varying frequency for fixed

driving force is introduced in this section. First of all, the frequency response of

Figure 3.22: Amplitude of the response vs frequency (shown in logarithm scale) for

GK measured at fixed force. The line is the fit to the data using the Maxwell-type

function (3.33). The drop above 1 kHz is due to the hydrodynamic friction on the

GNPs. The protein itself shows the behavior of a spring between 100 Hz and 1 kHz

(the plateau) and that of a viscous fluid below 100 Hz (the divergence).
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GK has been measured in a frequency range of 10 Hz to 10 kHz [6], as in Fig. 3.22.

For a large amplitude of the driving force, a Maxwell type response (divergence)

at low frequency is observed, as in Fig. 3.15, and the corner frequency in the low

frequency regime is associated to ν1 = k/(2πγ) about the internal friction of the

protein, while the other in the high frequency regime to ν2 = k(γ + γ0)/(2πγγ0)

about the hydrodynamic friction on the GNP (Eq. 3.34). Here we present more

detailed measurements of the low frequency divergence of the response function,

shown in Fig. 3.23.

Figure 3.23: Ensemble amplitude of the deformation |z| vs frequency ν for different

driving force. The enzyme at the high frequency around 100 Hz shows a response

of an elastic spring, while the low frequency divergence shows a response of a pure

viscous fluid.

The graph shows the amplitude of oscillation of the enzyme (in Å) vs driving

frequency ν obtained for the same sample. The frequency range explored in the

measurements is from 10 Hz to 120 Hz and four curves were measured at different

amplitudes of the driving force (see the legend in Fig. 3.23). At “high” frequency
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around 100 Hz, the frequency response of the enzyme is flat and the plateau value

is proportional to the driving force F0 within experimental uncertainty. Therefore

this is the behavior of an elastic spring. However, as the frequency approaches 0,

ν → 0, the response diverges as 1/ν, which is the behavior of a pure viscous fluid.

We are certain that the low frequency divergence is 1/ν because later we are

going to show that the experimental data in Fig. 3.23 can be well reproduced

by a simplified function form (3.68) of the Maxwell-type response (3.33). For the

function form (3.68), it defines a corner frequency value to separate the elastic and

viscoelastic regimes in the deformation - frequency curve, which is associated to

the same viscoelastic transition we have identified in the previous section. From

Fig. 3.23, the corner frequency shifts to higher values of frequency as the increase

of the driving force (the corner frequency is force dependent).

3.3.2 Phase Diagram for the Dynamics of Guanylate Kinase

Now we plot the values of the corner frequency ω1 (the exact values are obtained

from the fits of Fig. 3.23 using Eq. (3.68) which we discuss later), against the

driving force F0. A line of ω1 = ω1(F0) is derived as shown in Fig. 3.24(a). Note

that the relation is a stretched exponential (i.e. log ν increases faster than linearly

with the applied voltage V ), instead of a simple exponential as suggested by a

simple two-state description of the transition (Fig. 3.24(b)).

In Fig. 3.24(a), for small driving force and high frequency, we observe the

elastic response of the protein; on the other hand, for large driving force and low

frequency, the enzyme shows a viscoelastic dynamics. Thus Fig. 3.24(a) actually

constitutes as a non-equilibrium “phase diagram” for the dynamics of the protein.

The phase line separates the frequency - force space into two regions where the

dynamical behavior is elastic (upper left) or viscoelastic (lower right).
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(a)

(b)

Figure 3.24: (a) The phase diagram of the viscoelastic transition, obtained by

plotting the corner frequency ω1 from the fits of Fig. 3.23 vs the voltage F0. The

line, which is a fit using Eq. (3.75) discussed later, separates the linear elastic from

the softer viscoelastic dynamics. (b) The same data as in (a), but showing ln(ν)

vs F0, indicating that the relation of ω1(F0) is a stretched exponential or log ν

increases faster than linearly with the voltage V , instead of a simple exponential.
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With this phase diagram, the characterization of the viscoelastic transition of

the protein is completely solved. In the representation of Fig. 3.18, which show

plots of the forcing amplitude F0 vs response amplitude |z| at fixed frequency

ν, moving along one curve for increasing F0 corresponds to moving along a hor-

izontal line (left to right) in the phase diagram of Fig. 3.24(a). At some critical

force which is frequency dependent, the enzyme crosses the phase line from the

elastic into the viscoelastic regime. Similarly, in the representation of Fig. 3.23

(frequency response), following one curve towards lower frequencies corresponds

to moving downwards along a vertical line in Fig. 3.24(a). And again one crosses

from the elastic to the viscoelastic regime at a certain corner frequency (force

dependent). The phase diagram of Fig. 3.24(a) thus integrates the two represen-

tations into one.

3.3.3 Frequency Response of Guanylate Kinase in the closed state

For the enzyme GK, as introduced in the previous subsection, the two lobes of

the structure close through a large conformational change (∼ 1 nm) upon binding

the substrates [88] and most of the conformational motion is induced by GMP

binding [89, 90] (See Fig. 3.1(b)).

Obviously this conformational motion is not within the linear elasticity regime

(the yield deformation of the viscoelastic transition is only ∼ 2 Å) and the physical

nature of the motion is therefore a very interesting problem. A specific nonlinear

mechanism for the transition, called “cracking”, was proposed several years ago

[84, 85] based on coarse-grained simulation of energy landscape on a similar en-

zyme to GK, Adenosine Kinase. Cracking dynamics connects the initial and final

states through a local melting and refolding process.

To investigate this conformational motion, we probed the dynamics of GK in

the closed state. The measurements were carried out with 1 mM GMP in the
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Figure 3.25: The change of stiffness of GK molecules in the presence of GMP,

ATP, CMP and the substrate analogue GCV. This control experiment suggests

that in the samples the GK tether still binds its substrate specifically (the signal

with CMP is zero within error).

buffer solution, which is much higher than the binding constant of GMP for GK

(KG ∼ 200µM [46]) and the majority of the GK molecules were held in the closed

state. The exact value of KG measured in the experiment would probably be

influenced by the proximity of the surface. But the enzyme is not impaired, since

it binds GMP specifically (see Fig. 3.25) at roughly the same concentration as

the free enzyme.

Fig. 3.26 compares the frequency response of GK in the “open” state (in the

absence of GMP: squares) and in the “closed” state (with GMP bound: circles),

for the same sample, at different driving force (300 mV and 500 mV). The four

curves in Fig. 3.26 are similar and of the shape of a Maxwell type response again.
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(a)

(b)

Figure 3.26: Deformation amplitude |z| vs frequency ν for the same sample and

driving Voltage, in the presence (circles: closed state) and absence (squares: open

state) of the substrate GMP for (a) driving voltage F0 = 300 mV and (b) driving

voltage F0 = 500 mV. While the linear elasticity (large ν) is essentially the same

in the two cases, the low frequency behavior is dramatically different.
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The high frequency plateau (around 100 Hz), which defines the linear elasticity

stiffness, changes very little in the closed state compared to the open state. From

another measurement in a wider frequency range [86] conducted by Dr. Yong

Wang, the stiffness is in fact increased by only about 20% in the closed state.

However, the low frequency divergence in the two states is dramatically different.

It can hence be concluded that the open state is “softer” than the closed state in

the viscoelastic regime, rather than in the linear elasticity regime.

Figure 3.27: The shift of the phase line in the closed state of GK. Four data

points are added to the phase diagram of Fig. 3.24(a) by analyzing, for the same

sample, the frequency response of GK in the closed state (circles) vs the open state

(triangles). Because the scale factor between voltage and force is different from

sample to sample, this graph was obtained by matching the triangles (through

a multiplicative factor for the voltage; the same factor is applied to all four new

data points) to the squares which are the data in Fig. 3.24(a).

The measurements of the response of GK in the closed state resembles the

case of perturbing the enzyme in other directions instead of in the direction of
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hinge motion. Then by judging from the different responses in the open and the

closed states, the so called hinge motion which transfers the enzyme from the

open to the closed state as shown in Fig. 3.1 dose display a “soft” dynamics,

but not in the linear elasticity regime, i.e. no “soft mode” in the structure of the

enzyme. Instead it corresponds to the shift of the phase line between the elastic

and viscoelastic (or “soft”) dynamics in Fig. 3.24(a) in the open state compared

to the closed state, as shown in Fig. 3.27. In the closed state, the phase line is

displaced to lower frequencies, so that the viscoelastic regime has a smaller area

compared to the open state. The open state (or the direction of the hinge motion)

is special in the aspect that in this state it is easier for the enzyme to access the

soft viscoelastic dynamics. Therefore, the hinge motion has nothing to do with

soft modes but everything to do with the viscoelastic transition.

So far we have not adopted any model yet. So the conclusions on the phase

diagram of the dynamics of the enzyme (Fig. 3.24(a)) and the shift of the phase

line (Fig. 3.27) in the open and closed states are model independent.

3.3.4 Heuristic Maxwell-type Description

We now summarize quantitatively the observations of the frequency response of

GK by means of a heuristic model of the ensemble averaged protein’s mechanics

[6, 87]. The basic result is that the ensemble averaged deformation, measured

in the experiments (Fig. 3.23), shows elastic behavior at high frequency and

viscous flow behavior at low frequency. This viscoelastic dynamics is captured in

its simplest form by the Maxwell model, which is a combination of a spring and

dashpot in series (Fig. 3.14).

From the previous analysis on the frequency response of Maxwell element, with
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an oscillating force F = F0 sin(ωt), it is found that the amplitude is:

|z| = F0

(γ + γ0)ω

√
1 + (ω/ω1)2

1 + (ω/ω2)2
, (3.67)

where ω1 = k∗/γ is the corner frequency of the viscoelastic element and ω2 =

k∗(γ + γ0)/(γγ0). For out setup, the internal friction of the protein, even in

unfolded states, are much larger than the hydrodynamic friction on the GNP, i.e.

γ � γ0. And from the response measurements in a wider frequency range (Fig.

3.22), ν1 ≈ 15 Hz and ν2 ≈ 1500 Hz, i.e. ω1 � ω2. And for the experimental data

of Fig. 3.23, the frequency regime we explore ω � ω2. So the response of Eq.

(3.67) simplifies to |z| ≈ [F0/(γω)]
√

1 + (ω/ω1)2. This function describes very

well the frequency dependence at fixed force F0. With this motivation, we fit the

data with the form

|z| = A

ω

√
1 +

(
ω

ω1

)2

, (3.68)

Figure 3.28: Graph to show the fits to the data of Fig. 3.23 using Eq. (3.68),

displayed as solid lines. The function form (3.68) gives rise to very good fits.
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which has 1/ν divergence as ν → 0. The fits are shown as solid lines in Fig. 3.28

and the function (3.68) provides good fits. The fits give rise to the values for the

two fitting parameters:

A700 = 21.4± 0.6 Å/s, ν7001 = 32.0± 2.4 Hz,

A500 = 11.5± 0.4 Å/s, ν5001 = 17.6± 1.0 Hz,

A400 = 7.0± 0.2 Å/s, ν4001 = 14.5± 0.7 Hz,

A300 = 4.8± 0.4 Å/s, ν3001 = 12.7± 1.3 Hz,

(3.69)

The divergence is further examined by checking data collapse, ln(ξ) vs ln(1/ω)

(where ξ = |z|/[A
√

1 + (ω/ω1)2]), with the values of A and ω1 extracted from

Fig. 3.23 using function (3.68), as displayed in Fig. 3.29. All the data points in

Fig. 3.23 on the four curves collapse into a straight line, and the slope of the line

is 1.02± 0.02. So it is confirmed that the low frequency divergence is indeed 1/ν.

Figure 3.29: Plot of ln(ξ) = ln[|z|/(A
√

1 + (ω/ω1)2)] vs ln(1/ω) for the same

data as in Fig. 3.23, showing the data collapse obtained using Eq. (3.68). The

linear fits (for four different data sets) all have a slope of 1 within the statistical

uncertainty.
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Other function forms were also tried to fit the experimental data in Fig. 3.28,

|z| = A

ν
+B (3.70)

for example, where A and B are the two fitting parameters. The fits with Eq.

(3.70) are also checked with data collapse, ln(ζ) vs ln(1/ω) (where ζ = ln[(|z| −
B)/A]), with the values of A and B extracted from Fig. 3.23 using function (3.70),

as shown in Fig. 3.30. The data points scatter in the graph out of a straight line,

which indicates that Eq. (3.70) is not a good fitting function compared to Eq.

(3.68).

Figure 3.30: Graph to check the fit using Eq. (3.70), which is the plot of

ln(ζ) = ln[(|z| − B)/A] vs ln(1/ω), showing the data collapse obtained using

Eq. (3.70). It proves that Eq. (3.70) does not provide a fitting function as good

as Eq. (3.68) for the experimental data.

Once again, we also apply Eq. (3.68) to fit the measurements of the response

in the open and closed states (the solid lines in Fig. 3.31). The values for the

fitting parameters obtained are (“+” means with GMP, closed state (circles) while
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“−” no GMP, open state (squares)):

A+ = 3.67± 0.33 Å/s, ν+1 = 9.23± 1.01 Hz,

A− = 9.20± 0.25 Å/s, ν−1 = 23.3± 1.29 Hz,
(3.71)

for driving voltage F0 = 300 mV (Fig. 3.31(a)). And

A+ = 10.6± 0.4 Å/s, ν+1 = 23.5± 1.3 Hz,

A− = 23.9± 0.8 Å/s, ν−1 = 53.6± 4.5 Hz,
(3.72)

for driving voltage F0 = 500 mV (Fig. 3.31(b)).

It is worth to point out that A−/A+ ≈ ν−1 /ν
+
1 for both measurements. Within

the viscoelastic model (3.68), ν1 = k∗/(2πγ), A = const./γ, we can hence describe

the data by saying that γ is by a factor ∼ 2.5 smaller in the open state than

in the closed state, while k∗ remains the same. Though two parameters (A and

ν1) are fitted to the data, it is really only one parameter γ that changes from the

open to the closed state, and the open state has a dramatically smaller dissipation

coefficient γ.

Although this conclusion is model dependent, the model with the Maxwell

type dynamics (3.33) produces remarkably good fits to experimental data. In

this framework, the shift of the phase line in the open compared to the closed

state is due to the change of the single variable γ, which is an effective (ensemble

averaged) macroscopic materials parameter of the enzyme. In other words, the

direction of the hinge motion is special in the aspect that the dissipation of the

motion in this direction is smaller than that in any other directions. Though the

microscopic indication of γ is not yet clear, it is likely to be associated with the

breaking and forming of (hydrogen) bonds. Then this conclusion might provide a

biochemical insight to the process of the hinge motion.

In the end, we calculate the shape of the phase line, which is a stretched expo-

nential (Fig. 3.24(b)). Note that the yield deformation zc depends on frequency
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(a)

(b)

Figure 3.31: Graph to show the fits to the data (both the open and closed states)

of Fig. 3.26 using the function form (3.68), displayed as solid lines for the driving

voltage (a) F0 = 300 mV and (b) F0 = 500 mV.
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(Fig. 3.18), we assume that the equilibrium (DC) elastic energy E vs averaged

deformation z of the protein has the qualitative behavior sketched in Fig. 3.32,

schematized as a one degree of freedom mechanical system after ensemble averag-

ing. The two branches in Fig. 3.32 correspond to different non-equilibrium states:

z

E

zc

1
2kz

2

αz
∆

1

Figure 3.32: Sketch of a possible equilibrium (DC) free energy as a function of

the deformation z. The quadratic branch corresponds to the linear elasticity,

the linear branch gives rise to the soft (viscoelastic) dynamic states. Metastable

states at deformation zc of energy ∆ with respect to the ground state are accessible

dynamically with a limited life time.

the quadratic branch to the linear elasticity and the linear branch to the viscoelas-

tic dynamics. The actual equilibrium state at zero frequency always follows the

lower branch. In more detail, it is proposed that the equilibrium free energy of the

protein at fixed (room) temperature, if z is prescribed (operationally, by adding

a constraint [89, 110]), follows the lower of the two branches in Fig. 3.32, so that,

in the mechanical model, we can think of Fig. 3.32 as a simple representation of

the elastic energy. However, there are still non-equilibrium (metastable) states,
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in which the higher energy branch can be accessible to the system dynamically,

yet with a limited life time τ .

This generic picture of this bifurcation in the overall energy of the system (e.g.

a similar case is the energy diagram for the Euler buckling instability) is inspired

by the measurements of the equilibrium bending elastic energy of ds DNA in

the previous chapter. We further assume that the dynamics on the quadratic

branch in Fig. 3.32 is non-dissipative, representing a simple spring with a spring

constant k. But the dynamics on the linear branch is viscoelastic, exemplified by

the Maxwell model of viscoelasticity (with parameters k∗ and γ). Note that the

spring constant k is not necessarily the same as that k∗ in the Maxwell element, or

the spring constant may change after the viscoelastic transition. Again, to make

it clear, this is only a heuristic description which we find insightful in summarizing

the experimental data in Fig. 3.28 and it is evidently not a microscopic model of

the protein.

Referring to Fig. 3.32, for ω > 0 (rather than the DC equilibrium situation),

starting from the equilibrium, the system can access the metastable state (at zc)

on the parabola branch, with an energy ∆ higher than the ground state on the

linear branch. The lifetime τ of this metastable state is (see Fig. 3.32):

τ ∝ exp

(
− ∆

kBT

)
= exp

[
−kz

2
c − 2αzc
2kBT

]
. (3.73)

Using the fact that τ ∝ 1/ω, the relation between ω and zc is derived:

1

ω
=

1

ω0

exp

[
−kz

2
c − 2αzc
2kBT

]
, (3.74)

and since Fc = kzc since the system is still on the parabola branch, we obtain the

frequency dependence of the critical force:

kBT ln

(
ω

ω0

)
=

1

2k
F 2
c −

α

k
Fc , (3.75)

which actually provides a relation between the frequency ω and the critical force

Fc. Interpreting Eq. (3.75) as a relation between the corner frequency ω1 and the
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applied voltage F0 , we obtain the shape of the phase line in Fig. 3.24, which is

indeed a stretched exponential as seen in the measurements.

3.4 Conclusion and Perspectives

To conclude, through a set of nano-mechanical measurements of extraordinary

resolution on the “hinge motion” of the enzyme GK, we arrive at the following

experimental picture. The system undergoes a sharp transition (Fig. 3.17) from

linear elasticity to a softer (“viscoelastic”) dynamics as a function of force and

frequency.

We observe frequency dependence of the force response of the enzyme (Fig.

3.18), namely the stress - strain curve changes with frequency, which is the same

phenomenon as pulling rate dependence of bond rupture forces discovered by

Evans and collaborators, but in a different context.

We propose a non-equilibrium thermodynamic cycle based on the viscoelastic

transition, as one universal feature of enzyme action if the forward and backward

conformational changes occur at different speeds. Our approach takes accounts

of infinitely number of states along the trajectory of the enzyme, compared to

only two states in the Michaelis - Menten description. This provides a framework

to discuss mechano-chemical coupling in enzymes based on universal materials

properties instead of the specific structure. In the present framework, several

general properties of enzymes are understood or predicted.

The force dependence of the frequency response is also observed. Specifically,

in the language of materials property, the susceptibility χ(ω) = |z|/F0 diverges

as 1/ω for ω → 0 and goes to a constant for ω → ∞. We give an experimental

description of this transition in terms of how the susceptibility χ(ω) depends on

the force: χ = χ(ω, F0) (Figs. 3.23, and 3.18). Namely, we experimentally define

a line in the ω - F0 (frequency - force) plane (Fig. 3.24(a)) which separates
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elastic from viscoelastic response, making Fig. 3.24(a) a “phase diagram” for the

dynamics of the enzyme.

We also give a simple argument (a heuristic Maxwell model in Fig. 3.32) for

the shape of this phase line (Eq. (3.75)), and show that in the closed state it

shifts to lower frequencies compared to the open state. The open state is “softer”

than the closed state (Fig. 3.26), not because its linear elastic constant is smaller,

but because it is easier to access the soft (viscoelastic) state. Therefore, the

hinge motion has nothing to do with soft modes but everything to do with the

viscoelastic transition, i.e. it corresponds to crossing the phase line in the phase

diagram (not to a soft linear elastic mode). From Fig. 3.18 it is also evident

that most (90%) of the 1 nm amplitude functional conformational motion of GK

happens in the viscoelastic regime.

The conclusions above are experimental, independent of assuming the vis-

coelastic dynamics. However, assuming that the enzyme adopts a Maxwell type

dynamics (3.33), the model of Fig. 3.32 provides remarkably good fits to the data

(Figs. 3.28 and 3.29). In this interpretation, the open state of the enzyme is softer

because it has a smaller dissipation coefficient γ, and the hinge motion (the shift

of the phase line) is due to the dependence of the parameter γ on force, which is

a nonlinear effect.

The heuristic linear viscoelastic model describes very well the frequency de-

pendence of the measurements at fixed force F0 (Fig. 3.28). However it does not

describe the force dependence, which is nonlinear (Fig. 3.18). Therefore a compre-

hensive mathematical description of the transition, and eventually a microscopic

model, are tasks for future work.

Onuchic and his collaborators, using structure based coarse-grained simula-

tions on a similar enzyme (Adenosine Kinase) [84, 85], have arrived at a structural

description of the kind of conformational motion probed in our experiment. This

description involves localized melting and refolding to connect open and closed
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states [84]. Qualitatively, it seems to us that a molten “hinge” would flow and

thus produce a susceptibility which diverges as 1/ω, so we think that their pre-

dicted scenario, which they called cracking [84], and our observation, which we

called the viscoelastic transition, may be the same. In this case, our study estab-

lishes experimentally the ensemble averaged (macroscopic) dynamics of cracking.
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