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LOWER BOUNDS ON SELF-FOCUSING SO AS TO MAINTAIN
RING INTEGRITY NEAR THE INITIATION OF ACCELERATION IN AN

ELECTRON RING ACCELERATOR

Claudio Pellegrini+ and Andrew Sessler
‘ Lawrence Radiation Laboratory

University of California
Berkeley, California

April 16, 1970

ABSTRACT
Relationships necessary for ring stability are
derived between the self-focusing forces of an electron
ring and the magnetic field gradient defoéusing forces
. present near and just subsequent to the start of ring

» acceleration.
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1. INTRODUCTION
It is well known that if an electron ring is accelerated too
quickly it will leave behind ions, since'they are too massive to keep

1)

up with the electrons™’. If the ions are supplying the ring self-

focusing?) the ring will consequently lose integrity. Thus there are
upper limits én the magnitudes of the axial elegtfic field, Ez, or the
radial magnetic field, Br,. which accelerate..the ring. Below the limits,
ring étability is maintainéd and also ion acceLeration is accomplished.
Often ring self-focuéing is predominantly'supplied by images5).
The abo?é-mentioned restriction on Ez or Br is then no longer
necessafy for méintaining ring integrity (althoﬁgh still vital for ion
acceleration). There are even in this case, however, restrictions on
Br of .Ez that must be satisfied iﬁ order to‘haﬁe ring axial»integrity.
These restiictions must be satisfied no matter ﬁhaf the source of the
self-foéusing.

"’Thé limits bn fhe acéelerating forces acting on the ring during
the traﬁsition from the magnetic potenﬁial well, where the ring is
formed and loaded with ions, to the region where the ring is subject
to the main accelerating force, requires'particular attention. This
transition is obtained, at least in all the scﬂemes considered up to
now, by decreasing the depth of the potential wéli and at the same time
introducing an axially varying-radial magnetic field Br‘ Prior to,
and right up to, the start of ring axial acceleration with time-

independent external fields (spillout) the ring is subject to the field,

Br’ which creates nonelastic forces on electrons. These forces, unless
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couﬁteraéted‘by adequately large self-focusing forces, will pull the
ring aﬁarﬁvin the axial (z) direction. |

 Electrons in the riné have a spread in enérgy, and hence in
equiiibrig@ radii. Thus, because of the radial variation of Br? there
is a fdfce‘tending to tear the ring apart. |

in summaiy, for given ring parameters, there is an upper bound
(most étringeht'at the spillout point) on (BeBr/azg) and on .(SBr/ér)
for maintaining ring integrity up ta, and at, spiliout.

vSﬁbsequenf to spill also, energy spread in the ring combines
with B v:.a._.nd 3B_/or %o tend to pull the. ring apart axially. At the
same time, the unfavorable gign of -aBr/az (jQSt éubsequent to spill)
also haé d‘defocusing effect. Once agéin thére'are limits that must be
observed, for given ring parameters, in order to haintéin ring integrity.

In this papér.we examiﬁeva very simple model and obtain rough
: estimatés’relating the ring self-focusingB), ‘QEE, to ring parameters,
‘to' B£; énd to the Br. dérivati?es. We obtaiﬁ a critical lower limit,

2
crit’

Q

" 2

o 4

For parametersh) characteristic of the ILawrence Radiation
Laboratory CompressorvIII we. find that Qirit is sufficiently small

that vQSE can be larger than Qi but still small enough that--

rit’
with the aid of the image cylinder--operation is possible with the
incoherent tune, QR’ less than unity. This:conéIUSion is valid for
a ring of small minor radius (of the order of 0.5 cm or less). On

the other hand, Q,2 varies with the ring minor radius, so that if

crit

the minor radius is 2.0 cm (perhaps the situation if there is a
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resonance crossing during compression) then Qirit is excessively
large, and ring integrity will be lost during épillout.

The general analysis is presented in Sections 2, 3, and 4 of
this paper, with the Appendix supplying details of the postspill
analysis. Section 5 is devoted to a'numerical‘example employing the
parameters of the LRL Compressor III. The final section (section 6)

contains three general remarks.
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2. ANALYSIS FOR A MONOCHROMATIC RING IN THE PRESPILL PHASE
Typical curves showing B, vs z (at a fixed radius) in the
 neighborhood of the spill point are shown in Fig. lh). We approximate

B by the form

OB, | l_égsr . -
Br(z) = 5 (Ze) (z - Ze) + = 522 (;e) (z - Ze)h . (1)

The z motion (with azimuthal angle © .és’an independent

variable) is governed by the potential function

. S L NEn -
I TEICNE o S —~5Br<z>iiJ @)
2% m_Yyc | oz e’ 2 822 e’ b 7T

where £ = 7z - zg is the amplitude'éf an electron in its motion about
~the equilibrium position Zgs R 1is the equilibrium radius of the bean,

which is related to Bz(ze)' by

moYt
and Y- is the ratio of an electron energy to its rest mass moc‘.
) ’ ) ‘
The quantity QSL is the ring self-focusing, which will have contri-
butions (negative) from curvature effects, from image terms (positive,

one hopeé), and from ions (positive).
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The potential of Eq. (2) may be written in the form

2

d"B
_,éﬁ(ze) . ;
2,2 Rjoz 3 -
MERE-R N4 b o L ()

which is:plotted in Fig. 2. From the figure it is clear that the fing
minor radius a must be less than émax for stability. Thus we have

the stability criterion’

: . 2f B (= ) .
c2Q 2V e’ 1
a <‘ ﬁméx % R agBr | ‘.... | (5)
(z_)
6z2 o e’

Actuali& fﬁe requirément ié that there bé adequété.sfable phase volume
to éonfaiﬁ the ring. This requirement is (roﬁghiy) a .condition on

Qsaz; we assume, in this énalysis, that a has been chosen so as to
satisfy the phase-volume condition. Thus Eq,:(é)_is to be considered

, for given a.
max

‘as a cbndifion'on ¢
. At the spill point (BBr/az)' is zero;‘aﬁd Q2 takes its
smallest value of the prespill phase, namely, . QS?. Thus Eq. (5) is

most stringent when evaluated at spill, i.e., when Zo = Zsp:-

W T T ERGR
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3. EFFECT OF ENERGY SFREAD IN THE PRESPILL PHASE

Because of energy spread in the ring, particles havec a spread
in equilibrium radii. Since Br varies with: r, particles of
different energy. feel different forces, which éffect also tends to
cause-axiél spreéding of the ring. It may be takén into account by

augmenting £q. (2) with a term

2

(el @ E

4

=re (AE/F) is the energy spread in the ring.

The criterion of Eq. (%) now becomes

Zmax (max) 25! <E> , ()
(2

SZL e

u
A K

where £ ay S glven by Eg. (5) [and is clearly the maximum of the

potential when (AE/E) = O]. The condition £ __ > a is now replaced

max
by
- OB
| =) |
: . R LR r ‘e ,
Cmax ~ 2 1 2(5) (E_) BBB ;o (9)
327 “e

which may be transformed into the form [corresponding to Eg. (f)]



_ 3“8
Ra Bz2

Z

2

)} | |
. Ra . 8P '.+,gi _A_E_>
-2 B_(z p; - a \E

S

- ﬁCRL-19398 Rev. ~

- (10)
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H; POSTSPILL ANALYSIS -
Dynamics of independent electrons is described by the principle

of least aétion:

Qe - 270 = 0 L (1)

with the mechanical momentum measured in units of "magnetic rigidity."

From Eq;.(ll) follow the equations of motion,

B -Frrn - o

a
SR !

o
&

a_ tz;z__] _ _ | .
% 5 rB, = 0, (12)

where .p 1is the magnitude'of the mechanical momentum, and
D = [r® +r'c +2z'"]2 : (1%)

and primes denote derivatives with respect to @.
We wish to study motion of electrons in the neighborhood of
a central--or reference--electron. For the reference particle we

write

z = .z (t) . : (1%) -

For an arbitrary electron we write
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r = r (t) +n(t),
z = z(t) +&(¢t),
p = _po.+ by . | _' , (15)

Insertihg Eq. (15) into Egs. (12), and keeping only first-order terms,

we obtain (by steps detailed in the Appendix)

1

.pr

oo ' _

s - P, + rQ Bz(rofzo) = q , (16)
pozg . -

T - TS Br(royzo') = 0, (17)
T

o S _
r02 BBr er o r02 aBr
w10 e Y .
0 = E’ D, gz—-(ro’zo) g N 3r(ro)zq) ,+va EI—‘—(I‘O’ZO)

'AP:) ‘ (
=) . 19)
&)

Equations (16) and (17) determine the reference trajectory, whereas'_

Egs. (18) and (19) describe electron motion relative to the reference

particle.-
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It suffices, for evaluation of the coefficients in the eguationz’

for £, to use the approximate solution of Eq. (171), namely,

— 3
p, = R BZ(R,ZO) , (20)

where we have‘identified r, aszthe ring radiﬁs R.- Furthermore, we
must augment Eq. (19) with the self-focusing terms QSEE.

The coefficients in Egq. (19) are, of courge, functions of ©.
Howeyer? they are slowly varying functions of 6 wunder the assumption
that Br fgna BZ vary slowly in sﬁace anq Bz .is small. Thus we
approximately solve Eq. (19) by taking the coefficients as constants.

The general solution is of the form
tE = Ae + B, - (21)

where. B is proportional to (Ap/po).

- The eigenfrequency is, to first order, given by

The nonoscillatory term is, to first order,

&p ‘
R (po ) 2B,, R aBr
w A Z :

_Ring integrity in the z direction (there is no problem in the

r direction) requires
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B < a . S ‘ o (2h)

2 . ' o . '
The condition on w is necessary to prevent ring explosion, whereas
the condition on B isa self-consistency requirement. In summary,

and expressing Eq. (2}) as a condition on the self-focusing term

A

QS , we have the conditions

. OB : o
2 R r ' ' oy
W T R B (25)

: 2 . o

and
L R (B B, g 9Bl g 9B

I — T IS o)
Qg -*'§\§>BZ*RZF‘+BZBE"@ | e

Clearly satisfying Eq. (26) is sufficient, since Eq. (25) is a less

strong condition than Eq. (26).
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5. A NUMERICAL EXAMPLE: THE LRL COMPRESSOR III
We adopt, for the purpose of demonstrating the significance of
the requirements of Eqs. (10) and (26), the values characteristic of

the IRL Compressor ITI?’:

L agBr 5

R = 3.2cm, (z ~ 33—,

o dz2 sp) cm

LB _ r = G

E = 2.0% &.—(Zsp) ¥ o

. _ , OB,, o

BZ- = 17 kG ’ | FB—(_ZSP) o 2_. o’

a = 0.5 cm, o B, ~ 50G. Co(en)

The radial field cdrrespondstto a rather "poor" adjustment of operating
conditions, such as might have been the case in the first experiments.

One obfains

e > (1.h +1.2] X lO_LL [prespill condition of Eg. (10)],
2 -l "y s
Q- > 3.9 X 10 [postspill stability of Eq. (25)] ,
2 -3 ' . .
_Qs. > 1.3 )( 10 - [postspill self-consistency of

Eg. (éé)] . (28)

- Self-focusing of this magnitude is available from the image
cylinder and ion focusing. There is an ion loading percentage low

enough to keep - v, well below unity and large enough to satisfy Eq. (28),

R

but itsmight be hard to achieve in practice. For a "good" adjustment

of operating conditions the field derivatives are much smaller than the
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values used above (fbr example; 32Br/5z2 is only ‘L/25-a3.large, in
one computational example, than the value in the "poor" case) and there

VR < 1.

exists a wider range of ion loading satisfying Eq. (28) and
If, however, a 1is larger than 0.5 cmv(sﬁch as might be the
result of a blowup caused by excessiQe ion ioading‘in poor vacuum
conditibns, causing a crossing of the incoherent VR = 1 resoﬁance),
then neither images nor ions could supply the:réguired values of ng.
In this circumstance one would observe a diffuse spill ("peel-off")
rather fhan a fast spill, as was, in fact, the case in the first

Ly

experiments with Compressor III ‘.

-
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-15- : UCRL-19398 Rev.

6. THREE REMARKS
Remark #1 |
'It.is interesting to inquire whether the postspill condition
for focusiﬁg is ﬁecessary:_ Perhaps; even in QS2 r.O, the rate of
blowup is éufficiently small that the increase in ring size is tolerable

for the short (=50 cm) acceleration length of a typical model. A very

good acceleration column has

‘aBT , _
S 0.4 ¢/em (129)

‘with the ring covering (say) 24 cm . in 90 nsec. In this case the

uncompensated blowup e-folds by
r % ct . ' ' ,
55| r o~ T | (o)
2 .

which is clearly unacceptable; Condition (29) must be observed.

Remark #2
for a ring of rather good quality, ion self-
focusiﬁg is very powerful, and adequate--by itself--to overcome
curvatﬁre tefms in ng. In this éase one can contemplate operation
vy = 1 is crossed,
hut--perhaps~~rapidly enough to be inhocuous). Assuming the ion self-

focusing to be much larger than the curvature effects, we may ignore

the latter and write
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Ne R T, f ' SRR v
Q ~ -—-———2—-—— s A (31)
‘ nYa L
whefe Ne. is the number of electrons in the ring, r, is the classical
electronAradius, T 'is the ratio of‘the electron energy to its rest
energy, and f is the fraction of electrical neutralization of the
ring;' | _ _

‘Inserting Eq. (31) into Egs. (10).and (26), we obtain lower

bounds on f::

3 | a B

n¥ a, v
T~ §r_ |28 ’ (32)
e e z 6
. : oB faB ' 'ﬂ'é 3B |
: OF R r a r '
£ ( ) “—B Yy w |ty = P

)
It must be remembered that a neééssary fequiremént”fof tﬁe validity of
Egs. (52) and (34) islfhat ion self-focusing'dominates curvature effects.
These*léSt‘formulas,are of interest_in thatvthe.dependence.upon ring
paramétefS'is explicit, in particﬁlar5 tﬁéﬂimbartant dependence ﬁpon
Ne and.:a. | |
Remark #é

Tt is amusing to relate the postspill condltlon of Eq (33) in
its dependence upon Br to the condition for ring acceleration without
the loss of ions. This last-mentioned condition is, for ions of mass

M and ionization Ze,
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N Ze
e my z)
Br < nRa (;4:)" ' (34)

The Br' term of Eq. (3%) (which actually is the numerically most

signifiéant_term in the case of Compressor III) yields

N e f
B < —m : (%5)

r o (Q@
T Ra 5

The condition of Egq. (35) will automatically be satisfied, provided

-

the ion-acceleration condition of Eq. (34) is satisfied, if

e e I e

_ Since, for usually contemplated parameters, f > 2%, AE/E ~ 2%,
and Zmy/M ~ 1/100, we see that Eq. (36) is satisfied: the left-hand
side is at least 50 times as large as the right-hand side.

vHowever, all this holds only for a strongly ion-self-focused
ring.  When it does not, then satisfying the ion acceleration condition

of Eq. (34) does not guarantee satisfying the ring integrity conditions

of Eq. (26). .
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.APPENDIX; DERIVATION OF SIMPLE EQUATIONS FOR POSTSPILL, MOTION

In this appendix we derive Egs. (16) through (19), from Egs.
(12), (15), (14), and (15). We employ the fact that = T T

1 :

z . et
;— %—, and =3 are small quantities.
"o’ o o

" Thus we ekpand,Eq. (lé), keéping only terms through second
order; LIt is necessary to keep second-order térms because the relative
motion in the =z direction.(described by &) is only weakly defocusing
and is described (to lowest order) by second-order terms. In more
detail;bit can be seen in the answers [Egs. (165;(19)] that in zero
order‘('BZ constant, B, = 0) rg = zg = 0. Thé pérticles oscillate
(stroﬁgly) in the r direction about a uniformly méviné ring of constant
fadiﬁs._-In first order (Bz slowly changing,l Br/Bz << 1) the reference
p;rticlg accelerates slowly, and particles oscillate in_the r direction
but E&" = 0. Only in second order doés the £ equation describe ¢

oscillations.

. To second order, Egs. (12) become:

t 1 2 ' 2
pr® _ 1 _r'c L.z° -
’ r 2P 2 + g_p 2] + r BZ - p ’
- r r
" ,. ] 1] R
Pi -p = ; -rB. = 0. (37)
r

Introducing Eqs. (14%) and (15), and then isolating the reference

particle, we obtain for it
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p‘r" r?2 Z'? ~
©° - 1 _.9__ + i p ._9._ + r B —~ p
r 2 P - 2 2 ’ 2 o “zo o’
o :
o o) -
T
—_ - —~ - r B.: = 0 .. %3
P r, _po r 2 o "ro . (58)
o

Neglecting terms of second order in these first-order equation yvields
Egs. (16) and (17) of the text.

" ‘From Egs. (37) we obtain linear equations in 17 and £,

namely:
p 7" SBT L N 532
T ] - —_ — 1 3 - t ' £ — - A
r T BT e ¥ . 2‘” - 2 [ron:; ZoF }+'rfo oz =P
o o ¢
p E" OB B 12 .
©) -r r ¢ _ 2B + r - T]— __O___ rygv + zvnv] - o .
T - o0z ° ro’ o or o 2{o 0
o ‘ : : Yo : :
(29)

In thé”équation for 1 there is a first-order focusing term, 50 we

may neglect second-order terms.. In the £ equatidn we may neglect

<

fast oscillating n terms and replace 0 with (roép/bo). We

obtain
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L.~ 5_3 E -l 28 + ig_ X (:éﬁj)r
p, 0z p, To D, 9 poi )
rrg’ z' 3
- [ 2 + (; ] = Q
o o

(ko)

We have carefully ret@ined second-order terms involving n' and ¢&°',
since fhey produce antidamping. However, they are negligible; they
simply describe the well-~known increase in beam major and minor radii
during expension accelefation—-a small effect in the early expansion

phase. Dropping these terms, we obtain Egqs. (18) and (19) of the text.
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FIGURE CAPTIONS
Fig. 1. Radial field, Br’ as a function of 2z, for times near the

spill time t_,. The curve corresponding to t? is used to

3 _ e
define z_--the point where B_ = O and OB /dz < U.
“e r r

Spillout is close to Zsp'

Fig. 2.  Potential V as a function of amplitude €.
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